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Abstract

In this work, we study ergodic properties of some attractors “beyond uni-
form hyperbolicty”, our interest is the existence and finiteness of physical
measures. We are going to deal with partially hyperbolic attractors whose
central direction has a neutral behavior, the main feature is a condition of
transversality between unstable leaves when projected by the stable holon-
omy.

We prove that partial hyperbolic attractors satisfying conditions of transver-
sality between unstable leaves via the stable holonomy (non-integrability of
E* @ E"), neutrality in the central direction and regularity of the stable
foliation admits a finite number of physical measures, coinciding with the er-
godic u-Gibbs States, whose union of the basins has full Lebesgue measure.
Moreover, we describe the construction of a family of robustly nonhyperbolic

attractors satisfying these properties.
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Chapter 1

Introduction

In this work, we study ergodic properties of some attractors “beyond uniform
hyperbolicty”. Our main interest is the existence and finiteness of physical
measures for partially hyperbolic systems.

This study began with Sinai, Ruelle and Bowen for hyperbolic systems
and was extended in many works for partially hyperbolic systems, for Henon-
like family, for Lorenz-like attractors and others type of systems. In most
of these contexts, it was shown that the dynamical system admits a finite
number of physical measures whose basins cover a full Lesbesgue measure
subset.

It was conjectured by Palis ([I3]) that every dynamical system can be ap-
proximated by another having finitely many physical measures, whose union
of the basins has total Lebesgue measure.

One can consider this Conjecture for the open set of partially hyper-
bolic systems. In the works of Bonatti-Viana ([4]) for “mostly contracting”
and Alves-Bonatti-Viana ([I]) for “mostly expanding” central direction, they
prove the existence and finiteness of physical measures for partially hyper-

bolic systems with some kind of contraction or expansion in the central direc-



tion. The case yet not well studied is when the central direction is neutral.

Nevertheless, it is not known if generic partially hyperbolic systems ad-
mits physical measures. It is interesting to point for results of genericity for
generic partially hyperbolic systems.

In the case of surface endomorphism, Tsujii ([I7]) made a generic ap-
proach for this question. Actually, he proved that a generic partial hyper-
bolic endomorphism admits finitely many physical measures whose basins
have full Lebesgue measure.

This work is a first stage to extend the analysis of Tsujii for diffeomor-
phisms.

In the present work, we consider partially hyperbolic attractors with cen-
tral Lyapunov exponent close to neutral (neither mostly contracting nor
mostly expanding) and with a geometrical characteristic of transversality
for the strong-unstable leaves relatively to the strong-stable foliation (non
joint-integrability of E** @ E"*).

We prove existence of physical measures for some open sets of attractors,

as the following theorem:

Theorem. Consider fo : M — M a diffeomorphism of class C", r > 2,
a three-dimensional manifold M and A a partially hyperbolic attractor for
fo. Suppose that the attractor is dynamically coherent and that are valid the
following hypothesis:

(H1) Transversality between unstable leaves via the stable holonomy (non-
integrability of E%° & E**);

(H2) Central direction neutral;

(H3’) The foliation F*° is of Lipschitz class.

Then fo admits finite physical measures whose union of their basins has

total Lebesgue measure in the basin of attraction of the attractor.



Moreover, if the attractor is robustly dynamically coherent and it is valid:
(H3) F3* varies continuously in the C'-topology.
Then there exists an open set U containing fo such that the same result

holds for every f € U.

Precise definitions and statements will be given in Chapter 2.

This geometrical characteristic of transversality allows to prove that u-
Gibbs States of diffeomorphisms are sent by the stable holonomy into ab-
solutely continuous measures. This step contains the technical part of this
work and allows to prove that the ergodic u-Gibbs States are the physical
measures.

In the final part of this work, we describe a construction of partially hy-
perbolic attractors that are robustly nonhyperbolic and satisfies these con-
ditions.

We emphasize that our context includes situations where the central Lya-
punov exponent is null and, therefore, we can’t use Pesin’s theory.

It is expected that some form of the property of transversality is generic
among partially hyperbolic systems. Before that, it will be necessary to

weaken the exigence of regularity for the stable foliation.

Strategy of the proof

The heart of the proof is an inequality similar to the Doeblin-Fortet inequal-
ity (also known as Lasota-Yorke inequality). We will work with a semi-norm
for finite measures defined in center-unstable manifolds that is similar to the
L? norm for the densities of the measures when they are absolutely contin-
uous. We want to see that every u-Gibbs State has certain regularity after
projecting by the stable holonomy, this will imply that the ergodic u-Gibbs

States are the physical measures.



The transversality hypothesis plays an important role because the density
of the u-Gibbs State is good a priori only in the unstable direction, then, if
the stable projection of unstable discs give many directions, we will obtain
certain mass in many directions, guaranting that the projected measure into

center-unstable leaves will be absolutely continuous.

Structure of the Work

This work is organized as follows.

In Chapter 2, we give the basic definitions and precise statements of the
Theorems.

In Chapter 3, we define the notion of boxes and of semi-norms, that will
be used to state the Main Inequality and the technical Lemmas.

In Chapter 4, we prove estimatives for the semi-norm, these estimatives
will culminate proving the Main Inequality.

In Chapter 5, we use the Main Inequality to show that every ergodic u-
Gibbs State has a good regularity after projecting via the stable holonomy
into center-unstables leaves. Then we conclude the existence and finiteness
of physical measures and that the union of their basins have full Lebesgue
measure.

In Chapter 6, we describe the construction of nonhyperbolic attractors
that has central direction close to neutral and satisfies the transversality

condition, we also check that they are robustly transitive.



Chapter 2

Definitions and Statements

Our goal in this Chapter is to give the notions that shall be used throughout

the text and precise statements of this work.

2.1 Prerequisites

We consider M a compact riemannian manifold with its respective normal-
ized Lebesgue measure m, f : M — M a differentiable function of class C”

with r > 1.

2.1.1 Physical Measures and Basins

Definition 2.1. Given a f-invariant measure p, we define the basin of u as
the set B(u) of points x such that for every continuous function ¢ : M — R

one has:
. 1 n—1 i B
JH&E;‘ﬁ(f (2)) = /M¢du

Definition 2.2. We say that a f-invariant measure p is a physical measure

if the Lebesgue measure of B(u) is positive.



2.1.2 Partially Hyperbolic Attractors

Definition 2.3. Given an invariant set A for f, we say that A is an attractor

(topological) if there exists an open set U C M such that f(U) C U and
A=)
n>0

Definition 2.4. Given an attractor A, we define the basin of attraction

as the set B(A) = |J f~#(U), where U is the open set as in the definition of
j=>0
attractor. This is the set of points whose orbit acummulates on A.

Definition 2.5. We say that an attractor A is partially hyperbolic for
f if for every = € A there exists constants \[, < A7 < A\F < A, , C > 1,

uu

A <1, A, > 1 and a D f-invariant splitting T, M = E** @ ES © E** where:

IDfol| < CAL)" ]l ve B —{0}
CHA)" Il < (D™l < CD) ]l ve B —{0}
CH A"l < (1D f"]] ve B —{0}

We call E*° the strong-stable direction and £"* the strong unstable direc-
tion. It is a well-known result that the distributions £** and E** integrates

uniquely into invariant manifolds.

Theorem 2.1. The strong-stable and strong-unstable subbundles E}° and
E," integrate uniquely into laminations F3* and F* for every € B(A) and

y €A

The reader may check [9] for the proof of the above theorem. The exis-
tence of F** can be guaranteed for every x € B(A), but the unstable mani-
folds are only well defined for points in the attractor since we have to iterate

backward in the proof using graph transform.



Remark 2.1. If A is a partially hyperbolic attractor then W** C A for every
r e so A= U W"(z).
zEA

The stable foliation F*¢ is always a-Holder for some «, actually, the

Theorem below guarantees the regularity of this foliation in several cases.

Theorem 2.2. If the application f is of class C" and satisfies the following
bunching condition for a dominated splitting F; & Ey and k& > 1:

sup 1Dty || PPl 2.1)
€A 1 m(DIf‘E2)

Then there exists an invariant foliation F; tangent to F; of class C',
where | = min{k,r — 1}. Moreover, this foliation varies continuously in the

C' topology with the dynamics f.

The proof of this Theorem uses the C"-Section Theorem and can be
consulted in [9] and [I5]. Note that the stable holonomy is not usually
differentiable, but if is valid (2.1) for k£ = 1 then it is of class C'.

Partial hyperbolicity is an open property in f, that is, if g is C"-close to
f then the set A, = n@gg"(U ) is also a partial hyperbolic attractor for g and
the constants of partial hyperbolicity can be taken uniform. Moreover, if
holds the condition of Theorem 2.2, then the stable foliation of ¢ is C°-close
to the stable foliation of f in the C'-topology.

Remark 2.2. When A is a transitive hyperbolic attractor (ie, £ = 0), the
works of Sinai-Ruelle-Bowen guarantee that there exists an unique physi-
cal measure p whose basin B(u) has full Lebesgue measure in the basin of

attraction of A.



2.1.3 u-Gibbs States

The measures that will by important in this work are the called u-Gibbs
States, they are measures whose desintegration along strong-unstable leaves
corresponds to absolutely continuous measures with respect to the induced

Lebesgue measure in each unstable leaf.

Definition 2.6. Consider x € A, r > 0 and ¥ a C! disk centered at x with

dimension dim(E*° @ E°) and transversal to F**, we define the foliated box

Oz, %, r) = U V-
z€ANY
We call a foliated chart an application @,y : II(x, 3, 7) — [ X (XNA)
that is an homeomorphism into the image and restricted to each v** is a

diffeomorphism into the horizontal.

