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Abstract:

Stochastic approximation methods are well established for optimization problems.
The appeal of these methods is due largely to their ability to cope efficiently and ro-
bustly with inexact information about the underlying optimization problem. This
thesis proposes stochastic approximation methods for the solution of stochastic
variational inequalities, paying attention to asymptotic convergence (stability),
convergence rate, oracle complexity, knowledge of problem parameters, data avail-
ability and distributed solution. In chapter 3, we propose a method that combines
stochastic approximation with incremental constraint projections, meaning that, at
each iteration, the random operator is sampled and a component of the intersection
defining the feasible set is chosen at random. Our method allows the distributed
solution of Cartesian stochastic variational inequalities with partial coordination
between users of a network. Such sequential scheme is well suited for applications
involving large data sets, online optimization and distributed learning. We analyse
this method for the class of weak-sharp monotone operators (without regulariza-
tion) and for the class of plain monotone operators with regularization. In chapter
4, we propose a stochastic extragradient method for pseudo-monotone operators
with a novel iterative variance reduction procedure. We present convergence and
complexity analysis relaxing previous assumptions used for stochastic approxima-
tion and accelerating the convergence rate while maintaining a near-optimal oracle
complexity. Our extragradient method is also suitable for the distributed case. In
chapter 5, we propose two stochastic extragradient methods with linear search
with the same set of assumptions as in chapter 4, except that we do not require

the knowledge of the Lipschitz constant or Lipschitz continuity.

Keywords: Stochastic approximation, randomized algorithms, stochastic varia-
tional inequalities, incremental methods, extragradient method, variance-reduction,

weak-sharpness, Tykhonov regularization.



Resumo:

Métodos de aproximacao estocastica ja sao bem estabelecidos para otimizacao.
Uma vantagem destes métodos é a habilidade de lidar eficientemente de forma ro-
busta com informacoes inexatas sobre o problema de otimizacao em questao. Esta
tese propoe métodos de aproximagao estocastica para a solucao de desigualdades
variacionais estocdsticas, com atengao para convergéncia assintotica (estabilidade),
taxa de convergéncia, complexidade do oraculo, conhecimento de parametros do
problema, disponibilidade de dados e solucao distribuida. No capitulo 3, é pro-
posto um método que combina aproximacao estocastica com projecoes incremen-
tais, significando que, a cada iteracao, o operador aleatério é amostrado e uma
das componentes da intersecao definindo o conjunto viavel é escolhida aleatoria-
mente. Este método pode ser usado na solugao distribuida de desigualdades varia-
cionais Cartesianas com coordenacgao parcial entre usuarios de uma rede. Este é
um esquema sequencial adequado para problemas de alta dimensao, otimizagao
online e aprendizagem distribuida. Este método é analizado para a classe de
operadores moné6tonos weak-sharp (sem regularizacdo) e para operadores apenas
mondtonos com regularizagao. No capitulo 4, é proposto um método extragradi-
ente estocastico para operadores pseudo-monotonos usando um novo procedimento
de reducao de variancia iterativa. E apresentado resultados de convergéncia e
complexidade, relaxando-se hipdéteses usadas anteriormente em aproximagao es-
tocéstica e acelerando-se a convergéncia. Este método também é adequado para
a solugao distribuida. No capitulo 5, sdo propostos dois métodos extragradiente
estocasticos com busca linear usando-se as mesmas hipoteses do capitulo 4, exceto
que nao é requerido o conhecimento da constante de Lipschitz ou a continuidade

Lipschitz.

Palavras-chave: Aproximagao estocastica, algoritmos randomizados, desigual-
dades variacionais estocasticas, métodos incrementais, método extragradiente, redugao

de variancia, weak-sharpness, regularizacao de Tykhonov.



Contents

[ Introduction

[1.1 The stochastic variational problem and the sampling methodoloqvl .

1.3 Projection methodd . . . . . . ..

1.5.1 Incremental methods

1.5 Contributions of the thesid . . . .

]
1.5.2  Stochastic extragradient methods [37,B88]) . . . . . . . .. ..

b Droimioarid

|2 1 Projection operator and notatior]

3.1.4 Convergence rafe analysis

|3 2 n incremental projection method with Tvkhonov regularizatiorl ..

3.2.1 Cartesian structurd . . . .

13
17
19
19

29
29
33
34



|3 2.5 Convergence a.n_al;sz_E] ......................

3.3 Appendix of ChapterB .........................

A variance-hased stochastic extragradient method

4.1 Discussion of the assumptions . . . . . . . ... ... . ... ....

4.2  Convergence analvsis . . . . . . . ..o

s

5.1.3  The proof of Theorem ﬂ ....................

5.2 Analysis of Algorithm |5| for Lipschitz continuous operatorsl .....

0.1.2 Heavy-tailed Holder ¢ mwmmmm@m

5.3 Analysis of Algorithm [6lfor Holder continuous operators . . . . . . .

5.4 Discussion on the complexity constants of Algorithm H ........

5.2.3  Asymptotic convergence converw‘mdﬁmm.plmmlléﬂ



Chapter 1

Introduction

1.1 The stochastic variational problem and the

sampling methodology

The standard (deterministic) variational inequality problem, which we will denote
as VI(T, X) or simply VI, is defined as follows: given a closed and convex set
X C R"™ and a single-valued operator 7" : R® — R", find 2* € X such that for all
r e X,

(1.1) (T'(x"),x — ") > 0.

We shall denote by X* the solution set of VI(7, X). The variational inequal-
ity problem includes many interesting special classes of variational problems with
applications in economics, game theory and engineering. The basic prototype is
smooth convex optimization when T is the gradient of a smooth function. Other
problems which can be formulated as variational inequalities, include complemen-
tarity problems, systems of equations, saddle-point problems and many equilib-
rium problems. When X = R", the VI problem becomes the system of equations

problem, i.e, find * € R" such that
T(z*) =0.

When X = R%, the VI problem becomes the complementarity problem, i.e., find
x* € R" such that
0<z*LT(z*)>0.
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See Section 1.5 of [27]. Se also Section 1.4 of [27] and [28] for an excellent review
on the applications of such formulations, which include fields such as engineering
(e.g., mechanics problems, structural design problems, obstacle problems, traffic
equilibrium problems, optimal control) and economics (e.g., General equilibria
and game theory). The complementarity problem and systems of equations are
important classes of problems where the feasible set is unbounded. The saddle-point
problem is the problem

min max f(y, z),

for Y xZ C R xR" and f : R™ x R® — R. This problem can be cast as an a VI

under suitable conditions with

T(y7 Z) = [vyf(yv Z) - sz(ya Z)]

and X =Y x Z. The saddle-point problem is an equivalent formulation of the
zero-sum Nash game. Relevant equilibrium problems which can be formulated as a
VI include: the Nash equilibrium, the Wardrop traffic equilibrium and the General
Economic Equilibrium. See, for example, [41] and Section 1.4 of [27].

In the stochastic case, we start with a measurable space (Z,G), a measurable
(random) operator F': Z x R" — R™ and a random variable £ : Q@ — = defined on
a probability space (€2, F,P) which induces an expectation E and a distribution
P := P, of &, that is, P(A) = P({ € A) for any measurable A € G. When no
confusion arises, we sometimes use £ to also denote a random sample ¢ € =. We
assume that for every x € R", F(§,x) : Q — R" is an integrable random vector.
The solution criterion analyzed in this thesis consists of solving VI(T', X) as defined
by (L)), where T": R™ — R" is the expected value of F'(¢,+), i.e.,

(1.2) T(z) = E[F(¢,z)], Vz€R"

Precisely, the definition of the stochastic variational inequality problem (SVI) is

the following:

Definition 1 (SVI). Under the setting of (L2)), find a random variable z* : Q —
X, such that (T'(z*(§)),z — x*(§)) > 0, for all x € X and almost every & € =.

Such formulation of SVI is also called ezpected value formulation. It was first

proposed in [31], as a natural generalization of stochastic optimization problems
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(SP). Recently, a more general definition of stochastic variational inequality was
considered in [19, 69] where the feasible set is also affected by randomness, that is,
X : Z = R" is a random set-valued map. This setting appears, e.g., in econom-
ical or traffic equilibrium problems where an uncertain demand is present in the
constraints.

Methods for the deterministic VI(T', X') have been extensively studied (see [27]).
If T is fully available then SVI can be solved by these methods. Asin the case of SP,
the SVI in Definition [Ml becomes very different from the deterministic setting when
T is not available. This is often the case in practice due to expensive computation
of the expectation in (LZ), unavailability of P¢ or absence of a closed form for
F(&,+). This situation requires sampling the random variable ¢ and the use of
values of F(n,x), given a sample n of £ and a current point z € R"™ (a procedure
often called “stochastic oracle” call). It is important to remark that the framework
in (L2) includes the relevant discrete case where 7' is a prohibitively large sum of

operators, that is,
5

T(z) => Ty(z),Vz € R",

i=1

with S > 1. Computing the above operator is computationally prohibitive. Prob-
lems in this framework require methods which have the ability to make progress by
examining only a small fraction of the data set rather than scanning it entirely - an
operation that is too expensive for “big-data” modern applications, e.g., machine
learning, stochastic equilibrium problems and empirical risk minimization.

Depending on how sampling is incorporated with the algorithm, solution meth-
ods for SVIs can be classified into two basic categories. The first category consists
of the stochastic approximation (SA) methods, which perform sampling in an “in-
terior” manner, by applying an algorithm for deterministic VIs and resorting to
sampling whenever the algorithm requires values of the operator at given points.
In that respect, SA-typed methods are explicit methods in the sense that a direct
(deterministic) algorithm is used along the stochastic oracle calls. The second cat-
egory corresponds to sample average approximation (SAA) methods, which sample
in an “exterior” manner. These methods replace the mean operator 7" by the em-
pirical average operator to obtain the SAA problem, and then use a solution to

the SAA problem as an estimate of a solution to the true problem. SAA-typed
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methods are implicit methods in the sense that the sampled problem is solved by
means of a deterministic method of preferred choice. In this thesis we focus on
the SA approach. For analysis of the SAA methodology for SP and SVI, see e.g.,
[31], [70] and references therein.

The SA methodology has a long tradition in probability, statistics and opti-
mization, initiated by the seminal work of Robbins and Monro in [66]. In this
paper they consider X = R"™ and 7" = V f in Definition [l for a smooth strongly
convex function f under specific conditions. Thus, the problem they analyse is:
under (L2), almost surely find z*(§) € R™ such that 7' (z*(§)) = 0. The SA
methodology has been applied to SVI in [40], [42], [75], [50], [73], [36], [37], [20],
[76], [44], [45], [77]. SA-typed methods for SVI can be seen as a projection-type
method where the exact mean operator T' is replaced along the iterations by a
random sample of F. This approach induces a stochastic error F'(§,z) — T'(x) for
z € X in the trajectory of the method. See also [51], [2] for other problems where
the stochastic approximation procedure is relevant (such as machine learning, on-
line optimization, repeated games, queueing theory, signal processing and control

theory).

1.2 Accessing the feasible set and distributed so-

lution

A frequent additional difficulty is the possibly complicated structure of the feasible
set X. Often, the feasible set takes the form

X = Nier Xy,

where {X; : ¢ € T} is an arbitrarily family of closed convex sets. There are different
motivations for considering the design of algorithms which, at every iteration, use
only a component X; rather than the whole feasible set X. First, in the case of
projection methods, when the orthogonal projection onto each X;, namely II; :
R™ — X, is much easier to compute than projection onto X, namely IT: R® — X
a natural idea consists of replacing, at iteration k, I by one of the II,’s, say II;,_, or

even by an approximation of II;. This occurs, for instance, when X is a polyhedron
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and the X;’s are halfspaces. This procedure is the basis of the so called sequencial
or parallel row action methods for solving systems of equations (see [17]) and
methods for the feasibility problem, useful in many applications, including image
restoration and tomography (see, e.g., [5] and [16]). Second, in some cases X is
not known a priori, but is rather revealed through the random realizations of its
components X; in time through a learning process. Such problems currently arise
in fair rate allocation problems in wireless networks where the channel state is
unknown but the channel states X; are observed in time (see e.g. [57] and [34]).
Third, in some cases X is known but the number of constraints is prohibitively
very large (e.g., in machine learning and signal processing).

In Cartesian variational inequalities, a network of m agents is associated to a

coupled variational inequality with constraint set
X=X'x...xX™

and operator
F=(F,...,F,),

where the i-th agent is associated to a constraint set X* C R™ and a map Fj :
= x R™ — R™ such that .
n= Z n;.
i=1
Relevant problems which are included in the above setting are stochastic Nash
equilibrium (SNE) problems and stochastic multi-agent optimization problems. In
the SNE, fori =1,...,m, X* C R" is closed and convex, and the problem consists
of finding, almost surely, a point x* = (z7,...,z},) such that for alli € {1,...,m},
x} solves the optimization problem
JCIZTéI)I(lZE[fZ(f,xl, e Ty )]

The equilibrium conditions of SNE can be formulated as a SVI with

F(£7x) = (v$1f1<£7x)7 ) vmmeL(gv SL’))

and X = X! x ... x X™. The stochastic multi-agent optimization problem is the

problem

veX
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with the additional constraint that the ¢-th user has only access to its objective f;
and constraints X¢ when deciding its variable z; € X*. This problem is reformu-
lated as an SVI with X := X! x --- x X™ and

F<§7 ) = (vm1f<£7 ')7 BN vmmf<§7 ))7

where f(&,-) := >, fi(€,-). In these mentioned problems, the i-th agent has
only access to constraint set X and operator F; (which depends on other agents’
decisions) so that a distributed solution of the SVI is required in large networks.
An important class of distributed methods for Cartesian VI’s are designed so that
agents update their stepsizes independently under some partial coordination, since
communication along a large network is costly and requiring the constraint that the
agents use exactly the same stepsize or additional parameters can be a non-robust
requirement (see [43]). As an example, the distributed variant of the classical
projection method studied in [75] takes the form: for alli =1,... ,m,

E+1 k E _k
;=1L [l’z _O‘k,in( i X )}7

where TI; is the Euclidean projection onto X* (see also [43]).

1.3 Projection methods

In the deterministic setting (L)), the classical projection method for VI(T, X),

akin to the projected gradient method for convex optimization, is
(1.3) 2P = 2 — o, T (2%)],

where 1T is the projection operator onto X and {ay} is an exogenous sequence
of positive stepsizes. Convergence of this method is guaranteed assuming T is
strongly monotone, Lipschitz continuous and the stepsizes satisfy oy, € (0,20/L?)
and infy o > 0, where ¢ > 0 is the modulus of strong monotonicity and L is the
Lipschitz constant, see e.g. [27].

The strong monotonicity assumption is too demanding in some applications,
and convergence of (L3) is not guaranteed when the operator is just monotone.

In order to deal with this situation, the following extragradient algorithm was
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proposed by Korpelevich [49]:
2F =Tk — T (2%)],
(1.4) 2P = T[2% — T (2],

in which an additional auxiliary projection step is introduced. Convergence of
the method is guaranteed when the stepsizes satisfy ax = o € (0,1/L). In [59],
the extragradient method was generalized and convergence rates were established
assuming compactness of the feasible set.

The next step relevant in applications is to relax the knowledge of the Lipschitz
constant or even the Lipschitz continuity in the extragradient method (LZ). In
[47], Khobotov proposed the following linear stepsize search for the extragradient
method: given iterate 2, the stepsize ay, is chosen as the maximum o € {#a :

j € Ng} such that
(1.5) o||T(#(a)) = T(")| < Al (a) - 2",

where for all a > 0, zF(a) := 11 {xk - aT(azk)} . In the above line search, & > 0,
0 € (0,1) and A > 0 are exogenous parameters.

The above extragradient method with line search does not use the Lipschitz
constant but requires Lipschitz continuity. It also requires as many projection
computations as the number of iterations in the line search. In [39], Iusem and
Svaiter proposed the hyperplane projection method in which a different line search
is introduced based on the geometric interpretation of separating the current iterate
and the solution set by a hyperplane. An advantage is that only continuity and
two projections per iteration are required. It takes the form: given iterate z*, take

ay as the maximum « € {64 : j € Ng} such that
_ A
(1.6) <ﬂfw»ﬁ—ﬂwwzgjﬂ—H@WR

where g% := zF — 3, T(2*) and for all a > 0, z*(a) := oIl(¢*) + (1 — a)x*. Then

set 2% == ZF(qy,) and 2%t =11 [:pk - ykT(zk)}, where
1= (T(25), % = 24) - |T ()72

Again, & € (0,1], 0 € (0,1), {Sx} and A > 0 are parameters to be defined a priori.
It is not difficult to see that x*™! = II [H H, (a:k)} where Hj, is the hyperplane

Hy = {:c cR™: (T("),x — 2F) = 0}.
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See also [71], (74, [1] for improvements.

Observe that the projection method (L3]) and the extragradient method (L)
are explicit, i.e., the formula for obtaining z**! is an explicit one, up to the com-
putation of the orthogonal projection II. An implicit approach for the solution of
monotone variational inequalities is through a Tykhonov or proximal regulariza-
tion scheme (see [27], Chapter 12). In these methods, a sequence of regularized
variational inequality problems are approximately solved at each iteration.

As commented before, a typical case occurs when the feasible set takes the form
X =N, X;, where all the X;’s are closed and convex. Row action methods and
alternate (or cyclic) projection algorithms for convex feasibility problems exploit
the computation of projections onto the components iteratively (see [3]). In such
case, the order in which the sets X; are used along the iterations, i.e. the so called
control sequence {wi} C {1,...,m}, must be specified. Several options have been
considered in the literature (such as cyclic control, almost cyclical control, most
violated constraint control and random control). A negative consequence of the
use of approximate projections is the need to use small stepsizes, i.e., satisfying
Sra? < oo and Y, ap = oo, which significantly reduces the rate of convergence
of the method, despite improving the access to the constraints or computational
complexity (in terms of projection calculations). We thus have a trade-off between
easier projection computation and slower convergence. Data availability is costly
in large-scale applications and often a solution with poorer quality but with easy
computation is the best available option.

The use of approximate projections requires some condition on the feasible
set, so that the projections onto the sets X;’s are reasonable approximations of
the projection onto X. For this, some form of error bound, linear regularity or
Slater-type conditions on the sets X; must be assumed (e.g., Assumption [7 in
Chapter Bl and the comments following it). See [4, 23]. Explicit methods for
monotone variational inequalities using approximate projections were studied e.g.
in [30] and [I8], imposing rather demanding coercivity assumptions on T, in [6]
assuming paramonotonicity of T, and then in [8] assuming just monotonicity of T
Another method of this type, using an Armijo search as in [39] for determining the
stepsizes, and approximate projections with the most violated constraint control,

can be found in [7].
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Related to row-action and alternate projective methods are the so called incre-
mental methods, introduced by Kibardin in [46] (see also [52, 9, 57] and references
therein). These methods are used for the minimization of a large sum of convex
functions, e.g. in machine learning applications. In such a context, instead of
using the gradient of the sum, the gradient of one of the terms is selected iter-
atively under different control rules. In [63, 57], incremental constraint methods
with random control rules were proposed for minimizing a convex function over an

intersection of a large number of convex sets. If the feasible set takes the form
(17) X == XO N (ﬂiEIXi) 5

where {Xo} U{X; :i € Z} is a collection of closed and convex subsets of R” and
for every 1 € Z,

(1.8) X;={z e R": g;(x) <0},

for some convex function g; with positive part g; (z) := max{g;(z),0}, then the

method in [57] is given by

(1.9) yh =TIy, [SL’k — aka(a:k)] ,
94, ")
(1.10) " =TIy, [y’f — B !T?l’“IP d’“] ,

where d* € dg} (y*) — {0} if g} (y*) > 0, and d* = d for any d € R" — {0} if
g (¥*) = 0. In method (TI)-(LI0), {wk} is a random control sequence taking
values in Z and satisfying certain conditions and f : R — R is a convex smooth
function (the non-smooth case is also analysed). In (IL9), the method takes a step
towards the gradient direction, while in (LI0), the method takes a step towards
feasibility. Together with row-action and alternate projection methods, incremen-
tal constraint projection methods can be viewed as the dual version of (standard)
incremental methods. More recently, stochastic approximation was incorporated
in incremental constraint projections methods for stochastic convex minimization

problems in [72].
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1.4 Stochastic approximation methods

The first SA method for SVI was analyzed by Jiang and Xu in [40]. Their method
is:
(1.11) M = T2k — a, F(€F, 2F))],

where I is the Euclidean projection onto X, {£*} is a sample of ¢ and {a4} is a
sequence of positive stepsizes. The almost sure convergence is proved assuming L-
Lipschitz continuity of T', strong monotonicity or strict monotonicity of T', stepsizes
satisfying >, ap = 00,3, af < oo (with 0 < ap, < 2p/L? in case T is p-strong
monotone) and an unbiased oracle with uniform variance, i.e., there exists o > 0

such that for all z € X,
(1.12) E[|F (& 2) - T(@)]?] <o

After the above mentioned work, recent research on SA methods for SVI have
been developed in [42, [75 50} [73, 136, 20} [76], 44, 45, [77, B7]. Two of the main
concerns in these papers were the extension of the SA approach to the general
monotone case and the obtention of (optimal) convergence rate and complexity
results with respect to known metrics associated to the VI problem. In order to
analyse the monotone case, SA methodologies based on the extragradient method
of Korpelevich [49] and the mirror-prox algorithm of Nemirovski [59], and itera-
tive Tykhonov and proximal regularization procedures (see [43]), were used in the
above mentioned works. Other objectives were the use of incremental constraint
projections in the case of difficulties when accessing the feasible set in [73], the
convergence analysis in the absence of the Lipschitz constant in [77, [75] [76], and
the distributed solution of Cartesian variational inequalities in [75, [50].

We finalize this section commenting on recent methods that our proposals in
Chapter B improve upon.

In [73], method (LII) is improved by incorporating an incremental projection
scheme, instead of exact ones. They take X = N;czX;, where Z is a finite index
set, and use a random control sequence, where both the random map F' and the

control sequence {wy} are jointly sampled, giving rise to the following algorithm:
yk = xk - akF(gkaxk)
(1.13) o=yt = Byt - T, ().
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When [, = 1, the method is the version of method (LII]) with incremental con-
straint projections. For convergence, the operator is assumed to be strongly mono-
tone and Lipschitz-continuous. In this setting, method (LI3) improves on method
(C9)-(TI0) for the particular case of Xy = R", 7 finite and {X; : i € Z} with easy
projections.

In [50], regularized iterative Tychonov and proximal point methods for mono-
tone stochastic variational inequalities were introduced. In such methods, instead
of solving a sequence of regularized variational inequality problems, the regulariza-
tion parameter is updated in each iteration and a single projection step associated
with the regularized problem is taken. This is desirable since (differently from
the deterministic case), termination criteria are generally hard to meet in the
stochastic setting. The algorithm proposed allows for a Cartesian structure on the
variational inequality, so as to encompass, for example, equilibrium conditions of
monotone stochastic Nash games with a limited coordination between the player’s
stepsize and regularization sequences. Namely, the feasible set X C R™ has the
the form X = X! x --- x X™, where each Cartesian component X/ C R" is a
closed and convex set, and the operator has components F' = (Fy,..., F,,) with
F; :ExR" - R"% for j=1,...,mand >, n; = n. The algorithm in [50] is thus

J
described as follows: given the k-th iterate 2* € X with components a:f € X7, for

J=1,...,m, the next iterate is given by the projection
(1.14) x?“ =1y [:Uf — akJ(Fj(ﬁk, %) + ek,jxf)],
fori =1,...,m, where {oy 1, ..., agnm} are the stepsize sequences and {ej 1, .. ., €xm}

are the regularization parameter sequences. This method is shown to converge un-
der monotonicity and Lipschitz-continuity of 7" and a partial coordination between
the stepsize and regularization parameter sequences (see Assumption [[Tlin Section
B.2). The iterative proximal point follows a similar pattern but differently from the
Tykhonov method, this method requires strict monotonicity, which in particular

implies uniqueness of solutions.
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1.5 Contributions of the thesis

The contributions of this thesis are summarized in the following and corresponds

to the papers [30, 37, [38].

1.5.1 Incremental methods [306]

As commented before, accessing data in modern large-scale problems is a chal-
lenge. In such cases, the use of stochastic approximation for computing the oper-
ator and/or easily computable approximate projections instead of exact ones is a
preferred option (or even the only one). Additionally, in many cases the constraint
set X is known but it contains a very large number of constraint components or
X is not known a priori, but is rather learned along time through random sam-
ples of its constraint components. An important feature of incremental constraint
projection methods is that they process sample operators and sample constraints
sequentially. This incremental structure is well suited for a variety of applica-
tions involving large data sets, online optimization and distributed learning. For
big-data problems, an incremental method can update simultaneously as passing
through the data set. For problems that require online learning, incremental pro-
jection methods of the type (LY)-(LI0) or (II3)) are practically the only option
to use without the knowledge of all the constraints.

In collaboration with Iusem, A. and Jofré, A., we propose, in Chapter [3]
methods which incorporate the incremental constraint projection method with
the stochastic approximation to compute the operator. One of our main goals is
to weaken the strong monotonicity assumed in [73] by plain monotonicity. An-
other important goal is to incorporate the distributed solution of stochastic Carte-
sian variational inequalities in the framework of incremental constraint projection
methods. The incorporation of incremental constraint projection methods to dis-
tributed solution of network equilibria seems to be new.

We thus propose an incremental constraint projection method for monotone

SVIs. Precisely, assuming the structures (L7)-(LS), in the centralized case (m =
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1), the method takes the form

(1.15)

(1.16)

y* =1y, [:pk — Qg (F(vk,xk) + ekxk)} :
95, "*
1 | - |,

where {wy} is the random control, and d* € dg} (y*) — {0} if g, (v*) > 0; d* =
d € R" — {0} if g, (y*) < 0. In Section BT of Chapter B, this method is analyzed
with no regularization, i.e., €¥ = 0 and the monotone operator satisfies the weak
sharpness property (see Section 23] of Chapter 2]) while in Section of Chapter

Bl we consider the same method with positive regularization parameters without

assuming weak sharpness. Just for simplicity, the distributed case (m > 1) is

analysed only for the second variant (but the case m > 1 could be generalized in

an obvious way to the case when the SVI has the weak sharpness property).
We mention the following contributions of method (LI5H)-(LI6):

(i)

(i)

Excepting for method (LI3) for strongly monotone stochastic variational in-
equalities, all the above mentioned works on stochastic approximation for
SVI use ezact projections. We generalize (LI3]) by analyzing the case of
infinite number of constraints, Xy # R", and incremental constraints for a
larger class of closed convex sets. For instance, as in method (L9)-(LI0),
our method allows the components X; of X to have difficult projection op-
erators, as long as they take the form X; = {x € R : g;,(x) < 0} where g; is
a convex function with computable subgradients. We also extend the incre-
mental projection framework to the class of weak-sharp monotone operators
(without regularization) and to plainly monotone operators (with required
regularization), thus extending [57, 9, [72] to the framework of (stochastic)
variational inequalities. Differently from [57], we cope with unbounded op-
erators. Under weak sharpness, we prove that the sequence is bounded in L?
and give explicit estimates on the convergence rate O(1/v/k) up to logarithm

terms. Sharper estimates are possible for bounded operators.

Method (LIH)-(LI6) is a variation of (LI4]) with incremental projections.
We also incorporate the distributed solution, which appears to be new in the

setting of incremental projection methods. Due to the use of approximate
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(iii)

projections instead of exact ones, an additional coordination requirement is
imposed, which is satisfied by usual choices of stepsizes and regularization
parameters (see Section B.2.4] of Chapter B, Assumption 1] and comments
following it and [50], Lemma 4).

It seems that the use of weak sharpness as a suitable property for incremen-
tal projections is new. In fact, differently from the strongly monotone case
in [73], where the convergence rate deteriorates with the use of incremen-
tal projections, we prove that, under weak sharpness, the rate O(1/vk) in
terms of E[d(x*, X*)] is the same both with exact and incremental projec-
tions (see [45} [76]). Surprisingly, these results still hold true for the cases
of unbounded operators or unbounded feasible sets, an improvement over
[45], [76] where boundedness and exact projections are required alongside the
weak sharpness property. We also give the exact number of iterations re-
quired for an auxiliary stochastic optimization problem over X with linear
objective for solving the original SVI (which recovers a related property in

the deterministic setting, see [53]).

It should be noted that under weak sharpness, our method has robust step-
sizes in the sense of Nemirovski et al. [60], without knowledge of the Lipschitz
constant or the weak-sharp modulus. In that respect, we improve upon [76],
where under weak sharpness, robust stepsizes are given for exact projections,
compact feasible set, strict-monotonicity, knowledge of the weak sharpness

modulus and requiring a smoothing procedure and an extragradient scheme.

1.5.2 Stochastic extragradient methods [37, 38]

In Chapter [, in collaboration with Iusem, A., Jofré, A. and Oliveira, R., we

propose the following extragradient method: given z*, define

Ny,
(1.17) o= I — ZES Pk b
N, &=
L J i
. o -
1.18 ML — T2 — 2N F(nk, 2
(1.18) x x Nkal (n5,2%) |,
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where {N,} C N is a non-decreasing sequence and {¢}, 7 : k e N,j =1,..., N}
are independent identically distributed (i.i.d.) samples of £. We call { Ny} the
sample rate sequence. In the sequel we need some notation. For any a > 0 we
consider the natural residual function r,, defined, for any = € R", by r,(z) :=
|l — (x — oT'(x))||. It is well known that the set of zeroes of r, coincides with
X* (see [27]). Given € > 0, we consider an iteration index K = K., such that
Elro(z%)?] < €, and we look at E[r,(z%)?] as a non-asymptotic convergence rate.
In particular, we will have an O(1/K) convergence rate if E[r,(z%)?] < Q/K
for some constant () > 0 (depending on the initial iterate and the parameters of
the problem and the method). The oracle complezity will be defined as the total
number of oracle calls needed for E[r,(2%)?] < € to hold, i.e., Y& | 2N,. Next we

synthetize the contributions of the algorithm presented in Chapter 3

i) Asymptotic-convergence: Assuming pseudo-monotonicity of F', and us-
ing an extragradient scheme, without regularization, we prove that, almost
surely, the generated sequence is bounded, its distance to the solution set
converges to zero and its natural residual value converges to zero a.s. and in
L?. See [45] for recent examples where the more general setting of pseudo-
monotonicity is relevant (stochastic fractional programming, stochastic op-
tional pricing and stochastic economic equilibria). The sequence generated
by our method also possesses a new stability feature: for p = 2 or any p > 4,
if the random operator has finite p-moment then the sequence is bounded
in LP, and we are able to provide explicit upper bounds in terms of the
problem parameters. Previous work required a bounded monotone opera-
tor, specific forms of (pseudo)-monotonicity (monotonicity with acute angle,
pseudo-monotonicity-plus, strict pseudo-monotonicity, symmetric pseudo-
monotonicity or strong pseudo-monotonicity as in [44, [45]), or regularization
procedures. The disadvantage of regularization procedures in the absence of
strong monotonicity is the need to introduce additional coordination between
the stepsize sequence and the regularization parameters. Also, the regular-
ization induces a suboptimal performance in terms of rate and complexity
(see [77]).

ii) Accelerated rate with oracle complexity efficiency: To the best of our
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knowledge, our work is the first SA method for SVI with stepsizes bounded
away from zero. Such feature allows our method to achieve an accelerated
convergence rate O(1/K) in terms of the mean-squared natural residual un-
der plain pseudo-monotonicity (with no regularization requirements). As a
consequence, our method achieves a convergence rate of O(1/K) in terms
of the mean D-gap function (see Subsection 31| of Chapter @ and [27],
Proposition 10.3.7). In previous works, methods with diminishing stepsizes
satisfying >, ap = 00, 3 @i < oo were used, achieving a O(1/K) rate in
terms of the mean-squared distance to X*, with more demanding monotonic-
ity assumptions (namely, bounded strongly pseudo-monotone operators and
bounded monotone weak-sharp VI) and a rate O(1/y/K) in terms of mean
gap functionsH for bounded monotone operators. Importantly, our method
preserves the optimal oracle complexity O(e~2) up to first order logarithmic
term. By accelerating the rate, we reduce the number of projection compu-
tations, preserving the optimal oracle complexity. We provide explicit upper
bounds for the rate and complexity in terms of the problem parameters. As
a corollary of our result, we provide new classes of SVIs for which a con-
vergence rate of O(1/K) holds in terms of the mean-squared distance to
the solution set (see Section A3.1]). In the context of large dimension data
(n > 1), our algorithm complexity is proportional to n up to a scaling factor

in the sample rate (see Proposition ).

iii) Unbounded setting: The results in items (i)-(ii) are valid for an unbounded
feasible set and unbounded operator. Important examples of such a setting
include complementarity problems and systems of equations. Asymptotic
convergence for an unbounded feasible set is analyzed in 75} [73], 45] [77] and
Section B of Chapter B with more demanding monotonicity hypotheses, and
in [50] and Section 3.2 of Chapter B for the monotone case, but with an addi-
tional regularization procedure. To the best of our knowledge, convergence
rates in the case of an unbounded feasible set were treated only in [73] 20].

In [73], a convergence rate is given only for strongly monotone operators. In

'Given a > 0, the regularized gap function is defined as g, (z) := sup,c x {(T'(z), 2 —y) — §[|x —
y||?}, for z € R™. Given b > a > 0, the D-gap function is g.»(z) := ga(x) — gp(z), for z € R™.
?Such as the dual gap-function G(z) = sup,ex(T(y),z —y) for z € X.
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[20], assuming uniform variance over X (in the sense of (LIZ)), a conver-

ence rate of O(1/v/K) in terms of the mean value of a relaxed gap function
ﬁrecently introduced by Monteiro and Svaiter [55]-[50] is achieved. However,
we provide in Example [l (Chapter @], Section A1), a simple case showing that
asymptotically the method in [20] is not stable in the unbounded setting: a.s.
the generated sequence has an unbounded subsequence (even though the gap
function value converges in mean to zero). Our convergence analysis in items
(i)-(ii) does not depend upon boundedness assumptions, and we prove the
accelerated rate O(1/K) in terms of the mean (quadratic) natural residual
and the mean D-gap function, which are new results. The natural residual
and the D-gap function are better behaved than the (standard) gap function:
the former are finite valued and Lipschitz continuous over R™ while the later

is finite valued and continuous only for a compact X.

Non-uniform variance: To the best of our knowledge, all previous works
require that the variance of the oracle error be uniform over X (in the sense
of (LI2)), excepting in [73] for the strongly monotone case, and in Chapter
[Bl for the case of a weak-sharp monotone operator, and also for the monotone
case with an iterative Tykhonov regularization (with no convergence rate
results). Such uniform variance assumption holds for bounded operators,
but not for unbounded ones, on a unbounded feasible set. Typical situations
where this assumption fails to hold include affine complementarity problems
and systems of equations. In such cases, the variance of the oracle error tends
(quadratically) to oo in the horizon (see Example [ of Chapter [, Section
A1). The performance of our method, in terms of the oracle complexity,
depends on the point z* € X* with minimal trade-off between variance and
distance to initial iterates “ignoring” points with high variance (see comments
after Theorem [I0 and Section 3.1]). This result also improves on the case
where (LI2) does holds but o(2*)? < ¢ or, on the case X is compact but
|2° — 2*|| < diam(X). In conclusion, the performance of method (ILIT)-
(CIX) depends on solution points z* with minimal variance, compared to

the conservative upper bound o2, and minimal distance to initial iterates. In

3Such gap-function is defined as G(z,v) := sup, e x(T'(y) — v,z —y) for z € X and v € R",
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the case of uniform variance over X* or X, we obtain sharper estimates of

rate and complexity in item (ii).

