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“Meaningless!  Meaning-
less!” says the Teacher.
“Bverything 1is meaning-
less!” Not only was the
Teacher wise, but he also
imparted knowledge to the
people. He pondered and
searched out and set in or-
der many proverbs. The
Teacher searched to find
Just the right words, and
what he wrote was upright
and true. The words of the
wise are like goads, their
collected sayings like firmly
embedded nails given by
one shepherd. Be warned,
my son, of anything in ad-
dition to them. Of mak-
g many books there is
no end, and much study
wearies the body.  Now
all has been heard; here is
the conclusion of the mat-
ter: Fear God and keep his
commandments, for this s
the duty of all mankind.
For God will bring every
deed into judgment, in-
cluding every hidden thing,
whether it is good or evil.

Ecclesiastes 12: 8-14.
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Introduction

This thesis is about compactified Jacobians of reducible nodal curves, and
addresses mainly three issues: the existence of an autoduality theorem for
reducible curves, the construction of degree-1 and degree-0 Abel maps in a
natural way and the existence of a theory of translations for compactified
Jacobians.

Concerning the first issue, let .Z be an invertible sheaf of degree 1 on a
projective, connected, reduced curve C. The classical Autoduality Theorem
says that: If C' is smooth, the Abel map A : C — J2, given by P
L ® Ip, where Ip is the sheaf of ideals of P, is well-defined and induces an
isomorphism A* : Pic’(J%) — J& which is independent of the choice of .Z;
see [Mu65], Prop. 6.9, p. 118. We say that J2, the Jacobian of C, is autodual.

In a more general setting, when C has singularities, the Autoduality
Theorem was first proved in [EGK] for irreducible curves with at most double
points, where J& was replaced by its natural compactification J2., the moduli
space of degree-0 torsion-free rank-1 sheaves on C, constructed by D’Souza
[D’S] and Altman and Kleiman [AK80]. Later, Arinkin extended the theorem
to irreducible curves with at most planar singularities; see [A07], Thm. 1.3,
p. 1217. (Also, the autoduality isomorphism extends to compactifications,
as proved in [EK] and [A10].)

Facing the existence of these autoduality theorems for irreducible curves,
and given the importance of certain reducible curves, like the stable ones, it is
natural to wonder if autoduality also holds for reducible curves. In this thesis
we show autoduality when C' has at most planar singularities and is treelike,
that is, its irreducible components meet transversely at disconnecting points
of C.

Compactified Jacobians of reducible curves are less understood and more
complex. For instance, they may contain more than one copy of J2. Never-
theless, Abel maps A : C' — J2 have been constructed when C'is Gorenstein;
see [CCE]J, which extends [CE]. The map A and the compactified Jacobians
J2 are easier to describe when C is treelike

Assume from now on until a new order that C'is treelike, and let C, ..., C,,



be its irreducible components. For each n-tuple d = (dy, ...,d,) € Z", let
jg be the scheme parameterizing simple torsion-free rank-1 sheaves on C of
multidegree d, and jgi the scheme parameterizing torsion-free rank-1 sheaves
on C; of degree d;, for each i = 1,...,n. Let J& C J& and Jgi - jgi be
the open subschemes parameterizing invertible sheaves. Since C' is treelike,
restricting to components of C', we have a natural isomorphism (see [E09],
Prop. 3.2, p. 172):

— “@ —d . _d _dl _dn
= = (7“-1,...771-7;) . JC —>JCI X - X JCn.

As for Abel maps, they come in all sorts, but there is a common property
of those constructed so far that we explore. We say that a map A: C' — Jg

is a decomposable Abel map if ﬁjd»A ¢, is constant for ¢ # j and A; := 7??14 c
is an Abel map for each integer ¢ = 1, ..., n, that is, there is a line bundle .Z,

over C; such that A; associates P to .Z; ® Fpic,. We say that (Z,...,.%,)
defines A.

Finally, we prove the Autoduality Theorem: If C' is a treelike curve with
planar singularities, and A : C' — jg is a decomposable Abel map, the pull-
back A* : Pico(jg) — J(% 1s an isomorphism which is independent of the
n-tuple (£, ...,%,) defining A.

The proof relies on the fact that the various pullbacks constitute a com-
mutative diagram

Pico(jg) — Jg

1 ‘|

_ - Ax L AR
PicO(J&) x -+ x Pic’(Jin) itk o g0

where 72 is the restriction of 72 to J%, and the left vertical map is induced
by the isomorphism 7%; see Proposition 50. Both vertical maps are isomor-
phisms. By Arinkin’s Autoduality Theorem, so is the bottom map. Hence,
the commutativity of the diagram yields that A* is also an isomorphism.

A generalization of the result obtained in this note has been recently made
available at [MRV] by Melo, Rapagnetta and Viviani, with an appendix by
Lépez-Martin. They state autoduality for any curve with planar singular-
ities. Their methods are technically more involved, following the approach
laid out by Arinkin, and their proof of autoduality is rather long, whereas
our methods and proof are quite simple. Given the interest in the subject
from people with different backgrounds, we believe that a simple approach
as ours, albeit for a special case, may be useful.



The second issue is that of the construction of Abel maps in a natural
way. Let us be more precise. Let C be a projective, reduced, connected
curve. For each integer d > 1, let C¥ be the d-th symmetric product of C,
that is, the quotient of C? by the action of the d-th symmetric group, and
J& its Jacobian, parameterizing isomorphism classes of invertible sheaves of
degree d on C.

If C' is smooth, for each integer d > 1 there is a natural map

ALt JE (P Py o [, @ @mp, ), (1)

where mp, denotes the dual sheaf of the ideal sheaf of FP; in C, which factors

through a map
AL 0 — g,

called the degree-d Abel map of C.
Abel maps of smooth curves are important because they encode much of
the geometry of C', since their fibers are the projectivized complete linear sys-

tems of C': For each invertible sheaf .Z of degree d on C|, the fiber Agl )71(92” )
is identified with P(H°(C,.%)). Therefore, in order to study linear systems
of C, and thus the projective geometry of C', we may study the fibers of Abel
maps.

Given the importance of Abel maps of smooth curves, there is a reasonable
interest in constructing Abel maps for singular curves. But if C' is singular,
the Abel map (1) is not defined at all points of C'¥. More precisely, if Q € C
is not a smooth point, the sheaf A (Q, P,, ..., P,) is not invertible, that is,
it is not in J&. So, we face the question of how to construct Abel maps of C
in a natural way.

First, we need to find a “good target” for the Abel map, which leads us
to the problem of how to find a good compactification for the Jacobian. This
problem goes back at least to the work of Igusa’s [Igu56] and the notes by
Mumford and Mayer [Mu64], [May70].

In his thesis [D’S], D’Souza worked as well on the compactification prob-
lem, however, Altman and Kleiman [AK80] were who gave a good solution
for the case of families of geometrically integral curves. Their relative com-
pactification parametrizes torsion-free rank-1 sheaves on the fibers, and it
admits a universal sheaf after an étale base change.

Once they obtained a good compactification for Jacobians of integral
curves, Altman and Kleiman constructed Abel maps for these curves as fol-
lows: For each d > 1, they constructed a well-defined map

Ac(d) : HIbY(C) — J&, Y]~ [Ty ],



where Hilb?(C) is the Hilbert scheme of C' parameterizing length-d sub-
schemes of C, and J¢ is the compactified Jacobian parameterizing torsion-
free rank-1 sheaves of degree d on C. Also, for each [Y] € Hilb%(C), Iyic
denotes the ideal sheaf of Y on C'. We notice that if C' is smooth, Hilb*(C) =
C@ and Ac(d) = A(Cd).

Now, notice that all these compactifications were only carried out for in-
tegral curves. For reducible nodal curves defined over an algebraically closed
field, Oda-Seshadri [OS] and Seshadri [Ses82] produced some compactifi-
cations. However, these compactifications are not applicable to families of
reduced curves.

In her Ph.D. thesis [Ca94], Caporaso constructed a compactification for
the relative generalized Jacobians of families of stable curves. One year later,
also in his Ph.D. thesis, Pandharipande [Pan] produced an equivalent con-
struction, valid for higher ranks as well. At nearly the same time, Simpson
[Sim] constructed moduli spaces of coherent sheaves over any family of pro-
jective varieties, in particular for families of curves.

Later, given a family of curves f : C — T, Esteves considered the space
constructed by Altman and Kleiman J; 7 in [AK80], parameterizing torsion-
free rank-1 simple sheaves on the fibers of f : C — T. He showed that
Je 7 is universally closed over T', and consequently one can regard it as a
compactification of the relative Jacobian of f : C — T see [E01]. Esteves’s
compactification admits a universal sheaf, in contrast to Caporaso’s, Pand-
haripande’s and Simpson’s compactifications.

However, even with all these compactifications, it is still not easy to
choose a good target for Abel maps of reducible curves. Indeed, assume C' is
reducible. Then, depending on the singularities of C' , the Abel map

Acic—)jé7 P|—>[m};],

where J} is Esteves’ compactified Jacobian parameterizing torsion-free rank-
1 simple sheaves of degree 1 on C, may not be well defined at all points of
C'. To be precise, if P € C'is a separating node, Ac(P) = m}, is not a simple
sheaf. If C is a stable curve with separating nodes and P_é is Caporaso’s
compactification, [Ca94], p. 638, one can show that it is not possible either
to define the Abel map as

Ac : C — PL P [mb)

in a natural way.

So, Caporaso and Esteves [CE| constructed twisted degree-1 Abel map for
reducible curves, where the obstruction is overcome by using a special type
of invertible sheaves, named twisters. In this thesis, in contrast to Caporaso



and Esteves, we show that by putting Simpson’s compactified Jacobians as
the target of Abel maps target, it is possible to define degree-1 and degree-0
Abel maps by simple formulas, like that for Ac above, avoiding the use of
twisters.

More precisely, let L be a very ample invertible sheaf on a stable curve
C. Simpson’s compactified Jacobian J, 4(C') parametrizes torsion-free rank-1
slope-semistable sheaves of degree d with respect to L on C'. More precisely, it
coarsely represents the k-functor J;, 4(C) which associates to each k-scheme
S, the set of torsion-free rank-1 slope-semistable sheaves on C' := Cx S — S
with respect to L ® O¢r. Then, if C' is stable and @) € C' is a smooth point of
C, we construct natural very ample invertible sheaves M and N on C' such
that both maps

A1 O — jM,l; P [m};]

and B
AQ C — JN,D> P [mp ® ﬁc(P)]

are well defined. Furthermore we show that these very ample invertible
sheaves M and N are so natural that they may be defined on families of
stable curves, so that we are able to define degree-1 and degree-0 Abel maps
for such families.

Classically, Abel maps should satisfy two properties. The first is their
modular meaning. More plainly, for a smooth curve C the d-th Abel map
A(Cfl) is the moduli map of an invertible sheaf on C? x C. For example, our
degree-1 Abel map A; : C — Jy1, P+ [m}], has the following modular
meaning: consider a projection C' x C' — C' as a family of curves, let Z be
the ideal sheaf of the diagonal A C C' x C and let Z* be its dual sheaf. The
sheaf Z* on C' x C defines A;.

The second is the continuous variation in families. For example, given
a one-parameter family of smooth curves degenerating to a singular one, it
is expected that the d-th Abel maps of the smooth fibers specialize to the
d-th Abel map of the singular fiber. We also show that our Abel maps varies
continuously in families of stable curves, as we have already said, those very
ample invertible sheaves M and N may be defined on such families of curves.

For our Abel maps, showing the continuous variation in families is the
difficult part, whereas the modular meaning is easier.

Furthermore, we construct as well a special type of very ample invertible
sheaves on C' such that, if F'is one of them, then the Abel map

A:C — Jpy, P [m})]

is well defined, and it does not depend of the choice of F" as if G is another
special one, then Jr; = Jg 1. These compactified Jacobians are called de-
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generated. However, we do not know to answer if these special very ample
invertible sheaves may be defined on families of stable curves.

The last issue which we deal with, it is that of translations in Esteves’
compactifications. Let us be more precise. If C' is an integral curve, for each
invertible sheaf .Z on C, the translation

Tg:jc%jc, I = IRYL

is well-defined. Here, J¢ is Altman-Kleiman’s compactified Jacobian param-
eterizing torsion-free rank-1 sheaves on C' [AK80]. On the other hand, if C
is reducible, Esteves’ compactification J is a nonseparated and not of finite
type space. So, in order to investigate it better, Esteves used continuous
polarizations to divide it in smaller pieces. Given a smooth point P € C and
a polarization E on C, one of these pieces is JL, the compactified Jacobian
parameterizing P — quasistable sheaves with respect to F; see [E01], Thm. A
(3), p. 3047. These spaces are projective schemes.

In this thesis we study two curves for which it is possible to put, in a
non trivial way, an “action” of Jo on JE such that given any smooth point

Q@ € C and any polarization F on C, for each .Z € J|CF|7|E‘, we have
L JE = Je

that is, the “action” of Jo takes one of these special pieces of J to the other.
This desirable behavior does not hold in general.

Actually, this “action” of Jo which we put over JE is adjusted by the
special class of invertible sheaves formed by twisters. As the reader will
note, the difficulty of finding such actions is linked to the fact that Jo is
not a separated space, and thus degenerations of sheaves in J- may have
different limits. On the other hand it is this pathology that allows us to
produce such “actions”. These two examples will hopefully be enticing for
those that would like to think about a possible theory of translations for
compactified Jacobians.
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Chapter 1

Compactified Jacobians

A curve is a projective, connected and reduced scheme of pure dimension 1
over a fixed algebraically closed field k.

A family of curves is a flat, projective morphism of schemes f : C — T
whose fibers are curves. By a sheaf on f:C — T we mean a T-flat coherent
sheaf on C.

Let C be a curve and J¢ its Jacobian, that is, the scheme parameterizing
isomorphism classes of invertible sheaves on C'. More precisely, Jo represents
the contravariant Jacobian functor J¢ from the category of k-schemes to sets,
defined on a k-scheme T by

Jo(T) = {invertible sheaves on C' x T/T'}/ ~

where we say that two invertible sheaves .2} and %5 on C' x T are equivalent,
that is, & ~ %, if there is an invertible sheaf .# on T such that & =
KL @ p* o, where p: X x T — T is the projection.

