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Abstract

This thesis concerns the study of VB-groupoids and their cocycles (i.e., groupoid co-
cycles with additional linearity properties). We provide a description of VB-groupoid
cocycles at the infinitesimal level, i.e., in terms of the underlying algebroid data. As
an application, we use our results in the general study of multiplicative geometric
structures on Lie groupoids. We pursue the viewpoint that such structures can
be regarded as cocycles on suitable VB-groupoids. This approach gives a unify-
ing framework to several multiplicative structures of interest, such as multiplicative
forms, multivectors, and subbundles. In fact, with this point of view we treat general
multiplicative tensors taking values in VB-groupoids. In particular, we establish a
Lie theory for multiplicative tensors with coefficients in a (2-term) representation up
to homotopy.
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Resumo

A presente tese versa sobre o estudo de VB-grupoides e seus cociclos (ou seja, co-
ciclos em grupoides com propriedades lineares adicionais). Obtemos uma descrigao
de cociclos em VB-grupoides num nivel infinitesimal, ou seja, em termos de dados
do algebroide associado. Como uma aplicagao, usamos nossos resultados no estudo
geral de estruturas geométricas multiplicativas em grupoides de Lie. Seguimos o
ponto de vista que tais estruturas podem ser vistas como cociclos num VB-grupoide
apropiado. Esta abordagem permite colocar no mesmo contexto varias das estruturas
multiplicativas de interesse, tais como formas diferenciais, multivectores, subfibra-
dos multiplicativos, e tratar-las conjuntamente de maneira uniforme. De fato, com
este ponto de vista, tratamos tensores multiplicativos gerais tomando valores em
VB-grupoides. Em particular, estabelecemos uma teoria de Lie para tensores multi-
plicativos com coeficientes numa representacao a menos de homotopia (2-termos)
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Introduction

In recent years Lie groupoids have played an increasing role in several areas of
mathematics, such as non-commutative geometry [16], foliations [21, 35], singular
spaces [23,34], Poisson geometry [12,13,41], etc. Just as Lie groups have Lie alge-
bras as their infinitesimal counterparts, the infinitesimal version of a Lie groupoid
is a Lie algebroid, and the Lie theory relating them is very rich (see e.g. [11]); in
particular, in contrast with Lie algebras, there are nontrivial obstructions to the
integration of Lie algebroids [13].

An area where Lie groupoids have become a central tool is Poisson geometry. Any
Poisson manifold is naturally associated with a Lie algebroid structure on its cotan-
gent bundle, and the Lie groupoids arising in this context come equipped with com-
patible symplectic forms, known as multiplicative [41]. These symplectic groupoids
naturally arise in the study of symmetries as well as in quantization problems, see
e.g. [4]. On the other hand, multiplicative Poisson structures on Lie groups define
the so-called Poisson-Lie groups, which are semi-classical limits of quantum groups.

The study of symplectic groupoids, Poisson-Lie groups, or more general Poisson
groupoids [42] is the starting point for considering multiplicative geometric structures
on a Lie groupoid G, that is, geometric structures on G that are compatible with the
multiplication on G, and their description in terms of infinitesimal data obtained
from the Lie algebroid A = Lie(G) of G. The simplest multiplicative structures are
multiplicative functions, which are just cocycles on the Lie groupoid. Other types
of multiplicative structures have drawn much attention in recent years, including
multiplicative differential forms [7, 14], multivector fields [24,33], distributions and
foliations [22,27], complex structures [28], etc. In all these contexts, a central issue
is always finding the infinitesimal description of, and proving an integration theorem
for, the multiplicative object. This infinitesimal-global correspondence recovers some
classical results, such as the correspondence between Lie bialgebras and Poisson-Lie
groups, Poisson structures and symplectic groupoids, and many others.

This thesis fits into this general program, bringing in an additional feature: the
study of multiplicative tensors, such as forms and multivectors, with values in vector
bundles, or representations. Here “vector bundles” and “representations” should
be understood in the realm of Lie groupoids. While the representation of a Lie
group realizes it as the automorphisms of a vector space, Lie groupoids are naturally
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represented on vector bundles: each arrow of the groupoid is sent to an isomorphism
between fibers of the vector bundle. A difficulty in the theory is that, while Lie
groups have natural adjoint and coadjoint representations, Lie groupoids do not.
And in order to make sense of such natural objects, one is forced to go a step further
and consider representations up to homotopy [1,2].

Representations up to homotopy of Lie groupoids and Lie algebroids generalize
their representations on vector bundles to representations on graded vector bundles,
or complexes. In fact, one can make sense of the (co-)adjoint representation as a
2-term representation up to homotopy. Recently, it has been shown in [19,20] that
2-term representations up to homotopy can be geometrically described by certain
double structures, known as VB-groupoids (VB-algebroids), which are (categorified)
vector-bundle objects in the contexts of Lie groupoids (algebroids). Prototypical
examples are the tangent and cotangent bundles of a Lie groupoid (algebroid). More
precisely, a VB-groupoid is a commutative diagram

E——G

I

EFE—M

where the vertical sides are Lie groupoids, the horizontal sides are vector bundles
and the two structures on £ are compatible in a suitable way. A VB-algebroid is
defined similarly. It is proven in [19,20] that there is a one-to-one correspondence
between isomorphism classes of VB-groupoids (€, E;G, M) (resp. VB-algebroids
(A, E; A, M)) and isomorphism classes of 2-term representations up to homotopy of
G (resp. A) on Cp) @ Epy), where C is the so-called core bundle.

The Lie theory underlying VB-algebroids and VB-groupoids has been recently
explained in [5,8]. Building on these results and using the infinitesimal-global cor-
respondence for cocycles on general VB-groupoids developed in the first part of
this thesis, we prove a general infinitesimal-global correspondence for multiplicative
structures unifying the cases previously known, and including new ones.

One of the initial motivations for this thesis was the work [14], where the authors
consider the notion of multiplicative forms on a Lie groupoid G = M with coeffi-
cients in an (ordinary) representation E — M, and described their infinitesimal
counterpart, the so-called E-valued Spencer operators. The kernels of multiplicative
1-form with coefficients give rise to multiplicative distribution on G, that is, subbun-
dles of T'G which are Lie subgroupoids of the tangent groupoid TG = TM, with
the particularity that the base manifold is the whole space T'M. In trying to extend
this viewpoint to general multiplicative distributions (i.e., those covering a subbun-
dle of T M, as considered in [17,27]), one realizes that one should consider (2-term)
representations up to homotopy as coefficients.

In order to make sense of multiplicative forms with these more general coefficients,
it is convenient to have the following interpretation of the usual multiplicativity
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condition, which extends the approach in [7] for the case of trivial coefficients. A
representation £ — M of a Lie groupoid G has an associated VB-groupoid s*F = E
over G with trivial core bundle (the action VB-groupoid), where t is the target map
of G (see [19] or Subsection 1.3.1 below). Then a k-form w € QF(G,s*E) with
coefficients in E is multiplicative (as in [14]) if and only if the natural map

w:@Tg—>s*E,
k

defined by evaluation, is a morphism of Lie groupoids, where €, T'G is the Whitney
sum of the tangent groupoid over G (see Subsection 3.3). This viewpoint can now
be extended by replacing s*E by a general VB-groupoid, in particular those arising
from representations up to homotopy.

Actually, it is a general fact that multiplicative geometric structures on a Lie
groupoid can be viewed as a morphism of appropriate Lie groupoids. This observa-
tion goes back to [33], where it is shown that a Poisson structure 7 € I'(A*T'G) on
a Lie groupoid is multiplicative if and only if the induced map 7 : TG — TG is
a morphism of Lie groupoids. This viewpoint is further explored in [7,9,10]. More-
over, since these geometric structures have some linear conditions, the morphisms
which determine them are actually morphism between VB-groupoids satisfying ad-
ditional linear properties. And since we can dualize VB-groupoids, those morphisms
can be seen as cocycles in suitable VB-groupoids. With this in mind, we can extend
the discussion to more general geometric structures and allow them to have general
coefficients.

Given a VB-groupoid &, the central idea we pursue is then to view an £-valued
multiplicative (p, ¢)-tensor on a Lie groupoid G,

p q
TelN(QRTGRTIRE),
as a cocycle
cr: (©pTG) D (DTI7G) B E — R,

defined on the Whitney sums of its tangent and cotangent bundles and the dual of
&, making use of tangent and cotangent groupoid structures (Definition 3.2).

This viewpoint has some nice features:

e It allows us to work with functions (cocycles) instead of more complicated
structures. Moreover, the characterization of groupoid cocycles in terms of
infinitesimal data is simple.

e [t allows us to put many geometric structures of interest in a common frame-
work.

e [t provides simpler proofs even of known results, besides giving new ones.
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An important particular case of multiplicative tensors with coefficients are dif-
ferential forms with values in a representation up to homotopy w € Q%(G, ), where
£ is the VB-groupoid associated with the representation. In this thesis, we obtain
an infinitesimal-global correspondence for these objects extending the result in [14],
which we recover when £ is an ordinary representation (with a different proof).
Moreover, when ¢ = 1 the kernel ker(w) is a (general) multiplicative subbundle,
and we recover the description of multiplicative tangent distributions and foliations
in [14,17,27]; we also use our methods to treat multiplicative Dirac structures [36],
giving an alternative viewpoint to results in [25,26]. Our methods are also well suited
for other classes of multiplicative structures, such as Nijenhuis structures on Courant
algebroids, that we plan to explore in the future.

Outline of the Thesis. This thesis is organized as follows.

In Chapter 1 we recall the definitions of Lie groupoids, and Lie algebroids, VB-
groupoids and VB-algebroids, as well as representations up to homotopy. We recall
some basic results for these objects which are relevant for subsequent chapters.

Chapter 2 is dedicated to the study of cocycles on VB-groupoids and on VB-
algebroids. We provide a description of cocycles on a VB-groupoid, satisfying addi-
tional linearity conditions, in terms of VB-algebroid data and prove an infinitesimal-
global correspondence:

Cocycles on VB-groupoids ~~> Cocycles on VB-algebroids

P

Characterization ~~~~~~~= Infinitesimal description

In order to simplify the discussion, we first treat linear cocycles, and then bilinear
cocycles in detail, and finally we extend the results to multilinear cocycles. The main
results in this chapter are:

e Theorem 2.15, which says that linear cocycles on a VB-groupoid £ = F with
core bundle C over a source-simply-connected Lie groupoid G are in natural
one-to-one correspondence with pairs (D, o), where D : 'y, (Ag, E) — T'(E™)
is a C°°(M)-linear operator defined on the space of linear section of the Lie
algebroid Ag¢ of £, o is an element in I'(C*), satisfying suitable compatibility
conditions.

e Theorem 2.30, which states that bilinear cocycles on a VB-groupoid & &
&y over a source-simply-connected Lie groupoid G are in natural one-to-one
correspondence with triples (D, o1, 03), where

— D : Tin(Ag,, B1) Xy Din(As,, B2) — T(E} ® E3) is a C°°(M)-linear
operator,



CONTENTS XV

— o01: 0y — Ej and 09 : Co — E{ are vector bundle maps,

satisfying suitable compatibility conditions.

In Chapter 3 we apply the theory of VB-groupoid cocycles to study multiplica-
tive (p, q)-tensor fields on a Lie groupoid G with coefficients on a VB-groupoid €£.
The componentwise linear function ¢, € C®°((#,7G) & (8,1*G) & £*) associated to
7 will be a multilinear cocycle. As an example we describe multiplicative forms with
coefficients in a representation up to homotopy.

Our main theorem is:

e Theorem 3.17, which says that multiplicative -valued (p,q)-tensors on a
source-simply-connected Lie groupoid G are in one-to-one correspondence with
quadruples (D, 1,7, o) which define Ag-valued (p, ¢)-tensors on A, see Def. 3.14
for an explicit description of the infinitesimal objects.

For the trivial representation, this recovers the infinitesimal description of mul-
tiplicative differential forms, multivector fields etc, as in [10]. This result can be
specialized to the case of differential forms with coefficients on representations up to
homotopy, leading to:

e Theorem 3.25, which establishes a one-to-one correspondence between mul-
tiplicative k-forms on a source-simply-connected Lie groupoid with values in a
representation up to homotopy and triples (D, [, 0), where

— D:T(A) — QF(M, C) satisfies a derivation rule,
—1:A— AF'T*M ® C is a linear map,
-0 e M, E),
satisfying suitable compatibility equations (see (3.34)—(3.39)).
For ordinary representations, this recovers the result in [14].

In Chapter 4, we use the techniques developed to treat (p, q)-tensor fields with
coefficients to consider VB-subgroupoids, or multiplicative subbundles. We consider
subbundles arising as kernels of linear and bilinear cocycles, and then we apply the
theory of Chapter 2. We describe the particular cases of tangent distributions and
subbundles of TG & T*G. We use this approach to study multiplicative Dirac struc-
tures, recovering results about their infinitesimal description from a new viewpoint.
We work out explicitly the examples of multiplicative presymplectic form and mul-
tiplicative Poisson structures. The main result here is

e Theorem 4.26, which says that, for a VB-groupoid & = E with core bundle C|
over a source-simply-connected Lie groupoid G = M, there is a natural one-to-
one correspondence between VB-subgroupoids H = H of £, with core bundle
K, and operators D : 'y (Ag, B) — I'(H* ® C/K) satisfying compatibility
conditions described by Equations (4.11)-(4.14).



Chapter 1

Background

In this chapter we recall some definitions and results which will be useful throughout
this thesis, and we fix some notation. For Lie groupoids and Lie algebroids we follow
mostly [13], for VB-groupoids, VB-algebroids [19,20] and for representation up to
homotopy we rely on [1,2,19,20]. These references contain the proofs of results
omitted here.

1.1 Lie groupoids and Lie algebroids

A Lie groupoid consists of two manifolds, G and M, called the space of arrows and
the space of objects, respectively, together with the following structure maps

e surjective submersions s, t : G — M, called source and target maps,
e a smooth map m : G® — G. called the multiplication, where
G® ={(g,h) €G xG : s(g) =t(h)},
is the space of composable arrows,

e smooth maps, 1 : M — G and ¢ : G — G, the unit map and the inversion
map,

satisfying suitable compatibility conditions: G is a category over M where all mor-
phisms are invertible. We denote a Lie groupoid by G = M.

Example 1.1. Trivial examples. These first examples show how Lie groupoids
are generalizations of different spaces. A Lie group G is a Lie groupoid over a point.
Given a manifold M, we can see it as the Lie groupoid M = M where the source
and target maps are the identity. Finally, every vector bundle 7 : £ — M is a Lie
groupoid, where s = t = 7, and the multiplication is the addition on the fibers.
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Example 1.2. The pair groupoid. Let M be a manifold. The direct product
M x M is a Lie groupoid over M, where the source map is the projection in the first
component, and the target map is the projection on the second component. The
multiplication is (y, z)(z,y) = (z, z). This Lie groupoid is called the pair groupoid.

Example 1.3. General linear groupoid. Let £ — M be a vector bundle.
The general linear groupoid of E is the Lie groupoid whose arrows are all linear
isomorphisms F, — £, for x,y € M, and the space of objects is M. Given an
isomorphism ¢ : £, — E,, the source is s(g) = x and the target is t(g) = y. The
multiplication is given by composition of linear maps. We denote this Lie groupoid
by G(FE). This is a generalization of the general linear group G L (V') for a vector space
V. For details of the smooth structure of G(F) see e.g. [32], Chapter 1, Example
1.1.12.

Example 1.4. The fundamental groupoid. Assume that M is a connected mani-
fold. The fundamental groupoid of M, denoted by I1; (M) = M, consists of homotopy
classes of paths with fixed end points. The multiplication is the concatenation of
paths.

Example 1.5. The action groupoid. Let G x M — M be an action of a Lie
group on a manifold M. The action groupoid over M has as space of arrows the direct
product G x M. For (g,x), (h,y) € G x M, the source, target and multiplication are

s(g,r) =z,  t(g,7)=g"m, (9,7)(h,y) = (gh,y).

Definition 1.6. Let G = M and H = N be two Lie groupoids. A morphism of Lie
groupoids between G and H consists of maps F': G — H and f : M — N which
are compatible with all the structure maps, i.e., a morphism of Lie groupoids is a
functor.

A Lie algebroid is a vector bundle A — M together with a vector bundle map
p: A — TM, called the anchor map, and a Lie bracket on the space of sections
['(A) such that the following Leibniz rule holds:

[a'v fb] = f[av b] + ‘Cp(a)fb
for all a,b € I'(A) and f € C*(M).

Example 1.7. A Lie algebra g is a Lie algebroid where M = {x} is a point. The
tangent bundle T"M — M of a manifold M is a Lie algebroid, where the Lie bracket
is the Lie bracket of vector fields and the anchor map is the identity Id : TM — T'M.

Example 1.8. Poisson Manifolds. Let (M, 7) be a Poisson manifold. Its cotan-
gent bundle T*M — M inherits a natural Lie algebroid structure, where the anchor
map 7¢ : T*M — TM is 7*(a) := 7(a, -), and the Lie bracket is determined by the
Poisson bracket: [df,dg| := d{f, g} together with a Leibniz rule.
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Example 1.9. Let 7 C T'M be an involutive distribution on M, i.e. a (smooth)
linear subbundle of T'M whose space of sections is closed under the usual bracket of
vector fields. Then F — M is a Lie algebroid with bracket the restriction of Lie
brackets of vector fields, and where the anchor map is the inclusion ¢ : F — T'M.

Example 1.10. The Lie algebroid of a Lie groupoid. Let G = M be a Lie
groupoid with s, t the source and target maps. Let A := Ker(Ts)‘M. Since the
source map is a surjective submersion, A is a vector bundle over M. The anchor
map p : A — TM is defined by p(a,) = (T't),a € T,M. Similarly to the Lie
algebra case, one can identify the space of sections of A with vector fields on G which
are invariant by right multiplication (see e.g. [13]):

@, = T Ry(ay(g)) for a € T'(A),

where T'R, is the differential map of the right multiplication by g € G. Under this
identification, the Lie bracket on I'(A) is determined by

— —
[CL, b] [77 b ]x(g)'

1.2 Multiplicative functions

Our approach to study multiplicative structures on a Lie groupoid G is to regard them
as multiplicative functions in some Lie groupoid G. We recall here a characterization
of this kind of functions in terms of an infinitesimal data, and their relation with
cohomology of Lie groupoids and Lie algebroids.

Given a Lie groupoid G = M, a function F' € C*(G) is called multiplicative if

(1.1) F(g1-g2) = F(g1) + F(g2)

for all composable pair (g1, g2) € G?.
An immediate consequence of the definition is that

(1.2) Fly = 0.

For a function F' : G — R its infinitesimal counterpart is the differential of F'
restricted to the Lie algebroid A:

AF : A — R, (AF,a) = dF(a) forall a € A.

The following result characterizes multiplicative functions and its proof can be
found in [10]. We use this proposition in Chapter 2 to describe infinitesimally cocycles
in VB-groupoids.
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Proposition 1.11. Let F' be a smooth function in a Lie groupoid G = M. Let A be
the Lie algebroid of G. If F' is multiplicative then

(1.3) LoF = t(AF,a) Y acT(A).

Moreover if a function F' € C*(G) satisfies (1.3) and (1.2), and G is source connected
then F' is a multiplicative function.

Example 1.12. Every function f € C*°(M) defines a multiplicative function on G
as follows

F=tf—s"f.
Since F' is multiplicative, the infinitesimal counterpart satisfies

t*<AF, CL> = ﬁ?(t*f - S*f) = t*ﬁp(a)fa

for all a € I'(A), where p: A — T'M is the anchor map. Note that we used

Lo D) = ol (s(£20) = 0
because s(¢%(p)) = p, where ¢® is the flow of the vector field of @. Therefore
(AF,a) = Ly f.
When G = M x M = M is the pair groupoid, functions of the form
F(z,y) = f(z) = fly) for f e C™(M)

are always multiplicative.

1.2.1 Cohomology of Lie groupoids and Lie algebroids

Given a Lie groupoid G, denote by G, k > 0, the space of k-composable arrows:

G ={(g1,- ) €G" + 8(g) = t(gey1), i =1,...,k =1},

and G = M. The space of smooth groupoid k-cochains is C*(G) = C>=(G™").
There is a coboundary operator § : C*(G) — C*T1(G) defined as follows: for k=0

6(f)(g) = f(s(g)) — f(t(9)),

and for k£ > 0
k

(14) (0o 96) = flor-n )+ D> (1) f(gos - Gi-19ir - Gr)

=1
+(=1)"*"f(g0,- .-, ge1)

where f € C*(G). The coboundary operator satisfies 2 = 0, and the cohomology of
the complex (C*(G),0) is referred to as cohomology of the Lie groupoid.
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Remark 1.13. Note that for F' € C*°(G) the coboundary operator is

(0F)(91,92) = F(g2) — F(g192) + F(g1).

Then F' is multiplicative if and only if F = 0, i.e., F' is a cocycle on G.
Given a Lie algebroid A, let
dy: QF(A) = T(AFA*) — Q(A)F

be the Lie algebroid differential associated to the complex Q(A) = I'(AA*) given by
the Koszul formula

(15)  da@)(ar,...,aen) = Y (=D)Mw((aial,...,a@,..., &, .., ax;)

1<J

+ Z(—l)”lﬁp(ai)w(al, ey Qe Q).

This operator satisfies d4 = 0 and the following derivation rule

da(wn) = da(w)n + (=1)*wd(n)

for w € QF(A) and n € Q**1(A). The cohomology of the complex (2(A),d,) is called
the cohomology of the Lie algebroid A.

Remark 1.14. A function f € C*(A) is a morphism of Lie algebroid or a cocycle if
da(f)(X,Y) == [(IX,Y]) = Lox) (V) + Loy [(X) =0

for all sections X,Y € I'(A).

1.3 VB-groupoids and representations up to ho-
motopy

Representations up to homotopy of Lie groupoids generalize their representations on
vector bundles to representations on graded vector bundles, or complexes. It has
been shown in [19] that 2-term representations up to homotopy can be geometri-
cally described by certain double structures, known as VB-groupoids, which are the
natural vector-bundle objects in the context of Lie groupoids. Prototypical exam-
ples are the tangent and cotangent groupoids. We recall here briefly VB-groupoids,
representations up to homotopy and their relation. We follow mostly [19].
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1.3.1 VB-groupoids
A VB-groupoid ( [37]) is a commutative diagram

(1.6) £—2%-g

[0

E-E_ N

such that the vertical sides are Lie groupoids, the horizontal sides are vector bundles
and the two structures on £ are compatible:

e 5,1 : £ — E are vector bundle morphisms over s,t : G — M, respectively.
e (): £ — G is a Lie groupoid morphism over qp : £ — M.

e For all 1,7, 73,m4 € € such that Q(m1) = Q(n3), Q(n2) = Q(n4) and (11, 7)
and (n3,n4) composable pair, then

(m+m3) - (N2 +ma) =m0 m2+ 73 - T
This is known as the interchange law.

Remark 1.15. There is an equivalent definition using actions. An (R, -)-action h on
the space of arrows of a Lie groupoid £ = F is called multiplicative if hy : € — &
is a morphism of Lie groupoids for every A € R (see [8]). Bursztyn, Cabrera, and del
Hoyo proved in [8] that there is a one-to-one correspondence between VB-groupoids
and regular multiplicative actions.

Given a VB-groupoid there is a canonical vector bundle over M, called (right-)
core bundle which is defined as follows:

C =1"(Ker(s))

where 1 : M — G is the unit map. The core is important in the structure of a
VB-groupoid: there is a short exact sequence of vector bundles over G, called the
(right-) core exact sequence,

(1.7) 0 —t'C—E—sE—0

where the maps are t*C' — &, (g,¢) — ¢- 04, and € — s*E, n — (Q(n),3(n)),
and any splitting of this sequence induces a decomposition of the VB-groupoid as
E=t"C @ s*E (see [19]).

We give now some important examples of VB-groupoids that we will use later.
We do this in detail because most of the applications we present in this thesis are
related with these VB-groupoids.
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Example 1.16. Tangent groupoid. Given a Lie groupoid ¢ = M with structure
maps (s,t,m,1,¢), it induces a Lie groupoid structure on T'G over T'M where the
structure maps are Ts, Tt, Tm, Te and T:, the differentials of the structure maps
of G. Explicitly, the multiplication m = Tm : T(G?) ~ TG? — TG is given as
follows: for X € Ty(Gs(g)), Y € Th(Geny) we have (see [32] § 1.1)

(1.8) (o (X, Y) = (TRu)g(X) + (TLy)n(Y)

where (g,h) € G®, R;, and L, are the right and left multiplication, respectively, and
where

Gu) ={7€G /s(3) =s(9)} and Gy ={h €G / t(h) =t(h)}.

The Lie groupoid TG = T'M is called tangent groupoid of G. Moreover, considering
the linear structure of the tangent bundle,

76 ——¢

I

TM — M
is a VB-groupoid with core bundle A, and we refer to it as the tangent VB-groupoid.

Remark 1.17. Using Formula (1.8), a right invariant vector field @ € ¥(G), with
a € I'(A) can be write as

(1.9) @(9) = a(t(g)) - 0
where the multiplication is in the tangent groupoid.

Example 1.18. Cotangent groupoid. Let G = M be a Lie groupoid and let
A its Lie algebroid. Denote by A* the dual vector bundle of A with respect to M.
We will define a Lie groupoid structure on TG == A*. The source and target maps
3,t:T*G —s A* are characterized by:

(3(n).a) = = (1,05 - Tu(a)) and ((n),b) = (n,b-0,),
for g€ G, neT;G, ae Ayy and b € Ayy). In particular, for a section a € I'(A) we
have

~ — —
(8(n); asey) = =0, ag) and  (t(n), age)) = (1, d)-
The multiplication is given by:

(1.10) - X-Y)=0nX)+ Y, u,

forn € T;G, u € T;;G with 5(n) = t(p), and where X € T,G,Y € T;,G are composable
vectors. With this structure maps 7*G = A* is Lie groupoid, called the cotangent
groupoid. Moreover

"G ——=¢

ol

A —— M



8 BACKGROUND

is a VB-groupoid, where the vector bundle structures are the usual ones, and where
its core bundle is T*M. We call it the cotangent VB-groupoid.

Another important type of example comes from representations of Lie groupoids.
Recall that a representation of a Lie groupoid G is a vector bundle £ — M such
that for every g : # — y € G there is a linear isomorphism g- : E, — E, satisfying
g-(h-e) = (gh)-e for composable arrows, and z- = Id’Egc, for every unit z € M.
Note that when G = G is a Lie group, E is a vector space, and a representation of
this Lie groupoid is indeed a usual representation of a Lie group on the vector space
E. Moreover a representation of Lie groups on a vector space V' can be seen as a
morphism of Lie groups G — GL(V). Is straightforward to check that in the case
of Lie groupoids, a representation on £ — M is equivalent to the existence of a Lie
groupoid morphism A : G — G(E). We denote (E — M, A) a representation of
G on the vector bundle E.

Example 1.19. Action groupoid associated to a representation. Let £ —
M, A) be a representation of G. Take now the pull back of E by the source map

s"(E) ={(e,;9) € ExG: e€ Egy}.
There is a Lie groupoid structure on s*(F) over E, where the structure maps are

S(e,g) = e
tle,g) = g-e
(91,92 €2)(g2,€2) = (9192, €2).
This Lie groupoid is denoted by E'x« G = E and is called the action groupoid for the

representation. Moreover
ExG——¢@G

I

E——M
is a VB-groupoid with zero core bundle, called the action VB-groupoid.
As an example of this VB-groupoid, consider an orbit @ C M of a Lie groupoid
g= M, i.e.,
O=M/G={0, : z€ M}

where O, = {t(g) : g € s7'(x)} is the orbit through z. Restringing G to O we get
a Lie groupoid Go = O. The normal bundle is the quotient

_Tg
° " TGo
and it is a Lie groupoid over No = T'M/TO. This defines a VB-groupoid

Ng

Ngo —= Yo

o

NO—>O
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with core bundle C' = 0. That means that this VB-groupoid comes from a repre-
sentation de Gp on Np. This is the normal representation, which appears in the
theorem of linearization [15,43,45].

Example 1.20. Semi-direct product. Let (C' — M, A) be a representation of
G. Consider the vector bundle over G given by the pull back of C' by the target map

t"(C) ={(c,9) € C x G : ce Cyy}

There is a Lie groupoid structure on t*(C') over M: the source, target and multipli-
cation are

se,g) = s(g)

t(c,9) = t(g)
(c1,01) - (ca, 92) = (01+A910279192)-

This Lie groupoid is called semi-direct product of C and G and it is denoted by
C x G = M. Moreover, the semi-direct product is a VB-groupoid

CxGg——=G

0ol

M——->M
with core bundle C', and we call it the semi-direct product VB-groupoid.

