




 !"! #$%&! '!#()$!*

 





 !"#$%&'(%)*+,

 !"#$%&' # ('$') *+% ,% #-+$#"#, % .'/("01+0"#, 2#"# ' $%)%/3'430,%/(' $%)(% ("#1#45'6

7#&' ,%/)8' %)2%.0#4 #') 2"'9%))'"%)  "0%4 :%3;< ='"!% >6 ?+1%440 % :+.# >504402% @%"(%/) % #')

#,0!') $' A@> 6 B')(#"0# (#,1C, $% #!"#$%.%" #'  4#/ $% B%/#"' D#"0' 2'" $0)2'/01040E#"

# 1#)% $% $#$') 2#"# ' $%)%/3'430,%/(' $' 2"'-%('6  ') .'4%!#) % %FG.'4%!#) $% ("#1#45' $'

@'$#4  ))%( @#/#!%,%/( '1"0!#$'6

000





 !"#$%

 !" ! !#$%&'(! )% *%+,+ -%./+'!0 )% %0&+%00% 1,+, , -2+(, )% $2+!0 #+,0'3%'+,4 %0&% &+,#,35! 6!-,

., '"13%"%.&,78! )! "!)%3! )% 9%,&54 :,++!; % <!+&!. =>??@AB C% 6!+", , -!"13%"%.&,+

! %0&2)! 6%'&! 1!+ DC,+'! ,.) E%+.,.)FG=@H>>AI4 , +%)278! ), )'"%.08! )! 1+!#3%", +%,3'G,),

,&+,(F0 ), ,./3'0% )% -!"1!.%.&%0 1+'.-'1,'0 ",.&F" , !+)%" )% %J13'-,78! ), (,+'K.-', %"

.L(%'0 ,3&!04 ,-'", )% ?M% "%0"! %" "!"%.&!0 )% *+,.)%0 !0-'3,7N%0 .! "%+-,)! )% $2+!0

#+,0'3%'+!4 2", (%G O2%4 ., ,./3'0% )% -!"1!.%.&%0 1+'.-'1,'0 0% ,)!&% !0 (F+&'-%0 ), %0&+2&2+,

, &%+"! ), &,J, )% $2+!0 ",'0 .%*!-',)!0B P 2.'8! %.&+% , '.6!+",78! )% 2" 1+!Q00'!.,3 )% +'0-!

)% "%+-,)! % , +!#20&%G )! "!)%3! 1%+"'&% %.-!.&+,+ +%023&,)!0 0,&'06,&R+'!0 ., *%+,78! )!0

-%./+'!0 )% %0&+%00%B P %0&+2&2+, )% (!3,&'3'),)% 6!' -!.0&+2L), )% 6!+", 1,+,"F&+'-, #,0%,),

%" (F+&'-%0 0'.&F&'-!0 O2% 6!+," !#&')!0 1!+ '.&%+1!3,78! )!0 ),)!0 5'0&R+'-!0 )% -!&,7N%0

)! CS E2&2+! .%*!-',)! ., T<UETVWXYZP4 0%.)! ! 1%+L!)! ,.,3'0,)! %.&+% H@[H>[@HH\ ,

@M[H][@H>\B P "%&!)!3!*', F ,13'-,), .! ,2*% ), -+'0% '"!#'3'/+', ,"%+'-,., % %" "!"%.&!0

)% "2),.7,0 '.%01%+,),0 ., -!.)278! ), 1!3L&'-, "!.%&/+',B

&'(')*'"+,-')!. %̂0&% )% X0&+%00%_ 9%,&5`:,++!;`<!+&!._ X0&+2&2+, , %̂+"! ), ,̂J, )%

:2+!0B

(



 !"#$%&#

 ! "#$%# &" '%!%#(&% )&#%)) )*%!(#+") ,"# &-% .#(/+0+(! 1+%0$ *2#3% &-+) 4"#5 ,"*2)%) "! &-%

+670%6%!&(&+"! ", 8%(&-9 :(##"4 (!$ ;"#&"! <=>>? @ 6"$%0A B" *"670%6%!& &-% )&2$1 C1

DE(#+" (!$ F%#!(!$G/<?H==@I9 #%$2*+!' &-% $+6%!)+"! ", &-% 7#"C0%6 7%#,"#6%$ C1 7#+!*+7(0

*"67"!%!& (!(01)+) 6(+!&(+!) &-% "#$%# ", %J70(+!%$ 3(#+(!*% (& -+'- 0%3%0) (C"3% >K% %3%!

+! &+6%) ", '#%(& 3(#+(&+"!) +! &-% .#(/+0+(! +!&%#%)& 6(#5%&9 )+!*% +! 7#+!*+7(0 *"67"!%!&

(!(01)+) ($"7& &-% 3%#&+*%) ", &-% &%#6 )&#2*&2#% ", +!&%#%)& #(&% 6")& &#($%$A B-% 2!+"!

C%&4%%! 7#",%))+"!(0 6(#5%& #+)5 +!,"#6(&+"! (!$ &-% #"C2)&!%)) ", &-% 6"$%0 (00"4) &" L!$

)(&+),(*&"#1 #%)20&) +! &-% '%!%#(&+"! ", )&#%)) )*%!(#+")A B-% 3"0(&+0+&1 )&#2*&2#% 4() C2+0& +!

7(#(6%&#+* ,"#6 C()%$ "! )1!&-%&+* 3%#&+*%) &-(& 4%#% "C&(+!%$ C1 +!&%#7"0(&+"! ", &-% -+)&"#+*(0

$(&( ", M2"&(&+"!) E F2&2#% &#($%$ (& .;NF.OPQRST9 C%+!' &-% (!(01)+) 7%#+"$ C%&4%%!

H=UH?U?HHV &" HWU?KU?H=V A B-% 6%&-"$"0"'1 +) (770+%$ (& &-% 7%(5 ", &-% XARA -"2)+!' *#+)+)

(!$ +! &+6%) ", 2!%J7%*&%$ *-(!'%) +! 6"!%&(#1 7"0+*1A

'() *+$,"- R&#%)) &%)&Y 8%(&-Z:(##"4Z;"#&"!Y B%#6 )&#2*&2#% ", &-% +!&%#%)& #(&%A

3+





 !"#$%&

 !"#$%&'()%  

 ! "#$%&%'%()*+ ,*-* % .#+$# &# /+$-#++# ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0

* +,#$'#'$- - ./$0% &-, .-1-, &/ 2'$%, 3

1! 23 45$5-% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 6

1!1 378*-)*7$#+ &# "#-9*&% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :

4 5"678,/ &/ 9%0:%"/"#/, ;$8"<8:-8, = 59; >

0! ;<= # * /..> ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   

0!1 ;,')9*?@% &* ;<= 7* /..> ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  A

? @ A%&/7% &/ B/-7#C=2-$$%D=A%$#%"  E

A! .*B*+  !"#$"% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  :

A!1 ; &)7CD)9* &*+ $*B*+  !"#$"% # % ,-#?% &%+ $E$5'%+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  F

A!0 "#-9*&% G)8-# &# ;-H)$-*(#D ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  I

A!A J#7#-*')K*?@% &% L>" ,*-* * &)7CD)9* &*+ $*B*+  !"#$"% ! ! ! ! ! ! ! ! ! ! ! ! 1 

A!6 <%7+$-5?@% &%+ <#7M-)%+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1A

3 !0:7/0/"#-()% "% A/$<-&% F$-,87/8$% *3

6! <*')H-*?@% &% "%&#'% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 16

6! ! ; #+9%'N* &%+ OP-$)9#+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 16

6! !1 ;7M')+# &# <%D,%7#7$#+ =-)79),*)+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1Q

6! !0 /+$)D*?@% &* O%'*$)')&*&# =*-*DP$-)9* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1Q

6!1 ;,')9*?@% &% "%&#'% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1F

G 9%",8&/$-(H/, I8"-8, 44

5 J/,'7#-&%, .K<"8<%, / L%#-(H/, 4?

;! <%7+)&#-*?R#+ ,*-* * 9%7+$-5?@% &%+ 9#7M-)%+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0A

;!1 2#$#-D)7*?@% &% 7E8#' &# 9%7S*7?* &% 9N%T5# ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 0A

;!0 U9-),$ J#-*' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 06

;!A /8%'5?@% &%+ <%D,%7#7$#+ =-)79),*)+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A6

J/M/$N"<8-, F8O78%P$6Q<-, ?>

 



 !"#$ %& '!()*$"

 !" #$%&'() *)+) ) ,-.'+*/0)12/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3

 ! 4,$./5+)()$ 6/$ 7-8)+,)-.'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9

 !: ;+<=>/ 6' ?,$*'+$2/ >/( 6'@)$)5'-$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9

:!" #8/0&12/ 6) #A*0,>)12/ 6/ 1◦ ' 2◦ B/(*/-'-.' C+,->,*)0 ! ! ! ! ! ! ! ! ! ! ! ! ! "D

:! #8/0&12/ 6) #A*0,>)12/ 6/ 3◦ B/(*/-'-.' ' 6) $/() 6/$ : *+,(',+/$ B/(*/E

-'-.'$ C+,->,*),$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "F

:!: #8/0&12/ 6) #A*0,>)12/ 6/ 1◦ ' 2◦ B/(*/-'-.' C+,->,*)0 ! ! ! ! ! ! ! ! ! ! ! ! ! "F

:!D #8/0&12/ 6) #A*0,>)12/ 6/ 3◦ B/(*/-'-.' ' 6) $/() 6/$ : *+,(',+/$ B/(*/E

-'-.'$ C+,->,*),$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "G

F!" H/0).,0,6)6' 4,$.I+,>) A C)+)(J.+,>) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  3

F! #$.+&.&+) 6' 8/0).,0,6)6' 6/$ .+K$ >/(*/-'-.'$ *+,->,*),$! L$ */-./$ +'*+'$'-E

.)( /$ 8)0/+'$ M,$.I+,>/$ N)&./8'./+ 6) ().+,O 6' >/++'0)12/P ' )$ 0,-M)$ >/-.Q-&)$

)$ @&-1R'$ >)0,S+)6)$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  3

F!: B'-<+,/$ 6' '$.+'$$' *)+)  6,)$ 6) .)A) 6' T&+/$ $'5&-6/ / (/6'0/ 4UV ' )

.)S'0) F!G ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  9

F!D B'-<+,/$ 6' '$.+'$$' *)+)  6,)$ 6) .)A) 6' T&+/$ $'5&-6/ / (/6'0/ 4UV ' )

.)S'0) F!3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  W

F!F B'-<+,/$ 6' '$.+'$$' *)+)  6,)$ 6) .)A) 6' T&+/$ $'5&-6/ / (/6'0/ 4UV ' )

.)S'0) F!9 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :X

F!G B'-<+,/$ 6' '$.+'$$' *)+)  6,)$ 6) .)A) 6' T&+/$ $'5&-6/ / (/6'0/ 4UV ' )

.)S'0) F!W ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :"

F!3 B'-<+,/$ 6' '$.+'$$' *)+) : 6,)$ 6) .)A) 6' T&+/$ $'5&-6/ / (/6'0/ 4UV ' )

.)S'0) F!W ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :"

F!9 B'-<+,/$ 6' '$.+'$$' *)+) : 6,)$ 6) .)A) 6' T&+/$ $'5&-6/ / (/6'0/ 4UV ' )

.)S'0) F!"X ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! : 

 



 !"#$ %& '$(&)$"

 !" #$%&'(&$) *$+ +(,$' -$./+0 %01$*,(2$ %$ 30'4$2$ (%(.,)(2$ ! ! ! ! ! ! ! ! ! ! ! 5 

 !5 67'&,*0) 0+ 2,() 8&0,) /&,.,9(2$) 3('( ( *(.,:'(;<$ 2$ +$20.$ ! ! ! ! ! ! ! ! ! ! ! 5=

 !> ?0*$+3$),;<$ 2$) ,%-(',(%&0) 20 +0'*(2$ 0+ )0/) *$+3$%0%&0) 3',%*,3(,) ! ! ! 5=

 !@ A('B+0&'$) *(.,:'(2$) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 5=

 ! #$0C*,0%&0) 2( '01'0))<$ %<$ .,%0(' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 5=

 != D)&'0))0 0)&(:0.0*,2$ 3('( *$%)&'/,' *0%E',$) 20 %4-0.! F) -7'&,*0) )<$ 0G3'0))$)

0+ 2,() 8&0,) 0 $ 0)&'0))0 0+ 3$%&$) :()0! #0%E',$) 20 D)&'0))0 2( HIJKHF6DLAM

0+ (1$)&$ 20 5N">! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 5O

 !P D)&'0))0 0)&(:0.0*,2$ 3('( *$%)&'/,' *0%E',$) 20 ,%*.,%(;<$! F) -7'&,*0) )<$ 0GQ

3'0))$) 0+ 2,() 8&0,) 0 $ 0)&'0))0 0+ 3$%&$) :()0! #0%E',$) 20 D)&'0))0 2(

HIJKHF6DLAM 0+ (1$)&$ 20 5N">! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 5R

 !O D)&'0))0 0)&(:0.0*,2$ 3('( *$%)&'/,' *0%E',$) 20 */'-(&/'(! F) -7'&,*0) )<$ 0GQ

3'0))$) 0+ 2,() 8&0,) 0 $ 0)&'0))0 0+ 3$%&$) :()0! #0%E',$) 20 D)&'0))0 2(

HIJKHF6DLAM 0+ (1$)&$ 20 5N">! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! >N

 !R D)&'0))0 0)&(:0.0*,2$ 3('( *$%)&'/;<$ 2$) *0%E',$)! F) -7'&,*0) )<$ 0G3'0))$) 0+

2,() 8&0,) 0 $ 0)&'0))0 0+ 3$%&$) :()0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! >N

 !"N D)&'0))0 0)&(:0.0*,2$ 3('( *$%)&'/;<$ 2$) *0%E',$) (.&0'%(&,-$)! F) -7'&,*0) )<$

0G3'0))$) 0+ 2,() 8&0,) 0 $ 0)&'0))0 0+ 3$%&$) :()0! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! >5

>



 !"#$%&' (

)*$+',%-.'