The connected components of Jo are projective over k if C' is smooth,
but otherwise there may be components that are only quasi-projective over k,
that is, there may exist families of invertible sheaves that do not degenerate
to invertible sheaves. For example, suppose that C is irreducible with a
unique singularity, a node P. For each ) € C, let my be the ideal sheaf
of @ on C. So, for each point ) € C' — P, the sheaf mg is invertible while
mp is not. Thus, when @) tends to P, the invertible sheaf my tends to the
non-invertible sheaf mp.

In the case of a family of curves f : C — T, we have the relative Jacobian
functor, the contravariant functor J¢/r from the category of T-schemes to
sets, defined on a T-scheme S by

Je/r(S) = {invertible sheaves on C xp S/S}/~

12



where we say that two invertible sheaves £; and £, on C X7 S are equivalent,
that is, £ ~ Lo, if there is an invertible sheaf .#Z on S such that £; =
Lo @ p* M, where p : C xXp S — S is the projection. It is known that
Mumford showed that if the irreducible components of each fiber of f : C — T
are geometrically irreducible, then J¢/7 is represented by a T-scheme J¢,r,
called the relative Jacobian of f:C — T see [FGAE], Thm. 9.4.8, p. 263,
for a sketch of a proof of this fact given by Kleiman. However, the connected
components of Je/r may fail to be proper over T"if some curves of the family
f:C — T are not smooth.

So, a problem arises: How to find a good compactification for Jo7 Fur-
thermore, how to find a good relative compactification for the relative Jaco-
bian over a family of curves?

In this chapter we introduce the solutions given by Altman—Kleiman, Ca-
poraso and Simpson to this problem. Before this, let us introduce some basic
notions and facts about algebraic spaces and Geometric Invariant Theory.

1.1 Preliminary subjects

1.1.1 Algebraic spaces
We recommend [SP] for more details about algebraic spaces.

Definition 1. A family of morphisms with fixed target in a category € is
composed of the following data:

1. an object U € Ob(%),

2. aset I,

3. for each ¢ € I, a morphism U; — U of € with target U.
We use the notation {U; — U},er to indicate such a family.

Definition 2. A site consists of the following data: a category % and a
set Cov(%) of families of morphisms with fixed target {U; — U }icr, called

coverings of €, satisfying the following axioms:
1) If V — U is an isomorphism, then {V — U} € Cov(C).

2) If {U; = Utier € Cov(¥) and for each i € I we have {Vi; = U} ey, €
Cov(€), then {Vij = Ulicr jes, € Cov(¥%).

3) If {U; — U}ier € Cov(%) and V — U is a morphism of ¢, then U; xy V
exists for every i € I and {U; xg V — V}ier € Cov(%).

13



Definition 3. Let € be a category. A presheaf on % is a contravariant
functor F : € — Sets.

Let Cov(%) be a set of families of morphisms with fixed target satisfying
the above axioms. We say that a presheaf F on the site (¢, Cov(%)) is a
sheaf if for each covering {U; — U}icr € Cov(%) the diagram

f(U) ﬁHie] ‘F(UZ> —>H(io,i1)€IxI‘F(Ui0 Xy Ul1) (1'1)

is exact.
Loosely speaking, this means that given sections s; € F(U;) such that

S’i UiXUUj = Sj UiXUUj

in F(U; xy U;) for each pair (i,75) € I x I, there exists a unique s € F(U)
such that s; = s|y,.

Definition 4. An étale covering of a scheme U is a family of morphisms of
schemes with fixed target {U; — U };e; where each U; — U is étale and such
that U = |JIm(U; — U).

Let Gch denote the category of schemes. Let Geb,, denote the site con-
stituted by the category Sch and by the set Cov(Sch) of coverings of Sch
such that each {U; — U}ier € Cov(Geh) is an étale covering of U.

Theorem 5 (Grothendieck). For every scheme X, the functor of points of
X, hx := Mor(—, X), is a sheaf on the site Scb,,.

Proof. See [Vis|, Thm. 2.55, p. 36. O

This theorem and Yoneda’s Lemma show that the category Geh is a full
subcategory of the sheaves over Gc¢h,,. Thus, for each scheme X, we let X
denote as well the sheaf hy on Gch,,.

Definition 6. We say a sheaf 7 on Gch,, is representable if there is a scheme
X and an isomorphism of functors F(—) = Mor(—, X).

Definition 7. Let G be a presheaf on Gceh,,. We call the sheafification of G
on Gcb, its associated sheaf in the étale topology.

The process of sheafification of G on Sch,, is similar to that of a presheaf
on a scheme and will not be described here. To finish this section we present
the definition of an algebraic space.

Definition 8. An algebraic space A is a sheaf on Gch,; such that

14



1. For each two schemes X and Y and each two morphisms of sheaves
x: X > Aandy : Y — A, the sheaf X x4 Y is represented by a
scheme.

2. There are a scheme A and a surjective étale morphism a : A — A (that
is, for each morphism z : Z — A, where Z is a scheme, the projection
A X4 Z — Z is a surjective étale morphism of schemes).

1.1.2 Geometric Invariant Theory

Let Z be a projective scheme over an algebraically closed field & endowed
with an action of a reductive algebraic group G, that is, an algebraic group
G over the same field such that the unipotent radical of G is trivial.

Consider an embedding of Z in some projective space P(V'). Then Z =
Proj(R), where R is a graded ring, finitely generated over k. If the action of
G on Z can be lifted to a linear action on V', we say that G acts linearly
with respect to the embedding.

If G acts linearly, of course, G will act on R. In this case, let R% denote
the subring of elements of R which are invariant under the action of G. From
a foundational theorem of Geometric Invariant Theory, since G is reductive,
R% is a finitely generated graded algebra over k.

Now, consider the inclusion R C R and the associated rational map

7 : Proj(R) = Z --» Proj(R%).
Let Z5° := {z € Z : 3 a homogeneous nonconstant f € R® with f(z) # 0},
that is, Z5 is precisely the locus where 7 is regular, and

73 ={2€ Z5%: Og(2) N Z3° = Og(z) and dim(Og(z)) is maximum

among the dimension of all G-orbits in Z5° },

where Og(z) denotes the orbit of z. The points on Z2° are called (GIT-
)semistable whereas those on Z3 are called (GIT-)stable.

Definition 9. We say that a morphism f : Z — W is G-invariant if f(g-z) =
f(z) for each g € G and z € Z.

Definition 10. We say that a morphism 7 : Z — W is a categorical quotient
of Z by G if:

1. 7 is invariant, and

2. 7 satisfies the universal property: every G-invariant morphism p : Z —
Y factors uniquely through 7.

15



Theorem 11 (Fundamental Theorem of GIT). Let G be a reductive group
acting linearly on a projective scheme Z = Proj(R). Then @Q := Proj(R®) is
a projective scheme and the natural morphism

e Z}%S — Q)
satisfies the following properties:

1. (Unaversality) If there is a scheme Q" with a G-invariant morphism
7 Z5% — @, then there is an unique morphism p : Q — Q' such that
7 =pom.

2. For each v,y € Z2°, w(x) = n(y) if and only if Oc(x) NOg(y) N Z5° #
J.

Notice that, from property 2 above, for each z,y € Z3, m(z) = n(y) if
and only if Og(z) = Og(y).

1.2 Altman—Kleiman’s compactification

Let C' be a curve. Let C4,...,C, be the irreducible components of C' and
n; the generic points of the C;. We say that a coherent sheaf .Z on C' is
torsion- free if the map

< — 1]

where .7, is the skyscraper sheaf of £ on 7, has trivial kernel.

We say that .Z is rank-1 if £ has generic rank 1 on each irreducible com-
ponent of C.

We say that £ is simple if Hom(.Z, %) = k. We notice that an invertible
sheaf on C' is torsion free, rank-1 and simple.

Let f: C — T be a family of curves. We say that a sheaf Lon f:C — T
is torsion-free (resp. rank-1, resp. simple) on f : C — T if for each geometric
point ¢ € T' the restriction of L to C;, denoted by L;, is a torsion-free (resp.
rank-1, resp. simple) on C;.

The relative compactified Jacobian functor for the family f : C — T

is the contravariant functor jC/T from the category of T-schemes to sets,
defined on a T-scheme S by

Jc/7(S) = {torsion-free rank-1 simple sheaves on C xr S/S}/~

16



where £, ~ L, if there is an invertible sheaf .# on S such that £; =
Lo @ p* A, where p: X xp S — S is the projection.

As we can see, the relative Jacobian functor defined before, J¢/r, is an
open subfunctor of jC/T. Therefore, if jC/T were representable by a uni-
versally closed scheme over T', this would “solve the problem”, because this
would tell us that invertible sheaves degenerate to torsion-free rank-1 simple
sheaves. But, in general, J¢ /7 is not a representable functor.

However, Altman and Kleiman showed that its associated sheaf in the
étale topology, which we also denote by Je /T, is always representable, say by
Je /7, in a larger category, the category of algebraic spaces; see Theorem 12
below. Furthermore, they showed that if the curves of the family f:C — T
are geometrically integral, then the connected components Je /T are proper
over T', “thus solving the problem”. Later Esteves extended this compact-
ification to any family f : C — T by showing that jc/T “contains enough
degenerations” over T, that is, Jg )7 meets the existence condition of the
valuative criterion of properness, without necessarily meeting the uniqueness
condition; see [E01], Thm. 32, p. 3068. In another words, Je,r is universally
closed over T.

Theorem 12 ( [AK80], Thm. 7.4, p. 99). Let f : C — T be a family of
curves. Then, Jc,r is represented by an algebraic space.

As we have already observed, Theorem 5, p. 14, showed by Grothendieck,
and Yoneda’s Lemma tell us that the category of schemes is a subcategory
of the category of sheaves over Gch,,, so that we may view, any scheme as
an algebraic space. However, since the converse is not true, it makes sense to
inquire whether there are conditions on the family f : C — T for which J; /T
is a scheme. In [AK80], Thm. 3, p. 948, Altman and Kleiman showed that
if every geometric fiber of the family f:C — T is integral, each connected
component of jc/T is a proper scheme over T, and consequently J¢ T 1S a
scheme.

On the other hand, Esteves showed in [E01], Thm. B, p. 3048, that if there
are sections o7y, ..., g, through the smooth locus of f :C — T, such that for
each geometric point t € T, each irreducible component of the fiber C; is
geometrically integral and contains o;(t) for some 4, then Je 7 is a scheme.
Moreover, in the same paper [E01], Lemma 18, p. 3061, Esteves showed
that it is always possible, after a suitable étale base change, to obtain such
sections, that is, Esteves shows that after a suitable base change J¢ /7 becomes
a scheme.

But although the representability of jc/T by an algebraic space (or a
scheme) J¢ 7 solves the problem of compactification, in the sense that invert-
ible sheaves degenerate to torsion-free rank-1 simple sheaves, the algebraic
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space is “too big”. On one hand this is good, because this allows a family
of torsion-free rank-1 simple sheaves to have a limit, but on the other hand,
the limit may not be unique.

Definition 13. Let .Z be a torsion-free rank-1 sheaf on C. We define the
degree of £ to be
deg(Z) == x(&) — x(Oc),

where y(—) is the Euler characteristic.

Let Y be a subcurve of C, that is, Y is the reduced union of irreducible
components of C. Let % := Z|y /torsion, where Z|y is the restriction of
Z toY. We let

degy (£) == x(Zy) — x(Oy),

and call it the degree of £ on Y.

Let h: C — T be a family of curves where 7' is the spectrum of a discrete
valuation ring with special point ¢ and generic point 7. Let C, (resp. Cy) be
the generic (resp. special) fiber of the family h : C — T and .#, a sheaf on
Cy.

The next example illustrates a situation where there are infinitely many
different limits of the trivial sheaf O, .

Definition 14. We say that a sheaf .# on C is an eatension of .7, if 7|¢, =
,; in this case, we say that %y := S|¢, is the limit of %, on Cy.

Example 15. Suppose C,, is smooth and Cy is the union of two irreducible
curves (' and Cy such that they intersect transversely at a unique point
P. 1t is plain that ¢ is a extension of O¢,. Assume C is regular. Then
each integral subscheme of codimention 1 of C is a Cartier divisor of C, in
particular so are C and Cy. Thus, O¢(nC}) is an invertible sheaf on C for
each n € Z. Furthermore,

Oc(nCh)le, = Ocle, = Ok,

for each n € Z, that is, O¢(nC}) is an extension of O, .
But on the other hand, we claim that O¢(mC)|c, # Oc(nCh)|c, if m # n.
Indeed, for each n € N, we have

deg(0c(nCh)le,) = deg(Dc, (nP)) = n.
Then if m and n are different integers, we have

Oc(mCh)le, = Oc(nCh)lc, = Ocle, = O¢,,
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but
Oc(mCh)le, # Oc(nCh)ley,

because
m = deg(Oc(mCh)le,) # deg(Oc(nCh)le,) = n,

showing our claim.
Thus, we showed that there is an infinity of different limits of the trivial
sheaf O, .

Due to its large “size”, Jg y7 was studied through smaller and simpler
pieces. In order to obtain such pieces of J¢ /T, Esteves used the “continuous”
polarizations, that is, polarizations given by vector bundles on C. Let us be
more precise.

Let C' be a curve and E a vector bundle over C. Let rk(E) denote its
rank and deg(FE) its degree. We call the ratio pu(F) := deg(E)/r the slope of
E.

We say that E is a polarization on C'if u(F) € Z. Let £ be a torsion-free
rank-1 simple sheaf on C' and assume that E is a polarization on C.

Definition 16. We say that . is semistable (resp. stable) with respect to
E if x(Z) = —u(F) and

X(Ly) =z —degy (E)/r (resp. x(Ly) > —degy (E)/r)

for each subcurve Y of C.
Let P € C be a smooth point. We say that .Z is P-quasistable with
respect to F if £ is semistable with respect to F/ and

X(Ly) > —degy (E)/Tk(E)
for each subcurve Y of C' containing P.