Example 1.21. Dual of a VB-groupoid. (See [19], §4 for more details.) Consider
a VB-groupoid as (1.6). Let £* be the dual vector bundle of £ over G. There is a Lie
groupoid structure on £* = C*. The source and target map s, ¢ are determined by:

(3(e),¢) = —{e,0, - ¢y and  (t(e),d) = (e,d - 0,),

where € € £, ¢ € Cyy) and d € Cyy). The multiplication is: for (e1,€) € (%)@
where €; € &,
(€1 - €2,m - 12) = (€1, m) + (€2, 72),
with n; € &;,. With these structure maps and the usual vector bundle structures
E*— Gand C* — M,
& ——g

IR

Cr—M
is a VB-groupoid with core bundle E*.

Remark 1.22. The cotangent VB-groupoid is the dual of the tangent VB-groupoid.
Also, semi-direct products and action groupoids are in duality. That means that
the dual VB-groupoid of the semi-direct product VB-groupoid C' x G is the action
VB-groupoid C* x G. Conversely, the dual of the action VB-groupoid E * G is the
semi-direct product VB-groupoid E* x G (see [19]).
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The next examples are related with operations in the category of VB-groupoid
over a fix Lie groupoids G = M. They are important because we will use them in
Chapters 3 and 4. Recall that the structure maps of the Lie groupoid & = E are
denoted by (5, ¢,mm,7,€).

Example 1.23. Sum. Let & — E; be two VB-groupoids over G — M with core
bundles C;. The direct product & x &; is a Lie groupoid over E; x E5 where the
structure maps are component to component. Also, since & x &; is a vector bundle
over G,

Ei®E—G

I

El@EQ%M

is a VB-groupoid over G, where the core bundle is C} & Cy — M.

Example 1.24. VB-subgroupoid. Let £ = E be a VB-groupoid over G with core
bundle C'. Recall that a Lie subgroupoid of £ is a pair (H, i) where H is a Lie groupoid
and i : H — & is an injective Lie groupoid morphism ( [32]). A VB-subgroupoid is
a VB-groupoid

H—G

I

H—M

such that H = H is a Lie subgroupoid of £ = E and H is a vector subbundle of £
over G. Note that, in particular, the side bundle H is a vector subbundle of E, and
the core bundle K is a vector subbundle of C.

Example 1.25. Quotient. Let X = H be a VB-subgroupoid of £ = F, and
consider the vector bundle £/H over G. There exists a Lie groupoid structure on
E/H over E/H. The source map §: E/H — E/H is: for [n] € E/H,

This map is well defined. Indeed, if " € [n] there exists an element 7 € H such that
n' =n+g 7. Then

5(n') =5(n+g7) =5n) +3(7),
because s is linear, and since ‘H is a subgroupoid, 5(7) € H, which means that

[5(n")] = [5(n)]. In the same way, we define the target map t:&/M — E/H. Let
now [n], [u] € £/ such that s([n]) = ¢([u]).

Lemma 1.26. There ezist elements ' € [n] and i/ € [u] such that (nf, /) € EX.
Moreover, if 1 € [n] and p € [u] are also composable, then [n' - '] = [17- 1].
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Proof. Since 3([n]) = #([u]) follows that there is e € H such that 5(n) = #(1) +z e.
Since |4 is onto over H, there exist 7 € H such that ¢(7) = e. By linearity of ¢, we
have 3(n) = t(u + 7). Hence ¢/ = p+ 7 € [u] and (n, ') € E@. Suppose now that
n € [n] and @ € [u] are also composable. There exist 71, 72 € H such that

n=n+mn, pA=p+7

In particular we have that (7, 72) is a composable pair:

5(n) = t(n) = 5(n) +5(n) = 1) + H(r2) = 5(n1) = £(72)
because 5(n) = t(x'). Then by the interchange law
fop=m+mn) (W+n)=np+m-n,

with 71 - 7o € H. Therefore [n- /'] = [ - p]. O

~

Hence the multiplication [n] - [u] := [n - p] is well defined. The unit map 1 :
E/H — £/H and the inversion map 7: £/H — E/H are

1(fe)) = [(e)], and U[m) = [2(n)].
Therefore £/H = E/H is a Lie groupoid. And moreover

E/H——G

Il

E/H—=M

is a VB-groupoid with core bundle C//K.

1.3.2 Representations up to homotopy

Even when representations of Lie groupoids are natural extensions of those of Lie
groups, they are too restrictive, in the sense that not always exists a such represen-
tation in a given vector bundle, and because there is not a good definition of adjoint
representation. The adjoint representation is an important object in the study of
the cohomology of classifying spaces, and in the Lie algebroid setting, for deforma-
tion cohomology. To solve this situation, Arias-Abad and Crainic [1], introduced
the concept of representation up to homotopy, where Lie groupoids are represented
in a complex of vector bundles, rather than in vector bundles. These allows more
flexibility, for example, there is not a requirement for the associativity condition.

In this thesis we only use representation up to homotopy on a 2-term graded
vector bundle Cjg @ Ejy) over M, where C' sits in degree zero, and E in degree
one. To define representations up to homotopy, we recall an equivalent definition for
representations of Lie groupoids on a vector bundle, which allows a natural extension
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to the graded case. We also give an equivalent definition of representations up to
homotopy which is more conceptual. We follow [1] and [19] for this part.

Let E — M be a vector bundle over M. Define the map 7r§ gk M by
7891, gr) = t(g1), for k > 0, and the identity for k¥ = 0. Consider now the
following vector bundle over G-

(76)*(E)

kol

and denote by
C*(G,B) =T((mp)"E).
its space of sections. The space C*(G, E) = ®,C*(G, E) has a right graded module
structure over C*(G): for n € C*(G, E) and f € CY(G) = C=(GW)
% F)grs- s ge) = (D091, 91) F(Grs1s - - Gona)-

Theorem 1.27. [19] There is a one-to-one correspondence between representations
of a Lie groupoid G on a vector bundle E — M and degree one operators

D:C*(G,E) — C**Y(G,E)
such that
D(nx f) = D(w) » f + (=1)"nx6(f),

preserve normalized functions, and D? = 0, where § is the groupoid coboundary
operator, see (1.4).

Proof. (Sketch) Given a representation (E — M, A) define an operator
D:C%G,E)=T(E) — CYG,E) =T(t"E)
as follows
D(e)(9) := g - es(g) = es(o)
for e € I'(F), and then extend by Leibniz rule to higher degrees. Conversely, given
an operator D : C*(G, E) — C**}(G, E), define the representation by:
g Esg) — Etg) g+ esg) = D(e)(g) + es(q) fore e I'(E)

The property D? = 0 is equivalent to the flatness condition of the representation. [J

This point of view to representations can be naturally extended to the graded
case. Let V = Cjg @ E};) be a graded vector bundle over M, with C sits in degree
zero and E in degree one. Consider C(G,V') to be a graded (right) C*(G)-module
with respect to the total grading

C(G. V) =T((m) C) & T((m5 ") E)
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Definition 1.28. A representation up to homotopy of a Lie groupoid G = M is
a 2-term-graded vector bundle V' = Clg @© Ejj; over M together with a degree one
operator

D:C(G, V) — C(G, V)

such that
D(w f) = D(w) * f+ (=1)¥w x 6(f),

where § is the coboundary operator, D? = 0 and preserves normalized functions.

For a more conceptual interpretation, remember that we want to represent a Lie
groupoid in a complex d : C' — FE. For an element g € G we expect that it acts as
a map of complexes

9 Vsg) =7 Vt(g)‘
That means we would have linear maps ¢° : Cyy) — Cyg) and g' : Egg) — Ey(y)

which commute with 0:
g1 ocd=0o go.

Also, since there is not a requirement about associativity, if (g, k) is a composable
pair, g° o h° and (gh)® do not need to be equal; and the same with g' o k! and (gh)!.
We summarize this in the following theorem, which is proven in [1] for a general
representation up to homotopy, and in [19] for the particular case of representation
up to homotopy on a 2-term graded vector bundle.

Theorem 1.29. A representation up to homotopy of G on a 2-term graded vector
bundle V' = Cjo) @ Epjover M is equivalent to a quadruple (A% AL 0,Q), where

e A" and A' are unital quasi-actions of G = M on C and E, respectively.
That means for each g € G we have linear maps (not necessary invertible)
Ag : Cyrg) — Cyq) and A}] : Egg) — Eyg) (quasi-action), and for all p € M,
the linear map A) : C, — C,, and A} : E, — E, are the identity (unital).

e 0:C — E is a vector bundle map over the identity of M
e Qe C*GE — O)=T(G®, Hom(s*(E), t(C))) is a normalized operator

satisfying the following equations:

(1.11) AL —ON) = 0,
(1.12) A Ay, = A g Q0 = 0,
(1.13) Aél A;Q - Aglhgg + aQ91792 0,
(1.14) A21 992793 - Qg1g2,gg + Q91,9293 - 991792A5173 =0

for (g1, 92, 93) € G©.

Remark 1.30. When we say representation up to homotopy, we mean the quadruple

(A%, A9, Q).
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1.3.3 Representations up to homotopy vs VB-groupoids

There is an equivalence between classes of representations up to homotopy and classes
of VB-groupoids. We show here, briefly this correspondence.

Let (A% A',9,Q) be a representation up to homotopy of a Lie groupoid G = M
on Cl @ Ep). We will associate to this data a VB-groupoid. Consider the vector
bundle over G, given by t*C' @ s*E. This space has a Lie groupoid structure over E:
for (g,c,e), (gi,ci,e;) €Et*C P s*E, i = 1,2 we define

s(g,c,e) = e
t(g,c,e) = Oc+ Age
(91,01761) ' (92762762) = (9192701 +A2102 - 99179262762)7

when e; = Jcy + A;Qez. Conversely, if £ = E is a VB-groupoid over G with core
bundle C, we can associate a representation up to homotopy. Let h : s*E — & be
a horizontal lift, i.e., a section of the short exact sequence (1.7) covering the identity
of G such that

hie,1,) = 1,.

This horizontal lift always exists [19]. Then we define the quadruple (A% Al 9,9Q)
by

dc = t(c)
Ade = hy t(c)) - ¢ 0y
t(hy(e))

Ale = T(hy(e)
Q917926 = (hgng (6) - hgl (Rhgz(e))) : hg2 (6)) '6(9192)_1'

Remark 1.31. The isomorphism class of the VB-groupoid associated to a represen-
tation up to homotopy is independent of the choice of the horizontal lift (see [19]).

The previous correspondence between 2-terms representations up to homotopy of
G = M and VB-groupoids over G together with a horizontal lift is one-to-one, and
it is proved in [19]. Moreover they also proved that there is a one-to-one correspon-
dence between isomorphism classes of VB-groupoids over G and isomorphism
classes of 2-terms representation up to homotopy of G.

1.4 VB-algebroids and representation up to ho-
motopy

As in the Lie groupoid case, representations up to homotopy of Lie algebroids gen-
eralize their representations on vector bundles to representations on graded vector
bundles or complexes. The particular case of 2-terms representations up to homotopy
can be geometrically described by VB-algebroids, which are the natural vector-bundle
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objects in the context of Lie algebroids. In this section we recall the definitions, some
properties and the relation between VB-algebroids and representations up to homo-
topy. The material of this part can be found in [20].

1.4.1 VB-algebroids

Consider a commutative square

(1.15) A2 A
Q q
E—YM

where all sides are vector bundles.

Definition 1.32. A commutative square (1.15) is called a double vector bundle if
the two linear structures in A are compatible. Explicitly, if the following conditions

hold:
L. Q(m +4am2) = Q(m) + Q) for ny,me € A, for some a € A.
2. U(n+gpu) =Y(n)+ V(u) for n,u € A, for some e € E.

3. For mi,m2, pu, o € A such that Q(n;) = Q(p;), i = 1,2 and (1) = ¥(n2) and
U (1) = VU(pz) we have

(1.16) (m +E m) +a (2 +5 p2) = (M +am2) +E (11 +a p2).
This last equation is called the interchange law.

Remark 1.33. A double vector bundle is just a VB-groupoid, where the groupoid
structures A = F and A = M are as in Example 1.1 (vector bundles as Lie
groupoids).

Remark 1.34. We also write a double vector bundle (1.15) as (A, E; A, M), and we
say that 4 — F is a double vector bundle over A — M. An element n € A will
be written as

n a

e

%p
or (n,e;a,p), where e = Q(n) € E and a = ¥(n) € A.

_—

Remark 1.35. We follow the definition of double vector bundle of [20]. Nevertheless,
there is an equivalent definition in [18] in terms of scalar multiplication.
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There is a canonical vector bundle over M associated to a double vector bundle:
the core bundle C' — M is the intersection of the kernels of the projections @ :
A— Fand ¥: A — A:

ceC <= c¢c——0,.

|

0p——0p

To every section ¢ € I'(C) of the core bundle we associate a section S, : B — A
of E over A defined by:
T + I (E
p 0 p

where ¢ is the element ¢ viewed as an element of A. This kind of section is called
core section. We denote by I'co: (A, E) the space of core sections.

_—

(1.17) Su(e) == 0, 44T = 0, —=
|

_—

Now we give some initial examples.

Example 1.36. The prolonged tangent bundle. Let ¢ : A — M be a vector
bundle then its tangent groupoid (seeing the vector bundle as a Lie groupoid)

(1.18) TA—" > A

W

TM —— M.

is a double vector bundle with core bundle A, called the prolonged tangent bundle.
Explicitly, the vertical linear structure TA — T'M is defined as follows: for a curve
v(t) C A, consider the vector %’tzov(t) € T4, so

d d
Tq(5]—7®) = 310901 € Typon M,

then
LI ® 41 S|y = S|y () + o)

for v(t), o(t) € A with v(0) = ¢(0).

Example 1.37. Trivial double vector bundle. Let g4 : A — M, gc : C — M

and qr : E — M be vector bundles over M and consider A = A C & E. We

define a double vector bundle structure on A over A and over E as follows:
(a,c1,e1) +4 (a,co,62) = (a,c1 + o e1 +e3) over A

(a1, c1,€) +E (ag,ca,e) = (a1 + ag,c1 + c,€e) over B,
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i.e., the linear structure over A is ¢ * (E®C) — A, and over E is qj(A®C) — E.
We call A the trivial double vector bundle with side bundles E and A, and core bundle
C.

Example 1.38. Dual of a double vector bundle. Let (A, F; M, A) be a double
vector bundle. Take the dual of A over A, which we denote by A*. We will show
that

A ——A

L

Cr—M

has a double vector bundle structure with core bundle £*. For a complete description
and more details see [32]. The horizontal structure A4* — A is the usual one. With
respect to the vertical side, the projection ¢* : A* — C* is defined by

(¢"(n),c) = (1,04 +£70)

where ¢ € Cp, n € A%, and a € A,. The addition in A* — C* is defined by:

(m +cx n2,d) = (1, dv) + (2, da)
for (nhgaalap)? (772,5702,]9) € Az7 and where d = dl +E dQ-

Example 1.39. Cotangent double vector bundle. Let A — M be a vector
bundle. The cotangent double vector bundle associated to A is obtained by dualiza-
tion of its prolonged tangent bundle (T'A, T'M; A, M):

(1.19) T*A——> A

L

A —— M

with core bundle T*M — M.

There is another type of sections on a double vector bundles, called linear.

Definition 1.40. A linear section of E over A is a section y : E — A which is a

vector bundle morphism over some section a : M — A. The space of linear sections
is denoted by I'ji, (A, E).

The following proposition can be found in [31].

Proposition 1.41. The space of sections of A over E is a C*(FE)-module generated
by Tiin(A, E) and T oor(A, E). Moreover if (A;, E;; A, M) are k double vector bundles
over A with core bundles C;, then the space of sections of A = ®F_ | A; over E =
®F_ | E; is generated by
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e (X1,...,Xy), where X; € T'yn(A;, E;) are linear sections, all of them covering
the same section a € I'(A), and

o S(&)=1(0,..., S ,...,0) with & € T(Cy), fori=1,... k.
~

(2

The core bundle has an important role in the structure of a double vector bundle:
there is a canonical short exact sequence of sections of vector bundles over M,

(1.20) 0 — T(Hom(E, C)) — Tin(A, E) — T(A) — 0

where for T' € I'(Hom(E, C)) we associate the linear section covering the zero section
of T'(A) given by

St(e) =0, +4T(e).
The space of linear sections of a double vector bundle is isomorphic to the space of
sections of some vector bundle A over M (see [20]). Hence this short exact sequence is
C*°(M)-linear, which means that (1.20) is an exact sequence is of vector bundles over
M. There exists always a splitting of this exact sequence to level of vector bundles,

and any splitting of this sequence gives a decomposition of the double vector bundle
as A=AdC @ E (see [17,20]).

Remark 1.42. In some examples there exists a canonical splitting which is not
C*(M)-linear, like the case when A = T'A, the prolonged tangent bundle: the core
exact sequence of vector bundles is

0—T"MA— J'A—A—0,
and at level of section it is
0— Q'(M)®T(A) — T(J'A) — T'(A) — 0,

which has a canonical splitting j' : T'(A) — T'(J'A) which is not C°°(M)-linear.
Here J'A is the first jet bundle associated to A.

Definition 1.43. A morphism of double vector bundles between (A;, E;; A;, M;), i =
1,2 is a quadruple (F, Fye; Fhor, f) of maps such that in the following diagram are
all vector bundle maps

Al Fror A2
Ay lF A
M, 4 — M,
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Definition 1.44. A VB-algebroid is a double vector bundle

A2 A
of s
E-Y-m

where the A — F is a Lie algebroid, and the following compatibility conditions
hold: the anchor map py4 : A — TFE is a vector bundle morphism over a map
p: A —> TM and the Lie bracket satisfies

o [[in(A, E), Tiin(A, E)] C Tiin(A, E)
o Din(A E),Teor(A E)] CTeoe( A, E)
® [Fcor(A, E), Fcor(-Aa E)] = 0.

Remark 1.45. In [8] it is proved an equivalent definition of VB-algebroids in terms
of scalar multiplication.

As a consequence of the definition, follows that the vector bundle A — M
inherits a Lie algebroid structure with anchor map p and Lie bracket given by

[a7 b] = \Il([Xa, Xb])

where xa, Xo € ['in(A, E) are any linear sections covering a and b, respectively.

The space of linear sections of a VB-algebroid which is isomorphic to the space of
sections of some vector bundle A over M , has a Lie algebroid structure over M: its
Lie bracket and anchor map are the restriction of the structure of A to 'y, (A, E).
This Lie algebroid A —» M has canonical representations on £* and C:

o (VHY* : (A, E) x T'(E*) — T'(E*) such that (V)% is the derivation in E*
corresponding to the vector field p4(X), that is

(1.21) lonse) = Pa(X)(ly),  p € T(ET)

where (, € C*(FE) is the linear function defined by ¢, (e,) = (¢p, €p).
o VV: (A, E) x T(C) — I'(C) characterized by

(1.22) Sv.c = [X, S

There is a canonical vector bundle map 0 : C' — E defined as follows: since the
anchor map p4 : A — T'E is a morphism of double vector bundle from (A, E; A, M)
to (TE,TM; E, M), it restricts to the core bundles, hence

(1.23) 0:= pA|C:C’—>E.

We call 0 by core anchor map.
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Example 1.46. Tangent algebroid. Let (A — M, p,[- ,-]) be a Lie algebroid
and consider the prolonged tangent bundle (T'A, TM; A, M) (Example 1.36). We
will define a Lie algebroid structure over TA — T'M. For linear sections T'a,Th €
Dyin(TA, TM) and core sections Se, Sq € Teor(T'A, TM) with a,b,c,d € T'(A) we
define:

e [Ta,Th) = Tla,b]
o [Ta,S:| = Siay
e [S.,S4=0.
The anchor map pry : TA — T(TM) is

e pra(Ta) is the linear vector in X(7'M) corresponding to the usual derivation
Lyq) € Der(Q(M)) of 1-forms.

e pra(S.) = p(c)t is the vertical vector field corresponding to the section p(c),
i.e., the vector field given by

(€)1 (5,) 1= oK, + 10(e)(p))

Example 1.47. Cotangent algebroid. The cotangent algebroid is the vector bun-
dle T*A — A*, where the anchor p* : T*A — T'A* is determined by
o p*(R,) = H, is the Hamiltonian lift of a € I'(A), i.e.,
H‘l = 71-lﬁin(ga)

where my, € T(A?*TA*) is the linear Poisson structure of A*; with R, : A* —
T*A is given by

(1.24) Ra(8) = (dle)a +¢d(¢, a),
where g : A — M,
o p*(Sp) = p(0)', for 6 € QY(M).
The Lie bracket is determined by
[Ra, Byl = Ry [Ra, Sol = Sc,000  [Sers Se.] = 0.

Example 1.48. VB-algebroid associated to a VB-groupoid. Given a VB-
groupoid & = F over G = M, then the Lie algebroid Ag — E of £ = E is a VB-
algebroid over A — M. The compatibility conditions follow by the compatibility
structures on €. We refer the reader to [8] for more details.
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Example 1.49. Sum. Given two VB-algebroids A; — E; over A with core bundles
C;. Let A=Ay x4 Ay and E = Ey X1 Ey. Then A — E is a VB-algebroid over A,
with core bundle C x,; C5. The Lie bracket is induced by the Lie bracket in each
component:

[(XlaXQ)a (1/17}/2)] = ([Xh}/l]a [X27§/2])7
and the anchor map is p = (p1, p2).

Example 1.50. Dual of a VB-algebroid. Fix a VB-algebroid

A—A |

L

E—M

with core bundle C — M, and dualize it with respect to A. We get the double

vector bundle
A —— A

L

cr—M

with core bundle E* (see Example 1.38). The VB-algebroid structure is determined
by (see [17], APPENDIX A, for more details):

e Using the one-to-one correspondence between

F]in(A*,C*) — Flin(A7E)
Xt «— X,

we define
X+ Y= [X, Y]

o If S, € I'eor(A*, C*) for some 1 € I'(E*), then [X*,S,] is the core section such
that
lixe,s,) = pa(X) ().

1.4.2 Representations up to homotopy

One of the problems of representations of Lie algebroids is that there is not a good
definition of adjoint representation, in the sense that we expect that it controls
the deformation of the structure, as in the Lie algebra case. For this reason, and
others, Arias-Abad and Crainic introduced in [2] representations up to homotopy. In
this subsection, we first recall the definition of representation of Lie algebroids and
we give an equivalent definition which allows a natural extension to the graded case.
We follow [2,20].
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Let A — M be a Lie algebroid. Recall that a representation of A is a vector
bundle £ — M together with a flat A-connection V : I'(A) x I'(E) — ['(E).

Given an A-connection V : I'(A) xI'(E) — T'(E), let Q(A, E) =T'(ANA*® E) be
the space of F-valued A-differential forms. We have a degree one operator dy acting
on this space induced by the Koszul formula: for w € QF(A4, F) = T(A\PA* @ E)

de(ala R ak+1) = Z(_l)i+jw([aiuaj]) st 7@7 s 7@7 sy Ok
1<j

H—l -~
+ E Vow(ay, ... a;, ... ap1).

satisfying the following derivation rule:
(1.25) dy(a Aw) = da(a) Aw + (=1)*a A dy(w),

for o € QF(A), where dy : Q*(A) — Q°*T1(A) is the Lie algebroid differential, see
(1.5). The next result can be found in [2].

Proposition 1.51. Let A — E be a Lie algebroid and let E —> M be a vector
bundle. There is a natural one-to-one correspondence between flat A-connections on
E and degree one operators d on Q(A, E) satisfying the derivation rule (1.25) and
d*> = 0.

Consider now a 2-term graded vector bundle V' = Clg @ Ej;) over M. The space
of V-valued A-differential forms is Q(A; V) = I'(AA* ® V). This space has a grading
given by

QA V) =T(NA* @ C)o T (AN 1A4* ® E)

and it is a (naturally graded) module over the algebra I'(A) = I'(A®*A*).

Definition 1.52. A 2-term representation up to homotopy of a Lie algebroid A is
a 2-term-graded vector bundle V' = Clg @ E};) over M together with a degree one
operator d : Q(A;V)e — Q(A;V)eyy such that d*> = 0 and satisfies the derivation
rule

dla Aw) =da(a) Aw+ (=1)Fa A d(w),
for a € QF(A), where ds : Q°(A) — Q*F1(A) is the Lie algebroid differential.

Remark 1.53. A representation up to homotopy can be defined on any graded vector
bundle (see e.g. [2,17]). For this thesis, we only are interested in representations up
to homotopy in 2-term-graded vector bundles. When we write representation up to
homotopy we are talking about of this particular case.

As in the Lie groupoid case, there is an equivalence of this definition in terms of
structure operators.
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Theorem 1.54 ( [17,20]). A representation up to homotopy of a Lie algebroid on
Clo) ® Ep is equivalent to the following data: A-connections V° and V' on C and
E, respectively, a vector bundle map 0 : C — E and a section Q € T(A?A* ®
Hom(E,(C)) satisfying the following

(i) 9oV' =V'od

(i1i) The following diagram commutes

c-2-F
Rgo j y le1
C—-2-F
where Ryo and Ry are the curvatures corresponding to the connections on C'

and E, respectively.

1.4.3 Representations up to homotopy vs. VB-algebroids

Here we explain briefly the correspondence between representations up to homotopy
and VB-algebroids. This correspondence will allow us to pass from multiplicative
tensors with coefficients in a representation up to homotopy to multiplica-
tive functions.

Let (V°, V1, 9,0Q) be a representation up to homotopy of A on the 2-term graded
vector bundle C' & E over M. We will construct the corresponding VB-algebroid
associated to this representation. The underlying double vector bundle is the trivial
double vector bundle

A=ApCapFE——A

| |

E M

with core bundle C. Let h : I'(A) — T'in(A, E) be the canonical horizontal lift
given by

h(a)(e) := (a,0,€) fore e E.
The anchor map p: A — TFE is:

e for a linear section h(a), the linear vector field p(h(a)) is the one that corre-
sponds to the derivation (V.)* : T(E*) — ['(E*), that means

p(h(a))(ly) = vy forne (£,

where (V1)* is the dual connection of V1.
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e For a core section S.,

The Lie bracket is characterized by:
* [Se, 8] =0
o [h(a), Sc] = Svge
e [h(a), h(b)] = h(la,b]) + Soap)-

Conversely, let (A, E; A, M) be a VB-algebroid with core bundle C' and with a
horizontal lift h : T'(A) — Ty (A, E). Let

e 0:C —F
o VU:T)i(A, E)xT(C) — T'(C)
o (V) :Thw(A E)xT(E*) — T'(E*)
the associated canonical operators. We define:
o VO:T(A) xT(C) —T(C) by Vie:=V,c
o VI:T(A) xI(E) —T(E) by Vie=(Vi,)e
o Qe T (N2A* @ Hom(E,C)) by Q(a,b) = h([a,b]) — [h(a), h(b)].

Then the quadruple (%0, \VA) 1) defines a representation up to homotopy of A on
the 2-term graded vector bundle Cjo) ® Ejy).

This correspondence between VB-algebroids over A together with a horizontal
lift, and representations up to homotopy of A is one-to-one, and it is proved in [20].
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VB-groupoid cocycles and their
infinitesimal data

Let G = M be a Lie groupoid and let 7 be a multiplicative structure on G, that is, a
geometric structure which is compatible with the multiplication on G. Our approach
to study this structure is look at it as a cocycle F, on some Lie groupoid £ = E.
For the multiplicative structures that we are interested, their associated cocycles F,
are actually defined in a VB-groupoid & = F over G.

In this chapter we fix a Lie groupoid ¢ = M and we consider VB-groupoids
€ = F over G and cocycles F' € C*(€) satisfying different linear conditions with
respect to the linear structure & — G. We characterize (multi-)linear cocycles and
infinitesimal (multi-)linear cocycles. Moreover we establish a correspondence of these
global objects with an infinitesimal data, see Theorems 2.15, 2.30 and 2.35.

2.1 Linear cocycles

Let

be a VB-groupoid over G = M with core bundle C.

Definition 2.1. A function F' : £ — R is called a linear £-cocycle if it is multi-
plicative with respect to the groupoid structure and linear with respect to the vector
bundle structure over G. That means

o F(n-m2) = F(m)+ F(np) for all (n1,m2) € €@, and
o F(An+pu)=AF(n)+ F(p) forall n,u € & = Q '(g) and X € R.

We say too that F is a linear cocycle on £. And when there is not risk of confusion
about the VB-groupoid considered, we just write linear cocycle.

25
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Remark 2.2. Let n; € & for i = 1,2,3,4 such that (n;,73), (n2,74) € £, and
Q(m) = Q(n2) and Q(n3) = Q(n4). Then
F((m +n3) - (2 + 774)) = F(m+n3)+ F(ne + na) (F multiplicative)
= F(m)+ F(ns) + F(n2) + F(na) (F linear)
= F(m-n2)+ F(ns-ma) (F multiplicative)
= F(m-na+mn3-na) (F linear),

which means that a linear £-cocycle is compatible with the interchange law.