 !"# $ %&%''()&*$ +, +*-,'#$# &'*#,# .)$)&,*'$# )%# /01*2%# $)%# 32 2$*%' '*4%' )%# !'%&,+*5

2,)1%# +, !'%1,67% , $-$0*$67% +, '*#&%# 1%')$'$25#, ),&,##8'*%#9 :-,)1%#; 1'%3<,'$2 23*1%#

!',=3>?%# )7% $!,)$# !$'$ $# *)#1*13*6@,# .)$)&,*'$# 2$# 1$2AB2 !$'$ #,3# &0*,)1,#; C,?5#,

),&,##8'*% $ &'*$67% %3 *2!0,2,)1$67% +, 2,+*+$# !',-,)1*-$# !$'$ 1,)1$' 2*1*4$50%#9

 # C%'2$# 1'$+*&*%)$*# +, &%)1'%0, +, '*#&% &%2% D$E F !"#$% "& '()* G; +$,"&(-. , H)+*&,

+,  0$-$)&$4,2 #7% A%)# *)+*&$+%',#; 2$# )7% #7% $!'%!'*$+%# ,2 #*13$6@,# +, &'*#, !%' #,

1'$1$',2 +, 2%+,0%# I3, 1,2 &%2% J*!"1,#, *)*&*$0 $ K#*13$67% )%'2$0 +, 2,'&$+%K9  ##*2;

J%3-, $ ),&,##*+$+, +, &'*$' 2%+,0%# !$'$ 2%2,)1%# +, ,#1',##, F23+$)6$# $A'3!1$# )%# !',6%#

+%# $1*-%#G; &%2!0,2,)1$)+%5%# &%2 %# 2%+,0%# 1'$+*&*%)$*# +, 4,',)&*$2,)1% +, '*#&%9

:##$ $-$0*$67% +$ !,'+$ !%1,)&*$0 +, 32$ &$'1,*'$ &%)1,2!0$)+% % '*#&% +, ,-,)1% %3 ,#1',##,

1,2 1*+% 3#% &',#&,)1, )% 2,*% $&$+(2*&% %3 )$ &%23)*+$+, .)$)&,*'$; #,)+% I3,; ),#1$ /01*2$;

+, 2$),*'$ ,#!%)1L),$ %3 !%' *2!%#*67% ',430$1"'*$9 M ,<,2!0% 2$*# ',&,)1, +% 3#% ',430$1"'*%

+% 1,#1, +, ,#1',##, %&%'',3 )%# :#1$+%# N)*+%# +$  2B'*&$ )% &%2,6% +, OPPQ; I3$)+% 1%+$# $#

*)#1*13*6@,# .)$)&,*'$# C%'$2 %A'*4$+$# $ $-$0*$' % '*#&% +, #3$# &$'1,*'$# 31*0*?$)+% % &%)&,*1%

+, 1,#1, +, ,#1',##,9

M %A=,1*-% +$ $!0*&$67% +, 1,#1,# +, ,#1',##, ',#*+, ,2 *+,)1*.&$' , I3$)1*.&$' #%A I3$*#

&,)8'*%# +, $01,'$67% $A'3!1$# +, !',6%# *)&%'','*$25#, ,2 !,'+$# #*4)*.&$1*-$#; I3$)1*.&$)+%5

$# 1$)1% I3$)1% !%##>-,09 M# 1,#1,# +, ,#1',##, #7% 2B1'*&$# 2$*# '%A3#1$# !$'$ 2,)#3'$' '*#&%#

I3, %&%'',2 &%2 A$*<$ !'%A$A*0*+$+,; ,)1',1$)1% $!',#,)1$2 0*2*1$6@,#9  !'*)&*!$0 +,0$# B %

&$'$1,' #3A=,1*-% )$ +,1,'2*)$67% +%# &,)8'*%#9 R,##$ C%'2$; $ I3$0*+$+, +% 1,#1, +, ,#1',##,

+,!,)+,; ,2 4'$)+, 2$),*'$; +$ ,<!,'*()&*$ , #,)#*A*0*+$+, +% !'%.##*%)$0 ,)-%0-*+%9

S%+$-*$; -,'*.&$5#,; )%# /01*2%# $)%#; 32$ 1,)+()&*$ ,)1', %# !$'1*&*!$)1,# +% 2,'&$+% , $#

,)1*+$+,# ',430$+%'$# ,2 &%2!0,1$' $# 2,+*+$# +, '*#&% &%2 $# ,#1*2$1*-$# +, 1,#1, +, ,#1',##,9

T%' ,<,2!0%; % U$)&% V,)1'$0 +% U'$#*0 #3A2,1, $# *)#1*13*6@,# .)$)&,*'$# $ 1,#1,# +, ,#1',##,

!$'$ $-$0*$' $ ',#*0*()&*$ +, &$+$ *)#1*13*67% ,2 #3!%'1$' #*13$6@,# ,<1',2$# #,2 &%2!'%2,1,'

$ ,#1$A*0*+$+, +% #*#1,2$ .)$)&,*'% FU$)&% V,)1'$0 +% U'$#*0; OPPQG9

 

9

R, $&%'+% &%2 % ',0$1"'*% +*-304$+% !,0% UWX F/".* 0-, 1.&%,."&(-."# 2%&&#%3%.&) G ,2 +,5

?,2A'% +, OPYO; %# $1*-%# +, ',)+$ .<$ *)&03*)+% #,3# +,'*-$1*-%# #7% %# $1*-%# 2$*# ),4%&*$+%#

,2 -%032, )% 23)+%9 S%+$# $# *)#1*13*6@,# .)$)&,*'$# , C3)+%# +, *)-,#1*2,)1%# !%##3,2

&%2% 0$#1'% +, #3$# &$'1,*'$# %# 1>130%# !/0*&%#9 R,-*+% $ ,##, C$1% % &%)1'%0, +, '*#&% A,2

&%2% $ &'*$67% +, &,)8'*%# !$'$ $ 1$<$ +, =3'%# B ),&,##8'*%; &$#% &%)1'8'*% !%+,'*$ $&$'',1$'

 

 !"#$ %$&"% ' ("(" )$%" *$#+%,-.+ /010 ($ 21341324456 7+8)9$ " !"#$ %$&"% :,$ ;<#=;=,; " <$7$##;("($

($ =$#=$# ($ $#=*$##$ )"*" ">"%;"* " "($:,"-.+ ($ 7");="% ("# ;<#=;=,;-9$# ?<"<7$;*"#@  A;*7,%"* /05B ($

203C23244D :,"%;?7" +# 7*;='*;+# 7+8)%$8$<="*$# )"*" " *$"%;E"-.+ (+ =$#=$ ($ $#=*$##$ )"*" "# ;<#=;=,;-9$# :,$

"(+="8 8+($%+# ;<=$*<+# )"*" ">"%;"-.+ ($ *;#7+ ($ 8$*7"(+

Y



  !"#$%&'($

!" #!$%&' !(#$!'')*&' #&$& !''&' )+',),-)./!'0

1 "!$2&%3 4)%& 23" -"& 5$&+%! %)*!$')%&%! %! ,6,-43' 7-! #3%!" #&5&$ 2-#3+' 3- +839

23" %):!$!+,!' "&,-$)%&%!' ! 23+'!7-!+,!"!+,! 23" %):!$!+,!' ,&(&' %! ;-$3'0 <&$& 2&%&

*!+2)"!+,3 !()',! -"& ,&(& %! ;-$3' :-,-$& &''32)&%& 7-! $!=!,! & !(#!2,&,)*& %3 "!$2&%3

#&$& & ">%)& %&' ,&(&' %! ;-$3' %! 2-$,3 #$&?3 %! @3;! &,> & "&,-$)%&%!0 A !',$-,-$& & ,!$"3

%& ,&(& %! ;-$3' BCDDEF > & $!4&.83 !+,$! & ,&(& %! ;-$3' ! 3 '!- $!'#!2,)*3 *!+2)"!+,30

G!*)%3 & $!4!*H+2)& %& "3%!4&5!" %& ,&(& %! ;-$3' '3"&%3 & +!2!'')%&%! 7-! 3' #&$,)2)I

#&+,!' %! "!$2&%3 #3''-!" !" 23"#4!"!+,&$ &' ">,$)2&' %! $)'23 ;J -,)4)?&%&' ! &' )"#3')./!'

$!5-4&,K$)&' #&$& & -,)4)?&.83 %3 ,!',! %! !',$!''! ,3$+&" 3 ,!"& %! !',-%3 :-+%&"!+,&40

A 4),!$&,-$& '3L$! 23+',$-.83 %! ,!',!' %! !',$!''!9 L!" 23"3 & %!M+).83 %3' 2!+J$)3' %!

!',$!''! ,!" 2$!'2)%3 &3 43+53 %3' &+3'0 C" NG&$)3 &+% O!$+&+%>?B PQQFR9 ,$&L&4@3 7-! '!$*)$J

%! L&'! #&$& 3 #$!'!+,! !',-%39 3' &-,3$!' &,$&*>' %& &+J4)'! 23"#3+!+,!' #$)+2)#&)' $!%-?!"

& %)"!+'83 %3 #$3L4!"& -,)4)?&+%3 3' ,$S' #$)"!)$3' 23"#3+!+,!'9 "3%!4&" & 2-$*& %! ;-$3'

*)& T!&,@IE&$$3UIV3$,3+ ! 5!$&" 2!+J$)3' %! !',$!''! !" "3"!+,3' %! 5$&+%! *34&,)4)%&%!0

A -,)4)?&.83 %3' ,$S' #$)"!)$3' 23"#3+!+,!' #$)+2)#&)' #&$& & 2-$*& %! ;-$3' '! ,3$+3- #&%$83

&#K' 3 ,$&L&4@3 %! NW),,!$"&+ &+% X2@!)+Y"&+BQZZQFR9 "&' !" "3"!+,3' %! "-),& *34&,)4)%&%!

%3 "!$2&%3 & '-& 3$%!" %! !(#4)2&.83 +83 > ,83 24&$&0

C" NG&$)3B PP[FR 3 &-,3$ :&? -'3 %& D!3$)& %3' \&43$!' C(,$!"3'9 D\C9 #&$& & 5!$&.83

%! 2!+J$)3' %! !',$!''! #&$& :&,3$!' %! $)'23  !"# ! ,!"#3$&)' +83 23$$!4&2)3+&%3'0 A ,!3$)&

%3' *&43$!' !(,$!"3' > -" $&"3 %! !',&,6',)2& 7-! '! #$!32-#& 23" 3' !*!+,3' 23" *&43$!'

"J()"3' ! "6+)"3' %! -" 23+;-+,3 %! %&%3'9 N]34!'B PPQFR0 A 5$&+%! *&+,&5!" %& ,!3$)& %3'

*&43$!' !(,$!"3' #&$& "!+'-$&.83 %! $)'239 !" 23"#&$&.83 & 3-,$&' "!,3%3435)&' > 7-! & D\C

$!23+@!2! 7-! !()',!" 2&$&2,!$6',)2&' ! #$3#$)!%&%!' !+23+,$&%&' +3' !(,$!"3' &"3',$&)' 7-!

+!" '!"#$! !',83 $!4&2)3+&%&' &3 23"#3$,&"!+,3 %3 2!+,$3 %& %)',$)L-).830 <3$ !''! "3,)*39

#3%!I'! 23+')%!$JI4& -"& "!,3%3435)& )+,!$!''&+,! #&$& #$!*)'83 %! #!$%&' !" "3"!+,3' %!

2$)'! M+&+2!)$&0 A *&+,&5!" %3 -'3 %& D\C $!'34*! 3 #$3L4!"& %3 2&$J,!$ '-L;!,)*3 -"& *!?

7-! !"#$!5& &L3$%&5!" #$3L&L)46',)2& #&$& & 5!$&.83 %! 2!+J$)3'0 C+,$!,&+,39 & %!'#!),3 %! '-&

#$3#$)!%&%! #&$& 3' :&,3$!' %! $)'23  !"#9 L!" 23"3 #&$& & 5!$&.83 %! 2@37-!' ^#&$&4!43'^+3'

:&,3$!' ,!"#3$&)'9 & "!'"& +83 '!$)& &#$3#$)&%& #&$& & 23+',$-.83 %! 2!+J$)3' 7-! 23+,!"#4!"