Definition 2.7. Consider an invariant Borel finite measure u, we say that
this measure is absolutely continuous with respect to the Lebesgue measure on
unstable leaves or a u-Gibbs State if for every x, ¥ and r > 0, the desinte-
gration {i.}.exna of the measure (@, x ). with respect to the partition of
I" x (3NA) by horizontal lines is formed by absolutely continuous measures

with respect to the induced Lebesgue measures My for fi-a.e z.
It is a well-known result that the u-Gibbs States always exists.

Proposition 2.1 (Pe,Si). Consider a diffeomorphism f of class C?, a par-
tially hyperbolic attractor A, an unstable disk D** and the restricted Lebesgue

n—1
1 .
measure mpuu, define the measures u, = — E fl(mpu). Then any accu-
n
=0

mulation point of u, is a u-Gibbs State.

For a study on u-Gibbs States the reader may check the book [3]. We will

refer to these measures by “u-Gibbs”, here we will state the main properties.



Proposition 2.2. Let f : M — M be a diffeomorphism of class C", r > 2,
and A a partially hyperbolic attractor for f, then:

(1) The densities of a u-Gibbs with respect to Lebesgue measure along
strong-unstable plaques are positive and bounded from zero and infinity.

(2) The support of every u-Gibbs is W""-saturated, in particular, is con-
tained in the attractor A.

(3) The set of u-Gibbs is non-empty, weak-* compact and convex.

(4) The ergodic components of a u-Gibbs are also u-Gibbs.

(5) Every physical measure suported in A is a u-Gibbs.

Proof. See [3], Section 11. O

The last item above says that the u-Gibbs are the correct candidates for
the physical measures. Actually, what we will prove in this work is that

under certain conditions the ergodic u-Gibbs are the physical measures.

Proposition 2.3. Consider f a diffcomorphism of class C?, A a partially
hyperbolic attractor, £ C B(A) a measurable set with positive Lebesgue
measure and the restricted measure mg. Then any point of accumulation of

the measures p,, = %Z;‘;Ul fi(mg) is a u-Gibbs.

2.2 The Transversality Condition

In this Section we will consider a three-dimensional compact manifold M,
a diffeomorphism f : M — M and A a partially hyperbolic attractor with
dim £%° = dim ¢ = dim E"* = 1.

Definition 2.8. We say that A is dynamically coherent if for every z € A
there exists uniquely invariant manifolds W * and W¢* tangent to ES © EY

and B ® E.



These invariant manifolds will be called as center-unstable and center-
stable manifolds, when the attractor is dynamically coherent we have well
defined the invariant center manifolds W€ given by W< = W N We*. When
z ¢ Ais in W we will denote We(z) by We*.

Remark 2.3. It is not known if dynamical coherence is an open property.
But is known that it is open if the distribution E° is of class C! (see Theorems

7.1 and 7.4 in [9]).

If the system is dynamically coherent then, by compactness, there exists
some constant Ry such that every center-unstable manifold has an internal

radius greater than Ry.

Definition 2.9. Given two unstable curves of finite length ~{* and ~5*,
consider the center-unstable submanifold W " of radius R, around the curve

vi, © = 1,2, we define the stable distance between these curves by:

d* (i, v5") = min{l(y*%)|y** is either a stable segment joining v; to Ws*
,ySS

or a stable segment joining v, to Wi*}

= oo if does not exist such v*° as above.

To the next definitions, we will use foliated charts for the center-unstable

manifolds given by the Proposition below.

Proposition 2.4. There exist a finite covering {U;};c; of A by open sets
in M and homeomorphisms v; : U; C M — I; x D; C R3, where I, C R
and D; is a ball contained in R?, such that for every z € A exists a(z) with

(W (2)) C {a(2)} x D and v;|yeu() is a diffeomorphism into the image.

Proof. The center-unstable manifolds form a lamination. So for every point

x € A, considering a transversal section I, there exists a neighbourhood U,



and an homeomorphism v, : U, — I, x D such that 1, (W(z)) C {a(z)}x D
for every y € A and every 2z € U, N W7, and Vglwen(z) is a diffeomorphism
into the image. By compacteness of A, we can consider a finite sub-covering

and the diffeomorphisms corresponding to this sub-covering. O]

Fix K; > 1 such that K;' < ||Dt|weu(y|| < Ki and Ry > 0 such that

for every x € A the set B (z, Ry) is contained in some U;.

Definition 2.10. We say that two continuous curves ; and 7, of finite length
contained in a subset of the R? are f-transversals in neighborhoods of
radius r in R? if:

For every x1 € 71 , 3 € 7, such that d(zq1,22) < r, there exists cones
C; and Cy with vertex at the points x1 and x5 such that v, N B(xzy,7) C Cf,
v2 N B(xg, 1) C Cy and Z(vy,vy) > 6 for every tangent vectors vy, ve at the

points x1, xo contained in the cones C, Cs.

When these curves are differentiable we can think on the cones above as
having arbitrarily small width around the tangent direction to the curve. But
if the curve is not differentiable, then the cone must contain every possible

tangent direction to the curve.

Definition 2.11. Considering r < %, we say that two continuous curves 7,
and v, of finite length contained in the same center-unstable manifold W<
are f-transversals in neighborhoods of radius r if for every x; € v; and
Ty € 7o with d®(z1,x9) < 7 there exists some i € [ such that the curves

¥;(71) and ;(72) are f-transversals in neighborhouds of radius r in R2.

Considering two strong-unstable curves that are d**-close, we will define
a notion of transversality between them via the stable holonomy. For it, we
will use that each one is contained in one center-unstable manifold that can

be sent into the other by the stable holonomy.



Definition 2.12 (Hypothesis (H1)). We say that holds the Transversality
Condition if there exist constants ey > 0, L > 0 and functions 6 : (0, ) —
R* and 7 : (0,€69) — R™ such that the following is valid:

Given € < ¢, strong-unstable curves 7, and 7, with length smaller than
L and W5" a center-unstable manifold with d**(v;, W§*) < 2,4 = 1,2, and
d**(7y1,72) > €, consider an open set C' with product structure of W** x W,
with d*® diameter smaller than €y and containing v, 2, W5*. Taking the

stable projection 7% : C' — W we ask that the curves 7%°(;) and 7°%(2)

are 6(e)-transversal in neighborhoods of radius r(e).

Every time we mean the Hypothesis of Transversality, it will be im-
plicit that the manifold is three-dimensional and each subbundle is one-

dimensional.
- —
)¢

\yz | lnss

C, Wel

The transversality condition stated above is a form to say in a quantitative
way that FE* @ E“" is non-integrable. It holds in several cases, for exam-
ple, for contact Anosov flows ([7], [8], [10]), for algebraic automorphisms on
Heisenberg nilmanifols ([?]) and for the dynamics that will be constructed
in Chapter 6. As we will see in Proposition 5.4, it is an open condition
for dynamics when the strong-stable foliation varies continuously in the C*

topology.



A similar hypothesis, called uniform non-integrability (UNI), played a
fundamental role in the works of Chernov-Dolgopyat-Liverani ([7], [8], [10])

for decay of correlation for contact Anosov flows.

2.3 Main Results

In this section we give the precise statements of this work. First let us give
two other main hypothesis, one of neutrality for the central direction and

other of regularity of the stable holonomy.

Definition 2.13 (Hypothesis (H2)). Consider a partially hyperbolic attrac-
tor A and constants A\, , AT, A., as in the definition of partial hyperbolicity.

We say that A has central direction neutral if \] <1 < A} and

A\
Ty o <1
(AS)? - A
This condition of neutrality in the central direction occurs when Df,.
is close to an isometry. If this condition is valid, then the center-unstable

direction is volume-expanding.

Definition 2.14 (Hypothesis (H3)). We say holds the Hypothesis (H3) if:
the stable foliation F3* is of class C! for every f in a neighbourhood of f

and the application f — F3* is continuous in the C'-topology in fo.

This conditions guarantees that the stable holonomies of the attractor A
for f are C! close to the ones of Ay for fy. It follows from Theorem 3 that
this hypothesis is valid when the condition (2.1) is satisfied for k = 1.

The Results

The precise statements of this work are the following



Theorem A. Consider f: M — M a diffeomorphism of class C", r > 2, M
a three-dimensional manifold and Ay a partially hyperbolic attractor. Suppose
that Ao is dynamically coherent and satisfies the following hypothesis:

(H1) - Transversality (Uniform non-integrability of E** & E"");

(H2) - Central direction neutral;

(H3’) - The stable holonomy h* is of class Lipschitz.

Then f admits a finite number of physical measures supported in A, coin-

ciding with the ergodic u-Gibbs, whose union of their basins has full measure

in B(A).

Theorem A will be proved in Chapter 5, the technical tools for the proof
of this theorem will be developed throughout Chapters 3 and 4.

As a consequence of Theorem A, we have the Corollary below.

Corollary B. Consider fo : M — M a diffeomorphism of class C", r > 2, M
a three-dimensional manifold and Ay a partially hyperbolic attractor. Suppose
that A is robustly dynamically coherent and satisfies the following hypothesis:

(H1) - Transversality (Uniform non-integrability of E*° & E*");

(H2) - Central direction neutral;

(H3) - f — F3° is continuous in the C*-topology.

Then there exists an open set U containing fy such that every f € U
admits a finite number of physical measures supported in A, coinciding with

the ergodic u-Gibbs, whose union of their basins has full measure in B(A).

In Chapter 6, we will describe the construction of an attractor with central
direction neutral satisfying the hypothesis of transversality and of regularity

of the stable holonomy, this construction will prove the following.