A polarization on a family of curves f : C — T is a vector bundle £ on
f : C — T which is a relative polarization. In other words, for each geometric
point t € T', & is a vector bundle over C; such that its slope (&) € Z, where
&, is the restriction of £ to the fiber C, of f: C — T over t.

Let £ be a torsion-free rank-1 simple sheaf on f : C — T and £ a
polarization on f:C — T.

Definition 17. We say that £ is semistable (resp. stable) with respect to &€
if for each geometric point ¢ € T', L, is semistable (resp. stable) with respect
to &.

Let ¢ : T — C be a section through the smooth locus of f : C — T.
We say that L is o-quasistable with respect to £ if for each geometric point
t € T, L; is semistable with respect to & and x(L:y) > —degy (&) /rk(&)
for each proper subcurve Y of C; containing o(t).
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In [EO01] Prop. 34, p. 3071, Esteves shows that the subspace
J& (vesp. Jg, resp. JZ) C Jejr

parameterizing semistable (resp. stable, resp. a—quasistable) sheaves on
f : C — T with respect to £ is open. Furthermore, JZ° is of finite type
and universally closed, J¢ is separated and JZ is proper over T’ see [E01],

Thm. A, p. 3047.

1.3 Caporaso’s compactification

In this section we talk about the solution given by Caporaso to the problem of
compactifying the relative Jacobian over a family of curves. Caporaso solved
this problem for families of stable curves. More precisely, let f: C — T be a
family of stable curves of genus g > 3 and let JCQ/T denote the corresponding
family of generalized Jacobians. In her Ph.D. thesis [Ca94], Caporaso shows
that there is a “compactification” of JCQ/T. Before going into details, let us
fix some notations and definitions.

Let C be a curve and ¢ := 1 — x(0¢) its (arithmetic) genus. We say that
a subcurve Y of C' is proper if C' =Y # @.

For each proper subcurve Y of C, let Y¢:=C =Y, dy := #Y NY° and
assume throughout this section g > 3.

Definition 18. We say that C' is a nodal curve if all its singularities are
nodes.

We say that C' is a stable curve in the sense of Deligne-Mumford if C
is nodal, reduced, connected and each rational component of C' meets the
remaining components in at least three points.

Definition 19. Let T be a scheme and let Gcbh, denote the category of
schemes over T'. Let F : Gchyp — Sets be a contravariant functor. We say
that a T-scheme F' coarsely represents F if there exists a functor transfor-
mation

¢ : F(—) — Mor(—, F)

such that if N is an T-scheme and ¥ : F(—) — Mory(—, N) is a functor
transformation, then there is a unique morphism 7 : ' — N over T such that
the corresponding functor transformation IT : Mory(—, F') — Morgp(—, N)
satisfies ¥ = 1o .

Let M, be the moduli space of smooth curves of genus g and M, its
compactification by stable curves. More precisely, M, coarsely represents
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the contravariant functor %g, which associates to each scheme T' the set
MyT)={C— T family of stable curves of genus g}/~r,

where [C — T| ~¢ [C' — T] if there is a T-isomorphism between C and C’;
see [Ge82].

For each stable curve C' of genus g, let [C] denote the point of M, corre-
sponding to its isomorphism class.

Let M!? be the locus of M, parameterizing smooth curves of genus g
without nontrivial automorphisms. For each integer d, there are a scheme
P4 over M g and a flat morphism fq, : Pygy — Mg0 such that for each point
[C] € M 8, the fiber over [C] is identified with the variety of isomorphism
classes of invertible sheaves of degree d on the curve C', that is, the fiber is
identified with J&; see [HM98], p. 41. The scheme P, ; is called the “universal
Picard variety” or the “universal Jacobian” of degree d.

Definition 20. The generalized Jacobian of C, Jg, is a smooth, commuta-
tive, algebraic group, whose points are identified with isomorphism classes of
line bundles having degree 0 on each component of C'

In order to solve the compactification problem for generalized Jacobians,
Caporaso used Geometric Invariant Theory, GIT, to construct a projective
scheme P, over M, with a surjection to M,

¢a: Pig— M,

such that the preimage of M g? is isomorphic to Py.

Caporaso describes the fiber of ¢4 over any curve [C] € M, (denoted by
P4 = ¢;'([C])) as a compactification of the generalized Jacobian of C'. For
the family of curves f : C — T', Caporaso describes

Joyp = Pag ¥z, T =T
as one compactification of the family of generalized Jacobians of f:C — T.

To be honest, the term “compactification” is misleading for Caporaso’s
and Simpson’s compactifications. For instance, in Caporaso’s compactifi-
cation, one can not expect that the compactified Jacobian P2 contains an
open dense subset isomorphic to Jg. This in general is not true, unless C'
is irreducible. What actually occurs is that P2 has finitely many irreducible
components, each one containing a dense subset isomorphic to J%. A similar
phenomenon occurs in Simpson’s compactification.
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However, as the reader can already see, Caporaso’s compactification is
a projective scheme, while Altman—Kleiman’s one may not be a scheme.
Furthermore, m is a scheme very well behaved, as we may gather from the
following theorem.

Theorem 21. Let d > 20(g — 1) and g > 3. Then:
(1) The projective scheme ﬁ,g 15 reduced, 1rreducible and Cohen—Macaulay.

(2) The proper and surjective morphism
b Pry > 1,

s also flat over the locus of stable curves with trivial automorphism group.
The preimage of Mg under ¢q is isomorphic to Py.

See [Ca94], p. 592. It is important to say that if d and d’ are integers for
which there is a integer n such that d 4+ d’ = n(2g — 2), then Py, = Py ,, see
[Ca94], Lemma 8.1, p. 655, and thus, the same properties hold for ﬁ,g for
any integer d.

Although Caporaso’s compactification is a projective scheme with good
properties, due to the way it is constructed, it suffers from a disadvantage in
relation to Altman—Kleiman’s one as it is only a coarse moduli space, that
is, it coarsely represents the functor %, which we present below, while
Altman—Kleiman’s one is a fine moduli space.

Now we introduce some preliminaries to define the functor %.

Definition 22. We say that a curve C' is a quasistable curve if:
1. C'is connected and nodal;

2. each rational component of C' meets the remaining components in at
least two points;

3. two exceptional components never intersect.

An exceptional component is a rational component E such that #FE N
C — E = 2. We denote by C,,. the union of the exceptional components of

C.

Definition 23. Let C' be a quasistable curve. Let w be the dualizing sheaf
of C' and d an integer. We say that an invertible sheaf .Z of degree d on C'
is balanced if the following two properties hold:

1. For each exceptional component £ C C, we have deg (%) = 1.

22



2. For each proper subcurve Y C C, we have

degy (w) Oy
d L) —d————=| < —. 1.2
cay () — AP0 < (12)
Definition 24. Let f : C — T be a family of quasistable curves over T'. We
say that an invertible sheaf £ on C is relatively very ample (resp. relatively
balanced) of degree d, if for each geometric point ¢ € T', the fiber L, is a very
ample (resp. balanced) invertible sheaf of degree d on C;.

Definition 25. Let &;, be the contravariant functor from schemes to sets,
defined on a scheme T by

Pag(T)={(f:C > T.L)}/~,

where f : C — T is a family of quasistable curves of genus g over T', and L
is a relatively very ample and relatively balanced invertible sheaf of degree d
on f:C—T.
We write (f : C — T,Ly) ~r (f' : C" — T,Ly) if there are a T-
isomorphism
a:C—C

and an invertible sheaf M on T such that
Oé*ﬁg = El X f*M

If h: T — T’ is a morphism of schemes, then

Pagh) : Pag(T") = Pay(T)
is given by using h to pull back to 7" the families over T

Remark 26. Notice that if .Z is balanced, so is .Z ® w. Also, if £ is
balanced and d >> 0, then .Z is very ample.

From this remark, it follows that there is a natural isomorphism of func-
tors

gd,g — gd+m(2g—2),ga

given by tensoring with the mth power of the relative dualizing sheaf. Com-
posing with such an isomorphisms of functors, we may assume that d is high
enough so that each balanced sheaf on a quasistable curve of genus g is very
ample. Thus, with respect to coarse representability of %, the condition
“very ample” in the definition of % may be ignored.

In [Ca94], Prop. 8.1, (1), p. 653 and [Ca94], Rmk. p. 654, Caporaso shows
that P, coarsely represents &, ,.
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1.3.1 The compactified Jacobian P_g

For any integer d and for any stable curve C' of genus g > 3, Caporaso
constructed the compactified Jacobian PZ as a GIT-quotient

Ve — Vo /G =: P4

parameterizing closed (and GIT-semistable) orbits of G on Vi; see [Ca94],
Cor. 5.1, p. 638, where Vi is a subscheme of a certain Hilbert scheme en-
dowed with an action of an algebraic group G. Furthermore, she showed that
PZ coarsely represents the strictly balanced Picard functor associated to the
stable curve C', which we define below.

Definition 27. Let C be a nodal curve. Let Cg,g be the set of singularities
of C. Let S C Cgng. We denote by vg : C¢ — C the normalization of C'

along S, and by 65 the quasistable curve obtained by “blowing up” all the
nodes in S. More precisely, assume S = { Py, ..., P,} and for each i = 1,....,n
let E; be a rational component connecting the points of vg'(F;). Then,

é\s = LnJ El U CE
=1

and there is a natural surjective map Vg : ag - C restricting to vg on Cg and
contracting all the exceptional components E; of C’s, called the stabilization
of C’S The curve C’S is called a quasistable model of C.

Definition 28. Let C' be a quasistable curve and w its dualizing sheaf. Let
d be an integer and . an invertible sheaf of degree d on C. We say that .Z
is strictly balanced if it is balanced and the inequality

degy (w) Oy
< — 1.

degy (&) —d———== 29 —2 157 (1.3)
is strict for each proper subcurve Y C C' such that Y NY® € Cye.
Definition 29. Let C be a quasistable curve and C4, ..., C, its irreducible
components. We say that d := (di, ...,d,,) € Z", with |d| :== >""" | = d, is bal-
anced (resp. strictly balanced) if there is an invertible sheaf .# balanced (resp.
strictly balanced) of degree d on C such that d = (deg, (.£), ..., degq (£)).
We let

By(C):={d € Z" : |d| = d and d is balanced on C'}

and

SB4(C):={d€Z":|d| =d and d is strictly balanced on C}.
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Definition 30. The strictly balanced Picard functor associated to a stable
curve C' is the contravariant functor P¢ from the category of schemes to the
category of sets, defined on a scheme T by

PUT) ={(f:C = T.L)}/~

where f: C — T is a family of quasistable models of C' and £ € Pic(C) is a
strictly balanced invertible sheaf of relative degree d on f:C — T

Furthermore, (f : C — T,Ly) ~ (f' : C' — T, L) if the following two
facts hold:

1. The stabilizations of f and f’ coincide.

2. Let X — T be the stabilization of f and f’. Let ¢ : C — X and
o' : C" — X be the stabilization maps of f and f’. There are an
isomorphism « : C — C' commuting with ¢ and ¢’ (i.e. « is an X-
isomorphism) and a invertible sheaf .#Z on T such that o*Ly = £ ®
A

To conclude this section, we present the following theorem on the com-
pactified Jacobian PZ.

Theorem 31. Let C be a stable curve of genus g > 3 and d an integer.
Then:

1. The compactified Jacobian P_g of C' is a reduced, connected, projective
scheme of pure dimension g.

2. There is a canonical stratification,

(

S.d)elg

where I¢ == {(S,d) : S C Cypn, and d € SBd(ag)} and d” is the
restriction of d € SB4(Cs) to C¥%.

Proof. See [Ca94], Thm. 6.1, p. 641 for (1) and [Cal0], Cor. 2.3, p. 6 for
(2). O

1.4 Simpson’s compactification

In this section we present the solution “given” by Simpson to the problem of
compactifying the relative Jacobian over families of curves. More precisely,
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this compactification is a consequence of a result much more general proven
by Simpson; see [Sim|, Thm. 1.21, p. 71. We avoid to state this result in its
complete generality as we would need to introduce some preliminaries which
are unnecessary for our purpose.
In this section all schemes will be defined, by convention, over Spec(C).
Let C' be a nodal curve. We say that a coherent sheaf .Z on C' is pure if
for every nonzero subsheaf .# of £, we have

dim(.Z) = dim(#),

where for each coherent sheaf .# on C, dim(.%) denotes the dimension of the
support of .Z.
Let L be a very ample invertible sheaf on C'.

Definition 32. For each coherent sheaf £ on C, we call the ratio

a

ML(D%):T

the slope of £ with respect to L, where a and r are the coefficients of the
Hilbert polynomial Py (.%Z,z) =r -z 4+ a of £ with respect to L.

Definition 33. Let £ be a coherent sheaf on C'. We say that £ is slope-
semistable (resp. slope-stable) if it is pure and satisfies

pi(L) < pr(A) (vesp. pp (L) < pr(A))
for each pure quotient & — # .

With this definition of slope-semistability (resp. slope-stability) it may
seem hard to say when a torsion-free rank-1 sheaf is slope-semistable (resp.
slope-stable). However, the following lemma shows that, if C' is a nodal
curve, this can be done easily.

Lemma 34. Let £ be a torsion-free rank-1 sheaf on a nodal curve C. If
q:.L — M is a quotient map such that the quotient .4 is a pure sheaf with
1-dimensional support Y := Supp(.#), then q factors as

L i) DS,

where 1 1Y — C' is the inclusion and q : i.(ZLy) — A is an isomorphism.

Proof. See [MKV], Lemma 2.2, p. 10.
O
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Let .Z be a torsion-free rank-1 sheaf on C'. By Lemma 34, p. 26, .Z is
slope-semistable (resp. slope-stable) with respect to L if and only if

pr(L) < (<)pp(i(Zy))

for every proper subcurve Y of C, where ¢ : Y — (' is the inclusion map.
However, both slopes can be computed explicitly. Indeed, let g be the genus
of C' and w its dualizing sheaf. On one hand, the Hilbert polynomial of .Z is

P (Z,z) = deg(L) - z+ x(ZL)
= deg(L) - z+deg(ZL)+1—g
_ deg(w)
5
Here we used deg(Z) = x(Z) — x(Oc) = x(Z) + deg(w)/2.