Distributed solution of multi-agent system: The analysis in items (i)-
(iv) also holds true for the distributed solution of stochastic Cartesian vari-
ational inequalities, in the spirit of [75] 50, 43]. In our framework (see Al-
gorithm (A3])-(@4))), agents may update stepsizes bounded away from zero
independently over the range (0,1/2L). An advantage of the extragradient
approach in the distributed case is that we do not require iterative regular-
ization procedures as in [50, [43] and the method of Section 3.2 of Chapter [3]
for coping with the plain monotone case. This implies that no coordination
is required between users’ stepsizes and regularization parameters and an
optimal convergent rate is achievable. As discussed later on, our algorithm
requires the choice of a sampling rate for dealing with the setting of items (i)-
(iv). Hence, in the distributed solution case, agents should have the choice
of sharing their oracle calls or not, and we allow both options. In the later
case of fully distributed sampling, the oracle complexity has higher order
dependence in terms of the network dimension m, which may be demanding
in the context of large networks (m > 1). For this case, if an estimate of m
is available (up to a scaling factor in the sample rate) and a decreasing se-
quence of (deterministic) parameters {b;}7*, is shared (in any order) among
agents, then our algorithm has oracle complexity of order m(a=te1)*™ for
arbitrary a > 0 (see Proposition [I0), that is, linear in m. Further dimension

reduction possibilities will be the subject of future work.

For achieving the results of items (i)-(v), we employ an iterative variance re-

duction procedure. This means that, instead of calling the oracle once per iteration

(as in previous SA methods for SVI studied so far), our method calls the oracle Ny

times at iteration k and uses the associated empirical average of the values of the
random operator I at the current iterates z* and z* (see (LI7)-(TIX)). Since the
presence of the stochastic error destroys the strict Fejér property (satisfied by the

generated sequence in the deterministic setting), the mentioned variance reduction

procedure is the mechanism that allows our extragradient method to converge in

an unbounded setting with stepsizes bounded away from zero, and to achieve an
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accelerated rate in terms of the natural residual. To obtain these results, we use
martingale moment inequalities and a supermartingale convergence theorem (see
Section 2.2)). Our sampling procedure also possesses a robust property: a scaling
factor on the sampling rate maintains the progress of the algorithm with propor-
tional scaling in the convergence rate and oracle complexity (see Propositions [§],
and [[0 See also [60] for robust methods). In Examples [ and 2] of Section 1] of
Chapter (], we show typical situations where such variance reduction procedure is
necessary.

To the best of our knowledge the variance reduction procedure mentioned above
is new for SA solution of SVI. During the preparation of this thesis we became
aware of references [24] [15, 29, B2, 22], where variable sample-size methods are
studied for stochastic optimization. We treat the general case of pseudo-monotone
variational inequalities with weaker assumptions. Also, our analysis and assump-
tions differ from these works relying on martingale and optimal stopping tech-
niques. In [24] 15 29] the SA approach is studied for convex stochastic optimiza-
tion problems. In [I5] 29], the focus is on gradient descent methods applied to
unconstrained strongly convex optimization problems. In [15], second order infor-
mation is assumed and an adaptive sample size selection is used. In [29] uniform
boundedness assumptions are required. In [24], a variant of the dual averaging
method of Nesterov [61] is applied for solving non-smooth stochastic convex opti-
mization, assuming a compact feasible set and uniform variance. A constant oracle
call per iteration N, = N > 1 is used, obtaining a convergence rate of O(1/vKN),
while we typically use N = O(k(Ink)!*?) with b > 0 obtaining a rate of O(1/K).
In [32, 22], the SAA approach for stochastic optimization is studied. This is an
implicit method, unlike the SA methodology. Also, uniform boundedness assump-
tions are required. In [22] the focus is on unconstrained optimization, with second
order information, using Bayesian analysis for an adaptive choice of N.

To better appreciate our variance reduction procedure in our SA extragradient
method, we make some remarks regarding SAA methods. In such methods, the
random variable is sampled once in an exterior manner and an uniform strong law
of large numbers guarantees the convergence of the method to the true solution. As
a consequence, X has to be compact and the performance of the method depends

on the maximum variance of the oracle over X and on the diameter of X. By
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exploring monotonicity along stochastic approximations, our variance reduction
makes use of progressive empirical averages (with increasing accuracy) at points of
the trajectory of the method. Hence, intuitively, the law of large numbers is invoked
locally along neighbourhoods of the trajectory of the method. As a consequence,
the feasible set can be unbounded and the performance of the method depends on
the distance of the initial iterate to the solution set and of the variance at points
of the trajectory and at the solution set only. Such type of results appear to be
new.

In Chapter [, in collaboration with A. Iusem, A. Jofré and R. Oliveira, we
extend the analysis of Chapter (] by proposing stochastic extragradient methods
without requiring knowledge of the Lipschitz constant or weakening the Lipschitz
continuity assumption. Motivated by the results of Chapter @l we propose two
methods which are SA variants of the extragradient method with line search (LH)
and the line search (L)) of the hyperplane projection method respectively. Again,
we incorporate the variance reduction mechanism of method (LI7)-(LI8) and are
able to recover the results of items (i)-(iv) presented above for method (LIT)-
(CI8). To the best of our knowledge, these are the first extragradient methods
with line search for SVI. The introduction of line searches for the stepsize have the
objective to deal with inexistent, unknown or too large Lipschitz constant while
improving over the alternative of summable stepsizes (which require a too small
“stepsize” with a detrimental effect on the convergence rate). It is widely recog-
nized that line searches substantially enhance the numerical performance of the
method, compared with the variants which use exogenous stepsizes, be it summable
ones, or dependent on the Lipschitz constant. All these nice properties make the
stochastic extragradient methods with line search we propose more implementable.

It should be noticed that methods which avoid the use of the Lipschitz constant
or Lipschitz continuity, were proposed in [76, [77], but by means of a very different
procedure. Instead of line searches they use a random smoothing technique by
means of sampling an auxiliary random variable. It is an interesting idea, but it
requires compactness of the feasible set, uniformly bounded variance of the oracle

for monotone operators, and achieves the slower rate O(1/vK), while we can

4We remark that, as pointed out in [60], SA methods can be competitive and even outperform

SAA methods in some classes of convex problems.
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cope with unbounded sets, non-uniform variance for pseudo-monotone operators
and achieve the rate O(1/K).

We comment on the results of methods with line search of Chapter Bl In the
deterministic case, the hyperplane projection method (ILG) requires only continuity.
Our stochastic variant requires Holder continuity of the random operator in order
to control the variance of the oracle error. This variant also uses two projections per
iteration with convergence rate O(1/v/K), sample rate Ni ~ k* (up to logarithm
terms) and oracle complexity O(e™®) (up to logarithm terms). Our stochastic
variant of the Khobotov’s line search ([LH]) requires Lipschitz continuity of the
random operator, (a few more) projections per iteration H, sample rate Ny ~ k
(up to logarithmic terms) and oracle complexity O(e~2) (up to logarithmic terms).
Hence, the choice between these two line search variants depends on a trade-
off between computational and oracle complexity (which might depend on the
application of interest). If oracle complexity is expensive, our results tend to
suggest the second variant, i.e., Algorithm [B] of Chapter [ (if Lipschitz continuity

is available).

5The number of iterations in the line search is of logarithmic order on the Lipschitz constant

as in the deterministic case.
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Chapter 2

Preliminaries

2.1 Projection operator and notation

We shall define specific constants in every chapter with no relation to constants
outside that chapter. For x,y € R", we denote by (z,y) the standard inner
product, and by ||z|| = /(z, x) the correspondent Euclidean norm. Given C' C R"
and = € R", we use the notation d(z,C) = inf{||lx —y|| : y € C} and D(C) :=
sup{||z—y : z,y € C||}. Given a positive-definite symmetric matrix A € R"*" and
x € R™, we denote by (z,x)4 := (x, Az) and ||z||4 := /(z, Az) the correspondent
inner product and Euclidean norm. For a closed and convex set C' C R", we use
the notation g a(z) = argmin,q |y — || for z € R". We use the simplified
notation Il¢ := Il¢; when I € R™" is the identity matrix. Given H : R" — R",
S(H,C) denotes the solution set of VI(H,C). For a matrix B € R"", we use
the notation || B|| := sup, || Bz||/||z||. The following properties of the projection

operator are well known.

Lemma 1. Take a closed and convex set C' C R™ and a positive-definite symmetric

matriz A € R™*",

i) Given v € R", g a(x) is the unique point of C satisfying the property:
(x =g a(x),y —Hea(x))a <0, forally € C.

Moreover, let v € R? and x € C with z := llg|x — v]. Then, for allu € C,

2(v,z —u) < [lz —ul® — |z —ul® — ||z — =[|*
ii) For allz € R",y € C, [[He(x) —yl* + [Ho(z) — 2 < [lo —yl|*.
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ii1) For all x,y € R™, |[le(z) — He(y)|| < ||z —y|l-
w) Given H :R" — R", S(H,C) ={z e R" : x =g alx — A" H(z)]}.
v) Forallz € Cy e R, (z —y,z —lo(y)) > ||z — He(y)]*

The following lemma will be used in the analysis of the methods of Chapter
It was used in [57, 63] but in a slightly different form, suitable for convex

optimization problems.

Lemma 2. Consider a closed and conver Xo C R", and let g : R — R U {oco}
be a convex function with dom(g) C Xo. Suppose that there exists C, > 0 such
that ||z < Cy for all x € Xy and all z € dg™(x). Take x; € Xo, u € R", o > 0,
B € (0,2) and d € R™ — {0} such that d € dg*(y) — {0} if g7(y) > 0. Define
Yy, T2 € Xo as

Yy = HXO [ au]

o = oy ]

Then for any xo € Xo such that g*(zo) = 0 and any 7 > 0, it holds that
2 = o||* < |21 — @o|* — 20z — @, u) + [1 + 75(2 — B)] @®[|u*~
5(2 B 6) 1 + 2
& (1-3) @)’

Proof. We shall first give an upper bound of ||xs — z¢|| in terms of ||y — xo]|.

Precisely, we shall prove:

@) 2 — ol < 1y — ol = 52— /LD

Suppose first g7 (y) > 0 with d € dg* (y) — {0}. In this case we have

" 2
[E e ‘HXO y—ﬁgnd(ﬁ/z)d] — Ix, o]
) 2
= H -
_ 9 (y) (9" ()
(2.2) = [ly — ol — 269 EE (y — o, d) +52W,
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where in first equality we used xy € X and in the inequality we used Lemma [If(iii).
Since ¢ is convex on Xy, so is gT. Since xg,y € Xo, g7 (x9) = 0and d € dg™ (y), the
definition of subgradient implies 0 = g™ (x¢) > g% (y) + (xo — v, d), or equivalently:

gHtl(ITJ?) (y— z0.d) < —25 W)

el
Relations (Z2)-(Z3) and —3(2 — 6)/||d||* < —B(2 — 8)/C5 imply relation (ZI))
which was claimed. Suppose now g% (y) = 0 and d # 0. In this case, zo = Ilx,[y] =

(2.3) — 28

y and hence ||zo — 20> = ||y — 20||?, so that (ZI) holds trivially with equality.
We now will relate g™ (y) with g™ (x;). We have

(g+(y))2 = [(g+(y)—g+(x1))+g+(x1)]2
= (0" — 9" @) —2(s" ) — g* @) g" (@) + (g7 (21))
(24) > 2|5 () — 9" (@) g (@) + (gF (@)

2

Using that x1,y € X, and the definition of C, we have
9% () — g (@1)| < Cylly — a1l = €, My, a1 — a] — T, ]| < Cyalull

where in last inequality we used Lemma [I(iii). Multiplying the previous relation

by 297 (1) gives

2|g*(y) — 9" (@1)| g" (21)

IN

2C,allullg™ (21)

1 2
(2.5) rChe?|ull® + = (g7 (21)) "

IN

for arbitrary 7 > 0. In last inequality above we used relation 2ab < 7a? + %bz for
any 7 > 0. Relations (Z4]) and (Z3]) imply that for any 7 > 0,

(26 ~ (") < rCeul = (1= 2) (g7 @),

which is the desired relation between ¢*(y) and g*(z1).
From (2.1)) and (2.6) we obtain for every 7 > 0,

0.7) llea — 2ol < lly — aoll* + 752 — B ull? - P22 (1 1) (g )
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We also have

ly = woll* =[x, [21 — au] — Iy, [zo]]|*

IA

(1 — @0) — cvu])®

(2.8)

|1 — zo||” — 20{y — 20, ) + & ||ulf?,

where we used Lemma [I(iii) in the inequality. Relations (2.1)-(28) prove the

claim. 0

Remark 1. We remark that if dom(g) = R™ and the subgradients of g* are
uniformly bounded over R™, then the result of Lemma 2] holds with y € R" given

as y = x1 — au, instead of y = Ilx, [x; — aul.

We denote by RY, the interior of the nonnegative orthant R?. We use the
notation [m] := {1,...,m} for m € N and (o))", := (o, ..., ) for @; € R and
i € [m]. For a:= (a;)I; € RZ,, D(«) denotes the block-diagonal matrix in R™*"

defined as

0 0 amly,

where I,,, € R"*" denotes the identity matrix for each i € [m].

We will use the following lemma, which is proved in the Appendix of Chapter
4, in the distributed solution of Cartesian SVIs. Assume that C' = [, C* and
n = Y™ n;, where C* C R™ is closed and convex for i € [m]. We endow C
with the inner product (x,y) = Y7 (z;,y;) for x = (x;), and y = (y;)*, in C.
Consider the operator H = (Hy, ..., H,,) with H; : R® — R"™ for i € [m].

Lemma 3. For any o € R, S(D(«) - H,C) = S(H,C).

In the case of the feasible set X as in ([I.]), we shall use the notation IT := ITy.
Given an operator H : R — R”, for any z € R” and o > 0, we denote the natural
residual function associated to VI(H, X) by

(2.9) ro(H;x) = ||z = [z — aH(2)]| .

In the case of the operator 7" as in (II]), we use the notation 7, := (7T, -). For

the unit stepsize a = 1, we use the notation r(H;-) := ri(H;-) and r = ry.
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When a € R, we will also use the notation r,(z) := ||z — Il [z — D(a)T(z)]| for
r € R".
We shall also use the following useful lemma (see [27], Proposition 10.3.6).

ro(H,z)

Lemma 4. Given x € R", the function (0,00) > o +— S non-increasing.

We use the abbreviation “RHS” for “right hand side”. Given sequences {z*}
and {y*}, we use the notation z* = O,(y*) or ||z*|| <, ||v*| to mean that there
exists a constant C, > 0 (depending only on p) such that ||z*|| < C,||y*| for all k
(we omit the reference to p if no confusion arises or if there is no such dependence).
The notation ||z*|| ~ [|y*|] means that |z*|| < ||v*| and ||y*]] < ||*]|. Given a
o-algebra F and a random variable £, we denote by E[¢], E[¢|F], and V]|, the
expectation, conditional expectation and variance, respectively. We denote by
cov[B] the covariance of a random vector B. Also, we write £ € F for “¢ is F-
measurable”. We denote by o(&;,...,&) the o-algebra generated by the random
variables &y, ...,&. Given the random variable § and p > 1, [¢], is the LP-norm
of £ and |£|F|, := {E[[{[P|F] is the L,-norm of { conditional to the o-algebra
F. N(u,0?) denotes the normal distribution with mean p and variance 0. Given
z € R, we denote by =, := max{0,z} its positive part and by [z] the smallest
integer greater than x. For a function g : R” — R™ we denote by ¢g* its positive
part, defined by ¢*(z) = max{0,g(z)} for x € R™. If g is convex, we denote by
g its subdifferential and dom(g) its domain. For a matrix B € R™*", BT denotes
its transpose, ||B|| denotes its spectral norm, tr(B) denotes its trace and, if B is

symmetric positive semidefinite, we denote its square root matrix by v/B.

2.2 Probabilistic tools

As in other stochastic approximation methods, a fundamental tool to be used is
the following Convergence Theorem of Robbins and Siegmund [67], which can be

seen as the stochastic version of the properties of quasi-Fejér convergent sequences.

Theorem 1. Let {yi}, {ur}, {ar}, {bx} be sequences of non-negative random vari-
ables, adapted to the filtration {Fr}, such that a.s. Y ap < 0o, Y bx < 0o and
for all k € N, E[ykﬂ‘}'k} < (14 ag)yr — ug + br. Then a.s. {yx} converges and
Sup < 00.
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We will also use the following result, whose proof can be found in Lemma 10
of [64].

Theorem 2. Let {yx}, {ar}, {br} be sequences of nonnegative random variables,
adapted to the filtration {Fy}, such that a.s. a; € [0,1], X ar = 00, S by < 0,
limy, oo Z—’Z =0 and for all k € N, E[yk+1’;k;i| < (1 — ag)yx + by. Then a.s. {yx}

converges to zero.
For the next result see [13] [54]

Theorem 3 (Burkholder-Davis-Gundy inequality in RY). Let ||| be the Euclidean
norm in RY. Then, for all ¢ > 2, there exists C, > 0 such that for any vector-
valued martingale {yj}j»vzo adapted to the filtration {G; j»vzl with yo = 0, it holds
that

N N
2
< Co| [ DNy —yi-all?| < Cq 122 Wy =yl

q Jj=1 j=1

q

sup ||yl
J<N

Some more probabilistic tools will be needed and presented in Chapter [l

2.3 Weak-sharpness

We briefly discuss the weak sharpness property of variational inequalities which is
used in Section [3.1] of Chapter Bl as an useful property for incremental constraint
projection methods.

For X C R™ and = € X, Nx(z) denotes the normal cone of X at z, given by
Nx(z) ={veR": (v,y —x) <0,Vy € X},
The tangent cone of X at z € X is defined as
(2.10) Tx(z) ={d €R": 3t;, > 0,3d" € R",Vk € N,z + t;,d* € X,d* — d}.

For a closed and convex set X, the tangent cone at a point x € X has the follow-
ing alternative representation (see Rockafellar and Wets [68], Proposition 6.9 and
Corollary 6.30):

(2.11) Tx(z) =cl{a(y—2):a>0,y € X} = [Nx(z)]°,
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where for a given set Y C R", the polar set Y° is defined as Y° = {v € R" :
(v,y) <0, Vy € Y}
In [I4], the notion of weak sharp minima for the problem min,cx f(z) with

solution set X* was introduced: there exists p > 0 such that

(2.12) f@) = f" = pd(z, X7),

for all z € X, where f* is the minimum value of f at X. Relation (Z12) means
that f — f* gives an error bound on the solution set X*. In [22], it is proved that
if f is a closed, proper, and differentiable convex function and if the sets X and
X* are nonempty, closed, and convex, then (ZI2) is equivalent to the geometric

condition: for all z* € X*,

(2.13) —Vf(z") € int ( ) [Tx(z)N NX*(:U)]O).

zeX*
Every linear program is weak-sharp. Also, the minimization problem associated
to non-degenerate linear complementarity problems is weak-sharp [14]. Piecewise
affine functions possess “corners” which are potentially weak-sharp minima.

In optimization problems, the objective function can be used for determining
regularity of solutions. In variational inequalities one can use for that purpose the
above geometric definition or exploit the use of gap functions associated to the VI.
The dual gap function G : R" — RU{oco} is defined as G(z) := sup,c x(T'(y), —y).
In the sequel, we denote by B(0, 1) the unit ball in R™ and by X* the solution set
of VI(T, X). In order to define a meaningful notion of weak sharpness for VIs, the

following possible assumptions were considered in [53]:
(i) There exists p > 0, such that for all z* € X*,

(2.14) —T(2*) + pB(0,1) € () [Tx(z) NNy (2)]°.

reX*
(ii) There exists p > 0, such that for all z* € X*,
(2.15) (T'(z"),z) = pllzll, V2 € Tx(2*) N Nx«(z¥).
(iii) For all z* € X*,
reX*

(2.16) — T(z*) € int ( N [Tx(z) ﬁNX*(:c)]").
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(iv) There exist p > 0 such that for all z € X,

(2.17) G(z) > pd(z, X™).

Item (iii) is the definition of a weak sharp VI(T, X) given in [53]. In Theorem
4.1 of [53], it is proved that (i)-(ii) are equivalent, and that (i)-(iv) are equivalent
when X is compact and T is paramonotone (also known as monotone™) i.e., T is
motonone and (T'(x) — T(y),x —y) = 0= T(x) =T(y), for all z,y € R™ (see [35]
for other properties of paramonotone operators).

Relation (ZI7) means that the gap function G provides an error bound on the
solution set X*. Paramonotonicity implies that 7" is constant on the solution set
X*. Important classes of paramonotone operators are, for example, co-coercive,
symmetric monotone and strictly monotone composite operators (see [27], Chapter
2).

Recently, the following assumption was introduced in [76]: there exists p > 0
such that for all z* € X* and all x € X,

(2.18) (T(z"),z — ") > pd(z, X7).

Clearly, (ZI8) implies (2I7). Proposition [, proved in the Appendix of Chapter
B states that (ZI8) implies (ZI0) and the converse statement holds when T is
constant on X*. Thus, when 7' is constant on X*, (ZI4)), (ZI0) and ([ZIS) are
equivalent, and when T is paramonotone and X is compact, relations (2.14)-(2.I8)
are all equivalent. Hence, the following proposition, which appears to be new,

gives a precise relation between property (2I8) with the previous notions of weak

sharpness (ZI4)-(2I7) presented in [53]. Interestingly, property (Z.I8) is well
suited for the incremental constraint projection-type methods considered here.

Proposition 1. Let T : R* — R" be a continuous monotone operator and X C R"

a closed and convex set. The following holds:
i) Condition (218) implies ([2.15]).
it) If T is constant on X*, then (ZI5)) implies (2I8).

Finally, we will need the following result, established in Theorem 4.2. of [53]:
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Theorem 4. If T is continuous and there exists z € R™ such that

e ( A m@nncr),

reX*

then

argmin(z,x) C X™.
rzeX

As a consequence of Theorem [, under weak sharpness and uniform continuity
of T, any algorithm which generates a sequence {z*} such that d(z*, X*) — 0
has the property that after a finite number of iterations M, any solution of the
auxiliary program mingex (T'(z™), z), with a linear objective, is a solution of the
original variational inequality (see Theorem 5.1 in [53]). When X is a polyhedron,
this result can be interpreted as a finite convergence property of algorithms for VI
with the weak sharpness property, since a linear program is finitely solvable. Other
algorithmic implications of weak sharpness are developed in [53]. However, in prac-
tice, M may be very large. In Corollary M of Chapter Bl we provide an exact value of
M in terms of the “condition number” L/p? for our first projection method under

the weak sharpness assumption, assuming the operator is L-Lipschitz continuous.
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Chapter 3

Stochastic incremental constraint

projection methods

3.1 An incremental projection method under weak

sharpness

In this chapter we assume that the feasible set has the form
(3.1) X = Xo N (NiezXi)

where {Xo} U{X, : 7 € Z} is a collection of closed and convex subsets of R”. We
assume that the evaluation of the projection onto X is computationally easy and

that for all 1 € Z, X; is representable as
(3.2) X, ={x e R": g;(z) <0},

for some convex function g; with dom(g;) C Xy. Also we assume that, for every
i € I, subgradients of g;" (x) at points x € X, — X; are easily computable and that
{8g;" : i € I} is uniformly bounded over X, that is, there exists C;, > 0 such that

(3-3) ldll < Cq,

for all z € Xy, all i € Z, and all d € dg;" (z).
We make the important observation that the collection {X; : i € Z} of con-
straints can be infinite as long as ([B.3]) and certain regularity assumptions are

satisfied (see Assumption [ and comments following it).
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3.1.1 Statement of the algorithm

In this chapter, v will denote the random variable acting in the random operator F'.
The following incremental algorithm advances in such a way that the “operator
step” and the “feasibility step” are updated in separate stages. In the first stage,
given the current iterate x*, the method advances in the direction of a sample
—F(v*, 2%) of the random operator, producing an auxiliary iterate y*. In this step,
the hard constraint set Xy is considered while the soft constraints {X; : ¢ € 7}
are “ignored”. In the second stage, a soft constraint X,, is randomly chosen for
wr € Z, and the method advances in the direction opposite to a subgradient of
gjk at the point 3*, producing the next iterate 2%*!. Thus, the method exploits
simultaneously the stochastic approximation of the random operator (in the first
stage) and a randomization of the incremental selection of constraint projections

(in the second stage).
Algorithm 1 (Incremental constraint projection method for SVI).

1. Initialization: Choose the initial iterate z° € R", the stepsizes {ay} and

{8k}, the random controls {wy.} and the sample {v*} of v.

2. Iterative step: Given x*, define:

(3.4) y' o= lxgfa® — e F (0", 2%)],
+ k
(3.5) = Iy, [y’“-ﬁkgﬁéiﬂz)dk]’

where d* € dg2 () — {0} if g2, (y") > 0; d* = d € R — {0} if g2, (4) = 0.

Before analyzing the algorithm, we present some special cases which illustrate
that the mentioned framework is very general. If, for i € Z, the Euclidean projec-
tion onto Xj; is easy, then we can always construct a function satisfying (3.2))-(B8.3))
with “easy” subgradients. Indeed, defining the function ¢;(z) := d(z, X;), for
x € R™, then g; satisfies (B.2]), is convex, nonnegative and finite valued over R" for
which [|d]] <1 for all z € R", d € Jg;(x). Also, for any x ¢ X;,

SL’—HXl(I) _ 'r_HXi<x) (o
o@) etk ()] <)

In Chapters[Il @ and [, we use the notation & for the random variable.

39



provides a subgradient which is easy to evaluate. In that case, using the above

directions as subgradients d* of g} at y*, method (B.4)-(B3) can be rewritten as

o= ab — ap F(uF, 2"),
= T [y - B (v - T, (8)]

In first equality above, the projection onto Xj is not required since dom(g;) = R"
and {dg;" : i € I} is uniformly bounded in R"(see Remark ). If, additionally,
Xo = R"and 3, = 1 then the method takes the form z*+1 = Ix,, [:pk — ap F(vF, xk)] .

3.1.2 Discussion of the assumptions
In the sequel we consider the natural filtration
Fr=0(2%wo, ..., Wk 1,%0, ..., Vp_1).
Next we present the assumptions necessary for our convergence analysis.
Assumption 1 (Consistency). The solution set X* of VI(T, X) is nonempty.

Assumption 2 (Monotonicity). The mean operator T in (L2) satisfies: for all
y,r € R,
(T(y) = T(x),y —x) =2 0.

Assumption 3 (Lipschitz-continuity or boundedness). We suppose T : R™ — R

is continuous and, at least, one of the following assumptions hold:

i) There exists L > 0, such that a.s. for all y,x € R", k € N,

E[||F(v*,y) — F*,2)|°|F| < Llly — =|)*

ii) There ezists Cp > 0 such that a.s.

sup sup E {HF(vk,x)HQ‘fk} < 2C%.
ze€Xo keN

Assumption [3((i) is satisfied if there is a random variable L(v) with finite second

moment such that for all z,y € R™,
[1E(v,y) = F(v,z)|| < L(v)|ly — ],
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and {v¥} is an i.i.d. sample of v. AssumptionB(ii) is satisfied if there exists Cp > 0
such that a.s.
sup E [|F(v, 2)|?] < 2¢%,

rx€Xo

and {v*} is an i.i.d. sample of v.

Assumption 4 (Unbiased sampling). The sequence {v*} has the same distribution
as v and a.s. for allz € R" and all k € N, E{F(vk,x)‘fk} =T(x).

Assumption 5 (Finite variance). There exists x € X and o(x) > 0 such that a.s.
for all k € N, E[||[F(o*, 7) — T(2)|?| Fi| < o(@).

2 is an upper bound

Observe that since {v*} is a sample drawn from v, o(Z)
on the variance of F'(v,z). Minkowski’s inequality and Assumptions [B(i)45] imply

that for all x € Xy and k € N,

(36)  E[IF0F ) - T@IA] < [2LIz — 7] + 0@ < oo,
while Assumptions B(ii){5 imply that for all z € Xy and k£ € N,
(3.7) E[|F(v", 2) = T(@)|*| 7] < 8C}.

In the following we denote by o : R" — [0, 00), the function defined by, for every
r € R",

(3.8) o(r)? = 21611N)E{||F(vk, x) — T(x)||2‘]:k}

The variance of F(v, ) is bounded above by o(z)2. If {v¥} is an ii.d. sample of
v, then o(x)? is exactly the variance of F'(v,z). Observe that o : R" — [0, 00)
is measurable and locally bounded, since (3.6 or (B1) hold. It should be noted
that Assumption [ is merely a finite variance condition, which is standard in the
stochastic setting. Excepting for [73], the much stronger uniform condition (LI2)
was asked in the previously literature of SA methods for SVI. We do not require
(CI2)) when the operator is Lipschitz continuous (Assumption [3(i)).

Assumption 6 (weak sharpness). There exists p > 0, such that for all z* € X*
and all x € X,

(3.9) (T(x*),x —x*) > pd(x, X7).
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We now state the assumptions concerning the incremental projections.

Assumption 7 (Constraint sampling and regularity). There exists ¢ > 0 such
that for all x € Xo and all k > 1,

A, X)* < B | (g5, ()" |7

As commented in [57], this assumption is quite general. For instance, it is
satisfied when the index set Z is arbitrary and X has an interior point under non-
demanding properties of {wy,v*} (e.g. {wy} is i.i.d. and independent of {v*}).
The constant ¢ > 0 depends on the distribution of {w;,} and {v¥} and of regularity
properties of the set X. As an example, if 7 is finite, Xy := R", g; := d(+, X;) such
that for some 7 > 0 and all x € R",

(3.10) d(z, X)* < nmaxd(z, X;)%,

and for some 0 € (0,1] and all i € Z and k € N,

(3.11) P (wy = i|Fe) >
IZ|

then Lemma 4 in [73] shows that Assumption [7 holds with ¢ := n|Z|/d, where |Z|
is the cardinality of Z. Condition (BII]) is satisfied, for instance, when {wy} is
i.i.d. and uniform over Z and {wy,v"*} is independent. Condition (B.I0), studied
in [4, 23], is satisfied when X is an polyhedron. Assumption [7 is satisfied if
d(z, X)? < nmax;cz(g; (z))? for some n > 0 and all 2 € X;, which holds under

nondemanding regularity conditions on the set X, e.g., a Slater condition.

Assumption 8 (Small stepsizes). For all k € N, ay, > 0, 5 € (0,2), and

[e%} [e%} ) [e%} ai
A = OO Oék < 0 — 0 < Q.
l;) ’ kz::O ’ k=0 5k(2_5k)

We remark here that the use of small stepsizes is forced by two factors: the use
of approximate projections instead of exact ones, and the stochastic approximation.
Indeed, even with ezact projections, the method (B4)-(B.3) still requires small

stepsizes.
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3.1.3 Convergence analysis

We first state a lemma which is immediate from the Lipschitz continuity Bl(i) and

convexity of t + 2.

Lemma 5. Suppose that Assumptions [3(i)13 hold and define the function B :
R™ — [0,00) as B(z) := o(x) + ||T'(2)||, for any x € R™. Then, almost surely, for
all x,y e R", k € N,

IT(@)I < E[IF (", 2)|F] < 2072 — yl|> + 2B(y)*.

We now prove an iterative relation to be used in the convergence analysis. We
mention that (3.12)) is sufficient for the convergence analysis and includes the case
of unbounded X and T'. If the operator is bounded or X is compact, then (3.I3])

allows an improvement of the convergence rate.

Lemma 6 (Recursive relation). Suppose that AssumptionsIH8 hold. For all z* €
X*, keNand 7 > 1 define Ay := B(2 = Bi) (T — 1)/ (cC3T), By := Br(2 — Br)T
and C(z*) := p + B(x*).

If Assumption[3(i) holds, then for all x* € X*, 7> 1 and k € N,

E[[lo" — o ?|F] < [142(1+Bir) Laf] 2" — 27))” — 2pa d(a*, X)

(3.12) + ch(\x*y +2(1+By,) B(x*)Q] a2,
k,T

If Assumption [3(ii) holds, then for all x* € X*, 7 > 1 and k € N,

E[d(@", X*)?|A] < d(@*, X*)? = 2pa d(a*, X7)

2
+2C
—(p ) +2(1+By,) C

1
(3 3) Ak,’r

2
Q.

Proof. Take x* € X*, 7 > 1 and k € N. We claim that

||:L‘k+1 _$*||2 S ka _l,*HQ o 20zk<l‘k —l‘*,F(’Uk,ZL‘k)>+

B18) [ - Al dIF( ) - 2O (1 (g o)

g
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Indeed, by the definition of the method (B.4)-(3.31]), we can invoke Lemma [2 with
9= Gy, T1 =28 @y =2y =gk xg =2, o= g, wi= F(0F 2R, B =5

and d := d*, obtaining (B.I4).
We now take the conditional expectation with respect to Fy, in (3.14) obtaining,

E " — || Fe] < [|l2% — 27| — 200(2* — 27, T("))+

[1+78:(2 — Bp)] i E {HF(Ukwk)Hﬂfk} B

A (1= ) B[l |7 < et o 2ol = 2t T
(315) [1+78:(2 - A)] ZE [|F(o*, ") ] - w (1 - %) d(z*, X)?,

using 2* € Fj, and Assumption @ in the first inequality, and Assumption [T in the
second inequality.
Next, we will bound the second term in the right hand side of ([B.15). We write

(T(a%), 2" — o) = (T(a*) = T(a"), " — ")+

(3.16) (T(2%), 2" = Tx (")) + (T(2"), Mx (a") — 2*).

By monotonicity of 7' (Assumption [2)), the first term in the right hand side of

(BI6) satisfies
(3.17) (T(z") — T(2z*), 2" — 2*) <0.

Regarding the second term in the right hand side of (3.1, the weak sharpness
property (Assumption [6) and the fact that x € X* imply

(3.18) (T(2"),2" — x (")) < —pd (Ix(z*), X7) .

We now observe that |d (TTx (%), X*) — d(z*, X*)| < [|ITx(a") - 2*|| = d(a*, X),
so that

(3.19) d (Mx(2%), X*) > d(a*, X*) = d(z*, X).

From (3I8)-(B19), we get

(3.20) (T(x%), 2" — x(2")) < —pd(2®, X*) + pd(z*, X).
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Concerning the third term in the right hand side of (B.16]), we have
(321)  (T(2"),Ix(a") — ") <T@ [Tx (2") — 2*]| < B(a") d(=*, X),

using the Cauchy-Schwarz inequality in the first inequality, and the definition of
B(z*) in Lemma [l in the second inequality. Combining (B.I7), (320) and (321))
with (B.16), we finally get

(3.22) (T(z%), 2" — 2F) < —pd(a*, X*) + (p+ B(z*)) d(2*, X).

We use (3.22) in (B.I5) and get
E[[lo" — 2| Fe] < la* = 2)” = 2par d(a*, X)

+ 1+ 782 = Br)] FE [||F (v, 2*) % Fi ]

(3.23) _ s

Be(2 = Br)
c-C3? (1

— %) d(z*, X)* +2(p + B(z"))y d(z", X).

Now we rearrange the last two terms in the right hand side of (3:23]), using the
fact that 2ab < A\?a® + 2—22 for any A > 0. With a := d(2*, X), b := C(z*)ay, and
A= Ay we get

C *\2 .2
(3.24) — Apr d(z, X)? 4 2C(2 ) d(2¥, X) < %
k,T
From Lemma [fl and z* € F},, we obtain
(3.25) E[|[F(*, 2%\ Fe] < 2L2]]2* — 2*||? + 2B(2")".

Putting together relations (3.23)-(3:25]) and rearranging terms, we finally get (B.12)),
as requested.

Suppose now that Assumption [B(ii) holds. In this case, the inequalities in
(B21) can be replaced by

(326)  (T(2"), ILx(a*) — o¥) < |T(") I MLx (a*) — 2] < \2Cr d(a*, X0),

using, in the last inequality, Assumption Bf(ii) and the fact that [|T'(z*)||* <

IE{HF (v*, ZL‘*)||2’.Fk] < 2C%, which follows from Jensen’s inequality. Hence, com-

bining [B.I7), (B:20) and (B.26]) we get, instead of (3.22)),
(327)  (T(z"), 2" — ") < —pd(z*, X*) + <p + 20F> d(z*, X).
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Using Assumption [B(ii) and (327) in (B15) we get

E[[lo" — 2 |?|F] < [la* — 27| — 2pc d(a*, X*) + 2C% [1 4 By /] o

(3.28) — A d(a, X)? 2 (p + QCF> g d(z*, X).