Example 2.3. Let f € C°

°(F) be a linear function. The function F' € C*(E)
defined by

F=Uf-5Ff

is a linear cocycle on &, where 5,1 : £ — E are the source and target maps.

Multiplicative functions F' € C*°(€) satisfy LoF =1 (AF,Y) (Eq. (1.3)) for all
sections Y € I'(Ag), where A¢ = Lie(€) and AF : Ae — R is the infinitesimal part
of F'. Since £ is a VB-groupoid over G its Lie algebroid A¢ is a VB-algebroid over A.
Then the space of sections I'(Ag, E) of A¢ over E can be generated by its linear and
core sections. Therefore we only have to check Equation (1.3) for these two kinds
of sections. Hence we obtain the main result of this subsection, which characterizes
linear cocycles on VB-groupoids.

Proposition 2.4. Let £ = E be a VB-groupoid over a source-connected Lie groupoid
G = M. A function F € C*(E) is a linear E-cocycle if and only if

Fl,=0

and there exist a C*°(M)-linear map Dp : T'jn(Ag, E) — T'(E*) and a section
o € I'(C*) such that

L3F = lrpex)
(2.1) { LpF =(o,c)otoQ.

For the proof of this proposition we need some results about right invariant vector
fields coming from core and linear sections. We start with core sections.

Define the maps:
T,8:T(C)—T(€)

by
(22) T(c)(g) = c(t(g)) - O
(2.3) S(e)(g) == =04 - c(s(g))

where - is the multiplication on £.
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Remark 2.5. The source and target of the zero section 0, € &, are, respectively,
Osg) € Esg) and Oyq) € F(y), and since c(t(g)) is an element of the core, then
5(c(t(g))) = Oyg) € Ei(g). Therefore we can multiply them. Moreover, T (c)(g) € &
because

Q(c(t(9)) - 0g) = Q(c(t(g)) - Q(0g) = 1) -9 = g

where we used that () is a morphism of Lie groupoids.

Remark 2.6. We will always use the notation 7,S for these kind of maps from
the core bundle to the Lie groupoid, independent of the VB-groupoid that we are
considering.

Let £* be the dual VB-groupoid of € over G and let 7,8 : I'(E*) — T'(£Y)
defined as before.

Proposition 2.7. The pull-back maps T ,5* : C®(E) — C>®(&) satisfy
: z*(£¢> = L7

(2.5) 5*(&9) = fs(w)

for all p € T(E*).

Proof. First we show that 7 (£,) is a linear function on €. If n, u € &,, then

(L) (n+ 1) = Lo(t(n+ 1) = Lo(E(n) + (1) = €,(E(n)) + L,(E (1)),

where we used that ¢ is a linear map. For the second part, on one hand we have

On the other hand

brpy(n) = (T(¥),m(9) = {p(t(g)) - 04,14) = (p(t(g)),t(n))

where the last equation follows by definition of the target map in the dual VB-
groupoid. In the same way, we get the condition about the source. O

Also, a section ¢ € I'(C') defines a core section of the algebroid Ag given by

Si(6) = 00+ ) = |y +relan(e))).

Proposition 2.8. For any section ¢ : M — C' of the core bundle we have that
%
(2.6) S, =T(c)'

where the LHS is the right invariant vector field associated to the core section S. and
the RHS is the vertical lift of the section T (c).
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Proof. Let n € € and let g = Q(n) € G and e = t(n) € Ey). Then

SLn) = dRy(S.(e)) = %!T e + refas())

| e+ re(as(e)) - n)

o
d
d_’T 0(e+rc qe(e))) - (77+Og))
interchange law = ]r O(e n+relge(e)) - 0y)

% o1+ 1T ()

(T(e)) ().

0

Now we describe the action of a linear cocycle on right invariant vector field
coming from core sections.

Proposition 2.9. For any linear cocycle F € C*(E) we have that
(2.7) LoF =Focotol

for all c € I'(C). Moreover, there exists a section o € I'(C*) such that
(2.8) (AF,5c) = qplo, ),

for all c € T'(C).

Proof. Let ¢ € T'(C) and let S, be its corresponding core section of Ag. Considering
the right invariant vector field S;, then for n € £, we have

LoF) = | Fo+Tw)
= F(T(c)(g)) by the linearity of F

= F(c(t(g)) - 0y)

= F(e(t(g))) by multiplicativity and linearity of F.
Then Equation (2.7) follows. Now taking units e € E' we have that
Lz F(e) = F(c(gr(e)))-

We define o : M — I'(C*) by (o,¢)(p) = F(c(q(e))) for any e € E,, and together
with the property Lo F = t(AF,S,) since F is multiplicative, we get (2.8). O
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Now let X € T'jiu(Ag, E) be a linear section. Since AF is linear with respect to
A, it follows that (AF, X) is a linear function on E. Then there exists a section
Dp(X) € I'(E*) such that
(AF, X) = KDF(X)

Proposition 2.10. For any linear £-cocycle F' € C*®(E) there exists a C*°(M)-
linear map Dp : Ty (Ae, E) — T'(E*) such that

(2.9) L3 F = lrmpx)

Proof. Since the function (AF, X) is linear in F, there exists a section Dp(X) €
['(E*) such that
(AF, X) = (D (x)

Then the multiplicativity condition together with Proposition 2.7 imply
£?F = F(AF, X> = Z*(EDF(X)) = KT(DF(X)%

Take now h € C*(M). Then

Tr((hoar)X) = Lot
— f*(h o qE),C?F
= 1 (hogp)lrmL(x)
= T (hogs)T(Dr(X))
= {7 ((hogp)Dr (X))

Since 7 is injective we have the identity. O
We need one more result, which one can find in [10].

Proposition 2.11. Let € = & & -+ & &, the Whitney sum (as vector bundles
over G) of the VB-groupoids & = E;, i = 1,...k over G, and consider its Lie
algebroid Ag, which naturally splits as a Whitney sum Ag, @ --- ® Ag, over A. If
F : & — R is a componentwise linear function, that is, for any g € G, F: £, — R
is a multilinear map, then its infinitesimal counterpart AF : Ae — R is also
componentwise linear function. Reciprocally, if G is source simply connected, then
any Lie algebroid cocycle A : Ae — R which is componentwise linear integrates to
a unique componentwise linear function F' : &€ — R such that AF = A. Moreover
in the case & = --- = &;,7 < k, N is symmetric (resp. skew-symmetric) is the first
J components if and only if F' is also.

Proof. Proposition 2.4. If F'is a linear £-cocycle, by Propositions 2.9 and 2.10 there
exists a pair (Dp, o) satisfying the condition (2.1). Conversely, we want to prove
that given a pair (D, o) satisfying condition (2.1), implies that F is a linear cocycle.
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We define a function p: Ae — R which will be the infinitesimal counterpart of F.
Define

<M:X> = fD(X)
<M,Sc> = <UvC>OQE

for X € Iin(Ag) and ¢ € T'(C). By hypothesis about the pair (D,o), and by
Proposition 2.7, we have that

(2.10) ,CYF = ET(D(X)) = Z* (gD(X)) = Z* <[L, X>
(2.11) LoF = o(c)otoQ=F(o(c)ogs) = (. S,).
Remember that the space of sections I'(Ag, E) is generated as C*°(E)-module by its
linear and core sections, so by the equations (2.10) and (2.11), we get a well defined
map at the level of sections p : I'(Ag, E) — C*°(E). Moreover, the equations (2.10)
and (2.11) imply too that p is C°°(FE)-linear. Therefore pu : Ae — R is well defined
map and linear over E. It follows too that u satisfies

LoF =1(u,Y)

for all section Y € I'(Ag). Since & is source connected there exists a multiplicative
function F), € C>(€) such that AF,, = pu. Then we have that L3 F = L F),, for all
Y € I'(Ag). Since & has connected s-fibers, it follows that F' — F), is constant along
the s-fibers. Finally (F — FM)’E = 0, which means that (F' — F},) = 0 everywhere.
Then F' = F,,. Now we have to check the linearity over A. Let o; € Ag, @ = 1,2,
projectable over a € A and over ¢; € E. Let X € I',(Ag, E) such that X (e1) = ;.
Then oy = X (e2) +g Se(ez) for some section ¢ € I'(C'). Then

ploan +aaz) = p(X(er) +a (X(e2) +£ Se(e2)))
= pu((X(e1) +a X(e2)) +5 Sc(ez)) by interchange law
= ,u(X(el +e) +E Sc(€2>) by linearity of X
= ,u(X(el + 62)) + ,u(Sc(ez)) by linearity of u w.r.t E
(D(X), e1 + €2) + 11(Sc(e2))
(D(X),e1) + (D(X), e2) + p(Se(ea))
= (X (er)) + u(X(e2)) + pu(Se(en))
= p(on) + u(X(e2) +r Scle2))
= plaa) + p(az).

Hence p = dF is linear with respect to A. Then by Proposition 2.11 it follows that
F is linear over G. O

2.2 Infinitesimal linear cocycles

In this section we characterize and describe functions defined on a VB-algebroid A
over A, which are cocycles with respect to the Lie algebroid structure, and linear with
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respect to the vector bundle structure A — A. We will prove that this description
is the infinitesimal counterpart of linear cocycles on VB-groupoids.

Let

(2.12)

—_—

H~—x

A
M
be a VB-algebroid over A with core bundle C' — M. Recall the canonical operator
associated to a VB-algebroid: the flat connections V° : Ty, (A, E) x T'(C) — T'(C)

(1.22) and (VY)* : Tyi(A, F) x T(E*) — T'(F*) (1.21), and the core anchor map
9:C — E (1.23).

_—

Definition 2.12. A function f € C*(A) is a linear A-cocycle if it is a cocycle on
A which is linear with respect to the vector bundle structure A — A.

We describe now these functions in terms of their actions on linear and core
sections.

Proposition 2.13. Let f € C>®(A) be a linear A-cocycle. Then there ezist a

C>®(M)-linear map D : Ty, (A) — T'(E*) and a section o € T'(C*) such that
(2.13) D(Sy) = (o0,T) foralT €T (Hom(E,C))

(2.14) D(X,Y]) = (VDY) - (V') D(X)

(2.15) (D(X,),0(c)) = Lps@o(c) —a(Vie).

Conversely, a pair (D, o) satisfying (2.13), (2.14) and (2.15) defines an linear cocycle
on A.

Proof. Let f : A — R be a linear cocycle. Consider f as a map at the level of
sections f : ['(A, E) — C(E), i.e., for a section X € I'(A, F) we associated the
function fo X : E — R. Take a core section S, then

(f,9e)(€) = f(0c +a c(p)) = f(c(p))

for e € E,, where we used the linearity of f with respect to the vector bundle
structure over A. This means that the function (f, S.) € C*°(FE) is basic. So, define
o € I'(C*) such that ¢};((o,c)) = (f, Sc). On the other hand, define D := f}rl- “

Since f is a cocycle then

(f;[Y, Z2]) = Loaon ([ 2) = Lou(,Y)

for all Y, Z € I'(A). Remember that if X be a linear section then

Loy = pa(X)(4y).
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Hence {(v1)spv) = pa(X)(Upr)) = L, ,x)(f,Y). This implies that the condition
(2.14) for D holds. Now suppose that X covers the section a € I'(A). Recall that
the Lie bracket [X, S| = Sgo .. Then

<f7 [X7 Sc]> (vXC) SE/IoB

In the other side
EPA(X)(U<C) oqp) = (ﬁpA(a)U(C)) °4E
and
Louslpx) = Loyl = (D(X),0(c)) o qp.

So the third equation holds. By definition of D we have that D(hX) = hD(X) for
all h € C*°(M). Finally, the first equation, the compatibility between D and o
holds:

D(S7) = f o Sr = (0, T).
Therefore the pair (D, o) satisfies Equations (2.13), (2.14) and (2.15). Conversely,
given a pair (D, o) satisfying these conditions, define p : I'(A) — C*°(E) by:

(2.16) {n, X) = Ipx)
(2.17) (u,Se)y = o(c)oqg.

The compatibility of D and o implies that p is well define on core linear sections.
Moreover we have that

1(qp(h)X) = gp(h)(X) and  u(gp(h)Se) = qp(h)p(Se)

for all h € C°°(M). Then we extend p to all sections T'(A, E) by C°°(FE)-linearity.
Therefore i : A — R is a well defined linear map with respect to the linear structure
A — FE. The equations (2.14) and (2.15) satisfied by D and o imply that p is a
morphism of Lie algebroid. Now, to check the linearity over A, let o; € A, i = 1,2,
projectable over a € A and over ¢; € E. Let X € I';jy( A, E) such that X(e;) = ag.
Then as = X (e2) +x Sc(e2) for some section ¢ € I'(C'). Then

(e1) +a (X(e2) +5 Sc(e2)))
X(e1) +4 X(e2)) 45 Sc(ez)) by interchange law

plon +4 az) X
p((

= M(X

(X

X
X
(e1+e2) +E SC(€2>) by linearity of X

(e1 + €2)) + 1(Sc(e2)) by linearity of p w.r.t E
(D(X),e1 + e2) + p(Sc(e2))

= (D(X),e1) + (D(X), e2) + p1(Sc(e2))
= u(X(er)) + p(X(e2)) + p(Sc(ez))

= pla) + p(X(e2) +5 Sc(ez))

= (o) + plaz).

1

Hence p is linear with respect to A. m
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Definition 2.14. Let A — E be a VB-algebroid over A with core bundle C'. A
pair (D, o) satisfying (2.13), (2.14) and (2.15) is called the infinitesimal components
of a linear cocycle.

Now we are in condition to state the global-infinitesimal correspondence between
linear cocycles and infinitesimal linear cocycles.

Theorem 2.15. Let £ = E be a VB-groupoid over G. Then every linear cocycle F €
C>(E) induces a pair (D, o) satisfying (2.13), (2.14) and (2.15) on Ag. Moreover,
if G is source simply connected, there is a one-to-one correspondence between linear
cocycles on € and such pairs given by

L3F = lro)
LoF = (o,c)otoQ.

Proof. Let F' € C*(&) be linear cocycle. By Proposition 2.4 there exist C*°(M)-
linear map Dp : I, (Ag, F) — ['(E*) and a section o € I'(C*) such that

L3P = lrpx)
LaF = o(c)otoqQ.

%
Note that for T € I'(Hom(E, C')), St is a core linear vector field, which implies that
Dy (S7r) = 0 o T. Moreover the operator Dy satisfies

lppx) = (AF,X)V X € Tin(A4¢g, E) ie. Dp=AF

Tyin(Ag,B)°

Since AF is an infinitesimal linear cocycle follows that Dy satisfies Equation (2.14).
On the other hand we have that (AF,S.) = (o, ¢) o qg, then by Proposition 2.13
follows that Equation (2.15) holds. Conversely, let u € C*°(Ag) be the linear cocycle
obtained from the pair (D, o). Since G is source simply connected, there exists a
(unique) function F' € C*(€) integrating p, which is multiplicative and linear. [

Remark 2.16. There is an alternative proof of this theorem. It is using the proper-
ties of the Lie derivate L5 F" with respect to the Lie bracket of vector fields, taking
only vector fields coming from linear and core sections.

Proof. Let F € C*(€) be linear cocycle. By Proposition (2.4) there exist C*°(M)-
linear map D : T'y;,(Ag) — T'(E*) and a section o € T'(C*) such that

L3F = 1)
LoF = o(c)otoq.

Note that for 7" € I'(Hom(E, C)), S_>T is a core linear vector field, which implies that
D(S7) =coT. Now, if X, Y € I'j;,(Ag) their Lie bracket [X,Y] € I';,(Ag), then

Lz F = troaxyy =1 o))



34 CHAPTER 2

On the other side, we have that

ﬁ[?Y]F = L3LypF — LypL3pF
= Lz(lrowry) — Ly Urpx))
L3 (T (lppy)) — L3 (T (Ip(x)))
= T (Lyx)lor)) =T (Loy)lpx))-

Since the pullback map ¢ : C®(E) — C>(€) is injective, follows
D([X,Y]) = (VH)XD(Y) = (V)y D(X).
Let ¢ € I'(C), then [X, Sc] = Sy, so

E[YEZ]F = ﬁéTg(ZF = Z*(U(Vg(c) °qgp).

In the other side, we have
LyLgF =Ly (0(c)oqr)) =T (Lowx)(a(c) 0 qr)) =T (Lowo(c)) 0 gr),
and
LoLzF =Ly (loix)) =T (Lys)loe) =T ((D(X),d(c)) o gr)-

Hence
(D(X,),9()) = Ly,@o(c) — a(Vie).

Therefore the pair (D, o) is the infinitesimal components of a linear cocycle on Ag.
Conversely, let u € C°(Ag) be the linear cocycle obtained from the pair (D, o) Since
G is source simply connected, there exists a (unique) function F' € C*°(€) integrating
1, which is multiplicative and linear. O

Corollary 2.17. Let G == M be source simply connected Lie groupoid, and let
E — M be a representation. Then linear cocycles on the action VB-groupoid
E %G (1.19) are in one-to-one correspondence with C*°(M)-linear operators D :
Ciin(Ag) — T(E*) such that

D([X,Y]) = (V)¥D(Y) = (V!); D(X).

Corollary 2.18. Let G == M be source simply connected Lie groupoid, and let
C — M be a representation. Then linear cocycles on the semidirect product C' x G
(1.20) are in one-to-one correspondence with sections o € T'(C*) satisfying

L) (0, ¢) = (0, V).
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Example 2.19. Let f € Cf2(E) be a linear function and let F =% f —5*f € C®(€)
as in Example 2.3. Since F' is a linear cocycle, consider its infinitesimal components
(D,0). Let X € I'i(Ag, E) be a linear section. Then

,C?F = E?E*‘f = f*(ﬁpAg(X)f),
which implies that D(X) = (V1)% f, where here we are seeing f € Cf2(FE) ~ T'(E*).
Taking now a core section S, then
LoF = fotocotoQ
which means
o(c)=fotoc=fodoc,
hence ¢ = 9*(f). Since the connection (V')* : Ty, (Ag, E) x T(E*) — T(E*) is

flat, it follows that D satisfies Equation (2.14). On the other hand, if X is a linear
section covering a € I'(A) and ¢ € I'(C), we have

(D(X),0(c)) = ((V)x/[,0(c))
= Lyw/(f.0(c)) = (f,Vx0(c))
= Ly(0"(f),c) = (f,00 Vo)
= Ly(0°(f),c) = (0"f, Vie),
hence Equation (2.15) holds. Conversely, given a function f € C:2(E) define D(X) =
(V)% f and ¢ = 0*(f). The pair (D, o) is an infinitesimal component of a linear

cocycle on A, and by uniqueness, the function F' € C*°(€) which integrates this
infinitesimal data is F = ¢ f — 5*f.

2.3 Multilinear cocycles

Many of the multiplicative structures on a Lie groupoid G which matters for us,
when viewed as functions, are defined in a Whitney sum (as vector bundles over G)
of VB-groupoids & = FE; over G. In this section we study functions F' defined on
a Whitney sum of VB-groupoids which are multiplicative and multilinear, and we
describe them infinitesimally. The case of bilinear cocycles is done in details and
then we extend to the general case.

2.3.1 Bilinear cocycles

Let & = E; be two VB-groupoids over G = M with core bundles C;, : = 1,2. We
take the VB-groupoid sum:

E=6EDE —G

| |

E:ZEl@E2—>M
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Definition 2.20. A bilinear cocycle on £ is a function F' € C*°(€) such that it is
multiplicative with respect to the groupoid structure and it is bilinear with respect
to the vector bundle structure.

This means that the maps

E—L-R E-L-R.
I
E——x, G—>G

are multiplicative and bilinear, respectively.
We know that the space of sections I'(Ag, F) is generated, as C*°(E)-module, by
the following sections (see Proposition 1.41):

o (X3, X5), where X; € 'y, (Ag,, E;) are linear sections covering the same section

a€T'(A),
o S =(S,0) and SZ = (0,5,,), where ¢; € I'(C;).

Hence, bilinear cocycles can be characterized by their action on right invariant
vector fields, coming from these three types of sections.

Theorem 2.21. Let & = FE;, @ = 1,2 be two VB-groupoids over a source connected
Lie groupoid G = M and consider the VB-groupoid sum & = & & E. Then a
function F € C*(E) is a bilinear cocycle if and only if

F|E1€BE2 =0

and there exist a C°(M)-linear map D : Tyin(Ag,, E1) Xr(ay Tiin(Ag,, E2) — T'(Ef®
E3), and vector bundle morphisms oy : C1 — Ej and 09 : Co — EY covering the
wdentity of M such that

ﬁ(ff,)@’)F = ET(D(XI,XQ))
(218) ﬁmF = 67'(01(01)) O Ty

La B = ey oM

where m 1 1D Ey —> & and my : E1 D Ey —> & are the projections over the first

and second component, respectively.

Again we first start with core sections. Let ¢; € I'(C;) be sections of the core
bundles and let S, ., = (S.,,S.,) be a core section of A¢. Then for (n1,172) € &,

EmF(m, ne) = % OF(m +tT(c1)(g),m2 +tT (c2)(9))
= F(m,T(c2)(g9) + F(T(c1)(g),m2) Dby bilinearity of F.
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Hence,

£—>F(7717772) = F(T(c1)(g),m2)
Ego—:F(Th,’ﬂz) = F(m,T(c2)(9))-

By the multiplicativity of F', taking units we have

(AF, S 0)(e1,ea) = Flei(p), ez)
<AF7 SO,Cz>(61>€2) = F(elacQ(p))'

Proposition 2.22. Let F' € C*(E) be a bilinear cocycle. Then there exist vector
bundle maps o; : C; — EY, with 1,j = 1,2, i # j, over the identity of M such that

(219) 60'1(61) o ’71 = <AF7 Scll>
(220) 60’2(02) o ’72 = <AF7 Sc22>7

where v 1 By @ By — By and 2 : By ® Ey — E; are the forgetful projections:
Ve, e0) =ea and ~*(er,ez) = e;.

Proof. Take ¢; € I'(Cy). Since F is bilinear the map (AF, S.,)(e1,e2) = F(ci1(p), e2)
is a linear function on F,. Then there exists a map oy : I'(C}) — ['(E}) such that
(AF,SL) = Ly,(c;) ©¥*. In the same way, there exists a map oy : I'(Cy) — I'(E})
such that (AF,S2) = lyy(cs) © 7V O

» Meg

Now we work with linear sections. Let X = (X, X3) be a linear section of Ag

— —
with X; € Thin(Ag,, E;) covering the same section a € I'(A). Let X = (X1, X3) be
the corresponding right invariant vector field, and denote by ¢! their flows. Note

that the flows ¢! : & — &; are linear over G because the vector fields ? are linear.
Then

LarznFm+m,m) = dt\to (61 (1 + ). 67 (1))

- %\t JE () + 01 (m), 63(m)

= dt‘t 0( ¢t('fh) ¢f(7]2))+F(¢%(M1),¢?(T}2)))

= L z?)F(Uh 12) + 5()?1’,)72’)}7(/117 12)-

Also we have
£)7))72> F(Wlﬂb‘h@) ﬁ(??)F(nlﬂh)"‘»C?)T))F(nl“ug)

Hence £ 53 F € Cr(&1d &) ~T'(Ef ®&5). Since F is multiplicative, taking units

we obtain (AF (X1, X)) € Cog(EL & Es).
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Proof. Theorem 2.21. Since F is bilinear and multiplicative (AF, (X1, X3)) € Cp5(E1®
E,). Define

D: Plin(Agl) XT(A) th(Agz) — F(EI X E;)

ED(Xl,XQ) - <AF5 (X1’X2>>‘

Then

L'(;g;(g)F =1 (AF, (X1, X)) =t (KD(Xl,XQ)) = LT(D(x1,X2))>

where 1 : € — E is the target map. Let h € C°(M) and let X; € Tjim(Ag,). Then
i (h)X; € Thin(Ag,). Then

(D(q; () X1, q3(h) X2), (e1,e2)) = AF(h(p)Xi(e1), h(p)Xa(ez))
= h(p)AF(Xi(e1), Xa(e2))

which implies that D is a C°°(M)-linear. The other two equations follow by Propo-
sition (2.22). Conversely, define an operator p as follow:

(2.21) (. (X1, X2)) = o xa)
(2.22) (1,8e) = Loy oy

for X; € Tyn(Ag,, E;) and ¢; € T'(Cy), i,7 = 1,2, i # 5. It T; € T'(Hom(E;,C;))
and we consider its associated core linear right invariant vector field (St,, St,), then
by conditions (2.18) u is well defined on all linear section. The equations (2.18)
together with the C'°°(M)-linearity of D allow to extend p by C*°(E)-linearity to all
sections in I'(Ag, £'). Then the map pu : Ae — R is well defined and linear. Since
the space of sections I'(Ag, F) is generated as C*°(E)-module by the linear and core
sections, the equations (2.18) also imply that L3 F' = " {u,Y) for every section Y.
Then p is a Lie algebroid function which we can integrate to a multiplicative function
F, € C*(€). By a similar argument on Theorem 2.4 we get F' = F),. Finally we
prove that g is bilinear with respect to A. Let a1,8; € Ag, be projectable over
e1, di € Fjy, respectively, and over a € A, and let s € Ag, be projectable over
ey € Ey and over a € A. Take (X1, Xs) € I'in(Ag, E) such that

Q1 = X1(61>
fr = Xi(dy) +g @
Qoy = X2(62).
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Then

plon +a Broe) = p(Xi(er) +a (Xi(di) +p, Se(dr)), Xa(e2))
1((Xi(er) 44 X1(d1)) +5 Se(di), Xa(e2)) by interchange law
= (X1 e1 + dy) +p, Se(dr), Xg(eg)) by linearity of X;
= u((Xi(er + dv), Xo(ea)) +5 (Se(dr),0))
(X er+dy) Xg(eg)) + u(Sf(dl), O) by linearity of u r.t E
D
D

I
=

X1, X5), (e1 + di, €2)) + p1(Se(dy), 0)

X1, Xs), (e1,€2)) + (D(X1, Xa), (d1,€2)>+ﬂ(55(d1) 0)
= p(Xi(er), Xa(ea)) + pu(Xi1(dr), Xa(ea)) + p1(Se(dr), 0)

= plon) + u(Xi(dr) +5, Se(d), Xa(e2)) +5, 0)

= plon, 2) + p(Br; az).

o~ o~

(
(

Hence p is bilinear over A, and by Proposition 2.11 it follows that F' is bilinear over

g. O

If we consider, for example a symplectic form w € Q*(G) or a Poisson structure
7 € T(A*T*G) on a Lie groupoid G, when we look at them as functions F,, : TG @
TG — R and F; : T*G & T*G — R, respectively, they are skew-symmetric. The
next proposition consider bilinear cocycles which are symmetric or skew-symmetric.

Proposition 2.23. Let &€ = E be a VB-groupoid over a source 1-connected Lie
groupoid G = M. Let £% be the VB-groupoid sum of two copies of £. Then a sym-
metric (resp. skew-symmetric) function F € C*®(E?) is a bilinear groupoid function
if and only if

F|E®E:O

and there exists a C°(M)-linear map D : T'y,(Ag, E) — T'(E* ® E*) and a vector
bundle morphism o : C —> E* such that

e Ipx) € C®(E @ E) is symmetric (resp. skew-symmetric)

and such that

®3F = trow)
2.23
(2.23) { treF =T(o(c)) (resp. 7@ F = —=T(o(c)))

Proof. Since F' is a bilinear multiplicative function follows by Theorem 2.21 that
there exist a triple (D, oy, 09) where

o D: [y (4e, E) X Din(Ag, E) — T(E* ® E*)

e 01,09 : C — E*.
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Since it suffices to take linear sections of the form (X, X) with X € I'jj,(Ag, E), the
operator D is defined by

D(X) = D(X, X).

The linear maps o; are determined by

LQF - ET(Jl(C)) O T2 and ESTZF = éT(O’Q(c)) O Ty.

If F' is symmetric then

(e © T2, 1) = LgpF(m,m2) = F(T(c)(9),n2)
= F(n2, T()(9)) = Lg2F(n2,m)
= {7(0s(e)) © M1 (12, 11)

and since 7T is injective follow that o; = g9 =: 0. Moreover the equation
LT(C)F = T(O’(C))
holds. Conversely, defining a map p : T'(Ag2) — C®(E?) by

<,u7 (X7 X)) = gD(X)
<M7 SC,0> = KU(C) © '72
<:u7 SO,C> = go(c) o 71

it follows by similar arguments as in Theorem 2.21 that p is a well defined infinites-
imal cocycle which integrates to F'. By the properties of D and o it follows that
1 is symmetric. Hence by Proposition 2.11 we get that F' symmetric. The skew-
symmetric case is analogous. [

2.3.2 Multilinear cocycles

We now extend the previous discussion to the case of a Whitney sum of k£ VB-
groupoids over G.
Let

be k VB-groupoids over G = M with core bundles C;. Let £ : =& @ ---® &, be the
Whitney sum of vector bundles over G, which is a Lie groupoid over the Whitney
sum F:=F & --- D E.
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Definition 2.24. A function F' € C*(€) is called a k-linear cocycle if it is a multi-
plicative function with respect to the groupoid structure, and if it is a k-linear map
with respect to the vector bundle structure & — G.