On the other hand, let Y be a proper subcurve of C' and wy its dualizing
sheaf. A similar reasoning shows that the Hilbert polynomial of i, (%) is

= deg(L) -z + deg(.¥)

PL(i*fy,Z> == PLY($y7Z)

d
= degy (L) -z + degy (L) — #

d )
= degy(L) = + degy () - B O

where we use the equality degy (w) = deg(wy) + dy; see Lemma 60, p. 46.
Thus, we have

_ deg(Z) —1/2 - deg(w)

and
1 (is () = degy () — 1/(126;3;36(%;(00) +1/2- 5Y‘

So, pr (L) < (<)up(i.(Zy)) if and only if

deg(Z) —1/2 - deg(w)
deg(L)

degy (L) —1/2 - degy (w) +1/2 - oy
degy (L) ’

< (<)

or equivalently

oy (2) 2 () G2 (g 2) - B ) 4 LD B 1y
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Thus, £ is slope-semistable (resp. slope-stable) with respect to L if and
only if (1.4) holds for each proper subcurve Y of C.

Let f : C — T be a family of nodal curves of genus g and £ an invertible
relatively ample sheafon f:C — T.

Definition 35. A relative torsion-free rank-1 sheaf 7 on f : C — T is called
slope-semistable (resp. slope-stable) with respect to £ if so is its restriction
with respect to L, to the fiber C;, for each geometric point ¢ of T.

Assume that £ has constant relative degree, that is, t — deg(L;) is con-
stant. Let d be an integer and ¢ty € T a geometric point. Now, let

Pylz) = deg(Ly,) -z +d+1— g € Q[2].

Consider the T-functor J; 4(C/T), which associates to each T-scheme S the
set of slope-semistable sheaves on py : ' = C xp S — S with respect to
L ® O¢, such that for each geometric point s € S, their restrictions to the
fiber of py : C" — S over s have fixed Hilbert polynomial Py(z).

Casalaina-Martin, Kass and Viviani [MKV], Lemma 2.3, p. 11, used
[Sim94], Thm. 1.21, p. 71, in order to show that there is a projective scheme
Jr.a(C/T) — T, which is called the relative Simpson’s compactified Jacobian
of degree d, which coarsely represents J.4(C/T). Let us be more precise
about the construction of Jp 4(C/T).

The relative quot scheme. Let f : X — T be a projective morphism
of algebraic schemes, and let &x (1) be a relative very ample invertible sheaf
on X with respect to f. Fix a coherent sheaf & on X and a numerical

polynomial p(z) € Q[z].

Definition 36. For each T-scheme S, a family of quotients of & parametrized
by S is a pair (Z,q) consisting of a S-flat coherent quotient ¢ : & — Z,
where &5 is the pullback of & under the projection Xg — X, such that on
each fiber the Hilbert polynomial of .# with respect to Ox (1) is p(2).

We say that two such families (%, q) and (F#, ¢') parametrized by S are
equivalent if ker(q) = ker(¢’), and we let (F, q) denote the equivalence class
of (Z,q).

Since properness and flatness are preserved by base-change, and as tensor
product is right exact, the pullback of (%, ¢) under a T-morphism S’ — S is
well-defined, which gives a set-valued contravariant functor QuotigéJ fz) defined
on each T-scheme S by 7

S +— {(F#,q) parametrized by S}.

28



Grothendieck showed that this functor is represented by a projective T-

scheme denoted by Quotf;; fz).

Now, let & := Ox(b)®", for some r and b. Then the scheme Quoté% ?Z) is

endowed with a natural action of SL, given by changing coordinates on %"

In addition, one can embed Quotfgfé) 7(;) in a certain Grassmannian, which in
turn embeds into a certain projective space via the Pliicker coordinates, in
such way that the following properties are satisfied:
(i) SL, acts linearly with respect to the embedding;

(ii) each point (F,q) € Quot?é) :(FZ) is GIT-semistable (resp. GIT-stable) if
and only if .% is slope-semistable (resp. slope-stable); see [Sim|, Thm. 1.19,
p. 69.

In order to construct the relative compactified Jacobian J 4(C/T) — T,

Casalaina-Martin, Kass and Viviani followed this strategy: Set O¢(1) := L.

. . c
Given b >> 0, let r := P,4(b) and consider Quotﬁgfb)@r’Pd(z)

an embedding into a certain projective space satisfying properties (i) and (ii)
above. By [Sim], p. 66, there is a closed and open subscheme

endowed with

/T
Z < QUOtﬁc(—b)@T7Pd(z)

parameterizing quotient maps
q: Oc(=b)*" — F

satisfying the following additional conditions: For each geometric point t € T,
(2) .- H°(Cy, 05") — H°(Cy, Fi(b)) is an isomorphism;
(3) F is a slope-semistable sheaf on f:C — T.

Then the natural action of SL, restricts to an action on Z and, by the
Fundamental GIT Theorem, there is a quotient

77— Z/SL,.

Now let R C Z be the locus parameterizing quotients ¢ : O¢(—b)%" — F
such that F is a torsion-free rank-1 sheaf on C. From [Pan|, Lemma 8.1.1, R
is a SL,-invariant subset that is closed and open in Z, and hence its image
must be closed and open in Z/SL,; see [Sim|, Lemma 1.10, p. 61. Then they
set

J/;,d(C/T) = W(R)

Finally, by universality, J;4(C/T) is a categorical quotient of R by SL,
and an inspection of the proof of [Siml, Thm. 1.21, p. 71 shows that this
scheme coarsely represents the functor J. 4(C/T).
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Chapter 2

Autoduality for treelike curves

Let C' be a connected projective reduced curve defined over an algebraically
closed field k.

We recall that for each integer d, we denote by J¢ the scheme parame-
terizing isomorphism classes of invertible sheaves of degree d on C, and for
each point P € C, we let mp be the sheaf of ideals of P on C. Let .Z be
a line bundle of degree 1 on C'. The classical Autoduality Theorem says the
following:

Theorem 37 (Autoduality Theorem). If C is smooth, the Abel map
A:C— JY P Z@mp
s well defined and induces an isomorphism
A* Pic®(J2) — J2
which is independent of the choice of L.
See [Mu65], Prop. 6.9, p. 118. We say that J2, the Jacobian of C, is

autodual.

Case C has singularities, the Autoduality Theorem was first proved by
Esteves, Gagné and Kleiman in [EGK] for irreducible curves with at most
double points, with J2 being replaced by its natural compactification J2,
the moduli space of degree-0 torsion-free rank-1 sheaves over C, constructed
by Altman and Kleiman [AK]. More precisely, Esteves, Gagné and Kleiman
showed the following:

Theorem 38 (EGK). Assume C is irreducible and has at most double points.
Then, the Abel map

Ag:C—)jg, Pi—>$®mp
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is well defined and induces an isomorphism
A* Pic’(J2) — J2
which is independent of the choice of L.

Later, Arinkin [A07] extended the validity of the above theorem, also as-
suming C irreducible, by allowing planar singularities, in other words, asking
only that the tangent space to C' at any point be at most two-dimensional.
In this chapter we show autoduality for treelike curves whose singularities
are all planar.

As we have already said in the introduction of this thesis, a generalization
of the result obtained in this note has been recently made available at [MRV]
by Melo, Rapagnetta and Viviani, with an appendix by Lépez-Martin. They
state autoduality for any curve with planar singularities.

For each subcurve Y of C recall that Y¢ = C'—Y and dy = #Y NY<
We say that a subcurve Y of C'is a tail of C'if #Y NY*¢ = 1.

Definition 39. We say that a point P € C is a separating node if P is an
ordinary node of C' and C' — P is not connected.

We say that the singularities of C' are planar if the tangent space to C' at
any point is at most two-dimensional.

A point P € C'is called a crossing if it lies on two irreducible components

of C.

Definition 40. We say that C' is treelike if all its crossing points are sepa-
rating nodes.

Definition 41. A subcurve of C'is a reduced union of irreducible components
of C'. A subcurve is not necessarily connected. We say that a connected
subcurve Y of C'is a spine if each point in Y NY ¢ is a separating node. Notice
that, if Y is spine, each connected component Z of Y€ is a tail intersecting
Y transversally at a unique point on the smooth locus of Y and Z.

A n-tuple (Z1, ..., Z,) of spines Z; covering C' with finite pairwise inter-
section is called a spine decomposition of C.

Example 42. Let C' be a treelike curve with irreducible components C1, ..., C,.
Then (C4,...,C,,) is a spine decomposition of C.

Let .Z be a coherent sheaf on C. Let (1, ..., C,, be its irreducible compo-
nents and 7y, ..., n, their generic points. We recall that £ is torsion-free if
the map

< — 1]
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where .7, is the skyscraper sheaf of £ at n;, has trivial kernel. It is rank-1
if it has generic rank 1 on each irreducible component of C'. It is simple if
Hom(Z,.Z) = k.

The degree of a torsion-free, rank-1 sheaf .Z is deg(.Z) := x(-£) —x(0¢).
It follows from [EO01], Prop. 1 p. 3049 that a torsion-free rank-1 sheaf on C' is
simple only if it is invertible at separating nodes. The converse is true if C'
is treelike, in which case the restriction of a simple torsion-free rank-1 sheaf
to any connected subcurve of C' is also simple torsion-free rank-1.

Now, for each connected subcurve Y of C, let Jy be the compactification
of the Picard scheme of Y, that is, the scheme parameterizing torsion-free,
rank-1 and simple sheaves on Y.

Proposition 43. Let C' be a curve and (Zy, ..., Z,) a spine decomposition of
C. Then there is an isomorphism

u:Jo = Jg X% Jg, L (L2, L))
Proof. See [E09], Prop. 3.2. O

Assume C'is treelike and let C, Cs, ..., C), be the irreducible components
of C. For each d := (dy,ds,...,d,) € Z", let jg be the connected compo-
nent of Jo, parameterizing torsion-free, rank-1 simple sheaves . on C' such
that degq (&) = d;. For each i = 1,...,n, and each e € Z, let ja, be the
corresponding scheme for Cj.

Corollary 44. Let C' be a treelike curve whose irreducible components are
Cy,...,Cyn. Then for each d = (dy,...,d,) € Z™ we have an isomorphism

ﬁ'di jg« — jg«i X e X jg'Z’ I — (jCN""an)'

For each d = (dy,...,d,) € Z", let Jg - jg be the open subscheme
parameterizing invertible sheaves. Likewise, for each ¢ = 1,...,n and each
integer e, let JG C ja_ be the open subscheme parameterizing invertible
sheaves. Then 7%, as defined in the Corollary 43, restricts to an isomorphism

d __ d dy . 71d d1 dn
e = (7, my) s Jo — Jgh X x g

Remark 45. Suppose C'is treelike and all its singularities are planar. Then,
for each 7 = 1, ..., n, the singularities of C; are also planar. So, it follows from
[AIK], (9), p. 8, that the scheme ja, is integral for each e. Thus, by [G2],
Thm. 3.1, p. 232-06, there is a scheme parameterizing line bundles on ja,
named Pic(J¢ ), whose connected component of the identity we denote by

Pic’(Jg,). Let d := (di,...,d,) € Z" and 7 : J& — J& x - -+ x J& be the
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isomorphism given by Corollary 43. Then, since 7¢ is an isomorphism, we

have that jg is integral, and there is a corresponding Picard scheme for j%,
whose connected component of the identity we denote by Pico(j%).

Definition 46. Let C' be an integral curve and d € Z an integer. Let
A:C — J& be a map. We say that A is an Abel map if there is an invertible
sheaf .Z on C such that A sends P to .Z ® mp for each P € C.

In order to prove our next lemma, we need to use a special type of in-
vertible sheaves called determinants of cohomology. For more details about
the theory of determinants, see [KM].

Let f : C — T be a flat, projective morphism whose geometric fibers
are curves. Let F be a T-flat coherent sheaf on C. The determinant of
cohomology of F with respect to f is defined to be the invertible sheaf Dy (F)
on T constructed as follows: Locally on T there is a complex

09" XAagl 0

of free sheaves of finite rank such that, for every coherent sheaf .# on T, the
cohomology groups of ¥* ® .# are equal to the higher direct images of F ®
f*# under f. The complex ¢4° is unique up to unique quasi-isomorphism.
Hence, its determinant,

rank ¢! rank ¢°

det(@*):=( /\ 9He( \ 97"

is unique up to canonical isomorphism. The uniqueness allows us to glue
together the local determinants to obtain the invertible sheaf Dy(F) on T
The determinant of cohomology has the following properties:

1. Functorial property : We can functorially associate to each isomor-
phism, ¢ : F; = F», of T-flat coherent sheaves on C an isomorphism:

Dy(9) : Dy(F1) = Dy(F2).

2. Additive property : We can functorially associate to each short exact
sequence,
OCIO—>.F1—>.F2—>.F3—>O,

of T-flat coherent sheaves on C an isomorphism:

Dy(a) : Dy(F2) = Dp(F1) @ Dy(F3).
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3. Projection property: We can functorially associate to each T-flat co-
herent sheaf F on C of relative Euler characteristic d over T', and each
invertible sheaf .#Z on T, an isomorphism:

Di(F@ M) =Dy(F) @ f*M>.

4. Base-change property: We can functorially associate to each T-flat
coherent sheaf F on C, and each Cartesian diagram of the form:

c, M ¢

N

T, T

a base-change isomorphism:

h*Dy(F) = Dy, (i F).

Lemma 47. Let C' be an integral curve whose singularities are planar and
L an invertible sheaf of degree 1 on C. Let Ay : C — J2, P+ £ @mp be
the corresponding Abel map. Then there is a natural map

B : Pic®(C) — Pic’(J2),

such that A% o B = lpo(c), where A% : Pic’(J2) — Pic®(C) is the pullback
of Ay : C — J2.

