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Introduction

Research framework

This thesis is about computing periods of algebraic cycles inside smooth hypersurfaces of
projective space, and its applications to variational Hodge conjecture.

Hodge conjecture was proposed in 1941 by Hodge (see [Hod41]) and reformulated in 1962
by Atiyah and Hirzebruch (see [AHG62]). Despite that, it has seen few advances in its positive
direction. Variational Hodge conjecture was proposed by Grothendieck as a weak version of
the Hodge conjecture (see [Gro66]). And (as in the case of Hodge conjecture) few is known
about its veracity. Hodge conjecture claims that every Hodge cycle inside a smooth projective
variety is an algebraic cycle. On the other hand, variational Hodge conjecture claims that in
all proper families of smooth projective varieties with connected base, a flat section of its de
Rham cohomology bundle is an algebraic cycle at one point if and only if it is an algebraic
cycle everywhere. In other words, flat deformations of an algebraic cycle remain algebraic
inside the deformed smooth projective variety. In 1972, Bloch proved variational Hodge
conjecture for deformations of algebraic cycles supported in local complete intersections
which are semi-regular inside the corresponding smooth projective variety (see [Blo72]).
Semi-regularity is a strong condition, difficult to check in concrete examples (see [DKI16]
for a discussion about examples of semi-regular varieties). In 2003, Otwinowska considered
variational Hodge conjecture for algebraic cycles inside smooth degree d hypersurfaces X of
the projective space P! of even dimension n. In this context, she proved that variational
Hodge conjecture is satisfied for algebraic cycles supported in one §-dimensional complete
intersection Z of P! contained in X, and d >> 0 (see [Otw03]). This result was improved
by Dan in 2014, who removed the condition on the degree d provided that deg(Z) < d (see
[Dan14]). It is not known if the complete intersection subvarieties considered by Otwinowska
and Dan are semi-regular inside the corresponding hypersurface.

The computation of periods of algebraic cycles was considered by Deligne in 1982. He
proved that up to some constant power of 2mv/—1, the periods of algebraic cycles belong to
the field of definition of the variety and the corresponding algebraic cycle (see [DMOS82]).
This problem was reconsidered in 2014 by Movasati, who explained how explicit computa-
tions of periods of algebraic cycles can be used to prove variational Hodge conjecture (see
[Mov17c]). His approach inspired the development of this thesis. In 2017, we computed the
periods of linear cycles inside Fermat varieties and used them to prove variational Hodge
conjecture for some combinations of linear cycles inside Fermat varieties (see [MV1T7]). In



[Ser18], Sertéz implemented an algorithm for approximating periods of arbitrary Hodge cy-
cles inside hypersurfaces. Using this algorithm he performed reliable computations of the
Picard rank of certain K3 surfaces. In 2018, we were able to compute periods of complete
intersection algebraic cycles inside any smooth hypersurface (see [VLIS, Theorem 1]) by
determining the primitive part of the Poincaré dual of the given complete intersection cy-
cle. This allowed us to improve the results in [MV17] to arbitrary degree and dimension by
removing the computer assisted argument (see [VLI18, Theorem 2]).

Main results

Consider the even dimensional smooth hypersurface of the complex projective space
X ={F =0} Cc P!

given by a homogeneous polynomial with deg /' = d. Every 7-dimensional subvariety Z of
X determines an algebraic cycle
[Z] € H\(X,Z).

Recalling from Griffiths” work [Gri69], each piece of the Hodge filtration is generated by the
differential forms

PQ R
wp 1= res <F‘1+1> € F" T Hig (X)prim,

for P € Clxo, ..., Tnt1]a(g+1)—n—2, Where

n+1

Q= Lz?iolmi%(dl’o Ao Ndxpg) = Z(—l)ixidxo A - ci\xl S ANdxpy,
’ i=0
and res : Hiif'(P"\ X) — Hip(X) is the residue map.

We say that

/CUPGC
Z

is a period of Z. Note that, since Z is a projective variety of positive dimension, it intersects
every divisor of X, so it is impossible to find an affine chart of X where to compute the
periods of Z. Since we are integrating over an algebraic cycle (consequently a Hodge cycle)
we just care about the (3, %)-part of wp. Thus, we will fix ¢ = %, and we work with wp
as an element of the quotient F'2 H(X)/F2+ H(X) ~ H22(X) ~ H2(X,0Q%). After
Carlson-Griffiths’” work [CG8(, page 7], we know
1 {PQ J
st Ey

wp

} e H3U,Q3). (1)
|171=2

Where U is the Jacobian covering of X. For J = (jo, ..., j=),



where F} := % for every 1 =0,...,n + 1, and

0|3

Qyi=t o (10 (Q)-)= (_1)j0+m+j%+<%2+2) (—1)5%@7 (2)

ox ; ox ;
Jin J
g 0 1=0

for (Ko, ..., kn_;) the multi-index obtained from (0, 1,...,n + 1) by removing the entries of

J. We wp in Cech cohomology as in , but we denote the period by abuse of notation
as |, ,wp € C, letting it be understood that we are identifying wp with its image under the

isomorphism H2 (U, Q)%() ~ H23(X) C Hip(X).

The first result of this thesis is the formula of periods of linear cycles inside Fermat

varieties (see Theorem and Corollary [2.4.1)).

Theorem ([MV17]). Let X¢ C P! be the n-dimensional Fermat variety of degree d, i.e
XI={F:=al+ -+l =0}. Let (g be a 2d-th primitive root of unity, and

P2 = {zo — Gar1 =+ = Tp — (ua¥pny1 = 0}

Then

/ . B %Qd%-ﬁ-lﬂoﬁ-iz—iﬂ..—&-in Zf Gol—g + do_1 = d— 2’\7[ — 1’ s g + 17
n 0. ng1 = 2 .
g Fo i 0 otherwise.

Using this result we can verify variational Hodge conjecture for combinations of linear
cycles inside Fermat varieties. We divide these results into two parts. The first verification
(see Theorem [3.6.1)) is for algebraic cycles supported in one complete intersection subvariety
of Fermat variety (this subvariety can be degenerated into a cycle that corresponds to sums

of linear cycles).

Theorem ([Otw03], [Danld], [MV17]). Let d > 2+ 2, X C P™™ be the Fermat variety and
d € Hy(X,Z)ay be a complete intersection algebraic cycle 6 = [Z], given by Z = {fy =--- =
f%Jrl = O}; with

To A an = gt faagn g,

and deg f; = d;. Then, variational Hodge conjecture is true for
Ldi=dy=-=dzy; =1
2.n=2,4<d<15,0orn=4,3<d<6,0rn=6,3<d<4.

These results were proved by Otwinowska in [Otw03] and by Dan in [Danl4] in more
general contexts, but we provide a different proof.

The second verification of variational Hodge conjecture (see Theorem [3.6.2)) is for sums
of two linear cycles which are not supported in a complete intersection cycle (and so this
result does not follow from Otwinowska’s or Dan’s work).
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Theorem ([MVl?]) If P7 and P2 are two linear subspaces inside the Fermat variety X,

such that Pz NP2 = P™, then V[m me Vm] N V[H],7 for all triples (n,d,m) in the

following list:

(2,d,~1), 5 < d < 14,
(4,4,-1),(4,5,-1),(4,6,-1),(4,5,0), (4,6,0),
(6,3,—1),(6,4,—1),(6,4,0),

(8,3,-1),(8,3,0),

(10,3, 1),(10,3,0), (10,3, 1),

where P~1 means the empty set. In particular, variational Hodge conjecture holds for § =
[P2] + [P2] in the above cases.

These cycles are not known to be semi-regular inside Fermat variety either. All the
applications we present in this thesis rely on computer assistance, and so they are verified

for certain degrees and dimensions.

The main result of this thesis is the computation of periods of algebraic cycles [Z] €
H,(X,Z) for Z C X a complete intersection inside P"™! (see Theorem [2.6.1)).

Theorem ([VLIS]). Let X C P*"™! be a smooth degree d hypersurface of even dimension
n given by X = {F = 0}. Suppose that Z := {f; = --- = fn1 = 0} C X is a complete
intersection inside P+ (i.e. 1(Z) = (fy, ..., fr 1) € Clxo, ..., Tnia]) and

F=figi+-+ fai19241-

Define
H = (h07 ""hn—i-l) = (fhghf?agQJ "'7f%+lag%+1>'

/ wp = (277'\/_) (d . 1)n+2 . dl . .d%+17 (3)

n

Then

where d; = deg f;, wp is given by , and ¢ € C 1is the unique number such that
P -det(Jac(H)) = ¢ - det(Hess(F)) (mod J&).
Where J¥ := (Fy, ..., Fi1) C Clzo, ..., Tpy1] is the Jacobian ideal associated to F.

This result says that the primitive part of the Poincaré dual of the algebraic cycle [Z] €
H,(X,Z) is given (up to a non-zero constant factor) by

2P — res (det(Jac(H))Q) -

wl3
wl3

F%+1 (X)prirrr

Using this fact we can improve our previous verification of variational Hodge conjecture
for combinations of linear cycles inside Fermat varieties to arbitrary degree and dimension
(by removing the computer assisted argument).
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Theorem ([VLIS]). Let X C P! be the Fermat variety of even dimension n and degree
d>2+ %. Let Pz, P2 C X be the two linear subvarieties such that Pz NPz = P™ given by

P = {-rn—2m - C2d$n—2m+1 = =Ty — Cden-l—l = 0}7
n _
P2 = {xg — Cqr1 =+ = Tp_om—2 — C2aTn_2m—1 = 0} NP,
Pi = {l’o - ggdoxl = =Tpn-—2m-2 — 202?_27”_21'71_2771_1 = 0} N Pn—m)

where Cq € C is a primitive 2d-root of unity, and o, A, ..., Gn_om—2 € {3,5,...,2d — 1}.
Then, form <% — 2% a,b € Z\ {0} and § := a[P2] + b[P%] € H,(X,Z) we have

d—2’

Vs = Vips) N Vipyy,

and the Hodge locus Vs is smooth and reduced. In particular, variational Hodge conjecture
holds for & in these cases. On the other hand, form > § — d%‘lQ, the Zariski tangent space of
Vs has dimension strictly bigger than the dimension of V[]P%] N V[P%] (which is always smooth

and reduced).

We decided not to include this result in the thesis in order to keep it as short as possible,
but the interested reader can find it in [VLIS, Theorem 2].

Content description

In what follows we detail the content of this thesis.

Chapter (1| is introductory. Its purpose is to present Griffiths’ theory on the cohomology
of hypersurfaces, and introduce the language and notations we will use along the rest of the
text. Since this is one of the first thesis in Hodge theory developed at IMPA, we tried to
keep it self-contained. This is why we also added an Appendix recalling hypercohomology
(which is highly used in our work). The reader who wants to get quickly to the main results
of this thesis, and is acquainted with hypercohomology and algebraic de Rham cohomology,
could just read Theorems [1.5.1], [I.5.2] and [1.6.1] before going to Chapter

Griffiths” Theorems [1.5.1] and [1.5.2] (see section are classic, and describe how to
construct an explicit basis for (the primitive part of) de Rham cohomology of a given hyper-
surface, as the residue of meromorphic forms with pole along the hypersurface (furthermore,
the order of the pole determines to which part of Hodge filtration the residue belongs).

Carlson-Griffiths’ Theorem m (see section is the main ingredient missing from the
original formulation of infinitesimal variations of Hodge structures (developed by Carlson,
Green, Griffiths and Harris), that will allow us to compute explicitly the periods of algebraic
cycles. This theorem tells us explicitly how is Griffiths’ basis in Cech cohomology (i.e. when
we look at each element of the basis in Hodge decomposition), i.e. it computes the residue
map.

For the sake of completeness we provide proofs of these results. Furthermore, we add
in sections to a review of algebraic de Rham cohomology, including Deligne’s results
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on logarithmic differential forms and Hodge filtration for affine varieties (we just treat the
case of affine varieties obtained as the complement of a smooth hyperplane section inside a
smooth projective variety). In section , we provide a different proof of Deligne’s Theorem
1.3.1] relying on Carlson-Griffiths” Lemma [1.3.1} This lemma is the main ingredient in the
proof of Carlson-Griffiths’ Theorem [1.6.1}

Chapter [2| is the heart of this thesis, and is devoted to the computation of periods of
algebraic cycles. We present two strategies to do these computations. Both rely on the
reduction of the computation of the period to the computation of the integral of a top form
over the projective space. In order to use Carlson-Griffiths’ Theorem [1.6.1, we need to
calculate every period with respect to a covering occurring in Cech cohomology.

In section [2.1) we compute the period of a standard top form of the projective space. This
standard top form is described in terms of the standard covering of projective space. This is
the unique period we actually compute by integration (using partitions of unity). All other
periods will be computed by an adequate comparison with this period.

Our first strategy to compute periods only works for cycles that are images of linear
spaces. We pull back the forms we want to integrate, to the corresponding linear space
that parametrizes the cycle. For this reason, we explain in section how to compute the
pull-back of forms in algebraic de Rham cohomology.

As an application of this pull-back description, we compute in section the periods
of top forms of the projective space, described in other open coverings (different from the
standard one).

In section [2.4| we use this first strategy to compute periods of linear cycles inside Fermat
varieties. This computation is the heart of our results on variational Hodge conjecture (see
section Theorems [3.6.1) and [3.6.2)).

Our second method to compute periods of algebraic cycles, works in general for any
complete intersection (in the projective space) cycle inside a smooth hypersurface. It relies on
the successive application of the coboundary map associated to Poincaré’s residue sequence,
for a hypersurface of a projective variety.

In section we describe explicitly the coboundary map in Cech cohomology, together
with the relation between the periods of the corresponding forms.

And in section [2.6] we use the coboundary map, to inductively reduce the computation
of the period over a complete intersection algebraic cycle, to the computation of the period
of a top form of the ambient projective space (here we will end up with a form described
in the Jacobian covering, so our computations from section will be needed). Our main
theorem is Theorem [2.6.1], and is actually giving us an explicit description of the Poincaré
dual of a complete intersection algebraic cycle, as an element of Griffiths” basis for de Rham
cohomology of the given hypersurface (see Remark [2.6.3)).

Finally, Chapter [3| is about applications of the results developed in Chapter 2] to varia-
tional Hodge conjecture. The results are stated (and proved) in section [3.6) There we prove
variational Hodge conjecture for linear algebraic cycles inside Fermat varieties (see part 1.
of Theorem [3.6.1). Using computer assistance we also prove variational Hodge conjecture
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for complete intersection algebraic cycles inside Fermat varieties (see part 2. of Theorem
, and for sums of linear algebraic cycles with small intersection inside Fermat varieties
(see Theorem [3.6.2)).

This approach to variational Hodge conjecture using periods can be made after the de-
velopment of infinitesimal variations of Hodge structures (IVHS), and its explicit description
in the case of hypersurfaces (see section , Proposition .

Instead of proving variational Hodge conjecture, we will prove a stronger result which we
call alternative Hodge conjecture. This conjecture corresponds to describe the components
of a parameter space, the so called Hodge locus. We introduce Hodge locus in section [3.4 and
explain its relation to IVHS in Proposition [3.4.1] This proposition tells us how to determine
the Zariski tangent space of the Hodge locus using IVHS.

In section (3.5, we introduce alternative Hodge conjecture and relate it to the problem
of determining components of the Hodge locus. Furthermore, we explain in Proposition
how we can use the periods of algebraic cycles to produce a period matrix which
corresponds with IVHS. Thus, we can reduce the computation of the Zariski tangent space of
the Hodge locus, to computing the rank of this period matrix (which we can do with computer
assistance). Using the description of the tangent space we determine the components of the
Hodge locus and prove alternative (and variational) Hodge conjecture.

Sections 3.1 and are introductory, to prepare the ground for IVHS.

Conventions and notations

e Every ring is commutative with unity.

e If Ris aring and M is an R-module. For S C M, we denote by (S) the submodule
generated by S. If S = {my,...,my}, then we simply denote (S) by (mq, ..., my).

e By a complex algebraic variely we mean an abstract algebraic variety over C, i.e. an
integral separated scheme of finite type over C.

e When f € Clzy,..,2,] we will denote by {f = 0} := {z € C" : f(z) = 0}, the zero
set of f in the affine space. When F € Clx, ..., x,]4 is a homogeneous polynomial of
degree d > 0, we will use the same notation {F' = 0} := {z € P" : F(z) = 0}, for the
zero set of F' in the projective space. Depending on the context it will be clear if we
are taking the zero set on the affine or projective space.

e For X an affine variety, we denote by C[X] the coordinate ring (or the ring of regular
functions), and by I(X) C Clzy,...,z,] its ideal. When X C P™ is projective, we
denote by I(X) C Clzy, ..., z,] its homogeneous ideal.

e We use the symbol ~ to denote isomorphism (in the corresponding category).

e When w is a differential form defined over a variety X and 7' is a vector field over X,
we denote by vr(w) the contraction of w along T

14



e If X is a topological space and F is a sheaf over it, then we denote by I'(F) := F(X)
the set of global sections of this sheaf. We will refer to I' as the global sections functor.

e A hyperplane section is a divisor of a projective variety X which corresponds to the
intersection of X with a hyperplane in some projective embedding. In particular, after
Veronesse embedding, every hypersurface section will be called a hyperplane section.
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Chapter 1

Cohomology of Hypersurfaces

Summary

As the title suggests, the main characters of this thesis are periods of algebraic cycles inside
hypersurfaces (in the projective space). By this, we mean the integrals of a basis of de Rham
cohomology (of a given hypersurface) over some algebraic subvariety. In this chapter we
will explain how to construct explicit basis for de Rham cohomology of hypersurfaces. This
was developed by Griffiths in [Gri69]. Furthermore this basis is compatible with the Hodge
filtration of the given hypersurface. We will present Deligne’s proof of Griffiths’ theorem (as
in [Del74, §9.2]). The main idea is to relate the Hodge filtration of the hypersurface, with
the pole filtration of the complement of the hypersurface, via the residue map. This was
possible after the work of several mathematicians (mainly Serre, Atiyah, Hodge, Griffiths,
Grothendieck and Deligne) that led to the development of de Rham cohomology (and Hodge
theory) in the framework of algebraic geometry. We will explain the development of these
ideas, providing proofs of the main theorems.

This chapter is introductory, hence the reader who wants to see the results of this thesis
should go directly to Theorem m (which relates the pole filtration of the complement of
the hypersurface with the primitive part of the Hodge filtration of the hypersurface), read
Theorem (that explains how to construct Griffiths’ basis for de Rham cohomology of an
hypersurface via the residue map), and Theorem m (that computes explicitly the residue
of each element of Griffiths’ basis in Cech cohomology), then move to Chapter . In what
follows we give a detailed overview of the content of this chapter.

Section is a quick review of algebraic differential forms. We recall Euler’s sequence
and Bott’s formula (which is a extended version of Bott’s vanishing theorem).

