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Abstract

A notion of bending of an isometric immersion f: M" — R"*? is associated to smooth
variations of f by immersions that are isometric up to the first order. More precisely, an
infinitesimal bending of f is the variational vector field associated to such variation.

A very basic question in submanifold theory is whether a given isometric immersion
f: M"™ — R"™P with low codimension admits, locally or globally, a genuine infinitesimal
bending. Thatis, if f admits an infinitesimal bending that is not determined by an infinitesimal
bending of a submanifold of larger dimension that contains f(M). We show that a strong
necessary local condition to admit such a bending is the submanifold to be ruled and we give
a lower bound to the dimension of the rulings. In the global case, we describe the situation for
infinitesimal bendings of compact submanifolds with dimension at least five in codimension
two.

In the codimension one case, a local description of the non-flat infinitesimally bendable
Euclidean hyeprsurfaces was recently given by Dajczer and Vlachos. From their classification,
it follows that this class is much larger than the class of isometrically bendable ones. In this
work we also prove that a complete Euclidean hypersurface f: M" — R"! n > 4, having
no open subset where f is totally geodesic or a cylinder over an unbounded hypersurface of
RR%, is infinitesimally bendable only along ruled strips. In particular, if the hypersurface is
simply connected, this implies that any infinitesimal bending of f is the variational vector
field of an isometric bending, in contrast with the local case.
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Chapter 1
Introduction

Given an isometric immersion of a Riemannian manifold M" into Euclidean space R" 7,
a natural question is whether there exist, locally or globally, other isometric immersions,
apart from compositions with isometries of the ambient space. If such immersions exist
they are called isometric deformations of the given immersion. In the absence of isometric
deformations the submanifold is said to be rigid.

An isometric bending of an isometric immersion f: M" — R"*? is a smooth variation
F: Ix M" — R" P of f for an interval 0 € I C R such that f; = F(z,-): M" — R""? is an
isometric immersion for any ¢ € /. In other words, the immersions f; induce the same metric
on M". An easy way to construct an isometric bending is to compose the immersion with a
one-parameter family of isometries of R"*7. In this case we say that the isometric bending
is trivial. If an isometric immersion admits a non-trivial isometric bending we say it is
isometrically bendable.

The study of the isometric deformability of hypersurfaces f: M" — R**! n >3, goes
back to the first part of the last century. In the local case, the classical Beez-Killing theorem
[1, 19] states that a hypersurface having at least three nonzero principal curvatures at any
point is rigid. On the other hand, hypersurfaces whose second fundamental form has
rank at most one are flat, and hence locally highly deformable. In the case where the
second fundamental form has rank two, the local classification of isometrically bendable
hypersurfaces is due to Sbrana [23] in 1909 and Cartan [3] in 1916. A modern presentation
of their parametric classifications, as well as further results, can be found in [7] or [12]. In the
global case, Sacksteder [21] proved that any compact hypersurface in R"*! is isometrically
unbendable. Dajczer and Gromoll [8] extended Sacksteder’s result by showing that a
complete hypersurface in R"*! is isometrically bendable only along ruled strips, provided
that it does not contain an open subset that is a cylinder over an unbounded hypersurface in

R*. The precise definitions of cylinder and ruled strip are given in Chapter 2.



2 Introduction

When considering submanifolds in codimension larger that one, one has to take into
account deformations that are induced by deformations of submanifolds of larger dimension.
Dajczer and Florit [5] introduced the concept of genuine rigidity of submanifolds in order
to deal with that kind of deformations. In the global case, Dajczer and Gromoll [9] proved
that along connected components of an open dense subset an isometrically deformable
compact Euclidean submanifold of dimension at least five and codimension two is either
isometrically rigid or is contained in a deformable hypersurface with possible singularities
and any isometric deformation of the former is given by an isometric deformation of the
latter. This result was extended by Florit and Guimaraes [17] to other low codimensions.
The necessity to admit singularities was justified in [16]. Also in [17] Florit and Guimaraes
allowed singularities in the study of the genuine rigidity of submanifolds and some of their
techniques are essential in the present work.

This thesis deals with the classical concept of infinitesimal bending of a submanifold.
It can be seen as the infinitesimal analogue of an isometric bending and refers to smooth
variations that preserve lengths “up to the first order". Let F: I x M" — R be an isometric
bending of f, and let g; denote the metric induced by f;, where f; is as above. In this case
we have that the induced metrics satisfy g, = 0. An infinitesimal bending of an isometric
immersion f: M" — R"*? is the variational vector field associated to a variation of f = f; by
immersions f; whose induced metrics satisfy g/(0) = 0. Let X(M) denote the set of tangent
vector fields of M" and I'(E) the sections of a bundle E over M". Observe that the variational
vector field T € T(f*TR"*P) of a variation F as above satisfies

(f:X,7:.X)=0

for any X € X(M). On the other hand, given an isometric immersion f: M" — R"*? and
a vector field T € T'(f*TR"*P) satisfying the previous equation, we have that the variation
F(t,x) = f(x) +11(x) satisfies

X 17 = LAXIP + 2] 7X]

forall X € X(M).

Clearly an isometric bending determines an infinitesimal bending. Hence, those infinites-
imal bendings given by trivial isometric bendings are also said to be trivial. The problem
of the existence of non-trivial infinitesimal bendings of an isometric immersion, gives rise
to another notion of rigidity. Namely, an isometric immersion is said to be infinitesimally
rigid if it only admits trivial infinitesimal bendings. Otherwise, we say that the submanifold

is infinitesimally bendable. Infinitesimal bendings of surfaces in R? are treated, for instance,



in the books by Bianchi [2] and Eisenhart [14] published in 1903 and 1909 respectively. A
modern account is presented by Spivak [25].

The “infinitesimal” analogue of the Beez-Killing theorem states that a hypersurface with
at least three nonzero principal curvatures at every point is infinitesimally rigid, this result
appears in the book by Cesaro [4] published in 1896. Dajczer and Rodriguez [11] proved
that well known algebraic conditions on the second fundamental form of the immersion that
give isometric rigidity also yield infinitesimal rigidity. In codimension larger than one these
conditions are given in terms of the type number or the s-nullities of the immersion.

At the beginning of the 20" century infinitesimal bendings of Euclidean hypersurfaces
were considered by Sbrana [22] in 1908, followed by Schouten [24] in 1928. After the
pioneering work of Sbrana, a complete parametric local classification of the non-flat infinites-
imally bendable hypersurfaces was given by Dajczer and Vlachos [13]. In particular, they
showed that this class is much larger than the class of isometrically bendable ones. In the
global case, infinitesimal bendings of compact hypersurfaces were considered in [11], where
it is shown that a compact hypersurface is infinitesimally rigid provided it does not contain
open totally geodesic subsets. In this work we study infinitesimal bendings of complete
hypersurfaces, which was a case still to be understood.

The following fact has to be taken in mind when trying to understand the geometry of
the infinitesimally bendable submanifolds in codimension greater than one. An infinitesimal
bending of an isometric immersion F: M"t/ — R"*P, 0 < [ < p, induces an infinitesimal
bending of f = F|j; where M" C M"*! is an embedded submanifold. Roughly speaking, we
want to know what are the necessary conditions for a submanifold to admit an infinitesimal
bending that is not a restriction as above. We point out that, as in [17], we allow singularities
in our approach to genuine infinitesimal rigidity. We see that a strong necessary local
condition for a submanifold to admit such a genuine infinitesimal bending is to be ruled, and
we give a lower bound to the dimension of the rulings.

The outline of this thesis is as follows. In Chapter 2 we list some basic facts about
isometric immersions. We pay special attention to the relative nullity distribution and its
properties. We also state some results concerning the “splitting tensor” associated to the
relative nullity, which has an important role in the last chapter. Some results concerning
singular extensions of submanifolds are stated. We finish that chapter with results about flat
bilinear forms, introduced by Moore, that have shown to be useful in the study of rigidity of
isometric immersions. In the present work we show that they are also useful when dealing

with infinitesimal bendings.



4 Introduction

In Chapter 3 we give some basic facts about infinitesimal bendings. More specifically,
we are interested in the properties of a tensor associated to an infinitesimal bending. In the
case of surfaces in R3 this tensor corresponds to the associated rotation field; see [25].

Next in Chapter 4 we prove results of local nature. As stated above, we show that a
genuinely infinitesimally bendable submanifold has to be ruled. For that we use convenient
flat bilinear forms defined in terms of the associated tensor mentioned above. We also see
that similar results hold when we change the ambient space for space forms of non-zero
curvature.

The last chapter is devoted to results of global nature. First we deal with infinitesimal
bendings of compact submanifolds with dimension at least five in codimension two. Then,
inspired in the result by Dajczer and Gromoll [8], we describe the complete Euclidean
hypersurfaces that admit non-trivial infinitesimal bendings. We show that a complete hyper-
surface f: M" — R n > 4 that has no open subset where f is either totally geodesic or a
cylinder over an unbounded hypersurface of R*, is infinitesimally bendable only along ruled
strips. The main idea for the proofs of the previous results is to transport information along
geodesics in the relative nullity. This technique has been widely used, for instance in [8], [9]
and [17].

The results of this thesis are contained in [10] and [18].



Chapter 2
Preliminaries

We begin by giving the background material that is needed in the following chapters. All
of this material is covered in full detail in [12], where the reader can find detailed proofs as
well as other results on these subjects. We assume that the reader is familiar with the basic
concepts of Riemannian geometry, some of which are listed below.

Let (M",g) be a Riemannian manifold and let V be its Levi-Civita connection. Then, the

curvature tensor of (M", g) is defined in terms of the Levi-Civita connection as
R(X, Y)Z - VXVYZ - VYVXZ - V[X,Y]Z7

where X,Y,Z € X(M) and X(M) denotes the set of smooth tangent vector fields of M". The
Ricci tensor Ric : TM x TM — C*(M) is given by

Ric (X,Y)=tr(Z — R(Z,X)Y),
and the Ricci curvature in the direction of the unit vector X € TM is defined by

Ric (X) =

L Ric (x,x),
n—1
where X,Y,Z € X(M).

