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Introduction

The purpose of this dissertation is to provide a description of some appli-
cations of influence and sharp-thresholds theorems to the random-cluster
model. Originally, these results appeared in the context of Analysis of
Boolean functions and have been used in many areas.

The influence of an agent or event on another one is a topic of great
interest in physics, statistics, computer science, economics, philosophy and
many other areas. In the mathematical setting, the influence of a variable in
a Boolean function has been a fundamental notion for many developments
in Fourier analysis (of such functions), probability, combinatorics, statistical
physics and percolation.

A Boolean function, f(x) = f(x1,...,xy), takes values on {0, 1}, and its
entries x;, are Boolean variables on {0,1} . A variable is called pivotal if
by flipping the bit xzj, the value of f changes. Each variable x; assumes
1 independently with probability p € [0, 1]; thus the hypercube {0,1}" is
endowed with the product measure. The influence of the kth variable of a
Boolean function f is the probability that the kth variable is pivotal. This
definition and more general ideas of influence were introduced in [3] in the
context of “collective coin flipping”.

In response to a conjecture of Ben-Or and Linial [3], Kahn, Kalai and
Linial [I3] proved that, in the above context, there always exists a variable
k so that its influence on f is at least c¢Var[f]log N/N, where c is a positive
constant independent of f and N. The proof uses harmonic analysis on
7Y, which as a set is just the N-dimensional discrete cube, and the group
structure allows one to make use of the tools of that theory. In [3], the authors
gave an example of a function whose influence is just log N/N, proving that
the bound is sharp. One of the main applications of KKL theorem is to sharp
thresholds of graph properties [7].

Intimately related to the combinatorial notions of influence and pivotality,



threshold phenomena occur when the probability of an event changes swiftly
as some underlying parameter varies. They play an important role in prob-
ability theory and statistics, physics and computer science, and are related
to issues studied in economics and political science [14]. Sharp threshold
theorems were originally introduced for product measures and are a powerful
tool for the study of phase transitions [4].

In many cases, however, the variables x; are not independent. An impor-
tant example concerns the random-cluster model. This may be viewed as a
parametric family of probability measures ¢,, on a finite graph G, having
two parameters, an edge-weight p € [0,1] and a cluster-weight ¢ € (0, 00).
The probability of a configuration is proportional to

open edges closed edges| |clusters
. (1—p) g |

For ¢ > 1, this model can be extended to infinite-volume lattices where it
exhibits a phase transition at some critical parameter p.(q), which depends
on the lattice.

Graham and Grimmett [I1], extended the KKL theorem, and a sharp
threshold result, to monotonic measures. As a consequence, they derived a
lower bound for the probability of an open crossing of a rectangle on the
square lattice for the random-cluster model. Afterwards the same authors
proved a sharp threshold theorem [12], now with no assumption of symmetry,
for such probabilities for the random- cluster model near the self-dual point.

In the case of planar graphs, the dual of the random-cluster model is
random-cluster model also, with the same cluster-weight ¢ and p, py related
by pa/(1 — pa) = q(1 — p)/p. The unique fixed point of the mapping p — py

is the self-dual point py(q), given by (1{35). Thus the self-duality of the

square lattice gives rise to the conjecture that p.(q) = psa(q), q € [1,00).
The inequality p.(q) > psa(q) was proved in [9] using Zhang’s argument (the
same used to prove that p. > % for bond percolation in two dimensions).

On the other hand, the reverse inequality, p.(q) < psa(q), was more intri-
cate. There were two steps enough to imply it: firstly, that the probability
of crossing a box [—m,m|? approaches 1 as m — oo, when p > p,q(q); and
secondly, that this implies the existence of an infinite cluster. The first of
these two claims was proved in [12] and is in this text. Beffara and Duminil-
Copin [2] proved the conjecture, by generalizing the Russo-Seymour-Welsh
theorem for percolation to the random-cluster model; and also by showing
that the probability of crossings goes to 1 when p > p,q(q).




The dissertation presents a collection of influence and sharp thresholds
theorems and a resultant theorem about box crossings for the random-cluster
model. The text is organized as follows. In Chapter 1, we present some basic
definitions and results of analysis of Boolean functions. Chapter 2 introduces
monotonic measures and extends the notions and results about influence and
sharp thresholds to this context. Finally, Chapter 3 is devoted to the random-
cluster model and to the theorems about box crossings.



Chapter 1

Boolean functions

This chapter is devoted to the basics of Analysis of Boolean functions and
the KKL theorem. We follow [§, Chapters 1, 3, 4, 5]; for more details on this
topic, see [16]

1.1 Introduction

Let Qn := {—1,1}" be the hypercube. An element of 2 will be denoted by
w=wy = (x1, -+ ,TN), where z1,--- ,xy are its N bits. A function from
Qu into {—1,1} or {0,1} is called Boolean function, which is canonically
identified with a subset Ay CQ by Ay := f~1({1}) ={w: f(w) = 1}.

Qy will be endowed with the product measure P, =P = ((1 — p)d_1 +
pd1)®N, p € 0,1], and E, will denote the corresponding expectation. When
p = 3, we will write P = PY = (36_1 4+ 301)®" and E will denote the
corresponding expectation. i

Given an element w € Qp, we will often consider, for each i € [N] :=
{1,---, N}, w' € Qu, obtained from w by flipping the i-th coordinate and
keeping unchanged the others. We also define, for € € [0, 1], the random
element w® € Qy drawn according to the rule: for each i € [N] independently,
x§ = x;, with probability 1 — ¢, and z§ is uniformly random, with probability
e. Notice that w and w® have the same distribution and, for each i € [N]
(since x; € {—1,1}), they satisfy E[x;] = E[z§] = 0 and E[z;2§] = (1 — €).

Let us consider some examples.

1 Dictator. DICTy(x1,- -+ ,xy) := x1; the first bit determines the result.



2 Parity. PARN(z1,--- ,xN) = Hf\il x;; this function tells us whether
the number of —1’s is even or odd.

3 Majority. For N odd, MAJy(z1,- - ,xN) := 59”(25\;1 x;).

4 [Iterated 3-majority. For any positive integer k, define inductively
Ms = MAJYY = MAJs and My = MAJF™ = (2W, ... 2®)) =
Ma(MF* (M), M*(2@), MS* (1)), 2D € Qui, i = 1,2,3. Thus the
bits are indexed by the leaves of a rooted 3-ary tree of depth k and one
iteratively applies M3 to obtain values at the vertices at level k —1 and
so on until the root is assigned a value.

5 Tribes Let k,b be positive integers and consider k subsequent blocks
of size b. Define T'Ry;, to be 1 if there exists at least one block which
contains all 1’s, and 0 otherwise.

6 Clique containment. If r = (1;[) for any positive integer IV, then €2, can
be identified with the set of labelled graphs on N vertices (z; = 1 if,
and only if, the i-th edge is present). Recall that a clique of size k of
a graph G = (V, F) is a complete graph on k vertices embedded in G.
Now for any 1 < k < (];[), let CL[Q?V be the indicator function of the
event that the random graph G, defined by w € 2, contains a clique
of size k.

We say that a function f : Qn — {—1,1} is monotone (increasing) if
f(@) < f(w), whenever ) < w coordinate-wise. A subset A C Qy is said
to be monotone when its indicator function is monotone. We call a Boolean
function symmetric, if f(w™) = f(w) for all permutations 7 € Sy (where
Sy is the permutation group of N elements and W™ = (Wx(1), =+ Wa(n)));
and transitive-symmetric, if for all i,7/ € [N] there exists a permutation
7 € Sy taking ¢ to ¢’ such that f(w™) = f(w), for all w € Q. Finally, when
f:Qy — {—1,1} satisfies E[f] = 0, it is called balanced.



1.2 The Fourier decomposition of a function
on )y

We consider the space L*(Qy), of real functions on Qy = {—1,1} endowed
with the inner product:

)= 30 27V an)g(an, - aw) (1.1)

=E[f¢] (Vf, g€ L*(Qn)). (1.2)
For each subset S C [N], let xs be the function on Qy defined for any

xs(w) = HIKZ (1.3)

€S

Lemma 1.1. The family of 2 functions {xs}sciny forms an orthonormal
basis of L*(Qy).

Proof. Let Sy, S, C [N] be arbitrary subsets. Then
soxs) = > 2V [[a [Jzi= D 2% I =0 9
T1, TN i€S1  JES2 T1, TN i€S51US2\S1NS2
for xg is a balanced function, VS C [N]. Also,
(xsxs)= > 2 N][#7 =1 (1.5)
T1, TN €S

hence the family is orthonormal.

By identifying canonically each f € L*(Qy) with a vector in RV, we see
that dim L?(Qy) = 2V. Since there are 2%V functions yg, we conclude that
they form an (orthonormal) basis of L?(Qy). O

Thus, any function f € {2y can be decomposed as

=3 fS)xs (1.6)
]

SCIN

where {f(S)}Sg[N} are the so-called Fourier coefficients of f, that satisfy

~

F(S) = (f,xs) =E[fxs]- (1.7)

7



Notice that f(f) = E[f] and, since {xs}sc(n is an orthonormal basis, the
Parseval’s formula is valid:

Elf? = (f.£)=(>_ fS)xs, > (9 )xs)

= > f(s) (1.8)

Definition 1.1. For any f € L*(Qy), the energy spectrum E; is defined by

Ey(m)i= 2 F(8) (19)

|S|=m

1.3 Pivotality and Influence

Given a Boolean function f and a variable i € [N], we say that i is pivotal
for (f,w) if f(w) # f(w'). The event [i is pivotal for f] is the set of
configurations for which ¢ is pivotal for (f,w). Notice that this event is
measurable with respect {z;};; it is independent of the bit x;. The pivotal
set for f, Py, is the random set of [N] given by

Pr(w) :={i € [N] : i is pivotal for (f,w)}. (1.10)

The influence of the i-th bit, I;(f), is defined by I;(f) := P[i is pivotal for f] =
P{i € P}. The influence vector, Inf(f), is the collection of all the influences,
{L;}iciny- The total influence, I(f), is defined by

I(f) =Y _L(f) = Inf(f)ll: = E[|P]]. (1.11)

i=1

Lemma 1.2. For any Boolean function f, I(f) = ‘BQEI&{)‘, where Op(Ay)

denotes the edge boundary of Ay C Qn (e.g., it is the set of edges where
exactly one of the endpoints is in A).




Proof. By the definitions above and the uniformity of P, we have

= ST () = Y P fw) £ S} = Z s f@) # F@)]

(1.12)

Now, Vi € [N], it is clear that w and w’ are neighbours and, if f(w) #

f(w"), then either w € Ay and W' € Ay or w # Ay and W' € A;. On

the other hand, if the edge e = (w,w") € dp(Ay), then f(w) # f(w’) and
w,w' € {w: f(w) # f(w")}. Thus

Z {w: fw) # f@)}H = 2/0(4))] (1.13)

O

Now, we evaluate the influences for some examples introduced before.

e For f(w)=DICTyN(w) =21, P={1} and Li(f) = I(f) = 1.

e For f(w) = PARN(w) = [[X, 2, P = [N], L,(f) = 1 (Vi € [N]) and
I(f)=N.

e For f(w) = MAJy(z1,---,2n) = sgn(32N, x;) (Nodd), i € [N] is
pivotal if, and only if, Z#i x; = 0; hence

Plw) =10 if Vi€ [N], > 2 #0
(1.14)
Pw)| =2 if Jie[N]; X2 =0,

where in the second case, the pivotal variables are those whose bit is
equal to majority’s value. Thus

=P 0y =0]=

JF

(1.15)

for all i € [N], for f is symmetric. By Stirling’s approximation, this

quantity is ~ /2.



e For iterated 3-majority, i € [3*] is pivotal if, and only if, the other two
bits in the subtree are different. Since x; is independent of the other
bits and M AJs is applied k times, we have that

Ii(f) = Pli is pivotal for f] =27F (1.16)

for the probability of the event {given a variable, the other two bits in
the same subtree are dif ferent} is 271

Theorem 1.1. Let A be an increasing event in Q. Then

d(Pp(A))
= IP(A 1.17
TS (117)
Proof. Let us consider that each variable x; has its own parameter p; and let
Py, ... pn and E, ., be the corresponding probability measure and expec-

tation. It suffices to show that

a(]Ppl,---,pN(A» _ g(p1,,pN)
sl = (A). (1.18)

Without loss of generality, take i = 1. Now,

Pplf",pzv (A) = ]P)pl,“-,pN (A\{l S PA}) + Pplf",pN(A N {1 € PA}) (1'19)

The event in the first term is measurable with respect to the other variables
and hence this term does not depend on p;, while the second term is

pl]P)pl,-“,pN({l € PA})a (1.20)
for A is increasing implies that AN {1 € P4} is the event {x; =1} N {1l €
PA}. |:|

Proposition 1.1. For any monotone Boolean function on Qy, f,

N[

I3(f) < I2(MAJy) (1.21)

Proof. Since [f = 1] is a monotone event, we apply Russo formula so that

10



(in the following, |w| denotes the number of positive bits in w)

IP(f) = d%ﬂ» Z Lijony (W)pl(1 — p) N1l (1.22)
=> 1{f=1}(¢d)[lwlp'w"1(1 — )V = PN — Jw]) (1 = p)N Y
- (1.23)
=Y Ly (@)p (1 = p)V I (w] - Np) (1.24)
wENN
< Z L=y (w)p! (1 = p)N I (Jw| = Np) (1.25)
|w|>Np
Z P71 = p)V I (Jw| — Np). (1.26)
|w|>Np

By taking f(w) = 1, if |w| > Np, and f( ) = —1 or 0, otherwise, we get
equality in the last estimate; when p = 3, such f is M AJy. U

1

Corollary 1.1. The total influence at p = 5

most O(v/N).

of any monotone Boolean is at

Proof. Since I(MAJy) ~ \/g VN, the conclusion follows from Proposition
1. O

Proposition 1.2. If f : Qy — {0,1}, then for all k,

L(f)=4Y_ f(S)? and (1.27)
I(f) =4 ) ISI/(S) (1.28)
SC[N]

Proof. Let us consider f : Qy — R and introduce the functions, for each
ke [N],

‘7kf ﬂ)N’—%]R
w = f(w) = flow(w)), (1.29)

where o, acts on {2y by flipping the k-th bit.