This means that

o F((n,--ome)- (s o)) = F(nus oo ymg) + F(pa, - - -, ) for all composable
elements, and

o F(mu,.oo,mititis.sme) =Fm, oo mi o) F (- iy - - - 1), for m; €
(&j)gs i € (&i)g, for all 4.

Remark 2.25. Notation. To simplify we adopt the following notation: if ¢; € I'((;)
then 7 (c;) € I'(&;), hence

—— —

Proposition 2.26. If G is a source connected Lie groupoid, then a function F €
C>®(E) is a k-linear cocycle if and only if

F|,=0

and there ezist a C*°(M)-linear map
D : Tun(Ae,, E1) Xr(a)y - - Xra) Din(Ae,, Bx) — T(E] @ -+ @ EY)

and vector bundle maps 0; : C; — Ef ® - ® E} ® - @ B} over the identity of M,
fori=1,...,k , such that

L3 F =Ly
(2'24) { LT(ci)F = T(O’Z(CZ)) 1= 1, ce ,k’

Proof. Since F' is k-linear by an analogous argument of the bilinear case it follows
that
Lz b € CFy )T - E&),

-----

with X; € Thin(Ag,, E;) a linear section, and since F' is multiplicative, taking units
we have then that (AF, (Xq,...Xk)) € Chnear(E) @ ['(Ef ® - - ® Ef). Hence we
define the operator D(X7, ... X;) as the unique section in I'( £} ® - - - ® E}) such that

(2.25) pxxy) = (AF, (X1, ... X})).

For core sections, if ¢; € I'(C;) then

Liousroy PO o) = Flor, o 8@ a10) = 7 F o Tl ..0)

.....
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by multilineartiy of F', and by multiplicative condition, taking units we have
(AF,(0,...,5¢,...,0)) = Loy, © ok

where 7' : ®F; — @, E; are the forgetful projections

(2.26) Vet ..,ex) = (e1,... ... ex),

i.e., 7" forgets its i-entry, and 0; : C; — Ef ® -+ ® E\Z* ® - - ® E} are vector bundle
maps. Conversely define a map

(2.27) (b, (X1, Xk)) = Ipxyx)
(228) <M7 SQ) = éo'i(ci) o 7‘7

for X; € Tyn(Ag,, E;) and ¢; € I'(C;), 1,5 = 1,...,k, i # j. By arguments similar
to the previous subsection, this is a well-defined map which is a morphism of Lie
algebroids and k-linear with respect to the linear structure over A. And since G is
source connected, and using similar arguments of the previous sections, the function
who integrates pu is F'. O]

2.4 Infinitesimal bilinear cocycles

I T

be two VB-algebroids over A with core bundles C;. Consider the VB-algebroid sum
A= A & Ay. In this section we study functions defined on A which are bilinear
with respect to the linear structure over A, and morphism with respect to the Lie

algebroid structure. We give a description of this kind of functions in terms of some
infinitesimal data, and then we establish a correspondence with bilinear cocycles.

Let

e

Definition 2.27. A function F' € C*°(A) is a bilinear A-cocycle if it is a cocycle on
A and if it is bilinear with respect to the vector bundle structure A; & A, — A.

Proposition 2.28. Let f € C*(A) be a bilinear A-cocycle. Then there exists a
triple (D, 01, 09) where

e D :T'yn(Ae,, Br) Xra) Din(As,, E2) — T(E} ® E3) is a C®(M)-linear,

o 01:Cy — Ej and oy : Cy — EY are vector bundle maps covering the identity
of M,
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such that
(2.29) D(Sz,, S1,) = 01(Th) oy + 09(Ty) oy*  for all Ty € T'(Hom(E;, C;))
and satisfy

(2.30) D([X,Y]) = (V)¥D(Y)—(V')yD(X)
(2.31) toyenD(X) = (V)y,01(cr) — 01(Vi, 1)
(2.32) Los(e) D(X) = (Vl)}lag(@) — ag(Vg@cg
(2.33) 0y001 = 0,00,

where 0; : C; — E; are the core anchor maps defined in (1.23) Reciprocally, any
triple (D, 01, 09) satisfying the previous conditions induces a bilinear cocycle on A.

Proof. Let f € C*°(A) be a bilinear cocycle. Consider it as a map over sections
f:T(A) — C°(FE). Take a linear section defined by X, = (X}, X?). Then
(f, Xa)(Aer +diyea) = f(X;(her +dv), X7(e2))
FAXg(er) +a Xq(dh), Xg(e2))
M (Xg(er), X3(e2) + f(Xq(dh), X (e2))
because f is bilinear over A. So (f, X,) € C2(EL @ Es) ~ I'(E} ® Ej). We define

then
D : [in (A1, B1) Xy Din( Az, By) — T(ET ® E3).

by
D=
Now, let ¢; € I'(CY). Then
<f7 (5017 0)>(617 62> = f(oe1 +A mv 062)
= f(0.,,0.,) + f(c1(p),0s,) by bilinearity
= f(@? 062)

Note that the element 0., projects to es € Fy and to 0 € A but 0., is not the zero
element of the fiber (As)y over 0 € A. So this induces a map oy : I'(Cy) — ['(E3)

by:
(01(c1), €2) = f(c1(p), Ocy)-
In the same way, we define oy : I'(Cy) — T'(E}) by

(o2(c2), €1) = f(0ey, c2(p))-

Note that the maps oy and o9 are both C'*°(M)-linear, so we have two vector bundle
morphisms o7 : C7 — Ej and oy : Cy — Ej. To see the compatibility condition,
let T; € I'(Hom(E;, C;)) and consider the associated linear core sections Sy,. Then

<D(ST17 ST2)>(617 62) = <f7 (ST17 ST2)><61’ 62)
= f(STl (61>7 62) + f(eb ST2(€2>>
= (o1(T1)(e1), e2) + {e1, 02(T2)(e2))-

Diin(A1,E1) Xp(ayNin (A2), B2
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Now we will check the equations. Since f is a cocycle, it satisfies

([,IY-Z]) = Lo yon([: Z) — Lo (S, Y)

for all sections Y,Z € I'(A). First, take two linear sections X = (X1, Xsy), YV =
(Y1,Y3). Their Lie bracket is [X,Y] = ([X1, 1], [X2, Y3]). By definition of the con-
nection (V1)* : Ty, (A, E) x T(E*) — T'(E*) (see Equation (1.21)), we have that

X -D(Y) = (V)5D(Y) = £, D(Y).
Then the first equation holds. Let (S.,,0) be a core section. Then
[(le X2>7 (SCI ) O)} = (SVg(lq J 0)
So (f, [(X1,X5),(Sc,,0)]) = 01(V%,c1) ©71. On the other hand we have

L, x)(oi(c)om) = Vi, (o1(cr)) o,

and

L5, 00px) = oy e)D(X)om.

Therefore the second equation follows. In the same way we obtain the third equation.
For the last one we have that [(S,,,0), (0,5.,)] = 0. Also

L 4(5.,.002(c2) = (02(c2), 01 (c1))

and
L4(0.50,)01(c1) = (o1(c1), Oa(c2))

which imply the last equation. Conversely, given the triple (D, o1, 03) satisfying the
equations, we have to construct a bilinear cocycle f : A — R. We will define it at
the level of sections and then we will prove that it is a C°°(E)-linear. Take a linear
section covering a € I'(A) of the form (X7, X5), then define

(f, (X1, X2)) == lpx, xu)-

For a core section (S,,,0) with ¢; € I'(C}), define

(f; (Ser,0))(e1, €2) := (o1(c1), €2).

Analogously, for a core section (0, S,,) with co € I'(Cy), define

(f,(0,Sc,))(e1, €2) := (e1, oa(ca)).

The compatibility condition implies that f is well defined in all linear sections.
So extending f to all sections by linearity we have a well defined linear map f :
['(A, E) — C*®(F). Moreover, by the C* (M )-linearity of D, oy, 02 we can extend
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f by C*(E)-linearity. Hence we have a linear function f : A — R over E. The
equations satisfied by D, o1, o9 imply that f is a morphism of Lie algebroids. To see
the bilinearity over A, let aq, 81 € A; and ay € A,, projectable over a € A and over
e1, di € Ey and ey € Ey, respectively. Let X € I';;,( Ay, E1) such that X(e;) = a;.
Then 81 = X(dy) +g, S.(d;) for some section ¢ € I'(Cy), and let Y € Ty, ( Ay, Ey)
such that Y (e3) = ap. Then

Y (es))
((X(e1) +a X(d1)) +p, Se(d1),Y (e2)) by interchange law
(X(e1 4+ d1) +5, Se(d1),Y (e2)) by linearity of X
(X(e1+d1),Y(e2)) + f(Sc(dr),Y (e2)) by linearity w.r.t E
= (D(X,Y), (e1 +di,e2)) + f(Se(dr), Y (e2))

X,Y), (e1,€2)) + (D(X,Y), (dy, e2)) + f(Se(da), Y (e2))

flar 44 B, a0) (X(e1) +a (X(d1) +5, Sc(dr)),
)

Ja

J(X(e1),Y(e2)) + f(X(dr),Y (e2)) + f(Se(dr), Y (e2))
= flou, ) + f(X(d1) +5, Sc(dr),Y (e2))
= flay, ) + f(B1, 2).

]

Definition 2.29. A triple (D, 0y,09) satisfying Equations (2.30), (2.31), (2.32),
(2.33), and the compatibility condition (2.29) is called the component of a bilinear
A-cocycle over A.

Now we enunciate a global-infinitesimal correspondence between bilinear groupoid
cocycles and bilinear algebroid cocycles. Let & = E;, i = 1,2 be two VB-groupoids
over G, and let & = & @ & be the VB-groupoid sum. Denote by As = Ag, @ Ag,
the VB-algebroid of £.

Theorem 2.30. Every bilinear £-cocycle induces a triple (D, o1, 09) satisfying the
Equations (2.29)-(2.33). Moreover if G is source connected, there is a one to one
correspondence between bilinear & -cocycle and such triples (D, o1, 09) given by

L3 F = lrpx))
EW,SF = {7 (o1 (er)) © T2

Lo, B = 1)) © M

Proof. If F' € C*°(€) is a bilinear cocycle then by Theorem 2.21 there exists a triple
(D, 01, 09), which defines the components of a bilinear Ag-cocycle over A because
they are associated to the bilinear cocycle AF. O]

In the case where the VB-algebroids A; are the same, we can consider bilinear
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cocycles f which are symmetric (resp. skew-symmetric). Consider the VB-algebroid

A=A A—A

L]

EFP=E®FE—M.
In this situation we have the following description

Proposition 2.31. There is one-to-one correspondence between symmetric (resp.
skew-symmetric) bilinear cocycle on A? and pairs (D, o) where the operator D :
Lin(A E) — T(E* ® E*) is a C*°(M)-linear, 0 : C — E* is a vector bundle map
over the identity of M such that

e Ipixy € C™(E?) is a symmetric (resp. skew-symmetric) function
e D(Sy)=(0coT + (coT)* idg) for every T € T'(Hom(E,(C))
and satisfy
D(X,Y]) = (VH)XD(Y) - (V')yD(X)
toD(X) = (V')xo(c) — o(Vio)

oo = 000 (resp. 0"ooc=—0"00)

Proof. By Proposition 2.28 there is a one-to-one correspondence between bilinear
cocycles and component of a infinitesimal bilinear cocycles (D, 0y, 09) over A. Since
we have two copies of the same VB-algebroid, we can define

D: (A E) —T(E*® E*) D(X)=D(X,X),

and the condition of symmetric (resp. skew-symmetric) of f implies that {p(x) is
symmetric (resp. skew-symmetric). The vector bunble maps 0y,09 : C' — E* are
determined by

(f: (Se,0))(e1,e2) := (o1(c),e2) and (f,(0,5))(e1, e2) := (e1,02(c))-

If f is symmetric then

<01(C)a €2> = <f7 (Sca O)>(61, 62) = <f> (07 Sc)>(627 61)

= (02(c), e2),
which implies that o1 = 0. This last condition implies that
Eq. (2.31) = Eq. (2.32) = Eq. (to9D(X) = (V')ko(c) — a(Vie))

and
Eq. (233) = 0"oco=0"00.
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In the case when f is skew-symmetric, we have 0, = —o5, which implies that equa-
tions (2.31), (2.32) and tp(D(X) = (V!)k0(c) — 0(Vic) are all equivalent. Also,
the condition o; = —oy implies 0* o 0 = —0* o 0. Conversely, defining a map

p:T(Ag2) — C=(E?) by

<:U’7 (X’X)> = gD(X)
<:U’7 SC,0> = 60(0) © 72
<,u, SO,C> - go’(c) o /71

follows by similar arguments on the Proposition 2.28 that u is well defined. By the
properties of D and o follow that y is symmetric. Hence by Proposition 2.11 we get
that F' symmetric. The skew-symmetric case is analogous. O

2.4.1 Infinitesimal multilinear cocycles

In this subsection we extend bilinear cocycles on VB-algebroids to the general case,
i.e., multilinear cocycles. Take k VB-algebroids over A

A —A

||

with core bundles C; and consider the VB-algebroid sum

A=@h A —>=A

]

E =@k B ——> M.

Definition 2.32. A function f € C*°(A) is a k-linear cocycle if it is a Lie algebroid
morphism and if it is k-linear with respect to the vector bundle structure ®&F_ A, —

A.

Definition 2.33. An infinitesimal k-linear structure on A over A is a (D, 0;), with
1=1,...,k, where

D: th(./h, El) XF(A) s XF(A) th(.Ak, Ek) — F(Eik Q- ® EZ)
is a C°°(M)-linear operator, and o; : C; —» ®§#E;, for i = 1,...,k, are vector
bundle maps over the identity of M, such that

k
D(Spy,...,81) = Y (0:(T}),1dg,) for all T; € I'(Hom(E;, C;))

i=1
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where Idg: : @4 E; — @2 F; is the identity in each component and such that

D(X,Y]) = X-D(Y)-Y  D(X)

Lai(Ci)D<X17 cee 7Xk) = (vl)?Xl ..... Xy, Xk)ai(ci) - O-’L(vg(]cl) for i = 17 ok

<O’i(Ci>,aj(Cj>> = (aj(cj),@'(ci)) for all ’l,j = 1, ...k with ¢ #]

Proposition 2.34. Let A — E be a sum of k VB-algebroids over A. Then there
is one-to-one correspondence between k-linear algebroid function f € C*(A) and
infinitesimal k-linear structure on A over A.

Proof. The proof of this proposition is analogous to the proof of Proposition 2.28. []

We enunciate now the global-infinitesimal correspondence between these multi-
linear objects.

Theorem 2.35. Let £ = E be sum of k VB-groupoids & = E; over a source simply
connected Lie groupoid G, and denote by Ag its Lie algebroid, which splits naturally
as the sum of the k VB-algebroid Ag,. Then there is one-to-one correspondence
between k-linear cocycles on C®(E) and infinitesimal k-linear structure on A over

A.
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Applications to multiplicative
structures on Lie groupoids

In this chapter we describe multiplicative (p, ¢)-tensors on a Lie groupoid G with
coefficient in a VB-groupoid &€ = F over G. We will see such tensors as cocycles on
some VB-groupoid G over G, and then we will apply all what we did in the Chapter
2. As a consequence, we generalize the description of multiplicative k-forms (with
trivial coefficients [7] and with values in some representation [14]), the description
of multiplicative multivector fields [24, 33|, with new proofs, and we will consider
multiplicative k-forms with coefficients in a representation up to homotopy.

Definition 3.1. Let m¢ : £ — G be a vector bundle over a Lie groupoid G = M. A
(p, q)-tensor field on G with coefficient in £ is a section 7 € T(Q' T*GR QI TGRE).

Given a (p, q)-tensor field 7 € T(Q" T*G ® ®?TG ® &) we associate a compo-
nentwise linear function

e (B, 16)® (B IG)dE — R
defined by

(X ooy Xy iy oo vgem) = (T( Xy oo, Xy i1y - -4 fg), 1)
where £* is the dual of £ over G.

Definition 3.2. Let £ = E be a VB-groupoid over G with core bundle C. A (p, q)-
tensor 7 on G with coefficients in £ is multiplicative if the associated componentwise
linear function ¢, € C*((®,7G) & (®,1*G) & £*) is multiplicative. We call this 7
an &-valued multiplicative (p, q)-tensor.

Remark 3.3. Notation. When we have vector bundles E; over some manifold M,
given a section p € I'(E} ® - - - ® E}) we will denote by ¢, : B4 @ --- @& Ej — R its
associated componentwise linear function defined by

cpler, ... ex) == (p, (e1,...,ex)).

49
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Our goal now is to describe the infinitesimal counterpart of 7 by studying c..

3.1 Core and linear sections

We fix an E-valued multiplicative (p,q)-tensor 7 on G, and let ¢, be its associ-
ated componentwise linear function. From now to the end of the chapter we will
assume that the (p, ¢)-tensor is skew-symmetric in the first p-components and skew-
symmetric in the g-components of 7*G. This is done just to simplify their description
but the method applies in general. The case we are interesting have this property.

Before consider the action of ¢, on linear and core sections, for an &-valued
multiplicative (p, ¢)-tensor, we need a proposition, which is the same as Proposition
2.7, but we do it explicitly in this context. We denote

¢ GYY = (9,76) © (0,T°G) ® €7,
o MY = (9,TM) @ (§,A4%) ® C*.

And when we consider on the Whitney sum of the tangent and cotangent groupoid we
will omit the subindice €. Recall the notation for the target maps: T't : TG — T'M,
t:T*G — A" T: £ — Fand t : & — C.

Proposition 3.4. The pullback map
(Tép,q))* — ((Tt)p, ('va)q,g*)* : COO(M((gp’q)) . COO(G(SP:Q))
preserves componentwise linear functions. Moreover the pullback function satisfies

(TE)*(¢,) = erp)
for every ¢ € T(ANPT*M @ NTA* @ C'), where

T . TINT"M@NA* RC) — TNTGRINTGRE)
a®a®c — Tla®a®c)=ta® d ()

and where £ (g) := c(t(g)) - 0, is the core section of £ — G associated to c € T'(C)
(see equation (2.2)).

Proof. The first part of the Lemma follows from the fact that each one of the maps
Tt,t and £* is a morphism of vector bundles. The second part follows by Proposition
2.7. Nevertheless, we give here another proof using the explicit Lie groupoid structure
of the tangent groupoid T'G and of the cotangent groupoid 7*G. Let ® = a®a®c €
DANPT*M @ NA* @ C) and Vi, ..., Vp, € TyG, pu, ... g € T;G and n € £;. On the
one hand we have

CT(@)(Vpa qu’ 77) = a(Tt(‘/l)v s ’Tt(vjv@?))?(,ula cee 7#11)05(77)'
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On the other hand

(T) (ca) (V7 18 0) = TR, ., TV, DaEwr), - H )T ()
We have to prove that @ (1, . . ., ftg) = a(t(p1), . .., t(g)) and that (1) = (T (n)).

For the first equation we proceed by induction on ¢q. The case ¢ = 1 follows by

Remark 1.17 N
(t{n), a(t(9))) := (w, a(t(g)) - 0g) = (u, @ ().

Now assume that the result is true for ¢ — 1. Without loss of generality, we can
assume that a = a; A ay for a1 € T'(A) and ay € I'(A971A). Then

q
—_ . R
al/\a2(/vbl7"'7lu’q) = Z(—l)J<,LL],CL—1>(g)>CL_2>(/L1,,/UL],,/Lq)

= S V) an (o) as Fln). - Tl E)

= ay Aas(lpn). . F1g)),

From the definition it follows that
(3.1) T(fe)=0"NT(p), Yoel (NNT*M NA*RC), feC®M).

Remark 3.5. We write T®9 for the target map ((T't)?, (t)?) : C®(M®P9) —

C>(G™?). When is not risk to confusion we drop the superindices in both T&?
and T®9,

The main result of this section is the following proposition, whose proof will be
done in the last part of Subsection 3.1.2:

Proposition 3.6. Let G = M be a source connected Lie groupoid and let £ = F;
be a VB-groupoid over G with core bundle C'. Then an &-valued multiplicative (p, q)-
tensor field 7 on G is multiplicative if and only if

CT|Mép,q> =0
and there exist
o D: T (Ae, C*) — T(NPT*M @ NTA ® C)
e [ A— NTIT*MRNARC
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o :T"M — NPT*M @ N 1A*® C
o F': NPTM Q N1TA* — F

such that D satisfies the Leibniz rule (3.17) and

Lyr=T(D(X))
(3.2) ::T—_ (((Cé))

a))
()

ZS (

3.1.1 Core sections

The componentwise linear function ¢, associated to an £-valued multiplicative (p, q)-
tensor is defined on the VB-groupoid

Pro)e @ro ec =c.
p q

Its VB-algebroid, which we denote by A‘(gp ’q), splits naturally as the sum (B, T'4) &
(D, T"A) ® Ag~. Hence there are three different kinds of core sections: one coming
from the core A, one coming from the core T*M and one coming from the core E*.
We study now the action of the function ¢, on these three kinds of sections. When
there is no risk of confusion we will not write the superindices (p, q).

Let a € T'(A). We dgnote by S, the core section of the tangent algebroid T'A

generated by a and let S, be its corresponding right invariant vector field on T'G.
The local flow of this vector field is given by ¢% (V) =V + td(g) for V e T,G.
Consider the core section S! of Ag defined by:

i

. ~ =
S;:<O,...,Sa,...,0,0,...70,0)2M5—>Ag
~ —~ ———
p q

—
and let S} € %(Gép ’q)) be the associated right invariant vector field. Since 7 is an
E-valued multiplicative (p, ¢)-tensor then

(1) (ACmSZ><Vpanﬂ7> = (LS—a;cT)(vp,m,n)
i
= <T<V1,-~~,W71777‘/§+17-~7‘/paﬂq)ﬂ7>

- <_1)i_lci77 O T() (Vp7 Mqa 7])

<T<‘/1a"'7‘/;+t6>7"'7‘/;€7ﬂ'q)777>

t=0
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for V, € TG, p; € T*G and n € £*, where V? = (V4,...,V,), u? = (fu, ..., iiq), and
OR Gfgp D, G((gp 19 g the forgetful map with respect to the i-entry of D, 7
(see (2.26)). Taking now units (v?, 1%, §) € Mg we have

(Lgrer) (vp,l/q,f)
(T(v1,y .oy 01, A Vi, ,Up, V1), )

(_1)i_1<7—(77 U1y, Vi—1,Vig1, ..., Up, Vq>7 5)

(Acr, So) (WP, v7,€) =

This implies that (Ac.,S) is a componentwise linear function of ~)(v?, 19, §) €
Mép 19 where
,y((g,q) : M((gp,q) N M((gpfl,q)
if the forgetful map with respect to the i-entry of ¢, 7M. Thus there is a I(a) €
C(APIT*M ® ANTA ® C) such that
(3.3) (Acr, 8,) = (=1)" aa) © Y-
Now note that
Lger = (T87)(Ac,,5))
= (T&")" (=) e 0109
= (=) era@) °© 7o),

We summarize these facts in the following proposition:
Proposition 3.7. For any multiplicative E-valued (p, q)-tensor 7 on G we have that
(3.4) (Te)*(Acr, Si)y = (=1)" iy 0 T

In particular there exists vector bundle morphism | : A — NP7YT*M @ NMA @ C
such that

(3.5) (Acr, Sp) = (1) eia) 0 ).
Proof. The previous discussion implies Equation (3.5). Observe that for each a €
I'(A)
Cigr = (T(@,1.,),) = (Lgier) = eruy € CF(GET),
then

' i1

(Te)*(Acy, Sq) = Lger = (=1 eray o T = (=1)" e © v)-

Hence Equation (3.4) holds. Finally we prove that the map [ is C*°(M)-linear. For
h € C*(M) we have

T(l(ha)) = im7 = (t*h)igT = (t*h)T (I(a)) = T (hi(a))

where the last equality follows by (3.1). Since 7 is injective follows that [(ha) =
hi(a). O
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Consider now a 1-form « € Q'(M) and let S, be the corresponding core section
O_f> the cotangent algebroid T*A. The local flow of the right invariant vector field
Sa € X(T*G) associated to S, is given by ¢f (1) = p+t(t*«) for p € T;G. Define
a core section of Ag by

S7 =1(0,...,0,0,..., Sq,...0,0) : Mg — Ag
N—— - s
p q

Then for a £-valued multiplicative (p, ¢)-tensor T,

(TE)*<AC7-75£> (Vp,/,bq’n) — (EgZCT) (Vpﬁqu,n)
d
— E t:0<T(Vp)/’L17 . 7,u] + t(t*a)7ﬂj+17 . 7,[,Lq)77]>

= <7—<Vp7;u17"'ﬂ”j—la(t*a)7ﬂ’j+17"'7#’(1)777)

= (_1)]'710%*&7_ o WE}) (Vpa qu7 77) )

where ipo7 = T(-,...,, t*a,-,...,:) and where 78‘))’2) : G(gp’q) — G(gp’q_l) is the

P
forgetful map with respect to the j-entry of @q T*G. Taking now units (v?, %, §) €
Mg then

(Acs, SN 19,€) = (Loer)(v,17,€)
= <T(Up, Vi,...,Vj—1, (t*a), Vitl, -+, l/q),f>
(=177 Hr (0P, (85 @), 1y oy Vi1, Vit -5 V), €)
This last equation implies that (Ac,,S?) is a componentwise linear function of

V(WP v, €) € Mép’q_l), where

®a9) . nP:a) (p,g—1)
Ve - Mg — Mg

is the forgetful map with respect to the j-entry of @q T*A. Thus there is a r(a) €
D(APT*M @ N1 A ® C) such that

(3.6) (Acr, S3) = (=1) " era) 0 1)
Proposition 3.8. For any multiplicative €-valued (p, q)-tensor T on G we have that
(3.7) (Te)*(Acr, 85) = (1) s r 0y,

In particular there exists vector bundle morphism r : T*M — NPT*M @ N1 tA® C
such that

(3.8) (Acr, 8) = (=1) " epmy 0 1j)-
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Proof. The proof is analogous to the Proposition 3.7. Note that the following equa-
tion holds

(3.9) iaT =T (r(a)).
O
Finally, let ¢ : M — E* be a section of the core bundle £* and let S¢ : C* —

Ag+ be the core section of Ag« over C* associated to (. Since 7 is an E-valued
multiplicative (p, ¢)-tensor, we have

(TS)*<ACT7SC>(Vpana77) = £§CT(Vpauq777)

(VP )+ t¢%(9))

T(V?, 1), ¢5)

(
by property of units = (
by multiplication in the dual = {

(

where cp : M‘(f ‘) 4 R is the componentwise linear function defined on the units

of G(gp D covered by ¢,. Hence cp has associated a multilinear map F : ®p TM ®
&, A* — E. Then taking units (v7,1,§) € Mg we have

(Acr, Sc)(v", 1%, 8) = (F(0P, 1), () = (v, v7), F*(C)).
The previous discussion is the proof of the following proposition
Proposition 3.9. For any multiplicative E-valued (p, q)-tensor 7 on G we have that
(3.10) (Te)*(ALr, S¢) = (FoT,¢) oy =(T,F*(()) o,

where 7y : G(gp’q) — G forgets the last component. Moreover there exist a section

o(¢) = F*(¢) e T(APT*M ® N1A) such that

(3.11) T(o(¢y = (Fo T, ) = (T, F*(())
Equivalently to Equation (3.11) we have

iceT = T(F"(C)),
where iceT € U(APTG @ NT*G) means

Cier (VP ) = (T(V?, 1), (*(9))-



56 CHAPTER 3
3.1.2 Linear sections

We keep with a fix £-valued multiplicative (p, ¢)-tensor 7. Let X, be a linear section
of Ag« over C* covering a section a € I'(A). We define a linear section of A(gp D over
M(gp ’Q), which covers a, by

Xa = (Ta,...,Ta, Ry, ..., Ry, Xo) = (Ta)", (Ra)?, Xa)

S\ S

Vv Vv
p—times q—times

The right invariant vector field associated to it is
Xa = ((Ta)p7 (( a )T )q’ Xa)?

and since this vector field is linear there exists a derivation D, € Der(Gép ’Q)*) such
that

(3.12) Lger = Xale:) = cpy, ().

