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Abstract

This thesis has three parts. In the first part we consider a one-dimensional, weakly asym-
metric, boundary driven exclusion process on a one-dimensional discrete interval, in a
super-diffusive time scale. In this part we derive an equation which describes the evolu-
tion of the density of the particles until certain point. In the second part we consider a
process associated to the simple random walk in a discrete torus. We place a particle at
each site of the torus and let them evolve as independent, nearest-neighbor, symmetric,
continuous-time random walks. Each time two particles meet, they coalesce into one. We
prove that, in a convenient scale of time, the sequence of total number of particles of these
processes, when the size of the torus grows, converges to the total number of partitions
in Kingman’s coalescent. Finally, in the third part of this thesis, we consider a process
similar to the previous one. We consider a finite number of ii.d. irreducible and tran-
sitive Markov chains in continuous time, over a finite state space. Each time two chains
meet, they stay together. This mechanism induces a process in the set of partitions of
the first natural numbers. Starting from the invariant measure, we find conditions under
which a sequence of these processes, in an appropriate scale of time, converges to the
Kingman’s coalescent that starts with finite equivalence classes. In particular, we prove
this convergence in the reversible case under a condition that involves the relaxation time.

Key words: Super-diffusive limit, Kingman'’s coalescent, martingale approach, statistical
mechanics.
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Chapter 1

Introduction

This PhD thesis is divided in three parts, each of them contained in one of the following
chapters, namely Chapters 2, 3 and 4. Though the last two chapters are related, each part
of this thesis can be read independently.

1.1 Super-diffusive Limit of Exclusion Processes

In Chapter 2 we consider a weakly asymmetric, boundary driven exclusion process in
{0,1,...,N}, in a superdiffusive time scale Nzeﬁl, with a fix density at the boundaries.
We describe the evolution of the density of the particles up to order ey. Here ey — 0 as
N goes to infinity.

More specifically, we examine the correction to the hydrodynamic equation of this
process. Assume that €5, N — oo, and that the exclusion process starts from a local equi-
librium state associated to the density profile g, o) ) + €nvo. Then, for all £ > 0, the
system remains close, in the scale €y, to a local equilibrium state whose density profile
is given by P, (1) k(1) + €n0t, where v; is the solution of the following elliptic equation
3PA(1),E(t) = 9% (D(Page),E(1))?) — 0x (X' (Pace) (1)) E(1)0) (A.11)

0(0) =v(1) =0. .

More precisely, for every cylinder function ¥, and every continuous function H : [0,1] —
R, if 7 represents the state at time ¢ of the speeded-up exclusion process,

1 =
eyN ]; H(]/N){T]‘P(Ug\]> - Eﬁ/\(t),g(t)-i'eNUt [T]} —0.

In this formula, {7 : j € Z} represents the group of translations and E, the expectation
with respect to the local equilibrium state associated to the density profile 1.

The proof of the main results, Theorems 2.1.4 and 2.2.1, follows the strategy proposed
by [14,31], which consists in estimating the relative entropy of the state of the process with

3



4 1. INTRODUCTION

respect to the local equilibrium state whose density profile solves equation

ap = € {ax(D(p)0xp) — dx(x(0)E(t))} ,
f(o(t,0)) = Ao(t), f(p(t,1)) = M(t), (1.1.2)
p(0,+) = Pa(0),50)(*) +€v0(") ,

with € = ey.
If Hy(t) represents this latter relative entropy, the main result asserts that for all ¢ > 0,

1

Lm0,
Ne3,

1.1.1 Context and Related Work

A theory of thermodynamic transformations for nonequilibrium stationary states has been
proposed recently [4,5] in the framework of the Macroscopic Fluctuation Theory [6,7]. It
defined the renormalized work performed by a transformation between two nonequilib-
rium stationary states in driven diffusive systems, and it proved a Clausius inequality
which postulates that the renormalized work is always larger than the variation of the
equilibrium free energy between the final and the initial nonequilibrium states.

In quasi-static transformations, transformations in which the variations of the envi-
ronment are very slow, the renormalized work coincides asymptotically with the vari-
ation of the equilibrium free energy. More precisely, fix a transformation u(t), t > 0,
between two nonequilibrium stationary states, and denote by W™"(u) the renormalized
work performed by u. Let . be the transformation u slowed down by a parameter € > 0,
uc(t) = u(te). Then, lime_,o W™ (us) = AF, where AF represents the variation of the
equilibrium free energy between the final and the initial nonequilibrium states. Note that
the asymptotic identity is attained independently of the transformation u chosen.

Let us mention that the theory of thermodynamic transformations between nonequi-
librium states, and the analysis of quasi-static transformations has been extended to the
framework of stochastic perturbations of microscopic Hamiltonian dynamics in contact
with heat baths in [27-29].

To select, among the slow transformations between two nonequilibrium stationary
states, the one which minimizes the renormalized work we have to examine the first order
term in the expansion in € of the renormalized work. This question has been addressed
in [8], where it was shown that for slow transformations between two equilibrium states
the first order correction of the renormalized work is minimized by transformations whose
intermediate states are equilibrium states, and where a partial differential equation which
describes the evolution of the optimal transformation has been derived.

A time-change permits to convert a slow transformation in an ordinary transformation
whose differential operator is multiplied by e ~!. This observation brings us to the question
of the correction to the hydrodynamic equation of boundary driven interacting particle
systems.

Consider a symmetric, one-dimensional dynamics in contact with reservoirs and in the
presence of an external field. At the macroscopic level the system is described by a local
density p(t,x), x € [0,1], which evolves according to the driven diffusive equation

{atp = 9x(D(p)oxp) — dx(x(0)E

)
f'(o(ta)) = Aa(t) for a =0,1, (1.1.3)

where D is the diffusivity, x the mobility, E(t,x) an external field, Ag(t), A1(t) time-
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dependent chemical potentials, which fix the density at the boundaries, and f the equilib-
rium free energy density.

For a fixed external field E(x) and a chemical potential A = (A, A1), denote by g, ¢
the solution of the elliptic equation

9x(D(p)oxp) — dx(x(p)E) = 0, (1.1.4)
f'(p(a))=A, for a =0,1. o

Consider the driven diffusive equation (1.1.3) speeded up by e~ !. Fix a transformation
(A(t),E(t)), € > 0, and a bounded profile vy : [0,1] — R. Denote by p¢(t) the solution
of (1.1.2). A formal expansion in € yields that, for t > 0, ue(t) = € '[oe(t) = Pagr),e(r]
converges to v(t), the solution of the elliptic equation (1.1.1). Note that the limit v; does
not depend on the initial condition vy.

The main results of Chapter 2 state a similar result for a microscopic dynamics
speeded-up super-diffusively. Consider a one-dimensional, weakly asymmetric, exclu-
sion process evolving on {1,..., N — 1}, and in contact with reservoirs at the boundaries.
Assume that the density of each reservoir evolves smoothly in the macroscopic time-scale,
and that the dynamics is speeded-up by Nzegjl, where ey — 0 as N 1 co. De Masi and
Olla [12] proved that starting from any initial distribution, at all macroscopic time ¢t > 0
the system converges to a local equilibrium state whose density profile is given by the
solution of the elliptic equation (1.1.4) with chemical potential A(f).

The results presented here have a similarity to the correction to the hydrodynamic
equation, examined in [14,22] in the asymmetric case in dimension d > 3 and in [15] in
the symmetric case.

1.2 From Coalescence to Kingman’s Coalescent

The main results of Chapters 3 and 4 are related to the Kingman'’s coalescent, a process
that we present in the following subsection. Loosely speaking, we shall see that some
projections of this process emerge as the limit of certain sequences of processes, which in
turn are projections of some sequences of Markov processes. These last Markov processes
are coalescing process associated to a Markov chain.

1.2.1 The Kingman’s Coalescent

In the early eighties, Kingman [17] presented a Markov process over the set of partitions
or equivalence classes, of N := {1,2,... }. The dynamic of this process can be described
as follows. No matter in which partition we start, at any time ¢ > 0 we are in a state with
finite number of equivalence classes. Now, assume that we are in a partition 7r compound
of the equivalence classes Aj, ..., A;. Staying here, we chose uniformly at random a pair
of different equivalence classes, say A; and A, and in an exponential time of mean (’;)71
we move to the partition obtained from 7 by coalescing A; with A;. We call this partition
(i,7)[7r]. Then we repeat the process with (i,j)[7r]; and continue in this way until we get
the partition made by the entire set of naturals numbers. We stay in this last state forever.

1.2.2 Coalescence in the Discrete Torus

In Chapter 3 we focus our attention into the coalescence in the discrete torus. Fix d > 2,
and denote by T?\] = {0,...,N —1}4 the discrete, d-dimensional torus with N* points.
Consider independent, nearest-neighbor, symmetric, continuous-time coalescing random
walks evolving on T%. This dynamics can be informally described as follows. Place a
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particle at each point of T%,. Each particle evolves, independently from the others, as a
continuous-time random walk which jumps from x to x + ¢; with probability 1/2d, where
the summation is taken modulo N and {e;,...,e;} stands for the canonical basis of R,
Whenever a particle jumps to a site occupied by another particle, the two particles coalesce
into one.

Let Cy be the first time the set of particles is reduced to a singleton, and let sy = N in
dimension d > 3, sy = N? log N in dimension 2. Cox [11] proved that Cx /sy converges
in distribution to a random variable T which can be expressed as

T =) Tq, (1.2.1)
k>2

where (Ty)i>2 is a sequence of independent, exponential random variables whose expec-

tations are given by
2

E[Tn] = m ’

forn>2.

This is related with the Kingman'’s coalescent. Consider (.4;);>0, the process that records
the number of equivalence classes in the Kingman’s coalescent that starts from a partition
with infinite equivalence classes. This process is a pure death process on IN U {c0}, starting
at oo, finite at any positive time, and jumping from k to k — 1 at rate k(k — 1) /2. A path of
() >0 can be sampled as follows. Recall the definition of the random variables (T;),>2,
and set T; = oo. Note that, since E[1] < oo, with probability one Y, , T;, < o0 and so

[2 TH/ZTV[)/ kEN/
n=k+1 n=k
turns to be a partition of (0,00). Set .4y = oo and, for every t > 0 and k > 1, define
M=k = Y T, <t<) T,. (1.2.2)
n=k+1 n=k

Notice that this process is not continuous at ¢+ = 0 unless every neighborhood of co €
IN U {co} has finite complement.

We shall use an alternative description of this process, more suitable to our purposes.
Consider the bijection

{1,2,...,00} — S§:={1,1/2,1/3,...,0}
x — 1/x,

taking co to 0, and endow S with the standard differential structure inherited by the real
line. The first result of Chapter 3 characterizes the law of

2i=1/4, t>0, (wherel/co=0) (1.2.3)
as the unique solution of a martingale problem.
The second main result of that chapter asserts that in an appropriate time-scale the

process which records the [inverse of the] total number of particles on the torus at a given
time converges in the Skorokhod topology to Z;.
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1.2.3 Coalescence Associated to a Markov Chain

In Chapter 4 we study the coalescence of a fixed number of particles, associated to a
Markov chain. To describe our approach, suppose that ¢ is an irreducible and transitive
Markov chain. Fix n > 2, take ¢ := (ﬁl, ...,¢"), a vector of i.i.d. copies of ¢, and consider
the following dynamic. We start with 5 := (5!,...,4") being a copy of & and let the
time pass. When two coordinates meet, they stay together and follow the motion of
the one with the smaller label. This dynamic induces a process in the set of partitions
of {1,2,...,n}. To make it clearer, suppose that at some point the particles with labels
{2,8,9} are evolving together, as well as the particles corresponding to {7,3,5}. If they
meet each other, before any other particle outside {52,48,7°} U {17,734}, then all the
particles corresponding to {2,8,9,7,3,5} stay together, all of them following the motion
of 2. Now suppose that we have (&N)y, a sequence of irreducible and transitive Markov
chains that generates the sequence of processes (XN)y, previously described, over the
partitions of {1,2,...,n}. We define 6y as the mean meeting time of two particles starting
from the invariant measure. Then we prove that, starting from the invariant measure, the
sequence (X%N,t > 0)n converges in distribution, considering the Skorokhod topology,
to the Kingman'’s coalescent, starting from a partition with n equivalence classes, if the
following conditions are fulfilled:

1. With probability converging to one, there is no coalescence in a scale of time smaller
than (GN) N-

2. The coupling &N := (&1,...,&") exhibits a local ergodic behavior, i.e. there exists a
scale of time (ay)n smaller than (6 )y such that

EN, {

o [ raas]] 2= 0,

for all functions f with m"-mean zero. Here m" denotes the invariant measure of
N
¢
3. The times when two particles meet, starting from the invariant probability measure,
are uniformly bounded in L1*¢, for some & > 0.

Condition 1 ensures that the partitions are meta-stable states of (X"V)y, after rescaling
it. This also allow us to proof the tightness of (X%N,t > 0)n. Condition 2 permit us to
make convenient averages in the (ay)y scale of time, whereas condition 3 is technical,
among other things, it help us to interchange some limits with expectations.

To prove our result we follow the same general strategy we used in Chapter 3. After
obtaining the tightness, we use a replacement condition to show that all the limit processes
of (Xf\e’N,t > 0)y solve a martingale problem with unique solution. An abstraction of this
step is described in Subsection 4.2.1. In our proof, we reduce the replacement condition
to the study of the first coalescence of any m < n particles starting from the invariant
measure. In regard to this, we proof in Section 4.3 that, under conditions 1, 2 and 3 for

n = 2, the time of the first coalescence of m particles starting from the invariant measure

behaves asymptotically as an exponential time of mean (’;)71. We also treat the reversible

case. In this case we study the following condition introduced by Aldous [1]:

lim N — o, (1.2.4)

N—co Oy

where 7y denotes the relaxation time of each &N. This condition is satisfied for all the
chains studied in [26] in the reversible case. In particular the discrete torus satisfies it. We
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show that (1.2.4) implies conditions 1, 2 and 3 for every n € IN. Therefore, in this case, we
prove our main result provided that (1.2.4) holds.

1.2.4 Context and Related Work

The results obtained in Chapters 3 and 4 sharpen and extend previous ones. For the dis-
crete torus, in dimension 2, Zghle et al. [32] proved the convergence of the one-dimensional
distribution of .#; provided the particles are initially spread out. In dimension d > 3,
Limic and Sturm [24] proved the convergence of .4, excluding a neighborhood of ¢ = 0.
In T’}l\], by adopting the view point of a martingale problem, we are able to handle the
convergence in the Skorokhod topology for all times and to avoid assuming that particles
are initially spread out.

Since Cox’ article [11], the asymptotic behavior of the coalescence time Cy has been
the subject of several papers. Consider a connected graph Gy with N vertices. If Gy is the
complete graph, the distribution of Cy can be computed exactly and the process which
records the total number of particles is Markovian. This example is called the mean-field
model, and one expects that, under some mixing conditions on the random walk on the
graph Gy, the asymptotic behavior of the coalescence time Cy resembles the one of the
mean field model.

Denote by hy the expected hitting time of a vertex starting from the stationary distri-
bution, and by 8y the expected meeting time of two independent random walks over Gy,
both starting from the stationarity state. Aldous and Fill [2, Chapter 14] conjectured in
Open Problem 12 that under some mixing conditions E[Cy] is of the same order of hy, as
in the mean-field case.

Durrett [13] proved mean field behavior in a small world random graph and Cooper,
Frieze and Radzik [10, Theorem 8] in random d-regular graphs. Oliveira [25,26] showed
that under some reasonable mixing conditions Cy /8y converges to 7, the random time
introduced in (1.2.1), in transitive, reversible, irreducible Markov chains. A direct con-
sequence of our study in Chapter 4 shows that in the reversible case, under the weaker
condition (1.2.4) related with the relaxation time, starting with n particles in the invariant
measure, Cy /6y converges to

n
Y
k=2

where n is an arbitrary, but fixed, natural number. This put in evidence that, under
condition (1.2.4), in general settings, our understanding of .4/ starting from oo, is not
enough to get results like the one we obtain for the discrete torus.

To the best of our knowledge, the results we present in chapter 4 are the first ones
that show, under abstract conditions, the convergence of processes related to the coales-
cence of Markov chains. As we mentioned before, in the reversible case these conditions
are implied by (1.2.4), which is weaker than the mixing hypothesis assumed in previous
works.



Chapter 2

A Correction to the Hydrodynamic
Limit of Boundary Driven
Exclusion Processes in a
Super-diffusive Time Scale’

Abstract

We consider a one-dimensional, weakly asymmetric, boundary driven exclusion
process on the interval [0, N] N Z in the super-diffusive time scale Nzegjl, where
1« egjl < N4 We assume that the external field and the chemical potentials,
which fix the density at the boundaries, evolve smoothly in the macroscopic time
scale. We derive an equation which describes the evolution of the density up to the
order ey.

2.1 Notation and Main Results

2.1.1 The Model

We examine a one-dimensional weakly asymmetric exclusion process in contact with
reservoirs. Fix A = (0,1), and let Ay = {1,...,N —1}, N > 1, be a discretization of
A, i.e. the microscopic point j € Ay represents the macroscopic location j/N € A. Parti-
cles evolve on Ay under an exclusion rule which allows at most one particle per site. The
state space is denoted by Yy = {0,1}"*V, and the configurations are represented by the
Greek letters 77, ¢ so that #(j) = 1 if site j € Ay is occupied for the configuration 7, and
7(j) = 0 otherwise.

*Joint work with Claudio Landim
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Let Ay be a finite subset of Z which contains the set {0, 1}. Consider a strictly positive
function ¢ : [0,1]% — R, which does not depend on the variables 7(0) and #(1) and
whose support is contained in Agp:

ci) =co+ ), callnl),
ACAy keA
AN{0,1}=2

where ¢4 are coefficients which may be negative. In the case where Ay = {0,1}, c(y7) is
constant equal to cg.

Denote by {7 : k € Z} the group of translations in {0, 1}# so that 77 is the configura-
tion defined by (77)(j) = n(k+7j), k, j € Z. The action is extended to cylinder functions
¥ :{0,1}¥ — R, in the usual way: (.¥) (1) = ¥ (7).

We assume throughout this chapter that the jump rate c satisfies the gradient condi-
tion: There exist m > 1, cylinder functions h;y, ..., hy, and finite-range, signed measures
U1, .., hm on Z with vanishing total mass such that

[7(0) =n(W)]ely) = i Y #a(f) (T-jha) (1) - (2.11)

a=1jeZ

This decomposition is clearly not unique. In the case ¢(17) = 1+ #(—1) + #(2), one may
take m =3, hi(i7) = n(=1)5(0), ha(y) = 3(0)y(2), h3(i7) = 1(0), 1 (0) =1 = —p(2),
#2(0) =1 = —pa(=1), 43(0) = 1 = —pa(-1).

Fix a chemical potential A : dA — R, where dA represents the boundary of A. In
one dimension, A is simply a pair (Ag,A1). Let & = («, a1) be the density of particles
associated to the chemical potential A:

Ao M

e
14er’

e

M= Tren

ny) =
Let TjN'A : 2N — {ap,a1,0,1}%, N > 1, j € Z, be the operators defined by

ap ifk—l—jSO,

N,A A : N,A
e k = k+ fk+ (= , L k =
(") (k) = nlk+j) ifk+jeAn,  (7"n)(k) {al fkti> N,

for k € Z. As before the action of the operator T]N A can be extended to functions defined

onXy. For N > 1,1 <j < N —1, let the functions C;'\,]j/il : 2N — Ry be given by

NA _ _NA
w1 T T OC

so that c]I.\]j’i‘l (n) = C(T]-N ). Note that cé\’i)‘ is usually not equal to c. It follows from (2.1.1)

thatfor N > 1,1 <j< N -1,

Wiy = () =G+ Dley ) = 2 ¥ palk) (0 ha) () . (212)

We are now in a position to define the jump rates of the boundary driven exclusion
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process. Fix a smooth external field E : [0,1] — R, and let

PE(y) = 1y () VN EO -210] Ny
C%ﬂf(ry) — L(/2N)EG/N) [n()—n(j+1)] , %11(77)/ l<i<N_2,
NAE() = rh_yn () e TP ED D20 N-DL NA gy

where,

10101) = wo[l—5(1)] + (1)1~ ao],
o) = a[l=n(N=1)] + (N -1)[1 —a] .

Denote by L’IX;E = Ly the generator whose action on functions f : ¥ — R is given by

(Lnf) (1 ZC,N]LE ) {F( ) = F(n)} - (2.1.3)

In this formula, the configuration ¢//*1y, 1 < j < N — 2, represents the configuration
obtained from 7 by exchanging the occupation variables #(j), 7(j + 1),

() (k) = S 1)), k=j+1,
k), ki1,

while 0%y, oN~=1Ny represent the configuration obtained from # by flipping the occupa-

tion variables (1), (N — 1), respectively:

(Ufn)(k)z{ : je{l,N-1},
1-nk), k=j,
where (7117 represents (70'117, and oN _117 represents oN-LN n.

2.1.2 Transformations

The dynamics introduced in the previous subsection is a finite-state, irreducible,
continuous-time Markov chain. It has therefore a unique stationary state, denoted by
1//1\\] ¢~ If the external field E(x) vanishes and the chemical potentials coincide, A\g = A1 = A,

this stationary state is the Bernoulli product measure with density p = e*/(1 +¢").

For a given continuous density profile 7 : [0,1] — [0,1], denote by vé\](.) the product
measure on Xy with marginals given by

viodn() =1} = 7(/N), j€An. (2.1.4)
Similarly, for 0 < 6 < 1, vy, stands for the Bernoulli product on {0, 1}Z with density 6:
vp{n(j) =1} =6, jeZ.

To describe the macroscopic evolution of the density, denote the diffusivity by D :
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[0,1] — R4, and the mobility by x : [0,1] — R

D(6) = Eylc(n)], x(0) = % Ev, [[7(1) = 7(0)e(y)] = 0(1—0) Eyye(n)] . (2.1.5)
The transport coefficients D and yx are related through the local Einstein relation
D(0) = x(0)f"(6), (2.1.6)
where f : [0,1] — R the equilibrium free energy:
£(0) = 0logh + [1—0]log(1—6).

Let A = [0,1] or R;. Denote by C"(A), r > 0, the set of functions F : A — R
which are [r]-times differentiable, where [r] stands for the integer part of r, and whose
[r]-th derivative is Holder continuous with exponent r — [r], and by Cj([0,1]) the set of
functions in C"([0,1]) which vanish at the boundary. If r is an integer, we require the
[r]-th derivative to be continuous. Similarly, C"*(Ry x [0,1]), r, s > 0, represents the set
of functions F : R4+ x [0,1] — R which are [r]-times differentiable in the time variable, [s]-
times differentiable in the space variable and whose [r]-th (resp. [s]-th) time (resp. space)
derivative is Holder continuous with exponent r — [r] (resp. s — [s]). As before, if r or s is
an integer, we require the corresponding derivative to be continuous.

Assume that A, : Ry — R, a = 1,2, are functions in C'(R) and that E : R x [0,1] —
R is a function in C2(R;. x [0, 1]). Fix a density profile 7 : [0,1] — (0,1) in C?([0,1]) and
assume that there exists a function ¢ in C'*F/22+B(R . x [0,1]), for some B > 0, such that
f'(y(t,a)) = Au(t) fora=0,1, p(0,x) = y(x) for x € [0,1], and such that

I = 0x(D(9)oxyp) — dx(x(P)E(t)) at (t,x) = (0,0) and (£,x) = (0,1).

Denote by p(t,-) the unique classical solution of the parabolic equation

9t = 9x(D(p)9xp) — dx(x(0)E(t)) ,
flp(t,0)) = Ao(t) . f'(p(t,1)) = Aa(t), (2.1.7)
p(0,) = ()

We refer to Theorem 6.1 of Chapter V in [20] for the existence and the uniqueness of
classical solutions of equation (2.1.7).

Denote by .#N = .#(Xy) the set of probability measures on Xy endowed with the
weak topology. For two probability measures u, 7 in .#y, let Hy(u|7r) be the relative
entropy of y with respect to 7

Hy(p|m) = S‘;P{/fdﬂ - 10g/‘efd7f}

where the supremum is carried over all functions f : £y — R. It is well known [18] that
the relative entropy has an explicit expression:

du .
Hy(p|m) = {/logdn dp g < (2.1.8)

00 otherwise.

Denote by Ly(t), t > 0, the generator Ly introduced in (2.1.3) in which the pair (E, A)
is replaced by (E(t), A(t)), and by {SN : t > 0} the semigroup associated to the generators
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N2Ln(t): (d/dt)SN = N2Ln(t)SN. Note that time has been speeded-up diffusively since
the generator has been multiplied by N2.

Theorem 2.1.1. Let {n : N > 1} be a sequence of probability measures, un € #y, such that

.1 Ny _
Jim 7 Hy (pnlvgy) = 0.

Then, for every t > 0,

. 1
aim g v (ST vt ) = 0

Corollary 2.1.2. Under the assumptions of Theorem 2.1.1, for every t > 0, every continuous
function H : [0,1] — R, and every cylinder function ¥ : {0,1}% — R,

1

. 1 N=! NA(t)
tim sy X H) 600 -

[ H(x) By 9] dxH ~ 0.

2.1.3 Quasi-static Transformations
Fix v > 0, a function A in C'(R4), and let « : R — (0,1) be given by

a(t) = FIA®), (2.19)

Fix a function vy = oY in C3([0,1]), and assume that there exists a function ¥ in
C1HB/224+B(Ry x [0,1]), for some B > 0, such that ¢(t,0) = ¢(t,1) = a(t), t > 0,
#(0,x) = a(0) + v lvp(x), x € [0,1], and

ot = vax(D()dxyp) at(t,x) =(0,0) and (¢, x) = (0,1).
This means that we assume that

o' (a) = ax{D(a(O) + v vg(a)) axvo(a)} fora=0,1.

Denote by p(t,x) = p,(t,x) the unique classical solution of the initial-boundary value
problem

1o = v 9x(D(p)dxp) ,
p(t,0) = p(t,1) = a(t),
p(0,x) = a(0) + v 1oy .

Let u, : R4 x [0,1] = R be the function given by
uy(t,x) = v{py(tx)—a(t)},

and, for each t > 0, let v : [0,1] — R be the unique solution of the linear elliptic equation

{ax(D(zx(t))E)xvt

= D‘/(t) ’

~—

(2.1.10)

Proposition 2.1.3. Assume that A belongs to C2(IRy.) and that vy belongs to C3([0,1]). Then,
foreach t > 0,

1

. . 2 _
Vh_rggo ; [y (t,x) —ve(x)]"dx = 0.
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One can strengthen the topology in which the convergence occurs, but we do not seek
optimal conditions here.

