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Abstract

Criteria for the simplicity of the Lyapunov spectra of linear cocycles have
been found by Guivarc’h-Raugi, Gol’dsheid-Margulis and, more recently,
Bonatti-Viana and Avila-Viana. In all the cases, the authors consider cocy-
cles over hyperbolic systems, such as shifts or Axiom A diffeomorphism.

In this thesis we propose to extend such criteria to situations where
the base map is just partially hyperbolic. This raises a lot of new issues
concerning, among others, the recurrence of the holonomy maps and the
(lack of) continuity of the disintegrations of u-states.

Our first results are stated for partially hyperbolic skew-products whose
iterates have bounded derivatives along center leaves. They allow us, in
particular, to exhibit non-trivial examples of stable simplicity in the partially
hyperbolic setting.

The second result is when we consider SL(2,R) cocycles over partially
hyperbolic diffeomorphisms. Under a hypothesis over the behavior of the
cocycles over a compact center leaf of the diffeomorphism, we prove that
the cocycle is accumulated by open sets where the Lyapunov exponents are
non-zero.

Keywords: Linear cocycles, Lyapunov exponents, fiber bunched cocycles,
partially hyperbolic diffeomorphism, skew-product.
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CHAPTER 1

Introduction

The theory of linear cocycles is a classical and rather developed field of Dy-
namics and Ergodic Theory, whose origins go back to the works of Fursten-
berg, Kesten [16, 14] and Oseledets [21]. The simplest examples are the
derivative transformations of smooth dynamical systems. However, the no-
tion of linear cocycle is a lot more general and flexible, and arises naturally in
many other situations, such as the spectral theory of Schrodinger operators.

Among the outstanding issues is the problem of simplicity: when is it
the case that the dimension of all Oseledets subspaces is equal to 1. This
was first studied by Guivarc’h-Raugi [18] and Gol’dsheid-Margulis [17], who
obtained explicit simplicity criteria for random i.i.d. products of matrices.
Bonatti-Viana [9] and Avila-Viana [3] have much extended the theory, to
include a much broader class of (Holder continuous) cocycles over hyperbolic
maps.

Our purpose in this work is to initiate the study of simplicity in the con-
text of cocycles over partially hyperbolic maps. The study of partially hy-
perbolic systems was introduced in the works of Brin-Pesin [11] and Hirsch-
Pugh-Shub [19] and has been at the heart of much recent progress in this
area. While sharing many of the important features of uniformly hyperbolic
systems, partially hyperbolic maps are a lot more flexible and encompass
many new interesting phenomena.

As we are going to see, the study of linear cocycles over partially hyper-
bolic maps introduces a host of new issues. We will deal with these issues
in the context when the partially hyperbolic map is given by a partially
hyperbolic skew-product.

The case when the map is non-uniformly hyperbolic, that is, when all
center Lyapunov exponents are non-zero, is better understood. Indeed, the
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case of 2-dimensional cocycles is covered by Viana [24] and for general di-
mension d > 2 it should be possible to combine a symbolic description as in
Sarig [23] with the main result of Avila-Viana [3], that deals with cocycles
over countable shifts.

For this reason, we focus on the opposite case: namely, we take the skew-
product to be mostly neutral along the center direction, meaning that its
iterates are have bounded derivatives along the vertical leaves {Z} x K.

Concerning the linear cocycle, we take it to admit strong-stable and
strong-unstable holonomies, in the sense of Bonatti-Gomez-Mont-Viana [§]
and Avila-Santamaria-Viana [2]. The simplicity conditions in our main re-
sult, that we are going to state next, may be viewed as extensions of the
pinching and twisting conditions in Bonatti-Viana [9] and Avila-Viana [3]
to the present partially hyperbolic setting.

Firstly, we call the linear cocycle uniformly pinching if there exists some
fixed (or periodic) vertical leaf ¢ = {p} x K such that the restriction to £ of
every exterior power of the cocycle admits an invariant dominated decom-
position

Cx AFCH =B g o Fhdim AF(CY)

into 1-dimensional subbundles. In particular, this decomposition is contin-
uous and the Lyapunov exponents along the factor subbundles EJ are all
distinct.

Secondly, we say that the linear cocycle is uniformly twisting if, for any
su-path 7 connecting points (p,t) € £ and (p, s) € ¢, the push-forward of the
decomposition

El,l(t) DD El,d(t)

at (p,t) under the concatenation of strong-stable and strong-unstable holonomies
over y is in general position with respect to the decomposition

El,l(s) @ - @ El,d(s)

at (p,s). By the latter, we mean that the image of any sum of k subspaces
EYi(t) is transverse to the sum of any d — k subspaces EJ(s), for any
1<k<d-1.

We say that the linear cocycle is uniformly simple if it is both uniformly
pinching and uniformly twisting.

Theorem A. Every uniformly simple linear cocycle over a partially hy-
perbolic skew-product with mostly neutral center direction has simple Lya-
punov spectrum relative to any invariant probability measure with local
partial product structure.

The notion of local partial product structure will be recalled in Chap-
ter 3, where we will also give a more precise version of the theorem. Indeed,
as we will see, the conclusion holds under weaker (non-uniform) versions of
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the pinching and twisting conditions. Moreover, already in the form given in
Theorem A, our simplicity criterion holds for a subset of Holder continuous
cocycles with non-empty interior.

If we deal with SL(2,R) cocycles there are more results about genericity
and stability of simple or not simple spectrum. In this case simplicity is
equivalent to non-zero Lyapunov exponents.

Results about genericity of zero Lyapunov exponents were announced
by Maiie and proved by Bochi [7], they proved that C° generically SL(2, R)
cocycles are uniformly hyperbolic or have zero Lyapunov exponents. Also
Avila [5] proved in a very general setting (including the previous case) that
there exist a dense set of cocycles with non-zero Lyapunov exponents.

On the other hand, the situation changes radically in the context of
(Holder) fiber bunched cocycles. Viana [24], Avila-Viana [4], Avila-Viana-
Santamaria [1] proved that in this class generically the Lyapunov exponents
are non-zero. In particular, theorem A [1], gives examples of cocycles with
stably non-zero exponents when the base dynamics is partially hyperbolic,
volume preserving and accessible.

Here, we provide a new construction that does not require volume pre-
serving nor accessiblility. Under certain conditions we prove, in Chapter 9
that the cocycle is acumulated by open sets where the Lyapunov exponents
are non-zero. We prove the next theorem:

Theorem B. Let y be a f-invariant ergodic measure with zero center Lya-
punov exponent and projective product structure.

Let A: M — SL(2,R) be a fiber bunched cocycle, such that the restric-
tion to some periodic center leave of f is non-uniformly hyperbolic and is
a weak continuity point of Lyapunov exponent. Then A is accumulated by
stably non-zero cocycles.

By non-uniformly hyperbolic we mean that the Lyapunov exponents are
non-zero and the concept of weak continuity is a type of continuity of Lya-
punov exponents, for non-ergodic measures, that we introduce in Chapter 9.

In the proof of this fact we use an equivalence condition between con-
tinuity of Lyapunov exponents and Oseledets decomposition in the case of
SL(2,R) cocycles. Actually we prove a much more general version, that is
an interesting result by itself.

We prove this equivalence in the case of semi-invertible cocycles of any
dimension, this means that the base map is invertible but the matrices may
not be invertible.

Theorem C. A is a continuity point for the Lyapunov exponents if and
only if it is a continuity point for the Oseledets subspaces with respect to
the measure pu.

Instituto de Matematica Pura e Aplicada 3 2016
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1.1 Structure of the work

This work is divided in 3 parts.

e The first one, from Chapter 3 to 7, is devoted to prove Theorem A.
Actually we prove a stronger result that gives a condition for simple
Lyapunov spectrum for cocycles A : M — GL(d,C) with f a partially
hyperbolic skew-product.

e In the second part, chapter 8, we prove the equivalence between con-
tinuity of Lyapunov Exponents and Oseledets decomposition, wich
correspond to Theorem C. As mentioned before, a particular case of
this result will be used in chapter 9.

e The third part, chapter 9, is devoted to prove Theorem B.

These 3 results are relatively independent, and can be read separate.
In chapter 2 we give the precise definitions and preliminary results that
will be used in the whole thesis.

Instituto de Matematica Pura e Aplicada 4 2016



CHAPTER 2

Definitions and Preliminary Results

Let (M,*B, 1) be a measurable space and f : M — M an invertible measur-

able map that preserves p. Fixed d € N, every measurable matrix valued
map A: M — M(d,K) (K=TR or C) defines a linear cocycle over f,

Fa:MxKI— MxK:  Fylzv) = (f(z), A(z)v).
Its iterates are given by
Fi(z,v) = (f"(z), A" (z)v),

Were
AN(z) = { A(fHx)) ... A(f(z)A(z) ifn>0
id ifn=20
It was proved in [13] that, if [log™ || A|/du < oo, for u-almost every point
x € M, there exist measurable functions A\j(z) > ... > A\(z) > —o0, and
a direct sum decomposition R% = E%’A PD...P EifA into vector subspaces,
such thatfor every 1 <17 </,

o dim(E;’A) is constant on orbits,
° A”(:p)Eé’A - E;’f(x) with equality when \; > —oco
and

1 .
o \i(z) =lim, o - log || A™(x)v || for every non-zero v € B4

The )\;’s are called Lyapunov exponents and the bundles x E;’A are
called Lyapunv spaces. If u is ergodic the \;’s and the dimensions are
constant. Denote by

71(A) > 72(A) > -+ > yq(A)
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the Lyapunov exponents of (f, A) counted with multiplicities.

This result extends the multiplicative ergodic theorem of Oseledets [21]
in the case where the matrices may not be invertible. We call this cocycles
semi-invertible.

In the case of maps A : M — GL(d, C) such that log HA_1 H and log || Al
are p-integrable (Oseledets Theorem), the results are also true for n < 0
and \; > —o0.

By Kingman’s subadditive ergodic Theorem A; = lim % [ log ||A™].

We say that A has simple Lyapunov spectrum if all Oseledets sub spaces
have dimE*(x) = 1. This gives a much more simple behavior of the dynamic
of the cocycle. For example if we call

PEy: M x CP¥™1 — M x CP™Y, PF(z,[v]) = (f(), [A(z)v])

every PF4-invariant measure that projects on p is concentrated in the bundle
{EL, ... ,Eg}, this is proved in Proposition 8.2.1. By Poincare’s Recurrence
the complement of this set is contained in the set of wandering points. If
A: M — SL(2,R) we have A} = —\g, then simple spectrum is equivalent
to non zero Lyapunov exponents.

When (M,d) is a metric space, we define an uniform topology in the
space CO(M) of continuous cocycles A : M — M (d,K) by the norm

14lloo = sup [[A@)]]

An interesting case is when the cocycles have more regularity. In particular
we are interested in the a-Hoélder cocycles, denoted by H*(M ). The norm

[A(z) — A(y)ll
Allg = sup||A(z)]| + sup ——F7——
41l = sup 4G + sup F T

defines a topology in H*(M) that we call a-Hélder topology.

A cocycle A is called stably simple if, in some topology, there exists an
open set A € V such that every B € V has simple Lyapunov spectrum.

We say that A € CY(M) is a continuity point for the Lyapunov ez-
ponents if for every sequence {Ap}r C C°(M) converging to A we have
limg 00 7i(Ax) = 7i(A) for every 1 < i < d. Observe that in this case for
every k sufficiently large we have

Y1(Ar) = 7g, (Ak) > 74,11 (Ak) =2 7, (Ak) > .. > g 1 (Ak) = 7a(Ak)

where d; = " d;(A) for every 1 < i < I. In particular, A, has at

j=1
least [ different Lyapunov exponents and the sum of the dimensions of the
Oseledets subspaces associated with ~ d_y 1 (Ag), -y i, (Ag) coincide with

the dimension of E;%"A for every 1 < j < [ where dy = 0. This motivates the
following definition.

Instituto de Matematica Pura e Aplicada 6 2016
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Given a sequence {Ap}r C C°(M) converging to A € C°(M) we say
that the Oseledets subspaces of Ay converge to those of A with respect to
the measure p if for every k sufficiently large there exists a direct sum de-
composition R? = F} Ak gy L@ FYY% into vector subspaces such that the
following conditions are satisfied:

i) ot = piAr g It A g e BITYA% for some j € {1,...,1;} and
t>0;

ii) dim(Fé’A’“) = dim(E;’A) for every i =1,...,1[;

iii) for every § > 0 and 1 <1i <[ we have
p({z € M; L(F2% EXY) > 6}) 222 0,

where the angle £(E, F) between two subspaces E and F of R is defined
as follows: given w € R? we define

dist(w, F) = ing ||lw — v].
ve

More generally, we may consider the distance between E and F' given by

dist(E, F) = sup {dist (U,F) , dist (w,E) } (2.1)
veEweF o]l [l

Then, the angle between E and F is just £(E,F) = sin~!(dist(E, F)). A
cocycle A is said to be a continuity point for the Oseledets decomposition
with respect to the measure p if the above requirements are satisfied for every
sequence {A}r C C°(M) converging to A.

2.1 Partially hyperbolic maps

Given any z € M and ¢ > 0, we define the local stable and unstable sets of
T with respect to f by
We(x) :={y e M :distpy(f"(z), f"(y)) <€, VYn >0},

€

Wi (x) :={y € M : distp(f"(x), f"(y)) <€, ¥n <0},

€
respectively.

Definition 2.1.1. We say that a homeomorphism f : M — M is hyperbolic
whenever there exist constants C,e,7 > 0 and A € (0,1) such that the
following conditions are satisfied:

i dlStM(fn(yl)v fn(yQ)) < CA" diStM(yhy?)a Vr € M7 vy17y2 € Wes(x)a
Vn > 0;

Instituto de Matematica Pura e Aplicada 7 2016



Mauricio Poletti Simple Lyapunov spectrum

i dlStM(f_n(yl)’f_n(yQ)) < C)‘ndiStM(ylvyz)7 Vo € Ma vylayQ €
We(x), ¥n > 0;

o If distps(z,y) < 7, then W2(z) and W!(y) intersect in a unique point
which is denoted by [z, y] and depends continuously on x and y.

A diffeomorphism f : M — M is called partially hyperbolic if there exist
a nontrivial splitting of the tangent bundle

TM =FE°® E°® E“

invariant under the derivative Df, a Riemannian metric || - || on M, and
positive continuous functions v, o, v, 4 with v, ? < landv <y < 47! < p~!
such that, for any unit vector v € T, M,

IDfp)vll <v(p)  ifve E(p), (2.2)
v(p) <IIDf(p)v]| < A4(p)~" if v e E(p), (2.3)
o(p)~" <[IDf(p)vll if v € E“(p). (2.4)

All three sub-bundles E*, E¢, E* are assumed to have positive dimension.

A partially hyperbolic diffeomorphism f : M — M is called dynamically
coherent if there exist invariant foliations W and W with smooth leaves
tangent to E°® E® and E°® E", respectively. Intersecting the leaves of YW
and W one obtains a center foliation W¢ whose leaves are tangent to the
center sub-bundle E°¢ at every point.

The stable and unstable bundles E® and E" are uniquely integrable
and their integral manifolds form two transverse continuous foliations W**
and W"¥ whose leaves are immersed submanifolds of the same class of
differentiability as f. These foliations are referred to as the strong-stable
and strong-unstable foliations. They are invariant under f, in the sense that

fW= (@) = W (f(z)) and fW"(x)) = W"(f(x)),

where W#$(z) and W**(x) denote the leaves of W*° and W*" respectively,
passing through any x € M. These foliations are, usually, not transversely
smooth: the holonomy maps between any pair of cross-sections are not
even Lipschitz continuous, in general, although they are always a-Holder
continuous for some a > 0.

Let d = dim M and F be a continuous foliation of M with k-dimensional
smooth leaves, 0 < k < d. Let F(p) be the leaf through a point p € M and
F(p, R) C F(p) be the neighborhood of radius R > 0 around p, relative
to the distance defined by the Riemannian metric restricted to F(p). A
foliation box for F at p is the image of an embedding

®: F(p,R) xR&F 5 M

Instituto de Matematica Pura e Aplicada 8 2016
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such that ®(-,0) = id, every ®(-,y) is a diffeomorphism from F(p, R) to
some subset of a leaf of F (we call the image a horizontal slice), and these
diffeomorphisms vary continuously with y € R%*. Foliation boxes exist
at every p € M, by definition of continuous foliation with smooth leaves.
A cross-section to F is a smooth codimension-k disk inside a foliation box
that intersects each horizontal slice exactly once, transversely and with angle
uniformly bounded from zero.

Then, for any pair of cross-sections I' and I", there is a well defined holon-
omy map I' — I”, assigning to each z € I' the unique point of intersection
of I'" with the horizontal slice through .

2.2 Linear cocycles with holonomies

Let A: M — GL(d,C) be an a-Hélder continuous map for some « > 0.

We say that the cocycle admits strong-stable holonomies and strong-
unstable holonomies, in the sense of [8, 2].

By strong-stable holonomies we mean a family of linear transformations
Hy C? — C?, defined for each p,q € M with ¢ € W (p) and such that,
for some constant L > 0,

(a) H;j

)it = A (@) 0 Hy yo AT (p)~! for every j > 1;

(b) Hy,=id and H, , = HZ o Hy , for any z € W (p);
(c) | Hy, —id|| < Ldist(p, q)*.

Strong unstable holonomies Hyy C? — C? are defined analogously, for the
pairs (p,q) with ¢ € Wik (p).

It was shown in [2] that strong-stable holonomies and strong-unstable
holonomies do exist, in particular, when the cocycle is fiber bunched. By the

latter we mean that there exist C' > 0 and 6 < 1 such that
A" @) |4 ()~ | min{#(p), v(p)}" < CO™  for every p € M and n > 0,

where 2(p), v(p) are the hyperbolicity functions for f as in conditions (i)-(ii)
above.

2.3 Invariance Principle

A more general type of cocycles are the smooth cocycles over f, let us give
the definitions

Let w : E — M be a fiber bundle with smooth fibers modeled on some
Riemannian manifold N. A smooth cocycle over f : M — M is a continuous
transformation F' : £ +— FE such that 7o F' = fom, every F, : Ey — Ej(,) is
a C! diffeomorphism depending continuously on z, relative to the uniform

Instituto de Matematica Pura e Aplicada 9 2016
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C' distance in the space of C'! diffeomorphisms on the fibers, and the norms
of the derivative DF, () and its inverse are uniformly bounded.
In particular, the functions

(2,6) = log | DFy ()|l and  (x,€) = log [ DEw (&)™

are bounded. Then (Kingman [20]), given any F-invariant probability m
on E, the extremal Lyapunov exponents of F' Ay = limy,_,o0 = log [| DFZ(€)|

and A\_ = lim, %log HDFJ?(S)AH*1 are well defined at m-almost every
(x,§) € E

We call stable holonomies a family of transformations hy, = Ep — Eg,
defined for each p,q € M with ¢ € W/’ (p) and such that, for some constant
L >0,

(a) hjfj(p)7fj(q) = Fg o hzs,’q o ngl for every j > 1;
(b) h3, =id and h$ = HS o hs . for any z € Wi (p);

(c) (p,q,;€) = hy,,(&) varies continuously with respect to pairs (z,y) in
the same strong stable leaf;

(d) There are C' > 0 and « > 0 such that H,  is (C,~)-Hélder continuous
for every x and y in the same local strong stable leaf.