Since 7 is an £-valued multiplicative (p, q)-tensor, we have

(3.13) Lper = ﬁ(cr) = CDx, (1) = (Tépvq))%Acru Xa)-

Xa

Remark 3.10. When we do not need to remark the section of A which is covered
by a linear section of Ag¢, we just write X for the linear section of Ag, and x for the
: : (p,9) :

linear section of Ag" built from X.

Proposition 3.11. Let £ = E be a VB-groupoid over G. For any multiplicative
E-valued (p,q)-tensor T on G one has that

(3.14) (Te)"(Acr, X) = ()

In particular there exists an operator D : Ty (Ags) — T(APT*M @ NTA ® C') such
that

(3.15) (Acr, x) = cpix),

or equivalently

(3.16) Lycr = crpx)),

and satisfying the following Leibniz rule for f € C*(M)

(3.17) D(fX,) = fD(X,) + df Al(a) — a A r(df)
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Remark 3.12. An explanation about the notation. Let f € C°°(M). The expres-
sions df Al(a), a Ar(df) € D(NPT*M @ NA ® C') mean:

(df Al(a), (WP, 09, €)) = Z(—ni*ldf(ui)a(a),<u1,...,@,...vp,yq,g)>
(a Ar(df), (VP07 €)) = Z(—l)i_1<a,ui)(r(df),(vp,yl,...,@,...,§)>.

Proof. Since 7 is multiplicative the Equation (3.13) holds for any linear section y €

F(Ag,Mép’q)). And combining with (3.12), then the Equation (3.14) follows. Also
Equation (3.13) implies, taking units, that the function (Ac,,x) is multilinear in
C®(@PTM) @ (®7A*) ® C*). Then there exists a section D(x) € I'(AWPT*M ®
NA ® C) such that the Equation (3.15) holds. Using now the Proposition 3.4, we
get the Equation (3.16). Finally we prove the Leibniz rule. For f € C*°(M) and
X, € Diin(Ag+, C*) we have

co(rxn) (v, v ¢) = (Acr, (T(fa))”, (Rpa)?, fXa)) (07, 0%,€)

(Acr, (fTa+ LaySa)’, (fRa + €-aSay)?, fXa)) (0", 19, 6)

(Acr, (fTa)?, (fRa)*, fXa) + ((LapSa)”, (€=aSar)?, 0)) (v, 14, €)
(Acr, (fTa)?, (fRa)?, fXa)) (0", 1%, €)

+(Acr, ((LagSa)”; (€-aSag)?, 0)) (0P, v, €)
= f<AC7—,(( )p’( ) ))(vp7 Vq7£> + <Ac7'7(€dfsa>p>(vp7 Vq7£>
+(Ac,, (E,anf)q)(vp v )

= fepx,) (07, v €) + Z(ACT,Edf53>(UP, v, €)
=1
q
+3 (Aer, 0 Sip) (WP, 1, €)
=1
— fCD (Up v 5)
+Z Y (v)(Ua), (vr, .., Ty 0, v, E))

_Z a]/l (df),(Up,l/l,...,l//\i,...,f»

= (fCD(Xa) + Cdfnl(a) — ca/\?"(df)) (Up7 Vq7 5)

where we used that

<ACT7£deZz><Up7Vq’€) - (_1)i_ldf(vi)cl(a) o'y(i)(vp’yq’f)
<AC7'7€—aSzlf>(vpayq7€) = (_1)i_i<_a7 Vi>cr(df) OVZ})(Upquaf)
Therefore the Leibniz rule holds. O
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Now we proof the main theorem

Proof. Proposition 3.6. If 7 is an E-valued multiplicative (p, q)-tensor on G, then
Propositions 3.11, 3.7, 3.8 and 3.9 show the existence of (D,l,r, F') satisfying the
Equations (3.2). Conversely, let (D,[,r, F') satisfying those conditions. We will

define a function A\ € C’OO(A( ) which is a cocycle. Recall that we have an injective
map
PliH(A5*7 C*) — I‘lin (A((S‘p7Q)7 M(gpg))
Xo — Xa:= ((TCL)pv (Ra)q>Xa)'

The function A is determined by

<)\=X> CD(X)

(A So) = (1) o0
</\75é> = (_1)j_lcr(0‘)0’7(yﬂj)
(A, S¢) = epor

where a € QY(M) and ¢ € T'(E*). In the case of linear sections, it is enough to
define A only in sections x, coming from X, € I'y,(Ag+, C*). Since (f o ¢)X, is
also a linear section of Ag« over C*, the action of A on the section x associated to
(f oqt) X, is given by the Leibniz rule satisfied by D. Hence A is well defined and it

can be extended to all section of AP? by € (MP?)-linearity. Morcover

Lszcr = cpx)r) = crna) = (Te)*(enix.)) = (Te)*(Acr, Xa)-

A similar argument shows that ,C—>CT = (Te)*(Ac,, Sp), £—>CT = (T¢)*(Ac,, S2) and
L',ggc& = (T¢)*(Acr, S¢). Then by hneanty, we have that

Lyer = (Te)*(Acr, x)

for all section x € F(A((Sp ’Q)). Since G((gp ) is source connected, the result follows by
Proposition (1.11).
O

3.2 IM equations

Let (A, p,[-,]) be a Lie algebroid over M, and let A — E be a VB-algebroid over
A — M with core bundle C' — M. In this section we study tensor fields on A
with coefficient in A which are compatible with the Lie algebroid structure of A. We
give a description of these tensors in terms of an infinitesimal data, and then we
establish a correspondence with multiplicative tensor fields.
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A (p,q)-tensor on A with coefficients in a vector bundle A is a section ¢ €
C(NPT*ARNITA®A). As in the previous section, we associate to ¢ a componentwise

linear function ¢, : Aff’q) = (P, TA) & (P, T*A) ® A* — R defined by
co(YP, 1%, Q) = (o (Y, 1), ).
In the case when A is a VB-algebroid, the space Afff’q) is also a VB-algebroid over A.

Definition 3.13. A (p, g)-tensor ¢ on A with coefficients in a VB-algebroid A is
called Lie algebroid tensor if its associated componentwise linear function cy4 is a Lie

algebroid cocycle on Aff’q).

The function ¢, € C“(Aff’q)) is a Lie algebroid cocycle if and only if dacy = 0,
where dj is the Lie algebroid differential of Aff’q). This is equivalent to

(318) <C¢, [U, V]> = EpA(U)<C¢>7 V> — EpA(V)<C¢> U>

where p, is the anchor map of the Lie algebroid Aff’q). Since Aff’q) is also a VB-
algebroid over A it is enough to check Equation (3.18) for core and linear sections.
Because of that we define first an infinitesimal tensor in terms of these kinds of
sections, and then we give the correspondence with Lie algebroid tensors.

Recall that given the VB-algebroid A* — C*, dual of the VB-algebroid A —
E, it has canonical operators (see (1.23) and (1.22)) which we denote by

o 0F: B — (C*
o (V9): Dyn(A*,C%) x T(E*) — T(E*).
Also we have an injective map 'y, (A*, C*) — Flin(AEf’q), I\\/Jl(gp ’q)) given by

Xy — Yo := (Ta)?, (Ra)?, X,).

Definition 3.14. An A-valued (p, ¢)-tensor on A is a quadruple (D, [, r, o) where
e D: T, (A*C*) — I'(ANPT*M @ NTA® C)
o [:A— NTIT*M@NARC
o r:T*M — NPT*M @ N 1A C

e 0 F* — NPT*M @ N1A
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satisfying the Leibniz rule

(3.19) D(fX.) = fD(X,) +df Alla) —a Ar(df),
the compatibility condition

(3.20) D(Sr)=0o0T for T € I'(Hom(C*, E)),

and the following equations

(3.21) D([X,, X)) = X.-D(X;) — X, -D(X,)
(3.22) iD(Xa) = Xo-1U(b) —([a,0])
(3.23) ip3D(Xa) = Xao-7(8) = 1(Lpw)B)
(3.24) i D(Xa) = Xo-0(7) —a((VHx.7)
(3.25) ip@l(b) = —ippl(a)

(3.26) ip@r(B) = —ip@r(a)

(3.27) ip@7(B) = ippl(a)

(3.28) igrmpl(a) = ipo(7)

(3.29) ()0 (Y) = o).

for X,, X € Dyin(A*,C*); a, b €T(A); a, B € QY(M) and ¢ € T(E¥).

Remark 3.15. The notation X, -D(X}) if for a module structure on I'((@T*M) ®
(®1A) @ C') over I, (A*, C*). Its definition together with its properties, which we
will use in the next proposition, are in the Appendix.

Proposition 3.16. There is a one-to-one correspondence between Lie algebroid
(p, q)-tensor on A with coefficients in A and A-valued (p, q)-tensor on A.

Proof. Let ¢ be a Lie algebroid (p, ¢)-tensor on A with coefficients in A and consider
its associated componentwise linear function c,. We define D : T, (A*, C*) —
L(APT*M @ NTA® C) by

cD(xa) = C4(Xa),
where a € T'(A). Consider the core section S!. Then the function (¢, S!) is mul-
tilinear on Mff_l’q), so there exists a section I(a) € T'(APIT*M @ N1A ® C) such
that

(6,52) = ca) © Y1)
Hence we have that (¢, S) = (—1)"*ci) © v:). Note that

(6, Sha) = (8, (R0 @)S;) = (h 0 )9, S,),

where q : I\\/JI((Sp’Q) — M is the projection, which implies that {(fa) = fl(a). Taking
now core sections of the form S and S¢, with o € Q'(M) and ¢ € T'(E*), we get the
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maps r and o, respectively. Now we check the equations. First we start with linear
sections. For y, and y; we have

[Xaa Xb] = [((Ta>pa (Ra)qv Xa)v ((Tb)p7 (Rb)qa Xb)] = ((T[a’v b])p) (R[a,b])q7 [Xaa Xb]),
then

(X0 X)) = Loutxa)D) — Lon) UD(X0)

CXo.-D(X,) — CXyD(Xa)-

Then the Equation (IM1) holds. For Equation (IM2) we consider a linear section x,
and a core section S}. The two terms of right side of (3.18) are

L) (€0 Sp) = Li(ptaymye (Ha)pa (X)) (C15) © V1))
= (5(0,<p<a>T>p—1,(Hm,pm X CUB) © V(1)
= CX,I(b) °V)-

Lp)1,00)(Co Xa) = L(pd)t,0,0)CD(Xa)
= (D(Xa), pa(b)) oy

- Cip(b)D(Xa) o ’7(1)

while in the left-han side is

(€6, [Xas Sb]) = (Cor S{lam))) = Cillabl) © V(1);
which proves the Equation (IM2). Now take a linear section x, and a core section
Sj. Then the right side of (3.18) has terms
Lowoar(€6:95) = Loty (Haypa (X (€r(8) © V)
= (£(<p<> T 0.(Ha) 4 (X)) Cr(8)) © W)

Cx,r(B) © ’Y( 1
Lo,)10)(Co: Xa) = Lo,p(8)1,0)(cD(xa) © V1))
= (D(Xa), p'(

B)) o ’Y(l)
- CZ *(ﬁ)D(Xa) o ,}/Ekl)

The left-hand side is

(Cor [Xar SB1) = (¢4, [Ra, B1) = (Cor S(20yB)) = Cr(LpmrB) © V1)

Then Equation (IM3) holds. Taking now a linear section y, and a core section S,
we have

EPA(Xa)<C¢7 S¢> = E((p(a)T)p,(Ha)q,pA* (xa))(ca(o © 7)
= (Li(ptayryr (H)1.0)Co(0) ©
CXoa() @)

= (D(X,),0°(¢)) o

Cigr(yD(Xa) © V-

L0,0,60)1) (€4 Xa)
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and on the other side

(¢4, [Xar Sc]) = (¢, [Xa, S¢]) = (co, S(%O)Xag> = Co((v0)x,0) C

Therefore IM4 holds.
Now we will take only core sections. Since their brackets are zero, the left side of
(3.18) will be always equal to zero. For sections S! and S} we have

d

L (p(ay0,0)(Co» Sp) (WP, v9,€) = i aw) © V) (v +tpla),va, ..., vy, v, §)

= <()( (@), vz, -, vp, 9), ).

Doing the same, interchanging b with a, Equation (IM5) follows. In a similar way,
taking now core sections of the form S} and Sé, Equation (IM6) follows. If we take
the core sections S! and S} then

d

L (p(a)",0,0){Cs» SH(wP, v, €) = ELZOCT(&) oy (v1 +tp(a), va, . .., vp, V7, )
= (r(a)(p(a),va, ..., vp, v, ...,1,),&).
d .
Liop@0{Cor Sa) (07118 = =] a0 (@7 m + %), vay v, €)

= (l(a)(vay ..., vp, p (), ..., 1), ).

which proves Equation (IM7). For S} and S,

Lo, s1){cs, Sc) P, v, 8) = Lpayr,00)(cs Sc) (V7,14 €)

— :0<(vl+t,0(a) V2, P v?), o (C))
= {(p(a),v?,. v9),0(¢))

Ly, (50)(Car Sa) (WP, v0,6) = Lg0.0r (<>T>(Cz<a> 7(1))(@” v?,€)

C1(edta) o) (0P, v, €+ 10°(C)

= (c (a)07(1))(vpa’/q75*(0)

= ((a)(@?, ..., 0", v),0"(())

Therefore Equation (IM8) follows. Finally, consider S} and S;. Then

d N ¥

L0004y (Cor Sa)y (0P, 17, €)= T t:OCr(a)07(1)(“]07Vq’§+t8 (€))
= (r(a)(vP, v, ...,1g),0%(C))

d

Lo (@yr0)(Cor SN 11, 6) = o] (W v+ ip" (@), va, - vg),0(Q)

= (0" (", pi(a),ve, -, 1), Q).
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So Equation (IM9) holds. Finally, the Leibniz rule follows by the same arguments
in the proof of Proposition 3.11. Conversely given a (D, [, 7, o) define the map p :

PAG" M) — (M) by

) CD(X.)

(1,81 = (=1 0 v0)
) = (=1) ey 0
) = Co(q) 07

By the proof of Theorem 3.6 it follows that p is a well defined linear map with
respect to the structure A%’Q) — Mép 9 and componentwise linear function with
respect to Aff’q) — A. Hence we can see ji = ¢, where ¢ is a (p,q) tensor on A
with coefficients in A. Also the IM equations satisfied by (D, [, r, o) imply that ¢, is
a cocycle, which means that ¢ is a Lie algebroid tensor. O

We state now the infinitesimal-global correspondence

Theorem 3.17. Given a multiplicative E-valued (p, q)-tensor on G, the associated
quadruple (D,l,r,0) is an Ag-valued (p,q)-tensor on A. Moreover, if G is source
simply connected the correspondence is one-to-one, given by

L7 =T(D(X))
iwT="T(l(a))
o = T(r(a))
is,T =T (o(C))

Proof. 1f T is a multiplicative E-valued (p, g)-tensor on G then the infinitesimal coun-
terpart Ac, of its associated componentwise linear function ¢, is a Lie algebroid co-
cycle. And by definition of (D,l,r, o) associated to 7 follows that this quadruple
is the corresponding one with the cocycle Ac,. Hence (D,l,r,0) is an Ag-valued
(p, q)-tensor on A. H

(3.30)

Remark 3.18. If £ is trivial VB-groupoid R, we are in the case of usual tensor
fields on a Lie groupoid G. In this situation our result recovers the description of
multiplicative (p, ¢)-tensors given in [7].

We will now see how to recover various results in the literature from this theorem,
and get new ones.

3.3 Multiplicative k-forms with coefficients in a
representation up to homotopy

In this section we apply the theory of multiplicative tensors with coefficients to
the case of k-forms with coefficients in a representation up to homotopy. We will
characterize such forms and we will describe them infinitesimally.
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Also we show that the known cases of multiplicative forms and multiplicative
forms with coefficients in a representation are particular cases of this more general
approach.

Let (A% A',9,Q) be a representation up to homotopy of G on Cp) & Epy), and
let £ := s*(F) & t*(C) be the associated VB-groupoid (see Subsection 1.3.3). A
multiplicative k-form on G with coefficient in a representation up to homotopy is a
multiplicative (k,0)-tensor on G with coefficients in £. We may think of a k-form
w on G with coefficient in £ as a pair w = (w° w!) where w® € QF(G,t*(C)) and
wt € QF(G,s*(F)). With this expression for w, we can write the multiplicativity
condition in terms of w°® and w?.

Proposition 3.19. A k-form w = (W° w') € QF(G; E) is multiplicative if and only
if the following equations hold

(3.31) wh = s5(0)
(3.32) dow’ +g-w' = t(0) forsomedc Q"(M,E)
(3.33) (M) gny = (Pre)gm + 9 (P3w’)gn — Qn(Prw')gn

where Py, Py : G® — G are the projections on the first and second component,
respectively.

Proof. Let w = (W w!') € QF(TG @ £) be a k-form with coefficients in €. By
definition w is multiplicative if its associated componentwise linear function ¢, :
(B, TG) ® & — R is multiplicative. Note that this is equivalent to the map
w: @, TG — & being a morphism of Lie groupoids. In particular there exists a
k-form 6 € QF(M, E) such that Sow = 0o (Ts)* and f ow = 0 o (T't)*, where (T's)*
and T't)" are the source and target maps of @, TG — @, T'M, respectively. This
implies that

fo(Ts)k = w!

fo(Tt)" = 0ouw’+g-w'
Hence the compatibility of w with the source and the target maps is equivalent to
(3.31) and (3.32). Let now Xéf = (9, X1,...,Xp) and Y} = (h,Yy,...,Y}) in TG

be two composable elements. Since w is a morphism of Lie groupoids, it follows that
w(X}) and w(Y)) are composable in €. Since

S(w(Xy)) = w'(Xy)
Hw¥y)) = 00w (Vi) +h-w'(Yy)

then w(X}) and w(Y}}) are composable if and only if

(PYwh)(gn = 00 (P3w) g + - (Psw')(gn)-
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Now with respect to the multiplication we have
w(Xy - Yy) = (W (X - V), w0 (X V).
On the other hand
w(Xy) - w¥y) = (W(Xy) (V)W (Xy) - ' (V)
= (gh, WO(X;C) +g- W0<th) - Qg,hwl(yhk)> W1<th)
Therefore w respects the multiplication if and only if
(MW gny = (Prw)om + 9 (P )gm — QaP5w)gn
(Mg = (P3w')n
Note that by Equation (3.31) and by properties of the multiplication, we have
(m*w')(Xy,Yy) = m"(s"0)(Xy, Yy) = 0((ds)"(Xy - ¥y) = 0((ds)"(¥y))
(Pw')(Xy,Yy) = (soR)"0(Xy.Yy) = 0((ds)"Yy).
m

Example 3.20. In the case with trivial coefficient, £ = R ~ (' with the action given
by the identity map, F ={x} is a point, and the maps 0 = 0 and §2 = 0. Therefore
we have a usual k-form w € Q%(G), and it is multiplicative if and only if

(m*w)ig,n = (PYw) g + (Pw) g,
which is precisely the case treated in [7].

Example 3.21. If C' — M is a representation of G, then the VB-groupoid associ-
ated is £ = C' x G, with trivial side bundle £. Then 0 = 0 and 2 = 0. Therefore, a
k-form w on G with coefficient in £ is multiplicative if and only if

(Mm*w)(gn) = (Prw)gn + 9 (Psw)g,n)»

which is the definition given in [14].

Let w € Q%(G,€) be a multiplicative k-form, where £ = s*F & t*C is the VB-
groupoid associated to a representation up to homotopy (A° Al 9, Q) of G. We will
describe in detail the Ag-valued (k,0)-tensor on A associated to the multiplicative
(k,0)-tensor w. To do this, first we need a little work.

A representation up to homotopy (A° Al 9,Q) induces a representation up to
homotopy of G on the graded vector bundle EEE)] &) C'[*l] as follows:

e The quasi action (AT)%: E*

g - Eag) — B¢, given by:

T ._ * *
(A )2(77) T (Aglfl) n, for ne Es(g)
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e The quasi actions (A"); : G,y — Cf,) given by:
(AT>é<£) = (Agfl)*gv for 5 € Cs*(g)

e The vector bundle map 07 : E* — C* is the dual map 9*.

e The operator Q7 is given by: € € C(,) We have

Q%;;,h) : C:(h) — E;:k(g) Q%;;,h) (f) = (Q(h—l,g—l))*5>
for (g,h) € G2,

We check now the equations that the quadruple (A%)T, (AHT 97, QT) has to
satisfy (see Subsection 1.3.2). The compatibility of the quasi actions with the vector
bundle map 07:

(AT 00" =97 o (A" = (00 A" — (A'00)* = —(A'0d — Do AV = 0.
For the second equation we have

(AT (A%, — (A0, +OF, 0 = (AL)T(AL) — (AL g7y

9192 (91.92)
T *
+(aOQ(95179f1))
_ 1 1 Al -1 T *
= (Agz—lAgl—l Ag2_1gl +8OQ(g2_17g1_1))
= 0.

In a similar way we get the third and fourth equation. Hence ((A%)T, (AHT 9T QT)
is a representation up to homotopy of G on E[*ZJ} P C’[*l], called dual representation.

On the other hand the dual VB-groupoid of £ = s*E @ t*C is the VB-groupoid
with structure maps given by:

e The source and target maps 3,1 : £ = s*(E*) @ t*(C*) — C* are

5(g,m,€) = 9" (n)+ (AY)*¢
tlg,n,&) = ¢

where n € E;‘( 9) and & € C’t*( ) The multiplication is

(91,m,&1) - (92,12, &2) = (9192, M2 + (A;Q)*m - 92179251,51),
under the compatibility condition & = 0*(m) + (A))*&.

Lemma 3.22. There is an isomorphism of Lie groupoids between the Lie groupoid
s*(C*) @ t*(E*) obtained by the dual representation ((A%)T, (AHT, 07, QT), and the
Lie groupoid s*(E*) @ t*(C*) which is obtained by dualization of the VB-groupoid
E=8E®@tC. Moreover this is an isomorphism of VB-groupoids.
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Proof. Let (g,&,n) € s*(C*) @ t*(E*). The inverse of this element is (see [19]):
(9.&m) 7" = (97", —(A%)gmm + Qo &, 9"+ (A1) €)

Define the map ¢ : s*(C*) ® t*(E*) — s*(E*) @ t*(C*) by
p(9,€,1) = (9, —(A%)gman + Qg & 0T+ (A1)5).

We show now the compatibility of ¢ with the source, target and multiplication.
Recall that the source and target maps of s*(C*) @ t*(E*), denoted by s,t, are
defined by (see Subsection 1.3.3):

® 5(g,6m) =¢
o t(g,&m) =0T+ (ADI¢

forfGC’* () and n € Eg . Then

Se(g,&m) = 3(g,—(A")in+ Q] & 9Ty + (AN)]E)
O (—(Ap) 4+ Qi £) + (AY) (0 () + (A)1)*E)
—(Ay 0 0)'n+ (1,40 D) E+ (00 AD) () + (A) L AD)*E
= (A))E=¢
= 5(g,¢m)
With respect to the target map
telg.&m) = Hg, —(AYTan+Qf, & 0"n+ (AY]e)
= '+ (Ah),¢
= 1(g,&.m)

The compatibility with respect to the multiplication is a long computation and it is
presented in the Appendix. O]

The representation up to homotopy (A% A!,9,9Q) of G on Cly @ Epy also induces

a representation up to homotopy (V°,V*,9,Q) of A on Clo) ® Ep in the following
way (see [3] for details) :

e the connection V° : T'(A4) x I'(C) — T'(C) is given by

d

(Vao) () = 2|, (Bg0c(P))

where g(t) is a curve in s7!(p) with ¢’(0) = a(p). In a similar way define the
connection V! : T'(A) x T'(E) — ['(E).
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e The operator ) can also be differentiated to an operator O e ['(A2A* ®
Hom(F,C)) (see Definition 3.9 in [3]).

e The vector bundle map from C to E is the map 0

Consider the dual representation (see e.g. [17]) (VT, VT 87, QT) of A on Ep @ Cly,
where

V= (V) VT = (V) 9T =0 0T, =0,

Note that by definition of the quadruple (V7,7 97 QT), it follows that this rep-
resentation is induced by the dual representation ((A°)T, (A1) 97 QT). Also this
dual representation induces a VB-algebroid structure on A := A @ E* & C*

A——A

L

C*—M
with core bundle £E* — M.

Corollary 3.23. There is a Lie algebroid isomorphism between the Lie algebroid
A= A® E* & C* induced by the dual representation and the Lie algebroid Ags.
Moreover this is an isomorphism of VB-algebroids.

In what follows we will use the VB-algebroid (A, C*; A, M) instead of (Ag+, C*; A, M)
because the calculus are easier and more explicit. Denote by i : I'(A) — Iin (A, C)
the canonical horizontal lift: h(a)(§) = (a,0,&). This horizontal lift is C*°(M)-linear
and satisfies

[1(a), h(b)] = h([a, b]) + Sgr(ay)

Now with respect to the sections of the tangent algebroid, there is also a natural
inclusion I'(A) < I'yy(T'A, TM), a — Ta. However, unlike the previous horizontal
lift, this inclusion is not C'°*°(M)-linear:

T(fa) = fTa+ lasS,.

Remember that the Ag-valued (k,0)-tensor on A associated to the £-valued mul-
tiplicative (k,0)-tensor w on G is a triple (D, [, o) where

o D: Ty (A*, C*) — T(NPT*M @ C) = QF(M, C)
o [ A— NTIT*M@NARC

e 0: E* — APT*M which we view as an element 0 € Q%(M, E)
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satisfying some equations. Note that there is not a map r : T"M — APT*M ®
NI7LA* @ C because there is not a cotangent algebroid. Since we have a natural
inclusion of I'(A) in I'y,(A*, C*), we can define a new operator

D:T'(A) — Q¥(M,C) by D(a)=D(h(a))

Note that by Proposition 3.11, and using that h : I'(A) — T}, (A*, C*) is C*°(M)-
linear we have

D(fa) = D(h(fa)) = D(fh(a))
= fD(h(a)) +df Al(a)
= [D(a) +df Alfa)

This motivates the following definition
Definition 3.24. An Ag-valued (k,0)-tensor on A is

e D:T(A) — QF(M,C)

e [ A— NTIT*M®C

e 0 QM E)

such that the following equations hold

(3.34) D(fa) = fD(a)+df Al(a)

(3.35) D([a,b]) = a-D(b)—b-D(a)+Qupo0
(3.36) LwD(a) = a-1(b) —([a,b])

(3.37) torD(a) = a-0"(n) —0°((V');n)
(3.38) b@l(0) = —tmla)

(3.39) to-al(a) = tp@)0"(n)

D([a,b]) = D(h([a,b]))
= D([h(a), h(b)] — Sgr,)
= D([h(a), h(b)}) — D(0, Sgr )
(

— a-D(b) —b-D(a) + Qa0 0.

Therefore applying Theorem 3.17 to this case we obtain a global-infinitesimal
correspondence between multiplicative k-form w € QF(G,€) with coefficients in a
representation up to homotopy and Ag-valued (k,0)-tensor (D, 1,60) on A.
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Theorem 3.25. Let G be a source simply connected Lie groupoid. There is one-to-
one correspondence between multiplicative k-forms w € QF(G, E) with coefficients in
a representation up to homotopy and Ag-valued (k,0)-tensor (D,1,0) on A.

Now we will give an explicit expression for the operator D : T'(A) — QF(M, C).
The anchor map of the Lie algebroid A — C™* on linear sections is

d

pa(h(a))(&) = - ((pi ) & eTC

t=0

where ¢? is the flow of the right invariant vector field @ € X(G). It follows then

that the flow of the right invariant vector field h(a), restricted to units, is

O (p,6,,0) = (¥(p), ((¢1(0))" - &, 0,).