Inspired by the previous result, consider a function A in C!(R;), and let  : Ry —
(0,1) be given by (2.1.9). Fix a sequence ey which vanishes as N — co and a function
v = n in C3([0,1]). Assume that there exists a function ¥ in C!TF/22+F(R x [0,1]), for
some B > 0, such that ¥(t,0) = ¢(t,1) = a(t), t > 0, P(0,x) = a(0) +en7y(x), x € [0,1],
such that

a'(a) = BX{D(uc(a) +eny(a)) Bx’y(a)} fora=0,1.

Denote by px(t, x) the solution of

dp = ey 0x(D(p)xp)
p(t,0) = p(t,1) = a(t),
0(0,x) = a(0) +en7y(x) .
Denote by £y (t) the generator Ly introduced in (2.1.3) with E = 0 and Ap = A =

A(t). Let {TN : t > 0} be the semigroup associated to the generator €5, N2.%y/(t). Note
that time has been speed-up by egjl N2.

7

(2.1.11)

Theorem 2.1.4. Assume that e‘}\,N — oo, that A belongs to C2(]R+), and that <y belongs to
Ca([0,1]). Let {pun : N > 1} be a sequence of probability measures, uy € ., such that

1 N —
I\%gnooﬁ N(P‘N|VPN(0,.)) = 0. (21.12)

Then, for every t > 0,
1 Ny, N
W N, N NTE o) = 0
Corollary 2.1.5. Under the assumptions of Theorem 2.1.4, for every t > 0, every continuous
function H : [0,1] — R, and every cylinder function ¥ : {0,1}% — R,

1N1 1

B [ E e e - |

[ H() B[4 ax|| = o,

where vy (t,x) = a(t) + env(t, x), v(t, x) being the unique classical solution of the elliptic equa-
tion (2.1.10).

2.2 Proof of the Main Results

We present in Theorem 2.2.1 below a general statement from which one can easily deduce
Theorems 2.1.1 and 2.1.4. For a fixed chemical potential A = (A, A1) and a continuous
external field E : [0,1] — R, denote by p, ¢ : [0,1] — R the solution of the elliptic equation

{BX(D(p)axp) dx(x(P)E) = 0,
f(p(0)) =20, f(p(1)) =21,

Fix sequences {ey : N > 1}, {¢x : N > 1} such that {5y — o0, ey — 0. Consider
a time-dependent external field E in C*(Ry x [0,1]) and a time-dependent chemical
potential A(t) = (Ag(t),A1(t)) such that Ag, A; € C'(Ry). Fix a density profile v = vy
in C2([0,1]) and assume that there exists a function ¥ in C1TA/22+F(R | x [0,1]), B > O,

2.2.1)
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such that f'((t,a)) = Aa(t) for a = 0, 1, (0,x) = px(0),e(0)(¥) +env(x) for x € [0,1],
and such that

ap = O] 2(D(P)2p) ~ e (X(P)EW) ] at (£,x) = (0,0) and (£,x) = (0,1).

Denote by pn/(t, -) the unique weak solution of the parabolic equation

90 = I {0:(D(0)2:p) = 3x(x(0)E) |,

f(p(t,0)) = Ao(t), f(p(t,1)) = M(t), (2.22)
p(0,x) = Pa0),E(0) T ENT(X) -

In Theorem 2.2.1 the following conditions on the solution of equation (2.2.2) are
needed: For every T > 0, there exists 0 < 6 < 1 such that

0 < pn(t,x) <1—-6 forall 0<x<1, 0<t<T, N>1. (2.2.3)
To explain the second condition, observe that we may rewrite the PDE (2.2.2) as
9 = Indx{x(p) [9xf'(p) — E] }
because x(p)f”(p) = D(p) by Einstein relation (2.1.6). Let

Fn(tx) = 0xf'(on(t x)) — E(t, )

We assume that for every T > 0, there exists a finite constant Cp such that for all N > 1,
0<t<T,

C C
IENB)lleo < 2, 9N ()]0 < > (22.4)
Note that for this condition to be fulfilled at t = 0, we need ¢yen to be bounded:
Inen < Go (2.2.5)

for some finite constant Cj.
Consider two non-decreasing sequences Ky, [y. We write

Ky < JNif Kn/]ny — 0as N — oo,

Recall that we denote by Ly (t) the generator Ly introduced in (2.1.3) with E(t), A(t) in
place of E, A, respectively. Let {&N : t > 0} be the semigroup associated to the generators
{ONN?Ly(s) : s > 0}: (d/dt)SN = (yN2GNLy(1).

Theorem 2.2.1. Consider a continuous external field E(t, x) and a continuous chemical potential
A(t) = (Ag(t), A1(t)). Assume that «y belongs to C3([0,1]), that conditions (2.2.3), (2.2.4), (2.2.5)
hold, and that 61(]4 < N. Let {un : N > 1} be a sequence of probability measures, uy € AN,
such that .

z\lriinooNT%,HN(”vagﬂOw)) =0. (2.2.6)
Then, for every t > 0,

1
lim — HN(yNGt |1/

N—co NeN pn(t) ) = 0.

The proof of Theorem 2.2.1 is divided in several steps. Fix a density 6 € (0,1), and
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denote by 1y = v}’ the product measure on Ly with density 6:

N-1
1/9(77) = ZNl(g) exp {ﬁ ]; 77]} , (2.2.7)

where Zy () is the partition function which turns vy into a probability measure, and

B = f(6) = 10g1—6 . (2.2.8)

We use the same notation vy to represent the the Bernoulli product measure on {0,1}#
with density 6.
Let L?(vy) be the space of functions f : £y — R endowed with the scalar product

(o8 = [ ) gtnvoldn).

Denote by L}, = L)‘ E* the adjoint in LZ(VQ) of the generator Ly introduced in (2.1.3). A
simple computatlon shows that for all f: Xy — R,

(L)) = (Lopf)(n Z i1 f)m) + (Lyinf)() (229)

where, for1 <j < N -2,

(L anf) () = N M (eNTINy) PU=2in0) f(oN=UNyy — BB () f(n)
(Lija f)(n) = epyif (o) foh1 ) — M () £ (),
(Loaf) () = g (%) P21 £(0%hy) — g () £ () -

In this formula, § is the chemical potential associated to the density 6, which has been
introduced in (2.2.8). It follows from the previous formula that the adjoint of Ly(t) in
L?(vg), denoted by L% (t), is given by (2.2.9) with E and A replaced by E(t) and A(t).

Proof of Theorem 2.2.1. Fix sequences (y, €y satisfying the assumptions of the theorem,
and let y be a function in C3([0,1]). Denote by p(t,x) = pn(t,x) the solution of (2.2.2).
Consider a sequence of probability measures {yn : N > 1}, uy € 4y, satisfying (2.2.6).
Let a(t) = (ap(t), a1(t)) be the density of particles associated to the chemical potential
At):

eto(t) eM(t)

aO(t) = 11 M) :

Recall that {&N : t > 0} represents the semigroup associated to the generator
N2£NLN(t), and let

_dnsy P
fr = vy Py = e (2.2.11)
A simple computation yields
Pe(n) = 7ZN( ) exp{ Z nilf'(p(t,j/N)) = f(e)]}, (2.2.12)
Zn(p(t)

where p(t,x) = pn(t, x) is the solution of equation (2.2.2), Zy(0), f have been introduced
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in (2.2.7), (2.1.6), respectively, and Zn(p(t)) is the normalizing constant given by

N-1 '
Zn(p(t)) = exp{— ¥ logll —p(t,j/N)]} -
j=1
With this notation, in view of (2.1.8),

H(un& vy e)) = [ f log{;tdv@.

Moreover, a usual computation shows that the density f; solves the Kolmogorov forward
equation

% fi = N2NLY(H)fr . (2.2.13)

The proof of Theorem 2.2.1 is divided in three steps.

Step 1: Entropy production. A computation, similar to the one presented in the proof of
Lemma 1.4 in [18, Chapter 6], yields that

IN

2 % _
/N UNLY () — 0rr Ffrdvg . (2.2.14)

d N
NS [Voye,) m

Let hand g : {0,1}% — R be the cylinder functions given by
dL 1
) = Yomaha(@), 8(8) = 5[81— )@, (2215)
a=1

where m, = Y kua(k). Recall the definition of the operators NAN>1,1 < j<

]
N —1, introduced just above (2.1.2), and let T]N (t) = T]-N’A(t). A long, but straightforward,

computation which uses the identity (2.1.2), yields that
NZENL?\,(f)#Jt — 01y
Py

where Oy ({y) represents an error absolutely bounded by Cyly, Cp being a finite constant
independent of N, and where

= In{h + L + I} + On(UN),

N-2 N-2
L = Z; Gi(t,j/N) (g () ) (1) + Z% Ga(t,j/N) (¥ (1) §) (1)
]: ]:

N-1
- X SN ) ple ),
L

a=1keZ j=1-k
m N-2 N
— NH(t) ) ) pa(k) (5 () ha) (1) ,
a=1keZ j=N-1-k
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In these formulas,

Gi(t,x) = 9x{0:f (p(t,x)) — E(t x)}
Ga(t,x) = o f'(p(t, x)) {axf x))—E(t,x)},
H_(t) = 0xf'(p(t,0)) — E (t,O), Hy (t) = 0xf'(p(t,1)) — E(t,1),,

and (), a1 (t) are the densities at the boundary, defined in (2.2.10). Note that G; = d,Fy,
Gy = FI%] + EFN, H-(t) = Fx(t,0) and H4 (t) = Fy(t,1). In particular, by (2.2.4), there
exists a finite constant Cy such thatforall N > 1,0 <t < T,

Co Co
[He(t) o < :

Co
(e < o = 5
1G] = =

< 500 lIG®le < (2.2.16)
N

For a cylinder function ¥ : {0,1}% — R, let ¥ : [0,1] — R be the polynomial given by

A

$(6) = Ey,[¥], (2.2.17)

where, we recall, vy is the Bernoulli product measure with density 6. By (2.2.15), (2.1.5)
and the equality (2.5.2) we shall prove in section 2.5,

W) = D), $(0) = x(6). (2.2.18)

We claim that, in the first line of I3, the replacement of the cylinder functions TjN (t)h,

TjN(t)g by T]N(t)h —h(p(t,j/N)), T ( )g — 8(p(t,j/N)), respectively, produces an error
absolutely bounded by a finite constant independent of N. Similarly, the replace-cement
in the two lines of I; of the cylinder functions T]N(t)ha,j ~ 0, 7N (t)ha, k ~ N, by T]-N(t)hu —

fa(ag (1)), N (t)h, — f1a(a1(t)) produces an error of the same order.

Indeed, denote by T (resp J2) the first line of I; (resp. the two lines of I;) with the
cylinder functions 7; N(t)h, T N(t)g (resp T]N( )ha, j ~ 0, T (t)ha, k ~ N) replaced by

h(p(t,i/N)), §(o(t, ]/N)) (resp a(ag(t)), ha(a1(t))). In the expression of J,, observe
that Y kpta(k) = my,. For any Lipschitz-continuous function G : [0,1] — R, and for any
non-negative integers p, g,

N—q
Y G(j/N) / x)dx + On(1),

j=r

where On (1) represents an error absolutely bounded by a finite constant independent of
N. It follows from this estimate, from an integration by parts, and from the identities
(2.1.6), (2.2.18) that J; + J» is absolutely bounded by a finite constant independent of N,
proving the claim.

An elementary computation gives that

)~ (32f(p) —xE} D(p) + {[oxf' ()12 — Eaf ()} (0)
In conclusion, in view of (2.2.18), up to this point, we have shown that

NZENL;{\](t)lPt - atlpt

v = In{h + L + I3} + O(n), (2.2.19)
t
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where
A N-2 N-2
hLt,y) = ), Gi(t,j/N)Vn(b;t,j,n) + ) Galt,j/N) Vn(git, ),
j=1 j=1
m 0
Lty) = NH-(8) Y Y ma(k) Y {(TV(O)ha) () = ha(wo(t)) }
a=1kez j=1—k
m N-2
— NH(t) ) ) palk) { (N (Oha) () = halaa (1)},
a=1keZ j=N-1-k

and, for a cylinder function ¢ : {0,1}% — R,
Wit ) = (5 (0)9) (1) — @lo(t,j/N)) = ' (o(t,j/N))[; — p(t,j/N)] .

Step 2: A mesoscopic entropy estimate. Denote by D(Ry,Xy) the space of right-
continuous trajectories x : Ry — Xy with left limits. For each probability measure y in
A, denote by ]PP]}] the probability measure on D(IR4,Xy) induced by the Markov chain
with generator /Ny N2Ly(t) starting from the distribution y. Expectation with respect to
IPFI;] is represented by ]E;I;] .

Recall that ey* < N. Let My = €37, and fix a sequence {Ky : N > 1} such that
My < Ky, My Ky < N. Let

- N—-Ky—-1 R N-1
j=Kn+1 j=1

where, for a smooth function ¢ : [0,1] — R,

VN (it jom) = @ (7)) — ¢lo(t, j/N)) = ¢ (p(t,j/ NN (j) — p(t, j/N)] -

Note that in the definition of [ (t,17) the sum is carried over 1 < j < N — 1, while in the
definition of I; (¢, 7) it is carried over Ky +1 < j < N — Ky — 1. In view of (2.2.16), this
produces an error of order Ky /£y in the difference between [;(t,17) and I (t, 77).

By (2.2.16) and Lemma 2.3.2, since MyKy < N,

Myt - )
Jim = IEHN[ /0 {hin(s,1s) — Il,N(s,;ys)}ds} —0,
and
im Mty i _ Myty t
I\}grclp ]EI/lN [ /0 IZ(S/ ’75) dS:| =0 , I\}lﬁgo N ]E,”N [ /() I3(S, 775) dS:| =0.

On the other hand, by definition of My, by (2.2.5) and by the assumption on ey, Mn{n =
en’Un < Coey® < N. Therefore, in view of (2.2.14), (2.2.19),

1 1
Nie%\]H(VNGMVpN(t,-)) < Ns%\] H(VN‘VPN(()/')>
Mn/{Nn fs
+ T]EHN{./O Il,N(S/WS)dS} + Rn,

where Ry vanishes as N — oo.
Step 3: A large deviations estimate. A Taylor expansion up to the second order shows
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that Vi (§;t,j,7) is absolutely bounded by Co[#7*N(j) — p(t,j/N)]?. The second term on
the right hand side of the previous equation is thus bounded above by

; N—Ky—1
CoBp | [ MNIN TN (s, /N N ) — (s, /NP ]
o N j=Kn+1

where J(t,x) = |Gi(t,x)| +|Ga(t,x)|. Since My = €y by the entropy inequality, the
previous expression is less than or equal to

Co [! N
AN&%\]/O H(VNGS |VpN(s,‘)>dS
" sgﬁ N—Ky—-1 . o . )
+ | MtogEy, ., [ew {aty LI/ )=l i/N) b ds

for every A > 0. By Holder’s inequality and since v, (5 .y is a product measure, the second
term of the last sum is less than or equal to

t g72 N-Ky-1 ‘ | |
o ANKy L 98B [ exp { Al (s, /N) Ky [ () = p(s,j/ N2 } | ds
j=Kn+1

By (2.2.3) and (2.2.16), {nJ(s,j/N) < Cp and & < pn(s,x) < 1—J for some 6 > 0.
Therefore, since v, () is the product measure with density pn (s, ), there exists Ag such
that for

Evpo | P {ACOKN [ () = p(s, /NP }| < 5

for all 0 < A < Ag. The previous integral is therefore less than or equal to C()SNZ /AKy <
1. This proves that there exists a finite constant Cy such that

1

1 N
Nis%\]H(VNGt Won(t) < N, H(pnvoy(0,))

t 1 N
+ CO/O @H(HN@S |VPN(5r'))dS + RN,

where Ry vanishes as N — co. To conclude the proof of Theorem 2.2.1 it remains to apply
Gronwall inequality. O

Proof of Theorem 2.1.1. Set ey = {n = 1. (2.2.3). Conditions (2.2.4) and (2.2.5) are trivially
satisfied. The assertion of Theorem 2.1.1 follows therefore from Theorem 2.2.1. O

Proof of Theorem 2.1.4. Assume that the external field vanishes: E(t,x) = 0 and that the
left and right chemical potentials are equal, Ag(t) = A1(t), t > 0. In this case the solution
of the elliptic equation (2.2.1) g, o is constant in space, g, o(x) = &, where a = f'(A).
Condition (2.2.3) for N large enough follows from Proposition 2.4.1. Condition (2.2.4),
which can be read as conditions on dypn and 92py, follows from Propositions 2.4.1 and
242 O

Proofs of Corollaries 2.1.2 and 2.1.5. The proofs are analogous to the one of Corollary 1.3,
Chapter 6 in [18], provided we replace in the statement of Corollary 2.1.5 v, (; v) by V. (1,1)-
However, since Y is a cylinder function,

1 /1 Co [1
a'/o H(x){EVvN(t,x)[T]_EVpN(t,x)[ly]}dx’ < a/o lon(t, x) — pn(t x)|dx .
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By definition of vy, the right hand side is equal to

1
CQ/O lun(t,x) —o(t,x)| dx,

where uy(t) = egjl [on(t) — a(t)]. It remains to recall the statement of Proposition 2.1.3.
O

2.3 Entropy Estimates

We adopt in this section the notation and the set-up introduced in the previous one. Recall
from (2.2.7) that 6 € (0,1) is a fixed parameter and that vy is the product measure on Xy
with density 6. It is not difficult to show that there exists a finite constant Cy = Cy(6) such
that
sup H(p|vg) < CoN,
I3

where the supremum is carried over all probability measures y on Xy.

Fix a smooth function A : Ry X [0,1] — R such that A(t,a) = A,(t),t >0,a =0, 1.
Let a(t,x) = M%) /[1 4 ¢At9)], and denote by v%), t > 0, the product measure on Xy
associated to the density a(t, x):

R = 5o o 2 nif @(ti/N)},

where Zy (t) is the normalizing constant given by

A

N-1
In(t) = exp{ - Z% log[l—oc(t,j/N)]}.
j=

Note that «a(t, x) takes values in (0,1). In particular, the quantities introduced above are
well defined.

Recall that {&N : t > 0} represents the semigroup associated to the generator
N20yLn(t), (d/dt)&N = N2NLy(t)&VN, and that Hy(p|m) stands for the relative en-

tropy of u with respect to 7. Denote by D“N(t)(-), t > 0, the functional which acts on
functions h : Ty — R, as

Z / N ) (o) — ()P v,y ()

+ / N ) ral!) () [0 ) — ()P, ()

[ NN A ) ™) = ) Py ()

Lemma 2.3.1. Fix a sequence {yn : N > 1} of probability measures, uy € .#N. For every
T > 0, there exists a finite constant Cy, depending only on E(t), a(t), 0 < t < T, such that for all
0<t<T,

N2in [t
Hy (un6} [vlyy) < _TN/O DN (V&) ds + CoNly,

where ¢t = gN = d‘uNGy/dV%)
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Proof. In this proof, Cy represents a finite constant which may depend only on 6, E(f),
a(t), 0 <t <T,butnoton N.

Fix a sequence {yyn : N > 1} of probability measures, yy € .#y. Recall the definition
of fy = ftN , introduced in (2.2.11), and let ¢, t > 0, be given by

dvN
_ T _
¢y = dve so that g = o

By definition,
Hy(t) = H(ueluly) = [ filog 2 aus,

so that

%HN() = NZZN/ftLN(t)log({;ttdvG - /ftatlogcptdvg.

The second term on the right hand side is clearly bounded by CyN. On the other hand,
since alogb/a < 2v/a(v/b — /a), for all a, b > 0, the first term on the right hand side is
less than or equal to

N2 EN/ht Ly (D) hrdvl,

where iy = /gt = \/ft/ 1.

Recall the definition of the generator Ly(t) introduced in (2.1.3). Denote by L{,(t) the
piece of Ly (#) which corresponds to the sum for j in the range 1 < j < N — 2, and denote
by L% (t) the remaining two terms. A change of variables 1y = ¢/itly, 1 < j < N-2,
yields

2 [ It v,y = - 2 / N0 () (@) = ()P v () + Ruv,

where Ry is a remainder absolutely bounded by
Z / ey () e (1) + e ()] e (1 7) = e ) | vy ()

for some ﬁnite constant Cy. By Young’s inequality, and since g; = h? is a density with
respect to 1/ a(t)’ the previous expression is bounded by the sum of a term which can be

absorbed by the first term on the right hand side of the penultimate displayed equation
with a term bounded by Cy/N, that is,

Co
2/ht L () hedul, < — / S () e (@) = ()P () + 57 -

Since A(t) is equal to A(t) at the boundary of the interval [0, 1]

(0%17) 13\ (oO1p)

)
a0

N
e =1 + Ry,
1%

where Ry is absolutely bounded by Cy/N. In view of this identity, and with a similar
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computation to the one presented for the interior piece of the generator, we conclude that

2 [ty o) /cm O () () = ()P dv, ()

)
1 A(t) A1) N-1,N 22N Co
L[ N ) P ) () — )R ) + S

It follows from the previous estimates that

N2 /¢y

t
Hy(t) — Hy(0) < — /O D(s,\/3)ds + CoN iy,

which concludes the proof of the lemma since Hy(0) < CyN, as observed at the beginning
of this section. O

For a positive integer k, denote by 7*(j) the density of particles in an interval of length
2k 41 centered at j:

O D DR [OF
ielk(j)ﬁAN
where Ii(j) = {j —k,...,j+k}.

Recall the definition of the polynomial /z : [0,1] — R given in (2.2.17), where & is a
cylinder function, and recall the definition of the probability measures IP}I:] introduced at
the beginning of Step 2 in the previous section.

Lemma 2.3.2. Let Gy : Ry x [0,1] — R (resp. Hy : Ry — R), N > 1, be a sequence of
functions in CO' (R4 x [0,1]) (resp. C(Ry.)) such that for all T > 0,

sup sup [[GN(t)[e < o0, sup sup [[Hn(t)[lw < 0.
N>10<t<T N>10<t<T

Let h: {0,1}% — R be a cylinder function. Fix a sequence {un : N > 1} of probability measures,
UN € M. Consider two sequences My 1 o0 and Ky 1 o0 such that My < Ky, MyKy < N.
Then, for every T > 0,

T { N-1-Ky

lim MyEy [ [ ¥ Gulsi/N){(h) (1) —h(n (i)} ds| = o,
j=Kn+1
and
T
AliigloMNlE”N[/o HN(S){TéV ®)p h(ns) — h(a(s,0)) }ds} =0,
N)L(S r _
I&ganNJE},N[/O (s) {7} —fi(a(s, 1))} ds| = 0.

Proof. Fix T > 0 and 0 < t < T. Every cylinder function can be written as a linear
combination of the functions ¥4 = []jc4 77;, A a finite subset of Z. It is therefore enough
to prove the lemma for such functions. We present the details for h = ¥y, it will be
clear that the arguments apply to all cases.

Fix a sequence of continuous function Gy : R4 x [0,1] — R satisfying the assumptions
of the lemma and note that /1(f) = 62 in the case where h = ¥ {01}~ It follows from the
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assumptions of the lemma and from a summation by parts that

1 N-1-Ky 1 Ky
— G N 1) ——— i+kn(j+k+1
N L, Onli/ {n(mGi+1) - T 71, L MUk )}

in the time interval [0, T] is absolutely bounded by a term of order Ky /N. On the other
hand, we may write the difference (2Ky +1) ! Cjxj<x, 1 +5)n(j +k+1) = h(7*N(j)) as

<21<N1+1>2§n<j+k> [ +k+1) =5 +0)] + O(KlTJ’

where the sum is carried over all k, ¢ such that |k| < Ky, |¢|] < Ky, k # . The error
term takes into account the diagonal terms k = ¢. Denote by V; k, (17) the first term of the
previous formula.

In view of the former estimates, the first expectation appearing in the statement of the
lemma is equal to

T  N-1-Ky

]E#N[ Y. Gn(s,j/N) ]KN(ns)ds} + Ry,
0 N
] KN+1

where Ry is a remainder absolutely bounded by Co{(Kn/N) + (1/Ky)}. Here and below,
Co is a finite constant which does not depend on N, and which may change from line to
line.

Recall the definition of the density gs, introduced at the beginning of the proof of
Lemma 2.3.1. The first term of the previous formula is equal to

1 N-1-Ky

/ dS/ Y. Gn(s,j/N) Vi () 8s(1) vy (dn) - (2.3.1)

j=Kn+1

Recall the definition of V;, (7) and represent the previous integral, denoted by I, as

(1/2)I+ (1/2)1. In one of the halves, perform the change of variables 1’ = o/ F+1i+ly to
rewrite the previous expression as

1 1 N-1-Ky
> Y[ as [ X GnGsi/N) (k) x
2 21<N+12H/ e

x (i +k+1) =70+ O1{gs (1) — gs (@)} vl (dy) + R

In this formula, Ry is a remainder which appears from the change of measures
vi\és)(al+k+1ff+f17)/vi\gs)(17), and which is bounded by CoKy/N. Rewrite gs(17) — gs(17')

as [v/gs(n) — /gs(m")) [\/gs(n) + \/gs(1')] and apply Young’s inequality to estimate the
previous expression by

ﬁ %z L), s [ LonG i/ {0 + Vaslor s} v, )
TR L [ R D Va0 ale b} o)

for every A > 0. In this formula, Ky = 2Ky + 1. Since g; is a density with respect to v o(s)”
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the first term of the previous expression is bounded by
1 N-1-Ky C
/d Y Gn(s,j/N)? SXO-
j=Kn+1

On the other hand, by the path lemma, explained in pages 94-95 of [18] and in details
below equation (3.7) in [21], the second term of the previous formula is bounded above by

CoAK%,

T s
| s D5z

Recall that in the path lemma, a change of variables 1’ = ¢/i+1g/tLit2. .. gk=1ky is per-

formed. Usually, the Jacobian of this change of variables is equal to 1 because the reference
measure is a homogeneous product measure. In the present case, where the measure vi\és)

is a local equilibrium, the Jacobian is equal to exp{h(7)}, where h is uniformly bounded
by Ky/N. By Lemma 2.3.1, the previous displayed equation is less than or equal to
CoA(Ky/N)?. Optimizing over A, we conclude that (2.3.1) is bounded by CoKy/N.