Proof. The proof is in [EGK], Prop. 2.2, p. 595. We reproduce it here for
sake of completeness. Let .# be a universal sheaf on C' x J2 and . be one
on C' x J2. Form C x J& x J2, and let p;; be the projection of C' x J& x J&,
onto the product of the indicated factors. Set

M= (D, (010 @ Pigt)) ™ © Dy, (01) o0 Jo x I (2.1)

where D,,,, denotes the determinant of cohomology. Then .#* is an invertible
sheaf and we claim that it defines the desired map (5. Indeed, the sheaf .7 is
determined up to tensor product with the pullback of an invertible sheaf .4

on J2. The projection formula for the determinant of cohomology gives us
Dy (P12 @ N @ pLdl) = Dy, (P15 I ® pla ) @ pi/ ="

and
/Dpzzs(phj@p;‘/’/) :,Dpzzs(pfzj) ®p>{=/1/®n’
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where the p;; are the indicated projections and where m and n are the Euler
characteristics of pj,.¥ ® pi;# and pj,-# on the fibers of pos (hence m and
n are locally constant functions on J2 x J2). However, since the fibers of
pis have degree 0, we have m = n. Therefore, from its definition, (2.1),
A° does not depend on the choice of .#.

Similarly, the sheaf .# is determined up to tensor product with the pull-
back of an invertible sheaf &2 on J2. As before, if .# is replaced by its tensor
product with the pullback of &2, then .#° is replaced by its tensor product
with the pullback of &2%™.

Therefore .#° defines a map 3 : J% — Pic(J2). Now we claim that
the image of B lies in Pic’(J2). Indeed, since the fiber .#,, is Oc and
forming the determinant commutes with passing to the fiber, it follows that
AM°(0) = O . Thus B(0c) = O implying that 5(Jg) C Pic’(J2).

Finally we show Ay o =1 Jo - Indeed, consider the map

1c><A‘gZC><C—>Cng

and notice that Ay is defined by (1o X Ag)*.#, as well as I ® ¢i.Z, where
Zx is the ideal sheaf of the diagonal A C C'xC and ¢;; indicate the respective
projection of C' x C' x J2. Hence these two sheaves differ by tensor product
with the pullback, along the projection ¢s, of an invertible sheaf on C'. But on
the other hand, it follows from the base-change property of the determinant
of cohomology applied to

(chA‘gXlJo)

CxCxJY SC x J& x J
q23l/ p23l
(AgXlJo) _
C x J s J2 X JY

that
(Agx1y0 ) M = (Dyyy (412 I QG L D3 M )" @Dy (615 I DG L) (2:2)

on C' x J&. Hence both sides of this equation define the same map J& —
11, J2-
In order to evaluate the right-hand side of (2.2), consider the natural
sequence
O%fA—)ﬁCXc—)ﬁA%O.

Pull it back to C' x C' x J&; then tensor with ¢;.¢ ® ¢i3.# and ¢;.%. The
property of the additivity of the determinant of cohomology now yields

Do (05298 @ 4L ® qig ) = Dy (L ® @5 M) @ (¢}L @ M)~
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and

DQQ3 (qTQjA ® ffff) q23 ((hg) ( >1k'>%>_1

Now consider the Cartesian square below

CxCxJL 0% JY.

q23 j q2 l
q2

C x J2 J2

Since forming the determinant of cohomology commutes with changing the
base, we have

qz3(‘h$ ® Q13///) qz(%g ® M)

and
q23 (QI$> - q2 q2 (@hg)

on C' x J2. Hence the right-hand side of (2.2) differs from .# by tensor
product with the pullback of an invertible sheaf on J2. Therefore A%, o 3 =
Lo, and the proof is complete. O

Definition 48. Let C be a curve. Let r and s be arbitrary integers. For
each invertible sheaf .Z of degree s on C', we define the translation by: 4

Tw T T T T M.

Lemma 49. Let C' be an integral curve whose singularities are all planar.
Let A be an invertible sheaf on C, and r and s integers with s = deg(#).
Then the translation T4 induces an isomorphism

T, Pico(jgrs) 5 Pico(jé)

which is independent of A . In particular, if s = 0, then 7%, is equal to the
identity.

Proof. Since for each invertible sheaf .4 on C, we have
T OTHN =TaoN,

then 7 , is an isomorphism whose inverse is 7,,-1. So, 7%, is an isomorphism.
Now, in order to prove that the isomorphism 7%, is independent of .#,
we may assume s = 0, as if also .4 is an invertible sheaf of degree s on C,
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then .# ® 4 ~! has degree 0 and it is enough to prove that Tyey—1 = L.
We may assume r = 0 too, as for each invertible sheaf .2 of degree 1 on C,

Ty = Tyer OT 7 O Tye—r.

So, fix an invertible sheaf .Z of degree 1 on C' and consider the corre-
sponding Abel maps A;, Ay : C — J2, the first defined by P — £ ®@ mp,
the second by P +— # ® £ @ mp. Plainly we have Ay =7 ,A;. By [EGK],
Prop. 3.7, p. 605, the pullback maps A%, 43 : Pic’(J&) — J2 are equal. Thus
A = Air,.

Finally, it follows from [A07], Thm. C, that a certain map p : JO —
Pico(jg) is an isomorphism. This map is the one called § in Lemma 47,
where it is proved that Aj5 = 1. So Aj is an isomorphism as well. Since
Ay = Ai7?,, it follows that 7%, is the identity.

O

Theorem 50 (Theorem of the Cube ). Let Xy and Xo be complete varieties,
X3 a connected scheme, and £ an invertible sheaf on X1 X X5 X X3 whose
restrictions to

{Pl}XXQXXg, X1 X{PQ} XX3 andX1 XXQX{Pg}
are trivial for some Py € Xy, Py, € X5 and P3; € X3. Then £ is trivial.

Proof. See [MuT74], p. 55. ]

Proposition 51. Let C be a treelike curve whose irreducible components are
Ci,....,C,. Let d € Z™ and suppose C has only planar singularities. For each
Jj=1,...,n, let F; be a degree-d; torsion-free rank-1 sheaf on Cj;, and let

Lj: jg; — JE
be the composition of the inverse of 7% with the map given by
I = (A, I, I I, I).
Then the induced map
Vo= () s Picd(JE) — Pico(jgyll) X +oe X Pico(jg:)

is an isomorphism. Furthermore, if £; is a degree-0 invertible sheaf on C;
for j=1,...,n, then replacing each ; by Z; ® £; does not change 1*.
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Proof. Since 7¢ is an isomorphism, and since the JC are complete varieties,

the proof of the first statement is a simple apphcatlon of the Theorem of
the Cube, in an extended version: Let Xy,..., X, be complete varieties and
Py, ..., P, points on each of them. Set X := Xy x --- x X,,. For each j =
L,...,n, let ¢; : X; — X be the map taking P to (P,...,Pi_1, P, Pji1,...,P).
Then

¢* = (¢7],...,¢") : Pic®(X) — Pic’(X1) x --- x Pic(X,,)

s an isomorphism.
Indeed, consider the map

B: Pic®(X)) x --- x Pic’(X,,) = Pic®(X), (A1, ..., %) = 1A @R BEI,,
where for each i =1, ..., n,

is the projection map. Notice that ¢*8 = 1 trivially, so we need to proof
Bo* =1 as well.

Let .Z be the universal invertible sheaf on X x Pic’(X) rigidified along
P x Pic’(X), where P := (Py,..., P,). Thus, Z|pupicox) and Z|x o, are
trivial. For each 7 =1,...,n, let

i = (¢, 1o,) : X x Pic®(X) — X x Pic’(X)
and
pi : X x Pic’(X) = X; x Pic’(X)
the projection map. Then, S¢* is induced by
PINL @R pp N L.

Let

M= pINL @R pINL R L
Then . is an invertible sheaf on X x Pic’(X) such that

/\:% = %|{P1}><--~><{Pi 1IX X x{Piy1} % x{ Py} xPic?(X)

= NPINZQ - @pNL oL

= NpNZLeoL™h

= MNpNL) e

- )\l"g ® )\’L .Z_l

= ﬁxi xPic0(X)
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is trivial for each i = 1,...,n, and .#|xx(oy} is trivial. In order to prove
Bo* =1, it is enough to prove that .Z is trivial.

In case n = 1, there is nothing to prove. In case n = 2, it follows from
the Theorem of the Cube that .# is trivial. For the general case, we may
assume by induction that the restriction of .#Z to X; x --- x X,,_1 x {P,} X
Pic’(X) is trivial. Then, applying the Theorem of the Cube to the varieties
X1 X -+ x X1, X,, and Pic’(X) we finish the proof of our statement.

As for the second statement, for each j = 1,...,n consider the translation
Ty J_Jc-lj — J_;lj , sending .# to .¥ ®.%;. It is enough to prove that the induced

map 7, on Pico(jjj ) is the identity. But this follows from Lemma 49. [

Definition 52. Let C be a treelike curve whose irreducible components are

Cy,...,Cy. Let d:= (dy,...,d,) € Z and

—d __ (. d dy . 7d 7d1 7dn
T = (ﬂ.l?"'?ﬂ.n) . JC — JCl X o+ X Jcn

be the isomorphism given by Corollary 43. Let A : C' — j% be a map.
We say that A is a decomposable Abel map if ﬁfA

¢, is constant for ¢ # j
and A; 1= ﬁ%A\@. is an Abel map for each integer i = 1,...,n, that is, there
is an invertible sheaf .%; over C; such that A; sends P to .Z, ® mp for each
P € C;. We say that (4,...,.%,) defines A.

Indeed, for ¢ # j let Y; ; be the connected component of C' — C}; containing
C;. Since C'is treelike, Y; ; meets C; at a unique point N; ;. Then ﬁ]d»A\oi has
constant image % ® O, (—Ny ;).

Conversely, given invertible sheaves .2}, ...,.%, on C4,...,C, of degrees
di+1,...,d, + 1, there is a decomposable Abel map A : C — J2 defined
by (4, ...,%,): For each P € C and each j = 1,...,n, the map ﬁ]de sends
P to Z; ® Og,(—=P) if P € Cj, and to £ ® O¢,(—N) if P ¢ C}, where N
is the point of intersection with C; of the connected component of C'— Cj
containing P.

The Abel maps constructed in [CCE] are decomposable, as it follows from
[CCE], Lemma 3, p. 46.

Theorem 53. Let C' be a treelike curve with irreducible components Cy, ..., C,,.
Suppose all singularities of C' are planar and let d := (dy, ...,d,) € Z". Let
A:C — j(% be the decomposable Abel map defined by (L, ..., %), where
the %, are invertible sheaves of degree d; + 1 on C;. Then the induced map

A*: Pic’(J) — Pic®(C)

is an isomorphism which is independent of the choice of (A1, ..., %n).
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Proof. For i # j,let N;; be the point of intersection of C; with the connected
component of C' — C; containing C;. For each ¢ =1,...,n, let 4; := W?A‘Ci
and define ¢; : jgi — j(% as the composition of the inverse of 7¢ with the map
given by

I = (L(=Nip), - Lia(=Niio1), I, Lo (=Nigg1), -, Lo(—Niw)),
where Z(—N; ;) := £ ® Oc,(—Ny;) for j # 4. Then, for each i = 1,...,n,
LiAi = A

Ci»

that is, we have the following commutative diagram
C—A-J8

R

Ai _di
Ci 2 8

where [; : C; — C'is the inclusion map. Now, by taking the pullback of each
map in this diagram, for each ¢ = 1,...,n we have the diagram below

Pic’(J3) A Pic(C)

L:l jl;‘

Pic®(J&) 2 Pic(C))

where A7 : Pico(jgi) — Pic?(C;) is an isomorphism, by [A07], Thm. C, which
is independent of the choice of .%;, by [EGK], Prop. 3.7, p. 605. By combining
these diagrams, we obtain the following commutative diagram of maps

A*

Pic(J3) — Pic’(C)

L*J/ ,A_QJ(
T . 0 Fdny  (ADAR) 5. o . 0

where ¢* := (¢3,...,¢%) and 72 = (I},...,[*).

It follows from Corollary 43 that 72 is an isomorphism because C' is tree-
like. Furthermore, also (A7, ..., A%) is an isomorphism, which is independent
of the choice of (&4, ...,.Z,), because each A} is an isomorphism which is
independent of the choice of .Z;. Finally, that +* is an isomorphism which is
independent of the choice of (4, ...,.%,), it follows from Proposition 51.

Then the commutativity of the diagram above yields that A* is an iso-
morphism which is independent of the choice of (7, ..., %,).

O
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Chapter 3

Abel maps

As we have already said in the introduction to this thesis, one of our goals
is to construct two Abel maps for stable curves: a degree-1 Abel map and
a degree-0 Abel map with smooth base point; both maps having geometric
meaning and having Simpson’s compactification as target. Moreover, we
show that our Abel maps vary continually along families of stable curves.

The construction of the degree-1 Abel map is the positive answer to a
question posed by Viviani to Esteves. More precisely, Viviani asked Esteves
whether it would be possible to define degree-1 Abel maps on stable curves,
in a natural way, by removing the twisters of the twisted degree-1 Abel map
constructed by Caporaso and Esteves; see [CE].

It is not difficult to give a geometric meaning to the maps, we construct
here. The hard part is to ensure that our Abel maps vary continuously in
families of stable curves. To do this we use continuous polarizations, that is,
vector bundles on families of stable curves with constant slope. This chapter
is dedicated to construct our Abel maps, at first, only for single stable curves,
not for families of stable curves. We consider extending the construction of
the Abel maps to families in the next chapter.

Before we begin the construction of our Abel maps, we define the Caporaso—
Esteves twisted degree-1 Abel map and we would like to explain why, in our
view, one can not define, in a natural way, degree-1 Abel map without twisters
having as target Esteves’ J} or Caporaso’s Fé.

Let C' be a nodal curve of genus g and w its dualizing sheaf. For each
point P € C', let mp be the ideal sheaf of P on C.

For each proper subcurve Y of C', we let

gy = I X(ﬁY)

be the (arithmetic) genus of Y.
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Recall that for each proper subcurve Y of C, oy = #Y N Y* where
Y¢=C —-Y, and that a subcurve Y C C is called a tail of C if §y = 1.