Theorem C. There ewists fo : M3 — M? and a partial hyperbolic attractor

Ao that is robustly nonhyperbolic and is robustly dynamically coherent satisfy-



ing the hypothesis (H1), (H2) and (H3). Moreover, this attractor is robustly

transitive.

The proof of Theorem C corresponds to a construction considering a
hyperbolic solenoidal attractor and deforming the dynamics in the central
direction inside a neighbourhood of a fixed point in a similar way to the

construction of Mané’s example ([11]).



Chapter 3

Toolbox

Throughout this Chapter we define the boxes and the semi-norms that will

be used in the technical part of the work.

3.1 The Boxes

We will consider subsets of the manifold where it is well defined the stable
projection into one fixed center-unstable manifold and every unstable curve

that intersects these subsets must cross them.

Definition 3.1. Given f : M — M a diffeomorphism and a partially hy-
perbolic attractor A that is dynamically coherent, we say that a quadruple
(c,w, W, ) is a box if C'is the image of an embedding h : I"“x [¢x 1> — M,
where 1", I and I° are intervals, such that:

1) The function h,, given by h, (z,y) = h(x,y, o) is an embedding into a
surface that coincides with a center-unstable manifold if its image intersects
the attractor. The set W is the image of A(I"* x I* x {0}) and intersects A.

2) If h(zo,yo,20) € A, then (t) = h(t,yo, z0) is an unstable curve.

16



3) For every z,y € C, every connected component of W N C' and of
W,;* N C intersect at most once.

4) The set W is a connected center-unstable manifold with finite diameter
containing W and such that W N Wps # 0 for every y € C. The application
7 : C — W sends each y € C' into the point W, (y) N W.

The first condition says that the set CNA can be seen as a family of center-
unstable manifolds, the second states that if an unstable curve intersects C'
then it crosses C, the third and the fourth condition guarantees that are well
defined the strong-stable projection 7 : C' — W > W.

Since every point in the attractor admits arbitrarily small boxes contain-
ing it, it is possible consider a finite family of boxes {(C;, Wi, Wi, m;)} such
that the sets m; '(W;) cover the attractor A, ie, A C LZJWi_l(I/VZ-).

3.2 The Semi-Norm

We will define a semi-norm that estimates a kind of regularity of the pro-
jection of measures into a center-unstable manifold, it will be in terms of
this semi-norm that we will describe a criteria of absolute continuity for the
stable projection of measures. This semi-norm will be used jointly with the

boxes of the anterior Section.

Definition 3.2. Given a submanifold X C M of dimension 2, the Lebesgue
measure my in X given by the Riemmanian metric, finite measures p; and

o defined in X and r > 0 fixed, we define the following inner-product:
1
(e = 5 [ (Bl r)a (Bl dm (2
X

This allows us to define the semi-norm || - ||x,, by:

el x,r = A/ (o 1) x



Let us prove some facts for this semi-norm.

Lemma 3.1. Given a finite family of center-unstable manifolds {W;} with

bounded diameter, there exists a constant Cy > 1 such that:

Wi < CollVllwir
for every 0 < r; <7y <1 and every 1.

Proof. The union of the closure of these sets is compact, so we can cover with
a finite number of foliated charts for the center-unstable manifolds, and these
foliated charts are of class C'. So, there exists a constant Cj independent
of 1, r9,  and of ¢ such that it is possible to cover every B®(x,rs) in W
with [C’o:—f-‘z disks B“(wy,r1) by choosing the wy’s appropriately, this can
be done using these foliated charts that send each W; into a plane. The
Moreover, we have m®(B(z,r)) < Csr? for every z € U;C; (the area of
these balls depends only on the first derivative of the charts when we look to
these manifolds as graphs).

The wy’s can be taken as translation of z by terms wy, that do not depends

on z, so dz = dwy. Then we have the following estimative:

rs = 1 | n(B(z,r2))dm(2)
Ty Jw;

rlél /W(Z p(B(wy,1))*)dz

ik
1 T2 2
< —Co (—) 3 / u(B(wy,r1))dz

< Collulliy, n,

iz

A
|
8

Also another observation is the following:



Lemma 3.2. Consider v/}

! and v}, finite measures defined in a center-unstable

manifold W such that v} = vl and r > 0 fixed, then

n
lim ||v}|wr = |[v5 ] |wr
n—oo

Moreover, if we consider v2 and v2 finite measures also defined in W such

that 2 = 12, then

n

lim <V7£7 V3L>W:r = <V;o? V§o>w,r
n—oo

Proof. Note that v! (0B(z,r)) = 0 for m®-ae z, because:

/ VL (OB (2, r)dme (=) = / / dvL (w)dm® (=)
d(zw)=r

- / me (DB (w, r))dvk (w)

=0

Define J,v(z) = “2&) then Jv} — Jowvk. Since ||J.v}]| 12 is uniformly

bounded, the lemma follows by the theorem of dominated convergence.

The proof of lim,, ;oo (v}, V2w, = (VL , V2 )w, is similar. O

n' n [c’okialie’e]

Let us consider also a norm measuring the total mass of a measure.

Definition 3.3. For finite measures defined in a space X, define the norm

|- | by:
|l = p(X)

Lemma 3.3. Given a finite measure y in M and applications f : M — M,

w: M — N, we have |(7), fapt| < |(7)sps].

Proof. Note that |m, fuu| = p(f a7 1(N)) < u(r=H(N)) = |m.pl. O



Definition 3.4. Given a finite family of applications m; : C; € M — W; D
Wi, i = 1,--- 5, consider the families W = {Wy,--- W, } and W =

{Wy,---,W,,}. Given a measure y in M we define the semi-norm ||| - |||
by:
el s= maxc {[[(7:)pal[wir }
=1, ,50

il = max {11l )
i=1,---,50

Remark 3.1. Given a finite family of boxes {(C;, W, W, ) i=1,- 8o,
with the property that {m; *(W;)} covers A, for measures y defined in A we

have an equivalence for [[|ul[|gwy,- and [[|pl]] g7,y .

Helllowyr < Welllpmyr < solllellTovy.r

When the boxes or the corresponding center-unstable manifolds are im-
plicit we will denote the semi-norms just by || - || and ||| - |||, they estimates
the regularity of the stable projection of a measure, the norm | - | measures
the size (total mass).

For absolute continue measures defined in a center-unstable surface, the

norm || - ||, for small r > 0 is related to the L? norm of the density.

3.2.1 Ciriteria of Absolute Continuity

Given a center-unstable manifold W, denote by m{j; the Lebesgue measure in
this submanifold given by the Riemannian metric, when the set W is implicit
we will denote just by m®. Remember that we are considering dynamically
coherent attractors with dim(E° @ E*™) = 2.

The main use of these semi-norms is due to the following criteria of ab-

solute continuity of a measure defined in a center-unstable manifold.



Lemma 3.4. Given a center-unstable manifold W, there exists a constant

K > 0 such that for every Borel finite measure v defined in W, if
liminf||v||w, < L
r—0+

for some L > 0, then v is absolutely continuous with respect to m® and

<KL
L2(W7mcu)

dv
dmcu

cu B
r
(5, this is valid because the center-unstable manifolds form a C! lamination

Proof. Note that there exist constants C, Cy > 0 such that C] <

and the areas of balls with small radius depends only on the first derivative
of these charts.
Define J,, v(x) = %. By hypothesis, we can consider a sequence

rn — 07 such that ||J,, v||z2(w,mew) is uniformly bounded by C;'L.

Taking a subsequence we can suppose that J, v — v € L? weakly, so
(f,)r2 = lim /f'JTnV dm = /fdu
n—oo
W 1%

for every continuous function f.

This implies that v = ¢¥mj};, and that

o

dmcu

= lim ||J,, ||z < KL
12 n—o00



Chapter 4

The Main Inequality

This Chapter is dedicated to state and prove the Main Inequality. It will be

used further to estimate the semi-norm ||(7;).4||w; ,» for small parameters .

Given f and A satisfying the hypothesis of Theorem A, consider a finite
family of boxes {(C;, W;, W;, m)}, i =1,--- , 50, such that A C LiJWi_l(VVZ») and
the d**-diameter of each box is smaller than the ¢y given by the Hypothesis
(H1). Fix constants a; and ay such that for every unstable curve y** crossing
C; we have a; < [(y") < ag and consider K > 1 an upper bound for the

Lipschitz constant of every ;. We will suppose this family fixed once for all.

The Main Inequality of this work is the following.

Proposition 4.1 (Main Inequality). There exist constants B > 0 and o > 1
such that for every n € N, there exists D,, > 0, r,, > 0 and ¢, > 1 such that

for every ergodic u-Gibbs p and every r < r,, we have:

B
n 2 2 2
A w2 il + Dalul

This type of inequality is often in the study of the regularity of invariant
measures in ergodic theory. There are two norms, one measuring the size

and other measuring the regularity of the measure, these inequalities allows

22



to see that the fixed points has a good regularity. This kind of inequality is
due to Doeblin-Fortet, and is also called as “Lasota-Yorke type inequality”.

Proposition 4.1 will be proved along this Chapter.

4.1 A Lemma on Approximation of u-Gibbs
inside the Boxes

For the arguments along this Chapter, it will be useful to approximate the
restriction of a u-Gibbs to one box by a finite combination of measures sup-

ported on unstable curves crossing the box.

Lemma 4.1. There exists C; and a4 such that the restriction of every ergodic
u-Gibbs to a box C; can be written as li7rln iy with p, = Z;O:O Py man, where
log pff is (C1, a1)-Holder and +} is an unstable curve contained in Cj that

crosses C;.