In view of Assumption [, we define 7% := Ily-(2*). Note that z* € F, because

[Ix- is continuous and z* € F;. From (B.28) we get

E[d(@", X")?|F] < E[[la" - 242| A < d(ab, X)? = 2pay d(a*, X*)

(3.29) +2C%[1 + By, a2 — Ay, d(2", X)* + 2 <,0 + QCF) o d(2", X),

using the fact that 2%, z% € F, ||2% — z%|| = d(2*, X*) and (3:28) in the second
inequality. We rearrange now the last two terms in the right hand side of (3.29])

(as we did in ([3:24))), and obtain (BI3]).
U

Theorem 5 (Asymptotic convergence). Under Assumptions M8, method (B.4)-
B3) generates a sequence {x*} which a.s. is bounded and limy_,., d(x*, X*) = 0.

In particular, a.s. all cluster points of {x*} belong to X*.

Proof. We suppose first that Assumption B(i) holds. Choose some z* € X* (As-
sumption[I]) and 7 > 1. By Assumption [ and the definitions given in Lemma[6, we
have that 3, a? < oo, 3}, aiA,;i < oo and 0 < By, <7, since fi(2 — 5) € (0,1],
for B, € (0,2) for all k. Hence, we can invoke (8I2)) in Theorem [ in order to
conclude that, a.s., {||z¥ — 2*||} converges and, in particular, {z*} is bounded.

In view of Assumption [ we can define 7 := Ilx(2¥). We have ¥ € F
because z% € Fj and Ily- is continuous. Since (3I2) in Lemma [ holds for any
" € X* and d(z*, X*) = ||2* — 7*||, we conclude that for all k € N,

E[d(@*, X*)?| 7] < E[[la" = 24P\ 7] < [1+2(1 +By,) L2af] [|l2* — 22—

C(z")
Ak,T

2pay, d(a*, X*) + [ +2(1+By,) B(x’“)ﬂ o
= [1+2(1 +By,) L?af| d(z*, X*)?~
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C(z")

(3.30) 2p0 d(2F, X*) +
Ak,’r

+2 (1 + By,) B(z")?| of,

using relation (3.I2) and the fact that 7% € Fj, in the second inequality.

We observe that the function B : X* — R, defined in Lemma [ is locally
bounded, because o is locally bounded and T is continuous. Using this fact, the
continuity of ITy«, the a.s.-boundedness of {*} and the fact that 7% = ITx«(z*), we
conclude that {B(z*)} and {C(z*)} are a.s.-bounded. From the a.s.-boundedness
of {B(z*)} and {C(z*)} and the conditions ¥, af < oo, 3, a,%A,;l < oo and
0 < By,» < 7 for all k, which hold by Assumption [ we conclude from Theorem [I]
and (330) that a.s. {d*(«*, X*)} converges, and that

(3.31) > 2pay d(z¥, X*) < oo
k=0

By Assumption B, we also have ", o, = oo, so that (B3T]) implies that, almost
surely, liminfy ,, d(2*, X*) = 0. In particular, the sequence {d(z*, X*)} has a
subsequence that converges to zero almost surely. Since {d(z*, X*)} a.s. con-
verges, we conclude that the whole sequence a.s. converges to 0. The proof under
Assumption BI(ii) is similar, using (B13). O

3.1.4 Convergence rate analysis

Next, we present convergence rate results in terms of d(z*, X*) for the method
(B4)-(B.H) under the weak sharpness property (3.9). We apply these results for
obtaining an estimate of the number of iterations required so that any solution of
an auxiliary stochastic optimization problem with linear objective is a solution of
the variational inequality (see Corollary []).

In order to give convergence rates for the case of an unbounded feasible set
X or unbounded constraint components {Xo} U {X; : i € Z}, we shall need the
following proposition, which ensures that the sequence is bounded in L2. A typical
situation is the case in which X is a polyhedron, i.e. Xy = R™ and the selected
constraints { X, };cr are halfspaces, which have easily computable projections but
are unbounded sets. If the uniform bound of Assumption [B[(ii) holds, then sharper
bounds are given in (3:34).
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Proposition 2 (Boundedness in L?). Suppose that Assumptions [ZH8 hold. Under

Assumption[3(i), choose T > 1, ko € N and 0 < v < 57—=7 such that

(1+ )L

O%
(3.32) k;k EACET AR

Define G, := cCer(t —1)™" and H, :== 2 (14 7). Then for all z* € X*,

E[[lz* — 2*)%] + [G,C(z*)? + H.B(2*)?] 4
1 —H.L*y ’

(3.33) sup E [ka — x*Hﬂ <
k>ko

Define, for { < k, af :== SF ,a2, bl = fgﬁ of . If Assumption [3(ii) holds,
then for all k € N,

2
(3.34) sup E [d(:ck, X*)Q} <d(2°, X*)* + G, (p + QC’F) bt HO% -k

0<i<k

Proof. We first prove (3.33) under Assumption Bl(i). Recall definitions of A . and
Bk, in Lemma [6l By Assumption [, we can choose ky € N and v > 0 such that
(B32) holds. Observe that 5(2 — ) € (0, 1], because 5 € (0,2), so that

2
2 oy
ag < — < 7.
kgo k‘go Bk(Z B Bk)
Fix z € X* and 7 > 1. Define
C(x*)?
AkT

o= El|la* 2P, Dfi= 0 421+ By,) B(a')?

C(z*)*cCor

T—1

D? = +2(147) B(x*)*.

For any k > ko, we take the total expectation and sum (BI2) from ky to k — 1,

obtaining
k—1

(3.35) o < 2o+ 30 [2(1+ Bis) LPalz + Dia?]
i=ko

Given an arbitrary a > zk , define

(3.36) [, = inf{k > ko : 2z, > a’}.
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Suppose first that T', < oo for all @ > 2%2. Then by (3.32)), (3.35) and (3.36) we
get

Fo—1
a* <ozar, <+ Y [2 (1+Bi,) L*aia* + D?aﬂ < 2, +2(1 4+ 7)L*ya® + D?7,
i=ko
using (3;(2 — ;) € (0,1] in the definition of B, ., and the definitions of A, ,, D? and
D2. Hence )
T 1-2(1+ 7))Ly

using 0 < y < [2(1 + 7)L?) 1. Since a > z/” is arbitrary, it follows that

0

Zko_'_szY
3.37 sup zp < ,
(337 SP S T

using again that 0 < v < [2(1 + 7)L?]7'. In view of (B.30)-B37), we have a
/2

contradiction with the assumption that I', < oo for any a > 2110 . Hence, there
exists some a > z;é ? such that I'; = oo, so that the set in the right hand side of
(B:36) is empty. In this case we have sup, sy, 2 < @* < 00. If supysy, 2k = 2k, then
(33) holds trivially, since 1 — H,L*y € (0,1). Otherwise, @ := (supysy, 2)"/? >
2,1({2 From [3.32), (337), §; € (0,2) and the definitions of A, ;, B, ,, D? and D,
we have for all k > kg,

k-1
2 < zhg + Y [2 (1+B,,) L*afa* + D?a?] < 2k + 2(1 + 7)L*ya® + D?y,

i=ko
implying that a* = supysy, 2x < 2k, + 2(1 + 7)L?ya* 4+ D?y, so that

. 2k + D%y
3.38 sup z, = a° < ; ,
(3:38) b F T ST+ Iy
using again 0 < v < [2(1+ 7)L*~!. From (3:38) and the definitions of G,, H, and
D, we conclude that (3:33)) holds.

We now prove (3.34)) under Assumption [Bf(ii). As before, we define

5 (0 + V207’
A

2. VTVTT) L 914 B,,) C2.
k,T

Taking total expectation in (B.I3]) and summing from 0 to k& — 1, we get
k
E [d(z*, X*)’] <d(z®, X*)*+ > Dia}

(2 (2

I
—

I
o
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2 cC?r
(3.39) < d(«°, X*) + (p 4 20F) SoTbh 4 2(1 4 1)k,

for all & > 0, using the fact that §; € (0,2) and the definitions of A, ;, B, ,, ﬁf,
ak~! and by™'. We conclude from (3:39) and the definitions of G, and H, that

(3:34)) holds. O

We give now convergence rate results. We define, for ¢ < k,

k k ) k %
Gk .— ZO" k. Dizg G o iy QT
T 29 T Sk ) 0 Sk )
i=L 0 {4

where 7* is the ergodic average of the iterates and ¥ is the window-based ergodic
average of the iterates. Next we will give convergence rate results for the original
sequence {r¥} and for the ergodic average sequences. We consider separately the
cases of unbounded operators (Assumption B(i)) and the case of bounded ones

(Assumption [3((ii)), because in the later case sharper rates are possible.

Theorem 6 (Rate of convergence: unbounded case). Suppose that Assumptions[I-
[8 and Assumption[3(i) hold. Recall definitions of Proposition[d and {S§}. Choose
T>1, ko€ Nand ¢ € (0,1) such that

o ¢
(3.40) l;o e B S s

Define for x* € X*,
(341) Ex(z) == (20)"" - {l2® — "> + |I(=") L + B(2")*| H,af + G,C(2")’bf},

maxo<k<n, B [|[2F — 2%)2] + [GH'C(2*) L2 + B(a")2L 7] ¢

(3.42) I(z") := -

Then

a) For any € > 0, there exists M := M. € N, such that E {d(a:M,X*)} < € and
for all z* € X*, S} < E (%) /e.

b) Forall k € N and all 2* € X*, E [d(3*, X*)] < Ex(z*)/S}.

20



Proof. Fix 7 > 1, kg € N and ¢ € (0,1) as in (B40). This is possible since
Dok a?B;71(2 — B;)~* converge to 0 as k — oo by Assumption B We now invoke
Lemmal[6l We take the total expectation in (3.12) and sum from ¢ to k, obtaining,
for every x* € X*,

2/)2;042[ ', *)}g

<E [’ o' |F] + 32 (1 + Byp) L2l [Jo' — o]
=L

* 2

1, T

-

A;
k
<E [Hxz — :E*||2] + < sup E ||:L‘ x*||2}> 22 (1+B;,)L*?
it

k
+> +2(1+B;,) B(x *)2]%2,

1=

Clary?
(3.43) [ .

<E [Hxé — SL’*Hﬂ + (supE {sz — x*]ﬂ) H,L?a} 4+ G,C(z*)?bs + H,B(z*)%a},
i>0

using 3;(2 — 3;) € (0,1] and the definitions of A, ;, B; ., G,, H,, a} and b} in the
last inequality.
We now invoke Proposition 2l Setting v := m, [B32) can be rewritten as
B40). From [B33) and 1 —H,L? € (0,1), we get, for all z* € X*,
(3.44) A
maXop<i<kg E [”SUZ - .T*”z] + [G7C<.§U*)2 + HTB<.§U*)2] Y

E i 2] < Sis — (z*
supE [|la’ — "] < . ().

using the definitions of H, = 2(1 + 7), v and I(z*).

We prove now item (a). For every ¢ > 0, define
(3.45) M = M, :=inf {k € N:E[d(z", X")| < ¢}.
From the definition of M we have, for every k < M,
k k '
(3.46) 20y o; <2pY o [d(xl,X*)} :
=0 i=0

We claim that M is finite. Indeed, if M = oo, then (3.43), (3.44) and (3.46]) hold
for ¢/ := 0 and all k € N. Hence, letting & — oo and using that aj® < oo and
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by® < oo, which hold by Assumption [§, we obtain Y, o < oo, which contradicts
Assumption 8 Hence, the set in the right hand side of (3.43]) is nonempty, which
implies E[d(z™, X*)] < e. Setting ¢ := 0 and k := M — 1 in (343), (3.44) and
[B44), we get, for all z* € X*,

M-1 * *
Y a; < Eara () < Bl ),
= € €

using the definition of Ex(z*). We thus obtain item (a).
We now prove item (b). In view of the convexity of the function x — d(z, X*),

and the linearity and monotonicity of the expected value, we have
k ] k ] *
QT —oogEd(2', X
(347)  E[a@, X)) = E|a (25T x| < 2l |, X)),
Dig O 2t Qi
Set ¢ := 0, divide (343) by 2p>F ,a; = 2pSk and use ([B.47), the definition of
Ef(2*) together with (B:44) in order to bound sup;soE[||z" — z*||?], and obtain

item (b) as a consequence. O

Corollary 1 (Rate of convergence with robust stepsizes: unbounded case). As-
sume that the hypotheses of Theorem [l hold. Given 0 > 0 and A > 0, define {cy}
as: ag = oy =0 and for k > 2,
0
k(In k)™

and choose B, = € (0,2), 7 > 1 and ¢ € (0,1). Take ko > 2 as the minimum

natural number such that

202\ 1/A
(2(1—1—7’)L 0 ) ey

AB(2 = B)¢

Define for x* € X*, J(z*) := [I(z*)L* + B(xz*)*|H, + G, C(z*)?87*(2 - B)~L.
Then d(z*, X*) a.s.-converges to 0 and the following statements hold:

(3.49) ko > exp

a) For every € > 0, there exists M = M, > 2 such that E [d(:pM, X*)} < € with

14X
2

< max{6, 07!} . [In(M —1)]
2p M—1

1 1
: f 0 .x2 * 2
X {”x w7y 12+ 22 Ao 2)A] }

o2




b) Forall k > 2,

14+
2

max{6,0~'} (Ink)
2p VE
inf {on—x*H2+J(5L’*) [2—1— ! + ! ]}
zreX* 2(In2)+* = A(In2)*
Proof. Let k > 2. We first estimate the sum of the stepsize sequence. For any
0 < /¢ < k we have

E [d(z*, X7)| <

b Ok — 0 +1)

3.50 Sj=> ;> ———=,

(3.50) ‘ ; Jhe(In k) 1A
1+A

using the fact that the minimum stepsize between ¢ and k£ > 2 is Qk:_%(ln k)= .

The sum of the squares of the stepsizes sequence can be estimated as

00 92 00 92
k<o = 2=207 F Ty
% = ;O‘ ooy ; i(In )1+
(3.51)
<202+072+92/00t‘1(1nt)‘(1“)dt:02 op !
= 2(In2)1+> 2 2(In2) ' A(In2)* |

We assume without loss on generality that we have M > 2 in (3.43]). Item (a)
follows from (B350) with £ := M — 1 and ¢ := 0, (851), Theorem [Bl(a) and the
definitions of J(z*), Ex(z*), a® = (2 — 5)be.

Similarly, item (b) follows from (B.50)-(B.51) with ¢ := 0, Theorem [6(b), the
definitions of J(z*) and E;(z*) and the facts that bf < b3° and a3® = 3(2 — 3)b.

Finally, we estimate ko in (3.42). Since

[e's) 92
S aj< 92/ t(nt) VAt = ——————
k>ko ko—1 AlIn(kg — 1)]

we conclude from (3:40) that it is enough to choose the minimum kg > 2 such that

©_BR-p0
(ko — DY ~ 200+ 7L

that is to say, the minimum ko > 2 such that (3:49) holds. O

Remark 2. As an immediate consequence of Corollary [ we get that {d(z*, X*)}
converges to 0 in L! (besides the a.s. convergence). This property may fail with
{z*} instead of {z*}.
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Theorem 7 (Rate of convergence: bounded case). Suppose that Assumptions I
and Assumption [3(ii) hold. Recall definitions of Proposition[d and {S}}. Choose
7 > 1. Define for { <k in NyU {cc}, R > 0,

2
EF[R] == (2p) " {32 + GT(p + 20F) bl + HTC’%a’;} .

Then, d(z*, X*) a.s.-converges to zero and

a) for any € > 0, there exists M := M, € N, such that E [d(xM,X*)} < € and
So' " < Egld(a®, X)) /e,

b) for all k € N, E [d(&", X*)| < E§[d(a®, X*)]/SE,
c) If Xq is compact, then for all{,k € N with ¢ < k, E {d(:%f,X*)} < E¥[diam(X,)]/SE.

Proof. Fix 7 > 1. We invoke Lemma [6l We take the total expectation in (3.13)

and sum from ¢ to k, obtaining

2
k ' k +4/2C
20) i [d(z', X")] <E[d(af, X*)?] + > (’)A—F) +2(1+B;,)C2| o?
i=¢ i=¢ 0T
2
(3.52) <E[d@’, X)) +6, (p + 2CF) b + H, C2al,

using 3;(2 — 3;) € (0,1] and the definitions of A; ;, B; ., G, H,, af and b} in last
inequality. From (B352)) on, the proofs of items (a)-(c) are similar to the proof
of Theorem [6l We omit the details, but make the following remarks: differently
from the proofs of items (a)-(b) in Theorem [6, the proofs of items (a)-(b) of

Theorem [7 do not require Proposition 2l In the proof of item (c), we use the
bound E[d(xf, X*)?] < diam(X)? in (352). O
Corollary 2 (Rate of convergence with robust stepsizes: bounded case). Assume
that the hypotheses of Theorem [@ hold. Given 8 > 0 and X\ > 0, define {ay} as:
ag =ay =0 and for k > 2,

0

(3.53) T G —
k(In k)"

and choose By = B € (0,2), 7 > 1. Define Ji= H.C% + G, (p+ \/ZCF)QB*I(Q —
B~
Then {d(z*, X*)} a.s.-converges to 0 and
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a) For every € > 0, there exists M = M, > 2 such that E [d(:pM, X*)} < € with

14X

max{f,0~1} [In(M —1)]2 0 w2 A 1 1
I .{d(x,X) “l2+2(1n2)1+A+A(1n2)AH’

b) for all k > 2,

E[d(z*, X7)] <

max{6#,0~'} (In k)% 0 5 - 1 1
. . X 2
2p Vk d(@, X7+ J 124 2(In 2)1+X - AIn2)A | |7

c) if Xo is compact, then given r € (0,1), for all k > 2r=1, it holds that

E [d(@f, X7)] <

max{6,07'} (Ink)=
2p - Vk
Proof. We assume that we have M > 2 in (3.45]). Item (a) follows from (3.50) with
k=M —1and ¢ := 0, (351), Theorem [Z(a), the definition of J, EZ°[d(z°, X*)]
and aj® = (2 — B)b°.
Similarly, item (b) follows from (B50)-(B.51) with ¢ := 0, Theorem [7(b), the
definition of J, EX[d(2°, X*)] and the facts that b} < bg® and a® = 8(2 — 8)b.
We now prove item (c). Let r € (0,1), k& > 2r~' and set ¢ := [rk]. We have
f>2and rk <{<rk+1. We estimate

1 1 2 r1J
. {(1 — )" diam(Xy)* + k= ln(l/'r’)]H)\} )

- g2 0°(k—(+1)

54 k_ 2 _ <
(3:54) A ;az Zz: i(lng)H> = f(Inf)+A
From (3.50) and (3.54]) we have
(3.55) af _ 0\/k(Ink) o /(I k)1 _ (Ink)=+"

Sk ((Inf)+r = \/E (ln(,,,k))lﬂ \/E Ik —In 1/7“)]1“’
1 071 /k(Ink)t+ (Ink)="

) — < S 6 S o S

(3.36) = hoep1 U

using the inequality ¢ > rk in the second inequality of (B:58) and k—¢+1 > (1—7r)k
in the second inequality of ([B.50). Item (c) follows from (B.59)-(B.56), Theorem
[(c), the definitions of J and Ef[diam(X,)], and the fact that (2 — 8)bf = ak. O

25



Remark 3. Corollary 2(c) implies that, if X, is compact, then {/x\’fr,ﬂ} has a better
performance than {z*} and zZ*¥ when stepsizes as in (3.53) are used. Indeed, in
Corollary 2(c), A > 0 can be arbitrarily small, without affecting the constant in

—(1+3) decays

the convergence rate, and the “stochastic error” r~1J[Ink — In(1/r)]
to zero. For unbounded operators, (3.49) in Corollary [l suggests the use of A > 1
and 6 ~ L so that ky does not become too large. As an example, if 7 =1.5,0 = L,

B=1,¢=0.5and A =2, we have kg = 11.

In Corollaries MH, stepsizes of O(1)k~'/%(Ink)~(**Y/2 are small enough to
guarantee asymptotic a.s.-convergence and large enough as to ensure a rate of
O(1)k=Y2(In k)+N/2_If asymptotic a.s.-convergence of the whole sequence is not
the main concern, we show next that one may use larger stepsizes of O(1)k~'/2 for
ensuring convergence in L' (hence convergence in probability and a.s.-convergence
of a subsequence) with a convergence rate of O(1)k~/2. When a constant stepsize
ais used in method (B.4)-(B.H), we can also give an error bound on the performance
proportional to a.. Precisely, we have E[d(z*, 2*)] < k~14+O(a). Such error bounds
justify rigorously the practical use of constant stepsizes in incremental methods

for machine learning, where only an inexact solution is required.

Corollary 3 (Convergence rates for large stepsizes: bounded case). Assume that
the hypotheses of Theorem[7 hold. Recall the definition ofj in Corollary[2. Choose
0>0,0,=0€(0,2) and T > 1.

a) If we choose a constant stepsize ay, = O, then for all k > 1,

E [d(z*, X7)] < max{f, 677} {d(xO’X*)z +3a}.

- 2p alk+1)
b) If the total number of iterations K > 1 is given a priori and for all k € [K],
_ 0d(z%,Xx*) then

W= )

o max{8,671} d(®, X/
E[d@*, x7)] < ; T

c) If Xo is compact and we choose ag := 0 and for k > 1, ay := %, then, given
€ (0,1), for all k > r1,

. . max{0,07'} 1

o6

. {(1 — )t diam(X,)? + r’lj} .



Proof. Ttem (a) follows from Theorem [7(b) and the definitions of J, EX[d(z°, X*)],
Sk, af and bE. Ttem (b) follows by setting k := K and minimizing the right hand side
inequality in item (a) with respect to a. We prove now item (c). Take r € (0, 1),
k>r~tand set £ := [rk]. We have £ > 1 and rk < ¢ < rk + 1. We estimate

u Ok — 0+ 1)
3.57 Sy = >
( ) l ;O‘ - \/E

using the fact that the minimum stepsize between ¢ and k > 2 is 0k=3. We also

estimate

k k
(3.58) af =Y al=) - <

ab  ovE _ or!
.59 LTV <
(359 RN S
1 0'VE 01 —r)!
. — < <
(3.60) S Ty

using ¢ > rk in the second inequality of (B.59) and k — ¢+ 1 > (1 — r)k in the
second inequality of (B.60). Item (c) follows from (B.59)-(B.60), Theorem [7(c), the
definitions of J and EF[diam(X,)], and the fact that 3(2 — )b} = ak. O

We make a remark concerning the robustness of the stepsize sequence in Corol-
laries [, 2 and B in the spirit of Nemirovski et al. [60]. The stepsizes presented
above are robust in the sense that the knowledge of L is not required, and does
not affect the progress of the method. Also, a scaling of # in the stepsize implies a
scaling in the convergence rate which is linear in max{6,0~'}. It is important to re-
mark that by Corollary[Il this property holds true even in the case of an unbounded
operator, a result which appears to be new, as well as the use of robust stepsizes
with approximate projections, which greatly decreases the computational effort.
Also, these two new features still hold with a near optimal rate (up to logarithmic
terms).

We close this section by showing that, in the case of stochastic approximation,

the weak sharpness property implies that after a finite number of iterations an
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auxiliary stochastic program with linear objective solves the original variational
inequality. This recovers a similar property satisfied in the deterministic setting
(see [53], Theorem 5.1). We give exact values of the minimum number of iterations
in terms of the condition number L/p?, the variance and the distance of z° to the

solution set, in case T is L-Lipschitz continuous.

Corollary 4 (An auxiliary simpler optimization problem). Suppose that T is
(L, 0)-Hélder continuous with 6 € (0,1] and

1. the assumptions of Corollary [l hold with 6 = 1 (unbounded case), or
2. the assumptions of Corollary[2 hold (bounded case).

2
Then, there exists V > 0, such that for all k > 2 with i k)lH > ( H(g) , we have

argmin(E [F(v,fk)} Ty C X"

zeX

Moreover, under condition 1,

maX{eaeil} : 0 *(|2 * 1 1
2 s {“x — @) 2+ 22y A2 [

while, under condition 2,

V=

~ max{6,07'} 0 w2 A 1 1
V= 2 '{d@ R A v

Proof. Call z* := Ilx-(2"). By the choice of k, the definition of V and item (b) of

Corollaries we have

(3.61) E (7 — 2] = E [d@*, X*)] < (o/L)"
From the Holder-continuity of T,

[Elr @) - @] <

=

(3.62) E[|T@") - T@%)|] < LE[|l#* - 25°] < LE [ - 2] < p,

using Jensen’s inequality in the first inequality, Holder’s inequality in third in-

equality and (B.61) in last inequality.
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From Proposition [II Assumption [ and the equivalence between (ZI4) and
(ZIH), we get that the Euclidean ball with center —T'(Z*) and radius p is contained
in Nyex«[Tx(z) NNy« (x)]°. By the convexity of the ball and Jensen’s inequality,

we have

(3.63) —E[T(z%)] + pB(0,1) C () [Tx(z) N Nx:(x)]°.

reEX*

From (B52) and (B63) we get that —E[T(#")] € int (Nex-[Tx(2) N Ny (2)]°).

Hence we conclude from Theorem (] that

(3.64) argmin(E[T(z%)], z) € X

zeX
Finally, we observe that E [T( } [ [F( ’]—"k” E[F(v,z¥)], using
Assumption @ ¥ € F, and the property E[E[-|F;]] = E[]. The result follows
from (B.64) and the fact that E [T(az )} = E[F(v,7")]. O

We remark that, when X is a compact polyhedron, T is (L, §)-Holder contin-
uous and p'*t9/L° > ¢ for a specified tolerance € > 0, solving the linear program
in Corollary @l may be more advantageous than maintaining method (B.4)-(3.5]).
Indeed, N repeated runs of method (B.4)-(3.H) with the same initial iterate un-
til iteration k (as stated in Corollary M), produce N ii.d. samples {(v;,z2¥)}¥,
of (v,f’ﬁk/z]), which may be used to estimate the coefficient E[F(v,:f’ﬁk/z])]. The
oracle complexity needed to produce an e-approximated solution of a stochastic
linear program (SLP) via the SAA method is N ~ 1/¢?. Hence, we may solve the
linear program miny (~ Sr, F(v;,ZF), z) by efficient methods (such as the Sim-
plex method or interior point methods), after kN ~ [L?/(p'*%€)]? total iterations
of method ([B4)-(3H). Moreover, solving this SLP produces a e-solution of the SVI

with high-probability (not just in mean, as stated in Corollaries 2H3]).

2Supposing that Xy is compact, the results of Corollary @l may be refined: for all r € (0, 1),
there exists V > 0, such that for all & > (VL?/p1+9)2 argminmeX@[F(v,f’Frm )],z) C X*. The
proof uses Corollary Bl(c).
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3.2 An incremental projection method with Tykhonov

regularization

3.2.1 Cartesian structure

We assume in this section that the stochastic variational inequality (LI))-(LZ) has
a Cartesian structure. We consider the decomposition R” = R" x - .- x R™"  with
n = ny+...+n,, and furnish this Cartesian space with the standard inner product
(z,y) = X0 (), y;), for x = (z1,...,2) and y = (y1,...,Ym). We suppose that
the feasible set X C R™ has the form X = X! x --- x X™ where each component
X7 C R™ is a closed and convex set for j € [m].

We also assume that the random operator F' : = x R® — R" has the form
F = (Fy,...,F,), where each component is of the form F; : = x R* — R™ for
j € [m]. From (L2), the mean operator has the form T' = (Ti,...,T,,) with
Tj(x) = E[Fj(v,z)] for j € [m]. We emphasize that the orthogonal projection
under a Cartesian structure is simple: for z = (zy,...,7,,) € R"and Y = Y!x...x
Y™ C R™ with 2; € R and Y7 C R" | we have [Iy (z) = (IIy1(x1), ..., Hym ().

3.2.2 Constraint structure

In order to exploit the use of incremental projections (as in Section B.]) in the
Cartesian framework, we assume from now on that for j € [m], each Cartesian

component X7 of X = X! x ... x X™ has the following form:
(3.65) X7 = X0 (Miez, X7)

where {XJ} U{X] :i ¢ Z;} is a collection of closed and convex subsets of R™.
Given j € [m], we assume that the projection operator onto Xg is computationally

easy to evaluate, and that for every i € Z;, Xij is representable in R™ as
(3.66) X! = {z € RY : g;(j|z) < 0},

for some convex function g;(j|-) : R% — R U {oo} with domain dom g;(j|-) € X{.
We shall denote the positive part of g;(j|-) as g;f (jlz) = max{g;(j|z),0}, for
x € R"%. We also assume that, for every i € Z;, the subgradients of g;"(j|-) at
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points = € X] — X7 are casily computable and that {dg;"(j|-) : i € Z;} is uniformly
bounded over Xg, i.e., there exists Cg > ( such that

(3.67) lall < 3,

for all z € X3, all i € Z; and all d € g} (j|z).

3.2.3 Statement of the algorithm

The idea of our Tykhonov method consists of combining the stochastic approx-
imation proposed by the explicit iterative Tykhonov method in [50], for coping
with the monotone case, with the incremental projection method proposed in [57],
exploiting simpler constraint structures, which reduce significantly the computa-
tional complexity. Our method improves over the results of [73], by proposing
an incremental projection method for a SVI which is monotone but not strongly
monotone. Our method also generalizes the work in [73] in the sense that it allows
the distributed solution of Cartesian SVIs with approximate projections, and in-
cludes a larger class of closed and convex feasible sets (see item (i) in Subsection
L5).

For problems endowed with the Cartesian structure and the constraint struc-
ture of Sections B.2.1] and B.2.2] our method advances in a distributed fashion for
each Cartesian component j € [m], as in the incremental projection method (3.4)-
(BH) with an additional Tykhonov regularization (in order to cope with the mono-
tone case). Precisely, fix the Cartesian component j € [m]. In a first stage, given
the current iterate z*, the method advances in the direction —F}(v¥, z*) — ekvjxf,
after taking the sample v* of v, producing an auxiliary iterate y;?, where €, ; > 0
is a regularization parameter. In the second stage, a soft constraint Xg;k’j is ran-
domly chosen with the random control wy; € Z;, and the method advances in

the direction opposite to a subgradient of g;rk’j (7]-) at the point y;?, producing the
k+1 k+1

j
Formally, the method takes the form:

next iterate z"'. The iterates are collected in x and the method continues.

Algorithm 2 (Incremental projection and Tykhonov regularization).

0

1. Initialization: Choose the initial iterate x° € R", the stepsize sequences

a® = (ag1,. ., apm) € (0,00)™ and B* = (Bra,---, Bkm) € (0,2)™, the
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reqularization sequence € = (e1,...,exm) € (0,00)™, the random control
sequence w® = (wy.1, ..., wrm) € Iy X...x I, and the operator samples {v*}.
2. Tterative step: Given x* = (a%,... 2%), define, for each j € [m],
k k ko k k
(3.68) yb = My [2f —an; (F(0%, %) + e ab)]
o (alk

Gin, U197)

(3.69) o = Tyl = By I|c|’]d’~?||2j )|
J

where d € 8gjk’j(j|y§‘?) — {0} if g, (JlyF) > 0, and df = d for any d €
R — {0} if gy, (14 < 0.

The first stage (3.68) of the iterative step can be written compactly as
y* =1y, [:pk — D(ay) - (F(vk,xk) + D(ek)xk)} :

where Xj := X x ... x X"

3.2.4 Discussion of the assumptions

We consider the natural filtration

Assumption 9. We request Assumptions IH3 and Assumption [3(i).

We now state the assumptions concerning the approximate projections which
accommodate the Cartesian structure. Basically, we require each Cartesian com-
ponent X7 given by (B.68) to satisfy Assumption [l This is formally stated in
Assumption [[0. Also, as in [50], the stepsize and regularization sequences require

a partial coordination specified in Assumption [T1I

Assumption 10 (Constraint sampling and regularity). For each j € [m], there
exists ¢ > 0, such that a.s. for all k € N and all x € Xg,

d(z, X)) < -E

a2, Ula)| 7]
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We observe that Assumption [I0 requires a sampling coordination between the
control sequences {wy ;}7°, for j € [m] since the filtration Fj accumulates the
history from the control sequence of every Cartesian component. Such assumption
is satisfied, e.g., when {wy ;,v* : j € [m]} is an independent sequence and, for
each j € [m], X/ satisfies nondemanding regularity assumptions (e.g., a Slater

condition).

Assumption 11 (Partial coordination of stepsizes and regularization sequences).
Let W min 1= MiNjem] Uk, Ukmax ‘= MaXjem) Uk for u € {a, B,€}. Denote Ay =

Ok max — Ok min, Fk: -= €k max — €k,min and @k = Bk,min<2 - Bk,max)- Then,
(1) For each j € [m], {e;}32, is a decreasing sequence converging to zero.

062 062 A
.. . 5 x . . N X — 3 —
(1) limg_ o0 S bamax  — (), limp_yo0 O e kuma =0, limy_yoo —=t— =0 and

,min€k,min

hmk%oo Ok min€k,min — 0.

(7'7'7') Zzozo Ok min€k,min = OO.
2 2
; 2 Xk, max Ty -1 -1
(Z,U) Zzozo ak’max < OO, Zzozo ﬁk,min(Q_;k,max) < OO’ ZZO:O ( ) (1 + ak’min€k7min) <

€k, min

00 and Yy ;2 ——E— < 00.
Zk*o Ak min€k,min

. ri |
m kO
(U) li k—o0 ez,minahmin (1 ak,min€k,min) 0.

Assumption [I1] contains usual conditions on the regularization parameters of
Tykhonov algorithms and on the stepsize for SA algorithms, with certain coor-
dination across stepsizes and regularization parameters. Assumption [IT] includes
Assumption 2 in [50] with the following addition, due to the use of approximate

projections:

0 — )2
(370) Z (ak,max Oék,mln) < o,
k=0

Ok min€k,min

We observe that this condition is trivially satisfied when oy, ; = ay ¢ for all &, 7, £.
Lemma 4 of [50] establishes that stepsizes and regularization parameters of the
form ap; = (k+ C;)7¢ and e; = (k + D;)~%, satisfy Assumption 2 in [50],
when ¢,d € (0,1) are such that ¢ > d and ¢+ d < 1, the C}’s belong to the
interval [C,C] and the D;’s belong to the interval [D, D] for some 0 < C < C
and 0 < D < D. These stepsizes and parameters, together with Br; = B € (0,2)
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for j € [m], also satisfy our extra condition (B.70) and Assumption [Tt indeed, if
Cax = MaxXi<j<m Cj, Chyin = Miny<;<p, C; and Dy = max;<j<,, D;, then
U min€h.min = (K + Ciax) "(k + Dpax) "% =
k(1 + Crax/k) (1 + Diax/k) ™4 > kD > k71
because 0 < ¢+ d < 1. Therefore,

2 2
(ak,max - ak,min) < ak,max _ 1 1

< .
QL min€k,min k k<k + Cmin)2c - ]{Z1+2C

3.2.5 Convergence analysis

We present next our convergence result for method (3.68))-(B3.69). We shall need

two lemmas.

Lemma 7 (Asymptotic strong-monotonicity). Defining the operator Hy, :== D(ay)-
(T'+ D(e;)) and 0 = Qg min€kmin — L(Qkmax — Qk,min), then for all y,x € R™ and
keN, (Hi(y) — Hi(z),y — 2) > owlly — z*.

Proof. We consider the decomposition
(3.71)
(Hi(y) —Hi(z),y—x) = (D(ow) - (T(y) = T(x)),y =)+ (D) D(ex) (y — ), y — ).

Concerning the second term in the right hand side of (B71)), if Dy, is the diagonal

matrix with entries (aqe€q, ..., @mén), then
(3.72) (D(ax)D(ex)(y — ),y — ) = (Di(y — ),y — ) > Qe mincrminl|y — 2[°.

The first term in the right hand side of ([B71]) is equal to

ﬁak,xﬂ(y) CTa)y—m) = ak,mmﬁm@) CTa), s — )
(3.73) + i(ak,i — Qe min (1Y) — Ti(), yi — 1).