Let X be a tail of C. As X is a tail of C, of course so is X¢, and if
{N} = X NX¢ then N is a separating node connecting X and X¢. In this
case we say that X and X¢ are the tails attached to N, or NV generates X
and X°.

By Proposition 43, p. 38, for each tail X of C' there is a unique invertible
sheaf on C', up to isomorphism, such that its restrictions to X and X¢ are
Ox(—N) and Ox(N), where { N} = X N X° We call this invertible sheaf a
twister, and we let O¢(X) denote it. Moreover, for each sum > axX with
integers coefficients ax and tails X, we let

Oc()axX) = Q) Oc(X)="x.

Now we define the set of small tails of C'. Let N € C be a separating
node and X and X°¢ the tails generated by N. Thus, we have g = g, + ¢g,.:
Indeed, let

VN - CN —C

be the normalization map of C' at N. Let
Oc — Ocy
be the associated map of structure sheaves and
0— H°C,00) = H(COn, Ocy) — k — HY(C,0c) — H' (Cy, Ocy) — 0

the cohomology sequence associated to it. Let X’ C Cy (resp. X¢ C Cy) be
the subcurve which is mapped onto X (resp. X¢) by vy. From this sequence,
we have

g = hl(ca ﬁC>

= h'(Cy,Ocy)

= WX, Ox)+h' (XY, Oxe)

= gx/ + gxc/

= gx T Gxe-
If g, < g/2 (vesp. g,. < g/2) we say that X (resp. X¢ ) is the small tail
generated by N and denote it by Xx. On the oder hand, if g, = g,. = ¢g/2,
we choose any one between X and X¢ and denote it by Xy. Let .7 (C)

denote the set of small tails of C'
For each @) € C, let 45 be a sheaf on C' defined as follows: If ) is not a

separating node, let .45 be the ideal sheaf of ) on C. If ) is a separating
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node, let X and X¢ be the tails generated by ). Then, it follows from

Proposition 43, p. 38, that there is a unique, up to isomorphism, invertible
sheaf .7 on C' such that

~

Xc — ﬁXC.

Hx = Ox(—Q) and &

So, let A == 7.
Finally we define the Caporaso—Esteves twisted degree-1 Abel map of C"

Definition 54. Let C be a stable curve of genus g > 3. We call the map

A:CoPL QA0 Y. X), (3.1)
Xes 7 (C):X3Q

the twisted degree-1 Abel map of C.

Later, Caporaso, Coelho and Esteves extended the definition of the twisted
degree-1 Abel map to Gorenstein curves [CCE], p. 50, obtaining as well the
degree-0 Abel map for such curves, [CCE], p. 46.

Now we return to the issues which we would like to clarify: Why, in our
view, one can not define, in a natural way, a degree-1 Abel map without
twisters having as target Esteves’ compactified Jacobian J} or Caporaso’s
?IC? Regarding Esteves’ compactification, the answer is easier, it follows
from the following three lemmas.

Recall that we say a point P € C'is a separating node if P is an ordinary

node of C' and C' — {P} is not connected, or equivalently, there is subcurve
C) C C such that {P} = C; N CY.

Definition 55. Let C be a curve and £ a torsion-free rank-1 sheaf on C.
We say that £ is decomposable if there are proper subcurves C;,Cy C C'
such that £ = Zo, ® £, .

Lemma 56. Let C be a curve and £ a torsion-free rank-1 sheaf on C'. Then
Z is simple if and only if £ is not decomposable.

Proof. See [E01] Prop. 1, p. 3049. O

Lemma 57 ([JC|, p. 22). Let C be a curve. For each point P € C, mp is
a torsion-free rank-1 simple sheaf on C if and only if P is not a separating
node.

Proof. Indeed, let P € C be a point. Suppose P is a separating node. In
this case, let C} and Cy be subcurves of C such that {P} = C; N Cy. Now,
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consider the following commutative diagram:

0 mp ﬁc ﬁp 0

|- X I

O—>(mp)01 S (mP)CQ—>ﬁCl @ﬁ02—>ﬁp@ﬁp—>0’

where «, 3,7 are restriction maps modulo torsion. Its horizontal sequences
are exact. Since {P} = C; N Cy, we have Coker(8) = 0p = Coker(7). Then,
by the Snake Lemma, Coker(«) must be 0, and therefore mp = (mp)c, &
(mp)c,, that is, mp is not simple.

On the other hand, suppose mp is not simple. From Lemma 56, p. 43,
there are subcurves C] and Cj of C such that C] U C) = C and mp =
(mp)cr @ (mp)cy. Therefore we have the following commutative diagram

0 mp ﬁc ﬁp 0

T

0——(mp)c; ® (mp)ey —= Oc; @ Ocy — Opnoy © Opnoy — 0,

where ' is an isomorphism, and Opnc; and Opncy are either Op or 0, de-
pending on whether P is contained in the subcurve in question or not. We
claim P = (' N CY scheme-theoretically. In fact, from the diagram above, we
have

X(Ocincy) = x(Coker(8))

Now, x(Op) = 1, and Xx(Opncy) and X(Opncy) are either 0 or 1. How-
ever, since C' is connected, we have x(Ocincy) > 1, forcing x(Opro;) =
X(Opncy) = 1. But this implies that P € €7 N Cy and x(O¢iney) = 1, hence
P=C;nCi. ]

Lemma 58. Let C' be a curve and P a point of C'. Then mp is a torsion-free
rank-1 sheaf of degree -1 on C. Moreover, mp s invertible if and only if P
18 a smooth point.

Proof. In fact, since mp C O¢ and mp|c_gpy = Oc|c—(py, we have that mp
is torsion-free and rank-1.
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On the other hand, from the natural exact sequence
0—=>mp—>O0c— Op—0,

we have

x(mp) — x(Oc) = —x(Op) = —1.

So degp(mp) = x(mp) — x(0c) = —1.

For the second statement, we recall that mp/m% is isomorphic to the
cotangent space of C' at P, so it has dimension 1 if and only if P is a smooth
point of C. O

Let A : Jo' — JL, [#] = [#*], be the isomorphism given by duality.
By this isomorphism and by Lemma 57, p. 43, m}, is a torsion-free rank-1
simple sheaf on C' if and only if P is not a separating node of C'. Thus, since
JL parametrizes torsion-free rank-1 simple sheaves on C, the map

Ac:C — Jb, P—mj

is well defined if and only if C' has no separating nodes. This explains because
one can not define, in a natural way, the degree-1 Abel map having as target
Esteves’ compactified Jacobian J}.

As for Caporaso’s compactified Jacobian, we have the following explana-
tion. Suppose that C' is a stable curve of genus g > 3. As we have seen in
Chapter 1, Caporaso’s compactification parametrizes pairs of objects [V, .Z]
where Y is a quasistable model of C' and . is a strictly balanced sheaf on
Y. Now, consider the following setup.

Let f : C — B be a regular smoothing of C, that is, a flat projective
morphism between connected and regular schemes such that: B = Spec(R),
where R is a discrete valuation ring, each geometric fiber of f is a curve, f
is smooth over the generic point of B, and C' is the closed fiber of f.

Let p: C xg C — C be one of the two projections.ALet m:Y —CxgC
be the blowup along the diagonal A C C xgC. Let A C Y be the proper
transform of A, which is a Cartier divisor on ). Then, we have a a family
of quasistable curves

p:Y—">CxpC—2>C,

having stabilization p : C x5 C — C, by [CE], p. 22, and an invertible sheaf

~

Oy(A) on Y, by [CE], p. 25, satisfying the following properties.

1. m, ﬁy(ﬁ) =T}, where Zx is the ideal sheaf of the diagonal A.
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2. if P € C is a smooth point, then Yp = C and O¢(P) = ﬁy(ﬁ)bp,
where YVp is the fiber of p over P.

3. if P € C is a singular point, then Yp = Cp and Og, (1) = Oy(A)|y,,
where r is a smooth point of ép on the exceptional component passing

through the two points of vp'(P), and where vp : Cp — C is the
normalization of C at P.

This would be the degree-1 Abel map of C, defined in a natural way, having
by target Caporaso’s compactification

A:C = PL P [Yp, Oy(A)]y,] (3.2)

If C has no separating nodes, it is not hard to prove that it is well defined.
However, if C' has separating nodes, it follows from [CE], Lemma 4.9 (i),
p. 19, that if P € C' is a smooth point, the invertible sheaf &¢(P) is strictly
balanced on C' if and only if P does not belong to any small tail of C.
Therefore, the Abel map (3.2) is well defined if and only if C has no separating
nodes.

3.1 Degree-1 Abel map

In this section we construct degree-1 Abel map for stable curves whose target
is Simpson’s coarse compactified Jacobian.

Let C be a nodal curve of genus g and w its dualizing sheaf. Let E be a
vector bundle over C. We recall from Chapter 1 that u(F) = deg(F)/rk(E)
is the slope of F, where rk(£) denotes the rank of F and deg(F) its degree.
We say that F is a polarization of degree d on C' if

wWE)=g—d-1.
For each subcurve Y of C' let

P degy (w) B degy (E)
YT k(E)

Let .Z be a torsion-free rank-1 sheaf of degree d on C.

Definition 59. We say that £ is semistable with respect to E if x(&) =
—u(F) and for each proper connected subcurve Y of C|

degy (L) > ey — %
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Lemma 60 ([Ca82], Lemma 1.12, p. 61). Let C' be a nodal curve. Let Y be
a connected proper subcurve of genus g, of C. Then

degy (w) = 2g,, — 2+ dy.
Proof. Consider the following exact sequence

0 K w wlye —=0. (3.3)

Claim: K is the dualizing sheaf of Y. In fact, since w is the dualizing sheaf
of C, there is a trace morphism ¢ : H'(C,w) — k. Composing ¢ with the
induced morphism H'(Y,K) — H'(C,w), we have a trace morphism ty :
H' (Y, K) — k for K.

Let F be a coherent sheaf on Y. In order to prove our Claim, we must
show that the composition of the natural pairing

Hom(F,K) x HY(Y, F) — H'(Y,K)
with ¢, gives an isomorphism
Hom(F,K) — H'(Y, F)*.

Indeed, let 7 : Y — C be the inclusion map and consider the coherent sheaf
1.F on C. Since w is a dualizing sheaf for C', we have an isomorphism

Hom (i, F,w) — H'(C,i,F)* = H' (Y, F)*

induced by t.
From Exact Sequence (3.3), we have the following exact sequence:

0 — Hom(F, K) — Hom(i,.F,w) — Hom (i, F, w|ye) .

We claim Hom(i,F,wl|yc) = 0. Indeed, let f : i, F — w|ye be a morphism.
We notice that f has support on Y N Y*¢ because 7,F has support on Y
and wly. has support on Y°. Thus, the image of f is a torsion subsheaf of
w|ye. But since w is an invertible sheaf, wl|y. is a torsion-free sheaf. Then
Hom(i,F,w|y<) = 0. Hence we have an isomorphism

Hom(F,K) — H'(Y, F)*

induced by ty, showing our claim.
Thus, since K is the dualizing sheaf of Y, we have deg(K) = 2¢g, — 2.
Now, consider the following commutative natural diagram

O IC W Wlye O
)
0 w|y w‘y D wlye Wye 0
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where the horizontal sequences are exact. By the Snake Lemma, the cokernel
of a is equal that of 5. However, the cokernel of /3 is w|ynye, so

x(Coker(a)) = x(w[ynye).
Since « is an injection,
X(Coker(a)) = x(wly) = x(K) = degy (w) — deg(K).

On the other hand, since w is invertible and #Y N Y is finite, we have
X(Wlynye) = x(Oyrye) = by
But, deg(K) = 2¢g,, — 2, so
degy (w) — 29, + 2 = x(Coker(a)) = dy.
O

Lemma 61. Let C' be a nodal curve of genus g > 2 and w its dualizing sheaf.
Then C is semistable if and only if w has nonnegative multidegree, that is,
degy (w) > 0 for each subcurve Y of C.

Proof. Tt follows from Lemma 60. m

Remark 62. Since C' is a nodal curve, it follows from Lemma 60, p. 47,
that Esteves’ semistability notion is equal to the one defined above. In fact,
let Y be a connected proper subcurve of C. Then

degy (Z) + x(Oy) = x(&)

dng<E)

= TT(E)

<~ degy( )

> —x(Oy) — deg%?

dng( )

= v am

_ degy (w) _ degy (E) _ 5_Y
2 rk(E) 2’

where we use degy (w) = 2¢g, — 2 + Jy.
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Lemma 63. Let C be a nodal curve of genus g > 2 and w its dualizing sheaf.
Then there is a vector bundle E over C of the form

ﬁga ® WP ® ﬁC( Z nxx>®c
Xes7(C)

such that E is a polarization of degree 1 on C' and ez = 1/2 for each tail Z
of C.

Proof. We separate the proof in two cases:
Case 1) C has no tails;

Case 2) C has tails.
Proof in Case (1). Suppose C' has no tails. In this case, let

29-3 -
E =057 @uw®i?

and observe that

_deg(E)

29—2
29 —2

9-2
that is, F is a polarization of degree 1 on C.
Proof in Case (2). Say that C has tails. Let
E=0%"0w a0 Z n, X)%
Xes7(C)

be a bundle on C' where we will choose the integers a, b, c and n, .
So that E be a polarization of degree 1 on C', we need

B deg(F) . 29-2

ME) =) " a2 —g-2eb=(@rAg

29 — 2

Sowelet a=2g—4and b=g— 2.
Now we choose the n, for each small tail X of C', and ¢ such that

E= 03 606 00 Y nX)>
Xes7(C)

satisfies ez = 1/2 for each tail Z of C'. Indeed, let Z be a tail of C'. Suppose
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first that Z is small. Then,

deg,(w) Ny deg(w)
= — (g — 2)—22\")
z 2 ey T A5
Ny, + deg2<w)
2g — 2 2g — 2

1
)
& cn, +degy(w)=9g—1
& en,+292—-1=g—1
& o, =929,

where we use Lemma 60, p. 47, for the equality deg,(w) = 29, — 1. Then,
we may take ¢ =1 and n, = g — 2g,. Notice that if Z is not small, then Z°¢
is small and furthermore, ez + ez = 1. So ez = 1/2 & eze = 1/2. Thus
ez = 1/2 for every tail Z of C.