To compete the proof of the first assertion of the lemma it remains to recollect all the
previous estimates and to recall the assumptions on the sequences My and Ky;.

We turn to the second assertion. Here again, we present the proof for the left boundary

in the case where h(y7) = #17,. Note that, by definition of ’l’é\[’/\, the case h(n) = nom
reduces to the case h(1y) = 1.

By definition of g;, the expectation appearing in the statement of the lemma is equal
to

/dsHN /{nvn—aso } 85 (1) vy () -

Fix s and write the difference Evzi ) [1117728s) — «(s,0)? as

{Ex, [mmgs] = Epy [mga(s,0)}

, (2.3.2)
+ {Evﬁs) [’7235]“(5r0) - Evﬂs) [gs]a(s,0) }

Since 1 = 17 + (1 — #71), the first term inside braces can be written as

[1—a(s,0)] Eyﬂs) [117728s] — (s,0) Evi\és) [(1—11)7285] -

Performing a change of variables 7' = ¢¥!7 in the first expectation, this difference be-
comes

a(s,1/N) ME v (1= 71)1285(0™ )] — a(s,0)E, N [(1 —11)128s]

Since |a(s,1/N) —a(s,0)| < Co/N, the previous expression is equal to

x(5,0) Eyy [(1=m)mafgs@™'n) = gsn)}] + Ru,

where Ry is a remainder bounded by Cy/N in view of the assumptions on the sequence
Hy. At this point, we may repeat the arguments presented in the first part of the proof

to bound the first term by CO{D?\](S)(\/fs )}1/2, whose time integral, in view of Lemma
2.3.1, is bounded by CyN~1/2. A similar argument permits to estimate the second term in
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(2.3.2). This completes the proof of the lemma. O

24 The Hydrodynamic Equation

We prove in this section Proposition 2.1.3 and some estimates, stated below in Propositions
2.4.1 and 2.4.2, on the solution of equation (2.4.1). Recall the definition of the spaces
Ck([0,1]) and Ck([0,1]), k > 1, introduced just below (2.1.6). Denote by ||f|l,, p > 1, the
LP-norm of a function f : [0,1] — R,

15 = [ 1fGolax.

Fix v > 0, a smooth function a : R; — (0,1), and an initial condition py in C*([0,1])
such that po(0) = po(1) = «(0). Denote by p(t,x) = py(t,x) the solution of the initial-
boundary value problem
dp = v3x(D(p)dxp) ,
p(t,0) =p(t,1) = alt), (24.1)
p(0,x) = po -

Proposition 2.4.1. For every tg > 0, there exists vg < oo, such that for all v > vy, there exist

positive constants 0 < b < B < oo, depending only on D, a(t), 0 < t < to, such that for all
0<t <ty

_ B
Be ™ apol + 5

lo(t) = a(t)]%

_ 1 B
l@x)(DII% < Be ™ {[9%00l13 + spolld + 7 lxpoll3} + 5 -

IN

In this proposition, e~ corresponds to the speed of convergence to equilibrium of the

solution of (2.4.1) in the case where the boundary condition «(t) does not change in time,
while 1/v? stands for the relaxation time due to the evolution of the boundary conditions.

Proposition 2.4.2. Assume that py = «(0) + evy, where vy belongs to Ca([0,1]). For every
to > 0, there exists ey > 0 and vy < oo, depending on D, vy, a(t), 0 < t < to, such that for all
€ < €9, V > vy, there exist positive constants B < oo, such that for all 0 < t < tg,

1@ 0IE < B{E+ 1)

The proof of these propositions is divided in a sequence of assertions. The Poincaré’s
inequality plays a fundamental role in the argument. It states that there exists a finite
constant K; such that for every C([0,1]) function f which vanishes at some point x €
[0,1],

/Olf(x)zdx < K /Ol[f’(x)}zdx.

Throughout this subsection, ¢y, Cp represent small and large constants which depend
only on K; and D.
Let

Pi(t) = sup |&/(s)[, Bo(t) = sup |a"(s)]. (24.2)

0<s<t 0<s<t
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Assertion A. There exist positive constants 0 < cg < Cy < oo such that for all t > 0,

[ot) — a2 <o [Tp(0) 2@ dx + L prap(1 o).

0
Proof. The proof follows classical arguments. Since p(t) = «(t) at the boundary, an inte-
gration by parts and the fact that a(f) is space independent yield that

1d 1 1

31 J, PO —a®Pdx = —v /(;lD(P(t))(axP(t))zdx = &) [ lo(t) ~ al)]dx.

Since the diffusivity is bounded below by a strictly positive constant, in the first term we
may replace D(p(t)) by cp and the identity by an inequality. By Poincaré’s inequality,
the integral of —(dxp(t))? is bounded by the integral of —K; '[p(t) — a(t)]%. The second
term on the right hand side can be estimated by Young’s inequality. One of the terms is
absorbed by what remained of the first term. The other one is (Co/v)a’(t)%.

Up to this point we have shown that

1d 1

23 [o(F) —a()]?dx < —Col//ol[p(t)—oc(t)]zdx i %a/(t)z'

To complete the proof, it remains to apply Gronwall inequality. O

Letd: [0,1] — R be a primitive of D, d’ = D, and let

c1 = inf D(a), Ci = ||(logD) e - (2.4.3)

0<a<l1

Assertion B. Assume that 2K1C1B1(tg) < civ for some ty > 0. Then, there exists a positive
constants Cy < oo such that for all 0 < t < t,

1 1 t
[ osdtp)ax < et [Maud(p(o))Pax + 0 [ ety (s2as,
0 0 0
where a, = (c1/Ky1)v —2C1B1(tp).
Proof. The proof is similar to the previous one. Adding and subtracting &’ (t) we have that

3 a [t Pax = [ 2ud(e()a{Dlo(1) [v Rl(p(r)) /(1)) }

1
+ a(1) [ 9xd(o(t) 9xD(p(t)) dx

Since a(t) = p(t,0) = p(t,1), &/(t) = vd2d(p(t,0)) = va2d(p(t,1)). In particular, we may
integrate by parts the first term on the right hand side. This operation yields a negative
term and one involving «/(#). This latter expression can be estimated through Young’s
inequality. The first piece is absorbed into the negative term and the second piece is
bounded by (Co/v)a’(t). Hence,

Since f01 dxd(p(t))dx = 0, applying Poincaré inequality to the first term on the right hand
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side, we obtain that the last expression is bounded above by

v

- {ﬁ - Clﬁl(f)} /01 [0:d(p())]>dx + %ﬁl(t)z.

To complete the proof, it remains to replace B1(t) by B1(to) in the term inside brackets,
getting an expression which is positive by assumption, and to apply Gronwall inequality.
O

Lemma 2.4.3. Assume that civ > 2K1C1B1(to) for some ty > 0. Then, there exist positive
constants 0 < ¢y < Cy < oo such that for all 0 < t < ¢y,

et Coplort [ 1 Copa(t)?
lo(t) = a(t)ll5 < Coe 0" fePlt >f/0 [0+ (p(0))]? dx + pl,(Alﬁll(to)/u)'

where A1 = 2K1C1 /1.
Proof. Assume that 2K;C1B1(tg) < cqv for some ty > 0 and fix 0 < t < ty. Since «a(t) =
p(t,0), by Schwarz inequality there exists a finite constant Cy such that for every x € [0,1],

1

lpltx) = (D < Co [ Prp()dx < G [ "oud(p(e) 2 dx.

To complete the proof, it remains to recall Assertion B and to estimate the term B1(s)?
appearing in the time integral by B;(t)2. O

Let F;, G, : Ry — R, n > 1, be given by

1 1
() = [l dx, Gult) = [ PR(p()PRud(p()* dx. @44

Assertion C. For all n > 2, there exist positive constants 0 < ¢y < Cy < oo, by > 0, such that
forall0 < b <by t>0,

t
F.(t) + co n21// Gp_1(s)e (=9 ds
0
2 of
< e MR(0) + Co (1)’ /0 Fy1(s)e (=9 ds .

Proof. Since a/(t) = 9;p(t,1) = vo2d(p(t, 1)), adding and subtracting '(t), and then inte-
grating by parts yield that

F(1) = ~2n(2n—1)v [ Dlp(t) (1) "2 [B2d(6(1)] d
+ 2020~ 1)) [ Dlp(t) o) 22 o(1)

+ 2na'(t) /01 [0xd(o(£))]*" 1 0xD(p(t)) dx .

Apply Young’s inequality to the second term on the right hand side to bound it by the
sum of two terms. The first one can be absorbed by the first term on the right hand side,
and the second one is bounded by Co(n?/v)a/(t)?F,_1(t). In the last term on the right
hand side, replace d,D(p(t)) by dx[D(p(t)) — D(«(t))] and integrate by parts to obtain
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that it is equal to

—2n(2n —1)a'(t) /01 [Pxd(p(£)) "V 33 (p(t)) [D(p (1)) — D(a(t))] dx .

Apply Young’s inequality to bound this expression by the sum of two terms. The first one
can be absorbed by the first term on the penultimate formula, while the second one is less
than or equal to Con?a’(t)?v=1F,_1(t). Therefore,
o' (t)?
Ei(t) < —con?vG,_q(t) + Con? ()

anl(t) :

Let f(x) = [9xd(p(t,x))]". Since fOlE) d(p(t,x))dx = 0, there exists xg € [0,1] such
that dxd(p(t, x0)) = 0, so that f(xo) = 0. We may therefore apply Poincaré’s inequality to
[0xd(p(t, x))]" to obtain that

= [Farax < K [ F@Pdx = KintGua ().
It follows from the previous estimates that

/()2
o (1)
v

Fi(t) < —bovFEu(t) — cgn®vG,_1(t) + Con? wo1(t)

for some by > 0. The same inequality remains in force for any 0 < b < by. It remains to
apply Gronwall inequality to complete the proof. O

Iterating the inequality appearing in the previous assertion without the term G,,_;
yields

Assertion D. For all n > 2, there exist positive constants 0 < cg < Cy < oo, by > 0, such that
forall 0 < b <byt>0,

t
Eq(t) + conzv/o e ESIG, 1 (s)ds < ru(t),

where 1, (t) = r,(t,b, Cy) is given by

- a Y no) (TR

(n—k)!
+ CO([H,Blv( )] ) n-1 /(;t e bv(t=s) (t(n__S);)_yz F (S) ds .
Letw : Ry x [0,1] — R be given by
w(t,x) = [@d(pn)(x) — (1), (245)

Assertion E. There exist positive constants 0 < cp < Cy < oo such that

1 1 t
/ w(t)?dx < efcf’”/ w(0)?dx + %/ " (s)?ds + rao(t),
0 0

0

where the remainder ry has been introduced in Assertion D.
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Proof. The proof is similar to the one of Assertion A. We first show that

L[ wrar < —v [ Do) B0 Pax + 4o a7
1

+ 1// B P (002 [02d (o) 2 dx + AI//O w(t)? dx

for any A > 0. As w(t) vanishes at x = 0, apply Poincaré’s to this functions to get that

/1 w(t)2dx < K /1 [93d(p))]2 dx
0 N

Hence, choosing A small enough yields

< — 2 0 117\2
dt/ )2 dx cov/o w(t) dx + o (t)" + CovGy(t),
where the function G; has been introduced in (2.4.4). We may replace the constant ¢y by

one which is smaller than the constant by appearing in the statement of Assertion D. By
Gronwall inequality,

1 1 // 2
2 —cout 2 e C v(t—s) (S)
/Ow(t) dx < e7 /Ow(O) dx+Co/O 0 { 3 +vG1()}ds-

To complete the proof of the assertion, it remains to recall the statement of Assertion
D. O

Lemma 2.4.4. Assume that civ > 2K1C1B1(to) for some tog > 0. Then, there exist positive
t <

v
constants 0 < ¢y < Cy < oo such that for all 0 < to,
2 —cout ! 2 1 CoB1(to)
l:d(p(0) I3 < Coe {/0 w(0)dx + F(0) + PPt tF(0)
+ = C + / dS + — CO.Bl(tO)[l'H]}

Proof Assume that 2K1C1B1(tg) < cqv for some tp > 0 and fix 0 < t < ty. Since

fo (0xd(p(t))dx = 0, subtracting this integral and applying Schwarz inequality, we get
that for all x €[0,1],

Pudlpt, )P < Co [ [82(p(ty)) Py

Adding and subtracting «/(¢) /v, by Young’s inequality, the previous expression is less
than or equal to
oc/(t)Z
2

1
Co / w(t)2dy + Co
0

By Assertion E, the first term of the previous expression is less than or equal to

1
Coe—covt /
JO

t
w(0)%dx + C—g/ o (s)?ds + rp(t) .
v Jo
By its definition and by Assertion B,

r(t) < COE_COVt{Pz(O) + %ecoﬁl(fo)tpl(())} + %ecoﬁl(fo)[l'”].
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To complete the proof it remains to recollect all previous estimates. O
Let
q(t) = [9xd(pr)llw, Q(t) = sup q(s), t=>0. (2.4.6)
0<s<t

Assertion F. Suppose that Q(to)(1 + n%Ky) < c1 for some tg > 0. Then, there exists a positive
constant Cy < oo such that for all 0 <t < ty,

1 1 t
/ w(t)dx < efa”m/ w(0)* dx + / eV, 1 (s)ds,
0 0 0
where ay = [c1 — Q(to)(1 + n?Ky)]/Ky and

H, 1(s) = Co{nzq(s)z o/ (s)? N a//(s)z} /01 (s 51 g

v V3

Proof. Since w(t) Vanishes at the boundary, an integration by parts yields that the time
derivative of fo t)?" dx is equal to

1
—on(2n—1)v /0 w(H)2=DD(p;) [03d(p1)]? dx (2.4.7)
~ 2n(n 1w [ @ VoD (o) wlt) Bd(er) dx

~ 2n(n - )& (1) [ (2,0 (o (o) dx — P [Nt e

In this formula, in the second line, we added and subtracted (1/v)a’(t) to recover w(t)
from 02d(p;).

Recall the definition of g(t), introduced in (2.4.6), and the one of the constants ¢;, Cy,
defined in (2.4.3). Estimating 0D(p;) by C14(f), and applying Young inequality to the
last three terms of the previous displayed equation, we obtain that the time derivative of
fo t)?" dx is bounded by

—2n(2n—1)v{ ﬁ }/ 1) [33d(p1)]? dx
+ 2n@n—1)v 2 +Z /
+ Gof 2Aq() E,t) + Vs) }/Olww)“”*” dx,

for every A > 0.
Let f(x) = w(t,x)". Since f vanishes at the boundary and since f'(x) =
nw(t, x)"~193d(ps), by Poincaré’s inequality,

/olw<t>2” dx = /olfzdx =k /Ol[f’]zdx = Kur /Olw<t>2<”-1> [03d(p0)]* dx

Set A = 2(1+ n?Ky)/c;. With this choice, by assumption, ¢; — g(t)/2 —1/A > 0. In
particular, the sum of the first two lines of the penultimate displayed equation is less than
or equal to

21’1(22;112;(11)1/ {Cl - Q(t)(l + T’lzKl)} (/01 w(t)Zn dx .
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Since 2n(2n — 1)/2n% > 1, to complete the proof it remains to apply Gronwall inequality.
O

Assertion G. Assume that 2(1 + K1)C1Q(tg) < ¢1 for some tg > 0. Then, there exist positive
constants 0 < cg < Co < oo such that for all 0 < t < t,

1 1 t
93 2 < pavt 93 2 7m/(tfs)H
| Blaeorax <e [Talaeo)ax + [ (5)ds,

where a = [c1 — 2(1 4+ K1)C1Q(t9)] /2Ky, and

1 1 C
H(s) = Cova(s)® [ P2(e)Pdx + Cov [ P2a(po))*ax + 2"
Proof. The proof is similar to the one of Assertion B. Fix ¢y > 0 satisfying the hypothesis

of the lemma and consider some t < tq. Since p(t,1) = a;, " (t) = v?92[D(p(t))02d(p(t))]
at x = 0, 1. Adding and subtracting v~'a”(t), and integrating by parts, we have that

1d 1

1
3 51 | Bd(enPax = —v [ ata(er) 92{Der) 22 (pr) } e
1 4.
+ v_lzx”(t)/o a%d(oy) dx .

Let Di(a) = (log D)’ («), Da(a) = (logD)"(a)/D(«). Expand 92{D(p:) 92d(pt)}, and
observe that 92D(p;) = D1(p;)92d(pt) + Da(pt)[0xd(pt)]? to write the first term on the
right hand side of the previous formula as

1 1
— v | Dlpi) (o) Pdx — 20 [ 0:D(p1) 3l (pr) Dl (o) dx
-1 -1
— v [ Dilpr) @Rd(pn)*otd(pr) dx — v [ Dalor) [Bud(pr) P3d (pr) () dx
Recall the definition of g(t) introduced in (2.4.6), and recall that ¢; = infy<,<1 D(a), C; =

| D1l|eo- Apply Young's inequality to the last three terms and to the last term in (2.4.8) to
obtain that the left hand side of (2.4.8) is less than or equal to

vl 2] [ Blate0Pax + Cua(r) [ BdGenPx (249
+ACouqu)? [ o) Pax + ACy [ o)t dx + Sl (0

forall A > 0.
Since 02d(p(t, 1)) = 92d(p(t,0)), fol 93d(p;) dx = 0. Therefore, by Poincaré’s inequality,

/1[8301( WVdx < K /1[8451( )2 dx
0 x40t = A 0 PV :

Set A = 4/c;. Since, by hypothesis, 2C1g(t) < 2C1Q(t9) < c1, the first line of (2.4.9) is
bounded by

— Y e — 20 1+ Ki]q(8)] /1[8301( 2dx < —av/l[83d( )2 dx
2K, 1 1 119 e Ot = o 1O Ot ’

where a has been introduced in the statement of the assertion. To complete the proof, it
remains to apply Gronwall inequality. O
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Proof of Proposition 2.4.1. The claims are straightforward consequences of Lemmas 2.4.3
and 2.4.4. We turn to the third assertion. O

Proof of Proposition 2.4.2. Since 92d(p)(t,1) — (1/v)a/(t) vanish as x = 0, by Schwarz in-
equality, for any xp € [0,1],

1
@a(pn)(x0) ~ /(O < [ 02d(pr) ()]

Fix to > 0. By Proposition 2.4.1, Q(t0)? < Cyé?, where 62 = &2 + v~2. Therefore, there
exist gg > 0 and vy < oo with the property that the hypothesis of Assertion G is in force
for all € < g9, v > 1. In particular, the previous expression is bounded by

Coe? +/ =9 H(s) ds ,

where H has been introduced in the statement of Assertion G. By Proposition 2.4.1, which
permits to estimate g(s)?, by adding and subtracting a’(s) to 92d(ps), which permits to
recover the function w(s) introduced in (2.4.5), the second term of the previous equation
is less than or equal to

1 & R . 2 2 4
Co{ s +5) + coV/0 dse /O {0%w(s) + [0 (po)]" .

By Assertion E, this sum is bounded by

1 t !
Co{ﬁ—i-e‘l} + cou/O dse*”V(f*S){(Szrz(s)ﬁ-/o @2 (p.))*dx},

By Assertion B, r2(s) < Cgd?. We may thus remove r, from the previous formula. By
Young inequality, by Assertion F and by Proposition 2.4.1, the second term without 7, (s)
is less than or equal to

1
CO{ +e } + Co(52/ dse~(t=s / dre="v(s= ’)/0 w(r)?dx .

By Assertions E and B, the previous expression is less than or equal to Coé*. This concludes
the proof of the proposition. O

Proof of Proposition 2.1.3. By Proposition 2.4.1, for every ty > 0, there exists vy < co and
B < oo, where B depends on «(s), 0 < s < ty, and on the initial condition vy, such that for
allo <t <ty

1
luy(H)]1% < B, / [0xuy (t)]*dx < B (2.4.10)
0
Fix tp > 0 and 0 < t < t(. By definition, u,(t,0) = u,(t,1) =0, and
oty = v {ax [D(at + 14y )0xuty | — oc’(t)} = vax{D(rxt + eUy)0xlly — D((xt)axvt} .

where e = v~
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Therefore, for every ¢ > 0, an integration by parts yields

1d !

23t Jo [uy(t) — v ?dx = /Ol[uv(t)—vt] s dx

— y/ol Ox 1y (t) — v¢] { D (¢ + €uy)0xuy — D(at)0xvs } dx .

The second term is less than or equal to

1 1
—1//0 D(ay) [Bxity () — dxvi]? dx + CO/O 10ty () — 0| [1ty| |Dxity| dx
1 2 CO 1 2 2
< —cou /O Batuy (1) — dy0r 2 dx + =2 /0 ity (£)2 [0y, ()] dx

By (2.4.10), the second term is bounded by B/v. Therefore, by Young’s inequality and by
Poincaré’s inequality,

1d /1

1 C 1 B
la o4y < / o2 70/ 2 5
23 Jo [y (t) — v dx < —cov A [y (t) —v¢]°dx + o Jo (0vr)~dx + "

To conclude the proof, it remains to apply Gronwall inequality. O

2.5 The Diffusion Coefficient

We provide in this section a formula for the diffusion coefficient.

Fix a cylinder function f : {0,1}% — R, and recall from (2.2.17) that f : [0,1] — R
represents the polynomial defined by

£(0) = Ey[f(2)].

Write Ey,,, [f(¢)] as Eyy[f($)Ny], where Nj, is the Radon-Nikodym derivative of vg,y,
restricted to the support of f, with respect to vy, to get that

70 = - S (Fy)s, (25.1)

c(9) keZ

where (f;g¢)y represents the covariance between two cylinder functions f, ¢ in L?(vg):
(f:8)0 = Ev,[f8] — Evy[f]Ey, 8], and ¢(0) the static compressibility, given by ¢(0) = 6(1 —
0).

Recall the definitions of the cylinder function #, introduced in (2.2.15). We claim that

i(0) = D(0). (2.5.2)
Indeed, since the cylinder function c(77) does not depend on #(0) and #(1),

c«(0)D(6) = — Y k{([n(0) —n(W)]c(y); n(k)), -

keZ

Note that all terms in this sum vanish but the one with k = 1, and that the sum over k is
finite because c is a cylinder function. By (2.1.1) and by a change of variables, the right
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hand side is equal to

S kY Y ) (v )y = = Y X k) (vl 7(0)), -

keZ a=1jez a=1kjeZ

Note that sum over j is finite because y, has finite support. By definition of m,, and since
the total mass of y, vanishes, }; yta(j) = 0, performing the change of variables k' = j + k
last term becomes

Y e X (tohe; 1(0))y = 3 ¥ (i @), = <(0) 3 mii(0),

a=1 keZ a=1

where the last identity follows from (2.5.1). This last expression is equal to c¢(6)i'(6),
which concludes the proof of (2.5.2).






Chapter 3

From Coalescing Random Walks
on a Torus to Kingman'’s
Coalescent”

Abstract

Let ’Jl"?\,, d > 2, be the discrete d-dimensional torus with N9 points. Place a particle
at each site of "Jl"‘li\] and let them evolve as independent, nearest-neighbor, symmetric,
continuous-time random walks. Each time two particles meet, they coalesce into
one. Denote by Cy the first time the set of particles is reduced to a singleton.
Cox [11] proved the existence of a time-scale 6 for which Cy /60y converges to the
sum of independent exponential random variables. Denote by ZN the total number
of particles at time f. We prove that the sequence of Markov chains (Ztl\e]N)tZO
converges to the total number of partitions in Kingman’s coalescent.

3.1 Notation and Results

Denote by p the probability measure on Z? given by
p(x) = % if x € {£ey,...,£e;}, and p(x) =0 otherwise . (3.1.1)

Let Ey be the family of nonempty subsets of T%,. The coalescing random walks introduced
in the previous section is the Ey-valued, continuous-time Markov chain, represented by
{An(t) : t > 0}, whose generator Ly is given by

(InAI(A) = 1 1 ply = 0){f(Axy) - + 3 ) ply—0){f(Ax) - f(A)},

xeAygA xeAyeA
(3.1.2)

*Joint work with Claudio Landim and Johel Beltran

37
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where Ay, (resp. Ay) is the set obtained from A by replacing the point x by y (resp.
removing the element x):

Avy = [AN{HU{y}, A = A\ {x}.

3.1.1 Kingman’s Coalescent

Recall from subsection 1.2.2 the definition of the process (.47);>( associated to the King-
man’s coalescent, and the definition of the set S. Denote by D(R4,S) the space of S-
valued, right-continuous trajectories with left-limits, endowed with the Skorokhod topol-
ogy. The respective coordinate maps are denoted by

X;:D(R4,S)—S, t>0.
Consider the canonical filtration
Gri=0(Xs:0<s<t), t>0.

It is known that G, := (T(Xt : t > 0) coincides with the corresponding Borel o-field on
D(Ry,S). Let C!(S) be the set of functions f : S — R of class C!, that is f € C!(S) is the
restriction to S of a continuously differentiable function defined on a neighborhood of S.
For each f € C!(S) define Zf :S — R as

D{r()-#(2)}, ity=tanduz2,
(Zf)y):= 1o, ify=1, (3.1.3)
(1/2)f'(0), ify=0.

The following proposition guarantees existence and uniqueness for the (C!(S),.%)-
martingale problem and that (2});>0, defined in (1.2.3), provides the unique solution
starting at 0 € S.

Proposition 3.1.1. For each x € S, there exists a unique solution for the (C1(S), £)-martingale
problem starting at x. That is, there exists a unique probability measure &y on the measurable
space (D(Ry, S), Goo) such that 2, [Xo = x] = 1 and, for every f € C1(S),

f(Xt)—/Ot(.Zf)(Xs)ds, (>0, (3.1.4)

is a Py-martingale with respect to (Gy)i>o. Moreover, P coincides with the law of (Z+)i>0.

3.1.2 Main Result

Recall that Ey stands for the set of nonempty subsets of T4,. Consider the partition of Ey
according to the number of elements:

En= J &Y, where &f:= {ACTY:|Al=n}, neN, (3.1.5)
nelN

and |A| stands for the number of elements of A. Let ¥y : Ey — S be the projection
corresponding to partition (3.1.5)

¥n(A)=1/]A], A€En.
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For each A € Ey, let PY denote a probability measure under which the process
(An(1)) 1~ corresponds to a coalescing random walk on TY, starting at A, i.e. a Markov

chain with state space Ex and generator Ly (defined in (3.1.2)) such that P% [AN(0) =
A] = 1. When A = T, we denote PY simply by PN. Expectation with respect to P, PN
is represented by EY, EN, respectively.