The unstable holonomies hy', : E, — E, are defined analogously, for the
pairs (p,q) with ¢ € W2 (p).

The linear, strong stable and strong unstable holonomies defined in the
previous section are a particular case of holonomies.

Here we recall an important theorem, known as invariance principle, that
will be essential in the work, This is Theorem 4.1 of [2].

Theorem 2.3.1. Let f be a C' partially hyperbolic diffeomorphism, F be
a smooth cocycle over f, u be a f-invariant probability, and m be a F'-
invariant probability on E such that mm = p. Then if F' admits invariant
stable and unstable holonomies and A = Ay = 0 then for any desintegration
mg :x € M of m into conditional probabilities along the fibers, there exist:

(o) A full p-measure subset M* such that m, = (hy, ,)my, for every y,z €
M? in the same strong-stable leaf;

(B) A p-measure subset M" such that m, = (hy, ,)my for everyy,z € M*
in the same strong-unstable leaf.

A measure m is called su-state if it has the properties of the conclusion
of the previous theorem. If M?® = M we say that the measure is s-invariant,
and if M = M we say that if is u-invariant.

Instituto de Matematica Pura e Aplicada 10 2016
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In the case where f : M +— M is hyperbolic (E¢ = {0}) we say that
an invariant measure u has local product structure if there exist p® and u*
measures in W, and W} respectively, such that locally p ~ p® x p*. We
recall an important Result for this type of cocycles, whose proof can be
found in [4, Proposition 4.8].

Proposition 2.3.2. Assume F : M — M, the smooth cocycle defined over
f, admits s-holonomy and u-holonomy. Assume f and Tt have local prod-
uct structure, as described above. If m is an su-state then it admits a disin-
tegration which is s-invariant and u-invariant and whose conditional proba-
bilities my, vary continuously with x in the support of wiu.

Instituto de Matematica Pura e Aplicada 11 2016



CHAPTER 3

First statements

Now let us give the precise definitions of the notions involved, as well as a
refined version of Theorem A.
3.1 Partially hyperbolic skew-products

Let 6: % — 3 be any two-sided finite or countable shift. By this we mean
that 3 is the set of two-sided sequences (x,)ncz in some set X C N with
#X > 1, and the map & is given by

o ((in)nEZ) = (xn'f‘l)nGZ :

Let dist : & x ¥ — R be the distance defined by
dist(2,9) = > oprloe — vl (3.1)

where & = (21),c, € Y and § = (Yk)pez € 3. Then ¥ is a compact
metric space. Moreover, & is a hyperbolic homeomorphism, as we are going
to explain.

Given any = € S and € > 0, we define the local stable and unstable sets
of & with respect to 6 by

& : xp =y for every k > 0} and
% xp =y for every k < 0}.

Observe that, taking A = 1/2 and 7 = 1/2,

12
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(i) dist(6™(91),0™(92)) < A" dist(g1,92) for any § € fl, U1,92 € WE ()
and n > 0;

(ii) dist(a="(91), 3_”(732)) < N dist(9y, 92) for any g € f), U1, 92 € WE.(9)
and n > 0;

(iii) if dist(2,9) < 7, then W} (&) and W}%_(y) intersect in a unique point,
which is denoted by [z, y] and depends continuously on x and y.

By partially hyperbolzc skew-product over the shift map & we mean a
homeomorphism f 3 x K = % x K of the form

f(@,t) = (6(2), f3(t)

where K is a compact Riemann manifold and the maps fw : K — K are
diffeomorphisms satisfying

Aldfa ()] < 1 and N|df; 1 (t)]| < 1 for every (#,t) € ¥ x K, (3.2)

where X is a constant as in (i) - (ii). We also assume the following Hélder
condition: there exist C' > 0 and a > 0 such that the C'-distance between
fj and fy is bounded by C dist(z, y)® for every &,7 € .

We say that f has mostly neutral center direction if the family of maps
f?: K — K defined for n € Z and & € 3 by

fé’”_l(i‘)o"‘ofif? ifn>0
fg =¢ id ifn=20
f;nl(x -0 f 1(2) if n <0.
have bounded derivatives, that is, if there exists C' > 0 such that

HDfQ < C for every # € ¥ and n € Z.

Remark 3.1.1. Clearly, this implies that the {f;” :n € Zand # € B} is
equi-continuous. When the maps f; are C*¢, equi-continuity alone suffices
for all our purposes (see Remark 4.2.5).

A few comments are in order concerning the scope of the notion of par-
tially hyperbolic skew-product. To begln with, the shift & : ISRy may
be replaced by a sub-shift 7 : ZT — ET associated to a transition matrix
T = (Ti;)ijex- By this we mean that T; ; € {0,1} for every 4,j € X and 67
is the restriction of the shift map & to the subset Sr of sequences (T )nez
such that Tj, .., = 1 for every n € Z. One way to reduce the sub-shift
case to the full shift case is through inducing. Namely, fix any cylinder
[i]] = {(#n)nez € Sr : To = i} with positive measure and consider the first
return map g : [i] — [i] of 67 to [i]. This is conjugate to a full countable

Instituto de Matematica Pura e Aplicada 13 2016



Mauricio Poletti Simple Lyapunov spectrum

shift (with the return times as symbols) and it preserves the normalized re-
striction to the cylinder of the ép-invariant measure. All the conditions that
follow are not affected by this procedure. Moreover, every linear cocycle F
over o gives rise, also through inducing, to a linear cocycle over g whose
Lyapunov spectrum is just a rescaling of the Lyapunov spectrum of F. In
particular, simplicity may also be read out from the induced cocycle.

Moreover, although we choose to formulate our approach in a symbolic
set-up, for skew-products over shifts, it is clear that it extends to other
situations that are more geometric in nature. For example, take g : N — N
to be a partially hyperbolic diffeomorphism on a compact 3-dimensional
manifold N and assume that there exists an embedded closed curve v C N
such that g(y) = v and some connected component of W} (v) N W}%.(v) \ v
is a closed curve. By [10], ¢ is conjugate up to finite covering to a skew-
product over a linear Anosov diffeomorphism of the 2-torus. Thus, using
a Markov partition for the Anosov map, one can semi-conjugate g to a
partially hyperbolic skew-product over a sub-shift of finite type. In this
way, the conclusions of this work can be adapted to linear cocycles over
such a diffeomorphism.

3.2 Stable and unstable holonomies

Property (3.2) is a condition of domination (or normal hyperbolicity, in the
spirit of [19]): it means that any expansion and contraction of f5 along the
fibers {2} x K are dominated by the hyperbolicity of the base map &. For our
purposes, its main relevance is that it ensures the existence of strong-stable
and strong-unstable “foliations” for f , as we explain next.

Let the product M =¥ x K be endowed with the distance defined by

diStM((:fl,tl), (fz,tg)) = disti(fﬁl,i‘Q) + d(tl,tQ),

where d is the distance induced by the Riemannian metric on K (on the
right-hand side, dist denotes the distance (3.1) on X).
We consider the stable holonomies

g, K — K, hi;= lim (f1)""ofr,

n—oo

defined for every Z and ¢ such that & € W} (9), and unstable holonomies

. -1 _;
hig: K = K, hig= lim (ff) " off
defined for every  and g such that & € W (¢). That these families of maps
exist follows from the assumption (3.2), using arguments from [8]; see for
instance [6] which deals with a similar setting.

Instituto de Matematica Pura e Aplicada 14 2016



Mauricio Poletti Simple Lyapunov spectrum

Then we define the local strong-stable set and the local strong-unstable
set of each (Z,t) € M to be
Wi (2,t) = {(§.5) € M = § € Wji.(&) and s = hj 4(t)} and
Wloc (.%',t) - {( ) € M y S Wloc( ) and s = h%’g(t)}v

respectively. It is easy to check that

(9.5) € Win(@,t) = lim_disty (f*(9,5), f"(&,1)) = 0

n—-+o0o

and analogously on strong-unstable sets for time n — —oo.

3.3 Measures with partial product structure

Throughout, we take i to be an f—invariant measure with partial product
structure, that is, a probability measure of the form i = pp® x p* x u® where:

e p: M — (0,+00) is a continuous function;

e ;® is a probability measure supported on ¥~ = X%<o;
e ;" is a probability measure supported on ¥ = X%=o;
e 1f is a probability measure on the manifold K.

We also assume the following boundedness condition: there exists k > 0
such that

= S U 1 ~ S u
I R LG (3.3)

Kk = p(xs, z%) k= p(zs,x%) —

for every 2%, z° € ¥~ and 2%, 2% € ¥*, where 5 : ¥ — R is defined by
plata®) = [ ol ()

Observe that when ¥ is a finite shift space this is an immediate consequence
of compactness and the continuity of p.

For each & € &, let /i ¢ denote the normalization of p(Z,-)u¢. The family
{ag -2 € Z} is a Rokhhn disintegration of i along the vertical fibers.

The assumption that f is invariant under f , together with the fact that af
depends continuously on Z, implies that

(fa)wil§ = gz for every & € 3, (3.4)

We will also see in Chapter 4.2 that this disintegration is holonomy invari-
ant:

)=l whenever §y € W*(z) and

(12 3)-f o

O O
@)ﬁ @n‘:

whenever § € W¥(z).
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Remark 3.3.1. In particular, if p is a fixed point of the shift map then
fig; 18 invariant under fﬁ. Clearly, it is equivalent to u¢. Moreover, if Z is
a homoclinic point of p, that is, a point in W*(p) N W*(p), then (hg’ﬁ o
el = (W25 0 5 2)ufty = i,

We assume that our cocycle admits strong stable and strong unstable
holonomies as defined in section 2.2

For 1 <1 <d-—1, let Sec(K, Grass(l,d)) denote the space of measurable
maps V from (some full p®measure subset of) K to the Grassmannian
manifold of all I-dimensional subspaces of R%. For each & € 2, consider the
following push-forward maps

Sec(K, Grass(l,d)) — Sec(K, Grass(l,d)) :
(a) V — F;V given by
FiV(t) = A(2,s)V(s) with s = (f3) ' (t);

(b) V= H; ,V given, for g € W[ .(2), by

H; 5V () = H&SM V(s) with s = hj ;(t);

Q7t)
(c) V= Hg ,V given, for § € Wi (), by

H}E{@V(t) = H&‘,S),(Q,t)v(s) with s = hZ,(fL’(t)

3.4 Pinching and twisting

Now we state our refined criterion for simplicity of the Lyapunov spectrum.
We call the cocycle F' pinching if there exists some fixed (or periodic)
vertical leaf £ = {p} x K such that the restriction to ¢ of every exterior power
AFE has simple Lyapunov spectrum, relative to the fﬁ—invariant measure /ll‘;
(Remark 3.3.1). In other words, the Lyapunov exponents Aj,---,\g are
such that, for each 1 <k <d—1 and ﬂg—almost every t € K, the sums

)\i1(ﬁ7t)+"'+)\ik(ﬁvt)a 1§21<<2k§d

are all distinct. It is clear that F is pinching if it is uniformly pinching.

Take F to be pinching and let TK = E'(t) @ --- ® E%(t) denote the
Oseledets decomposition of F restricted to £. The maps t — E(t) are
defined on a full ﬂg—measure set. Now let Z be some homoclinic point of p
and ¢ > 1, such that

2 € Wige(p) and  6°(2) € Wig.(p)-

Define

Vi:(HgAOFA_ZOHSA (2))E’L fOI‘iZl,...,d. (36)

5P z D,G"
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Note that V? is also defined on a full fi¢-measure set since the maps f3 and
the holonomies A3 ; and hf ; preserve fi5 (Remark 3.3.1).
Now let B(t) = (8;,;(t ))” be the d x d-matrix defined by

d
W)=Y BijOE(t), fori=1,...d
j=1

We call the cocycle F twisting if, some choice of the homoclinic point 2,
all the algebraic minors my ;(t) of B(t) decay sub-exponentially along the
orbits of f;, meaning that

lim —1og imy, J(f”( )| =0 for ig-almost every t € K (3.7)
n—oo N
and every I,J C {1,...,d} with #I = #J.

It is clear that this holds if F' is uniformly twisting, because in this
case the algebraic minors are uniformly bounded. More generally (see for
instance [25, Corollary 3.11]), the property (3.7) holds whenever the function
log |my ;| o fﬁ —log|my 4| is fij-integrable.

3.5 Main statements and outline of the proof

We say that the cocycle F is simple if it is both pinching and twisting, in
the sense of the previous section. That is the case, in particular, if Fis
uniformly pinching and uniformly twisting. Thus Theorem A is contained
in the following result:

Theorem D. If F: M xC% — M xC% is a simple cocycle then its Lyapunov
spectrum is simple.

Let H*(M) denote the space of all a-Holder continuous maps A : M —
SL(2,R). We are going to prove in Section 7.2 that the uniform pinching and
uniform twisting conditions are open with respect to this topology. Thus
Theorem A implies

Theorem E. There is a non-empty open subset of A € H*(M 1) such that
the associated linear cocycle F over f has simple Lyapunov spectrum.

In many contexts of linear cocycles over hyperbolic systems, simplicity
turns out to be a generic condition: it contains an open and dense subset
of cocycles (precise statements can be found in Viana [25]). This is related
to the fact that, in the hyperbolic setting, the pinching and twisting condi-
tions are just transversality conditions, they clearly hold on the complement
of suitable submanifolds with positive codimension. At present, it is un-
clear how this can be extended to the partially hyperbolic setting. Uniform
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pinching is surely not a generic condition, in general, but it might be locally
generic in some special situations, for instance when fﬁ is quasi-periodic.

We close this section by outlining the overall strategy of the proof of
Theorem 8.1.1. For every 1 < £ < d, we want to find complementary
F—invariant measurable sections

€:M — Grass(l,d) and n:M — Grass(d —[,d) (3.8)

such that the Lyapunov exponents of F along ¢ are strictly larger than those
along 7.

The starting point is to reduce the problem to the case when the maps fx
and the matrices A(ﬁ: t) depend on Z only through its positive part z*. This
we do in Section 4.1, using the stable holonomies to conjugate the original
dynamics to others Wlth these properties. Then f M — M projects to
a transformation f : M — M on M = X% x K which is a skew-product
over the one-sided shift o : ¥t — X1 and, similarly, the linear cocycle
F:MxC— MxC? projects to a linear cocycle F : M x C* — M x C?
over the transformation f.

We also denote by F and F the actions

F: M x Grass(l,d) — M x Grass(l,d) and
F : M x Grass(l,d) — M x Grass(l,d)

induced by the two linear cocycles on the Grassmannian bundles. Still in
Section 4.1, using very classical arguments, we relate the invariant measures
of f and F with those of fand F, respectwely

In Section 4.2 we study u-states, that is F-invariant probability measures
1 whose Rokhlin disintegration {r; : # € 3} are invariant under unstable
holonomies, as well as the corresponding F-invariant probability measures
m. Here we meet the first important new difficulty arising from the fact
that f is only partially hyperbolic.

Indeed, in the hyperbolic setting such measures m are known to ad-
mit continuous Rokhlin disintegration {m, : = € M} along the fibers
{z} x Grass(l,d) and this fact plays a key part in the arguments of Bonatti-
Viana [9] and Avila-Viana [3].

In the partially hyperbolic setting, the situation is far more subtle: the
disintegration {m, : z € ¥} along the sets {x} x K x Grass(l,d) is still con-
tinuous, but there is no reason why this should extend to the disintegration

{mgy : (z,t) € M}

along fibers K x Grass(l,d), which is what one really needs. The way we
make up for this is by proving a kind of L!-continuity: if (x;); — = in 3 then
(Mg, )i — Mgy in L(uC). See Proposition 4.3.5 for the precise statement.
This also leads to our formulating the arguments in terms of measurable
sections K — Grass(l,d) of the Grassmannian bundle, which is perhaps
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another significant novelty in this paper. The properties of such sections
are studied in Section 5.1. The key result (Proposition 5.1.1) is that, under
pinching and twisting, the graph of every invariant Grassmannian section
has zero mg-measure, for every x € M and any u-state m.

These results build up to Section 5.3, where we prove that every u-state
m has an atomic Rokhlin disintegration. More precisely (Theorem 5.3.1),
there exists a measurable section & : M —» Grass(l,d) such that, given any
u-state 7 on M x Grass(l,d), we have

Mg = O¢(ay) Tor fi-almost every (#,) € M. (3.9)

Thus we construct the invariant section & : M — Grass({,d) in (3.8).

To find the complementary invariant section 7 : M — Grass(d — [, d), in
Section 6.1 we apply the same procedure to the adjoint cocycle F*, that is,
the linear cocycle defined over f 1M M by the function

i~ A*(z) = adjoint of A(f~(#)).

We check (Proposition 6.1.1) that this cocycle F* is pinching and twisting
if and only if Fis. So, the previous arguments yield a F*-invariant section
€ : M — Grass(l,d) related to the u-states of F*. Then we just take
n= (&)

Finally, in Chapter 7 we check that the eccentricity, or lack of confor-
mality, of the iterates An goes to infinity fi-almost everywhere (see Propo-
sition 7.1.1 for the precise statement) and we use this fact to deduce that
every Lyapunov exponent of F along £ is strictly larger than any Lyapunov
exponents of F' along n. At this stage the arguments are again very classical.
This concludes the proof of Theorem 8.1.1.

Theorem E is proven in Section 7.2. The appendix contain material that
seems to be folklore, but for which we could not find explicit references. In
Appendix A.1 we check that the Lyapunov spectra of a linear cocycle and its
adjoint coincide. In Appendix A.2 we show that continuous maps are dense
in the corresponding L' space, whenever the target space is geodesically
convex.
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CHAPTER 4

Projective measures

In this chapter we prove some results about measure m on M x Grass(l,d)
that projects on fi. We also introduce the concept of u-states, that will be
very useful in the rest of the text.

4.1 Convergence of measures

Recall that 3 = ¥~ x . Accordingly, we write every & € 3 as (25, 2%).
For simplicity, we also write ¥ = ¥ and z = z%. Let P : 3 — ¥ be the
canonical projection P(Z) = z and ¢ : ¥ — X be the one-sided shift. We
also consider M =3 x K.

Our first step is to show that, up to conjugating the cocycle in a suitable
way, we may suppose that:

(a) the base dynamics f; along the center direction depends only on x;
(b) the matrix A(#,t) depend only on (z,t).

Let us explain how such a conjugacy may be defined using the stable holonomies.
Let 2* € ¥~ be fixed. Por any g € 3, let ¢(7) = (z*,y) and then define

Then f = h~ Yo foh is given by

f(g,1) = (&(Q)v ng(t»a with fy(t) = h§(¢(g)),¢(a(g))f¢(g}) (t).

Notice that f; does depend only on y (because ¢ does).

20
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Assume that (a) is satisfied. Define ¢(j,t) = (¢(9),t) and then let

H(Gt) = H 0 6.

Define A(4,t) = H(f(4,t)) > o A(§,t) o H(fj,t). Then

A( ) H (¢(yv ))v ( (y t)) © A(é(:&? t))?

which only depends on (y,t). Clearly, this procedure does not affect the
Lyapunov exponents.