11



Notice that

A

Vifw)= Y f(S)xsw) = xs(on(w))]
SC[N]
= ) 2f(S)xsw), (1.30)
SC[NJ;keS

from which it follows that for all S C [NV],

VL /() :{ 2f(S), if kes (1.31)

0, otherwise.

Since f takes values in {0,1}, Vi f € {—1,0,1} and, therefore, I(f) =
PV4(f)] = 1] = E[Vef]) = [IVeflls = [IVsfI3 = E[(Vaf)]. By using the
Parseval formula for V. f and (1.31), we obtain I,(f) =43 ¢, f(S)*

By summing over k£ and exchanging the order of summation, we obtain

I(f)=)_4 ) [(57=")_ 4IsIf(5) (1.32)
k  S:keS SCIN]
U
If f takes values in {—1,1}, then Vi f € {~2,0,2} and I.f = > g, F(S)?,
I(f) = X4 151/ ()%
Proposition 1.3. If f : Qn — {0, 1} is monotone, then for all k,

I(f) = 2f ({K}). (1.33)
If f maps into {—1,1}, then I(f) = f({k}).
Proof.
FEEY) = Elfxry] = BIf Xry Liegry) + BIf X k) Likery] (1.34)

The first term is zero, for if k is not pivotal for f, then x, and flygp are
independent; thus, E[fx ) 1ieer] = Elx E[f Ligry] = 0 (xqy is balanced).

Notice that, since f is monotone, [f = 1]N{k € P} = [xx] = 1n{k € P}.
Thus, as the fact of k being pivotal is independent of the bit x,

Elfxpliery) =Plf = Loy =1,k € P] (1.35)
= Plzy = 1|Plk € P] = ]’“;f> (1.36)
]

12



Proposition 1.4. If f : Qy — {—1,1} is monotone, then I(f) < /N.

Proof. By Proposition 3, we have that
N
1

I(f) = I FURY < (D FPUERD)*VN (1.37)

k=1 k=1 k=1

Mz

by the Cauchy-Schwarz inequality. The Parseval formula tells us that

> kY <E[f <1 (1.38)

O

Theorem 1.2 (Poincar inequality). Let f : Qn — {—1,1} be a Boolean
funtion. Then

Var[f] < Zfi(f)‘ (1.39)

Hence there exists i € [N] such that I;(f) > YUl

Proof. Notice that 2P[f(w) # f(©)] = Var|f], where w,® are i.i.d. uniforms
on Q. Indeed,

E[(f(w) = f(@))"] = E[f*(w) = 2f () f(@) + f*(w)] (1.40)

= 2E[f*(w)] — 2E[f (W)IE[f (@)] (1.41)

2Var(f], (1.42)

by independence and identical distributions. On the other hand, since f

takes values in {—1,1}, E[(f(w) — f(@))?] = 4P[f(w) # f(©)].
Now define w; € Qx by

(7) = w(g), ifj<i 1,7 wo=w and wy = w
) ={ 2 IS eV b anduy =, (143

so that w; ~ Unif(Qy), because w, @ are i.i.d. Unif(Qy).

13



If f(w)# f(w), then f(w;) # f(wis1) for some i. Thus,

Plf(w) # f(@)]

IN

Z Pf (wi # wit1)] (1.44)

WE

Plw(i+1) £ @i+ 1),i+ 1€ P] (1.45)

.
I

Iy (f), (1.46)

N | —

-t

o

1=

by the independence of the events and the fact that Plw(i+1) # @(i+1)] = 3.
Therefore, Var[f] = 2P[f(w) # f(®)] < I[f].

An alternative proof is possible by using the Fourier decomposition of f.
Notice that

Var[f] = E[f?] — E[f]* =1 — f(0)% and by Proposition 2, (1.47)
I(f):= f;fm -2 [S1£(5)? (1.48)
33 INIF(SY? - FO = lI51B - F(0)° (1.49)

— 1 f(0)? = Varlf) (1.50

O

1.4 The Kahn, Kalai and Linial Theorem

Theorem 1.3 (Hypercontractivity). Consider RN with standard Gaussian
measure. Let K, be the heat kernel on RYN. If 1 < q < 2, then there exists
t =t(q) > 0 (independent of the dimension N ) such that for any f € LI(RY),

e+ fll2 < [ 1lq (1.51)

For any p € [0,1] and any f : Qy — R, we define the noise operator by

T,f w— E[f(w'")|w]. (1.52)

14



This noise operator acts in a very simple way on the Fourier coefficients:

E[Y . f(S)xs(w' )] (1.53)

= ZN f] W' w] (154)

= SCZLV f(s Q“ () w] (1.55)

= SCZN f(s gE[w”w (1.56)

~ Z[ f(s *S'ku) (1.57)

= S;:V F(9)p1y " (w). (1.58)
o)

Theorem 1.4 (Bonomi-Gross-Beckner). For any f : Qy — R and any
p € [0,1]

oS 2 < | f]l1—p2 (1.59)
Theorem 1.5 (Kahn-Kalai-Linial). If f : Qn — {0,1} is a Boolean func-
tion, then there exist a universal ¢ > 0 and i € [N] such that

(1) > Varl 2N

Proof. We divide the analysis into the following two cases.

Case 1. Suppose that there is some k € [N] such that I;,(f) > N=3/*Var|[f].
Then the bound (1.60) is satisfied for a small ¢ > 0 (for all n € N, log (n) >
loglog (n) = 1log (n) > cloglog (n), ¢ < 1, n™3/* = 0/@).

Case 2. Suppose that for all k € [N], I.(f) = ||Vi(f)||3 < Var[fJN—3/*.
We will show that in this case, most of the Fourier spectrum of f is concen-
trated on high frequencies. Let M > 1, whose value will be chosen later.
We want to bound from above the bottom part (up to M) of the Fourier
spectrum of f.

S oA Y IsIfe? <2 S PEIsIfs? (e

1<|S|<M 1<|S|<M 151>1

(1.60)

1
— sz Y T (Vif)ll5 (see Proposition 2.)  (1.62)
k

15



By applying the Theorem 4 with p = % to the above sum, we obtain

S As)E < PV (1.63)

1<|S|<M

S

<2 Zl'z~c(1‘)8/5 (Vef)** € {0,1}) (1.64)

< 22MNVar[f]8/5N_%'§ (hypothesis Case 2)  (1.65)
< 22MN_%Var[f] (f is Boolean, Var[f] <1)  (1.66)
Now with M := |55 log, N,

> S NVOBVar[f] = NTVOVar(f]. (1.67)

1<|5’\<20 logy N

This shows that under the assumption in Case 2, most of the Fourier
spectrum is concentrated above §2(log V). Thus

>1 19
> e Lk(f) 4Z|S\ | |f Z \S\f

supIk( ) > I i N (1.68)
|S|>M
> %[ S f(8) = %[Var(f)— S f9)] (1.69)
1S|>M 1<|S|<M
M —1/10
> Varlf]l =N /10] (1.70)
> Varlf] lova, (1.71)

with ¢; = 5t (1 — 27/19). By combining with the constant given in Case
201og 2
1, this completes the proof. O

The above theorem is sharp. Indeed, it turns out that the tribes function
has all influences smaller than c(log N)/N, for some ¢ < co. Let b > 0 be
a parameter, which will be determined later. Consider a partition [N]| =
By U---UB, into N/b disjoint parts, called tribes, of size b each. Now we
choose the parameter b that makes this function f = TR% » balanced. The

probability that at least one bit in a given tribe is —1is 1 — 27, so

N
b

Plf=0]=(1-27") (1.72)

16



We define b as the number that makes this probability equal to 1/2 (since the
exact b may not be an integer or not a divisor of N, we ignore a probable small
error). Using the estimate (1—27°)% ~ =2 "N/> and solving for b, we see that
b+log, b = log, N —log, (In2 + o(1)), whence b = log, N —log, log, N+O(1).

In order to determine the influences Ij(f), consider the tribe that zy
belongs to, say k € B;. Then flipping the variable x; affects the value of
f(w) if, and only if, for each tribe B; with j # 1, x; = —1 for at least one
i € Bj, and z; € B;\{k}. Thus,

L. 9. 9-b log N
T =)

Theorem 1.6. There exits a universal ¢ > 0 such that for any f : Qy —

{07 1}7

I(f) = (1= 2 )Nt bt

(1.73)

1N = I nf ()]l = Varlf)log (W) (1.74)

Proof. Let f:Qyx — {0,1} and 6 := |[Inf(f)||oo = supy, Ix(f). Assume that
d < 1/1000. Exactly like the previous theorem,

D 8P <2MY ()Y (1.75)
o < 22M5:/5 AL (1.76)
= 22M 5] (kf)- (1.77)
Now,
Var(f] = ; f(s) < 1<%;Mf(s)2 T S | T isifisr
< [22M8°0 + %]I(f)- (1.79)

Choose M = 3logy(67') — 3log,log, 671 Since § < 1/1000, M >
75 10g, (671), which leads us to

1 10
log, (1/0) " Iog, (1/9)
which gives I(f) = |[Inf(f)|}1 > T@V(Lr[f] log (m) This gives us
the result for 6 < 1/1000.

Varlf] < | 1t (1.80)

17



If § > 1/1000, by the Poincar inequality (I(f) > Var|[f]), the claim is
true if we take ¢ to be 1/log1000. Since 1/log1000 > 1/11log2, we have
the result with ¢ = 1/11log 2. O

In [5, Theorem, 1], this result is extended to the case P,[f =1] =p < 1
and for any product space X ¥, for a probability space X. In this context, the

influence of the k-th variable on f is defined as follows: for x = (zq, - xy —
1) € XN=1 consider the set sgp(z) = {(z1, + ,Tp_1,t,Tp, -+ ,Ty_1) : t €
X}.

I(f) =P, {x € XN~ f is not constant on s;(v)}. (1.81)

Theorem 1.7 (BKKKL). Consider [0,1]" as a measure space with the uni-
form measure. Let f:[0,1]" — {0,1}, with P,[f = 1] =p < £. Then there
exist a constant ¢ > 0 and k € [N] such that

log N
N

I(f) > cp (1.82)

The proof of this theorem is modified in [7, Theorem 3.4], by using a
convexity argument, to give the following:

Theorem 1.8. For every function f: X — {0,1} with P,[f = 1] =p <
if I(f) < & for every k, then there exists a constant ¢ > 0 such that

1
27

Iiy(f) = cplog (1/9) (1.83)

WE

k=1

Here we follow the approach of [6], according to which Theorem 1.7 is
derived from the discrete case, or more specifically, from Theorem 1.8 with
X ={0,1}". Tt is worth noting that the Influence theorem in the discrete
case away from the uniform measure is also proved in [1§].

Proof.

Claim 1.1. Given a function g : [0,1]Y — {0,1}, there is a monotone
function f:[0,1]Y — {0,1} such that Ix(g) > I(f) for every k.

The proof of this claim is a combinatorial argument and is presented in
[5, Lemma 1]. Restrict g to the segment si(x). Define T;(g) as the function
which is monotone on s () and satisfies

Py_1(Tk(9) "1 (0) N sp(z)) = Py_1(g~(0) N sp(z)) Vo € [0,1]V (1.84)
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Notice that I;(g9) = Ii(Tk(g9)) and I;(g) > I;(Tk(g)), j # k. Repeated
applications of these operations yields a function which is fixed under all Ty,
hence monotone.

Thus we may consider that f : [0,1]Y — {0,1} is a monotone function.
Let k = 3log N and subdivide [0, 1] into 2*" equal subcubes, by subdividing
each one of the base intervals into 2* equal parts. Since f is monotone and
assumes 0/1-values, f is constant on each of the small subcubes except on
the 'mixed’ subcubes (where f changes from 0 to 1).

The number of 'mixed’ subcubes is no more than the number of subcubes
that touch the boundary of [0,1]". Indeed, for N = 2, each segment s;(z),
k = 1,2, x € [0,1] has at most one point separating, within the segment,
the points that take 0 (before the point) and those that assume 1 (after the
point). Hence, there are at most 2 - 2¥ mixed cubes. Suppose this is valid
for all 1 < m < N, for a given N. Since each fiber si(x), k = 1,---, N,
z € [0,1]¥"! has at most (N — 1)2* 'mixed” N — 1-dimensional subcubes,
and there are 2¥ subcubes along the axis excluded in the fiber, we conclude
that the cube [0, 1] has at most N2* 'mixed’ subcubes. Thus, this property
holds for all N € N.

Now f corresponds in a natural way to a function on the discrete cube
g : {0,1}*N — {0,1}, by replacing the interval [r27%, (r + 1)27*] with the
binary expansion of 7:

g(wl(l)v T 7w1(k)7 U 7WN(1)7 T 7wN(k)) (185)
= [ w27 D wn ()27, (1.86)

Every variable i € [N] is replaced by k variables i; : 1 < j < k, the
k bits of the binary expansion of r. We write a vector in {0, 1}V as
(w_iyw) = (Wi, Wit1, W, Wig1, W), Ww_; € {0, 1N =D and w € {0, 1}*
to emphasize the entries corresponding to the ith variable.
For each i € [N] and a fixed w_; € {0, 1}*™=Y define ¢;~* : {0,1}* —
{0,1} by w +— g(w_;,w). Notice that
k k
Z Li(gy ™) = E[Z Pj is pivotal for g;
j=1

j=1

w—i]], (1.87)

and that I;(g; ") = P[j is pivotal for g; ‘|w_;]. By [B, Lemma 3], if h :
{0,1}™ — {0,1} is a monotone function, then > " | Ix(h) < 2. Thus, the
expression in (1.87) is less than 2.
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By noting I;(f) = E[P[f is not constant in w_;|w_;]] and that this con-
ditional probability is 1 in {z € [0,1]Y™; f is not constant in s;(z)}, we
obtain for each i € [N]

Z I, (9) < 2P{z € [0,1]N""; [ is not constant in s;(z)} (1.88)
=1
= 2E[P[f is not constant in w_;|w_;]| (1.89)
= 2I,(f) (1.90)

This implies, by Theorem 1.8, that

ZIZ-J. (9) > cplog N (1.91)
1,J

and, using (1.88)-(1.90),
> L(f) = Splog . (1.92)

In particular, there exists a variable ¢ such that

L(f) > SpB T (1.93)
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Chapter 2

Monotonic measures

We introduce the monotonic measures and show that they feature positive
association and the FKG inequality. By defining the conditional influence,
we present an influence theorem for such measures, an analogue to the KKL
Theorem, which leads to a sharp threshold theorem in this context. Corre-
sponding results are valid for probability measures on the cube [0, 1] that
are absolutely continuous with respect to Lebesgue measure. This chapter is
based on [10, Chapter 2] and [L1].