Consider two independent random walks (xN);>0 and (yN);>0 on T, both with jump
probability given by p(-), starting at the uniform distribution. Let 6y be the expected
meeting time:

Oy := E[min{t >0:x) =y}'}].

Since x)N — yN evolves as a random walk speeded-up by 2, 6y represents the expectation of
the hitting time of the origin for a simple symmetric random walk speeded-up by 2 which
starts from the stationary state. By [3, Proposition 6.10], we may express this expectation
in terms of capacities. Sharp bounds for the capacity then provide an asymptotic formula
for Oy.

Consider a continuous-time, random walk (x¢);>0 on Z¢ with jump probabilities given
by (3.1.1) and which starts from the origin. Assume that d > 3, and denote by 7y the
time of the first jump, 7y = inf{t > 0 : x; # 0}, and by H™ the return time to the origin:
H' = inf{t > 7y : x; = 0}. Let v, be the escape probability: v; = P[H' = oo]. By the
argument presented in the previous paragraph, by [16, Corollary 6.8] in dimension d > 3,
and by [16, Corollary 6.12] in dimension 2,

lim Q—N = i in dimension d > 3,
N—oo Nd 2 Vg4
(3.1.6)
lim 971\] = l in dimension d = 2
N—co N2log N U )

The factor 2 in the denominator appears because the process has been speeded-up by 2.
In particular, in d = 2, 1/ 7 should be understood as (1/2)(2/ ).

Consider the rescaled reduced process
Xn(t) = ¥n(An(Ont)), t=0. (3.1.7)

Notice that Xy (t) is not a Markov chain, but only a hidden Markov chain. Denote by 2N

the probability law on (D(IR+,S), Geo) induced by the reduced process (Xn(t)),., under

PV (i.e. starting from all vertices in T, occupied). The main result of this chapter reads
as follows

Theorem 3.1.2. For every d > 2, the sequence of measures 2N converges to 2.

It follows from Theorem 3.1.2 that, under PV,

Law,

(XN(t))tZO — (%)tzo , ford>2.

The scaling limit for the coalescing times obtained in [11] immediately follows from these
results.

Remark 3.1.3. The proofs apply to the case in which the jump probability p(-) is symmetric
and has finite range. It also applies if the initial condition T‘Zi\] is replaced by a finite set A =
{x1,...,xn} whose points are scattered: ||x; — x]-|| > ay for 1 < i # j < n, where ay is the
sequence introduced in (3.2.3).
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3.1.3 Sketch of the Proof

The proof of Theorem 3.1.2 is divided in two steps. We first show that the sequence (#N)
is tight, and then we guarantee uniqueness of limit points by proving that every limit
point solves the (C(S), .#)-martingale problem.

For the later step, consider a smooth function f : R — R, and denote by My(t) the
martingale given by

FON) = FON(0)) — [ 0 (Lnf) (Fx (An(s6))) ds.

Since
(Lnf)(EN(A) = RA) {f(7==) - F()},
where x = ¥ (A), and R(A) is the jump rate given by
R(A) = ), ) py—x), (3.1.8)
x€AyeA\{x}

the martingale My (f) can be written as

FON) = FOX(0) = O | Ran(s0m)) { (2500 5) = FOu(o) s

If the martingale My(f) were expressed in terms of the process Xy, that is if
On R(AN(sON)) = r(Xn(s)), we could pass to the limit and argue that

t X(s)

FOX0) = FXO) = [ XD {f (7o) XN} 619

0

is a martingale for every limit point 22* of the sequence 2. This result together with the
uniqueness of solutions of the martingale problem (3.1.9) on (D(R, S), Geo) would yield
the uniqueness of limit points.

The previous argument evidences that the main point of the proof consists in “clos-
ing” the martingale M (t) in terms of the reduced process Xy (s), that is, that the major
difficulty lies in the proof of the existence of a function 7 : S — R such that

/Ot {on R(AN(s0N)) = r(Xn(5)) } g(Xn(s))ds — 0

for all smooth functions g : R — IR. This is the so-called “replacement lemma” or the
“local ergodic theorem”. One has to replace a function OyR(A) which does not vanish
only in a tiny portion of the state space (in the present context for subsets of (T4,)" which
contain at least two neighborhing points) and which is very large (here of order ) when
it does not vanish, by a function of order 1 in the entire space.

The statement of the local ergodic theorem requires some notation. Denote by
D(Ry, En) the right-continuous trajectories w : Ry — Ey wich have left-limits. Let

r(l) = An) = (’;) n>2. (3.1.10)

Proposition 3.1.4. Let F : N — R be a function which eventually vanishes: there exists kg > 1
such that F(k) = 0 for all k > k. Let tg > 0 and let (BN : D(R4,Ey) — R;N > 1) bea
sequence of uniformly bounded functions, with each BN measurable with respect to o(Ay/(s0x) :
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0 <5 < tg). Then, for every t > to,

lim EN {BN /.t{GNR(AN(SGN))*nSGN}F(lAN(SGN)DdS} =0,

N—oc0 Jtg

where ng = A(|An(s)]).

This chapter is organized as follows. In Section 3.2, we present the results on coalescing
random walks needed in the proof of Proposition 3.1.4, which is presented in the following
section. In Section 3.4, we prove Theorem 3.1.2 and, in Section 3.5, Proposition 3.1.1.

3.2 Coalescing Random Walks on T%

We present in this section some results on coalescing randoms walks obtained by Cox [11]:
Propositions 3.2.1, 3.2.5 and 3.2.6. We start with some notation.

Throughout this section, PN represents the distribution of a T¢,-valued random walk,
speeded-up by 2, whose jump probability is p(-), introduced in (3.1.1), and initial position
is x. Denote by p¢(x,y) = PN[x(t) = y] the transition probabilities of this process and by
7y its stationary state, which is the uniform measure on T¢,.

The first result, Proposition (4.1) in [11], provides a bound on the expectation of the
number of particles still present at time ¢. Let

N2t llog(1+t) d=2,
t =
gn(®) {Nd/t d>3.

Proposition 3.2.1. There exists a finite constant c; such that

EN[|An(1)]] < cq max{1,gn(t)}

forallt >0, N > 1.

Recall from (3.1.5) that we denote by &Y}; the subsets of T‘Zj\] with 7 elements. Denote by
Tj, j > 1, the time when the process An(t) is reduced to a set of j elements:

T o= inf{t>0:|Ax(f)| =/} = inf{t>0: An(t) € &} . (32.1)
Lemma 3.2.2. There exists a finite constant Cy such that for all j > 2,

1
max o— EIX [Tj,l] < Cp.
Ae&l VN

Proof. Fix two points x, y in A and denote by Ty, the first time these particles meet:
Tyy = inf{t > 0 : x(t) = y(t)}. Since 7,1 < Tyy, and since the difference x(t) — y(t)
evolves as a random walk speeded-up by 2, the expectation appearing in the statement of
the lemma is bounded by

where Hj represents the hitting time of the origin. By [23, Proposition 10.13], this quantity
is bounded by a finite constant independent of N. O
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It follows from the previous result that for every j > 2,

lim limsup max PY [1i-1 > Méy] = 0. (3.2.2)
M=o N_oo AE‘?I]\I

Denote by ||y — v||Tv the total variation distance between two probability measures, j,
v, defined on a countable state space E:

i —viy = 5 X1 #(a) —v@)] .

Hereafter, the symbol a < By, for two non-decreasing sequences ay, S, means that
an/Bn — 0. Denote by ay an increasing sequence such that 1 < ay < N. In dimension
2, assume further that N/ /log N < ay. Denote by &x(n,ay) the scattered subsets of
En. These are the sets A = {y1,...,y,} in & such that

min |y; —y;| > an . (3.2.3)
i#]
Lemma 3.2.3. Foreveryn > 2,t >0,

n
li PY | An(t0 & U | enk, =0.
Jim_ max P [ Ax(10) # 6 U U @k aw)

Proof. Since n is finite and since the difference of two random walks evolves as a random
walk speeded-up by 2, this assertion follows from the claim that for every t > 0

. N 1
1\}%;2%?1; Pio [An(tON) € Ey UGN (2,aN)]

= lim max P\ [Hy > t0y, [x(t0n)| < ay] = 0.
N—>°°x€"]l“‘i\]

By the Markov property, the previous probability is bounded by

EY [P,?(IWN/Z)Hx(tQN/Z)\ < ’ZN” :

Recall from the beginning of this section that 7ty represents the stationary state of the
random walk on T%,. The previous expectation is less than or equal to

P lx(ten/2)] < an] + 217w () = proys2(x, ) v,

where p;(x,y) represents the transition probabilities of a random walk evolving on T?\,
speeded-up by 2. The first term is bounded by Cy(ay/N)4 — 0, while the second one
vanishes because 6y > tN O

mix*

Corollary 3.2.4. For every t > 0,

Nd
. N 1 _
I\l]g‘r}mP [AN(tGN) & &y U kl:2| Q5N(k,ﬂN)] =0.

Proof. Fix t > 0, and let % = {An(sON) & &4 U U,I(\]; &n(kan)}, s > 0. Clearly, for
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every M > 0,
PN < PN[|AN(t0n/2)| < M, 4] + PN[|AN(t0n/2)] > M] .

By Proposition 3.2.1, the second term is bounded by C(d, t) /M, where C(d, t) is a constant
depending only on d and ¢. Hence, by the Markov property,

Cd,1)
PN < P [ L
4] < B e alip] + =

By Lemma 3.2.3, the first term on the right-hand side vanishes as N — oo for every M > 2.
This proves the corollary. O

Proposition 3.2.5. For every 2 < j <k,

A ey PALAN) £ O i)

Proof. Fix 2 <j < k. By (3.2.2), it is enough to prove that for all M > 0,

li PNTAN(T) € &N(j,an), T < MON] = 0.
N%Aeg}\f&(,aw) 4lAn(g) ¢ OnGran), 7 < Mo

This is exactly assertions (3.7) and (3.8) in [11]. O

Denote by 7y;, n > 2, the uniform measure on &Y. Recall the definition of A(+) given
in (3.1.10). Next proposition is a weak version of [11, Theorem 5].

Proposition 3.2.6. Forall j > 2,

It follows from the previous result that for every n > 1,

lim limsup PM [1, < 60y] = 0. (3.2.4)

020 Noeo

Indeed, fix n > 1 and consider a set A € a?lf’]*l. Since A C T4, PN [T, < 66N] < PI){ [th <
d0N]. Averaging over A with respect to nK,H we obtain that PN[t, < §0y] < Pi\r]n alm <
N

d0n]. By Proposition 3.2.6, the previous quantity vanishes as N — co and then § — 0.
Denote by yn a sequence much larger than the mixing time and much smaller than
the hitting time:
N < N < 0. (3.2.5)

Let (/n : n > 1) be a sequence such that 1 < ¢y < N. In dimension 2, we assume that
N* < Iy < N forall 0 < « < 1, so that
im N o, log fn

Neo N N TogN L (3.26)

Note that in dimension 2 the conditions imposed on ¢y are weaker than the ones assumed
on ay in [11, Theorem 4].

Lemma 3.2.7. For everyn > 2,

lim max PN[t, ;< =0.
N%WAGQSN(H,EN) A[ nel = r)/N}
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Proof. The probability is bounded by

(n) max Pi\][Ho < |,
2) |lx|>en

where, recall, Hy stands for the hitting time of the origin. Since yny < 6y, by equation
(6.18) in [16], this expression vanishes in the limit. O

In the next lemma we compare the dynamics Ayn(t) with the one of independent
random walks. Fix n > 2, and denote by (x};(f))i>0, the evolution of n independent
random walks on T‘Zi\, with jump probabilities p(-) given by (3.1.1). The stationary state of
this dynamics, denoted by 775", is the product measure on [T4,]" in which each component
is the measure my.

Denote by pi") (x,y) the transition probabilities of x}};(t), and by t\" the corresponding
mixing time. Since the dynamics amounts to the evolution of a random walk on T”d,
there exist constants 0 < ¢(d,n) < C(d,n) < oo such that c(d,n)N? < tN" < C(d, n)N?
(cf. [23, Section 5.3 and 7.4]).

Denote by x;(t) € TY, the j-th coordinate of x%(t), 1 < j < n. Up to time
T,—1 the process Ay(t) evolves as {x}(t)} := {x1(t),...,x,(t)}. More precisely, fix
A=A{ay,...,a,} € &, and let

n
&t = U &Y
k=1

There exists a probability measure on D (R, é"l\?” X (T?\,)”), denoted by lA’g , which fulfills
the following conditions. The distribution of the first, resp. second, coordinate corre-
sponds to the distribution induced by An(t), resp. x%(t). Furthermore, Ayn(0) = A,
X} (0) = (a1,...,an), and An(t) = {x};(t)} forall 0 < t < 1,4, IA’X almost surely.

Lemma 3.2.8. Fix n > 2. Let Fy : éﬁ” — R be a sequence of uniformly bounded functions,
||| := supy>q max ¢ g<n |Fn(A)| < oo, and let (Bn)N>1 be a non-negative sequence. Then,

for every A ={ay,...an} € &Y,
BN [Fv(An(Bn)) 1{Tn 1 > B} | — Eng [Fn]
= — BN [Av{x (B0} {1 < B, OB} € 643 ] + Ruv,

where )
n
R| < IIFI{21lpg) (2 ) = 2" ()l + en}
and limy o cny = 0.
Proof. Fix A = {ay,...a,} € &Y. We may rewrite the expectation appearing in the state-
ment of the lemma as

E} {FN(AN(ﬁN))l{Tn—l > ﬁN}} :
Since An(t) = {x}/(t)} in the time interval [0, 7,_;], we may replace in the previous

equation Ay (Bn) by {x};(Bn)} and then add the indicator function of the set {x};(8n)} €
&Y. After these replacements, the previous expression becomes

EX [En (i (B 1) 2 (i (b))} € 63}

— BB (X (Bn) D) 1 {mun < B, DBV} €635} ]
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We estimate the first term. Recall that we denote by pf") (x,y) the transition probabili-

ties of x%;(f). With this notation, we may write this term as

Y Av({xh)a{{x} € &) A0 + RY,

xe[T4,]"

where )
[RY | < 20F] 1p5) (@, ) — 7" (v -

and a = (ay,...,a4).
To bound the first term of the penultimate formula, recall that we denote by 7y, the
uniform measure on &Y. Let

Rﬁ,)n =), ’”"N(A) - Y 1{{x} = A} n{"(x) ) , (32.7)

AEEY xe [T,

An elementary computation shows that limy_;e Rg)n = 0 for every n > 2. The assertion
of the lemma follows from the previous estimates. O

The next lemma is a consequence of [11, Theorem 5] in dimension d > 3. In dimension
2 is a slight generalization since our assumptions on /x are weaker. Recall (3.2.6).

Lemma 3.2.9. Let { be a sequence satisfying the conditions introduced in (3.2.6). Then, for all
t>0,

lim  max ‘PN Ty—1 > ON| — e*A(”)t‘ =0.

N—oo Ae® (n,ly) A[ = N}
Proof. We present the proof in dimension d = 2. The one in higher dimension is analogous.
Fixaset A ={ay,...,a,} in &x(n,¢y) and a sequence 1 < ty < log N. Recall from the
previous lemma the definition of the measure PY. Since the first coordinate evolves as
An(t), R

P (1,1 > tOn] = PN [11 > tON] .

By the Markov property and Lemma 3.2.7,
P [Ti1 > tON] = EN [ﬁIXN(W) [Tu—1 > tON — YN ] 1{T0—1 > ”YN}} + on(1),

where 7y = tyN2.
We apply Lemma 3.2.8 with B = yn to estimate the right-hand side. Let Fy : £’I\§," —
R be the function defined by

Fn(A) = P [t >tOn—w], A € &,

and Fy(A) = 0 for A ¢ &j. By Lemma 3.2.8, the right hand side of the penultimate
formula is equal to
P% [Tu-1 >t —n] + R,

where
IRn| < PY[to1 <o) + 2]p0(a,) — 28" (C)llty + en

with limy_,e ¢y = 0.
Each term of the previous expression is negligible. In the first one, we may replace PY

by PY, and apply Lemma 3.2.7 to conclude that this expression vanishes as N — oo. The
N

second one also vanishes in the limit because yn > t\, and tan'i:‘( is of the same order of
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tN. . To complete the proof of the lemma, as vy < y, it remains to apply Proposition
3.2.6. O

Recall the properties of the sequence ay introduced in (3.2.3). By the previous result,
forallk >j>2,

lim max
N—oo Ae®y(kan)

PY (71 -7 = ton] — e 20| = 0. (3.2.8)

Indeed, by Proposition 3.2.5, we may intersect the event appearing inside the probability
with the set {An(7j) € &n(j,an)}. Then, applying the strong Markov property at time T;
we reduce assertion (4.5.4) to Lemma 3.2.9.

The next result together with the previous lemma entails the convergence of
EII}{N [T4—1/6n] to A(n)~! for any sequence Ay € &(n, ly).

Lemma 3.2.10. For every n > 2, m > 1, there exists a finite constant C(n,m) such that for all
N>1,

max EY | (t,_1/0Nn)"] < C(n,m) .

e N (tuea/60)™] < C(n,m)

Proof. By the Markov property, for all k > 1,

k
max PA [Tn 1/9N > k] < ( max PIX [Tn—l /QN > 1])
Aes) Aes)

We claim that

;‘nagx PY[1,_1 > 6] < P [Tn 1>6N/2] + 6N . (3.2.9)
6 n

where 6y — 0. Indeed, fix A = {ay,...a,} € &, and apply the Markov property to
obtain that

Pg[’[’n,1 Z 91\]] = EA |:PAN(9 /2)[Tn 1 > QN/Z] l{Tn 1 > 9N/2}]
Let Fy : 65" — R be the function defined by
Fn(A) = P [t1 >6n/2], A€ &8,

and Fy(A) = 0 for A ¢ é"ﬁ Since Fy is non-negative, by Lemma 3.2.8, the right-hand
side of the penultimate formula is bounded above by

PR [Tu-1 > On/2) + 2(1p) ) = Oy + en,

where a = (a3,...a,). Assertion (3.2.9) follows from the facts that 6y > ). and that tmlx
is of the same order of tN. .

By Proposition 3.2.6, under the measure P%, T,—1/0N converges weakly to an expo-
nential random variable of parameter A(n). Thus, the right-hand side of (3.2.9) converges

to e~ 2(1)/2 < 1. Therefore, there exists § < 1 such that for all N > 1,

P oy > k] < ok,
1{{23; N[Tu_1/6n > K|

This proves the lemma. O
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Corollary 3.2.11. For every n > 2,

1 1
lim max — ENft, 4] — =0.
N—oo Ac®y(nty) | ON AlT-1] A(n)

Proof. Fix a sequence Ay € &n(n,fy), N > 1. The convergence in law of the sequence
Ty—1/6N under the measure P%N to an exponential random variable of parameter A(n)
follows from Lemma 3.2.9. By the previous lemma the sequence 7,,_1/6y is uniformly
integrable. O

Recall that we denote by (ey, ..., e;) the canonical basis of R?.

Lemma 3.2.12. Assume that d > 3 and n > 2. Fix a sequence of sets ANy € &Y such that
AN = {xn,xN £ ¢j} U By, where By U {xn} belongs to & (n —1,{y). Forall t > 0,

Jim P [1i1 > tOy] = vge MM (3.2.10)
Proof. Denote by x(t), y(t) the position at time t of the particle initially at xy, xy * ¢},
respectively. Let D,, ¥ > 0, be the first time the distance between these particles attains r:
D, = inf{t > 0: ||x(t) —y(t)|| = r}, and let H = Dy A Dy,,. As {;y < N, an elementary
computation shows that

lim PY [H>N? = 0.

N—c0

We may therefore insert the set { H < N2} in the probability appearing in equation (3.2.10).
On the event {H < N2}, when tN%~2 > 1, we have that { D < Dy} {11 2 tON} = 9.
Note that here we used that d > 3. Hence,

PY [ti1 > t0y] = PN {H < N?,Dy > Dy, Ty-1 > tGN] + on(1),

where oy (1) — 0as N — oo.
By the Markov property, the probability on the right hand side is equal to

EX, [1{H < N?, Do > Dy, 51 2 N3} PY o [5 1 > t0y — N?] |

On the event {7, 1 > N2}, we may replace the distribution of Ay (N?) by the one of the
position at time N? of n independent random walks starting from Ay. After this replace-
ment, we may insert in the expectation the indicator of the set {AN(N?) € &y (n,ln)}
because the probability of the complement vanishes as N — oo [indeed, whatever the ini-
tial position of a random walk, its probability to be a distance /)y from the origin at time
N2 vanishes]. After this insertion, we write the previous expectation as

e MMt PN 1H < N2, Dy > Dy, AN(N?) € O (n,0N), Tuo1 > Nz} + Ry,
where the absolutely value of Ry is bounded by

max ’P%[Tn,l > thy — N?| — g~ At ‘ .
Ae&n(nlN)

By Lemma 3.2.9, this expression vanishes as N — co. Hence, up to this point we proved
that the probability appearing in (3.2.10) is equal to

e Mmtph [H < N?, Dy > Dy, AN(N?) € On(n,dn), Tyt > NZ} + on(1).
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On the set {H < N?, Dy > Dyy s Tt < N?} two particles which were at distance
at least £y met in a time interval of length bounded by N2. Indeed, the time T, 1 may
correspond to the coalescence of two particles on the set By or one particle in the set By
and one in the set {xy,xy £ ¢;}. In both cases, these particles were initially at distance
at least /)y from each other. The time 7,_1 may also correspond to the coalescence of the
particles initially at xx, xy % ¢;. In this case, at time H < N2 A Dy these particles were at
distance /.

By Lemma 3.2.7 with n = 2, the probability that two particles which are at distance
/N meet before time N? vanish as N — co. We may therefore remove from the previous
probability the event {7, 1 > N?}. We may also remove, as explained above in the proof,
the events {H < N2} and {AN(N?) € &y(n,£y)}, so that

PY [1u1 > t0y] = e 2PN [Dy > Dy ] + on(1).

As N — oo, this latter probability converges to the escape probability, denoted by v,
which proves the lemma. O

The next result follows from the previous lemma and from the uniform integrability
provided by Lemma 3.2.10.

Corollary 3.2.13. Assume that d > 3 and n > 2. Fix a sequence of sets Ay € &) such that
AN = {xn, xN £ ej} U By, where By U {xn} belongs to &y (n —1,LN). Then,

. 1 04
lim —EY [1,4] = :
Amay Eanlmal = 305
By (3.1.6), the previous limit can be written as
.1y 1
I\}'E)noo W EAN [T}’l—l] — 2 A(n) ° (3211)

We turn to the 2-dimensional case.

Lemma 3.2.14. Assume that d = 2 and n > 2. Fix a sequence of sets ANy € &Y such that
AN = {zn,2n £ ¢j} U By, where By U {zn } belongs to & (n —1,Ly). Then,

.1y 1
dm o By [Ta] = AG)
Proof. Fix a sequence of sets Ay satisfying the hypotheses of the lemma. Enumerate the
points of Ay = {x1,...,x,} in such a way that x; = zy, xo = zy * ¢;. Denote by x;(t) the
position at time ¢ of the random walks initially at x;.

Let ({y : N > 1), (my : N > 1) be the sequences ¢/ = N/(logN)*, my = N/ logN.
Notice that both sequences fulfill the conditions above (3.2.6). Let T » be the first time the
difference x1(t) — x2(t) reaches the distance ¢y, Ty, = inf{t > 0 : ||x1(t) — x2()|| > In},
and denote by T;, 1 < i < n, the first time the particle x; reaches a distance my from its
original position: T; = inf{t > 0 : ||x;(t) — x;(0)|| > my}. The proof of the lemma relies
on the estimates (3.2.12), (3.2.13) and (3.2.14).

Since the difference x(t) — x(t) evolves as a random walk speeded-up by 2,

E} [T12] = Ei[Dy] .

where DZN is the first time the particle reaches a distance ¢y from the origin, and PEI;]
represents the distribution of a symmetric, nearest-neighbor random walk speeded-up by
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2, starting from e;. Denote by B(x,r) the ball centered at x of radius r. By equation (6.5)
in [16] and a simple estimate of the capacity between 0 and B(0, /y)°¢, Eg\lf [Dyy] < Col for
some constant Cy independent of N. Hence,

1
&13; WEIXN [T1,] = 0. (3.2.12)

For every 1 < i < n, and every sequence (Sy)n>1 of non-negative numbers,

PY [T <Sn] = By'[Dmy < SN] = By [ sup [|x(t)]| > mn],
t<Sy

where ﬁé\] stands for the distribution of a nearest-neighbor, symmetric, random walk start-
ing from the origin. The difference with respect to P}¥ is that the random walk is not

speeded-up by 2 under ﬁé‘] . An elementary random walk estimation yields that the right
hand side multiplied by log N vanishes as N — o if we choose Sy = N2/ (log N)*. Hence,
wit this definition for Sy, forall 1 <i <mn,

lim (logN) P} [T; <Sn] = 0.

N—oo

In contrast,

Py [T12 > Sn] = PY[Dy > Sn] = B[ sup Jx(t)[] < fn] -
t<Sn

Another elementary random walk estimation yields that the right hand side multiplied by
log N vanishes for the same choice of the sequence Sy. Hence,

lim (logN) P}l [T1, > Sy] = 0.

N—oo

It follows from the last two estimates that

: N : _
Z\%1_r)1(1)o(10g N)Py, [T1p > min T,] =0. (3.2.13)

Denote by Tj, 1 < i # j < n, the first time the particles x;, xj meet, T;; = inf{t > 0:
xi(t) = xj(t)}. The arguments used to derive (3.2.13) show that for all pairs {i,j} # {1,2},

lim (logN) P} [T12>7,] = 0. (3.2.14)

N—oo

We are now in a position to prove the lemma. By the strong Markov property,

EIXN [Ta-1] = EIXN [ [Tip+ Tu1007,,] 1{T1p < Tnfl}} + EIXN [Tnfl {11 < Tl,2}]
= EN, {EXN(TLZ) [T1] 1{Thp < Tn—l}} + EN, [Tn—l {71 < Tl,Z}} .
The second term is bounded by EII}{N[TLZ]. By (3.2.12), this expectation divided by N2
vanishes as N — oco. On the other hand,

1 .
N2 EXN [E%N(TLZ) [Ti1] 1{T12 > min Ti, T1p < Tnfl}}

< sup ————— EN[7,_1] (log N)PY Ty, >minT;| .
Aegﬁ (log N) N2 A[ n ] g AN[ i l]
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This expression vanishes as N — oo because, by Lemma 3.2.10, the first term is uniformly
bounded and, by (3.2.13), the second term tends to 0.