3-,$3' "3*)"!+,3' +& !',$-,-$& ,!"#3$&40

N_!?!+%!B PP`FR #$3#/! -"& "!,3%3435)& %! 23+',$-.83 %! 2!+J$)3' %! !',$!''! #&$& &' 2-$I

*&' %! ;-$3' -,)4)?&+%3 & &-,3$!5$!''83 7-&+,64)2&0 A' $!5$!''/!' 7-&+,64)2&' #!$"),!" :&,)&$ &'

%)',$)L-)./!' 23+%)2)3+&)' %& *&$)J*!4 %! $!'#3',& %! -"& $!5$!''839 )+24-')*! '-&' 2&-%&'9 !9 #3$I

,&+,39 %J & #3'')L)4)%&%! %! :3$"-4&$ 2!+J$)3' !(,$!"3' #&$& &' 2-$*&' %! ;-$3'9 :3$"&4)?&+%3I3'

! ,3$+&+%3I3' "!+3' '-L;!,)*3'0 <3$ !(!"#439 -"& $!5$!''83 +& "!%)&+& %)*)%! &' %!+')%&%!'

23+%)2)3+&)' !" %-&' "!,&%!' 23" #$3L&L)4)%&%!' )5-&)' & P9a0 EJ -"& $!5$!''83 +3 99◦ #!$I

2!+,)4 &' %)*)%! !" -"& #&$,! 23" P9ZZ ! 3-,$& 23" P9PQ %! #$3L&L)4)%&%!0 A' &-,3$!5$!''/!'

#3%!" '!$ -,)4)?&%&' !+,83 #&$& & :3$"-4&.83 %! 2!+J$)3' !(,$!"3' #$3L&L)46',)23' 23+%)2)3+&)'

%! %!'432&"!+,3' %& 2-$*& %! ;-$3'0 1 &-,3$ !',)"& 2!+J$)3' 23+%)2)3+&)' #&$& &' *&$)&./!'

#&$&4!4&' ! %! )+24)+&.83 %& 2-$*& %! ;-$3' %3">',)2&9 )+23$#3$&+%3 &'')" & 23$$!4&.83 !+,$!

3' %):!$!+,!' *>$,)2!' %& C',$-,-$& & D!$"3 %& D&(& %! E-$3' BCDDEF9 &-'!+,! #3$ !(!"#43

+3 ,$&L&4@3 %! NG&$)3B PP[FR0 A "!,3%3435)& #$3#3',& '! "3',$& 2&#&? %! 5!$&$ 2!+J$)3' 7-!

')"-4&" 3' "3*)"!+,3' #3-23 #$3*J*!)' %&' 2-$*&' %! ;-$3' 3L'!$*&%3' +& $!&4)%&%!9 ,3$+&+%3

3' ,!',!' %! !',$!''! L&'!&%3' +&' 2-$*&' %! ;-$3' "!+3' '-L;!,)*3'0 G!*)%3 & !''! :&,39 3

"3%!43 #$3#3',3 '! ,3$+& "!+3' =!(6*!4 #&$& & 23"L)+&.83 %! !4!"!+,3' '-L;!,)*3'0

C" ,!$"3' 23"#&$&,)*3' 3 7-! %):!$!+2)& & 24&''! %! "3%!43' TEV %3' "3%!43' "&)' 23+@!I

2)%3' %& 4),!$&,-$& %! ,&(&' %! ;-$3'9 ,&4 23"3 3' "3%!43' -+):&,3$)&)' > 3 :&,3 7-! !',!' b4,)"3'

"3%!4&" & !*34-.83 %! -" 23+;-+,3 %! *&$)J*!)' %! !',&%3 X1(t), · · · , XN(t) ! &' ,&(&' $"%&'%( 



 ! ! "#$%&%'%()*+ ,*-* % $#+$# &# #+$-#++#  

!"# #$%&'(! )#*# !+$,-#'+%#. /'&)&#0(1*20%23 )(!# 4#!!2* 2*,-25('#! *#'21#! +0&4(%#-&(&!

,(-( ( '&06*&)( '( %(7( '2 8+-#!3 (! %(7(!  !"#$"%& '2 9+(&!9+2- *(%+-&'('2 !2-&(* ,2-42&%(:

*20%2 )#--21()&#0('(!3 # 9+2 %#-0( #! *#'21#! +0&4(%#-&(! '2 +!# 1&*&%('#3 ,-&0)&,(1*20%2 ,(-(

*#'21(- *#;&*20%#! 0"# ,(-(121#! 0( )+-;( '2 8+-#!.

<!%2 %-($(1=# %2* ,#- #$82%&;# '&*&0+&- ( !+$82%&;&'('2 0( #$%20>"# '#! )20?-&#! '2 2!%-2!!23

4+0'(*20%('#! !#$-2 ( 2!%-+%+-( ( %2-*# '( %(7( '2 8+-#! (%-(;@! '# *#'21# '2 A2(%=:B(--#C:

D#-%#0 EABDF GH=-2;2EIJKJFL. M *#'21# ABD *#'21( ( '&06*&)( '2 +* )#08+0%# '2 %(7(!

 !"#$"%& '&-2%(*20%2 23 ,21( (+!N0)&( '2 (-$&%-(52* )#0!%-O& ( )+-;( &'!( '&-2%(*20%2. /1@*

'&!!#3 # *#'21# !2 *#!%-( P27Q;21 ,(-( ( )#*$&0(>"# '2 212*20%#! !+$82%&;#! 0( )-&(>"# '#!

)20?-&#! '2 2!%-2!!2. / ,-&0)&,(1 )#0%-&$+&>"# @ )#*,12*20%(- '2 4#-*( 2*,Q-&)( # 2!%+'# 42&%#

,#- GR(-&# (0' S2-0(0'@TEIJKKFL 9+(0%# ( +%&1&T(>"# '( /0?1&!2 '2 U#*,#02%2! V-&0)&,(&! 2*

*#*20%#! '2 5-(0'2 ;#1(%&1&'('2 0# *2-)('# '2 8+-#! $-(!&12&-#.

U#*,12*20%( 2!%( &0%-#'+>"# ( !2>"# K.K3 #0'2 !"# -21()&#0('(! (! ,-&0)&,(&! *2%#'#1#5&(!

,(-( )#0'+>"# '# %2!%2 '2 2!%-2!!2. W# )(,Q%+1# I (,-2!20%(:!2 ( <!%-+%+-( ( X2-*# '( X(7(

'2 B+-#!3 !2+! &0;(-&(0%2! 2 !+(! 2!,2)&Y)&'('2! 0# *2-)('# $-(!&12&-#. M )(,Q%+1#  ($#-'(

( /0?1&!2 '2 U#*,#020%2! V-&0)&,(&! 2 !+( (,1&)(>"# 0# *2-)('# '2 8+-#! $-(!&12&-#. W#

)(,Q%+1# Z3 # *#'21# ABD 8+0%# )#* ( !+( 2!%-+%+-( '2 ;#1(%&1&'('2 2 ( )#--2!,#0'20%2 ;2-!"#

'&!)-2%( @ (,-2!20%('#. / &*,12*20%(>"# '# *#'21# 0# *2-)('# $-(!&12&-# @ 42&%( 0# )(,Q%+1# [

2 (! )#0!&'2-(>\2! Y0(&! 0# )(,Q%+1# ].

 ! "#$%&%'%()*+ ,*-* % .#+$# &# /+$-#++#

X2!%2! '2 2!%-2!!2 !2 -242-2* ( +*( 5(*( '2 %@)0&)(! 9+2 (8+'(* ( (;(1&(- ( ;+102-($&1&'('2

'2 2!%-+%+-(! #+ &0!%&%+&>\2! Y0(0)2&-(! 2* 2;20%#! 27)2,)&#0(&!3 *(! 4()%Q;2&! '2 ()#0%2)2-.

A? '+(! 2%(,(! '&!%&0%(! 0# %2!%2 '2 2!%-2!!2. / ,-&*2&-( @ ( 21($#-(>"# '# *#'21# 2)#0^*&)#

2 2* !25+0'# 1+5(- ( (,1&)(>"# '2 +* )=#9+2 27O520# ,(-( ( #$%20>"# '2 +* )20?-&# '2

2!%-2!!2. H25+0'# GB#-&#0EIJJ]FL3 ( ,(-%2 *(&! !20!Q;21 '2 +* %2!%2 '2 2!%-2!!2 @ ( )#0!%-+>"#

'#! )20?-&#!3 9+2 %#-0( # *@%#'# !+$82%&;# 2 '2,20'20%2 '# )#0=2)&*20%# 2 !20!&$&1&'('2 '2

9+2* '2%2-*&0( # 9+2 ,#'2 (42%(- #+ 0"# +*( )(-%2&-(.

/%+(1*20%2 27&!%2* (15+*(! *2%#'#1#5&(! '&!,#0Q;2&! ,(-( ( -2(1&T(>"# '# %2!%2 '2 2!:

%-2!!23 (! 9+(&! (,-2!20%(* ;(0%(520! 2 '2!;(0%(520! '2 ()#-'# )#* ( !+( +%&1&T(>"#. H25+0'#

GR(-&# (0' S2-0(0'@TEIJKKFL3 (! ,-&0)&,(&! *2%#'#1#5&(! ,(-( ( '2%2-*&0(>"# '#! )20?-&#! ,(-(

( -2(1&T(>"# '# %2!%2 '2 2!%-2!!2 !"#_

&F  !"#$%& '& (&!")$*_ U-&(>"# 2 +!# '2 )20?-&#! ,#%20)&(&! 4+%+-#! ,(-( *2'&- # )"!*(

$+% ,!&& : V`a : '( ,#!&>"#

 

b

&&F +$,-#./0* 1$%23)$4._ c%&1&T(>"# '2 2;20%#! ,(!!('#! ,(-( ( '2%2-*&0(>"# '# V`a3

,-&0)&,(1*20%2 (9+212! 9+2 52-(-(* (! *(&#-2! ;(-&(>\2! 0# ;(1#- '# ,#-%4#1&#

!

b

&&&F 5.6 &%2)&%%.'*_ M! ,(-6*2%-#! 9+2 !"# +%&1&T('#! 0# )?1)+1# '# d(e !"# 2!%-2!!('#!.

D#'&Y)(:!23 ,#- 272*,1#3 ( ;#1(%&1&'('2 '#! (%&;#!3 $2* )#*# ( 2!%-+%+-( '2 )#--21(>"#

"

b

&;F 7&%2& '& &%2)&%%& %$%2&,"2$4*_ U#0!&!%2 0( )-&(>"# '2 +*( !@-&2 '2 )20?-&#! '2 2!%-2!!2

,(-( #! ,-&0)&,(&! 4(%#-2! '2 -&!)# '2 +* ,#-%4#1&#. / '&42-20>( 20%-2 2!%2 *@%#'# 2 #!

(0%2-&#-2! @ 9+2 ( (;(1&(>"# '2 -&!)# '# ,#-%4#1&# @ 42&%( '2 *(02&-( !&!%N*&)( 2 '2 %(1 4#-*(

 

 !"! #!$%"&' (&)!*+&' ,%-'.*)!"/0$-1*!-(23445678

!

9':&,$;,$(!(&' (! '$#.*!<=% +$')>"$,! '& &-,%-)"! -% /?%"$%-2@AAB678

"

C&)!*+&' '%D"& % #E)%(% F!0 &')"&''!(% & G&')& (& &')"&''& '$')&#H)$,% &')=% -% /I.**234@3678



  !"#$%&'($

!"# $%&'#()*# '%+%, %, -.,$%, #&/%*/.+%, # &0% 1)#&1, +# 2%-(1 )%&'"1* )1-1 $%&'#()*1-

1*3"&, 21'%-#, +# -.,$% +% )%-'2%*.%4

5, '#,'#, +# #,'-#,,# 1)-#,#&'1( *.(.'167#,8 #&'-#'1&'% ,0% (9'-.$1, (1., -%:",'1, )1-1

(#&,"-1- -.,$%, !"# %$%--#( $%( :1.;1 )-%:1:.*.+1+#4 <0% *.(.'167#,= % $1->'#- ,":?#'./%

&1 +#'#-(.&160% +%, $#&>-.%,8 $%(% -#,"*'1+%8 1 !"1*.+1+# +% '#,'# +# #,'-#,,# +#)#&+#8 #(

3-1&+# (1&#.-18 +1 #;)#-.@&$.1 # ,#&,.:.*.+1+# +% )-%A,,.%&1* #&/%*/.+%4 B( ,#3"&+% )-%:*#(1

1)%&'1+% 9 1 +.A$"*+1+# )1-1 .&'#-)-#'1- %, -#,"*'1+%, %:'.+%, "(1 /#C !"#8 &1 (1.%-.1 +1,

/#C#,8 &0% '#(%, 1,,%$.1+1 1 )-%:1:.*.+1+# +# %$%--@&$.1 +% #/#&'%4 D%3%8 )%- &0% #,'1-

)-%:1:.*.,'.$1(#&'# #(:1,1+18 1 -#1*.C160% +# "(1 3-1&+# )#-+1 &1 %$%--@&$.1 +# "( $#&>-.%

&0% .()*.$1-> &#$#,,1-.1(#&'# &1 1*'#-160% +% )%-'2%*.% )%- )1-'# +1 .&,'.'".60%4

E -#*#/F&$.1 +# $1+1 "(1 +1, $-G'.$1, 1$.(1 )%+# ,#- $%&,.+#-1+18 1'9 $#-'% )%&'%8 $%(%

*.(.'1&'# H 1+%60% +% '#,'# +# #,'-#,,# $%(% "(1 2#--1(#&'1 +# ",% $%&,'1&'# )#*1, .&,'.'".67#,

A&1&$#.-1,4 I&'-#'1&'%8 % '-1:1*J% -#1*.C1+% 9 $1)1C +# $%--.3.- 1*3"(1, +1, 21*J1, $%&,.+#-1+1,

#8 )%-'1&'% '#&+# 1 ,#- "(1 (#'%+%*%3.1 -#*#/1&'# &1 1'-.:".60% +# $#&>-.%, +# #,'-#,,#8 :#(

$%(% ,"1 )-%:1:.*.+1+# +# %$%--@&$.1 )1-1 (%+#*1- % -.,$% +# (#-$1+% )1-1 1 I,'-"'"-1 1

K#-(% +1 K1;1 +# L"-%,4



 !"#$%&' (

)*$+%$%+! ! ,-+.' /!* ,!0!* /- 1%+'*

 !"#" $% &'()* + '," $"* -"(./-%.* $% ,".)( .0!%(%**% %, 12)0),."3 4%' %*!'$) !%, *%

2)0*!.!'5$) %, '," $"* 6%((",%0!"* ,".* .,7)(!"0!%* 7"(" *'8*.$."( " 2)0$'9:) $" 7);5!.2"

,)0%!/(." % $%*!" 6)(,"< .0='%02."( ) $%*%,7%0>) $" %2)0),."3 4%' 2),7)(!",%0!) "6%!"