2.1 Stochastic ordering of measures

Let E be a finite, |E| = N, or countably infinite set. Consider 2 = Qp :=
{0,1}¥, whose members are 0/1-vectors w = (w(e) : e € E), and F, the set
of all subsets of 2. Henceforth, thinking of our applications, £ will be the
edge-set of a graph, and thus we regard the variables ¢ € [N] as edges e € E.

Given a configuration w and an edge e € F, we will often consider the
configurations w®, w,, obtained from w by setting 1, in the first case, and 0,
in the second, to the edge e and maintaining the other edges unchanged. An
edge e is said to be open in w € Q if w(e) = 1, and closed otherwise.

A probability measure is said to be positive if u(w) > 0 for all w € Q.
Given two probability measures pi1, po in (€2, F), we write p; <g po and say
that py is stochastically dominated by po if

E, [X] <E,[X] (for all increasing r. v. X on 2). (2.1)
For two probability measures ¢y, ¢ on (2, F), a coupling of ¢; and ¢, is a
probability measure  on (£2, F) x (£, F) with ¢; as the first marginal and ¢
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as the second one. The next theorem concerning couplings is just stated, we
will not prove it, for future use (for a proof, see [15, Section IV.1.2, Theorem
2.4]).

Theorem 2.1. Let juq, j12 be probability measures on (2, F). Then, 1 <g o
if, and only if, there exists a coupling r satisfying k(S) = 1, where S =
{(wy,ws) € Q2 : wy < wo} is the sub-diagonal of the product space Q2.

For wy,wy € 2, we denote by wi A we and wy V wy the minimum and
mazimum configurations, respectively, given by

wy A wy(e) = min {wy(e),ws(e)} (e€ E) (2.2)
wy V we(e) = max {wi(e),wa(e)} (e € E). (2.3)

Theorem 2.2 (Holley inequality). Let uy, o be positive probability measures
on (0, F) such that

po(wi V wa) pty (Wi A wa) > pig (wy) pe(w2) (wy, w2 € Q). (2.4)
Then
E,[X] <E,[X] (for increasing functions X : Q — R), (2.5)
that is 1y <g fho.

Proof. Let p be a positive probability measure on (2, ). We may construct
a reversible Markov chain with state space {2 and unique invariant measure

1 by choosing a suitable generator satisfying the detailed balance equations.
Let G : 9% — R be given by

Glwe,w®) =1, G w.) = M(wi) (weNeck). (2.6)

We let G(w,w’) = 0 for all other pairs w,w’ with w # w’. The diagonal
elements G(w,w) are chosen so that

Z G(w,w") =0 (we Q). (2.7)

w'eN
It is straightforward that

p(w)G(w,w') = pw)G W' w) (w,w" € Q), (2.8)
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and therefore G generates a Markov chain on {2 which is reversible with
respect to p. Now we check that the chain is irreducible. Given w,w’ € §,
one may flip the zero (closed) edges one by one thus arriving at the unit
vector 1 (open configuration), and then one may flip again the states of each
edge one by one thus arriving at w’. Since each such transition probability
is positive, the chain is irreducible. It follows that the chain has unique
invariant measure .

Let p1, po satisty the hypothesis of the theorem, and let S be the set of
all ordered pairs (7w, w) of configurations in 2 satisfying 7 < w. We define
H:5%xS—=Rby

H(me,w; w8 w®) =1, (2.9)

H(m, w e, we) = MQ(wg), (2.10)
fha (we

H (7% w me,w) = (e — M(we>, (2.11)
() pa(we)

for all (m,w) € S and e € E; all other off-diagonal values of H are set to be
0. The diagonal terms H (7w, w;m,w) are chosen in such a way that

> H(mwn,W)=0 ((mw)€S). (2.12)

(n'w')es

Equation (2.9) specifies that, for 7 € Q and e € F, the edge e is acquired by
7 (if it does not already contain it) at rate 1; any edge so acquired is added
also to w if it does not already contain it. (A configuration ¢ contains the
edge e if ¥(e) = 1.) Equation (2.10) specifies that, for w € Q and e € E with
w(e) = 1, the edge e is removed from w (and also from 7 if w(e) = 1) at the
rate given in (2.10). For e with m(e) = 1, there is an additional rate given in
(2.11) at which e is removed from 7 but not from w. This additional rate is
indeed non-negative, since the required inequality

o (W) (we) > g (7°) pa(we) whenever 7 < w (2.13)

follows from (2.4) with w; = 7° and wy = w,

Let (Y%, Z;)¢>0 be a Markov chain on S with generator H and set (Y, Zo) =
(0,1), where 0 (respectively, 1) is the state of all zeros (respectively, ones).
We write P for the appropriate probability measure. Since all transitions
retain the ordering of the two components of the state, we may assume that
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the chain satisfies P(Y; < Z;, V t) = 1. By examination of (2.9) — (2.11) we
see that Y = (Y; : t > 0) is a Markov chain with generator given by (2.6)
with p = p; and that Z = (Z, : t > 0) arises similarly with g = ps. In the
case of Y (a similar argument holds for Z), form € Q and e € E,

PYyn = 7 Yy = ]

= Y BV = | (G Z) = (e w)BlZi=w| Yi=7]  (214)
— S lh+ o(W)PZ: = w| Vi = . (2.15)
= h+o(h). (2.16)

Similarly, with J, the event that e is open,
P[Yin = | ¥; = ]
= > P(Yien Zign) = (7, )| (Va, Z0) = (7, w)P[Zy = w°| V; = 7°]

weJe,w' €N (217)
=Y [{H(@ wme,we) + H(n®, w7, w) }h + o(h)|P[Z, = w°| Y, = 7°)]
- (2.18)
,ul(ﬂ'e> . .
- a;Je [M1(7T€)h+ O(h)]P(Zt =w| Y, =7°) by (2.10 and (2.11))
(2.19)
o Ml(ﬂ—e) o
B ul(ﬁe)hJr (B) (2.20)

Let x be an invariant measure for the paired chain (Y}, Z;);>0. Since YV
and Z have (respective) unique invariant measures p; and po, the marginals
of k are iy and ps. Since P[Y; < Z;, V t] =1,

k(S) =krk({(mw):m<w}) =1, (2.21)

and x is the required coupling of py and ps.
Let (m,w) € S be chosen according to the measure . Then

By [X] = Ec[X (m)] < Ba[X()] = E,y[X], (2.22)

=1K,,

for any increasing function X. Therefore u; < fio. O
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Theorem 2.3. Let uq, pus be a pair of strictly positive probability measures
on (Q, F) such that

po(W ) (we) = m(w)pa(we)  (we, ec k). (2.23)

If, in addition, either py or uo satisfies

plw N u(wer) > pwiu(w!)  (WeQ e f €E), (2.24)
then (2.4) holds.

Proof. Let p be strictly positive probability measure satisfying (2.24). We
show first that p satisfies (2.4) with puy = ps = p, that is

p(wr V wa)pwr A wa) = plwr)p(ws). (2.25)

We will prove this by induction on the Hamming distance H(wq,ws). The
Hamming distance between two configurations is given by

wl, LUQ Z ]wl - WQ ’ (wl, Wy € Q) (226)

ecE

Inequality (2.25) is trivial when: either H(wj,ws) = 1, or the w; are
ordered (in that either w; < wy, or vice-versa). The only non-trivial case
with H(wy,ws) = 2 is of the form: w; = W, Wy = wg where e, f are distinct
edges. This is handled by assumption (2.24).

Let h > 3 and suppose that (2.25) holds for all pairs wy,ws satisfying
H(wy,wsy) < h. Let wy,wy € Q be such H(wy,wy) = h, and furthermore such
that neither wy; < ws nor w; > wy. There exist integers a, b such that a,b > 1
and a + b = h, and disjoint subsets A, B C F with cardinalities a and b
respectively, such that:

if ee A, (wi(e),wq(e)) = (1,0), (2.27)

if e€e B, (wi(e),ws(e))=(0,1), (2.28)

if e€ E\(AUB), wi(e)=wa(e). (2.29)

We fix an ordering (e; : i = 1,2,--- ,|E|) of the set £ in which edges in A
are indexed 1,2,---,a, and edges in B are indexed a + 1,a + 2,--- ,a + b.
A configuration w may be written as a word w(ey) - w(ez) - ... - w(eg)); we

write 0” for a sub-word of length x every entry of which is 0, with a similar
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meaning for 1¥. Since the entries of the configurations wy, ws, wy V ws, wy Aws
are constant off AU B, we omit explicit reference to these values. Thus, for
example, w; = 12 - 0” and wy = 0 - 1°.

Since h = a4+ b > 3, either a > 2 or b > 2; it suffices by symmetry to
assume a > 2. By the induction hypothesis,

p(10) (0771 1-07) > p(17 - 0%) (0771 - 1) (2.30)
since H(1*-0°,0° " 1"y = h — 1, (2.31)
p(0°7H- 1 u(07F0) > (077 - 14 0°)pu(0° - 1°) (2.32)
since H(0*™'-1-0°0"-1")=b+1<h, (2.33)
whence

M(la-l—b)u(oa—l 1. Ob) > (1% - Ob)u(oa—l . 1b+1)’u(0a+b) (2.34
> p(17-0%)p(0°7 - 1-0%) (0% - 1°). (2.35)

Therefore,
p(10)u(0%%%) > (1 - 0°)u(0% - 1°), (2.36)

and the induction step is complete.

We identify a configuration w € Q with the set of indices n(w) at which
w takes the value 1. Let &,& € Q and write Ay = n(&). Let B = A1\ Ay =
{b1,---b.} and write By = {by, - - bs} for s > 1. Assume &; # & and without
loss of generality that » > 1. By (2.23),

pa(& V&) _ pa(Ax U By) ‘ pa(As U B,_q) N po(As U By) (2.37)
12(&2) p2(A2 U Broq)  pa(A2 U Bro) pi2(Az) '
p1(Az U B,) _ p(As U B_y) o p1(Az U By) (2.38)
T (AU B, 1) (AU B, ) p1(As) '
(61 V&)
(&) ) (2.39)
If py satisfies (2.24), then it satisfies (2.25) and (2.4) follows with & = w;, i €
{1,2}. O

Theorem 2.4. A pair pu, o of positive probability measures on (£, F) sat-
isfies (2.4) if, and only if, the one-point conditional probabilities satisfy:

pa(w(e) = 1[ w(f) =¢(f) for all f € E\{e})
> nlw(e) = 1| w(f) = €(f) for all f € B\{e}),  (2.40)
for all e € E and all pairs £, € Q satisfying £ < (.
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Proof. Notice that inequality (2.40) is equivalent to

12(¢°) 11(€°)
1209 + 1G] = @) + ()] (241)
or, equivalently,
112(C) 1 (§e) > pa () pa(Ce)- (2.42)

Assume (2.42) holds. By using the same argument and notation at the
end of the last proof, we have that

pa(§ V&) p2(A2UB,)  pa(A2UB,1)  pa(A2U By

pa(&2)  pa(AsUB,l1) pe(AzUB,_s) pa(Asz) (2:43)
m((AiNA)UB,)  m((AiNA)UBy) (AN A)U B
T m((AiNA)UB) (AN Az) U B, ) p1(Ar N As)
(2.44)
_ (1)
CmENE) 24)
Conversely, if (2.4) holds, then so does (2.42) for £ < (. O

2.2 Positive association

A probability measure g on € is said to have the FKG lattice property if it
satisfies the so-called FKG lattice condition:

plwy Vows)p(wy Awsy) > p(wr)pa(ws) (wr,wy € Q). (2.46)

Theorem 2.5 (FKG inequality). Let u be a positive probability measure on
Q satisfying the FKG lattice condition. Then

E,[XY] > E,[X]E,[Y] (2.47)
for increasing functions X,Y : Q — R.

Proof. Assume that p satisfies the FKG lattice condition and let X and Y
be increasing functions. Let a > 0 and Y’ =Y 4+ a. Since

E,[XY'] - E,[XE,[Y'] = E,[XY) - E[X]E[Y] (2.48)
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it suffices to prove (2.47) with Y replaced by Y’. We may pick a sufficiently
large that Y'(w) > 0, for all w € Q. Thus, it suffices to prove (2.47) under
the additional hypothesis that Y is positive; so we assume henceforth that
this holds. Define the positive probability measures p; and ug on (€2, F) by
p1 = p and

__ Y@)uw) }

) = DE e9) (2.49)
Since Y is increasing,

pra(wr V wa) pa (W1 A wa) > pa (wi) pa(ws) (2.50)

follows from the FKG lattice condition. By the Holley inequality (Theorem
2.2), E,,[X] > E,, [X], which is to say that

o X (@)Y (@)n(w)
Zw’eﬂ Y(W/)M(w,) N

> X(w)u(w). (2.51)

weN

O

Any probability measure p satisfying (2.47) is said to have the property
of positive association.