Up to this point, we proved that

. 1 _n . 1 N N .
dm By [Ta] = lim S By [EAN(TM) [Tu1] 1{T12 < ml.m{Tn—lfTi}}] :

On the set {T1, < min; T;}, An(T12) belongs to &y (n, £ ). Hence, by Corollary 3.2.11
and by (3.1.6),

1 I
N2 EZXN(TLQ) [Tﬂfl] = (logN) A(n) [1 + ON(l)] ’
so that
. 1 N o N .
I\}E{}w ﬁEAN [Tl = A(n) 1\1,13}»(108 N)Py, [Tip < ml.ln{Tn—eri}] .

By (3.2.13), in the previous expression we may remove the indicator of the set {T1, <
min; T;}. By (3.2.14), we may also exclude the sets {7;; < T1,} for {i,j} # {1,2}. Hence,
the previous expression is equal to

-1 -1

T : N . . N e
A(n) I\lllir(ln(log N)Py [Ti2 <Tp2] = A0 1\1]1_I>nw(log N) P, [Dy, < Ho|,

where Hj represents the hitting time of the origin. By [16, Lemma 6.10], the previous
expression is equal to 1/[2A(n)], which completes the proof of the lemma. O

Recall the definition of the jump rate R introduced in (3.1.8).

Lemma 3.2.15. For every n > 2,

lim Y 7k (A)EN[t,1]R(A) = 1.
N—)oergl,\il

Proof. Since R(A) = 0 unless A contains two nearest-neighbor points, for all sets A such
that R(A) > 0, E[1,_1] < E.,[Ho|, where Hy represents the hitting time of the origin.
By [23, Proposition 10.13], this latter expectation is bounded by CoN¥.

Since R(A) is uniformly bounded, EN[7,_1] < CoN¥, and 7,(A) = 1/(1\:1), we may
restrict the sum appearing in the statement of the lemma to sets A = {x, x £ ¢;} U B, where
BU{x} € &x(n—1,¢y). The number of such sets A is (n — l)d(ﬁdl)[l +on(1)]. For them
R(A) =1/d, and, by (3.2.11) and Lemma 3.2.14,

ENlrt] = — 1+ on(1)].

2A(n)
Hence, the sum alluded to above is equal to
d
(b)) N1
(Nd) 2A(n) d

n

— [+on(n) 5

lT4+onv1)](n—-1)d

The result follows from the definition of A (1) given in (3.1.10). O
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3.3 Local Ergodicity

We prove in this section Proposition 3.1.4. It states that we may replace the time integral
of a function f(An(s)) by the time integral of a function F(|Ax(s)|). The proof is divided
in a sequence of lemmata.

Lemma 3.3.1. For every n > 2, there exists a finite constant C(n) such that

ﬁaé%]iﬁ][/owR(AN(s))ds} < C(n).

Proof. Since R(B) =0if |B| =1,

/0°° R(An(s))ds — /OTl R(An(s))ds .

It is therefore enough to prove that for each n > 2, there exists a finite constant C (1) such
that

ﬁ%zﬁg[/;“ R(Ax(s))ds| < C(n).

Fixn > 2and aset A = {x1,...,x,} in &j. Denote by x;(s) the position at time s of the
particle x; and by T; ; the collision time of particles i and j: 7;; = inf{t > 0: x;(t) = x;(t)}.
As

/O " R(An(s))ds < ;/O " 1{|xi(s) — xi(s)] =1} ds ,

it is enough to estimate

Ti,j
EI{\;irxj} {/0 1{]xi(s) — x;(s)| = 1} ds} )
As the difference evolves as a random walk speeded-up by 2, it is enough to bound, for
xeTd,

E,IC\]{/OHO 1{x(s) =1} ds} ,

where Hj stands for the hitting time of the origin. This integral represents the time spent at
e1 before hitting the origin. In particular, it is bounded by a geometric sum of independent
exponential random variables, which completes the proof of the lemma. O

Remark 3.3.2. It follows from last lemma and the strong Markov property at time T, that there
exists a finite constant C(n) such that

max B[ [ R(An(s) s{lAn(s) < m)] < .

Recall the definition of the sequence ay introduced in (3.2.3), and that 77}, represents
the uniform measure in &Y.

Lemma 3.3.3. For everyn > 2,

. N -1 - n N —
gim max JEY[ [ R(Ax(s)) ds] B;ﬁnMB)EB[Tn_ﬂR(B) = 0.

Proof. The goal is to replace the initial condition A by the pseudo-invariant measure 7}
and then to apply Lemma 3.3.5. To carry out this strategy, we remove from the time
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integral an interval large enough for the process to relax and small enough not to interfere
with the overall value of the time integral.

Fix a set A in &y(n,ay), enumerate its elements, A = {x1,...,x,}, and denote by x;(t)
the position at time t of the particle initially at x;. Let D be the first time two particles are
at distance 1 from each other: Dy = inf{t > 0: ||x;(t) — x;(t)|| = 1 for some i # j}. Note
that R(An(s)) =0 for s < D; and that D; < 7, 1.

Let yn be the sequence introduced in (3.2.5). We claim that

Tn—1
li EN[1fr, 4 < / R(An(s))ds| = 0.
Nlinoerg;;?:z(,aN) A{l{ 1 S Nk 0 (An(s)) S}

Indeed, as R(An(s)) = 0 for s < D7 and Dy < 1,1, we may replace the lower limit in the
integral by D; and include in the indicator the condition D; < 7y to bound the previous
expectation by

E} [1{D1 <N} /DTIH R(AN(S))dS} : (3.3.1)

By the strong Markov property, this expression is bounded by

Tn-1
PN[D, < EN/ R(An(s))ds] .
A[D1 < ] max BY| [ R(Ax(s) ds)

By Lemma 3.3.1 the above expectation is bounded, and by equation (6.18) in [16] the
probability vanishes as N — oo uniformly in A € &y(n,ay). Note that in dimension
d > 3, by equation (6.6) in [16], the result (6.18) holds for any sequence Iy such that
1 < Iy < N. This proves the claim.

Denote by ¢; : D(Ry,Ey) — D(Ry,En), s > 0, the time translation operators such
that (0sw)(t) = w(t+s) for all + > 0. It follows from the previous assertion that we
may introduce the indicator of the set {yn < 7,1} in the expectation appearing in the
statement of the lemma. After the inclusion in the expectation of the indicator of the set
{YN < Ty-1}, in the upper limit of the integral rewrite 7,_1 as YN + T,—1 © ¥, and apply
the Markov property to get that the expectation is equal to

EY [1{vn < ma} [ R(AN(S) ds]

"Tn—1

(3.32)
+ EY[1{rw < Ta Y ) {/0

R(AN(S))ds” .

We claim that the first term vanishes as N — oo, uniformly in A € &x(n,ay). Recall
the definition of the hitting time D;. If vy < Dy, the expression inside the expectation
vanishes because R(An(s)) = 0 for s < D;. We may therefore assume that D; < 7.
We may also replace the lower limit of the integral by D; and the upper limit by 7,,_1 to
find out that the first term in (3.3.2) is bounded by (3.3.1). Since the expectation in (3.3.1)
vanishes as N — oo, uniformly in A € &y(n,ay), the claim is proved.

It remains to examine the second expectation in (3.3.2). To apply Lemma 3.2.8, let
F: 63" — R be the function given by

F(B) = EIL}][/OTHR(AN(s))ds} , Beé&l, (3.3.3)

F(B) = 0 for B ¢ &}}. By Lemma 3.3.1, F is uniformly bounded, ||F|| < C(n), and therefore
fulfills the condition of Lemma 3.2.8. Hence, by this result, the second term in (3.3.2) can
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be written as

™

EY, [ /0 " R(Ax(s)ds] + Ry,

where the absolute value of the remainder Ry is bounded by

Cm) { PNt < ] + 20PN (@) = 7" Cllrv + en -

In this formula, a = (aq,...,a,), a j are the elements of A and cy a constant which vanishes
as N — oo. Since yn > tmlx, the second term inside braces vanishes as N — oo, uniformly
in A € &. By Lemma 3.2.7, the first term inside braces vanishes as N — oo, uniformly
inA e QjN(n, ay). To complete the proof of the lemma, it remains to apply Corollary
3.3.6. O

Lemma 3.3.4. Let F : N — R be a function which eventually vanishes: there exists kg > 0 such
that F(k) = 0O for all k > ko. Forallt >0,n > 1,

lim  max 'EN{/GN {R(AN(s)) — 0! ns}F(|AN(s)|)ds} ' =0.

N—ro0 AG@N n,a N
Proof. Fix n > 2 and A in &y(n,ay). Since R(A’), A(|]A’]) vanish for |A’| =1, if kg < 1
there is nothing to prove. Assume, therefore, that kg > 2. Since F(k) = 0 for k > ko, we
may start the integral from 7,,, where ng = n A kg. If t0y < T3, the integral vanishes. We
may therefore insert inside the expectation the indicator function of the set {t0x > Ty, },

which can be written as the disjoint union of the sets {’L’j <tOINAT < 1']-_1}, 2 <j < ny.
Hence, the time-integral appearing in the statement of the lemma can be written as

10

Y (g <ty A<t} [ R(AN() F(ANG)) ds

j=2

- Yl < o <) [ RANS) FlANG) ) ds,

=2

(3.3.4)

where R(A) = R(A) — 0" A(|A]).

We consider each term separately. Write the integral appearing in the first line as a sum
of integrals on the intervals [7;, T;_1) and sum by parts to obtain that the first expression
is equal to

o Tl
Y {m <tonAT < TbFQ) [ R(An(s))ds,
i=2 Ti

where we used the fact that F is constant in the time interval [7;, T;_1). Remove from
the indicator the condition {t0y A 7y < 71}, which is always satisfied, and replace {7; <
tOn AN} by {T; < tOn}. Fix 2 < i < n, disregard the constant F(i), and consider the
expectation with respect to Pf}{ :

BN [1{7 < toy} / An(s))ds] . (3.3.5)
We claim that
lim BN [1{An (1) # Bn(i,an }/ R(A(s)) — 63'ns}ds| = 0.

Indeed, by the strong Markov property, the absolute value of the previous expectation is
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less than or equal to

PN [AN(Ti) € SN (i,an) | max {Eg [/OTH R(AN(s)) ds} + A(i) 04 EY [Ti,ﬂ} .

Be&y

By Lemmata 3.2.10 and 3.3.1, the maximum is bounded. On the other hand, since A
belongs to By (n,ay), by Proposition 3.2.5, the probability vanishes as N — oo, which
proves the claim.

We may therefore insert in (3.3.5) the indicator of the set {An(T;) € &n(i,an)}. By the
strong Markov property, this expectation is equal to

EX {l{Ti <tOn, An(Ti) € BN (i an)} EI){N(TI.) {/OTH R(An(s)) ds} } .

By Lemmata 3.3.3 and 3.2.15,

Ti-1
Jim Y[ [T R(AN(s) ds] = 1
uniformly for B € &y(i,ay). By Corollary 3.2.11, as N — oo, A(i) EY[1;_1/0y] converges
to 1 uniformly for B € &n(i, ay).

It remains to examine the second expression in (3.3.4). The argument is similar to the
one presented above. Fix 2 < j < ng and take the expectation with respect to PI){ for
A € 6n(n,ay). Since 71 > Tj, we may remove T7; from the indicator. For j = 2 the set
becomes {1, < tfy}, while for 2 < j < ny it is given by {7; < t0y < 7;_1}. In the first
case, to uniform the notation, we insert the condition tfy < 7. This is possible because
the integral vanishes if this bound is not fulfilled.

We claim that

Tim BX 1) /te;l {R(Ax(s)) ~ Oy'ns} ds] = 0,

where 9y is the set {7; < tOy < 71, An(t0n) € Sn(j,an)}. The proof of this claim
is identical to the one produced below (3.3.5). Observe that on the set {T]-,l > ton} we
may write 7j_; as t0y + Tj_1 © U9, Apply the Markov property at time {0y, estimate the
conditional expectation by the supremum over all sets in &, and apply Lemmata 3.2.10
and 3.3.1, and Lemma 3.2.3 (instead of Proposition 3.2.5).

After inserting in the expectation the indicator of the set {An(t0n) € Sn(j,an)},
applying the Markov property at time tfy, the expectation becomes

BN [} B | /O " R(An(s) as| |,

where ./ = {7; < tOn < Tj_1, An(t0N) € &N (j,an)}. By the first part of the proof, this
expression vanishes as N — co. O

Proof of Proposition 3.1.4. Fix € > 0. In view of Proposition 3.2.1, choose M € IN such that
PN[|An(tofN)| > M] < e. Let W(A) = {65 R(A) — A(|A|)} F(|A|). There exists a finite
constant C(F, B, t) such that

‘EN [BN1{|AN(t09N)| > M} /t:w(AN(seN))ds] ‘ < C(E,B,t)e.  (33.6)

To prove this assertion, apply the Markov property to write the expectation appearing in
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the left-hand side as
rt—tg

EN [BN1{|AN(1L09N)| > M} Eﬁ(fo‘?N) [ 0

W(AN(SQN)) dS] } .

N
Atoh
by a constant depending on F and t. On the one hand, the function(/{(Tz)‘l\) F(|A]) is
bounded because F(k) = 0 for all k large enough. On the other hand, since F vanishes
outside a finite subset of IN, by Remark 3.3.2, the expectation of the time integral of
On R(AN(sON)) F(An(sfy)) is bounded. This proves the claim.

It follows from this claim that the absolute value of the expectation appearing in the
last displayed equation is bounded by

We claim that the absolute value of the expectation with respect to P is bounded

C(F,B,t) PN[|An(tofN)| > M] ,

Assertion (3.3.6) follows from the choice of M.
A similar argument, using Corollary 3.2.4 instead of Proposition 3.2.1, proves that for
all N sufficiently large

‘EN [BNl{AN(tOGN) ¢ &5 U ICJ QSN(k,aN)}
k=2

x /tW(AN(SGN))ds} ‘ < C(E,B,t)e.

to

It follows from the previous two estimates that we may restrict our attention to the
expectation

EN {BN]_{//N(M, to)} /t: W(AN(SGN)) ds} ,

where .#n(M,tg) = {|An(toON)| < M, An(tobN) € &Y U Uﬁiz &n(k,an)}. Applying
the Markov property at time ¢(0y yields that the absolute value of the previous expectation
is bounded by

7

C(B) max ’Ef}{{/tita W (An(sON)) ds}
AesluUM, 6y (kay) 0

where the constant C(B) is an upper bound for (|BN|: N € IN). This expression vanishes
as N — oo by Lemma 3.3.4, which completes the proof of the proposition. O

3.3.1 Equilibrium Expectation of Hitting Times

We conclude this section with a result on the equilibrium expectation of hitting times. Let
X; be a reversible, irreducible, continuous-time Markov chain on a finite set E. Denote
by 7t the unique stationary state and by Hp, B C E, the hitting time of the set B: Hp =
inf{t > 0: X; € B}. Denote by PP, the distribution of the Markov chain X; starting from x.
Expectation with respect to IP, is represented by E,. As usual, for a probability measure
ponk, ]P]/l = Y xeE ,”(x) P..

Lemma 3.3.5. For all subsets B of E, and all functions f : E — R,

Ex| /O e f(X)ds] = Y 7(x) F(x) Ex[Ha]

xeE
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Proof. Denote by (Yj)r>o the skeleton of the chain X;. This is the discrete-time Markov
chain which keeps track of the sequence of elements of E visited by the process. Denote
by A(x), x € E, the holding time at x. Representing the process X; in terms of the chain
Y} and independent, mean-one, exponential random variables (cf. Section 6 of [3]), the
expectation appearing in the statement of the lemma can be written as

hg—1
B ¥ 465] = £ L E o L pa Y=y o > K],

k=0 k>0x¢By¢B

where hp stands for the hitting time of the set B by the Markov chain Y: hp = min{j >
0:Y; € B}. By reversibility, the previous expression is equal to

P

hp—1
LY Y a) S e = x> 4] = T a0 [ & 1)

k>0 x¢B y¢ZB (%) yeE k=0

>

The last expectation is equal to [E,[Hp|, which completes the proof of the lemma. O

Corollary 3.3.6. For everyn > 2,

tim [EY, [ [" R(ANG) ] — ¥ k(B EY [moalR(B) | = 0.

N—oo Besy

Proof. Let F : 5I§” — R be the function given by (3.3.3), and recall that it is uniformly
bounded. The expectation appearing in the statement of the lemma is equal to Ey [F]. By
(3.2.7) and since F vanishes on &}, m < n, and is uniformly bounded, this expectation is
equal to E, e [F({x})] + cn, where limy cy = 0.

By definition of F,

Tn—1

EnnlF(xD] = L (0 a{{xh € SB[ [ R(an(s)ds] -

xe[Td "

Up to time 7,1 the evolution of An(s) corresponds to the evolution of n independent
particles. We may thus replace An(s) by {x};(s)} inside the expectation, where 7, _;
represents in this context the first time two particles meet. The previous sum is thus equal
to

Y eos{ix) e SB[ [ R(x o)) ds]

XE Td ]n

where PY represents the distribution of x}y starting from x.

Since 7,1 = 0 if the process x};(s) starts from a configuration x such that {x} §£ &Y,
we may remove the indicator in the previous sum. As the process is reversible and 75" is
its unique stationary state, by Lemma 3.3.5, the sum is equal to

Yo A (%) EN [ta1] R({x}) .

xE[Td "

As 1,1 = 0 if the process x},(s) starts from a configuration x such that {x} ¢ &%}, we
may restrict the sum to configurations x such that {x} € &Jj. For such a configuration,
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EN[t, 1] = Ef{\i ) [T,—1]. Hence, the last sum is equal to

Y, W 0ERmoal R} = ) EX[moa]R(A) ) my"(x),

x€[T4,]n Acsy {x}=A

where the last sum is performed over all configuration x € [T%]" such that {x} = A.
Comparing } (,}— 4 " (x) with 72, (A) yields that the previous sum is equal to

(1+O0(N"%) Azﬁn EN[1,_1] R(A) T4 (A),

where O(N~9) is a sequence of numbers whose absolute value is bounded by CoN ~4 for
some finite constant Cy. By Lemma 3.2.15, the sum converges to 1. In particular, the term
O(N~%) times the sum is negligible. This completes the proof of the corollary. O

3.4 Proof of Theorem 3.1.2

The proof of Theorem 3.1.2 is divided in two steps. We show in Lemma 3.4.3 that the
sequence (#N)y is tight, and in Lemma 3.4.1 that all limit points solve the (C!(S),.%)-
martingale problem introduced in Proposition 3.1.1.

Denote by PY, A € Ey, the probability measure on D(R, Ey) induced by the Markov
chain An/(t) speeded-up by Oy starting from A. When A = T4, we denote PY simply by
PN, Expectation with respect to PYY, PN are represented by EY and EN, respectively.
Note that

PN = PN o ¥ !, (3.4.1)

where ¥ : D(R+, Ex) — D(RR4, S) is given by [¥n(w)](t) = ¥ (w(t)).
In the next lemmata, expectation with respect to PN P are represented by E ,n, E,
respectively.

Lemma 3.4.1. Let & be a limit point of the sequence (2N)y, and let f : R — R be a function
in C! which is constant in a neighborhood of the origin: there exists 5 > 0 such that f(x) = £(0)
for x < 6. Then, under &2, the process defined by (3.1.4) is a martingale.

Proof. Assume without loss of generality that (22N )y converges to 2. Let f : R — R be
a function in C! which is constant in a neighborhood of the origin. Denote by My (t) the
PN-martingale given by

FON0) — FONO) — [ o (Laf)(¥n(An(s00)) ds,
where Xy (t) = Yn(An(t0y)). Since

(Lnf)(En(A) = RA) {f(75=) — F0) ],

X

where x = ¥ (A), and R(A) is the jump rate introduced in (3.1.8), the martingale My ()
can be written as

FON) = FOX(0) = o [ Ran(s0m)) { (1 25005) ~ FOGu(o) s

Fix0<t),k>1,0<s < - < s <ty abounded function G : R — R, and let
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BN = G(Xn(s1),---,Xn(st)). Since My is a martingale, for every ty < t,
EV[BY {My(t) - My(to)} | = 0.

By Proposition 3.1.4, in the integral part of the martingale we may replace the rate
ONR(AN(sON)) by A(JAn(sON)]) = r(XNn(s)) to obtain that

lim EN [BN{MN(t) —MN(tO)}} =0, (3.4.2)

N—oo
where

A1) = S0 (0) SO0 = [ 0t {F (120t ) = FOXw() ) ds.

Notice that the process My (t) is expressed as a function of Xy. Therefore, in view of
(3.4.1), we may replace in (3.4.2) the probability PN by 22N and write

lim En [BN{MN(t)—MN(tO)}] =0,

N—oo

Since, by assumption, (£y)N converges to &,
Ez {BN {Mn(t) - MN(tO)}} =0.
This shows that (3.1.4) is a martingale under & and completes the proof of the lemma. O

We turn to the tightness of (#N)y. Remember that for w € D(Ry,S), the modified
modulus of continuity is defined as

@(w,t,6) := infmax sup |w(s)—w(r)||, t>0, >0,
A He<r,s<tri1

where the infimum extends over all partitions A = {0 =ty < t; < --- < t; < t} such that
tgaq —tx > 6 fork =1,...,¢ — 1. It is well known (see for instance [19, Theorem 4.8.1])
that the tightness follows from

1. for any t € R+, the sequence (Xy(t)), is tight in S; and

2. foralle >0,t>0,
lim sup 2N [@(Xn,t,6) >¢ = 0. (3.4.3)
0—0 N

Since Xy (f) € S for all t € R4 and S is compact, condition (1) holds immediately
thanks to Prohorov’s criterion. Denote by ¢j, j > 1, the hitting time of 1/j: ¢; = inf{t >
0:X(t) =1/j}.

Lemma 3.4.2. Condition (2) follows from

lim limsup 2" [0;_1 —0; <] =0, Vj>2. (3.4.4)
620 Noseo

Proof. Assume that (3.4.4) holds, fix e > 0, t > 0, ¥ > 0 and choose n € N such that
1/n < e. By Proposition 3.2.1 and by the Markov inequality

PN[Xn(t) < 1/n) = PN[|An(ty)| > n] < EN[|AI;11(t9N)|] - C(Zd),
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where C(t,d) is a positive constant depending only on t and d. Then, increasing n if
necessary, we can assume that

PNloy <t] > 1-7/3.
Our assumption implies that there are §y > 0 and M € IN such that
PNlojy — 07> 6, forallj € {2,3,...,n}] > 1—-5/3, YN>M.

Let m := min{j > 1: 0; < t}. On the set {0y < t}, define the random partition A := {0 =
to <ty =on < -+ <ty = oy < t}. Since Xy(r) is constant in the intervals [0},0j_1),
using this partition we deduce that

cU(XN,t,é)gl/nSe, Vo<dy, N>M,

on the event
{ow <t}n{oj_1 —0j > &, forallj € {2,3,...,n}},

that has probability at least 1 — 277/3. Hence

sup PN[@w(Xn,t,6) > ¢ <2/3, Y6<d.
N>M

On the other hand, it is clear that there is §; > 0 such that
PN(o(Xn,t,0) >¢] < /3, N<M, V<.

Therefore
sup PN[w(Xn,t,8) > €] <y, Vé<min{dy,d},
N

which completes the proof, since 7 > 0 was arbitrary. O
We complete the proof of the tightness in the next lemma.
Lemma 3.4.3. The sequence of measures (7N )y is tight.

Proof. By Lemma 3.4.2 it is enough to show (3.4.4). In terms of the measure PN, the
probability appearing in (3.4.4) can be rewritten as

PY[t 1 -7 <d6n].
Fix e > 0 and M > j. In view of (3.2.4), choose « > 0 small enough for PN[TM <
3aby] < e for all N sufficiently large. By Proposition 3.2.1, choose K > M such that

PN[|An(afN)| > K] < € for all N sufficiently large. Hence, the probability appearing in
(3.4.4) is less than or equal to

PV[|An ()] < K, T > 3uby, 1 — 7 < 30N | + 2¢.
By Lemma 3.2.3, this expression is less than or equal to
PN[|AN(“9N)| <K, An(2a0N) € N, Ty > Baby, Tj—1 — Tj < 591\1} + 3e.

By the Markov property, this sum is bounded by

N
max max P, |T_1—1 <60 + 3e.
M<n<K Ac®y (nay) AlTi-1 =75 < 90N
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By Propositions 3.2.5, 3.2.6 and the strong Markov property at time T, the first term of the
previous expression vanishes as N 1 co and § — 0. O

3.5 Uniqueness

In order to state the uniqueness result as it has been used in Section 3.4 we need to intro-
duce the subset 7y C C!(S) of functions f : S — R which are constant on a neighborhood
of zero: f € % if and only if for some k(f) € IN we have

f(0) = f(1/k), k> k(f) -

We shall say that a probability measure & on the measurable space (D(R4,S), Goo) is @
solution of the (%, .Z) (resp. (C1(S),.#))-martingale problem if

M= f(Xt)—/Ot(Zf)(Xs)ds, £>0 (3.5.1)

is a Z-martingale for every f € % (resp. f € C!(S)). In addition, we say that & is
starting at x € S whenever Z{Xy = x} = 1.

3.5.1 Uniqueness on S\ {0}

For each k € N, let # ; be the law on (D(R,S), ) of a Markov process on S starting
at 1/k and with transition rates

rts) - () s

and zero elsewhere. By Dinkyn’s martingales, the process

-t

F(X0) — /O (L*F)(X)ds, >0 (35.2)

is a &) /p-martingale, for all f : S — R, where

LRf(x) = {@ {F(E)-r(3)}, itx=2ebl],

0, otherwise .

In particular, &, i is a solution of the (%, .#*)-martingale problem. Moreover, unique-
ness for this problem can be obtained by standard methods so that

Remark 3.5.1. For each k € N, 2, ;. is the unique solution of the (%, £*)-martingale problem
starting at 1/k.

Since &1/ {X¢y > 1/k, ¥Vt >0} =1 and
Lrf(x) = Zf(x), forallx>1/k (3.5.3)
we may then replace .Z* by . in (3.5.2). Therefore,

Remark 3.5.2. For each x € S\ {0}, Py is a solution of the (C'(S),.Z), and so, also the
(P, £ )-martingale problem.
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We now prove that, for all x € S\ {0}, &, is actually the unique solution for both
martingale problems when starting at x. Of course, it is enough to prove this assertion
for (2, Z). In virtue of Remark 3.5.1, it suffices to prove that under any such solution
Xt > 1/k, ¥Vt > 0 almost surely.