The Riemannian metric g determines a distance function on M". The distance between
two points x,y € M is defined as the infimum of the arc lengths among the paths that join
x and y. A Riemannian manifold is said to be complete if it is complete as a metric space.
Equivalently, by the Hopf-Rinow theorem, M" is complete if every geodesic ¥(¢) is defined
for any ¢ € R. Clearly any compact Riemannian manifold is complete.
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Given an immersion f: M" — R""?  p > 1, of a Riemannian manifold (M",g) we say

that f is an isometric immersion if

gX,Y) = (fiX, fi¥)

forany X, Y € X(M), where (,) is the Euclidean metric in R"*7. As stated in the introduction,
given a vector bundle E over M", the set of smooth sections of E is denoted by I'(E). For an
isometric immersion f: M" — R"*P, the vector bundle f*TR"*? splits orthogonally as

[ TR = f,TM®&NM

where N¢M is called the normal bundle of f. Hence, according to that decomposition any
section Z € T(f*TR""P) decomposes as the sum of its tangent and normal components,
Z =Zrm +Zn,m- The codimension of f is the dimension of NyM (x), which in this case is
denoted by “p”.

The Euclidean connection, denoted by @, induces a connection on f*TR"*P which we
also write as V. Let X,Y € X(M) be tangent vector fields, then the tangent component of

Vx f.Y coincides with f,VxY and its normal component
a(X,Y) = (Vxf¥ )nm,

is called the second fundamental form of f. It follows that the second fundamental form of f

is a symmetric tensor with values in NyM. Hence, we can decompose @X f+Y as
VxfY = f,VxY + a(X,Y),

which is known as the Gauss formula.

An isometric immersion is said to be totally geodesic if its second fundamental form
vanishes. We recall that the totally geodesic submanifolds of R”*? are open subsets of affine
subspaces.

Given & € I'(NyM), the shape operator Ag : TM — TM with respect to & is defined by

(AeX,Y) = (a(X,Y),§),

and it follows that Az is a symmetric endomorphism of 7M. Also induced by the Eu-
clidean connection we have the normal connection in the normal bundle. It is given by
Vyé = (6X§)NfM, where X € X(M) and & € I'(NyM). Then, from the relation between the



2.1 The relative nullity distribution 7

Euclidean connection and the Levi-Civita connection of M we have the Weingarten formula:
Vx& = —fiAeX + VxE&.

Comparing the curvature tensors of R”*? and M" we obtain the fundamental equations
of an isometric immersion. These are the Gauss, Codazzi and Ricci equations, exposed next
in that order:

(RX,Y)Z,W) =(a(X,W),a(Y,Z)) —(a(X,Z),a(Y,W)),
(Vxa)(Y,Z) =(Vya)(X,2),
<RJ_(X7Y)€7TI> :<[A§7ATI]X7Y>7

where X,Y,Z,W € X(M), R* denotes the normal curvature tensor and &,1 € I'(NsM). The
Codazzi equation can also be written in terms of the shape operators as follows:

The first normal space of f: M" — R™P at x € M" is
Ni(x) =span{o(X,Y) : X,Y € T.M}.

An isometric immersion f: M" — R""? is called 1-regular if the first normal spaces N (x)
have constant dimension k < p on M" and thus form a subbundle N; of rank k of the normal
bundle.

2.1 The relative nullity distribution

An important distribution associated to an isometric immersion is the relative nullity distribu-
tion. Given an isometric immersion f: M" — R"*? the relative nullity subspace A(x) of f
at x € M" is the kernel of the second fundamental form o : T\M x T.M — NyM (x), that is,

Alx)={XeTM:o(X,Y)=0forallY € TM}.

The dimension v(x) of A(x) is called the index of relative nullity at x € M". We have that
the index of relative nullity is upper semicontinuous, in particular, the subset of M" where
Vv attains its minimum value is open. Moreover, on open subsets where Vv is constant A is a
smooth distribution.
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A distribution D C TM is totally geodesic if for any X,Y € I'(D) we have VxY € I'(D).
It follows from the Codazzi equation that, on open subsets where V is constant, A is totally
geodesic and hence integrable. Thus, A determines a foliation whose leaves are mapped by f
to open subsets of totally geodesic submanifolds of R"*7,

Let D C TM be a totally geodesic distribution of M". Decompose the tangent bundle
orthogonally by TM = D & D, according to this decomposition we write

X :XD +XDL

for any X € X(M).
The splitting tensor C: I'(D) x I'(D+) — I'(D*) of D is defined by

C(S,X) = CsX = —(VxS)pu

where S € I'(D) and X € I'(D). Observe that if 7 € D(x) then it determines an endomorphim
Cr: D*(x) — D*(x). Also notice that the distribution D" is integrable if and only if Cr is
self-adjoint for every T € I'(D). Moreover, D is totally geodesic if and only if C vanishes.

Next we state some of the properties of the splitting tensor of A, in fact, we state them for
a slightly more general case. Let D be a totally geodesic distribution such that D(x) C A(x)
for any x € M" and call C its splitting tensor. Since D is totally geodesic, then the Gauss
equation gives

VirCs=CsCr —l—CVTS.

for any S, T € I'(D). In particular, if ¥ is a unit speed geodesic contained in a leaf of D then

D

2
=C. 2.1
5 =C 2.1)

Let V" denote the connection induced on D, then the Gauss equation also implies the

following:

Lemma 1. We have that
(VXCr)Y — (V4Cr)X = Civy1),Y — Civy1)pX

forany X,Y €¢ T(D*) and T € T'(D).

Proof. Since
(VECr)Y =VEiCrYy —CrVhY,

the proof follows from the Gauss equation and the fact that D is totally geodesic. 0
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The Codazzi equation gives that
VTAg = AéCT +AV%§
forany T € I'(D) and § € ['(NyM). In particular the tensor AgCr is symmetric and therefore
VrAg =CrAg +AyLe, (2.2)

where C. denotes the transpose of Cr.
The following proposition provides a way to transport information along geodesics

contained in leaves of the relative nullity.

Proposition 2. Let f: M" — R"P be an isometric immersion such that v > 0 is constant
on an open subset U C M". If v: [0,b] — M" is a unit speed geodesic such that y([0,b)) is
contained in a leaf of A in U, then A(y(b)) = P5(A(Y(0))) where Pl is the parallel transport
along 7y from y(0) to y(t). In particular, we have v(y(b)) = v(y(0)). Moreover, the tensor
Cy extends smoothly to y(b) and (2.2) holds on [0,b].

The proof of the previous proposition is similar to that of Proposition 33 in Chapter 5.

For more details on these facts we refer to the first section of Chapter 7 in [12].

An isometric immersion G: M" x R¥ — R"+7 x R¥ of the Riemannian product M" x R¥
is called a k-cylinder (cylinder) over the isometric immersion g: M" — R"*P_if it factors as

G=gxId: M" x RF — R"P x R

where Id : RF — R is the identity. Observe that if G is as above, at any point (x,y) € M" x R,
we have that {x} x R lies in the leaf of the relative nullity foliation passing through (x,y).

For an isometric immersion f as above, if D C A is a smooth totally geodesic distribution,
of rank 0 < d < v, such that its splitting tensor C is identically zero, then we have that the
manifold is locally a Riemannian product and the immersion is locally a piece of a k-cylinder
(see for instance Proposition 7.4 in [12]).

When the leaves of the relative nullity of an isometric immersion are complete we have

the following.

Lemma 3. Let f: M" — R"P be an isometric immersion. Assume that U C M" is an open
subset where v(x) = vy is constant and the relative nullity leaves are complete. Then, for

any xo € U and Ty € A(xo) the only possible real eigenvalue of Cr, is zero. Moreover, if y(s)
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is a geodesic through x tangent to Ty then
Cy(s) = PoCry (Id — sCr) ' (P) ™ 2.3)

where P is the parallel transport along Y from xo. In particular, kerCy is parallel along the
geodesic .

Proof. See Lemma 1.8 in [8] or Proposition 13.8 in [12]. U]

The following result is useful when characterizing hypersurfaces of constant rank 2
whose relative nullity leaves are complete. Here the rank of a hypersurface f: M" — R"**!

is the dimension of the orthogonal complement of A, that is dimA+ =n—v.

Lemma 4. Let f: M" — R"™! be an isometric immersion. If U C M" is an open subset
where f has constant rank 2 and the leaves of the relative nullity are complete, then the
codimension of

Co={T €A:Cr =0}

is at most one. Moreover, if dimCy = 1 and Cr is invertible for T € T'(Cy), then fly is
a cylinder over a hypersurface g: L*> — R* that carries a one-dimensional relative nullity

distribution with complete leaves.

Proof. See Lemmas 1.9 and 1.10 in [8] or Corollaries 13.9 and 13.10 in [12]. ]

2.2 Ruled hypersurfaces

An isometric immersion f: M" — R""? is said to be r-ruled if there exists an r-dimensional
smooth totally geodesic tangent distribution whose leaves (rulings) are mapped diffeomor-
phically by f to open subsets of affine subspaces of R"*7. Notice that a special class of ruled
submanifolds are the ones with a relative nullity foliation.

In the case of codimension p = 1, we say that a hypersurface f: M" — R"™ ! is ruled if
itis (n — 1)-ruled. For a hypersurface with boundary we say it is ruled if, in addition to the
previous condition, the rulings are tangent to the boundary. A connected component of the
subset of M" where the rulings are all complete is called a ruled strip.

It follows that a ruled hypersurface has rank at most two, and if it is not totally geodesic
the leaves of relative nullity are contained in the rulings.

Next we give a local parametrization for a ruled hypersurface in terms of a curve orthogo-
nal to the rulings.
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Let f: M" — R""! be a ruled hypersurface and let ¢: I — M" be a unit speed curve
orthogonal to the rulings. The rulings form an affine vector bundle over ¢ = foc in R"*!,
Then let Ti(s), 1 <i<n— 1, be orthonormal tangent fields on the corresponding bundle
along ¢ which are parallel with respect to the induced connection. Set f.c' = Ty, T; = f. T;

and let N be a unit vector field along ¢ normal to f. We have

VajasTo ==Y o+ 6N
VasasTi = 0Ty + BiN,

where 6 = <ATQ, T()>, Q; = <VT0Ti7TO> and ﬁi = <ATi,T0>.
We parametrize a neighborhood of ¢ in f(M) by means of f: W C I x R*~! — R+!
given by

n—1

Fls,ur,... uyq) = é&(s) + Z u;Ti(s). (2.4)

i=1

We have at (s,uq,...,u,_1) that
fid/ds=(1 +Zui<Pi)To +ZuiBiN~
i i
Therefore, the map f has maximal rank if and only if
7:0/95 = (1+ L uign + (L uifi)? #0.
i i

Note that the directions for which Y ; u;8; = 0 are in the relative nullity of f at c(s).