Let X = (Xy,---,X,) be a vector of random variables taking values in
{0,1}". We speak of X as being positively associated if its law on {0, 1}" is
positively associated. Let Y = h(X) where h : {0,1}" — {0,1}* is a non-
decreasing function. Then the vector Y is positively associated whenever X
is positively associated. Let A, B be increasing subsets of {0,1}*. Then

PlY €c ANB]=P[X € h ' (A)nh*(B)] (2.52)
> P[X € h'(A)|P[X € h}(B)] (2.53)
=Py € AJP[Y € B, (2.54)

since h™1(A) and A~ (B) are increasing subsets of {0,1}".
A pair wq,wq € Q is called comparable, if either w; > wy or w; > wy, and
incomparable, otherwise.

Theorem 2.6. A positive probability measure j on (S, F) satisfies the FKG
lattice condition if, and only if, this condition (2.46) holds for all incompa-
rable pairs wy,ws € Q with H(wy,ws) = 2.

Proof. 1t follows from Theorem 2.3. O
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The FKG lattice condition is sufficient but not necessary for positive
association. It is equivalent for strictly positive measures to a stronger prop-

erty called strong positive association. For F' C E and £ € (), we write
QF = {0, ]_}F and

05, ={weQ:wle)=£(e), Vee E\F}, (2.55)

the set of configurations that agree with £ on the complement of F'. Let u
be a probability measure on (Q, F) and let F, & be such that x(Q5) > 0. We
define the conditional probability measure ,u% on Qr by

M(WF X 5)
(%)

where wpr x £ denotes the configuration that agrees with wr on F' and with
¢ on its complement. We say that p is strongly positively-associated if: for
all F C E and all £ € Q such that u(Q%) > 0, the measure u% is positively
associated.

We call © monotonic if for all F' C F| all increasing subsets A of (2r and
all £,¢ € Q such that u(Q5), 1(Q5) > 0,

3

pi(wr) = pwr| OF) = (wr € QF), (2.56)

115 (A) < piS(A) whenever ¢ < (. (2.57)
That is, p is monotonic if, for all FF C F,
&< 1t h <
Wi <st Mg whenever £ < (. (2.58)

We call 1-monotonic if (2.58) holds for all singleton sets F'. That is, p is
l-monotonic if, and only if, for all f € E, u(Jy| fo) is a non-decreasing
function of £. Here, J¢ denotes the event that f is open.

Theorem 2.7. Let p be a positive probability measure on (Q, F). The fol-
lowing are equivalent.

(a) w is strongly positively-associated.
(b) p satisfies the FKG lattice condition.
(¢) p is monotonic.

(d) w is 1-monotonic.
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Proof. (a) < (b). We prove first that (a) implies (b). By Theorem 2.6,
it suffices to prove (2.46) for two incomparable configurations w;,ws that
disagree on exactly two edges. Let e, f be distinct members of E and take
e and f to be the first two bits in a given ordering (permutation) of F.
We adopt the notation used in the proof of Theorem 2.3. Thus we write
wp =0-1-wand wy =1-0-w for some word w of length |E| — 2. By strong
positive-association, a(zy) = p(z -y - w) satisfies (take Qp = {0, 1}/ ¢ =
w, X' = Ton,any and Y = Liao),0,))

a(11)[a(00)4+a(01)+a(10)+a(11)] > [a(01)+a(11)][a(10)+a(11)], (2.59)
which may be simplified to obtain, as required, that
a(11)a(00) > «(01)a(10). (2.60)

We prove next that (b) implies (a). Suppose (b) holds and let F C
E, £ € Q. Since (w1)r x & and (wq)r X & possibly differ from each other just
at variables in F', (w1 Vwy)p X & = ((w1)r X &) V ((wa)r x &) (similarly for
N). Tt follows from (2.56) that

15 (w1 V wo) e (wi A wa) > i (wi) e (w2) (wi, w2 € Q). (2.61)

By Theorem 2.5, u% is positively correlated.
(b) = (¢) By Theorem 2.2 (Holley inequality), it suffices to prove for
Wr, Pr € Qp that

1 (wr V pr) S (wr A pr) > 1% (we) i (oF) (2.62)

whenever £ < (. This is, by (2.56), an immediate consequence of the FKG
lattice property applied to the pair wr X (, pp X &.

(¢) = (d). This is trivial.

(d) = (b). Let p be 1-monotonic. By Theorem 2.4, the pair p, u satisfies
(2.4), which is to say that p satisfies the FKG lattice condition. O

2.3 Influence for monotonic measures

Let A € F be an increasing event and write 14 for its indicator function.
The conditional influence on A of the edge e € F is defined by

[A(e) = M(A’ Je = 1) - M(A’ Je = 0)7 (263)
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where J = (J, : e € E) denotes the identity function on Q. (.J, denotes both
the event {w € Q : w(e) = 1} and its indicator function.) The conditional
influence is not generally equal to the (absolute) influence of Chapter 1,

La(e) = p(La(w®) # 1a(we)).

Theorem 2.8 (Influence). Let A be an increasing subset of Q = {0,1}F. Let

i be a positive probability measure on (QQ, F) that is monotonic. There ezist
e € E and a constant ¢ € (0,00) such that

log N

La(e) 2 emin {u(A), 1 — u(A)}—

(2.64)

Proof. The idea is to encode pu in terms of Lebesgue measure A on the Eu-
clidean cube [0,1]" and then to apply Theorem 1.7 (BKKKL).

Give an ordering to the set E so that £ = {ej,---,ey}. Let z =
(21, ,ony) € [0,1]N and f(z) = (fi(z), -+, fn(z)) € RY be given re-
cursively as follows. The first coordinate fi(x) is defined by:

. . . 1 Zf Ty >1—ay
with ay = u(Jy), let fi(x) = { 0 otherwise. (2.65)
Suppose we know the values f;(z) fori =1,---  k — 1. Let
ar = w(Jy = 1|J; = filz) fori=1,--- k—1), (2.66)
and define
B 1 Zf T >1—ag
Ji(2) _{ 0 otherwise (2.67)

Now we show that the function f : [0,1]Y — {0,1}*" is non-decreasing.
Let z < 2’ and write a;, = ay(x) and a), = ax(z’) for the values in (2.65)-(2.66)
corresponding to the vectors x and 2. Clearly a; = a7}, so that fi(z) < fi(2').
Since p is monotonic, as < al, (Ji is increasing, for all k € E), implying that
fa(z) < fo(2'). Continuing inductively, we find that fi(z) < fp(2’) for all k,
which is to say that f(z) < f(2).

Let A € F be an increasing event and let B be the increasing subset
of [0,1]" given by B = f~!(A). Notice the following facts concerning the
definition of f.
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(a) For given z, each aj depends only on z1, -, x)_1.

(b) Since p is strictly positive, the ay satisfy 0 < a;, < 1 for all z € [0, 1]
and k € E.

(c) For any = € [0,1]Y and k € E, the values fi(z), frz1(2), -+, fn()
depend on xy, -+, x;_1 only through the values fi(z), -, fi_1(x).

(d) The function f and the event B depend on the ordering of the set E.

Let U = (U; : i =1,--+, N) be the identity function on [0, 1]V, so that U
has law A. By the definition of f, f(U) has law pu. Hence,

u(A) = Mf(U) € A) = MU € f(A4)) = A(B). (2.68)

Let
Kg(i) = AN(B| U;=1) = X(B| U; = 0), (2.69)

where the conditional probabilities are interpreted as

AB|U; =u) = h&)l AB| U; € (u—€,u+e¢)) (2.70)

By Theorem 1.7, there exists a constant ¢ < 0o, independent of the choice
of N and A, such that there exists i € [N] with

Kp(i) > cmin {A(B), 1 — A(B)}lova. (2.71)
We choose ¢ accordingly. We claim that
In(ey) 2 Kp(j)  for j € [N]. 272)
By (2.68) and (2.71), it suffices to prove (2.72). We prove first that
Ix(er) > Kp(1). (2.73)
By (b) and (c) above,
Ta(er) = j(A | Ji = 1) — u(A | Jy = 0) (2.74)
~AB L) =1 =AB | £(2) =0 (2.75)
/\(B Uy =1)— (B | U, = 0) (2.77)
= Kp(1). (2.78)
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We turn to (2.73) with j > 2. We reorder the set E to bring the index j to
the front. That is, we let F' be the reordered index set F' = (ki,--- ,ky) =
(5,1, ,j—1,7+1,---,N). Let g = (gx, : = 1,---,N) denote the
associated function given by (2.65)-(2.67) subject to the new ordering, and
let C'=g~'(A). We claim that

Kc(ki) > Kg(j). (2.79)

By (2.74)-(2.78) with FE replaced by F', K¢ (k1) = I4(j), and (2.72) follows.
It remains to prove (2.79); we use monotonicity again for this. It suffices to
prove that

MC|U;j=1)>XNB|U; =1), (2.80)

together with the reversed inequality given U; = 0. Let

U = (Ul,"' ,Uj_l,l,Uj_;,_l,"' ,UN). (281)

The 0/1-vector f(U) = (f;(U) : i = 1,---,N), constructed sequentially by
considering the indices 1,---, N in turn. At stage k, we declare f(U) equal
to 1 if Uy exceeds a certain function a of the variables f;(U), 1 < i < k.
By the monotonicity of yu, this function is non-increasing in these variables.
Notice that (i) f;(U = 1), and (ii) given this fact, it is more likely than
before that the variables fi,(U), j < k < N, will take the value 1. The values
fx(U),1 <k < j are unaffected by the value of U;.

Consider now the 0/1-vector g(U) = (g, (U) : 7 = 1,--- N), constructed
in the same manner as above but with the new ordering F' of the index set

E. First we examine index k(= j) and we automatically declare g, (U) = 1

(since U; = 1). We then construct g, (U), r = 2,3,---, N, in sequence.
Since the a; are non-decreasing in the variables constructed so far,

g (U) 2 fr,(U)  (r=2,3,---,N). (2.82)

Therefore, g(U) > f(U), and hence
MC | Uy =1) = Mg(T) € A) > Af(T) € A) = \(B | U; = 1), (2.83)
Inequality (2.80) has been proved. The same argument implies the reversed

inequality obtained from (2.80) by changing the conditioning to U; = 0.
Inequality (2.79) follows and the proof is complete. O
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2.4 Sharp thresholds for increasing events

Let p be a probability measure on (2, F). For p € (0,1), let u, be the
probability measure given by

1 wl(e —wl(e
(@) = @ { [[90-p=}  weo) (2.84)
P
ecl

where Z,, is the normalizing constant

2y =3 wl){ [ » (1 - p)' ==}, (2.85)

we) eck
Thus, = f1 and each p, is positive if, and only if, i is positive. Since
H p(wl\/wQ)(e)Jr(wl/\m)(e)(l _ p)(mez)(eH(wl/\w)(e)

ecE

= [ @1 — pyr@ren (2.86)

eck

each p, satisfies the FKG lattice condition if, and only if, u satisfies this
condition; and it follows from Theorem 2.7 that, for positive u, p is monotonic
if, and only if, each p, is monotonic.

Theorem 2.9. For a random variable X : €} — R,

d

1
d_pE”” [X] = mcm’p[\%){] (p € (0,1)], (2.87)

where cov, denotes covariance with respect to the probability measure i, and
n(w) is the set of w-open edges.

Notice that, since |n|(w) =, .p Je(w) (w € Q),

eck “¢
covy|n|, X] = Zcovp[Je, X]. (2.88)
ecl
Proof. Write
() = P11 — PP () (e Q). (2:89)
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so that

E,, [X] = Zi D X (w)p(w). (2.90)

P ueq

By differentiating (2.90), we obtain

!/

> (’n(pw)‘ e I‘_”;WV)X(w)Vp(W) — %EHP [X], (2.91)

p

d 1
dp Hp [ ] Zp

we

where Z, = ddﬁ. Setting X =1, we find that
P

1
0= —=——E,[[n —pN] -

Zy
p(1—p) Z,

whence

p(l - p)%Eup [X] = Ey, [(Inl = pN)X] = Ey, [In| — pNIE, [X]  (2.93)

= B, [[1/X] ~ E,, [In[]E,, [X) (2.94)
= cov,In], X] (2.95)
]

Let II be the group of permutations of |F|. Any 7w € II acts on Q by
mw = (w(m.) : e € E). We say that a subgroup A of II acts transitively on
E if, for all pairs j, k € E, there exists a € A with a; = k. Let A be a
subgroup of II. A probability measure ¢ on (2, F) is called A-invariant if
d(w) = ¢(aw) for all @ € A. An event A € F is called A-invariant if A = a4
for all &« € A. Thus, for any subgroup A, u is A-invariant if and only if each
Hyp is A-invariant.

Theorem 2.10 (Sharp threshold). Let A € F be an increasing event and
be a positive probability measure on (Q, F) that is monotonic, Suppose there
exists a subgroup A of I acting transitively on E such that p and A are
A-invariant. Then there exists a constant ¢ € (0,00) such that

dE,,,[A] cmy, )
i > o= ) min{p,(A),1 — u,(A)} log N (p € (0,1)),

where my, = () (1~ py(J.)).
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Let I, a(e) = pup(AlJe = 1) — pp(AlJ. = 0).

Lemma 2.1. Let A € F. Suppose there exists a subgroup A of 11 acting
transitively on E such that p and A are A-invariant. Then I, a(e) = I, a(f)
foralle, f € E and all p € (0,1).

Proof. Since p is A-invariant, so is u, for every p. Let e, f € [E] and find
a € A such that a, = f, under the given conditions,

(Al Jy) = Z,up w)ly,(w Z,up aw)ly (aw)

weA weA
= Z fip (W)L, (W) = pp(A|Je).
w'eA

We deduce with A = Q that p,(Jr) = pp(Je). On dividing we obtain that
pp(AlJs) = py(A|J.). A similar equality holds with J; replaced by Ji, and
the lemma follows. O

Proof of Theorem 2.10. By Lemma 2.1, I, s(e) = I, 4(f) for all e, f € E.
Since A is increasing and f, is monotonic, each I, 4(e) is non-negative, and
therefore

covy(Ly,,1a) = By [15.14] — Ep, [15,]E,, [14]
=By, [L)](1 = By, [Lr])p ale) 2 mplpale) (e € E).