For each 1 <[ < d, the linear cocycle F: M x C%— M x C% induces a
projective cocycle F': M x Grass(l,d) — M x Grass(l,d) through

F(3,V) = (f(@), A@)V). (4.1)
(a

From now on, we assume that both (a) and (b) are satisfied. Then, there

exists
foM =M, f(x,t) = (0(x), f2(t))
such that R
(P xidg)o f=fo(Pxidg)
and there exists A : M — GL(d, C) such that A = Ao (P x idg). Then the

map
F : M x Grass(l,d) - M x Grass(l,d), F(p,V)=(f(p),Ap)V)
satisfies
(P x idg x idgrass(ta)) © F = F o (P x idk X idgrass(.d)) -

Define 7 : M x Grass(l,d) — M to be the canonical projection on the
first coordinate. Let m be any Borel probability measure on M x Grass(l, d)
that projects down to i under 7. Denote

p=(Pxidg), i and m = (P xidg X idgrass(i,a)), M
Proposition 4.1.1. Let (N,B,n) be a Lebesgque probability space and g :
N — N be a measurable map that preserves p. Let {n, : © € N} be
the Rokhlin disintegration of n with respect to the partition into pre-images

g Y(z). Let
G:NxL—NxL, G(z,y)=(9(x),G(y))

be a skew-product over g and, given any probability measure m on N X L
that projects down to n, let {my : x € N} be its Rokhlin disintegration with
respect to the partition into vertical fibers {x} x L. Then m is invariant
under G if and only if

my = /(Gz)*mzdnx(z) for n-almost every x € N.
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Proof. Let P = {{z} x L, for x € N}. Define

My = /GZ*mzdnx(z)
we have that

g ({2} x L) = 1

/ o (A)dps — / / m. (GZ1(A)) dn, (2)dn(z).

Let w : N — P be the projection to the partition space, it is easy to see
that m(z) = g~' (g(z)), then we can write Nr(z) = Ng(x)-
We have that for any measurable function ¢ : N — C,

//W(Z)dnx(z)ﬂ*,u(w) = /(p(x)du.

[e@in = [ [ e @ine)
| [e@in@in)

_ / / p(2)dige (2)dn(x)
So we have that

/mz = / ma (G (A)) dn(x) = m (G7(A))

Then, by the uniqueness of the Rokhlin disintegration, m, is a disinte-
gration of m if and only if m(G~1(4)) = m(A). O

Then

For every ¢ € M, define ¢, = (P x idK)(f "(q)). Next, we are going to
prove the following proposition:

Proposition 4.1.2. For ji-almost every ¢ € M,
(a) A"(qn)xmg, — Mg in the weak® topology

(b) for any k > 1 and any choice of points Yy, with f*(ynx) = g and
such that y, i stay in a compact set

nh—g.loA (qn)smg, = hm An+k(yn k)*mynk
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Proof. Let g : Grass(l,d) — C be any continuous function. Define
I,: M —C, I, = /g o A" (gn)dmy,

and
In: M —C, I,(q) = /goA”(q)qu.
Note that 1,,(§) = I, o (P x idg) o f"(§).

For each n > 1, let €, be the o-algebra generated by the measurable
sets of the form [-n: A_,,..., Ayl x Bwith k >0, A_,,..., 4 C X and
B C K. Moreover, let €, be the Borel o-algebra of M. Observe that I,
is @,-measurable, since €, = f*((P x idg) (€g)). Moreover, the Borel
o-algebra of M is generated by Upen@y,.

We need the next Lemma:

Lemma 4.1.3. For each k > 1, let {uk : ¢ € M} be the Rokhlin disin-
tegration of u with respect to the partition into pre-images f~*(q). Then

In(q) = [ Tntu(2)dpig(2)

Proof. By Proposition 4.1.1

L) = /gAn(q)d (/Ak(z)*mzdu’3>
= [ [oar@a (4 )m.aut)
_ / / g A" () dmdpk ()
_ / Lok (2)dpik (),

which proves the claim. O

Then for any ¢ : M — C, €, measurable function, i.e: Y = 1, o (P X
idg) o f, for some 1, : M — C measurable

/ L) (§)dp(G) = / In(@)¥n(q)du(q)
- / / Ly (2)dpl (2)¢n(q)dp(q)
= [ [ B @)k )auta)
— [ fe@t@aita)

So fn is a martingale. Then for almost every ¢ € M there exist lim,, 00 fn =
I(g).
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Define the linear functional

I:C(Grass(l,d),C) = C, I(g)= lim I,(g)

n—o0

where C'(Grass(l,d), C) is the space of continuous functions from the Grass-
manian Grass(l,d) to C. By the Riesz-Markov theorem there exist a prob-
ability measure my; in Grass(l, d) such that [ gdmg = I(g)(q) for every g.

To see that mg = My, let ¢ be any €,-measurable function. Taking the
limit as n — oo, we get that

/ (@)e(@)di(d) = / i (@) 0(@)da(2).

This may be rewritten as

[o@ [a©ani©dia) = [o@ [ sa@)am, ©dna.

Using the invariance of fi and the invariance of M, we get that

[ [ vas@ani©di@ = [ [ o@gtminmdit.

These relations extend immediately to linear combinations of functions 1 x g.
Since these form a dense subset of all bounded measurable functions on
M x Grass(l,d), this implies that mg = 14 for fi-almost every ¢.

This proves the claim (a) of Proposition 4.1.2.

To prove part (b), observe that

1
k _
ZRp> TP
yfe(y)=p "

For any n > 0 and k& > 1, define

St = [ [ (hnentw) = 1) o) i),

by [9, Lemma 3.4] we have that
Si= [ D@ di(@) - [ 1P di(a)

then, for every s > 1

Z// k() — Fa(@)? i () di@) = 3 S < 2h(sup g2

n=1
Consequently,
/ Insr(W) = L(@) duf(y) = > Jflk()(fm(y) — I(9))?
rEg=an Y
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converges to zero when n — oo, for ji almost every ¢ € M. Since Yn I Stays
in a compact set and the Jacobian is continuous it follows that

(In+k(yn,k) - jn(qA))z

converges to zero for i almost every ¢ € M. In other words, there exist a
total measure subset such that

‘/An(qn)*mqn - AnJrk(yn,k)*myn,k‘

converges to zero as n — oo. Claim (b) follows again considering a dense
subset of continuous functions. O

We have a similar, but stronger result for the disintegration of j with
respect to the partition in central manifolds. In order to state it, let

[ﬁ _ p(ia ) Mc
* = (e Do)
for x € M and
c __ fp(xs,a:, )dus(ws) c

Ha = 1T p(ws, o, dps (@) dpe (6

for x € M. It is easy to see that {1 : & € >} is a (continuous) disintegration
of i with respect to the partition P = {{Z} x K : & € £} and {u’ : = € £} is
a continuous disintegration of p with respect to the partition P = {{z} x K :
x € X}. It is important to observe that the next statement is for every & € .

Proposition 4.1.4. There exist continuous functions p, : M = R such

that

IPio—ns)) Hpo-ngy = Pnp’ and pp — ————
(P( >)* P(e=na) J (- t)dpc(t)

at every point. In particular, for every & € f],

20

(flg(&*"i))* Wp(g-ng) = M-
in the weak® topology.

Proof. Let us define

o(z,-) = M and o(x,t) = /@(ms,x,t)dus(xs).

Let n > 1. By the invariance of fi,

(fg)* i = [ign a)
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for fi-almost every & and, by continuity, the equality extends to every & € .
In other words,

/ o f1(t)o(&, t)dus(t) = / o(1)0(6™ (&), t)duc(t)
for any continuous ¢ : K — R and every Z. Also, by a change of variables,
[0 20000 = [ o900 (3 Fl) (1) Ty )

for any continuous ¢ : K — R and every &. Comparing the right-hand side
of these two relations, we conclude that

6 (& Joli(9)) T, = 86" (@), 1) (42)
on the support of ;€. Analogously,
/@(t)d (fzg(&fni)*ﬂfa(&fniﬂ (t)
= [00 fhpnyeP (775) 1) dutt) (4.3)
= [ee (P a) £7(9) TF (o
for every continuous ¢ : K — R and any Z. Define,
pul@ss) = o (P (67"2) , f77(5)) TF;7(s).
The definition of p gives that
on(Z,s) = /é (x*,P (&7"@) ,f;"(s)> Jff_"(s)d,us(x*).
Combining this with (4.2), we obtain that
pule,) = [0(6" (7 P (575)) 5) du*(a).
By continuity of 9, the expression ¢ (6" (x*, P (67 "%)),t) converges to
0(Z,t) at every point. So, by dominated convergence, the previous identity
yields

pn(Z,8) = 0(2,8).

at every point. In view of (4.3), this completes the argument. O
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4.2 Existence and properties of u-states

A probability measure 7 in M x Grass(l,d) is an u-state if there exists a
total measure set M C M such that m, = H} q*fnp for every b,q € M with
b e W (p).

loc

Proposition 4.2.1. There exist some F-invariant u-state measure m that
projects on [i.

This entirely analogous to Proposition 4.2 of [3], and so we only outline
the proof. The idea is to fix some & € S and define a homeomorphism
between the measures in {2} x W () x K that projects to x° and the
u-states. Since this space is compact we have that the space of u-states
measures is also compact and F*—invariant, so we have that any accumulation

point of nt Z?:_ol Flm is also a u-state.

4.2.1 Bounded distortion

Let m : M — ¥ be the canonical projection m(#,¢) = & and denote » =
m1.ft. Equivalently,

o) = [ ol t) i (a®) (o) )

for any measurable set F C 3. For each z € ¥, define 7, to be the normal-
ization of

w [ oty duc )

Then {7, : x € ¥} is a continuous Rokhlin disintegration of & with respect
to the partition into local stable sets W ().

The measure U satisfies the properties of local product structure, bound-
edness and continuity in [3, Section 1.2]. In what follows, we recall a few
results about this type of measures that we will use later.

For each 2" € ¥ and k > 1 let the backward average measure p} ., of
the map o be defined by ’

1
/flé,z“ = Z JO'k(Z) 52
ok (z)=av
where Jo* : ¥ — R is the Jacobian of u* with respect to o*.

Lemma 4.2.2. Given any cylinder I = [ig,...,t5—1) C X" and any 2" €
I,

~ka~o J ki u\(n )E

G0z = Jo"(2") (i uy | T°)
where {Du : 2% € BT} is the disintegration of U with respect to the partition
{7 x {z¥}: 2% € T},
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Proof. Analogous to [3, Lemma 2.6]. O

Lemma 4.2.3. For every x* € X+ and every cylinder [J] C 7T,

n—1 n—1
s (7)) 2 tmsup 37 it (7)) 2 limind = 57 (7)) > (7))
" k=0 k=0
Proof. Analogous to [3, Lemma 2.7]. O

As a direct consequence, for every cylinder [J] C T and every z% € X7,
. 1
i (1) > Ly () (4.4

4.2.2 Estimating the Jacobians

We call the extremal center Lyapunov exponents of f the limits
c+ : 1 m c— . 1 rn —1
AT = lim ~ log H% (t)H and A" = lim — log HDfi (1) H
n n n n

The Oseledets theorem [21] ensures that these numbers are well defined at
f-almost every point.

Since we assume that the maps f:? have uniformly bounded derivatives,
in our case we have

Lemma 4.2.4. \¢T = )¢~ =0.

Remark 4.2.5. When the maps fg’f are C11¢, equi-continuity alone suffices
to get the conclusion of Lemma 4.2.4. This can be shown using Pesin theory,
as follows.

Suppose that A" > 0. Then we have a Pesin unstable manifold defined
f-almost everywhere. This implies that there exist & € Y and ¢ #se K
such that

distx (f5™(t), f;™(s)) — 0.

Then, given points ¢ and s in the unstable manifold and given any & > 0,

there exists n such that distK(f;g"(t),f:g"(s)) < §. This implies that the
family is not equi-continuous. The proof for A°~ is analogous.

Recall that we also assume that f : M — M admits s-holonomies and
u-holonomies and /i has partial product structure. As explained before, this
implies that (71 )./ has local product structure.

Lemma 4.2.6. The disintegration {u$ : © € ¥} is f-invariant, in the sense
that fr g = Ho(z) for every x € X.
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Proof. For every x € 3 we have
(fat_l)* Mg(z) = J(‘Tv )M§ + N

where 7, is singular respect to 'U’g'(ac)' Define h = [ —log Jdp. By [4, Propo-
sition 3.1] we have that zero Lyapunov exponent implies h = 0 this implies
J =1 at u-almost every point. Then ( fr 1)* ug(m) = pf, which is the same
as frully = Ho(z), almost everywhere. The continuity of the disintegration
implies that the equality is true everywhere. O

Corollary 4.2.7. uS = ¢, for every & € 3, where © = P(%).

Proof. We have that fg_(i) e (@) = us, and by Proposition 4.1.4

Then the sequence in the 4.1.4 is constant and equal to uS. O
We also have

Lemma 4.2.8. The map & — [i5 is continuous. Moreover, the disintegra-
tion is both u- and s-invariant:

(a) (hg,g>* fig = fig for every & € W"() and

(b) (hx) i = jiS for every & € WU(3).

Proof. By Theorem 2.3.1 and Proposition 2.3.2 there exist some Rokhlin
disintegration {4 : & € f]} which is continuous, u-invariant and s-invariant.
By essential uniqueness, i = 5 for fi-almost every x. Since both disinte-
grations are continuous, it follows that they coincide, and so {415 : & € ﬁ}
is continuous, u-invariant and s-invariant, as claimed. ]

Remark 4.2.9. If we define J fg : K — R, as the Jacobian of fg with respect

to u¢ we have that Jfi(t) = %. This implies that the Jacobians with

respect to p¢ are bounded from above and below. The same argument
shows that that the Jacobians of the holonomies Jh7 ;, with respect to u°
are bounded.

For every z € X let
F, : K x Grass(l,d) — K x Grass(l,d), Fy(t,V) = (fz(t), A(z,t)V)
and for every Z,9 € 3 in the same unstable set let

H; g K x Grass(l,d) = K x Grass(l,d)
H5(t. V) = (ha g (), Hig 1) (g.s 5 00)V):
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Corollary 4.2.10. If {1h; : & € f]} is a disintegration of an invariant
u-state 1 with respect to the partition {& x K x Grass(l,d) : & € ¥} then

Men(z) = Iy Mg
for everyn > 1, every x € X, and y-almost every & € W (x).

Proof. Since m is F-invariant, the equality is true for all n > 1 and 7-almost
all 2 € 3 or, equivalently, for ,-almost every 2 € W} .(z) and v-almost every
z € 3. Consider an arbitrary point « € 3. Since v is positive on open sets,
x may be approximated by points z such that

m&n(é) = an*mg
for every n > 1 and fi,-almost every £ € W} (z). Since the conditional
probabilities of m are invariant under unstable holonomies, it follows that

Mgn(z) = (Hon(2) on@) )« Py iz = Fy' ((Hz )z = Fy g

for fi.-almost every Z € W} (z), where Z is the unique point in W _(x) N
W .(2). Since the measures fi, and fi, are equivalent, this is the same
as saying that the last equality holds for fi,-almost every & € W} (x), as
claimed. O

4.3 L'-continuity of conditional probabilities

Let 772 be a u-state on M x Grass(l, d) that projects to i under the canonical
projection 7 : M x Grass(l,d) — M. As before, denote

"= (P X 1dK)*/l and m = (P X idg X idGrass(l,d))*Th‘

Let {my; : = € ¥} be a Rokhlin disintegration of m with respect to the
partition {{z} x K x Grass(l,d),x € X}. Thus each m, is a probability
measure on K x Grass(l, d).

Also, let {mg; : (z,t) € M} be a Rokhlin disintegration of m with
respect to the partition {{(z,t)} x Grass(l,d), (z,t) € ¥ x K}: each my is
a probability measure on Grass(l, d).

It is easy to check that x — m, may be chosen to be continuous with
respect to the weak®™ topology, indeed, we will do that in a while. The
corresponding statement for x — mg is false, in general. However, the
main point of this section is to show that the family {my; : (z,t) € M}
does have some continuity property:

Proposition 4.3.1. Let (xy,), be a sequence of elements of ¥ converging to
some x € ¥.. Then there exists a sub-sequence (T, ) such that

M, t — Myt S k — oo

in the weak™ topology, for u¢-almost everyt € K.
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We will deduce this proposition from a somewhat stronger L!-continuity
result, whose precise statement will be given in Proposition 4.3.5. The key
ingredient in the proofs is a result about maps on geodesically convex metric
spaces that we are going to state in Lemma 4.3.3 and which will also be useful
at latter stages of our arguments.

Definition 4.3.2. We say that a metric space N is geodesically convex if
there exist 7 > 0 such that for every u,v € N there exist a continuous path
A:[0,1] = N, with A(0) = u, A(1) = v and

disty (A(t), A(s)) < Tdisty(u,v) for every s,t € [0,1].

Examples of geodesically convex spaces are: convex subset of a Banach
space, path connected compact metric spaces, complete connected Rieman-
nian manifolds. The spaces of maps with values on a geodesically convex
space are analyzed in Appendix A.2.

Lemma 4.3.3. Let L be a geodesically convex metric space and (K, B, jix)
be a probability space such that K is a normal topological space, B is the
Borel o-algebra of K and the measure ug is regular.

Let Hjy : L — L and h; : K — K, with j € N and t € K, be such that

(H; t(x))j —x and (hj(t))j — t,

uniformly int € K and x € L and, moreover, the Jacobian Jh;(t) of each
hj with respect to pg is uniformly bounded. Then

i [ disty, (6(0), Hy o 0 1y (1)) da () = O

for every bounded measurable map ¢ : K — L.
Proof. Take j € N to be sufficiently large that dr,(H;(x),z) < €/4 for every
t and x. Then,
/diStL(iﬁ,Hj’t (e} ¢ (¢] h]) d,uK S / (diStL(¢,w (e} h])
+ disty (v o hj, Hjp 09 o hy)) dug

< /distL(z/J,zp o h;)dux + i

Let C' > 1 be a uniform bound for Jh;(t). By Theorem A.2.1, given € > 0
there exists a continuous map v : K — L such that

€

/distL(J;,zp) dpx < 45
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Then, by change of variables,

/diStL(ﬂ;Ohj,Q/)Ohj) dug < C/diStL(l/NJ,@ZJ) dug < i

Hence
/ dist (1, o hy) dpux

§/(distL(w,Q;)—i—distL(z,Z,z;ohj)—I—distL(Q;ohj,wohj)) dpk

< /distL(in,@Z ohj)duk + %

By the continuity of 1[1, increasing j if necessary,
distr (D(t), 9 o hj(t)) < i for every t € K.

The conclusion follows from these inequalities. O

Lemma 4.3.4. Let (x,,), be a sequence of elements of X converging to some
x €%, also let fi* converge uniformly to g : K — K, and o/~ (z,) — z.
Then g is absolutely continuous with respect to u¢ and has bounded Jacobian.