The following result can be found in [8] for submanifolds of arbitrary codimension. But
for the convenience of the reader we give a proof in the hypersurface case.

Lemma 5. Let f: M" — R be an isometric immersion and let U C M™ be an open subset
where f has constant rank 2. Assume that f|y is ruled and has complete relative nullity
leaves. Suppose that d: [0,a] — M" is a unit speed geodesic orthogonal to A such that
0([0,a)) C U is contained on a ruling. Then the rank of f at 6(a) is 2. Moreover, every
point in U has a neighborhood V such that f|y extends to a ruled strip of constant rank 2.

Proof. Let W C I x R"~! be an open subset where the parametrization (2.4) is defined
and write Wy = W N ({s} x R"~1). Assume that the geodesic & is contained on the ruling
determined by f|w, and has T,,_; as its tangent vector field. Notice that f(s,0,...,0,r) is a
parametrization of §. Since B,_1(s) # 0 the map f has maximal rank along § and at (r)
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we have

ﬂ(&/as) = (1 +F(Pn,1)T0 +rﬁn,1N.

Let N(8(r)) = a(r)Tp + N be a vector field normal to f along & (not necessarily unitary).
Then
0= <f*(a/as)a aTO +N> = OC(I +r(Pn71) +r.8n71-

Taking r € (0,a] we see that 1 4 r@,_; # 0, then

_ rﬁnfl )
)= o)

Therefore, we have that

(?5/(,)f*(8/8s),1'§7(6(r))> = <(pn,1T0 + B, 1N, (X(I‘)To +N)

1
= Bu_1 (—1+r¢n—1>

which does not vanish. Thus the rank of f at §(a) is 2 and hence the same holds for f.

It remains to prove that f|y extends locally to a ruled strip. Fix x € U and let V C U be a
neighborhood of x parametrized by (2.4). Extend f to I x R"~! with the same expression.
We claim that this extension defines a ruled strip of constant rank 2. We first prove that £ has

no singular points. As seen previously, f is singular at points where
(14 Zui(pi)z + (Z u,ﬁi)z =0.
i i

Then, it suffices to prove that Y, u;¢; = 0 for any T = Y; u;T;(s) € A(c(s)).
Given T € A(c(s)), we have that

Y wigi = (V, T, To) = —(CrTo, To).

If the splitting tensor vanishes there is nothing to prove. Otherwise, if X is a unit vector
field on V tangent to a ruling and orthogonal to the relative nullity, it follows from the
completeness of the relative nullity leaves of f that C7X = 0 for any T' € I'(A). Finally, since
the only real eigenvalue of Cr is zero by Lemma 3, then (Cr Ty, Ty) = 0, and thus f has no
singular points.

It follows from Proposition 2 that the open subset where f has rank two is a union of
complete relative nullity leaves. From the previous discussion we have that the rank of f

along any ruling is two, and the claim follows. 0
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2.3 Extensions

When dealing with an isometric immersion f: M" — R"*” in codimension greater that one,
we are interested in the genuine aspects of the submanifold, by this we mean the aspects that
are not inherited from another submanifold M"*! C R"™*?,0 < I < p, such that f(M) C M"*".
By this reason we discuss next some results about extensions of submanifolds.

A smooth map F: M"* — R"*P, 0 < ¢ < p, from a differentiable manifold into Eu-
clidean space is said to be a singular extension of a given isometric immersion f: M" — R"t7
if there exists an embedding j: M" — M"*¢, 0 < ¢ < p, such that F is an immersion along
M"\ j(M) and f = F o j. Observe that we allow the map F to have singularities along
J(M). The necessity to admit the existence of such singularities in the above definition was
already well established in the study of genuine isometric deformations in both the local and
global situation in [9] and [17].

An easy way to build a singular extension of an isometric immersion f: M" — R"*P,

p > 2, is to extend it along lines, more precisely we can define F: I x M" — R"*P by
F(t,x) = f(x) +1A(x),

where A (x) € D(f*TR"P) is a suitable nowhere vanishing vector field. Notice that F is not
an immersion at t = 0 whenever A is tangent to f.
Next we recall a result due to Florit and Guimardes [17] that is a key ingredient in the

proofs of the results presented in this work.

Proposition 6. Let f: M" — R™P be an isometric immersion and let D be a smooth tangent
distribution of dimension d > 0. Assume that there is no open subset U C M" and Z € I'(D|y)
such that the map F: U x I — R"P given by

F(x,t) = f(x) +1fiZ(x)

is a singular extension of f on some open neighborhood of U x {0}. Then f is d-ruled along

every connected component of an open dense subset of M".

Proof. See Proposition 12.42 in [12] or Proposition 13 in [17]. [

Remark 7. Notice that the distribution D above is not assumed to be totally geodesic. From
the proof of the result it follows that the rulings are determined as follows: At any x € M"
there is an open neighborhood U of the origin in D(x) such that f.(x)U C f(M).
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If A € D(f*TR"?) is nowhere tangent to f, then the map F(z,x) = f(x) +1A is always
an extension. Next we sketch a way to find such a section A such that the lines defined by
the parameter ¢ lie in the relative nullity of F'.

Let f: M" — R"2 be an isometric immersion. Suppose that there is a smooth line
normal subbundle R C NyM, such that the tangent subspaces

D(x) =N(ag)(x) ={Y e TM(x): (a(Y,X),n) =0 VX € TM(x),n € R(x)}

have constant dimension n — k and therefore form a smooth tangent subbubdle D. Assume
further that R is parallel along D with respect to the normal connection (hence in R"2).

Consider the orthogonal splittings
TM=D®E, NeM=P®R
and define at each x € M"
[(x) = span{(Vxn)y.pap: X € E(x),n € R(x)}.

It follows from our assumptions that I" is a smooth rank k subbundle of f.E & P. Define A
by the orthogonal decomposition f,E &P =T @ A and let A € I'(A) be a nowhere vanishing

section of A. Then we have the following:

Proposition 8. The map F(t,x) = f(x) +tA(x), where t € (—¢€,€) for some fixed € >0, is a
hypersurface whose second fundamental form has rank k. Moreover 0, lies in the relative
nullity distribution of F.

Proof. See Proposition 4 in [9] or Proposition 12.4 in [12] for a more general result. L]

2.4 Flat bilinear forms

Flat bilinear forms were introduced by Moore [20] after the pioneering work of E. Cartan to
deal with rigidity questions on isometric immersions in space forms. As this work shows,

they are also useful when studying infinitesimal bendings of submanifolds.

Let V and U be finite dimensional real vector spaces and let W4 be a real vector space
of dimension p + g endowed with an indefinite inner product of type (p,q). A bilinear form
B:V xU — WP1is said to be flat if

(B(X,Z),B(Y,W)) — (B(X,W),B(Y,Z)) =0
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forall X,Y € Vand W,Z € U. An element X €V is called a (left) regular element of B if
dimBx(U) = max{dimBy(U): Y €V}

where Bx (Y) = B(X,Y) for any Y € U. The set RE(B) of regular elements of B is open
dense in V (see Proposition 4.4 in [12]).

The following basic fact was given in [20].

Lemma9. Let B: V x U — W be a flat bilinear form. If Y € RE(B) then
B(X,kerBy) C By(U) ﬂﬂgy(U)L

forany X €V.

The next is a fundamental result in the theory of symmetric flat bilinear forms. It turns

out to be false for p > 6 as shown in [6].

Lemma 10. Let B: V' x V" — WP4, p <5 and p+ q < n, be a symmetric flat bilinear form

and set
NB)={XeV:B(X,Y)=0 forall Y €V}.

If dimN(B) <n— p—q— 1 then there is an orthogonal decomposition
wra=witowl 1< <p,
such that the Wj-components B ; of B satisfy:
(i) By is nonzero and satisfies
(B1(X,Y),B1(Z,W))=0
forall XY, Z, W V.
(ii) By is flat and dimN(By) > n—p — g+ 2L.

Proof. See Lemma 4.22 in [12] or [5]. OJ






Chapter 3
Infinitesimal bendings

Let f: M" — R™"P be an isometric immersion, an isometric bending of f is a one-parameter

variation of f by isometric immersions, this is, a smooth map
F:(—¢g,€)xM"—R"P

such that F(0,-) = f(-) and F(¢,-) is an isometric immersion for each t € (—¢,€). In
other words, the metrics g, induced by the immersions f; = F(t,-) satisfy g; = go for any
te(—¢¢€).

A way to construct an isometric bending is to compose f with a smooth one-parameter

family of rigid motions in R"*7, that is,
F(t,x) =C(t)f(x)+v(t)

where C(t) is an orthogonal transformation of R"*” and v(r) € R"? for each t € (—¢,¢).
An isometric bending of f given by the expression above is said to be frivial. If f admits a
non-trivial isometric bending then it is called isometrically bendable. Otherwise, f is said to
be isometrically unbendable.

Let F be an isometric bending of f and let 7(x) = F,.d/dt|,—o(x) € T(f*TR"*P) be the

associated variational field. Then 7 satisfies
(VxT, ,Y) 4+ (VyT, £, X) =0 (3.1)

for any tangent vector fields X, Y € X(M), where V denotes the Euclidean connection. The
classical concept of an infinitesimal bending of a submanifold is the infinitesimal analogue
of an isometric bending and refers to smooth variations that preserve lengths “up to the first
order", that is, the metrics g; induced by f; satisfy g/(0) = 0. Hence, we say that a section
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T of f*TR"P is an infinitesimal bending of f: M" — R"*? if (3.1) holds. Given a smooth
variation whose variation vector field 7 is an infinitesimal bending, by keeping only the
terms of first order of the variation we obtain the smooth variation F: R x M" — R"*? with
variational vector field 7 defined as f; = f+¢t. Then (3.1) gives

X117 = LAX P+ Vx|

forany X € TM.

Of course, we always have the trivial infinitesimal bendings obtained as variational vector
fields of trivial isometric bendings. In other words, they are locally the restriction to the
submanifold of a Killing vector field of R"*?. More precisely, a trivial infinitesimal bending
7 has the form

T(x) =Df(x)+w

where D is a skew-symmetric linear endomorphism of R"*7 and w € R"?,

An isometric immersion is said to be infinitesimally rigid if it only admits trivial infinites-
imal bendings. Otherwise, we say that the submanifold is infinitesimally bendable. Next we
state the infinitesimal analogue of the Beez-Killing theorem, for a more general result we
refer to Theorem 2 in [11] or Theorem 14.4 in [12].