Summing over the set of variables £ as in Theorem 2.10, and by noting that
covp(|n] + X) = > .cpcovp(ly,, X), we deduce the result by Theorem 2.8
applied to the monotonic measure fi,. O

2.5 Probability measures on the Euclidean
cube

The method of the proof of Theorem 2.8 may also be applied to probability
measures on the Euclidean cube [0, 1] that are absolutely continuous with
respect to the Lebesgue measure. Any such measure p has a density function
p, that is

u(A) = / p(@)A(dz),

36



for Lebesgue measurable subsets A of [0, 1], with A denoting Lebesque mea-
sure.

Let N > 1 and write Q@ = [0,1]Y. Let p : Q© — [0,00) be Lebesgue
measurable. We call p a density function it

[ﬁ@»@@:L

and in this case we denote by p, the corresponding probability measure,

ol A) = [ planaa).

We call p positive if it is strictly positive function on ) and we say it satisfies
the (continuous) FKG lattice condition if

plxVy)p(r Ay) > p(x)ply)  (forall x, y € Q), (2.96)

where the operations V, A are defined as the coordinate-wise maximum and
minimum, respectively.
Let p be a density function. We call p, positively associated if

MP(A NnB) > NP(A),UP(B)a

for all increasing subsets of €2.
Let I ={1,2,...N}. For J C I, let Q; = [0,1]” and

B ={zeQ:a;=¢ forje\J} (£€Q). (2.97)

The Lebesgue g-algebra of €1 is denoted by F;. Let p be a positive density
function. We define the conditional probability measure /13 yon (2, Fy) by

15 ,(E) = / pS(@)Nd(z;:j €T) (B €Fy), (2.98)
E
where p§ is the conditional density function

oaWog (@) 25 = [ pna; € ).

() = =
pi(@) = 72 Was

We sometimes write y,(E|(&; i € I\J)) for Mi,J(E) and we recall the stan-
dard fact that p,(-[(& : i € I\J)) is a version of the conditional expectation
given the o-algebra Fr ;.
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We say that p is strongly positively associated if for all J C I and all
¢ € Q, the measure ,uf,’ ; is positively associated. We call p monotonic if for
all J C I, all increasing subsets A of ); and all &, € (),

u§7J(A) < “/CJ,J(A) whenever £ < ¢, (2.99)
which is to say that, for all J C I,
ME,J < ,ugJ whenever £ < (. (2.100)

Now, a basic result concerning stochastic ordering:

Theorem 2.11. [17, Theorem 3] Let N > 1 and let fi and fy be density
functions on Q = [0, 1]V, If

filzVvy)folz ANy) > fi(z)fa(y) for all z,y € [0,1]",

then pio = g, <st prp, = pur.

We will change the statement of the Theorem and consider the following
proposition.

Proposition 2.1. As above, suppose f1, fo satisfy
fle vy fa(x Ay) > fi(x) faly)  for all z,y € [0,1]7,

Then there ezists a probability measure v on (2 x Q, F x F) such that

V(A X Q)= pu(A) (for all A e F), (2.101)
v(Q2 x B) = us(B) (for all B € F), (2.102)
v{(z,y) €A xQ:z>y} =1 (2.103)

Theorem 2.11 is an immediate consequence of Proposition 2.1, since if
X : 2 — R is an increasing function and F = {(z,y) € Q@ x Q: x > y}, then

/Q X o1 (de) — / X pua(dlr) = / (X(@) = X))

— [ (X(@) - X)wldio) 2 0
because X (z) > X(y) if (z,y) € E.
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Proof. The Proposition 1 is proved by induction on |E| = N. Suppose for the
moment that N > 2, let kK € E and put E' = F\{k}. Let m, my denote the
projection of py, us, respectively, onto €2;,. Then we have m; = g;A (i = 1, 2),
where g; : Qg — R are given by,

gi(x) = filz, w)dw,

[0,1]

Lemma 2.2. Suppose that for all x,y € Q)
fileVy) falz Ay) = fi(z) fa(y)

Then for all 2',y" € Q' we have
91(2"Vy)ga(2' AY') > g1(2))ga(y).

Proof. Let K = {(w,z) € [0,1] x [0,1] : w > 2z}, L = {(w,2) € [0,1] x [0,1] :
w=z} M={(w,z)e€[0,1] x[0,1] : w < z}. Then

g(@ Vy)g(a Ny = // fi@ V' w) fo(' Ny, 2)dwdz. (2.104)
KULUM

:/ fi(@ V' w) fo(a Ay, 2)dwdz
L

+ // {file" vy w)fo(a" Ny 2) + fi(a" Vi, 2) fo(a Ay w) Fdwdz.
3 (2.105)

Similarly,
g1(@")g2(y) =/ fi(@,w) fa(y', 2)dwdz
L
+ / K{fl(x’,w)h(y’, 2) + fild, 2) oy, w) Ydwdz.

But by hypothesis we have

fl(x, \ yla w)fg(l', A yla w) 2 fl(xla w)fQ(yla ’LU)

and thus we can ignore the terms involving integrations over L. It remains
to show that

fl(x/ \ y/a w)fg(.flfl A y/a Z) + fl(x/ \ yla Z)fg(]?/ A yla ’LU)
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> fi(x’,w) fa(y', 2) + fi(2, 2) f2 (v, w) whenever w > z.

Let us write
a= filz' Vy,w)f2(a" Ny, 2),

b= f(a" VY, 2)fola" Ny w),
c= fl(xlvw)fQ(ylv 2)7
d= fl(.]?/,Z)fQ(y/,’LU).

Using the hypothesis, one may see that if w > z, then a > ¢, a > d and
ab > cd. We want to show that a + b > ¢ + d; this follows from the next
claim.

Claim 2.1. Let a,b, c,d be non-negative real number with a > ¢, a > d and
ab>cd. Thena+b>c+d.

If a = 0 then ¢ = d = 0 and the result is true; thus we can assume that
a>0. Now (a — ¢)(a —d) > 0 gives aa + cd > ac + ad and since cd > ab we
get aa + ab > ac + ad. By dividing by a, we have the result. O

Let a be a non-negative measure on ([0, 1], F), the Lebesgue o-algebra on
[0,1]. Let hy, he be the densities with respect to « of probability measures
1, 72 on ([0, 1], F), and let & be the measure on ([0, 1] x [0, 1], F x F) got
by projecting a onto the diagonal of [0, 1] x [0, 1]; thus if B € F x F then

a(B)=a{y €Y :(y,y) € B}.
Define a probability measure ¢ on ([0, 1] x [0, 1], F x F) by
S(ay) = min{h (o) ha(w)a+ ([ [ B:)da(:) )y (w)a x o

where hy(z) = [hi(x) = ho(2)]7, B = [ha(y) — ha(y)]". (BT = max {0, A}.)
Note that since h} + hy = hy + hy, we have

[ ts2)datz) = [ Hi(data)

thus if [ h)(z)da(z) = 0 then hy = hy = 0 and we will leave out the second
term in the definition of 4.
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Claim 2.2. Let o as above. Then

(A XY)=m(A) (for all A € B) (2.106)
(Y x B) = 72(B) (for all B € B) (2.107)
It follows from a simple calculation.

Claim 2.3. Suppose for all x,y € Y with x > y we have

hi(2)ha(y) > ha(y)ha(z).
Then 6{(z,y) €Y xY :x >y} =1
It is sufficient to show that A/ (x)hy(x) = 0, unless > y. Thus suppose

there exist x,y with > y and A} (y)h5(xz) > 0. Then hi(y) > ha(y), ha(z) >
hi(x), and hence

hi(z)ha(y) < hi(y)ha(z)

which contradicts the hypothesis of the lemma.

Together Claims 2.2 and 2.3 give us Proposition 2.1 for the case N = 1;
the explicit expression for § will enable us to complete the proof in general.
Let ¢ : [0,1] — R with ¢ > 0 and [ g(w)dw = 1. Define, for i = 1,2,

Fi(z',w) = ff}%fﬁ)dw if | fila,y)dy >0 (2.108)
o q(w) otherwise.

Thus Fy (respectively, F5) is a version of the Radon-Nikodym derivative of
w1 (respectively, ps) with respect to m x Ay (respectively, mo X A1), where A
denotes the Lebesgue measure on [0, 1].

Define Q, R : [0,1]% x [0,1]% x [0,1] x [0,1] — R by

Q' ,y,w,z) =min {Fi(2',w), F3(y, 2)} (2.109)
R(xlv ylv w, Z) = [S(l‘/7 y/)]_l[Fl(l‘/7 w) - F2(y/7 w)]+[F2(y/7 Z) - Fl(xlv Z)]+7
(2.110)

where S(2',y") = [[Fa(y',2) — Fi(2/,2z)]*dz. As in the definition of 4,
S(z,2') = 0 if, and only if, Fi(2',w) = F(y,w) (for Aj-a.e. w) and in
this case we define R(2',y',w,z) = 0. Let A; be the measure on ([0, 1] x
[0,1], F x F1) got by projecting A; onto the diagonal of [0,1] x [0, 1] and

define the probability measure v on (Q x Q, F x F) by
v=QuU x M\ + RV x\ XX\ (2.111)
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Claim 2.4. v satisfies (2.100) and (2.101), in Proposition 1.
This is a straightforward calculation.
Claim 2.5. v satisfies (2.102), in Proposition 1.
Fori = 1,2, let B, = {2’ € [0,1]F : [ fi(a',w)dw = 0}. If 2’ € By,
Yy € By and 2’ > 3/ then
Fi(2,w)F(y', 2) > Fi(2, 2)Fy(y', w) (2.112)

, whenever w > z. As in the Claim 2.3, R(2/,y',w,2) =
Therefore, it just remains to show that v(B; x [0, 1] x [0, 1]
By x [0,1]) = 0. But

0, unless w > z.
B = v([0, 1) x

V(By x [0,1] x [0, 1) = ju(By x [0,1]) = /B Rt =0,
o (2.113)

and similarly ([0, 1]V x By x [0,1]) = 0.
U

If p satisfies the FKG lattice condition and A is an increasing event, then

WalzVy)plzVy)p(r Ay) > Ka(z)p(x)p(y),

whence, by Theorem 2.11,

1o(A)pp(B) < (AN B)

for all increasing A, B. Therefore, 1, is positively associated. (Here consider
IH;:EI‘G as g with p,(A) > 0, p, as f in Theorem 1 and notice that u,(B) =
po(AN B), for measurable subsets B C [0, 1]V.)

Henceforth, we restrict ourselves to positive density functions. Arguments
similar to the above are valid with p (assumed positive) replaced by the

conditional density function p?,, and thus one arrives at the following:

Theorem 2.12. Let N > 1, and let p be a positive density function on
Q = [0,1]" satisfying the FKG lattice condition (2.96). Then p is strongly
positively assoctated and monotonic.
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We turn now to a continuous version of the Influence Theorem. Let
N > 1 and let p be a monotonic positive density on Q = [0,1]"V. Let
U = (Uy,...,Uy) be the identity function on [0,1]Y. For an increasing
subset A of €2, let the conditional influences be

14()) = (AU = 1) = p,(AJU; = 0) (i € D). (2.114)

Theorem 2.13 (Influence). Let A be an increasing subset of Q = [0, 1]V, N >
1. Let p be a positive density function on ) that is monotonic. There exist

i €I and a constant c € (0,00) such that
log N
N

14(i) > cmin{u(A), 1 — u(A)} (2.115)
Proof. First we construct an increasing event B such that A(B) = u(A), by
way of a function f : Q — Q. Let 2 = (z; : 1 < i < N) € Q and write
f(z) = (fi(x),..., fn(x)). The first coordinate fi(x) depends on z; only
and is defined by

po(Uy > fi(z)) =1 — .
Since the density function p is strictly positive, fi(z) is a continuous and
strictly increasing function of x; (hence it is a homeomorphism between [0, 1]
and the image of f;). Notice that the law of f1(U) under A is the same as
that of U; under p,. Indeed, by considering the pushforward measures, the
strict monotonicity of f; implies that, for all z € €2,

AN (fil2), 1] = MU o f7H(fule), 1]) = Man, 1] = 1 — a1,
Ure(1) (fr(2), 1] = pp (U7 ' (f1(2),1]) = po(Ur > filw)) = 1 — 1.
Having defined f;, we define f, in terms of 1, x5 only by
1p(Uz > fo(@)|Ur = fi(z)) =1 — 2.

The left-hand side is defined according to (2.98). It is a standard fact
that p,(-|U1 = fi) is a version of the conditional expectation E, (-|o(U)),
where o(U;) denotes the o-algebra generated by U;. As above, the pair
(f1(U), f2(U)) has the same law under A as does the pair (U, Us) under
H,. Since p is positive and monotonic, for each given z; € (0,1), f(z) is a
continuous and strictly increasing function of xs.

43



We continue inductively. Suppose we know f;(z) for 1 < i < k. Then
fr(x) depends on 1, ...,z and is given by

(U > filUi = fi(x) fori<i<k))=1—uy.

Analogously, by monotonicity, f is strictly increasing and the law of f(U)
under )\ is the same as the law of U under p,. We set B = f~1(A).
Let
Jp(i) = N(B|U; = 1) — A\(B|U; = 0) (iel).

By Theorem 1.7 (BKKKL), there exists a constant ¢ € (0, 00), indepen-
dent of the choice of N and A, such that there exists i € I with
log N

Jp(1) > cmin{\(B),1 — A(b)} N

Since f is continuous and strictly increasing,
1p(AlUL = b) = MBI fi(Uh) =b) = A(B|[Uy =b)  (b=0,1), (2.116)

implying that 74(1) = Jg(1). It remains to show that 14(j) > Jp(j) for j €
I. Let j € 1,5 # 1. We reorder the coordinate set as K = {ky, ko, ..., kn} =
{j,1,...,7—1,7+1,..., N} and construct a continuous increasing function
g as above, but subject to the new ordering. Let C'= g1(A). We claim that

Jo(k1) > Jp(7). (2.117)

Thus, by (2.115) , Je(k1) = Ia(j) and 1a(j) > Jp(j), j € I follows. It
remains to prove the claim. It suffices to prove that

H (AU, = 1) = MC|UL, = 1) = AB|U; = 1), (2.118)

a similar argument being valid with 1 replaced by 0 and the inequality re-
versed.