Lemma 3.5.3. Foreach x € S\ {0}, Py is the unique solution of the (%, £ )-martingale problem
starting at x € S.

Proof. Fix some x = 1/k and let & be a probability satisfying the assumption. Consider

the (G;)-stopping time
T := min{t >0: X; < 1/k} .

Since
tAT t
/ LF(Xs)ds = / LK (Xope)ds, VE>0,
0 0

then ,
f(Xt/\T) - ‘/0 gkf(xs/\f)ds 7 t Z 0

is a #-martingale, for any f € 2. Equivalently, if X* : D(R4,S) — D(R4,S) denotes
the measurable map defined by

Xio X" = Xipr, VE>O0

then the law of X7 under &2, denoted by & o (X¥)~!, turns out to be a solution of the
(%o, £¥)-martingale problem. By Remark 3.5.1 we conclude that

Po(X) = Py, (3.5.4)
which in turn implies that
P(Xine 2 1/k, VE>0) = 2 (Xe > 1/k, YVt > 0)
Since the right hand side above equals one, then &(T = o0) =1 and so
Po (X)) = 2. (3.5.5)

The desired result follows from (3.5.4) and (3.5.5). O

3.5.2 A Strong Markov Property

As our next step, we prove Lemma 3.5.4 below which relates any solution of the (%, .Z)-
martingale problem with laws { #x},cs\ (0} we just introduced.
Let ¢ : Ry x D(R4,S) — D(Ry, S) be the measurable map defined by

Xi00(s,r) = Xs4t(-), forallt,s>0.

In addition, given any (G;)-stopping time T we define ¢ : D(R4,S) — D(R4,S) as

O (w) = 1(w),w), ift(w) < oo,
‘ o w, otherwise .

Consider the system of neighborhoods of 0 € S

Ar:={xeS:x<1/k}, keN,
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and their corresponding exit times
O = inf{tEO:XtGS\Ak}, ke N.
Since Ay and S\ Ay are closed subsets then every oy is a stopping time and

X,

. > 1/k on {0} < oo}. (3.5.6)
Lemma 3.5.4. Let & be any solution of the (2, £ )-martingale problem and let k € IN. For any
C € Geo, we have

P{By, €C, 0y < 00} = /

{op <o}

‘@Xak (w) (C) t@(dw) . (3.5.7)

(Recall observation (3.5.6).)

Proof. Fixk € N and let {2, : w € D(R4,S)} be a conditional probability distribution of
Z given Gy, such that for all w € D(R, S) we have

Duo(A) = bu(A), YAEG, . (3.5.8)

The existence of such {2,,} is established in [30, Theorem 1.3.4]for a space of continuous
paths but the same proof apply for D(IR4, S). Taking conditional expectation with respect
to G, in the left hand side below we have

P05, €C, 0p < 00} = / 20 {05, € C} P(dw) .
{op <00}
Applying (3.5.8) we get 2, {0x = 0x(w)} =1 for all w and so the right hand side above
equals

/' Do{ B, () € C} P (dw) . (3.5.9)
. {(Tk<00}

Now, we relate {2y} to { Px},cs\ (0} For each f € %, we know that the process (M{ )
defined in (3.5.1) is a 4?-martingale. Then, in virtue of [30, Theorem 1.2.10], for each
f € P there exists some A¢ € G, with Z[A¢] = 1 such that, for all w € Af N {0} < oo},

(Mtf ) is a 2,,-martingale after time oy (w), (3.5.10)
ie. 2, [M{2 |Gy,] P M{l , whenever 0 (w) < t; < tp, where Z2,[-|-] stands for condi-

tional expectation with repect to 2. It follows from (3.5.10) that,
(M{) isa 2,0 (ﬁgk(w))*l—martingale . (3.5.11)
Let us consider the countable subset of 2
9y = {f € % : f(x) is a rational number for all x € S}

and denote A := Ntedy Ay. Then, (3.5.11) implies that, for all w € AN {0} < oo},

D0 (8,

(@) )L is a solution of the (%, . )-martingale problem.

But, given any f € %, 3 (fx) in % such that f, — f and Zf, — Zf, both pointwise,
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and such that
sup max (|fu(x)| + | £ fu(x)[) < .

n>1 X

By using this approximation it is easy to conclude that, for all w € AN {0} < oo},
Dy 0 (ﬁgk(w))fl is a solution of the (%), .Z)-martingale problem. (3.5.12)
On the other hand, for all w € {0} < oo},
2w © (B (w) " {Xo = X (@)} = 2ol Xgp() = Xy ()} =1
(we applied (3.5.8) in the last equality.) Namely, for all w € {0} < co},
20y 0 (8, (o))~ is starting at X (w) € S\ {0}, (3.5.13)

where we used observation (3.5.6) for the last assertion. We may now conclude from
(3.5.12), (3.5.13) and the uniqueness result established in Lemma 3.5.3 that

D, 0 (ﬁak(a;))71 = @ng(w) , Ywe AN {U’k < OO} .

Since #(A) = 1, this last assertion implies that (3.5.9) equals
/{ oy Pt (€) P L)

This concludes the proof. O

3.5.3 A Solution Starting at(0 € S

From now on, we shall denote by %, the law of (2}) (defined in (1.2.3)) so that we have
now the complete set of laws { %, : x € S}. Obviously & starts at 0. We prove now that
Py is a solution of the (C!(S),.#)-martingale problem. Recall the sequence (T;),>2 of
indipendent random variables considered in (1.2.2). For each k € IN define the process
(27) as

1/k, 0<t<Ty,

1/(k=1), T <t<Tp+Ti,
2k =< :

1/2, YE o T, <t< Yk Ty,

1, t>yk T,

for all t > 0. Clearly, the law of (2;F) is & . Also, observe that (Z;) is related to (2;)
by

%k = Zs4t, Vt>0, where S5 := Z T, .
n=k+1

In particular, for all t > 0,

f(2F) 5 f(20) and Zf(2)) % 2f(23), askteo. (3.5.14)
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Fix an arbitrary f € C(S), a continuous function G : S” — R and a finite set of times
0<s1 <+ <8y <s <t Invirtue of Remark 3.5.2, we have

E[G(2,. 22) (2 — S22~ [ 2f(2ar)] = 0, (35.15)

for all k > 1. Letting k 1 oo in (3.5.15) and using (3.5.14) we get

E{G(%l,...,%m){f(%)—f(%s)—./stff(e%)dr}} ~0. (3.5.16)

We have thus shown that 2 is a solution of the (C!(S),.#)-martingale problem.

3.5.4 Uniqueness Starting at(0 c S

In this subsection we prove the uniqueness result that we used in Section 3.4. Let o stand
for the exit time from 0 € S, i.e.

o = inf{t >0:X; #0}. (3.5.17)
Clearly, 0y | o pointwise. Notice that ¢ is not a (G;)-stopping time.

Proposition 3.5.5. There exists a unique probability measure & on (D(Ry,S), Goo) such that
P{Xo=0,0=0} =1and

t
F(X0) —/ LF(X)ds, t>0
0
is a &-martingale for every f € 9.

Existence is, of course, a consequence of Lemma 3.4.1. Nevertheless, it follows from
the conclusion of the previous subsection that & fulfils all the requirements. In order to
show uniqueness we first improve the result obtained in Lemma 3.5.4.

Proposition 3.5.6. Let & be a solution of the (Zy, £ )-martingale problem starting at 0 € S. If
P{oc =0} =1 then

P, €C} = P1(C), Vk>1andC € G .
Proof. We start showing that
P{oym <oco, Vme N} = 1. (3.5.18)

Let us denote
A = {o <00, Yme N} = {07 < oo} .

Since #1,,(A) = 1 for any n € N then applying equation (3.5.7) for C = A and using
observation (3.5.6) we get

Pl € A, 0p <o} = P{op <o}, VkeN.

But 0y + 01 0 95, = 07 and so {9, € A, 0 < oo} = A. Using this observation in the last
displayed equation we get

@(.A) = f@{U’k<OO}, VkeN.
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Since {0y < oo} 1 {0 < oo} then, letting k 1 co in the previous equation, we get Z(A) =
Z{0 < oo} which equals one by assumption.

As second step, we prove that
P{Xg, =1/m, ¥Yme N} = 1. (3.5.19)
For it, consider the events
By = {Xo=1/n and X,, =1/m foralll<m <n}, neN
and B := U,en By Since 23 ,,(B,) =1 for all n > 1, then, for all k € IN, we have
Wxak(w)(B) =1, Vwe {0 <oo}.
Applying (3.5.7) for C = B along with this last observation we get
P{0, €B, 0p <0} = P{op <o} =1, VkeN.

We used (3.5.18) in the last equality. Therefore,

P{0,, € Band oy < oo, forallk >1} = 1. (3.5.20)

Now (3.5.19) follows from (3.5.20), assumption Z{Xy =0, ¢ = 0} = 1 and the following
observation

{Xo=0,0=0,Vk>1, 0, € B, 0p <o} C {X,, =1/m, Vm € N}

To prove this inclusion, fix some w in the event of the left hand side and fix an arbitrary
m’ € N. Since 0} (w) | 0(w) = 0 then X, (w) = Xp(w) = 0 as k 1 o0 and so

3k € N such that X, (w) < 1/m’. (3.5.21)
On the other hand, d,, (w) € B for all k € N and so 3 n’ € N such that
8o, (w) € By . (3.5.22)
In virtue of (3.5.21) and (3.5.22) we necessarily have
m < n <K

because
(3.5.22) (3.5.21)

(35
1/K S(,) Xg 0 8, (w) 1/n = Xpodg, (w) < 1/m'.

From (3.5.22) it follows that
Xoy 000, (w) = 1/m, ¥Y1<m<n'.
Since m’ < n’ in particular we have

Xy, 005, (w) = 1/m".

m

But X; , 0 8¢, (w) = Xg ,(w) since m" < k' and so X, ,(w) = 1/m'. This concludes the
proof of the desired inclusion.

Finally, the desired result follows from (3.5.19) and (3.5.7). O
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Proof of Proposition 3.5.5. Let & be a probability satisfying the stated assumptions and let
E and E; /i stand for expectation with respect to & and 2 /i respectively. Fix an arbitrary
n€Nsomel <t <t <- - <t and a bounded continuous function F : S" — R. In
virtue of (3.5.6) we have

E[F(ngﬂl,. . .,ngthn)} = El/k[F(Xh/' . .,th)} , VkeN.
But (Xovty, -+ Xoptt,) = (Xty, -+, Xp,) P-as. ask 1T 0 and so

E[F(th,...,th)] = I}LII;OEl/k[F(Xt],...,Xt”)] .

This guarantees the desired uniqueness. O

3.5.5 Proof of Proposition 3.1.1

In virtue of Remark 3.5.2 and Lemma 3.5.3, in order to conclude the proof of Proposition
3.1.1, it remains to prove that &, is the unique solution of the (C!(S),.#)-martingale
problem starting at 0 € S.

Observe that fg € C1(S) for all f,g € C!(S). We shall make use of the carré du champ
corresponding to (C!(S),.%):

I(f,8) == ZL(f8) —8Lf —f£Lg, forevery f,gcC\(S).

Clearly, T(f,g) turns out to be continuous for each f,¢ € C!(S). Since .Z acts as a
derivation at 0 € S we have

I(f,8)(0) =0, Vf,geCl(s). (3.5.23)
Recall definition of (M{ ) given in (3.5.1) for each f € C1(S).

Lemma 3.5.7. Let & be any solution of the (C'(S), £ )-martingale problem. Forall f,g € C1(S),
the process

t
M{M§ - [ T(£,9)(x)ds, t=0,
0

is a P-martingale with respect to (Gy).
Proof. Fix some f,g € C!(S). Denote
th = /Ot.ff(Xs)ds and Vtg = /Ot,i”g(Xs)ds, t>0,
so that, for all t > 0,
M{+ V] = f(X0) and M+ VE = g(X)
By multiplying these equalities we get
MIME + VIVE + MIVE+ VIME = (Fg)(X0) . (3.5.24)

By using t
(F)(x) = mf* + [ 2(fe)(X)ds, >0,
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along with
f ‘oS vsavf
vive = [ Viavi+ [vsavl, t=o0,
in equality (3.5.24) we get
M ME + MIVE v/ M8
fe o " 't vsavf
- Mtg+/0 .z(fg)(xs)ds—/o V2 dVSg—/O vsav/ . (35.25)
If we denote, for all t > 0,
t t
M} = MIVE - /0 MIavé and M2 = MSV/ - /0 Méav! | (3.5.26)
then equality (3.5.25) can be rewritten as

t
MM+ ML+ M2 = M{g+/0 T(f, ¢)(Xs)ds . (3.5.27)

By assumption, (M{ 8 ) is a &-martingale. In addition, in virtue of [30, Theorem 1.2.8],
(M}) and (M?) are also Z-martingales. Therefore the desired result follows from (3.5.27).
O

We now use observation (3.5.23) to prove that 0 € S is an instantaneous state for any
solution starting at 0.

Lemma 3.5.8. For any solution & of the (C1(S), £ )-martingale problem starting at 0 € S we
have {0 =0} = 1.

Proof. Let & be a probability satisfying the assumptions. Define f : S — R as the inclusion
function i.e. f(x) = x, for x € S. Clearly f € C!(S) and so

M = Xt—/ot(,ff)(Xs)ds, £>0 (3.5.28)

is a &-martingale. Since 0y is a stopping time then it follows from Lemma 3.5.7 that

(M 2= [T ), 120,

is a &-martingale. In particular, for all ¢+ > 0 we have
t/\(Tk

E[(Mirg,)?] = E[/O

(since My = 0, H-a.s.) where E represents the expectation with respect to 7. By the
bounded convergence theorem, letting k 1 oo in (3.5.29) we get

T(f, f)(Xs) ds] , VkeN, (3.5.29)

tANT
E[(Mino)?] = E| /O T(f,f)(X)ds], vi>0. (3.5.30)
Since {s < ¢} C {X; = 0}, the right hand side in the above equation equals

Elt Aol T(f, £)(0)

which vanishes as noticed in observation (3.5.23). Therefore, from (3.5.30) we conclude
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that

P[Mipe =0,VE>0] = 1.
Using this fact in (3.5.28) we get that, #-a.s.,

tAo 1
Xino = / (Zf)(X)ds = 5(tAd), VE=0.
0
But, for any t > 0, we have on {t < ¢} that

1
Xine = Xt = 0 # E(t/\a).

Hence Z2{t < ¢} =0, ¥t > 0 and we are done. O

It follows from Lemma 3.5.8 and Proposition 3.5.5 that & is the only solution of the
(CY(S), £)-martingale problem.



Chapter 4

From Finite Coalescing Transitive
Markov Chains to Kingman’s
Coalescent’

Abstract

Let ¢ be an irreducible and transitive Markov chain in continuous time, over a
finite state space. Fix n > 2 and suppose that &, ...,¢" are i.i.d. copies of ¢. Each
time two chains meet, they stay together and follow the motion of the one with
the smaller label. This mechanism induces a process in the set of partitions of
{1,2,...,n}. Starting from the invariant measure, we find conditions under which
a sequence of these processes, in an appropriate scale of time, converges to the
Kingman’s coalescent that starts with n equivalence classes. In particular, we prove
this convergence in the reversible case under a condition that involves the relaxation
time.

4.1 Notation and Results

Let S be a metric space. As usual, we denote by D(IR.,S) the set of cadlag paths w :
R, :=[0,4+o0) — S and we allways consider in D(RR4, S) the Skorokhod topology. When
S is finite, unless we say otherwise, we consider in it the discrete metric. For every t € R
there is the projection p; : D(R4,S) — S defined by

pr(w) = w(t), YweD(RLS).

Given a process { : Q) — D(RR4, S) we denote by {; the composition { o p; for all t € R,
and call them the marginals of {.

*Joint work with Johel Beltran
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For every n € N := {1,2,...} we denote [n] := {1,2,...,n}. We call P, the set of
partitions of [n], and given 7 € P, we denote by #(77) the number of equivalence classes
of 7t, for all n € IN.

Letn € N and 71 € Py, we define i(7r) := (i,...,#(™)) € [n]*") as the vector verifying

1

i< i? << im, (4.1.1)

where m = #(r), and i* = min{i € i} for all k € [m], where i¥ stands for the equivalence
class to which i* belongs. Clearly i' = 1 for every partition.

4.1.1 Kingman’s Coalescent

Fix n > 1. We define the Kingman'’s coalescent over P, as the process K" with trajectories
in D(Ry, Py), determined by the following generator

Lf(7) = L2y ) )Lf((i,]')[ﬂ]) - f(0)], (412

1<i<j<#(r

for every f : P, — R. Where, in (4.1.2), for a partition 7 with #(7r) > 2, and j,k € IN such
that 1 < j < k < #(7), we define (j,k)[t] as follows. Suppose that i(7r) = (i!,...,#(™),
then

(G k)] o= {:m & {j,k}} U{i Uk},

In other words, (j, k) is the partition obtained from 7t by coalescing i/ and i*.

4.1.2 Coalescence

Here we introduce the n-Kingman'’s approximation, a sequence of processes that under
conditions (H1), (H2) and (H3), converges to the Kingman’s coalescent as we state more
precisely in Theorem 4.1.3

Independent Markov Chains

Let ¢ : O — D(R4, E) be an irreducible Markov chain in continuous time, with generator
Q, over the finite set E. Fix n € N and x = (x!,...,x") € E". Increasing Q if necessary,

we define the process £2" : (Q,P) — D(R, E") as the coupling

gQ’n = (Clr'- '/Cn) ’

where Pg is a probability, defined in the sigma-algebra o( ?’n : t > 0), such that the

processes ¢!,...,&" are independent copies of ¢ satisfying PY (&5 =x]=1.
Given a probability measure u on EF we let P,? stand for the respective probability
under which 9" has initial distribution y, i.e.

PRL-] = [ PO Ju(dx).
We denote by m" the stationary distribution of é‘Q'”. Hence, under Pﬁn the process Q‘Q’"

is the coupling of n ii.d. copies of ¢, each of them starting from its stationary probability
distribution. Also, we let (f), stand for the y-integral of some real-valued function f.
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Coalescing Markov Chains

Fix n € N, aset E, and x = (x!,...,x") € E". We denote by 7(x) € P, the partition
induced by the equivalence relation

i~j = x=A.

This permit us to define the function ¥, : E" — P, by ¥ ,(x) := m(x).
We associate to £%" the process #2 : O — D(R ., E"") with marginals

n" = (plont,ont), 620,

defined as follows. First, we set 7! := ¢!. Now, suppose that processes 7, ...,7" ! have
been defined for some m < n. After denoting

T := min{t >0:§}" = ;7{ for some j <m} and j, := min{j:{T = 17]T} ,

we define
mo ¢it, fort<T,
= nm, fort>T.

Finally, we define the process X" : O — D(R,P,) by

X" = Y, (g2, VE>0.

4.1.3 Main Result

Let n € N and consider 72" as defined in Subsection 4.1.2. We define the stopping times
an — 1 . an —
Tw" = inf{t >0: #(Xp*") =m}, men],

Often, when the superscript Q,  is understood we do not write it. We apply this conven-
tion to all the stopping times defined in this work.

Definition 4.1.1 (Coalescing hypotheses). Consider a sequence of irreducible Markov chains
(EN)NeN with their respective generators Qy, over finite state spaces. Define the scale of time
(ON)NeN by Oy = Eﬁz [T1], and fix n € N\ {1}. We say that (&N)new fulfills the coalescing
hypotheses starting with n particles if the following conditions are satisfied

(H1) With probability converging to one, two independent particles starting from the stationary
distribution do not coalesce in a scale of time smaller than (OnN)NeN:

lim lim sup PSIIZ\’[Tl <doN] = 0.

020 Noeo

(H2) There exist p > 1 and a scale of time (an)NeN C Ry smaller than (6n)NneN, Where gonm
exhibits a local ergodic behavior in the sequences of functions uniformly bounded in LP (m™):

and
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provided that (fN : E¥ — R)nen is uniformly bounded in LF(m"), and satisfies
(fNYn = 0 forall N € N.

(H3) There exists ¢ > 0 such that the sequences of scaled times (T1QN'2/ ON)NeN is uniformly
bounded in LHE(P%’):

E,%] K%)HE} < C(n), forsome ¢>0,

where C(n) is a constant only, possibly depending on n.

Clearly, in Hypothesis (H2), for the sequence of functions (f)yen, the condition
(fN)n = 0 for all N € N can be replaced by (fN),» — 0as N — .

Suppose that we have a sequence (F9N)ycn of irreducible Markov chains, like in
Definition 4.1.1. For the time scale 8 := (0y)nen € R4+ and a natural number 1, we de-
fine the (6, n)-Kingman’s approximation associated to (¥9N) e as the sequence of processes
(XOQNM) y defined by

XPONT = XgN", Yt>0,NeN.

When 8 is the time scale introduced in Definition 4.1.1 we write (XQN")ycn instead of
(XOQnm) o and call it just the n-Kingman's approximation associated to (F9N) e

To make notation simpler, when we consider a sequence of Markov chains like in the
last paragraph, in all the previously established and future notation, we agree to replace
the subscripts or subscripts Qx with simply N. In this way, we shall write Cf\] M, PN, etc.

in place of the respectives g?N " P,%}] , etc. Also, when there where no room for confusion,

we shall omit the number 7 that designates the number of Markov chains considered to
generate #9". For example, when 7 is understood it will be usual for us to write #< and
XQ instead of #9" and X", respectively.

We are ready to state our main theorem; but before that we remember the notion of
transitivity for Markov Chains

Definition 4.1.2. Let W : Q — D(Ry,S) be a Markov chain, and denote by Py, x € S, the
probabilities in D(Ry, S) such that Px[Wy = x] = 1. We say that W is transitive if for every
X,y € S there is a bijection ¢y, : S — S such that ¢y,(x) = y, and the induced bijection
¢y : D(Ry,S) — D(Ry, S) defined by

Pry(w)(t) = ¢(w(t)), VweD(Ry,S),vE=>0,
preserves the law of the chain, i.e. (§xy) ' o Py = Py,

Theorem 4.1.3. Let (&N)new be a sequence of transitive, irreducible Markov chains over finite
state spaces, and fix a natural number n > 2. Suppose that (EN)new fulfills the coalescing
hypotheses starting with n particles. Then, under PY,,, the n-Kingman's approximation associated
to (&N)nen converges in distribution to the Kingman'’s coalescent 8" starting at 71, the partition
of [n] with n equivalence classes.

For an irreducible Markov Chain ¢ with generator Q, we denote by Tg’", m € Py, the
stopping times defined by

TE" == inf{t >0: X" =7}, mweP,;
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and we call TZ" the first time X2 has at most m equivalence classes:
TY" = inf{t >0: #(X%") <m} .

Compare this with the definition of T,%’n made at the beginning of Section 4.1.3.

As we show in Subsection 4.4.1. To prove Theorem 4.1.3, we do not need Hypothesis
(H2) in its full extension. For us it is enough to have the local ergodic behavior for the
sequences (fN")neN, 7T € Pi(r)+1 with #(7r) < n —1, defined by

T,
N,/ ny ._ 10 #(m) ~
f (.X' s, X ) = E III ,x#(n)+1) [ GN - I{T#(n):Tn} ’

(al,...

(4.1.3)

for all (x!,...,x") € E¥ and N € N. Thanks to Hypothesis (H3), these sequences are
uniformly bounded in L'*¢(m"). For this reason, reducing ¢ if necessary, we can assume
that 1 — p > e. In all the remaining work we make this this assumption without mention
it.

The Reversible Case

Let ¢ be an irreducible Markov chain with generator Q, over a finite state space. Suppose
that ¢ is reversible and denote by 7 its relaxation time.

Consider a sequence (&N)Nen of transitive, irreducible and reversible Markov chains
such that the size of the state spaces goes to infinite as N — co. We define the following
condition -

1' _ = O 7 H,

Nli;noo 91\] ( )
where (6y)nenN is defined by Oy = Ezz [T1], for all N € IN. As we discuss in Subsection
4.4.3, from the work of Aldous [2] follows that (H") implies (H1) and (H3); whereas we
prove that (H’) also imples (H2). Therefore, we have the following corollary of Theorem
4.1.3.

Corollary 4.1.4. Let (&N)yenN be a sequence of transitive, irreducible and reversible Markov
chains over finite state spaces. Fix a natural number n > 2, suppose that condition (H’) holds.
Then, under PY,,, the n-Kingman's approximation associated to (N)nen converges in distribu-
tion to the Kingman'’s coalescent " starting at 1, the partition of [n] with n equivalence classes.

41.4 Sketch of the Proof

Fix a natural number n > 2 and consider ({;’N )NeN, a sequence of transitive, irreducible
Markov chains over finite state spaces that fulfills the coalescing hypotheses starting with
n particles. Our strategy to prove Theorem 4.1.3 is summarized in the next two steps:

1. We prove that the n-Kingman’s approximation is tight.

2. Then we show that every limit process of the n-Kingman’s approximation solves a
martingale problem with unique solution.

To achieve step (1) we use the transitivity of (&N)Nyen and the Hypothesis (H1). These
conditions allow us to show that asymptotically, when N — oo, the jumps in XV do not
happen instantly. Thanks to this, we are able to find a sequence of explicit partitions of the
time that makes the modified modulus of continuity as small as we want, in probability.
This sequence of partitions is determined by the times where the process jumps, i.e. it is
generated by {Té\f_1 < Trll\iz <. <L TlN}
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For step (2) we prove a “replacement condition” between (XN)yen and &". More
specifically, we find that for any pair of positive numbers t; < t;, the conditional expecta-
tion, at time #;, of

[t onti(ro ¥, ) ds

goes to zero when N — oo, for all f : P, — R. This allow us to proof that, in the limit,
the martingals defined by

FO) — [ onti(fown) iy ds, £20,

become the martingals associated to the Kingman’s coalescent generated by .#”. This
completes our strategy. Then, the main point in our path to show Theorem 4.1.3 is the
proof of the replacement condition. Here is where we use the local ergodic Hypothesis
(H3), which permit us to neglect averages in time when they are made in a scale smaller
than (6y)y, and when the functions subject to this averages have zero mean. To do it
we perform a series of transformations on the replacement condition, until reduce it to

the computation of the expectations EN,.[T,,—1], when N — oo for all 2 < m < n. In

a few words, we reduce the proof of the replacement condition to the study of the first
coalescence in XV, when N tends to infinity.