Proposition 11. A hypersurface f: M" — R""! whose second fundamental form has rank

at least 3 at every point is infinitesimally rigid.

Hence, for a hypersurface to infinitesimally bendable it is a necessary condition to have at
most two nonzero principal curvatures at any point. After the work of Sbrana [22] in 1908 a
complete parametric local classification of the non-flat infinitesimally bendable hypersurfaces
was given by Dajczer and Vlachos [13]. In particular, they showed that this class is much
larger than the class of isometrically bendable ones.

When trying to understand the geometry of the infinitesimally bendable submanifolds in
codimension larger than one the following fact has to be taken into consideration. If 7 is an
infinitesimal bending of an isometric immersion F: M" ¢ — R"*P, 0 < ¢ < p,and j: M" —
M"+ is an embedding, then T = 7| j(m) is an infinitesimal bending of f = F o j: M" — R""P,
This basic observation motivates the following definition.

We say that an infinitesimal bending 7 of an isometric immersion f: M" — R"*? extends
in the singular sense if there is a singular extension F : M"¢ — R"*P of f and a smooth
map 7: M" "¢ — R"P such that % is an infinitesimal bending of Fyp jom and 7 = 7| j(M)-

An infinitesimal bending 7 of an isometric immersion f: M" — R""P p > 2, is called a

genuine infinitesimal bending if T does not extend in the singular sense when restricted to
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any open subset of M". If f admits such a bending we say that it is genuinely infinitesimally
bendable. On the other hand, we say that f: M" — R""? is genuinely infinitesimally rigid
if given any infinitesimal bending 7 of f there is an open dense subset of M" such that 7
restricted to any connected component extends in the singular sense. As one expects, trivial
infinitesimal bendings are never genuine (see example 16 (1) below). If f(M) C Rt C R,
¢ < p,and e € R"P is orthogonal to R"* then T = ¢e for ¢ € C*(M) is another example
of an infinitesimal bending that is not genuine.

3.1 The associated tensor

Let T be an infinitesimal bending of a isometric immersion f: M" — R™7 and let L €
[(Hom(TM, f*TR"P)) be the tensor defined by

LX = VxT,
where V is the Levi-Civita connection in R”*?. Hence (3.1) can be written as
(LX, f.Y)+ (LY, £.X) =0 (3.2)

for any X, Y € X(M).
Let B: TM x TM — f*TR""P the symmetric tensor defined as

B(X,Y) = (VxL)Y
for any X,Y € X(M). Taking tangent and normal components we have

B(X,Y)=fiYX,Y)+B(X,Y) (3.3)

where Y: TM x TM — TM and B: TM x TM — N¢M are also symmetric tensors.

Proposition 12. The tensor L satisfies
(V2L)(X,Y)(Z) = (VPL)(Y,X)(Z) = —LR(X,Y)Z (3.4)

forany X,Y,Z € X(M).

Proof. Since

(V2L)(X,Y)(Z) = Vx(VyL)Z — (Vy,yL)Z — (VyL)VxZ, (3.5)
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the proof follows from the definition of the curvature tensor. 0

Let f;: I x M" — R"*P be a smooth variation of f having 7 as variational vector field .
Then the metrics g; induced by f; satisfy

d/0t]=08:(X,Y) =0 (3.6)
for any X, Y € X(M). Hence, the Levi-Civita connections and curvature tensors of g; verify
0/0t|,—oVyY =0 (3.7)

and
d/0t|i—0g:(R'(X,Y)Z,W) =0 (3.8)

for any X,Y,Z,W € X(M). Taking the derivative with respect to ¢ at t = 0 of the Gauss

formula for f;, namely, of
Vxfil¥ = fiViY + 0o/ (X,Y),
where every term is seen as a vector in R""7, we obtain
B(X,Y)=09/ot]|,—o0 (X,Y). (3.9)
Proposition 13. The tensorY: TM x TM — TM satisfies
(a(X,Y),LZ)+ (Y(X,Y),Z) =0 (3.10)

forany X,Y,Z € X(M).

Proof. Given n(t) € I'(NyM), let Y, be the tangent vector field given by
fi'dn = (9/t|i=on (1)) f.7m-
The derivative of (f;.Z,n(t)) = 0 with respect to ¢ at r = 0 yields
n,LZ) +(4n,2) =0
where Z € X(M) and n = n(0). In particular,

<OC(X,Y),LZ> + <ya(X,Y)aZ> =0
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for any X,Y,Z € X(M). On the other hand, we obtain from (3.9) that

Jaxy) =9(X.Y)
for any X,Y € X(M). O
Proposition 14. The tensor B: TM x TM — N¢M satisfies

(BX,W),a(Y,Z))+(a(X,W),B(¥,Z))
:<B(X,Z),OC(Y,W)>+<OC(X,Z),ﬁ(Y,W)> (311)

forany XY, ZW € X(M).

Proof. Take the derivative with respect to ¢ at t = 0 of the Gauss equations for f?, that is,
&(R'(X,Y)Z,W) = gi(o' (X, W), o' (Y, 2)) — g (& (X, Z), 0/ (Y, W))

and use (3.6), (3.8) and (3.9). ]

Lemma 15. The tensor B satisfies

(VxB)(Y.2)— (V¥ B)(X,Z) (3.12)
= OC(Y,H(X,Z)) - OC<X713(Y7Z)) - (LR<X7Y>Z)NfM

forany XY, Z € X(M).

Proof. We have from the definition of 3 that

ViB(Y,Z) = (Vx(VyL)Z = VxY(Y,Z))n,m-

Moreover,
(VxB)(Y,Z) = (VAL)(X,Y)(Z)nm — (X, Y(Y,Z))
and
(Vi B)(X,Z) = (V2L)(Y.X)(Z)n,m — (Y, Y(X,Z)),
and (3.12) follows from (3.4). O

We discuss next the simplest examples of infinitesimal bendings.
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Examples 16. (1) Let 7 be a trivial infinitesimal bending of f: M" — R"*P, p > 2, then
T=Df(x)+w

where D is a skew-symmetric linear transformation of R"*” and w € R""?. Take A €
C(f*TR™P) such that F: M"*! = M" x (—¢,€) — R"P, given by

F(x,t) = f(x)+1A(x),

is a singular extension of f. Then 7 extends in the singular sense since T(x,7) = t+tDA is a

(trivial) infinitesimal bending of F' on the open subset where F is an immersion.

(2) Given an isometric immersion f: M" — R"™"7. If Z € X(M) is a Killing field and
8 € [(N{) is a smooth normal vector field, then T = f.Z + § is an infinitesimal bending of

1.

3.1.1 The hypersurface case

Let f: M" — R"*1 be an isometric immersion, N a unitary vector field normal to f and Yy
be the tangent vector field such that (LX,N) + (Yn,X) = 0 for any X € X(M). Hence, we
can write (3.3) as

(VxL)Y = (BX,Y)N + (AX,Y) f.Yn, (3.13)

where B: TM — TM is given by (BX,Y) = (B(X,Y),N), and A is the second fundamental
form of f. In this case (3.11) becomes

BX NAY —BY NAX =0, (3.14)
where X,Y € X(M) and (X AY)Z = (Y,Z)X — (X,Z)Y.
Proposition 17. The tensor B is a Codazzi tensor, that is

(VxB)Y = (VyB)X, (3.15)

forany XY € X(M).

Proof. Since in this case the codimension is p = 1, we have from the Gauss equation that

the right side term on (3.12) vanishes, and hence equation (3.15) follows. ]
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The following result is essential in the last part of the final chapter, it follows from
Theorem 13 in [13] where existence and uniqueness of infinitesimal bendings is discussed in

terms of the tensor B. However, for the convenience of the reader, we include a proof.

Proposition 18. An infinitesimal bending T of an isometric immersion f: M" — R"*1 js
trivial if and only if B=0.

Proof. 1If 7 is a trivial infinitesimal bending, it follows from (3.13) that
(BX,Y) = ((VxL)Y,N) = (D(Vx f.)Y,N) = (AX,Y)(DN,N) =0

for all X,Y € X(M). Hence we have that B is identically 0.
Conversely, assume that 7 is an infinitesimal bending of f for which B vanishes. For each
point x € M define the skew-symmetric endomorphisms D(x): R**! — R"+! by

D(x)fiX = L(x)X
for X € T.M and
D(N(x) = fYn(x).
Since B vanishes, it follows from (3.13) that

VxDY — DVxY =(VxL)Y — (AX,Y) f.Yn
=0.

Taking the derivative of (f.Yy,N) =0 and (LY,N) + (Yn,Y) = 0 in the direction of X €
X(M), we obtain that
Vx f Yy + fiBX +LAX =0

for any X € X(M). Hence, we have that

VxDN — DVgN =Vx f.Yy + D f.AX
=0.

Therefore, the family of endomorphisms D(x) is in fact constant D(x) = D. That and the
definition of L imply that 7(x) — D f(x) is a constant map and thus 7 is trivial. O

For more details on infinitesimal bendings of hypersurfaces and the properties of the

tensor B we refer to [13].






Chapter 4
Local results

In this chapter, it is shown that a strong necessary local condition for a submanifold to be
genuinely infinitesimally bendable is that the submanifold has to be ruled. Our first local

result is the following:

Theorem 19. Let f: M" — R"™P, n > 2p > 4, be a genuinely infinitesimally bendable
isometric immersion. Then f is r-ruled with r > n —2p along connected components of an

open dense subset of M".
The following is an immediate consequence of the above result.

Corollary 20. Let f: M" — R" P, n > 2p > 4, be an isometric immersion. If M" has

positive Ricci curvature then f is genuinely infinitesimally rigid.

In the case of low codimension and with a substantial additional effort, we obtain our
second local result:

Theorem 21. Let f: M" — R"P, n > 2p, be a genuinely infinitesimally bendable isometric
immersion. If 2 < p <5, then one of the following holds along any connected component,

say U, of an open dense subset of M":
(i) flu is v-ruled by leaves of relative nullity with v > n—2p.
(ii) fly has v < n—2p at any point and is r-ruled with r > n—2p+3.

In the above result if p =2 we are always in case (i) since a (n — 1)-ruled submanifold
in that codimension has v > n — 3 at any point.
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4.1 The first local result

Theorem 19 is a corollary of the following result.