Conditioned on [U; = 1], g1(U) > f1(U), for f; and g, depend only on U;
and Uj, respectively, and f (hence, also g) are strictly increasing functions.
Under the same conditioning, let 1 < r < 7, and assume it has already been
proved that f;(z) < g;(x) for x € Q and 1 <i < r. We claim that, for z € Q,

wo(Up > &E\U; = fi(z) for 1 <i<r) (2.119)

< (U, > &\U; = 1,U; = gi(x) for 1 <i<r)) ¢ €[0,1].
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By monotonicity,
115, (\Uj = u,U; = fi(x) for 1 <i<r) (2.120)

<st Pp,s(|U; = 1,U; = gi(x) for 1 <i<r), u € [0,1].

The left-hand side of (2.120) is a version of conditional expectation of the
conditional measure p, ;(-|U; = fi(x) for 1 < i < r), given o(U;). By
averaging over the value of v in (2.120), we obtain (2.119). Therefore, f,(z) <
gr-(z), z € Q, and we have f < g. Hence,

ACOWU; =1) = Mg(U) € AlU; = 1) > Mf(U) € A|U; = 1) = A\(B|U; = 1).

Inequality (2.118) has been proved and (2.117) follows, which completes the
proof. O

Unlike the discrete setting, Theorem 2.13 does not imply a sharp-threshold.
Any density function p on [0, 1]Y may be used to generate a parametric family
(pp 1 0 < p < 1) of densities given by

i) = oo [0 -9 (o= oo € 0.1,

and we write y, = p,,. Let A be an increasing subset of [0, 1], The proof of
Theorem 2.9 may be adapted to this setting (by using X = 1,4 and replacing
In| by SN, U;) to obtain that

d -
— iy (A) = — cov, (Ui, 1 4),

where U = (Uy, ..., Uy) is the identity function on [0,1]", and cov, denotes
covariance with respect to p,.

Let p be a nonzero constant function, so that p, is Lebesgue measure.
As above, let p € (0,1) and let Y;,..., Yy be independent random variables
taking values in [0,1] with common density function

CepfUP) pe (] — p)t=e, if p# 5, € (0,1),
L if p=13,7€(0,1).
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Notice that the joint density function, p,(z) = [, pp(x:), 2 = (z1,...,2N) €
[0, 1]V satisfies the FKG lattice condition and therefore is monotonic: for
z,y € [0, 1"

N

log p/(1 = P) on TT , i+ws 2 iy
po(z vV y)pp(z Ny) = [W] gp (L —p)n
= pp()pp(y)-
Let A= (N_;,1]". Then,
(Ul [y pr (L= p)'rda)N, if p# g

p(A) = / ppl(2)\(d) =

(1—)"

1 : 1
N/ > przg-

By writing 7 = £, for p 7& 5 and setting u = 7*, we have that z(log(n)) =
log(u), and dz = ( g(7))'u~tdu. Thus

1 T
/ dex:/ du =7 — 7N,
1 ml/N

N

and by noting that 7 — 1 = (2p — 1) /(1 — p), one may see that
<U/N_ )
(=== ifp#3
(1_%)1\[7 Z'fp:%,
Therefore, as N — oo,

a1/ (m=1) if p# 1
) 29
/‘LP(A) — { eprl’ /Lf p= %

In addition,

i(l _ i)N—l ~ eprl
N N N
Theorem 2.13 may be applied to the event A, but there is no sharp
threshold for y,(A). This situation diverges from that of the discrete setting
at the point where a lower bound for the conditional influence 4(i) is used

to calculate a lower bound for the covariance cov,(U;, 14).

COUl/Q(UZ‘, ]-A) =
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Chapter 3

The Random Cluster model

3.1 Introduction

Let G = (V,E) be a finite graph, usually assumed to have neither loops
nor multiple edges (otherwise, the property is stressed). An edge e having
endvertices x and y is written as e = (x,y). As in the previous Chapter,
we consider as state space the set Q = {0,1}¥ of which are 0/1-vectors
w = (w(e) : e € E). We call the edge e open (in w) if w(e) = 1, and closed
if w(e) =0. Forw € Q, let n(w) = {e € E : w(e) = 1} denote the set of
open edges. There is a one-one correspondence between vectors w € 2 and
subsets F' C F, given by F' = n(w). Let k(w) be the number of connected
components (or open clusters) of the graph (V,n(w)), and note that k(w)
includes a count of isolated vertices, that is, of vertices incident to no open
edge.

A random cluster measure on G has two parameters, an edge-weight p
and a cluster-weight ¢, satisfying p € [0, 1] and ¢ € (0, 00), and is defined as
the measure ¢, , on the measurable pair (€2, F) given by

¢p,q<w>:Z(;jq){gpma—p)lw<e>}qk<w> wen) (1)

where the partition function or normalizing constant, Z(p,q) is given by

Z(pq) =) { [T»“0 - p)l‘w(e)}q'“(”" (3:2)

weN  e€R

Sometimes ¢, , is written as ¢¢ 4, when the choice of graph G is to be
stressed.
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This measure differs from product measure due to the term ¢*“). Note
the difference between the cases ¢ < 1 and ¢ > 1: the former favours fewer
clusters, whereas the latter favours a larger number of clusters. When ¢ =1
(we write ¢¢, or ¢,), edges are open/closed independently of one another.
This special case corresponds to bond percolation and random graphs. Per-
haps the most important values of ¢ are the integers, since the random-cluster
model with ¢ € {2,3,---} corresponds to the Potts model with ¢ local states.

3.2 Conditional probabilities

For e = (x,y) € E, the expression G\e (respectively, G.e) denotes the graph
obtained from G by deleting (respectively, contracting) the edge e. We write
Qe = {0, 112\ and, for w € Q, we define wi,y € Qe by

we(f)=w(f) (fEE f#e) (3.3)

Let K. (e = (x,y)) denote the event that = and y are joined by an open
path not using e.

Theorem 3.1 (Conditional probabilities). Let p € (0,1), ¢ € (0, 00).
(a) We have for e € E that

Parepa(Wiey) if 5=0,
Pcpq(w | w(e) =j) = (3.4)
¢G-e,p7q(w<e)) if j=1,

and
p if we € Ke,

. 3.5
2 ifwg ¢ K. OGP

bapalile) =1 | ) = §
(b) Conversely, if ¢ is a probability measure on (Q, F) satisfying (3.5) for
allweQ ande € E, then ¢ = ¢ pq-

Proof. (a) By expanding the conditional probability,

PG pa(We)/ DG pa(Je) if j=0,
PG pgw | wle) =j) = (weQ)
¢G7p,q(we)/¢G7p,q(Je) if j=1,
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where J, = {w € Q : w(e) = 1}, and w,, w® are given by

cn={ W Hize gen (37)
R i S I ) 3.5

Similarly,

PG pa(w(e) = 1| wiey) :%pq(ifjpi(zc)pq(%)
p/(1 — p)] e ghe?)
[p/ (1 — p)]@)lgh@) 4+ [p/(1 — p)]inwellghlwe)
(3.10)

(3.9)

/(1—p) :
pra-pi i we € Ke,

= (3.11)

p/(l-p)
pra—ira o we & Ke,

for |n(w®)| —|n(we)| = 1. Regarding the difference k(w.) — k(w®), notice
that by closing the edge e, if w. € K., then the number of open clusters
remains the same; otherwise, this quantity increases by one.

(b) The claim follows from the fact that a strictly positive probability mea-
sure ¢ is specified uniquely by the conditional probabilities ¢(w(e) =
1|we),w e Q, e e E. Indeed, let ¢ and 1 be two such probability mea-
sures which agree on conditionings as above (if £ = {e}, then ¢ = v).
This condition implies that ¢(w{e>\w<e’ n) = w(w{e y|lwee,)), and immedi-
ately that ¢(weyrlwie,sy) = Y(Wieyf|wie,ry). Or more generally, for any
ordering of edges in E, e1,---en, ¢(Wiey,.er ) (€k) = TklWier, o)) =
V(Wier,en 1) (€8) = JrlWer,.eny)s for jr = 0,1 and 2 < K < N — 1.
Thus, since for any w € €2,

¢(w) :¢(w(€1> = jl‘w(el))¢(w(e1>(€2) = j2’w<61,62>) s

for ji,- -+, jn-1 € {0,1}, we conclude that ¢ = .
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The effect of conditioning on the state open or closed of an edge e is to
replace the measure ¢¢,, by the random-cluster measure on the respective
graph G\e or G.e. In addition, the conditional probability that e is open,
given the configuration elsewhere, depends only on whether or not K, occurs,
and is then given by the stated formula. By (3.5),

0 < dapqlwle) =1]we) <1 (e E, pe(0,1),q€ (0,00)) (3.13)

Thus, given w, each of the two possible states of e occurs with a strictly
positive probability. This fact is known as the finite-energy property, and is
related to the property of so-called insertion tolerance.

Let £ € Q, F C E, and let Q% be the subset of €2 containing all configu-
rations 1 satisfying ¢(e) = £(e) for all e ¢ F'. We define the random-cluster
measure gb%p’q (on the finite graph (Vp, F') with boundary condition £ ) on
(€2, F) by

‘ m{ HeeF pw(e)(l _ p)l—w(e)}qk(w,F) if we Q%,
Vg = (3.14)

Fpq —
0 otherwise,

where k(w, F) is the number of components of the graph (G,n(w)) that in-
tersect the set of endvertices of F, and

Zipg) = Y { [Ir0- p)1*”<€)}q’“<va>. (3.15)

weﬂ% eck

Note that ¢5., (Q%) = 1.

Now, we introduce some notation. For W C V', let Ey denote the set
of edges of G having both endvertices in W. We write Fyy (respectively,
Tw) for the smallest o-field of F with respect to which each of the random
variables w(e), e € Eyw (respectively, e ¢ Ey ), is measurable. The notation
Fr, Tr is to be interpreted similarly for F* C E. The intersection of the Tr
over all finite sets F' is called the tail o-field and is denoted by 7. Sets in T

are called tail events.

Theorem 3.2. Let p € [0,1], ¢ € (0,00), and FF C E. Let X be a random
variable that is Fp-measurable. Then

B o XITFI(E) = Eye  [X] (3.16)

F,p,q
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Proof. This holds by repeated application of (3.4), with one application for
each edge not belonging in F'. O

In other words, given the states of edges not belonging to F', the condi-
tional measure on F is a random-cluster measure subject to the retention of
open connections of ¢ using edges not belonging to F'.

3.3 Positive association and comparison in-
equalities

Let ¢, , denote the random-cluster measure on G' with parameters p and q.
We will see that ¢, , satisfies the FKG lattice condition whenever ¢ > 1, and
we arrive thus at the following conclusion.

Theorem 3.3. Let p € (0,1) and q € [1,00).

a The random-cluster measure ¢, , is strictly positive and satisfies the
FKG lattice condition.

b The random-cluster measure ¢, 4 is strongly positively-associated, and
wm particular

Ey, ,(XY)>E4 (X)Eg, (V) for increasing X,Y : Q — R,
(3.17)

Gp (AN B) > ¢y (A)dp o(B) for increasing A, B € F. (3.18)

Proof. Let p € (0,1) and g € [1,00). Part (b) follows from (a) and Theorem
2.7. It is elementary that ¢, , is strictly positive. We now check as required
that ¢, , satisfies the FKG lattice condition. Since the set n(w) of open edges
in a configuration w satisfies

[n(wi Awz)| + [n(wr Vws)| = [n(wi)| + [n(w2)]  (wi,w1 €Q),  (3.19)
it suffices, on taking logarithms, to prove that

k(wi A ws) + k(wy V ws) > k(wr) + k(ws) (wy,w; € Q). (3.20)
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By Theorem 2.6, we may restrict our attention to incomparable pairs wy, wsy
that differ on exactly two edges. There must then exist distinct edgese, f € E
and a configuration w € §) such that wy = w}, we = w/. As in the proof of
Theorem 2.7, we omit reference to the states of edges other than e and f,
and we write w; = 10 and wy = 01. Let Dy be the indicator function of the
event that the endvertices of f are connected by no open path of F\{f}.
Since Dy is a decreasing random variable, we have that D;(10) < D;(00).
Therefore,

k(10) — k(11) = D;(10) < D;(00) = k(00) — k(01), (3.21)

which implies (20). O
In general, ¢, , is not positively associated when ¢ € (0,1), as illustrated

in the following example. Let GG be the graph containing just two vertices

and having exactly two parallel edges e and f joining these vertices. It is a
straightforward computation that
p’¢*(¢ — 1)(1 —p)*

¢p,q(‘]e N Jf) - pr,q(Je)pr,q(Jf) = Z(p q)Q )

where J; is the event that g is open. This is strictly negative if 0 < p,q < 1.
Now, restricting to the case G = (V, E) is a finite graph, we present the
comparison inequalities.

Theorem 3.4.

Oprar st Opo.go if @ > q,q>1and p; < po. (3.23)

Proof. We may assume that p;, ps € (0,1), since the other cases are straight-
forward. Let X : 2 — R be increasing. Then

(3.22)

Egp, a0 [X] (3.24)
X ‘77(‘” |E\n(w)| k(w) 3.95
Z (2, @2) Z —Dp) 43 ( )
- P2) 'E' ()| E k()
— X(w 1— | E\n(w)|
<1 — D p2aQ2 Z ( p1) n
(3.26)

_ (1 —P2>|E|Z(P1,Q1)

E XY 3.27
L—m Z(p2, q2) om0 XY (3.27)

(3.28)

52



where

Y(w) = (@)k(w) <p2/(1 —pQ))n(w)l' (3.20)

¢ p1/(1—p1)
Setting X = 1, we obtain

1 —p2)EZ(p17Q1)

E, []=1= (
¢p2,q2[ ] 1 — D1 Z(p27 QQ) ¢P1»QI

Y], (3.30)

whence, on dividing,

XY
Eg,, 4 [X] = %. (3.31)

Assume now that the conditions of (3.23) hold. Since k(w) is a decreasing
function and |n(w)| is increasing, we have that Y is increasing. Since ¢; > 1,
®p1.q 18 positively associated, so

Egpp i [XY] 2 By, [X]E,, ,, [Y], (3.32)

bp1,01

and (3.31) yields Ey, , [X] > Ey, , [X]. Claim (3.23) follows.
U

3.4 Differential formulae and sharp thresh-
olds

One way of estimating the probability of an event A is via an estimate of
its derivative do,4(A)/dp. For w € Q, let |n| = [n(w)| = > .cpw(e) be
the number of open edges of w as usual, and k& = k(w) the number of open
clusters.