Section is devoted to explain how to recover de Rham cohomology groups with alge-
braic differential forms. This approach was pointed out by Grothendieck [Gro66], after an
important result due to Atiyah and Hodge [HA55]. Using Atiyah-Hodge’s theorem, we ex-
plain why we can define the algebraic de Rham cohomology for any smooth algebraic variety

16



X using hypercohomology (see Appendix) as
Hip(X/C) == H'(X, Q%).

A remarkable fact about this algebraic de Rham cohomology, is that it comes with a natural
filtration . .
F'Hyp (X/C) := Im(HM(X, Q%) — H'(X, Q%)),

that turns out to coincide with the Hodge filtration for smooth projective varieties. Unfor-
tunately, this filtration is not interesting for affine varieties.

In section we introduce differential forms in X with logarithmic poles along Y. We
prove the following theorem due to Deligne.

Theorem (Deligne [Del70]). Let i : U = X \'Y — X be the inclusion. Then, the natural
map

Q% (logY) — 0, Qp = Q% (xY),

induces the isomorphism
HH(X, Q% (log Y)) = HA(U/C).

We provide a proof based on the following lemma due to Carlson and Griffiths.

Lemma (Carlson-Griffiths [CG80]). Suppose X is embedded in a projective space PV, and
Y = Xn{F = 0} for some homogeneous polynomial F' € C|xy, ..., zn]. ConsiderUd = {U;}}¥,
the Jacobian covering of X given by U; = X N{F; # 0}, where F; := g—z. For every [ > 2
define

H; - CUU, Q5% (1Y) = CIU, Q% (1 —1)Y)),

1 F
(Hiw)jo-j = T IF (W)

where Laa denotes the usual contraction of differential forms with respect to %. Letting
0

D = d+( 1)P0, then

' Oq(u7Q U 4 (ZY))
DH+HD.p§qu(UJQ§(<<l_1 @ C’qu (- 1)Y))

18 the identity map.

Using this lemma we can prove Deligne’s theorem in a constructive way, since the explicit
operator (1 — DH) reduces the pole order of forms in H%; (U/C). This lemma will be useful
to prove more results due to Griffiths in sections [I.5 and [L.6]

Using Deligne’s theorem we introduce, in section [I.4, a Hodge filtration on U as
F'Hjg(U/C) = Im(H*(X, Q¥ (log Y)) — H*(X, Q% (logY)) ~ Hy(U/C)).

17



We use the residue map

res: Hit'(U/C) — HY(Y/C)

to justify this is a good candidate for Hodge filtration. In fact, the residue map is a morphism
of Hodge structures of type (—1,—1), and furthermore the Hodge filtrations are compatible
with the long exact sequence induced by the residue map, in the sense that we have the
following long exact sequence

o= F'HYY(X/C) — F'HEY(U/C) =5 FIH R (Y/C) — FIHGP(X/C) — - - -
Section [1.5]is about Griffiths’ work on the cohomology of hypersurfaces. We use Carlson-

Griffiths’ lemma and Bott’s formula to prove the following theorem.

Theorem (Griffiths [Gri69]). Let X C P"! be a smooth degree d hypersurface given by
X ={F =0}, and U := P\ X. For every q =0,...,n, the natural map

HO (P Ol (g + 1)X) = Hyg ' (U/C)

has image equal to F"*'-1HN(U/C). Consequently, every piece of the Hodge filtration
Fr=1H5 (X/C)prim, is generated by the residues of global forms with pole of order at most
q+1 along X.

Using this theorem we prove the following result that tells us how to construct a basis
for Hi (X/C)prim compatible with the Hodge filtration.

Theorem (Griffiths [Gri69]). For every ¢ =0, ...,n the kernel of the map

ot HP™, Opnia(d(g+1) =n = 2)) = F" Hp(X/C)prim/ F" ' Hp (X/C)prim

PQ
P — res (F‘I+1>

is the degree N = d(q+ 1) —n — 2 part of the Jacobian ideal of F, J§ C Clzg, ..., Tni1]N-
Where Q) = Z?jol(—l)ixidxo A-edag o N dTpy.

Finally in section [1.6] using again Carlson-Griffiths’ lemma, we describe explicitly the
residue map in Cech cohomology.

Theorem (Carlson-Griffiths [CGR0]). Let g € {0,1,...,n}, P € H(P"™, Opnr1(d(qg+ 1) —
n—2)). Then

PQ (1)t (PQ; _
g Hq Qn q .
res (Fq+1) q! FJ =g € (U7 X )

Where 5 = L%(...Laa ()...), Fy = Fj, - Fj, andU = {U;}}7 is the Jacobian covering
Ijq zjo

restricted to X.
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These theorems result in an explicit basis for the de Rham cohomology group of any
hypersurface, which is compatible with its Hodge filtration. This basis will be of vital
importance in our work, since we will use it to compute the periods of algebraic cycles.

We will use without proof some classical results in L? Hodge theory (such as Hodge de-
composition), algebraic topology, several complex variables and sheaf cohomology (specially
hypercohomology). Whenever we use one of these results for the first time, we will add a
reference. Only for hypercohomology, we add the results we use in the Appendix.
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1.1 Algebraic differential forms

In this section we will introduce algebraic differential forms on algebraic varieties. As we
will see, these differential forms have nice algebraic descriptions that allow us to work with
them and do computations explicitly in a wide range of cases.

Definition 1.1.1. Let R be aring and S be an R-algebra. The module of Kahler differentials
of S over R is the S-module generated by the set of symbols {df : f € S}, subject to the

relations
dirf+sg) = r-df +s-dg :
for all f,g € S, and r,s € R. In other words

Qg = (@S'df> /{N)

fes

where

N:{d(fg)—fdg—gdf,dO"f—i-Sg)—Tdf—Sdgf,gGS,T,SER}

Remark 1.1.1. If we consider the map d : S — Q}g/R, the second relation in says
that d is an R-linear map. The first relation in is called the Leibniz’ rule, and d is
a deriwation. This map d is called the universal R-linear derivation, since every R-linear
derivation d’' : S — M to an S-module M factors as the composition of d with a unique
S-linear map 2} /R M. For a proof of this property and more about 2§ /R Se€e for instance
[Eis95] Chapter 16. For us, the relevant constructions to keep in mind are summarized in
the following examples:

Example 1.1.1. For a polynomial ring S = Rz, ..., Z,),
Op=EPS - d:.
i=1

Example 1.1.2. For S = R[xq,...,x,]/I, I = (f1,..., fm), then

R[z1,..., xn}/R/<[ ’ Q}%[zl xn]/R? dfla ) dfm>

.....

IR
=2

Example 1.1.3. If U C S is a multiplicative subset, then
Qg1yr = S[UT ©r Uy p,

in particular, localizing the module of Kahler differentials we obtain the module of Kahler
differentials of the localization.
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Definition 1.1.2. Let X C C¥ be an affine algebraic variety. We define
Q}((X) = Q%J[X]/(Ca
where C[X] = Clxy, ..., zn]/I1(X) is the ring of regular functions on X.

Definition 1.1.3. Let X be a complex algebraic variety. For every open affine set U C X
we have an Ox (U)-module of Kéhler differentials Qf;(U). For any pair U C V of open affine
subsets of X we have the natural restriction (morphism of C-algebras)

Ox(V) — O)((U),
which induces the restriction of Kahler differentials
O (V) — QL (U).

Using these restrictions, we can glue these modules to define the sheaf of algebraic differential
forms on X, which we denote Q%. This construction gives us a coherent Ox-module. By
taking the exterior power of Q% we obtain the coherent sheaf of algebraic differential k-forms
on X

k
0% =\ Q.
When X is smooth of dimension n, these sheaves are locally free of rank (Z)

More generally, given any morphism of schemes f : X — Y we can define the sheaf of
relative algebraic differential forms Qﬁ(/y as the O x-module obtained by pasting the Ox (V')-
modules Q}g/R, where U = Spec R, V' = Spec S and f(V') C U. We can also define

k

In what follows we will always consider morphisms f : X — Y between complex algebraic
varieties. When Y = Spec R we will denote Q% /g instead of Q% Iy And when Y = Spec C

we will just denote Q% instead of Q% - or Q% .

Example 1.1.4. For 7 : X — Y a morphism of schemes,

0%

XY — k—1°
0 A QY

Remark 1.1.2. One should not confuse Q% with the sheaf of holomorphic k-forms, we
will denote the latter by Q’)“(hol. We will denote Q% ., the sheaf of (complex) C* differential
k-forms.
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Definition 1.1.4. Consider the global vector field over CN*?

N
0

This vector field is called Euler’s vector field. We define Fuler’s sequence to be

N+1
0— & (p+1) — OH?]S”J — Qy(p+1) =0, (1.2)
where for every U; in the standard covering of PV, and every w = 2| Jmp QdTjo N+ Ndxj, €

Q25 (p+1)(U;), the first map sends w to (a;)}j=p- While the second one is sending (b,)j—p,
where each b; € Opn (U;), to the form n = tp(3_ 5, bidxjo A+ Adzj,).

Remark 1.1.3. In general, for v = Zfio Uia%i a vector field of CN*! and w = > 17)=p bz A\
- Adxy, € QZTVL(U) for some open set U C CN*!, the map tx(w) is the contraction map
of w along the vector field v|y. 1t is defined as

to(w) =Y by vjpday, A Aday, € QF, L (U).

|J|=p

When w € Qpn (V) for some open V' C P¥, we can also define ¢, (w) by lifting w to an open
set U = 7= 1(V) C CN*1\ {0}, where 7 : CN*1\ {0} — P¥ is the projection map. Then
Lp(w) 1= T (1y (T W)).

Remark 1.1.4. Euler’s sequence (|1.2) is an exact sequence. Using this exact sequence it is
possible to prove the following extended version of Bott’s vanishing theorem.

Theorem 1.1.1 (Bott’s formula [Bot57]).

(N ifg=0,0<p< Nk>p,
ifk=0,0<p=gqg<N,

1
- Hq N b —
dime HY (P, Qf v (K)) (HP)(ED ifq=N,0<p< Nk <p—N,
0

N-p
otherwise.

Corollary 1.1.1. Every w € H°(PY, Qg;l(k)) is of the form
N

w=) Tio (),

ox;
=0

where T; € Clzg, ..., zn|p-n, Q= tg(dxog A+ Ndzy) = Z?;O(—l)ixicix\i, and (jzgz = dxg N\
dl’l/\/\dl'z_l/\dl'l_i_l/\/\dl']\[
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Proof Twisting Euler’s sequence (|1.2)) we get
0 — Qv (k) = ON (k= N) — Q' (k) — 0. (1.3)

Using the long exact sequence of (1.3) and Bott’s formula we see that HO(PN, Q)" (k) is
generated by

N N
wp(D" Pdr) = (Y (=1)'Pio (dwg A--- Aday)),
i=0 i=0 ‘

- LE(LZ?LO(—IVP,-%(CZZEO A= Ndzy)),
- _Lzﬁo(fl)ipiai%(@(d-?ﬂo A« Ndzxy)),

N
= SR (@)
i=0 "
where P, € HY(PY, Opn (k — N)). Take T; := (—1)"'P,. |
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1.2 Algebraic de Rham cohomology

In this section we will explain how algebraic de Rham cohomology can be constructed for
any smooth algebraic variety over C. From now on, we will assume some knowledge in
hypercohomology. Our main reference is [Mov17h] Chapter 3, and we will adopt his nota-
tion. Nevertheless, we will state in the Appendix the properties of hypercohomology we are
interested in.

Consider X any smooth algebraic variety over C. Recall the different sheaves of differ-
ential forms over X:

Q. = sheaf of algebraic differential k-forms over the Zarisky topology,
Q];}hol = sheaf of holomorphic differential k-forms over the analytic topology,
Qk. = sheaf of (complex) C* differential k-forms over the analytic topology.

The key result that allows us to define algebraic de Rham cohomology (i.e. just in terms
of Q%) is the following theorem due to Atiyah and Hodge:

Theorem 1.2.1 (Atiyah-Hodge [HAS5]). Let U be a smooth affine variety over C. Then,
the canonical map

H*(D(Q), d) = HY (D), d) = Hip(U)
s an isomorphism.
Remark 1.2.1. Atiyah-Hodge’s theorem can be stated as a composition of natural isomor-

phisms
HY(T(Q), d) = H*(T(Qna), 9) = HY (T (D), ).

In fact, noticing that (g, d) is a resolution of the constant sheaf C (by Poincaré’s lemma,
see [BT82] Chapter 1 section 4) and furthermore it is acyclic (since they are fine sheaves,
i.e. they admit partition of unity), we can apply Corollary (see Appendix) to obtain
the isomorphism

H*(T(Q),d) ~ H*(U,C).

On the other hand, (£27,,.;,0) is also a resolution of C (this can also be proved as a conse-
quence of Poincaré’s lemma), and is acyclic (since U is affine it is also Stein, see [Gun90]
page 131, Theorem 2), then by Corollary we conclude

H*(T (), 0) = H(U,C) = H(T(Qpy), d).

Let us return to X any smooth algebraic variety over C. After Remark [[.2.1] an imme-
diate consequence of Atiyah-Hodge’s theorem is that the natural inclusion of complexes

(%, d) = (Qxnar, 9)
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of sheaves over the Zariski topology of X is a quasi-isomorphism (see Appendix, Definition
4.1.3)). In fact, Atiyah-Hodge’s theorem is saying that the map induced between the coho-
mology pre-sheaves is an isomorphism in every affine open subset of X. Using Proposition

(see Appendix) we get
Hk(X, Q;() ~ Hk(X, Q_.Xhol),

where (2%,.:, 0) is a complex of sheaves considered over the Zariski topology of X. But, using
again the fact that every affine open set is Stein and Proposition m (see Appendix) we
conclude that the hypercohomology of the complex (£2%,.;, 9) over the analytic topology, can
be computed via the affine covering, i.e. it coincides with the hypercohomology considered
over the Zariski topology. On the other hand, over the analytic topology, (2%4.,0) is a
resolution of the constant sheaf C, then by Proposition m (see Appendix) we obtain the
isomorphism

HF (X, Q%) ~ HY (X, Q%na) ~ H¥ (X, C).

Finally, since (2%, d) is an acyclic resolution of C, we conclude (by Corollary 4.1.1] Ap-
pendix)

H* (X, Q%) = H(X, Q%na) = H*(X,C) = H*(T(Q%), d) = Hip(X),

i.e. we obtained a way to recover the de Rham cohomology of any smooth complex algebraic
variety X using algebraic differential forms.

Definition 1.2.1. For any morphism of schemes X — Y, we define the algebraic de Rham
cohomology groups
HZ;R(X/Y) = Hk(X7 QB(/Y>~

In the case Y = Spec R we will simply denote it by HY; (X/R).

The preceding remarks show that this definition is compatible with the classical one in the
case X — Spec C is a smooth complex algebraic variety, so we have accomplished our goal of
recovering de Rham cohomology in the algebraic context. Our next goal is trying to recover
the Hodge decomposition algebraically. Unfortunately, there is no good (i.e. canonical)
candidate for a Hodge structure on HY;(X/Y). But on the other hand, H¥;(X/Y) has a
natural filtration, namely

F' o= Im(H*(X, Q555) — HF (X, Q%)y)-

Proposition 1.2.1. For X — Spec C smooth and projective variety. There is an isomor-

phism
Fi/F* ~ gRH(X,058).
Furthermore, we can identify F' o~ HFX, Q;(Z’)
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Proof Consider U an affine finite cover of X. Using Proposition{4.1.1} we can represent every
element w € HF(X, Q%) as a sum w = w’ + W™ + - + w* where each w! € CF{(U, Q).
Take the map

HF (X, Q%) — HY(X,Q%).
k
ij = W
7=t

To show this map is well defined, suppose w is zero in H’“(Z/I,Q}Zi), then w = Dn and
wt = (=1)%67", so W' is zero in H*1(X,Q%). We claim the kernel of this map is Ft! :=
Im(HF(X, Q%2 — HF(X, Q%) In fact, is clear that F™*! is in the kernel. Furthermore,
if w' = 0n’, then w — (—=1)'Dy’ € F*1. Then, we have an inclusion

HF (X, Q3F)) /FH — HEH(X, Q). (1.4)

On the other hand, we have a natural projection

H* (X, Q") /FH — FU/ R (1.5)
These two facts imply o . A
dime F?/F™ < dime HF (X, Q). (1.6)

But, on the left hand side of ([1.6]) the dimensions add up to the dimension of F° = H%;(X/C).
While on the right hand side we have the Hodge numbers, and by Hodge decomposition they

add up to the dimension of H%;(X). Thus, (1.6) is an equality, then (1.4) and (1.5 are
isomorphisms. Composing the inverse of (1.5 with (1.4]) we have that the map

F'/JF* — H(X,QY)

k

ij = W

J=t

is the desired isomorphism. Finally, to prove the isomorphism H(X, Q;(ZZ) ~ F' we pro-
ceed inductively on ¢ = k,k — 1,...,0. For i = k just use the isomorphism (1.5). For
i < k, we assume we have the isomorphism H*(X, Q%) ~ F*! since this isomorphism
factors as HF(X, Q3Z"H) ~ [ ~ Fitl we can use to conclude HF(X, Q%) ~ Fi. W

Corollary 1.2.1. Let X be a smooth projective variety, then via the natural isomorphism
Hp(X/C) = Hip(X), (1.7)

F' corresponds with the classical Hodge filtration

k
F'~ F' Hjp(X) == @ HM7(X).
p=t
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Proof The isomorphism (|1.7]) is given by the quasi-isomorphisms
(Q;ﬁd) — ( ;(holaa)7 (18)

(Q%hot, 0) = (Qyoe, d). (1.9)

Where (1.8]) is over the Zariski topology of X, while ([1.9)) is over the analytic topology of
X. If we consider the truncated complexes, we have the corresponding quasi-isomorphisms

(Q;(ZZ7 d) — (Q;(%ziola 8)7 (110)
(350, 0) = (P . d). (1.11)
P>t

Note that both complexes of (1.11]) are resolutions of the sheaf of holomorphic 0-closed
i-forms. Therefore, the image of F" inside Hfy (X) is exactly

F' o= Im(HNT(ED Q557), d) — Hlp (X)),

pi
In particular, FPH%; (X) C F. Since
B o RS~ 804 & HA(X) = BB (X)/F g (),
we conclude F¥ = F'Hk, (X). |

The previous proposition and its corollary justify the following definition:

Definition 1.2.2. For X — Y smooth and projective, we define the algebraic Hodge filtra-
tion
FHR (X/Y) = Im(H"(X, Q55 ) — H (X, Q%y))-

Remark 1.2.2. The previous definition could be made without hypothesis on the morphism
X — Y, but we realize that it does not make much sense for the non-projective case. In
fact, if X = U is affine and Y = Spec C, Atiyah-Hodge’s isomorphism

HY((Qp), d) = HY(U, Q)

has image F* = Im(HF(U, 57") — H*(U, Qf)), in particular F© = F' = ... = F*. Another
way to see this, is observing that the inequality

dime F'/F™* < dime HY (X, QY ),

holds without restrictions on X — Y. Then, for the affine case, we always have F'/F"™! = 0
fori=0,....k— 1.
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1.3 Logarithmic differential forms

In the next section we will introduce a Hodge filtration for affine varieties as in Deligne’s
work [Del71]. Before doing that, we need to restrict ourselves to a subclass of meromorphic
differential forms. The so called differential forms with logarithmic poles. For simplicity, we
will restrict ourselves to the following context: Let X be a smooth projective variety, and
Y C X a smooth hyperplane section. We will consider affine varieties of the form

U:=X\Y.