Proof. For every ergodic u-Gibbs p, there exist some unstable curve y** such
. . . —1 ;
that p can be written as a limit of p, := %Z?:o f10my )
Given C; and g, consider the closed space L¢, o, of measures whose
logarithm of the density of the conditional measure to the unstable curves

are of class (C4, ag)-Holder.

Claim 4.1. There exists 1,y and ng € N such that the space L¢, o, is

invariant under f' for every n > ny.

Proof of the Claim. Note that if the conditional measure of 1 to an unstable
curve v** has density p, then the conditional measure of f'is to the unstable
curve f"(y*") has density p,, where p,(x) = [det Df/. ., (f 7" (z))[-p(f " (2)]

Consider C' and & such that the function z — log | det D fi,... (2)| is (C, &)-
Holder and consider C' > 0,\ € (0,1) such that d(f~"(z1), f"(22)) <



CAd(x1, 22) for every z, € Wpe. Take ng € N such that Chmo < 1,
2CC

(1 — Ao)(1 — CAmoar)’

If log p is (C1, aq)-Holder, then for every n > ng

ap =a and C =

10g fn (1) — log pn(x2) = [log p(f " (x1)) — log p(f " (x2))]
+ [log | det D . (f 7" (x1))] — log | det Dl (f " (22))]]
< Cud(f " (@), M (w2)) M

+> (log | det D fju (f " (21))] — log | det D fi,.. (f"'(wz))l)
=0
< CLON™d(y, 29)™ + Z(Jd 1), [ (w2))®

< CLON“ (24, 25)® <ZCC’)\J‘“> (21, 29)"

3>0

) d(xq, 19)™

cC
1— o
< Cl . d(.l?l,.TQ)al

< (Cléim”(’ +

What means that log p,, is also (Cy, a;)-Holder.
0

1 .
Consider the measures v, := <— Zfﬁ (mwu))l — i, - For every
n “— c; ¢

J € N, consider the curve ;" C 7 (v*)NC; obtained removing the connected

components of f7(7**)NC; that do not cross the box Cj, consider the measure

n—1
1 . - -
R J U of D, = I(
Un 1= (an Of*<mm;u)>|ci and b, given by ”"—< ]Zf s )
= no

if n>ng and 0, = mh;_w otherwise.

From Claim 4.1 it follows that 7, € Ley o, for every n € N,

Note that v, — 1, "= 0 because their difference is a measure supported
in the connected components that where removed, but these connected com-

ponents are at most 2n, they have length bounded and the density of their



conditional measure to these unstable curves converges to zero when n — oo.
~ = — . = . ~ .
Note also that #, — 7, — 0, so 1171511 Up = 117rln v, = limy, = W, thus the

sequence {7, },, satisfies the conditions that we wanted. [

4.2 Comparing Sizes of Cylinders

Let us denote by B“(x,r) the center-unstable ball of radius r centered at x.
Our interest is to estimate, for u-Gibbs measures u, the measure of the sets
7, !B (z, ), which we will look as cylinders.

Given n € N, consider the sets {R;jm}m=1,. mo(ijn) as the connected
components of f*(C;) N Cj, the sets C; == f"R;jm C C; and the appli-
cations f; jm 1= f&,j,m' When the choice of C;, C; and n is implicit we will
write f,, instead of f; jm.

Given r we will consider § = 10C~'L*(\;)™"r, where C' and )\, are the

constants of the condition of central direction neutral. The main point in

the next lemma is that ¢ is greater than r.

Lemma 4.2. There exist a constant B; > 0 such that for every n, C; and

C; there exists a constant r; such that, taking 6 = 10C~'L*(\;)™"r and

Opr(@) = (AS)" mci?)HDfl’;uuH with C(z) = f'm; ' B(m; f"(x),r), we have
wel(x w

for every ergodic u-Gibbs pu, every x € W;, every m and every r < ry:

M(fn_zlﬂj_chu(ijn(x)’lr‘)> < <§>2 anB;éx) -Iu(ﬂ‘i_lBCu(x’é‘))

Proof. First, let us prove this lemma for measures 1 = m,, where 7 is an
unstable curve contained in C; that crosses C;. If f"(z) ¢ C; then the left-
hand side of the inequality is zero, so we can suppose that f"(z) € Cj.
Consider z € W**(x) such that v C W(z) and define the set V(z) =
We(2)N f s ' B (m; f (), 7), let us consider also the intervals I = v~ (V(2))



and J = vy 1(B%(z, L7')). We can note that V(z) C B®(z, L7') C
Wet(z) Nt BY(x, 6).
In the center-unstable manifolds containing z and f™(z) we have the pic-

ture below.

B (z, L'S)
fn BCU(f"(z),r)

m,(V(2)) mg (1)
m~ (B (z, L=10)) mer(J)
Fix Ry > 0 such that for every r < R, every strong-unstable curve

In order to bound

, let us estimate

intersects B®(-, Lr) with length at most 3Lr. Taking r < Ry we can see
that:

3Lr > my, () (foy N B(f"(2), L))
> my,, () (fmy N5 B (5 7 (2), 7))

= mo(y 0 ' Bla,r) - min| [ Dl

> mg(I) - min ||Df"
mg (1) wrg(gg)H Sl

3Lr
win (1D, I

wel(z
Suppose also that r < a2gz. When my(fﬂjle_lBC“(f"(z),r)) =0

Then mg(I) <

we have mg(/) = 0 and the inequality of the lemma holds in this case.

When m.(f,, 7~ B®(f"(z),r)) > 0, the choice of 6 (= 10C~'L*(\,)™"r)



guarantees that

fo' w5 B(f"(2),7) € B*(2, ( min [[Df " |[)7"Lr)
wel(z) Ew
C B(z,C" (\) " L)
1
C B(z,5L71%)

Since mgr(y) > a; > 10§ and v N B®(z, -=L716) # 0, we have that the

' 10
lenght of v N B™(z,6) is greater than $L~'6, so mg(J) > $L714.

Thus

3LR
m]R(]) < mlnHDf&,‘llﬁuH < (7")2 60.[/40
— 17— = \5 —\n . 1 n
and holds the Lemma for o,,,.(2) = (A\.)" mé?)|]Df‘zu,L > 1.
wel(z w

Now let us prove the Lemma for 1 = pm, with ~ as before and logp
of class (C1, a1)-Holder. We can suppose that p is defined in an interval of

length smaller than a,, then for every I C J C R it is valid:

Jip(z)dz < 20193 mg([)
[, pla)da mz(J)
This can be seen fixing xg € I N J and noting that % < erdl@mo)™t <

eC1ax" for every x € J. Putting together this observation and the estimative

for m., it follows

(pmy)(frln 1 B(x, 1)) < e2C105" L GOLAC . (f)2
(o) (m B fin 1(2),0) ~ e 5

Then the Lemma also holds for measures 1 = pm,,.

Now, suppose that p is a finite sum p = > .2 p;m.,,, where p; and ~; are
as before, then the result in this case follows by linearity, since both sides of
the inequality are linear in pu.

If p is an ergodic u-Gibbs, we proceed using Lemma 4.1, the inequality

holds for the measures u, given by Lemma 4.1 because they are finite sums



of measures of the type pm,. Finally, since every ergodic u-Gibbs is the limit
of some sequence of measures as above, each term in the inequality passes to

the limit, so the inequality also holds for the ergodic u-Gibbs pu. ]

4.3 One Inequality for the Semi-Norm

As a consequence of the last Lemma we can state one inequality comparing

semi-norms for the iterates of u-Gibbs.

Lemma 4.3. There exists constants By > 0 and o, > 1 such that for every n,
C; and C; there exist a constant R,, > 0 such that, taking 6 = 10C'L(\;) ",

for every r < R,, and every ergodic u-Gibbs pu:

B
D N Fn)eitlliy < ) nily, 5

2

Proof. Applying Lemma 4.2 to the measure p, it is possible to check that:

[1(75)« (S )t

1 - - cu cu
b =1 [t B )P )

W

. B /u(wlemfmlw;l(y),a))?
- ot A7) min |[|[Df |2
OcPm - min (DS

dm®™ (zy

We will estimate this integral using that m; 0 f,.! o 7rj_1 Wi — W; is well
defined, is an homeomorphism into the image, absolutely continuous and has
Jacobian bounded as the following expression:

L inf |detDfp,,

zeWss(y)

< Jac (7Ti o fmo wjfl(y)) <L* sup |det Df(;w
zeW*s (y) ’

. . ~ 71 _1 .
Using the change of variables § = m; o f, > o, (y), we can rewrite the



last integral as:

dm™ ()

/ p(r B(y,0))? - Jac(mfur; ' (y))
~ C n mln ||Df|Euu||2
WiﬁRi’j’m

sup |det Df|Ecu\
yneEWw;zs

2n D 2
) wEﬂ'—r{lg(lj,Lé)H f|Ezz” I

< Bl | wtr s
=5 P PO

C

dm™(g)
WiﬂRiJ‘,m
Using the Hyphotesis (H2) of central direction neutral, it is possible to

estimate the term inside the integral.

Claim 4.2. There exists a constant Ky > 0 such that for every n € N there
exists 7, > 0 such that for every r < 7, holds:

sup |det Df|Ew

y1EWES () n
IR 1 s
“7 wer—1Bew(,L9) | pyu ¢ u

The proof of this Claim will be given in the end of this Section.

In the continuation we will suppose that » < 7, and we will consider

1 A
T2 ESECHI 1
Then
9B2I[2CPK, pw(m ' BU(E,6))? -
17+ ) meee o et (@)
2

WimRi,j,'m
Adding this inequality in m, we get:

Z || 7]_] fm —Z / Bcu JZ 5)) dmcu(j)

WiNR; gm

_ By [(mi)upu(B(,0))° -
__/ 5i dm® ()




Let us prove the Claim stated during the proof.