Theorem 3.5. Let p € (0,1), ¢ € (0,00), and let ¢,, be the corresponding
random-cluster measure on a finite graph G = (V, E). We have that

d 1
—E, (X)= cov , X), 3.33
dp ¢p,q( ) p(l p> p#l(‘m ) ( )
—d E, (X)= 1 (k, X) (3.34)
—cov , X), .
dq ¢p,q q p,q

for any random variable X : Q@ — R, where cov,, denotes covariance with
respect to ¢y .
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Proof. The first formula was proved for Theorem 2.9 and the second is ob-
tained in a similar fashion. O

In most applications, we set X = 14, the indicator function of some given
event A, and we obtain that

_ E¢p7q(1A|n|) - ¢p,q(A)E¢p,q(|7]|)
p(1—p)
with a similar formula for the derivative with respect to q.
Now we present two examples of Theorem 4 which result in monotonicities

valid for all ¢ € (0,00). Let h : R — R be non-decreasing. On setting
X = h(|n|), we have from (3.33) that

d 1
—Es (X)=——
dp ¢p7q( ) p(l _p>

d
d—pd)p,q(A) (3.35)

covpq(|n], h([n])) = 0. (3.36)

In the special case h(x) = x, we deduce that the mean number of open edges
is a non-decreasing function of p, for all ¢ € (0, 00). Similarly, by (3.34), for
non-decreasing h,

d 1
2o B (h(K)) = —covy(k, h(k)) = 0. (3.37)
q q
This time we take h = —1(_ 1), so that —h is the indicator function of

the event that the open graph (V,n(w)) is connected. We deduce that the
probability of connectedness is a decreasing function of ¢ on the interval
(0, 00).

Let g € [1,00). Since ¢, , satisfies the FKG lattice condition, it is mono-
tonic. Let A be a subgroup of the automorphism group Aut(G) of the graph
G = (V,E). We call E' A-transitive if A acts transitively on E.

Theorem 3.6 (Sharp threshold). Let A € F be an increasing event, and
suppose there exists a subgroup A of Aut(G) such that E is A-transitive and
A is A-invariant. Then, forp € (0,1) and q € [1,00), there exists an absolute
constant ¢ € (0,00) such that

%qﬁp,qm) > Cmin{gyg(A). 1 — dpg(A)} log B (3.38)

where

Czcmin{l’{p—i-q(z—p)P} (3.39)
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Proof. With A as in the theorem, ¢, , is A-invariant since A C Aut(G). The
claim is a consequence of Theorem (2.10) on noting from (3.5) that

¢p,q(‘]e)¢p,q(je) . q
o —p) Zmln{l, {p+q(1—p)}2} (e € E). (3.40)
U
Since ¢ > 1, (3.38) implies that
d
gpfralA) > T min{o(A), 1= gy, (A)Hlog B, (3.41)

an inequality that may be integrated directly. Let p; = p1(4,q) € (0,1) be
chosen such that ¢, ,(A) > 3. Note that ¢,,(A) > 3 for p € (p1,p2) (by
comparison inequalities). Then

_dip log (1 — @pq(A)) > glog [El  (pe(p,1) (3.42)

and hence, by integration,
L —etpp
¢p7Q(A> >1- §’E’ =p1)/a (p € (ph 1)7 qc [17 OO)) (343>

whenever the conditions of Theorem 3.6 are satisfied. If in addition p; >
Va/(1+ /q), then C' = ¢, and hence

bpalA) 2 1= B0 (pe (pi,1), (3.44)

under the condition ¢, ,(A) > % As an application of this inequality, we
derive, in the next section, a lower bound for the probability of an open
crossing of a rectangle of Z2.

Now, we present an extension of the sharp-threshold theorem for mono-
tonic probability measures applied to increasing events (Theorem 2.10) with
no assumption of symmetry. In what follows, p is a positive measure on
Q={0,1}F |E| = N, (p(w) > 0, w € Q) satisfying the FKG lattice condi-
tion, p,, for p € (0, 1), is the probability measure given by

miw) = 7 TI#O0 -0 ) (@)

and J4 p(e) = pp(AlJe = 1) — pp(A|Je = 0) is the conditional influence of the
element e € E on the event A.
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Theorem 3.7. There exists a constant ¢ > 0 such that for any increasing
event A # (), Q,

d c&p
d—pup(A) > =7 1p(A) (1 = 1y (A)) log [1/(2mea )], (3.45)

where My, = maeepJap(s) and & = mineep|p,(Je) (1 — py(Je))].
Proof. 1t is proved (in Theorem 2.9) that

d
d /‘LP(

p(€))Jap(e). (3.46)

Let K = [0, 1]¥ be the ”continuous” cube, endowed with Lebesgue mea-
sure A, and let B be an increasing subset of K. The influence Iz(e) of an
element e is given as

Ip(e) = A(1p(¥°) # 15(¢e)), (3.47)

where ¢ (respectively, 1. ) is the member of K obtained from i) € K by set-
ting 1(e) = 1 (respectively, ©(e) = 0). We know that there exists a constant
¢ > 0, independent of all other quantities, such that for any increasing event
BCK,
D Iple) > eA(B)(1 — A(B))log[1/(2mp)], (3.48)
ecl
where mp = mazx.cglp(e).
It is shown in the proof of the Theorem 2.8 that there exists an increasing
subset B of K such that p,(A) = A(B), and Ja,(e) > Ig(e) for all e € E
(see (2.72)). Inequality (3.45) follows by (3.46) and (3.48). O

Corollary 3.1. In the notation of Theorem 3.7,

(A1 = ()] 2 2P (0 <p<pp<1),  (349)
where
B = inf { ad }, k=2 sup  Ja,le). (3.50)
p€(p1,p2) p(l - p) pE(p1,p2),e€E
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Figure 3.1: The planar dual of the square lattice [10].

Proof. By (3.45),

<up(1A) Tic ;p(A)>“Z(A> >Blog (k') (m<p<p),  (351)

whence, on integrating over (py, ps),

—+ pal / tnld) o —bam) (3.52)
— ppo(A)/ 1= Mm

The claim follows. ]

3.5 Planar duality

Let Z = {---,—1,0,1,---} be the integers and Z? the set of all 2-vectors
x = (z1,x2) of integers. We turn Z? into a graph by placing an edge between
any two vertices z,y with |x — y| = 1, where

2| = |zl + |2, (2 €2). (3.53)

We write E? for the set of such edges and .2 = (Z?,E?) for the ensuing graph.

A graph is callled planar if it may be embedded in R? in such a way
that two edges intersect only at a common endvertex. Let G = (V, E) be a
planar (finite or infinite) graph embedded in R%. We obtain its dual graph
Gq = (Vy, Ey) as follows. We place a dual vertex within each face of G,
including any infinite face of G if such exist. For each e € E we place a dual
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Figure 3.2: A primal configuration w, with solid lines and vertices, and its
dual configuration wy, with dashed lines and hollow vertices [10].

edge eq = (xg4,yq) joining the two dual vertices lying in the two faces of G
abutting e; if these two faces are the same, then x4 = y4 and e4 is a loop.
Thus, V; is in one-one correspondence with the set of faces of GG, and FEjy is
in one-one correspondece with E. Tt is clear that the dual L2 of the square
lattice .2 is isomorphic to 2. See Figure 3.1l

Suppose that G is finite. A configuration w € Q = {0, 1}¥ gives rise to a
dual configuration wy € Qg = {0, 1}7¢ given by wg(eq) = 1 —w(e). That is, eq
is declared open if and only if e is closed. As before, to each configuration wy
there corresponds the set n(wq) = {eq € E4 : wa(eq) = 1} of its "open edges’,
so that n(wg) is in one-one correspondence with E\n(w). Let f(wy) be the
number of faces of the graph (Vy, n(wy)), including the unique infinite face.
Note that each face of the dual graph corresponds to a unique component of
the primal graph lying ’just within’ (see Figure 3.2). The faces of (Vy, n(wq))
are in one-one correspondence with the components of (V,n(w)); therefore

Flwa) = k(w). (3.54)
We shall make use of Euler’s formula, namely
kw) = V] =@+ flw) -1  (we) (3.55)

and we note also for later use that
In(w)| + In(wa)| = |E. (3.56)
Let ¢ € (0,00) and p € (0, 1). The random-cluster measure on G is given
by

P ym@lgr@) (e ), (3.57)

DG p.q(W) X (1 —p
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where the constant of proportionality depends on G, p and ¢q. Therefore,

bapale) o (F) "0 by 050 and 350) (3.59)
x <¥)n(wd)qk(”d) (by (3.55) applied to wy) (3.59)
X ¢G,pd,q(wd)a (360)

where the dual parameter p; is given by

Pa q(1—p)
= . 3.61
1 —pg P (3.61)

Note that the value of p, satisfies (ps)q = p. Since (3.58) involves probability
measures, we deduce that

GG p.a(W) = bcypaa(wa) (w € Q). (3.62)

It will later be convenient to work with the edge-parameter

1
q 2p
= 3.63
=i (3.63)
for which the primal/dual transformation (3.61) becomes
xry = 1. (3.64)

The unique fixed point of the mapping p — py is easily seen from (3.61)
to be the self-dual point ps(q) given by

q
Psd = 7 jfﬂ (3.65)
We note that
P poalaya(W) 0 2R o okl +k(), (3.66)

by (3.54)-(3.55). This representation at the self-dual point ps4(q) highlights
the duality of measures.

When we keep track of the constants of proportionality in (3.58), we find
that the partition function

Za(p,q) = Zp\n(w)l(l _ p)\E\ﬂ(w)\qk(w) (3.67)

we
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Figure 3.3: The dual of the box A(n) = [—n,n]? [10].

satisfies the duality relation

Za(p,q) = ¢V (%) ‘E‘ch (P, q)- (3.68)

Therefore, )
ZG(psd(Q)a Q> = qW‘iliE'E'ZGd(psd((Da q) (369)

Now, we return to .2 = (Z* E?). Given a finite graph G, we will focus on
two boundary conditions: the wired boundary condition, denoted by ¢¢ p 4, is
specified by the fact that all the vertices on the boundary are pairwise wired;
and the free boundary condition, denoted by ¢¢ 4, is specified by no wiring

between sites. Let A(n) = [—n,n]?, viewed as a subgraph of L2, and note
that its dual graph A(n); may be obtained from the box [—n —1,n]>+ (3, 3)

by identifying all boundary vertices (see Figure B.3)). By (3.62), and with a
small adjustment on the boundary of A(n)g,

O () (@) = Phm)y pg (W) (3.70)

for configurations w on A(n). Let A be a cylinder event of Q = {0,1}% and
write Ay for the dual event of Ay = {0, 1}E§, that is, Ay = {wqg € QU : w €
A}. On letting n — oo in (3.70), we obtain by the Thermodynamic Limit
Theorem [10, Theorem 4.19(a)] that

0 (A) =B, ,(Ad), (3.71)
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Figure 3.4: The box R(5) and its dual R(5)4 [10].

where the notation ¢ is used to indicate the random-cluster measure on the
dual configuration space 2;. By a similar argument,

—0
;,q(A) = ¢pd,q(Ad) (3.72)
We summarize the above in a theorem.

Theorem 3.8. Consider the square lattice L?, and let q € [1,00). For any
cylinder event A,

, (4) = 5117;2(1461) (b=0,1), (3.73)

p.q

where Ay = {wy € Qq:w € A}.

3.6 Box-crossings in the Random Cluster model

There is a key application of duality to the existence of open crossings of a
box. Let R(n) = [0,n+ 1] x [0,n] (n > 1, [0,n] = {0,1,2,---,n}) and let
R(n)q be its dual box [0, n] x [-1,n]+ (3, 3). Let A, be the event that there
exists an open path of R(n) joining some vertex on its left side to some vertex
on its right side. It is standard that (A,)q is the event that there exists no

open dual crossing from the top to the bottom of R(n)s. See Figure 3.4
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Indeed, denote by B, the event that there exists an open path of R(n)y
joining a vertex on the top side of R(n)y to a vertex on its bottom side.
Notice that A,, N B, = 0, since if both A,, and B,, occur, then there exists an
open path in R(n) which crosses an open path in R(n)s. Where these two
paths cross, there is an open edge of I.? which is crossed by an open edge of
L2, and this is impossible. On the other hand, either A, or B, must occur.
Suppose that A,, does not occur, and let D be the set of all vertices of R(n)
which are attainable from the left side of R(n) along open paths; we turn
D into a graph by adding all open edges of R(n) joining pairs of vertices in
D. Tt is straightforward that there exists an open path of I crossing R(n)qg
from top to bottom, and which crosses only edges of R(n) contained in the
edge boundary of D. Thus, B, occurs whenever A, does not occur.