Proof. By Lemma 4.2.6 we have that
(fIm)utss, = Hein (2n)
making n — oo we get
Gellg = 5

o(z,t)

this implies that Jg,c = o)

is uniformly bounded. O

Proposition 4.3.5. For every continuous ¢ : Grass(l,d) — R, if z, € ¥

is a sequence such that lim, .. x, = x, also let fi* converge uniformly to

g: K — K. Then [ pdm (1) converges in LY(u®) to Jodmy 4.

xnvfiz

Proof. Let ¢ : Grass(l,d) — R be a continuous function. For simplicity call
th = :IJSZ (t)
Fixed z° € X7, let

and

(IS7I,hZ’ZS (t)> (5,20 5tn)
We have that

A o u A
Mys xpty = (Hn,xs,t)*ml”svx:h%,y(tn)'
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So applying the lemma 4.3.3 with L = M, the space of Grass(l,d)
probability measures (that is a compact metric space), Hj; = (Hjuxst> ,

h]‘ = hY (tj) and

J,%?
YK — M, @Z)(t) = mzs,x,g(t)

we have that f«pdﬁzxs o f17 (1)
By Rokhlin disintegration we know that

converges in Lic to [ odiin, g

Myt = /mms@’tp(xs,x,t)dys(xs)

/ | / o(v)dma, 4, / () dmy g o |dyi° <

//|/¢p(xsaxnvtn)dmx8,xn,tn _/(Pp(xsa5177g(t))dmzs,x,g(t)’dﬂcdﬂs

SO

as the integrand goes to zero for every x® € X7, by dominated convergence

T[] [ o@ima, o, [ o) oldn =0

Corollary 4.3.6. The disintegration my, x € X, is continuous.

Proof. Let ¢ : K x Grass(l,d) — R be a continuous function, and p/(z,t) =

[ p(a®, 2z, t)dus.
Then if x,, — x we have that
|/90dmacn —/cpdmx! =
[ [ ettcordme, st wntyiur [ [ otto)dmao (o t0du) <
1] ottt [ ottt

and a small modification of the argument of the previous proposition shows
that

[ ettt ntyima, o sy, [ ol 0)p o,
So the conclusion follows integrating in ¢. O

Given x, — «, for every ¢ continuous, there exist a sub-sequence such
that that

wdmy,, + — / wdmg ¢ in p© almost every ¢.
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Taking a subset {¢/ : K — R,j € N} dense in the space of continuous
functions with norm 1 and constructing a diagonal sequence we have a sub-
sequence such that

/(pjdmxnkvt — /(pjdmxvt for every ¢’

in a set of total u® measure.
If ¥ : Grass(l,d) — R is a continuous function with norm 1, for every
€ > 0 there exists ¢’ such that H¢ — 7 H < €, then

limsup/wdmxnwt < limsup/ | — | dmyg,, —&-lim/cpjdmngt

k—o0 k—o0

< e—|—/<,0dmx7t.

Analogously
limkinf/wdmmnk,t > /godmm — €.

Hence, for every continuous function limy, [ cpdmmnk,t = [ @dmg; for pc-
almost every t.
This proves Proposition 4.3.1.
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Finding the Oseledets subspaces

In this chapter we prove that our u-states are actually Dirac measures. This
will allow us to find the Oseledets subspace more expanded by the cocycle.

5.1 Graphs of Grassmanians

Using Rokhlin disintegration we have that m, = [ my0(z,t)duc. Remem-
ber that m, is a probability measure on K x Grass(l,d) and mg; is a prob-
ability measure on Grass(l, d).

We embed Grass(l,d) — PA! ((Cd), where PA! (Cd) is the projectiviza-
tion of the exterior product Al (Cd). The image under this embedding is a
closed set called [-vectors.

This set can be seen as the projectivization of

Af)((Cd) ={wi Awa A+ ANwj € Al ((Cd> , such that w; € C% for 1 <4 < l}.

that we denote by PAL(C?).

Every linear transformation B : C¢ — C? induce an action in A ((Cd),
that we also denote by B : Al ((Cd) — Al ((Cd), this action preserves Al (CY).
For a more clear picture about [ vectors see of [3, Section 2].

Given V € Grass(d — [,d), a (d — ) subspace, we define the geometric
hyperplane HV

HV ={W € Grass(l,d), such that W NV # {0}}

namely this are the d-dimensional subspaces that have non-trivial intersec-
tion with V.
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Taking v € A~/(C?) an (d — I)-vector that represents V', and for every
W € Grass(l,d) calling w € AL(C?) a I-vector that represents W, it is easy
to see that

HV ={W € Grass(l,d), such that w Av =0}

The space of hyperplanes could be seen as a subset of Grass(d — [,d) (by
V — V). Denote by $ Sec the space of sections V' : K — Grass(d — [, d).
If V € $ Sec is a measurable section, his

graph $ (V) = {(¢t,v) € K x Grass(l,d), with v € HV (¢)}

has measure mg (graph H(V)) = [ mas (HV;) oz, t)dpc.

5.1.1 Graphs have measure zero

The purpose of this section is to prove the next proposition

Proposition 5.1.1. For every x € M any measurable V € §) Sec, of dimen-
sion | < d, has mg(graph $H(V)) = 0 measure.

Fix x and consider the next function
G: K x Grass(d —1,d) = R, G (t,V) =mg(HV).

This is a measurable function.
Let
g: K—>R, g(t)=supG(t,V)
1%

this function is also measurable.

Also, it is easy to see that for every fix ¢t € K there exist some V;
such that ¢g(t) = G (¢, V), and the set By C Grass(d — [, d) of V; such that
g(t) = G (t,V4) is compact.

Now we use the next result whose proof can be found in [12]

Let (X,%,u) be a complete probability space and Y be a separable
complete metric space. Denote by B(Y") the Borel o—algebra of Y.

Proposition 5.1.2. Let x(Y') be the space of compact subsets of Y, with
the Hausdorff topology. The following are equivalent:

e a map x — K, from X to k(YY) is measurable;
o its graph {(z,y) : y € K} is in B @ B(Y);
e {z€X:K,NU#0} €B for any open set U CY

Moreover, any of these conditions implies that there exist a measurable map
n:X —Y such that n(z) € K, for every x € X
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Applying this proposition we have that there exists some measurable
section, W : K — Grass(d — [, d) such that W; € By for every t € K.

So there exists a measurable W € Sec(K, Grass(l,d)) such that g(t) =
G (t, Wt) .

Given V € $) Sec we have

e (graph (V) = [ e (912) oo, )
< / SUP 1 (HZ2) o(, t)dp*
= /mm(ﬁWt)g(aj,t)duc.

As x € ¥ was arbitrary, we proved that for every x € ¥ there exists
W? € $ Sec measurable such that

sup my (graph (V') = my (graph $H(W*))
VeSec(K,Grass(d—1,d))

and the section reaches the supreme, if and only if, my ¢ (HW) = g(t) for
pc-almost every t € K.
Now let

y=sup sup my (graphH(V)),
x€X VesH Sec

we are going to prove that for every x € X there exists a section W? that
attains the supreme.

Proposition 5.1.3. For every x € X there exist some W7 section such that
my (graph $H(W*)) = 7.

Proof. Fix a cylinder [J] C ¥ and a positive constant ¢ < & (L‘]D, where K

is the constant given in equation (4.4). Let z € ¥ and V € $ Sec with

m.(graph $H(V)) > 0. For each y € 07%(2), let V¥ = f;kV. Then
m.(graph (V) = / my (graph H(Vy )dp,- ()

< pk = ([J]) sup{m, (graph H(V,) : y € [J]}
+ (1= pz([J])y

By (4.4), there exist arbitrary large values of k such that i, .([J]) > ¢. Then
m.(graph $(V)) < esup{my (graph H(V;)) : y € [J]} + (1 — c)y

Varying the point z € ¥ and V', we can make the left hand side arbitrarily
close to . It follows that

sup{my(graph $H(V,) 1y € [J]} > ~,.
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This proves that the supremum over any cylinder [J] coincides with
~v. Then given any z € ¥ we may find a sequence z,, — x such that
my,, (graph H(W?*)) — ~, by proposition 4.3.1 we may assume that there
exists a set X C K of total ¢ measure such that my,,  —* mg .

)

v o= lim/mwmt (HW™) o(ap, t)du®
< [ timsupm,, ¢ (917 oo ).

Now for every fixed t € X we have that there exist a sub-sequence x,,,
and V € Grass(d — [, d) such that th""’ — V. Taking a neighborhood of V
of V

lim sup my,, + (HW™) < mgs (HVe).

Then making € — 0

lim sup my,, + (HW;™) Mgt (HV)

<
S m:c,t (57)th) .

v < / Mat (AWE) o(x, t)dyc.

Lemma 5.1.4. For any x € 3 and any V € $ Sec, we have that
mq(graph H(V)) = vy
if and only if my(graphfj(}"g_l‘/)) = for every y € o (z).

Proof. By the continuity of the disintegration m, and the F' invariance of

m we have that mz =3, ), J%@Fy*my, with 37—, J%(y) = 1. Then

mg(graph HV) = Z

o(y)==

1 —1
JT(y)my(graphﬁ}"g V). (5.1)

Since the maximum is v we get that m,(graphHV) = ~ if and only if
my(graphﬁ]:;lV) =1. O

Lemma 5.1.5. For any x € ¥ and any W € § Sec we have that
mz(graph H(W)) <~ for iy almost every & € Wj (x).

Hence, my (graph H(W)) = v if and only if mgz(graph H(W)) = ~ for u*-
almost every & in W _(x).
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Proof. Suppose there is y € 3, any V € $ Sec, a constant v; > ~, and
a positive 7-measure subset X of W} (y) such that 7g(graph H(V)) > 1
for every § € X. For each m < 0, consider the partition of W} (y) =~ X~
determined by the cylinders [I]° = [y, ..., t—1]%, with ¢; € N. Since these
partitions generate the o-algebra of the local stable set, given any € > 0 we
may find m and I such that

Dy(X N I°) = (1 —&)oy([1)°).

Observe that [1]° ~ [I]° x {y} coincides with 6" (W} (z)), where x = o, " (y).
So, using also Lemma 4.2.2,

7, (6"(X) N Win(@)) = (679,)(X 1 [1]°) = Juo™ () 7, (X (1 [1]).
By the previous inequality and Lemma 4.2.2, this is bounded below by
(1) Juo" (@) 2y (1) = (1~ £) (672) ({1]°) = o (Wipel) =1 — <.
In this way we have shown that
0, (67 (X) N Wihe(@) > (1 - o).

Fix € > 0 small enough so that (1 —€)y; > 79. Using Corollary 4.2.10, we
find that
g (graph 9(F, "V)) = rg(graph H(V)) = n

for #,-almost every € 67"(X) N W} (x). It follows that

me (graph §(F;"V)) = / i (graph §(F, V) dig(d) > (1 — e)m > 7.

which contradicts the definition of 79. This contradiction proves the first
part of the lemma. The second one is a direct consequence, using the fact
that my(graph (V")) is the v -average of all 7z (graph $H(V)). O

5.2 Sections over the periodic point

From now on, denote by p = P(p), and z = P(2) where p is the fixed point
and 2 is the homoclinic point given in the definition of pinching and twisting.
Recall that 2 € N such that (%) € W (D).

By the pinching condition the Oseledets decomposition of the restriction
of F to the periodic leaf p x K, {E},..., E{}, gives, at u‘-almost every
t € K, a linear basis of C%.

This defines a linear base of A(@—) ((Cd) and A! (Cd) at pf-almost every
t € K given by

(El = EMNE2 A E* for I ={iy <iy<-- <ig_}}
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and
(B/ =B NEP A B}, for J = {j1 <j2 < <ji}}.

This basis are invariant by the action of A in A4—) ((Cd) and Al ((Cd)
A(p,t)E{ C CE} .

Remark 5.2.1. If V € sec (K, Grass(l,d)) has a base (can be completed to
a base of C%) that is sufficiently far away of the invariant subspaces, then
denoting by
V=Y v (EANEPAN-- NE}
I=i1 iz eyl

for every multi-index I, lim, o0 £ log vy (f2"(t)) = 0 for p-almost every t.

Let WP € § Sec be the section such that m, (graph HWP) = ~.
Let W7 = F, WP then also my (graphf) Wj) = .
In the invariant base we can express W by

Wh= Y wi(OE}ANE? AL E™
I=i1,ig,..ig—y
with |wr| <1 and Y w? = 1.
Then

wi= 3w f0) (@) B

I=i1,i2,..iq—1

Ao A (A (p 1)t B

(t) @)

and the invariance of the Oseledets subspaces implies that

Wi S wi () (0). .l (OB AER AL B
I=iy ig,...\ig—y

where )

az,(t) = | A7 (p, 1)
We should order the multi-index I such that the sums A;; +Xj, 4+ - -4+
are in decreasing order.
Let wj be the first non-zero wy.
Let us assume first that f, is ergodic, since the non-ergodic case will be
reduced to the first one by ergodic decomposition

k.
L

id—1

1 n—1 ]
i+ gl (5(0)) = [ gl
=0

1 :
So for almost every ¢, lim — Z?:_Ol |w| (f{, (t)) > 0 > 0, for some § > 0. Also
n

for almost every t, m,; (Wg) = supy mp¢ (W). Then fixing ¢ in that total
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measure set and using a sub-sequence such that |wz(f*7)| > ¢ > 0 we have
that ' ' 4 ' N
Wi* — E' NEP N+ NE]' = B/

and my, ;(E{) = supy, my, (W) for almost every t.

So we can assume from the beginning that the section WP is one of the
invariant sections.

Define W' = F_"WP. We got that m, (graph $ W’) = v and by corollary
5.1.5 11 (zu z) (graph H W') = v for p®-almost every (2%, 2) € W (2).

For each (z°,p) € Wj.(p), define Wiy ) = H s 2), (5 p) (W), where
(x*, z) is the unique point in W} ((z%,p)) N W ().

Since m is an u-state, and h% 5 15 = i, this implies that 1y (Wigs p)) =
7, for p*-almost every n € W (p).

5.2.1 Intersection of hyperplane sections
Let us denote by W(]Iap) = f(;j(xs’p) Wi (as p)- For (z°,p) = ;6,‘ Wg = .7-";3 Wj.
We are going to prove that for a large set of j’s the Wg have no inter-
section.
Let v(t) be the (d — l)-vector that represents W;. We can write it

v(t) =3 v () B AEP A A B
I

for I = {i; <ia < ...ig—}, 0 <ip <. Let J={j1 <jo<--<jgi} be
the complement J = {1,2,...,1} — I.
We have that

Fut) = A0 v (F0)

where al_j(t) = (aj (t).. al (t)>_

Let N = dimAl“((Cd). 'Gzii/_eln my <mg < - <mpy if WMN- - NW™N £
0 there will exists some w : K — Al (C%), w(t) # 0 such that
w(t) A F; ™ o(t) =0 (5.2)
Let w(t) = Y, wi(t)E{. Then (5.2) means
> ag ™ (tor (f™ (1) wi(t)wr =0
I

for every my. (wy is 1 or —1 accordingly to the sign of E/* A --- A E;d_l A
EY A ANES.
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This gives a system of equations

B(t)x =0
ap, ™ (v, (f™ () . ag M (Bvry (F™1(1))
B(t) = : : :
ap, " (or, (f"N(E) .o ap™N (Hory (F7N ()
T
T = (Wnwr,, ..., WINWIy)
So we need to prove that for some large sequence m; < --- < my, the

det (B(t)) # 0

Lemma 5.2.2. Let a? K - C for1 <j<dandn € N be measurable
functions such that lim%log|a;-‘(t)| = \j, puS-almost everywhere and A\ <
A2 < -0 < Ag.

Then for every M € N and 6 > 0 there exist n1 < no < --- < np; and
K C K with p(K) > 1—§ such that for any choice of ny, < np, < --- < Ny
the matriz B(t) € C¥4, B, ;(t) = (a?kj (t)> has non-zero determinant for

every t € K

Proof. Let mqy < msy < --- < mg be natural numbers, then we have the
determinant
a"™(t) ... ayt(t)
det(B(t)) = P :
ay(t) ... ay(t)

if a;™ (t) # 0 we can write

1 e 1
0 ay2
det(B)(t) = (1) ...ai(t) | «
a;nd(t) a;nd(t)
PO IR0

subtracting the first column from on the others columns we end up with

ag™™ (@) L d™M ()
det(B(t)) = a" (t)...aT (1) : : :
ag™ ™) L d ™M ()
where . N
’-k’j(t) ) (t) ai (t)
' aj(t)  ai(t)

Instituto de Matematica Pura e Aplicada 42 2016



Mauricio Poletti Simple Lyapunov spectrum

Doing this again we define inductively in [

(I=1)kis 1okt 1ronr
a§l)kl+1,kl,...,k1 (1) = a; (t)

al(lfl)kl+1:klflw-»k'1 (t)

= a(l—l)kl,...,kl (t) - al(z—1)kl,...,k1 (1)
for j > 1 if ag-lfl)kl""’kl (t) # 0 for every j.

By induction is easy to see that given k; < ks < ...k; we have that
lim £ log ag-l)n’kl"“’kl (t) = Aj.

So let us define n; such that a;-” (t) # 0 for every j in a set K C K with
(K1) > 1— L. Then define ny > n; such that a}*(t) # 0 and a;m’"l (t) #0
in aset Ky C Ky with p(Ky) >1— 2.

So inductively, given n; < ng < ...n; and K; we define n;y1 such that
(k)neg1.mig iy (t) # 0 for every choice of {n;; < ...n; } C {n1 < ny <

j
<o <m}inaset K C K with p(Kppq) > 1— %. So for every choice

of ng, < ng, <--- < ny, we have that

(A)Nk g Mk 5eeesTlky

det(B(t)) = a)" () ... a, (t)
O

Using this Lemma, we prove that the matrix B(t) is invertible, so the
only solution is the trivial one.

Proof of Theorem 5.1.1. Now to prove the theorem let 26 < v and C > 0
such that C(y—20) > 1 and take the sequence of integers I = {n1,na,...,ncn}
given by the Lemma 5.2.2. Then we have that any intersection of any N
combination of the W}, k € I is empty for every t € K, with p¢(K) > 1-4.

It is easier to look first the case when 7;(graph 5’)Wg) = . For this we
have

mﬁ( | graph 5 sz) 2 %Zmﬁ(graphﬁwgk) > C(y—9).
jel I

A contradiction because the measure is a probability.

If not, as almost every (x°,p) € W} _(p) have m(xs7p)(W77j) = v we can
take a sequence of (z,p) — p with such property.

We also can find a system of equations Bj(t) as above with the coeffi-

: ng : u 3 u
cients of W(Is7p)k. Using that H(mi,Z),( v p) COTIVErges uniformly to HY ., and

z,p’
using the lemma 4.3.3 we can find a sub-sequence such that limg_, W(Y; ’ ») (t) =
k>
ng (t) for pc-almost every ¢t € K. This proves that the coefficients of By
converges almost everywhere to B. 3
As det(B(t)) # 0 in K, taking § > 0 small enough we can reduce K a

little such that | det(B(t))| > 8 > 0. Then reducing K a little more, with
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measure still u¢(K) > 1 — 24, such that the convergence of By is uniform

(Egorof theorem), we have that in K the intersection of N of the W&Z ») (t)
k’

is empty. So we have as before

~ j 1 A ]
e .Ufgmpmj W) 2 ¥ EI: e (BEPR O 1)
VIS
> C(y —20).

Again a contradiction because the measure is a probability. ]

5.3 Convergence to Dirac measures

The goal of this section is to prove the following theorem:

Theorem 5.3.1. There exists a measurable map & : M — Grass(l,d) such
that, given any u-state m on M x Grass(l,d), we have

Mgt = O¢z) for fi-almost every (&,t) € M.

In particular, there exists an unique u-state.