4.1.5 Extra Notation

Finally, here we introduce more notation that we use in the next sections. Fix n € IN and
m < n. We denote by I, the set of all vectors (il,...,i") € [n]™ satisfying (4.1.1). We
also set

n
L = | Inm -
m=1

Assume that we are in the setting of Subsection 4.1.2. Let { be a process whose trajec-
tories are in D(Ry, E") and take i = (i',...,i") € I,. Suppose that {, = ({},...,{}') for
all + > 0. Then we denote

g6) = (@,....0". (4.1.4)

Using this notation it is clear that
72" (i((X2M) = 2" (i(X2")), forallt>0. (4.1.5)

Now we define some stopping times. For 1 < i < j < n we denote by Tg’" the first time
i _ al.
when ¢} = ¢;: o '
!n . 1 . ]
Ty = inf{t >0: & =¢}.
Observe that, when n > 2, every T,S'”, when it is finite, coincides with Ti(jg'" for some

random indexes 1 <i < j < k. Also T,%’n coincides with Tg’k for some random 7 € P,
such taht #(71) = m.

To conclude, we distinguish the following sets in E"
gy = {x € E": Yei(x) =7},

for all 7 € P, and m € [n].
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4.2 Some General Tools

This section is independent from the others in the present chapter. Here we develop some
general theory, mostly related with the notion of maringale problem and convergence of
processes, that we use in the following sections.

4.2.1 About Martingale-problem Solutions

Here we examine some results related to martingale-problem solutions. We start by fixing
some notation.

Let E be a metric space. We denote by M, (E) the space of measurable and bounded
functions f : E — R. Similarly, we call C,(E) the space of continuous and bounded
functions f : E — R. Clearly C,(E) C My(E). Like in the other sections D(R4,E)
denotes the space of cadlag functions « : Ry — E. In D(R4, E), we always consider the
sigma-algebra generated by the Skorokhod topology.

Definition 4.2.1. Fix a pair (D, L), where D C My(E) and L : D — M (E). Let (), F,P) be
a probability space, (Fi)s>o be a filtration of F, and X : QO — D(R, E) be a measurable process,
adapted to (Fy)i>0. We say that X is a solution for the (D, L)-martingale problem associated to
(Ft)e>o0, if for every f € D

Ml = f00) - [(Lxas, 120,

defines a (P, (F)>0)-martingale. In addition, we say that X starts at x € E when P[Xy = x] = 1.
When (F;)s>o is the filtration generated by X we agree not to mention it, we assume it understood.

Under the conditions of Definition 4.2.1, we say that the (D, L)-martingale problem
associated to (Ft)i>0 has a unique solution starting from x € E if the induced laws in
D(Ry, E), of all the solutions starting from x, are the same.

A Product of Martingale-problem Solutions

In this subsection all the state spaces we consider are discrete topological spaces. Now
fix two pairs (D, L) and (D,L), where D ¢ M,(E), L : D — M,(E), D € My(E), and
L:D — M,(E). Consider the probability space (Q, F,P) and (F;);>o, a filtration of F.

Suppose that the processes X : QO — D(R,E) and Y : Q — D(R,,E), adapted to
(Ft)¢=0, are solutions for the (D, L)- martingale problem and(D, L)-martingale problem,
respectively, both associated to(F;);>0. The purpose of this subsection is to establish that,
under certain conditions, the coupled process (X,Y) : QO — D(RR;, E x E) is a solution for
the (D ® D, L ® L)-martingale problem associated to (F;);>o. Here D ® D C M, (E x E)
denotes the set of functions f ® ¢ : E x E — R defined by

foglxy) = f(x)3(y), x€E yeE, feMyE), ge MyE),

and L@ L:D®D — M,(E x E) stands for the operator defined by

(LeL)f®g = f(x)L(y) +8y)Lf(x), Vxy€E.

To this end, we shall perform a series of computations. But first we introduce the following
definition
Definition 4.2.2. In the previous setting. We say that the (D ® D,L ® L)- martingale problem

associated to (Fy)s=q is the product of the (D, L)-martingale problem with the (D, L)-martingale
problem, both associated to the same filtration, (Fi)s>o.
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Remark 4.2.3. Given three martingale problems defined by the pairs (D;, L;), i = 1,2,3, associ-
ated to the same filtration, it is easy to see that

(Li®L)®Ly = L1 ®(L,®L3) .

This allows us to define the the product of a finite number of martingale problems defined by
(Dj,L;),i=1,...,n,and associated to the same filtration. We call this product, the

(D1®---®Dy, L1 ® - - - ® Ly)-martingale problem,

associated to the same filtration.

Take f € D, g € D and denote

t
Vi = / Lf(Xs)ds, Wi := / L(Ys)ds,
0 0
then we have the martingales M; := f(X;) — V; and N; := ¢(Y;) — W;, t > 0. Observe that
f(X)g(Ye) = MW+ NyWi + ViW; + M Ny (4.2.1)

Take into account that the differences M;W; — fot M dW; and N;V; — fot N; dY, are martin-

gales, and that ViW; = fot Vs dW; + fot W, dVs. Then, replacing these in (4.2.1), we deduce
that

t t
F(X0g(¥) = MiN; = [ (M + Vo) dWe = [ (Ne+We) av,
= f®@g(Xt, Y) — MiN; — /Ot(L QL) f®g(Xs, Ys)ds, (4.2.2)

defines a martingale.

On the other hand, because t — V; and t — W; are continuous with finite total
variation, [M;, N¢| = [f(Xt),g(Y:)]; hence MiNy — [f(X¢), g(Y:)] is a martingale. This
together with (4.2.2) imply that

t ~
f@g(XeYt) = [f(X4), 8(Ye)] - /O (LOL)f @g(Xs, Ys)ds, (42.3)
defines a martingale.
From these computations we deduce the following lemma.

Lemma 4.2.4. Let X and Y be solutions of two martingale problems associated to the same filtra-
tion. Suppose that X and Y do not jump at the same time, then the coupled process (X,Y) is a
solution of the product of the previous martingale problems.

Proof. Consider X and Y as before and assume that they do not jump simultaneously.
Then
[f(Xe),g(Y)] = 0, Vt>0,

for all f € D and g € D. To conclude observe that, thanks to (4.2.3), calling F = f @ g
t ~
F(X:,Y:) — / (LOL)F(Xs, Ys)ds, t>0, (4.2.4)
0

defines a martingale for all F € D ® D. O
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Remark 4.2.5. Let X;, i = 1,...,n, be solutions of the respective (D;, L;)-martingale problems,
i =1,...,n, associated to the same filtration. Then, if any pair of this solutions do not jump at the
same time, then the coupled process (X1, ..., Xy) is a solution of the (D1 ® -+~ @Dy, L1 @ - - ®
Ly, )-martingale problem associated to the same filtration.

Corollary 4.2.6. Two Markov processes over finite state spaces that share the same filtration are
independent, if and only if they do not jump at the same time.

Proof. Let X : QO — D(R,,E) and Y : QO — D(R,, E) be two Markov processes over the
finite sets E and E. Suppose that the generator of X and Y are L and L, respectively. We
know that X is the unique solution of the (M, (E), L)-martingale problem and, similarly,
Y is the unique solution of the (M, (E), L)-martingale problem, both problems associated
to the same filtration. In what follows, for simplicity, we do not mention the filtration
since all the processes and martingales are adapted to this.

Suppose that X and Y do not jump at the same time. Thanks to Lemma 4.2.4

fesaw - [(Lelfeg(y)ds, 20, (425)

defines a martingale for every pair of functions f € M;(E) and g € M, (E). Observe that
any function F € M, (E x E) can be written as

F= 2 Flx,y)Li®1,,
(x,y)€EXE

where 1, stands for the indicator function of the set {z}, included in E or E as appropriate.
This, together with the linearity of L ® L implies that the expression in (4.2.5) is still a
martingale if we replace f ® g by any function in M, (E x E). This means that, (X,Y) is
the unique solution of the (M, (E x E), L ®ZE ))-martingale problem, therefore X and Y
are independent.

The converse in clear. O

This lemma and an obvious inductive procedure prove the following corollary.

Corollary 4.2.7. Any finite number of Markov processes over finite state spaces that share the
same filtration are independent, if and only if any pair of them do not jump at the same time.

Convergence to a Martingale-problem Solution

Here we show that, under a replacement condition, the limit in distribution of a sequence
of processes solves a martingale problem. For simplicity, all the metric spaces that we
consider in this subsection are at most countable.

The previous topological assumption ensures that in the spaces we shall work the open
sets are well approximated by closed sets from inside, and by open sets from outside. As
a consequence, the indicators of all open sets are pointwise-approximated by continuous
functions uniformly bounded by one. If we want more generality, last condition can
replace the topological assumption we made in the previous paragraph.

Let (Qy, FN,PN), N € N, be a sequence of probability spaces where we have defined
the processes

#N:Oy = D@R,E), YN:Qy—D(Ry,S), NeN.

In last expression, E and S are metric spaces. We denote by (FN);>o, N € N, the filtration
defined by
FN = o(YN,s<t), vt>0, NeN.
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We assume that each 5V is a solution of the (Dy;, Ly)-martingale problem associated to
(FN) =0, for some operators Ly : Dy — My(E), N € N. Consider gy : E — S, N € N,
a sequence of measurable functions between E and the metric space S, and define the
processes XN : QN — D(Ry, S) by

XN = oY), t>0, VNEN.

Suppose that (XN, YN)y converges in distribution to (X, Y) as N — co, where (X, Y) :

Q — D(R4,S x S) is a process defined in the probability space (Q2, F,P). Finally we
denote by (F¢)¢>¢ the filtration defined by

.7:,} = U(YS,SSt), Vtzo

Under this framework we have the following result.

Lemma 4.2.8. Let sy, Yy, Xn, X and Y be like before, and let L : D C C,(S) — Cp(S) be an
operator such that f o o € Dy forall f € D and N € IN. Suppose that for all n € IN and for
all continuous and bounded functions H : S" — R we have

N—o0

lim EN{H(YSI;[,...,YSIX)/:Z{(LJ‘)0(pN—LN(foq)N)}(%sN)ds} =0, (4.2.6)

for every (s1,...,5n,t1,t2) € (0,00)" 2 such that s1 < sy < --- < s, < t; < to, and all f € D.
Then X is a solution of the (D, L)-martingale problem associated to (F);>o. We call expression
(4.2.6) a replacement condition between (XN)y and X.

Proof. We take T C R4 for which each projection p; : D(R4,S x S), t € T, is continuous
except at points forming a set of PN-probability zero, for all N € IN. Like it is shown
in [9, Section 13], the set T contains 0, and its complement in IR is at most countable.

Denote by (MY ); the martingale given by

MY = FON) = [ n(Foon) () ds. 427)

Let n € N, fix (sq,...,s,t1,t2) € [(0,00) N'T]"H2 such thats) <sp <+ <s; <H < h
and take a continuous and bounded function H : §” — R. From the hypothesis

0 = EN[H(YN

IRARRY

YN{MY — MY} (4.2.8)
Then, calling
t
mY = f(xN) - [wnedes,

and replacing in (4.2.8) we have

0 = EN[H(YN

S17

Yoo {o — i}

+ EVHOY, ) [P (L) 0w~ Lu(Foon)) () ]
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We let N — oo in both sides of last equality and use (4.2.6) to obtain

0= lim EN[H(YY,...,yN){m} — m}}]

N—oo 517

= lim EN[H(ng,...,ng){f(ng)—f<xgj)—/tz(Lf)(gi)dsH

N—oo 51

E[H(K o o) { (%) = FX0) = [ (LA (60 ds}] .

Finally, because n, H and (s1,...,sn,t1,t2) € [(0,00) NT]"*2 such that s1 < sp < -+ <
sy < t; < tp were arbitrary, and thanks to the topological assumption we made at the
beginning of the subsection, we conclude that X is a solution of the (D, L)-martingale
problem associated to (F);>o. O

Observe that when (YN)y = (XN)y for all N € IN, we only need the convergence
in distribution of (XV)y. In this case the hypothesis of Lemma 4.2.8 implies that X is a
solution of the (D, L)-martingale problem (associated to the filtration generated by X).

4.2.2 The Jump Function

Let (S, p) be a metric space where p take its values in Z>(. We define the jump function in
S, 7 :D(R4,S) = R, by

J(w) = stligp(w(t),w(t—)) , Ywe D(Ry,S). (4.2.9)

Our objective here is to prove that ¢ is continuous. As usual, in D(R4,S) we consider
the Skorokhod topology.

In this subsection || - || denotes the uniform norm of bounded functions taking values in
R. Fix m € IN. We define A, as the set of all continuous increasing bijections A : [0, m| —
[0,m], and denote by Id,, the identity map of the interval [0,m]. For w € D(R,S) it is
also convenient to write

Hs(w) = tSl;)p]p(W(t),w(t—)), Vs > 0.

Remember that the Skorokhod topology can be generated by the metric 4 defined by

— 1 m m m
d(u,0) == ) 271d (§"u,g"v),

m=1
where ¢ : R4 — R is defined by
1 if t<m-—1
gM(t) =< m—t if m—1<t<m , VmeN,
0 otherwise

and d" : D(R4,S) x D(R4,S) — R is defined by
d"(u,v) = Air}\f {Idy — Al v sup{p(u(t),voA(t)) : te[0,m]}},
ENAm

for all m € IN.

Lemma 4.2.9. The jump function ¢ defined in (4.2.9) is continuous.
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Proof. It is sufficient to prove that the sets _# ~!({k}) are closed for all k € Zx,.

Fix k € Z>0, and take a sequence (wy)nen C 7~ ({k}) converging to w € D(R+,S),
ie.
lim d(wy,w) = 0.
N—oo

From the definition of d we deduce

lim d"(wy,w) = 0, VmeNN.
N—oo

Then we fix M > 2 such that _#j_»>(wy) = k, and take an N sulfficiently large to verify
dM(wy, w) < 1/4. This implies that there exists Ay € Ay satisfying

N

1
|Tdp — Amll < = and sup  p(wn(t),worm(t)) <
4 te[0,M—5/4]

Then
| m—s/a(wn) — Im-sa(wory)| < 1/2,
hence k = 7y s5/4(wn) = Fm-s5/4(woAm) = Z),,(m—s5/4)(w). Note that
M-3/2 < Ay(M—5/4) < M—1.

Therefore, since M can be arbitrarily large, we deduce that # (w) = k. O

4.3 The first Coalescence

The present section is devoted to the study of the asymptotic behavior of the first coales-
cence in ( f’ ), under P,IXW, in an appropriate scale of time.

We start by fixing some notation. Consider ¢, an irreducible Markov chain with gener-
ator Q over the finite state space E. Fix a natural number n > 2. We consider the coupling

29" . 0 — D(Ry, E) of n i.i.d. copies of ¢, described in Subsection 4.1.2, and define the
process {9" = (gQ'(l'f))(i,j)elnz : Q) — D(Ry, (E?)™2) as follows

P = (Cifl{rﬁ’"s}d“{n‘?'”»}d)’ 20, ) € fiz

Note that {2" is a Markov process with respect to its own sigma-algebra, we call it
(HE"izo:

HO" = o(Z9",0<s<t), t>0.
This implies that all the coordinates are Markov processes with respect to the same sigma-

algebra. This observation is crucial in this section. Note also, that each coordinate { Qi)
has essentially the same behavior that Z92. In fact, if the generator Q is given by

Qg(x) == Y r(xy)lgly) —g(x)],

yEeE
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forall g: E — R, the generator of each { Qi) js defined by

(Lof)(a,b) := Ly Y {r(a,c)[f(c,b) — f(a,b)]

ceE

+ r(b,o)[f(a,c) = f(a,b)]} + Ljampy ) r(a,0)[f(c,c) — fla,b)], (43.1)

ceE

for all f : E2 — R. We also define YO = (YQ,(i,j))( Jel,, * Q2 = D(R4, {0,1}1n2) as

ij
Yth(l,]) = 1{Tile’nSf} , Vt>0, (i,j) € Iy .

This process can be obtained from 9" by composing each of its coordinates with the

function ¥¢ : E2 — {0,1} defined by ¥g(a,b) = 1i4—py, ie. YtQ’(”) = ‘?Q(gf'(”)) for all

t >0, for all (i,j) € I,. The metric we consider in {0,1}!2 is d,, defined by

dy(x,y) = 2 |x(l}/’)_y(i,j)
(i'j)EIn,Z

7

for all x = (x(#/ ))(z‘,j)e Lo Y = (y(i’j))(i,]-)e I, € {0, 1}!»2. This is the metric that induces the
Skorokhod topology we take into account in D(RR, {0, 1}2).

On the other hand, we denote by 2 the process with trajectories in {0,1} that jumps
from zero to one in an exponential time of mean one, and stay in one forever. More
specifically, the generator .Z of 9) is defined by

(ZLF)(a) = 1u—gy[f(1) = £(0)],

forall f:{0,1} — R. Given n € N we call 2)(") the process with trajectories in {0,1} 2
defined as the coupling of (5) independent copies of 9).

Now, for the rest of the section we fix ({N)nenN, @ sequence of irreducible Markov
chains over finite state spaces, and a natural number n > 2. For a time scale 8 =
(6n)Nen C Ry we define YN by

YN = vyt >0, NeN.
N
When 0 is like in Definition 4.1.1, we write simply YN, instead of Y%N". The main result
of this section reads as follows.

Proposition 4.3.1. Fix a natural number n > 2. Suppose that ({N)NeN is transitive and fulfills
the coalescing hypotheses starting with two particles. Then, under PY.,, the sequence (YN"")nen
converges in distribution to ") starting in (1,...,1) € {0,1} 12,

As a consequence we have the following corollary

Corollary 4.3.2. Fix n > 2. Under the hypotheses of Proposition 4.3.1, the sequence of scaled

times (Ti\[_q /ON)NeN converges in distribution to an exponential random variable of mean (;)71.

Moreover
TN n

-1
. N [*n—-1] _ (1
IgnooEmn[ o } - (2) . 43.2)

Proof. Since (YN)y converges in distribution to 9, the vector of stopping times
(TZ-I\][ /0N, (i,j) € I,») converges in distribution, when N — oo, to the random vector
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(eij, (i,j) € Inz2), where all the variables e;;, (i,j) € I,z are iid. with exponential dis-
tribution of mean one. This implies that (Ti\]_q /ON)NeN converges in distribution, when
N — oo, to

exp (Z) = min{ei,]- 2 (i,7) € La},

which is an exponential random variable of mean (g)fl.
Finally, Hypothesis (H3) implies that (Tfl\]j /0N)NeN is uniformly integrable, therefore
(4.3.2) holds. O

Now we start with the proof of Proposition 4.3.1. This proof is divided several steps
across the following subsections.

4.3.1 Replacement Condition

Fix (i,]) € 1. In this subsection we proof the following result

Lemma 4.3.3. Suppose that the sequence (EN)nen is transitive and fulfills the coalescing hy-
potheses starting with two particles. Fix an integer k > 1, some (s1,...,5k, t1,t2) € (0,00)’“r2

such that s1 < sy < --- < s <ty < tp and a continuous function K : ({0,1}1"'2)]( — R. Then

N N
K(Y5 007+ Yar0n

/tfzﬂw { (Zf) o ¥y

lim EN,
N—co 9N

16N
- zN(qu’N)}(gy'(i'j))dS] =0,

forany f : {0,1} = R.

To keep notation simple we denote KN := K (YSI;IQN, ey Ysl,\fé)N)'

Localizing to a Well

As our first step here we show that Lemma 4.3.3 follows from the following result which
we check in the subsequent parts of this subsection.

Lemma 4.3.4. Suppose that the sequence (EN)neN is transitive and fulfills the coalescing hy-
potheses starting with two particles. Then for all t > s; we have

lim EY, [KNl{teN%}{w ~1}] = 0. (43.3)

We define the following sets
&y = {(a,a) €EX :ac€Ex} and &) := E3\ &y,
for all N € N. Given f : {0,1} — R, a direct computation shows that
In(fo¥n) = 1,0 {[f(1) — FO]Lns } -

Then, to prove Lemma 4.3.3 it suffices to verify that

thON i i
lim EN [K(Y;YGN,...,YSIXGN)/t 1,0 (@) Ry ) as] = 0, (4.3.4)

mn
N—oo 10N N
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where 1
RN(IZ, b) = % — (LngI}])(a,b) , (11, b) € 519] .

Thanks to the indicator 1 &9 (-) we may rewrite the integral in (4.3.4) as

tzeN .. ﬂ[i/. .
/ Loy (d\]/(l/])>RN(’7£V) ds = 1{t19N<Ti‘}/ : RN(d\]'(w))ds
f N 7 ke

10N

1 Y Ry (@) ds . (435)
{t0n <7} 10 Nibs : ~
2UN
Therefore, (4.3.4) follows from the limit
T ..
: N N N K N, (i,
Z\]il_l;rlo Em" |:K(YS]9N’ trs YSkGN)l{t9N<Ti'j} /tGN RN(gs (l])) dsi| =0 ’ (436)
for any t > si. Recall that, for each N > 1,
.. t ..
N,(i, T N, (i,
mY = 1, (G @)y /O (Ing) (8 Wyds, t>o0,
is a martingale with respect to the filtration (H}). To deal with (4.3.6), notice that
/ Y R (@) ds = TNy aN oy
oy N\Gs 9N Tj ton /) *
Since KN1 {ton<Ti;} is H%N—measurable, expectation in (4.3.6) coincides with

EN, [KNl{tequ}{w - 1” . 43.7)

Time Average

In order to prove Lemma 4.3.4 we shall apply the Markov property to expectation in
(4.3.7). But before that, we need to write (4.3.7) as a time average. For it, to keep notation
simple it is convenient to write W := {t0y < T7;;}.

Take a scale of time (an)nen C R4 such that

. AN
I\l{lg(l)o o 0. (4.3.8)

The difference between expression in (4.3.7) and

1 aN N N Tij — tON
@\/O Emn [K 1Wﬂ{teﬂ+E<Ti,j}{T - 1}:| dg (439)

is bounded above by
«
{5+ LHIKI Pl < an], (4.3.10)
N

where ||K|| = MaX_ 101102k |K(x)|. At this point we assume that (&V)y satisfies Hy-

pothesis (H1). Then, thanks to (4.3.8) we get that (4.3.10) vanishes as N — co. In turn, the
difference between expression in (4.3.9) and

1 ON N N Tl,] - (th + f)
peell A L 1WQ{K<TI,J}{T — 1}]ar (4.3.11)
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is bounded by ||K||an /6y which vanishes as N — 0. So, in order to get (4.3.3) it suffices
to show that (4.3.11) vanishes as N — co.

Markov Property
We define fN : E3, — R as

Nx) = EN[;E] 1}, x € E}.

Then, applying the Markov property, expectation in (4.3.11) can be written as
N.(ij
B | KNy gigysecn y /Y (G t)) | - (4.3.12)

Notice that on the event {t0y + ¢ < T;;} we have gzéﬁ = ( i9N+f’ ‘:{GNH)’ Then (4.3.12)
equals to

E%ﬂ [KNIWﬂ{tGNJrkTi/]-}fN(‘ﬁeNHr dGN-M)] .

Now, in addition to Hypothesis (H1), we assume that (&N) yen is such that Hypothesis
(H3) also holds for some ¢ > 0. In order to get rid of the indicator of the event {0y + ¢ <
T;,j} we observe that

[N (KN Ty, <ty P Bl o0 G 1) | (43.13)
is bounded above by

Tl ) 1+€:| %ﬂ

IKI {Piin[teN <) < ton+OTEN | (51
N

+ PhaltOn < T < tOn + 6]} , (4.3.14)

From the Markov property
PlL[tON < Ty < tOn+ 0] < PN,[Ty < €] < PNL[Ty < ay].

Hence, using last inequality in (4.3.14), we deduce that (4.3.13) is bounded by

IR < an] e (3 [ (1)) 1)

Last expression vanishes when N — oo thanks to (H1) and (H3). This proves that (4.3.12)
equals

Epun [Klef Moy deNM)] +on-
This means that, replacing in (4.3.11), (4.3.3) follows from

lim — / BN (KN N (Sl 00 Elgy ) 2 = 0. (43.15)

Since KN1yy € ’H%N, applying the Markov property in (4.3.15) we deduce that (4.3.3) is
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consequence of

1 ay .
lim EN, [KN1EN, @ /O N, ) ds” —0. (4.3.16)

N—oo (Cioy +/’ét9N+/

Proof of Lemma 4.3.4

Thanks to what we have done in the previous parts of this subsection, to prove Lemma
4.3.4, it only remains to show (4.3.16).
We have

Epur

KN]. EN %/O“Nfl\](gzlé][)} dS]

(& 9N+£'§t0N+€

< [IKIIEN |

LN JA NN as|] . @s1)

Finally we assume that (&N)y satisfies Hypothesis (H2) for the time scale (an)nen-
Thanks to this hypothesis, it only remains to prove that (fN), > = 0 for all N € N;
but this is a direct consequence of the definition of fV; remember that Oy = E% »[T4] for
all N € N.

4.3.2 Proof of Proposition 4.3.1

Here we prove Porposition 4.3.1. The terminology we use is precised in Subsection 4.2.1,
in particular we use the notions of a martingale problem and maringale problem solution
established in Definition 4.2.1. First we notice that taking a convenient function K in
Lemma 4.3.3, or performing the same computations of its proof with a function R : If — R
in place of K, we obtain the following replacement condition.

Corollary 4.3.5. Suppose that the sequence (EN)new is transitive and fulfills the coalescing
hypotheses starting with two particles. Fix an integer k > 1, some (sy, .. .,sy, t1,12) € (0,00)k+2
such that s1 < sy < .-+ < sp <t < tp and a continuous function R : Ié‘ — R. Then

lim EN, [R(YNUD), YN'("'f))/tZGN {m
t

N—sco s16N " SN 108 N
— ZN(qu’N)}(Ci\I'(i'j))dS] =0,

forany f:{0,1} — R, and all (i,]) € L.