Proof of Claim 2. We will prove the Claim looking first to a simpler case and
after to the general one.

First, let us consider y; € W2° and w = 7, so there exists f(Q > 0 such
|detD I Cu|

that |d€tD—f < K, for every y; € W, and every n > 0, this is due to the
|E(‘U.

following calculation:

log | det Df| | —log|det Df[" o Z log | det Df|E;u( | — log | det Df|E;u( ) |
y1) 7 (y2
< Z Cod(f7 (1), [ (y2))
j>0

<Zcz (A=)22) = K,

is (Cs, cvp)-Holder

Above was used that the function x — log|det Df|,..
and that the length of W** is uniformly bounded by [ inside the boxes, then:

| det D fﬁ’ggq{ | 3 | det D f(;gu

< K- -
(A2 [IDSE P (A -(IDfR 1P
Kz DA 1D A,

(A 0)2”\|Df(;yu|\2
< C2 R (A\))"
= O (A
- 3K,

n
)

Now, let us consider the general case of y; € W;* and w € 7; “1Bev(z, LY).

1 || f|EWH

By continuity, there exists 7, = 7,(ws) such that < 2 for

= o7 1 el

every wy; € B®(wsq,r,(ws)). By compacity, 7, can always be taken uniform



in wy. Then we can take 7, small in order that for every r < 7,, every
w € B*(z,7,) and every z € Wz* = W*, holds the following from the first
case:
| det Df(;%\ ) C°Ky - |det D}, K
A IID P T ) - 3lIDf 1P of

4.4 Inequalities using the Transversality

Using the transversality between stable projections of unstable curves, it
will be possible to estimate the inner product of measures supported on
unstable leaves. First we will state a consequence of the geometric condition
of tranversality.

Consider the open set V' = U;c;U; that contains A, where the sets U; are

those given by Proposition 2.4.

Lemma 4.4. For every 6 € (0,7) there exist constants ry and Cy for
which the following is valid: consider v; and 7, Lipschitz curves of finite
length contained in some center-unstable manifold contained in V' that are
f-transversals in neighbourhoods of radius 7y, for every r < “ consider a con-
nected component E, of {s | |d(71(s),72)| < r}, then the length of 1 (E,) is

at most Cyr.

Proof. We will prove this lemma first supposing that the curves v; and v,
are contained in R?, and after considering the case when they are contained
in a center-unstable manifold.

If the curves 7; and v, are contained in R?, consider s € E, and the point

x = v (s). For every point v2(t) we can consider cones C; and Cy as in the



definition of f-transversality and we denote by v, , 7, 75, 75 the extremal
lines of C; and Cs.

By transversality in neighbourhoods of radius r, the curves intersect at
most once on neighbourhoods of radius smaller than 7. We can also suppose
that the curve ~y, is contained in the axis x and that %Hf . is a graph over
the axis y.

Consider the following geometric picture

ot

2r

The length of d is at most

7/. Pyp—
tan(6) "

This geometric comparison passes to the metric inequality below:

l(’Yl(Er» S mR({S’ d(ﬁr(s)a%_) S T})
2
~ tan(6)

N

r = Cyr

To the second case, suppose that the curves are contained in the same
center-unstable manifold. Since the family of diffeomorphisms {1;};cr given
by Proposition 2.4 have derivative uniformly bounded, we can consider T' =
sup||D1;||, so the length of v1(E,) is smaller than the length of ¢;(v1(FE,))

i€l
times 7.



Consider ry such that CyryT < %, then ~;(F,) is contained in some
Uiy, 1o € I. The result follows taking » < min{R;,rs}, noting that in V'

the distances d®(x,y) and d(z,y) are equivalent, and that {s, d(71(s),72) <
7} C s, d(Yig71(8), Yigy2) < T} O

Now, it is possible to estimate the inner product of measures supported

in f-transversal curves.

Lemma 4.5. Given n, C; and C}, there exists 7, > 0 and A,, > 0 such that

for every ergodic u-Gibbs u, r < 7, and for every m # m/, holds:

<<7Tj)*(fm)*ﬂa (7Tj>*(fm/>*/’L>Wj7T’ <A, - |(7Tg>*(fm>*,U’ : ’(ﬂ'j)*<fm’)*/i’

Proof. In the proof, we will use the following fact: By finiteness, there exist
constants d; > 0 and dy > 0 such that for every pair of components f*(C; ;)
and f"(C;jm), m # m/, it is valid that either d**(R;;m, Rijm) > di or
d(Ri jms Rijmr) > da.

Consider 6,, = 0(d,) and R,, = r(d;) given by the Hypothesis of Transver-
sality and consider r < min{ft 2},

We will approximate p by measures supported in unstable curves, so the
proof of this lemma will be done in several cases.

First, consider the measures p1 = pim., and py = pam,,, where log p; is
(C1, a1)-Holder and ~; is an unstable curve contained in C; that crosses Cj,
i = 1,2. Consider the Lipschitz curves 4,, = m;0 fi(71) and A,y = 50 fr (72),

the measures vy, = (7). (fim )1 and vy = (7). (finr )2 supported on these

curves, consider the densities p,, = -2 = (Jac m5°) " (Jac fm) "t - p1 and
Ym
dv, ./ — —
Pt = G = (Jacms®) Y(Jac frr )™ - pa.

In this case we will prove that (vm, Vm)w,» < Co, |Vm||Vim|-

We know that there exists constants Cy and oy (depending on Cy, a,

L) such that the densities p,, and p,, are (Csy, as)-Holder functions. Since



the curves 7, have length uniformly bounded by L~'a; and Las, then we can

bound p,(7.(x)) < e p (1.(y)), * € {m,m'}.

' _ 1 if d(z1,29) <7
Consider the function 1, defined by 1,(z1, 22) =
0 otherwise

For these functions, we have the following comparisons:

]lr(fym(s)v Z) ’ ﬂr(i/m’(t)v z) < HQT(im(S)’i/m’(t)) : ]lr(im(s)v z)

12r(5/m<5)v;ym’ (t)) < ]127"(:}/711(5)75/M’) ’ ]12r<§/ma5/m’(t>>-

Since the center-unstable manifolds form a C'! lamination, we have m®(B®(z,r)) <
Csr? for every z € U;C; (the area of these balls depends only on the first
derivative of the charts when we look to these manifolds as graphs).

If d(Rijm, Rijm) < r then the inner-product (v, Vp)w,» is zero and
it holds what we want. Else, we have d**(R; jm, Rijm) > di and it is possible
to use the 6#,-transversality for the projections of unstable curves contained

in distinct rectangles. Then we can estimate the desired inner product:

Vs Vo Yo = %4 / vn(B(2.7)) - voe (B(z, 7)) dme (2)

—= (] putintsnams, ()

W FmNB(zr)

([ oGy, @))dme (2
3 1NB(zr)

=2 [ [ [ (2D G 0) - 1 Gn(5): 28 i (1), 2)) st

= / :m:t) ( / () + Lor (ion(3), T (1))

( / L, (G (5), z)dz> ds) dt

W



< G (D G0 1), 3 (1))
e;’LCP'an(L;ag)O‘E
e im(50)) e (1)

(120 G513 ([ 12 G T 011

Ym Ym/

r2

To estimate the last expressions in parenthesis, we will use Lemma 4.4.
Take » < Ry, small such that we can apply Lemma 4 and consider the
constant Cy, given by the lemma. Note also that for these projections of un-
stable curves, by transversality in neighbourhoods with radius smaller than
R, there exists an integer M, € N such that each 7,, intersects the neigh-
bourhood of radius r of 4,,, in at most M, connected components.

Then:

s < i (30) e i (1)) - (M) - (M )

= (04(Mn09n)2) ) pm(%n(so))pm’ (’7771’ (to))

In order to continue, we will check that [ pp,(Vm(s))ds > Kspm(m(so0))
Fm
for some constant K3 > 0, this is due to a simple calculation:

/pm(vm(s))ds > /6_(02(11&2)&2)pm('ym(so))ds

’?’VVL ﬁ/'m
C2(Laz)2)

= e ( Pm('ym(so))l(ﬁ/m)

> (Lfla/lef(CQ(LaQ)oa)) pm<7m(50))

= K3pm(7m(50))'

Analogously, it is valid that pu(ym (t0)) < K3' [ pur (Y (2))dt, s0 We
;?7"//



can continue the estimative:

<%%mwmq@wmhﬂmﬁ/ﬁmmmw/wmﬂmw

Ym ;?7",/
= An - Vil - [V |

The second case to be considered is when the measure p is a finite sum
S0

o= Z PrM., , the inequality holds by linearity because we also have 0,-

k=1
transversality of the stable projection of unstable curves. Actually, taking

U = (7)s(fm) gt and vy = (75)4(fr )+t We can see that:
<Vm7 Vm! >W T <(7Tj fm Zpkmwk 7Tj fm Zpk’mvk/ VVj

= D @) ()l ), (75)for ) (a1, )ow

k,k'

<ZA o) (e ) o) (o)

= An (1) (fon) et | (75 (frmr )1

= Ap - [Vl |

Finally, let us suppose that p is an ergodic u-Gibbs. This case follows
passing to the limit the inequality, it is done using Lemma 4.1 to approximate
p by probability measures of the type ). p;m,, and aplying Lemma 3.3 to
see that the inner-product of these measures converges to the inner-product

of the limit measures. O

4.5 Proof of the Main Inequality

Let us state a Localized Version of the Main Inequality when two boxes C;,

C; and an integer n are fixed.