Theorem 22. Let f: M" — R"™"P, n > 2p, be an isometric immersion and let T be an
infinitesimal bending of f. Then along each connected component of an open and dense

subset either T extends in the singular sense or f is r-ruled with r > n—2p.
We first show that associated to any infinitesimal bending there is a flat bilinear form.

Lemma 23. Let T be an infinitesimal bending of an isometric immersion f: M" — R"*P,
Then the bilinear form 6 : TM x TM — NyM © N¢M defined at any point of M" by

is flat with respect to the inner product in NyM & N¢M given by

(&) (G2 M) wymaeonan = (815 S2)npm — (M M2 s

Proof. A straightforward computation shows that

%(<<9(X72), 0(Y,W))) — (0(X,W),0(Y,2)))) = (B(X,Z),a(Y,W))
+ <OC(X,Z),B(Y,W)> - <ﬁ(X,W),OC(Y,Z)> - <OC(X,W),[3(Y,Z)>,

and the proof follows from (3.11). L]

Under the assumption of regularity of the first normal bundle we have the following

statement equivalent to Lemma 23.

Lemma 24. Assume that f is 1-regular and let By : TM x TM — Ny be the N\-component
of B. Then the bilinear form 8 : TM x TM — N; & N, defined at any point by

0(X,Y) = (a(X,Y)+Bi(X,Y),a(X,Y)—Bi(X,Y)) (4.2)

is flat with respect to the inner product induced on Ni & Nj.

Proof of Theorem 22: Let T be an infinitesimal bending of f. With the use of (3.2) and (3.10)
we easily obtain
(feX +VxY,LX +VxLY) = (a(X,Y), B(X,Y)) (4.3)

for any X,Y € X(M).
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By Lemma 23, we have at any point of M" that the symmetric tensor 6 is flat. Given
Y € RE(0), denote D = ker 6y where 6y (X) = 6(Y,X). Notice that Z € D just means that
o(Y,2)=0=B(Y,2).

Let U C M" be an open subset where Y € X(U) satisfies Y € RE(6) and D has dimension

d at any point. Lemma 9 gives
(6(X,2),6(X,2))) =0
for any X € X(U) and Z € I'(D). Equivalently, the right hand side of (4.3) vanishes and thus
(f.X +VxZ,LX +VxLZ) =0 (4.4)

forany X € X(U) and Z € I'(D).
Assume that there is a nowhere vanishing Z € I'(D) defined on an open subset V of U
such that F: V x (—¢g,€) — R""P given by

F(x,t) = f(x)+1fZ(x)
is a singular extension of f|y. Then the map T: V x (—¢&,€) — R"*? given by
T(x,t) = 7(x) +1LZ(x)
is an infinitesimal bending that extends 7|y in the singular sense. In fact, we have
(F.0,,V3%) = (f.Z,LZ) =0,

(Vo &, F.X) + (VxT,F.0) = (LZ, f.X +1VxZ) + (LX +tVxLZ, £.Z) =0

and
(FX,Vx%) = (X +1VxZ,LX +tVxLZ) =0

where the last equality follows from (4.4).

Let W C U be an open subset such that a Z € I'(D) as above does not exist along any open
subset of W. By Proposition 6 the immersion is d-ruled along any connected component of
an open dense subset of W. Moreover, we have d = dimD = n—dimIm(6y) > n—2p. [

Remark 25. In Theorem 19 if f is 1-regular with dimN; = ¢ < p we obtain the better

estimate r > n — 2q since the proof still works using Lemma 24 instead of Lemma 23.
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4.2 The second local result

Let F: M"*! — R"*P be an isometric immersion and let # be an infinitesimal bending of
F. Given an isometric embedding j: M" — M"*! consider the composition of isometric
immersions f = Fo j: M" — R""P, Then T = 7| j(m) 1s an infinitesimal bending of f. It is
easy to see that

B(X,Y)=B(X,Y)+ (VxY,Fn)Ln

for n € I'(N;M) of unit length and X,Y € X(M). Then (3.10) gives
(B(X,Y),F)+ (o (X,¥),Ln) = 0

for any X,Y € X(M). We will see that satisfying a condition of this type may guarantee that
an infinitesimal bending is not genuine. In fact, this was already proved by Florit [15] in a

special case.

We say that an infinitesimal bending of a given isometric immersion f: M" — R"*P,
p > 2, satisfies the condition () if there is n € I'(NyM) nowhere vanishing and § € I'(R),
where R is determined by the orthogonal splitting N;M = P ® R and P = span{n }, such that

By +Ag =0 4.5)
where By, = (8,71). We choose 7 of unit length for simplicity. Thus, that (4.5) holds means

<ﬁ(X7Y)’n>+<a(X7Y)’5>:O (4.6)

for any X,Y € X(M).

The following result is of independent interest since it does not require the codimension
to satisfy p < 5 as is the case in Theorem 21.

Theorem 26. Let f: M" — R""P, p > 2, be an isometric immersion and let T be a genuine
infinitesimal bending of f that satisfies the condition (x). Then f is r-ruled withr > n—2p+3

on connected components of an open dense subset of M".

We extend L to the tensor L € [(Hom(TM & P, f*TR"*P) defining

Ln=fY+¢&
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where Y € X(M) is given by

(fsY, f:X) +(LX,1) =0
for any X € X(M). Then L satisfies

(LX,m) + (f:X,Ln) =0

for any X € X(M).
Given A € I'(f,TU & P) nowhere vanishing where U is an open subset of M", we define
the map F: U x (—¢,€) — R"P by

F(x,t) = f(x) +1A(x). 4.7)

Notice that F is not an immersion at least for = 0 at points where A is tangent to U. Let
7: U x (—€,€) — R""P be the map given by

Z(x,t) = T(x) +1LA(x). (4.8)

We have
(F.0,,V %) =0.

Moreover, since (LA, ) = 0 we obtain
(Vo £, FX) + (VxT,F.0;) = (LA, £.X) + (LX,A) +tX (LA, A) =0 (4.9)

for any X € X(M) and ¢ € (—¢€,€). Thus 7 is an infinitesimal bending of F on the open

subset U of U x (—¢€,€) where F is an immersion if and only if
(F.X,Vx%) =0,
or equivalently, if
(f:X +tVxA,LX +tVxLA) =0

for any X € X(M).
In the sequel we consider F restricted to U. By the above, in order to have that 7 is an

infinitesimal bending of F the strategy is to make use of the condition (x) to construct a
subbundle D C f,TM & P such that
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for any X € X(M) and any A € I'(D).

Lemma 27. Assume that the condition (%) holds. Then
(fX +VxA,LX +VxLA) = (VxA)g, (VxL)A), (4.10)
where X € X(M), A e I'(f.TM & P) and
(VxL)A = VxLA —LV5A,
being V' the connection induced on f, TM & P.
Proof. Set A = f.Z+ ¢n where Z € X(M) and ¢ € C*(M). Then

(feX +VxA,LX +VxLA) = (f(VxA) s+ (VxA)p+ (VxA)r, VxLA)
+(VxA, LX) + (f.X,VxLA)
= (f(VxA)rum, (VXL)Z+LVxZ +X(9)Ln + ¢ VxLn)
+((AnX,Z) +X(9))(n, (VXL)Z+LVxZ+X(¢)Ln + ¢VxLn)
+ ((VxA)R, VXLA) + (VxA,LX) + (f.X,VxLA) (4.11)

for any X € X(M). Using (3.10) and (4.6) we obtain

(fe(VxA)ra,(VXL)Z + LVx Z)
= —(L(VxA)rm, a(X,Z)) — 9 {fAnX,LVxZ) (4.12)

and

(f+(VxA) . X (¢)Ln + 9VxLn) = ¢ ((VxA) a1, VxY)
—X()(L(VxA)rm,n) — 9{ot(X, (VxA)7m), &) (4.13)

where for the first term in the right hand side of (4.13) we have

((VxA)rum, VY)Y =X((VxA)rm,Y) — (Vx(VxA) 7, Y)
=—X(L(VxA)rm),n) + (LVx (VxA) 73, M)
= —((VxL)(VxA)rm, M) — (L(VxA)rar, Vx1)
=(a(X,(VxA)rm), &) — (L(VxA)ra, V). (4.14)
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Moreover,
(n,(VxL)Z+LVxZ) = — (a(X,Z),§) + (n,LVxZ), (4.15)
(n,X(9)Ln +¢VxLn) =—¢(Vxn,Ln)
—9(LAnX, 1) — 9 (Vxn,&) (4.16)
and

<6x)»,LX> + <f*X,vxl_4k> = —<§XX,L7L> — <l,§xLX>
— (£, VxX,LA) — (a(X,X),LA) — (A, LVxX) — (A, (VxL)X) = 0. (4.17)

Now, a straightforward computation replacing (4.12) through (4.17) in (4.11) yields

<f*X—|—vxl,LX+€Xl_,ﬂ,> = <( ) LA> < (6x)t)TM,(X(X,Z)R>
— 0 (L(VxA)rm, Vin) — (a(X,Z), L(VxA)p) — 9 (VN L(VxA)p)
= ((VxA)r, (VxL)A),
which concludes the proof. [

In view of (4.10) the next step is to construct a subbundle D C f.TM & P such that

((VxA)r, (VxL)A) =0 (4.18)

forany X € X(M) and A € I'(D).

Lemma 28. Assume that the condition (x) holds. Then the bilinear form ¢@: TM x f, TM @
P — R®R defined by

O(X,A) = ((VxA)r+ ((VxL)A)r, (VxA)r — ((VXL)A)R).
is flat with respect to the indefinite inner product given by
(1, 11), (&2, 2) N g = (81, 62) g — (M1, M)

Proof. We need to show that

0= ((9(X,2),0(Y,8))) - {(¢(X,8),0(Y,1))) =
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forany X,Y € X(M) and 1,8 € f.,TM & P. We have

%@ =((VxA)r, (VyL)8)R) + ((Vy8)r, (VxL)A)R)

—((Vx8)&, (VYL)A)r) — (V¥ A)r, (VxL)8)r).

Clearly ® =0if 1,8 € I'(P). If A, 6 € X(M), we have

© =(a(X,A)r, (VyL)8)r) +{(a(Y,8)x, (VxL)A)r)

)
; A)r) — (@(Y, A )R, (VxL)8)r)
= (a(X, ), (VyL)8)r) — (AgY, 8)(a(X, A)r, 1)
(o(Y,8)r, (VxL)A)R) — (AnX, A){(Y, 8)r,LN)
— (a(X,8)r, (VyL)A)R) + (AgY, A)(e(X, 8), 1)
( (VxL)S)r) + (AnX,8)(a(Y,A)r,L1).