" .0="9:)< -";)( $" !"#" $% 2?,8.)< ='#) $% (%2'(*)* %#!%(0)*< $%0!(% )'!()* 2),7)0%0!%*

%2)0@,.2)*3

 1*!('!'(" " A%(,) $"* A"#"* $% B'()* C1AABD (%7(%*%0!" !"#"* $% &'()* 7"(" $.-%(*)*

-%02.,%0!)*< 2), ) )8&%!.-) $% 7(%2.E2"( "!.-)* E0"02%.()* 7(+E#"$)*3  ,%!)$);)F." $"

%*!('!'(" 2)0*.*!% %, 2(."( '," 2'(-" $% &'()*< !),"0$)G*% 2),) 8"*% )* 0%FH2.)* (%";.I"$)*

0" JKLM $)* N)0!("!)* M'!'()* $% O%7H*.!)* P0!%(E0"02%.()* COP M'!'()D3

 !" #$ %&'&()

Q "!.-) E0"02%.() OP M'!'() !%, 2),) )8&%!) $% 0%F)2."9:) " !"#" ,+$." "2',';"$" $) NOP

CN%(!.E2"$) $% O%7H*.!) P0!%(8"02/(.)< !5!';)* %,.!.$)* 7)( .0*!.!'.9R%* E0"02%.("* 0"* )7%G

("9R%* (%";.I"$"* %#2;'*.-",%0!% %0!(% %;"*< F%(";,%0!% 0%F)2."$)* 7)( ', $."< %*!"8%;%2%0$)

"**., ) 7"$(:) $" !"#" ,+$." $./(."< S'% + '!.;.I"$" 2),) ', (%6%(%02."; 7"(" )* &'()*D3  !"#"

!%, ) 7%(5)$) 2),7(%%0$.$) %0!(% " $"!" $% 0%F)2."9:) C.02;'*.-%D % ', $." T!.; "0!%(.)( ")

*%' 7("I) $% -%02.,%0!) C*%,7(% 0) 1◦ $." T!.; $) ,U*D3 4'" ;.S'.$"9:) )2)((% 2), ) -";)( E0";
$% VW XYY3YYY<YY % *%' Z[ CZ(%9) [0.!/(.)< 7(%9) $% X 2)0!("!) $) "!.-) $% '," $%!%(,.0"$"

$"!"< 2";2';"$" $% "2)($) 2), " (%,'0%("9:) $) 7"7%; D + )8!.$) "!("-+* $" *%F'.0!% 6H(,';"\

N),) ) -";)( E0"; 7"(" ;.S'.$"9:) + *%,7(% VW XYY3YYY<YY % ) 7"7%; *%F'% '," (%,'0%("9:)

" &'()* 2),7)*!)*\

PU×
(
1 +

i

100

) du
252

= 100.000, C]3X3XD

% "**., *%F'% S'%\

PU =

(
100.000

(1 + i
100

)
du
252

)
, C]3X3]D

)0$% \ PU = Z(%9) [0.!/(.) 0%F)2."$) 0) ,%(2"$)^ i = !"#" $% &'()* %#7(%**" ") "0) C8"*%

]_] $'D^ du = $."* T!%.* " 7"(!.( $" $"!" 8"*% $% 0%F)2."9:) $) 2)0!("!) "!+ ) -%02.,%0!)3

N), )* Z[`* $)* OP`* M'!'() %02)0!(",G*% "* !"#"* 7(+GE#"$"* (%6%(%0!%* " 2"$" -%02.G

,%0!) $) 7"7%;3  * -"(./-%.* $% %*!'$) 0:) *:) 0%2%**"(.",%0!% "* !"#"* 0)* -%02.,%0!)* $%

2"$" 7"7%; % *., "* !"#"* %, $."* E#"$)* CF%(";,%0!%< 1◦ $." T!.; $) ,U*D3 N),) %*!%*< -." $%
(%F("< )2)((%, %0!(% $"!"* $% $).* -%02.,%0!)* 2)0*%2'!.-)*< '!.;.I"G*% .0!%(7);"9:) 7"(" %0G

2)0!("( "* !"#"* 0%**%* $."*< $%0),.0"$"* -+(!.2%*< S'% *:) "* !"#"* %, -%02.,%0!)* %*7%25E2)*

_



  !"#$%&' () *+$,%$%,! ! $*,-' .!+ $!/!+ .* 0%,'+

!"#$%&'#()#* +'% ,#- ./$ '0123 4 5678 9:1./(:;&:-% 9:%$:%'#()# #' 1#+ 1<):/ #&#)$=(:>/

 

/1

?@A1 9# )/9/1 /1 >/()$%)/1 (#"/>:%9/1 9/ %):,/ BC 8+)+$/3

?%$% >$:%$ +'% >+$,% 9# D+$/1 .#&% EFFG* H (#>#11I$:/ >%&>+&%$ % )%J% 9# D+$/1 9# +'

>/()$%)/ % .%$):$ 9/ ?@* /;):9% :1/&%(9/ % ,%$:I,#& i 9% EK+%LM/!N3O3N2P

i =

((
100.000

PU

) du
252

− 1

)
× 100. !N3O3Q2

?/$H'* ,#$:R>%S1# % (#>#11:9%9# 9# 1# /;)#$ )%J%1 .%$% /1 .$%-/1 /(9# (M/ #J:1)%' (#"T>:/1

.%$% % /;)#(LM/ 9% >+$,% 9# D+$/1* /+ 1#D%* (M/ #J:1)#' >/()$%)/1 9# BC 8+)+$/ .%$% #11#1 .$%-/1

# .%$% :11/ +):&:-%S1# / 'H)/9/ 9# :()#$./&%LM/ #J./(#(>:%&* 9#,:9/ %/ $#":'# 9# >%.:)%&:-%LM/

>/'./1)/ %.&:>%9/ %/ D+$/1 9/ %):,/ # U &%$"% +):&:-%LM/ (%1 :(1):)+:LV#1 R(%(>#:$%13

W X%)/$* 9#R(:9/ >/'/P

fator(i, du) =

(
1 +

i

100

) du
252

, !N3O3Y2

&#,% +' ,%&/$ R(%(>#:$/ .$#1#()# U +' ,%&/$ R(%(>#:$/ X+)+$/ % +'% )%J% 9# D+$/1 %(+%&:-%9%

i* #' du 9:%1 Z)#:13

411:'* >/' N >/()$%)/1 9# BC 8+)+$/ >/' ,#(>:'#()/1 %9D%>#()#1* / .$:'#:$/ >/' +'%

)%J% (#"/>:%9% (/ '#$>%9/ ./$ i1 # .$%-/ 9# ,#(>:'#()/ 9# d1 9:%1 Z)#:1 # / 1#"+(9/ >/' +'%

)%J% (#"/>:%9% ./$ i2 # .$%-/ 9# ,#(>:'#()/ 9# d2 9:%1 Z)#:1* /;)0'S1# +' X%)/$ :()#$./&%9/

.%$% di 9:%1 Z)#:1 >/' d1 < di < d2 %)$%,H1 9#P

fatorinterpolado =



(
1 +

i

100

) di
252

×
(
(1 + i2

100
)

d2
252

(1 + i1
100

)
d1
252

) di−d1
d2−d1


 , !N3O3[2

/(9#P fatorinterpolado = X%)/$ :()#$./&%9/ %/ .#$</9/ 9# di 9:%1 Z)#:1\ i1 = )%J% >/$$#1./(9#()# %/

,H$):># :'#9:%)%'#()# :(X#$:/$ % di\ d1 = .$%-/ 9# i1 * #' 9:%1 Z)#:1\ i2 = )%J% >/$$#1./(9#()#

%/ ,H$):># :'#9:%)%'#()# 1+.#$:/$ % di\ d2 = .$%-/ 9# i2* #' 9:%1 Z)#:1\ di = .$%-/ 9# i * #'
9:%1 Z)#:13

W;1#$,%(9/ % XT$'+&% 1# .#$>#;# K+#

(
1 + i1

100

) d1
252

H / X%)/$ %>+'+&%9/ 9# d1 9:%1 Z)#:1 U

)%J% 9# i1* :1)/ H* &#,%S1# +' ,%&/$ .$#1#()# ./$ d1 9:%1 Z)#:1 % +'% )%J% 9# i1\ >/'

(
1 + i2

100

) d2
252

(
1 + i1

100

) d1
252

!N3O3 2

1# )#' / X%)/$ >/'.$##(9:9/ #()$# /1 .#$</9/1 9# d1 # d2 9:%1 Z)#:13 ?/$H'* >/'/ / :()#$#11# H

#(>/()$%$ / X%)/$ .%$% / .#$</9/ #' K+#1)M/ 9# di 9:%1 Z)#:1* ./(9#$%S1# / X%)/$ >/'.$##(9:9/

#()$# d1 # d2 9:%1 Z)#:1 #&#,%9/ %

di−d1
d2−d1

* &#';$%(9/ K+# / $#":'# H 9# D+$/1 >/'./1)/13 4

R"+$% N3O X%>:&:)% % >/'.$##(11M/ 9/ .$/>#11/ 9# :()#$./&%LM/3 W fatorinterpolado /;):9/ H / X%)/$

K+# &#,%$I / ,%&/$ R(%(>#:$/ .$#1#()# %/ ,%&/$ R(%(>#:$/ X+)+$/ #' di 9:%1 Z)#:1 % +'% )%J% iap
!%/ .#$</9/ 9# di 9:%1 Z)#:123 ?%$% /;)#$ % )%J% %3%3!%/ %(/2 9/ W fatorinterpolado (% ;%1# N[N

9:%1 Z)#:1* 1#"+:(9/ % .%9$/(:-%LM/ %9/)%9% .#&% 5678* #' %(%&/":% >/' % EK+%LM/ !N3O3Q2

+):&:-%S1#P

ia.a =
(
(fatorinterpolado)

252

di − 1
)
× 100, !N3O3]2

#' K+#* ia.a = )%J% 9# D+$/1 %(+%&:-%9/ (% ;%1# 9# N[N 9:%1 Z)#:1\ fatorinterpolado = X%)/$ :()#$S

./&%9/ %/ .#$</9/ 9# di 9:%1 Z)#:1\ di = .$%-/ 9# i * #' 9:%1 Z)#:13

 

 !!"#$$%%%&'()'*+,-".&/*(&'0$- .0,1$2)0.(,3*4,!2(&.-"56.4!70.89:;;<212*(.8"!=

'0<7048%%%>&'()&/*(&'0$".?,-$"*0!.4$'()'*+,-".$'*4,!2(@$AB7-!,-@&.-"



 ! ! "#$%&"%#'() *( +(&,%*-  

 !"#$% &'() *+,#-.% /%$% % !01-$/23%452

 ! "#$%&'%#()* +) ,)&-%+.