The first term in the right hand side of (B73)) is nonnegative by monotonicity of
T. For the second term in the right hand side of ([B.73]), we have

m m

> (ki = i) (Ti(y) = L), yi — i) = = D (i — Qmin) 1 T3(y) = o) [l — 4]

i=1 i=1
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Z _<Oék,max Ok min Z HT )””yz - xz”

> = (@ max = amin) | T'(y) = T(@)][[ly — 2|

(374) Z _(ak,max - ak,min)LHy - xHZa

using Cauchy-Schwartz inequality in the first inequality, Holder-inequality in the

third one and Lipschitz continuity of 7" in the last one. The result follows from
B.1D-B.7). O

We will use the following result proved in Lemma 3 of [50]:

Lemma 8 (Properties of the Tykhonov sequence). Assume that X C R™ is convex
and closed, that the operator T : R® — R"™ is continuous and monotone over X

and that Assumption [I2 hold. Assume also that the sequences {ex;}p>, for i =

€k, max
€k, min

and €}, min = Min; e ;. Denote by t* the solution of VI(T + D(e), X). Then

1,...,m decrease to 0 and satisfy lim sup;_, . < 00, With € max = MaX; €k

(i) {tk} is bounded and all cluster points of {t¥} belong to X*.
(ii) The following inequality holds for all k > 1:

Htk B tkle < €k—1,max — €k,min Mt
€k, min

Y

where My is an upper bound of maxyey ||t]].

€k, max
€k, min

(7ii) If lim sup,,_, < 1 then {t*} converges to the least-norm solution in

X*.

Theorem 8 (Asymptotic convergence). If Assumptions[@HI1 hold, then the method
[B.68)-[B.69) generates a sequence {x*} such that:

€k, max

(i) if limsupy,_, o, === < 0o, then almost surely {2*} is bounded and all cluster

points of {z*} belong to the solution set X*,

(ii) if lim sup,,_,, Zmex e <1, then almost surely {2*} converges to the least-norm

solution in X*.
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Proof. Let {t*} denote the Tykhonov sequence of Lemma B We claim that for all
T>1,75€[m], keN,

54 = 11 < llaj — 6517 — 2005425 — 65, F (0", 2) + exjaf)+

VR

(3.75)

1+ 7615 (2 — Byl | Fy(0h, ab) + ek,jx;?\\z—% (1 — %) (g2, Glab)"

Indeed, in view of (B.63)-([B.69) and t§ € X7/ C X{NXJ . we can invoke Lemma 2

Wk, j i)
: — ; ok o . — kook k
with g := o, (J]-), @1 = 2, w0 := 277 wo =) o i= qu, woi= Fj(0F, aF) e jaf,

Y= yfa B = P, and d := d;? obtaining (B.73]).
We define 2 = o — ay, ;(F;(v*, 2%) + ¢ jaf) for j € [m]. We sum the inequal-

ities in (B.70]) with j between 1 and m, getting

2P —%))? < ||2” tkH2+22 —:c , —zk)—l—

(3.76)
2 6k,min(2 - ﬁk,max -
[]- + Tﬁk,max( Bk mln)] HZ - :L‘kH - 2 < _> Z (gwkg j| k )
g :
where Sy min = MiNjem] Brjs Brmax = MaXcm] Br,; and Cy 1= min ey C’g.

Concerning the second term in the right hand side of (8.76), Assumption [ and
the fact that :cf € Fj imply that

E[(t?—xf,xf—zf)’fk]:ozk,j<t§—xf,E{F o, ’}"k]+ek] Ry =

(3.77) e (tF — b Tj(a) + e jah).

77

We now analyse the third term in the right hand side of (3.76]). The triangular
inequality and the inequality (37, ;)% < 431, a? imply that

E[l|2f — 2517 ) = o ;B [I1F5 (0¥, 2%) + ex s P Fi
= ap JE[|[Fj (v, &%) — Fy(0F, %) + e 3 (ak — t5) + Fj (o, 15) + ex 1} || i
< dad | F(wF,2%) = Fy (0", ) || Fi] + 403 jéf 1 — 252
+4a} JE[[|F;(0F, )2 |Fe] + 40 b [1£5]?

66



< 40 o B[ | F5 (08, 2%) = Fy (0% #9) 2| Fi] + 403 1€ s |25 — 2512

(3.78) + 403 B [| F5 (0 8 |12| Fi] + 407 o F e 12511

Summing the inequalities in ([B.78) with j between 1 and m, we get from Assump-
tions B(i), B, Lemma B and z* € Fy,

{1~ 1] = S E{Is ]

<40d L E[|F(0F, %) = FF )| Fi] + 403 1€ |2 — ]2
H407 o B[ F(0F, 812\ Fi] + 407 ol a1

<4L2akmax”x _tk”2+4akmax€kmaxHx _tkH +4 B2<tk)+4az,maxez,max”tkH2

Qy ,max

(379) < 4(L2 + 62,max>az,max”xk - tkH2 + 4al2c,max<Bt2 + ez,mafo)7

where the last inequality follows from the fact that B, and M; are positive con-
stants (depending on the Tykhonov sequence) satisfying maxey || B(t*)|| < B; and
maxey |[t¥]] < My, because {t*} is a bounded sequence by Lemma 8, and B is a
nonnegative locally bounded function by Assumption Bl and Lemma

We now analyse the last term in the right hand side of (B.7€). Denoting

C' 1= max;epy, ¢/, we get from Assumption [0 and z¥ € F,

m m 1
> B (o, 0lh)'|72] 2 2 S o) -t
= i=1

d(z", X)2.

Ql =

(3.80) Z ITLx; (2 foZ =

Now we use again the fact that z¥ € F;, take the conditional expectation in (B.76))
and combine the result with ([B.77)-(3.80), in order to obtain

E[”karl - tk”2‘f4 < [1 + Hk,T<L2 + Ez,max>az,max} ka - tk”2+
QZO%J — &, Tj(a*) + e )

(3.81) + Hyyr (BY + M€ o) O mmax — Air d(2*, X)?,

t kmax
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where Hj, ;, Ay - and G, are defined as

Bk,min<2 - 6k,max) . CCET

Hk,T =4 [1 + Tﬁk,max<2 - Bk,min)] 5 Ak,T = a 5

The sum in the second term of the right hand side of ([B.81)) is equal to
(D(aw) - (T + D(ex))(z*), t* — 2*) = (D(aw) - (T + D(ex))(2")
—D(ag) - (T + D(eg))(t%), t* — 2F)
(3.82) +(D(ap)-(T+D(e)) ("), t* —T1(z")) +(D () - (T+D(ex)) (t*), TI(z*) —2F).

Calling A = ak max — Ok min, it follows from Lemma [7 that the first term in the
right hand side of (3.82)) satisfies

(D(ew) - (T + D(ex)) (") = D(aw) - (T + D(ex)) (), 1 — 2*) <

(383) - (ak,min€k,min - LAk)H'rk - tk”2

The second term in the right hand side of (8.82)) is equal to

Zak] —|—6th], 7 HXJ< )) = Ok min Z(T (tk) _'_Ek_] ]7 ] HXJ( ))
j=1
(3.84) + D (= Qmin) (T3 (%) + e 5t5, 15 — Ty (25)).
j=1

The first term in the right hand side of (3.84) satisfies

m

(3.85) Z T5(t") + engty, 5 — Iy () = (T + D(en))(¢), £ — T(z")) <0,

since t* solves VI(T + D(e;), X ). Regarding the second term in the right hand side
of (B84), we use the fact that IIy;(t¥) = t%, so that for each p € (0,1) we have

> (0 = min (T (%) + €15, 15 — Ty (25)) <
j=1

> (0 = in) [1T5(t%) + e, t511 | Lo () — T (25) |
j=1
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Z 1T + ewsllt5 DN — 251 <

Bt + ek,maxMt)Ak
2\/ MOk min€k,min

< (Bt + Ek,maxMt>2A%

4uak,min€k,min

Ar(By + xma M) £ — 2] = 24 il — 2]

(3.86) 117,

+ /Lak,minehminntk -z

using Cauchy-Schwartz inequality in the first inequality, Lemma [I[(iii) for IIy: in
the second one, the fact that | T(tF)| < B(t*) < B, and ||t*|| < M, for all k € N in
the third one, and the relation 2ab = —(a —b)?+ a® + b* in the fourth one. Putting
together (B.84)-(3.80), we finally get that the second term in the right hand side
of (3:82)) is bounded by

(3.87)

(D(ay)-(T+D(e))(tF), tF —TI(z*)) < (Bt + €k max M)? A7

4uak,min€k,min

For the third term in the right hand side of (3.82)), we have

~|>/LOZ]§ min€k mln”x _tkH2

(D(ag) - (T + D(ex)) (%), T(2*) = 2®) < [|D(a) [IT(*) + ext™[[ [ T1(2") — 2"
(3.88) < Qemax(Br + €pmax M) d(z, X).

Combining (3.83), (8.87) and (3.88) with (3.82)), we obtain

2(D(a) - (T + D(e))(2"), 1% — ) < | = 2(1 — 1) mmin€homin + 2LA |[|2* — F]|

+ (Bt + Ek,maxMt)2Az

2”ak,min€k7min
Now we use (3:89) in (B.81]), getting

E[[la" = ]2 ] < qulla® = 412 + Hir(BE + M2€} 100) 0% e

(3.89) + 200 max (Bt + €xmaxMy) d(2*, X).

(Bt + ek,maxMt)zAi

(3.90) + + 200 max (Br + €pmax M) (2%, X) — Ap - d(2, X)?,
2,LLOélc,minEIc,min

where

(391) qr ‘= 1— 2(1 — N)ak,min‘gk,min -+ P[kﬂ-([/2 -+ ez,max)az,max -+ 2LAk
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The last term in the right hand side of (3:90) becomes
(3.92)

Bt e maxM 2042 max
— A d(2F, X2+ 2(By + € max M) o d(a, X) < (Bi + €xmax M) 20},

;
Ak,ﬂ'

using the relation 2ab < M\2a? + f’\—z with A2 := Ai,, a := d(2%, X) and b =
(Bt + €k max M)t max- Using (3.92) in (B.90) we get that for all k € N,

E[ka—i-l _ tkHz’fk} < qul‘k _tk||2

(Bt + Mtek,max)2 2

By + € max My )2 A?
2 (Bi €k, +) k-
‘1]4},7' ’

2”ak,min€k,min

(3.93) + |Hyr (B} + M2} o) +

k,max

k—tk”2 k_tkle2

Next we relate ||z with ||z , using the properties of the Tykhonov

sequence (Lemma [8). We have
¥ = #51 < ([l — 57 + (17 — ")

= [l = 5P A [l — I 2l — e —

— .\ 2 — .
(394) S ”xk_tk:fl ”2+ (Mt Ek—Lmax Ek,mln) —|—2Mt 6k—l,max 6k,mm ka _tkfl ”

€k, min €k, min

Using the relation 2ab < M\2a? + b the last term in the rightmost expression in

220
(3.94) can be estimated as

2Mt Ekfl,max - €k,min ”xk o tkil” —

€k, min

k k—1 €k—1,max — €k,min
2\/ ak,minehmin”x —1 || ’ Mt
v/ Ok, min€k,min€k,min

2
(ek—l,max - 6k,min)

(3.95) < Qe min€h,min||2F — 77H|* + ME -
ak,minek,min

Putting (3.99) in (3.94) yields
(3.96)
e N2 1
:L‘k_tk 2 S 1+akmin€kmin :L‘k_tk_l 2+ Mt@c*l’max Sk,min I+———).
I min€k,

€k, min Ok min€k,min
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We combine (3.93) and ([3:96) in order to get

E[[l25" — %) Fi] < gkl + cmin€emin) 2 — 71

B + Mtek m X)2 (Bt + €k.m xMt)2A2
H . BZ M2 2 ( t ,ma 2 ,ma k
+ k, ( t + tek,max) + Akﬂ' Ok max + 2,uak,min€k,min
— .\ 2 1
<397> + (Mt €k—1,max ek,mm) (1 + 7)
€k, min Ok min€k,min

We now estimate the coefficient gx (1 + o min€rmin) in (3.97). In view of (3.91]),

we have

Hi 7 (L? + €5 mmax) Ok 2LA
(398) k. = - QL min€k,min (2 - 2” - i ( k7maX) hamax k .

Ok min€k,min Ok min€k,min

Assumption [IJ(ii) and 0 < Hg; = 4[1 4 Brmin(2 — Skmax)7] < 4(1 + 7) guarantee

that s )
Hk,T<L _'_Ek,max)ak,max_'_ 2LA/€

QL min€k,min Q. min€k,min

— 0.

Since pu € (0,1) is arbitrary, we can ensure the existence of ¢ € (0, 1) such that

Hk,T(L2 + ei,max)ai,max + QLAk

Ok min€k,min Ok min€k,min

(3.99) cr = 2u+ <c

for all sufficiently large k. Next we show that g, € (0, 1) for large k. Indeed, from
(B99) and ¢ € (0,1) we have that 1 < 2 — ¢ < 2 for large enough k, so that we

obtain, from (3.98),

(3100) 1- 2ak,min€k7min < gk < 11— QL min€k,min-

Finally, limg 00 Q% min€k min = 0 by Assumption [I1I(ii), so that (3.I00) implies that
qr € (0,1) for sufficiently large k. Using this fact and (3.99) we get the following

estimate:

0< Qk(l + ak,minek,min> S gk + Ak min€k,min = 1— Oélc,rnin‘51~<:,rnin<2 - Ck) + Ok min€k,min

(3]-0]-) =1- ahminek,min(l - Ck) S 1-— ak@minel@min(l - C)7
using (3:99) in the last inequality.
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Combining M)7 (m and Ak,’r = ﬁk,min(2 - ﬁk,max)G;la we obtain
(3.102) E[lz*! = M| 7] < (1= ai)la® = 7112 + by,

for all sufficiently large k, with a; := g min€kmin(1 — ¢) and

by == |Hy, (B + M2 ..) +

t “k,max

GT(Bt + Mtek,max>2 2
6k,min(2 - 6k,max) ymax

B +e€ maxM QAZ €k—1,max — €k,min 2 1
(3103) 4+ Bt o)A —|—qk<Mt k1, 2 > <1+7).
2N&k,min€k,min €k, min Ok min€k,min

From (B.I0TI) and ¢ € (0,1), we conclude that a; € [0, 1], while from Assumption
[[Tl(iii) we have that °; ar = oo. From Assumption [[1}(iv) and (BI03) we also have
that >, by < co. Finally, denoting I'y := €4—1max — €kmin and Ok := Bi min(2 —
Br.max) We obtain from (B.103):

Qg Q. min€k,min @kak,minekﬂnin QL min€k,min

2
b ai ol A
0< k Cl k,max 02 k,max Cg ( k )

I? 1
k
+Cy— <1 + >
€k7min05k,min Ok min€k,min

for some positive constants C, Cy, C5 and Cy. Therefore, we get limy_,o, by /ar, = 0
from Assumption [[I](ii) and (v). These conditions, Theorem 2] and (3I02) imply
that limy_,. ||2¥ — t*71|| = 0 almost surely. The result follows from this fact and
Lemma [ O

Remark 4. The previous convergence analysis does not present feasibility rate
guarantees for method [l neither rate guarantees for method [4. For such type of

statements we refer to the improved version of this chapter published in [36)].

3.3 Appendix of Chapter

We give the proof of Proposition [Ik

Proof. Suppose that (ZI8) holds and let z* € X*. If Tx(z*) N Nx«(z*) = {0},
then (ZIH) holds trivially. Otherwise, take d € Tx(x*) N Nx«(2*) with d # 0.
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Since d € Nx«(z*), the definition of Nx«(z*) implies that X* is a subset of the
halfspace H; = {y : (d,y — 2*) < 0}. In view of (ZI0) and d € Tx(z*), there
exist sequences d* € R”, ¢, > 0 such that z* + t,d* € X, d* — d and t* — 0. We

claim that, taking a subsequence if needed,

(3.104) o+ tpd” € X — Hy .

for all k. Indeed, otherwise we would have

(3.105) 0> (d,z* + tpd" — 2*) = tp(d, d*)

for large enough k. Dividing (3I08) by ¢ and letting & — oo we get d = 0
which entails a contradiction. Hence, (8.104]) holds. From (ZI8), z* € X* and
¥ 4+ td* € X we get

(3.106)

k
(T'(z"),z" + ted® — ") > pd(z” + tkdk,X*) > pd(z* + tpd®, Hy) = pty \d.d)

]l

using (3.104]) and X* C H in second inequality. Dividing (B.106]) by t; and letting
k — oo, we conclude that (ZTI5]) holds for d.

Now suppose that (2I5) holds and that 7" is constant on X*. Take x € X,
z* € X* and let  := [Ix«(x). Since z,z € X and X is closed and convex, we have
that * — z € Tx (%), using the first equality in (ZIT]). Since 7" is monotone and
X is closed and convex, X* is closed and convex (see [27], Theorem 2.3.5). From
this fact, z = [Iy«(x) and Lemma [I}(i), we obtain that x — & € Nx.(Z), using the
definition of the polar cone. Thus, z — z € Tx(Z) N Nx«(Z). We conclude from

[(219) that
(3.107) (T(x),x — %) > p|lx — z|| = pd(z, X7).

Since T' is constant on X*, we have
(3.108)
<T(ZZ‘), l‘—i‘> = <T(l‘*), l‘—i‘> = <T(ZL‘*), l‘—l‘*> + <T(l‘*), z”* _"Z‘> < <T(l‘*), l‘—l‘*>,

using the fact that (T'(z*),2* — z) < 0, which holds because z* € X* and = € X.

The desired claim (2.18) follows from (3.108)) and (B.107). O
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Chapter 4

A variance-based stochastic

extragradient method

Our extragradient method takes the form:
Algorithm 3 (Stochastic extragradient method with stepsize away from zero).

0

1. Initialization: Choose the initial iterate x° € R™, a positive stepsize Se-

quence {ay}, the sample rate { Ny} and initial samples {f?}jy:ol and {77?}?7:01

of the random variable £.

2. Tterative step: Given iterate 2*, generate samples {§§“}N’“ and {nf}N’“ of

j=1 j=1
¢ and define:
41 N Y %NkF k _k
( . ) “ - T _Nkzl (jvx) 5
L J= i
(4.2) = T2k - SEST R, 2
. - Nk; / T]_]? )
L J= J

where II is the projection operator onto X. Method (&I)-(Z2) is designed so
that at iteration £ the random variable ¢ is sampled 2N, times and the empirical
average of F' at x is used as the approximation of T'(x) at each projection step.
In order to incorporate the distributed case mentioned in Section[[L5.2] item(v),
we will also analyze the case in which the SVI has a Cartesian structure. We

consider the decomposition R" = [["; R™,  with n = 7", n;, and furnish this

74



space with the inner product mentioned before Lemma We suppose that the
feasible set has the form X = []*; X* where X* C R™ is a closed and convex set
for i € [m]. The random operator F' : ZxR"™ — R" has the form F' = (F},..., Fy,),
where F; : = x R™ — R™ for i € [m]. Given i € [m], we denote by II; : R" — R™
the orthogonal projection onto X*. We emphasize that the orthogonal projection
under a Cartesian structure has a simple form: for z = (x;)*, € R", we have
x(z) = x1(z1), ..., Hxm(zm)).
In such a setting, the method takes the form:

Algorithm 4 (Stochastic extragradient method with stepsize away from zero:
distributed case).

1. Initialization: Choose the initial iterate x°

€ R", the stepsize sequence
ar = (ag)™, € (0,00)™, the sample rates Ny, = (Ng ;)™ € N™ and, for each
i € [m], generate the initial samples {f?z};vzof and {n?z};vzof of the random

variable &.

2. Tterative step: Given 2% = (zF)™,, for each i € [m], generate samples

Ni,i Nis

_ N -
(43) & = |l - Y R "),
I k=1 ]
- N :
44 I O ) k’F‘ ko ok
(4.4) Z; = |7 N Z 2(773‘,@'72) .
| ki j=1 ]

Method (I))-(£2) is a particular case of method (A3)-(Z£4) with m = 1. The
only additional requirement when m > 1 is the sampling coordination between

agents (Assumption [I7). We define next the stochastic errors: for each i € [m],

(4'5) €]fi = Z E(&fl’ xk> - T2<xk)7
) Nkﬂ JZI )
1 Ny s
(4.6) € = > Finy;, 2) = Ti(=h),
) Nkﬂ ]:1 )

in which case method (A3))-(@4]) is expressible in a compact form as:

(4.7) &= 2" — D(aw)(T(a") +€7)],
(4.8) o = " = D(en)(T(*) + )],
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where IT : R"® — R” is the projection operator onto X and e := (efz)’];l for
le{1,2}.

4.1 Discussion of the assumptions

For simplicity of notation, we aggregate the samples as
& =1{gJ € Nual}, €8 = {&F i e [m]},

n = {njs 1 € Neal}, n* = {2 € [m]}.
In method (ET)-(ES), the sample {£*} is used in the first projection while {n*}
is used in the second projection. In the case of a Cartesian SVI, {¢F} and {nF}
are the samples used in the first and second projections in (£3)-(4.4)) by the i-th
agent respectively.
We shall study the stochastic process {z*} with respect to the filtrations

~

fk = J<x07£07 A '7§k717n07 ttt 7,'7]671)7 ‘Fk = J<x07£07 ttt 7§k7n07 A 777]?71)'

We observe that by induction, z¥ € F,, and ¥ € Fi. but 2* ¢ Fi. The filtration
Fi. corresponds to the information carried until iteration %k, to be used on the
computation of iteration k + 1. The filtration Fj corresponds to the information
carried until iteration k£ plus the information produced at the first projection step
of iteration k + 1, namely, F, = o(Fr U o(€¥)). The way information evolves
according to filtrations {fk,ﬁk} is natural in applications. Also, the use of two
filtrations will be important since we have E[e§|F;] # 0 but z* € Fy, so that, given
i € m:

1

o 3 Rl ) — T

ki j=1

E[e5;|F] = E

(4.9) - T(%) ~ Ti(4) = 0,

if for every i € [m], {n}; : j € [Ny,]} is independent of Fi and identically dis-
tributed as €. We exploit (£3]) for avoiding first order moments of the stochastic
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errors, which drastically diminishes the complexity by an order of one, and for
using martingale techniques . We remark that, with some minor extra effort,
the same samples can be used in both projections in method (43)-(Z4]). Next we

describe the assumptions required in our convergence analysis.
Assumption 12 (Consistency). The solution set X* := S(T, X)) is non-empty.

Assumption 13 (Stochastic model). X C R" is closed and convez, (Z,G) is a
measurable space such that F' : Zx X — R" is a Carathéodory map,1 & : Q) — = is
a random variable defined on a probability space (Q, F,P) and E[|F(§,z)||] < oo
forallx € X.

Assumption 14 (Lipschitz continuity). The mean operator T : X — R"™ defined
by (L2) is Lipschitz continuous with modulus L > 0.

Assumption 15 (Pseudo-monotonicity). The mean operator T : R™ — R" is
pseudo—monotone,H ie., (T'(x),z—x) > 0= (T(2),z —x) >0 for all z,z € R".

Assumption 16 (Sample rate). Given {Ni}, define Nimin := minepn Ny and

1 . 1<xm n;

Ny * 7 n &=l N °

Then one of the following conditions is satisfied:

7’) 220:0 /\Lfk < 00,

Note that N is the harmonic average of {Ny;}, with weights {n;/n}",.
Hence Ny > N min, so that (ii) implies (i). Items (i) and (ii) are different only
for the Cartesian SVI (see comment below). Typically a sufficient choice is, for
i € [m:

1+b;

Nk,i = @Z (1{7 + ,ui)lJrai (ln (l{? + ,MZ)) y
for any ©; > 0, p; > 0 with a; > 0, b > —1 or a; = 0, b; > 0 (the latter is
the minimum requirement). It is essential to specify choices of the above parame-

ters that induce a practical complexity of method (£3)-(Z4), i.e., practical upper

L If also {5]’?71- : j € [Ng;]} is independent of Fj and identically distributed as &, then, for
i €[m], V[l ] = Nl;ilV[Fi(f, zM)] and V[e§ ] = N,;jV[Fi(f, 2¥)], so that our method iteratively
reduces the variance of the oracle error as long as { Ny ; }ren increases.

2 That is, F(£,-) : X — R™ is continuous for a.e. £ € = and F(-,z) : Z — R" is measurable.

3Pseudo-monotonicity is a weaker assumption than monotonicity, i.e., (T'(z) =T (z),z—z) > 0

for all x,z € R™.
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bounds on the total oracle complexity Zle ity 2Ny, where K is an estimate
of the total numbers of iterations needed for achieving a given specified tolerance
e > 0. A convergence rate in terms of K is also desirable. As commented after
Theorem [0, our algorithm achieves an optimal accelerated rate O(1/K) and an
optimal complexity O(e~2) up to a first order logarithmic term In(e™1). g

We offer two options of sampling coordination among the agents:

Assumption 17 (Sampling coordination). For each i € [m] and k € Ny, {£F}
and {n¥} are i.i.d. samples of & such that {&F} and {n¥} are independent of each

other. Also, one of the two next coordination conditions is satisfied:
i) (Centralized sampling) For all i € [m], Ny; = Ny, &8 = &8 and nF = nF.
ii) (Distributed sampling) {&* n* : k € N} is an i.4.d. sample of €.

We remark that, with some extra effort, it is possible to use the same samples
in each projection step of method ([@3))-(£4), that is, & = n¥ for k € Ny and
i € [m]. We ask independence in Assumption [I7 to simplify the analysis. Both
conditions (i) and (ii) in Assumption [[7 are the same for m = 11 Assumption

M7 implies in particular that {¢*} is independent of F, {#*} is independent of Fi

4 In Machine Learning, the dependence of the rate and complexity estimates on the dimension
is relevant in the case of large constraint dimension (n; > 1) or large networks (m > 1). We
show our method has complexity O(no?) up to a scaling factor in the sample rate, where o2 is
the variance, even for the case of an unbounded feasible set and a non-uniform variance. Sharper
constants are available in case of uniform variance (see Proposition[). In the case of networks,
although Assumption [I6{ii) is sufficient, the definition of A}, could be exploited in the sampling
procedure for reducing the dimension dependence or the sampling effort among the agents, if
information about the dimensions {n;}; of the agents’ problems is available. Further dimension

reduction possibilities are the subject of future work.
5 In the case when m > 1, item (i) corresponds to the case where one stochastic oracle

is centralized. In this case, less samples are required but the sampling process needs total
coordination. Ttem (ii) corresponds to the other extreme case, where the agents have completely
distributed oracles so that the sampling process of each agent is conducted independently. We do
not explore the intermediate possibilities between (i) and (ii). In the case of item (ii), the oracle
complexity has higher order dependence in terms of the network dimension m, which may be
demanding in the context of large networks (m > 1). However, if a rapidly decreasing sequence
of deterministic exponents {b;}7*, is coordinated among agents, then the oracle complexity is

linear in m (see Proposition [I0) as in the case of centralized sampling.
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and both are identically distributed to . In particular, for any x € R", k € N,
i €[m], j € [Nyl

J50)

E[F( kox)

fk] =E [F(nfl, x)

ﬁk] — T(a).
Assumption 18 (Stepsize bounded away from zero with partial coordination).
Defining o min = MiNicpm) Ok and Qg max = MaX;e[m] Ok, the stepsize sequence
{Oék} SCLtZ'Sfy 0< inkaN Ok min < SUPgeN Xk, max < ﬁ

The following two sets of assumptions ensure that the variance of the error

F(&,z)—T(x) is controlled, so that (together with Assumption [I6 on the sampling

rate) boundedness is guaranteed, even in the case of an unbounded operator.

Assumption 19 (Variance control). There exists p > 2, such that one of the

following three conditions holds:

i) There exist x* € X* and o(x*) > 0 such that for all x € X,
(&, 2) = T(x)|l, < o(z®) (1 + [l —27]]).

it) There exists a locally bounded and measurable function o : X* — Ry such
that for all z* € X*, x € X, the inequality in (i) is satisfied.

iii) There exist positive sequence {0y, : i € [m],l € [n;]} such that for alli € [m],
S [nz]z T € X7 ‘Ff,l<£7x)_ﬂ,l<x)|

components of F; and T; respectively.

» < o0y, where Fy; and Ty; are the

In item (iii) we define o := 327" 37/, 07,. Note that when p = 2, o(z*)* (1 +
|z — x*||)? in the case of (i)-(ii), and o2 in the case of item (iii), are, respectively,
upper bounds on the variance of the components of F'(¢,z). Items (i) and (ii) are
essentially the same, excepting that (i) only requires the condition to hold at just
one point x* € X* rather than on the entire solution set. Item (i) is sufficient for
the analysis, but (ii) allows for sharper estimates in the case of unbounded feasible
set and operator. Item (iii) allows for even sharper ones. In the sequel we shall
denote q := p/2.

For the important case in which the random operator F'is Lipschitz, both items

(1)-(ii) are satisfied with a continuous o : X* — R,. Namely, if for any =,y € R",

(&, 2) = F(& y)ll < LE) [z = yll,

79



for some measurable L : = — R, with finite L,-norm for some p > 2, then

Assumptions and [I9 hold with
o(z") = max{|||F(§, ") — T'(«") ||, 2| L(£)],}

for z* € X* in view of Minkowski’s inequality. Thus, Assumption [I9(i)-(ii) is
merely a finite variance assumption even for the case of an unbounded feasible set.
Assumption [[9(iii) means that the variance is uniformly bounded over the feasible
set X. Tt has been assumed in most of the past literature [42] [50, [75] 20, [76] [44]
45), [77] on stochastic approximation algorithms for SVI. H Assumptions [T9(i)-(ii)
are much weaker than Assumption [[9(iii) and, to the best of our knowledge, seem
to be new for monotone operators without regularization.

The next two examples provide instances where Assumption [[9(i)-(ii) and the
iterative variance reduction in method (@3))-(@4]) are necessary for asymptotic
convergence, in the case of an unbounded feasible set (e.g., stochastic equations

and stochastic complementarity problems).

Example 1 (Equation problem for zero mean random constant operator). The
following example shows that, in the case of an unbounded feasible set, the varia-
tion of the mirror-prox method in [20] diverges asymptotically in terms of solutions
in the sense that a.s. the generated sequence is unbounded (even though it con-
verges in terms of the gap function). Precisely, the method in [20] say that given

a prescribed number of iterations K, for k € [K] compute:
o= [k —of F(Ef, M)
= T2t - o PO )
with a final output z% = YK  pK2* where {pK} is a positive sequence such

that >, pX = 1. For an unbounded X, assuming uniformly bounded variance

(Assumption [[9(iii)) and a single oracle call per iteration, it is shown that there

6 Assumption [[9(iii) is weakened in previous works only in situations in which the operator
satisfies more demanding monotonicity conditions (strongly monotone operator in [73] and weak-
sharp monotone operator in method of Section Bl of Chapter [3) or when the operator is merely
monotone, but with additional Tykhonov regularization (as in method of Section of Chapter

Bl without convergence rate results).
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exists {v%} € R™ such that E[G(2%,v%)] < 1/VK and E[||v*]]] < VK (see [20],
Corollary 3.4). In these statements, for z,v € R™,

(4.10) G(z,v) = sup(T(y) — v,z — y),
yeX
is the relaxed dual gap function recently introduced by Monteiro and Svaiter
[55, [56], based on the enlargement of monotone operators introduced in [12]. The
following example shows, however, that limsup_, .. [|Z"]| = oo with total proba-
bility.
We shall consider n = 1, but one can easily generalize the argument for any

n > 1. Consider X = R and the random operator given by

F(g’ x) = 67

for all x € R, where £ is a random variable with zero mean, finite variance o2 and
finite third moment (one could generalize the argument assuming finite g-moment
for any ¢ > 2). In this case, trivially 7= 0, X* = R and Assumption [[9(iii) holds.
It is easy to check that the mirror-prox method in [20] gives, after K iterations,

for k € [K]:
k K
H=al =Y afel =Y pld
i=1 k=1

where p& = coT'gals, v(Tral)™! = ¢y is a constant, v, := 2(1 + k)71, {T}} is
defined recursively as I'y := 1, I'y := (1 — v,)['x_1 and the stepsize is
K k
ak = 5
3LK +0cKvK —1

(see [20], Corollary 3.4). Using the expression of {pf} and S5 pK =1, we get

K
(4.11) o=at =307,
k=1
where 0 == ol /5, of. Note that Ty, = k(k2+1) and
B coT ik K k(K —k+1)(K+k+2)

(3LK + oK VE=1) ;j K(K +1)(3LK + ok VE — 1)

from which the following estimates follow:

2 X (K2 X 3 -
sK::Z(ﬁk) ~ 1, Z(@f) ~ K™ (as K — o).

k=1 k=1
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We invoke Lyapounov’s criteria ([10], Theorem 7.3) with 6 = 1 for the sum

K 0K . ¢ of independent random variables, obtaining

_ EJlE) & . .
o 2L 0y < 0o

Hence (osi)” " K 0K¢E converges in distribution to N(0,1). Therefore, there

is some constant C' > 0 such that for any R > 0,

K—o0 K—oco p_q

K pK
P <limsup2K > R) = P (hmsupzeTk K> C’R)
K
K
k

K
(4.12) > limsupP (Z /8 K> CR) >0,

K—oo k=1 OSK

using (LII) and sx ~ 1 in the equality of ([@LI2). For every R > 0, the event
Ag = [limsupg_,.. 2% > R] is a tail event with positive probability and, hence,
has total probability from Kolmogorov’s zero-one law ([26], Theorem 2.5.1). We
conclude then that

P (limsup 75 = oo) = lim P(Ag) =1,

K—o0 R—o0
as claimed.
Example 2 (Linear SVI with unbounded feasible set). The following relevant

exampleH is a typical situation of a non-uniform variance over a unbounded feasible

set. Let the random operator be:

(& x) = A(&)x,

for all x € R", where A() is an random matrix whose entries have finite mean and
variance, such that A := E[A(¢)] is nonnull and positive semidefinite. In this case,
T(x) = Az (r € R") is monotone and linear. For all z € R”, V[F (¢, )] = !B,

where B := Y, cov [A;(§)] is positive semidefinite and A(§),... A, (&) are the
rows of A(£). Hence, for all z € R" — {0} we have
VIE(E, )]

>0 > M\ (VB) >0,

(|

It includes, for instance, quadratic programming, stochastic linear equations and comple-

mentarity problems, affine convex-concave saddle-point problems and bimatrix games.
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where )\+(\/§) is the smallest nonnull eigenvalue of \/B. This shows that Assump-
tion [[9(iii) does not hold if X is unbounded (in fact, the variance grows quadrat-
ically in the infinite horizon, that is, Assumption [[9(i)-(ii) hold with equality).
Hence, in the case in which X is unbounded, this example cannot be studied un-
der the uniform variance Assumption [[9(iii). Note that if X is a compact set and
e.g. X D {0}, then 0 € X* and V[e(&,0)] = 0, so that o2 in Assumption [T9(iii)
can be a very conservative upper bound on the oracle variance over X. This sit-
uation might suggest to invoke Assumption [[9(i)-(ii) even in the compact case so
that in the convergence analysis of the method, only the variance at points of the

trajectory and the solution set matter.

4.2 Convergence analysis

For any z = (z;)*;, € R" and a = (), € R7,, we denote the (quadratic)

residual function by
ra(@)? = o = Mz = D(@)T(@)]|* = Y [l — i [2; — aiTi(2)]]*
i=1

We start with two key lemmas whose proofs are given in the Appendix. First, we

define recursively, for k € Ny, Ay := 0,

(4.13) A1 = A+ (8 + p) O €117 + 807 a3 1%,
and, for z* € X* My(z*) :=0,

(4.14) M1 (2*) := My (x*) 4 2(z* — 2%, D(oy) - €5).

Lemma 9 (Recursive relation). Suppose that Assumption[I2, [17 and[18 hold, and
let pr, :==1— 4[/20z,2wnaX > 0. Then, almost surely, for all k € N and z* € X*,

l2h+E — 2|2 < |la* — 2|2 — %r%(xk)Q + M1 (2%) — My(2%) + Ap1 — Ag.