This flow ®“ is a linear map over ¢:

(@)™ & —=¢*,

GG
which can be restricts to
((q)?(a))*) : C\'* . (@?(a)j*(c*)
M—2 oM

Taking dual we get

given by

for ¢ € Ci(epr))-

Proposition 3.26. Let w = (W% w') € Q¥(G,&) be a multiplicative k-form with
coefficients in a representation up to homotopy. Then the associated operator I :

['(A) — QF(M, C) is given by

d

(3.40) D(a)(vr,..sve) = 2| @i (p) 7 - W (dpi(vn), s df (vr)
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Proof. For v; € TM and ¢ € C* we have
(D(a), (v1, ..., v, &) = (Acy, (v1,...,0x,&))

= | g, g ), (#))
) ) g, ).
- % (i) WA (), A (un)), €)

]

Example 3.27. Multiplicative k-forms. Consider a multiplicative linear k-form
w on G. In our context this means that w is a multiplicative (k,0)-tensor on G
with trivial coefficients, which means that C' = R and E = 0. Then its associated
IM — (k,0) tensor on A is the pair (D, ) where

e D:I'(A) — QF(M) given by

D(a)(vl, ce ,Uk d¢t (Ul) 7d¢fx(vk))

dt ’t 0
o [: A— AFYT*M determined by
l(a) = €*(igw)

where € : M — G is the unit map, and such that the following Leibniz rule
holds
D(fa) = fD(a) + df A l(a)

(See Theorem 1 in [14], in the case of the trivial representation). The pair (DD, 1)
satisfies then the following conditions

(3.41) D(fa) = fD(a)+df Al(a)
(3.42) D([a,b]) = a-D(b)—0b-D(a)
(343 D@ = a-1(8) — L(fa,b)
(344 bl®) = —tlla)

which is what in [14] is called k-Spencer Operator with trivial coefficients.
On the other hand, take a € T'(A), then o(a) € Q¥~1(M). Define v(a) = D(a) —
d(o(a)) € Q¥(M). Let h € C°°(M). Then

v(ha) = ]D)(ha) —d(o(ha))
= hD(a) —dh Ao(a) —d(ho(a))
= hD(a) —dh N o(a) — (hd(o(a)) — dh A o(a))
= N(D(a) - d(a(a)))

= hv(a).
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Therefore v : A — AFT*M is a vector bundle morphism over M. The next corollary
recovers the results in [7].

Corollary 3.28. Given a multiplicative k-form w € Q*(G) there exists vector bundle
maps v: A — N*T*M, p: A — T*M such that D(a) = v(a) + d(u(a)). Moreover
the pair (I,v) is IM — k form on A.

Example 3.29. Multiplicative k-form with coefficient in a representation.
Consider a representation of G on a vector bundle C', and let w € Qk(g,t*C) be a
k-form on G with coefficient in the representation. Its associated (k,0) tensor on A
with coefficients in C' is the pair (D, ) where

e D:I'(A) — Q¥(M,C) given by

D<a>(vl7 st 7Uk) - %‘to@?(p)_l ’ w(dqbiy(Ul)’ ce 7d¢2(vk>>

o [: A— NI M ® C determined by

l(a) = € (igw)

and such that the following Leibniz rule holds
D(fa) = fD(a) + df Nl(a)

(See Theorem 1 in [14]). Moreover, in this case, the operators =0, § = 0 and the
equations for (D, 1) are

(3.45) D(fa) = fD(a)+df Al(a)
(3.46) ([a,b]) — a-D(b) —b-D(a)
(3.47) D) = a-U(b) —I([a,B])
(3.48) L;:(a)l(b) ouc

(3.49)

which is precisely the definition of a C-valued k-Spencer operator over A given in [14].

Remark 3.30. The module structure on QF(M,C) over I'(A) in this context co-
incides with Lie derivative operator £, acting on Q¥(M,C) defined on [14] (see
Appendix).
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Applications to VB-subalgebroids

Let A — E be a VB-algebroid over a Lie algebroid A — M. In this chapter
we study IM-subbundles, that is, double vector subbundles A — Aj; which are
Lie subalgebroids of A — E. The linear quotient A/A is, indeed, a Lie algebroid.
Then the idea is to consider an IM-subbundle as the kernel of a morphism of Lie
algebroids ® : A — A/A. Moreover, since A/A is also a VB-algebroid over A
we can dualize and then we get a function Fg : A @& A° — R, where A° denote
the annihilator of A in A*, which we identify with the dual over A of A/A. This
function Fg is an infinitesimal bilinear cocycle, hence we can use what we did in the
previous chapters.

As particular cases, we consider IM-distributions, IM-subbundles of TA ® T*A,
and finally IM-Dirac structures, offering a new viewpoint and giving new proofs to
results in [17,26,27]. We remark, however, that our approach is more general and
allows to consider IM-subbundles not only of TA or TA & T*A.

The objective of this chapter is the description in terms of some infinitesimal
data of the IM-subbundles. We will mention, however, the global objects, i.e., the
multiplicative geometric structures defined on Lie groupoids, whose infinitesimal
counterparts are examples of IM-subbundles. We will also say something about the
integration of IM-subbundles.

4.1 Double vector subbundles

First we study double vector subbundles, without any Lie algebroid conditions. We
look at them as the kernel of double vector bundles, which are also surjective sub-
mersions.

Let

E. M

;

~
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be two double vector bundles over A with core bundles C;. Let F': A, — A, be a
surjective submersion morphism of double vector bundles covering F; : Fy — FEj,
Fy : ¢4 — (5 and the identity on A. In particular, the maps Fy and F; are
surjective submersions. Consider the double vector bundle dual of A, with respect
to A

As——A

l

C;—= M

with core bundle Ej and define the map

F:A x, A —R by F(X,a)=(F(X),«)
where the pairing is canonical one over A.

Lemma 4.1. F' : Ay — Ay 1s a double vector bundle morphism if and only if
F: Ay x4 A5 — R is linear with respect to Ey Xy C5 and bilinear with respect to
A.

Proof. From the definition of the pairing it follows that F is linear with respect to
the second entry. The linearity of F with respect to the first entry is equivalent to
the linearity of F' with respect to the linear structure over A. Let (X, ), (Y, ) €
(A1 x4 A3)(ee)- On the one hand we have

(41) F((X,a)+(Y,0))=F(X +g Y,a+p)=(F(X +5 Y),a+5).
On the other hand
(4.2)  F(X,a)+ F(Y,8) = (F(X),a) +(F(Y),8) = (F(X) +, F(Y),a + ).

Then (4.1) = (4.2) if and only if F is linear with respect to the vertical linear
structure. O

Define the map
D: Flin(Ala El) XA Fl'm(A37 C;) — F<Eik ® 02)

by
D(Xa>¢a)(67€) = <F(Xa(e))7¢a(€)>z4 = F(Xa<e)7¢a(f))'
for e € £y and £ € C5.
Remark 4.2. The function F is actually a bilinear cocycle on A; @ A,, thinking

the double vector bundles of as VB-groupoids, where the Lie groupoids are vector
bundles. Hence the operator D is the same as in Proposition 2.21.
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Lemma 4.3. There is a well defined operator D : Ty (Ar, E1) — T((Ker Fy)*®Cy)
given by

D(xa)(€;§) = D(Xa; ¢a)(e; )

where ¢, € Tn( A5, C5) is any linear section covering a € I'(A).

Proof. Remember the short exact sequence (1.20) for the double vector bundle
(A3, C3; A, M):

0 — I'(Hom(C3, E3)) — Tun(A5,C5) — T'(A) — 0.

Let ¢ € I'(Hom(C5, E3)) and let ¢,(£) = 0¢ +4 (&) the linear section associated to
@. Since F' is a morphism of double vector bundles we have that F'(0.) = Op, () for
every e € F4. Then

D(0,dp)(e, ) = (F(0c), ¢4(E))

(OF (), 0g +a ©(£))
= (Fi(e),¢(£))

Hence, if e € Ker(Fy) we have D(0, ¢,,)(e, &) = 0 for every ¢ € I'(Hom(C3, E3)). So
if Ga, Yo € Tiin(A3,C3) and xq € Tyin(As, Er), then

(D(Xa) @a) = D(Xas ¥a))(€; ) = D(0, $a — ) (e, ) = D(0, ¢p) (e, &) = 0

for every e € Ker(Fy). O

Let o € A; be any element which projects to e, € E; and to a, € A, with p € M.
Denote by a € T'(A) any section such that a(p) = a,, and let x, : By — A; be
any linear section covering a. Then there exists a unique element § € A; such that

a = xq.(€e) +g 0
o) a a ) 0.
T

Moreover, § can be written § = 0. +4¢, = S.(e) where ¢ € I'(C} ) such that ¢(p) = ¢,.

_— —_—

+E

P I
_

Proposition 4.4. Let a € Ay, and write it as o = xq.(€) +g, (0. +4C) for some
linear sections x, covering a. Then

e € Ker(F)

@€ Rerthy e {Dm)(e, ) = —Fyle)
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Proof. We have to show that (F(«),v) = 0 for all element v € Aj, where the dual
and the pairing is over A. The fiber A3 — A over a, is generated by 0, +c; 7
and ¢(&) for a fixed ¢ € I'yy (A5, C5) covering a, and € € (C3),, n € (£3), varying .

Hence
F(),0, +c3 1) = 0
Fla) =0 (F(a) Cs n)
(F(a),6(£)) =0
Since F(a) = F(a) +g, Op, (), the first equations becomes

0= <F(Oz) +E, 0F1(6)70a +C’§‘ 77) = <F(0z), 0a> + <0F1(e)aﬁ>
= 0+ (Fi(e),n).

As n is arbitrary, the first equation holds if and only if e € Ker(F};). Since F is a
double vector bundle morphism we have that F'(a) = F(xa(€)) +£; (0r ) +c, Folc)).
Then the second equation is

(F(Xale)) +52 (Or(e) Tc Fo(c)), (€) +c5 Oc)

(F(xale)), d(€)) + ((Or(e) +c. Fol(c), O¢)

= D(Xa, 9)(e,§) + (& Folc)).

Since ¢ is arbitrary, the second equation holds if and only if D(x,)(e, ) = —Fo(c). O

0 = e

The next theorem characterizes double vector subbundles in terms of the operator

D

Theorem 4.5. Let (A, E, A, M) be a DVB with core bundle C. Let Ay C E and
K C C be vector subbundles. Then there is a one to one correspondence between

double vector subbundles (A, Apr; A, M) with core bundle K and linear operators
D:T(AE) — T'(A}, @ C/K).

Proof. The first part of the proposition is Lemma 4.3, taking as double vector bundles
(A, E; A, M) and (A/A, E/Ay; A, M), and as maps the respective projections. For
the second part, write an element a € A as o = x,(e) +g (0. +4 ¢). Define

ac A a=xqe)+r (0. +a7c) for x, € [in(A, E),
e€ Ay, c€Csit. D(xa)(e) = —m(c)

where 7 : C' — C/K is the projection. Note that A is well defined. We will prove
now that A is linear with respect to the two linear structures on A. Let aq,as € A,
with e € Ay, and write them as a; = x4, (€) +£ (0c +4¢). Then

a1 tpas = (Xa(€) +50c+4E1)) +£ (Xaz(€) +£ (0c +452))
= (Xa1(€) +5 Xaz(€)) +5 (0c +a 1 + ¢2)

Since oy, g € A we have that D(«;)(e) = —m(¢;). The section x4, + Xa, is a linear
section covering a; + ag, and by the linearity of D and of 7 : C' — C/K follow that
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D(Xay + Xap)(€,+) = —m(c1 + ¢2). Hence ay + ay € A over e € Ay, Suppose now
that aq, s € A, and write them as a; = x,(e1) and as = xa(€2) +£ (0, +4¢). Then
o) +40y = (Xa<€1)> +a (Xa(eQ) +E (062 +a E))
= <Xa(€1) +4 Xa(€2)> +EcC

= Xa<€1+€2) +EE

where we have used the interchange law and the linearity of the section. Then
a1 +a4 a9 € A over a € A. Therefore A is linear with respect to both structures of

A. O

As consequence we can characterize the linear sections of A — FE which restrict
to A — Ay For X € Iy (A, E) we have

(43) X|AM - F]in(A, AM) = D(X)(G) =0

for all e € Ayy,.

Although we can say when a linear section of A — E restricts to A — Ay, the
operator D is defined at the level of elements and not of sections. But we will need
to use the sections of the vector bundle A — A,,, for example when we consider it
as a Lie subalgebroid of A — F.

Definition 4.6. [17] Given a double vector bundle (A — E; A — M) with a
double vector subbundle A C A, a horizontal lift h : ['(A) — I'in(A, E) is called
adapted to A if for every section a € I'(A), the section h(a)|a,, € Tin(A, Anr).

Proposition 4.7. Let A be a double vector subbundle of A with side bundle Ay; and
core bundle K. Then there exists an operator

V:Tn(AE) —T(E"®C)
such that
(4.4) D(X)(u) = 7(Vu(X))  weT(Ay)

where m 1 C — C/K 1is the projection map. Moreover if we have two operators
Vi, Vy: Tin(A E) — T'(E* ® C) satisfying Equation (4.4) then

(Vi — V)X € T(AY, ® K).

Proof. Let h : T(A) — Tyn(A, E) be an adapted horizontal lift (for existence,
see [17]). Let X, € I';;n(A, E). Then the section h(a) —g X, is a core linear section
covering 0 € I'(A). This means that there exists T'(X,) € I'(Hom(FE, C)) such that

h(a) —E Xa = _ST(Xa)~
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We define the operator V : I'y, (A, E) — T'(E* ® C') characterized by
—Sv(x,) = h(a) —g X,.
Since h is adapted to the subbundle, we have that
ha) = X, —g Sv(x,) € T(A, Ay).

Then D(X,)(u) = (V4 (X,)) for all u € T'(Ayr). Now, suppose we have two adapted
horizontal lifts ~A; and hy and let V1 and V5 be the correspondent associated operator.
Then

hi(a)(u) = Xa(u) =5 Sv,).(xa) () for uw e T(Ap).

Then
Ay 3 (hi(a) —a ha(a))(v) = =Sv,-va).(x.) (1)

which means that (V; — V1), (X,) € I'(K). O

Remark 4.8. Let V : ' (A, E) — T'(E* ® C) be a connection associated to A,
and let f € C>°(M). Then

Vie(X) = fVe(X).

Hence, we will write the connection as V : I'(E) x 'y (A, E) — I'(C') when we
want to emphasize the C'*°(M)-linearity with respect to I'(E).

4.1.1 Linear distributions

Let A — M be a vector bundle and consider the prolonged tangent bundle

TA—— A

.

TM — M
with core bundle A — M.

Definition 4.9. A linear distribution A of A is a double vector subbundle of the
prolonged tangent bundle T'A. In particular, there exist vector subbundles A,; C
TM and C' C A such that

A——A

L

Ay —M

is a double vector bundle with core bundle C — M.

We will apply what we did for double vector subbundles of this particular case.
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Proposition 4.10. Let A — M be a vector bundle and let Ayy CTM and C C A
be vector subbundles. Then there is a one to one correspondence between

A C TA double vector subbundle with . D:T(A) — T((Ay)"®@ A/C) s.t.
side bundle Ay; and core bundle C Dy(fa) = fDy(a) + (L.f)m(a)
where w € T'(Ay).

Proof. Let D : I'yin(TA, TM) — T'(A},®A/C) be the operator associated to a linear
distribution A. Recall that the natural inclusion I'(A) 3 a — Ta € 'y, (T A, TM),
satisfies the property (see [32])

(4.5) T(fa) = (foq)Ta+ lasS,
Then define the map
D:T(A) — (A, @ A/C) D(a) = D(Ta).
It follows that
D(fa) = D(T'(fa))
D((foq)Ta+ LlasSa)

fD(Ta) + Lagmra(Sa)
= fD(a) + Lagm(a).

Conversely, giving an operator D : I'(A) — ['(A}, ® A/C), let D(Ta) := D(a). The
Leibniz rule implies that we can extend the map D to all linear sections of T'A over
TM. O

Remark 4.11. Proposition 4.10 can be obtained from [17], combining Proposition
5.5 and Lemma 5.6 therein. However, here the proof is different.

In [17] there is an operator
DA :T(A) — T'(AL, @ A/CO)
associated to a double vector subbundle A of T'A, defined as follows:
D*(a)(z, ") = m(Ly(a))

where ¥ : A — A is any linear vector field taking values on the distribution A,
covering x € I'(Ayy) and L, : I'(A) — I'(A) is the associated derivation to x. We
have another operator D : I'(A) — I'(A%, ® A/C) associated to A which is obtained
from the Proposition 4.10.

Proposition 4.12. We have that D = D?, where D : T'(A) — T(A}, ® A/C) is
the associated operator to A, obtained from the Proposition 4.10.
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Proof. For any choice of a linear section y : A — A we have

mra(x(a)) =0

where mp4 : TA — T A/A is the natural projection. Combining Propositions 4.4
and 4.10 we have D, (a) = —7(c,), where ¢, € A, is the core element such that

x(a) = Ta(u) +run (u,c).

Now we will prove that ¢ = L, (a). For this we shall see that x(a,) and Ta(u) +7a &,
where ¢ = (u,—L,(a),), are equal by checking that they act equally on functions
locally defined at a,. As usual, it suffices to consider pull-back functions f o ¢ for
f € C (M) and fiberwise linear functions £, for ¢ € I',o(A*). For the first type,
as

Tq(x(ap)) = Tq(Ta(u) +ru &) = u

it follows that they act equally on pull-back functions. For the second type, on one
hand, we have by definition,

<d£<p(ap>7 X(ap» = Lu(p,a)(p) — (¢(p), Lx(a)p>-

On the other hand, using that df, : A — T™A is a vector bundle morphism from
A — M to the tangent prolongation T*A — A* covering ¢ : M — A*, it follows
that

(dly(ap), Ta(u) +ru &) (dly(ap) +ax dly(0,), Ta(u) +1a §)
= (dly(ay), Ta(u)) + (dly(0,), &)
L.(p,a)(p) + (dly(0,),&).

The result follows now from the identity

<d£¢(0p>7 (ua C)> = <90(p>7 CP)a

as the identification Ty, A = T,M @ A, sees T,M as the tangent space to the zero
section and A, as the tangent space to the fiber ¢~!(p). ]

Let h:T'(A) — T (T A, TM) be an adapted horizontal lift to A, and let
V" Ty (TA, TM) — T(T*M @ A)

be the associated connection operator to A satisfying 7o V* = D. Since we have
Apg

a natural inclusion I'(A) < T, (T'A, T M), we define a new operator by
V:T(TM) x T(A) — T(A)  Vu(a) := V*(Ta)
Note that since the inclusion I'(A) < [';,,(T'A, T M) is not C*°(M )-linear we have

Vu(fa) = fVua+ (Lof)a,
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which means that V is actually a usual connection. By Proposition 4.12 we have

Wo% =D = D4,
Apy

Hence by Theorem 5.7 in [17], it follows that Vv is adapted to the distribution, that
is, that for every u € I'(Ap) the linear vector field X¢ : A — T'A corresponding

to the derivation V,, : T(A) — I'(A) is a section of the distribution A (see [17]).

Example 4.13. Involutive Distributions. Consider now a linear distribution
A C TA which is also involutive. In particular this means that A — A is a
VB-algebroid over A,; — M, which implies that Ay, — M has a Lie algebroid
structure, which in this case means that A, is an involutive distribution over M.
Let D : I'(A) — I'((Ap)* ® A/K) and let a € I'(K). Since K is the core bundle
of (A, A; Ay, M) it follows that a' € T4(A). By the involutive condition we have
[, TA(A)] CT4(A). Using Lemma 4.2 in [27], we get that

TQ}AM € Flin(A> AM)
Then h(a) = Ta — Sg, € Tin(A, Ay), so Vya € T(K) for all u € T(A). Hence

7(Vya) = 0, and therefore ]D)‘F(K) = 0. This allows us to define a map D : I'(Aj) x
I'A/K) — T'(A/K). Let s : T'(TM) — Xun(A) be the horizontal lift given by

s(u)(ap) = h(a)(uy) € T,A.
Consider the following linear vector fields on A: s(u)+ (Va(a)', s(v)+ (Vy(a))! and
s([u,v]) + (Vi (a)!, for u,v € T(Aps). Then
(4.6) [s(u) + (Va(@)', 5(0) + (Vo(@)'] = [s(u), 5(0)] + (Daguy (Vo) = Dyguy(Vua))’

The linear vector fields s([u, v]) + (ﬁ[u,v](a))T and (4.6) cover the same section [u, v],

so their difference is a linear core section k. But since the horizontal lift s is adapted
and [u,v] € I'(Ay), then k € I'(K). So

k + ﬁ[u,v]a = Ds(u)(ﬁva) — ]D)s(v)(%ua),

Then applying 7 to both sides, we get that the induced map D : T'(Ay ) xT'(A/K) —
['(A/K) is a flat Aj-connection. Then we recover the next result.

Proposition 4.14. [17,27] Let (A, A; Ay, M) be a linear distribution on A with core
bundle K. Then A is involutive if and only if Ay is involutive and the associated
map D : T(A) — T(A}, ® A/K) satisfies

1. D|pgy =0

2. The induced connection D : T'(Ay) x T'(A/K) — T'(A/K) is a flat Aps-
connection.
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4.1.2 Double vector subbundles of TTA & T*A

Let (£,U; A, M) be a double vector subbundle of (TA®T*A, TM & A*; A, M) with
core bundle K C A® T*M, and let

Ao TM
D:Din(TA® T A, TM & A*) — T(U* ® @T)

be the associated canonical operator. We characterize this double vector subbundles.

Proposition 4.15. Let A — M be a vector bundle and let U C TM & A* and
K C A® T*M be vector subbundles. Then there is a one to one correspondence
between double vector subbundles £ C T A®T*A with side bundle U and core bundle

K and operators
AeT*M

D : [(4) — DU ® ———)

satisfying the following Leibniz rule
Dy (fa) = fDy(a) + (Lara, (_adf).
Proof. Define the operator D : I'(4) — I(U* @ 420 by
D(a) := D(Ta, R,),

where Ta : TM — TA is the linear section associated to a : M — A, and
R, : A* — T*A is given by Equation (1.24). We only need to check the Leibniz
rule

D(fa) = D(T(fa), Risa)
= D(fTa+ lasSa, fRa + (—0Saf)
— D(fTa, fRa) + D(laySa, (—aSas)
= [fD(Ta,Ry) + mraer-a(lafSa, (—aSay)
fD(a) + (bara, l_.df).

[
Let h: T'(A) — I (TA®T*A, TM @& A*) be an adapted horizontal lift and let

V' i Tin(TAST*ATM ® A*) —T(TM ® A @ (A T*M)

be the associated connection operator with the property 7 o V| = D. Define now
U

the operator
V:I(TM ® A*) x T(A) — T(A® T*M)  Vaa:=V"(Ta,R,).

Note that 7o %’U =D.
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Proposition 4.16. The map V" : T(TM @ A*) x'(A) — T(ADT*M) is C=°(M)-
linear in the first coordinate and satisfies the following Leibniz rule with respect to
the second coordinate

Vh(fa) = fvh(a) + (Edfa’ E—adf)
Proof. Assume that the horizontal lift h is C°°(M)-linear. Then

h(fa) - fh(a) - f(TCL, Ra) - fSVh(a)
h(fa) = (T(fa), Rfa) — Svh(fa)

We know that

T(fa) = fTa+rwmlarSa
Rfa = fRy+a+ Lanf.

Then (T'(fa), Rfa) = f(Ta, Ry) + (CagSa, {—aSays), which implies that
Svn(fa) = [Svn(a) + (barSa; {—aSar)-

Hence
V' (fa) = fV"(a) + (bara, f_,df).

With respect to the first coordinate, for 7 € T'(TM @ A*),
—Svn o) = Wa)(f7) = (Ta, Ra)(f7) = fh(a)(7) = f(Ta, Ra)(T) = [Svna-
Therefore V" is C°°(M)-linear in the first argument. O

The following proposition connects this work with [26]. See Appendix for defini-
tion of Dorfman connections and for the proof of this proposition.

Proposition 4.17. There is one-to-one correspondence between horizontal lifts h :
I'A) — T(TA® T*A) and (TM @ A*)-Dorfman connection on A& T*M

A:T(TM ® A*) x T(A & T*M) — T(A & T*M)
via the relation
(@) Ay (0,0) = Vi a+ (0, d(€,0) + £,6).
Moreover, if (£,U; A, M) be a double vector subbundle of (TA®T*A, TM®A*; A, M)

with core bundle K C A@® T*M, then h is adapted to £ if and only if A is adapted
to L.
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4.2 Double vector subalgebroids

In this section we endow on a double vector subbundle a Lie algebroid structure,
and then we describe it in terms on an infinitesimal data. As before, we consider the
particular cases of subbundles of TA and of TA ¢ T*A.

Definition 4.18. [17]. Let (A, E; A, M) be a VB-algebroid. A double vector sub-
bundle (A, Ay A, M) is a VB-subalgebroid of A if A — Ay, is a Lie subalgebroid
of A — F.

Let (A, E; A, M) be a VB-algebroid with core bundle C' and let (A, A5 A, M) be
a VB-subalgebroid of A, with core bundle K. Since we are working with quotients,
we will show that the (linear) quotient A/A over A has a Lie algebroid structure
over E/Ays such that (A/A, E/Ayr; A, M) is a VB-algebroid with core bundle C'/ K.
The compatibility of the double linear structure on

AJA——= A

|

follows by the definition of double vector subbundle. Let h : T'(A) — Ty (A, E) be
an adapted horizontal lift. Define the horizontal lift

h:T(A) — Tw(A/A E/Ay) by h(a) := h(a).

Since h is adapted, h is well defined. With respect to core sections, for ¢ € I'(C//K),
the section Sz is defined by

Se: E/Ay — A/A Se(€) = S.(e)

Let us see that this is well defined. Let ¢; € ¢ and e; € € That means there exist
ke K and 6 € Ay such that ¢ =c+ &k and e; = e+ 4. Then

Sei(e1) = Serr(e+9)
= Oeys + (04‘—5)
= (0. +C)+ (05 + k)
= S.(e) + Sk(9).

Since Sk(d) € A/A follows that S, (e1) = Sc(e), which implies that the core section
is well defined. With respect to the bracket, we define

E(a)aﬁ(bﬂ = h[a7 b]

E(CL), SE:I — SV(})L(G)

[
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o [Ser, S = 0.
The anchor map p: E/A — TE/TA); is determined by

o 5(h(a)) = p(h(a)),
—_ Ry

e 7(S52) = 3(0)

which is well defined because A is a subalgebriod, h is adapted to A, and the map
0: E — C restrics to Ay — K. Therefore £/A — E/A has a Lie algebroid
structure, and hence it is a VB-algebroid over A. The projection map F': A — A/A
is now a morphism of Lie algebroids. Indeed, the compatibility with the anchor
follows by definition of 5. The core and linear sections of I'(A/A, E/A);) are induced
by core and linear sections of I'(A, E'), so the compatibility of the bracket follows by

e [h(a),h(b)] = h([a,b]) + Qup = h([a,b]) + Sq,,, and since h is adapted the
section €, € I'(Hom(Ay, K))

o [h(a), Se] = [Swp, o] = 57—

Hence the map F': A — A/A is a morphism of Lie algebroids.
Now dualizing A/A over A we obtain the VB-algebroid

A°——A

L

K°——M

with core bundle Af,, where we have identified (A/A)* ~ A° the annihilator of
A in A% (E/Ay)* = AY,, the annihilator of Ay, in E*; and (C/K)* = K°, the
annihilator of K in C*. Denote by F': A — A/A be the projection map and by

F:Axs AN —R

the natural pairing between A and A*:

F(a,n) = (F(a),n)a.

It is straightforward to check that if A is a Lie subalgebroid of A then F is a
morphism of Lie algebroid, where we are considering R equipped with the trivial Lie
algebroid structure.

Remember that we have canonically associated to a VB algebroid A the following
operators:

e A vector bundle map 0 : C' — E (see Equation (1.23))

e A flat connection V! : T'y;, (A, E) x T'(E*) — T(E*) (see Equation (1.21))
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e A flat connection V° : Ty, (A, E) x T'(C) — T'(C) (see Equation (1.22)).

Remark 4.19. Throughout this part, we use the notation V! instead (V')* for the
action of linear sections on I'(E*) to simplify the equations.

Since the map F : A@® A° — R is bilinear with respect to A, and also is a Lie
algebroid morphism we have the following result as a consequence of Theorem 2.28.

Proposition 4.20. Let (A, Ay A, M) be a Lie subalgebroid of (A, E; A, M) with
core bundle K. Then O(K) C Ay and there exists an operator

D: Flm(A, E) XT(A4) Fl,m(AO, KO) — (E* X C/K)
such that the following equations hold

(4.8) D(X,Y]) = X -D({)-Y -D(X)
(4.9) LoeD(X) = Vi, mele) — me(V,c0)
(4.10) ID(X)(e)) = (V&,)'mele) —me((Vy)%e)

where the action is B
(x D)y = Lox, x)F (Y1,Y2)
for X = (X1,Xy), Y = (Y1,Y2) € Tiin(A, E) xpa) Lin(A°, K°), and the map 0 :
C/K — E/Ay is the quotient map.
From the previous section, there is a correspondence between double vector sub-

bundles and certain operators. As our goal is to describe VB-subalgebroids, we will
rewrite Proposition 4.20 in terms of the operator D associated to A.