Proposition 4.2 (Main Inequality - Localized Version). There exists B > 0
and o > 1, such that for every n € N and C;, C; fixed, there exists D, >0,
r, > 0 and ¢, > 1 such that for every ergodic u-Gibbs p and every r < ry,
it holds:

2 B
< = I(m;).
<~ {l(m)nl

)7 ue,)) ocor + Do l(mi)onf

Wi,r
Proof of the Localized Version. Take r small such that we can apply Lemmas

4.3 and 4.5, then:
1) (2 o vy = 11(5)e D (et iy

= D ) (n)ettl e+ D (o) et () () et)

m m#£m/

B
< U—2||(W¢)*MII§~V¢W + D Al(m)e ()bt (5) e (fo )t

n
m#m/

B .
= l(mi)erily, o, + Dal(mi)osd?

]

Now it is possible to prove the Main Inequality from the Localized Version

adding it over the set of all boxes C;’s and C}’s, 1 <1,5 < so.

Proof of the Main Inequality. Note that [[|(fujm)«tl|lpmre = [1(75) sl W, s
that is, the maximum occurs for j. And note also that f]'u(E) < Z (fin)« b (E)

Z?J7m



for every measurable set E. Then:

2

Wj,T‘

E2 oy < 3 || (2 )

_ B )
= Z ;H(Wﬁ*u”%hcnr + Dn‘(”z’)*/AZ]
2V}

- ~
<3 | Sty . + DnW]
1,

5 .2
Bsj

O-TL

IN

1121wy cor + Dusoluf?

B
< 1l by car + Dulul?



Chapter 5

Physical Measures

In this Chapter we focus on statistical properties that we can deduce from
the Main Inequality. We will show that, under the hypothesis of Theorem
A, every ergodic u-Gibbs is a physical measure.

Along this Chapter we will consider f satisfying the hypothesis of The-
orem A, the same boxes and semi-norms considered in the Lemmas along

Chapter 4.

5.1 Existence of Physical Measures

We will prove that every u-Gibbs projects by the stable holonomy into ab-
solutely continuous measures in the center-unstable manifolds W; and that

this fact implies a positive measure for the basin of these measures.

5.1.1 Absolute Continuity of the Projection of the u-
Gibbs

With the Main Inequality proved in Chapter 4, it is possible to deduce the

following proposition:

39



Proposition 5.1. Every ergodic u-Gibbs projects into an absolutely contin-
wous measure in W; by the stable holonomy ;.

Moreover, for every ergodic u-Gibbs p there exist a constant K > 0 such
dm)en) ||

that
a ‘ dmcu

L2
Proof. Given the ergodic u-Gibbs p, consider B and o as given by The Main
Inequality. Fix N such that U% < 1, consider Dy, ry and cy as given also

by the Main Inequality. Then it is valid for r < ry:

B
allF = A2 < =5 MellE,, + Dy lul®
o

We can rewrite, for r < Z—x, as the following:

B
ll[551 < =Ml + Dl

Define the constant Ky := |||u|||2y and iterate j times the inequality:
2

B
Ml < 5 ) WA -y + Dol

BY’ B B\’
<(=) |HMH@+DN<1+U—N+---+(U—N) )W
1
S]_Ko—f-DN—:K

1= (%)

So, for every m; it holds:

i inf[| (7r;)..pu]

r—0

Wi < Timinf] |2, < K < 400
J—00 N 2

By the criteria of absolute continuity for measures (Lemma 3.6),

<K

(71—1)*/1 < m° and HM

dmcu

L2



5.1.2 Conclude that the u-Gibbs is a Physical Measure

Since we have fixed the boxes {(C;, W;, W;, m)}, i = 1,-- -, So, that covers A,

for every u-Gibbs u there exists some i such that p(C;,) > %, in particular

(iy )« /4 1S MON-Z€TO.

Proposition 5.2. Consider i an ergodic u-Gibbs for f, consider ¢ such that
w(C;) > ﬁ, suppose that the measure v; = (7%),p is absolutely continuous
dl/i
dmcu 12 -
Then p is a physical measure. Moreover, there is a constant C5 > 0

with respect to the Lebesgue measure m and that <K.

depending on K such that m(B(u)) > Cs.

Proof. Since p is ergodic, we have u(B(u)) = 1. Note that m;(B(pn)) is mea-
surable (Theorem 3.23 in [6] guarantees the measurability of this projection).

Then,

v(mB (1) = p((m) i B() > p(B(u) N Cy) > 2i

By the absolute continuity of v, it follows that m®(m;B(x)) > 0. Actually,
it is possible to prove that m®(m;B(n)) > (2soK)~!, this is due to the

following;:

(250) 7" < v(mB(n))

dv .
= /ﬂmB(u) : dmcudm

dv
= <]17r¢B(u)a dmC“>L2
dv
< ||1,. .
= || zB(M)HLQ ‘dmcu 12

< m™(mB(p)) - K

Using that B(u) is F**-saturated and F*° is absolutely continuous, we

have that m(B(u)) > 0, so it is a physical measure. Moreover, considering



a constant that bounds bellow the Jacobian of h** we have that m(B(u)) >
(280K)71 JaC(hSS)il = Cs. ]

5.2 Proof of Theorem A

By Proposition 5.2, it is possible to see that every ergodic u-Gibbs is a
physical measure. To conclude the proof of Theorem A, it remains to prove
that there exist at most finite physical measures (Finiteness) and that the
union of their basin has full Lebesgue measure in the basin of attraction

(Problem of the Basins), this is what will be done in this Section.

5.2.1 Finiteness

Let us show that there exists at most finite ergodic physical measures for f.
The finiteness of physical measures will be completely proved at the end of
the next step as a consequence of the full Lebesgue measure of the union of
the basins of the ergodic physical measures.

Suppose that there are infinitely many ergodic u-Gibbs pu,, taking a sub-
sequence we can suppose that p, — p. Consider iy and a subsequence also
denoted by p, such that pu,(C;,) > ﬁ for every n € N.

Applying Proposition 5.2 follows that every (m;, )« /i, is absolutely continu-

ous with respect to m“ and that %

. d(; « d(m; * Mn
continuous, —(d;sc)uu € L? and || (dzr?z)wu

€ L?, then (m;, ). is also absolutely

d(ﬂ—i() )* H
dmecv

Pl

‘ 2+ D0 the sequence

d(ﬂ-io ) * Un
dmcu

has L? norm uniformly bounded by some constant K > 0.
Considering Cs as given by Proposition 5.2, it is possible to see that there
< K. Actually,

mCU
L2
suppose that there are py, ---, p; ergodic physical measures for [ > Ci + 1.
5

exist at most CLS ergodic physical measures with

By Proposition 2.1 they are all ergodic u-Gibbs, using Proposition 5.2 we get



that the Lebesgue measure of their basin is bounded below by Cs > 0. Since

these measures are distincts, their basins are disjoint, then:

1> UB/VLZ Zm >ZC5>1

This is a contradiction. Thus there exists a finite number of ergodic

physical measures.

5.2.2 The Problem of the Basins

We are now ready to show that the union of the basins of the physical mea-
sures have full Lebesgue measure in the whole basin of attraction.

Denote the ergodic u-Gibbs by p1, -« -, 1, consider the sets X = UB(u;),
E = B(A)\ U B(p;) and assume by contradiction that m(E) > 0.

Considering the normalized measure mg, define o, = — Z f!(mg) and
n <

consider o,, an accumulation point of o,. By Proposition 2.2, o, is a

u-Gibbs, so it projects by 7; into an absolutely continuous measure with

7TJ *0 oo
dmecv

2 < K forevery j =1,--- 5.

Take j such that (7;).0 is non-zero, define the measures &, = (7,).0,,
O (B(2,7)) ng Goo(Blx,7)) _
me(B(z, 1)) me(B(z, 7))
J:000 () for infinitely many r — 0% and ae-x, we have that:

and 6o = (7j)s0p,. Since J,0,,(r) =

‘ ’ doy,

H A0 s

mC'lL

By the invariance of X¢ it holds that supp(an) C X¢ for every n > 0, so
when z € 7;(X) we have &, (B(x,r)) = 0 for some r depending on n and z,

because 7Tj_1(ZL‘) C supp(o,,)© is a compact set contained in an open set, then

3;’2’; (x) = 0 for every x € 7;(X). On the other hand, when z € 7;(X)° we
have %< (z) = 0, because all the ergodic u-Gibbs give full measure for X,

that is, 1 = fise (1;(X)) = [ () gz ().



Thus,

doy, dUOO>L _ / Aoy,  dos dmct

< cu’ cu ! L? - cu cu
dme” dm i, dme  dm
do,, dos
— / o LI 4 dmcu
Wj [y (X) dmcu dmcu
6,

do
V~Vj N7 (X) dme®

=0

That is a contradiction.

5.3 Proof of Corollary B

To obtain Corollary B as a consequence of Theorem A we need to know when
the hypothesis of transversality holds robustly. We will see in this Section
that the transversality condition is an open property if the stable foliation

varies in the C! topology.

Proposition 5.3. Suppose that F}* is of class C! and that there exist
constants a, €1, 0, L and ry such that it is valid the following: for every
strong-unstable curves v, v, of lengths at most L and every center-unstable

manifold W with d*(v;, W§*) < €; and d**(y1,7) € J = [a,la], where

I = mBa&){HDﬁESS ~11 it holds that the curves 7%y, and 7%y, are -
T€ ®
transversal in neighborhood of radius 7.

Then it is valid the Hypothesis of Transversality (H1).