From definitions (L.13)-(Z14), { Ax} is a non-decreasing process for which Ay €
Fi and, for any z* € X*, {M(z*), F.} is a martingale (since z* € Fy, E[es|Fi] =
0).
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Lemma 10 (Error decay). Consider Assumptions I3I9. For each i € [m] and
N; €N, let & :={&;: j € [Ni]} be an i.i.d. sample of & with 1/N = L 37, n;/N;
and Ny = Milicp, N;. For any x € X set

ei(z) = ; E@’“%_ L) () = (@), en(z).

If Assumption[T9(i) hold for some x* € X*, then for all x € X, v € R",

[lleC)l], < \/%Cpf(x,x*), (v, D(a)e(z))], < ||v||||D(a)||\/%Cpf($,x*),
where f(x,x*) = o(x*)(1 + ||z — 2*||) and

I.A=nifm=1and A=2n ifm > 1,

2.B=2nifm>1and {{,;:1<i<m,1<j<N;}isiid,

3.B=1ifm=1orifm>1with N;=N, ;=& foralli € [m].

Moreover, if Assumption [I9(iii) holds, then for all x € X,v € R™,
Cyo || Cyo

V Nmin ’ V Nmin .

The following two results will establish upper bounds on Ay 1— Ay and My 1 (z*)—

M, (z*) in terms of ||z* — 2*||? for any z* € X*. Under the Assumptions [T9(i)-(ii)

eI, < [{v, D(@) - e(2))],, < [[o][| D()

of non-uniform variance, we need first a bound of ||2* — 2*||? in terms of ||z* —z*||%.

Proposition 3. Consider Assumptions[I2{19. If Assumption[I9(i) holds for some
x* e X*, then

[

fk]p < (14 Logmax + Hi(@™)) l2" — 27| + Hi(2"),

where Hy(z*) = Gk(x*),//\% and Gi(2*) = g maxCpo (z*).
Moreover, if Assumption[I9(iii) holds, then

125 — 2|

C
fk’p S (1 -+ Eak,max) H.Tk — SL’*H + Ok max (M + g ) y

\/ Vk,min

with L =L and M = 0 or, alternatively, if sup,cx ||T(x)|] < M < oo, with L =10
and M = 2M.
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Proof. Recall that z* = II[z* — D(ay,) (T'(2*) + €})]. By Lemma [l(iv) and Lemma
Bl we have x* = [x* — D(ay,) T'(x*)].
Consider first Assumption [19(i). By Lemma [I(iii),

lo* = 28| < Jla" = 2 = D(ax)(T(2*) = T(a*)) + D(a)el|
<l = M+ D) I T(F) = T + [1D(aw)]| [ef]
(415) S (1 + Lak,max) H«T* - ka + QL max Elf )

using the Lipschitz continuity of 7" and ||D(ag)|| = kmax in last inequality. We
now recall the definition of €¥ in (5]). We have

Fi

(4.16) < (Ai/) Cyo(a®) (1+ [l — |,

k
<]

using Lemmal[I0, z¥ € F;, and the independence of £ with F,. Invoking Minkowski’s
inequality, we take |-|Fy|, in (EIF) and use @IB) together with z* € Fj in order
to finish the proof.

We now consider Assumption [[9(iii). In this case, ({I5) may be replaced by

(4.17) 2% = 25| < (14 Logmax) 27 = 28] + g max (M + [[€]))

with £ = L and M = 0 as stated in the proposition. By Lemma [I0, relation
: k _ Cpo . . . .

(#19)) is replaced by HelH Fk ) < \/m, which together with (£I7) implies the

required statement, after taking |-|Fx|, in ({I7). O

The following proposition gives bounds on the increments of { A} and { M (z*)}

in terms of ||z*¥ — 2*||?, using the definitions given in Proposition

Proposition 4 (Bounds on increments). Consider Assumptions I2HI4. If As-
sumption [IY(i) holds for some z* € X*, then, for all k € Ny,

[Agir = Al Fil, < [32(1 4 Lagmax + Hi(2"))” + 2(8 + pi) | Hi(2")[|2* — 2|
+ [B2Hk(2")? + 16+ 2(8 + pi) | Hi(2")?,

B
| My (27) = My (27) | F|, < \/;Hk(l“*) [+ Lavgmax + Hi(a"))" [l — 27

B
—i—\/;Hk(:c*) {1 + Ltk max + (3 + 2Lt max ) He (™) + 2Hk(x*)2} 2% — 2|
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B
M;Hk(x*) [Hea*) + H(a™)?]
Moreover, if Assumption [I9(iii) holds, then, for all k € Ny,
0202
ak,max Nkp,min ’

Cyo

\/ Nk, min

n (M+ Cyo )Oﬂ Cyo

k,max :
\/ Nk,min \/ Nk,min

Proof. Assume first that Assumption [[9(i) holds. We start with the bound on
Apy1 — Ay, Definition (ZF), Lemma [0, #* € Fj, the independence of {¢¥} and
Fr and relation (a + b)* < 2a? + 2b* imply
ACﬁa(az*f (14 [|2% — z*]|?).
k

k
<] I
We proceed similarly for a bound of €5 defined in (&), but with the use of the
filtration F,. Lemma [0, ¥ € F, and the independence of {n*} and Fp imply

[ A1 — Ak Fil, < (164 py)

[ M2 (27) = My(2™)| Fil, < (14 LAk max) Qk max 2% — 27|

(4.18) Fr| <2

q

2
e |

2
p

1
T A\?2 * *
(119 [4117] < () aoteras i -,
D k
We condition (£.19) with | AFu| [Fel = ‘ Fi| , and then take squares, getting
i, p

5 2 A 2

(4.20) |5 | 7| = “egH Fi| <2-C20(x%)? (1+ 2% — 2*||| Fy )
q p Nk P

Finally we use (EIS), (£20), (£I3), Proposition [ and the relation (a + b)? <
2a% + 2b?, obtaining the required bounds on A, — Aj.

Now we deal with My, (z*) — My (2*). Definition (Z8), Lemma [0, z* € F;
and the independence of {n*} and F imply

B
< |12 ="l D) [/ 57 Coo (@) L+ 112" = a7)).
p k

Fi

(4.21) [(z* — 2%, D(ay)e) | Fu

In ([E2T]), we first use ’Iﬁk’q < “ﬁk‘p and then take

, obtaining
q

Fil <

(" — 2, Dlaw)e)
q
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B
v 3 Coo @) ([l = H|7 -+l = 47| ) <
k q q
B 2
(4.22) Ok max || 7 Cpo(x”) ( |z* — 25| Fu| + ‘Hx* — ||| F ) ,
Nk P P
using the facts that H Ful |Fl = ka and g max = ||D(ag)]| in the first in-
q q

equality and the fact that |-|F[, < |-|Fk[, in the second inequality. Definitions
(414, (E£22), PropositionBland the relation (a+b)? < 2a?+2b? entail the required
bound on Mj. 1 (x*) — My (z*).

Suppose now that Assumption [I9(iii) hold. First we prove the bound on
{Aks1 — Ax}. The proof is similar to the previous case, but (£I8) and (Z.20)

are replaced respectively by

2 C?0? 2 C?0?
4.23 b 17| < <2 5| 17| < <2
( ) ! kq_ Nk,min’ 2 kq_ Nk,min’

using Lemma [I0l From Definitions (4.13]) and (4.23) we obtain the required bound
on Apy1 — Ag. We deal now with { My, 1(x*) — My(2*)}. The proof is similar to
the previous case, but instead of (Z.21]) now we have

Cyo

(4.24) (@ — 2%, D(an)eh)| Fi| < |I2* = 2" ||| D(cw) | ==,

? p \/Nk,min
using Lemma [0 In (£24), we use ’|]?k’ < ‘|]?k‘ and then take |-|Fg| , to get

q P q
* k k Chpo k %
(4.25) (" — 2%, D(o)es) | Fr| < pmax———|||2" — 2"||| F¥| ,
q \/Nk,min q
using the facts that “}A'k Fil = H]—"k and agmax = ||D(aw)|. Definition
a |, q

(£14), Proposition [ with || F[, < [-[F%[, and (£25) imply the required bound
on My (z*) — My(x*). O

Now, we combine Lemma[9and Proposition[din the following recursive relation.

Proposition 5 (Stochastic quasi-Fejér property). Consider Assumptions [I2{19.
Then, there exists x* € X* such that
Tlaz* — 2|2+ 1

E (||t — o217 < fla* = a2 = Sira, () + Cula?)
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In the above relation, under Assumption[T9(i)-(ii), T =1, N, = N}, and
Ci(a") 1= AGk(2")* (32 (1 + Ltk max + Hr(2))* + 18) ,
while, under Assumption [19(iii), T = 0, N, = Nk min and
Cr(a") := Cp = (16 + pr) A 1ax Cpo™.
Proof. We take the conditional expectation with respect to Fy, in relation of Lemma
obtaining
(426)  E[|a™ — 2" P F] < ¥ — 2* P — L, (28)? + E[Apar — Al Fil,

using the facts that 2, 2* € Fp. and E[My1 — Mk|ﬁk] = 0, because { My, ]?k} is a
martingale. We now take the conditional expectation with respect to F in (4.20))

obtaining
(427)  E[f«"* = 2"|P|F] < Jl2* —2*|* - %Tak(l“k)z + E[Ae1 — AelFil,

using the fact that 2% € Fj, and the hereditary property E[E[-|F.]|Fi] = E[-|Fi.
We have that

32 (1 + Lt max + Hi(2%))? + 2(8 + pr) > 32Hi(2%)? 4+ 16 4 2(8 + p1.).

Hence, under Assumption [[9(i)-(ii), the bound of { Ay+1 — Ax } given in Proposition
] implies that
Tlaz* — 2|2 +1
N ’

for all k > 0, with Z = 1, M) = N, and definition of Cg(z*).

Under Assumption [9(iii), Proposition @ implies (£28)), with Z =1 and N} =
Ni.min and definition of C,. The claimed relation follows from (£27) and (£.28)
for ¢ = 1. O

(4.28) |Ag1 — Ag|Frl, < Ci(z")

Remark 5 (Bounds of Ay, — Ay). Under Assumption [[9(i)-(ii), the upper-bound

on C(z*) := sup;, Cx(z*) depends only on p, L, & := supj, @ max and the sampling

rate A, and no(xz*)?. From the definition of Ci(z*) in Proposition [ under As-

sumption [[9(i)-(ii), there exists ¢ > 1 such that

Cr(z")
Ni

o AT (x*)? o nAc(x*)?
< cH *)2 1 H *)2 < 202 1 202
< Hi(@)? (14 Hi(a")?) < ed® Gl <+O‘p Ne )

(4.29)
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that is, C(z*) < n?o(x*)?, since A € {n,2n}. But since at least Ny > Ni i &
Okt (In k)'*? for some © > 0, a > 0, b > —1 or a = 0, b > 0, the following

non-asymptotic bound holds:

(4.30) o) S0 (14 i)

which is & no(2*)? for an iteration index k large enough as compared toH no(x*)2.

Under Assumption [[9(iii), the following uniform bound holds on X*: C; < o2
We finish this section with an asymptotic convergence result.

Theorem 9 (Asymptotic convergence for extragradient method with stepsize away
from zero). Under Assumptions T2I9, a.s. the sequence {x*} generated by (E3)-
E4) is bounded, limy,_,o d(z*, X*) = 0, and 74, (x*) converges to 0 almost surely

and in L?. In particular, a.s. every cluster point of {x*} belongs to X*.

Proof. The result in Proposition B may be rewritten as

C() o C(r*)
k+1 * (12 k *[12 k\2
(4.31) E {Hx — |.7:k} < <1+ A ) |z% — x*||* — ?Tak(x )+ N

for all & > 0 and for some z* € X*, as ensured by Assumption Taking into
account Assumption I8 i.e., Y, N, ' < oo, ([@E3I) and the fact that 2F € F,
we apply Theorem [0 with g, = ||2* — 2*||?, ar, = ZC(z*)/N, by, = C(z*)/ N}
and ug = ppra, (z¥)?/2, in order to conclude that a.s. {||z* — z*||*} converges.

2

In particular, {z*} is bounded, and p ¥, 74, (2¥)* < 4 prTa, (2¥)* < 0o, where

p:=1—44*L > 0 and & := supj, A max by Assumption I8 Hence, almost surely,

0= Jim roy () = Jim lo* ~ T [e* — Dew @[

The fact that limy o E[re, (#%)?] = 0 is proved in a similar way, taking the total
expectation in ([A3T]). The boundedness of the stepsize sequence, ([A32), and the
continuity of 7' (Assumption [I4]), IT (Lemma [IJ(iii)) and D(-) imply that a.s. every

cluster point T of {z*} satisfies

0=z -1z — D(a)T(z)],

8In terms of i numerical constants, a sharper bound can be obtained by exploiting the first
order term Hy(z*) ~ nl/QU(x*)J\/I;l/2 in the definition of Cg(z*). Using this, we get roughly

c =~ 32, but we do not carry out this procedure here.
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for some o € RY,, in view of Assumption I8 i.e. the fact that the stepsizes
are bounded away from zero; from Lemmas [[[iv) and ] we have that * € X*.
Almost surely, the boundedness of {z*} and the fact that every cluster point of
{z*} belongs to X* imply that limy_,, d(2*, X*) = 0 as claimed. O

4.3 Convergence rate and complexity analysis

We now study the convergence rate and the oracle complexity of our algorithm.
Besides the relation in Proposition [ for p = 2, we can also obtain a recursive
relation for higher order moments, assuming that p > 4. This recursion, derived
as consequence of Propositions M and [6((i), will give an explicit upper-bound on
the p-norm of the generated sequence (see Proposition [7]). The explicit bound
on the 2-norm of the sequence will be used for giving explicit estimates on the
convergence rate and complexity under Assumption [I9(i)-(ii), i.e., when X and
T are unbounded, in Theorem [0l In this setting, we will also obtain sharper
estimates of the constants assuming uniform variance over the solution set (see
Propositions [6(ii), Proposition [7f(ii) and Theorem [I1]). Important cases satisfying
these assumptions include the cases in which X* is a singleton or a compact set
(which can occur even when the feasible set X is unbounded)H. Under the stronger
Assumption [[9(iii), that is, uniform variance over the feasible set, even sharper
bounds on the estimates will be presented (see Propositions [6l(iii) and [7|(iii) and
Theorem [IT]).

The definitions in Proposition [f] and Remark Bl will be used in the next propo-

sition.
Proposition 6 (Improved stochastic quasi-Fejér properties).

i) If Assumption [I9(i) holds for p > 4 and some x* € X*, then for all ko, k

9This occurs when the solution set is a singleton in the case of a strictly or strongly pseudo-
monotone operator. See Theorems 2.3.5 and 2.3.16 in [27] for general conditions ensuring com-
pactness of the solution set of a pseudo-monotone VI. An example is the so called strictly feasible

complementarity problem over a cone.
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such that 0 < ko < k, it holds that

12 =27 < [l — 22| +
q q

k k

i=ko+1 i=ko+1

it) If Assumption [I9(ii) holds for p > 2, then C := sup, C, : X* — R, is a

locally bounded and measurable function, and for all k > 0,

k *\2
E [d(xk+1’X*)2|J,—_-k:| S d(ZL‘k,X*)Z—&Tak(l‘k)Q*I»Ck (Hx*(l‘k)) d(l’ ,X ) + 1

2 N
iit) If Assumption [I9(iii) holds then for all k > 0,
F [d<xk+1’X*)2‘fk} < d(z*, X*)? - %Tak(xk>2 n 17](\;5i2:—2
Proof. i) Define for simplicity dj := ||2* — 2*||2. Sum relation in Lemma [ from k

to k — 1 obtaining 0 < dj, < d, + Mg(z*) — My, (z*) + Ax — Ag,, which implies

using that a < b = [a]; < [b]4 for any a,b € R. We take the ¢g-norm in (£32),
getting

drl, < diol, + [[Mr(2") — M, (27) + Ay — Agol 1],
< dkoly + [Mi(x%) — M (%) + A — Agol,

k
(433 < il Male) — Miy (&), + D 1A A,
i=ko+1

using Minkowski’s inequality in the first and last inequalities and the fact that
|U+|, <|U], for any random variable U in the second inequality.

Since ¢ > 2 (p > 4), the norm of the martingale term above may be estimated
via the BDG inequality (3) applied to the martingale M; := My, i(x*) — My, (z*).
This gives:

(4.34) |Mk<x*>—Mk0<x*>|qsch S M) — Moy ()2

i=ko+1
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Plugging (£34)) into (£33)) completes the proof of item (i).
ii) Under Assumption M9(ii), we define z* := Ilx-(z*), recalling Assumption
[[2] and obtain from Proposition Bk

E[d(™!, X" F] < E[jla" - 2?7

o — 22 + 1
N

= d(xk, X )2 — 57“%(361“)2 + Cp, (HX(xk)) N ,

using the fact that Z¥ € X* in the first inequality, the facts that Cy(z*) € F (which

< ot = &P = Eira (h)? + Cu(a”)

holds because z* € F}, Iy~ is continuous and Cj is measurable) and 7% € X* (cf.
Proposition B)) in the second inequality, and the fact that d(z*, X*) = ||z — z¥||
in the equality. Note that the function C : X* — R, is measurable and locally
bounded by Assumption [[9(ii) and definition of Cy(z*).

iii) we use a proof line analogous to the one in item (ii), with Assumption [[9(iii)

and Proposition O

The following result gives explicit bounds on the p-norm of the sequence in the
unbounded setting. In order to make the presentation easier, we introduce some
definitions. Recall the definitions of Lemma [I0, Propositions B and [5] and Remark
Set D(2*) 1= 2¢4°C2no(z*)?, Gy(2*) := Cpao(z*), By(z*) := 0 and for p > 4,

(4.35) By(x") := VBBC,Gy(a") [(1+ La)* + (3 + 2La)VAG, (x") + 2AG, (27)?] .
Proposition 7 (Uniform boundedness in L?).

i) Let Assumptions [I2{19(i) hold for some x* € X* and p € {2} U [4,00).
Choose ko := ko(z*) € N and vy := ~(x*) > 0 such that

(4.36) B(z*) := B, (z*)y/7 + D(z*)y + D(z*)*y* < 1, Z

k>k0
sup ]
k>ko

with ca(z*) = [1 = B(z*)]™! and c,(z*) = 4[1 — B(z*)] 2 for p > 4.

Then
< cp(x [1 + ‘||xk°

92



i) Let Assumptions [I2{T4(ii) hold and suppose there exists o > 0 such that
o(x*) < o for all z* € X*. Let ¢ € (0, ‘/?’2_1). Choose ko € N such that

B U S
Zkzko Ny < 2c¢42C2no? " Then

1+ E |d(zo, X*)?

sup E [d(:pk,X*)ﬂ < [ ( ) }
k>ko 1—¢—¢?

i) If Assumptions [I2HIY(1i1) hold then

o] 1702 2 2

E [d(z*, X*)?| < d(2°, X*)
2};13 |: (x ’ ) :| :L‘ + Z Nk;7m1n

Proof. i) Denote d* := ||2* — z*||. We first unify the Fejér-type relations obtained
so far under Assumption [[9(i)-(ii) as: for all k > ko,

= a1 A A
dil2 < ldo |2 + Bp(2 )J > /(} £

(4.37) 0y S pee s

i=ko i=ko

1+|d| 1+|d|

P

Indeed, for p = 2, we have By(z*) = 0 so that (431) results by summing the
relation in Proposition Bl from kg to k£ —1 and using the estimate in ({.29), the facts
that A < 2n, ¢ > 1, and the definition of D(z*) as stated before this proposition.
For p > 4, we recall the bounds of increments of {My(z*)} in Proposition [l
The common factor is bounded by \/B/iA H(z*) < vBG,(2*)//Ni. Using the
definitions of H(z*), & and G,(z*), and the fact that A} > 1, it is easy to sce that,
in the bound of My (x*) — My (z*) in Proposition @, the sum of terms multiplying
\/B/iA- H(z*) is less than or equal to (1+ L&) + (3 4+ 2L&)VAG, + 2AG2. We use
these bounds, the fact that (\dz\f) +|dil, +1)* < 3(\di|§ + |di\§ + 1) and Definition
(#£33)) in order to obtain, for all ¢ € Ny,
L+ |dif2 + |dil,
N :

The proof of ([L31) for p > 4 follows from (£2]), (A29) with A < 2n, ¢ > 1 and
the definition of D(z*), as well as (A38) and Proposition [0]i).

By Assumption [I6 we can choose ky € Ny and v > 0 as in (£36). In particular,

(4.38) [ Miga(27) = My(a™)|; < By(2”)

> ik N; %2 < 2. Given an arbitrary a > |diol,, define: 7, := inf{k > ko : [dy[, >
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a}. Suppose first that 7, < oo for all @ > [dy,|,. By (£36]), (£.37) and the definition

of 7,, we have

Ta—1
2 9 « & 1 +a,2 +a,4
a’2 S |d7'a|p S |dk50|p + Bp(l‘ )\l Z N +
i=ko ?

Ta—1 2 Ta—1 2

ala*+1 ala*+1
+D(z") > +D(2")” Y

i=ko '/\/Z i=ko '/\/’12

(4.39) < ldi,[> + Bo(a*)y/A (14 a+a?) + D(*)y (14 a®) + D(x")*y* (1 + a?) .

For p =2, By(2*) = 0. Relation (£39) and 5 := B(z*) € (0,1) in (£36) imply

2
a < 7|dk0|p+1.
ST1-3

For p > 4, (E39) and 8 := B(x*) in ([&36) imply Aa®> < |dk0|§ + a + 1, with
A:=1— . This gives

(4.40)

1N\2  ANdg | +4r+1 2dryl, + VB +1 |dg|, +2
- < p < olp < olp
(a 2>\) = N2 s ) ST

and finally

iy |2 + 1
a’ < 47| faly -

(1-75)
Since (£40)-@A) hold for an arbitrary a > |di,|, and 8 € (0,1), it follows
that supgsg, |dk|z2> < (") [1 + |dk0‘zﬂ , with c,(2*) as in the statement of this

(4.41)

proposition. This contradicts the initial assumption that 7, < oo for all a > |dj,|,,-
Hence there exists a > |dj, |, such that @ := supj~, |dk|, < @ < oo by the definition
of 75. For any k > ko, we use that |d;|, < a for kg <4 < k in (£37) obtaining
(4.42)
2 2 . A A2 * ~2 12,2 ~2
dil2 < ldio |2 + Bp(2)y/ (14 @+ a%) + D(a")y (1 4 a%) + D(2")* (1 +a?) .

Note that (£42) holds trivially for k := kq. Thus, after taking the supremum over
k > ko in (£42)), we proceed as done immediately after inequality (£39]), obtaining
(£40) and (Z£4T]), respectively for p = 2 and p > 4, but with a substituting for a,

which proves the claim, in view of the definition of c,(z*).
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ii): The proof line is the same as for the case p = 2 in item (i), but summing the
relation in Proposition G with the estimate (£.29), which gives the following uniform
estimate: for all k > 0, C}, (H (:Z’k)) NP < 20(34205 o’ Nt (1 + QQZCQHUQNk ) )
We remark that we may replace §(z*) in (306) and @40) by § := 2c4*Cino® +
40@40371204. In this case, the definition of ¢ and kg imply 0 < 1 —¢ —¢* < 1— .

iii): Given k € N, we take total expectation in the relation of Proposition [E](iii)

and sum from 0 to k obtaining

k170282 < 17C24
E [d(z*!, X")?] <d(a®, X7) Z Z Gyt

Z mm Z mm

and the claim follows. U

Remark 6. In the statement of Proposition [1(i), for p > 2, it is sufficient to set
¢ € (0,¥51) and ky € Ny such that Sioke Vi L < ¢D(z*)7! in order to obtain

2
1+E[|Iﬂf»‘k0 w*ll I

that supysg, [||$ -] <

We now give explicit estimates on the convergence rate and oracle complexity.
In the sequel we assume that the stepsize sequence is constant. Proposition 10.3.6
in [27] states that {r, : @ > 0} is a family of equivalent merit functions of VI(T, X).
Hence, the convergence rate analysis can be established for varying stepsizes sat-
isfying Assumption [I§ and constant stepsizes are assumed just for simplicity. We
need now the following definitions: for ¢ < k, ak := 2% | /\Lfi’ and bk .= S8 A%Q
In the remainder of this section, we need the definitions of the constants used in
Lemma [I0, Propositions [3], Bl and [ and Remark [5l

Theorem 10 (Convergence rate: non-uniform variance). Consider Assumptions
[Z2{19(i) for some z* € X*. Take a, = a € (0,1/2L)™, ¢ € (0, */52_1) and ky € N
such that:

1 ¢
(4.43) ;;0 N, < B

Define

1 + maxg<p<k, E[||2F — 2*|]?]
I—6—
Then for all € > 0 there exists K. € N such that Elr,(z%<)? < ¢
where for all k € Ny U {oo},

Qula*) = % {ll2° = 2|2 + [1 + J(z")] [D(z*)a + D(a*)?bf]}

J(z") =

b~
*
—
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Additionally, if Assumption[I9(ii) holds then K. is independent of z* € X*.

Proof. First note that finiteness of ag®,bi® as defined in the statement of this
theorem follows from Assumption [I6l, which also ensures existence of kg satisfying
#A3), because Yy, N;' — 0as k — oo. We now invoke Proposition B Let
k> 0. Given 0 < i < k, we take total expectation in the relation of Proposition
Bl with the estimate ([£29]), using the facts that A < 2n, ¢ > 1 and the definition

of D(z*). We then sum with ¢ running from 0 to k, obtaining:

(4.44)

The last inequality in (444 follows from (€43]), Proposition [[{(i) for p = 2 and
Remark [6] which imply

L+ E[||Jz* — 2*||?] _ 1+ maxo<p<r, E[||2* — z*||?]
sup E[||lzF — z*||1] < < =="0 = J(x"),
sup B[]+ — a7 < P o wen Bl (@)
and, hence, sup>, E[||z* — 2*||] < J(z*), since 1 — ¢ — ¢ € (0, 1).
Given ¢ > 0, define K = K, := inf{k € Ny : E[r,(2")?] < ¢}. From the

definition of K we have, for every k < K,

(4.45) Lell+1) <

\Of lret

ZOE[Ta(fCi)Q]-

We claim that K is finite. Indeed, if K = oo, then (4.44]) and (4.45]) hold for all
k € N. Hence, we arrive at a contradiction by letting k¥ — oo and using the facts
that a® < oo and b§® < oo, which hold by Assumption [[6l Since K is finite, we
have that E[r,(z%)?] < € by definition. Setting k := K — 1 in (£44)-(Z34H), we
get K < QK‘;(x*) < Qwe(x*), using the definition of Qx(z*). We thus proved the

claim. Under Assumption [[9(ii), the proof is valid for any x* € X* and, hence, K
is independent of z* € X*. O
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In Theorem [0 given z* € X*, the constant Quo(z*) := Quo(x*, ko(z*), ¢) de-
pends on no(z*)? and on the distance of the ko(z*) initial iterates to x*, where
ko(xz*) and ¢ are chosen so that (£43) is satisfied. Under Assumption [I9(ii),
since K. does not depend on z* € X* we get indeed the uniform estimate:
SUP.so €K < inficx+ Quo(x®, ko(2*), ). In the sense of the previous inequality
and in the case of non-uniform variance, the performance of method (4.3)-(Z4)

depends on the solution 2* € X* such that Qu(z*, ko(z*), ¢) is minimal.

Proposition 8 (Rate and oracle complexity for m = 1: non-uniform variance).
Suppose that the assumptions of Theorem [I0 hold. Define N; as

(4.46) N = |0no (@) (k + p)(In(k + 1)) |

forany @ >0,b>0,e>0and2 < p<et. Choose ¢ € (0, \/52’1) and let ko be

the minimum natural number satisfying

2c4202\ /°
(4.47) ko > exp < 0l p) —p+ 1.
Define \ := 2¢6*Cy,
A
R TTE
)\2

B DA I —

Then Theorem [9 holds and for all € > 0, there exists K := K. € N such that
Elro(z%)? <€ and

2p ' max{1,67%}

(4.48) €< - {l2° = 2"|* + (A+ B) [1+ J(z")]} ,
(4.49) i 2N < 12max{1,6?} max{1, HnJ(x*)z}Lz*)l(x*),
k=1 €

P(z*) := {ln [(QOO(ZL‘*) + 1)671} }Hb +ut
@) = o2 — 2 p A+ B (14 I + 1
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Proof. For ¢ € (0, \/5_1), we look for kg satisfying (4.43]). We have

2

1 1
Bl e PHOWAC
2N S ) Y
1 -1 =2 [ dt
< 0 o) | e

0~ In"lo(2*) 2

(4.50) = Hin(k 11 @)

From (@50) and (£43), it is enough to choose ko as the minimum natural number
such that the right hand side of (£50) is less than ¢/D(z*). From the definition
of D(x*), it follows that it is enough to choose kg as in (£47).

We now give an estimate of Q. (z*). We have the bound

00 )2 o N0~ Ldt
(451) D(")af +D(a" )by < [ YRl
_'_/oo \20—2d¢t < NG N 22092
1 ()2 (In(t+p))22 = b(n(p— 1)) " (p— 1)(1 + 20)[In(p — 1))+

From Theorem [0, (£51]) and the definitions of Q. (z*), J(z*), A and B we get
E49).

We now prove ([E49). Using K = K. < Qu(z%)/e, pe < 1 and N <
Ono(x*)?(k + p)(In(k + p))+° + 1, we have

> 2N, < max{Ono(x*)?, 1} 302 [(k + ) (In(k + ) + 1]
k=1 k=1

< max{no(a*)?, 1V K (K + 2) [(ln(K + /i))”b + %2,“]

(4.52)
{In(Quo(@)e™ + D™ + 57} Qo) (Quo(2) + 2).

2

< max{fno(z*)?, 1}
€

We now use (E52) with Quo(*)(Qoo(*) + 2) < (Quo(z*) + 2)?, the definitions of
Qoo (%), J(z*), A, B, equation (&51]) and the relation (a +b+c)? < 3(a®+b* +c?)
in order to prove (Z£49). O

We give next sharper estimates in the case in which the variance is uniform
over X* or X. We state them without proofs since they follow the same proof

line of Theorem [I0 and Proposition [ but using Proposition [6l(ii) and Proposition
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[7(ii), in the case in which the variance is uniform over X*, or using Proposition

[B(iii), in the case in which the variance is uniform over X.

Theorem 11 (Convergence rate: uniform variance). Consider Assumptions 12
79. Take ap = « € (0,1/2L)™. Suppose first that Assumption [I9(ii) holds and
there exists 0 > 0 such that o(z*) < o for all z* € X*. Define D := 2c4*Cno”

and
N 1 + maxogkgko E[d(.ﬁl]k, X*)Q]

J:= I —o_
Take ¢ € (0, ‘/52*1) and ko € N such that > >y, N1 < ¢/D. Then, for all € > 0,
there exists K. € N, satisfying E[r, (:EKE)Q] <e< %, where, for all k € NoU{oo},

Qx = % {d(=°, X*)? + (14 J) (Daf + Dbf) }.

Suppose now that Assumption [I4(iii) holds. Then, for all ¢ > 0, there exists
K. € N, satisfying E[r, (fo)z] <e< %, where, for all k € No U {oo},

~ 2 . ko1
Qi == p {d(:co, X*)? +17CFa%0” ZO , mm} :

Proposition 9 (Rate and oracle complexity for m = 1: uniform variance). Sup-
pose that the assumptions of Theorem [I1l hold and that sup, ... o(z*) < o for
some o > 0. Define N as

Ni = [80°(0 + ) i + )]
orany 0 >0,6>0,e>0and2 <pu<e . Suppose that either:
0>0,b>0 0and2 < p s h h
(i) Assumption [I9(ii) holds, in which case we choose ¢ € (0, ‘/52_1) and ko € N
as in (EAD), or that

(i1) Assumption [L9(iii) holds.

Then Theorem[d holds and for all e > 0, there exists K. € N such that E[r,(x¥)?] <

€ where:

(1) if Assumption [I9(ii) holds, then
-1 —2
< 2p~ ' max{1,0°}
< K.

{d@@®, X + (A+B)(1+ )},

[(Quo+ D' P 4!

2 )

€

&e {In
> 2N < 12max{1, 6 *} max{1, 65"}
k=1

li=p2d(z”, X*) ' + p 2 (A+ B (1+J)° + 1.

99



(7t) if Assumption[I9(iii) is satisfied then

2p tmax{1,0'} 0 2 17,4
< ) d X* I
TR M D &
- 1+b
K, Inf(Que + et} 4t
ZszS 12max{1,9_1}maX{1,902}{ [( )2 ]} H |,
k=1 ‘
B 17204@4

(1) !

We now turn our attention to the distributed solution of a Cartesian SVI for
a large network (m > 1). If a decentralized sampling is used, then higher order
factors of m appear in the convergence rate and the complexity estimates. The
next results shows that if, in addition, a deterministic and decreasing sequence
of exponents {b;}7, and an approximate estimate of the network dimension m is
coordinated, then the convergence rate is approximately independent of m and the
oracle complexity is proportional to m (that is, a performance similar to the case

of centralized sampling in terms of dimension).

Proposition 10 (Oracle complexity linear in the size of network). Under As-
sumptions I2{19(i) with Assumption [I74(i) (centralized sampling), the results of
Proposition[§ hold.

Consider Assumption [I7(ii) (decentralized sampling). Let {b;}", be a positive

sequence such that

(4.53) Nig = [0 ()2 + o) (e + )]
(4.54) by >b;+2In(i+ 1) —InS and 6; ~0m,Vi € [m],

orany >0,a>0,5S>1,¢>0,2<pu; <e'. Choose ¢ c O,\/g’1 and let ko
2

be the minimum natural number greater than e — pimin + 1 such that

2cCH &
(4.55) ko > l Tpa

1/a
- 1 — Mmin 1.
¢€min bminnmin‘| N’ +

Define X := 2c6*C, v:=2+a, Ay =3, % and

2262 m 1 2
B,, : > -5
(]- + 2bmin)(,umin - 1)1+2a 1n(/jlmin - ]-) i=1 92 [ln(ﬂmin - ]-)]bl
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Then Theorem [Q holds and for all € > 0, there exists K := K. € N such that
Elrqo(z%)?] < € and

1 —2
< 2p ' max{1,0*} ‘
- K
4 - 31aSmax {1,072} max{Omaxmaxo (r*)%, 1}P(2*)1(x*)

K m
ZZ2N]€,Z§ e2+ta ’

k=11i=1

(4.56)

{2° = 2> + (A + Bn) [1 + (=)},

1+b1

Is(a:*) = {ln {(Qoo(a:*) + 1)671}} ,
(a™) = (207" [|2° = 2*||* + (207")" (A + Br)” [1+ J(z"))” + 1,

where the subscripts “min” and “max ” refer, respectively, to the minimal and mazx-

imal terms of the corresponding sequences.
Proof. In the sequel we will use the following estimate. For any k£ € Ny, a > 0,
0<b<1,u>1,

/OO dt < { 1 1 }
et pFen(+ ) = U alk+ @) v m)ebntk+ ol f

(4.57)

For ¢ € (0, @) we look for ko satisfying (£43]). Since N} is an harmonic
average of {Ny;}™; and Ni; > OminNmin0 (2%)2(k + fomin) T [I(k + fmin)] o= for
all i € [m], we get from (Z.57):

1 1
- = er;ilnnr;ilna('r*>i2
kgl;o Ni kgo (K + fmin) T (K + fin )] HOomen
-1, -1 *\—2 -1, -1 *\ —2
(458) < eminnmina(l‘ ) S eminnmina(x ) ’

o (kO - 1 + ,Umin)abmin[ln(ko - 1 + ,umin)bmin] (kO - 1 + Mmin)abmin

if ko > e — pimin + 1. In view of ([A58) and ([@43)), it is enough to choose kg as
the minimum natural number greater than e — i, + 1 such that the rightmost
expression of (A58 is less than ¢/D(z*). Taking into account the definition of
D(z*), it suffices to choose k¢ as in (Z.53]).