Definition 1.3.1. Let X be a smooth projective variety and Y C X be a smooth hyperplane
section. We define the sheaf of rational p-forms with logarithmic poles along Y as

O (logY) == Ker(Q%(Y) & Q8. (2Y) /% (Y)).
Analogously, we define the sheaf of meromorphic p-forms with logarithmic poles along Y as

)L

X hol

Qp

X hol

(logY") := Ker (%,

X hol

(2Y) /¥ (V).

X hol

By Serre’s GAGA principle we know Q% (logY") is the analytification of (2% (logY").

Theorem 1.3.1 (Deligne [Del70]). In the context of the previous definition, let i : U =
X\ Y < X be the inclusion. Then, the natural map

Q% (logY) — 0. Qf = Q% (xY), (1.12)

induces the isomorphism
HF (X, Q% (logY)) ~ H%.(U/C). (1.13)

Where Q% (xY") denotes the sheaf of algebraic p-forms with poles (of arbitrary order)
along Y. Theorem [I.3.1] can be proved in the general context where Y is an ample normal
crossing divisor of X, by proving that is a quasi-isomorphism (see [Del70]). We will
provide a different proof, by constructing the isomorphism explicitly, using a lemma
due to Carlson and Griffiths.

Definition 1.3.2. Suppose X is embedded in a projective space PV, and Y = X N {F = 0}
for some homogeneous polynomial F' € C[z,...,xy]. Consider U = {U;}X, the Jacobian
covering of X given by U; = X N {F; # 0}, where F; := %. For every [ > 2 define

H; - CUU, (1Y) — CUU, Q5 (1 —1)Y)),

1 F

0y — T L_o (Wjiy...q,)-
JoJq 1_[};1]0 szo( Jo ]q)

(Hw)
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Lemma 1.3.1 (Carlson-Griffiths [CG80]). For every l > 2, letting D = d + (—1)P§, then
Co(U, CoU, Q1Y)
DH+ HD :
- @CWQP((Z—1 ) i, B (1= )Y))

pt+q=k

1s the identity map. Note that D 1is the is the differential map used to define the hypercoho-
mology groups (see Appendiz, Definition .

Proof of Theorem 1| The inclusion ¢ : Q% (log V) < Q% (xY") induces the morphism
p  HYU, Q% (log V) — H'(U, Q% (+Y)).

Let us prove ¢ is an isomorphism. Given

w=Y we P CUUB(Y))

p+q=k
such that Dw = 0, there exist [ > 1 such that
we @ CUU, A (1Y)).
p+q=k

If ] =1, we claim w € @ C1U, % (logY)). In fact, since Dw = 0, we get

pt+g=k
duw? = (—1)P6w™ € COuU, B (Y)),

as desired.
For [ > 2, it follows from the lemma that w is cohomologous (in hypercohomology) to
the D-closed element

=(1-DH)'we @ C'U, Q% (Y)).
p+a=k
And it follows from the case [ = 1 that
ve @ Cru, 0% (logY)),
pt+q=k
i.e. p is surjective.
Now, for the injectivity, consider
wE @ CUU, Q% (logY)),
ptq=k

such that there exist

ne P W, 0%1y))

p+q=k—1
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for some [ > 1, with
Dn=w.

If ] =1, we claim n € @ C1U, N (logY)). In fact, since Dn = w, we get

p+g=k—1
df~t =Wt e COUL Q% (Y)),

then 7*~1 € CO(U, Q% 1 (logY)). Inductively, if we assume 7P*' € C (U, Q% (logY)),
then
dnP = WP 4 (=1)PonP € oYU, Q% log V),

as a consequence 1P € CUU, % (logY)).
Finally, for [ > 2, if we take
¢:=(1—DH)" .
Since (1 — DH)p=Hw+ u € P C1U, Q% ((I—-1)Y)), and D((1 — DH)n) = Dn = w,
it is clear that D¢ = w and

pt+g=k

ve P ok Y),
pt+g=k—1
and by the case [ = 1, we actually see that
oe P U, (logY)),

p+g=k—1
as desired. |
Proof of Carlson-Griffiths’ Lemma [1.3.1| First, we claim

CUU, Q5 (IY)) CUU, (1Y)

A+ Hind: G p =1y G, B (= 1)Y))

is the identity map. In fact, take w; = H € CU(U, Q% (1Y), then
. 1 F Qg 1 F daJ dF N Qg
(dHl + Hl+1d)WJ = d (1——ZF_J-OL8:?J'O <ﬁ>) — ZF_]-OLSG?J'O ( Fl —1 JaEs! )
1 ar Ge(ew) g P A ()
- A J0 _ - Jo
1—1F, F! 1—1F,  FH

+£(FjOOZJ—dF/\LijO(O[J))
F] FH—I
a g
== ﬁ :Q.)J’
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where the congruence is taken mod C4(U, % ((I — 1)Y)). Using this, take w = ZI;:O wP €

B, 1o U, Q5 (1Y) then

w—DHw = Z (WP — dHw? — (=1)P" 'S Hw?)
p+q=Fk
= Z (Hdw? + (—1)P6Hw?)
p+g=k
= Y H(dw"+ (-1)’6w’) = HDw.
p+a=Fk

Where in the last congruence we used  Hw? = HowP. In fact

q+1
(6lep)j0"'jq+1 - Z(_1>m<lep)jo-"j;"'jq+l
m=0
1 ([ F F ks
- A P ' o _1\m, 6P e
o 1-— (Fleafjl (WJI...Jqul) * Fj LDIBJ'O <Z1( 1) wj()“'jm"'jq+1>>
D D
F L%(Wﬁ...jq+1) L%(wjl“'jq+1)
- 1-1 8 F - F. +(H15wp)jo~jq+1'

Jo
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1.4 Hodge filtration for affine varieties

In this section we introduce a Hodge filtration for affine varieties. In order to justify this is
the good candidate for the Hodge filtration, we will introduce the residue map for algebraic
de Rham cohomology, and show it is compatible with Hodge filtrations. Let us recall first
the classical residue map.

Let X be a smooth projective variety, ¥ C X a smooth hyperplane section, and U :=
X \ Y. Taking the long exact sequence in cohomology of the pair (X, U), and using Leray-
Thom-Gysin isomorphism (see [Mov17a] Chapter 4, section 6) we obtain the exact sequence

= Hyg'(X) = Hyg ' (U) = Hig(Y) = Hig*(X) — - (1.14)

where res is the residue map, and 7 corresponds to the wedge product with the polarization
f. In particular, we obtain a surjective map

res : HXH(U) — HE (Y)prim = Ker 7,

where HA: (Y)prim is the primitive part of de Rham cohomology, i.e. is the complementary

space to 62 inside HY:(Y) (see [MovI7a] Chapter 5, section 7). We want to determine the
algebraic counterpart of this map (together with its long exact sequence), and define a Hodge
filtration for U, compatible with the Hodge filtration of Y via this map.

Definition 1.4.1. For U = X \ Y, where X is smooth projective, and Y is a smooth
hyperplane section. We define the (algebraic) Hodge filtration of U

FIHY (U/C) := Im(H*(X, Q%" (logY)) — H*¥(X, Q% (log Y)) ~ H%: (U/C)).

In order to justify the previous definition of Hodge filtration for affine varieties, we need
to introduce the residue map in algebraic de Rham cohomology.

Proposition 1.4.1. Let X be a smooth projective variety of dimension n and Y C X a
smooth hyperplane section. Let zy, ..., 2z, be local coordinates on an open set 'V of X, such

that VNY = {z1 = ()} Then .., (logY)|v is a free Oyno-module, for which dz;, A---Ndz;,

X hol
and dzl Ndzjy N--- Ndzj,_ |, ik, i € {2,...,n}, form a basis. In particular Q% (logY) is
locally free.
Proof Let a € T'(V, Q. (logY)). Since it has pole of order 1 there exist § € I'(V, €2,

such that o = ’8 . Furthermore, since the same happens to da, we conclude dz; A 8 =0, i.e.
B =dz N7, Where 7 is a holomorphic (p — 1)-form, just depending on dzs, ...., dz,. |

Definition 1.4.2. Let X be a smooth projective variety of dimension n and ¥ C X a
smooth hyperplane section. Let zq, ..., 2, be local coordinates on an open set V' of X, such
that V. NY = {z; = 0}. For a € I'(V, Qg(,wl (logY)) we define its residue at Y to be

Res(a) := Blyny € T(V, j*Qf,h}),)
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where a = S A % + 7, and 3, v are holomorphic forms. This definition does not depend on
the choice of the coordinates, and defines the residue map

Res : QF

X hol

(logY) — j.Q8!

Y hol*

Which is part of the following exact sequence

0= Q% — D (logY) 225 50000 0,

called Poincaré’s residue sequence. Using Serre’s GAGA principle we have its algebraic

counterpart
Res

0— Qf — Q% (logY) —

which we also call Poincaré’s residue sequence.

787 0,

This sequence gives rise to a short exact sequence of complexes
0— Q% = Q%(ogY) 2% 5,001 0. (1.15)
Taking the long exact sequence in hypercohomology we get the exact sequence
= Hig'(X/C) = Hyg' (U/C) = Hi(Y/C) = Hig*(X/C) — -+, (1.16)
Which turns out to be the algebraic counterpart of the sequence . Since for every i > 0

we have the short exact sequence of complexes

Res

0— Q% — Q% (logY) == 5,087 — 0.

We have the following commutative diagram with exact rows

- — HMY(X, Q) - HRFY(X, Q5 (log Y)) = HF(Y, Q571 —

f d al

— HEY(X/C) —— Hi (U/C) —— Hlx(Y/C) ——

The vertical arrows of this diagram are all injective. In fact, the maps f and h are injective
by Proposition [1.2.1] The injectivity of ¢ is more delicate and is a theorem due to Deligne.
For the reader who is acquainted with the theory of spectral sequences, Deligne’s theorem
affirm that the spectral sequence associated to the naive filtration of Q% (logY’) degenerates
at By (see [Voi02] Theorem 8.35 or [Del71] Corollary 3.2.13). This fact is equivalent to the
injectivity of g, but since we do not want to introduce the theory of spectral sequences,
we skip its proof. As a consequence, the exact sequence is compatible with Hodge
filtrations, i.e. we have the exact sequence

- — FIHAY(X)C) — FIHETN(U/C) &5 FPHY, (Y/C) & FIHE?(X/C) —
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1.5 Cohomology of hypersurfaces

As an application of the previous results, we will present here Griffiths’ results on the co-
homology of hypersurfaces [Gri69]. This work culminates with an explicit basis for the
primitive cohomology of a hypersurface, compatible with the Hodge filtration. Griffiths’
basis is fundamental for us and will reappear everywhere in the rest of the text.

Let X C P""! be a smooth hypersurface of degree d, and U = P"*1 \ X. In order to
construct the basis for H%; (X )prim we will give generators for H¥!(U/C), compatible with
the algebraic Hodge filtration Fi+'H%(U/C). Then, we will obtain the desired basis by
applying the algebraic residue map to the generators, and reduce the set of generators to a
basis.

Remark 1.5.1. Since the residue map
Hyt (U/C) = Hip(X/C)prim

is an isomorphism (because H*(P"1),,;, = 0). We conclude that H%;(X/C)ppim = 0 for
all k # n (because Hi'(U/C) = 0 for k+ 1 # n + 1, see [Movi7a] Chapter 5, section 5).
Thus, we are just interested in determining a basis for the non-trivial primitive cohomology
group of X

Hip(X/ i

We start by giving a set of generators.
Theorem 1.5.1 (Griffiths [Gri69]). For every g =0, ...,n, the natural map
HO @™, (g + 1)X)) — 3 (U/C)
has image equal to F”“_qugl(U/C). Consequently, every piece of the Hodge filtration
F'H(X/C) i
15 generated by the residues of global forms with pole of order at most ¢+ 1 along X.
Proof Consider w"*! € HO(P"™, Q2+ (¢4 1)X)). The natural map sends it to
w € HITHU/C) = B (B, Qi (X)),

by letting w*® = 0 for k = 0, ...,n. To see in which part of Hodge filtration w is, we need to
write it as an element of H"™ (P! Qpnii(log X)), i.e. we need to reduce the order of the
pole of w™*! up to order 1. Thanks to Carlson-Griffiths Lemma [1.3.1] we know how to do
this applying the operator (1 — DH). In order to obtain a form with poles of order 1 we
need to apply it ¢ times, i.e. the image of w in H"*H(P"1 Q2 (log X)) is represented by
(1 — DH)%w. It is clear by the definition of H and D that

(1 - DH)'w e ImH" ™ (P, Q5 (g + 1 = 1) X)) — H PP, Qpia (g + 1 — 1) X))).
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As a consequence, for [ = g we see that
(1—- DH)%w € P 1H Y (U/C).

Conversely, let w € FrH1=¢H 41 (U/C). Then we can represent w = w179 4 ... 4 yn+!
where each
Wk e C"RU, Qi (log X)),

and w* = 0 for k = 0,....,n — ¢q. We claim that for every [ = 0,...,q we can represent
w € HHH (Pt QEMH(*X)) as w =TI o grt2matl g gt with

T e C UL QT (L 1) X)),

We prove this claim by induction on [. The case | = 0 is clear taking 77"~ ¢ = w"+1~9. Now,
for I > 0 suppose w = 7" 4 wrHI=at L " Since Dw = 0, we know o1, )
By Bott’s formula [1.1.1

HOHH (P Qprif (1X)) = 0.

Then, there exist u € Cq_l(U,Q;;ffrl(lX)) such that oy = 7', Subtracting from w
the exact form in hypercohomology (—1)""9*' Dy, we get the claim for [, and we finish the
induction. Finally, applying the claim for [ = ¢ we can write w = ng’“ with

it e HOWU, Qpth (g + 1)X)).
as desired. [ |

The previous theorem tells us that the elements of the form

P P
res (Fq+1) € F'" 1 HR (X/C)prim,

where P € HY(P""!, Opn+1(d(g+ 1) —n — 2)) and ¢ = 0, ..., n, generate all Hx(X/C)prim.
The following theorem tells us how we can choose a basis from these generators.
Theorem 1.5.2 (Griffiths [Gri69]). For every g =0, ...,n the kernel of the map

o H'(P", Opnia(d(g+1) —n—2)) — F*"  Hjp(X/C)prim /F" ' Hijp(X/C)prim
(7)
P — res

Fa+l
is the degree N = d(q+ 1) — n — 2 part of the Jacobian ideal of F, Ji C Clzg, ..., Tpi1]N-
Definition 1.5.1. Recall that the Jacobian ideal of F is the homogeneous ideal

IV = (F, ...; Fur) C Clag, oo, Tnpal
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where, from now on, we denote

oF

Fi = 3
al’i

for i =0,...,n+ 1. The Jacobian ring of F is
RY = Clzg, ..., vp1]/ I
Remark 1.5.2. Theorem [1.5.2| implies that to choose a basis for
F" 1 H g (X C)prim/ F" 7 Hig (X/ C) prim 22 H™ (X ) prim

it is enough to take the elements of the form res (FqH) for P € Clzg, ..., Tpy1]n forming a
basis of R%. In particular
R (X )i = dime RY.

Proof of Theorem By Theorem [1.5.1], it is clear that P is in the kernel of ¢, if and
only if, there exist Q € H(P"*, Opn+1(dg — n — 2)) such that

PQN Q0
res Fq""l =Tes ﬁ .

Since the residue map is an isomorphism between H}i'(U/C) ~ H}g(X/C)prim. This is
equivalent to say
(P— FQ)Q

Fa+l
Since Hi#'(U/C) ~ H™(T(Qf),d), (L.17) is equivalent to

(P - QF)Q
Fa+l

for some v € HO(P"*', Q.. (¢X)). Recall from Corollary that every v € HO(P"*!, Q2. (¢X))
is of the form )
S Tie o ()

Ox;

Fa ’

for some T; € Clxg, ..., Tp+1]dg—n—1. As a consequence, P is in the kernel of ¢, if and only if,

=0¢€ Hi'(U/C). (1.17)

= d,

v =

n+1
Fq+1 = Fq+1 (mod H°(P™™, Q.1 (gX))),
in other words
n+1
=—¢» T,F, (mod F).
i=0
Since F' € JI (by Euler’s identity), this is equivalent to P € JF. [
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1.6 Computing the residue map

We will close this chapter with an explicit description in Cech cohomology of the residue map
for the generators given by Griffiths’ theorem. This was done in [CG8(] as a consequence of

Carlson-Griffiths Lemma [[.3.1]

Let X C P"*! be a smooth degree d hypersurface given by X = {F = 0}. Recall that
HO(P 1, Qptl (n 4 2)) ~ C is generated by

n+1
=0

Theorem 1.6.1 (Carlson-Griffiths [CG80]). Let g € {0,1,...,n}, P € H'(P"", Opn+1(d(q +
1) —n—2)). Then

PQ (=1)neth [ PQ, -
res (Fq“) = J O e HI(U, Q7). (1.18)

Where Q; = Lﬁ(--wﬁ(@)---), Fy = Fj,---Fj, and U = {U;}}%) is the Jacobian
covering restricted to X, given by U; = {F; # 0} N X.

Proof Let U :=P""'\ X. For [ =0, .., q define

PQ
Fat+l

O = (1 - DH) ( > € Hig'(U/C),

where H is the operator defined in Definition We claim

— D=1 n(l—i—l)P 0 F
(O ynt1-t — {(q DI(=1) (_J A dr' +d- (_1)”E>} € C' U, QT ((g—1+1) X)),
\J|=t

q!.Fq—l FJ F FJ

where V :=dxg A -+ Adryyr, and Vyi=1_o (---1_o (V)--+). In fact, for [ = 0, the claim

T oz

follows from the identity . .
Q@ _dr a o Ve
F F K F

(Which is obtained by contracting ¢ o in the equality dFF A = d - F -V.) Assuming the
claim for [ > 0, then '

nl+1+1

(), n—l+1\  __ (¢ —1-DI(=1) PQ,
Hy i1 (Mw )s = o - ol S
As a consequence,

+1
n— n— n+1— (q —1— 1>‘ n m PQJ\{ jm }
0y = () O g (V1) = S B () e e

m=0
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Using the following identity

I+1
QyANdF + (=1)"d- F-Vy = (=1)" Y (=1)"F},, Qn () (1.19)
m=0
(this identity is obtained by successive contraction of the identity dFAQ =d-F-V byt_o

Tim

for m =0,...,0 + 1) we obtain the claim for [ + 1. In conclusion

—1)Met) p (Q dF V. _
(@) n+l—a — {<— I L g (=)L € CUU, VL (log X)),
i (RAFHECR)) e O g X))

the rest is just to apply the residue map. |

Remark 1.6.1. Using Carlson-Griffiths’ lemma, it is possible to describe explicitly the
residue map in all algebraic de Rham cohomology, i.e. as an element of

PQ o rn
res (F‘I‘H) € F"YHIL (X/C).