Proof. First, since h** can be seen as a diffeomorphism between center-
unstable plaques that are close, let us see that taking ¢; small it is enough
to check the transversality only in the projections of the curves into the

center-unstable manifold Ws* that contains 7s.



Claim 5.1. Consider two open sets U, V C R? and a diffeomorphism h : U —
V of class C* with || — id||cx < 4. For every 6, r there exist constants 0,7
such that for every pair of curves v, v, contained in U that are f-transversal
in neighborhoods of radius r, the curves 43 = h(v;) and 4, = h(ye) are

f-transversal in neighborhoods of radius 7.

Proof. Consider 7 such that h(B(z,r)) D B(h(x), 7o) for every x € U. Note

0

that for unitary vectors vy and vs, [[v1 — vo|| = d(vy,v2) = 2sin (%), where

6 is the angle between them. Since % is bounded, there exists a constant
C; such that C;'0 < ||v; — wo] < C16.

Consider two unitary vectors v; and vy tangent to the curves 74; and 7, at
the points h(zy) € 41 and h(z2) € 9, for our purposes it is enough to bound
below ||0; — Dsl].

By continuity of the derivative, there exist 7 such that ||dh, — dh,|| <

crle
4

whenever d(z,y) < 7. So we have:

[0y — Da|| = ||[dhg,v1 — dhe,vs]|
> ||dhg, - (v1 — v2)|| = [[(dhay — dhy,) - v

1 1
>50119—ch19

%C’llﬁ =0

This implies that the curves 4; and 7, are f-transversals in neighbourhouds
of radius 7 = min{rg, 7 }.

[]

Now, to prove that is valid Hypothesis (H1), consider €, small such that it
is possible to apply Claim 3 for the stable holonomy between center-unstable
plaques whose d**-distance is smaller than €, (we can take a local chart with

product structure of W x W** to say that the holonomy is C* close to



the vertical projection), then it is enough to check what the transversality
between the projection of unstable curves only in the case where v C W3,

Take €9 = min{ey, a, éy}. Given the unstable curves v; and o with d*° =
d < €, we can consider the smallest integer n € N such that d(f~"v, f ") €
J = la,Ia] (this is a fundamental domain for iteration of stable distances).
Thus, by hypothesis, the projections of these curves into f~"W5" are 0-
transversals in neighborhoods of radius 7s.

Iterate foward n times the projection of these curves and the cones bound-
ing their angle by an angle 65, then it is possible to see that there exists 7,
depending on the norm of Df restricted to each sub-bundle, such that the
angle of the images of the cones containing these projected curves is bounded
by 705 in neighborhouds of radius (A )"rs.

If 7, is not contained in Wg", consider Ws" that contains 7,, 6 = 7705
and r = (A, )"re. Since the family of derivatives of the stable holonomies is
uniformly continuous, we can apply Claim 5.1 to obtain 0(e) and r(¢) such
that the projections into Wi* are 6(¢)-transversals in neighborhoods of radius

r(€). O

Now we are able to prove the robustness of the transversality condition

when the stable foliation varies in the C'* topology with the dynamics.

Proposition 5.4. The Hypothesis of Transversality (H1) is an open property
under Hypothesis (H3).

Proof. As seen by Proposition 5.3, it is enough to check the transversality
for projection of curves when d* € [a,la] = J, where J is a fundamental
domain for the size of iterates of stable segments.

Since x — EY* is continuous, we consider a family of unstable cones with

small width and fix a constant a > 0 that bounds below the angle of each



pair of stable projections of unstable cones of this family when d** € J.

It can be seen that if a curve at = is contained in a cone C', then every
curve at x that is C! close is also contained in the cone C. Thus the family
of cones and the limitation « of the projections can be taken constant if we
vary the projection in the C! topology. This is the case due to Hypothesis
(H3). O

Finally, it follows from these Propositions the Corollary B.

Proof of Corollary B. Given f, under the hypothesis of Theorem B, what we
need to do is to check that there exists a neighborhood U of fy such that
every f € U satisfies the hypothesis of Theorem A.

The conditions (H2) and (H3) are clearly open in f, so they also holds for
a neighborhood of U; of fy. By hypothesis of robustly dynamical coherence,
there exists also a neighborhood U, such that every f € U is dynamically
coherent. From Proposition 5.4, the hypothesis of transversality is open

under condition (H3). O



Chapter 6

Attractors with Transversality

In this Chapter we will exhibit the construction of a family of nonhyperbolic
attractors with central direction neutral and transversality between unstable

leaves via the stable holonomy.

6.1 The Hyperbolic Attractor Fj
Consider Fp : S* x [-1,1] x [-1,1] = S* x [=1,1] x [—1,1] defined by:
Fo(z,y,z) = Bz, Ay + a(z)z + ¢;, A\ssz + d;)

Where A\, < Ae < 1 and A, > % For ¢ = 1, 2,3 we consider the rectangles
Ry =10,35) x [-1,1]*, Ry = [3,3) x [-1,1]> and R3 = [3,1] x [-1,1]%, the
function « such that a(z) = «; if © € R;, and the constants ¢;’s and d;’s
that are parameters of translation to guarantee that the image of Fj is well
defined.

The dynamics Fj is a linear model of a hyperbolic attractor, restricted

to each rectangle R; it is a hyperbolic affine transformation inserting Fo(R;)

into M = S* x [—1,1]* with slope «; in the y-direction into the xy-plane.
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For simplicity we will consider a constant « € (0,1 — A°) and choose the
parameters a; = «, ay = 0, a3 = —a and ¢; = —q, ¢ = 1,2,3, then the
rectangles are inserted being transversals with respect to the stable (vertical)
foliation.

The image of this dynamics can be seen as the picture below.

Consider Ay = ﬂF" —1,1]%).

n>0
Proposition 6.1. The attractor A for Fj satisfy the hypothesis of transver-
sality (H1).

Proof. Since E§° = (0,0, 1), the stable projection of Fj, denoted here by 7°°
coincides with the vertical projection (x,y,z) — (x,y). The center-unstable
direction at every point corresponds to the xy-plane.

It is possible to obtain an expression for E“* as a serie of powers of the
j
kind E*“(p ( Za] ()\uu> ,0), where a € {1, as, az} according

to the itinerary of x by the expansion in S by the factor \,, = 3. The
calculation of this serie is done writting the condition of invariance D Fy(p) -

B = B, for B given by a vector (1,0 (p), 0).




Aew 0 0
Since DFy(p) = |as(p) X O |,

0 0 s
this condition can be written as

(A, @i(p) + a™(p)Ae, 0) = Auu(1, ™ (Fo(p)), 0)

So we want to find a function a** such that:

@™ (Fylp) = ) al) + 2" (p)

[terating the equation above j times and considering p := A’\— < %, we

have:
a"“(F3(p)) = (Muw) ' a(F] T () + p(Au) (B2 (p) + -+ + pPa™ (p)

Writting Fg (p) = p € A, and noting that for points in the attractor we

can consider infinitely many pre-iterates, we have:

A" () = () (1 (9)) + pa) (5 2(5)) + -+ - + pa™(Fy (5))
=3 ) P alF T () + pRat(Fy P (5)

J=0

=D () P alFy ()

720
Let us consider multi-indexes [k] = (ko,- -, ki—1) of size t, where k; €
{1,2,3} and define the rectangle Ry as the set of points z such that f7(z) €
Ry, consider also fi as the restriction of f* to Rjy. Since the d**-diameter of
Riko, - ke_y) 18 equals to (A**)", if d** (7}, 75") > € then these curves are con-
tained in distincts fig (M), fpe(M) with multi-indexes [k] = (Ko, - -, kig—1)
log €

and [K] = (ky, -+, ki,_y) of size to < {755 depending on e.



For p € fu(M) and p" € fy(M), taking jo = inf{j, k; # kj} < to we

have the following:

a"(p) = a"(¢) = 3 5 [alF 0 0(p) a0
T L )\Luup](a(F(jH)(p)) a(F~UH ()
= 2= (a(F5(p) - al(F ) + 30 (o - )
1 . pj0+1
Z/\—uu {p7 a— 2« l—p}

From the expression for o and that #§° - E"*(p) = 7*°(1,a""(p),0) =
(1,a"*(p)), it follows that Z((1,a"(p)), (1, (p’)) is bounded below, be-
cause the function o*" is uniformly bounded above and the diference a**(p) —
a"(p') is bounded below by C/(¢), then there exists a function 6 : (0,1) — R
such that

Z(m (™), 7 (")) = 0(e)

Whenever d**(y{", v4*) > €. O

6.2 The Family of Attractors ),

Now let us describe the family that will be considered in order to obtain a
nonhyperbolic attractor with the transversality condition.

Considering Fy as before, note that

FY (2,y,2) = (T"(2), A\by + an(2)x + ey, Abyz + dpgg)



Where T S1 — S'is the expansion in the circle by the factor \,, = 3,
an(x) = "z: M (T () - M, (2) and cpy, djyy are parameters of transla-
tion that cheOpends on the rectangle Rj).

Consider a fixed point g of Fj, an affine function ¢y : B“(p,0) C M —

B(0,6) C R? that sends ¢ — 0 and {EY", ES} — {e1, e2}, take a bump func-
1t flal] <

[ISS]

tion ¢ : B(0,d) C R* — [0, 1] of class C*°, with ¢ (z) =

N W

0 ifflz]| > %
This can be done with [|¢][c1 < 255, |[¢1][co < 1 and |[tho||co < 6.