5.3.1 Quasi-projective maps

We begin by recalling the notion of quasi-projective map, which was intro-
duced by Furstenberg [15] and extended by Gol’dsheid-Margulis [17]. See
also see Section 2.3 of [3] for a related discussion.

Let v +— [v] be the canonical projection from C% minus the origin to the
projective space CP41. We call Py : CP¥1 — CP* ! a projective map if
there is some P € GL(d,C) that induces Py through Py ([v]) = [P(v)]. The
space of projective maps has a natural compactification, the space of quasi-
projective maps, defined as follows. The quasi-projective map () induced
in CP?~! by a non-zero, possibly non-invertible, linear map Q : C¢ — C¢ is
given by

Qx([v]) = [Q(v)].
Observe that Q4 is well defined and continuous on the complement of the
kernel Ker Qu = {[v] : v € Ker Q}.

More generally, one calls Py : Grass(l,d) — Grass(l,d) a projective map
if there is P € GL(d,C) that induces Py through Py(§) = P(&). Further-
more, the quasi-projective map @4 induced in Grass(l,d) by a non-zero,
possibly non-invertible, linear map @ : C¢ — C% is given by

Qu& = Q(8).

Observe that Q4 is well defined and continuous on the complement of the
kernel Ker Qu = {¢ € Grass(l,d) : { NKer @ # {0}}.
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The space of quasi-projective maps inherits a topology from the space of
non-zero linear maps, through the natural projection @ — Q4. Clearly,
every quasi-projective map () is induced by some linear map ) such
that ||Q| = 1. It follows that the space of quasi-projective maps on any
Grass(l,d) is compact for this topology.

The following two lemmas are borrowed from Section 2.3.

Lemma 5.3.2. The kernel Ker Q4 of any quasi-projective map is contained
in some hyperplane of Grass(l,d).

Lemma 5.3.3. If (P,), is a sequence of projective maps converging to some

quasi-projective map Q of Grass(l,d), and (vp)n is a sequence of proba-

bility measures in Grass(l,d) converging weakly to some probability v with
v(Ker Q) =0, then (Py)svy, converges weakly to Q.v.

5.3.2 Convergence

Recall that, given 1 <l <d—1and 1 <4 <--- <1 <d, we write
Bt (t) = B (1) Ao A B (E) € A (C7)

for every ¢t € K such that the Oseledets subspaces E} are defined. We give
ourselves the right to denote by E;* " also the direct sum

E%(t)@--- @ E"(t) € Grass(l, d).

Thus each E?»% is an element of Sec(K, Grass(l, d)).

Let p € ¥ be the fixed point of 6 and % € ¥ be a homoclinic point of
p with 2 € W (p). Fix 2 € N such that 6*(2) € VVlOC( p). For each k > 0,
denote 2, = 67%(2) and 2z, = P(%;). Observe that fzk f, and, similarly,
A(p,t) = A(p,t). We take advantage of this fact to simplify the notations a
bit in the arguments that follow.

Proposition 5.3.4. Let n = HgéEL“"l € Sec(K, Grass(l,d)). For every
sequence (k;); — oo there exists a sub-sequence (k}); such that

lim AFi (Zkgatk;)*mzk,(,tk( = 0y (t), where t = (ffk)*l(t),

i—00
for uc-almost every t € K.

Proof. We have that
fk_hu Ofkohgkp nd
A (i te) = Hig e o),z A" 0 B2, 5 (0)) B ) om0
So (A"

Zk,tk) m, ¢, is equal to

(H&,hgyﬁ(t)),(é,t) Ak (p7 h‘zk p(tk))) (H(uﬁk,tk) (p,p¥ (tk))) *mzkytk .

zkp
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(1)) converges uniformly to the identity map id,

Note that Hp , O

because Z; converges to p.

Let Kg C K be a full u®measure such that the conclusion of the Os-
eledets theorem holds at (p,t) for every ¢t € Ky. We claim that for any
t € Ky and every sub-sequence of

AR (p, B, 5(tr))

that converges, the limit is a quasi—prOJectlve transformation () that maps
every point outside Ker Q4 to E (h”;k (tk)) € Grass(l,d). This can be
seen as follows.

Given w € Al ((Cd) and k£ > 1, we may write

W — @ w]il""7ilEi1""’il ((f;f)ilhi,ﬁ&))

1<y <<iy<d
with coefficients w}, . . ., w,]gv € C. It follows from the Oseledets theorem that
k + wj, is sub-exponential for every 7 = 1,..., N. Recall that (fz?)_l(h(t)) =
hi(t). Then, the action of A¥(p, hi(t;)) in the projectivization of the exte-
rior power is given by

|44 <t>>EZ;zk>-1< oll s

A* (0, hae(tr))w = @’wk HAk s ( fk H h(t)’

7=1

The quotient of the norms converges to zero for any j > 1. Thus, either
AF(p, hi(t))w — Eil(t) or A¥(p, hy(tr))w — 0. The latter case means that w
is in the kernel of the limit. Thus, any limit quasi—pro jective transformation
does map the complement of the kernel to Eh(t)7 as claimed.

As an immediate consequence we get that for any t € Ky and every
sub-sequence of

HE a0 A0 (1)
that converges, the limit is a quasi-projective transformation that maps
every point outside the kernel to H(“ﬁ’h(t))) :, t)Eé(t)

By Remark 3.1.1, the family {f! : n,k > 1} is equicontinuous. Us-
ing Arzela-Ascoli, it follows that we can find a sub-sequence of (k;); along
which the family ( ffk)_l converges to some g : K — K. Then, by Proposi-
tion 4.3.5, there exists a further subsequence (k}); and a full y-measure set
K7 C K such that

mzk; i = My g(1)

for every t € K;.

By Proposition 5.1.1 and Lemma 4.3.4, there exists a full y“-measure set
K5 C K such that m,, 4 gives zero weight to every hyperplane of Grass(l, d)
for every t € K3. Then, by Lemma 5.3.3 and the previous observations,

. k _
Jim AT (2 ) ez, = Oy
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along any sub-sequence such that A*(z,t;) converges. This yields the claim
of the proposition. O

Remark 5.3.5. Actually, the same argument shows that this proposition
is true for every w € W"(p).

It follows from Proposition 4.1.2 that there is a full (u* x p*)-measure
subset of points & € X such that

lim A" (2, t5)emy, = = Mgy (5.3)
n—00 n

for pS-almost every t € K, z, = P(&‘"(:i“)) and tf’; = ( ;Ln)_l(t). Since
the shift is ergodic with respect to the projection of i on 3, one may also
require that
lim 67 (z) =2
J—00
for some sub-sequence (n;); — oo.
Fix any & € ) such that both conditions hold. Let k > 1 be fixed, for

the time being. Then (5.3) implies that

lim A" (y,,, tf’;j )«m

Ty, L
]4)00 n]77LJ

= i nj+k @ )
Jll>ngo 4 (@, 4k tnj+k)*m$”j+k7tﬁj+k

(5.4)

= lim A™ (xnjatfzj)*Ak(xnj-‘rk’? tﬁj-&-k)

m
Jj—o0 * z"j+k’t

ﬁj+k.
Note also that, by definition,
. k .
tﬁj = fxn]+k(tﬁj+k‘)

We use once more the fact that { f;} :n € ZandZ € X} is equi-
continuous (Remark 4.2.5). Using Ascoli-Arzela, it follows that there exists
a sequence (n;); — oo such that (fg,{j )J_1 converges to some g : K — K.
Up to further restricting to a sub-sequence if necessary, Proposition 4.3.5
ensures that

N R c
mxnﬁk’tiﬁk converges to My a(t): for u“-almost every t.

Fix any ¢t € K such that the previous claims are fulfilled. Let (n}); be
any sub-sequence of (n;); such that Ami (xn;, tfﬁ) converges to some quasi-
projective map @ : Grass(l,d) — Grass(l,d). Then (5.4) may be written
as

k 2
Q*A (Zk7g(t)k)*mzkag(t)i

If n(g(t)) ¢ Ker@ then, making k& — oo, we may use Lemma 5.3.3 and
Proposition 5.3.4 to conclude that my,: = dq(g(t))- This gives the conclusion
of Theorem 5.3.1 under this assumption.
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Figure 5.1: Proof of Theorem 5.3.1: avoiding the kernel Ker @

Let us prove that we can always reduce the proof to this case. Recall
that + € Z was chosen such that *(2) € W _.(p). Define § € ¥ by

67" (G) € Wiga(6(2)) N Wie(@n, +x)
o' () € Wige(6'(2)) N Wige(2r)-

Note that y depends on k£ and j and w just depends on k. We denote
y = P(y) and w = P(w). Moreover, y, = P(67"(9)) and w, = P(6-"(w))
for each n > 0. Let m € N be fixed, for the time being. We have that
x; = y; with 0 <4 < n; + k. So,

Grtm (P(a.—nj—k—z—m(g))) = Yn;+k = Tn,+k-

Also 677k (y) — (), and so

(’}*"ﬂ'*k*%m(y) — ¢~ ™ (w) when j — oo.

Therefore, by Proposition 4.1.2 part (b),

A _ . +k
Mz = lim A™ ($nj+k7tzj+k)*

m. x
j—o0 Tnjthotn itk

= lim A™ (ymj,tgnj)*m

g
j—00 Ym 7tmj

where m; = n; + k + 1+ m. The last expression may be rewritten as

A" (x"j ’ tflj ) *Akﬂ (y”j‘*‘k"'“ tg"j +k+1 ) *Am (ymj ’ t?nj ) *my’mj 7t}r}nj .
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Making j — oo,

() ™ = (£ oy

A (it ) = A, (757 0(0)

Am(ymj,tg )_>Am(wm’( k+z+m)—1g(t>)

mj Wm,
and, restricting to a sub-sequence if necessary,

m " —m
mgj wmv(

1 for p%-almost every t.
Ymy ) g(t) s Y

k+1+m

wm

=~ _ [Ju I 7 — hu
Lemma 5.3.6. Denote 7j(s) = H(ﬁ@(s)%(w’s)Eh(s) with h(s) = hw,ﬁ(s); Then
there exists a full p¢-measure set K C K such that for every t € K there

exists a sub-sequence of (n;);(t) such that
. % k 7
A" (x”j’tﬁj) o AT (ynﬁkﬂ’tgnﬁkﬂ)

converges to some quasi-projective transformation Q such that the point
A((fE)1g(t)) is not in Ker @ for any k = k(t) sufficiently large.

Proof. As before denote by h = hlz{p and hg = hY

Zk?ﬁ'

Observe that (fi+)=1 = (ﬁu)_1 (fzkk)_l, and W — Z when k — oo. First
let us take a sub-sequence of k such that ( ffk)_l converges uniformly to
some ¢, and observe that ( lef)_lh = hy( ffk)_1 converges uniformly to some
¢, again by lemma 4.3.4 the ¢ is absolutely continuous with respect to u°.

Remember that

~ k+1\—1 _ U I
U((fw ) g(t)) - Hﬁjl(( fjﬂ)—1)),(w,(f]f,“)—I)Eﬁ((fk“)*l)

w

with 2(s) = ht 5(s).
Now, using Lemma 4.3.3, take a sub-sequence and a total u® measure
subset by such that

(5 ~1g(t)) converges to n((f2) " bg(t))

and
E((f;f)*lhg(t)) converges to E(¢g(t))) (5.5)

in a total pu-measure subset.
Moreover, the twisting condition implies that

HYSFLED 0 (B + -+ EJY) = {0} (5.6)

for any ji11,...,7q4 € {1,...,d} and a full u®-measure set of values of t € K.
In other words, A*(n(h(t)) does not belong to any of the the hyperplanes of
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Grass(l,d) determined by the Oseledets decomposition at the point (p,t).
Take a total measure subset such that (5.6) is satisfied for ¢(g(t)).

Take K C K as the intersection of the two full y°-measure sets in the
previous paragraph.

Fix any ¢t € K such that in addition (p, hg(t)) satisfies the conclusion of
the Oseledets theorem. As before, consider any sub-sequence (n}); of (n;);
such that A™ (xn; , tfﬁ) converges to some quasi-projective transformation @
when i — 0o. Then |

A% (g 1) 0 A (g )
converges to Q = Q o Akt (w, (ff}“)flg(t)) when 7 — oo. Moreover,

Ker Q = A" (w, (ff,ﬂ)_lg(t))_l Ker Q
= A'(w, (f5) " () T AR (2 (FE) THe(0) T Ker Q.

Next, observe that

AP (i, (F5) 9(0)) T = 04 AR, hg(1) © (5.7)

where h = hg > and

O = HE o)), (p.n9(t)) A0 Ok = Hg (1)-119(0)), (21,75 )~ (910))"

By Lemma 5.3.2, the kernel of ) is contained in some hyperplane $Hv
of Grass(l,d). Hence, ©(Ker @) is contained in the hyperplane ©($v), of
course. Since we take t € K to be such that the Oseledets theorem holds at
(p,t), the backward iterates A=*(p, hg(t))O($Hv) are exponentially asymp-
totic to some hyperplane section $E that is defined by a (d —[)-dimensional
sum E of Oseledets subspaces. This remains true for ©, A% (p, hg(t))O(Hv)
because Oy converges exponentially fast to to the identity map, since Z
converges to p. In other words, using (5.7),

distarass(ra) (A (2, (F5) " 9(0) " 90, 9E((f5) hg(1)))

goes to zero exponentially fast as k& — oo. Then by (5.5) we have that
AR (2, (ffk)_lg(t))_lﬁv converges to E(¢g(t)). Then we have that Ker Q C
A(z, (£ pg(t) T HE(dg(t)).

Recall (Section 5.2) that 2 was chosen in W}%_(p) and ¢ € N is such that
6'(2) € W .(p). Recall also (from Section 4.1) that in the present setting
all the local stable holonomies h® and H* are trivial. In particular, (3.6)
means that

VIt') = HE. 1) 5y AT (6"(2), ) E'(s) = HE 1)) 5y A' (2o t1) T B (s)
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with ¢/ = og(t), t1 = hi ;(t') apd s = f;(tl), then by the twisting condition
@jesV7 and any sum @, B’ with #I + #J = d do not intersect. In
particular, the distance between

HE oy unA(6%(2),5)E(s) and  E"(s)

is positive. Equivalently, the distance between

A7Y(6%(2),s)E(s) and n(t1) = H} )Eh(s)

(B3t

is positive. Then n((f;)_lqﬁg(t)) does not intersect

which implies that n((f;)flqﬁg(t)) ¢ Ker Q.
So for every k sufficiently large and the observations at the beginning of
the proof the results follows. O

Having established Lemma 5.3.6, we can now use the same argument
as previously, to conclude that m;; = 5(2 at p“-almost every point also in
this case. To do this, observe that for every m and k fixed there exist a
sub-sequence and a subset of total measure, such that

4
m — mwm’( 1’3;‘,12+m)7lg(t) for p“-almost every t. (5.8)

Yot
Then intersecting these sets with the ones given by Lemma 5.3.6 and Propo-
sition 5.3.4 (for every w as in the remark) we get a total measure subset
K' C K and using a diagonal argument a sub-sequence of j, such that (5.8)
is true for every t € K’, k and m, that we fix from now on.

Taking ¢t € K’ and using Lemma 5.3.6 a further sub-sequence j' — oo
and k we get

M = Qs (A™ (wms (fur) " 90)) 70y, (it 190y
Then making m — oo by Lemma 5.3.3 and Proposition 5.3.4 we get
Mgt = O¢(it)

where £(,) = Q((f5) 1 g(t). o

To finish the proof of Theorem 5.3.1, let M C M be the set of (&,t) €
M such that Mz is a Dirac measure. Observe that (&,1) + Mgy is
measurable and the set of Dirac measures in the weak* topology is closed,
then M is measurable.

Thus we proved that ;¢ is a Dirac measure for 7-almost every & € )y
and fi%-almost every ¢ € K . This implies that M has total /i measure. So,
we have completed the proof of Theorem 5.3.1.
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Eccentricity

We use the following notation: given V € Grass(l,d) and ¢ > 0 we call
C¢(V) the cone of size € with axis V. Given ¢ > 0 and a hyperplane section
H we call Hs C Grass(l,d) the é-neighborhood of H.

We will need to use the next lemma, which proof is in [3]:

Lemma 6.0.1. Given C > 1 and § > 0 there exists € > 0 such that, for any
V € Grass(l,d) and any diagonal operator D with eccentricity E(l, D) < C,
one may find a hyperplane section H of Grass(l,d) such that D=*(C.(V)) C
H.

Lemma 6.0.2. Let N be a family of measures with the property that there
exists 0 > 0 such that, for every hyperplane H, the d-neighborhood Hs has
v(Hs) < % for every v € N'. Let L, be a sequence of linear transformations
such that there exist v, € N that Ly.v, — d¢, then

e The eccentricity of L, E(l, L) — o0

o The image L,&, of the most expanding direction &, of L, converges to

§

Proof. First lets see we can assume that the L, are diagonal operators.
Using the polar decomposition we can find K, and K, unitary operators
such that L, = Knan(n where D,, is a diagonal operator.

By definition E(I,L,) = E(l,D,). Let U(l,d) be the group of unitary
operators, this group is compact. Then it is easy to see that the family
U(l,d)«N also satisfies the hypothesis, maybe with a smaller §. So we can
replace v, by 7, = (f(n)*yn

Hence (K, Dy)«Un — 0¢. So, passing to a sub-sequence if necessary, we
can assume that D,,,.0, — 55.
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So, from now on, we assume that L,, are diagonal operators. For every
e>0

Vn(Ln_l(Ce(g))) = Ln.n(Ce(§)) — 1,

where C¢(&) is the cone of width € around £ then there exist an n such that
Ly, 1 (C.(€)) is not contained in any Hs.

By lemma 6.0.1 we have that E(l, L,) — oo.

For the second statement, using the first part, we know that the eccen-
tricity goes to co. Then given any fixed width € > 0 we can find 38, — oo
such that

L (Cs,(60)) € Ce(Ln(&0))

This implies that the L,,,v, mass of the e—neighborhood of L,,&, converges
to 1 as n — 0o. Since Ly, — 0¢, this implies that L, (§,) — & O

For almost every (i,t) € M we know that mp(z4)(H) = 0 for every
hyperplane H, then for (#,t) there exists § > 0 such that mg,(Hs) < 3.
Now let Ms be the set of points in M such that the last property is realized
by dop > . Then pu(Ms) — 1 as 6 — 0. Taking My = (P x idg) "t Mg we

have the next corollary.

Corollary 6.0.3. For every 0 < ¢ < 1, there exists a set M, C M with
(M) > ¢ such that E(l,A"(f_”(:i",t))) — 00, and the image of the most
expanded subspace by A™(f~"(%,t)) converges to £(2,t), restricted to the
iterates f"(&,t) € M,.

6.1 Adjoint cocycle

Let us fix a continuous Hermitian form in C¢ (-, - ) (5,0 (&:1) € M.
Let FA* : M x C% — M x C% be the adjoint cocycle defined over ffl :
M — M, by
A(f(&,0) ... A(f Y&, t)* ifn>0
Arg) =4 Id if n=0

A, 0) LA DTT ifn <0

for (#,t) € M. We have that W3, (#,1) = Wi(2,t) and W (3,t) =
W33(&,t). Also, it is easy to see that

u, A, o s,A * s, A, o u,A *

G = Higo@n) ad HZS 0y = Hi ) @)

for every (#,t), (7, s) in the same f~!-unstable set and every (Z,t), (2,7) in
the same stable set.
The same hypothesis in F'; are fulfills by F; . Indeed:
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Proposition 6.1.1. A is simple, if and only if, A, is simple.