!"#$%%&'())*+, -#./# &/012&1/3#4 -# 5#2%1-6 %656 78$1/3&-1-#478$# 192#4#/315 6 5#456

%65962315#/36 /6 -#%622#2 -6 3#596: 9#25&3&/-6 8$# 4# 192#/-1 %65 6 91441-6; <62 #=#59>6:

9121 1?@#4: 64 &/012&1/3#4 -# 5#2%1-6 4A6 64 2#362/64: 9121 64 3B3$>64 9CD>&%64 64 &/012&1/3#4

4A6 14 5$-1/?14 /14 31=14 9121 %1-1 0#/%&5#/36; <121 -#3#25&/12 64 &/012&1/3#4 13210E4 -14

&/F6251?@#4 -&496/B0#&4 /6 5#2%1-6 1>G$/4 %6/%#&364 92#%&415 4#2 -#./&-64;

H6/4&-#2# 6 3#596 &/&%&1> t̃ # 6 &/3#201>6 -# 3#596 τ̃ 8$# 4#2I 6 &/3#201>6 -# #43&51?A6;

H6/4&-#2# D 6 %6/J$/36 -# 3#5964 &G$1>5#/3# #491?1-64K

Dt̃,τ̃ = {̃t, t̃ + τ̃ , t̃ + 2τ̃ , · · · }. '(;(;L+

H6/4&-#2# 6 %6/J$/36 -# 012&I0#&4 1>#13M2&14K

Xt, t ∈ Dt̃,τ̃ . '(;(;(+

N4 012&I0#&4 1>#13M2&14 Xt 4A6 &/012&1/3#4 -# 5#2%1-6 9121 6 3#596 &/&%&1> t̃ # 6 &/3#201>6 -#

#43&51?A6 τ̃ 4# #>14 4A6 &/-#9#/-#/3#4 # &-#/3&%15#/3# -&432&D$B-14 # 4# 1 2#1>&O1?A6 -# xt 46D2#
Xt #43A6 -&496/B0#&4 /6 3#596 t;

<62 #=#59>6: 4$96/P1 8$# 6 &/3#201>6 -# #43&51?A6 τ̃ E $51 4#51/1 # 6 96/36 -# 9123&-1

t̃ E 1 92&5#&21 4#G$/-1QF#&21 19M4 6 -&1 1◦ -# J1/#&26 -# ())); R#43# %146 Dt̃,τ̃ E 6 %6/J$/36 -#

36-14 14 4#G$/-14QF#&214: -#4-# 1◦ -# J1/#&26 -# ())); H6/4&-#2# 6 >1/?15#/36 -# $51 56#-1

P6/#431: 36-1 4#G$/-1QF#&21 -#4-# 1◦ -# J1/#&26 -# ())); S5 -64 2#4$>31-64 E &/-#9#/-#/3#

-6 6$326: #>#4 4A6 -&432&D$B-64 -# F6251 &-T/3&%1 'U)V %121: U)V %6261+: # 6 2#4$>31-6 -# %1-1

>1/?15#/36 E %6/P#%&-6 &5#-&1315#/3#; <6231/36: 6 2#4$>31-64 -64 >1/?15#/364 -1 56#-1 4A6

&/012&1/3#4 9121 6 96/36 -# 9123&-1 792&5#&21 4#G$/-1QF#&21 19M4 1◦ -# J1/#&26 -# ()))7: # $5

&/3#201>6 -# #43&51?A6 4#51/1>;

W &/012&1/3# P656GT/#6 /6 3#596 E 18$#># %$J1 -&432&D$&?A6 /A6 -#9#/-# -6 3#596 -#

2#F#2T/%&1 t̃; W 92#4#/3# 321D1>P6 &2I D$4%12 465#/3# &/012&1/3#4 P656GT/#64 /6 3#596;

<121 -#3#%312 64 &/012&1/3#4 E /#%#44I2&6 1/1>&412 1 4E2&# 3#59621> -&496/B0#>; N4 4E2&#4

3#59621&4 -# $5 %6/J$/36 G#/E2&%6 -# 012&I0#&4 1>#13M2&14 E 6 %6/J$/36 -# 2#1>&O1?@#4 91441-14

-#4414 012&I0#&4 1>#13M2&14; X#/631/-6 %656 T 6 3#596 13$1>: 14 4E2&#4 3#59621&4 E 6 %6/J$/36

xt, t = t̃, t̃ + τ̃ , · · · ,T, '(;(;Y+

6/-# 1 /631?A6 #5 >#321 5&/C4%$>1 &/-&%1 8$# xt E 1 2#1>&O1?A6 -1 012&I0#> 1>#13M2&1 Xt 6%622&-1

/6 91441-6: /6 3#596 t;



  !"#$%&' () *+$,%$%,! ! $*,-' .!+ $!/!+ .* 0%,'+

!"#" $%&%#'()"# " ()*"#(+),("- $.(/ 0#12,./ /%#3. 4&(5(6"$./7 8 9#('%(#.- ,.)/(/&% %' $(*($(#

" /:#(% $% $"$./ ;<7<7=> %' $4"/ ).*"/ /:#(%/?

xt, t = t̃, · · · , t̃ +
[
T− t

2τ̃

]
τ̃ ;<7<7@>

xt, t =

(
[
T− t

2τ̃
] + 1

)
τ̃ , · · · ,T, ;<7<7A>

.)$% [.] $%).&" " 9"#&% ()&%(#"7 B)&3. ,.'9"#"C/% ./ $.(/ D(/&.0#"'"/ 0%#"$./7 E% Xt : ()C

*"#(")&%- %' 9"#&(,45"# &.$./ ./ &%#'./ $" /:#(% /3. ($%)&(,"'%)&% $(/&#(F4G$./- %)&3. ./ $.(/

D(/&.0#"'"/ 0%#"$./ /%#3. /('(5"#%/7 8 H4% 9.$% /%# .F/%#*"$. 9%5. &%/&% #%"5(6"$. %' $"$./

#%"(/ )" 204#" <7<7

 

 !"#$% &'&( )!*+,"$%-%* .,* /01%$!%0+2*

8 /%04)$. &%/&% ,.)/(/&% )" ")15(/% $. 0#12,. $% $(/9%#/3. $" /:#(% ;<7<7=> ,.)&#" $%I"/"0%)/

$%//" '%/'" /:#(%7 B' .4&#"/ 9"5"*#"/- ,.'9"#"C/% "/ /:#(%/?

xt versus xt−τ̃ , t = t̃ + τ̃ , · · · ,T. ;<7<7J>

E% Xt : ()*"#(")&%- %' 9"#&(,45"# &.$./ ./ &%#'./ $" /:#(% /3. ($%)&(,"'%)&% $(/&#(F4G$./-

%)&3. . 0#12,. $% $(/9%#/3. /%#1 /(':&#(,. %' #%5"K3. ". %(L. $% #%I%#M),("7 N"(/ "()$"- ,.'.

&.$./ ./ &%#'./ /3. i.i.d- . 0#12,. $% $(/9%#/3. &%#1 " I.#'" $% )4*%' ,(#,45"#- . H4% 9.$% /%#

.F/%#*"$. )" 204#" <7=7

 !"#$% &'3( 4$567, .2 8!*92$*:, 7,- .2;%*%"20*

!"#" . '%#,"$. $% #%)$"C2L"- /%04)$. ON%4,,(;<PPQ>R- . ()*"#(")&% $% '%#,"$. : " *"#("K3.

$" &"L" $% S4#./ "&: . *%),('%)&. $. &G&45. ")"5(/"$. ; !"#$%& '# ('%)* +, -"+./'+( >7 8 H4%

9.$% /%# .F/%#*"$. 9%5. &%/&% #%"5(6"$. ,.' $"$./ #%"(/ % /%#1 ,.' %//%/ ()*"#(")&%/ H4% .

&#"F"5D. /%#1 #%"5(6"$.7

 

 !"! # $%&$% '#( )$(*(+!,# ,!,#& ,(-"(#& ,# ./"$(0% 12 3# 4%"5#,# %3$"% 6!3%("# ,% 1778 !$/ ,%+%9:"# ,% 177;



 !"#$%&' (

)*+&,-. /.  '0"'*.*$.- 12,*3,"!,- 4 ) 1

 !"#$%&'! ()&*+&(,- ., /*0-&1$ .$ 2!3(!*$*%$1 4)&*+&(,&1 5 !"%$) 63 *73$)! .$ +!3"&*,89$1

-&*$,)$1 .$ 63 +!*#6*%! .$ ',)&0'$&1 :6$ 1$#, 16;+&$*%$3$*%$ $<(-&+,%&',= !6 1$#,= :6$ ",1%,

63,1 (!6+,1 +!3"&*,89$1 -&*$,)$1 (,), :6$ #6*%,1 %$*>,3 , 1!3, .,1 ',)&?*+&,1 "$3 ()@<&3,1

., 1!3, .,1 ',)&?*+&,1 .,1 15)&$1 !)&A&*,&1B

C$#, 63 '$%!) ,-$,%@)&! X ∈ RN
= +!3 35.&, µ $ 3,%)&D .$ ',)&?*+&,E+!',)&?*+&, Σ $ 1$#,

A ∈ RNxN
63, 3,%)&D .$ %),*1F!)3,89$1 -&*$,)$1B C$ :6$) $1+!->$) A = [A1,A2, · · · ,An] %,- :6$

+!*1&.$),*.! ,($*,1 ,-A6*1 $-$3$*%!1 .! '$%!) .$ +!3"&*,89$1 -&*$,)$1 Y = AtX= ,1 ',)&?*+&,1
.$11$1 $-$3$*%!1 1$#,3 +,(,D$1 .$ .,) $<(-&+,8G! 16;+&$*%$ .,1 1!3,1 .,1 ',)&?*+&,1 .$ Σ= !6
1$#,= 1$ ,()!<&3$ ,! %),8! .$ ΣB
C,"$E1$ :6$H

V ar(Y ) = E(Y Y t)− E(Y )E(Y t)

= E(AtX(AtX)t)− E(AtX)E((AtX)t)

= E(AtXX tA)− E(AtX)E(X tA)

= AtE(XX t)A− AtE(X)E(X t)A

= At(E(XX t)− E(X)E(X t))A

= AtV ar(X)A

= AtΣA. IJBKBLM

 N$!)$3, ., O$+!3(!1&8G! P1($+%),- I3,&!)$1 .$%,->$1 $3 QR$6++&ISKKTMUM ($)3&%$ .$E

+!3(!) 63, 3,%)&D 1&35%)&+, Σ $3 63, 3,%)&D .&,A!*,- Λ +!3(!1%, .!1 ,6%!',-!)$1 λi .$ Σ
$ 63, 3,%)&D P +!3(!1%, ($-!1 ,6%!'$%!)$1 !)%!*!)3,&1 Pi= )$()$1$*%,.! (!)

Σ = PΛP t, IJBKBSM

!*.$H Pt = P−1
=

Σ 5 , 3,%)&D .$ ',)&?*+&,E+!',)&?*+&,=
P 5 , 3,%)&D !)%!*!)3,- +6#,1 +!-6*,1 1G! F!)3,.,1 ($-!1 ,6%!'$%!)$1 .$ Σ ,11!+&,.!1 ,

λi, i = 1, 2, · · · , n=
Λ 5 , 3,%)&D .&,A!*,- F!)3,., ($-!1 ,6%!',-!)$1 .$ Σ= &1%! 5=

Λ =




λ1 0 · · · 0
0 λ2 · · · 0
B

B

B 0
B

B

B

B

B

B

0 0 · · · λn


 . IJBKBJM

T



 !  !"#$%&' () !*+&,-. /.  '0"'*.*$.- "1,* ,"!,- 2 ! "

"#$%&'

Σ =




P11 P12 · · · P1n

P21 P22 · · · P2n
(

(

(

(

(

( · · · (

(

(

Pn1 Pn2 · · · Pnn


×




λ1 0 · · · 0
0 λ2 · · · 0
(

(

( 0
(

(

(

(

(

(

0 0 · · · λn


×




P11 P12 · · · P1n

P21 P22 · · · P2n
(

(

(

(

(

( · · · (

(

(

Pn1 Pn2 · · · Pnn




t

. )*(!(+,

"#$-. &/ 01$&203&-./ 4. Σ 5 6078$103 #& 9-&:.//& 4. ;#<38/. 4. =&>9&#.#$./ ?-8#:8908/

9.->1$0-@/. 0/ :&31#0/ 4. P 4. >&4& A1. λ1 ≥ λ2 ≥ · · · ≥ λn' &#4. P = [P1,P2, · · · ,Pn] /%&
&/ 01$&2.$&-./ 0//&:804&/ 0&/ 01$&203&-./(

A 5 ./:&36.#4& 4. $03 B&->0 A1. Y = AtX 9-./.-2. 0& ><C8>& 0/ 20-8D#:80/ 4. Σ' :&>
0/ -./$-8EF./ At

iAj = 0 90-0 i 6= j )90-0 G0-0#$8- A1. :040 :&&-4.#040 Yi .C93&-. :&>9&#.#$./

48B.-.#$./ 40 /&>0 40/ 20-8D#:80/ 4. Σ, &7$H>@/. 0//8> 1>0 >0$-8I :1J&/ 2.$&-./ /%& &-$&G&#08/

.#$-. /8( ?.30 0-78$-0-8.404. 40 ./:&360 4& :&>9-8>.#$& 4& 2.$&- Yi' ./:&36.@/. ||Ai|| = 1' &#4.
||.|| 4.#&$0 0 #&->0 .1:38480#0' -./13$0#4& .> A /.- 1>0 >0$-8I :&> :&>9&#.#$./ &-$&#&->08/(

K.:08@/. .#$%& #& L.&-.>0 40 M.:&>9&/8E%& "/9.:$-03 A1. 9.->8$. :&#:318- A = P( M./$0

B&->0'

V ar(Y ) = V ar(AtX)

= AtΣA = AtPΛP tA

= P tPΛP tP

= Λ

=




λ1 0 · · · 0
0 λ2 · · · 0
(

(

( 0
(

(

(

(

(

(

0 0 · · · λn


 . )*(!(N,

O/$& /8G#8P:0 A1.Q

Var(Y1) = Var(Pt
1X) = λ1'

Var(Y2) = Var(Pt
2X) = λ2'

(

(

(

Var(Yn) = Var(Pt
nX) = λn'

. Y1,Y2, · · · ,Yn /%& 8#4.9.#4.#$./(

M.//0 B&->0' /. #&$0 A1. 0 /&>0 40/ 20-8D#:80/ 40 480G&#03 4. Σ 5 8G103 R /&>0 40/

20-8D#:80/ 40 >0$-8I Λ' 9&8/Q

tr(Σ) =
n∑

i=1

σ2
i , σ2

i = V ar(Xi), i = 1, 2, · · · , n,

. 40 9-&9-8.404. 4& $-0E& 4. >0$-8I./ A104-040/ tr(AB) = tr(BA) /. &7$5>' 9&- )*(!(S,'

tr(Σ) = tr(PΛP t) = tr(ΛP tP ) = tr(ΛP−1P )

= tr(Λ) =
n∑

i=1

λi, i = 1, · · · , n,

)*(!(T,

. 0//8> 9&4.@/. 9.-:.7.- A1.