We skip this computation since the last piece in Cech cohomology is enough for our purposes.
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Chapter 2

Periods of Algebraic Cycles

Summary

The computation of periods inside algebraic varieties is a very old problem, that goes back
to the study of elliptic integrals. It led to the first developments of algebraic topology and
algebraic geometry. Periods of algebraic cycles appeared in Lefschetz “L’analysis situs et la
géométrie algébrique” [Lef24]. In his work, Lefschetz was able to characterize homological
cycles of codimension 2 with algebraic support, via the vanishing of its periods of first kind
(i.e. periods of holomorphic differential forms), the so called Lefschetz Theorem on (1,1)-
classes. This result led to one of the most famous open problems about periods of algebraic
cycles. Namely, the Hodge conjecture, which is a generalization of Lefschetz Theorem to
codimension 2k cycles.

Hodge conjecture advanced to the next stage with the development of infinitesimal vari-
ations of Hodge structures (IVHS) by Carlson, Green, Griffiths and Harris [CGGHS83], that
allows us to study the Hodge conjecture in families of varieties. The parameters where Hodge
conjecture is a non-trivial problem determine the Hodge locus.

Periods of algebraic cycles play a fundamental role when we look at Hodge conjecture
in families, in fact, they determine IVHS. This is our main motivation to compute those
periods, and it is the central topic of this chapter (and of this thesis). The applications
are left to Chapters . For more problems about periods of algebraic cycles see [Mov17al
Chapter 18.

Let us explain what we mean by periods of algebraic cycles. Let
X ={F=0}cp!

be an even dimensional smooth hypersurface, given by a homogeneous polynomial with
deg I' = d. Every g-dimensional subvariety Z of X determines an algebraic cycle

7] € H\(X,Z).
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Recalling Griffiths” Theorem [1.5.1] each piece of the Hodge filtration is generated by the
differential forms

PQ n— n

for P € Clzo, ..., Tpi1]ag+1)—n—2- We say that

/WPGC
Z

is a period of Z. Notice that, since Z is a projective variety of positive dimension, it intersects
every divisor of X, so it is impossible to find an affine chart of X where to compute the
periods of Z.

Our strategy to compute the periods is to reduce the computation to a period of some
projective space PV. In section , we consider over PV the standard covering . We fix
the top form

9] i dr
= ZZZO( ) iy HN(U,QE)YN),

Lo Tntl To- " Tp4t

called the standard top form with respect to U, and compute its period over PV. To do this we
determine explicitly the image of this form via the isomorphism HY (PN, QL) ~ H3Y (PY),
and we get the period.

Proposition. For (53, ..., Bn) € ZN 11,

/ IS N if (Boy .y Bx) # (=1, ..., —1),
evoo (=)D @r TN i (Bos s B) = (=1, .00, —1).

In section we describe the pull-back of differential forms in algebraic de Rham coho-
mology (for the definition of algebraic de Rham cohomology see section . Obtaining the
following result, that can be taken as a definition.

Proposition. Let X and Y be smooth complex algebraic varieties, and U an affine open
covering of X. Consider an affine morphism ¢ : Y — X (i.e. such that ¢~ (U) is affine,
for each open affine U of X ), and w € HX,(X/C). Denoting o= (U) := {o 1 (U)}veu, then
o*w € HY,(Y/C) is given by

k k
prw=Y W e @CH (e WU), %),
=0 =0

where

k k
o= e @O U )
=0 =0
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(90*wi)j0"'jk—i = Q0*(('“);"0'"]'1@71‘) € Qé/(cp_l(UjO"'jk—i)%

and
0" (Z ardzi, A+ A da:ik> = Z orard(o*zi ) A -+ Ad(p*Ty,)
I I

(in particular, * commutes with d and 0, then it also commutes with D).

In section we get the first application of the previous propositions. Namely, we
compute periods of PV for differential forms described in other open coverings (such as the
Jacobian covering associated to a smooth hypersurface), as follows.

Proposition. Let fy,..., fx € Clxg,...,xn]qs be homogeneous degree d polynomials such that
{fo=-=fy=0}=0 CP".

Consider
Fi=(fo: - : fn):PY = PV,
and o = (d — 1)(N + 1). For every Q € Clxy,...,xn], the period of PN for the following

form (described in the open covering Ur := F~U) is

where ¢ € C is the unique number such that
Q = c-det(Jac(F)) (mod (fo,..., fn)),
and Jac(F) is the Jacobian matriz of F when we see it as a map (fo, ..., fx) : CNT1 — CN*L,

In this proposition it is implicit the fact that

C[ZE07 ...,ZL‘N]U ~C

<f07 "'afN>Cf N

which is consequence of the following theorem due to Macaulay asserting that (fy, ..., fx) is
an Artinian Gorenstein ideal of socle o.

Theorem (Macaulay [Macl6]). Given fo,..., fn € Clxo,...,xn] homogeneous polynomials
with deg(f;) = d; and

{fo==fx=0} =2 CP".
Letting o |
L Lo,y -y TN
= <f07"'7fN> ’

then for o := S (d; — 1), we have that
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(i) For every 0 < i < o the product R; X R,_; — R, is a perfect pairing.
(ii) dimcRy = 1.
(i) R. =0 fore>o.

Another consequence of the explicit description of pull-backs is that we can compute the
periods of linear cycles. We do this in section for linear cycles inside Fermat varieties.

Theorem ([MV17]). Let X% C P! be the n-dimensional Fermat variety of degree d, i.e
Xi= {F =+t alyy = 0}
Let (o4 be a 2d-th primitive root of unity, and
P2 = {xo — Coqr1 = -+ = Ty — (2q@n41 = 0}.
For every

1€ l(ninyan—2 = {(io, oo pg1) €40, d = 23" g o iy = (3 +1)d—n— 2} ;

consider ' i
wj i=res (%_ﬁ%%) € Hi(X2/C).
Then
/ o { %%%Hiﬁiﬁmm if  ima g =d—2, VI=1,.,2+1,
P3 0 otherwise.

This computation is simple and interesting enough to obtain new results on the variational
Hodge conjecture (see [MV17] or section |3.6)).

Sections and are devoted to the computation of periods of complete intersection
algebraic cycles, which is the main theorem of this thesis.

n

5, we construct a chain of subvari-

Given the complete intersection Z C X of dimension
eties

ZZZOQZ1QZQQ"'QZg+1:Pn+17

where each Z; is a hypersurface of Z;,;. We inductively reduce the computation of the
period of Z to a period of P"*1. In order to do this it is enough to relate every period of an
hyperplane section Y of a projective variety X, with a period of X.

Recalling that for X a smooth projective variety and Y a smooth hyperplane section of
X, we have the Poincaré’s residue sequence (|1.15])

0— Q% — Q% (logY) £ 5,001 0.
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Which induces the isomorphism
Hip ' (Y/C) = Hip (X/C).

An explicit description of this isomorphism (together with the periods relation) is given in
section [2.5] as follows.

Proposition. Let X C PV be a smooth complete intersection of dimensionn+1, andY C X
a hyperplane section given by {F = 0} N X, for some homogeneous F € Clxg, ..., xn|q. Let
w € C™(X, Q%) such that wl|y € Z™(Y,Q%). For any @ € C™(X, 2% (logY')) such that

F
W=wA dF (mod C™(X, %)),

we have
@ = (—1)""5w) € Z™(X, Q%M.

Furthermore, ©@ € H" (X, Q%) is uniquely determined by w|y € H™(Y, Q%) and

[o- T

Finally, in section [2.6] we use this description to obtain the formula for periods of complete
algebraic cycles.

Theorem ([VLIS]). Let X C P! be a smooth hypersurface given by X = {F = 0}.
Suppose

F=figi+-+ feig241,
such that Z = {fi = -+ = fnyy = 0} C X is a complete intersection (i.e. dim(Z) = 7).
Define
H = (h07 -'-7hn+1) = (f1>g17f27927 "'7f%+1ag%+1)-

PQ 2my/—1)2
/T€S< ):<7Tnl ) C‘(d—l)n+2~d1--'d%+1,
Z 2

Fat!

Then

where d; = deg f; and ¢ € C is the unique number such that
P -det(Jac(H)) = ¢ - det(Hess(F)) (mod J&).

Where J¥ := (Fy, ..., F,,11) is the Jacobian ideal of F. Notice that by Macaulay’s theorem
J¥ is an Artinian Gorenstein ideal of socle 20 := (d — 2)(n + 2).

As a consequence of this theorem we obtain that if
k
0= niZ) € H,(X,Z)
i=1
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is an algebraic cycle of complete intersection type, i.e. every Z; is a complete intersection (in
the sense of the previous theorem) of X. Then there exist a polynomial

P5 c C[l’o, ceey $n+1]0-,

such that (up to a constant non-zero factor not depending on P)

PQ o\
57"68 ﬁ = Cp,

P - P; = cp - det(Hess(F)) (mod J&).

where

This is essentially the same as determining the primitive part of the Poincaré dual of §
P&Q n n
5Pd =Tres (m) € H> (X, Q)Q()pm‘m.

Furthermore, the theorem provides an explicit method to compute such polynomial Ps. As
a first corollary of this result we have an algebraic (computational) criterion to determine
whether a complete intersection type cycle is trivial or not (in primitive cohomology).

Corollary. Let X C P! be a smooth hypersurface given by X = {F =0}. If§ € H,(X,Z)
1s a complete intersection type algebraic cycle, then

Ps € J¥ if and only if 6 = a- [X NP>71] in H,(X,Q), for some a € Q.

The computation of this polynomial Py is our main contribution to the literature.
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2.1 Standard top form in PV

All our methods to compute periods reduce at some point to compute the period of a top
form in the projective space. Since HIY (PY) = HMN(PYN) ~ HN(PY,Qfy) ~ C, we just
need to know the period of one generator. Since it is simpler to compare two top forms in
the Cech cohomology group HY (PV, Q2y), we will fix the top form

0 . szio(—l)lxzdl‘, _ (d-flfl d.%‘o) Ao A (dx_N . %) e HN(Z/[,QIJPYN)7

TN Zo

T Zo

:L‘O..-:L'N xo---xN

and compute its period. Here U = {U;}¥, is the standard open covering of PV, ie. U; =
{x; # 0}. We will refer to this form as the standard top form of PV associated to the covering

Uu.

Proposition 2.1.1.

/ 2yt ery D).

N Lo TN

Remark 2.1.1. Since we have natural isomorphisms HY (P, Q) =~ H*¥(PV, Qfy v ) =

HER (PY). The element —2— ¢ HV(PY, Q) corresponds to a top form w € Hzf (PV). By

abuse of notation we will denote
L=
= w.
pN Lo TN PN

We always use this identification when we talk about periods.

Proof Let us determine the image of via the isomorphism

T TN
HY (BN, QM) = H2Y (BY, Q) = HIY (PY). (2.1)

Under the first isomorphism of (2.1)) we obtain the element in hypercohomology represented
by the sum

2N 2N
n=> 1P U QUpnye),
1=0 1=0

where 0
; —  ifi=N,
’r]: :EO'..'TN
0 if i £ N.

In order to determine the image of 1 under the second isomorphism of (2.1]), we need to find
another representative of the form

2N 2N
w=> w e P U Qpny),
=0 =0
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where

i W ifi=2N,
YTl 0 ifi#2N.

n

Then w?V will be the d-closed global 2N-form on PV representing the image of

To TN
H2E(PY). In order to construct this element w, we will construct inductively elements

2N 2N
n =Y 1 € @ U, Qo)
1=0 =0

with A

T=V0 itiAN+g '
such that they all represent the same element in hypercohomology, and 1y = 7, then the
desired element will correspond to w = ny.

Let {a;}, be a partition of unity subordinated to {U;}Y . Let us denote
Ul1lk = Ui1 n---N Uik, and U“/\lk = ﬂh¢{i1,...,ik} Uh-
Lemma 2.1.1. For every j =0, ..., N we can take n; as in (2.2) given by

N+j

(nj I ,]' . (_1)11+---+11+N1+(7J2r1)dai1 A A dai]- AN—— € QéYP—Jtr‘])M(UA)

>i1'“ij To- TN i1l

Proof We proceed by induction on j. For j = 0 the lemma is clear. Suppose it holds for
7 >0, let us define

2N—1 2N—1
A\ = Z A e @ N1y, Qlprvyo ),
=0 =0
with ,
V[ W ifi= N+
10 ifiAN+,
where
N4 ]' . (_1)i0+-4-+ij+N(]'+1)+(jﬂ2L2)( {_0(—1)1%167(171) A Q N+j
G0 To TN j

We have that §(AN+7) = (—=1)N*+1p¥*  thus we can take 7,41 :=1; + D()). Then

(+1)!- (_1)i0+---+’ij+N(j+1)+(jJ2r?)daio A Ndag; AQ

N—+j+1 AN+ N+j+1
(7]]4—1 )10...” i0--j To TN (PN)oo (
as claimed. [ |
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In particular, we have that the image of ﬁ in H3Y(PY) is represented by the global
closed 2N-form w?" = 2" given by

(WZN)Z- = N' . (—1)N_’da0 JANCEN dai SORIVAY daN N——¢€ Q%}%)w(Uz)
5EO .. "Z‘N

N

Since Supp(w?") C Up...y. In order to integrate w?Y over PV, is enough to do it on any affine

chart. Setting z; = x;/xg fori =1,.... N
LU d d
/ :/(W2N)0:N!-(_1)N/ dal/\-"/\daN/\ﬁ/\"'/\ﬂ.

Without loss of generality, we can take the partition of unity such that

PN if Ja] > 2, ]%] < 1Y) € {1, ..., N}\ {i}

and
Thus

Supp(day A -+ ANday) C{z € CN 1< |z <2,Vi=1,..,N} = (D(0;2) \ D(0; 1))".

For each pair of the form (7, J) where I and J are two disjoint subsets of {1,..., N}, we
define the set

U= {z€ D0;2)\DO0; )" : 2| =2,|25| = 1,Vi € [,j € J}.

We consider I'y; € Hon_ 1 47(CY;Z) as a singular cycle of (real) dimension 2N — #1 —#.J
of CN. In order to do computations we will fix an orientation on each I'; ;. On C" we consider
for each j = 1,.., N polar coordinates and fix the orientation of CV to be u := dp; A df; A
-+ Adpy AdBy. In order to give an orientation to I'; ; we order JUJ = {k; < --- < k,} and
define the orientation to be ¢y, (- tn, (1)), where n; = % + a%j. For each k =1,..,N
we define the singular cycle of dimension N + k — 1

k

i=1

LetA:Z(_l)Nf]p QNandV::%/\---/\dz—N.

N! N zg-x ZN
Lemma 2.1.2. For every k=1,...,N
N+1—k

A= Nkt _1(15)*(’5)—&1 das A -+ ANdaw A V.
/(1)( _2+)Fk( ) (N—f—l—k‘)! 42 O
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Proof In fact, since
A:/ d(aydag A\ -+~ Ndax NV,
(D(0;2)\D(0;1))N

it follows from Stokes’ theorem that

A:/ aldCLQ/\"'/\dCLN/\V
S Taye—To i)

Noticing that a; = 0, we get

‘FZ,{i

A:/ aldag/\---/\daN/\V.
INY;

Proceeding inductively, if we assume the claim for & we will show it for £k — 1. The first thing
to observe is that aj’rk = 0,Vy > k. Thus, over I';, we have the relation a; + --- + ap = 1,

then da, = —day — - -+ — dag_1, and

, N+1—k
DG day A Adagy A (~day) AV

4= /(—1)(N§+1)rk(_1>(2 (N+1-k)

N (k-1 a11V+17(k71)
— /(1)(N—2k:+1)rk(_1)(2) ( 2 )d ((N+ T (k — 1))!da2 A ANdag_q A V) .

Noting that

k

k
= (—1)N-k+1 Z ( Z (Cgigy bty — Dy gikt1,ny) — Z (L gy fht1.

i=1 \1<j<i i<j<k

= (=1)N-+H Z Uiy k41,8 — DGy k1, N

1<i<j<k

And using the fact that ai}r
{3}, {i,k+1,..., N}
It follows from Stokes theorem that

4= / (—1)(3)-(2) ot
(—1)(N*2’€+1)+N7k+1 S 1<icn Th (kb1 N} (N 41— (k — 1))! 2
= -t .
/<—1><Nf D, Nri—oayide Na AV
as claimed.
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In particular

= N
ry

Finally, by Fubini’s theorem and Cauchy’s integral formula we get (note that the sign appears

from the orientation we are considering over I'y)

(-G Ery=T)¥
N! '
This finishes the proof of Proposition [2.1.1] |

A=

Now it is easy to see that an element of Z™ (U, Q) is of the form

PO
:L"go e x?VN
with ag,..,ay € N such that ag + -+ + ay = deg(P) + N + 1. Then it is a C-linear

combination of terms of the form
xgo e a:JﬁVN Q

with Sy, ..., By € Z such that 5y + --- 4+ By = —N — 1. The following proposition tells us
how to compute the period of any such form:

Proposition 2.1.2. The form
a0 N e HN U, Q)

represents an exact top form (when is identified with an element of HYN(PN)) if and only
if (Boy ...y Bn) # (—1,...,—=1). In particular,

/xﬁo___x,gm: o if (Bos sy Br) # (1, 0 = 1),
o 0N (1))@= if (Boy s By) = (<1, 1),

Proof The only thing left to prove is that for (5o, ..., Sx) # (—1, ..., —1) the form is exact.
Using the isomorphism HN (PN, QF) ~ H*M(PY, Q8 ) it is enough to show the element
w € H*N (PN, Qp ) given by

N _ _Bo BN
wh =y,

and w’ = 0 for 7 # N, is zero in hypercohomology. Noting that if (6o, ..., By) # (—1,..., —1),
there exist 5; > 0, i.e. 200 22V Q € Q2 (Nj2U;), we can define ) € @fﬁ;l C2N==(U, )
by

g = ()N e,
for J=(0,...,i—1,i+1,....,N), n =0 for J' # J, and y = 0 for j # N. This form clearly
satisfy Dn = w as desired. [
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2.2 Pull-back in algebraic de Rham cohomology
Given a morphism Y — X of smooth complex algebraic varieties, we have an induced
homomorphism in algebraic de Rham cohomology
Hgr(X/C) — Hip(Y/C).
In this section we describe these pull-back homomorphisms.

Proposition 2.2.1. Let X and Y be smooth complex algebraic varieties, and U an affine
open covering of X. Consider a morphism ¢ : Y — X, such that o= (U) is affine, for
each open U € U. Denoting o *(U) = {o 1 (U)}veu, then for every w € HY,(X/C), the
pull-back p*w € HY,(Y/C) is given by

k k
prw=> W e @CH (e WU), %),
=0 =0

where . .
w=) WePCU ),
i=0 i=0
(90*wi)j0“'jk—i = SO*(W;O"']‘IC—Z') € Qi/(go_l(UjO"'jk—i))?
and

o (Z ardzi, A+ A dmik> = Z O ard(p*zy) A Ad(pFag,)
I 1

(in particular, * commutes with d and 0, then it also commutes with D).