Theorem 3.9. Let g € [1,00). We have that

2sd(q),q(A”) + qbllisd(q),q(A”) =1 (n>1). (3.74)

Proof. Apply Theorem 3.8 with b = 0 to the event A = A,,, and use the fact
_1 _

that ¢, ,((An)a) = ¢, ,(An) =1 — ¢, ,(An). O

Now consider the square S(n) = [0,n]* viewed as a subgraph of L2, We
identify certain pairs of vertices on the boundary of S(n) in order to make it
symmetric. More specifically, we identify any pair of the form (0, m), (n,m)
and of the form (m,0), (m,n), for 0 < m < n, and we merge any parallel
edges that ensue. Let T,, = (V,,, E,) denote the resulting toroidal graph.
Let A, be the automorphism group of the graph T, and note that A, acts
transitively on E,. The configuration space of the random-cluster model on
T,, is denoted by Q(n) = {0, 1},

Let p € (0,1) and g € [1,00). Write ¢,,, for the random-cluster measure
on T,, with parameters p and ¢ and note that ¢, , is A,-invariant. We note
that the dual of T}, is isomorphic to 7},, and the random-cluster measure on
T,, is self-dual when p = p,, (by (3.62)).

Let w € Q(n). Any translate in T, of a rectangle of the form [0, 7] X
0, s] is said to be of size r x s. When r # s, such a translate is said to
be transversed long-ways (respectively, transversed short-ways) if the two
shorter sides (respectively, longer sides) of the rectangle are joined within
the rectangle by an open path of w.

Let a € (1,00) and let SW,, , denote the event that the rectangle H, , =
0, [na]] x [0, [n/a]] is crossed short-ways. One would normally take o — 1
to be small and n to be large in the next theorem.
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Theorem 3.10. [11] Let a € (1,00),k,n > 2,q € [1,00) and psqg < p < 1.
Suppose that n/(n — 1) < a < min{k,n}. We have that

Ghnp(SWia) > 1 — exp 9P Pst), (3.75)
where o0
9= g(k,n,a) = +-log (kn) (3.76)
and -
M:2<1+&_1><1+&_1>. (3.77)

Note that M is of order 2k?a/(ac — 1)? for large k,n. For p > p,4, one
may make ¢, ,(SW,, o) large by holding k fixed and sending n — oo.

Proof. Assume the given conditions. Let R(n) = [0,n + 1] x [0, n], viewed
as a subgraph of Ty,, and let LW, be the event that R(n) is transversed
long-ways. By a standard duality argument,

1
Oknpa(LWn) =5 (k=2,n>1). (3.78)

Let A, be the event that there exists in T}, some translate of the square
S(n) =[0,n] x [0,n] that possesses either an open top-bottom crossing or an
open left-right crossing. The event A, is A,-invariant, and

¢kn,psd(An> > ¢kn,psd(LWn> = % (379)

We apply (3.34) to the event A,, with p; = ps and with N = 2(kn)?
being the number of edges in T},. This yields that

1
Ornp(An) 2 1= S [2(kn)?) 70
>1- (kn)*Qc(p*psd) (psd <p< 1)' (3,80)

The event A, is defined on the whole of the torus. Let a = [nal, b =
|n/a, and let H,, , = [0,a] x [0,b] and V,, o, = [0,b] x [0,a]. Let Ay o, Uy be
the sets of vertices in T}, given by

hn,a:{(zl(a—n),ZQ(n—b))ev,m:ogz1< o<y < ’mb},

a—n n —
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kn kn
Vna = {(ll(n—b), lg(a—n)) EVin:0< 1 < m,o <ly < m}, (382)

where the [; are integers. That n—b > 1 follows by assumption o > n/(n—1).
Consider the set H = H, o + hy of translates of H,, by vectors in h, 4,
and also the set V =V, , + v, . If A, occurs, then some rectangle in H UV
is traversed short-ways. By positive association and symmetry,

Prnp(An) = Ornp (no member of HUYV is traversed short — ways)
> {1 = dpnp(SWia) } " (3.83)

where SW,, , is the event that H,, is traversed short-ways, and

R = |hnal + |vnal < Q[Gk_”nw kn W (3.84)

n—>ob
After taking into account rounding effects, we find that R < M. Inequality
(3.75) follows from (3.80), (3.83) e (3.84). O

Consider the square lattice Z? with edge-set E, and let Q = {0, 1}F. Let

A = A, = [-n,n]? be a finite box of Z?, with edge-set E,. For b € {0,1}
define

DB ={weQ:wle)=0bforedEp}. (3.85)

On Q4 we define a random-cluster ¢?\7p7q as follows. For p € [0,1] and ¢ €
[1,00), let

1 —wle w
¢?\,p,q(w) — b { H pw(e)(l - p)l ( )}qk( ’A)a (we Ql}\), (3.86)

Avpvq eG]EA

where k(w, A) is the number of clusters of (Z?,n(w)) that intersect A.

For A, B C 72, we write A <+ B if there exists an open path joining some
a € A tosome b € B. We write z <> oo if the vertex x is the endpoint of
some infinite open path. The percolation probabilities are given as

0°(p,q) = dp (0> 00)  (b=0,1). (3.87)
Since each 6° is nondecreasing in p, one may define the critical point by
pe(q) =sup{p: 0'(p,q) = 0}. (3.88)
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It is known that ¢) , = ¢}, if p # p.a(q), and we write ¢, 4 for the common
value. In particular, ¢°(p,q) = ¢'(p, q) for p # p.(q). It is conjectured that
04 = Opq When p=p.(q) and ¢ < 4.
Let By = [0, k] x [0,k — 1], and let Hj, be the event that By possesses an
open left-right crossing. That is, Hy is the event that Bj contains an open

path having one endvertex on its left side and one on its right-hand side.

Theorem 3.11. [12] Let ¢ > 1. We have that

¢p,q(Hk) S QPZSdip (O <p< psd(Q))? (389)
Gpqg(Hy) > 1 — 207 P (psa(q) <p < 1), (3.90)
for k > 1, where
pr = 2qmk/p)7%, v = [2qk/pa)” (3.91)
and
M = Bpu(@)a(0 4> Oij2) =0 as kb — o0 (3.92)

Here, ¢ is an absolute positive constant.

Let By = [0,k] x [0,m] and let Hj,, be the event that there exists an
open left-right crossing of By,

Theorem 3.12. [12] Let ¢ > 1. We have that

Pprg(Him)[L = bpy g (Him)] < 07" (0 <p1r < p2 <paalg)),  (3.93)

¢p1,q(Hk,m)[1 - prz,q(Hk,m)] < ng;fl (psd(Q) <p1<p2 < 1)7 (3'94)

for k,m > 1, where py, (resp., vy) is with p = py (resp., p = p2), and ¢p_,(q).q
is to be interpreted as ¢2sd(q) .

We shall apply Theorem 3.6 to a random-cluster measure ¢, , with ¢ > 1.
By using Theorem 3.1, we obtain

< Gpale) <p (3.95)

whence
(3.96)



We may thus take B = g in Corollary 3.1.

Let ¢ > 1,1 < k,m < n, and consider the random-cluster measure ¢;‘W =
P, pq o0 the box A,. For e € E?, write J{, (e) for the (conditional)
influence of e on the event Hj, ,,, under the measure ¢Irjz,p' We set J,’;’m,n(e) =0
fore ¢ E,,.

At this point, we introduce and explain the boundary coupling property,
which will be used in the proof of Theorem 3.11. Recall that a coupling of
two measures ¢, and ¢9 on {2 is a measure p on 2 x €2 with marginals ¢,
and po (in order). If ¢; and ¢ are conditional distributions of some ¢ given
boundary conditions &; and &, we also say p is a coupling of & and & under
0.

We say that a measure ¢ on () has the boundary coupling property if for
every finite I' and every boundary condition £ on T, there exists a coupling
pof & and 1 (the configuration that assigns 1 to each site) under ¢ with the
property that

p{(w,w) € QA x Q:wle)=dw'(e) for all (3.97)
e € Copry(w) N Copry (W) = 1}, (3.98)

where Cy,ry(w) denotes the boundary cluster in w, that is, the union of the
connected components of the edges of Jg(I') in the configuration w.

Lemma 3.1. [1, Lemma 2.3] For a measure ¢ on ), suppose that for every
finite T",

(a) for every pair of boundary conditions &1, & on T with & < &, and every
eel,

Fwle) =1) < oF (W(e) = 1); (3.99)
(b) for every boundary condition & on T with £(e) = 0 for all e € dg(T),
¢r. = ¢(-|¢(x) = 0 for all e € Op(T)) (3.100)

Then ¢ has the boundary coupling property with respect to b = 1.

Proof. Order the sites of I' = {e), -, ,,} in such a way that e precedes f
in the ordering if d(e,I') < d(f,I') (for example, spiraling inwards if I" is a
cube). We select the pairs (we,, we,) one at a time, as follows. Let Sy = () and
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suppose some set of edges .S,, has been selected, and the corresponding values
(w(e),w'(e)) chosen, by time n. Suppose also that w(e) > w'(e) for all e € S,.
At time n+1, we let i be the least index, if any, such that edge e; has not been
selected and some site adjacent to e; is connected to Ol in W' by an open
path of previously selected edges. We then have (&) X wg, < (§2)F X wy |
and from (a),

¢ (w(e;) = 1\w( ). e €8,) = b (wle;) = 1)
< Gl S (w(e) = 1) = ¢ (w(es) = 1w'(e), e€T).  (3.101)

Let p and p’ denote the probabilities on the left and right sides of (3.101),
respectively. Then let (w(e;),w’(e;)) be (0,0) with probability 1 — p', (0, 1)
with probability p’ — p and (1, 1) with probability p. Let 7 be the first time
at which there are no longer any edges satisfying the property stressed in
italic. Then S: is necessarily the cluster Cy,r)(w’), so w(e) = w'(e) = 0
for all e € 0g(Cy,ry(w')). Then by (b), the inequality (3.101) becomes an
equality from time 7 onward. This means the coupling constructed satisfies

We = w., for all e € C(Og,w'), (3.102)
which establishes the boundary coupling property. O

Lemma 3.2. Let ¢ > 1. We have that

sup Jg . (€) < gnk (0 <p<psalq),l <k,m<n) (3.103)
e€cE? p

sup Jj o, < inm-{-l (psa(q) <p< 1,1 <k,m<n) (3.104)
e€R2 Pa

where pq satisfies
pa _4q(1—p)
1 —pa p

(3.105)

and
M = oy, s@g(0 9 ONg2) = 0 k — 0. (3.106)

Proof. For any configuration w € € and vertex z, let C,(w) be the open

cluster at z, that is, the set of all vertices joined to z by open paths.
Suppose first that 0 < p < pg(q), and let e = (z,y) be an edge of

A,. We couple the two conditional measures ¢) (-lw(e) = b),b = 0,1, in
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the following manner. Let €2, be the configuration space of the edges in
A, and let T = {(m,w) € Q2 : m < w} be the set of all ordered pairs
of configurations. Since ¢ , is strongly positively associated (see (2.56)-
(2.57)), and by Theorems 3.1 and 3.2, ¢;, , satisfies the hypothesis of Lemma
3.1. Then there exists a measure p® on 7" such that:

(a) the first marginal of p® is ¢) (-|1. = 0);
(b) the second marginal of u¢ is ¢, ,(-|1c = 1);

(c) for any subset v of A,, conditional on the event {(m,w) : C,(w) = v},
the configuration 7 and w are u®-almost-surely equal on all edges having
no endvertex in ~.

We claim that
Jlg,m,n(e) > ¢2,p(Dx’16 = 1)7 (3107)

where D, is the event that C, intersects both the left and right sides of By ,,.
This is proved as follows. By the conditional influence formula,

Jomn(€) = 1w € Hypm, ™ & Hi ) (3.108)
< p(w € Hgm N Dy) (3.109)
< pf(w € Dy) = ¢y (Da]le = 1), (3.110)

since, when w ¢ D,, either both or neither of w, 7w belong to Hy ,,. By (26),

0 (D
7o) 2 Snal)

7n’p(1e) . (3.111)

On D,, the radius of the open cluster at x is at least %k Since ¢2,p <st Dpg
and ¢, , is translation-invariant,

b < Opg(@ > 4 0Ny 2) = 0pg(0 <> Oy o). (3.112)
By 6°(psa(q),q) =0 (¢ > 1) (see [10, Theorem 6.17(a)]),
Dp.q(0 > ONgj2) < @y () g(0 42 ONgj2) =0 as k — oo, (3.113)

and, by (3.95) and (3.111), the conclusion of the lemma is proved when
p < psa(q). , we work with the dual open paths. Each edge e, = (z,y) of
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the dual lattice traverses some edge e = (z,y) Suppose next that ps(q) <
p < 1. Instead of working with the open paths, we work with the dual
open paths. Each edge e; = (u,v) of the dual lattice traverses some edge
e = (z,y) of the primal, and, for each configuration w, we define the dual
configuration wy by wy(eg) = 1 — w(e). Thus, the dual edge e4 is open if
and only if e is closed. With w distributed according to }W, wq has as law
the random-cluster measure, denoted ¢, ,,q4, on the dual of A, with free
boundary condition [I0, Equation (6.12)]. The event Hj,,, occurs if and only
if there is no dual open path traversing the dual of By, ,, from top to bottom.
We may therefore apply the above argument to the dual process, obtaining

thus that v
Tle) < SV
Y ¢n,pd,d(1e)

where V,, is the event that C, intersects both the top and bottom sides of
the dual of By, .
On the event V,,, the radius of the open cluster at  is at least 5(m +1).

Since ¢p py.d Zst Ppyqs
Prpad(Vi) < Gpyg(tt < 4+ ONangny2) = 0pyg(0 ¢ ONgngry ). (3.115)
As above, by p < psa(q) if and only if pg > psa(q),

(3.114)

Dpaa(0 > ONmi1y/2) < Dy i).a(0 ¢ ONni1y/2) = N, (3.116)

and this completes the proof when p > psa(q). O

Proof of Theorem 3.12. This follows immediately from Corollary 3.1 by tak-

ing B = 5 and Lemma 3.2. 0
Proof of Theorem 3.11. By planar duality,

o (He) =1—0, (Hy), (3.117)

where p, pg are related by

pa_ _4(1-p)

- = p (3.118)
Slnce ¢gsd(q),q SSt ;sd(Q)vq’
1
Fpaatra(HE) < 5 < Gy 900 (Hi): (3.119)
and Theorem 3.11 follows from Theorem 3.12. O
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