Proof. By theorem A.1.1 we know that A, is pinching, if and only if, Ais
pinching. Also the Oseledets decomposition of the restriction of A, is given
by the orthogonal complements of the Oseledets subspaces for A. i.e:

. ~ 1
El=|E'® - -0Eio - oEF

where EJ is the subspace which is not in the sum.

Let ¢p: = H3 ; 0 Hj .. We have to prove that for every sum of [ of the
Oseledets invariant subspaces the coefficients of the push forward by ¢ . in
the Oseledets basis grows sub-exponentially. '

Call g = f;. Take €/(t) € EV(t) and el(t) € EJ, unitary vectors.

Let us prove for the case of one dimensional Oseledets subspaces, i.e:
l=1 Callh: K — K, h(l) = hi ;ohf ;, and Hy-1(4); = Hii’,hg’éoh*l(t)),(ﬁ,t)o

u
H h=1(0)), (2,2 son—1(s7)7 then

G,V (t) = Hp—1(y,0 (V(RTH(2)) -

So we have that
G5V (t) = Hy )" (V(R(2)). (6.1)

The twisting condition means that if
d
o€ (1) =D ar ()l (1),
j=1
then

.1 n _
nh_}ﬂ(goglog|ak,j(9 ()| =0.

So we have to prove the same for the adjoint, i.e.
d
Gpei(t) =) Brg()el(®).
j=1

So
Bra(el®, /(M) = (oh.2¢51), (1))
= (En(e), dp2 (n(1)))
= a4 (h)(eE(h(®), " (1)) ).
by definition (¢l (t),el(t)) = cos(a(
o) = £(eb).d(1)
= g—A{(ei(t),Etl@---@E%@---@Eﬁ)

a'(z)) for every 1 < i < d, where
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so by Oseledets theorem

lim ~ log] (el (¢"(t)), €'(g"(£)))] = 0

n—oo N

almost everywhere. Then
. ]- n . ]' n
Jim -~ log|By,;(g"(8)| = lim —logla; (" (h(?)))]

also as h : K — K preserves ,ug the equality holds in a total ug—measure set.
For [ > 1 the proof is exactly the same, just take the inner product

A" (C?) induced by (-, ) i.e:
(1)1 AN ANv,wy A+ A wl>Al(Cd) = det ((vi,w]))

on [ vectors. Then A is pinching if and only if A, is. O
Applying the corollary 6.0.3 to this cocycle we have that

e There exists a section &* : M — Grass(l,d) which is invariant under
the cocycle F A and under the unstable holonomies of A,

e Given any ¢ > 0 there exist a M, of (Mc) > 0 such that re-

stricted to the sub-sequence of iterates f(p) in M., the eccentric-
ity £ (l,fll} (f"(p))) = E(I,A™ (p)) goes to infinity and the image

An (f” (p)) ¢ (f”(p)) of the [-subspace most expanded tends to £*(p)
as m — 00

Lemma 6.1.2. For fi-almost every (Z,t), the subspace (Z,t) is transverse
to the orthogonal complement of £*(Z,1t).

Proof. We may take the stable holonomies of A to be trivial, this means that
the unstable holonomies of A, are trivial. So £* is invariant under unstable
holonomies means that it is constant on local stable sets of f .

Hence the same is true about its orthogonal complement, let us call
this subspace by H(Z,t), as observed before this only depends on z,t were
x = P(&), so the graph of H(x,-) over K has zero m,-measure.

e (graph § H,) = / / be(o.y (T (2, £)) e (8) dps () =

pl x p® ({&,t: &(,t) € H(z,t)}) =
=0

for almost every x. Then i ({Z,t:&(2,t) € H(x,t)}) = 0. This proves the
lemma. O
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CHAPTER [

Proof of Theorem A

In this chapter we prove our first result, as mentioned before this will be
proved as a Corollary of Theorem D. In this chapter we also prove Theo-
rem E.

7.1 Proof of Theorem D

Let (z,t) € M, and denote by n(&,t) € Grass(d — [, d) the orthogonal com-
plement of £*(&,t). £ is invariant under A,, which means A, (&,t)£*(z,t) =
& ( f —1(z, t)) This implies that 7 is invariant under A.

According to Lemma 6.1.2, we have that C? = £(&,t) © (&, t) at almost

every point p € M. We want to prove that the Lyapunov exponents of A
along ¢ are strictly bigger than those along 1. So let

@, t) =Y Et)® - @ EYa,t) and n(Z,t) =% (2,1) @ --- Dyl t)

be the Oseledets decomposition of A restricted to the two invariant sub
bundles, where £ corresponds to the smallest Lyapunov exponent among
€', and n® is the largest among all /. Denote d,, = dim &% and ds = dim n®,
and let A\, and A\s be the Lyapunov exponents associated to these two sub
bundles, respectively. Define

et (A"(#,1), §(#,1)) %
det (A7 (#,t), W (i, 1)) Trds
Where W(z,t) = £“(2,t) ®n°(z,t). Oseledets theorem gives that

1,

A" (i, t) =

(A — As) -

o6
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The proof of the following proposition is identical to the proof of Propo-
sition 7.3 in [3]:

Proposition 7.1.1. For every 0 < ¢ < 1 there exists a set M, C M with

ue(M.) > c such that for almost every p € M

lim A"(%,t) = o0

n—o0

restricted to the sub-sequence of values n for which f”(i,t) € M..

So now fix some 0 < ¢ < 1 and M, given by proposition 7.1.1. Let
g : M. — M, be the first return map, defined by

g(&,t) = fr@ (&,1).

Then we can define the induced cocycle G : M, x C* — M, x C¢

where D(#,t) = A" (2, 1).
We also have that the Lyapunov exponents of G with respect to

are the products of the exponents of 4 by the average return %M)

Thus, to show that A, > Ag, it suffices to prove it for G. But de nicng

_a
fi(Me)

1
Ak _ det (Dk(£‘7 t)> gu(i.’ t)) u
det (DK (i, t), W (&, £)) uvs
Then A¥(Z,t) is a sub-sequence of A™(Z,t) such that f(&,¢) € M.. So
applying Proposition 7.1.1 we conclude that
k—1

. A ,] A~ _ . Ak _
nh_}ngoz;)logA (¢°(2,t)) = lim log A* (p) = oo,
=

n—o0

for ji-almost every (Z,t) € M,. We need the next well-known Lemma.

Lemma 7.1.2. Let T : X — X be a measurable transformation preserving
a probability measure v in X, and ¢ : X — R be a v-integrable function such
that limy, o0 Z?;ol (gp o TJ) = 400 at v-almost every point. Then [ pdv >
0.

Applying the lemma to T = g and ¢ = log A we find that

k—1
1 XA . X (A X di
lim %logA (Z,1) :klirgo E log A (¢’ (2,t)) = /logA o >0

(M)
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at ji-almost every point. On the other hand the relation between Lyapunov
exponents gives
d 1
" Ay = As) ———

fi(Me)
This means that A, > As;. So there is a gap between the first [ Lyapunov
exponents and the remaining d—[ ones. Since this applies for every 1 <1 < d,

we conclude that the Lyapunov spectrum is simple. Proving the Theorem
D.

1 -
lim —log A¥(#,t) = ———
Jm plog A%E ) = =0

7.2 Proof of Theorem E

This section is devoted to prove Theorem E.

Lemma 7.2.1. The set of simple cocycles with strong pinching and twisting
18 mon-empty.

Proof. Take A € GL(d,C) that has d diferent eigenvalues without resonance.
Now take the constant cocycle A : M — GL(d,C), A(z,t) = A. We have
that H* = 1id for every x € {s,u}.

Let us call hy ;(t) = h*(t) and h = h ;0 hy

PP denote by

A s A
Hy = H L ), o00) L), b))

by definition of the holonomies we have that

S,A Al -1 S,A Aa LU
Az oy, ony = AP Ho G ey om0 AE R (1)
For every § > 0 let B(Z,0) be the open ball of radius § centered at &.
Fix r > 0 such that 6(B(2,7)) N B(2,r) = 67 '(B(2,7)) N B(2,r) = ), and
define ¥ : M — R C*° such that

1 if =2z
z

Wi):{ 0 if &¢B(E,r).

Take a matrix r € M(d, C) with small norm ||r|| that we will choose later,
and such that all the minors of the matrix of id +r in the base of eigen-values
of A are non-zero. This matrix exists because the set of matrices that have
all the minors different from zero form an open set in the Zariski topology,
then it is also dense in the usual topology.

Now define A(#,t) = A(id +4(&)r). We have that

HS,A

A/ -1 s,A
@), oh) = AB () H,

&b (1)).6(5,h(e)) A& R (8) (id +7)
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as the perturbation does not affect A outside B(2,r) we have

s,A
HG o). o.n(1)
So H{ = (id +r).

As the Oseledets subspaces in [ are the eigen-spaces of A the strong
twisting condition is equivalent to the matrix Hf', written in the eigen-
vectors basis, has all his minors different from zero.

Then A is strong twisting and strong pinching. Making the norm of r
smaller we can make A arbitrary close to A.

= A"Yd A (id +r) = (id+r)

O

We need to prove that the set of simple cocycles with strong pinching
and twisting is open.

Lemma 7.2.2. The set of strong pinching and strong twisting cocycles is
open.

Proof. First the dominated decomposition is equivalently to have a family
of stable and unstable cone fields Cj(t) and C}'(t) such that C}(t) is I-
dimensional cone and C}(t) is (d —[)- dimensional cone, for every 1 <1 < d.

So if A is strongly pinching, let us call Ej(t) = El + -+ + E! and
E'(t) = El +--- + E!. We can take the cones

u
5 (1) = {v =o' + 0], |‘ZZSH < ¢ where v! € E(t) and vj € Ej(t)}
1
and
S
() ={v =1 +f, H‘Z;w‘ < € where v} € E}'(t) and vj € Ej(t)}
!

which are also stable and unstable cones for B close to A.

Also this shows, that if B is sufficiently close we can choose € very small.
This implies that the spaces E;i varies continuously with B.

Now in the topology H%(M), A, — A implies that HZ: — Hz’s,
this can be seen in [2]. Then if A, — A the spaces E,iaik — Eii and
H jik*Hj;lk* — H E*HX*, so for k sufficiently large the transversality con-
dition, strong twisting, is also verified. O

The last condition to be proved is that for B sufficiently close to fl,
the Lyapunov spectrum of B restricted to the periodic p x K is also simple
without resonance. For this we will prove a stronger property.

Lemma 7.2.3. IfA 1s strong pinching, then it is a continuous point of his
Lyapunov exponents, i.e: If A — A then )\f — i, where X\; is the i—th
smaller Lyapunov exponent.
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Proof. First of all, strong pinching implies simple Lyapunov spectrum. By
definition of dominated splitting there exist C' > 0 and ¢ > 1 such that

HAnUiJrlH
- > " (7.1)
Anyt

then

1 a 1 N
lim — log HA”UH'IH — lim —log HA"UZ >logf > 0.

n—oo N n—oo N

By the previous lemma, for a fixed 1 < i < d, Eii — Eil Also )\f =
k

Aol , ‘
Jlog ” ol H dmj, where my. = [ 3 (1)1

Then mfC —~m*. So

Aka

lim ¥ = lim [ log dms, =

Ao

/log dm' = N\
[[v]]

Proof of Theorem E. By Lemma 7.2.2 and 7.2.3 the subset of simple strong
pinching and strong twisting cocycles is open.
By Theorem D every simple cocycle has simple Lyapunov spectrum. [

O
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CHAPTER 8

Continuity Equivalence

In this chapter we prove an equivalence of continuity of Lyapunov exponents
and Oseledets subspaces. This is going to be used in Chapter 9. Actually
here we proved a more general version that the one we need in Chapter 9,
the reader interested only in that case may read only section 8.3.1 (see
remark 8.3.4).

Only in this chapter we consider semi-invertible cocycles, i.e: an in-
vertible ergodic measure preserving dynamical system f : M — M and a
measurable matrix-valued map A : M — M(d,R).

This part is a joint work with Lucas Backes.

8.1 Statements

The main result of this chapter is the next theorem:

Theorem 8.1.1. Let {Ai}r, € CO(M) be a sequence converging to A €
CO%(M). Then limy_so0 i (Ax) = 7i(A) for every 1 <i < d if and only if the
Oseledets subspaces of Ay converge to those of A with respect to the measure
1.

As a simple consequence of our main theorem we get Theorem C.

It is worth noticing that the proof presented bellow also works with
obvious adjustments if we allow the base dynamics f to vary. More precisely,
if we consider a sequence of ergodic py-measure preserving maps fi : M — M
converging uniformly to f : M — M and a sequence {A;};, C C°(M)
converging to A € C°(M), then a similar statement to the one of Theorem
8.1.1 also works for Lyapunov exponents and Oseledets subspaces of (A, fx)
and (A, f). We write the proof in the case when the base dynamics is fixed
just to avoid unnecessary notational complications.
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8.2 Preliminary Results

This section is devoted to present some preliminary results that are going
to be used in the proof of Theorem 8.1.1.

8.2.1 Semi-projective cocycles

Let RP?! denote the real (d — 1)-dimensional projective space, that is,
the space of all one-dimensional subspaces of R?. Given a continuous map
A: M — M(d,R), we want to define an action on RP4~! which is, in some
sense, induced by A. If (z,[v]) € M x RP% ! is such that A(z)v # 0 then
we have a natural action induced by A on RP9~! which is just given by
A(z) [v] = [A(z)v]. The difficulty appears when A(xz)v = 0 for some v # 0.
To bypass this issue, let us consider the closed set given by

Ker(A) = {(z,[v]) € M x RP?"L; A(z)v = 0}.

If u(r(Ker(A))) = 0 where 7 : M x RP%1 — M denotes the canonical
projection on the first coordinate, then A(x) is invertible for p-almost every
x € M and hence it naturally induces a map on RP%"! which is defined
p-almost everywhere and is all we need. Otherwise, if p(m(Ker(A))) > 0 let
us consider the set

K(A) ={(z,[v]) € M x RP¥ L A™(z)v = 0 for some n > 0}.

Observe that K(A) N {z} x RP¥! C {z} x EY for every regular point
x e M.
Since (K (A)) is an f-invariant set and p is ergodic it follows that
w(m(K(A))) = 1. Thus, we can define a mensurable section o : M — RP4~!
such that (z,0(x)) € K(A). Moreover, we can do this in a way such that
if x € W(Ker(A)) then (z,0(z)) € Ker(A). Fix such a section. We now
define the semi-projective cocycle associated to A and f as being the map
Fyp: M xRP1 — M x RP%! given by

[ (f(2), [A(z)v]) if A(z)v #0
Fal M)_{ (f(z),0(f()) it A()v = 0.

This is a measurable function which coincides with the usual projective
cocycle outside Ker(A). In particular, it is continuous outside Ker(A). From
now on, given a non-zero element v € R? we are going to use the same
notation to denote its equivalence class in RP4 1.

Given a measure m on M x RP9~! observe that if m(Ker(A)) = 0 then
F4,m does not depend on the way the section ¢ was chosen. Indeed, if
¢ : M x RP¥! — R is a mensurable function then

/ o Fadm = o Fadm.
MxRPd-1 M xRPI=1\Ker(A)
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In the sequel, we will be primarily interested in Fs-invariant measures on
M x RP4! that projects on p, that is, 7,m = p and such that m(Ker(A)) =
0. Our first result states if the cocycle A has two different Lyapunov ex-
ponents then any such a measure may be written as a convex combination
of measures concentrated on a suitable combination of the Oseledets sub-
spaces. An useful notation that we are going to use through the chapter is
the following:

E;"’A _ E;+1,A e Efc’A

and ‘
E}ElivA _ E;’A D@ E;’A

which denotes, respectively, the Oseledets slow and fast subspaces of ‘order
i’ associated to A and

EA = {(z,v) € M x RP4L; v e EEAY.

Proposition 8.2.1. If v;(A) > 7i+1(A) then every Fa-invariant measure
projecting to v and such that m(Ker(A)) = 0 is of the form m = am™ +bm>
for some a,b € [0,1] such that a +b = 1, where m* is an Fa-invariant
measure projecting on p such that its disintegration {m}}.cn with respect
to p satisfies mi(EY) =1 for x € {s;,u;}.

Proof. Given j € N let us consider the set B; defined by
1
{(x,v) € M x RP*¥ L |sin (v, E})| > =|sin £(E%, ES)| for + = si,ul} :
J

Since v;(A) > 7vi+1(A) it follows that for any (z,v) € Bj, the angle
between A™(x)v and E}‘}; @) decays exponentially fast when n goes to +oo.
Therefore, since by Oseledets’ theorem the angle £(E¥, E%') decays sub-
exponentially it follows that every (z,v) € B; leaves B;. Consequently,
by Poincaré’s recurrence theorem m(B;) = 0 for every j € N. Hence, the
measure m is concentrated on {(z, E¥); x € M} U {(x, E3); x € M}. Let
{ms}zem be a disintegration of m with respect to u. It follows then by
the previous observations that mg(E$) + m,(EY) = 1 for p-almost every
x € M. Thus, letting m}, be the normalized restriction of m, to E} for
* € {sj,u;} we get that my = a(x)ml + b(z)m$ where a(z) = mg(EY)
and b(z) = my(E2). To conclude the proof, since our measure p is ergodic,
it only remains to observe that both a and b are invariant functions and
consequently constant functions. This follows easily from the invariance of
the Oseledets spaces and the fact that, since m is Fa-invariant, my,) =
A(z)smy, for p-almost every x € M. Indeed,

a(f(@)) = my)(EY,) = Ax)ama(EY,)
= ma(E) = ala)

as we want. O
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Our next result gives the existence of F4-invariant measures concen-
trated on Oseledets subspaces. This is going to be used in Section 8.4.

Proposition 8.2.2. For every 1 < j <, there exists an Fa-invariant mea-
sure m projecting to p and concentrated on B4 = {(z,v) € MxRP!; v €
E3A }. In particular, it satisfies m(Ker(A)) = 0.

Proof. Let M be the space of all probability measures on M x RPI1 such
that m(FE94) = 1 and mym = p. In particular, m(Ker(A)) = 0 for every
mée M je

Let us consider now the map Fa, : M; — M, given by Fy,m. From the
invariance of E94 and the definition of M j it follows that Fly, is well defined
and moreover does not depend on the choice of the section o in the definition
of the semi-projective cocycle. Furthermore, it is continuous. Indeed, let
{my}r C M; be a sequence converging to m in the weak* topology and
¥ M x RP41 — R a continuous map. By Lusin’s Theorem, given e >0
there exists a compact set K C M such that u(M\ K) < m and z — B3

is continuous when restricted to K. Now, since Ker(4) N E%4 = () and
1o Fy is continuous outside Ker(A), it follows from Tietze extension theorem
that there exists a continuous function ) : M x RP41 — R satisfying
d(p) = ¥ o Fy(p) for every p € {(z,v) € K x RP¥L: v € ES*} and
[9]| < 1. Then,

'/woFAdmk—/ibOFAdm‘S'/iﬂdmk—/iﬂdm‘+e.

Consequently, taking k sufficiently large, | [ 1 o Fadmy — [ o Fadm| < 2e
as we claimed.