∑n

i=1 σ
2
i =

∑n

i=1 λi( "#$%&' :&#:318@/. A1. Y1 = Pt
1X 4< 1>0

9-&9&-E%& 4. .C938:0E%& 40/ 20-8D#:80/ .> Σ 4.

λ1

λ1+λ2+···λn
' Y1 = Pt

1X . Y2 = Pt
2X J1#$0/ 4%&



 !"! #$% & # &''(   

!"# $%&$&%'(& )* *+$,-.#'(& )#/ 0#%-12.-#/ *" Σ )*

λ1+λ2

λ1+λ2+···λn
3 * #//-" /!.*//-0#"*24*5 6&"

-//&3 /* */.&,7* & 28"*%& )* .&"$&2*24*/ $%-2.-$#-/3 9!* :!24#/ );*" !"# *+$,-.#'(& #.*-4<0*,

)#/ 0#%-12.-#/ )* Σ3 &! /*:#3 .&2/-)*%#=/* !" 28"*%& )* $%-"*-%#/ .&"$&2*24*/ $%-2.-$#-/ )*

"&)& 9!* & $*%.*24!#, )* *+$,-.#'(& )#/ 0#%-12.-#/ )* Σ /*:# /!>.-*24*"*24* #,4# * #.*-4<0*,5

 !" #$% & ' ())*

?/ 4#+#/ )* :!%&/ $&//!*" .&"$&2*24*/ */4&.</4-.&/5 @*//* "&)&3 )*0*=/* "&)*,#% .#)# !"#

)*,#/ .&"& /*2)& .&"$&/4& $&% !" 4*%"& )*4*%"-2A/4-.& B$&)*2)& /*% !"# 4*2);2.-# &! !"

 !"#$C * !" 4*%"& #,*#4D%-&3 &! /*:#3

gi ≡ dfi = µidt+ σidzi, i = 1, 2, · · · , n, BE5 5 C

&2)* µi F & $#%1"*4%& )* 4*2);2.-# &!  !"#$3 σi F & )*/0-&=$#)%(& )* gi * dzi F # .&"$&2*24*

#,*#4D%-# .&" )-/4%-G!-'(& 2&%"#, )* "F)-# H * 0#%-12.-#  B"#-&% I&%"#,-)#)* /*%< )#)# 2&

.#$A4!,& JC5

K#%# # "*/"# 0#%-<0*, gi 3 %*#,-L#'M*/ )* dzi *" )-I*%*24*/ "&"*24&/ )* 4*"$& /(& #//!"-)#/

-2)*$*2)*24*/ *24%* /-3 &! /*:#3 &/ -2.%*"*24&/ dzi(t1) * dzi(t2) /(& -2)*$*2)*24*/ *" "&"*24&/

)-I*%*24*/5 N/4& -"$,-.#

E(dzi(t1), dzi(t2)) = 0. BE5 5OC

K&%F"3 $#%# )&-/ 0F%4-.*/ )-I*%*24*/3 gi * gj $#%# i 6= j3 &/ -2.%*"*24&/ dzi * dzj /(& .&%%*,#.-&=

2#)&/ *" !" "*/"& -2/4#24* )* 4*"$& t3 &! /*:#

E(dzi(t), dzj(t)) = σiσjρij(t), BE5 5EC

&2)* ρij F # .&%%*,#'(& *24%* #/ 4#+#/ )&/ 0F%4-.*/ i * j3 i 6= j5
?2#,-/#2)& #/ .&0#%-12.-#/ * &"-4-2)& & 4*%"& )* )*$*2);2.-# *" t B$#%# /-"$,->.#% #

2&4#'(&C3

cov(dfi, dfj) = E(dfi, dfj)− E(dfi)E(dfj), BE5 5JC

"#/

E(dfi) = E(µidt+ σidzi) = E(µidt) + E(σidzi) = µidt, BE5 5PC

$&-/ dzi $&//!- "F)-# -Q!#, # H5 R& .<,.!,& )#/ 0#%-12.-#/3 .&"& #&/ 4*%"&/ )* &%)*" "#-&%

9!* dt3 /(& "!-4& $*9!*2&/ *,*/ $&)*" /*% )*/$%*L#)&/5

?//!"-=/* µi = 03 $&-/ /*2)& !" 4*%"& )*4*%"-2A/4-.& $&)*=/* #2!,#% & /*! *I*-4& #4%#0F/

)* !" %& '&5 K&%4#24&3 0&,4#2)& # BE5 5JC3

cov(dfi, dfj) = E(dfi, dfj), BE5 5SC

* )* BE5 5EC * BE5 5SC /*Q!* 9!*

E(dfi, dfj) = σiσjρijdt, se i 6= j e BE5 5TC

E(dfi, dfi) = V ar(dfi) = σ2
i dt, ρii = 1. BE5 5UC

K&)*=/* 4%#2/I&%"#% G3 & 0*4&% .&"$&/4& $*,#/ 0#%-<0*-/ gi )* BE5 5 C3 *" !" 0*4&% Y 3

Y = AtG, BE5 5VC

.&"& )-/.!4-)& 2# /*'(& #24*%-&%3 */.&,7*=/* A = [A1,A2, · · · ,An] )* "&)& 9!* # /&"# )#/

0#%-12.-#/ )* V ar(Y ) /*:# -Q!#, W /&"# )#/ 0#%-12.-#/ )* V ar(G)3 .&"
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n∑

k=1

aksakr = 0 para s 6= r, "#$ $ %&

'()* A = (aij)+ ,-.'()' / 0*120,34' )* '02'5'(/6,)/)* )'1 7*2'0*1 8'69(/ )* A$

:(24'+ )* "#$ $;&+

ys =
n∑

k=1

aksgk, "#$ $  &

*- ./6/70/1+ ys < 9-/ 8'-=,(/34' 6,(*/0 )'1 >90'1 )'1 7<02,8*1+ s = 1, 2, · · · , n$ ?9(2/()' 8'-

/ 0*120,34'+

n∑

k=1

aksakr = 1 para s = r, "#$ $ !&

,-.@*A1* /11,- / '02'('0-/6,)/)* )'1 7*2'0*1 8'69(/1 )* A * 8'(1*B9*(2*-*(2*

AtA = I ⇔ At = A−1, "#$ $ #&

8'-' Y = AtG+ 1* '=2<-C

Y = AtG = A−1G ⇔ AY = AA−1G ⇔ AY = IG ⇔ G = AY. "#$ $ D&

'9

gj =
∑

s

ajsys. "#$ $ E&

F* "#$ $G& * "#$ $H&C

cov(dfi, dfj) = E(dfi, dfj) = E

((
∑

s

aisys

)(
∑

r

ajryr

))
= σiσjρijdt "#$ $ I&

*

var(dfi) = E(dfi)
2 = E



(
∑

s

aisys

)2

 = E

(
∑

s

∑

r

aisairysyr

)
. "#$ $ G&

J-/ ,(2*0.0*2/34' 5*'-<20,8/+ 8'(1,)*0* 9- 7*2'0 Vg )* ),-*(14' n )* 8'-.'(*(2*1 V gi

V g =




V g1
V g2
$

$

$

V gn


 =




σ1dz1
σ2dz2

$

$

$

σndzn


 , "#$ $ H&



 !"! #$% & # &''(  !

" #"$%&'$()*" +( V g , +-+" %"&

L(V g) :=
∑

j

σ2
j =

∑

j

(
E(g2j )− E(gj)

2
)

=
∑

j

E(dfj)
2 = E

∑

j

(df 2
j )

= E

(
∑

j

∑

s

∑

r

ajsajrysyr

)

= E

(
∑

s

∑

r

(
∑

j

(ajsajrysyr)

))

= E

(
∑

s

∑

r

ysyr

(
∑

j

(ajsajr

))
.!/ / 01

#"$ -2 &(2*&'34(2 +- "&*")"&$-5'+-+( +- $-*&'6 A +-+-2 ($ .!/ / 71 ( .!/ / 81 L(V g) , 2'$9

%5':#-+- %-&-

L(V g) = E

(
∑

j

yjyj

)
=
∑

j

E(y2j ) =
∑

j

σ2
j . .!/ /871

;(<- ys=
ys = µsdt+ σysdzs, paras = 1, 2, · · · , n, .!/ /8 1

>"$" , -22?$'+" @?( -2 %-&*(2 +(*(&$')A2*'#-2 +( g 2B" )?5-2= ()*B" µs = 0/ ;C DE ()*B" -2

#"$%")()*(2 -5(-*C&'-2/ F-'2 ys #"$%4($ " G(*"& Y = AtG #"$ A ?$- $-*&'6 "&*")"&$-5

#"$" +'2#?*'+" -)*(&'"&$()*(/ H)*B" - $-*&'6 +( G-&'I)#'-29#"G-&'I)#'-2 +( Y , +'-J")-5= @?(

K"' +()"*-+- %"& Λ = "? 2(<-=

V ar(Y ) = Λ =




λ1 0 · · · 0
0 λ2 · · · 0
/

/

/ 0
/

/

/

/

/

/

0 0 · · · λn


 , .!/ /881

")+( λi , - G-&'I)#'- +( yi %-&- i = 1, 2, · · · , n/ ( " #"$%&'$()*" +( V y , +-+" %"&L

L(V y) =
n∑

j=1

V ar(yj) =
n∑

j=1

λj

M"5*-)+" %-&- .!/ /871= 2(J?( @?(

L(V g) =
n∑

j=1

σ2
j =

n∑

j=1

λj .!/ /8!1

N ')*(&%&(*-3B" J("$,*&'#- +- *&-)2K"&$-3B" A , &"*-#'")-& " G(*"& #"5?)- "&'J')-5 V g ($

?$ )"G" G(*"& #"5?)- V y #?<"2 #"$%")()*(2 2B" "2 +(2G'"2 %-+&4(2

√
λi′s +-2 G-&'EG('2 yi′s

$?5*'%5'#-+-2 %(5"2 ')#&($()*"2 ')+(%()+()*(2 O&"P)'-)"2 dwi′s/

Q-22-92( ()*B" +( ?$- (2*&?*?&- +( <?&"2 g %-&- "?*&- y= #"$ - )"G- (2*&?*?&- -%&(2()*-)+"

?$- $-*&'6 +( G-&'I)#'-29#"G-&'I)#'-2 +'-J")-5/ R22" *&-+?6 ($ +'6(& @?( #"$ - #"$%")()*( ys
2( *($ - %&"%"&3B" +(

λs∑n
j=1

λj
+( (S%5'#-3B" +-2 G-&'I)#'-2 "&'J')-'2 ( @?( %-&- +?-2 #"$%")()*(2

+'2*')*-2 +( y #")2'+(&-+-2 #")<?)*-$()*( - #")*&'O?'3B" "O*'+- )- (S%5'#-3B" +- G-&'I)#'- ,

-+'*'G-/
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 !" #$%&'()*+ ,( #-. /( 0112

" #$%&%'(% ($)*)+,- (%. #-$ -*/%(01- ) 2%$)34- 5% 6%'7$0-& 5% %&($%&&% #)$) ) %&($8(8$) )

(%$.- 5) ()9) 5% /8$-& % 8.) #%$28'() $%6-$$%'(% '- 5%&%'1-+10.%'(- 5- .%&.- :-0 - ;8)'(-

5% %9#+06)34- 5) 1)$0<'60) &% 6-'&%280) ') )'7+0&% 5% 6-.#-'%'(%& #$0'60#)0& %. .-.%'(-& 5%

%&($%&&% '-& .%$6)5-&= >#?& - ($)*)+,- 5% @A0((%$.)' )'5 B6,%0'C.)'D EE FG &% (-$'-8 #)5$4-

- 8&- 5)& ($H& #$0.%0$)& 6-.#-'%'(%& #$0'60#)0&I .)& &%8 #-5%$ 5% %9#+06)34- %. .-.%'(-& 5%

%&($%&&% '4- %$) (4- 6+)$-=

J)$) ) )#+06)34- 5) )'7+0&% 5% 6-.#-'%'(%& #$0'60#)0& :-$). 8(0+0K)5-& 5)5-& 507$0-& %'($%

/)'%0$- 5% LMMN % /8',- 5% LM N= O%&&% #%$P-5-I -6-$$%$). 6$0&%& Q')'6%0$)& % #-$()'(- :-0

#-&&P1%+ (%&()$ ) %9#+06)34- 2%$)5) #%+)& ($H& #$0.%0$)& 6-.#-'%'(%& #$0'60#)0& %. .-.%'(-&

5% %&($%&&%=

J-$ '4- ,)1%$ ) '%6%&&05)5% 5% &% %&(85)$ (-5-& -& #-'(-& 5) 68$1) 5% /8$-&I /7 ;8% %.