Next we estimate the value of Qu.(z*). Recall that
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The definitions of D(z*), A, af® and by® imply

9—1

D(z*)as® + D(z*)*by° < A +
( ) 0 ( kZ>OZ21 k+ 1+a(1 (k/’+lﬁ))1+bl
) m 9471 2
4.59 A .
) g} [; (k4 i) eIk + paq) )1
The first summation in (£359) is bounded by
. 0, dt u A A
4.60) A < / — =T
(4.60) Zﬂg k‘+m )it Z t+ﬂ (t+ i)+ ;@a(ﬂi—l)“ 0
In view of (A11), the second summation in (£5Y) is bounded by
;10
A2 —
;;% kA4 fianin) 2120 [I0(k + pipgin ) |20t
A2 { m 1 }2 B,,
461 <X _. Bm
(461) v ; i [In(fmin — 1)]% 62

where ¥ 1= (1 + 2bwin) (fmin — 1) 72 In(ptmmin — 1). From Theorem 00, (£59)-(£61)
and the definitions of Q. (z*), J(z*), A,, and B,,, we obtain (Z.50]).

We now prove the bound on the oracle complexity. Using the facts that K <
Qoo(z*) /€ and p; < €', together with the definition of Ny ; we obtain

> iQNk,i <> i {9 nio(z)2(k + ) (In(k + ;) + 1}

k=1i=1 k=11i=1

< 2max{fmaxttmaxo ("), LK Y- (K + ) (In (K + p) ™ 4 1]

i=1

< Mo ()2 1Y (K + ) (In (K + p)) ]

i=1

LS (n (Quta)e ) ™

i=1

(4.62) < 4P

using the fact that 1 < (K + ;)" (In (K + ;)" ™" for i € [m] in the third

inequality and defining ® as max{fyaxnmaxo(z*)?, 1} in the rightmost expression

of (A.62).
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Set h := In(Qu(x*)e™! +€7) with h > e for sufficiently small ¢ > 0. By

definition of {b;}7*, we have, for i € [m],

. o b1
2In(i+1) —InS o< Sh

L by > b+ 2In(i+1) — InS > b, .
(463) b2 bi+2In(i+1) —InS = b+ mh Gt 1)

It follows from (A.63)) that

4.64 - Kb < Sph - < Shb.
(464) ; - ; (i+1)2 7~

From (&862), the bounds (E59)-(EG6I), @G4) the definitions of h, P(z*), 1(z*),

Qoo (%), J(x*), A,, and B,, and the relation (z+y+2)?Te < 31Fa(g2taqy2taq ;2+ae)
we obtain the required bound on Zle Yoty 2N . O

Remark 7 (Few initial iterates and complexity of O(m)). We remark that for
the choice of parameters (4.53)-(£54)), we have 6,,, ~ 6m so that A, < !

m ~ a(ﬂmin_l)a

and B, < ——L~m5r. Also, byin < by +1nS — 2In(m + 1) so that it is enough to

(ﬂmin*1)1+2a

choose b; > 2In(m+ 1) —In S, which is reasonably small in terms of m. Moreover,

R~ < g Hence, in view of (AEH), k¢ is approximately constant
and small for m > 1. Finally, the bound on the oracle complexity in Proposi-
tion [0 is of order max{1, 0 2 }maxmax < max{f, 0~ G20 vmn .. that is, it is
linear in m. Moreover, the sampling is robust in the sense that the convergence
rate is proportional to max{1,0 2} and the oracle complexity is proportional to
max{6, §~3+201 We remark that improvements can be achieved if a coordination

fimin ~ € ' is possible (given a prescribed tolerance € > 0).

For simplicity we do not present the analogous results of Proposition [@ for the
case m > 1 under Assumption [9(iii). In that case, the estimates depend on

d(2°, X*) and on smaller exponents of 6.

4.3.1 Comparison of complexity estimates

A merit function for VI(T, X) is a non-negative function f over X such that
X* = X N f710). Next, we briefly compare our complexity results in terms of
the quadratic natural residual, given in this section, with related results presented
in the literature in terms of other merit functions for the stochastic variational

inequality.

103



Given a compact feasible set X, the dual gap-function of VI(T, X) is defined
as G(z) := sup,ex(T(y),z —y) for x € X. In [42 20, [76, [77], a rate of con-
vergence of O(1/v/K) is given in terms of the expected value of G' in the case
in which X is compact or, in the case in which X is unbounded, in terms of
the relaxed dual-gap function G, shown in (I0). In the case in which X is
compact, the dual gap-function is a modification of the primal gap-function, de-
fined as g(z) := sup,ex(T(x),r —y) for x € X. Both the primal and dual
gap-functions are continuous only if X is compact. A gap-function suitable for
unbounded feasible sets is the regularized gap-function, defined, for fixed a > 0,
as go() == sup,ex {(T(x), z — y) — §llz — y||*}, for x € R™. The regularized gap-
function is continuous over R™. Another option is the so called D-gap function.
It is defined, for fixed b > a > 0, as gup(z) := gu(z) — go(2), for x € R™. It is
well known that g,;, : R® — R, is a continuous unrestricted merit function of
VI(T, X), ie, X* = g, £(0). Moreover, the quadratic natural residual and the
D-gap function are equivalent merit functions in the sense that, given b > a > 0,
for all z € R, rp-1(2)? < gap(x) S 1a-1(2)? (see [27], Theorems 10.2.3, 10.3.3 and
Proposition 10.3.7). These properties hold independently of the compactness of
X. An immediate consequence is that the previous complexity analysis, given in
Theorems [IOHIT] and Propositions in terms of the quadratic natural residual,
are also valid in terms of the D-gap function. In this sense, our rate of conver-
gence of O(1/K) in terms of the D-gap function improves over the rate O(1/vVK)
in terms of the dual gap-functions analyzed in [42, 20, [76], [77].

From Proposition [§, if Assumption [9(ii) holds, then the algorithm perfor-
mance, in terms of convergence rate and oracle complexity, depends on a z* € X*
such that Q(z*) := o(z*)? MaxXg<p<ko(z) B[] 2" —2*||*]* is minimal, that is to say, we
have a trade-off between variance of the oracle error and distance to initial iterates.
We also remark that the sampling rate N}, possesses a robust property: a scaling in
the sampling rate by a factor 6, keeps the algorithm running with a proportional
scaling of max{1, 62} in the rate and max{6, #—3} in the oracle complexity (see [60]
for a discussion on robust algorithms). From Proposition [, when the variance is
bounded by o2 over X*, the estimates depend on Q := 0% maxo<p<p, E[d(z*, X*)2]?
and kg is independent of any x* € X*. When the variance is uniform over X, the

estimates depend only on d(z° X*) and a scaling factor 6 in the sampling rate

104



implies a factor of max{1,0~'} in the rate and of max{f,#'} in the oracle com-
plexity. Interestingly, in the case of a compact feasible set, the estimates do not
depend on diam(X), as in [42], 20], but rather on the distance of the initial iterates
to X*, which is a sharper result. In the case of networks the same conclusions hold,
except that the dependence in the dimension is higher if a centralized sampling is
used. From Proposition [10] if a distributed sampling is used and a coordination
of a rapid decreasing sequence of positive numbers is implemented (in any order)
then the oracle complexity depends linearly on the size of the network.

We briefly compare our convergence rate and complexity bounds presented in
Propositions B and [@ with those in [20] (Corollaries 3.2 and 3.4). In [20], for a
compact X and uniform variance over X, the convergence rate obtained in terms
of the dual gap function is of order L diam(X)?K~! + o diam(X)K~'/2, and the
oracle complexity is of order L diam(X )21 + o2 diam(X)?¢~2. For an unbounded
X with uniform variance over X, the convergence rate in terms of gap function
(EI0), is of order L||2° —2*||2 K~ 4 o||2° — 2*||2 K ~/2, while the oracle complexity
is of order L||z° —x*||?e 7! +0?||2° — 2*||*¢~2. In the estimates given in Propositions
BRI, the “coercivity” modulus p~! introduced by the extragradient step behaves
qualitatively as L. We improve on the rate of convergence to O(1/K) with respect
to the stochastic term o/ V'K by reducing iteratively the variance, while preserving
the complexity performance in terms of o and € (up to first order logarithm term).
Differently from [20], our analysis is the same for a compact or unbounded X, in
the sense that the same merit function is used. For the case of a compact X, our
bounds depend on d(x°, X*) rather diam(X) as in [20], which is a sharper result.
In the case the variance is uniform over an unbounded X, our bounds depend
on d(z%, X*) instead of ||x° — x*|| for a given z* € X* as in [20], which is also a
sharper bound. We analyze the new case of non-uniform variance, which has a
similar performance, except that the estimates depend on a point z* € X* with a
minimum trade-off between variance o(z*)? and distances to a few initial iterates.
Moreover, we include asymptotic convergence, which it is not the case in [20] (see
Example [T]).

Finally, we discuss error bounds on the solution set. It is well known that
important classes of variational inequalities admit the natural residual as an error

bound for the solution set, i.e., for all @ > 0, there exists § > 0 such that for
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all z € R™ with r,(z) < 6, there holds d(z, X*) < r,(x). This property holds,
for example, for (i) semi-stable VIs, (ii) composite strongly monotone VIs such
that X is a polyhedron, (ii) VIs such that 7" is linear and X is cone (see [27]).
Item (ii) includes affine VIs and strongly monotone VIs. Item (iii) includes linear
homogeneous complementarity problems and linear system of equations. When
such property holds, the results of Theorems [TOHIT] and Propositions BHIO provide
other classes of SVI for which convergence of O(1/K) holds in terms of the mean-
squared distance to the solution set. In the previous literature, such property was

shown only for strongly pseudo-monotone or weak-sharp SVIs on a compact set.

4.4 Appendix of Chapter (4

Proof of Lemma

Proof. Set A := D(a)™! for a = (o)™, € R”,. We first prove that Il = T¢ a.
Indeed, let = = (z;), and set & := [lg(z) with & = (Z;),. It is not difficult to
check, using Lemma [II(i), that Z; = Ilg,(z;) for ¢ € [m]. Given y = (y;)*, € C,
we use the fact that a; > 0 and Lemma [{(i) with #; = ¢, (z;), y; € C; for every
i € [m], in order to obtain (x — %, A(y —2)) = 20", o Na; — 24, s — 2:) < 0. Again
by Lemma [Ii(i), we conclude that & = Il 4(z) as claimed.

The required statement follows immediately from Lemma [Ii(iv) and the fact
that Ilc = Il a. ]

Proof of Lemma

Proof. Let 2* € X*. In order to simplify the notation, define F(ef, z%) := T'(2*)+k
and y¥ := ¥ — D(ay)F(€k, 2%), so that, 2¥+! = II(y*). For every z € X, we have

25 — 2] = |[TI(y*) — ]®

< ly* = =l* = lly" = ")

= ||(a" = 2) = D(aw) F(e5, 2)|I° = | (a" — 2**') — D(u) F(e5, M)
= [|l2* — al|* — [l — 2" + 2w — 2", D(au) F (e, 2))
= [|l2* — al|* — [la* — 2" + 2z — 2*, D(aw) F(e5, 24))+
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2(F — M D(ag) F (5, 7)) = Jla* — 2 = |I(2" = =) + (5 — ")+
2(zF — 2" D(ay)F(€r, 2%)) 4 2(x — 2*, D(ay,) F (€, 2*))
k Zk”2

. sz . 'rk+1H2

= [la" —z* — [|l=
—2(ah — 2 R — Y 22k — 2P Doy ) F (e, 27))+
2(z — 2", D(cw) (e}, 2¥))
k Zk||2 o || k —l‘k+1||2+

= [la" — 2* — [|l= z

(4.65)  2(z" — 2% 2k — D(ay)F (e, 2%) — 2%) + 2(x — 2, D(oy) F (b, 2%)),

using Lemma [II(ii) in the inequality and simple algebra in the equalities.

Looking at the fourth term | := 2(z"*' — 2% 2% — D(oy)F(e5, 2%) — 2%) in
the rightmost expression of (EL63]), we take into account (L7T) and the fact that
F(ek, 2F) = T(z%) + €&, and then we apply Lemma (i) with C' = X, z = 2% —
D(a)(T (%) + €}) and y = %1 € X, obtaining:

| = 20z — 2% 2% — D(og)(T(2%) + €F) — 2F) +
(4.66) 22" — 25, D(aw) - [(T(a") + €f) = (T(2F) + €5)])
< 2D () [l = (T () + &) = (T(@) + D)),

using Cauchy-Schwartz inequality. Next we apply Lemma [l(iii) to (@7)-(ZS),

obtaining
la"t =M = fa* — D(aw)(T(") + e)] = Ma* — D(ag)(T(a") + €)]]
(4.67) < ID(@)lI(T(=") + e3) = (T(=") + ).

Combining (£60) and ([A67) we get

I < 2D(a) IPI(T (") + €3) — (T(2") + D))
(4.68) < AD(e)IPIT (") = T(@")|* + 4l Do) [*le — €|

< AL D(aw)[IPll2" — 2*|* + 41 D) [Plles — €1,

IN

using the fact that (a + 0)? < 2a® + 2b* in the second inequality and the Lipschitz
continuity of 7" in the last one. We set z := 2* in (A653]). Looking now at the last

107



term in the rightmost expression of (AGH]), we get

2(x* — 2F D(ak)ﬁ’(eg, zk)) = 2(z" — 2F D(ak)(T(zk) + e];))
(4.69) = 20z — 2%, D(ap)T(2%)) + 2(a* — 2*, D(ou)eb)
)

< 2 — 2% D(ay)eb) =: Uy,

using the fact that (z* — 2%, D(ay)T(2*)) < 0, (which follows from Assumption I3
the facts that z* € X* and zF € X and Lemma [3) in the last inequality of (Z69).

Combining (£.60), (£68) and ([A69), we get

L e [ e E el o
AL D(a) IP[l2" = 2*(1* + 41D (o) |[*l€; — €1 +
(4.70) < " = al® = pell2® — 2*17 + 81 D) II*(Nle]* + Nexl®) + Ir

using the facts that || D(og)|| = Gk maxs px = 1 —4L%03 . and (a+b)* < 2a” +2b°.
Recalling that 2% = H[z* — D(ay)(T(z*) + €¥)], we note that

Fa(#)? = ||z = T[z* — D(e)T(a")]|?
< 2fla* = 27+ 2| — D(ag)(T(2*) + €))] — T[a" — D(ay)T(a")]||*
(471) < 2fa® = 287+ 20D () Pl €11,
using Lemma[I[(iii) in the second inequality. From (L70), [@.71), || D ()| = ok max

and definitions (£I13)-(£I14) and Jy = Myii(2*) — Mi(z*), we get the claimed

relation. 0

Proof of Lemma

Proof. We first prove the result under Assumption [[9(i)-(ii). Consider first item
1). Assume first that m > 1 and take i € [m]. For 1 <t < N;, define Uf € R™ by

Uzt = i Fi(éjm a];\>fl_ CFZ(:C))

J=1

with real components Uy, ..., U}, ;. Defining U? = 0 and the natural filtration

G = o0&y, .., &) for 0 < ¢t < N, then each {Ulfi,gt}i\go for I € [n;] defines
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a real valued martingale (since it is a sum of V; independent mean-zero random

variables) whose increments satisfy

< MEE,2) — T, < o@) A+ flz—a])

Ut' _ Ut~_1
’ l,i 1,1 p —= Nz ]\]—Z ;

_ ‘Fz(&,x) — T)(x)
N;

P
by Assumption Hence, for [ € [n,]

< Gpo(@) (LA [z —a™])
P vV Nz ’

which follows from the BDG inequality (3]). For each i € [m], vaj, e U,]LVZ are the

real components of ¢;(x) € R™. Hence, since ¢ > 1, from Minkovski’s inequality

and ([L72) we get:
(4.73)

[e@)Ill; = [lle@)?], < iz

(4.72) vy

N.
‘Ul,/

2 ™ 2n; . X

< (SR ewratie- s,

a i=1 Vi
using (a + b)? < 2a® + 2b%. The first claim follows from (ET3)) with A = 2n. If
m = 1, the same proof line holds with A = n, since relation (a + b)? < 2a* + 2b?
is not required.

We now prove item 2). Suppose that m > 1 and that {§;; : 1 <i <m,1 <

Jj < N;}isiid.. We have

(4.74) (v, D(a)e(@))], < [0 ID()[[le(z)

],

by Cauchy-Schwarz inequality. The claim follows from (AL73) and (AT4) with
B = 2n.

We now prove item 3). Suppose that m =1, or m > 1 with N; = N, §;; =¢&;
for all i € [m]. Define U' := (Ut,...,UL) and W, := (v, D(a) - U"). Observe that
{(Wy, Gy}, defines a real valued martingale with the filtration G; := o (&5, ..., &),

since it is a sum of N i.i.d. random variables. Its increments |W; — W;_4|, are equal

to
x)—T(x v|||| D(c F(x)—T(x
<U,D<Q>F<ft, )= >>p < FNP@INIFE T,
(4.75) < ||v||||D(oz)||o(:v;‘\2(1+||a:—x*||)’

109



using Cauchy-Schwarz inequality in the first inequality and Assumption [[9 in the
last one. Hence, from (A7H) and the BDG-inequality (B]), we get the claim with
B =1 (in this case N’ = N).

The proof of the bounds under the stronger Assumption [T9(iii) is essentially

the same with sharper bounds on the increments, and so we omit it. O
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Chapter 5

Stochastic extragradient methods

with line search

The estimation in SA methods is measured by the oracle error. This is the map
€: 2 x X — R? defined by

(5.1) e(,x) = F(g,a) = T(x), (€€ZweX).
For p > 2, the oracle error’s p-moment function is defined by
(5.2) op(@) = {JE[le(2)|F]  (z€X).

In the deterministic case, assumptions on the operator 7' provide local surrogate
models to establish the convergence of methods which solve VI(T', X). In order to
define and analyze SA methods, assumptions on the variance o(-)? := o9(-)? (or
even higher order moments) are as important as assumptions on 7. This is because
local surrogate models also need the estimation of T from the SO. In that respect,

we will consider Lemma [I] which is a consequence of the following assumption.

Assumption 1 (Heavy-tailed Hélder continuous operators). Consider definition
(@). There exist 6 € (0,1] and nonnegative random variable L : = — R such that,
for almost every £ € =, L(§) > 1 and, for all z,y € X,

1F(€, x) = F& )l < L&)l —yll’.

Define a:=1 if X is compact and a := 2 for a general X. We assume there exist
z, € X and p > 2 such that P [||F(-, z,)||*’] < oo and P [L(-)*] < co. We define
L:=PL(:) and L, := ¢JP[L()q] + L for any ¢ > 0.
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Lemma 1 (Hoélder continuity of the mean and the standard deviation). Consider
definitions (B1)-(B2), suppose Assumption [ holds and take q € [p,2p] such that
the integrability conditions of Assumption[d are satisfied. Then T is (L,d)-Holder
continuous on X and o,(-) is (Ly,0)-Holder contz’nuou:ﬂ on X with respect to the

norm || - ||

From a practical point of view, our statistical analysis will be built upon the
standard assumption of an unbiased oracle with i.i.d. sampling (UO). In the rest
of the paper, it will be convenient to define the following quantities associated
to an iid. sample &V = {£}Y, drawn from P. Recall definitions (I and
(BI). We define the empirical mean operator and the oracle’s empirical mean
error associated to £V, respectively, by

R 1 N 1N

F(eN x) = F(&, ), €(¢ _NZ€§], : (x € X).

j=1 j=1
(5.3)

The main purpose of this chapter is the introduction of an extragradient method
with a line search for determining the stepsizes, as was done by Khobotov [47] and
by Iusem and Svaiter [39] for the deterministic case. The introduction of such
a line search has two goals. First, it allows the method to deal with problems
where the Lipschitz constant of the operator T is inexistent, unknown, or too
large, in which case the stepsizes become too small, with a significant detrimental
effect on the convergence rate. It also improves over the alternative of “small”
exogenous stepsizes, (i.e., a summable sequence {ay}), considered in Chapter [3]
which has also a very detrimental effect on the convergence. The intuition is that a
line search provides a procedure which uses the information available at iteration
k in order to determine the largest possible value of the stepsize «; for which
the convergence properties of the algorithms can be ensured. The prototype of
the line search is the Armijo search applied to the steepest descent method for
unconstrained optimization problems, adapted to the VI problem in [47] and [39].
It is widely recognized that the Armijo search substantially enhances the numerical
performance of the steepest descent method, compared with the variants which use

exogenous stepsizes, be it summable ones, or dependent on the Lipschitz constant.

"We say T is (L, 6)-Holder continuous if ||7'(z) — T(y)| < L||z — y||° for all z,y € X.
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All these nice properties make the extragradient methods with line search we

propose more implementable.
Algorithm 5 (The stochastic extragradient method with line search).

1. Initialization: Choose the initial iterate 2° € RY, parameters &,0 € (0, 1],
S (0, 2%/5) and 3 € (0,47 Y, the sample rate { N} C N and the sequence
{or} € (0,00).

2. Iterative step: Given iterate x*, generate sample & := {ff};vz’“l from P.
Then compute F(€F z%) = Nk_lzﬁyjl F(&F %) and r* = 2F — [z~ —
GF(Ex, 2F)]. Set

0, if 7] >0,

5;?%, for any 2% € X such that 2% # ¥, if ||| = 0.

d¥ =
(5.4)

Line search rule: define oy, as the mazimum o € {6*@ : £ € {0} UN} such
that

(5:5) | F (&) = F (6525 +d") | < All* (@) = (@F + dY)]),
where, for all a € (0, @],

(5.6) ) =10 [2* +d* — a (F(&F,2%) + pd)]

and F (&5, 28(a)) == NV S F(€F, 24(a)).

Extragradient step: Generate sample n* := {n ;V:kl from P and set

(5.7) o= H[ah — P, 2%)]
(5.8) 25T — 11 [xk N akF(nk, zk)} _

Note that if T" is Lipschitz continuous with constant L, Algorithm [ recovers

Algorithm [ in Chapter @ if we set 0 < infy ap < sup, o = & < 1/2L (i.e., the

line search rule (B.) is satisfied in the first iteration with oy := &).
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Remark 1 (Initialization of the line search rule). We make a remark regarding
the exogenous parameters (3 and {5} and the endogenous sequence {d*} defined
in Algorithm [3. By the definition of d* in (5.4) and converity of X, we have that,
for all k € N,

(5.9) |d¥|| < 6, o +d"e X
Moreover, it can be shown that, if 3 € (0,&™Y], then, for all a € (0,4] and k € N,
(5.10) 12%(a) — (" +d*)] > 0,

where 2¥(a)) is defined in (5.6) (see the proof of Lemma [I8 in the next section).
In fact, the rule (5.4) chosen to update d* could be replaced by any rule satisfying
(7)),

The purpose of B, {0} and d* is solely to initialize the line search rule with a
well defined direction. In deterministic regimes, this is not needed since if r* =0
(see Algorithm [3), 2% is an exact solution and we can stop the algorithm. In our
framework, we use a sampled-based line search scheme so that the termination
criteria is generally not clear. By choosing B3, {61} and d* as above, the sampled-
based line search rule (B.H)-(5.6) is always clearly specified and terminates in a
finitely number of iterations. The direction d* serves merely as a small perturbation
to address the case r* = 0. Since ||d*|| < & holds for all k, we can set &, — 0
in any desired rate so to correct iteratively such small perturbations. In this way,
the optimality of the iteration and oracle complexities of Algorithm[3 are unaltered.

We refer to the convergence analysis in the next section for further details.

Remark 2 (Intuition for the line search scheme). The stochastic approzimated line
search (5.5) is motivated by [47]. We make some comments for the case d* = 0
(see Remark[Il). Using definition (Z9)), (B.5) can be rewritten as

@) [F 4 ) - F e t) | < A7)

where Hy := F(€,-). Provided that ro(Hy;2*) # 0, the line search tests (5.49)
for decreasing o« € (0,4]. The idea is that the right hand side of (5.49) does
not increase by Lemma [4) while the left hand side tends to 0 by continuity of the
operator. Hence, (549) will hold eventually.
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We now present the stochastic hyperplane projection method.
Algorithm 6 (The stochastic hyperplane projection method).

1. Initialization: Choose the initial iterate 2° € R", parameters B > B > 0,
A€ (0,1), & € (0,1] and 0 € (0,1), the step sequence {f} C [5’,5’], the
sample rate {Ny}.

2. Iterative step: Given x*, generate samples ¥ := {§f}jvz’“1 of €.
If o8 =11 {xk — ﬁkﬁ’(fk, xk)} stop. Otherwise:

Line search rule: Find the mazimum o € {076 : j € Ny} such that
(5.12) (F (¢, 7)), 2" —11(g")) > 5l = 1),

where gF := xF — B F (€%, 2%) and for all a > 0, 2() 1= all(g%) + (1 —a)z".

Denoting by oy, > 0 the above maximum value, set

(513)  Fi=2 (o) = aull[ah — BF(ER M) + (1 - ap)a®,
(5.14) "= I [xk — ykﬁ(fk,zk)} ,

where 7y, = <ﬁ(§k, 2R, ok — 2k> : ||F’(§ka )72

Set y¥ := ¥ — %F’ (&, 2%). We remark that, as in the deterministic hyperplane
projection method of Tusem-Svaiter [39], z**! is the projection of z* onto the
hyperplane Hy, := {z € R" : (F(F,2F), 2 — 2*) = 0}, or alternatively onto the
halfspace Ly, := {z € R" : (F(¢* 2F),z — z*) < 0}. In the deterministic case,
the monotonicity of the operator implies a crucial fact used in the convergence
analysis: if the method does not stop in finitely many iterations then z* ¢ L* and
HF strictly separates the solution set X* from the iterate x*, which entails a strict
Fejér relation. In Algorithm [, we still have z* ¢ L*, but the separation property
is no longer valid, since a solution z* € X* may fail to belong to L* if the angle
(e(&k, 2%), " — %) is positive. Nevertheless, a recursive relation can be obtained

to control this infeasibility of the solution to L* in terms of (e(&¥, 2%), a* — 2F) (see
Lemma 200).
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Remark 8. For simplicity of presentation, we have not introduced a initialization
for the line search rule in method [@. A similar adaptation can be introduced in
methodlfl so that a more implementable stopping rule is used than the one presented

in such method.

A significant difference between Algorithms 6 Bl and Algorithm [3in Chapter @l
is that the stepsize a; obtained in the line search depends on the sample €*. The
inevitable consequence is that the errors {ék e} in Algorithm [ and €% in Algo-
rithm Bl do not induce martingales. This complicates considerably the convergence

analysis requiring other statistical tools (see Theorem [I2)).

5.1 An empirical process theory for DS-SA line

search schemes

If L in Assumption [Ilis known then the analysis of SA methods with the CSP can
exploit the fact that the oracle error’s define a martingale difference. This type
of errors can be controlled in a relatively straightforward way (see Lemma [T5 in
Section [(.1.3). The main objective of this section is to prove the following theorem.
This is will the most sensitive part of our analysis and it is the cornerstone tool to
handle nonmartingale-like oracle errors obtained when stepsize DS-SA line search

schemes are used to estimate an unknown L.

Theorem 12 (Local bound for the £P-norm of the correlated error in DS-SA line
search schemes). Consider the SVI given by (L2) and Definition [ with solution
set X*. Let &N := {&}IL, be an i.i.d sample drawn from P and let ay : 2 — [0, &]
be a random variable for some 0 < & < 1. Suppose that Assumption[1l holds, recall
definitions (B.J))-(53) and define 6, :=0 if § =1 and 6, :=1 if § € (0, 1).
Given (o, z) € [0,&] x X, we define
z (fN;oz,x) =11 {x—aﬁ’ (SN,x)} ,
and Zg(EN; o, 1) := az(EN; B, x) + (1 — @)z, given 8 > 0. Then the following holds:

(i) There exist positive constants {c;}}_, (depending on d, §, p and Loyé) such
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that, for any x € X and x* € X~,
c102p (%) + Loy [ 01V [lz — 2*|?]

\/N )

e (e” (Vs am )], <
where ZQP = CoLy + 3L, 4 cylo,.

(it) If X is compact, there exist positive constants dy and C, (depending on d, ¢
and p) such that, for any r € X and z* € X*,
Cpop(2*) + L} diam(X)°
N ;

(€ 2 s am )], <
where L; i=dyLy + pL,.
Up to universal constants, the same bounds above holds for ’H (SN Z8 f TN, X )H’

For further detail on the constants of Theorem 2], see Remark [ in Section
(.13l To prove Theorem [I2] we will crucially require intermediate results which
rely on a branch of statistics called Empirical Process Theory. Let {Xj}j-vzl be a
sequence of independent stochastic processes X, := (Xj)ier indexed by a count-
able set 7 with real-valued random components X,;. The associated empirical
process (EP) is the stochastic process T € t — Z; := Z X+ An essential
quantity in this theory is Z := sup,e; Z;. If T = {t}, then Z is simply a sum of
independent random variables. Otherwise, Z is a much more complicated object.
To understand Z, it is important to bound its expectation and variance. EPs arise
in many different settings in mathematical statistics [11].

We apply EP theory as a novel way to successfully analyze stochastic approx-
imated line search schemes. Referring to Algorithm B and Theorem 12, we have
28 = 2(€%; ay, 2%) and must control the correlated error €(€¥, 2(&%; oy, 2%)). Our
strategy is to construct an EP that locally decouples the dependence in €(&¥, 2¥)
between ¥ and 2* at the k-th iterationHy The intuition behind our decoupling
technique is that, although z* is a function of (¢¥, %), 2* lies at a ball B, centered
at any given x* € X* with radius of O(||z* — z*|| + ||€(¢*, 2%)||). Based on this
fact and that, by i.i.d. sampling, £&¥ L1 2*, we can decouple ¢* and z* using the

following guidelines:

2Recall that such dependence is produced by the need to evaluate ﬁ(fk, -) along the path

a + zF(a) in order to choose the stepsize ay. Analogous observations hold for (5I2): 2% =

ZBy (€k7 Ak, wk)'

117



(i) we condition on the past information F, noting that 2% € Fj, and ¢8 1L 1 F,
(ii) we then control an EP indexed by the ball By,

(iii) we further note that in item (ii) we must also control €(*, z*) which affects
the radius of the ball By. Nevertheless, since 2% € Fj, and &% L 1 Fy, e(&F, 2%)

is a martingale difference and, hence, easier to estimate.

The developed theory is presented in consecutive sections. The statistical pre-
liminaries used outside the proofs are carefully introduced so to make the pre-
sentation as self contained as possible. We refer to the excelent book [11] by S.
Boucheron, G. Lugosi and P. Massart, a standard reference in the area. A global
outline is as follows. Typically, if Z := sup,.; Z; for a stochastic process (Z;)ie,
an upper bound on E[Z] is derived under a suitable tail property on the incre-
ments of (Z;);e7 and chaining arguments [25]. In Section BT, we derive instead
an upper bound on |Z|, > E[Z] in Lemma [[3] The main reason to do so is that we
assume heavy-tailed random operators satisfying Assumption[Il As a consequence,
we will work with the square of sub-Gaussian random variables (see Definition ).
In Section B.1.21 we apply Lemma [I3] derived in Section [5.1.1lto obtain the general
Lemma [T4l This lemma provides an uniform bound over a ball on the L£P-norm of
empirical error increments of heavy-tailed Hélder continuous operators, the main
stochastic object in this work. Self-normalization (see [62] and Theorem [IH]), vari-
ance bounds (Theorem [I4]) and a simple decoupling argument based on Holder’s
inequality are also needed for that purpose. Finally, the proof of Theorem [12] is
given in Section B.T.3 It relies on Lemma [[4] the Burkholder-Davis-Gundy’s mo-
ment inequality for martingales in Hilbert spaces [13| [54] and the ideas of items

(1)-(iii) above.

5.1.1 The £2-norm of suprema of sub-Gaussian processes

In order to bound the expectation or the £2-norm of sup,.; Z; for a stochastic
process (Z;)ieT, it is important to understand the tail behavior of its increments
(Z¢ = Zy)wpyerx7- We will thus need the definitions of sub-Gaussian and sub-

Gamma random variables.
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Definition 2 (sub-Gaussian and sub-Gamma random variables). A random vari-
able Y € R is called sub-Gaussian with variance factor o? > 0 if, for all s € R,
InE {esy} < 22 A random variable Y € R is called sub-Gamma on the right

2
tail with variance factor o2 > 0 and scale parameter ¢ > 0 if, for all 0 < s < %,

InE {esy] < 2(01278:3)'

Hence, a random variable Y is sub-Gaussian if Y and —Y are sub-Gamma
on the right tail with scale parameter ¢ = 0. In order to compute £?-norms
under heavier tails, we will need also the following result which establishes that
the centered square of a sub-Gaussian random variable is sub-Gamma on the right
tail. It follows, e.g., as a corollary of Theorem 2.1 and Remark 2.3 in [33] in the

one dimensional setting.

Theorem 13 (Square of sub-Gaussian random variables). Suppose thatY € R is a
sub-Gaussian random variable with variance factor 0. Then, for all 0 < s < ﬁ,

E |[eV*] < 0% + (%55

One celebrated technique to understand sup,.r Z; for a stochastic process
(Zi)ieT is the so called chaining method (see e.g. [25]). This consists in ap-
proximating 7 by a increasing chain of finer discrete subsets. In this quest, the
“complexity” of the index set T plays an important role. This is formalized in the

next definition.

Definition 3 (Metric entropy). Let (7, d) be a totally bounded metric space. Given
0 > 0, a O-net for T is a finite set Ty C T of mazimal cardinality N(0,7T) such
that for all s,t € Ty with s # t, one has d(s,t) > 6. The O-entropy number is
H(O,T):=InN(9,T). The function H(-,T) is called the metric entropy of T .

In particular, for all t € T, there is s € Ty such that d(s,t) < 6. Note that the
metric entropy is a nonincreasing real-valued function. The next lemma establishes

the metric entropy of the Euclidean unit ball B of R? (see Lemma 13.11 of [L1]).

Lemma 11 (Metric entropy of Euclidean balls). Let B be the Euclidean unit ball
of RY. For all 6 € (0,1], H(6,B) < dln (1+}).

Hence, the “complexity” of B is proportional to d, an effect perceived in high-

dimensional problems. However, note that H(0,B) grows slowly when the dis-
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cretization precision # diminishes. This is a key property in order for the chaining
method to work.

Before proving the main Lemma [I3] in this section, we state one more needed
preliminary result. It bounds the expectation of the maximum of a finite number
of sub-Gamma random variables (see, e.g., Corollary 2.6 of [I1]). It is an essential

lemma while using discretization arguments.

Lemma 12 (Expectation of maxima of sub-Gamma random variables). Let {Y;},
be real-valued sub-Gamma random variables on the right tail with variance factor

0% > 0 and scale parameter ¢ > 0. Then

E{ max YZ} <V202InN +cln N.

i=1,..,N

Lemma 13 (£%norm of suprema of sub-Gaussian processes). Let (T,d) be a
totally bounded metric space and 6 := sup,cd(t,ty) for some ty € T. Suppose
(Z)teT 1s a continuous stochastic process for which there exist a,v > 0 and 6 €

(0,1] such that, for all t,t' € T and all X > 0,
vd(t, )2 \2

(5.15) InE[exp{\(Z; — Z)}] < ad(t,t')°\ + 2
Then
1 = {8H (027, T) +2y/H (0271, T)
5
ig’l;)Zt_Zto S (39) \/m 25_1 +i:21 2i6

2
Proof. We first note that the continuity of ¢ — Z; and separability of T imply
that, for any continuous function f, sup,.; f(Z;) is measurable since it equals
sup,er f(Z:) for a countable dense subset 7" of T.