Proof It is easy to see that D(p*w) = ¢*(Dw) = 0. Now, in order to show that ¢*w
corresponds to the pull-back of the form w, we have to show that there exist a representative
of the hypercohomology class of w of the form

k
p=p'+- 4t e U, ke,
1=0

with y* =0, Vi =0, ...,k — 1. And a representative of the hypercohomology class of ¢*w of
the form

k
A=+ + i e @G U), D),
i=0
with i =0, Vi = 0,...,k — 1. Such that g* € Q¥ (Y) is the pull-back of pu* € Q% (X) as

C* differential k-forms. We will in fact show more, we will show inductively that for every
Il =0,..., k there exist a representative of the hypercohomology class of w of the form

k
o=+t € P CU, D),
=0

o1



with pf =0, Vi = 0,...,] — 1. And a representative of the hypercohomology class of ¢*w of
the form

k
/jl = ﬁ? + .+ ﬁf c @Ckii((pil(u)a Qéf‘x’)a

with 7! = 0, Vi = 0,...,] — 1. Such that, for every j = [, ..., k, the form (,E{)ZO%_7 €
Qoo (07 (Uigeiy_,)) is the pull-back of the form (147 )ig..iy,_, € Qoo (Uigiy,_,)- In fact, the
claim follows for [ = 0 by the definition of ¢*w. Assuming the claim for [ we will show it for
[+ 1. Consider {a;}_, a partition of unity subordinated to the covering U. Define

k-1

n= ,,70 4. _|_77k:71 c @Ckilii(u,ﬂi OO)’

such that
i |0 iti#l
TEUN ifi=1,
where
N
Aigri 11 = Z Ml ioig—1-th € 2 co (Uig-ig_1_1)-
And define
=7+ ~’“e@ck“ ), ),
such that
[0 ifi#l
TZUN ifi=1,
where
N
Aig-wiig1-1 - Z Z0 vig_1oth € 0 OO(QO_I(Uiomikﬂfz))'
h=0

Then, using that 6(u}) = 0 we see that §(\) = (—=1)*"'ul. Also noticing that 6(zz}) = 0 (and
using that {¢*ay,}2V_, is a partition of unity subordinated to ¢~ (U4)) we get d(X) = (—1)* L.
Thus, defining 41 == + (=) Dn, and fyy1 = i + (—=1)1 D7, the claim follows for
[+ 1 since d\ = ©*(d\) (because X =" (\). |

Remark 2.2.1. The morphism ¢ : ¥ — X considered in Proposition is affine, i.e.
o Y(U) is affine for every open affine subset U C X (not only the elements of the covering
U). In fact, in order to verify if a morphism is affine it is enough to check it for a covering

of X (see [Har77] Exercise 11.5.17).

A first application of Proposition is the description of pull-backs in Cech cohomology
for each piece of the Hodge structure.
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Corollary 2.2.1. Let X and Y be smooth complex algebraic varieties, and U an affine open
covering of X. Consider an affine morphism ¢ 'Y — X, and w € HY(U,Q¥), then the

pull-back
prw e Hi(p™'(U), ),

15 given by
P Wiorria = 0" (Wiergs) € B (07 (Uiigrg))-

Proof The pull-back morphism in algebraic de Rham cohomology
¢ Hyy'(X/C) — H(Y/C)

is compatible with the Hodge filtration (i.e. ©*(FFHE(X/C)) € FFHEEY(Y/C)), thus the
pull-back in Cech cohomology is induced by

HI(X, Q) = FUHE(X/C)/F7 0 (X/C) £ FUHI(Y/C)/F B9 (Y/C) = HU(Y, Q).
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2.3 Periods of top forms

In section [2.1] we computed the period of the standard top form relative to the standard
covering of PV. Using Corollary we can compute the periods of top forms in PV
described with other open coverings (not just the standard one), for instance the Jacobian
covering associated to a smooth hypersurface.

Proposition 2.3.1. Let fy,..., fn € Clzo,...,xn]qa homogeneous polynomials of the same
degree d > 0, such that

{fo=-=fnv=0 =2 CP".
They define the finite morphism F : PN — PN given by
Flzo: - :azn):=(fo: - fn)
Let Up = {V;}X, be the open covering associated, i.e. V; = {f; # 0}. Then the top form

O N1 fidfi

N N
for-In . for-fn € H™ (Up, Qpn),

has period
Q
= v () ry )Y,
ey Jor oo S
Proof If ) is the standard top form associated to the standard covering, applying Corollary
we get FHU) = Up and F*Q = Qp. Then it follows from topological degree theory

that
Q Q
e (F) - / 8 deg(F) - (D)) 2r ST,
oy for f BN T TN
Since F is defined by a base point free linear system, the fiber of F' is generically reduced by
Bertini’s theorem (see [Har77] page 179), and corresponds to d” points by Bezout’s theorem,

i.e. deg(F)=d". |

Before going further we will recall the following theorem due to Macaulay (for a proof
see [Voi03] Theorem 6.19):

Theorem 2.3.1 (Macaulay [Macl6l). Given fo, ..., fy € Clxo, ..., xn| homogeneous polyno-
mials with deg(f;) = d; and

{fo=-=fv=0}=0CP".
Letting o |
_: Lo,y -y TN
i <f07"-7fN> ’

then for o := S (d; — 1), we have that
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(i) For every 0 < i < o the product R; X R,_; — R, is a perfect pairing.
(i1) dimcRy, = 1.
(iii) R. =0 fore>o.

Definition 2.3.1. A ring of the form R = C|xy, ..., zx]/I for some homogeneous ideal I is
called an Artinian Gorenstein ring of socle degree o, if there exist 0 € N such that R satisfies
properties (i), (ii) and (iii) of Macaulay’s Theorem [2.3.1] We also say that I is an Artinian
Gorenstein ideal of socle o.

Remark 2.3.1. It is easy to see (using Euler’s identity) that
QO = d det(Jac(F))Q

is the Jacobian matrix of F. Any element of Z™ (Up, Q0 ) is

where Jac(F) = <37f;

>osw§v

of the form
PQ

ao-.- aN
0 N

where o, ...,ay € Zso with d- (ag+... +ay) = deg(P)+ N + 1. Using Macaulay’s Theorem
2.3.1, we see that
P= Z 50 . fﬁerﬁ

d(Bo+++Bn)=deg(P)—d(N+1)

w =

with deg(Pg) = (d —1)(N 4+ 1) = 0. This reduces the problem of computation of periods, to

forms of the form
PsQ
oo foN
0 N

with ag, ...,y € Z such that ag+ -+ ay = N + 1 and deg(Ps) = (d — 1)(N + 1). Tt is
clear that such a form represents an exact top form of PV if some «; is non-positive (in fact,
it is equivalent to show that it is zero in hypercohomology and this is clear because the form
extends to a d-closed form on V|, ; ., as in the proof of Proposition then we reduce
the computation to forms of the form

(2.3)

Q0

for fn
where deg(Q) = o.

Corollary 2.3.1. If Q € C|xy, ..., xN],, then
Q
_QR v L) O (2ny ST,
ey Joo oo fN

where ¢ € C is the unique number such that
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Q = c-det(Jac(F)) (mod (fo,..., fn))-

Proof To show the existence and uniqueness of ¢ € C we use item (ii) of Macaulay’s
Theorem [2.3.1} So, it is enough to show

det(Jac(F)) & (fo, .., [n)-
This is direct from the previous considerations and the fact

Qp
e gNPN,Qf
fO"'fN ( PN)

does not represent an exact top form by Proposition [2.3.1] [ |

Remark 2.3.2. In summary, the computation of the period reduces to the computation of
such constant ¢ that relates Q) with det(Jac(F)) in R,.
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2.4 Periods of linear cycles inside Fermat varieties

As another application of the pull-back description given in section [2.2] we compute periods
of algebraic cycles (for differential forms lying in the middle part of Hodge decomposition)
in a very particular case, but interesting enough to get new results (see Theorem . Let
us consider the Fermat variety of even dimension n and degree d

Xo:o ag+af+-Fag, =0,
and the linear cycle of dimension I given by

Pz 29 — Coqx1 = T2 — C2qT3 = =+ = Ty, — (2dTpt1 = 0,

where (o4 is a 2d-primitive root of unity. From Carlson-Griffiths’ theorem we have a basis
for the middle part of Hodge decomposition given in Cech cohomology by

20 Zn+1
Ty Ty Q

d2+1 (Ijo o 'xj% )d_l

(wi)s = € HE (U, 03,),

wl:

where J = {jo <--- < jn} C{0,...,n+ 1}, U is the standard covering of P"*! restricted to
X4, Recall 2 € HO(IP””rl Qptli(n+2)) is defined by

n+1
=0

)y is the contraction of Q by J i.e.

QJ:”ﬁg(”( ) ) (2.4)

n

:( 1)]0+ +]n+( b1 ( 1) .I'kld/.le,

where K = {ko < -+ <kn}:={0,..,n+1}\ J, and
1€ l(ninyan—2 = {(io, cying1) €40, d =2} vig 4 i = (B + 1)d—n — 2} :
Theorem 2.4.1 ([MV17]). Fori € I(ny1)a—n—2 we have

/ s %C2d%+l+io+i2+u.+in Zf Qoo +iy 1 =d— 27 V] = 1’ s % + 1’
i = ik
P2 0 otherwise.
Proof Let ¢ : ]P’(%l:__:y%H) — IP’?;;?_.:%H) be the closed immersion with image P2 given by
Pyr - ygﬂ) = (Coayr tyr i Coayz+1 y%+1)~
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It follows from Corollary that

io+ig++in z *() N
P*wi = — ! {g;d QS)d"l} € Hz (¢~ (U),02), (2.5)
IJ]=%

B nl3

+1 ., n *(p o o
dz '5! (xjo x]%-u

where i’ = (3911, ..., in+int1) and ¢~ (U) is the open covering of P2 given by the pre-images
of the standard covering of P**! (in particular this covering has repeated open sets). Since
for {k; <--- <kn} C{l,...,5 + 1} we have

0 0
Oy, Oy,

9"y ( - Gad

>—Q@@»<8 0 0 0 0 9 ).

Oxj, 0ok, 2 Oap, 1 8$2k%72 837%%4
It follows that if #(J N {2l —2,2] —1}) = 2 for some [ € {1,..., § + 1}, then ¢*Q; = 0.

On the other hand, if #(J N {2l — 2,2l —1}) =1,Vl € {1,...,5 + 1} then

¢*Q( d 9 _ #J1<_1)k+(§)+#J1

ey ) = Yk,
J aykl aykg) 2d k

where {ky, ..., kn} = {1,...,5 + 1} \ {k} and J; := {j € J|j is odd}. Hence

Q= (~Ga)* (-1, (2.6)
where
F+1
Q, = Z(—l)k_lykdyk.
k=1
Since for any such J we have ¢*(xz;, - - -mj%)d_l = 2(3 D+ #Jl)(yl ---yngq)?!, replacing

in we get

( ) )Cz +14i0+io++in l o

(¢'wi)s = € HEU, Q%) (2.7)

dz+ 5!(y1"'yg+1) -

where U’ is the standard covering of P2. By Proposition [2.1.2, the form (2.7)) is not exact if
and only if 7; = d —2,Vl € {1,..., 5 + 1}. The result follows from the fact that the standard

top form —— integrates (—1)(7;1)(27r\/—1)% over P5. [
Z/l"'?/%-H

Another interesting property of Fermat variety is that its automorphism group acts tran-
sitively on the set of linear subspaces of dimension 7 inside it. This allows us to use the
pull-back of these automorphisms to compute the periods of all linear cycles inside Fermat
variety. Consider the groups p"? and S,,19, where 3% = p1gx -+ X pug, pta := {1, (g, ..., (3_1}
is the group of d-th roots of unity, and S, ;2 is the group of permutations of {0,...,n + 1}.
An element a = (({°,...,(;""") € ™ acts over the Fermat variety X¢ by coordinate-wise
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multiplication, in particular the diagonal pg — u”+2 acts trivially. By the other hand,
an element b = (b, ...,b,11) € Spyo acts over Xff by permutation of the coordinates. For

(a,b) € u™® x S, 15 we define Pib = b (a ! (P?)) i.e.

14+2a1—2a9
LTpy — CQld ) ) Tpy 0
+2a3—2a2
. Tpy — C21d Y *Tpy = 0,
2 . _ pl42a5—-2a4
P2, T, 2d Ty, = 0,
1+2an41—2an _
Tp, — Cag Loy = 0

Corollary 2.4.1. Fori € I(%+1)d_n_2 we have

+1 n
dz 5!

sign 27/ i ase ae o ' B .
/n w; = { LC 2L 0(fbge H1)-(1+2aze 1 =202 if Ghy oy + by, =d—2,VI <1< 2+ 1,
P

0 otherwise.

Proof Considering the automorphism of P"™! given by (aob)™! =b7toa™! : PP+ — Pl

we have that
/ ((aob)’l)*wi = /n w;.
P P2

b
For J = {jo,...,jn } € {0,...,n + 1} we see that

((b71) w;)s = sign(b)(wi, Jb-1()

where b= (J) = {b;.",....b; '} and iy, = (iyy, ..., Gp,,,) € I(n11)4—pn—2. Then

7]n

((a 0 b)) wi)s = sign(b)(a™2) (i, )o-r(y) = sign(B)Cat == “ et (1 Yyor .

It follows from Theorem that the period is non-zero for iy, , +ip, , =d—2,V1 <1<

2 G ‘(2a2e+1—2a2¢
%+ 1, in that case we obtain that (,, 2E0% aeline 1) _ CQde:O( e F1 (Razes1=202e) 1 the result

follows u
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2.5 Coboundary map

In order to compute periods of complete intersection algebraic cycles, we need to compute
periods of smooth hyperplane sections of a given projective smooth variety X. In other
words, for Y < X a smooth hypersurface given by {F = 0}, we need an explicit description
of the isomorphism

HY(Y,Qy) =~ H"(X, Q%)

w o= W

together with the relation of periods, i.e. the number a € C such that

[o=a]w

For this purpose recall the exact sequence
c = Hyt ' (X/C) — Hyt (U/C) = Hi(Y/C) & Hg*(X/C) — -+,
induced by the short exact sequence of complexes
0— Q% — Q% (logY) 2 5,007 0.
Since Hipt ' (U) = H32(U) = 0, the coboundary map is an isomorphism
HiR(Y/C) = Hip™(X/C).

Noticing these vector spaces are one dimensional, and 7 preserves Hodge filtration we see, it
induces the desired isomorphism

HMY, Q) & H (X, Q.

Proposition 2.5.1. Let X C PV be a smooth complete intersection of dimension n +
1, and Y C X a smooth hyperplane section given by {F = 0} N X, for some homo-
geneous F' € Clxg,...,xnlq. Let w € C™(X,Q%) such that w|y € Z™(Y,Q%). For any
we OM(X, 2% (logY)) such that

dF
W=wA - (mod C™(X, %)),
we have
w0 = (—1)""(w) € Z"TH(X, Q%Y.
Furthermore, & € H" (X, Q%) is uniquely determined by wly € H™(Y, Q%) and

/Xa: (_”nﬂc'lz“/__l/yw. (2.8)
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Proof The map described in the proposition is the coboundary map 7, i.e. 7(w) = w. So it
is left to prove the period relation. By the fact that 7 is an isomorphism of one dimensional
spaces we have a constant axy € C* such that

) =axy [«

for every w € H™(Y,Q}). Since X and Y are complete intersections, Lefschetz hyper-
plane section theorem (see [MovI7a]) implies we can extend w and 7(w) to PY. If X is
complete intersection of type (di,..,dy), then [X] = dy---dp[P"™] € Ha,io(PY;Z) and
Y] =ddy - - di[P"] € Ho,(PYN;Z). By Stokes’ theorem

dl---dk/ T(Cd):aX,yddl"'dk/ w.
Pn+1 n

CLIP7L+1 me
aX’Y _= T

Finally, to compute apn+1 pn we suppose P" = {z,,,1 = 0}, we take w € C™"(U,P"*!), where
U is the standard open covering of P**!, and

Z?:O(_ 1)ixji dmji

In other words

wy = , for |J] = n.
Tjo * Ty,
Then P
B B e (W)
WJ — Zo " Tn+1
0 otherwise.
As a consequence
~ Z?:OI(—I)’xldxz
wo..n = .
Lo Tptl
It follows by Proposition that apn+1pn = (1) - 27/ —1. |

Remark 2.5.1. Notice that in Proposition [2.5.1] the assumption Y being a smooth hyper-
plane section, is just to simplify the exposition when talking about Qf and Q% (logY). But
this condition is superfluous. In fact, we can take Y = {F = 0} N X not necessarily smooth
and the relation (2.8]) will still be true (a way to argue this is that both sides of the equation
are continuous with respect to F' € Clxy, ..., zx]q, and we already showed they are equal in
a dense open set of it).
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2.6 Periods of complete intersection algebraic cycles

In this section we compute periods of complete intersection algebraic cycles inside a smooth
hypersurface X C P"*! of even dimension n. After Carlson-Griffiths’ theorem we know
these periods are generated by the forms

PQ 1 PQJ n n
Wp =TeS (W) = ? { FJ }Jn € HQ(X, Q)Q()y (29)

where P € Clz,...,%pt1)o, and 0 = (d — 2)(5 + 1). In order to compute these periods
over a complete intersection subvariety Z of P"™! (contained in X), the main ingredient is
the explicit description of the coboundary map. Given the complete intersection Z C X of
dimension 5, we construct a chain of subvarieties

ZZZOQZ1QZQQ"'QZg+1:Pn+17

where each Z; is a hypersurface of Z;,1, and apply inductively the coboundary map, to
reduce the computation of the period of Z to the computation of the integral of a top form
in Pt

Remark 2.6.1. For us Z C P! will be a complete intersection inside P! of dimension
5 if there exist fi,..., fo41 € Clxg, .., ny1] homogeneous polynomials such that

1(Z) = (1, ---,fg+1>-
Theorem 2.6.1. Let X C P" be a smooth hypersurface given by X = {F = 0}. Suppose
F=figi+ -+ fopigz41,
such that Z == {fi=---= fn1 =0} C X is a complete intersection. Define
H = (ho, ... 1) := (f1, 91, [2, 925 s fr41, 9240).

2my/—1)3
/WP:(TFn' )2C'<d—]—)n+2.d1'”d%+l’ (210)
A 2°

where d; = deg f;, wp is given by (2.9)), and ¢ € C is the unique number such that
P -det(Jac(H)) = ¢ - det(Hess(F)) (mod J&).