We observe now that M, is a closed subset of the set of all probability
measures of M x RP4L. In fact, let {my}; C M, be a sequence converging
to m. As before, given € > 0 there exists a compact set K C M such that

(M \K) <eand z — Ei s contmuous when restricted to K. Thus, since
Eit = {(z,v) € K x RP™1; v € E}*} is a closed subset of M x RPd L
it follows that

m(E>1) > m(E}{A) > lim sup mk(E%A)

k—o0

Therefore, as my(E?4) =1 and u(M \ K) < € we get that mk(E%A) >1—e¢
for every k and consequently, since € > 0 was arbitrary and m is a probability
measure, m(E4) = 1 and M; is closed.

To conclude the proof, it only remains to observe that given any m € M,
every accumulation point of % Zz;é F’A‘:*m gives rise to an F'4-invariant mea-
sure concentrated on E74. This follows easily from the previous observa-
tions. O
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Remark 8.2.3. Letting ¢4 : M x RP?~1 — R be the map given by
| A(z)v |

palae) =08

)

it follows easily from the definition and Birkhoff’s ergodic theorem that,
for every Fjy-invariant probability measure m concentrated on E74 and
projecting to p,

M@= [ palz)dm.
MxRPd—1

8.2.2 The adjoint cocycle

Given © € M, let A (z) : (RY)* — (RY)* be the adjoint operator of
A(f~Y(xz)) defined by

(A (z)u)v = u(A(f 1 (2))v) for each u € (R?)* and v € R%. (8.1)

Fixing some inner product {, ) on R? and identifying the dual space (R%)*
with R? we get the map A, : M — M(d,R) and equation (8.1) becomes

(A(f~Y (@) u, v) = (u, Ay (z)v) for every u,v € R%

The adjoint cocycle of A is then defined as the cocycle generated by the map
Ay : M — M(d,R) over f~1: M — M.

An useful remark is that the Lyapunov exponents counted with multi-
plicities of the adjoint cocycle are the same as those of the original cocycle.
This follows from the fact that a matrix B and its transpose B” have the
same singular values combined with Kingman’s sub-additive theorem. More-
over, Oseledets subspaces of the adjoint cocycle are strongly related with the
ones of the original cocycle. More precisely,

Lemma 8.2.4. E;“A = (E;LZ"A*)l where the right-hand side denotes the
orthogonal complement of the space E;;“’A*.

Proof. By contradiction, suppose there exist v € Eii’A and u € E;“”A* such
that (v, u) # 0. We may assume i < [ otherwise the lemma trivially holds. In

this case, for each n € N the map A™(f~"(x)) : E;ﬂ’f(@ — B s surjective

and thus we may find unitary vectors v,, € E;’;’f(x) such that A™(f~"(x))vy,
are multiples of v. By definition,

(A"(f7(2))vn, u) = (v, (A" (f " (2))) W)
= (vp, A2 (z)u).

Now, since (A"™(f~"(x))vn,u) grows at an exponential rate smaller than
Ai(A) while (v, A7 (x)u) grows at an exponential rate at least A\;(A) we get
a contradiction. Therefore, E5 C (E;“"A*)l. Now, since they have the
same dimension the lemma follows.

O]
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8.3 Continuity of Lyapunov exponents implies con-
tinuity of Oseledets subspaces

At this section we are going to prove that continuity of Lyapunov exponents
implies continuity of Oseledets subspaces. Thus, let {A;}r C C°(M) be a
sequence converging to A € C°(M) and suppose limy_,o. vi(Ax) = 7i(A) for
every 1 < ¢ < d. We start with an auxiliary lemma.

Lemma 8.3.1. Let my, be a sequence of Fa, -invariant measures concen-
trated on EY% and suppose they converge to a measure m.
Then m(Ker(A)) = 0 and moreover m is an F4-invariant measure.

Proof. We start proving that m(Ker(A)) = 0. Suppose by contradiction
that m(Ker(A)) = 2¢ > 0. For each 6 > 0 let us consider

’<5}.

These are open sets such that Ker(A) = Ns~oKs and m(Ks) > m(Ker(A)) >
c>0.
Fix b € R such that

v

Ks = {(x,v) € M x RPI1; ol
v

‘A(z)

b<m(A)— . Sﬁlzﬁ log || Ax(z)v||
,x,||v||=1

and let § > 0 be such that logy < g for every y < 26. Then, for every k

sufficiently large my(Ks) > ¢ > 0 and HAk(x)ﬁH < 20 for every (z,v) € K;
and consequently

(40 = [ oadmi<b+ sup_ g | A2}
k,x,||v||=1

contradicting the choice of b. Thus, m(Ker(A4)) = 0 as we want.
To prove that m is Fa-invariant one only has to show that, given a
continuous map 1 : M x RP¥1 5 R,

k—

lim /ﬂ)oFAkdmk = /¢0FAdm. (8.2)

Indeed, if (8.2) is true then, since my, is Fa, -invariant,

/woFAdm— lim /wOFAkdmk— lim /wdmk—/wdm
k—00 k—o0

In order to prove (8.2) we start noticing that
‘/¢oFAkdmk —/’(/}OFAdm‘ S/’"L/}OFAk —¢OFA’dmk

+’/¢OFAdmk—/woFAdm’.
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Now observing that, for every k sufficiently large, ||Ax(z)v/|v|[|| > g if
(x,v) € K§ and recalling the definition of semi-projective cocycle it follows
that 1) o Iy, converges uniformly to v o F)y outside Ks. Given € > 0 let
§ > 0 be such that m(Kj;) < m Then, taking k sufficiently large such

that |1 o Fa, — 1 o Fa| < € outside Kz and my(K;) < m we get

/wOFAk —1p o Faldmy < 2e.

Jlet i : M x RP¥1 5 R be a
[ < o

Note that the existence of such a map is guaranteed once again by Tietze
extension theorem. Then,

To bound |f¢oFAdmk—f¢oFAdm

continuous function which is equal to ¥ o F'4 outside K5 and

‘/woFAdmk—/woFAdm‘g‘/ﬁdmk_/wm’me.

Now, taking k sufficiently large such that ‘ [ bdmy — [ dAJdm‘ < e it follows
that

‘/woFAkdmk—/woFAdm‘ < be

proving (8.2) and consequently the lemma.
O

Remark 8.3.2. Observe that in the proof of the previous lemma we did
not use the full strength of the requirement limy_, . 7;(Ax) = 7:(A) for every
1 <14 < d. Indeed, it is enough that limy_, f pa,dmy > —oo. This is going
to be used in Section 8.4.

8.3.1 Continuity of the fastest Oseledets subspace

Our next proposition deals with the case when d;(A) = 1. That is, the case
when the dimension of the Oseledets subspace associated with Aj(A) is 1.

Proposition 8.3.3. If A is such that y1(A) > v2(A) then Ex™* converges
to E;’A with respect to the measure p. More precisely, for every 6 >0

p({x € My £(EL% ELA) < 51y 2222
Proof. We start observing that, since 7;(Ay) LN 7v;(A) for every 1 < j <
d and v1(A) > v2(A), for every k sufficiently large v1(Ax) > ~v2(Ax) and
thus Ex*** is also one-dimensional. Let us assume without loss of generality
that this is indeed the case for every k € N.

Instituto de Matematica Pura e Aplicada 67 2016



Mauricio Poletti Simple Lyapunov spectrum

For each k € N, let us consider the measure

my = /M 5(17E;,Ak)du($)

and let m" be the measure given by

m" = /M 5(I7Ei,A)d/,L(Z').

Observe that these are, respectively, Fl4, and Fs-invariant measures on M x
RPI 1 concentrated on EA% and E' and projecting to p. Consequently,
it follows from Remark 8.2.3 that

1 (Ap) = / o (@, v)dmy, (8.3)
MxRPd—1

and
v (A) = / wa(z,v)dm". (8.4)
MxRpPd-1

We claim now that myj converges to m" in the weak™® topology. Indeed,
let {mg, }ieny be a convergent subsequence of {my}reny and suppose that it
converges to m. Since M x RP% ! is a compact space it suffices to prove
that m = m". Observing that, for each ¢ € N the measure my, is a Fju, -
invariant measure projecting to u, it follows from Lemma 8.3.1 that m is ‘a
Fs-invariant measure projecting to p and moreover m(Ker(A)) = 0. Fur-
thermore, since

M (Ar) ZF2 41(A)
and

/ A, (x,v)dmy, izoo, / va(x,v)dm
MxRPd—1 ‘ MxRPd-1

it follows from (8.3) that

v1(A) :/ walx,v)dm.
M xRPd—1

Thus, from Lemma 8.3.3 we get that m = m" as claimed. In fact, otherwise
we would have m = am™ + bm*®! where a,b € (0,1) are such that a+b =1
and m®! is a Fj-invariant measure concentrated on {(x, E5'); = € M}.
Therefore,

7 (A) = / wa(z,v)dm
MxRPd-1

= a/ va(x,v)dm" + b/ wa(z,v)dm®
MxRPd—1 MxRPd—1

< av1(A4) + bya(A) < 1 (A).
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Let us consider now the measurable map ) : M — RP%"! given by
Y(z) = Epf.

Note that its graph has full m"“-measure. By Lusin’s Theorem, given ¢ > 0
there exists a compact set K C M such that the restriction ¥ of ¥ to K
is continuous and p(K) > 1 —e. Now, given § > 0, let V.C M x RP?! be
an open neighborhood of the graph of ¢k such that

VN (K xRPTY v

where

Vs == {(z,v) € K x RP¥™Y, L(v,(x)) < 6}.

By the choice of the measures my,
m(Vs) = p{z € K; £(EL4, BM4) < o)), (8.5)

Now, as my K200 i it follows that lim inf mi(V) > m*(V) >1—¢e. On
the other hand, as my(K x RPY™1) = u(K) > 1 — ¢ for every k € N, it
follows that

me(Vs) > mp(V N (K x RPTY) > 1 -2 (8.6)
for every k large enough. Thus, combining (8.5) and (8.6), we get that
u({x € M; A(E%’A’“, E};’A) < 0}) > 1—2¢ for every k large enough complet-

ing the proof of the proposition.
O

Remark 8.3.4. In the case of SL(2,R) cocycles, we have that both Os-
eledets subspaces are one dimensional or the decomposition is trivial, then
the previous proposition gives the Theorem C in the case of SL(2,R) cocy-
cles.

8.3.2 Continuity of the Oseledets fast subspace of order i

We now prove that the Oseledets fast subspace of order ¢ of Ay converges to
the respective Oseledets subspace of A. The idea is to consider the cocycle
induced by A on a suitable exterior power and then deduce the general case
from the previous one.

Proposition 8.3.5. For every 1 <i <1 and § > 0 we have that

k—o0

p({w € M; L(B2A, Bred) < 6}) 222 1,

We take the Pliicker embedding ® : Grass(j,d) — PAJ (R?). If p(.,.) is
a distance on P(AJ (R?)) we may push it back to Grass(j,d) via ®. More
precisely, the map distAj(Rd) : Grass(j, d) x Grass(j,d) — R given by

dist ) ; (B9) (E1, BEa) = p(®(E1), P(E2))
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is a distance on Grass(j,d) and moreover, if p is a distance given by an
inner product in the linear space A7 (Rd) then dist,; (RY) is equivalent to

the distance defined in (2.1).
Recall that the Lyapunov exponents of the cocycle induced in the exterior
power are given by

{’yil(A)+...+’Yz‘j(A); 1§i1<...<ij§l}. (87)
and the Oseledets subspaces by
EYAN .. AERA (8.8)

Proof of Proposition 8.3.5. Observe that if ¢ = [ then there is noting to do
since EYA% = Re = EU4 for every k sufficiently large. So, from now on let
us assume ¢ < [.

Consider r = d1(A) + ...+ d;(A) and let A"A and A" Ay, be the cocycles
over f induced by A and Ay, respectively, on the rth exterior power. Since
we are assuming i < [ it follows from (8.7) that v;(A"A) > v2(A"A). Thus,
from Proposition 8.3.3 we get that, for every ¢ > 0,

nfe € My L(EPN M BN ) < 87 22251
which from (8.8) is equivalent to
p({z € M; L(EY% A A EbA% BLAA A BB <)) 222
Consequently, from the definition of dist,ga) it follows that

k—o0

p({z € M; distpyr gy (Ey™ @ .. @ EX" Epte. @ EXY) <)) =5 1.

Now, using the fact that the distances dist,rge) and dist are equivalent it
follows that for every § > 0,

k—o0

p({z e M; L(EM* ¢ ... @ EbY% EMa . @ EA) <6)) 2251
as we want. L]

As a simple consequence of the previous proposition applied to adjoint
cocycles A, and A, combined with Lemma 8.2.4 we get that

Corollary 8.3.6. For every 0 <i <1l—1 and § > 0 we have that

n({z € M; £(B3A B34y < 5}) 2% 1,
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8.3.3 Proof of the direct implication of Theorem 8.1.1

The cone of radius a > 0 around a subspace V of R? is defined as
CalV) = {w1 +wp € V @V JJus]| < aljun] }

Observe that this is equivalent to

Co(V) = {w e RY dist (Hw|v> < a}
w
where dist is the distance defined in (2.1).
In order to prove the direct implication of our main theorem we are going
to need the following auxiliary result.

Lemma 8.3.7. Given 1 < i < 1l, € > 0 and § > 0 there exist a subset
K = K(e) € M with u(K) >1—¢€ and &' = ¢'(¢,0) > 0, such that for every
r e K,
Cs (E;”’A) N Cg/(E;Fl’A) C C5(E;’A).

Proof. For every regular point # € M we can define an inner product (,),
on R¥ such that {E;’A}i-zl are mutually orthogonal. Moreover, this family of
inner products may be chosen to be measurable. Let K C M be a compact
subset of M with p(K) > 1 — € and such that (,), is continuous when

restricted to K. Then, there exists C' > 1 such that %H’UH < |lv|l, < Clv].

Take ¢’ := % > 0.
Given v € Cy(EY*) N C’(;/(E;i’l’A), for every © € K we can write

V=0 + Uy, + sz, where
_ . . _ . 1 _ .
v; = Proji.a (v), vy, = PI‘OJE;Li_l,A (v) and v, = PTOJ(EZi,A)l(U).

Analogously v = v; + v, + Ué}, . From the definition of cone we get that

o ]| < 8" and |

1

< ¢’ and consequently,

L
vsifl‘
!/
HU& — vuile <20

Now, from the definition of v, and v,, , and the choice of C' it follows that

-1

|vs]], < 2C8'.
Consequently,
|vs|| < 2026 < g
and thus, if v = v; + vf then
‘UZ»J‘ < ’vsi—f—vi_l <0
which implies that v € C’g(E;’A) as we want. O
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Given € > 0, let K € M and & > 0 be given by the previous lemma.
Proposition 8.3.5 and Corollary 8.3.6 gives us that for every 1 < i <[ and
k sufficiently large the sets

A = {z € M; L(EY%, B4 > §'}

and
ASi—1 — {x € M; A(E;i—lvAk,E;i—lyA) > 5/}

are such that p(A%) < e and p(A%-1) < e. Now, observing that, for
x ¢ A% U A%-1 and k sufficiently large,

E;’Ak — E;Li,Ak N E;i—lyAk C Cg/(E;”’A) N C&(E;i—l,A)

it follows from Lemma 8.3.7 that, for every € K\ (A" UA*-1) and k suffi-
ciently large, ES* C’g(E;’A). Consequently, u({z € M; A(E;’A’C, EE’A) <
8'}) > 1 — 3¢ for every k sufficiently large as we want.

8.4 Continuity of Oseledets subspaces implies con-
tinuity of Lyapunov exponents

This section is devoted to prove the reverse implication of Theorem 8.1.1.
So, let {Ax}r € C°(M) be a sequence converging to A € C°(M) and suppose
that for every k sufficiently large there exists a direct sum decomposition
RY = F;’Ak D...P Fi’Ak into vector subspaces such that

i) Fps = B2 g EITVA @ @ EITR for some j € {1,...,1;} and
t>0;

ii) dim(Fé’A’“) = dim(Ei’A) for every i =1,...,1
and moreover that

iii) for every 6 > 0 and 1 < i <[ we have
1 ({z € M; L(FWA% EbA) > 6}) LN}

Given 1 < i < [, we start proving that if
p({x € M, L(FiA% EXY) > 61) — 0

for every 6 > 0 then v;(Ay) — 7v;(A) for every do(A)+di(A)+...+di—1(A) <
Jj<di(A)+ ...+ d;i(A) where dy(A) = 0.

For each k € N, let my, be a F4, -invariant measure supported on {(z,v) €
M x RP¥*1 y e Fé’Ak} which projects to p and such that

Vi (Ag) = /cpAk(w, v)dmy. (8.9)
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The existence of such a measure is guaranteed by Proposition 8.2.2 and
Remark 8.2.3. Passing to a subsequence we may assume that mj converges
in the weak® topology to some measure m. From Lemma 8.3.1 it follows that
m is a F4-invariant measure projecting to p and moreover that m(Ker(A)) =
0. To conclude the proof it suffices to observe that m is supported on
{(z,v) € M x RP%!; v € E:?*}. Indeed, if that is the case then invoking
Remark 8.2.3 we get

Jim 7;(Ag) = lim / pa,dmy = / padm = v;(A)

for every do(A) + di(A) + ...+ di—1(A) < j < d1(A) + ... + di(4) as we
want.

Given € > 0, let K C M be a compact set with p(K) > 1 — § and such
that E;’A is continuous when restricted to K. For each é > 0 let us consider

Gs = {(z,v) € K x RPL; L(v, EbA) < 6},

This is a closed set and thus, by the weak®™ convergence of the sequence

{mi e,
m(Gs) > limsup mg(Gs). (8.10)

k—o00
Since my, projects to p it follows by Rokhlin’s disintegration theorem that
my, can be written as my, = [ mFdu(z) where {m”},cn are measures on
RPI1. Moreover, from the choice of my, it follows that mﬁ(Ff;Ak) =1 for
p-almost every x € M. Consequently,

my(Gs) = /mg(G(g)du >1—p(K°U{z € M; L(Fy, EX) > 5}).
(8.11)
Now, let ks € N be such that p ({x e M; L(Fi'* EXY) > 6}) < § for
every k > ks. Thus, invoking (8.11) we get that my(Gs) > 1 — ¢ for every

d > 0 as far as k > ks. Hence, it follows from (8.10) that m(Gs) > 1 — ¢ for
every § > 0. Consequently,

m({(z,v) € M x RP™Y; v € BAY) = m({(x,0) € K x RP4Y v e BiAY)
> limm(Gs) > 1 —e.
§—0

Since £ > 0 is arbitrary we conclude that m({(z,v) € M x RP¥1; v €
E5YY) =1 as claimed.