Set Ty := {to}. Given i € N, we set 0; := §27* and denote by 7; a ;-net for
T with maximal cardinality N(6;, 7). We also denote by II; : T — 7T; the metric
projection associated to d, that is, for any ¢ € T, IL;(t) € argming, - d(¢,t'). By
the definition of a net, we have that, for all ¢t € T and i € N, d(¢,11,(t)) < ;. By
the triangular inequality, this implies that for all t € 7 and i € N,

(5.16) A(TL (1), T 1 () < 0; + 0,01 = 3041

For any ¢t € T, lim;_,, I1;(t) =t and T1y(¢) = to imply that

Zy = ZtO + Z(Zni+1(t) - ZHi(t))'
j=0
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In the following, we denote A;(t) := Zm,, ) — Zm, ) for all i € Nand ¢t € T. The
above equality implies that (Z; — Z;,)* = 35% S22 Ai(t) Ax(t). Hence,

S E

sz - 27| < S35 [ (a)2000)]
teT i—0 k=0 Lt€T
< S sl - up 15ce)
- 2
(5.17) = [ sup|A ] ,
=0 teT 2

using Holder’s inequality in the second inequality.
Fix i € N. Since N(0;,7) < N(0i41,T), we have that

(5.18) {0 (), 1 (8) 1 £ € TH < N(Bpay, T)? = e2100),

Relations (5.15) and (5.16) imply that, for all ¢ € T,

d (IL(1), iy (1) N2 N2
B [0] < ad (), Moy ()7 A + SHEOZ LT gy 2
where we have defined a; := a(30,,1)° and v; := v(36;41)%. The above relation

implies that, for all t € T, A;(t) — a; is sub-Gaussian with variance factor v;. This,
Theorem I3 the bound A;(t)? < 2[A;(t) — a;]* + 2a? and the change of variables
A — 2\ imply that, forallt € T and 0 < A < ﬁ,

4o \?

AA; ()2 2 .
(5.19) InE [e } < 2(a; +v;)\+ =100’

that is, for all ¢t € T, A;(t)? — 2(a? + v;) is sub-Gamma on the right tail with
variance factor 8v? and scale parameter 4v;. Relations (5.I8)-(5.19) and Lemma
imply further that

E [sup Ai(t)Q] < 2(a? +v;) + \/2 802 - 2H (041, T) +4v; - 2H (0341, T)
teT

< 2-9%(a® +v) [93£1 912—?—1 8H (041, T) + 491+1H(0i+1’ T)] :

Taking the square root in the above relation we get

(5.20)
ig]p ‘Al<t>| < 35 V (CLQ + U eirl + 9@+1 \4/ 8H l+17 _'_ 292+1 V H(9i+17 T>:| :
2
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We now take the square root in (.I7) and use (L20), valid for any ¢ € N,

obtaining

sup Zy — Zy,| < 3°4/2(a? + ) [Z 95+295\4/8H (0:,T) + Zefx/H(eiaT)] :
teT 9 i—1 i=1
To finish the proof, we use §; = 627 and 3.3°, 0 = 75— in the above inequality. [

5.1.2 Heavy-tailed Holder continuous operators: self-normalization

and sup-norms

N )

We will now focus on bounds of EPs associated to sums of the form z Zj»v:l
where {¢;}), is an i.i.d. sample of P and F: Z x X — R? satisfies Assumption
[l The main result proved in this section is Lemma 14l Its proof will need Lemma

and the following theorem (see Theorem 15.14 in [I1]).

Theorem 14 (L%norm for suprema of EPs). Let {X;}}., be an independent se-
quence of stochastic processes X; 1= (X, )ier indexed by a countable set T with
real-valued random components X, such that E[X;,] = 0 and E[X7,] < oo for all
t €T and j € [N]. Define Z := sup,cy ‘Zj-vlej7t‘ and

M sl =Y B

Set Kk = < 1.271. Then, for all ¢ > 2,

e
2(ve-1)
12|, < 2E[Z] + 2v/2kq5 + 4\/Kkq| M|, + 20rkq|M] .

In order to cope with a heavy-tailed L(¢) in Assumption [, we will need Theo-
rem [I5] a result due to Panchenko (see Theorem 1 in [62] or Theorem 12.3 in [I1]).
It establishes a sub-Gaussian tail for the deviation of an EP around its mean after
a proper normalization with respect to a random quantity V. In our set-up, the
standard Holder continuous assumption turns out to be sufficient to estimate this

quantity.

Theorem 15 (Panchenko’s inequality for self-normalized EPs). Consider a count-

able family G of measurable functions f : = — R such that Pf(-)?> < oo. Let
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{&}11 and {n;};L, be i.i.d. samples of P independent of each other. Set

51,...,5]\7}.

Then there exists an universal constant ¢ > 0 such that, for all t > 0,

P {Y —E[Y]>c/V(1+ t)} VP {Y —E[Y] < —cy/V(1+ t)} <e™

Finally, before proving Lemma [T4] we will need Theorem [I6 which is a standard

N

Yi=sup> f(§), and V:=E {SUPZ [£(&) — f(m))?

feg j=1 feg j=1

tail characterization of sub-Gaussian random variables. Theorem 2.1 in [I1] gives
a proof for the case E[Y] = 0. The adaptation for the general case is immediate
using the facts that E[e=™] > ¢ V] by Jensen’s inequality, the integral formula

E[Y] <E[V| = [FP(V] > t)dt and f"e 7 dt = /3.

Theorem 16 (Tail characterization of sub-Gaussian random variables). IfY € R

s a random variable such that, for some v > 0 and for all t > 0,
IP{Y/ > \/21}1&} \/IP){Y/ < _\/21)15} <et
then, for allt > 0, we have InE {etq < oV B tsut

We now prove the main lemma of this section. It uses Lemma [I[3land Theorems

L4H16l

Lemma 14 (Local uniform bound for the £7-norm of empirical error increments).
Consider (L2) and let &N = {fj}jvzl be an i.i.d. sample from P. Suppose that
Assumption [ holds and recall definitions (B.1))-(0.3]). Given z, € X and R > 0,

we define

(5.21) Z:=  sup HE(&N,Q:) — (&N, ).
z€B[z+, RINX
Then
7] 39\/dL, R’
p ~Y

\/S<\/§5— 1> +/pL2 + pL, N
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Proof. A first step is to rewrite Z as the supremum of a suitable EP and use
Theorem [[4l In the following, we define the set Bx :={u € B : z, + Ru € X} for
z, € X and R > 0 as stated in the theorem. Note that

1 N
Z = sup N Ze(fj,x* + Ru) — €(&;, )
uEB x j=1
1 N
(5.22) = Sup —sup < €(&j, . + Ru) — €(&;, :L’*),y>
u€eB x yeB j=1

1 N

= sup — Z <6(Ej, Ty + RU) - €<§j7 LL’*), y) )

(u,y)EBx xB N j=1

where the second equality uses the fact that || - | = sup,cp(y,-). Next, we define
the index set 7 := Bx x B and, for every j € [N] and ¢t := (u,y) € Bx x B, we

define the random variables

1
(5.23) Xjo = e {el€ e+ Ru) — e, 2),),
(524) Zt = inJ’

j=1

From Assumption [I] it is not difficult to show that, for every j € [N], the process

T >t— Xj, is Holder continuous with respect to the metric

(5.25) d(t, ') = llu = 'l + [ly = ¢/'II

This fact, the separability of 7 and (5.22), imply that (Z,).er is a continuous
Z

countable subset of 7. Hence, we may assume next that 7 is countable without

is measurable, where 7, is a dense

process and Z = sup;cr Z, = SUpPseTs

loss on generality. Our next objective is to use Theorem [[4] bounding |Z| , in terms
of E[Z], M and 5.

PART 1 (An upper bound on E[Z]): To bound E[Z] we will need Lemma
and Theorems At this point, let’s fix t = (u,y) € T and t/ = (v',y) € T
and define the measurable function

FO) 1= 5 (et ) — (), ) = el + Rul) = ,2.), ).

We have that Pf(-)? < oo since [||F(&,7)|ll, < oo on X (Assumption [d). By
construction and (2.23)-(G24)), we have f(§;) = X, — X, for all j € [N] and
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Zy — Zy = Z;-V:l f(&;). Note also that E {ZN lf(fj)} = 0, using (L2), (51)) and
that {{;},cqn) is an i.i.d. sample of P.

The previous observations allow us to claim Theorem [[3 with G := {f} and
Y = 3 f(&). Precisely, if {n;}}L, is an iid. sample from P which is inde-
pendent of {£;}%;, then Theorem [[5 and E {ZN 1 f(fj)} = 0 imply that, for all
A >0,

(5.26) {Zf &) >y V(1+ ) }\/P{Zf &) < —cy V(1 +A)} <e

for some universal constant ¢ > 0 and

Jj=b

B3 (£(6) ~ f)]

§1,...,£N] .

We will now give an upper bound on V. Given ¢ € =, (L2)), (51 and Holder
continuity of F(§,-) and T (Assumption [l and Lemma [) imply that €(&,-) is
(L(§) + L,0)-Holder continuous on X. This, definition of f and the facts that
v,y,u,v’ € B and z, + Ru, ., + Ru’ € X imply that, for all j € [N] and Af; :=
NLf(&) = fm)ll;

Afi < [el§, v+ Ru) — e(&, ) — €(ny, T + Ru) + e(nj, .),y — )|
+ (e, 2. + Ru) — e(& . + Rel) — e(ny, 2. + Ru) + e(ny, @, + Ru'), )
< L&) + L) + 2L B [[ly = /|| + [lu — o'||°]
< L&) + Llmy) + 2L B2 [lly = o/ IIF + ffu —]]]
< L&) + L) + 2L R207 [[ly — o/ || + u — o/||)°,

where we used concavity of R, 3 x + 2 in third inequality and the fact that
ly — y’||% < Q%Hy — 9| for y,v' € B in last inequality. We take squares in
the above inequality, use relation (3%, a;)? < 332 | a? and definitions of V and
(525). We thus obtain

3-470R¥ AL )P | L L) L E[L(y) \gl €N
V S ) .] J ) 7 4 4L2
3-4ORP (L, )P WR
27) = ’
(5.27) ¥ ,
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where we have defined

1 N
(5.28) .JNZ )2+ |L(E)]5 +4L2,

and used that {n] }ierny is an ii.d. sample of P independent of {{;},cin)-

, 3c21— 5 RO
) SeE Y Wft B \/Rﬁd(t” . Relations (5.26)-(5.27) and Y1, f(&;) =
Z, — Zy, together with /I + X <1+ /X for A > 0, imply that

P {Y > ﬁdl%d@’ tl)gﬁ} VP {Yf < —ﬁC21%d(t’ tl)éﬁ} < e

The above relation and Theorem imply that for some universal constants
C1,Cy > 0 and for all A > 0,

. 02241—5R25 d(t, t/)25
VN 2N

We now observe that (.29) holds for any ¢,¢ € T. Inequality (B.29) and
Lemma I3 with (7, d) as defined in (5.23)), the continuous process T 3t — Z; :=

A2,

% — 7 ’ 1-6 Rd Y
Wy

WZ_:V’ to = (0,0), 9 = supter(t,O) S 2’ a = %\/;Ré and V= %(SR% 1mply
that
(5.30)
V202179 (6R)° 1 i \78H (2= T) + 2\/H (2-i+1, T
w7 < ) : ,
teT g VN 20 — 2i
where we defined C = /C? 4+ C% and used the fact that Z;, = % = 0. From

Lemma [T and the fact that, for any § > 0, H(0,Bx xB) < H(0,Bx)+ H(0,B) <
2H(0,B), we also have that

o0 \78}] (2—i+1’7‘)+2\/H (2-7+1,T) In(1 + 2i+1)
; 9i6 S’ \/8; 916
Vit /o
(5.31) S VY S S o
i=1 22 —1
where we used the facts that In(1+z) <, \/m andH 22212 % = %—1

3The previous fact can be derived from the inequality 2% > 1 + (In2)z.
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Holder’s inequality implies that

< "WN‘?

2

(5.32) E[Z] =E lsup |Zt|] = [sup \Z,| - Wy
teT teT

sup | Zy|
teT

Since {&;}jev is an i.i.d. sample from P, we also obtain from (5.28)) that [Wy|, <
IL(€)|, + L = Lo. Finally, this, relations (5.30)-(5.32) and the facts that 2'7°6° =
2-3% and 2° — 1 > 23 — 1 imply that

Vd(3R)’ L,
(5.33) E[Z] < (2% - 1) N

PART 2 (An upper bound on M and 2): From the definition of 2 in Theorem
M4 and (B.23), we get

Q)
I
wn
o
o
M=
=
—
JuR
L
)
*
+
oy
g
|
JuR
L
S
*
s
>

(L) + 1)?
sup B |5 Sl a2y

IA
|

~— .

R(LE), + L
N

where we used the fact that ||e(&;, 2. + Ru) —e(&;, )| < [L(&;) + L] R? for u € By
(Assumption [Il and Lemma [)) in first inequality and the fact that {;};ciny is an

(5.34) <

i.i.d. sample of P in the last inequality.
From the definition of M in Theorem [I4l and (B.23)), we get

P
|M|§ = E Kmaxsup|Xj7t|> ] =E lmaXSUp|Xj,t|p]

JEN] teT JEN] teT

1 X v
< 55 L [Spl(eg .+ )= (g .). )

1 XL (L&) + L)
< sup E : R [P [ly?
NP~ (ugyer ]2 N |
_ R + L

N1
where, again, we used the fact that ||e(&;, 7. + Ru) — e(&;, z.)|| < [L(&;) + LR for

u € By in second inequality and the fact that {{;};c;n) is an i.i.d. sample of P in
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the last inequality. We take the p-th root in the above inequality and note that
for p > 2 we have N 5 > /N, obtaining
(LI, + LR
vN
From (533)-(5.35) and definitions of Ly and L, in Assumption [Il we obtain

the required claim. O

(5.35) M|, <

p

5.1.3 The proof of Theorem

With the theory developed in Sections B.I.IH5.T.2l we are now ready to prove
Theorem [[21 We shall use Lemma[I4land follow the ideas of items (i)-(iii) presented
in the introduction of Section B.Il We will also need the next Lemma [I5] which
controls the oracle’s empirical error. Its control is easier than the oracle’s correlated
error, since it defines a martingale difference. Its proof uses Assumption Il and a
version of Burkholder-Davis-Gundy’s inequality in Hilbert spaces (see [13, [54]),

which we recall here for convenience.

Theorem 17 (Burkholder-Davis-Gundy inequality in RY). Let || - || be the Eu-
clidean norm in RY. Then, for all ¢ > 2, there exists C; > 0 such that for any
vector-valued martingale {y;}1_, adapted to the filtration {G;}}_, with yo = 0, it
holds that

N N

2

< Cg| |22y —yiall?] < Co D My —wialll:
= j=1

q

sup Iyl q
Lemma 15 (Local bound for the £%-norm of the empirical error). Consider (L2)
and let &N = {fj}évzl be an i.i.d. sample from P. Suppose that Assumption [1
holds and take q € [p,2p| such that the integrability conditions of Assumption [1
are satisfied. Recall definitions in (5.1)-(5.3) and definition of C, in Theorem [17.
Set Cy:=11if g=p=2. Then, for any x,x, € X,

(%) + Lyllz — 2*]°

VN

Proof. We define the Révalued process {y}:*, by yo = 0 and ¥, :=

Jlee”, )], < €=

t E(§j7x)
j=1 N

t € [N] and the filtration G, := o(yo, ..., ;) for t € {0} U [N]. Since {&;}}_, is an

for
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i.i.d. sample of P, {y;, G}V, is a Ré-valued martingale whose increments satisfy

€(§, )|l \H (& w)lllg + Lollw — yll°
N N ’

e = vealll, =

q

using that |[|e(§,-)[||, is Hélder continuous with modulus L, = [L(§)|, + L and
exponent § (Lemma [Il) in the inequality. The required claim follows from the
above relation, Theorem 7 and €(¢V,x) = yy. We note that if ¢ = 2, then
the linearity of the expectation, the Pythagorean identity (valid for the Euclidean
norm) and independence imply the sharper equality H‘E(f N H‘ i “ llet€2)lly g
fact and Lemma [Il imply the claim of the lemma with Cy = 1. O

Proof of Theorem[14. We fix x € X and x* € X* as stated in the theorem and
set 2V = 2(&;ay,r) and ZV = Z(&Y;an,x). In the following, we only give
a proof for €(&V, z). The proof for €(¢V,zV) requires only minor changes. For
reasons to be shown in the following, it will be convenient to define A(z,x*) :=
|z — 2% V ||z — 2*]|° and, for any s > 0, R(s) := (1 + L&)A(x,2*) + &s and the
ball B(s) := B[z*, R(s)].

Example 14.29 of [68] and Assumption [[limply that the map = x X 3 (w, z) —

|e(&N (w), 2)|| is a normal integrand, that is,
w = epi [N (W), )| = {(z,y) € X x R: [e(€V(w), 2)| < v}

is a set-valued measurable function. This fact and Theorem 14.37 in [68] imply

further that, for any measurable function € : Q2 — [0, 00) and R > 0,

and wr>  sup HE(&N(w), ')
' €Blz*,RINX

(5.36)

are measurable functions.

We first prove item (ii) for the easier case when X is compact. We set R :=
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diam(X) and note that 2~ € B[z*, R] N X. This and (5.36) imply that

e 2N < | sup e, o)

z/€B[z*,RINX

p
< | osup e ) — @€ |+ |lleE, )|
z'€Blz*,RjNX » p
- . 3VdL, diam(X)?  Gpllle(&, z7)]ll,

\/5(\/55_1)+\/1_)L2+pr N + N )

for some universal constant ¢ > 0, where we used Lemmas [I4] and [[5 with ¢ = p
in the last inequality. The above inequality and definition (5.2]) prove item (ii).

We now prove item (i) in the case X may be unbounded. Given « € [0,4d],
Lemma [(iv) implies that z* = Il[z* — oT'(z*)]. Taking into account this fact,
Lemma [{(iii) and definitions of z(¢V;«,z), (B1) and (5.3), we get that, for any
a €0, 4d],

’ * — 2(&V; o, ZL‘)H = HH [2* — aT(x*)] — 11 {x —« (T(x) + €(§N,x))} H
< ot =2l +al|T@) = T + a [, 2)|
(5.37) < (1+La) o — a7V llz — 27| + & e, o),

where, in last inequality, we used Holder continuity of 7' (Lemma [I]).

In the sequel we define the quantities
(5.38) Sei= Loy Az, 2") and ey = H?({N,:E)H :

Setting « := ay in (B.37), we have that@ 2N € B(ey) N X. We now make the

following decomposition
539 e || -1+ 2
using the definitions

1= ||e€”, =) | D<oy

o oand ::‘HE(&N,ZN)HH{WN*}L).

4Note that from ay € [0, 1] and convexity of X and B(ey), we also have that z¥ € B(ex )N X.
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PART 1 (Upper bound on I;): from the fact that 2z € B(ey) N X and (5.36),
we may bound I; by

Il = ||/€\(§N,ZN)HH{ENSS*}L)
< | sup g,
' €B(s4)NX »
< | osup e, o) — e |+ |lle™, 2|
2’ €B(sx)NX » p
3%VdL R(s,)  Cpllle(&, z*
< | VAL oy | RED Gl 2,

Vi (ve'-1) VN VN

where we used Lemmas [[4] and [[H] with ¢ = p in the last inequality. Using the fact

_ A A * 1 — c3°
that R(s,) = (1 4+ L& + Lopd) Az, 2*) and setting ¢5 := iy e get from

the above chain of inequalities that

Alz,z*)?  Cyllle(€, z7)
VN VN

I,
Y

(5.40) L < KCJ\/& + C\/ﬁ) Ly + Cpr} Cl(-sdm

with CLd,p =1 + L& —+ L2pd.
PART 2 (Upper bound on I,): Defining Ly := N~ >N, L(&;), we note that

Je€, M| < |, M) — e, e + e, @)
N
< %Zl[p(gj,zﬂ_p(gj,x*)] +|TEY) = @) + |[ae™, 27)
P
< (Byrn) [ = e

< (In+L) (1 +La)Aw,a*) + 6 (Ly + L) ey + ey,

using Assumption [[land Lemma[Ilin the third inequality and (5.37) with a := ay,
(5.38) and the definition €% := HE(&N,SC*)
above and definition of I imply that

in the last inequality. The inequality

o= e, =) ey>s

< (14 La)A(z,z")

p

(L + L) Lieysonp| +6|(Zn + L) en| +lexl,

(5.41) < (14 La)A(w,2")| Ly + L\%]H{mm}]% +a|Ly + L‘2p|eN|2p +lewl,,

where we used Holder’s inequality.
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With respect to the last term in the rightmost expression of (B.41]), we have,
in view of Lemma [I5 with ¢ = p,

Collle(&, 21,
N

Concerning the second term in the rightmost expression of (5.41]), Lemma

(5.42) el = [IEE™, a")ll| <

with ¢ = 2p implies that

le(€, 25, + Lapllz — 2|°

643) el = [[E6™ 2], < C VN

From Markov’s inequality and (5.43]) we obtain

‘H{€N>S*} w QWI 2{/P("€(§N,x)|] > 5.)
ﬂEﬂﬁéﬁ@Wﬂ
< .
- =
(5.4 o o Ny + Lyl — |
. . |

sV N

The convexity of ¢t — ¢* and the fact that {¢;};en) is an i.i.d. sample of P
imply that ‘EN + L‘Zp < |L(§)]y, + L = Lap. Using this fact and putting together

relations (5.41))-(5.44) we get

Az, 7%) Loy, €€ 7))l + Loplle — 27|
L < (1+La) o C ”m
(€, )l + Lapllz — 2*|° N Collle(&, )|,
VN VN
lle(&, 2], N Collle(€, z7)|II,
VN VN
Lop|lz — z*||°

\/N )

where we used the fact thatH Se = LopA(x, x*).

—|—L2p(3402p

= Oy (14 La + Lyya)

(5.45) +C (1 + La + Lopcr)

®Note that [A(z, z*)||z—2z*||°])? < ||z—2*|*® with 46 > 2 in the Lipschitz continuous case. The
geometry of projection methods implies the derivation of a recursion in terms of {||z* — 2*||%}.
It is then crucial for the convergence analysis that follows that we can choose a s, that balances
the bounds R(s,)? < ||z —2*||#* in I; and %’SC*)HJU—QU*H‘S < lz—2*||#2 in I with B, B2 € (0, 1].
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Relations (5.39)-(5.40) and (5.45)), definition (5.2)) and the facts that A(z, 2*)° <
0V [l —2*|1* and [[le(&, 2*)Ill, < [ll€(€, 2*)ll,, prove item (i). [

Remark 9 (Constants). In Theorem[1Z, the constants satisfy

5
¢ = 20, + C5,Cla p, s S PCla cs 1= CClayp,

3°Vd 3°Vd
Vi (ve' -1 V5 (ve'-1)

CQS

>+\/ﬁ Cfd,pv d2r§ _'_\/ﬁ )

where Clap =1+ 2L& + |L(§)],,& and C, and Cyy, are defined in Lemma I3

5.2 Analysis of Algorithm [ for Lipschitz contin-

uous operators

We state next additional assumptions needed for the convergence analysis of Al-
gorithm Bl In this section we always assume that in Assumption [l we have § = 1.

For brevity, we will not mention it any further.
Assumption 2 (Consistency). The solution set X* of VI(T,X) is non-empty.

Assumption 20 (Pseudo-monotonicity). We assume that T : X — R? as defined
in (L2) is pseudo-monotone: forall z,x € X, (T'(x),z—z) > 0= (T(2),z—x) >
0.

Pseudo-monotonicity includes monotonicity as a special class [42] 20]. Pseudo-
monotone SVIs were also considered in [44]. In these works knowledge of param-
eters such as the Lipschitz constant are still assumed and no variance reduction
schemes are presented in [44]. Recall that the gradient of a smooth convex function
is monotone and the quotient of a positive smooth convex function with a positive

smooth concave function has a pseudo-monotone gradient. Recall the notation
[Ni] = {1,..., Ni}.

Assumption 21 (I.I.D. sampling). In Algorithm[5, the sequences {fjk ckeNy,je
[NW]} and {n} : k € No,j € [Ni]} are i.i.d. samples drawn from P independent of

each other. Moreover, >332, N, ' < o0,
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We set &F = {ff}jvjl and nF = {nf}jvz’“l Concerning Algorithm (Bl we shall
study the stochastic process {z*} with respect to the filtrations

fk = O-(xoa 5'0’ s 7€k_17770a s 777k_1)7 ﬁk - O-(fk U O(gk))
Recalling (5.10), (5.3)) and Algorithm B, we will define the following oracle errors:
(546) Elf = /E\(gk’ xk)a 61; = /E\(nka Zk)a El?f = /E\(Ska Zk)

Assumption 2T implies that the processes [Ny] 3 ¢ — Ni' X0 e(€h 2%), [Ny] 3
t = N S e(nf, %), k — € and k — €& define martingale differences. Such
property does not hold for the correlated error e since oy, and z* are measurable
functions of &¢*. It is also important to note that the stepsize oy, is a random

variable satisfying oy ¢ Fj and a4, € ]?k

Remark 10 (Initialization of the line search rule). We make a remark regarding
the erogenous parameters 3 and {6} and the endogenous sequence {d*} defined
in Algorithm 3. By the definition of d* in (5.4) and convexity of X, we have that,
for all k € N,

(5.47) |d¥|| < 6, o +d"e X
Moreover, it can be shown that, if B € (0,&71], then, for all a € (0,&] and k € N,
(5.48) 12 (@) = (2% + ") > 0,

where 2*(a) is defined in (5.6) (see the proof of Lemma [I8 in the next section).
In fact, the rule (5.4) chosen to update d* could be replaced by any rule satisfying
E.47)-(E.45).

The purpose of B, {0} and d* is solely to initialize the line search rule with a
well defined direction. In deterministic regimes, this is not needed since if r* =0
(see Algorithm [3), x* is an exact solution and we can stop the algorithm. In our
framework, we use a sampled-based line search scheme so that the termination
criteria is generally not clear. By choosing B3, {61} and d* as above, the sampled-
based line search rule (5.0)-(0) is always clearly specified and terminates in a
finitely number of iterations. The direction d* serves merely as a small perturbation
to address the case r* = 0. Since ||d*|| < 6 holds for all k, we can set &, — 0
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in any desired rate so to correct iteratively such small perturbations. In this way,
the optimality of the iteration and oracle complexities of Algorithm[3 are unaltered.

We refer to the convergence analysis in the next section for further details.

Remark 11 (Intuition for the line search scheme). The stochastic approzimated
line search (5.5) is motivated by [{7]. We make some comments for the case d* = 0
(see Remark[I). Using [29), (55) can be rewritten as

(5.49) |7 (&8 b)) — F (¢4, o) < aTeleiz)

«

where Hy := F(€,-). Provided that ro(Hy;2*) # 0, the line search tests (5.49)
for decreasing o € (0,&]. The idea is that the right hand side of (5.49]) does
not increase by Lemma [J) while the left hand side tends to 0 by continuity of the
operator. Hence, (5.49) will hold eventually.

5.2.1 Derivation of an error bound

In this section we show that Algorithm [l is well defined and, given some z* € X*,

we derive a recursive bound for the iteration error sequence {||z* — z*(|?}.

Lemma 16 (Finite termination of the line search). Consider Assumption[d. Then
the line search (B.5) in the iteration k of Algorithm [ terminates after a finite

number €}, of steps.

Proof. Set Hy(z) := F(&%, 2 —d*)+ Bd* for every z € X. In particular, F(&*, 2%)+
Bd* = Hy(x* + d*). Note that, from (5.6) and definition (Z9), we have that, for
all a € (0, 4],

125 (@) = (@ + d")|| = |[T1 [2* + d* — aHy(@" + d¥)] = (2 + d")|| = ra(Hy; 2" + dP).

We first show that 4 (Hy; 2¥+d*) > 0. From (5.4), if [|r*|| > 0, we immediately
have that d* := 0 and rg(Hy; %) = ||r*|| > 0. If r* = 0, again by (5.4), we have
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that d* # 0. Hence,

ro(Hy; 2 + d*) "+ db) = T [a* + d* — aH (2" + )] =t

|dF + 11 [2F — aF(¢F,2%)] - T [ah + d — aH(a" + dY)]|
|dM| = |11 [ = aF(gF, 2%)] = T [a* + d* — aH(a + dY)])|
|d¥| — |[—aF(g", 2%) — & + aHy(a" + dY)||

ld*| - ||(@8 — 1)d"|| = aplla*| > o,

AV AVAR|

using Lemma [I[(iii) in last inequality and 0 < &8 < 1 in last equality.

We now conclude the proof of the lemma. Set 7, := 674. Assuming by
contradiction that the line search (5.5]) does not terminate after a finite number of
iterations, for every ¢ € Ny,

Hy; 2% + d*)

e

Hﬁ <€k’ Zk(W)) —F (Sk’xk + dk)H > )‘TW( > N\ -ra(Hy 2+ db),

using definition of r,(Hy;-) in (Z9), the fact that v, € (0,4] and Lemma [ in
the last inequality. The contradiction follows by letting ¢ — oo in the above
inequality and invoking the continuity of F (€%, .), resulting from Assumption [I]
the fact that lim,_,. 2¥(7,) = 2% + d*, which follows from the continuity of IT and
2k +d* € X, and the fact that r4(Hy; 2% +d*) > 0, which follows from the previous
paragraph. O

The next lemma shows that the DS-SA line search scheme (B5.5) either chooses
the initial stepsize & or it is an UO for a lower bound of the Lipschitz constant

L = E[L(¢)] (using the same samples generated by the operator’s SO): if & is not

chosen, then % is a.s. a lower bound for L(¢&*) = N Sk L(ER).

Lemma 17 (Unbiased lower estimation of the Lipschitz constant). Consider As-
sumptionsd and[Z1. Then oy, > <i) A&, a.s. and ’ak’fk‘2 -|L(&)], > (N0) A .

T
Proof. 1f & satisfies (53), then ay Lfoi Otherwise, we have
(5.50) 0 oy |[F (€8, 2207 an) ) = F(&8, b+ db)|| > A2 (07 an) = (& + d¥)).
Assumption [ and definition of F(£*,-) in (5:3) imply that
(5.51) |[F (€8, 2507 an)) = F(&h a* + db)|| < L") || +* (67" o) — (o + b))
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The fact that 2¥ (07 tay,) # 2% + d* and (BE50)-(E5T) imply that oy > E?gek)' We
have thus proved the first statement.
Since a.s. L(€) > 1, we also have a.s. L(%)ay, > (A)Ad. The second statement

follows from this fact and
M)AG < E [aki(gk)‘fk}

(by Hoélder’s inequality)

IA

o7, [
2

(by convexity of t — t?) < ak}"kQJ ]\lfk % { (&F)? ] ‘Oék‘fk‘ L&)l
=

using Assumption 1] in last equality. O

Recall (5.3) and (B.46). We define, for k € Ny and for z* € X*,

(5.52) AA, = (1 —8)\%)a%||€}]|* + 8a%|eh||* + 847 ||ek ||,
(5.53) AM(z*) = 2ap(x* — 2% €,
(5.54) AP, = 8(2— i)\ + apL(£")]%6?

We recall the reader to the definition r := r{(77;-) in (2.9)).

Lemma 18 (A recursive error bound for Algorithm [B). Consider Assumptions [l
and [H20. The sequence generated by Algorithm [ satisfies, for all z* € X* and
ke Ng,

(1 8)‘2)0% 2

||{L‘k+1 _x*||2 S ||{L‘k _ fE*HQ o
2

(2*) + AM,(z*) + AAy, + AP,

Proof of Lemma 18 We divide the proof in two parts. The first uses the extra-
gradient step (B.7)-(5.8)). The second uses the line search (5.5)-(5.6) with some
judicious error bounds.

PART 1 (Extragradient step): by (5.7)-(5.8)), we invoke twice Lemma [Ii(i) with
v = o F(&F, 2F), 2 := 2% and 2z := z¥ and with v := a,F(n*, 2%), = := 2% and

z := 21 obtaining, for all z € X,

(5.55) 2AarF(€",a%), 2" =) < la* —al® = |25 =P — |2 — o,

(5.562(cx F'(n*, = ),xk“ —a) < 2t =l T ]l -t



We now set x := z*! in (B.55) and sum the obtained relation with (5.56)

eliminating ||z* — 2**1||2. We thus get, for all z € X,

| = 2<akﬁ’(§k, :L‘k), 2k — xk+1) + 2<akﬁ’(nk, zk), Ft — x)

<l =l = 2t - a2 = 2P -

Using definitions (5.10), (5.3) and (5.46]), we have

(nk’ Zk), Sk :L‘k+1> + 2<akﬁw(nk’ Zk), Sk :L‘>
(nk, zk), 2k — :L‘k+1> + 2ak(T(zk), 2k — x) + 2ak<el§, 2k x).

)

| = 204 (F(€F 2% —
= 2a,(F (&8, 2F) —

)

The two previous relations imply that, for all € X,
20 (T (%), 2% — ) < 20 (F(n, 2%) — F(€", 2F), 27 — 2P 1) 4 20 (b, & — 2F)

Hla® — a® = (|2 — 2] — [l = 2 2 = 2

< 20| F O, 24) = F(€8, aM)|112% — ™| + 20 (e, = — %)
aa ] e e e e e s
< 205 ||F (", 28) — PR M) + 20 (e5, = 2)
(5.57) Hlz® = al® — 2" — a2 — ]| — 2",

where we used Cauchy-Schwartz in second inequality and Lemma [II(iii) with (5.7)-
(58) in the third inequality.

PART 2 (Line search rule): For simplicity, we set ¥ := 2¥(a;) and 7% := 2F +d*
as defined in (B.6]). We first note that, by (5.6)-(5.1), Lemma [[(iii), 0 < o3 <
ap <1 and ||d*|| < 6,

(5.58) [12F = 2" < [ld" — awBd(| < (1 — awB)op, [ 7* — 2" < 6.

Recall that, according to (5.3), L(¢¥) = N Sk L(€Y). Concerning the first
term in the rightmost expression in (5.57]), we have by the triangle inequality,

~

ap||F(F, %) — F(F,2")| < aul|F(nF, 2%) — F(€F, %) || + an || F(€F, %) — F(&F,2M)|
(5.59) +ay || F(¢8, 7%) — F(gF,2h)]].
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The first term above can be bounded as

allF(n*, ) = F(E5, 2N < aull PO, 2%) = TN+ | F(€F, 25) = T(N)|
Fa|| F(€F, 2F) — F(eF, 2]

arlles|l + axlles]| + arL(€")] 2" — 2|

(5.60) < anlles + arllefll + arL(€")(1 — axB)dy,

IA

using the triangle inequality in first inequality, Assumption [l and definitions in

1), (53) and (B46]) in second inequality and (B.58) in the last inequality. Simi-
larly, the third term in (5.59) satisfies

(5.61)  ar|F(€",3%) — F(¢*,a")|| < anL(€")]7" — 2*|| < anL(€")dy.

Finally, from the line search (5.0)-(5.6) and (B58), the second term in (B.59)

satisfies

ap||F(e¥, ) — F(e 3| < AI2F -2
e Y EA i Y
(5.62) < A||2F = 2|+ M2 — arB)6y.

Putting together (5.59)-(5.62), squaring, using the fact that (X7, a;)> < 43X}, a2
and using definition (5.54]), we obtain

203|| F (", 2) — F(€" a")|* < 8X°[|2% — 2% + 882 ([les |* + |5 |I*) + AP
(5.63)

From 2% = I[z* — ax (T (2%) + €¥)] and Lemma B with oy € (0, 1], we also have

apr®(z®) < 7, (2b)
= " — Ta" — axT(")]|I?
22" — 2| + 2|T[z* — (T (") + €1)] — H[z* — T (=")]]*

(5.64) < 2|l — 2F||2 + 247 |€V)|?,

IA

where we used Lemma [I(iii) in the second inequality. The claim is proved using
relations (5.57) and (B.63)-(5.64) with = := z*, for a given z* € X*, definitions
(552)-(E53) and the facts that 0 < 1 —8A% < 1 (see Algorithm [B) and (T'(2*), 2% —
x*) > 0, which follows from (T'(z*), 2* — 2*) > 0 (since z* € X*) and Assumption
1201 ]
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5.2.2 Bound on oracle error

This section is devoted to the control of the oracle errors in (5.52)-(5.53]). Since
{e*}, {5} and {AM,(z*)} define martingale difference sequences, their control is
simpler and uses Lemma

As mentioned in the introduction, one of the significant challenges in analyzing
our sampled-based line search scheme is to control the correlated error |5||? in
(B52). Indeed, zF = 2(&%; ag, a*) is a function of the sample &* so that €& =
€(&*, 2¥) is not a martingale. In order to bound it, we will use Theorem We

are now ready to obtain the following result.