Using first (4.6) and then (3.11) we obtain
30 =(a(X,4),B(1.5)) + (a(r,8) B(X. 1))
—((X,8),B(Y,A)) — (a(Y, 1), B(X,6)) =

Finally, we consider the case A =1 and § =Z € X(M). Then

1
2

Since

50 =(Vin, (VyL)Z)r) — (AnY.Z)(Vxn.Ln) + (a(Y,Z)r, (VXL
- <V#n7 (<6XL)Z)R> + <A71X7Z> <Vl%nvl_‘n> - <a(sz)R7 ((vy

n)R)
n)R)-

(V¥n,Ln) = (Vxn,Ln) + (AnX,Ln) = —(n,VxLn) — (LApX, 1)

=—(n,(VxL)n)

we obtain

Lo = (vin.(FvL)2) - (Vin.(VxL)2)

2
+ <OC(Y7Z)7 (vxi)m - <OC<X7Z)7 (ﬁYZ’)rD
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For the first term using (3.10) and (4.6) we obtain
(Vxn,(VyL)Z) =X(n,(VyL)Z) — (n,Vx(VyL)Z) + (f.Ay X, (VyL)Z)
= _X<O‘(Y7Z);I:77> - <O‘(Y>Z)7LAUX>
—(n, WZU (X,Y)(Z) + (Vv L)Z+ (VyL)VxZ)
(( a)(Y,Z)+a(VxY,Z)+a(Y,VxZ),Ln)
—(n,(V°L) (X Y)( )+ (vayL)Z +(VyL)VxZ)
((V )(Y Z),Ln) — <n, (V2L)(X,Y)(2))
—(a(Y,2),(VxL)n) — (LAqy 2 X, M)
Likewise, we have
(Vyn,(VxL)Z) == ((Vy a)(X,Z),Ln) — (n,(V’L)(Y,X)(Z))
—(a(X,Z),(VyL)n) — (LAg(x 2)Y,M)-
From (3.4) and the Codazzi equation
(Vxa)(Y,Z) = (Vya)(X,Z)
we obtain
1
30 = (LRIX.Y)Z = Ag(y2)X +Aaix )Y ):10):
Then ® = 0 from the Gauss equation, as we wished. O

Proof of Theorem 26: By Lemma 28 the bilinear form ¢ is flat. Let U C M" be an open
subset where there is Y € X(U) such that Y € RE(¢) and D = ker ¢y has dimension d at any

point. Then Lemma 9 gives

{o(X,2),0(X, 1)) =

forany X € X(U) and A € I'(D). Notice that this implies that (4.18) holds for any A € I'(D).
Then D C f,. TM since otherwise there is A € I'(D) but A ¢ TM such that 7|y extends in the
singular sense via (4.7) and (4.8), and this is a contradiction. Hence D is a tangent distribution

and we conclude from Proposition 6 that f|y is d-ruled on connected components of an

open dense subset of M". Moreover, the dimension of the rulings is bounded from below by

n+1—dimIm(gy) >n—2p+3.

]
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Proof of Theorem 21: We work on the open dense subset of M" where f is 1-regular on any
connected component. Consider an open subset of a connected component where the index
of relative nullity is v < n—2p — 1 at any point. Lemma 10 applies and thus the flat bilinear
form 6 in (4.2) decomposes at any point as = 6; + 6, where 6, is as in part (i) of that
result. Hence, on any open subset where the dimension of $(8;) = $(6)N8(8)~ is constant
there are smooth local unit vector fields &;, {> € Ny such that (£, ;) € 8(6;). Equivalently,

(BX,Y), 81+ &) +(a(X,Y),51—8) =0 (4.19)

for any X,Y € X(M). We have {; + &, # 0 since otherwise §; — {, € Ni". Hence 7 satisfies
the condition () and the proof follows from Theorem 26. O

4.3 Nonflat ambient spaces

Let f: M" — QP be an isometric immersion where Q7 denotes either the sphere S; 7 or
the hyperbolic space Hj * of sectional curvature ¢ # 0. Then we say that T € I(f*TQ} ) is
an infinitesimal bending of f if it satisfies (3.1) with respect to the connection in Q7. And
that f is r-ruled means that there is an r-dimensional smooth totally geodesic distribution

whose leaves are mapped by f to open subsets of totally geodesic submanifolds of QrrP.

In the sequel, we also denote by f the composition of the immersion with the umbilical
inclusion of Q!"? into Q"P+!, where Q"P*! stands for either Euclidean or Lorentzian
space, depending on whether ¢ > 0 or ¢ < 0, respectively.

Let 7 be an infinitesimal bending of f and let f;: M" — Q?+p ,t € 1, be a smooth variation
of fo = f having 7 as variational vector field. In this case we still have that (3.6), (3.7) and
(3.8) hold. And also as before, associated to T we have the tensors

LX = VxT.

and

B(X,Y) = (VxL)Y

for any X,Y € X(M), where V denotes the connection in Q!*P. Now

BX,Y) =Y(X,Y)+BX,Y) +clf.Y, 1) f.X —c(X,Y)1
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where the tensors Y: TM x TM — f,TM and B: TM x TM — N M are the tangent and
normal component of d/df|;,—oa’ respectively, and o’ denotes the second fundamental form
of f; as a submanifold in Q7. In particular, we have that (3.11) holds.

In this case, an infinitesimal bending of f is said to satisfy the condition (x) if there is
n € T(NgM) of unit length and & € I'(R), where R is determined by the orthogonal splitting
N¢M = P® R and P = span{n }, such that

By +Ag +c(t,n)I =0

where By = (8, 7).
The cone over an isometric immersion f: M" — Q"? is defined by

f: Mn—l—l — (0’00) <M — @n-i—p-H
(s,x) = sf(x).

Notice that d, lies in the relative nullity of f and that N fM is the parallel transport of NyM
along the lines parametrized by s. Observe that if ¢ < 0, then the cone over f is a Lorentzian
submanifold of L"*P+! and hence N fM has positive definite metric.

If 7 is an infinitesimal bending of f, it is easy to see that 7(s,x) = sT(x) is an infinitesimal
bending of f in Q"tPH1 that is, 7 is a vector field that satisfies (3.1) with respect to the
connection in Q" "P*+1. Moreover, if 7 satisfies the condition (x) then % satisfies the condition
(%) for a flat ambient space.

Let f be the cone over an immersion f in QF"P. Notice that the parameter s defines lines
parallel to the position vector. Thus, if the map f +¢4, is a singular extension of f for some
vector field A then the intersection of its image with QIP determines a singular extension of
- A

Assume that 7T is a genuine infinitesimal bending of f. We claim that f and % cannot

admit extensions of the form
F(t,s,x) = f(s,x) +1A(s,x) and #'(¢,s5,x) = £(s,x) +LA(s,x)
as in the proofs of Theorems 19 and 26. Notice that

(F(t,5,x),2'(t,5,%)) = (f(5,x) +tA(s5,x), (5, x) + LA (s,x))

st(f(x),LA) +st(A, )
0,
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where in the last step we used that Ldy = t(x), that is, that £’ is orthogonal to the position
vector. From that observation we have that if £ determines a singular extension of f then 7
extends in the singular sense. But that was ruled out by our assumption on 7 and proves the
claim. In this sense, if 7 is genuine we obtain that f has to be ruled as in Theorems 19 and
26. Finally, observe that being f the cone over f, then these rulings determine rulings of f.

Therefore we have the following:

Fact 29. Theorems 19, 21 and 26 hold if the ambient space is replaced by Q) 7.



Chapter 5

Global results

This chapter is devoted to results of global nature. In order to prove those results, we first
show some properties of the kernel A* of the tensor 8. As we see next, on open subsets
where A* has constant dimension it determines a totally geodesic distribution contained in
the relative nullity. Our strategy is to transport information along geodesics contained in
leaves of that distribution. This allows us to describe the situation for infinitesimal bendings

of compact submanifolds in codimension 2, more precisely we prove the following result:

Theorem 30. Let f: M" — R"™2 n>5, be an isometric immersion of a compact Riemannian
manifold with no open flat subset and let T be an infinitesimal bending of f. Then one of the

following holds along any connected component, say U, of an open dense subset of M":
(i) The infinitesimal bending t|y extends in the singular sense.

(ii) There is an orthogonal splitting R"? = R @ span{e} such that f(U) C R and
|y is a sum of infinitesimal bendings |y = T + T, where T € R'T!, 7, = ¢e for
¢ € C*(U) and both extend in the singular sense.

Inspired by the classification of the isometrically bendable complete Euclidean hypersur-

faces by Dajczer and Gromoll in [8], we finish this chapter proving the following result:

Theorem 31. Let f: M" — R"™ ! n > 4, be an isometric immersion of a complete Rieman-
nian manifold. Assume that there is no open subset of M" where f is either totally geodesic
or a cylinder over a hypersurface in R* with complete one-dimensional leaves of relative

nullity. Then f admits non-trivial infinitesimal bendings only along ruled strips.

We point out that the existence of complete nonruled isometrically bendable hypersurfaces

of constant rank two in R?, that are not surface-like, is an open problem [8]. By surface-like
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we mean a hypersurface that is a cylinder over either a surface in R3 or a cone over a surface
in an umbilical submanifold of R*.

It follows from the proof of Theorem 30 that the assumption on the open flat subset can
be replaced by the weaker hypothesis that there is no open subset of M" where the index of
relative nullity satisfies v > n— 1. That and the hypothesis of the absence of open totally
geodesic subsets in Theorem 31 can be justified by the fact any section § € F(NIL) is an
infinitesimal bending of f, as was observed in Examples 16 (2). Moreover, we will see that
cases (i) and (ii) in Theorem 30 are not disjoint.

The following two results, of independent interest, are essential in the proofs of the
theorems mentioned above. In the sequel 7 is an infinitesimal bending of an isometric
immersion f: M" — R"*P,

Let 8 be the symmetric tensor defined by (3.3) and let 6 be the flat bilinear form given
by (4.1). Calling v*(x) = dimA*(x) at x € M" where

A™(x) = N(8)(x) = ANN(B) (x),

we have the following:

Proposition 32. On any open subset of M" where vV* is constant the distribution A* is totally

geodesic and its leaves are mapped by f onto open subsets of affine subspaces of R"P.