5-0& #-'(-& 6-'&%68(01-& -& /8$-& &% )+(%$). .80(- #-86-I )6$%&6%'()'5- #-86)& 0':-$.)3R%&

S& 1)$071%&F &%$7 8(0+0K)5- T1U$(06%&T5) 68$1)I $%#$%&%'()'5- -& .%&%& #)$) - 1%'60.%'(- &8*V

&%;8%'(%& S 5)() *)&%= " 1U$(06% 5% L 50)& W(%0& $%#$%&%'() 8. .H& &8*&%;8%'(% S 5)() *)&%I

- 1U$(06% 5% !L 50)& W(%0& $%#$%&%'() 5-0& .%&%& % )&&0. &86%&&01).%'(%=

J)$) ) )'7+0&% 5) %9#+06)34- 5) 1)$0<'60) -*(05) )($)1U& 5% 6-.#-'%'(%& #$0'60#)0& '- #%V

$P-5- )')+0&)5- :-$). $%)+0K)5-& (%&(%& 6-. /)'%+) .?1%+ 5% X )'-&I -8 &%/)I 5% MLY/)'%0$-YLMMN

) LZY5%K%.*$-YLMM[ 6)+68+-8V&% )& ($H& #$0.%0$)& 6-.#-'%'(%& #$0'60#)0& *%. 6-. ) &-.)I

.-1%V&% %'(4-  50) ) :$%'(% % 6)+68+)V&% '-1).%'(% )& ($H& #$0.%0$)& 6-.#-'%'(%& #$0'60#)0&

% ) &-.)I '- #%$P-5- 5% MNY/)'%0$-YLMMN ) MLY/)'%0$-YLMMZ % )&&0. &86%&&01).%'(% )(U - 50)

LZY/8',-YLM N=

\-. ) .%(-5-+-20) )60.)I 5-0& (%&(%& :-$). $%)+0K)5-& '-& 0'1)$0)'(%& 5% .%$6)5-] '-

#$0.%0$-I 8(0+0K-8V&% E[ 1U$(06%& 50&#-'P1%0& ') 68$1) 5% /8$-&I &4- %+%&  I L I !LI ^NI Z!I  MXI

 L^I  ![I  ^ZI  ZEI L MI LN I LXLI L[NI LE!I N XI NN^I NX[I N[ZI NEEI !LMI !! I !^LI !ZNI XM!I XLXI

X!^I X^[I XZZI ^MEI ^NMI ^X I ^[LI ^ENI [ !I [NXI [X^I [[[I [EZI Z EI Z!MI Z^ I ZZLI EMNI EL!I E!XI

E^^I EZ[I  MMZI  MLEI  MXMI  M[ I  MELI    NI   N!I   XXI   [^I   E[I  L ZI  LNEI  L^MI  LZ I

 NMLI  NLNI  N!!I  N^XI  NZ^I  !M[I  !LZI  !!EI  ![MI  !E I  X LI  XNNI  XX!I  X[XI  XE^I  ^ [I

 ^NZI  ^XEI  ^ZMI  [M I  [LLI  [!NI  [^!I  [ZXI  ZM^I  ZL[I  Z!ZI  Z^EI  ZEMI  E  I  ENLI  EXNI

 E[!I  EEXI LM ^= " $%&8+()5- -*(05- U %9#$%&)5- ') Q28$) N= % N=L=

 !"#$% &'() *+,-#./, 0% *12-!3%./, 0, 1◦ 4 2◦ 5,62,74784 9$!73!2%-



 !"! #$%&'#()* +# #'$ ,# -../  !

 !"#$% &'() *+,-#./, 0% *12-!3%./, 0, 3◦ 4,52,67687 7 0% 9,5% 0,9 & 2$!57!$,9
4,52,676879 :$!63!2%!9

"#$# %& '#(& #)%&*+,* , &-'./0,12# (,% 0#$'#3&34&% '*/30/',/% /3(/+/(5,/% +,*/,$ $5/4#

0#$ # ',%%,* (# 4&$'#6 $,% , %#$, (,% 7 '*/$&/*,% 0#$'#3&34&% '*/30/',/% '&*$,3&0& 0#$

5$, #*(&$ (& &-'./0,12# $5/4# %,4/%8,49*/,6 %&$'*& ,0/$, (& :!; (& &-'./0,12#< = >5& %&

0#3%4,4, ? >5& >5,3(# 5$, 0#$'#3&34& /3(/+/(5,. '&*(& &-'./0,12#6 &%%, '&*(, ? 0#$'&3%,(,

'#* #54*, 0#$'#3&34& (& 8#*$, >5& , %#$, '&*$,3&0& %&$'*& 0#$ )#, &-'./0,12# (, +,*/@30/,

(#% (,(#% #*/A/3,/%<

B, )5%0, '#* 5$, #*(&$ (& &-'./0,12# ,/3(, $,/% %,4/%8,49*/,6 # %&A53(# 4&%4& *&,./C,(#

54/./C#5 ,'&3,% #% +?*4/0&% $,/% 3&A#0/,(#% (, 05*+, (& D5*#%< E,*, , &%0#.F, (&%%&% +?*4/0&%

8#/ ,3,./%,(# # +#.5$& 3&A#0/,(# &$ 5$, %&$,3,G2◦ %&$,3, (& 3#+&$)*# (& HI 7J &%0#.F&3(#

,'&3,% #%  I +?*4/0&% $,/% 3&A#0/,(#%< = #)D&4/+# ,>5/ ? &+/4,* # '*#).&$, A&*,(# '&., /34&*K

'#.,12# (#% +?*4/0&% >5& 32# %2# 3&A#0/,(#%< =% +?*4/0&% &%0#.F/(#% 8#*,$L MN6  NO6 H I6 HO76

77P6 NPH6 !MM6 O N6 MNI6  I:H< Q% RA5*,% 7<7 & 7<N $#%4*,$ #% *&%5.4,(#% #)4/(#%<

 !"#$% &'&) *+,-#./, 0% *12-!3%./, 0, 1◦ 7 2◦ 4,52,67687 :$!63!2%-

Q #*(&$ (& &-'./0,12# #)4/(, ,3,./%,3(# #% +?*4/0&% $,/% 3&A#0/,(#% 8#/ ,/3(, $,/% %,4/%K

8,49*/,< Q '*#'#*12# (, +,*/@30/, &-'./0,(, (#% (,(#% #*/A/3,/% >5,3(# %& ,3,./%, , %#$, (#%
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 !"#$% &'() *+,-#./, 0% *12-!3%./, 0, 3◦ 4,52,67687 7 0% 9,5% 0,9 & 2$!57!$,9
4,52,676879 :$!63!2%!9

" #$%&'%$() *(&#(+'+,') #$%+*%#-%) .(% /' +( &0+%&( 1234 567% ,-&89& .(% #())0:'; *(+),-,-$

67' 67-+/( 7&- *(&#(+'+,' %+/%:%/7-; #'$/' '<#;%*-=>(? '))- #'$/- 9 *(&#'+)-/- #($ (7,$-

*(&#(+'+,' /' .($&- 67' - )(&- #'$&-+'*' )'&#$' *(& 8(- '<#;%*-=>( /- :-$%@+*%- /() /-/()

($%A%+-%)4

5,$-:9) /() $')7;,-/() (8,%/() #(/'B)' *(+*;7%$ 67' &')&( '& &(&'+,() /' A$-+/') ()*%;-B

=C')? &-%) +(,-/-&'+,' '& &(&'+,() /' '),$'))' +( &'$*-/( /' D7$()? - -+E;%)' /' *(&#(+'+,')

#$%*%#-%) #(/' )'$ 7,%;%F-/-? #(%) &-+,9& ';':-/- - ($/'& /' '<#;%*-=>( /- :-$%@+*%- /() /-/()

($%A%+-%)4



 !"#$%&' (

) *'+,&' +, -,!&$./0!11'2/*'1$'3

 !"#$%" &$'%()*+',,"-*.",("/ 0&+.1 '2",#'#" /$33$ 4'56(7%" !"#$%' ' #8/9!84' #' 47,:'

#$ (';'3 #$ <7,"3  !"#$"% /" ($!5"= >;83($! :?,8'3 @",!'3 #$ ,$5,$3$/(', ' 47,:' #$ <7,"3 $

' $34"%)8#' 5$%" !A("#" &+. A $! ($,!"3 #$ (';'3  !"#$"%=

 !" #$%$&  !"#$"%

B$<' " ($!5" T C;" #$ @",!' D7$ "3 (6(7%"3 "7 4"/(,'("3 #8347(8#"3 ' 3$E78, ($,F" :$/48!$/("
!$/", "7 8E7'% ' T = B$<' 0 ≤ t ≤ T ≤ T $ B(t, T ) " 5,$G" #$ 7! (6(7%" H$,"*4"75"/ %8:,$

#$ ,834" /" ($!5" t $ :$/48!$/(" $! T 47<" :'%", #$ @'4$ A I= J#"('*3$ D7$ 5',' 4'#' t $
T D7$ 3'(83@'G' 0 ≤ t ≤ T ≤ T K B(t, T ) A #$C/8#" B(t, T )= B$ ' (';' #$ <7,"3 $/(,$ t $ T A

$3(,8('!$/($ 5"38(8:'K $/(F" B(t, T ) A $3(,8('!$/($ !$/", D7$ I D7'/#" t ≤ T =

L" ($!5" tK 8!5%$!$/('*3$ ' 3$E78/($ $3(,'(AE8' 5',' " ($!5" T $ 3$<' δ 7! 5$D7$/"

/M!$," 5"38(8:"=

• N"!', 7!' 5"38GF" :$/#8#' $! (6(7%"3 4"! :$/48!$/(" T $ :'%", I " D7$ E$,' ,$/#' #$
B(t, T )=

• N"!', 7!' 5"38GF" 4"!5,'#' #$ ('!'/)" B(t,T )
B(t,T+δ)

$ :$/48!$/(" $! (T + δ) /" :'%", #$

B(t, T )=

 473(" #' $3(,'(AE8' /" ($!5" t A O= L" ($!5" T " #$($/(", #' $3(,'(AE8' ($,? D7$

#$3$!2"%3', I 5',' 4"2,8, ' 5"38GF" :$/#8#' $ $! T + δ 8,? ,$4$2$, B(t,T )
B(t,T+δ)

5$%' 5"38GF"

4"!5,'#'= >! "7(,'3 5'%':,'3K 3$ 8/:$3($ I /" ($!5" T $ ,$4$2$ !'83 D7$ I $! T + δ= J (';'
D7$ $;5%84' " %74," /" ($!5" T + δ A

1

δ
log

B(t, T )

B(t, T + δ)
= − logB(t, T + δ)− logB(t, T )

δ
. 0P=I=I1

>3(' A ' (';' #$ <7,"3 4"!5"3(' 4"/(6/7' D7$ '5%84'#" I /" ($!5" T K 8,? ,$(",/', B(t,T )
B(t,T+δ)

$!