Remark 2.6.2. To understand the statement of theorem recall that Macaulay’s The-
orem implies that

Then

C[wo, ceey xn—f—l]

JF ’
where JI' := (Fy, ..., Fj,;1) is the Jacobian ideal, is an Artinian Gorenstein ring of socle 20 =
(d —2)(n + 2). In particular dime¢ R = 1. Furthermore, by Proposition and Remark
, REis generated by det(Hess(F)). As a consequence, for any pair of polynomials
P,Q € Clxy, ..., xy11], there exist a unique ¢ € C such that

P-Q=c-det(Hess(F)) (mod J¥).

RF =
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Definition 2.6.1. We will say that a Hodge cycle § € H,(X,Z) is of complete intersection

type if
k
i=1

for Zy,...,Zx € X a set of §-dimensional subvarieties that are complete intersection inside
P+ given by
Zi={fir="- = finn =0},

for every i = 1, ..., k, such that there exist g;1, ..., gix € Clzo, ..., Tpy1] with

71

F= Z i3 9i,5-
j=1
For every such Hodge cycle, we define its associated polynomaial

Ps = Zd -n; - det(Jac(H;)) € RE,

i=1
where d; :=deg Z;, 0 := (d — 2)(5 + 1) and H; := (fi1, 9015, fin 41, Gingn)-

Remark 2.6.3. Theorem tells us that in order to compute the periods of a complete
intersection type cycle 0 it is enough to know its associated polynomial Ps. In fact, we are
determining the Poincaré dual of the cycle § in primitive cohomology

P(SQ n 2
o= res (F’z”rl) € H2(X, Q%) prim-

In the sense that it satisfies (up to some constant non-zero factor)

5§
/w = / wAres ( ) Vw € HIg(X)prim-

Remark 2.6.4. In order to prove Theorem [2.6.1}, we will use Proposition to construct
inductively

00 =w|, € H2(Z, Qg) and Zy := Z.
Then for [ =1,..., 5 + 1 we define

ol = ol=-1) ¢ H2% (7, Q_‘?jl) and Z; = {fiy1 = = fos1 =0} P

_ +1 . . . .
Observe that Z»; = P""'. Since both sides of (2.10) are continuous with respect to the
parameters

F+1
(f1: 91 s f211,9211) € @D Clo, -y Tnsala, @ Clivo, oo, Tnia)a-a,,
7;7
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such that F' := fig1 + -+ + fai1gn 1. Tt is enough to prove Theorem for a generic
(f1,91, - f%H, ggﬂ). This is why we can assume each Z;_; is a smooth hyperplane section
of Zj, for [ =1,...,5 + 1, as in the hypothesis of Proposition [2.5.1]

Lemma 2.6.1. For each 1 =0,....5 +1 and J C {0, ....,n+ 1} with |J| =5 +1

no n 1+1 l 2 l
~ (—1)(§2 )+2l+( 2 )+U(J)Pdld1 <o d _1 dgm df
@), = — (=" gm— /\ dow, )\ -
5' ’ FJ mzl d r=0 t/\l t
= \ d  df, L, AP,
Py (=1)P *Ad 2L (=1)ey A — Ad 4
+< ) p:O( ) xk’p S_/\1 d A xkp A /:\1 . + ( )2 po d A d =0 Tk A dq

Where for J = (jo, ..., ju11), 0(J) = jot++ - +jni, and K = (ko, ..., kn ) = (0,1, ..., n+1)\J.

Proof We proceed by induction on (:

By ( . we get

1 2
(@ (0))10 e (w)jomjg = %! - F, Z(_l)pxkpdxkp

d 1 (%+2)+%l+(l‘gl)+a(J)Pdld cod l d - 51 I+1 d
(@D); A fiia (=D 1 I+1 Z(_Umq 9 /\ d% df

fi s Eye fim — ' d
gl l 141
1 Js 7 dft
=1 (=1)Pa, A = N dag, A A N
p=0 s=1 t=1
— n_1
n dg dF * df dfr1
s ST Y\ G A g AYe
+(-1) ZdAd/\ b N N
q=1 r=0
I+1 5l —
n dg df.
npeq u u
+( 1)2 fl+1;—r/_\0dl'kr d_u
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Applying 0 we get

iy (=) D palg, gy
S

! B s Fye fin
l — ERgan! T-i-1 I+1
m-1_ A9m df
Z(—]_) lgm% N Z Fjpdxjp /\ dl’kr —tt
m=1 p=0 r=0 t=1
24i+1 I 21 11
dgs dft
DY Fy | Ao N de A
=0 s=1 q=0 t=1 "t
2-1-1 ! dg ZHi41 +1 f,
+(=1)H*1 Z (—1)Pay, /\ ds A Z Fj dx;, | ANdxy, /\d_t
p=0 s=1 r=0 t=1
I = EREan! F-l-1
n d dF d d,
H(—1)5H % A I > Fdx, day, A C“qu A C{”l
q=1 p=0 r=0 I+1
I+1 —— 5+i+1 2_i-1
HEDE S S | Y By, | A do A
u=1 p=0 r=0 u

2V Fy - fra P a4 N a 7\ ay?
+(_1)ZF/l\ dgs zlldxkq l+1% (_1)z+1§ ll(_l)pxkp/l\dcgis /\dFF/\d/x;)lHCZ_:

s=1 /\q:O t:lﬂ_l_ /\p:O s=1 t=1
H(-DEH, +d% %F/:l\dx@i\

Replacing F' = fig1+- -+ fz 119241 in the first three expressions we finish the induction.
|

Proof of Theorem Using Lemma for | = 5 +1 we get

(—I)U(J)Pd%+ld1 e d%—f—l 21 m—l dgm dft
= g[.FO...FnJrl Z( /\

m=1

(@) gnt

~dgg  dAFdf,
N D LA J= gy
(=1 a a7,

g=1
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Replacing F' = fig1 + -+ fr 119241 we obtain

n 5+1 — 241
n (=1 Pdatdy - dayy |3 (d_d ) dgm “p df
~(5+1) — 2 —1)ym1 m “Im “t
w2 n n m
( )01 2 Fy e Py mz:l( ) d 9 d t/\l d,
7+l 7+1 —
n dgs d,
HEDE Y g, A Dep el
d " d,
q=1 s=1
in other words
7 +2 n+1 EThe
n 1)‘7(‘]”( 2 ) Pey- e - dh
~(Z41) o 0 n+1 k k
w'2 ] = — 1)hp—,
( )0-nt1 TRy For %( )" by, ”
ntl oy ntl o
where e, = deg(hy). Replacing e;h; = jzo 8_x; -x; and dh; = jzo a—x;dxj we obtain
5+1 n+1
_(3+1) (—1)) P det(Jac(H)) L —
(@2 )oomt1 = — (—1)*zrdxy.
ot gl Fo- - Foa g
The theorem follows from Proposition [2.5.1] Proposition 2.1.1] and Corollary [2.3.1] |

Remark 2.6.5. Notice that from the formula of Theorem [2.6.1] all periods are zero when
det(Jac(H)) = 0.

For instance if some g; is constant. This is consistent with the fact that Z will be the

complete intersection of X with a codimension 2 complete intersection of P**! in fact in

2
this case

Furthermore, the formula is giving us a characterization of such algebraic cycles:
Corollary 2.6.1. Let X C P! be a smooth hypersurface given by
X ={F =0}.
If 6 € H,(X,Z) is a complete intersection type algebraic cycle, then
Ps € J¥ if and only if 6 = a - [X NP37Y] in H,(X,Q), for some a € Q.

Proof By Macaulay’s Theorem m Ps ¢ JF, if and only if, P - P; € J¥ for all
P € Clxo, ...,xn“](d,g)(%ﬂ). Theorem says this is equivalent to the vanishing of
all periods for w € HJ(X)prim- By Poincaré’s duality we conclude this is equivalent to
§=a-[XNP2]in H,(X,Q), for some a € Q. [
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Remark 2.6.6. This corollary is giving us an algebraic (and computable) criterion to deter-
mine whether an algebraic cycle (given as a combination of complete intersection algebraic
cycles) is trivial or not. Even in the case X is a surface, to determine the selfintersection of
a singular divisor is not trivial.

Remark 2.6.7. Another observation we can derive from Theorem [2.6.1]is that each period
is of the form (27y/—1)% times a number in a number field k, where k is the smallest number
field such that fi, g1, ..., fo41, 9241 € k[Zo, ..., Tnya], 1. the periods belong to the same field
where we can decompose [ as f1g1+- -+ fz119241. This was already mentioned in Deligne’s
work about absolute Hodge cycles (see [DMOS82] Proposition 7.1).

We close this section with an example of how Theorem [2.6.1| can be used to compute
periods. We provide another proof of Theorem [2.4.1]

Proposition 2.6.1. For X = {xd +- +ad, | =0} the Fermat variety, P2 = {xo— (a1 =
oo =Ty — CoaTng1 = 0}, and § = [Pz], its associated polynomial is

; 3+l /d—2

_ g2+1,p511 d—2—1 41 1

Py =d>""(yy H 555 Coalaj—1 | -
j=1 \1=0

Proof We notice that the Jacobian matrix of H is diagonal by 2 x 2 blocks, and each block
has determinant d(Cdegj_EQ + atg;ll)/(a:%_g — C2dT2j—1)- [ |

Corollary 2.6.2. For X and Pz as in Proposition and 1 € I(%H)d_n_g we have

@rv=D% ~ Diltigtiptotin . ) - B
/ Wi = dstl.m C2d2 o Zf Loj—2 + t21-1 _d_27 Vi = 17.-.7%+1a
1 T 2"
ri 0 otherwise.

Proof By Theorem [2.6.1 we only need to compute ¢ € C such that
7' Ps = ¢ det(Hess(F)) (mod (x3 ', ..., x%1)).
By Proposition [2.6.1]

L] gy
ip _ g24+15tL d—2—1,1 1
' Ps=d> (py @ H E T~y Goalaj1 | »

j=1 \i=0

SHI+H - - N
= Co (@ 2py1)? (mod (g 17'-'awi+11>>7

if there exist [; € {0,...,d — 2} such that [; + i3y =d—2and d —2 — 1 +1i9j_9 = d — 2, for
every j =1,...,5 + 1. And is zero otherwise. This condition is equivalent to [; = ip;_» and
i9j—2 +1i2j-1 = d — 2. The desired result follows from the computation of the Hessian matrix
for the Fermat variety

det(Hess(F)) = d"(d — 1)""(zg -+ Tpy1)? 2
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Chapter 3

Variational Hodge Conjecture

Summary

Roughly speaking, while Hodge conjecture asks whether every Hodge cycle is an algebraic
cycle, variational Hodge conjecture asks whether the deformation of an algebraic cycle, that
remains a Hodge cycle along the deformation, is an algebraic cycle. In this chapter we will
introduce the space of deformation of Hodge cycles, the so called Hodge locus. In order
to prove variational Hodge conjecture, we will determine some local components of Hodge
locus. The study of this space is an active source of research and is far from being well
understood.

When considering the Hodge locus for Hodge cycles inside surfaces, it corresponds to the
classical Noether-Lefschetz locus (that corresponds to the parameter space of surfaces with
non-trivial Picard number). Although Hodge conjecture is known to be true for surfaces, it
says nothing about the description of Noether-Lefschetz locus. The Noether-Lefschetz locus
has been studied by several mathematicians (such as Green, Voisin, Harris among others),
but it is very mysterious for surfaces of degree 8 or more.

In order to study Hodge and Noether-Lefschetz loci, our main tool is infinitesimal varia-
tion of Hodge structures (IVHS), developed by Carlson, Green, Griffiths and Harris [CGGHS3].
We will give an algebraic approach to IVHS. This is possible after the algebraic description
of Gauss-Manin connection made by Katz and Oda [KO68].

We will close this chapter showing how to use the information of periods of algebraic
cycles (developed in Chapter 2) to determine components of the Hodge locus (and prove
variational Hodge conjecture). The chapter is divided as follows.

In section 3.1) we introduce the de Rham cohomology sheaf F ' H}%(X/T) associated to a
locally trivial family of smooth projective varieties m : X — T. These sheaves come with a
Hodge filtration.

In section we introduce Gauss-Manin connection

Vi H(X/T) = Qp ®o, A (X/T).
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And we show its transversality with respect to the Hodge filtration.

VI AL (XT) C Qb G, FHE(XIT).
The so called Giffiths’ transversality theorem.

Dualizing Gauss-Manin connection we obtain
V: FHG(X)T) )| T A (X)T) = Qp @0, T A (X)T) | T HGe (X T).
Specializing at ¢t € T' we obtain the map
Vi : T,T — Home(H" ™ (X,), HYH(X).

In section we describe it explicitly in the case m : X — T is the family of smooth degree
d hypersurfaces of P"*!. We show it corresponds with polynomial multiplication after we
identify T3T ~ Clzo, ..., Tny1]as H"™ (Xt)prim =~ RCFl‘(n—i+1)—n—2 and H'" V"N X)) i ~
RE (where the last two identifications are given by Griffiths” Theorems and

d(n—i+2)—n—2
1.5.2).

In section we introduce the Hodge locus Vi associated to every & € Ha,_i(Xy, Z)
and every p € {0,...,k}. We describe its Zariski tangent space using IVHS, obtaining the
following result.

Proposition. For every 6 € Hy, 1(Xt,Z) such that its Poincaré dual is in FPHb5,(X;) we

define the map
Ovt(é) . ET N Iin—p—l—l,n—k;—f—p—1<‘X't)>k7

given by

COF.(6) () (€) = / (T 0)(€).

5
The Zariski tangent space of the Hodge locus corresponding to ¢ is

T,VP = Ker "V,(6).
In section [3.5| we introduce the global Hodge locus
Hod, := {t € T': X; has non-trivial Hodge cycles}.

Using the Hilbert scheme we introduce the variational Hodge conjecture. This problem was
proposed by Grothendieck as a weaker version of Hodge conjecture. We will prove a stronger
result, that we call alternative Hodge conjecture.

Conjecture (Alternative Hodge conjecture). Let T be the parameter space of smooth degree
d hypersurfaces of P"*'. For any t € Hody and 6 € H, (X, Z)ay, let X be the induced flat
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section of Hj(X/T) given by 6. Then there exist P € Q[x] and a subvariety ¥ C ¥p 4 such
that
Graph )\|Vg = pp(2).
é

Where Xpgq = {(Z,X) € Hilbp x T : Z C X} is the relative Hilbert scheme, and ¢p :
Ypa — Hin(X/T) sends (Z,X;) to ([Z]P4,t). In other words, for every algebraic cycle, its
deformation as a Hodge cycle corresponds to an algebraic deformation of the cycle in a flat
family.

Finally, in section we show how periods of algebraic cycles (developed in Chapter [2))
can be used to prove alternative Hodge conjecture (using computer assistance). Our results
are summarized in the following.

Theorem. Ford > 2+ %, let t € Hody be the point corresponding to the Fermat variety and
§ € Hy(Xy,Z)ay a complete intersection algebraic cycle 6 = [Z], given by Z ={fi =--- =
f%—l—l = 0}7 with

xg+---+$g1+1 = fig1+ -+ foiigo4a,

and deg f; = d;. Then, the alternative Hodge conjecture holds for
1.dy=dy="-=dny; =1
2.n=2,4<d<15, 0orn=4,3<d<6,0rn=6,3<d<4.
Theorem ([MV17]). Let T be the parameter space of smooth degreen d hypefiurfaces of Pl
Let 0 € T be the point representing the Fermat variety Xo. If P2 and P2 are two linear

~n

subspaces inside Xo, such that Pz NP2 = P™, then letting § = [P3] + [P3]

n

V5" =V V[ 3k
or all triples (n,d, m) in the following list:
for all les (n,d, m) he foll gl
(2,d,—-1), 5<d<14,
( 1)?( ) (4767_1)7(475,0)7(4:&0)7
(6,3,-1),(6,4,-1),(6,4,0),
(8, 1),(8 3 0),
(10 3 —-1),(10,3,0),(10,3,1),

where P! means the empty set. In particular, alternative Hodge conjecture holds for § in
these cases.
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3.1 De Rham cohomology sheaf associated to a family

In this section, we give an algebraic interpretation of the sheaf of sections of the de Rham
cohomology bundle associated to a locally trivial fibration. This approach will be done using
algebraic de Rham cohomology introduced in Chapter

Let X 5 T be a family of smooth projective varieties. Assume T is smooth, connected
and 7 is a proper submersion. If follows by Ehresmann’s theorem (see [Dunl8]) that = is a
locally trivial fibration over 7. Using the trivializations we can give a vector bundle structure
to

Hi (X)T) = | | (X)) > T,
teT
We denote by H* the sheaf of holomorphic sections of H¥;(X/T), and by H* the sub-sheaf
of sections s of HY;(X/T) such that

s(t) € Im(H"(X,;,Z) — H4:(X;)),Vt € Domain s.

In other words, H* = R*r,Z is the higher direct image of Z under m, (for a reference on higher
direct images of sheaves see [Har77] Chapter I11, section 8), and H* = H* ®z Opna. Using
Ehresmann’s theorem we can prove that H” is a locally constant sheaf (or local system).
In fact, given two local sections A, u € H¥(U) such that t € U C T, A\(t) = u(t) and U is
simply connected (so 7 is trivial over U). We claim A(t') = u(t’) for all ' € U. In fact,
taking a path v : [0,1] — U with v(0) = t and (1) = ¢/, and assuming 7 : Xy — U is
trivial, i.e. it corresponds to pry : Xy = X; x U — U. Then AP oy is a homotopy between
(A(t))P4 and (A(#'))P9, while pP4 o v is a homotopy between (u(t))P4 = (A(¢))P4 and (u(t'))P,
so (A(#))P4 = (u(t'))P? in Hop_r(Xy,Z), then A\(¥') = pu(t') in Hi; (Xy). In other words, A(t')
is obtained from A(t) by parallel transport.

On the other hand, recall that in section [1.2] Definition [1.2.1, we defined the algebraic
de Rham cohomology associated to X — T as

HgR(X/T) = Hk(X7 QB(/T)'

This is an Op(T)-module. For every pair of affine open sets U; C Us of T, we have the
Or(U;)-module HY, (Xy. /U;), where Xy, = 7= 1(U;) for i = 1, 2. The inclusion map U; < U,
induces a restriction map HA;(Xy,/Us) — HA:(Xy,/Up). Putting all these maps together
we obtain a quasi-coherent Op-module that we denote

Han(X/T).

Noting that
Hk(X> QB(/T) ®OT,t kT,t = Hk(Xt7 QBQ)7

we get the specialization of S (X/T) at every t € T is
A (X/T): ®0y., br, = Hig(X/C).
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As a consequence, it follows by Ehresmann’s theorem (and [Har77] exercise I1.5.8) that
L (X/T) is a locally free sheaf of constant rank r = v*(X;) for any ¢ € T. Furthermore,
the analytification of 7% (X/T) (in Serre’s GAGA correspondence) is in fact H* (for a proof
see [KOG6S]).

Definition 3.1.1. For every affine open set U C T we have
Hgn(X/T)(U) = Hip(Xu/U).