To summarize, we let

E=0""aw @ 0c( Y (9-29,)X).
Xes7(0)

[]

Theorem 64. Let C be a semistable curve of genus g > 2, w its dualizing
sheaf and

E=0"aw " @ 0c( Y (9-29,)X)
Xes7(C)

a vector bundle over C. Then for each Q) € C, the sheaf mg, is semistable
with respect to E.

Proof. Let Q be a point of C. Since degy (mg,) > 0 for each subcurve Y of
C, in order to show that mg, is semistable with respect to F, it is enough to
show that

_degy(ﬁC(ZXeyﬁ(C) (9 —29,)X)) degy (w) B 5_y <0 (3.4)

2(9—1) 209-1) 27 '

for each connected proper subcurve Y of C. So, let Y be a connected sub-
curve of C. The proof that Inequality (3.4) holds for Y is divided in two
cases:
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1) C contains no tails.
2) C contains tails.

Proof in Case 1) Assume that C' contains no tails. In this case, we have

E = 057 "ouw™ %00,
_ ﬁ??f]-iﬁ EB w@g—Q

that by Lemma 63, p.49, is a polarization of degree 1 on C'. So, we need to
prove

degy (w)  dy
— = - —<0.

Indeed, on one hand, since C' contains no tails, we have dy > 2. But on
the other hand, since C' is semistable, we have from Lemma 61, p. 48, that
degy (w) <2(g —1). Hence, degy (w) <2(g — 1) < dy(g — 1), which implies

degy (w) _ 5_Y <0
209—1) 2 — 7

Thus, we have the proof in Case 1.

Proof in Case 2) We divide the proof of this case in the following subcases:

1. There is no tail among the connected components of Y°.
2. Y is a tail.
3. There are at least 2 tails among the connected components of Y¢.

4. There is a unique small tail among the connected components of Y°
and dy > 2.

5. There is a unique large tail among the connected components of Y*
and dy > 2.

Proof in Subcase 1) Say there is no tail among the connected components of
Ye¢. So, dy > 2 and

degy (Oc(Xoxer )9 — 29x)X))
2(9-1)

Since C' is semistable, we have degy (w) < 2(¢g— 1), and therefore, degy (w) <
dy (g — 1), that is,

= 0.

degy (w) _ 5_Y <0

20g—1) 2 =
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Proof in Subcase 2) Say that Y is a tail. Then dy = 1 and by Lemma
63, p. 49,

_degy(ﬁC(ZXeyﬁ(c)(g —2g,)X)) " degy (w)
2(g— 1) 2(g— 1)

ey =

=1/2.

Therefore,

_degy(ﬁ’c(ZXeyy(c) (9 —29,)X)) n degy (w) . dy —0
2r(g —1) 29—-1) 2

Proof in Subcase 3) Let X;, Xs, ..., X,,, be the connected components of Y
that are tails. Then m > 2. Suppose first that they are small. Then,

degy (Oo(Xxerr)(9 —20)X)) 29 —g+--+29,, —9
2(g— 1) B 2(g-1)
. 2(9)(1 +gx2 T +gxm) —mg
- 2(9 - 1)
< 0.

On the other hand, since dy > 2 and C' is semistable, degy (w)/2(g — 1) —
dy /2 < 0. Therefore,

degy (O0(Xoxer 71099 = 295)X)) N degy (w) _ by _ 0

2(g—1) 209-1) 2 —

Now, if one of the tails X; is not small, the reasoning is similar. For
example, suppose that X; is large. Then X7 is small. Furthermore,

29x,~9
—
_degy(ﬁC(ZXeyﬂ(c) (9 —29,)X)) 9= 29xf 295, =9+ 29y, — 9
2(g—1) 2(g—1)
o 2(9)(1 + Ix, " +gxm) —mg
2(9—1)
< 0.

Proof in Subcase 4) We have dy > 2. Let Z be the connected component of
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Y€ that is a tail. Then Z is small. It follows that

_degy(ﬁC(eryy(C)(g —29,)X)) _ 29, —9 < 0and M_d_y <0

29— 1) 2(9—-1) ~ 20-1) 2

Proof in Subcase 5) We have dy > 2. Let Z be the connected component of
Y¢ that is a tail. Then it is large. Notice that in this case,

_dng<ﬁC(ZX6%7(C)(g —29x)X)) 9—29,. 29,—g >0

29— 1) 29—-1) 2(g-1)

what prevents us from using the same reasoning as before. So, in order to
prove that

_degy(ﬁC(ZXeyy(C)(g —29,)X)) n degy (w) Oy <0

2(g — 1) 209-1) 2 =7

we proceed in the following way:

_degy(ﬁdz:)(eyﬂ(c)(g_ng)X)) degy (w) 5_Y

ey —d0y/2 = 2g — 1) +2(g—1)_ 5
. 29,—9 29y —2+0dy Oy
200-1)  209-1) 2
<2g
——
_ @gz+gy)—g—1 40y -1 oy
B 2(g — 1) 2

g—1 5y—1 (Sy

= 2-D T2 2
1 5y—1—6y(g—1)
-2 2(g—1)
< 0
5y—1—5y(g—1) 1
< 2(g— 1) = 2
& dy—1-dv(g-1)<—-(g-1)
S dy—1<(0y—1)(g-1)
& 1<g-1
& 2<g

where we used 0y > 2.
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Let L be an ample invertible sheaf on C'. Recall that a torsion-free rank-1
sheaf .Z on C is slope-semistable with respect to L if and only
degy (L)

degy (£) = m (deg(.ﬂ )

deg(w)y |, deg(wly) by
2 )+ 2 2

for each connected proper subcurve Y of C.

Now, let f : C — T be a family of stable curves of genus g > 2, we/r its
relative dualizing sheaf and £ a relative polarization of degree don f : C — T
Let

J&(C/T) : (T-schemes)® — Sets

be the contravariant T-functor which associates to each T-scheme S the set
of torsion-free rank-1 sheaves on py : C x7.S — S such that for each geometric
point s € S, their fibers over s are semistable with respect to &. Let det(&)
be the determinant of £.

Let £ be a relative very ample invertible sheaf on f : C — T and assume
that t — deg(L:) is constant. Recall the relative Simpson compactified
Jacobian functor of f : C — T is the T-functor J. 4(C/T) which associates to
each T-scheme S the set of relative slope-semistable sheaves on py : C X715 —
S such that for each geometric point s € 9, their fibers over s have relative
Hilbert polynomial Py(z) := deg(L,) - z+d+1—g.

In case T' = Spec(C), we set JL(C) := J4(C/T) and J; 4(C) := J.4(C/T).

Lemma 65. Let f : C — T be a family if stable curves. For each integer m
sufficiently large, the map

U, - JE(C/T) — jdetw@wg@;;),d—mrk(g) (C/T)

defined by
(p2:C' = S,N) = (p2:C' = SN @wi ),

where py : C' =C x7 S — S is the second projection, is an isomorphism of
functors.

Proof. Let (py : C x7 S — S,N) be an element of J¢(C/T)(S). Since f :
C — T is a family of stable curves, wé@/”% is relatively very ample for m > 3;

see [DM69], Thm. 1.2, p. 77. Thus by taking m >> 0, we have also that the

invertible sheaf det(€ ® wg’;:'ﬁ) = det(&) ® w?ﬁrk(s) is relatively very ample.

Now let s € S be a geometric point, and put N := N, F := &, and w := we,
the restrictions to the fiber over s. Then N is semistable with respect to E

if and only if
degy (w) _ degy (E) Oy

degy (N) 2 —5 k(E) 2

o4



for each subcurve proper Y of C,, or equivalently,

degy (E@w®™™) degy(w) 6
- k(B) 2 2

degy (E @ w®™) deg(E © w®")
a rk(E) " deg(E ® w®m)
+degy(w) 5_Y

2 2
degy (E®@w®™) deg(E®@w®™)  degy(w)
~ deg(E@w®)  rk(E) 2
dy
2
_ demy(Bowon)(_ dests)
deg(E ® w®m) rk(E)

+degy(w) 5_Y

2 2

degy (£ ® w®™)

= G E S (x(V) = m(2g - 2))

+degy(w) 5_Y

2 2
degy (£ ®@ w®™)
= deg(N) — 29 — 2 1—
deg(E ® w®m) ( eg(NV) —m(2g —2) + g)
degy (w)  dy
Ty T
degy (£ ® w®™)

deg(E ® w®m) ( eg(N @w™™) +

d o
I egy (w) %y

2 2

degy (N @w®™™) >

—m(2g — 2))

degQ(w)>

for each connected proper subcurve Y of C,. Since
degy (F @ w®™) = degy (det(E @ w®™))

for each subcurve Y of C,, including Y = C,, we have that N is semistable
with respect to F if and only if N ® w® ™ is slope-semistable with respect
to det(F ® w®™). Therefore, we have the result.

O

Remark 66. Up to taking m >> 0 we may assume that det(€) is a relatively
very ample invertible sheaf on C/T and, consequently, that ¥, : J¢(C) —
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Jaet(£).a(C/T) is an isomorphism. This implies J¢(C/T)) to be coarsely repre-
sented by the relative Simpson’s compactified Jacobian Jaet(e),a(C/T), if the
scheme T is defined over Spec(C); see Chapter 1, Subsection 1.4.

Definition 67. Let C be a stable curve of genus g > 2 over Spec(C). View
the second projection py : C' x C' — C as a family of stable curves. Let
T :=Ta be the ideal sheaf of the diagonal A C C' x C' and Z* its dual sheaf
on C' x C.

For each point P € C, the fiber Zp = m} is semistable with respect to
E=0"ow e 0c( Y  (9-29,)X)
XesT(C)

by Theorem 64, p. 50. Therefore by Remark 66, the pair (C' x C/C, I%)
defines a map B
A:C— Jdet(E),l(C)7 P m’},

We call A the degree-1 Abel map of C.

This degree-1 Abel map “improves” the one by Caporaso and Esteves
because we do not need to use twisters to define it.

3.2 Degree-0 Abel map

Let C be a stable curve of genus g > 2 over Spec(C). In the last section,
given the polarization of degree 1 on C

E=03"auw™ e 0c( > (9-29,)X),
Xes7(C)

we constructed degree-1 Abel map of C'
A:C— jdet(E),l(C)a P— m}

Now, let P be a smooth point of C. In this section we construct a
polarization Fp of degree 0 on C' and degree-0 Abel map of C' with base
point P

A() C — Jdeg(Fp),O(C); Q — mg & m};

Lemma 68. Let C' be a nodal curve of genus g > 2. Let P € C be a smooth
point. Then there is a bundle F of the form

O W™ @ 0( Y, nX)®,
XesT(C)
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where
1 if Pe X

Px = { 1 if PgX
for each small tail X of C, such that F' is a polarization of degree 0 on C
with

for each tail Z of C.

Proof. We separate the proof in two cases:
Case 1) C contains no tails.
Case 2) C' contains tails.

Proof in Case 1). Suppose that C' contains no tails. In this case, let

FI: ﬁc@w

and notice that u(F) = Clig(%) = 222 = g — 1, that is, F is a polarization of
degree 0 on C.

Proof in Case 2). Say that C' contains tails. Let

F =05 0w @ 0c( Z n, X)%°,
Xes 7(C)

where a, b, ¢, and n, will be chosen integers.
In order that F' be a polarization of degree 0 on C', we need u(F) = g—1.
Now

deg(F) 29 —2 a+2
F)= = =g—1b= :
mE) =3 ~taga T9TL® >
So, we let a = 0 and b = 1. Thus, with these choices for a and b, for each
subcurve Y of C, we have

degy (w)  degy (F)

fyr =

2 rk(F")

_ degy (w) Cdegy(ﬁC(ZXeyﬂ(c) n, X)) B bdegy(w)
2 a+2 a+2
degy (O s 7o) My X

. gy (Oc(Xoxer (o) ) +(at2— ) degy (w)

a+ 2 2(a+2)
B _Cdng(ﬁC<ZXGY7(C) n, X))
— 5 )
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Now, let Z be a tail of C'. Suppose first that Z is small. Then

7 =

_cdegz(ﬁc(ZXeyﬂ(C) nx X)) = Cn_z
2 2
So, in order that
i ifrPeZ
fZ — { 2 . )
_% it PgZz

we let ¢ =1 and

1 it PeZ
"27TY -1 it PgZ
Now if Z is not a small tail, Z¢ is a small one. Therefore, since f; = — fzc,

we have that
1 -
fZ:{Q_ 1fP€Z andnzz{l if PeZ
So in any case we let

F=wd(0c( Y n.X))
Xes7(C)

1 if P¢Z "

where, for each small tail X of C, n,=1if P € X and n, = —1 otherwise.

]

Theorem 69. Let C' be a stable curve of genus g > 2 and P € C a fixed

smooth point. Let

F:=w® 0 Z n,X)
Xes7(C)

be a polarization of degree 0 on C', where for each small tail X of C, n, =1
if Pe X andn, = —1if P ¢ X. Then the sheaf mg ® Oc(P) is semistable

with respect to F' for each point Q € C'.

Proof. Let @) be a point of C. In order to show that mg® O (P) is semistable

with respect to F', we need to show

degy (mg ® Oc(P)) > 5

for each connected proper subcurve Y C C.
However, since

0 ifPeY
dng<mQ ® ﬁC(P)) > { -1 ifP €Y

28
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for each proper subcurve Y of C, in order to show (3.5) it is enough to show
that

_degy (OcQxerr)m X)) by _ { 0 ifPeY (3.6)

2 2 =\ -1 ifPgY

for each connected proper subcurve Y of C. So, let Y be a connected proper
subcurve of C. The proof that Inequality (3.6) holds for Y will be divided
in two cases:

1) C contains no tails;

2) C contains tails.

Proof in Case 1) Assume that C' contains no tails. In this case, we have

F = wo o Z n,X)
Xes7(C)
- w@ﬁC7

which by Lemma 68, p. 56, is a polarization of degree 0 on C. Thus it is
enough to prove that

h—&ﬂ:—%g—L

Indeed, since C' contains no tails, we have dy > 2.