Proof. From (3.10) we have A C N(Y). Then (3.12) and the Gauss equation give

(VxB)(Z.Y) = (VZB)(X,Y) =0

for any X,Y € I'(A*) and Z € X(M). Let V* = (V+, V") be the compatible connection in
NiM @ N¢M. Hence

for any X,Y € I'(A*) and Z € X(M). Thus A* C A is totally geodesic. O

On an open subset of M" where v* > 0 is constant consider the orthogonal splitting
TM =A"@E andlet C: T'(A*) xI'(E) — I'(E) be the corresponding splitting tensor.

The next result provides a way to transport information along geodesics contained in
leaves of A*. This technique has been widely used, for instance in [8], [9] and [17].

Proposition 33. Let v* > 0 be constant on an open subset U C M". If v: [0,b] - M" is a
unit speed geodesic such that y([0,b)) is contained in a leaf of A* in U, then A*(y(b)) =
P (A*(y(0))) where Pl is the parallel transport along 'y from ¥(0) to y(t). In particular, we
have v*(y(b)) = v*(y(0)) and the tensor Cy extends smoothly to [0, D).
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Proof. We mimic the proof of Lemma 27 in [17]. Let the tensor J: E — E be the solution in
[0,b) of

D
—J+CpoJ=0
dt tCyo

with initial condition J(0) = Id. It follows from (2.1) that J satisfies Z—:J =0, and hence it
extends smoothly to P5(E(0)) in y(b). Let Y and Z be parallel vector fields along 7 such that
Y(t) € E(t) for each t € [0,D). Since ¥ is in A*, it follows from (3.12) that

(Vy0)(JY.Z) = (Viy0)(V,2).

This and the definition of J imply that 6(JY,Z) is parallel along y. In particular J is
invertible in [0, 5]. By continuity P5(A*(y(0))) C A*(y(b)), and since Z(0) is arbitrary, then
P5(A*(7(0))) = A*(y(b)). Finally we extend the splitting tensor C,y = —DJ /dtoJ~'. [

The following basic result is used in the proofs of both theorems in this chapter. In the

following M,,(R) denotes the set of n x n real matrices.

Lemma 34. Let U: [0,b] — M,(R) be a solution of the ordinary differential equation

where T : [0,b] — M, (R) is continuous. Then the rank of U(s) is constant on [0, b].

Proof. Letv € R" and define v(s) as v(s) = U(s)v for s € [0,D]. Observe that v(s) satisfies
the differential equation:
Vi(s) =U'(s)v=T(s)v(s)

on [0,b]. Therefore, if v(sg) = 0 for some s¢ € [0,b] we necessarily have that v(s) = 0 for
any s € [0,b]. From that we conclude that the dimension of the kernel of U(s) is constant on
[0, 5]. O

5.1 The compact case

Lemma 35. Let f: M" — R"™P, p <5 and n > 2p be an isometric immersion of a compact
Riemannian manifold and let T be an infinitesimal bending of f. Then, at any x € M" there is
a pair of vectors {1,y € NeM(x) of unit length such that (1, 5) € (8(0))*(x) where

8(0)(x) =span{06(X,Y):X,Y € TM}.



40 Global results

Moreover, on any connected component of an open dense subset of M" the pair {;,{, at
X € M" extend to smooth vector fields {; and §, parallel along A* that satisfy the same
conditions.

Proof. We claim that the subset of points U of M" where there is no such a pair, that is, the
metric induced on (8(8))~ is positive or negative definite, is empty. It is not difficult to see
that U is open. From Lemma 10 we have v* > 0in U. Let V C U be the open subset where
v* = v is minimal. Take xo € V and a unit speed geodesic ¥ in M" contained in a maximal
leaf of A* with y(0) = x¢. Since M" is compact, there is b > 0 such that ¥([0,b)) C V and
Y(b) ¢ V. Proposition 33 gives v*(y(b)) = v; which implies y(b) ¢ U. Hence, there are unit

vectors (1, (> € NyM(y(b)) such that (81, &) € (8(8))*(7(b)).
Let {;() be the parallel transport along y of ;, i = 1,2. Then

<<6(X7Y>7 (Clv C2>>> = <(AC1—§2 +BC1+C2)X7Y>‘

It follows from (3.10) and (3.12) that
(V70)(X,Y) = (Vx6)(T.Y) (5.1)

where T € T'(A*) extends ¥ and X,Y € X(M). Along v this gives

D
EeCuCz = eé’hé’zci/ = C;/eChé'z

where C¢, . =A¢ _¢, +Bg ¢, and C;,, denotes the transpose of Cy/. Moreover, by Proposi-
tion 33 this ODE holds on [0,5]. Given that C¢, ¢ (¥(b)) = 0, then it follows from Lemma 34
that C¢, ¢, vanishes along . This is a contradiction and proves the claim.

We have from (5.1) that

(V70)(X,Y) = —6(VxT,Y) € I(8(6))

for any T € T'(A*) and X,Y € X(M). Thus 8(6) is parallel along the leafs of A*. Let Uy
be a connected component of the open dense subset of M" where the dimension of A*,
8(0),8(6)N8(0)* and the index of the metric induced on §(0)* x $(8)~ are all constant.
Hence on Uj the vector fields {;, {, can be taken parallel along the leafs of A*. [

We are now in conditions to prove Theorem 30.

Proof of Theorem 30: We assume that there is no open subset of M" where the index of
relative nullity satisfies v > n— 1. By Lemma 35, on connected components of an open
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dense subset of M" there are {;,{, € T'(NyM) with || || = || {2]| = 1 parallel along the leaves
of A* and such that

<<9(X7Y)7(C17C2)>> =0

for any X, Y € X(M). It follows from (4.1) that (4.19) holds on connected components of
an open dense subset of M". Let U C M" be an open subset where ;, {, are smooth and
{1+ & #0. Thus 1|y satisfies the condition (*). Let V C U be an open subset where 7 is
a genuine infinitesimal bending. By Theorem 26 we have that f is (n — 1)-ruled on each
connected component V of an open dense subset of V. Since our goal is to show that V is
empty we assume otherwise.

Proposition 6 and the proof of Theorem 26 yield that the rulings on V are determined by
the tangent subbundle D = ker ¢y where ¢ was given in Lemma 28 and Y € RE(¢). Also
from that proof dim/m(¢y) = 2 and therefore Im(¢@y) = R ® R where NeM = P @R as in

Lemma 28. Lemma 9 gives

¢x (D) C Im(gy) NIm(gy)" = {0}

for any X € X(M), that is, D = N(¢). In particular, from the definition of ¢ it follows that
D C N(ag). Hence, by dimension reasons either N(ag) = TM or D = N(og). Next we
contemplate both possibilities.

Let Vi C V be an open subset where N(ag) = TM holds, that is, Ny = P. Thus N,
is parallel relative to the normal connection since, otherwise, the Codazzi equation gives
v =n— 1, and that has been ruled out. Hence f|y, reduces codimension, that is, f(V;) is
contained in an affine hyperplane R"*!. Decompose T = 7| + 7> where 7 and 7, are tangent
and normal to R"*!, respectively. It follows that 7| is an infinitesimal bending of f ly, in
R™*1. Since 7 satisfies the condition () then Proposition 18 gives that 7y is trivial, that
is, the restriction of a Killing vector field of R**! to f(V;). Extending 7, as a vector field
normal to R" 1 it follows that 7|y, extends in the singular sense and this is a contradiction.

Let V, C V be an open subset where D = N(ag). By assumption D # A. Let D be the
distribution tangent to the rulings in a neighborhood V; of xo € V5. From Proposition 6 we
have D(xo) = D(xo). Let W C V; be an open subset where D # D, that is, where D is not
totally geodesic. Then there are two transversal (n — 1)-dimensional rulings passing through
any point y € W. It follows easily that N] = P on W. As above we obtain that 7|y extends in
the singular sense, leading to a contradiction. Let V3 C V, be the interior of the subset where

D is totally geodesic. On V3 the Codazzi equation gives

Vya(Z,Y) e T(P)



42 Global results

for all X,Y € T'(D) and Z € X(M). Thus R is parallel along D relative to the normal

connection. We have from Proposition 8 that f admits a singular extension
Fx,t) = f(x) +1A(x)

for A € I'(f.,TM @ P) as a flat hypersurface. Moreover, F has R as normal bundle and 9,
belongs to the relative nullity distribution. Then (VxA)g = 0 for any X € X(V3). Hence
(4.18) is satisfied and thus 7|y, extends in the singular sense. This is a contradiction which
shows that V is empty, and hence also is V.

It remains to consider the existence of an open subset U’ € M" where (i, {, are smooth
and {; + & = 0. It follows from (4.19) that {; — {, L. N;. Once more, we obtain that
f(U") c R*!. Thus, we have an orthogonal decomposition of |y as in part (ii) of the

statement and 71, T extend in the singular sense as follows:
(i) Ti(x,t) = 71(x) to F: U x R — R""2 where F (x,t) = f(x) +te.

(ii) For instance locally as %(x,) = 7»(x) to F: U x I — R"*2 where F (x,t) = f(x) +tN
being N is a unit normal field to f|y in R**1, O

Remarks 36. In case (ii) of Theorem 30 if 7 is trivial then 7; and 7, extend in the same
direction, and hence 7 also does. Thus we are also in case (i).

Notice that for p = 2, as part of the proof we have shown that an infinitesimal bending of a

submanifold without flat points as in in part (ii) of Theorem 21 cannot be genuine.

5.2 'The complete case

Let f: M" — R™"! be an isometric immersion, and let T be an infitesimal bending of f. If B
is the symmetric tensor associated to 7, we have in this case that A* = ANkerB. Observe
that (3.15) implies that

VrB=BCr =C;B (5.2)

for any T € I'(A*), where C is the splitting tensor of A*.
If f is such that rank A > 2, we have from (3.14) that rank B < 2 and A C kerB, in
particular A* = A. The following result allows us to transport information along geodesics in

rulings that are not necessarily relative nullity.