Collating the submodules F'HY; (Xy/U) C H%: (Xy/U) (see Definition [1.2.2), we define a
coherent (in fact locally free) subsheaf of S (X/T) denoted by

T Hn(X/T).
These sheaves determine a decreasing Hodge filtration for 5% (X/T).

Proposition 3.1.1. Let X 5 T be a family of smooth projective varieties, such that T is
smooth, connected and w is a proper submersion. Then

F A p(X)T) | F A (X)T) = R 'm Qe
In other words, for U C T affine open set we have
F'Hyp(Xy /U) [ F Hap(Xu /U) = H* ™ (Xu, Qg 0)-

Proof Recalling the proof of Proposition the inclusion (|1.4}) holds for any morphism
X — Y. In particular, we have

H* (U, Q" )/ F = H Xy, Qo) (3.1)
where [t = Im(Hk(U, Q;(ZUZ;}) — HF(U, Q;?UZ/U)) On the other hand, letting R = O (U),
we know H* (X, 'y, ) is a finitely generated R-module (see [Har77] Theorem IIL.8.8).
Then by Nakayama’s lemma (see [Eis95] Corollary 4.8) it is enough to show this injection
(3.1)) specializes to an isomorphism on every maximal ideal of R, to conclude it is in fact an
isomorphism. But this is exactly what is proved in Proposition [1.2.1} Considering now the
natural projection

HE (U, Q58" )/ F — FHY (X /U) JF HY (X /), (3.2)
again by Nakayama’s lemma it is enough to show (3.2) specializes to an isomorphism on
every maximal ideal of R, to conclude it is an isomorphism. And this also was showed in
the proof of Proposition [1.2.1] |
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3.2 Gauss-Manin connection

In this section we introduce Gauss-Manin connection in the algebraic sheaves J% (X/T).
We also prove Griffiths’ transversality theorem in this context.

Let # : X — T be a proper submersion representing a family of smooth projective
varieties over a connected smooth variety 7. Recall the analytic sheaf H* = H* @ Opnor,
where HF is the local system given by H* := RFn,Z. This is the sheaf of holomorphic
sections of the vector bundle

Hgp (X/T) = |_| Hip(X;) = T.

teT

Where the bundle structure on H¥; (X/T) is induced by the trivializations given by Ehres-
mann’s theorem.

Using this identification, for every U C T open, H*(U) corresponds to sections s €
HY. (X/T)(U) such that

s(t) € Im(H"(X,,7Z) — Hi (X)), VteU.
The (analytic) Gauss-Manin connection

V . Hk — Q%—vho[ ®0Thol Hk,

is the flat connection which makes every locally constant section of H* a flat section. In
other words, for every polydisc A C T centered at t € T take a basis Ay, ..., \, € H*(X;,C),
using the trivialization given by Ehresmann’s theorem, extend it to Ay, ..., \; € HY; (Xa/A).

Then define \ ,
V(Z fidi) = Z df; @ A,
i=1 i=1

for every f; € Opna(A) and i = 1,...,s. Now we will describe the algebraic counterpart of
this connection.

Definition 3.2.1. Let 7 : X — T be a proper submersion representing a family of smooth
projective varieties over a connected smooth variety 7. The (algebraic) Gauss-Manin con-

nection 1is
VA (X)T) = Qp @0, HH(X/T)

defined locally for every ¢ € T in the following way: Since QF is locally free, let t1, ..., t, € mp,
be a coordinate system (i.e. mr; = (t1,...,t,) and dim T = r), then (Q}), = ®_,Or,dt;. Let
w € H(X/T);. Consider U an affine neighbourhood of ¢ such that QL(U) = &7_, Or(U)dt;,
U = Spec R and w € HY% (Xy/U). Take U = {U,}ic; an affine covering of Xy, then

k k
w=) w e @PCTIU D ),
=0 §=0
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with Dw = 0. Let p: Q&U — be the natural projection, then there exist

Xy /R
k k
. v i k—
w=Y & e P ).
j=0 j=0

such that p(w) = w. Since p(Dw) = Dw = 0 it follows
K+l [ v A k A
Do=Y" (Z dt; A ng—1> e @, mL A,
j=0 \i=1 =0

where n; ' = 0 for every i = 1,...,7. Finally, letting

k k
ni=y e @PCIU,9%,),
j=0 j=0

we define

Vw := Z dt; ® p(n;) € (Q%F)t Kor, %%(X/T)f

i=1

To see this is well defined, we have to show first that each
p(n;) € A (X/T):,

in other words we have to show that Dn; = 0 in the sheaf of relative differential forms, after
localizing at t. Since DD& = 0, we have

i=1
After localizing, since dty, ..., dt, are a base for (2}); it follows that
k
Dni e WU, wQ A,
=0

in other words p(Dn;) = D(p(n;)) = 0, as desired. Now it is routine to check this definition
does not depend on the choices made. It is also an exercise to check for every r» € Op, that

V(r-w)=rVw+dr®uw,
i.e. V is a connection.

Theorem 3.2.1 (Griffiths’ transversality [Gri68]). Let w : X — T be a family of smooth
projective varieties satisfying the hypothesis of Definition then

VI Hip(X|T) C QO ®o, T Hp(X/T).
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Proof We can assume T' = Spec R is affine, and take U/ an affine covering of X. Let

k
w=Y w e FHY(X/R),
j=t

where each w’/ € C*I (U, QQ/R). Taking w = p(w), with

k

k
=) e PCrIU %),
j=i

j=i
we see that D(w)! =0 for j < i, i.e.
k+1 / 7 . k+1 '
D= (Z dty A ngl> e @, T ALY,
j=i \li=1 j=i
As a consequence,

k+1

Vo= di® <Z p(n{1)> € QL @r FHE (X/R).
=1 j=i
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3.3 Infinitesimal variations of Hodge structures

In this section we use Gauss-Manin connection to introduce the infinitesimal variations of
Hodge structures (IVHS). This will be our main tool to study the tangent space at each
point of the Hodge locus (to be defined in the next section).

From Griffiths’ transversality theorem, Gauss-Manin’s connection induces
V1 T (XT) | FEA(XIT) = O @0, FO A (X T) ) F A (XT).
Using Proposition we get
VRO = Qp Qo, RO
Dualizing this morphism, we have
V : 07 = Homo, (R*'mQ% p, Rk’”lw*ﬂfx/})
Specializing at every t € T' we obtain
Vi : T,T — Home(H" ™ (X,), H™YH(X,).

The following proposition tells us how is this map for 7 : X — T the family of all smooth
degree d hypersurfaces of P"*!,

Proposition 3.3.1. Let X; = {F = 0} be any smooth degree d hypersurface of P"*!, andt €
T C Clzog, ..., Tpy1]a the corresponding parameter. After identifying T, T ~ Clxo, ..., Tni1]a,
and using the identifications given by Carlson-Griffiths’ Theorem the Gauss-Manin
connection (restricted to the primitive part of each piece of the Hodge structure)

vt : C[x()a ooy $n+1]d — HOm(C(RdF(n—iH)—n—za Rc}l:;n—i+2)—n—2)7
1S, up to a constant non-zero factor, the multiplication of polynomials.

Proof Let X — T be the universal family of smooth degree d hypersurfaces of P"*!. Let
I = {(ag,...;an1) € 225 - S a; = d} and s € T be the point corresponding to F =
> uer Sat®, ie. Xy = {F = 0} (we are changing ¢ by s, to use ¢ as a variable without making
confusing notation). Given v =3 _, coax® € T,T = Clay, ..., Tny1]q and P € RY

Y (n—i+1)—n—2
we want to determine (V(v))(P) € RdF(nfiJrQ)fnd. Writing (using Carlson-Griffiths Theorem
1.6.1)

wWp =

(_1)n(n—z‘+1) PQJ
we have to lift it to a neighbourhood of X inside X. It is easy to see that

} € Hn—i(uXS’ Qg(é:)a
J

X ={(x,t) e P"" x T : f(x,t) : Ztm

acl
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Let us take the covering U = {U;}4} of X given by U; := {(z,t) € X : %(x, t) # 0}. This
is a covering since X, is smooth for every ¢t € T'. Let 3 € I such that sz # 0. Consider

W =

— /]
(_1)n(n ) t,B PQ; n—i i
J

It is clear that the specialization of w at s € T'is wp. Furthermore, using the identity (|1.19))
we get

dw =

(=1t { 5 PU=1)"Q A (T3 fide) + (07 fie)Vo) } € B0,

(n —1i)! y fr ;

Since X = {f =0} and df = 31 fidw; + 3, ; 2%dts, we obtain

ow =

sly! f

: J
(1)t { 5! POy A (Caes 7o)
B

b Hn—i-l—lu Qz )
(n—z)' }JG ( ) X)

Finally

_ )=+ (4, PQ, i -
(7)) en - " (), eom e

Remark 3.3.1. It is clear from Proposition that V, factors trough RE i.e. there exist
two maps
pr - T — Rg ,

and
V:R] — HomC(Rg(n—iH)—n—w Rg(n—iw)—n—z)a

such that o
Vi=Vop.

Here it is hidden the Kodaira-Spencer map

Pt - ,—EET — Hl(Xtv ®Xt)7

which is induced as the specialization of the coboundary map in the following short exact
sequence
0= Ox/r = Ox = 160 = 0.
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Where ©y and ©r are the sheaf of vector fields on X and T' respectively, while © x,7 is the
sheaf of vector fields tangent to .

Whenever n > 2 and (n,d) # (2,4), Kodaira-Spencer map is surjective and Ker p, = J¥
(see [Voi03], Lemma 6.15). Therefore, we can identify

H'(X,0x,) ~ R},
and we obtain the map
V:HY(X,,Ox,) = Home(H"""(X,), H~"""1(X,)),

which is the so called infinitesimal variations of Hodge structures (IVHS) introduced by
Carlson, Green, Griffiths and Harris in [CGGHS3)].
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3.4 Hodge locus

In this section we will introduce Hodge locus as an analytic scheme. We will show how to
determine its Zariski tangent space using IVHS.

Definition 3.4.1. Let 7 : X — T be a family of smooth projective varieties as in section
3.1 Recall the local system H* := RFr,Z over T. For every A € I(T, H*) and p € {0, ..., k}
we define its associated Hodge locus

VP i={teT:\t) € FPH:(X,)}.

Remark 3.4.1. Recalling H* := H¥X ® Opno, we can define FPHF as the subsheaf given by
sections s with s(t) € FPH¥;(X,) for every ¢t € Domain s. Looking at A as a global section
of the analytic sheaf H*/FPHF we see VI is the zero set of A, thus it has a natural structure
of analytic sub-scheme of T It is a deep result due to Cattani, Deligne and Kaplan that VY
is in fact an algebraic subset of T' (see [CDK95]).

Remark 3.4.2. For every ¢t € V{ the germ of analytic scheme (V),t) is determined just
by A(t) € H*(X;,Z) N FPHY,(X;). In fact, since H* is locally constant, for every pair
AN € T(T, H*) such that A(t) = N(t) we have M|y = N|p for some open neighbourhood
U of t (see section [3.1). Conversely, given any u € H*(X,,Z) N FPH%(X,) there exist
A € T(U, H*) for some neighbourhood U of ¢, such that A(t) = p. For this reason we will
use the notation

VP =V (V).

where 0 € Ho, (X;,Z) is the Poincaré dual of p in the sense that

/w :/ wA W, Vw € HXF(X,).
5 e

Note that if 6, € Hop—(Xy,Z) is the Poincaré dual of A(u) for w € U, then §, is the cycle
obtained by monodromy from d; = ¢ using the trivialization given by Ehresmann’s theorem.

Proposition 3.4.1. For every § € Ha, (X4, Z) such that its Poincaré dual is in F* H,(X,)
we define the map o

Ovt<5) . TtT N anerl,nkarpfl(Xt)*,
given by

(TN = [Tw)©):

)
The Zariski tangent space of the Hodge locus corresponding to 0 is

T,V = Ker °V,(6).
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Proof Let U be a polydisc around t. Let wy, ...,w, € T'(U, FP7YH*/FPH*) and w, 41, ..., ws €
T(U, H*/ FP~H*) such that w; (u), ..., w,(u) form a basis of Hx ™" P (X,,) and w1 (u), ..., w,(u)
form a basis of H(X,)/FP~ HY: (X,), for every u € U. Let A\ € (U, H*) such that \(¢) is
Poincaré dual to . Then

A(t) = Z fit)wi(t),
i=1
for some f; € T'(U, Opnat). Letting 8, € Hop_(Xy,Z) be the Poincaré dual to A(u) €

H*(X,,7), and considering n; € T'(U, H**~*) such that n;(u) is dual (respect to the wedge
product) to w;(u) for every u € U. We get

i) = ilfj [t ns = [ e = [ aw,

u

= ({uevs [mw == [nw=o}.).

As a consequence

then

TP = {v € TiT - (df)o(v) = - - = (df.)(v) = 0}
Note that

@) = [ ) (Z(dfj)t(v)wj(t)>

S

== [ 32 HOmO A (Tito)es(0)

Where in the second equality we used that_(vt(v))k(t) = 0, and in the third one we used
that (Vi(v))(aAB) = (Vi(v))(@) AB+aA(Vi(v))(B). Then (df;); =0, foralli =r+1,...,s,
since 0P4 € FPHE, (X,) and (V,(v))(n:(t)) € F" P H27%(X,). In consequence

1y ={oe irs [@om®) = = [Fonmo) =0}

The result follows from the fact 7 (¢), ..., n.(t) form a basis of H" PHLn=ktr=1(X ) |
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Remark 3.4.3. Note that in the previous proof we showed that the structure of analytic
scheme of V{ is induced by the holomorphic functions f; € I'(U, Orna) given by

fi(u) = /6uni<u>,

where 11, ...,n, € F"PT2H2=k({J) form a basis at each fiber.

Definition 3.4.2. Let X be any smooth projective variety of dimension n. A cycle § €
Ha,91(X,Z) is called an integral Hodge cycle if

P4 € H**(X,7) N FFH3E (X).
Since 674 is a real class (i.e. it is invariant under complex conjugation), this is equivalent to
6P € H?*(X,7) n H**(X).

A Hodge cycle is the analogous definition with Q instead of Z. We will usually work with
integral Hodge cycles, but we will reefer to both (integral and rational) as Hodge cycles,
leaving the prefix understood by the context. We denote the subgroup of Hodge cycles
as Hodge,, o,(X,Z). We say § € Hodge,, o,(X,Z) is a trivial Hodge cycle if 6 = 0 €
HEE (X ) prim.

Definition 3.4.3. Let X C P"*! be a smooth degree d hypersurface of even dimension
n. Considering X as a fiber of the universal family of smooth degree d hypersurfaces,
we define for every Hodge cycle § € Hodge,(X,Z) its associated Hodge locus to be Vi2.

This Vﬁ corresponds to the locus of hypersurfaces obtained by deformation of X where
the corresponding deformation of § (obtained by monodromy or parallel transport) is still a
Hodge cycle.

Corollary 3.4.1. Let X — T be the universal family of smooth degree d hypersurfaces
of P Suppose n is even and d > 2 + %. For every t € T and every non-trivial § €
Hodge, (Xt,7Z), the corresponding Hodge locus Vi? is properly contained in (T,t). In fact, the

Zariski tangent space T,V is properly contained in T,T.

Proof Suppose TtVﬁ = T,T. Then by Proposition |3.4.1| we have

[Tn@ =0 veemiix,
5
By Proposition [3.3.1] we can identify the map
Vi : Clzo, .., Tpyla ¥ th%—n—Q - Rfi(%-i—l)—n—?

with polynomial multiplication. Since df —n —2 > 0, the C-vector space generated by the

. ~— . t
image of V,; is all Rd(% +1)—n—9 @S A consequence

/w =0, Yw € H%’%(Xt)pm’mv
§
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i.e. 0*4 =0 € Hz(X})prim, contradicting the choice of §. [ |

Remark 3.4.4. It follows from the previous corollary that the Hodge locus Vf depends
only on the primitive part of

oPY € H™(X;, Z) N H 22 (X)) prim-
In fact if = [ X, NP2+ € H,(X;,Z), then
Vi NVt = Vi NVF =V
for all ¢ € C and § € Hodge,,(X¢,Z). In consequence

Vi =Vi, VeeC.
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3.5 Variational Hodge conjecture

In this section we will recall some facts about the Hilbert scheme (for a reference see [Ser(7]).
Using the Hilbert scheme we introduce variational Hodge conjecture (VHC) and a stronger
conjecture, which we call alternative Hodge conjecture (AHC).

Definition 3.5.1. Let N > 0 be a fixed natural number and P € Q[t] the Hilbert polynomial
of a subscheme of PV. The Hilbert functor is

Hilbp : Sch/C — Sets,
given by
Hilbp(S) :={m: X — S : 7 is projective, flat and Vs € S, X has Hilbert polynomial P}.

And to every morphism 7" — S and 7 : X — S € Hilbp(S) associates the pull-back
7 X xgT —T¢€ HZlbp(T)

Theorem 3.5.1 (Grothendieck |Gro61]). The Hilbert functor Hilbp is representable by a
projective C-scheme, called the Hilbert scheme and denoted Hilbp.

Example 3.5.1. When we consider P the Hilbert polynomial of a degree d hypersurface of
P+ Hilbp = PV for N = (”+cll+d) — 1. In other words, it is the parameter space of degree
d hypersurfaces of P+,

At follows we introduce a subvariety of Hilbert scheme we are interested in.

Definition 3.5.2. Let
Ypa:={(Z,X) € Hilbp xT : Z C X},

be the relative Hilbert scheme of subvarieties with Hilbert polynomial P inside smooth degree
d hypersurfaces of P"*1. Consider a multi-degree d = (dj, ...,d%H) and a polynomial P
corresponding to the Hilbert polynomial of a complete intersection of type (dj, ...,d%H)
inside P"*!. We define

Y=Y C Ypy,

where ¥’ consists of pairs (Z, X), such that X = {F =0}, Z={f1 =--- = foi = 0} and
there exist g; € Clxo, ..., xpq1] for i = 1,..., % 4 1, such that

F=fhg+ -+ frygoi

Proposition 3.5.1. In the context of the previous definition, let t € T be the point corre-
sponding to X . Identifying T;T ~ C|xo, ..., Tpi1]a we have

(fr, 010 frin, 9211)a © Tipra(Ea)-
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Proof Let S := Clxy, ..., z,+1]. Consider the map

D - Sd1 X e X Sd%-H X Sd—dl X -+ X Sd—d%_H — pFQ(Zd)7
taking (ri,...,rn41,81,...,8241) to {ij ris; = 0F C Pt Tt is clear that for p =
(f17 sy f%—i—lagla -'-79%4-1)

' (p)(v1, ey Vg1, W ey w%+1) = fivy +---+ fg+1?1g+1 +t 1wy + - g wo g,
where v; € Sy, and w; € Sg_g, fori=1,...,5 + 1. [ |
Now we introduce variational Hodge conjecture using the Hilbert scheme. This conjecture

was proposed by Grothendieck as a weaker version of Hodge conjecture. Let us recall first
Hodge conjecture (and its integral version).