Let (i,j) € I, and take Y*{/) a limit process of (YN/(i/))y. Thanks to Corollary
4.3.5 we can use Lemma 4.2.8 to deduce that Z*() is a solution of the (M, ({0,1}),.%)-
martingale problem starting at 0. On the other hand, the tightness of (YNAA)) follows
from the tightness of (YN)y. Therefore, since the (M, ({0,1}),.Z)-martingale problem
starting at 0 has a unique solution, we conclude that (Y Ay converges to some process

This defines the probability P("/) o (Z(#))=1 in D(R,{0,1}). Now, we call p(¥) :
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D(Ry, ({0,1})2) — D(R4,{0,1}) the projection defined by

pU) (@) myer,,) = w,

and consider in D(IR+, {0,1}2) the sigma-algebra induced by pl/). Then, we define the
probability Pi) in (D(l[{+, {0, 1}1»1,2) by

Pi) ({piD}1(B)) = P o (Yii))~1(B),

for all Borel set B C D(R4,{0,1}). This probability is the unique probability in
D(Ry,{0,1}/2) that makes p("/) a solution of the (My({0,1}),.Z)-martingale problem
starting at 0, for all (i, j) € I,2. We denote by (ﬁt(l’] ))tZO/ (i,7) € Iz, the filtration defined
by pl):

F = el o<s<t), >0,

And we call (.%;)>¢ the filtration generated by all the (ﬁt(i/j )>t20r (i,7) € Io:

Zi = o(Z (i) € L), VE>0.

With this notation we are ready to start the proof.

Proof of Proposition 4.3.1. We prove in Section 4.5 that (YN)y is tight under PY,. Take
Y*: (Q,P*) — D(Ry,{0,1}72) a limit process of (YN)y. To conclude we have to prove
that the induced probability in D(R+, {0,1}%2), that we denote by P* := P* o (Y*)!, is
uniquely determined.

Assume that N* C N is the infinite subset through which (YN)y converges in distri-
bution to Y*. Thanks to Lemma 4.2.9, the set

U := {we D([0,+),{0,1}2): 7 (w) > 1}

is open, hence
0 = liminfPY,[YN c U] > P*[U].
NeN~
This means that with P*-probability one, in D(R,{0,1}!»2) there are not two different
projections p(*/) and p(“") that jump at the same time.
On the other hand, Lemma 4.3.3 permit us to use Lemma 4.2.8 and deduce that

P(i'j) : (D(R+, {0, 1}Ik’2)/ P*) - D(]RJrf {Or 1})
is a solution of the (M,;({0,1}),.#)-martingale problem starting at 0, associated to the
filtration (%} )s>0, for all (i,j) € Ip. Then, in virtue of Corollary 4.2.7, we deduce that
under P* all the projections p(™/), (i,j) € I, are independent. This concludes the proof
because we also have that each restriction P*| (plid) coincides with P(1), (i,j) € I,».

Observe that these conditions determine uniquely the probability P*. O

4.4 Convergence to the Kingman’s Coalescent

The goal of this section is to prove Theorem 4.1.3, our main result. We start with some
observations about the processes defined in Subestion 4.1.2.
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Fixn € Nand ¢ : QO — D(R4, E), an irreducible Markov chain with generator Q given
by
Qg(x) = ) r(xy)8(y) —g(x)],

yeE

for all functions g : E — RR. Then, the generator L{, of 79" is defined by

(LEA(X) = Ly, 32 2, {r(x ) [f(xif) — f(x)]

(irj) GIH,Z

+ (o, ) [f () = f0} + 1 (OO [f(y) - f(x)], (440

y=x

for all f: E" — R. Where, in equation (4.4.1), x = (xl,. LX),y = (yl, ..., y"). Also, for
i,j € [n] withi # j, x;; = (a',...,a") € E" denotes the vector defined by

a*=xF, forallk ¢ {i,j} anda' =a =l .

Additionally y ~ x means that ¥ ,(x) = ¥, (y), and there is an index i(x,y) € [n] such
that x/ = y/ for all j # i(x,y) in Yq,(x) and x(%Y) ~ yi(¥Y) | Notice that #2 is Markov
with respect to its own filtration (G;~")>( defined by

G = o2, 0<s<t), t>0;
whereas &2 is Markov with respect to the filtration (F, tQ'n)tzo defined by
F = 0@, 0<s<t), t>0;

On the other hand, in respect to the process £%", it is important to take into account the
following observation

Remark 4.4.1. Suppose that n > 2. Let m € [n] and fix the indexes
1<il<. . <i™<n.

Observe that, when ¢ is transitive, under szn the random vector

((;‘ilQ,n, .. "(:Z'é'”) has the distribution of m™ ,
ij i

forall1 <i<j<mnsuchthat {i,j} ¢ {i',...,i"}.

Now we start with the proof of Theorem 4.1.3. To this end we fix n € IN and
(&N : Qn — D(R4, Ey), a sequence of irreducible Markov chains over finite state spaces,
with Qn, N € N, their respective generators. Our strategy is very similar to the one
performed in Section 4.3, to prove Proposition 4.3.1. The main differences are due to the
more complicated nature of the process XN in comparison with the coordinates of YV.
Like in the case of Proposition 4.3.1, the proof of Theorem 4.1.3 is divided in several steps
across the following subsections.

44.1 Replacement Condition

In this subsection we proof the following replacement condition
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Lemma 4.4.2. Suppose that the sequence (EN)neN is transitive and fulfills the coalescing hy-
potheses starting with n particles. Fix an integer k > 1, some (s1,...,s, t1,t2) € (0,<>o)k4r2 such
that s1 < sp < - < sy < t1 < tp and a continuous function H : 73,’1‘ — IR. Then

A, Eo

H(XN, ..., xN

s10N7 " skON

[ { (L") o ¥n

10N On

- L?xr(f@‘i’w)}(ﬂ?’)dS] =0,
forany f : Py — R.

To keep notation simple we denote HY := H(Xg\llgN, ey XSI\ZGN).

Localizing to a Well

As our first step here we show that Lemma 4.4.2 follows from the following result which
we check in the subsequent parts of this subsection. Remember the notation established
in Section 4.1.

Lemma 4.4.3. Suppose that the sequence (&N)nenN is transitive and fulfills the coalescing hy-
potheses starting with n particles. Then, for any partition T € Py, with #(7t) > 2, and t > s; we
have

Ty i —T.
; N N #(m)—1 T _
lim EJY, {H 1{t19N<Tn§t29N}{T - 1{T#<ﬂ)71:T(iJ)[ﬂ]}}] —0, (442
and
Ty 1 — 16
. =N [N #(m)—1 — tON B
]%lg},o Eppr [H 1{TnSf9N<T#(n)f1}{T YTy =T} H =0, (4.4.3)

forall (i,]) € Lyn)o-

Given f : P, — R, for t € P, with #(7r) > 2 we have

Lu(fo¥n) = ¥ [F( D))~ F] (Lat i) on &

(i) €Ly 2

In virtue of this observation, to prove Lemma 4.4.2 it suffices to fix an arbitrary 7w € Py
with #(71) > 2 and verify that

. tON ;s
Jim BN [H(X ) XD, / 1 ORY () ds| =0, (@44
Y 0N
for all (i, /) € Iy(x)o, Where
R(i/j) (X) = i — (LNl G ‘)[n])(x) x € &L .
N On &’ ’ N

Thanks to the indicator lgﬁ() we may rewrite the integral in (4.4.4) as the sum of three



4.4. CONVERGENCE TO THE KINGMAN’S COALESCENT 89

terms as follows

tan i i Tem-1 (i
/t19N 1g§(ﬂy)R§\lr])(’7§)ds = L{1 00 <Ta<ton} /Tﬂ Rg\lf])(ﬂi\])ds

Tro-1 L6 N
+ l{Tn§t16N<T#(n)—l} ~/tl€N Ry (n5") ds

1 O R (N s (4.45)
{Tn§f29N<T#(n),1} N 175 . ke

N

Therefore, (4.4.4) follows from the following two limits

. Tom-1 (i)
I\lflir})o E%n |:H(XSI\1]9N’ trs XSIZGN)l{t19N<Tn§t29N} A Rg\l]]) (”ﬁ\]) ds:| = 0 s (446)

and, for any t > s,

. Ty i
lim EN, {H(XQ%N"'"Xé\k]9w)1{Tn§f9N<T#(n)71}/te Rg\l,]) (qé\’)ds} =0. (4.4.7)
N

N—oo

Recall that, for each N > 1,

. 't
N,(if) . _ N N
o) = 10 (1 )j/0 (Ln1ypm) (0 ) ds, £20,

is a martingale with respect to the filtration (G)). To deal with (4.4.6), notice that

Te01 (i) N Ty)-1 — Ty
R3/ ds =
R ) -

N,(i,f) N,(i,f)
— 1.~ + (9= — M= .
{Te(m)-1=T(i, () ( Ty(m)-1 Ty(m) )

Since HN1 (16N <Te<t0y} 1S Q% . -measurable, expectation in (4.4.6) coincides with

Ty(ry1— Tn
- I{T#w)—l:T(i,j)[n]}H ' (4.4.8)

Applying the same argument we get that expectation in (4.4.7) equals to

N N
B | HV 1,00 <1<t} { On

Ty(m)—1 — tON

N N
Ep [HV1(r, <ioy <1y 114 — Aty T - (4.4.9)

On

Time Average

In order to prove Lemma 4.4.3 we shall apply Markov property to expectations in (4.4.8)
and (4.4.9). But before that, we need to write (4.4.8) and (4.4.9) as time averages. For it, to
keep notation simple it is convenient to write

u:= {t19N <Tr < tzeN} and V := {Tn <ty < T#(n)fl}
for the events involved in such expressions. Take a scale of time («x)neNn C Ry such that

lim 2N = 0. (4.4.10)
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The difference between expression in (4.4.8) and

1 [Ny N
an Jo En [H lum{Tn+K<T#(n)7l}
Ty(m)—1 — T
SR G TEARET Y | E T CERS)
is bounded above by
&N
{ﬁ * 1} IH | Poan [ Tyry—1 < Tam) +an] (4.4.12)

where |H|| = max,pr [H(x)|. At this point we assume that (&N satisfies Hypothesis
(H1). Then, in virtue of Lemma 4.5.3 along with (4.4.10) we get that (4.4.12) vanishes as
N — co. In turn, the difference between expression in (4.4.11) and

1 NN [N
o Em” |:H 1UQ{T77+€<T#(7T)71}

AN JO
Tyny—1 — (Tn +€)
X { On

- 1{T#<n>71:T(,»,,»>[n]}H 4l (4.4.13)

is bounded by ||H||an/0n which vanishes as N — co. So, in order to get (4.4.2) it suffices
to show that (4.4.13) vanishes as N — co. The same argument permits us to conclude that
(4.4.3) follows from the limit

T [N [N
a 0 Emk |:H 1Vﬂ{t9N+Z<T#(n,)_l}
Ty(r)—1 — (tON +£)
X { On B I{T#<n>—1:T<i,j>[n]}H dé = 0, (14.14)
as N 1 oo.

Markov Property
Fix 1 € P, with m :=#(r1) > 2, (i,j) € Lyp, and define gV Eyf - R as

T

N N m

x) := E |:7 -1 _ +N,m :| , X € E ,
8 ( ) x 9N {T= (i,j)[mn]} N

where T := Trf_"; = min{‘g{}]’m 0 (1,7) € Lz} and 7y € Py is the partition with #(7,) =
m. Then, applying the Markov property, expectation in (4.4.13) can be written as

EN, [HN1UQ{TH oo, 8N (L (XY M)))} . (4.4.15)

We apply observation (4.1.5), and notice that on the event {T; + ¢ < T,_1} we have
X%{TH = 71, to show that (4.4.15) equals to

Ep {HN1UM{TH+£<T,",1}8N(ng\]nH(i(”)))} :

Now, in addition to Hypothesis (H1), we assume that (&N) yen is such that Hypothesis
(H3) also holds for some ¢ > 0. In order to get rid of the indicator of the event {T; + ¢ <
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Twm—1} we observe that

B [HY L,y <700 8N (8, ()| (44.16)

is bounded above by

IH1 B 107,y {=ro<o By i (7708} +1]
1
.

< [HI{PN Ty 1 < T + (77BN [ 147, <o} Ry T/6n]" ] "

(i)
+ Pmn[Tm,1 < T+ e]} . (4417

We express {T,, = T < oo} as the disjoint union of the events

such that 7 is one of the coordinates of i(7r), and ] belongs to the equivalence class of 7 in
7t. Then we use Remark 4.4.1 to obtain

[T/QN} l+e}

ZE [14,E Z(i(n»[T/GN]

()] < e,

where in last inequality we used the Hypothesis (H3) for some constant C(n). Then, using
this in (4.4.17) we deduce that (4.4.16) is bounded above by

1+
Em” 1{Tm Tn<oo}E§T +/(1(7T :|

C(n) [[H|| Py[Ty1 < T+ €] 752,

where C(n) is a constant depending on n. Hence, in virtue of Lemma 4.5.3, expression
(4.4.15) equals

Epir {HN 1u g™ (87,4 (i(ﬂ')))} + oN -
This means that, replacing in (4.4.13), (4.4.2) follows from

z@linoo@/ BN [N 10 gV (&N (i) [ e = 0, (4.4.18)

To conclude, we define
1 &N

WNEN, ) = = [ N @E T (i(#))) ae,

AN JO
for all # > m and #& € Pj with #(7t) = m. Since HN1y; € ]:%\] , applying the Markov
#(m)

property, the expression inside the limit in (4.4.18) equals

EN. [HN14ER, (hN(EN", 7)]] = EN. [HN14EN

N /=xN,m
& & oyl E" ]

Therefore (4.4.18) is equivalent to

lim EN [HNluEng( o ))[hN(i,‘N’m,ﬂm)]] = 0. (4.4.19)

N—oo
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Similarly, (4.4.3) follows from

lim EN, [HN1/EN,

N—oo gteN( (n))[hN(gN'mr ”mm =0. (4.4.20)

Proof of Lemma 4.4.3

Thanks to what we have done in the previous parts of this subsection, to prove Lemma
4.4.3, it only remains to show (4.4.19) and (4.4.20). We continue with the notation estab-
lished in these parts.

We have

|Epys [HN 1uE§N (i N @, 7)) |

< |[H| Epr [TUEN ;i BN @Y 70n)]] - (44.21)

e, (i(m)

The event U is included in {T,, = Tr < oo}, then we can express U as the disjoint union
of the events
By = UN{Tr =1}, 1<i<j<n,

such that 7 is one of the coordinates of i(77), and ] belongs to the equivalence class of 7 in
7t. Then we use Remark 4.4.1 to bound (4.4.21) as follows

| Hl E [1UE§N (i(7)) HhN gNm 7Tm)|H
= I e (1, B i o I @, )]
< ||H||2Emm[|hN N )]

< i | HI B [IWN @™, 72m)] -

This proves

|EN [HN 1UE€N (it >)[hN(gNrm,nm)}]| < n? | H|| ENu [|EN (&N, 7t)|] - (4.4.22)
And similarly we obtain
|EN [HN 1VE§ (i(n))[hN('g’N'm,nm)]H < n? |[H| ENa [IWN @™, )] . (44.23)

Finally we assume that (&N)y satisfies Hypothesis (H2) for the time scale (an)nen-
Thanks to what we have done, it only remains to proof that

llm Emm[‘hN(gN'm, 7Tm)|] =0.

Using (H2), this is a consequence of proving the local ergodic behavior for the sequence of
functions (f Nr(irf)[”m})NeN described in (4.1.3). More precisely, we are at the point where
Lemma 4.4.3 is a consequence of the following result. Remember the definition of the
functions N made in (4.1.3).

Lemma 4.4.4. Forany2 <m <mnand1 <i < j < m we have

lim (NIl L= 0.

N—oo
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Proof. We can assume that i, j are the indexes we fix previously in this section, then

<fN'(i'j)[nm]>m” = (gN)mn
T

-1
_ N [ _ EN _(m .
= E,m {GN 1{T:T(I;]/}.'>n[n]}} E,,m [T/BN} (2) +oNn;

and we conclude thanks to Corollary 4.3.2. O

44.2 Proof of Theorem 4.1.3

In this subsection we finish the proof of Theorem 4.1.3. Suppose that the sequence
(&N)nen we fix at the beginning of the section is transitive and fulfills the coalescing
hypotheses starting with n particles.

The Hypothesis (H1) along with the transitivity of (¢N)yen prove, as we show in
Section 4.5, that the sequence (X™)yep is tight.

Take X* a limit process of (XN)yen. Lemma 4.4.2 allows us to use Lemma 4.2.8. This
proves that X* is a solution of the (M(Py), £")-martingale problem starting at 77,,, the
partition of [n] with #(7r,) = n. This martingale problem has as its unique solution the
Kingman'’s coalescent K" starting at 7r,,. Therefore, since X* was arbitrary, we conclude
that under P, (X®N)y converges to &" starting at 7.

mn/

4.4.3 The Reversible Case

Here we proof Corollary 4.1.4. As we mention in Subsection 4.1.3 it is enough to prove
that condition (H’) implies the coalescing hypotheses starting with n particles, when we
take a sequence of irreducible, transitive and reversible Markov chains.

Fix ¢, an irreducible, transitive and reversible Markov chain with generator Q, over
a finite state space E. We have the following result. Remember that o denotes the
relaxation time.

Lemma 4.4.5. Forn > 1, t > 0 we have
1t 2 29w
Ep [(t [ rieenyas) ] < QU Im

forany f : E" — R with (f)» = 0.

Proof. Fix n > 1 and let B = {go,81,--.,8 g} be an orthonormal basis for L?(m") com-

posed by eigenfunctions of the generator of &9, where g is the eigenfunction corre-
sponding to 0. In this proof, for simplicity, we write ¢ Q instead of F9".
Take g € B and x € E"; we know that

EQ[g(ER)] = g(x) M,

where A is the eigenvalue corresponding to g. It follows, from this and the Markov
property, that forany 0 <s <r

ES[8(E2)3(22)] = ES [8(25)8(82)eM )]

_ e/\(rfs) )
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Therefore, integrating e*"—*l on the square [0, ]2

't ot
| [ B s@s@@ldsdr = (e~ -1,

for all g € B\ {go}. Hence, bounding the right hand side,

ot ot
‘tlz /0 /0 B [g(E2)g(ER)) dsdr| < _i)\t (4.4.24)

forall g € B\ {g0}
Finally, we take f : E" — R such that (f),;» = 0. We can write f = Z]‘.ilf a;g; for some
constants ay, ..., ag. Then

6 [(G [ @) ) = 5 [ [ Sl s@asar
1 |E‘n

t ot
=7 L, fy el @ e dsdr

< Z“YQ\iaf(f ) ,

where in the second equality we used that ES [gi(gg)gj(f;’g)] =0, forall i # j and

mn

r,s € [0,t], and in last inequality we used (4.4.24). O

On the other hand. A direct application of [2, Proposition 3.23] give us the following
bound

r -
P, [Ty < 865 < i + (1-e?), v5>0. (4.4.25)
And from the proof of this proposition we also obtain
T1\2 27y
Egz[(eé) ] < %Q 2. (4.4.26)

Now consider (ZN)nen, a sequence of transitive, irreducible and reversible Markov
chains over finite state spaces. Fix n € IN'\ {1} and suppose that (H’) holds. Then it is
possible to take (an)nen C Ry such that
AN

Iim — =0 and 1lim — = 0.
N—oo N N—oo Oy

Lemma 4.4.5 implies (H2) for p = 2 and the scale of times (ax)nenN. Actually, we have
a stronger condition with convergence in L2(PY,) instead of just in L}(PL,). Condition

(H1) follows from (4.4.25), taking the respective limits and using (H’). Finally, (H3) with
¢ = 2 follows from (4.4.26).

4.5 Tightness

Fix n > 2, a sequence of irreducible Markov chains ((',‘N )NeN, and a scale of time 6 =
(ON) N, not necessarily the scale introduced in Definition 4.1.1. Here we prove the tightness
of (XON) y and (YON)y under PV, assuming that all the the Markov chains ¢V, N € N,

are transitive an that the Hypothesis (H1) holds for the scale 0. For simplicity, in this
section we write (XV) and (YN)y instead of (X®N), and (Y®V)y, respectively.
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Remember that for a trajectory w € D([0,+0),S), where (S, p) is a metric space, the
modified modulus of continuity is defined as

w(w,t,8) = iIAlf max sup p(w(s),w(r)), t>0, >0,

m Emn <r,5<tpi1

where the infimum extends over all partitions A = {0 =ty < t; < --- < t; < t} such that
tpa1 —tm > 6 form=1,...,0 —1. It is well known (see for instance [19, Theorem 4.8.1])
that the tightness of a sequence of processes (ZV)y with trajectories in D([0, +00),S),
under Pz ., follows from

1. for any t > 0, the sequence (Z}) is tight in S; and

2. foralle >0,t>0,
lim sup PN [@(ZN,t,6) > ¢ = 0. 4.5.1)
0—0 N m

In our case, since Xg\’ € Pu, Yf’ € {0,1}n2 for all t > 0, and Py, {0,1}2 are compact,
condition (1) holds immediately thanks to Prohorov’s criterion. For simplicity, in this
section we call i, 1 <j < n, the time when XN has j coordinates:

oj = inf{t > 0: #(X{) =j}.

And we call v; , (i,j) € I,p, the time when the coordinate (i, ) of Y{‘] hits 1:
vij = inf{t > 0: Ytlg;](i’j) =1}.

Clearly o; = T]N/GN forall j € [n],and v;; = TiI’\;/GN for all (i,7) € I».

Lemma 4.5.1. For the processes (XN), condition (2) follows from

lim limsup Py [0j_1 —0; < 6] =0, Vj>2. (45.2)

0—0 N—oco

Proof. Assume that (4.5.2) holds, fix e > 0, t > 0, € > 0. Our assumption implies that there
are 69 > 0 and M € N such that

Pﬁk[aj_l—ajzéo, forallje {2,3,...,n}] > 1—€/2, VN>M.

Denote m := min{j € [n] : 0; < t} and define the random partition A := {0 =ty < t; =
Op—1 < -+ <ty = 0y < t}. Using this partition we deduce that

o(XN,t,0)=0<e, Vé<d, N>M,

on the event
{oj_1—0;>é, forallje {2,3,...,n}},

that has probability at least 1 — €/2. Hence

sup PN [@w(XN,t,6) > ¢l <e/2, V5<dy.
N>M

On the other hand, it is clear that there is §; > 0 such that

PN J@(XN,t,6) >¢] < €/2, N<M, Vé<4.
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Therefore
sup PN, [@(XN,t,6) > ¢] <e, V&< min{dy,d}, (4.5.3)
N

which completes the proof, since € > 0 was arbitrary. O

Similarly, in regard to (YN)y
Lemma 4.5.2. For the processes (YN )y, condition (2) follows from

lim lim sup P}y, [|vij — vem| < 6] = 0, (4.5.4)
0—0 N—oo ’

forall (i,f), (¢,m) € 1,5 such that (i,j) # (¢, m).

Proof. We proceed like in Lemma 4.5.1. Assume that (4.5.4) holds, fixe > 0,t > 0, e > 0.
Our assumption implies that there are Jp > 0 and M € IN such that

Pl [[vij — Vel > b0, (i, ), (6,m) € L2
such that (i,j) # ((,m)] > 1—¢€/2, VN> M.
We order all the K := () random times as follows

Uil,'l < Ui2,

j 2 <'-'<Ui’<,j’<'

]
Of course i¥,j*, k € [K], are random indexes. Denote
¢ :=minf{k € [K] 1 vy < t},

and define the random partition A := {0 =ty < t; = Viji <o <bp= v < t}. Using
this partition we deduce that

@(YN,t,8)=0<e, Vé<d, N>M,
on the event
{|Vz‘,j —Vom| >80, V(i,j), (¢, m) € I, such that (i,j) # (¢, m)},
that has probability at least 1 — e/2. Hence

sup PN [@(YN,t,6) > ¢l <e/2, V6<d.
N>M

On the other hand, it is clear that there is §; > 0 such that

PN @(YN,1,6) > €] < €/2, N<M, Vé<é.

Therefore
sup PN, [@(YN,1,6) > ¢] <e, Vo< min{dy,d}, (4.5.5)
N
which completes the proof, since € > 0 was arbitrary. O

In virtue of Lemma 4.5.1, and the definition of the stopping times ¢, the tightness of
(XN)y under PV, follows from next lemma.
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Lemma 4.5.3. Suppose that the Markov chains &N are transitive for all N € N, and that Hypoth-
esis (H1) holds for the scale of time (6n)n. Then for every 2 < m < k we have

lim limsup P, [T, — TN < éoy] = 0.

=0 Noeo

Proof. Fix 2 < m < n. Note that PN, [TN = o] goes to 0 as N — co. Then we divide
{Tl < oo} into the disjoint sets
— (TN N N N _ N
ZE?T)( = {T,, <o} N{T,, =T } N{T,; = ()](n)},

where 7 € Py, is such that #(71) = m, and 1 < i(71) < j(m) < m are such that i(7) is
one of the coordinates of i(7r), and j(7r) € i(7r) in 7. Then using the Markov property,
observation (4.1.5), and Remark 4.4.1 we have

PN [TN | — TN < 50y ] = BN [lar BN o cgo 1] + 0
o N] A{TZ m | LAT o M (i(X;TVN))[ {Tnljilgéé)N}] N
()it W
_ N N
B A,TZ Epr [IA?fn),f(n)Eéﬁ’N (i) L <soy }H TN
i) () () ()

< C(n)PNn[TN™ < 605] + on,

where C(n) is a constant depending on n. On the other hand {TN'm < 0N}
N,m

<
ij =

Uic ]{ TN < §0}. Then using the union bound, and taking into account that PN, [t
N Pi\r{z [TlN2 < 80y], we obtain

PN TN, — TN < o0n] < Cn)PN,[TN? < 66n] + on,

mh
where C(n) is a constant depending only on n. We conclude thanks to Hypothesis (H1).
O

Similarly, the tightness of (YN)y under PY, follows from next lemma.

m’l

Lemma 4.5.4. Suppose that the Markov chains &N are transitive for all N € IN, and that Hypothe-
sis (H1) holds for the scale of time (6n)n. Then for all (i,]), (¢, m) € I, 5 such that (i,]) # (£, m)
we have

(lsgr})llgljumen [T} — 1)y, <dbn] = 0.

Proof. Fix (i,]), (¢,m) € I,,5 such that (i,j) # (¢,m). Using the Markov property

PrIX" UTI{\][ - Tl;?]m| < 591\7] = E [1{TN<

1]—T£m

}E [T} < 66n]]
1]

+ E [1{TN>TN

Lm

}E?N [} < 6] -

{,m

Then, in virtue of Remark 4.4.1, we deduce
P (1T — 1l < d6n] < 2PN [T < o6n] .

Therefore, like in the proof of 4.5.3, we conclude thanks to Hypothesis (H1). O
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