Let V : I'in(A, E) — I'(Hom(E, C)) be the associated connection to the double
vector subbundle A, after the choice of an horizontal lift h : I'(A) — T (A, E).
Since A is a VB-algebroid, the linear sections are closed by the Lie bracket, so there
exists a section Q € I'(A2A) @ T'(Hom(E, C)) such that

Qap = h(la, b)) = [h(a), h(D)]
and since the horizontal lift is adapted follows that Q € T'(A%?A) @ T'(Hom (A, K)).
Let X4, Xp € T'in(A, E). By definition we have

Svy, = hla) - X,

Svy, = h(b) —Xp
= h(la, b]) = [Xa, Xe].

Vixa,xy]
On the other hand
[h<a>7 h(b)] = [Xa + SVXa ) Xy + SVXb]
- [XGJ Xb] + [XGJ SVXb] + [SVXaaXb] + [SVXaa Sbe]
e [Xa7 Xb] + S(V()){GOVXb—VXbOV&a) + S(VXaOV}Xb_V())(bOVXa)

(ano o oVXb—VXbo o OVX@) .
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Then
Qa,b = V[Xa,Xz,] - (vg(a © va - va © V}Xa) - (VXa © Vﬁ(h B vOXb © VXG)
— (VXGO 0 Ova—VXbO 0 OVX,I)
= Vix.x) — Vx.(Vk, +0 oVx,)+Vy,(Vk, +0 oVy,)
—-V%, o Vx, + V%, o Vx,
Therefore, taking u € I'(Ayy)
T(Vix, x, u) = W(VXG(Vﬁ(b +0 oVyx,)u) —n(Vx,(Vk, +0 oVx,)u)
+7(V%, o Vx,u) — m(VY, 0 Vx,u)
Then, the equation for D is
D([X.Y]) = 7(Vx(Vx, +0 oVy)u) = m(Vy(Vx +9 o Vx)u)
+7(V% 0 Vyu) — n(VY o Vxu).
We state now the main theorem of this chapter.

Theorem 4.21. Let (A, E; A, M) be a VB-algebroid with core bundle C, and let
(A, Ap; A, M) be a double vector subbundle with core bundle K and let

V :Tun(A E) — T(Hom(E,C))

be a connection associated to A. Then A — Ay is a Lie subalgebroid of A — E
if and only if the following equations hold

(4.11) AK) A
(4.12) eD(X) = —a(Vke) ceK

(4.13) ID(X)(u)) = —mp(Viu)

(4.14) DJ(X.,Y]) = 7(Vviio ovrywX) = T(V(vL 1o ovx)wY)

+7 (V% o V,Y) — (VY 0V, X)
where 0 : C/K — E/Ay is the quotient map.
Proof. We only need to check the converse. Taking D = 7o V‘ , it defines a
double vector subbundle A C A. We will prove A — A, is a Lie subalgebrmd of
A — E. The anchor par : A — TAj; has to be the restriction of the anchor p4
to A. Let k € ['(K). Then pa(Sk) = d(k)" € X(E). So
O(k)T € X(Ay) <= 0(k) € T(Ay) <= I(K) C Ay
Consider now a linear section given by X + Sy(x) € ['(A, Ayr). Then
pa(X + Svix) € X(Am) <= 7e(pa(X)(w)) + 72(Svx))(u) =0

— mp(Viu) + 15(0(Vl(X))) =0

— —m5(Viu) = 0(r(V.(X)))
— —7mp(Viu) = (D, (X))
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Now we check the Lie bracket conditions. Since K C C follows that [Sk,, Sk, = 0
for all ky, ko € I'(K). For linear and core sections we have

[X + Sv(x), Sk] = [X, Si] + [Sv(x), Skl = Svok + Sv(x)onok
Then [X + Sv(x), Sk| € Teor(A, Ang) if and only if

Vik+V(X)odok e (K) <= —n(Vik)=n(V(X)odok)
<~ —W(Voxk) = La(k)D(X).

For two linear sections

[X + SVX7Y + SVy] - [X, Y] + [X’ SVY] + [vavy] + [SVX7 SVY]

= [X,Y]+S( +S(V

vg(ov(y)—V(Y)ovk) (X)oV%,—V?,oV(X))

+ S(V(X)o 9 oV (Y)=V(Y)o 8 oV(X))
Then [X + Sy,,Y + Sv,] € I'in(A, Ayy) if and only if
V(X.Y]) = VgL 1o ovir)(X) + Vvt 10 ovxn(Y) — Vi oV(Y) 4V} o V(X)

is in I'(Hom (A, K)), if and only if, equation (4.14) holds. ]

Example 4.22. Linear subalgebroids of T'A. Consider the tangent VB-algebroid
(TA,TM;A,M). Recall that we have a natural inclusion I'(A) in Ty, (T'A, TM):
a — Ta. Hence we can rewrite the canonical connections in terms of sections of

['(A):
o VV:T(A) x I'(A) — T'(A) is given by

Vab = [a, 1]

o VI:T(A) xI'(TM) — T'(TM) is given by

Note now that these connections are not flat. And in this context the core anchor
map is 0 = p: A — TM. Recall the operator D : I'(A) — I'((An)* ® A/C) and
the connection V : T'(TM) x I'(A) —s T'(A) defined in Subsection 4.1.1. Recall the
basic connection associated to a T'M-connection on A (see Example 2.5 in [17]):

yhas . ['(A) x T'(A) — T(A) Vsasb = [a, b] + %p(b)a
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Then the equation for D reads

Du(la:bl) = 7V, 0)utpa@any® =7V
+7([a, Vb)) — 7([b, Vya))
= 7V, @+ (0. Vb)) = 7(V, . b+ [b Vaa])
+7(Vipa )10 = Vipao)ud)
= m(VE(Vub)) — 7(Vy™(V.a)) + 7(Vip, )@ — Vipa)ab)
= VD (b) — Vy*Du(a) + 7(Vipawag@ = Vip,)ab)

[pa(a),ul+pa (%ua) b)

where VP is the A-connection on the quotient A /C' given by
Vesn(b) = w(la,b] + V,,ma) = 7(V2D).

Therefore, the equations of Theorem 4.21 in this case are

e palK) S Aum

e D) = —m([a,b])

o 2(Dua)) = —mru([pala),ul)

o Dy(a,b]) = Ve"Du(b) = V3" Dala) + 7(Vipe))@ — Vip(a)ub)

which recover the Theorem 5.17 in [17]. And in the case when Ay = T'M, we have
that 7oV =D =D for all u € I'(T'M), and observing that we can rewrite the basic
connection by VE®b = 7([a,b]) + D,, 4 (a), then the equation for D is

Dy([a,b]) = @EaSDU(b) - ﬁgasDU(a) + Do),y (@) = Do) u (b)-
Then, together with the equation

toa)D(a) = —m([a, b])

we get a Spencer operator relative to m, which is the infinitesimal description of wide
multiplicative distribution given in [14].

Example 4.23. Linear subalgebroids of TA @& T*A. Let £ — U be a double
vector subbundle of
TA®T*A——A

L

TM & A* —— M

with core bundle K € A@ T"M. Let D : I'(4) — I'U* ® (A& T"M)/K) and
V:I'(TM @& A*) x I'(A) — T'(A @ T*M) such that 7o V‘U = D (see Subsection
4.1.2). The structure maps of the VB-algebroid (TTA & T*A, TM & A*; A, M) are:
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© 0= (pa,ph) AGT*M — TM & A*.
o VO :T(A) x T(A®T*M) — T'(A® T*M) is given by
Va(b,0) = ([a,b], Lo @)
o V!:T(A) x [(TM & A*) — T(TM & A*) is given by
Va(X, @) = ([p(a), X], Lea)

where we used the inclusion I'(A) 3 a — (Ta,R,) € Ti(TAS T*A, TM @& A*).
Then Theorem 4.21 applied to this case is:

Theorem 4.24. Let (£,U; A, M) be a double vector subbundle of (TA®T*A, TM &
A*: A, M) with core bundle K C A® T*M, and let V : T(TM @& A*) x ['(A) —
[(A @ T*M) be the associated connection operator (after a choice of an adapted
horizontal lift). Then £ — U is a subalgebroid of TA® T*A — TM @ A* if and
only if the following equations hold:

(4.15) (PA,,OA)(K) c U

(4.16) L(pa(b),p7 (0 (a) = _W(v(;(ba 0)) for (b,0) € K
(4.17) (pa, ) (D Xa)(a)) = —m(Vi(X,a))

(4.18) Dixa)([a,b]) = T(V(v1(x.a)+0ani)(Vix.b)®)

—T(V(91(X.0) (40 (V (x.0y0)) D)
+7T(V2 o V(X@)b) — W(Vg o V(X@)a).

Now we connect this result with Theorem 5.9 in [26]. Given an operator V :
D(TM @ A*) xT'(A) — T'(A® T*M) define two basic connections (see Proposition
5.1 in [26))

o Vb3 D(A) x T(TM @ A*) — I'(TM & A*), given by
(VY)a(X, ) = (p, ) (Vixaa) + Vi(X,a)
o Vb D(A) xT(A®T*M) — I'(A@ T*M), given by
(V5)a(b,0) = Vi py0ya + VO(b, 6).
For (b,0) € I'(K') we have

(VP*),(b,0) € DI(K) Vippmoya+ VOb,0) € T(K)

(Vi) y@) = —1(Vo(b,0))
Lpp oy D(a) = —m (Vo (b, 6))

t ¢
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For (X, ) € I'(U) we have

(V2)u(X,a) € T(U) & (p,p)(Vixwa) + Vi(X,a) € T(U)
< mu((p, )(V(Xa a)) = —my(Ve(X, a))
& (pa, ) (Dixa(a) = =1 (Va(X, @)

where we used 7y o (p, p*) = (p,p*) o7
The basic curvature (see Proposition 5.4 in [26]) is an operator

R" € Q*(A,Hom(TM © A*, A® T*M))
given by
Rba-s(a7 b) (X, Oé) - —ﬁ(x,a) [a, b]—FVg(%(X’a) b)_Vg(6(){7&)&)‘l‘%vlgas(xva)a_%vgas(xpé)b.

Then for (X, a) € T'(U) we have that R (a,b)(X,«) € ['(K) if and only if

T(Vixmla, b)) = +m(V, ( b)) = T1(Vi(Vixma)) + T(V (wbas), (x,0))
(T operaxard)
= +m(V (V(X a)b)) - W(Vg(ﬁ(X,a)a)) - 7T(6(p,p*)(%(X,a)awv}l(x,a)b)
+7T(V N ey h) 7 (X))

Therefore our Theorem 4.24 is equivalent to Theorem 5.9 in [26].

4.2.1 Infinitesimal-global correspondence

Let £ = E be a VB-groupoid over G = M with core bundle C', and let H = H be
a VB-subgroupoid of £ with core bundle K (see Example 1.24).

Lemma 4.25. The Lie algebroid Ay — H of H is a VB-subalgebroid of Ag.

Proof. Since H is a Lie subgroupoid of £, it follows that Ay is a Lie subalgebroid of
Ag. Moreover, since H = H is a VB-groupoid over G, then by Corollary 4.1.2 in [§]
Ay — H is a VB-algebroid over A. Hence Ay is a VB-subalgebroid of Ag. O

To integrate IM-subbundles we need first two results from [8]:

Theorem 4.3.4. Let A — E be a VB-algebroid over A — M, so that A — E
is integrable. Then its source-simply-connected integration €& = E carries a VB-
groupoid over the source-simply-connected Lie groupoid G = M integrating A — M,

E——¢G

I

E—M
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uniquely determined by the property that its differentiation is the given VB-algebroid.

Corollary 4.3.7. Let Ay be a VB-subalgebroid of Ay defining, at level of basic
algebroids, a Lie subalgebroid (A; — M) — (Ay — Ms). Fori=1,2, let & and
G; be source-simply-connected integrations of A; and A;, respectively. Then & is a
VB-subgroupoid of & provided Gy is a Lie subgroupoid of Gs.

Now applying Theorem 4.21 combined with the previous two results we get the
following infinitesimal-global correspondence.

Theorem 4.26. Let £ = E be a VB-groupoid over a source 1-connected Lie groupoid
G = M. Then there is one-to-one correspondence between VB-subgroupoids H = H
of € and operators D : Ty, (As, ) — I'(H* @ C/K) satisfying Equations (4.11)-
(4.14).

4.3 IM-Dirac structures

In this section, we apply what we did before to the particular case of IM-Dirac
structures on a Lie algebroid A, that means, we describe double vector bundles

£——A

|

U——M

whit core bundle K such that £ — U is a Lie subalgebroid of TA & T*A —
TM® A*, £ — Ais a Dirac structure. First we study only the case when £ — A
is a Dirac structure, providing a description in terms of U and K. Then we combine
with the previous section to include the Lie subalgebroid condition. As examples,
we consider the cases of closed linear 2-forms, Poisson structures and involutive
distributions.

4.3.1 Dirac structures

Let (q: A — M,[,+],p) be a Lie algebroid, and consider the VB-algebroid

TAGT"A——A

|

TM & A* —— M

with core bundle AGT* M, and where the map Tq = (T'q, P»), where P, : T*A — A*
is the cotangent prolongation.
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The Courant-Dorfman bracket of two sections (X, ), (Y,5) € T4(TA @ T*A)
(see [6]) is
[(X, ), (Y, B)] = ([X, Y], Lx B — iyda)
If XY € X(A) are linear vector fields, and a,3 € Q'(A) are linear forms, then
(X, a) and (Y, ) are linear sections, as well as their Courant-Dorfman bracket. Let
(u,m), (v,€) € I(T'M & A*) and let (X,a), (Y,B) € Ta(TA& T*A) be any linear
sections projectable to (u,n), (v,§), respectively. This means

X—a, a—a, Y ——a, g—a
T T
—D n p V——>D [

Define a bracket in T'(T'M & A*) by:
[(u, ), (v,€)] = Tq([(X, @), (Y, B)]).

This bracket is well defined. Indeed if (Y, 3) is another linear section covering (v, £),
there exists a core linear section v' such that (Y ﬁ) (Y,8) + v!. Then

[(X,0), (Y, B)] = [(X,), (Y, )] + [(X,),+],

and the bracket [(X,a), '] is a core linear section in TA @ T*A over A, then it
projects over 0 € TM & A*, and then

TQ([[(Xv a)v (Y, ﬁ)]]) = TQ<[[(X> O‘)? (Ya 5)]]) + ?FQ([[(Xv Oé), VT]])/ = TQ([KX? a)v (Yv ﬁ)]])y
=0
and hence, the bracket in I'(TM @ A*) is well defined.

Since u ~, X and v ~, Y then [u,v] ~, [X,Y]. So the first component of the
bracket [(u,n), (v,&)] is [u,v] € I(T'M). In order to describe the second component
Py(Lxf — tyda) € A* we need a little more work.

Let h : T(A) — Ty (TA @ T*A, TM @& A*) be a horizontal lift and let V" :
[(TM & A*) x T'(A) — I'(A @ T* M) the connection operator such that

M(@)(u,n) = (Ta(u), Ru(n) = Se_(u,1).
We define A, : I'(A) — I'(A) by
Awna = PA<V(u @),

where Py : A® T*M — A is the projection over A. The map A, is a derivation
over u:

A(U,n)(fa) = PA(vhun (fa))
= PA(fV(M, a+ (LapSp, —adf))
= fPrA(V(m7 a)+ Lyfa
= fAwunpa+ Lyfa
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Consider oy, : '(TM @ A*) — T'iy(TA®T*A, A) the horizontal lift of the horizontal
linear structure of (TA® T*A, TM & A*; M, A) associated to h:

an(u,n)(ap) = ha)(up,np) = (Ta(u), Ra(n)) = Svp, o(u,n)
and write oy (u,n) = (X, @) and op(v, &) = (Y, 5). Then

X(ap) = Prra(on(u,n)(ap)) = Prra((Ta(u), Ra(n)) = Svn - o(u,1))

- Ta(up) + PrTA( V? ) a(U7 77))

= Ta(u,) + (O+PrA( V?uma))
) +

= Ta(u, \ o(ap = rPra(Vi, ya))
d

= Ta(uy,) + %‘T:O(% - 70A(um)a)

= A(“ﬂ?)a(&p>

Now we calculate Py(Lx 3 — tyda). For b € T(A) we have
(Po(Lx = tyda),b) = (Lxf — tyda,b') = (Lx,01) — (tyda, bT).
The first term is equal to
(Lxf —tyda,b') = Lx(B,0") — (B8, [X,bT]).
The function (3, b") is basic:
(B.:6) (ap) = (Blap), b (ap)) = (P2(B(ay)). b(p)) = (£(p), b(p))-

Hence Lx(B,b") = ¢*L,(£,b) because X is a linear vector field. Following Lemma
B.2 in [26], we have (8, [X,b']) = (£, (A@b)T). Therefore

(LxB,0") = q"(Lu(€: D) — (& (Dpnd)")-
The term (1yda, b') is equal to
(tyda, bT) = Ly (o, b7). — Ly (a,Y) — (o, [V, bT]).

As before, we have Ly (a, bT) = ¢*(L,(n, b)). Write Ly {a, V) = (Lyra, Y)+(a, b1, Y]).
Using again Lemma B.2 in [26], we get

Ly = _q*(PT*M(V?u,n)b))>

where Ppiyr : A@T*M — T*M is the projection on the second component. Hence
we have

<6YdaabT> = q*(£v<777b>>+<q*(PT*M(v?u,n)b))>Y> = q*(£v<n>b>+<PT*M<V?u,n)b)>U>>a
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and then
(P(LxB —yda),b) = L,(&b) — (&, PrA(V?u,n)b)>
—L,(n,b) — <PT*M(v?u,n)b)v v)
= Lu(&b) = Lu(n,0) = {(v,€), V{,mb)-
Therefore, the bracket in I'(T'M @& A*) is equal to
(4.19)  ([(u,n), (v,€)]n: (5,0)) = ([, v],0) + Lu(&,b) — Lu(n,b) = {(v,€), V{ypb)-

Theorem 4.27. The triple (T'M & A*, Pry, [+, -]n) is a Dull algebroid (see [20],
Definition 2.2). Moreover, if we denote by A" the (TM @ A*)-Dorfman connection
on A® T*M associated to h, then [-, ], = [+, ]an

Proof. Remember that the Dorfman connection associated to A is
Then

([Cu ), (0, )1an, (0,6)) =

m
Proposition 4.28. Let (X, a) = o4(u,n) € ['yn(L£, A) for (u,n) € T'(U). Then for a
(b,0) e (A T*M)
(4.20) [(X,a), (07, ¢"0)] = (V{ub)" + (0,¢" (L0 + d(n, ))).
In particular, if T'(£, A) is closed by the Courant-Dorfman bracket, then
Vi + (0, L£,0 + din,b)) €T(K) for all (b0) € I(K).
Proof. Recall that
[X7 bT] = (A(Uﬂl)b)T = (PA(v?u,n)b)>T
Also we have that
Lxq*0 — vpda = ¢"(Lu0 + Preps(VE, 0b) + d(n, b))
Therefore
= (Vi)' +(0,¢° (ﬁu9 + d(n,b>))-

Hence, if (b, ) € T'(K) and £ is closed by the bracket, then [(X, «), (b, ¢*0)] is a core
linear section of £ over A, which implies that V?um)b—l— (0, L,0+d(n,b)) e (K). O



96 CHAPTER 4

With respect to the pairing, if (b,0) € T'(A @ T*M), then

)
(X, ), (b1,q°0)) = (¢°0,X)+ (b, )

(70 44 04, X) + (" +4- 0,0)
= (0,u) + (b;m).

Proposition 4.29. £ is Langrangian if and only if K° = U and the bracket defined
in D(TM & A*) is skew-symmetric for every (u,n), (v,&) € I'(U).

Proof. Let (b,0) € I'(K) and take (u,n) € I'(TM & A*). Consider a linear section
(X, ) e TA(TA®T*A) covering (u,n). Then

((b,0), (u,m)) =0 & ((X,n), (bTa q'0)) = 0.

Since (b,0) € T'(K), the section (b',q*0) € Teor(TA & T*A, A). If (X,a) € T'(L)
and £ is Lagrangian then ((X,n), (b",¢*0)) = 0. But then ((b,0), (u,n)) = 0 with
(u,n) € I'(U). Hence U C K°. Moreover, since £ is Langrangian we have (T'A ®
T*A/£)* ~ £° = £ and the following double vector bundle

g——A

L

K°——M

with core bundle U°. So, doing what we did before, interchanging U by K° and K
by U°, it follows that K° C U. Therefore K° = U. Now take (u,n), (v,§) € I'(U)
and let (X, ), (Y,5) € I'4(£) any linear sections projectable to (u,n), (v,£). Then

[(Ua 5)7 (u777)] = ([U’ u]a PQ(EYO‘ - ”Xdﬁ))'

We have [v,u] = —[u, v]. For the second component we have

(Po(Lya —ixdB),b) = (Lya —uxdB,b')
= (Lya—Lxf—d(3,X),b")
= <£ya — ﬁXﬁ, bT) < <B> X> >

and in the other hand

(Py(Lx B — tyda),b) = (Lxf — tyda,b’)
= (LxB— Ly«q, b+ (d{a,Y), bT>

Then the second component is skew-symmetric if and only if
—((Lya— LxB,b") +(d(B, X),b1)) = (LxB — Lya,b") + (d{a,Y),bT),
if and only if
Ly (0, X) = =Lyp(e,Y) = Lp((f, X) + (a,Y)) = 0.
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Then if £ is Lagrangian, (3, X) + (a,Y) = 0. Hence the bracket in two elements
of I'(U) is skew-symmetric. Conversaly, if the bracket of two elements of I'(U) is
skew-symmetric then (3, X) + (a,Y) = 0 for all linear sections in I'(£). For linear
and core sections, we have

<(X> O‘)» (bTv q*e» = <97u> + <77> b) = 0.

And for two core section

<(aT7 q*w>’ (bTv q*0> = ((p, p*)(a,w), (b7 9)> =0

because (p, p*)(K) C U. Therefore, £ C £°. Now if we dualize the double vector
bundle (TA® T*A)/£ over A we get a double vector bundle £° with side bundle
U and core bundle U°. Hence we have two double vector bundles over A with the

same side and core bundle. This means that the dimension (over A) is the same.
Therefore £ = £°. O

Remark 4.30. This proposition can be found in [26], Theorem 4.15, (2), with a
different proof.

Lemma 4.31. If the sections of £ are closed with respect to the Courant bracket
then £ — A is a VB-algebroid over U — M. In particular, U — M inherits a
Lie algebroid structure.

Proof. If [I'(£),T'(£)] € I'(£) then with this bracket £ — A is a Lie algebroid. If
(X,a), (Y,B) € Ta(L) are linear sections then [(X, a), (Y, )] is linear. If (b,0) €
[(K) then

[(X,0),(6,0)'] = [(X ), (0", q0)]
= ([X bT] EXq 0 — LdeOz)
(V¢

where (u,n) = T(¢)(X, @), which means that [[i,(£), [eor(£)] € Feor(£). For two
core sections (a,#), (b,w) € I'(K) we have

[(a, q°0), (", ¢"w)] = ([a",b"), Larq"w — 1 d(q70)) =

Then £ — A is a VB-algebroid over U — M. O

Now we can characterize Dirac structures on a Lie algebroid A.

Theorem 4.32. Let £ CTA®T*A be a double vector subbundle. Let h : T'(A) —
Cin(TAST*A, TM & A*) be an adapted horizontal lift. Then £ is a Dirac structure
if and only if K° =U and (U — M, PTM|U, [-,-]n) is a Lie algebroid.
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Proof. The Lagrangian condition follows by Theorem 4.29, and by the previous
lemma, I'(£) being closed by the Courant-Dorfman bracket implies that (U —

M, PTM‘U, [-,-]n) is a Lie algebroid. Hence, it remains to prove that (U — M, PTM’U, [, ]n)
Lie algebroid together K = U° imply £ is closed by the bracket:

(4.21) [X,Y] e T(g,A)

Note that we only need to check equation 4.21 for linear an core sections. If X , Y
are core sections, then its Courant-Dorfman bracket is 0. If X = (X, a) = ox(u,n),
and Y = (b7, ¢*0), for (u,n) € T(U) and (b,0) € I'(K), then

[on(u,m), (0, )] = (Vi) + (04" (L8 + {1, 5))).

We claim that V(un b+ (0,L,0+d(n, b)) € T(K). Indeed, since U is a Lie algebroid
and since K = U° then

0 = {[(u,n), (v, S)]h,(b 9))

= ([u, 0], 0) + Lu(b, &) — Lufb,n) = ((v,€), Viuyb)

= Lu{0,0) = (v, L.0) + Lu(b,€) = (v, d(b,n) = ((v,€), VD)
= Lo {(v,8). (5,0) —(v, L0 +d{b,n) — {(v,€), V()
NSRRI/

=0

= —((0,€), Vb + (0, L0 +d(n,b))).

Hence V{,, b+ (0, £,0 +d(n,b)) € T(K). So
[on(u, ), (07, ¢*0)] = (V{,b)" + (0, (L0 + d(n, b)) € T(L, A).

Finally, we need to check the Equation 4.21 for linear sections. Let now Y = (Y, 5) =
on(v,€). By Theorem 4.9 in [26] we have

[[Uh(uv 77)7 Jh(va 5)]] = Jh([(“? 77)7 (Uv 6)]) - SRA((UW),(”@)(':O)

where Ry is the curvature of the Dorfman connection A associated to the horizontal
lift 4 (see Definition 3.3 in [26]). Since op([(u,n), (v,§)]) € T'(£, A) it is enough to
prove that Sg, (un),(v.e)0) 15 a section of £ over A, which is the same that proving
RA(( n), (v,€))(-,0) € T'(Hom(A, K)). Let w = (w,d) € T'(U), a € T'(A), and set
u= (u n) and v = (v,§). Then using Proposition 3.4 in [26] we have

<R/\(a7 U)(a 0) > <[[ Thv ]h + [[57 @]hﬂﬂh + Hﬂ;?u h’ﬂfw (CL, 0)) =0

because U is a Lie algebroid. Hence (4.21) is satisfied by linear sections. Therefore
Equation 4.21 holds for all sections in I'(£, A), and together with the Lagrangian
condition, it follows that £ is a Dirac structure. O

Remark 4.33. One can see Theorem 4.15 together with Corollary 4.16 in [26] for a
different proof of this result.
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4.3.2 IM-Dirac structures

An IM-Dirac structure on a Lie algebroid A is a Dirac structure £ over A, such that
it is a Lie subalgebroid of TA & T*A — TM @& A*. Combining the description
of subalgebroids with the description of Dirac structures, we get an infinitesimal
description of multiplicative Dirac structures.

Theorem 4.34. Let £ CTA®T*A be a double vector subbundle. Let h :T'(A) —
Cun(TA®T*A, TM & A*) be an adapted horizontal lift. Then £ is an IM-Dirac
structure if and only if K =U°, (U — M, PTM|U, [-,-]n) is a Lie algebroid, and

(4.22) (pas pa)(K) € U
(4.23) Loaty o @D(a) = —m(Va(b,0))  for (b,0) € K
(4.24) Dy ([a;8]) = 7V (@2 wm) 40403 (T ) @)

_W(V(V}z(uvn)"'(pAypZ)(v(u,n)a))b)
+1(Va 0 Viumb) — 7(V 0 Viuya).

Remark 4.35. This theorem is equivalent to Theorem 5.10 in [26].

A multiplicative Dirac structure on a Lie groupoid G is a Dirac structure © such
that it is a Lie subgroupoid of TG & T*G. It was proven in [36] (Theorem 5.1) that
every multiplicative Dirac structure on G induces an IM-Dirac structure on A. More-
over when G is source simply connected this is a one-to-one correspondence. Hence
using this result and combining with Theorem 4.34, Theorem 4.3.4 and Corollary
4.3.7 in [7], we have proven

Proposition 4.36. If G is source simply connected, there is a one-to-one correspon-
dence between multiplicative Dirac structure ® on G and subbundles U C TM & A*
whit an operator D : T'(A) — I'(U* ® U*) such that (U — M, Pry, [+, ¢]n) is Lie
algebroid, and such that Equations (4.22), (4.23) and (4.24) hold.

Example 4.37. Closed 2-forms. Let w € Q?(A) be a closed 2-form on A, and let
wh: TA — T*A be the map given by

W(X) =ixw for X € TA.

We know that the graph of w, graph(w®) = {(X,ixw) : X € TA} CTA®T*Ais
a Dirac structure on A. Assume too that w is linear, i.e., it is a vector bundle map

TA—“ A

|

TM —— A*
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over some linear map r : T'M — A* covering the identity of M. We will proof in a
different way, using Theorem 4.32, that graph(w*) is a Dirac structure.
Since w® is also linear over A we get that w! is a morphism of double vector
bundles. Define
£, = graph(w®) = {(X,ixw) : X € TA}.