Conjecture 3.5.1 (Integral Hodge conjecture). Every Hodge cycle § € Hodgey (X, Z) (recall
Deﬁm’tion is an algebraic cycle, i.e. there exist subvarieties Z; C X of dimension k
and integers n; € Z for i =1,...,k such that

5 = Zni[Zi].

Denoting Hop(X, Z)ayg the group of algebraic cycles we can resume IHC' by stating
Hodgey, (X, Z) = Hop(X, Z) g, Vk = 0, ..., .

Remark 3.5.1. Integral Hodge conjecture was originally asked by Hodge in [Hod41]. This
conjecture is known to be false. The first counterexamples were provided by Atiyah and
Hirzebruch in [AHG2]. In that work, they suggest to modify the conjecture, stating the so
called Hodge conjecture.

Conjecture 3.5.2 (Hodge conjecture). For X a smooth projective variety of dimension n,
Rank Hodgey,(X,Z) = Rank Hop(X,Z) gy, Vk =0, ..., n.

In other words,

Hodge,, (X, Q) = Hop (X, Q)ay, Yk =0, ..., n.

Where we define rational Hodge and algebraic cycles in the same way we did for integral
cycles but now with rational coefficients. Another way to state Hodge conjecture is saying
for every Hodge cycle § € Hodgey, (X, Z) there exist an € Z~q such that n-§ is an algebraic
cycle.
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Remark 3.5.2. It is clear that ITHC implies HC. When X is a hypersurface, we know by
Lefschetz hyperplane section theorem, Poincaré duality and Picard-Lefschetz theory (see
[Mov17a] Chapters 5 and 6) that

ZF if m=n,
H™X,Z)~< Z it 0<m <2niseven and m # n,
0  otherwise.

This implies that for n odd, Hodge conjecture is true, while for n even to verify Hodge
conjecture reduces to check it for the middle cohomology group. On the other hand, even
when Hodge conjecture holds, IHC is non-trivial, in fact Kollar (in [Kol92]) has shown IHC
fails for very general degree 48 hypersurfaces of P* (see [Tot13]).

Definition 3.5.3. Let T be the parameter space of smooth degree d hypersurfaces of P!
for n even. The (global) Hodge locus of degree d hypersurfaces of P"™ is

Hod, := {t € T": X; has non-trivial Hodge cycles}.

Recall that § € Hodge,,, o, (X¢,7Z) is trivial if $°4 = 0 € H3%(X})prim. In particular, every
non-trivial Hodge cycle of X, belongs to Hodge,, (X}, 7Z).

Remark 3.5.3. Recall that in section , we associated a (local) Hodge locus V(;% to every
non-trivial Hodge cycle 6 € Hodge,, (X, Z)prim at t € T. We can see the global Hodge locus
Hod, as a union of these local analytic spaces. In consequence, we have an induced analytic
structure on Hod,. Furthermore, it follows from Corollary that (Hody, t) is a countable
union of properly contained analytic subvarieties of (T,¢). In particular, a generic smooth
degree d hypersurface of P"*! of even dimension n, only has trivial Hodge cycles (then it
satisfies Hodge conjecture). If we assume Hodge conjecture, it can be proved that Hod, is
in fact an algebraic subvariety of T. A deep theorem due to Cattani, Deligne and Kaplan
proves that Hody is an algebraic subvariety of T" without assuming Hodge conjecture. This
is one of the strongest evidences supporting this conjecture.

Remark 3.5.4. For n = 2 integral Hodge conjecture holds (by Lefschetz (1,1) theorem, see
[GH94]), and we have the equality between the Noether-Lefschetz locus

NL, := {S C P?: S is a smooth degree d surface with Picard number bigger than 1},

and the Hodge locus. Thus, the local Hodge locus Vj' describe the local (analytic) branches
of Noether-Lefschetz locus and can be used to study it (this approach has been exploited by
Green [Gre89|, Ciliberto-Harris-Miranda [CHMSS], Voisin [Voi89], [Voi90], among others).

Remark 3.5.5. Recalling from section [3.1, 1" is the sheaf of holomorphic sections of the
vector bundle
Hy (X)T) = || Hin(X)) = T.

i€l
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Recall from section [3.5] for every P € Q[z] the relative Hilbert scheme is
Ypa:={(Z,X)€eHilbpxT:ZCX},
and we have a natural map
@p ZP,d — HgR(X/T),

sending each (Z,X;) to ([Z]P4,t). To know whether this map is surjective or not is an
interesting problem in the spirit of Hodge conjecture. This is the essence of variational
Hodge conjecture, which we state at follows.

Conjecture 3.5.3 (Variational Hodge conjecture). For every polynomial P € Q|x] consider
the natural map

@Yp Ep’d — HgR(X/T>
For any t € Hody and 6 € H,(Xy,Z)ay, let X be the induced section of Hijp(X/T) given by §
(here we mean that A(t) is Poincaré dual to &, and furthermore it extends to a neighbourhood

of t € T by monodromy, see Remark . Then

Graph A

Vi C ({pp(Zpa)}Peop)- (3.3)

Where the right hand side expression corresponds to the C-vector space generated by the
germs of sections of Hip(X/T) coming from Xpgq att € T. In other words, (3.3)) means that
the deformation of every algebraic cycle as a Hodge cycle is still an algebraic cycle.

We will prove the following conjecture, that is stronger than variational Hodge conjecture.

Conjecture 3.5.4 (Alternative Hodge conjecture). For any t € Hody and 6 € H,(Xt,Z)ay,
let A be the induced section of Hljn(X/T) given by 6. Then there exist P € Qlz] and a
subvariety ¥ C Xpq such that

Graph )\|ng = pp(X).

In other words, for every algebraic cycle, its deformation as a Hodge cycle corresponds to an
algebraic deformation of the cycle in a flat family.

Remark 3.5.6. Each one AHC or HC implies VHC. Furthermore, AHC is equivalent to
determine the local branches of the global Hodge locus. In particular, for n = 2 the global
Hodge locus corresponds to the Noether-Lefschetz locus, where VHC is known to hold (by
Lefschetz (1,1) theorem), but AHC is a highly non-trivial conjecture.
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3.6 Using periods to prove variational Hodge conjec-
ture
In this final section we show how to prove alternative Hodge conjecture (AHC) by computer

assistance. The main ingredients are the periods of algebraic cycles computed in Chapter [2]

Definition 3.6.1. Let X = {F = 0} C P"*! be a smooth degree d hypersurface of even
dimension n. For every Hodge cycle § € Hodge,,(X,Z), we define its period matriz

o FQ;0
P(9) := l/éres ( A )LEMGJ.

Where {P,};c; form a basis of RY and {Q,},cs form a basis of Rggfan‘ Recall that R :=
Clzo, ..y Tns1]/JT is the Jacobian ring, and J¥ := (Fy, ..., Fj,41) is the Jacobian ideal of F.

Proposition 3.6.1. Let X — T be the family of smooth degree d hypersurfaces of P"*1, n
an even number and (n,d) # (2,4). For every t € T and every Hodge cycle 6 € H,(X;,Z)

Codim TtTTtV;;% = Rank P(9).

Proof By Proposition

Codim TtTTtV;;% — Rank "V, (0).
By Remark we can factor this map by Kodaira-Spencer’s map

OV.(8) =0 V4(6) o py.

Since Kodaira-Spencer’s map is surjective for (n,d) # (2,4), then

Codim 7,7T,V;* = Rank °V,(6).
Finally, we use Proposition to represent V;(d) by a matrix, and we notice this matrix

is the period matrix P(d) up to a constant non-zero factor. |

Definition 3.6.2. Let a = (ay, ..., as,) € N**, we define the number
2s
n+1-+d n+1l+d—a; —...— a
C, = — E —1)kt 5 " .
= ( n+1 ) (=1) < n+1 )
kil a11++a1k§d

Proposition 3.6.2. Let T be the parameter space of smooth degree d hypersurfaces of P*+1.
Consider t € T a point corresponding to a hypersurface X = {F = 0}, such that

F=figi+-+ fa119241,
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for fi € Clxo, ..., piila, and g; € Clzo, ..., Tpgala—a;- If we let Z .= {fi =+ = fa,, =0},
d=(di,...,dny1) and § := [Z] € H\(X,Z), then

if
Rank P(6) = Cy.

In that case, AHC holds for 6, and furthermore V;;% s smooth and reduced.
Proof We know by Proposition that

(f1, 915 fri1, gni1)a © Tipry(Ea) C TiV5? (3.4)

Suppose first that ¢ € pry(3,) is general, so it is smooth and the ideal (fi, g1, ..., f%H, g%H)
is generated by a regular sequence. Then, we can use its Koszul complex to determine a free
resolution of it (see [Eis95] Chapter 17). Using this resolution we conclude that

Codimeiay,....zn 110 (f15 915 s f%+1,g%+1>d = Cy > Codim 1 pry(Xy).
Now, for any ¢ € pry(X,) (not necessarily smooth), if
Rank P(§) = Cy,
the equality in follows by Proposition , and furthermore
dim pry(X,) = dim Tpry(X,) = dim V;S% = dim TtVf.

Theorem 3.6.1. Ford > 2+ 2, 6 € H,(X,Z) as in Proposition andt =0 € T the
Fermat variety, AHC holds for

1. d1:d2:"':d%+1:1.
2.n=2,4<d<15 0orn=4,3<d<6,orn=06,3<d<4.

Proof The proof of 2. is by computer assistance, verifying in each case that Rank P(9) = Cy.
In order to prove 1. consider

fi = T2i—2 — CqTai—1.
Define
In = {(io i1, int1) EZ"? |0 < i <d—2, ig+i1+- +inp1 =N},
and n
L= {Z € ](%+1)d7n72’i2172 4+ ig_1=d— Q,VZ =1,.., 5 + 1}
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By Theorem [2.4.1] the period matrix is

P(6) =c- [Piﬂ'L
for o 4
e
¢ 0 otherwise,

and ¢ € C* a non-zero constant. Let
A= {Z € [%d7n72‘i0 = ig == Zn = 0},

B:={jelijo=jo="--=j,=0}.

Consider the map ¢ : B — A given by ¢(j)ai—2 = 0, ¢(j)a—1 = d—2—jo_1, forl = 1,..., +1.
It is easy to see that ¢ is a bijection, thus

#A:#B:(§+d>_(

n
d 2

We affirm that the rows p;,,,7 € A form a base for the image of [p;,;]. Indeed, since for
(i,j) e Ax B
1 ifi= o),
Pitj = { 0 otherwise,

it follows that these rows are linearly independent. In order to see that they generate the
image, it is enough to show they generate all the rows. Let ¢ € [gd,n,g. If d9;_9+1i9_1 > d—2
for some I € {1,..., 5 + 1}, then p;,, = 0. If not, then 3!j € B:i+j € L, in fact jy_o =0,
j2l—1 =d—-2-— in_Q — igl_l, for [ = 1, ceey % + 1. We claim that

__ Flotigttin
Pite = Gog ' pd)(])-i—o .

In fact, if h € I; is such that py;),, = 0, then ¢(j) +h ¢ L, so

n , .
e {1,.., ) + 1} 0(J)a—2 + 0(J)au—1 + har—o + homq > d — 2.

Since
O(J)au—2 + ¢(J)a1—1 = tor—2 + 911, (3.5)

it follows that p,,, = 0. On the other hand, if h € I, is such that ¢(j) + h € L, then by
(3.5) i + h € L and

— pliotho) -+ (inthn) _ rsig+tin  rhotthn _ rottin |
Pi+n = Gog = Gaq 2d = Goq Ps()+n -
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Remark 3.6.1. The first part of Theorem |3.6.1| says that V[E%} is a local component of the

Hodge locus, smooth and reduced at 0 € 1" the Fermat variety. Furthermore, we know its

codimension in 7' is p
n + n
. P} 2
Codim ¢ V[ 3 = < g ) - (5 + 1)~

It was showed by Movasati in [Mov17d| this is a lower bound for all components of the Hodge
locus passing through Fermat variety. Thus, this bound is sharp. Furthermore, it can be
shown this is the unique component of minimal codimension passing trough Fermat (this will
be proved in an article under preparation). In the case n = 2, the problem of characterizing
the special components of the Noether-Lefschetz locus is a classical one, partially solved
by Voisin in small degrees [Voi89], [Voi90]. The smallest codimension components of the
Noether-Lefschetz locus were characterized by Green [Gre89] and independently by Voisin
[Voi&9]. In higher dimension, to determine the sharp lower bound is still open, not to mention
the characterization of the smallest codimension components.

Remark 3.6.2. Theorem@ holds for every (n,d) such that d > 2+ 2, and every t € T as
in Proposition w (not just the Fermat variety). This fact was proved by Dan in [Danl4]
for deg(Z) < d. Another proof of this fact (without restrictions on the degree) was provided
by Movasati in [Mov17b] Chapter 7.

We close this section with another proof of AHC for sums of linear cycles inside Fermat
variety.

Theorem 3.6.2 ([MV17]). Let T' be the parameter space of smooth degree d hypersurfaces
of P"™1. Let 0 € T be the point representing the Fermat variety Xo. If Pz and Pz are two
linear subspaces inside Xo, such that Pz NPz = P™, then letting § := [P3] + [P2]

w\:

Vi =vE m/[i

(P2] Pz]’

for all triples (n,d, m) in the following list:

(2,d, -1), 5<d<14,

(4,4, 1), (4,5, =1), (4,6, 1), (4,5,0), (4,6,0),
(6,3 —1),(6,4,-1),(6,4,0),

(8, 1),(8 3 0),

(10 3 ~1),(10,3,0), (10,3, 1),

where P~! means the empty set. In particular, alternative Hodge conjecture holds for & in
these cases.

Proof It is enough to show that

dim TyV?* = dim V[ N V[];%].

2
n
P2
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n

In order to compute the dimension of V[ 3 N V[ we notice that it is the germ of variety

2
pZ]’
of the following set

S :={t € T : X, contains two linear cycles P2, P such that P2 NP2 = P™}.
And so, it is enough to compute the dimension of S. Let G be the Grassmannian of two

codimension g + 1 linear subvarieties P2 and P? inside P"*! such that they intersect in a m
dimensional linear subvariety P™ = Pz NPz. Consider the incidence variety

= {(t,(P2,P2)) e T x G : P UP? C X,}.

Since, for every t € T, pry'(t) N S’ is a finite set, dim S’ = dim S. In order to compute the
dimension of S/, we fix a point (P%,P%) € G and compute the dimension of its fiber under
pry,. By a linear change of coordinates we notice all the fibers have the same dimension, thus
we may assume that

P2 :mg = =x2 =0,

Pz :$0:---:xm:xg+m+2:---::vn+1:O.
Every F € Clxo, ..., Tny1]a, such that both linear cycles are inside {F' = 0} can be written as

5-m F—m

F= ijfj + Z Ttk Z T pmi1+19k0 |

with f; not depending on xy, ..., z;_1, and g;; not depending on the variables xy, ..., Tp4+r—1
NOT ON T2 42, -, L2 11 Lhus, the fiber of S” with respect to pry has dimension

"l jrd -1\ K< nt2-m—k—l+d-2| _ n+1+d m+dy (%+d
23( d—1 )+§: d—2 i )7\ a )
Jj=0 k=1

Since the dimension of G is (m + 1)(n —m + 1) + (n + 2)(§ =2(2+1)72 - (m+1)?

we conclude that

n n T +d m+d
; 2 _ ; — 2 2
CodimV;2, N V[ = Codim S = ( p ) 2(2 +1)? — ( J ) + (m+1)

fr— 2CI%+1,(d—1)%+1 — Cln-kl—m’(d,l)m-!—l. (36)

Note that we are denoting Cia 4_1)» meaning that it is C, for e = (1,...,1,d = 1,...,d — 1)
where the first a entries are equal to 1, and the nlast b entries are equal to d — 1.

In order to compute the codimension of TyVs?, we compute the period matrix P(d) using
the period formula given by Corollary and then we apply Corollary [3.6.1] We compute
the rank of the period matrix P() with computer assistance, and we verify in each case that
it is equal to (3.6)). [ |

Remark 3.6.3. Theorem holds for a general ¢ € T such that X; contains two 3-

dimensional linear subvarieties intersecting each other in a m-dimensional linear space, for

(n,d,m) such that m < 2 — -4 see [VL18] Theorem 2 and Remark 3.
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Chapter 4

Appendix

4.1 Hypercohomology

In this appendix we recall (without proofs) the basic properties of hypercohomology we use
along the text. Our main reference is [Mov17b] Chapter 3.

Definition 4.1.1. Let X be a topological space, U be an open covering of X, and (.*,d)
be a complex of sheaves over X. Consider the Cech cochains groups

S=01 U, 7).
Let ‘
v @ 7
i+j=k
and define Dy, : % — £ as Dy| 4 := d+ (—1)'6. These maps determine a complex of

abelian groups (.£*, D). We define the hypercohomology of the complex (.#°,d) relative to

the covering U as
H*(U,.7*) .= H*(£*, D).

In particular each element w € H*(U,.7*) is represented by a sum
w=wl+w + W

where each w' € C/(U, %), 6w’ = 0, dw' = (—1)0w'™! for i = 0,...,k — 1, and dw® = 0.
The hypercohomology of the complex (7°,d) is

HF(X,.7°) == liLr{n]HIk(Z/{,Y'),
where the direct limit is taken over the set of coverings directed by the refinement relation.

Definition 4.1.2. Let X be a topological space, and .¥ a sheaf over X. We say .¥ is acyclic
if
HY(X,%) =0, Vq > 0.
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Proposition 4.1.1. Let X be a topological space, U be an open covering of X, and (.°,d)
be a complex of sheaves over X. If U is a locally finite cover, that is acyclic with respect to
every S, i.e.

HY (U, N---NU;,, ") =0,

for all ¢, >0 and i > 0. Then
HF(X,.7%) ~ H*(U,.7*).
Proposition 4.1.2. When every .7* is acyclic, we have
HF(X,.7%) ~ HY(.7*),d).
Proposition 4.1.3. Let X be a topological space, . a sheaf of abelian groups over X. If

O—>Y—>5ﬂo£°—>§”1il—>,

is an exact sequence of sheaves (in other words (L, d) : 0 — % o, 54 Ly . is a resolution
of %), then
H*X,.7) ~H*X,.7,).

Corollary 4.1.1. Let X be a topological space, . a sheaf of abelian groups over X. If
(Leyd) : 0 = A by Ly s an acyclic resolution of .7, then

HYX,.) ~ H*T(A),d).
Definition 4.1.3. A morphism between complexes of sheaves over X
O (S d) — (9°,d)

is called a quasi-isomorphism, if it induces isomorphisms between each cohomology sheaf.
In other words, the morphism of sheaves

H*(®): H*(.7°,d) — H"(9°,d)
are isomorphisms for all k > 0. Notice H*(.#*,d) = Ker di/Im dj,_; is a sheaf.
Proposition 4.1.4. Whenever ® : (*,d) — (¥4°,d) is a quasi-isomorphism
H*(X,.7*) ~ H¥(X,9*),

for every k > 0.
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