Lemma 37. Let f: M" — R be a ruled hypersurface of constant rank 2 with complete

relative nullity leaves. Assume that the splitting tensor of the relative nullity does not vanish
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on any open subset. If T is an infinitesimal bending of f, then its associated symmetric tensor

B satisfies
6 0
Bl = [ ] (5.3)

with respect to a local orthonormal basis {Y,X} of A" such that Y is orthogonal to the

rulings. Moreover, the smooth function 0 verifies
X(0)=(VyY,X)6. 5.4)

Proof. On the open dense subset where C £ 0, let T € F(COL) be unitary. Locally take
X,Y € I'(A*) orthonormal such that Y is orthogonal to the rulings. We have seen in the proof
of Lemma 5 that X € I'(kerCr). Moreover, Lemma 3 implies that C7 = pJ for some smooth
function u, where J € T'(End(A™1)) is defined by JX = 0 and JY = X.

We denote the restrictions of A and B to A by the same letters and let D € I'(End(A'))
be given by D = A~!B. From (2.2) and (5.2) we have

ADCy = C;AD = ACyD.
Hence A[D,Cr| = 0, and thus D commutes with J. This gives D = ¢Id + ¢»J and
B=¢;A+ @ AJ.

Since the immersion is ruled, then A has the form

A:k g].

We easily have from (3.14) that ¢; = 0, and therefore B has the form (5.3). Finally (5.4)
follows from (3.15). [

Remark 38. From the above and Theorem 13 in [13], the set of infinitesimal bendings of
a ruled hypersurface satisfying the assumptions of the preceding result, is in one to one

correspondence with the set of smooth functions on an interval.
The following result is essential in the proof of Theorem 31.

Lemma 39. Let v* > 0 be constant on an open subset U C M". If y: [0,b] — M" is a unit
speed geodesic such that y([0,D)) is contained in a leaf of A* in U, then (5.2) holds on [0,b].

Proof. It follows immediately from Lemma 33. [
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Proof of Theorem 31: Let T be a non-trivial infinitesimal bending of f and let B be its

associated symmetric tensor. We consider the subsets of M" defined by
M; = {x € M" :rank A(x) > i}.

Observe that M, # 0, because otherwise we would have from Lemma 3 that f would be
a cylinder over a curve which is ruled out by our assumptions (this also follows from a
well known result due to Hartman). It follows from Proposition 11 and Proposition 18 that
B|u, = 0. Let V. C W, = M, \ M3 be the open subset of M" defined by

V={xeW,:B(x)#£0}.

We claim that the leaves of relative nullity in V are complete. Otherwise, there is a
geodesic y: [0,b] — M" contained in a leaf of the relative nullity such that ¥([0,0)) C V and
y(b) ¢ V. From Lemma 39 we have that B satisfies

on [0,b] with B(b) = 0, where C;,, denotes the transpose of C,/. Take a parallel orthonormal
basis of A* along y and regard (5.5) as a differential equation of matrices. Since B(b) = 0,
Lemma 34 implies that B vanishes along y. This is a contradiction, and proves the claim.

We show next that f|y is ruled using arguments from the proof of Proposition 2.1 in [8].
By Lemma 4 the codimension of C is at most one. The assumption that (M) does not
contain a cylinder gives that the subset

Vo={xeV:C(x)=0}

has empty interior. Let 7 € I'(A) be a local unit vector field on the open subset V| =V \
spanning the orthogonal complement of Cy. Using again Lemma 4 it follows that rank C7 = 1.
Moreover, we have from (2.3) that V| and Vjy are both union of complete relative nullity
leaves.

We claim that the smooth distribution A @ kerCr on Vj is totally geodesic. If kerCr is
locally spanned by a unit vector field X, then (VxT),. = 0. From Lemma 3 we have that
VrX = 0. Since A is totally geodesic, then A@® kerCr is integrable. It remains to show that
(VxX,Y) =0 where Y € T'(A') is a unit vector field orthogonal to X. Since the only real
eigenvalue of Cr is zero, then CrY = uX for a smooth non vanishing function t. Lemma 1
yields

(ViCr)Y = (VECr)X,
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which is equivalent to
X(1) = (VyY,X)u (5.6)

and
u(VXX,Y> =0.

The last equation proves the claim.
Since Cr is nilpotent, we have that ker C;. = ImC7.. Since CA = ACr we have C7AX =0,
and then
(AX,X) = 0.

Thus the leaves of A@ kerCr are totally geodesic submanifolds of R that is, f |v1 18 ruled.

Next we prove that the rulings contained in V; are complete. Recall that the leaves of
relative nullity in V} are complete. Assume otherwise that there is an incomplete ruling in V;.
Thus, there is a geodesic 0: [0,a] — M" in the direction of X such that §(a) ¢ V;. We have
from Lemma 5 that the rank of f at d(a) is 2. Moreover, from the second statement on that
lemma, it follows that (5.6) extends to &(a) where Y € I'(A*) is as before. Since  is not
zero along & we have that d(a) ¢ Vp, and hence 6(a) ¢ V. On the other hand, Lemma 37
yields that B has the form (5.3) with respect to {¥,X} and that 6 € C*(M) verifies (5.4).
Using again Lemma 5 we see that (5.4) extends smoothly to [0,a] with X = §’. But then B
has to vanish along &, and that is a contradiction.

Let S be a connected component of V; and let x € dS together with a sequence x; € S be
such that x; — x. Let L; be the affine subspace of R"*+! determined by the ruling through
f(x;). Since the rulings are complete, there is an affine subspace L through f(x) which is
the limit of the sequence determined by L;. In fact, suppose that there are two subsequences
L’ and L7 converging to different subspaces L' and L” that intersect at f(x). Then, in a
neighborhood of x different subspaces L} and L}’ would intersect, and this is a contradiction.
Clearly L C f(dS), and thus f|s is a ruled strip.

Notice that if two ruled strips have common boundary then their union is also a ruled
strip. Take x € Vp. Since V; is dense in V, then f(x) € L C f(M) where L is an affine
(n — 1)-dimensional subspace of R"*! that is the limit of a sequence of rulings. Suppose that
there exist two sequences of rulings L; and L/ converging to affine subspaces L’ # L" that
intersect at f(x). Then L’j intersects L” in a hyperplane for large values of j. Fixing j large
enough, the same holds for any ruling in a neighborhood of rulings of L;-.

Let Z" and Z" be vector fields tangent to L and L”, respectively, and let R be a vector
field tangent to L ﬂL;.. Since VgZ' and VgzZ" have no normal components, it follows that
L"NL is a complete relative nullity leaf. The same holds for the nearby rulings. In a
neighborhood of y € L” N L', as before take unit vector fields 7' € I'(Cy), X € I(kerCr)
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and Y such that C7Y = uX with p # 0. Let y be the unit speed geodesic of M" such that
foyliesin L”, f(y(0)) =y and is orthogonal to A. Then ¥ = aX + bY with b # 0. Hence
(CrY,y) = 0is equivalent to aby = 0. This yields a = 0, and thus ¥ =Y is orthogonal to
X. Since f,V,T is tangent to L” and f.X is orthogonal to L”, then CrY = 0, and this is a
contradiction. Therefore, we have seen that any sequence of points in V| converging to x,
determines the same affine subspace L as the limit of the correspondent rulings. Moreover,
we have shown that L does not intersect f (V7).

We have proved that there exists an open neighborhood U of x such that f|y is ruled and
has complete relative nullity leaves. Using Lemma 37 as above, we obtain that the affine
subspace L is contained in f (V). Hence, every connected component of V defines a ruled
strip.

To conclude the proof of the theorem it remains to show that B = 0 on the open subset
W) = Mj \ M, that is, that B vanishes outside ruled strips. It follows from (3.14) that
B(A) C ImA, hence rank B <2 on W;. Let V' be the open subset of W; defined as

V' ={xe W, :B(x)#0},

then A* =kerBon V.

We claim that V' is empty. Suppose otherwise. Let V” C V' be the open subset where
v* attains its minimum in V', say Vy- We see next that the leaves of A* are complete on
V”. On the contrary, suppose that there is a geodesic y: [0,b] — M" such that y([0,b)) C V'
is contained on a leaf of A* and that y(B) ¢ V”. By lemmas 2 and 33, we know that
v(y(b)) =n—1and v*(y(b)) = v§. Then y(b) € M, and B(y(b)) # 0. Take a neighborhood
of y(b) where B # 0. Since y(b) € M>, there is a sequence x; € V such that x; — y(b). Recall
that each connected component of V defines a ruled strip. Let L; be the affine subspace of
R"*! given by the ruling through f(x;). As before, there is an affine subspace L C f(M,) of
dimension n — 1 which is the limit of the sequence L and contains f(y(b)). Since Ay (b) =0
and the geodesic f oy is transversal to L, we have that A(y(b)) = 0, and that is a contradiction.
Hence A* has complete leaves in V"

The leaves of the relative nullity foliation cannot be complete on any open subset of W.
This follows easily from Lemma 3 and the assumptions on f. Hence we necessarily have
that vj =n —2.

Take local orthonormal vector fields X and Y in V/ orthogonal to ker B such that X is an
eigenfield of A. Then A and B have the expressions

A0 pop
A’kerBL = [0 0] ) B’kerBL = [p 0]
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with respect to the frame {X,Y} and A # 0 # p.
Given T € I'(A) let cr be defined by CrX = c7X. Since X is parallel along the relative
nullity leaves, we have

(VxB)Y = (X(p) +cyi)X +2cypY + p(VxX)iern

and
(VyB) X =Y(u)X+Y(p)Y +pVyY.

In particular (3.15) yields
Y(p) = 2cyp. (5.7)

Let W] C W, be the dense subset where the the relative nullity leaves are not complete.
Take a point x € V/ NW]. Since the leaf of the relative nullity foliation through x is not
complete, there is a geodesic 0: [0,b] — M" contained in that leaf tangent to Y such that
0([0,b)) C V" and §(b) ¢ V". By the same transversality argument as above we see that
p(6(b)) = 0. It follows from (5.7) that p = 0 along 9, and that is a contradiction proving
the claim that V' is empty.

O

Corollary 40. Let f: M" — R"™! be an isometric immersion of a simply connected Rieman-
nian manifold M" satisfying the hypothesis of Theorem 10. If T is a non-trivial infinitesimal
bending of f, then 7T is the variational field of an isometric bending.

Proof. Let B be the symmetric tensor associated to the infinitesimal bending 7. It is easy
to see using (5.3) and (5.4) that the symmetric tensors A +tB, t € R, satisfy the Gauss
and Codazzi equations. Then, they give rise to an isometric bending of f having 7 as its
variational field. O
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