Since w* is a morphism of double vector bundles, it follows that £, is a double vector
subbundle of TA & T* A, and therefore it defines a double vector bundle

L,—A

|

U——M

with core bundle K — M. Now we will describe who are U and K. Denote by
Pr=(TqPR) : TA®T*A — TM @& A* the left vertical vector bundle map of
the double vector bundle (TA & T*A, TM & A*; A, M), where ¢ : A — M and
Py : T*A — A*. We know that U = Pr(£,). Let

TA> T ([, T*A > ixw—>c\L
Tq(X)=u—>p Py(ixw) —=p
and let b € I'(A). Then
<P2(ixw), b> = <in> Oa +7rm B> = W(Xa Oa +1rm B)

= w(X +7u 04,04 +7ar b) = w(X,0,) + w(0,,b)
= (r(u),b).

Therefore

U = graph(r) = {(u,r(u)) : uwe TM}.
The core bundle is K = Ker(Prg,) N Ker(r) CA® T M. If (a,0) € K, then

.

with izw = 0 (because (@,0) € £,). Let X € TA with projections v € TM and
0 € A. Then

_—). o ——

)

O=——29|

_n |\)—

(lgw, X) = w(a@,X)=—-w(X,a)
—w(X,0+ry @) = —(r(u),a)

= (u,—r"(a))
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which means that T@L) = igw. Defining 0 : A — T*M as 0 = —r! we get that
K = graph(o) = {(a,0(a)) : a € A}.
And follows that K° = U:
((a,0(a)), (u,r(u))) = {a,r(u)) + (o(a),u) = (a,r(u)) = {a,r(u)) =0
Proposition 4.38. There is a canonical inclusion T'(A) — Ty, (L,U).

Proof. We look for a map h(a) : U = graph(r) — £, = graph(w*). Let u € T'(T'M).
We want h(a)(u,7(uw)) = (Ta(u), u(r(u))) such that tpewyw = p(r(u)). The elements
Ta(u), Ro(r(u)), tra@w have projections

Ta(u) —=a, Ri(r(u))—=a, (iroquw—a.
T T O N
U——"—p r(u) —p r(u) ——p

Then
Q= tpgw —ar Ra(r(u)) —

0
| |
r(u) P

which means that ® = 0,(,) +4 @ where ¢ € Q*(M). On one hand we have

(@, 70(y)) = (Orw) +4 7, T0(y)) = (a,y) Yy € TM.
On the other hand

<®7T0(y)> = <LTa(u)W A RQ(T(U
{tra@w, Taly)) — (Ra(r(u)), Ta(y)
= w(Ta(u),Ta(y))

= a'w(u,y).

~—
~—
~
Q
—
<
~—
|
~
Q
—~
~
S~—
~—

Since w is closed then w = (7%)*wean (see Example 2.6 in [7]), where wea, € Q*(T*M)
is the canonical symplectic form. Using that we., = —dfc.n, Where .., is the tau-
tological 1-form on T*M and the property A\*6 = X for every A € Q'(M), it follows
that

a*w = a*((r")* (Wean)) = a*(d0*0can) = d((0 0 a)*Ocan) = d(o(a)).

Hence ¢ = do(a)(u). Therefore
h(a)(u,n) = (Ta(u), Ra(n) +4+ Sao(a)w) (1)) = (Ta(u), Ra(n)) = (0, S-ds(a)(w) (14, 7))

is an adapted horizontal lift. n
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The bracket on I'(U) is: let (u,r(u)), (v.r(v)) € T'(U), and (b,0) € T'(A @ T*M)

we have

([(u, r(w)), (v, r(v))], (b,6)) = <[ ], >+£ (T(v),b> Lo(r(u), b)

= <[ ], )+ ( (v)7b> Lo(r(u),b)
+((v, r(v)), ( (6))(w))
= ([w,v],0) + Lu(r(v),b) = Lo(r(u),b)
+Lu(v, o (b )> Ly(u,a(b)) = (a(b), [u, v])
= ([u,v],0) + Lu(r(v), b) =

vl
—Lu(r(v),b) + Lo(r(u),b) + (r( w]), b)
= (([u, v, ([, v])), (b,0)),

which implies that [(u,r(w)), (v,7(v))]n = ([u,v],7([u,v])). Hence, this bracket is
skew symmetric for sections of U, and together with the condition K° = U, follow
that £, is a Lagrangian subbundle. Moreover, since the bracket is closed for sections
of U, we have that U — M is a Lie algebroid, and therefore, Theorem 4.32 holds,
and we get in another way the known result that £, is a Dirac structure.

Remark 4.39. We can identify U ~ T'M and K ~ A, and then we get, naturally,
that K° = U and that U is a Lie algebroid.

Suppose now that conditions (4.22), (4.23) and (4.24) are also satisfied. We will
work little more on these equations. The first one says (p, p*)(K) C U. So, for
(a,0(a)), (b,o(b)) € I'(K) we have

{(p, p*)(a,0(a)), (b,0(b))) = (p(a),o(b)) + {p"(o(a))
= )

which means that (p, p*)(K) C U if and only if

(4.25) Lp(@)T(b) = —tomyo(a).

Before to analyze the other two equations, we need to know whois 7 : A@T*M —

AYTM and D. Using K° = U we get

A®T*M

~ (K" ~U*"~T*"M.
LIS

So for (a,0) € A® T*M and (u,r(u)) € U

(m(a,0), (u,r(w)) = ((a,0), (u,r(u))) = (0,u) + {a,r(u))
= (0,w) = (o(a),u) = (0 = o(a),u).
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Therefore we can write 7(a,0) = 6 — o(a). For D remember that it satisfies D =

o Vh}U. Then
Dt (@) = (0, —do(a)(w) = —do(a)(u).
Hence the left side of Equation (4.23) is
(D(a), (p, ) (b, 5(5))) = —(da(a), (p(b), p" (7(1)))) = —tyyder(a).
The right side is
(0. B, £y (8)) = —(Lyayo() — o([a,b]).
Therefore, Equation (4.23) is satisfied if and only if
(4.26) o([a,b]) = Lyayo(b) = tpmdo(a).
Finally, for the last equation, recall the following operators
VO D(A) X T(A @ T M) — TAG T M), V(b,6) = (4,6} £yw)?).

and

VI T(A) xT(TM @ AY) — T(TM @ A*), Vi(u,n) = ([p(a),u], Len).

The left hand side of Equation (4.24) is

Dur(uy(la, b)) = —d(o([a, b])) (u).
If the we assume that Equation (4.23) holds, then
(427) ]D(Wu(u))([a, b]) = (,Cp(b)da(a) - ,Cp(a)da(b))(u)
For the right hand side we have that
h _ h
TVt +0ar) Tam® = TV (o). -p* (o)) @

= _ﬂ-(07 dO'(CL) [p(b>7 u])
= —do(a)([p(b), u]).
Analogously,
T(V (@4 w0400V mpanb) = —do(0)([pa), ul).
The third term of the right hand side of Equation (4.24) is

(Ve © Viunb) = m(Va(0, =do(b)(u)) = 7(0, Lya)(—do (b)(w))) = =L@ (do(b)(u)).

In the same way we have

(V) o Viuma) = —L,m(do(a)(u)).
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Therefore the right hand side of the equation is

—da(a)([p(b), ul) + da(b)([p(a), u]) = Ly (do(b)(w)) + Lo (do(b)(u)),

and it is equal to (4.27). Hence, Equation (4.23) implies Equation (4.24).

Therefore, a multiplicative Dirac structure coming from a multiplicative closed
linear 2-form, is described infinitesimally by a vector bundle map o : A — T*M
over the identity of M satisfying

® Lya)0(b) = —omyo(a),
L a([a, b]) == Cp(a)a(b) — Lp(b)dJ(CL).

Hence with our approach we also obtain the IM 2-forms describing multiplicative
closed linear 2-forms (see [7]).

Example 4.40. Poisson Manifolds. Let 7 € I'(A?T'A) be a bivector on A which
is linear in the following sense: there exists a vector bundle map o : A* — TM
such that

T*A—" o TA

L

A*—U>TM

is a vector bundle, where 7*(«) = 1,m. Note that 7 is a morphism of double vector
bundles between the prolonged tangent bundle and the prolonged cotangent bundle.
Let £, the graph of 7%

£ ={(7%(a),q) : a € T*A}.

Since 7 is a morphism of double vector bundles we have that £, is a double vector
subbundle of TA @ T*A with side bundle U C TM & A* and core bundle K C
A@T*M. The side bundle U = Tq(£,), where Tq = (T'q, P;). Then

u="Tq(r*(a)) = (Tqom*)(a) = (0 0 P) (@) = o(Ps(a))

which implies that U = graph(c) = {(0(£),€) : € € A*}. The core bundle K is the
intersection of the kernels of the projections. So for (a,f) € K we have

TA> a——=0 T*A> § ——=0

I

—Dp 0——p

whit the condition @ = 7#(0). If o € T*A then

(a, Py(a)) = (7*(0), a) = 7(0,a) = —7(a,0) = —(0(P2(a)),0) = (Po(r), —0" (8)),
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which means that a = —o7(6). Hence we get K = graph(—o?) and note that
K° = U. Therefore 7 € T'(A*T'A) is a Poisson structure if and only if £, is a Dirac
structure, if and only if (U — M, Pryy, |, ]n) is a Lie algebroid. Let see more about
the Lie algebroid structure of U.

Proposition 4.41. There is a canonical inclusion I'(A) — T'jn(Lx, U).

Proof. We look for a map ®, : graph(c) — graph(n*). Let (o(£),€) € T'(U). Note
that
Ta(o(§))—=a and 7 (R,(£))—=a

O'(lﬁ) J? G(ji) —>zl

Let @, = Ta(o(€)) —ram 7 (Ra(€)) = Oo(e) +4 b for some b € I'(A). On one hand, for
n € A*, we have

(@a; Ro(1)) = (Os() +a4 b, Ro(n)) = (b,1).
On the other hand we have
(o, Ro(n)) = (Ta(o(&)) —rm 7 (Ra(€)), Ra(n) —a- Ra(n))

= (7" (Ra(£)), Ra(n)) = m(Ra(£), Ra(n))
(Rem)(&,m) = (Rym)(§)(n).

Hence ®, = —S(g:m)). Define now the map I : A — A?A by l(a) = Ri(m).
Therefore the map
a —> (T(l + S_l(a), Ra)

is an adapted horizontal lift. Moreover the operator V : I'(T'M & A*) x I'(4) —
['(A@ T*M) is given by
Vixga = ([(a)(€),0).

The bracket for elements in I'(U) associated to the horizontal lift A is

([(0(£),€), (a(n), m)], (b,0)) = ([0(€),a(n)],0) + Lo(e)(,0) — Lam(€, b)
(

= ([0(§),0(m)],0) + Loe)(n,b) — Lo (€, b)

(4.28)0 = ([(0(€),8), (0
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Proposition 4.42. There is a Lie algebroid structure on A* — M with anchor
map o : A* — TM.

Proof. Let £ n e '(A*) and b € I'(A). Their brackets is determined by:
(4.29) ([€:m]a=,b) = Loy (0, ) — Log(€:0) — L) )

The bilinearity and skew-symmetry of the bracket follow immediately. Now we check
Jacobi. Note first that by Equation (4.28) and the definition of the bracket we have

that
o([& na-) = [0(8),0(n)].
Then

([[&:m],01,0) = Logemp(o(0),b) = Lo ([&: ], 0) — 1D)([€,1],9)
= Lig©).om){0,0) = Lo()La(e) (N, 0) + Lo@)Lom (€, b)

—({{le, €}, 05}, a)
= Lo@©)Lom)(0,0) = Lom)Lo)(0,0) — Lo Loe)(n, )
+Lo(5)Lowm (€, b) — ({{le, by}, U5}, a)

Now it is straightforward to check that

([l&;ml, 01, b) + ([[n, 8], &, b) + ([[0, €], ml, b) = 0.
Therefore (A* — M, 0, [,]a+) is a Lie algebroid. O
Hence we get that the bracket in I'(U) is

[(0(£), ), (a(n),m)]n = (o([& n]ax), [€, 1] a-)

Now we assume that 7 is a multiplicative Poisson structure. Note that the con-
dition (p, p*)(K) C U follows by the fact that ¥ : T*A — TA is a morphism of
double vector bundles, and means

0 = ((p.p")(~0"(0),0), (0" (w), w))
= —(p(o"(0)), w), 0" (w)) — ("(6)

for every 0,w € T*M, which holds if and only if po o' = —o o p*. For the other
two equations of Theorem 4.34, we need to know first who are D and the projection
T A®T'M — (A@T*M)/K. The operator D : I'(A) — I'(U* ® U*) is in this
case given by

D((a(£),€), (a(n),n) = L(a)(&,n).

For the projection m we have

<7T(a> 0)7 (O-<€)7 5)) = <(a’ 9)’ (O‘(f), §)>

|

—
R
~

+
—
>
—
I
S~—
~
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which means that we can write 7(a,0) = o7 (0) + a. Now the left side of Equation
(4.23) is
Hp(-oT @) @)D(a) = tpr o))
while the left side is
—7([a, —0"(0)], Ly)f) = la, 0" (0)] = 0" (Lya)?).
Therefore Equation (4.23) translates to the condition
tol(a) = [a, 07 (0)] = 0" (L))
Now the left side of Equation (4.24) is I([a, b])(£). Lets see the right side. The term
third term is
T(VaVigob) = m(Va(l(d)(€) = n([a, L(b)(€)],0)
= [a, 1(b)(S)]-
Analogously we have that 7(V)(V () ¢)a)) = [b,1(a)(§)]. The first term of the right
side of Equation (4.24) is
T(V (9106400 Tioier D = TV ([o0),0€)],£06)+ (00" )UB)E) D)

T(V (o). (@1+00)©)).£16)2)

(

m(l (a)(ﬁbé))
[(a) (L)
In a similar way we get that the second term is [(b)(L,£). Therefore Equation (4.24)
becames

(4.30) I([a,0])(&) = 1(a)(Log) — L) (La&) + la, L(b)(E)] — [b, U(a)(€)].
Hence we get the following description

Proposition 4.43. Let A — M be a Lie algebroid. A linear multiplicative Poisson
structure m € T'(A*T'A) on A is in one to one correspondence with the following
data: a vector bundle morphism o : A* — TM, a linear map | : T(A) — T(A?A)
satisfying
poo’ = —oop’
tr@l(a) = [a,07(0)] = 0" (Lyw)l)

l(la,0))(€) = Ua)(Lo) = 1()(Lak) + [a, 1(b)(E)] = [b, I(a)(E)]
Corollary 4.44. Let A — M be a Lie algebroid. Suppose that there exist vector
bundle morphism o : A* — TM, a linear map [ : T(A) — T'(A%A) satisfying
(4.31) Lroyl(a@) = la, 0" (0)] — o7 (Lya)0)
(4.32) e, 0))(€) = Ua)(Lp€) = 1(b)(Lal) + [a, L(b)(E)] — [b,L(a) (E)]-
Then there is a Lie algebroid structure on A* — M such that the pair (A, A*) is a
Lie bialgebroid.
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Proof. We have proved the A* —s T M. Define the map ¢ : T(A*A) — T(A*T1A)
by: in degree 0
<5<f)7 5) - ‘Co(g)f for f S COO(M)7

in degree 1, we define § = [. The Equation (4.31) implies that § is a derivation a that
we can extend to all degrees. It follows that ¢ is the coboundary operator associated
to the Lie algebroid A*. Moreover Equation (4.32) means that

0([a, b]) = [0(a), b] + [a, 6(D)].

Hence the pair (A, A*) is a Lie bialgebroid (see [29], Definition 3.12 and Remark
3.14). O
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A Linear vector fields

Lemma .45. Let X € I'y;,,(As, E) be a linear section covering some section a € I'(A).
Then the right invariant vector field X e X(&) is linear and covers @ € X(G).

Proof. First we show that Y covers @ . Let n € &, and denote by R® and by RY the
right multiplication in £ and in G, respectively. Since @) : £ — G is a morphism of
Lie groupoids we have

QURE(1) = Qu-m) = Q) - Q) = BS, Q) = Qo R = RS, 0@
Then
(TQ),(X,) = (TQ)((TR) (X)) = T(Q 0 RE)y(Xiy)
T(R%(n) © Q)n(Xf(n)) = (TRg)(TQ(X%(n)))
= (TRY)(agy) = @y

Now we prove the linearity: ?,ﬁg# = ?n +rg Y#. Let v(r),&(r) C &€ curves such
that

Slas|as|as]a
3
g

= 2 G0 ] (€ n)
- 3. 3%,
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]

Let X be a linear section of A¢ and consider its corresponding linear right invari-
ant vector field ? € X(€). We denote by Dx € Der(£*) the associated derivation
given by:

(py = X(l,) for p € D(EY).
This derivation is C'°(M)-linear in the following sense: if h € C*°(M), then the
section (h o gg)X is a linear section of Ag over F, and its associated right invariant
AN x
vector field is (hoqp)X =1 (ho QE)? Then

(.33) = (hogn)X(6,) =F (hogn) X () = T (hoqn)lp, ),

eﬁ(hoqE)X(‘p

which means D (o) x(¢) = (h o gz o) Dx.

B Module structure on the space of linear sections

Let (A, E; A, M) be a VB-algebroid with core bundle C. Recall the canonical flat
connection VY : Ty, (A, B)xT(C) — T'(C) (see (1.22)) associated to a VB-algebroid
characterized by

Svye = [X, 5]

There is a module structure on I'(APT*M @ AN?A® C') over the space 'y, (A*, C*)
given by:

(34)  Xo (0®¢®c)=Lynl@oRc+0R[a,¢|@c+0R¢® V. c

Lemma .46. We have the following equality

(.35) CXar(0290c) = Lpi(xa)Con650:

where xo = ((Ta)?, (R,)?, X,) and py is the anchor map of the Lie algebroid A%’Q)
(see Section 3.2).

Proof. Recall that the anchor map py : Aff’q) — Mg’ 9 has by components the
corresponding anchor of each VB-algebroid:

pa((Ta)’, (Ra)!, Xa) = ((p(a)" )P, (Ha)?, pa-(Xa))-

Note that L) where § € QP(M) is the usual Lie derivative of forms along
vector fields, i.e., £,q)f. Also we have

L(H,)9Ch = Clag]s

where the bracket is the Schouten bracket (see for example [10] for the previous
equality and Schouten bracket). We have too that £,,. x,)c = Vg(ac. Then using
these equalities and the Appendix in [10], the lemma follows. ]
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Suppose now that the VB-algebroid comes from a representation C' — M of
A, i.e., we have a flat A-connections on C: V : I'(A) x I'(C') — T'(C). Hence the
module structure on T'(APT*M @ C) = QF(M, C) over I'(A) is

(.36) a-(0®c) =Ly @c+0® V,e

Let w = 0 ®c € QF(M,C). Recall the Lie derivative operator £, acting on
QOF(M, C) defined on [14]

Law(V) = Vaw(V) =Y w(vr,..., [pla),vi), ..., vg)

i

for a V.= (v1,...,v;) with v; € TM. Using the local expression w(V) = 0(V)c €
['(C), we have

Law(V) = Vew(V)=> wlvi,....[p(a),vi], ... vk)

= O(V)Vaec+ (Lywyf)(V)e.

Hence the Lie derivative operator £, acting on Q%(M, C) defined on [14] is the
same that the modulo structure on Q*(M, C') over I'(A) defined here.

C Compatibility of multiplication

Here we will prove Lemma 3.22:

Lemma .47. 3.22 There is an isomorphism of Lie groupoids between the Lie groupoid
s*(C*) @ t*(E*) obtained by the dual representation ((A°)T, (AN, 07, QT), and the
Lie groupoid s*(E*) @ t*(C*) which is obtained by dualization of the VB-groupoid
E=5s5"FE®t'C. Moreover this is an isomorphism of VB-groupoids.

First we recall the structure maps of the VB-groupoids s*(C*) & t*(E*) and
s*(E*) @ t*(C*). Given a representation up to homotopy (AY Al 9,Q) of G, it
induces a representation up to homotopy of G on the graded vector bundle E[B] P C’[*l]
as follows:

e The quasi action (AT)J : E

(AT>2(77) = (Alfl)*Th for URS E:(g)

g

— By, given by:
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e The quasi actions (A"); : G,y — Cf,) given by:
(AT)(&) == (A) )¢, forée Ceo)

e The vector bundle map 97 : E* — C* is the dual map 0.

e The operator Q7 is given by: £ € CJ,) we have
Qa,h) : O;k(h) — E:(g) Q{g,h) (&) = (Qn-1,4-1))"E,

for (g,h) € G2.

Hence we get the VB-groupoid s*(C*) & t*(E*) with source and target map given
by:

o s(g,&m) =¢
o t{g,&m) = 0"(n) + (A)-)%€
for £ € Cg,) and 1 € E¢ ). The multiplication is defined as

(g1, 60,m) - (92, &2,m2) = (9192, &2 + (Aéfl)*m = Q1 18),

-1
under the compatibility condition
(.37) 5(g1,&1,m) =& = 0% () + (Agz—l)*fz = ?(92, §2,12)

On the other hand the dual VB-groupoid of £ = s*F @ t*C' is the VB-groupoid
with structure maps given by:

e The source and target maps 3,1 : £ = s*(E*) @ t*(C*) — C* are
$(g:1,0) = 0"(n) + (Ag)"0
t(g,p,0) = 0

where p € Ef, and )€ C,;‘(g). The multiplication is

(g1 111, 61) -2 (g2, 2, 02) = (9192, po + (A;Q)*Hl = ,01,01),
under the compatibility condition dy = 0* (1) + (Af)*0;.

Proof. of Lemma 3.22 Let (g,&,n) € s*(C*) @ t*(E*). The inverse of this element is
(see [19]):
(ga 57 77)_1 = (9_17 _(AO)Z—W + 95—1,957 3T77 + (Al)gf)

Define the map ¢ : s*(C*) @ t*(E*) — s*(£*) @ t*(C*) by

0(9,6,m) = (9, —(A");n + Q1 &, 0T+ (AN)] ).
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We show now the compatibility of ¢ with the source, target and multiplication. For
the source we have

Se(g,6m) = 8(g,—(A%)n+ Qi1 & 9T+ (AN
" (—(Ag) N+ Qi1 &) + (A))* (9" () + (A)-1)*E)
—(Ay 0 0)'n+ (Qg-1,40 D) E+ (00 AD) () + (A) L AD)*E
= (A)1,)€=¢
= 3(9,¢m)

With respect to the target map
Holg. &) = Hg =A%)+ Qi & 9Tn+ (A1) €)
= '+ (Ah),¢
= t(g,€,m)

Now we check the compatibility of the multiplication. Let (g1,&1,m), (92, &2, m2) €
s*(C*) @ t*(E*) be two composable elements. Then

w91, &,m) 2 o(g2, &2,m) = (91927
—(Ag,) e+ 1 &+ (Ag,) (= (Ag)m + Q0 &)
Q0 (0 m) + (A )6,
0" (m) + (A1) ).
On the other hand

P((g1,60m) - (92,82m2)) = @(9192,&m + (A1) 12 = Qs 182)

= <91927
<A;192) (771 + (Azl—l)*Th - Q;2—1’91—152)
+Q 1 527

9o 97 »9192
* 1 * * 0 *
0 (771 + (Agfl) 2 — 992*17%*152) + (Agglgfl) 52)
Now we have to show that

— (ALY + 2 6+ (AL )*(_(A1 Y+ D &) = Oy g (07(m) + (A01)761)
—(Bgy0) " (m + (A 2) ' =y &) + 9 &

9192 > 91 ta192

and

0% (m) + (Ag1)"& = 0" (m + (A 2)" 1 — Qv &) + (A) 1 1) 6
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We start for the second one:

O'(m) + (M) = O

*

(A9)*(@" () + (A%.)°6) by Eq (37)
(S50 o)+ () (8576
O(ALY () + < L)AL

(AL ) () — 0L Gt (AL )G

95 9
Now we show the first equality. We expand the two sides and we get

(m
(m
by Eq. (1.11) = 0"(m
by Eq. (1.12) = 0*(m

Il
Q

)+
)+
)+
)+

(I) = (A 2) 2 + o *1 62 - (Azlegl;Q)*nl + (le_l,glAglyg>*€1
(6991 92) (A —1Qg1 92)*51
= (A 2) 62 (Al Al + anl 92>
H( Q1 Ao_ngl o) &
(H) = (A; ) (AlflA:ngz) M2+ (Q 7 *1A:]192 + Qg2—1g1—17glg2)*62
By Equation (1.13) we have —(A; AL + 9Qy, g,)*m = —(A} ,,)"m and —(A; —
Al_lA;m) =-—Q*, 9*(m). By Equatlon (1. 14) we have

91 ,9192

* 1 * — *
(o 1By + Qo g ) €0 = (A Qo g o+ Q)6

9o 91

Then, putting all together we have to show that

(.38) — 1 (07 ) + (AL 6) + (Y AL, — A 10y, ) 6 =0

91 9192

Remember that & = 0*(n2) + (AS,I)*@ (see Equation (.37)) and together with the
2
Equation (1.14), the left hand side of (.38) is QZ‘lgl 551> and it is zero because the
1 )

operator € is normalized (see [19], Theorem 2.13). Then (I) = (II), and therefore,
the map ¢ is compatible with the multiplication, and hence, it is and isomorphism
of Lie groupoids. Moreover, since ¢ is also linear with respect to the vector bundle
structure over G, it is actually an isomorphism of VB-groupoids. O

D Dull algebroids and Dorfman connections

In this section we recall the definitions of Dull algebroids and Dorfman connections.
The reference for this part is [26].

Definition .48. A dull algebroid is a vector bundle ) — M endowed with an
anchor, i.e. a vector bundle morphism pg : @ — T'M over the identity on M and
a bracket [,]g on I'(Q) with

relar, 2l = [pq(q1), po(ge)]
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for all ¢1, ¢ € T'(Q), and satisfying the Leibniz identity in both terms

Lf1q1, faqelg = fifelar, 2lo + fipg(a)(f2)ae — faprq(a2)(fi)a
for all fi, fo € C*°(M), q1,q2 € T(Q).

Definition .49. Let (Q — M, po,[,]g) be a dull algebroid. Let B — M be
a vector bundle with a fiberwise pairing (-,-) : @ Xy B — R and a map dp :
C*(M) — I'(B) such that

(¢,dBf) = poa)(f)

for all ¢ € I'(Q) and f € C>®°(M). Then (B,dsg, (-,-)) is called a pre-dual of ) and
@ and B are said to be paired by (-, ).

Definition .50. Let (Q — M, pg, [, ]g) be a dull algebroid and (B — M, dp, (-,))
be a pre-dual of Q.

1. A Dorfman (Q—)connection on B is an R-bilinear map
V:I'(Q) xI'(B) — I'(B)
such that

(a) Vb= fVeb+{q,b)dpf
(b) Vy(fb) = Vb + po(q) fb
(c) Vo(dpf) =dp(Lyqf) forall f € C*(M),qeI(Q),beT'(B).

2. The curvature of V is the map
Ry :T(Q) xT'(Q) — I'(B* ® B)
defined on q1,q2 € T'(Q) by: Bv(q1,42) = Vo, Ve, = Vi, Vi, — Vg galo
Recall Proposition 4.17:

Proposition .51. 4.17 There is one-to-one correspondence between horizontal lifts
h:T(A) —T(TA®T*A) and (TM & A*)-Dorfman connection on A @ T*M

ANT(TM @A) xT(AdT*M) — T (A T*M)
via the relation
(.39) Awey(a,0) = Vi, oa+ (0, d(, a) + L,0).

Moreover, if (£,U; A, M) be a double vector subbundle of (TA®T*A, TM®A*; A, M)
with core bundle K C A@® T*M, then h is adapted to £ if and only if A is adapted
to £.
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Proof. Let h: T'(A) — Dy (TA® T*A, TM @& A*) be a horizontal lift. Recall that
the linear section R, : A* — T*A is given by

Rq(8) = (dlg)a — ¢7(d(E, a)).

Then
_SV?u@(a)(upagp) = h(a)(up, &) — (Taluy), Ra(&p))
ha)(up, &) — (Taluy), (dle)a, — q*(d(€, a)))
h(a)(up, &) — (Ta(uy), (dle)a,) + (0,¢°(d(€, a)))
~(0we)(@))(ap) + g (d(€, a))

which implies that

(-40) Viwg(@) = dug(a) — (0,d(¢, a))

where

0:IN(TMaA)xT(A) —T (A T"M)
is defined by
(-41) (Ouey (@) (ap) = (Ta(uy), (dle)a,) — hla)(up, &)
Define the map A : T'(TM @ A*) x T(A®T*M) — T'(A®T*M) by
(.42) Awe)(a,0) = drugy(a) + (0, L,0) = Vi, ga+ (0,d(¢, a) + L.0).

Then using Theorem 4.1 in [26] and the relation (.42) follows the first part of the
proposition. The second part of the proposition follows by Proposition 4.12 in [26].
O
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