It remains to consider the case when ¢ = [. If A\j(A) > —oo, then the
previous argument also works for this case. Otherwise, if \j(A) = —oo it
suffices to prove that ~;(Ay) — —oo for j = di(A) + ... + di—1(A) + 1.
Suppose that is not the case, that is, limsup;_,, vj(Ax) > —oo. Passing to
a subsequence, if necessary, we may assume that limy_,o v;(Ax) = a > —oo
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and moreover that the sequence of measures {my }; given as in (8.9) converge
to some measure m. It follows then from Remark 8.3.2 that m is a Fy-
invariant measure and m(Ker(A)) = 0. Proceeding as we did in the previous
case we conclude that m(E"4) = 1 and

—00 > a = lim 7;(4;) = lim /@Akdmk = /(pAdm.
k—oo k—o0

On the other hand, Birkhoff’s ergodic theorem implies that [ padm = —oco
which gives us a contradiction. Therefore, v;(A;) — —oo for j = di(A) +
...+ di—1(A) + 1 and hence ~v;(A;) — —oo for every j € {di(4) +... +
di—1(A)+1,...,d} completing the proof of Theorem 8.1.1.
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CHAPTER 9

Two dimensional cocycles

In this chapter we prove a stronger result than Theorem D when the cocycles
are in SL(2,R). Here we deal with a more general setting for the base
dynamics that we are going to define now.

The notations of this chapter does not correspond to the notations of
the previous ones.

9.1 Definitions and Statements

Let f: M — M be a partially hyperbolic map, dynamically coherent with
compact center leaves, and u an ergodic invariant probability measure.

Let M = M /W€ be the quotient of M by the center foliation, and
7+ M — M be the quotient map. We say that the center leaves form a fiber
bundle if for any W¢(z) € M there is a neighborhood V' C M of W¢(x) and
a homeomorphism

he : V x We(z) — ol (V)

smooth along the verticals {¢} x W¢(z) and mapping each vertical onto the
corresponding center leaf £.

In this chapter we deal with cocycles a-H”older cocycles A : M —
SL(2,R) and the a-H”older topology of H*(M), defined in Chapter 2.

Definition 9.1.1. Given an invertible measurable map ¢ : N — N an
invariant measure n and an integrable cocycle A : N — SL(2,R) we say
that A is non-uniformly hyperbolic if A\*(x) > 0 for n almost every point.

Here we will need a concept of continuity of Lyapunov exponents for non
ergodic measures.
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Definition 9.1.2. Given an invertible measurale map g : N — N an invari-
ant measure 1 and an integrable cocycle A : N — SL(2,R) we say that A is
a weak continuity point of Lyapunov exponents if for every Ay that converges
to A implies that )\jk : N — R converges in measure to )\jg :N = R.
Observe that as Ay — A this implies that supy, [|Ax|| is bounded and in
consequence )\Xk is bounded, also we are dealing with probability measures,

then convergence in measure is equivalent to convergence in L717.

Definition 9.1.3. We say that A € H*(M) is stably non-uniformly hyper-
bolic if there exist an open set A € V C H*(M) such that every B € V has
L(B, p) > 0.

Observe that as we assume that p is ergodic L(B, u) > 0 is equivalent
to non-uniformly hyperbolic.

The fiber bundle condition gives that the quotient M = M /W€ is a
topological manifold and the induced f :M — M is a hyperbolic homeo-
morphism (as in Definition 2.1.1).

We say that p has projective product structure if locally mep ~ p® x p*
(this measures are equivalent).

As before, we are interested in the case where f is not hyperbolic in the
center direction, so in what follows we also assume that the extremal center
Lyapunov exponents of f are zero.

The principal result of this chapter is Theorem B, that we recall here

Theorem 9.1.4. Let u be a f-invariant ergodic measure with zero center
Lyapunov exponent and projective product structure.

Let A: M — SL(2,R) be a fiber bunched cocycle, such that the restriction
to some periodic center leaf of f is a weak continuity point of Lyapunov
exponent and non-uniformly hyperbolic. Then A is accumulated by stably
non-uniformly hyperbolic cocycles.

9.2 Holonomies

The key concept, here again, are the holonomies. Let us define the ones that
we consider here.

Definition 9.2.1. Given # € M and § € M, such that § € W*(Z), we can
define the stable holonomy as the holonomy given by the stable foliation, i.e:
55 WE) — We(g) where hj ;(t) is the first intersection between W?* (%)
and We(7).
Analogously for Z € W*(Z) we define the unstable holonomy h¥ . :
WE(Z) — WE(Z) changing the stable by unstable manifolds. 7

It is well known that there exists f periodic points, that in this case
correspond to f periodic center leaves. To simplify notation lets assume
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that the center leaf j is fixed, f(p) = p (all the arguments and results are
not affected by taking an iterate such that p is fixed).

Given a periodic center leaf p € M, let us denote by K = W¢(p), and
let 2 € M be homoclinic point for p, i.e: there exist £ > 0 such that
Ze WE ()N fFYWE(p). We can define h: K — K by

18 u
h=hzp50hs;

As A is fiber bunched we have defined the strong stable and strong
unstable holonomies as in section 2.2.
Let H' : R? — R?

HA — S,A ’LL,A
t (gvhg,g(t))v(ﬁvh(t)) (ﬁ?t)7(27hg,2(t))

9.2.1 Invariance principle

Let P: M x RP!' = M, P(x,v) = x be the projection to the first coordi-
nate and let m be a measure in M x RP! such that P,m = L

By Rokhlin [22] we can disintegrate the measure m with respect to the
partitions P = {{p} x RP', p e M}, P = Wy x RPL p € M}. Lets call
the first conditionals measures m,, x € M, and the second mz; ,T € M.

Also we can disintegrate p in the partition P = {Wg, peM }, we call
this disintegration u$, T € M

It is easy to see that

msz = /mxdug

( [26, exercise 5.2.1]).
For j € W*(z) define Hj ; : W(&) x RP' — W¢(y) x RP*

H2 5(t,0) = (B0 HEs 1y e )

Because 7,1 has product structure, by the invariance principle (proposi-
tion 2.3.1 and 2.3.2) there exist a continuous disintegration p$ su invariant
everywhere. i.e: M = M* = M. Then we have that hap = p and
denoting by

i K=K, f3="Fflwep

then f5, pi5.

Proposition 9.2.2. If L(A,u) = 0, m admits a continuous disintegration
mz, T € M with respect to P that is su-invariant. Moreover, for every & € M
and §y € M in the same unstable leave

H&’m%(g’h% S@), M = Mz () for ps almost every x € W5.

Instituto de Matematica Pura e Aplicada 77 2016



Mauricio Poletti Simple Lyapunov spectrum

Proof. Let us prove for * = u, the case * = s is analogous. By proposi-
tion 2.3.1 there exist a mg, z € M Rokhlin disintegration su invariant.

Take Z € M and §j € M in the same unstable leave and such that for 4
almost every x € W¢(Z) and for uf almost every y € W¢(g) belongs to M*.
Then

Haguma(B) = / mq (Hi ™' (B)) dp (x)
- / e (H&w%(ﬁ:hz,g( y (Buy <>>)du%(w)
- / Hi o) g (@), M (Bhg,g@:))) dpg(z)

= /mh%@ (Bhg’g(x))> dpg ()

— [y B (t505) 0

= [my(B,)d(65) ) = g(B)

so the measure mz is u invariant, analogously we can find a total measure
set such that mjz is s invariant. Using Proposition 2.3.2 we conclude that m
admits a continuous P disintegration s and v invariant.

The continuity and the su invariance implies that, for every # € M and
Y € M in the same unstable leave

H 4 (@12 5(@)), M = T2 (x) for ps almost every = € WE.
as claimed. O

Then if L(A, 1) = 0 we have that HA m; = mp(py for ps almost every
te K.

A |g: K — SL(2,R) defines a linear cocycle over f; with invariant
measure pi = pig. For almost every t € K we have defined R? = E} + E},
where E}* is the Oseledets subspace corresponding to )\/jK (t) and E} the
corresponding to A, (t). In the case that Af (t) = X\, (t) we have that
E' = Ef = R2

Definition 9.2.3. We say that A € H*(M) is

e Weakly pinching if there exist a periodic center leaf K = W¢(p) such
that A |g: K — SL(2,R) is non-uniformly hyperbolic with respect to

HE-

o Weakly twisting if there exist K C K with pug(K) > 0 such that
Hi ({EY, EfY) N { By, By} = 0
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Proposition 9.2.4. Suppose L(A,pn) =0, then
{HAE!, HAESY N {E} . Efy} # 0
for ux almost every t € K.

Proof. It A} (t) = 0 or A _(h(t)) = 0 the result is trivial. If not, by
Proposition 8.2.1 (aplied to every ergodic component) the disintegration
of the F' invariant measures are of the form m; = a(t)dgy + b(t)dp: with
a(t) + b(t) = 1, the same replacing t for h(t).
As the cocycle is fixed we denote H; = H{*. By proposition 9.2.2 we can
take a total measure set such that Hy,m; = M (t)s this means that
a(t)(SHthA + b(t)(sHtEts = a(h(t))5Eu + b(h(t))(sEs

h(t) h(t)

almost every t € K.
So supp(myr)) = supp(Hy.my). Then as supp(Hy,omy) C {HiEf, Hi B}
and supp(mp(y)) C {Eﬁ(t), EfL(t)} the result follows. O

As a direct corollary we have

Corollary 9.2.5. Given f: M — M and u f invariant with local product
structure and let A € H*(M) be weakly twisting then L(A, u) >0

9.3 Proof of Theorem 9.1.4

Lemma 9.3.1. Assume that A : K — SL(2,R) is non-uniformly hyperbolic
and a weak continuity point of Lyapunov exponents, then it is a continuity
point, in measure, of the Oseledets decomposition.

Proof. Take an ergodic decomposition of ug, {ug, E € P}, where P is the
partition given by the ergodic decomposition, we have that if t € E then
Xi() = A5 (E).

Suppose by contradiction that there exist 6 > 0 and A, — A such
that up{t € K,A(E:’A",E:’A) >} > § for x = s or u. Here we use the
convention that if dim(F) # dim(F'), Z(E, F) = w. Take a subsequence of
)\Lk that converges px almost every t € K to )\Z.

This implies that )\JAfnk (E) — A{(E) for almost every E € P, then
by Theorem C aplied to every ergodic component we have that ug{t €
K, A(E:’A"’“,E:’A) > 0} — 0, For almost every E € P.

Then by dominated convergence

u{t € K, Z(EXM ERYY > 6) = / up{t € K, Z(EX™™  EFY > §Y duge

CONVeErges zero.
This contradiction proves the Lemma.
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Lemma 9.3.2. Let A: M — SL(2,R) be weakly twisting and weakly pinch-
ing, such that A |k: K — SL(2,R) is a weak continuity point of Lyapunov
exponent then it is stable weakly twisting.

Proof. Reducing K, given in definition 9.2.3, we can assume that there exist
€ > 0 such that
min £ (HtAE“(t), Eb(h(t))> >
a,be{u,s}

for every t € K and pu¢(K) > 2¢ > 0.

Take 0 < § < & and such that £ (H/'V, H*W) < & for every V,W € RP!
with £ (H{'V, HAW) < 6.

Now by the continuity of the Oseledets spaces, given by Lemma 9.3.1

~

, for every B € H*(M) sufficiently close to A there exist K C K with
pe(K) > 1 — ¢ such that £ (Ej(t), E4(t)) <6, * € {u, s}.

As in H*(M), H{* varies continuously with respect to A, we have that
for B sufficiently close to A

€

£ (HPER(t), H ER(1)) < ¢

So taking K’ = KNK we have that u¢(K’) > % then pé(h(KNK)NK) > g
So for every t € h™1 (h(.f( NK)N K) we have

L (HPER(t), H{E4(t) < 5 and £ (Bp(h(1)), EA(h(1))) <

[JCRNe)Y
[JCR e

Then

. B 1a b
min < (HP B3 (1), BR(h(1)) >

Wl m

O]

Lemma 9.3.3. For every A weakly pinching such that A |g: K — SL(2,R)
is a continuity point of Lyapunov exponent there exists A € H*(M), weakly
twisting and weakly pinching, arbitrary close such that A |x= A |k

Proof. Assume that there exist a total measure set K" C K with the prop-
erty that for every t € K", {H{ B}, H{\E{} N {E}! ), Ejy} # 0

Lets call hj -(t) = h*(t) then

A s u
Hi® = Hiz o)), 5,00) Hp.0), (2.0 ()
By definition we have that
s _ ~ —177s ~ qu
Hs ey, ey = A M) Hi s o ey), 5,00 A 1 (1))

Fix r > 0 such that f(B(Z,7)) N B(z,r) = f~'(B(z,r)) N B(Z,7) = 0,
and define a C* function ¥ : M — R such that
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Let 8 > 0 be small, that we will determinate later, and multiply A by
the rotation of R : M — SL(2,R), Ry)g- So we have the new cocycle

A = AR, with stable holonomy
S,A o ~ —177s ~ 1
H o)) oncey) = A0 hE) ™ Hz o)), p5,niey A 1 (8) o
So the new map HtA corresponding to A becomes

Hi = A(p, h(t))_1Hj(2,h"(t)),f(ﬁ,h(t))A(gﬂ R () RoH G 4) (.00 (1))

Fix set I' € K" with pg(I") > 0 such that there exist v > 0 and
L (E%(t), E5(t)) >~ for every t € T'.
Fix t € I' and denote by

By = A(p, h(t))7lH]Sf(é,hu(t)),f(ﬁ,h(t))A(§7 h"(t))

Hy = H{ ),z 1)
Then
BiRoH{E; € {Ep, By}
if and only if
RoH{E} € {B; 'E}, B"'E} )}
We have two posibilities or RgHHEf C {B~'E},, B~ Ej}, for * =
uw and s, or only for s or u (supose s) and there exist a positive measure

sub-set of I' C I such that RyHE} ¢ {B; 'E}\(,y, By 'Ej ) }-

For the first case, let h(t) € T taking 0 < § < +/, where

"= min <« (B7'U B;'V),
V= i (B; L)

we have that RgH{E*(t) ¢ {B; '}y, By "B} ).
For the second case, taking I smaller if we need, there exist 4 such that
£ (RoHIEY, B Eyyy ) > 4.
So just take 0 < 6 < min{y’,7}.
Then for every t € h~1(I') we have that
{HtAEZLa H;‘Ef} n {Eﬁ(t)v EZ(t)} =0

Making # smaller we make A closer to A. As the perturbation do not affect
A |k the lemma follows O

Now we can prove Theorem 9.1.4

Proof of Theorem 9.1.4. By Lemma 9.3.3 there exist A, arbitrary close to
A, with the weakly twisting and weakly pinching property, such that A |x=
A |k By Lemma 9.3.2 A is stable weakly twisting then by corollary 9.2.5
A s stably non-uniformly hyperbolic. O
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APPENDIX A

Appendix

A.1 Lyapunov exponents of the adjoint cocycle

Let f : M — M be a dynamical system, A : M — GL(d,C) and Fj :
M x C* — M x C% the induced linear cocycle.

Let Fy, : M x C* = M x C? be the adjoint cocycle over f~1: M — M,
defined in 6.1

Theorem A.1.1. Fy and F4, have the same Lyapunov exponents, also if
El, ... E* are the Lyapunov spaces corresponding to A1, . . ., \, respectively,
then the Lyapunov spaces of the adjoint are

E=[Fe ebao . or|
where EJ is the space that is not in the sum.
Proof. First of all if €] (x) € El(z) and v/ € Ei(f_l(x))Lthen
(0, A (@)l (@) = (A(f (@) €l (2)) = 0
then A, (z)E(z) = EJ(f~(z)).

So we have for almost every z € M an A, invariant decomposition.
Call el(z) € E(x) a unitary vector and e’(z) € E’(x). Then for k # j

and
(@) Al@)el(@)) = || At @)el(@)|| cos(ad (F @) (A1)
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where

o(z) = 4L(el(x),€(x))

- g—4(ei(a:),EieB"-GBEJ'J;@--'EBE;?)

so by Oseledets theorem lim,, oo %log\cos(aj(f*”(m))\ =0.
On the other hand we have

(A" (@) (7" (@), ed(2)) = [|A™(f" (@))€’ (f (@) || cos(a? (x)  (A.2)

A (" (x))e? (f =" (x))

Now by the A invariance we have A (Fo (@) (@) — © (x) so

- = T}Lrgoglog“A ej(m)H (A.3)
el (f(
= lim flog ‘ H
nooom C[[|AM(f(x))ed H

= — hm flogHA" (f"(x))e ( (
So by (A.1), (A.2) and (A.3)

lim —HA” Vel ( )H =\

n—oo n

A.2 Density of continuous maps in L'(M, N)

Let M be a normal topological space and N be a geodesically convex metric
space (Definition 4.3.2). Denote by F the set of measurable maps f: M —
N. Given any regular o-finite Borel measure p on M, fix any point 0 € N
and define

L, (M,N)={feF: /distN (f(z),0) du(z) < oo}

When p is a finite measure, the choice of 0 € N is irrelevant: different
choices yield the same space LL(M ,IN).
The function dist 1 (ar,n) - Li(M, N) x LL(M, N) — R defined by

distzy (v, n) (1 9) = /dN(f(x),g(x))du(x)

is a distance in LL(M ,N). In this appendix we prove

Proposition A.2.1. The subset of continuous maps f : M — N is dense
in the space LL(M, N).
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We call s : M — N a simple map if there exist points vy,...,vx € N
pairwise disjoint measurable sets A1, ..., Ay C M with finite y-measure such

that
( ) . v; ifxz € A;

Lemma A.2.2. The set S of simple functions is dense in L}L(M, N).

Proof. Consider any f € L}L(M, N). Given € > 0, fix a set Ky C M with
finite y-measure and such that

/ disty (f(2),0) du() <
M\Ko

o

Let {vi,...,v;,...} be a countable dense subset of N. The family

{B (v, m) 11 €N}

covers N and, consequently,

B; = B(v;, m) \ UB(%M), ieN

j<i

is a partition of N. Then A; = KqN f~4(B;), i € N is a partition of Kj into
measurable sets. Fix k € N large enough that

/ disty (f(x),0) du(z) <
Ko\UE; A

= o

Now define s : M — N by

(z) = v ifeedjfori=1,...k
S\ = 0 if[E%UleAi.

Then
[ s st)dut) = [ disty(£(@).0)du(o) < §
M\Uf:lAi M\Uf:lAi 2
and
€ €
disty (f(x), s(x)) du(x) < Uszi < —.
[ ()o@ duta) < p( U A s < 5
Thus diStLllt(MyN)(f, s) < €, which proves the lemma. O

Lemma A.2.3. For every s € S and € > 0 there exists a continuous map
f: M — N such that diStL}L(M,N)(fv s) < e.
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Proof. Let A; and v;, i = 1,...,k be as in the definition of the simple map
s. For each i = 1,...,k, consider a compact set set K; C A; such that
1(A; \ K;) < e. Since the K; are are pairwise disjoint, and M is assumed to
be normal, there exist pairwise disjoint open sets B; D K;, ¢ = 1,...,k with
w(B; \ K;) < e. By Urysohn, we can find continuous functions ¢; : M — R,
i=1,...,k such that

wo)={ o hogh (A1)

Now we use the assumption that N is geodesically convex. For each ¢ =
1,...,k, fix A; : [0,1] — N with \;(1) = v; and A\;(0) = 0. Then define
f:M — N by

. AZ(Ib,(.I‘)) ifre B, withi=1,...,k
f("”)_{ 0 if 2 ¢ U, Bi.

It is clear that f is continuous, because the B; are open and pairwise disjoint.
Moreover, f(x) = s(z) for every

k
=1

So if C' = max 7 disty (v;,0) then distLMM’N)(f, s) < 2Cke. O

Proposition A.2.1 is an immediate consequence of Lemmas A.2.2 and A.2.3.
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