T + δ= B$ " (6(7%" B(t, T + δ) #$ :$/48!$/(" %"/E" ($! " 5,$G" 5$D7$/"K " D7$ #$:$,? '4"/($4$,

3$ ' (';' #$ <7,"3 A $3(,8('!$/($ 5"38(8:'K $/(F" " D7"48$/($

B(t,T )
B(t,T+δ)

A $3(,8('!$/($ !'8", D7$

I $ ' (';' A $3(,8('!$/($ 5"38(8:'= J (';' $! 0P=I=I1 !$3!" 5',' 7! 8/:$3(8!$/(" /" ($!5"

T K 5"#$ 3$, (,':'#' $! t= Q @'(" D7$ 3$ " 8/:$3(8#", 5,"5R$ $! t '%E7!' "7(,' $3(,'(AE8' /"
($!5" T 4"! 7!' "7(,' (';' #$ <7,"3K $/(F" '4$8('/#" ' (';' #$ <7,"3 "@$,$48#' $ !"/('/#"

" 5",(@"%8" 5,"5"3(" '48!'K 5"#$*3$ ($, ',28(,'E$!=

IS



 !  !"#$%&' () ' *'+,&' +, -,!&$-./!00'1.*'0$'2

"# $#%&# '()(  !"#$"% &* '#+,* t ,(-( .+ /&0#1'/+#&'* #+ T 2

f(t, T ) = − lim
δ→0

logB(t, T + δ)− logB(t, T )

δ

= − ∂

∂T
logB(t, T ). 345 567

811# 9 * :/+/'# ,(-( ( '()( 345 5 7 ;.(&$* δ → 0 # ,*$# 1#- /&'#-,-#'($( <*+* 1#&$* ( '()( $#

=.-*1 /&1'(&'>&#( ,(-( * '#+,* T ;.# ,*$# 1#- *?'/$( &* '#+,* t5
"# f(t, T ) 9 <*&@#</$* ,(-( '*$*1 *1 0(:*-#1 $# 0 ≤ t ≤ T ≤ T 2 1# *?'9+ B(t, T ) ,(-( '*$*1

*1 0(:*-#1 $# 0 ≤ t ≤ T ≤ T ('-(091 $( AB-+.:(

∫ T

t

f(t, v) dv = −[logB(t, T )− logB(t, t)] = −logB(t, T ), 345 5C7

*&$# 1# .1( * A('* ;.# B(t, t) = 15 D*-'(&'*2

B(t, T ) = exp

(
−
∫ T

t

f(t, v) dv

)
, 0 ≤ t ≤ T ≤ T . 345 547

E ,(-'/- $* ,-#F* $*1 'G'.:*12 ,*$#H1# $#'#-+/&(- (1 '()(1  !"#$"% ('-(091 $# 345 5675 E'-(091

$(1 '()(1  !"#$"% 1# *?'9+ * ,-#F* ('-(091 $( 8;.(FI* 345 5475 J#*-/<(+#&'#2 &I* ,(-#<# '#-

,-*?:#+( #+ <*&1'-./- * +*$#:* ('-(091 $(1 '()(1  !"#$"% *. ('-(091 $*1 ,-#F*15 K( ,-L'/<(2

,#:( <*&$/FI* $# &I* (-?/'-(M#+ * +*$#:* 1# '*-&( +(/1 1/+,:#1 ;.(&$* *?'/$* ('-(091 $(1

'()(1  !"#$"%5

"#=( ( '()( $# =.-*1 &* '#+,* t2
r(t) = f(t, t). 345 5N7

81'( 9 ( '()( $# =.-*1 /&1'>&'(&#( ;.# 1# ,*$# *?'#- #+ t ,(-( /&0#1'/+#&'*1 *. #+,-91'/+*1

#+ t5

 !" # $%&'(%)* $*+ ,*-*+  !"#$"% . / 01.2/ $/+ ,3,45/+

E11.+/&$* ;.# f(0, T )2 0 ≤ T ≤ T 2 9 <*&@#</$* &* '#+,* O5 811( 9 ( <.-0( $# '()(  !"#$"%

/&/</(:5 K* +*$#:* PQR2 ( '()(  !"#$"% ,(-( '#+,*1 +(/*-#1 t ,(-( /&0#1'/+#&'* #+ '#+,*

(/&$( +(/*-#1 #+ T 9 $($( ,*-

f(t, T ) = f(0, T ) +

∫ t

0

α(u, T ) du+

∫ t

0

σ(u, T ) dW (u). 34565 7

S*+ 1.( A*-+( $/A#-#&</(:

df(t, T ) = α(t, T ) dt+ σ(t, T ) dW (t), 0 ≤ t ≤ T, 3456567

1#&$* T ( ,(-'/- $# (M*-( <*&1'(&'#5

T ,-*<#11* W (u) 9 * +*0/+#&'* ?-*U&/(&* 1*?-# ( +#$/$( P5 8+ ,(-'/<.:(-2 α(t, T ) 9 *

%"& ' 1*?-# ( +#$/$( ('.(:5 T1 ,-*<#11*1 α(t, T ) # σ(t, T ) ,*$#+ 1#- (:#('B-/*15 D(-( <($( T
%)*2 #:#1 1I* ,*<#11*1 ($(,'($*1 ,(-( ( 0(-/L0#: t5 D(-( 1/+,:/%<(- ( &*'(FI*2 1# (11.+/-L ;.#

( '()(  !"#$"% 1#-L M#-($( ,*- .+ V&/<* +*0/+#&'* ?-*U&/(&*5

W# 34565672 1# *?'9+ ( $/&>+/<( $* ,-#F* $*1 'G'.:*1 ('-(091 $# 345 5475 D#:* A('* $#

−
∫ T

t
f(t, v) dv '#- tH0(-/L0#1 #+ $*/1 :.M(-#12 1.( $#-/0($( '#-L $*/1 '#-+*12

d

(
−
∫ T

t

f(t, v) dv

)
= f(t, t) dt−

∫ T

t

df(t, v) dv. 34565C7
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" #$%&'%$( )'$&( *( +,*( *%$'%)( *, '-.,/0( $'1.+), *, *'$%2,*, 3(& $'1#'%)( ,( +%&%)' *'

%4)'5$,/0( t6 " 7,)( *'11' +%&%)' %47'$%($ #$(*.8%$ .& 1%4,+ 4'5,)%2( %$9 3,43'+,$ 3(& ( 1%4,+

4'5,)%2( *( +,*( '1-.'$*(6 " (.)$( )'$&( $'1.+), *, *'$%2,*, 3(& $'1#'%)( , t 1(:$' , %4)'5$,+6

;)%+%8,4*( <=6 6>? ' <=6@6@?A

d

(
−
∫ T

t

f(t, v) dv

)
= r(t) dt−

∫ T

t

[α(t, v) dt+ σ(t, v) dW (t)] dv. <=6@6=?

B42'$)'4*( , ($*'& *' %4)'5$,/0(A

∫ T

t

α(t, v) dt dv =

∫ T

t

α(t, v) dv dt = α∗(t, T ) dt, <=6@6>?

∫ T

t

σ(t, v) dW (t) dv =

∫ T

t

σ(t, v) dv dW (t) = σ∗(t, T ) dW (t), <=6@6C?

(4*'

α∗(t, T ) =

∫ T

t

α(t, v) dv, σ∗(t, T ) =

∫ T

t

σ(t, v) dv. <=6@6D?

E.:1)%).%4*( (1 )'$&(1A

d

(
−
∫ T

t

f(t, v) dv

)
= r(t) dt− α∗(t, T ) dt+ σ∗(t, T ) dW (t). <=6@6F?

G,$, ( #$'/( *( )H).+(A

dB(t, T ) = B(t, T )

[
r(t)− α∗(t, T ) +

1

2
(σ∗(t, T ))2

]
dt− σ∗(t, T )B(t, T ) dW (t). <=6@6!?
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D(t)B(t, T ) = exp

(
−
∫ t

0

r(u) du

)
B(t, T ), 0 ≤ t ≤ T, <=6P6 ?

N .& &,$)%45,+6

dD(t) = −r(t)D(t) dt, <=6P6@?

'4)0(A 1' (:)N& , *'$%2,/0(

d (D(t)B(t, T )) = −r(t)D(t)B(t, T ) dt+D(t)dB(t, T )

= D(t)B(t, T )

︷ ︸︸ ︷[(
−α∗(t, T ) +

1

2
(σ∗(t, T ))2

)
dt− σ∗(t, T ) dW (t)

]
<=6P6P?

E' -.'$ %5.,+,$ ( )'$&( *'1),3,*( 4, Q-.,/0( <=6P6P? ,

− σ∗(t, T )[θ(t) dt+ dW (t)], <=6P6=?



 !  !"#$%&' () ' *'+,&' +, -,!&$-./!00'1.*'0$'2

"#$%$&'()* * #+*,+-' )+ .$,/'(*01
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W̃ (t) =

∫ t

0

θ(u) du+W (t) 4567689

: "- 3,*;($'(*6 <#$%$&'()* +//+ 3,*;($'(*1 2*)+=/+ ,++/>,+0+, 4567679

d (D(t)B(t, T )) = −D(t)B(t, T )σ∗(t, T ) dW̃ (t). 45676?9

@(#A*1 /+B"+ C"+ D(t)B(t, T ) : "- -',#$(B'% /*3,+ P̃6 @- *"#,'/ 2'%'0,'/1 2,+>$/'=/+ +(>*(#,',

"- 2,*>+//* θ(t) C"+ '#+()'

− α∗(t, T ) +
1

2
(σ∗(t, T ))2 = σ∗(t, T )θ(t). 45676D9

E @C"'FA* 45676D9 ,+2,+/+(#' "-' $(G($)')+ )+ +C"'FH+/1 "-' 2',' >')' 0+(>$-+(#* T ∈ (0, T ]
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@//+ 2,*>+//* : *  !"#$% &"'($ )* "'+# 2,+F* )+ -+,>')* )* ,$/>* + +J$/#$,K #'(#*/ 2,*>+//*/
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− α(t, T ) + σ∗(t, T )σ(t, T ) = −σ(t, T )θ(t) 45676N9

*" )+ I*,-' +C"$0'%+(#+1

α(t, T ) = σ(t, T ) [σ∗(t, T ) + θ(t)] . 45676O9
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,3-$ α(t, T ) $ σ(t, T ) +9) ) -"'*% $ ! -'*/+9)= "$+&$(%'4! $3%$ -! %!:! *)"8!"-< >+%) ?= )
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∫ T

t
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 !"#$% &$'$ σ(t, T ) 6= 0% ()*$+,)!-$ ./01023 45(5 θ(t)6

θ(t) =
α(t, T )

σ(t, T )
− σ∗(t, T ), ./010783
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df(t, T ) = α(t, T ) dt+ σ(t, T ) dW (t)

σ(t, T )σ∗(t, T ) dt+ σ(t, T ) [θ(t) + dW (t)]

σ(t, T )σ∗(t, T ) dt+ σ(t, T ) dW̃ t, ./010773
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&'()*(+ 5,2%$,%=,#$ f(t, T ) 7*-# 2#) -#:,5-$ 9*4*

df(t, T ) = α(t, T ) dt+ σ(t, T ) dW (t)

f(0, T ) = fM(0, T ), />?>?!1

9*4 T → fM(0, T ) $ 93)8$ -$ %$;$ &'()*(+ 5,2%$,%=,#$ #4 t = 0' # *,-#

W = (W1,W2, · · · ,Wn),

@ 34 4*854#,%* A)*+,5$,* ,B-54#,25*,$C? D -54#,2E* @ -$-$ 7#C$ 63$,%5-$-# -# F$%*)#2 -#

)529* *3 -# 5,9#)%#G$ 63# 5,H3#,95$4 $ IJJ(' $635 -#,*%$-* 7*) ν? K#<$

σ(t, T ) = (σ1(t, T ), σ2(t, T ), · · · , σν(t, T ))

@ * 8#%*) -# 7)*9#22*2 $-$7%$-*2 # α(t, T ) %$4A@4 @ 34 7)*9#22*? L 7)*-3%* σ(t, T ) dW (t) @
* 7)*-3%* #29$C$) #,%)# *2 8#%*)#2 σ(t, T ) # dW (t)?

M#C$ 9*,-5NE* -# ,E* $)A5%)$O#4' $ F3,NE* α 63# @ * +(,&- -#7#,-# -* 8#%*) -# 8*C$%5C5-$-#

σ' #,%E*

α(t, T ) = σ(t, T )

∫ T

t

σ(t, s) ds =
ν∑

j=1

σj(t, T )

∫ T

t

σj(t, s) ds, />?>? 1

#,%E*' $ -5,=459$ -# f(t, T ) @

f(t, T ) = f(0, T ) +

∫ t

0

σ(u, t)

∫ T

u

σ(u, s) ds du+

∫ t

0

σ(s, T ) dW (s)

= f(0, T ) +
ν∑

j=1

∫ t

0

σj(u, T )

∫ T

u

σj(u, s) ds du+
ν∑

j=1

∫ t

0

σj(s, T ) dWj(s) />?>?P1
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9*4 $ #;7)#22E* -* 4*-#C* "(. 7$)$ $ %$;$ -# <3)*2 ./'- rt'

rt = f(t, t) = f(0, t) +

∫ t

0

σ(u, t)

∫ t

u

σ(u, s) ds du+

∫ t

0

σ(s, T ) dW (s)

= f(0, t) +
ν∑

j=1

∫ t

0

σj(u, T )

∫ t

u

σj(u, s) ds du+
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j=1
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0
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̂rt+∆t − rt = µt∆t+ σt

√
∆tZt />?>?V1
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t

√
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t +,- .-/01.'2 3-+&&0-(- 4-)/5* 6-2 7+' Zj
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t 4-/- j 6= s ' j =
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̂rt+1 − rt =
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

(r1t+1 − r1t )/σ̂
1

(r2t+1 − r2t )/σ̂
2

#

#

#

(rNt+1 − rNt )/σ̂
N


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1

K



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1
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#

#
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

√
λ1 0 · · · 0
0

√
λ2 · · · 0

#

#

# 0
#

#

#

#

#

#

0 0 · · ·
√
λn


 . !"#"#N %

9 ,-6/0: )*& -+6*.'6*/'& ;*//'&4*()'(6'& 8 )'(*6-)- 4*/ V # 9&&0,@ 4'2- -(120&' )' ;*,4*H
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
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rit+1 − rit = µ̂iσ̂i +
3∑
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√
λj

1/252
Vijσ̂

i

)2

, j = 1, 2, 3. :;<;<=[?
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