Proposition 11 (Bound on oracle error). Consider Assumptions [, [2 and [Z1.
Recall definitions in (B.J)), (5.52), Lemma I3 and Theorem [I2. Then there exist
positive constants C, and C, (depending only on d, p, L(€)& and {N,}) such that,
for all x* € X*,

N2
Cp [O‘Uap(x*)]2 +G (aLp) D}
Ny '

‘AAk|fk\g <

In above, for X compact, we have a =1, L, := (C,L,) V Ly and Dy, := diam(X).

For a general X, we have a = 2, L, := Ly, and Dy, := ||z* — z*|.

Proof of Proposition[I1. First, we obtain a bound on ||2* — x*||. Recall that 2* =
H[z* — ap(T(z%) + b)), 2* = H[z* — o, T(2*)] (Lemma [i(iv)), €} = &(&*, %) and

x¥ € Fi. From these facts, Lemma [[I(ii) and Lipschitz continuity of T, we obtain

(5.65) 8 = 2" l1Fi| | < (1+ La)lle® — || + afeF 17 .

Lemma [5 with ¢ = p, (5.46) and the facts that ¥ € F;, and €* 1 L F}, imply that

(%) + Lylla* — o

an

Lemma with ¢ = p, (546) and the facts that 2% € Fr, nt 11 Fi and
“‘ﬁk‘ | Fi
p

g
(5.66) eIz < 6=

= |-[Fxl, imply that
P

op(”) + Lyl — 2| e,

VNi

G671 [IdIA] = 11E], 7

<G,
p
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Finally, Theorem [I2(i), (5.46]), Assumption 21, 0 < o, < & < 1 and the facts
that 2% = 2(&%; ap, 2%), 2% € Fy, and €8 L1 Fy imply that

1) + Tyl — 27
N, .
The required claim is proved by putting together relations (5.52)), (5.65)-(5.68)
and using the facts that \a2|}'k|% = |a|}"k\12), (a +b)? < 2a? + 20%, Ly, > L,C,,
¢; > C, (as defined in Assumption [II Lemma [I5, Theorem [I2 and Remark [)) and
ogp(x*) > 0,(2*). The proof for the case X is compact is analogous but replacing
(565) by the facts that ||z — 2*|| < diam(X) and ||2* — 2*|| < diam(X) and
replacing (5.68) by the bound of Theorem [I2[ii). O

(568)  [IhlIIFe| = |[e (" =(€" an,a)) ||| <

Remark 12 (Constants of Proposition [[l). Recall definitions in Assumption [,

Algorithm [B, Lemma [15, Theorem [I2 and Remark[9. Let G, := sup, q’%vf’: The
constants in Proposition [11] are given, for a general X, by
Cp=2c1 [8(1+G,)*+9-8)],  C:=2[8(1+La+G,)>+9-8).

For a compact X, the constants are C, := (34 — 16A%)C2 and C, := 34 — 16)°.

5.2.3 Asymptotic convergence, convergence rate and ora-

cle complexity

In this section, we establish the asymptotic convergence of Algorithm [Bl and give
bounds on its iteration and oracle complexities. In the following, we set p = 2 (see
Remark I3l for the interest in p > 2).

Proposition 12 (Stochastic quasi-Fejér property). Consider Assumptions [ and

2121 and definitions in Proposition [11 with p = 2. Set v := % and
2

Co := 6422+ 644°E[L(£)?]. The sequence generated by Algorithm B satisfies, for all
€ X* and k € Ny,

C2 [6[0'23 (l‘*)]Q + CQ(@E2)2D2

E[[l2%" -2 |P1F] < lla* — 27| - vr?(a®) + I
k

+ Cob7.

Proof. We first show that {AMy(z*), Fr} defines a martingale difference even if
ap ¢ Fi. Indeed, the facts that 2* € Fj and n* L1 Fy imply that E[e|Fy] =
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0, where €5 is defined in (5.46). This fact, 2* € ]?k and oy € ]?k imply that
E[AM,,(2*)|Fi] = 0 and, hence, E[AM;(z*)|Fi] = E[E[AM,(2*)|Fi)|Fi] = 0 as
claimed.

From definition (554), oy, < & and the fact that (372, a;)? < 232 a2, it
follows that AP, < 32(2X% + 24%L(£%)?)62. This fact and E[L(£%)2| Fi] = E[L(€)?]
imply that E[AP,|F] < Cod?.

After we take E[-|Fy] in Lemma [I§ the recursion follows from the facts that
{AM,,(z*), Fr} is a martingale difference and E[AP,|F;] < CodZ, the facts that

E [ai’fk] > % (Lemma [I7) and z* € F, and Proposition [ with p = 2. O

Theorem 1 (Asymptotic convergence). Consider Assumptions [ and 2{Z1. Sup-
pose that 3, 62 < co. Then Algorithm Bl generates an infinite sequence {x*} such
that a.s. it is bounded, limy_,o d(x*, X*) = 0, and r(z*) — 0 a.s. and in L. In

particular, a.s. every cluster point of {x*} belongs to X*.

Proof. Take some x* € X*. Taking into account ¥, N, ' < oo and ¥, 07 < oo,
Proposition M2 for a general X (a := 2) and the fact that z* € F,, we ap-
ply Theorem 0 with vy, = [|z* — 2*||?, ax = 62(]%7?)2, by = Cﬂ%}ix*m + Cob?
and ug = vr?(a*), in order to conclude that a.s. {||z*¥ — 2*||*} converges and
S o3 (2%) < oo. In particular, a.s. {z*} is bounded and 0 = limy_, o, 72(2%) =
limg o0 ka —1II [azk — T(:L”‘“)}H2 This fact and the continuity of 7 (Lemma [I)
and II (Lemma [(ii)) imply that a.s. every cluster point T of {z*} satisfies
0 =2 —TI[z—T(x)]. From Lemma [(iv), we conclude that z € X*. On an
event of probability 1, the boundedness of {2} and the fact that every cluster
point of {z*} belongs to X* imply that lim; . d(z*, X*) = 0. The fact that
limy, o E[r?(2¥)] = 0 is proved in a similar way, taking expectation in the recur-
sion of Proposition O

Under lack of boundedness of X or oy(+) we cannot infer a priori the bounded-
ness of the sequence {’||:Ek||’2} This is obtained next and later used to obtain an

iteration complexity and oracle complexity in terms of local parameters.

Proposition 13 (£%-boundedness of the iterates: unbounded case). Let Assump-
tions [l and 321 hold and suppose that 3", 6% < co. Recall definitions in Algorithm
Bl (5.1), Theorem[I2 and Propositions IIMI2 with p = 2. Let * € X* and choose
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ko := ko(Cy, &L4, Co) € N and ¢ € (0,1) such that

>0 1 [0) N 1
i=Kko N C2 (OAZL4) i=ko CO
2 |||1,0 T ||| +¢7C20'4( )+1
Then supysy, || - &L
Proof. In the following, we set d; := ||z* — z*||* for i € Ny. Let k > ko in Ny

with ko as stated in (B.69). Note that such ky always exists since Y., N, <
oo by Assumption 21l Consider the recursion of Proposition for the case X
is unbounded (a := 2). We take expectation, use E[E[-|F]] = E[-] and drop
the negative term in the right hand side. We then sum recursively the obtained

inequality from ¢ := kg to i := k — 1, obtaining

. d k—1 1
(5.70)  |dsf3 < di 3+ Co (ATs)" Z' | m(x*)}QZﬁ%oZéQ
i=ko Z i=ko i=ko

For any a > 0, we define the stopping time 7, := inf{k > k¢ : |di|, > a}. From
(569)-(5.70) and definition of 7,, we have that, for any a > 0 such that 7, < oo,

_ _ QTa_l d Ta—1 1 Ta—1
<l < B G () S e G S e S e
i=ko ~7* i=ko 1 i=ko
Cooy(x*)?

< |dk0|§+¢a2+%+l,
C2 4

et

and hence, a® < 17; 4 =: B, where we used that ¢ € (0,1). By

definition of 7, for any a > 0, the argument above implies that any threshold a?
which the sequence {|d|>}r>k, eventually exceeds is bounded above by B. Hence

{|di|3}k>ko is bounded and it satisfies the statement of the proposition. O

Theorem 18 (Rate of convergence). Consider Assumptionsl and[2{Z1. Take any
positive sequence {0y} such that A := ¥, 62 < co. Recall definitions in Algorithm
B, (1)) and Propositions [IHIZ with p = 2. Set

(5.71) Ny o= N [(k + ) (In(k + 12))'**]

for any N € N, b > 0 and > 2. Then Theorem [ holds and the sequence {x*}
generated by Algorithm Bl is bounded in L. Moreover, for any x* € X*, if J > 0 is
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z < J, the following bound holds for all k € Ny:

such that sups ’|

V_l C2 [@0‘23 (l‘*)]2 + EQ (@EQ)Q J

min, Bl ()] < g {1 =1 =

i€{0,....k} k41

+ CA

Proof. Clearly, { N} satisfies Assumption 2T and ¥, 67 < oco. Hence, Theorem [I]
and Proposition [[3 hold. In particular, {*} is bounded in £2. Let 2* € X* and J
as stated in the theorem. Hence, sup, E[D?] < J. In the recursion of Proposition
M2, we take expectation, use E[E[-|F;]] = E[-] and sum recursively the obtained

inequality from ¢ := 0 to ¢ := k. We then obtain

k ‘ o,
v E ()] < [ — 2"+ {Cg[daga(x*)]2 + G, (aLy) J} S, + CoA
=0
where Sy, := S-F | N;*. The proof of the statement follows from the above inequal-

ity, the bound

1 00 dt 1
gﬁ / N(t + m)In{t + @]~ No[ln(u — 1)]P°

and mil’lie{o,__”k} E [T2<xz)] < %4_1 Z?:O E [T2<xz)] =

We end this section with an estimate on the iteration and oracle complexities.
Unlike SA methods with endogenous stepsizes, the number of oracle calls in Al-
gorithm [ is a random variable. In order to compute the first operator step (5.7))
of iteration k, the oracle is called ¢ Ny times using a sampled-based line search
(which terminates in f; random iterations H For the second operator step (B.8)
of iteration k, the oracle is called N, times. We thus present two types of oracle
complexities for which min;eqo xy E[r*(2")] < € after Algorithm [is run K times.
The first is an upper bound of % (1 + ¢;)N; with probability 1. This bound
will depend on the logarithm of the largest empirical mean Lipschitz constant of
previous iterations. The second result is an upper bound on the mean oracle com-
plexity S5 (1+E[¢;])N;. This will depend on the logarithm of the mean Lipschitz

constant L.

SDuring one step of the line search testing a stepsize «, we count all N, oracle calls
{F( f,zk(a))}jv’“ used to compute step (5.5). In all such £, steps, the same sample £ = {fk}

is used.
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Corollary 5 (Iteration and oracle complexities). Let the assumptions of Theorem
[Z8 hold and set N := O(d). Given € > 0, Algorithm [ achieves the tolerance

(5.72) ~min E[r¥(z")] <e,

after K =b"'O(e™!) iterations.
Additionally, with probability 1, (B.12) is ensured with an oracle complexity
K o(1+ £;)N; upper bounded by

p2. log% <@ mMaX;efo,....K} E(fl)> ) {ln (b71€71)}1+b - O(de™?),

where {, is the number of oracle calls used in the line search scheme (B.3) at
iteration k and L(§") = 3 Sk L(ED).
Moreover, (5:12) is ensured with a mean oracle complexity S5 (1 4+ E[4;])N;

upper bounded by

_9 alL 1 1\]1FP -2
b~* - logs (W>.[ln(b el - owde).

Proof. We recall the definitions in Assumption [Il, Lemma T3] Theorem 12, Remark
@, Propositions [Tl and [2 and Remark [2 with p = 2. The definitions of Ly, Ly,
L%, ¢y and dy (which depend on d) and Theorem [I§ imply that, up to a constant
1 E[r(2")?] < Bd(Nbk)~'. Hence, given € > 0,

.....

.....

The total number of oracle calls after K iterations is upper bounded by

K K
S(+6)N; S ( max €i> > Ni(lnd)'** < ( max €i> NK?*(In K)**°
i=1

i—0 1€{0,..., K} i€{0,...,.K}
b
(5.73) < ( max €i> N d?b2¢72 [ln (alN_llfle_lﬂ1Jr )
i€{0,...,.K}

Moreover, Lemma [I7 implies that ¢, < log 1 (?‘/\L@(ﬁa > This fact, (B173) and N =

O(d) imply the claimed bound on % (1 + £;)N;.
The concavity of ¢t — log% t and Jensen’s inequality imply

AL(Er) alL
oty (G s )| <0t ()
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where we used that E[L(£)] = L by definitions of L(¢%) and L and Assumption 211
We take expectation in (5.73), use the above relation and the fact that N := O(d).
This implies the claimed bound on Y5 (1 + E[4])N;. O

Remark 13 (Linear memory budget per operation). The policy in Corollary
requires the computation of a sum of size Ny ~ dk (up to logs) of d-dimensional
vectors at iteration k of the Algorithm [B. For large d, such computation is still
cheap in terms of memory budget per operation: it can be computed in parallel or

serially in k steps, each one requiring memory of O(d) per operation.

Remark 14. Recall the constant definitions in Assumption[dl, Lemmalld, Theorem

12, Remark [ and Remark (12 with p = 2. Recall also the definition of Cqy in

Proposition 2. By Proposition[I3 (X unbounded), the constant J in Theorem [18

satisfies

(5.74)
MmaXgefo,....ko}

2 *
o — a7} + 222 g

Caly < max ’||xk — x|
1—¢ ke{0,....ko}

O'4<.§U*>2
[Re31
Moreover, if we choose the sequence {0} in Algorithm[3 such that, for some Ag >
0,

2
+
2

Ao
(k + )2 (In(k + p))
then, from (5.69) and (B.T1), ko in (B74) can be estimated by

o] CoAZ
—u+1 \/{exp{ Obo}—qul

Remark 15 (Boundedness in £P). Adapting the proofs of Propositions [I1 and

(73, it is possible to prove, in case X is unbounded, that the sequence {z*} is
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LP-bounded for any given p > 4 satisfying Assumption [d. This is a significant
statistical stability property. The proof exploits that AMy(x*) in (B53) is still a

martingale difference even if €5 in (5.48) is not.
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5.3 Analysis of Algorithm 6 for Holder continu-

ous operators

With respect to Algorithm [ we will set y* = 2% — %ﬁ(&,zk) and study the

stochastic process {z*} with respect to the filtration
fk = U(:L‘Oagoa s 7§k_1)'
We will replace Assumption 21] by the following one.

Assumption 22 (LI.D. sampling). In Algorithm[6, the sequence {ff ckeNy,je
1

[Ni]} is an i.i.d. sample drawn from P and 332, N, 2 < oo.

We also define the oracle errors:

(5.76) & = F(¢ ") - T,
(5.77) e = F(e ) -T2,

where zF := z*(07lay) (see line search (5.IZ) for the definition of z*(a)). We
remark that €5 and e are correlated errors in the sense that z* and z* are dependent
on &% In the setting of Theorem M2 this means that 2% = z4 (£*; oy, 2*) and
Zk =75 (€807 oy, 2%). We start by showing the line search (5.I2) in Algorithm
is well defined.

Lemma 19 (Good definition of the line search). Consider Assumption[d. Then

i) The line search (512) in Algorithm @ terminates after a finite number of

iterations.

i) If Algorithm[@ does not stop at iteration k+ 1, then <ﬁ’(§k, 28, 2k — zk> > 0.
In particular, v, > 0 in (B14).

Proof. Ttem (ii) is a direct consequence of (i). We prove next item (i). Assume by

contradiction that for every ¢ € Ny,
(8P (.2 (67'a) ).o* ~ 11(g")) < Alla* — T(g")
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We let ¢ — oo above and by continuity of F (€%,.), resulting from Assumption [T

we obtain
Alz* = TH(gM|IP = (2% — ¢*, 2" —TI(¢g")) > ||l2* — TI(¢")|I",

using Lemmal[Il(v) in the last inequality. Since we have x* # I1(g"*) by the definition
of the method, we obtain that A > 1, a contradiction. O

The following Lemma is also proved in the Appendix.

Lemma 20. Consider Assumptions and (7). Suppose that Algorithm
does not stop at iteration k 4+ 1. Then, for all x* € X*,

25! — 2|2 < [|a* — 272 — [ly* — 2| + 2(E, 27 — 2F).

We now aim at controlling the error term 7, (e5, x — 2*). This term is not a

martingale difference, since z* depends on &*. We shall need the following lemma.

Lemma 21. Suppose that Algorithm [fl does not stop at iteration k + 1. Then

(5.79) 0< 7 < O";ﬁ’“ < O‘Tﬁ’f

Proof. We only need to prove the second inequality. The line search (5.12) and
the fact that o* — 28 = ay(2F — II(g*)) imply that

~ A
(5.80) (F(&F, 27), 2" = 2F) > —|l2* = 2M|%.
o B

From (5.80) and the definition of v, we get

(€ ),k =24 At — 2P

(5:81) BRI anbh B )

while the definition of ~, gives

(F(e", 2%), 2t = 28) _ F(EF, 20 Nlle® — 2% _ Jlah = 27|

5.82) 7y = o s _ ,
B8 =" Fe o S RE P RE ]

using the Cauchy-Schwartz inequality. Inequalities (5.81])-(5.82) imply the claim.
]
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Lemma 22 (Error decay). Consider Assumptions[d, [2 and[22 and (501). Suppose
that Algorithm [@] does not stop at iteration k + 1. Then, for all x* € X*,

< Lt = o

VN

g = = )| A 5
Proof. We denote z* := I1(g*), so that
(5.83) = 2F = op(rt — )+ (1 — ag)(z* — 2),

using the fact that * = agz* 4+ (1 — ag)z*. In view of (.83, we have
w(es, o =28 = mon(es, 2" — 2) + (1 - ap)(ey, 2" — 2¥)

B
Sl (2" =20+ fla* — )

A

(5.84)

using the Cauchy-Schwarz inequality, Lemma 21|, and the facts that 0 < o < & <
land 0 < 3, < f3.
Since z* € X*, by Lemma [I}(iv), we use the fact that * = I[z* — 5, T («*)] and

the definitions of ¥, g* and €' in order to obtain

12 = a*|| = 2" = Bu(T(2") + )] = T[2" = BT (2]
< lo® ="+ B(T(") = T(aY)) = Brei|
(5.85) < la® =" + BLll" — 2| + Bl

using Lemma [I(iii) in the first inequality, and the fact that 0 < 3, < /3 together
with Lemma [Il in the last inequality.

Using (5.84)-(5.85) and the fact that |2 —2*||° < 14 ||2% —2*|, we take |-|.7:k|%
and get

B B2 e
G meéway
2

Pwteh, ot = )7, < [BL+ @+ AL — o] 5
(5.86)

S|, +

using the fact that 2* € F;,. By Lemma [I5 with ¢ = p and the facts that 2% € F,
and & L1 Fy, we get

op(a*) + Ly + Lylla* — 27|
v N, ’

(5.87) Igl|7], < 62
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where we used the fact that ||2* — 2*|° < 1 + ||z* — 2*||. By Theorem 2, (577
and the facts that 2% = z5, (€% ay, z"), ¥ € Fj, and oy, € (0,1], we get

oy (@) + [la* — 27|

v N, ’

where we used the fact that 6 V ||zF — 2*]|° < 1 + [|a* — 2*||. Invoking Hélder’s

(5.88) e |7

, <|IIA| <
2 p

inequality, we also get

(5.89) 1 111E5 11| 7

o < [t - liebn}z

Relations (5.80)-(5.89) prove the claim. O

Proposition 14 (Stochastic quasi-Fejér property). Consider Assumptions[d], [2{20
and[22. Assume that Algorithm [ generates an infinite sequence {x*}. Then

(i) For all z* € X*, there exists c(x*) > 1 such that, for all k € N,

L+ ||a* — a*|?

VNi

(i) A.s. {||z* — 2*||} and {d(z*, X*)} converge for all x* € X*. In particular,

{2*} is a.s.-bounded.

E[[l25! = 2" |P|F] < la* — 27 |? = E[ly* — 2*|*| ] + e(@)

(iii) A.s. if a cluster point of {x*} belongs to X* then limy_,o, d(2¥, X*) = 0.

Proof. i) It is an immediate consequence of Lemmas 20, and the fact that
ok € Fy, after taking E[-|F;] in Lemma 0.

ii) Set cp(x*) == iﬁ%) From (i), for all £ € Ny,

(5.90) E[[la" = 2% Fe] < [1+ cu(a™)]||2* — 27| + cx(a”).

By Assumption 22 we have Y, cx(2*) < oco. Hence, from (5.90) and Theorem [
we conclude that a.s. {||2¥ — 2*||} converges and, in particular, {z*} is bounded.

Set ¥ := Ilx-(2*). Relation (5.90) and the fact that z* € Fj, imply
(5.91) E[d(e"", X*)?|Fe] < [1+cp(@)] d(a¥, X*) + cx(@h).

The boundedness of {Z*} and Assumption B2 imply that a.s. ¥, ci(7%) < oo.
Hence, Theorem [ and (591 imply that {d(z*, X*)} a.s.-converges.
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iii) Suppose that a.s. there exists z € X* and a subsequence {k;} such that

limg o |27 — Z|| = 0. Clearly, d(z*, X*) < |lz* — Z|| a.s., and therefore it
follows that limy_, d(2*, X*) = 0. By (ii), {d(«*, X*)} a.s.-converges and hence
limy, o d(z¥, X*) = 0. O

We now prove asymptotic convergence of Algorithm [6l

Theorem 19 (Asymptotic convergence). Under Assumptions [1, and [23,

¥ is a solution of

either Algorithm [@ stops at iteration k + 1, in which case x
VI(T, X), or it generates an infinite sequence {x*} that a.s. is bounded and such

that limy_,o d(2*, X*) = 0. In particular, a.s. every cluster point of {x*} belongs
to X*.

Proof. If Algorithm [ stops at iteration k, then z* = H[z% — 8, F (€%, 2%)]. From

this fact and Lemma [Ii(iv) we have
(5.92) (F(EF 28, 2 — %) >0,  VeeX.

From Assumption 22, (LZ) and the facts that ¥ € F, and & L1 F, we get
E[F (&%, z%)|F,] = T(2*). Using this equality and the fact that 2% € Fy, we take
E[-|F] in (£92) and obtain (T'(z*),z — 2*) > 0, for all z € X. Hence z* € X*.

We now suppose that the sequence {z*} is infinite. By Proposition [4l(iii), it is
sufficient to show that a.s. the bounded sequence {z*} has a cluster point in X*.
Choose any z* € X*. As in Proposition [I4], set cy(z*) := C(L\/ka) Using the property
that E[E[-|Fx]] = E[], we take the expectation in Proposition I4l(i), and get, for
all k € Ny,

(5.93) B[l =27 F) < [1+ cx(@)] E [l2* = 2*?] = E [[ly* — 2*[]?] +ex(2”).

From the fact that Y, cx(z*) < oo (Assumption 22), (5:93) and Theorem [ we

conclude that
(5.94) S E[lly* - a*|P’] < oo,
k=0

and that {E {ka — x*||2” converges. In particular, {E {ka — x*||2” is a bounded

sequence.
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By the definition of Algorithm [B, we have that [|y* — 2%||? = (T'(*) + &, 2* —
V2| T (2%) + &]|~2. Hence, from (5.94) we get

T(F) 1 ek ok — k)2
(5.95) lim | |G &2 — 2)

= 0.
koo I7°(2%) + €512

From the definitions of {&}, &, ek} in (.76)-(5.78), Lemma [[5 with ¢ = p = 2,
Theorem M2(i) and the facts that 2% =z (£*; ay, 2%) and 2% = z5, (€F; 01y, 2%),
the property that E[E[-|F;]] = E[-] and the boundedness of {E [||xk — x*||2} }, we
get
Supen, E [|2* — 22| + 1

Ny, ’
for s € {1,2,3} and all k € Ny. Since limy_,o, N, ' = 0 (Assumption 22)), we have
in particular that, for s € {1,2, 3},

E[l€)°] <

(5.96) lim E[||€"||?] = 0.
k—o0

Since L£?-convergence implies a.s.-convergence along a subsequence, from (5.95])-
(596), we may take a (deterministic) subsequence {k;}?2, such that a.s. for s €
{1,2,3},

T k[ *kl k[ _ H kg
(597) lim akl< (Z )_'_62 L (g )) — O,

free T (%) + &' |
(5.98) lim e =0,

l—o0

— ag[z* —TI(¢*)]. Since B € [3, 3] with 3 > 0, we may

refine {k,} if necessary so that, for some § > 0,

using the fact that 2% — 2*

(5.99) lim 6, = .
From Proposition M4{(ii), the a.s.-boundedness of the sequence {z*} implies

that, on a set )y of total probability, there exists a (random) subsequence 9 C

{k¢}22, such that

(5.100) lim b = 1",

for some (random) x* € R?%. Using the fact that g* = 2% — 8;[T(2*) + €], (EI])-

(5I00) and the continuity of 7" and II, for the event €, we have

* . 12 k _ % *
(5.101) g = }Jg}tg =" — BT (z").
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Also, for the event €, from the definition of 2* in (5.13)), the fact that oy, € (0, 1],

(5.9%) and (5.I100)-(5.I01), we get that {T(2%) + € }rem is bounded so that, since
(B97), we obtain

(5.102) lim o (T'(2") + €, 2" —TI(g")) = 0.

We now consider two cases for the event €.
Case (i): limgeq i # 0. In this case, we may refine 9 if necessary, and find
some (random) & > 0 such that ay > & for all k£ € M. It follows from (5.102) that

on Ql;

(5.103) lim(T'(z*) + &, 2" — TI(g")) = 0.

From (5.12)-(G13), we get

(5.104) (T(F) + &, 2% — TI(g")) > %le‘“ —T(g")|]* > =]z — T(¢g")||?

™ >

for all k. Relations (5.103)-(5.104) imply that, on €,
o k_ T( .k
(5.105) 0 = lim [l — T1(g")].
From (B5.100)-(5.I1010), we take limits in (5.105) and obtain, by continuity of II,
0= flz" = fz" = ST (z")]].

Therefore, z* = Il[z* — T (z*)], so that * € X* by Lemma [(iv).

Case (ii): limgem ag, = 0. In this case we have
. 1 .
(5.106) IICIEI(IJIIH ag = 0.

Since ¥ = 07t II(g*) + (1 — 67 tay)2* and {g*}rem is bounded, we get from

(5100) and (5.I06) that

(5.107) lim 2% = 2*.
kEN
Observe that, by the definition of the line search rule (5.12) and (B.78), we have
A
(5.108) (T(Z") + &, 2" —TI(g")) < B_ka —TI(g")I1%,
k
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for all £ € Nyg. We take limit in (B.108)) along 9, and we get, using the continuity
of T" and II and relations (5.98)-(5.101) and (B.I107) that

(5.100) (T(a), 2" — TI(g")) < %nx* ()

Since the sequence {z*} is feasible and X is closed, the limit point z* belongs to
X. Thus, from (.109) and Lemma [I(v), we get that, on €,

(5.110)

Alz* = T(g")I* = (T (a"), 2" — II(g")) = (2" — g",2" — II(g")) = [|2" — TI(g")*.

Since A € (0,1), (&.I10) implies that ||z* — II(g*)|| = 0. Hence, in view of (5.I0T)),
we have x* = II(z* — ST (z*)). By Lemma [[{iv), we conclude that z* € X*.

We have proved that on the event €); of total probability, both in case (i) and
in case (ii), {z*} has a cluster point which solves VI(T,X). The claim follows from
Proposition [T4](iii). O

5.4 Discussion on the complexity constants of

Algorithm

Suppose the oracle is exact. In that case, Algorithm Bl would have essentially the
same rate estimates, up to universal constants and a factor of O(In L) in the oracle
complexity, either if a line search scheme is used or a CSP is used with a known
Lipschitz constant (LC). The reason is that the Lipschitz continuity is only related
to the smoothness class of the operator. The situation is different when the oracle
is stochastic: the Lipschitz continuity also quantifies the spread of the oracle’s error
vam’anceH Consequently, the lack of knowledge of the LC is much more demanding
in the stochastic case. It is instructive to compare the complexity constants when
the LC is known or not. In the following, we recall the rate of convergence of
Theorem [I§ and the constants defined in Assumption [II, Theorem [I2] Lemma [I3]
Remarks [0 and [I2] and Proposition [IT] with p = 2.

"This is true either for the martingale difference errors {€¥};_;1 5 or the correlated error €&

in (546). The Lipschitz continuity in the analysis of €% is crucial in our chaining and self-

normalization arguments of Lemmas [I3] and [I41
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Suppose first the LC is known. This was already considered in Chapter [
under a more general condition than Assumption [Il However, it leads to weaker
complexity constants as argued in the followingH It is possible to show that if the
stronger but fairly general condition of Lemma [ holds and & = (’)(L%), then the
rate statement of Theorem [I8 and the estimates (5.74)-(5.70) are valid when we
replace o4(x*) by oa(z*), Ly by Lo andH the coefficient (1—6A?)[(A0) A@] by a term
of order 1—O(1)(a&Ls)?. Since &L, < 1 we also have C, < 1and Cy < 1. Assuming
L4 is known, we obtain a property not satisfied by the estimates in Chapter 4t k
in (B.75) is independent of the oracle’s error variances {o9(x)*}.ex over X and
there exist b, N and p and policy & = O(L%) such that kg := 0. It is then possible
to obtain the rate
- Bls® = |2 + 0a(a”)?
~> 2 )

(5.111) Jnin, [r(xi)ﬂ

2 and the initial iterate x°. This

which depends only on the local variance og(x*)
can be seen as a variance localization property. We note that the above rate is
sharper than those obtained in Chapter [l

Consider now the more challenging regime when the LC is unknown. As ex-
pected, the constants in the rate of Theorem are less sharp then the ones in
(BI1I). First, (BIIT) is not explicitly dependent on the dimension d. In terms of
dimension, the rate in Theorem [I8 is of O(%) and, thus, it is valid in the large
sample regime N := O(d). This is a manifestation of our need to treat correlated
errors when using a line search scheme. Such scheme is an inner statistical esti-
mator for the LC. Second, if we set M := (&|L(£)],)?, then the constants in the
rate of Theorem [I§ satisfy Cy < %, Cy <M and (O‘ZT2)2J < M2, for a genera X
and C; <1,C, <1 and (QZTQ)QJ < Mdiam(X)?, for a compact X. Observe that

a line search scheme can only estimate a lower bound for |L(§)|,. For a large &,

8Differently than Lemmal[I] it allows the multiplicative noise to depend on the reference point
x* e X*.

9Up to universal constants, Co and Cy are unchanged.

19In Chapter @l given 2* € X*, the rate is of the order of o(z*)* - maxg<; <k (o) E[l|2* — 2*[]?],

where ko(2*) € Ny depends on o(z*).
1 The given order of dependence on M for an unbounded X is an artifact of our proof tech-

niques. We believe a sharper dependence can be obtained via more sophisticated concentration

inequalities (instead of moment inequalities).
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the lack of an upper bound leads to a rate with larger constants when compared
to (BIII)). This is a manifestation of our absence of information of the LC. Note
that robust methods are expected to have nonoptimal constants since the endoge-
nous parameters are unknown [60]. Third, note that (5I11]) only depends on the
initial iterate z°. This is possible since k¢ in (5.75) can be calibrated using the
knowledge of the LC. For an unknown LC and for an unbounded X, ky depends
on M but it still independent of the oracle’s error moments {o4(z)}rex over X.
Differently than (5.I11]), for a large & (implying a larger value for M), the rate
in Theorem I8 will depend on Df (2*) := maxy—o,.x, E[||z* — 2*||] for a possibly
large ko. Although not as sharp as (5.I11]), the resulted rate estimate for a large kg
is not a limiting issue. It is still in accordance to, and in fact generalize, previous
estimates which rely on compactness of X (see e.g. [60]): for a compact X, we

have maxy—o__x, E[||z* — 2%||?] < diam(X)?.

Appendix

Proof of Lemmad. By Jensen’s inequality and Assumption [Il we get
IT(2) = T(x.)l| S E[IF(§ 2) — F(& @)l < E[LE)]llz -yl
Using this fact and definition (5.1I), we get
He(€ olll, < HFE ) = FE&x)ll, + IFE ) = T )|, + T () = T,
< |L@lle = 2l| +lle€ z ), + Llle — ./
= et zll, + (Ll + L) llz = ul’,

where we used the triangle inequality for [| - [| and Minkowski’s inequality for |-|,.
The claim is proved from the above fact, (2.2) and L, = |L()], + L- O

Proof of Lemma [20. By Lemma [I9(ii), we have that ; > 0. Thus
2" = 2|* = Ty — 2|

<y =2 = lly" = TN

IA

ly* — 2™

(2" — &) = (T (") + &) II?
o — 2 [* + AT (") + &I — 29T (%) + &, 2" — 27),

(5.112)
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using Lemmal[Il(ii) in the first inequality. Concerning the last term in the rightmost

expression of (B.I12), we have

2 (T (2F) + & 2k —2*) = —29(T(F) + &, 2% — %) +
2y (T (2%), x* — 2F) + 2y (e, % — 2)
= —2%(nlT(") + &)%)
+29 (T (2F), 2* — 2F) + 2y, (&5, v — 2F)
(5.113) < 20T (") + &l + 2meg, a” — 27,

using the definition of ~; in the second equality, and the facts that v, > 0 and
(T(2%),2* — 2*) < 0 (which follows from the pseudo-monotonicity of 7', and the
facts x* € X*, z¥ € X) in the inequality. Combining (5.112)-(E.113) we get

[ — [P <[l = 22+ RITER) + &P = 293 NT (") + &)1 + 29,(E5, 2* — =)
= " — 2" = %I T (") + &7 + 2 (&5, 2" — 24)
(5.114) = fla* — 2| = |ly* — 2"|* + 27 (&5, 2" — 25),

using the fact that ||y* — 2%|| = v ||T(2*) + €5|| (which follows from the definition
of i), in the last equality. O
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Chapter 6
Conclusions and open questions

This thesis proposes stochastic approximation methods for the solution of stochas-
tic variational inequalities, paying attention to asymptotic convergence (stability),
convergence rate, oracle complexity, knowledge of problem parameters, data avail-
ability and distributed solution. See Section for the precise statements of our
contributions. We make some comments regarding possible interesting open ques-
tions.

In Chapter[3] we have proposed an incremental projection method for monotone
SVIs using regularization. Motivated by the results of Chapter @ (which avoids
regularization by means of an extragradient method with a variance reduction
procedure), we would like to device, if possible, an incremental projection method
for plain monotone SVIs without regularization. By avoiding regularization, we
may be able to prove optimal convergence rates, which are not reported in Chapter
31

Regarding Chapters (] and [3, we would like to prove convergence rates and or-
acle complexity with exponentially high probability, refine the analysis for impor-
tant classes of VIs and support the results with a computational study of relevant
large-scale problems. Importantly, we would like to maintain the assumptions in
Chapters Ml and [ of unboundedness of the feasible set and non-uniform variance
of the oracle (which were major improvements compared to previous works).

The variance reduction scheme in Chapter [ accelerates the rate without com-
promising the oracle complexity. Interestingly, our variance reduction scheme is

robust. We would like to study a stochastic extragradient method for SVIs which
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combines our robust variance reduction scheme with robust stepsizes in the sense
of [60]. These features are very relevant in practice. Another important question
for large-scale problems (such as equilibrium problems over large networks) is the
devise of methods with optimal dependence on data dimension or diameter of the
feasible set. Thus, we would also like to include dimension-reduction techniques
in the mentioned proposals. Another relevant question in practice is the use of
inexact projections. We also would like to include this feature in our method. In
case of distributed solution of Cartesian variational inequalities, another interest-
ing question would be to explore the topology of the network in order to require

minimal coordination between agents as possible.
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