Fixing some A\ > 1, define @, : S* x [-1,1]* = R by
D (2,9,2) = s (ol ) [N = Ay
The family F,,, : S* x [-1,1]* = S' x [-1,1]? is defined by:
Fun(r,y,2) = (A’Zu, MY+ an(2)7 + @y (2, y) + ey, Agz + dm)

This family F),,, corresponds to a deformation of Fj' changing the index
of the fixed point p when passes through a pitchfork bifurcation. The defor-
mation is done along the central direction, keeping the same central direction
and the same stable direction for every parameter p. We are considering the
attractor Ay, = Nj>oF7 (S x [=1,1]%).

We will to see that for an appropriate choice of n, it is possible to keep
close the strong-unstable direction in order that still holds the transversality

for for every parameter u € [0,1].

6.2.1 Keeping Close the Unstable Direction

Proposition 6.2. For every ¢; > 0, there exists an integer nyg € N such that

d(EE! (z), Epn(z)) < e for every x € A, every pu € [0,1] and every n > no.



Proof. For parameters p and n, it is possible to obtain the unstable direction

Bt (p) = (1,a;"(p),0) as the solution of:

DF, . (p) - (1,0 (p),0) = X**(1,a"(F,(p)),0)
A 0 0
Since DF}, , = | o, + aq;;,n A+ 8%% 8%% ,
0 0 AL
the equation becomes:
0,

™ (Fun(p)) = M) " 4+ (Au) ™"

0P,
T )" (Xs L O ) 0" (p)

ox dy

So, the function o™ is obtained as the fixed point of the operator T}, ,

given by:

0o

Tn(@)(p) = ) " (B3 (p)) + () " =52 (F 1 ()

# 0 (0 + 252 ) alro)

The fixed point is well defined because the operator 7),,, is an opera-
tor of contraction in the Banach space of continuous functions 5 : A —
R endowed with the norm of the supremum, it is a contraction because
(M) ™" <)\? + M;%) < 1. So we have well defined the fixed point o’ .

We want to prove that ||aj, — ag’,|| < €1, this will be done proving that
the respective operators are close.

Writting T}, ,(8) = Aun + Aunf3, then
day, agy) = AT, n(ayh,), Ton(ag),))

< d(TH»m«(O‘W ), Tu,n<ag}:z)) + d(Tu,n(O‘gﬁm)v TO,n(ag?m))

m,n

S Tl - dlas a55) + [[Aun = Aonll + [ Aungy = Aonaghll



It implies that

ATy, Ton)
d(auun7am:1) S 1 )
w0 = || T |
[ Aun = Aonll + Aun — Aom)llonl

<
=~ 11

Note that a,(p) depends only in the x-coordinate of p, but the z-coordinate

of F,7}(p) and of Fy, (p) are the same, then oy, (F, }(p)) = an(Fy, (p)). So,

(T = Toa) (D0) =)™ [ 2522 1100 +

O™ | (30 5522 ) B — 00 B )

Each line above can be taken small, since A\?(Ay,) ™™ "= 0, and ’Mézm ;
‘8‘152’” are bounded. Then we can take n large, D; and \; small such that:

D )\ uu
< 1+ A <é
L—n

6.2.2 Robust Transitivity

One important step in the proof of Theorem C corresponds to proving the
nonhyperbolicity of the attractors, this will be done checking that these at-
tractors admits hyperbolic periodic points of different indexes and that they

are robustly transitive.

Proposition 6.3. There exists an integer n; such that the attractor A, , of

F,,, is robustly transitive for every p € [0, 1] and every n > n;.

Proof of Proposition 6.4. We will make an argument similar to the one of

Mané ([I1]) to prove robust transversality.



Remember that we did the deformation inside a cylinder D = B(q,d) X
[—1,1] and that outside D the dynamics in the center direction contracts
tangent vectors. Let us suppose that ¢ < 10/\% < %.

The unstable foliation for Fp is minimal in Ag, then for every o there exists

L > 0 such that the unstable foliation is (£, £)-dense in center-stable man-

ifolds, that is, every center-stable ball of radius § intersects every unstable
curve v** of length greater than é

Taking €; even small in Proposition 6.2, it is possible to obtain n; such
that the unstable foliation of F),,, is (L, p)-dense in center-stable manifolds
for every n > n; (the center-stable foliation is the same for F),,, and Fp).
Consider a neighbourhood U; of F),,, such that the same (L, p)-density holds

for every f in this open set U;.

Claim 6.1. For every open set U intersecting A there exists a point z € UNA
and an integer N € N such that f~"(z) ¢ D for n > N.

Proof of Claim 6.1. Note that for F),,, the center-stable foliation is given by
the yz-planes, then the set Zp, , = { connected components of Wi (z)} =
St is of class C, so (F),,, F) is structurally stable (see Theorems 7.1 and
7.4 in [9]). So, for every f close to F),, we have Z; = St and f : Z; — Z;
is conjugated to the expansion in S! by a factor \?,,.

This implies that there exists a center-stable leaf that intersects U and
and integer N € N such that for every n > N the n-esim image of this
cs-leaf is always contained in the rectangle R; that does not intersects D.
Taking the intersection of an strong-unstable curve contained in U with this

center-stable leaf, we obtain the point that we are looking for. O

Let us prove the transitivity for f € U;. Given two open subsets U and

V of A, we consider a point x € U N A given by Claim 6.1 and an unstable



curve contained in V. Iterate the unstable curve until it has length greater
than L and preiterate the center-stable leaf of x contained in U until it has
internal radius greater than 2. By (L, §)-density we know that these sets

have non-empty intersection, so U N f™(V') for some n > 0. O

6.3 Proof of Theorem C

Remembering that @, ,(z,y, 2) = p(AS — A (z, y)y, we note that

It means that the stable foliation for every F), ,, corresponds to the vertical
direction. This fact, togheter with Proposition 6.2 allows to check that the
attractor satisfies the transversality condition between strong-unstable curves

when projected by the strong-stable holonomy.

Proposition 6.4. There exists an integer ny € N such that the Transver-
sality Condition (H1) holds for the dynamics F, ,, for every p € [0, 1] and

every n > ns.

Proof. As seen in Proposition 6.1, the transversality holds for £y, for every

n € N.

Fix a € (0, %), a fundamental stable domain J = [a, Assa] and consider

0(a) that bounds below the angle of projections of unstable curves with
d** > a for Fy. Since the stable projection is the vertical one, for each
unstable curve we can consider w > 0 small such that the center-unstable
cone of width w around the unstable direction is @—transversal to each
other center-unstable cone of width w around other unstable direction with
stable distance between them contained in the intervbal J. By compacity

this width w can be taken uniform.



Fix this family of unstable cones of width w containing the original £y,
By Proposition 6.2, there exists ny € N such that this family contains the
unstable direction of F, ,,, for every p € [0, 1] and every n > ns.

This implies that

L (B (1)), 7 (B (22))) > OO

whenever d**(z1,z2) > a.

By Proposition 5.1, this is enough to guarantee the transversality.

Now we are able to prove Theorem C.

Proof of Theorem C. Choose AT > 1 such that % < 1, this implies ()”

(8Ac)™

<
1 (central direction neutral for F), ,,), which guarantees hypothesis (H2). Take
ns € N such that is valid the Proposition 6.3 for every F, ,,, pn € [0,1], n > ng,
then it follows the Transversality Condition (Hypothesis (H1)) for every F), ,,.

The C* regularity follows by chosing A*¥ < 1 with \*. % < 1, this bunch-
ing condition implies the C! regularity of the stable foliation and also the
continuity of this foliation in the C'-topology, then it holds the Hypothesis
(H3).

The attractor is dynamically coherent because the central direction for
F,.n is of class C', actually, E = y-direction, E* = xy-plane and E* = yz-
plane for every F),,. By Theorems 7.1 and 7.4 of [9], these laminations are
structurally stable, so the system is robustly dynamically coherent.

Taking N > ny as given by Proposition 6.3, the application F} y is ro-
bustly nonhyperbolic because has fixed points of different indexes and it is

robustly transitive, so this is the dynamics that we were looking for. O]



Further Questions

Here we point further directions that can advance this work.

1) Write a generic condition of transversality between unstable curves
via stable holonomy and prove the Main Inequality supposing that holds this
generic hypothesis of transversality.

2) Change the condition of Lipschitz stable holonomies by a-Holder stable
holonomies. In general, the stable holonomis are just a-Holder.

Two interesting Problems in this direction are:

Problem 1. For pertubations of the time-1 map of the geodesic flow for

surfaces with negative curvature, are there physical measures?

Problem 2. For pertubations of a partial hyperbolic automorphism in the

three-dimensional Heisenberg manifold, are there physical measures?

For such dynamics we have central direction close to neutral (actually, the
dynamics is an isometry in the central direction), and satisfies the transver-

sality condition in an uniform way (uniform non-integrability of E* & E").
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Toward the Palis’ Conjecture for Partially Hyperbolic

Systems

Recent advances in this direction are the papers of Alves-Bonatti-Viana ([1],
[]), that deals with partially hyperbolic systems whose behavior in the cen-
tral direction is mostly contracting or mostly expanding, which corresponds
to cases when the central Lypaunov exponent is either positive or negativa
for the most of the points. In certain sense, the remaining case is when
A¢ = 0, for this case we expect that generically holds a condition of “non-
integrability of £® & E*” in a non-uniform way. This is true for the case
of surface endomorphisms, Tsujii ([I7]) proves that generically holds a kind
of transversality condition and that this condition implies the existence and
finiteness of physical measures.

One problem that would significatively advance in the direction of Palis’
Conjecture is to check that for generic diffeomorphisms holds a kind of
transvesality between unstable leaves via the stable holonomy and that this

transversality implies the existence of physical measures.
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