Proof in Case 2) Assume that C' contains tails. We divide the proof of
this case in two Subcases:

1. There are no tails among the connected components of Y.
2. There are tails among the connected components of Y.

Proof in Subcase 1) In this situation, we have

degy((ﬁO(ZXeyy(C) nX))) _degy (0c)
29 — 2 2

=0 and dy > 2.

Then,
_dng(ﬁC(ZXeY?(C) nXX)) oy
2 2~
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Proof in Subcase 2). Let X3, ..., X, be the tails among the connected com-
ponents of Y¢. Suppose first that all of them are small. Then,

_degy<ﬁC(ZXeyy(c) nXX)) T e
2 B 9 .
Now, in order to finish the proof, we need to analyze some cases with respect

to the position of the point P.

i) P € Y: In this case, it follows from the hypothesis that n, =—1 for
each © = 1,...,n, and consequently,

_dng(ﬁC(ZXegsﬁﬁ(C) nXX)) dy TNy, TN, T T Ny, oy

2 2 2 2

IA
o

because dy > m.

ii) P € X; for some i: Without loss of generality we may suppose i = 1.

Then, n, =1 and ny =-—1 for each 7 = 2, ..., m, and thus,
_dng(ﬁC(ZXeyﬂ(C) nXX)) _ 5_Y . _nxl - nx2 -t nxm _ 5_}/
2 2 2 2
. m — 2 5}/
2 2
m — 5y
= -1
+ 2
< -1

iii) PZY and P ¢ X, fori = 1,...,m: In this case, we notice that dy > m-+2.
Indeed, if 6y = m, P € C, a contradiction. And if y = m + 1, there would
be an extra tail X,,;; among the connected components of Y, again a con-

tradiction. Hence dy > m+2. Since n, =—1 for each ¢ = 1,...,m, it follows:
_degy(ﬁc(ZXeyf/(C) ny X)) Oy Ty TNy, T T by
2 2 2 2
o m — 5y
B 2
m—-—m—2
<
- 2
< -1
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Now, suppose there are large tails among X, ..., X,,. Since the curve C' is
stable, there can be at most one large tail among them. Supposing this tail
to be X, without loss of generality, we have that X7{ is a small tail. Then,

_dng(ﬁC(ZXeyzq(c) TLXX)) B nxf — nX2 e = nXm

2 2

Again we need to analyze different cases with respect to the position of the
point P:

i) P € Y: In this situation, P € X{ and P ¢ X, for each i = 2,...,m.
Hence, from the hypothesis, n . = 1 and ny = —1 for each i = 2,...,m.
Then,

ii) P € X; for certain i = 2,...,m: Say P € X,. In this case, we have

Ny = 1,n, =1and ny =-—1 for each 7 = 2, ...,n. Hence,
_degy(ﬁC(EXeyy(C) ny X)) ) e S e O o
2 2 2 2
o m—Q—(Sy
B 2
m — (Sy
= —1
* 2
< -1
iii) P € X;. In this case, n,, = —1 and n, = —1 for each i = 2,...,m.
1 2
Therefore,
2 2 2 2
. m—2—5y
B 2
_ _1 m—éy
2
< -1
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iv) P Y and P ¢ X; for any i = 1,...,m: In this case, Nye = 1 and
n, = —1 for each ¢ = 2,...,m. Furthermore, as in Case (iii), we have

5yi2 m + 2. Thus,

_degy(ﬁc(z){eym@ n,X)) B 5_Y L My Ty T Ty, B 6_y
2 2 2 2
. m—5y
o 2
m-—m — 2
2
= —1.

To conclude, we have

_degy(ﬁc(ZXeyﬂ(C) X)) _ 9y
2 2

degy (mq ® Oc(P)) >

So, as the point ) € C' and the proper subcurve Y C C' are arbitrary, the
result follows.
[

Definition 70. Let C be a stable curve of genus g > 2 over Spec(C). Let w
be its dualizing sheaf and P a fixed smooth point of C'. Let

Fp:=w® Og( Z n,X)
Xes 7(C)

be a polarization of degree 0 on C', where for each small tail X of O, n, =1
itPeXandn, =—-1ift P¢g X.
Let Za be the ideal sheaf of the diagonal A C C' x C', and put

I :=In®pi0c(P),

where p; : C' x C' — (' is the first projection. Since for each point ) € C,
the fiber
Lo =mq® Oc(P)

is semistable with respect to the polarization Fp by Theorem 69, it follows
from Remark 66, p. 55, that the pair (p; : C x C' — C, Z) defines a map

Ap . C — jdet(Fp),O(C); Q— mp & ﬁc(P).

We call Ap the degree-0 Abel map of C' with base point P.
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Chapter 4

Abel maps and the theta
divisor

From now until second order, assume C' is smooth. Let d > 0 and r > 0 be
integers. The set

Wi(C):={L e J&: h(C,L)>r+1}

has an algebraic structure and is called a Brill-Noether variety. This variety
is closely related to the Abel map in degree d of C, that is, to the map

Ag:CT = J&, (P, .., Py) »mp @ @mp,.

This is due to the fact that W9 is precisely the image of A4 and, if r > 0,
W7 (C) is exactly the locus in W9(C') where the fiber dimension of the Abel
map Ay is at least r, by [ACGH], Chap. IV, p. 153.

In this section, we focus on a special Brill-Noether variety. Indeed, as-
sume g > 2. We call the Brill-Noether variety W), (C) the theta divisor of
the curve C, and denote it by ©(C').

In fact, ©(C) is a divisor as dimW ,(C) = g — 1, by [Ca08], Rmk. 1.2.3,
p. 1389, and J& ' is smooth with dimension g.

Many properties of the curve C' are encoded in the geometry of ©(C), by
example, if g > 4, C' is hyperelliptic if and only if

dim@(C)sing =g — 3,

where ©(C')ging is the singular locus of ©(C'), and nonhyperelliptic if and only
if dimO(C)sing = g — 4; see [ACGH], p. 250.

On the other hand, dim©(C')syg is precisely described in terms of special
invertible sheaves on C' (an invertible sheaf is called “special” if its space

63



of global sections has dimension higher that expected). The Riemann Sin-
gularity Theorem, [ACGH], p. 226, states that for each £ € O(C), the
multiplicity of ©(C) at £ is equal to h°(C,.%). In particular, we have

O(Csing = W1 (C) ={L € J&  h0(C, Z) > 2}.

Another important property of the theta divisor, perhaps the most im-
portant, is that the isomorphism class of the polarized Abelian variety

(J&,e(0)

uniquely determines the isomorphism class of C. It is described by the fol-
lowing theorem.

Theorem 71 (Torelli Theorem, [ACGH], p. 245). Let C' and C' be two
smooth connected curves of genus g > 1. Then (J& ', 0(C)) = (J&,0(C"))
if and only if C = C".

So, due to the importance of the theta divisor for smooth curves, the
notion was extended to nodal curves as we will see in Definition 80, for
which we need some preliminaries.

Let C be a nodal curve, not necessarily connected, of genus g := 1 —
x(O¢), and C4, ..., C, its irreducible components. Let § denote the number
of nodes of C'. Let

v:C" —=C
be the normalization map of C. Let
be the associated map of structural sheaves and
0— HC,0p) = HY(C”,Ocv) — K — HY(C, Op) — HY(C, Ocw) — 0

the cohomology sequence associated to it. From this sequence, we obtain a
formula for the genus g = 1+ h'(0¢) — h°(0¢) of C, to know,

g:Z§Ci+5_n+17
=1

where g, = ht(CY, Ocv) is the genus of C, the normalization of Cj, for
1=1,...,n.

For each subcurve Y of C, let n, be the number of components of ¥ and
611 the number of nodes of Y. Similarly, we have the following formula for
the genus of Y:

g, = Z o, + 0¥ —ny, + 1.
CiCY
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Proposition 72. Let C' be a connected nodal curve over Spec(C) and £ a
very ample invertible sheaf on C. Then the compactified Jacobian J¢ 4_1(C)
does not depend on the choice of £ .

Proof. Indeed, a torsion-free rank-1 sheaf A4~ € Jg , 1 if and only if deg(4) =
g— 1 and

degy (-£) degy (w)  dy
d N) > ————L(deg(A) — )+ ———— —
egy(A) = deg(Z) (deg(AN) =g +1) + —5 5
degy (w) . 5_Y
2 2
= Gy — 1
for each proper subcurve Y of C. O]

Corollary 73. Let T be a scheme over Spec(C) and f : C — T a family of
connected nodal curves of genus g. Let L be a relatively very ample invertible
sheaf on f : C — T. Then the relative compactified Jacobian J 4 1(C/T)
does not depend on the choice of L.

Due to Corollary 73, given a family f : C — T of nodal curves of genus g
and any relatively very ample invertible sheaf £, we let .J,_1(C/T') denote the
relative compactified Jacobian parameterizing torsion-free rank-1 sheaves of
degree g — 1 which are relatively slope-semistable on f : C — T with respect
to L. If T = Spec(C), we set J,_1(C) := J,_1(C/T).

Proposition 74. Let C' be a nodal curve. A coherent sheaf £ of rank-1
on C' is torsion-free if and only if it has the form &£ = v,.Z’', where X' =
v* % [torsion is an invertible sheaf on a partial normalization v : C' — C.
The sheaf £ is not invertible precisely at the nodes P € C' over which v is
not an isomorphism, and for them £p = mp, the ideal sheaf of P.

Proof. See [Ses82]. O

Example 75. let C' be a nodal curve and P € C' a node. Let vp : Cp — C
be the partial normalization at P and v~(P) =: {P,, P»}. Then, we have

vp(Oc,) =mp and vimp = Oc, © kp, @ kp,.
Furthermore,
I/p*(l'(lp1 ®mp2) =mp and I/;;mp = (mpl ®mp2) D k’pl D k’p2,

where kp, and kp, are the skyscraper sheaves of P, and P,. In addition, it
follows from the projection formula that m} = mp ® #, when .# is any
invertible sheaf on C' such that vj.# = mp, @ mp,.
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Proposition 76. Let C' be a nodal curve and £ a torsion-free rank-1 sheaf
on C. Let Py, ..., P, be the points where £ is not invertible. Then £ can
be written in the form

mp - Qmp, ®//1 OT”(’fl*p1 ®---®m}3m ®%2,
for invertible sheaves A1 and M5 on C.

Proof. Let us reason by induction on m. Assume that m = 1 and let v :
Cp, — C be the normalization at P;. By Proposition 74, p. 65, . = v,..Z’,
where .¢' = v*.%/torsion is an invertible sheaf on Cp,. Let v=1(P) =:
{P", P} Let Ap be an invertible sheaf on C' such that mp+ ® mp- @
v (Ap) = L. Then,

L =v.ZL" 2 v (mpr @mp- @V (ANp)) =mp @ Np,.

Now assume that the result holds for all [ < m and let v : C,, — C be the
normalization at P,,. Then v*.Z /torsion is a torsion-free rank-1 sheaf on C,
which is not invertible at Py, ..., P,,_1. Hence, by induction, v*.# /torsion can
be written in the form

mP1®“'®um_l®:/V

for some invertible sheaf 4" on C.,. Now, let v~ !(P,,) =: {P;}, P, } and let
A be an invertible sheaf on C' such that mp+ @ mp- @ y*.# = A", Then,

L = v (y" & /torsion)
- '7*(mP1®'”®um71 ®</V)
2 ymp @ @mp, , @Mpr @Mp- QY A )

I

mp1®"'®mpm_l®mpm®%.

Finally, to prove that 2 can be written as well in the form mp ® - - - ®
mp ® ., it is enough to write & in the form mp, ® - - - ® mp,, ® A, and
to notice that for each ¢ = 1,...,m, there is an invertible sheaf .#; on C' such
that mp, £ mp, @ . O

By Proposition 74, p. 65, to each torsion-free rank-1 sheaf .Z on C, we
can associate a unique partial normalization v : " — C of C and an unique
invertible sheaf .’ on C’ such that v,.¢" = .Z. Due to this uniqueness, we
define the generalized multidegree of £ to be the multidegree deg(.Z”) of .£”
on C'. We let deg(.#) denote the generalized multidegree of .Z on C'. Notice
that it follows from Proposition 76 that

deg(Z) = deg(Z') + #Dg,
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where Dy := {P € C : v is not an isomorphism over P}. Indeed, if .Z is
invertible, there is nothing to prove. On the other hand, if .Z is not invertible,
by Proposition 76, p. 66, there are an invertible sheaf .Z on C' and nodes
Py, ..., P, such that

.,?:mp1®---®mpn®//l.

Let v : C), — C be the normalization at Py, ..., P,, and for each i = 1,...,n,
let v }(P;) =: {P", P”}. Then

g/ :mpl-ﬁ- ®mP1— ®' * '®mp;bﬁ- ®mpn— ®V*%7
from which follows that

deg(Z) = Z deg(mp+) + Z deg(mp-) + deg(#)

i=1
= —2n+deg(A)
= —n+deg(.?).

Lemma 77. Let £ be a torsion-free rank-1 sheaf on C'. Letv : C' — C
be the normalization along Dy. Let L' =v*. L [torsion. If deg(L) =g — 1,
then deg( L") = ¢’ — 1, where ¢’ is the genus of C'.

Proof. Indeed,
deg(L") = deg(Z) —#Dy
= 9g—1-#Dy

= (D 0o, +(6—#Dg)—n+1)-1
i=1

J

~~
g/

= ¢ -1
O

Let d = (di,...,d,) € Z" such that |d| :== Y ' ,d; = g — 1. For each
subcurve Y of C, set d,, 1= ) -y di.

Definition 78. We say that d is semistable if for each proper subcurve Y of
C, we have
d, >g, — 1.

Lemma 79. Let C be a connected nodal curve and £ a torsion-free rank-1
sheaf on C. Then £ is slope-semistable if and only if deg(ZL") is semistable
on C'.
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Proof. Let Y be a subcurve of C' and Y’ C C” the subcurve such that v(Y”) =
Y. Let W:= (C —Y*°) N Dg. From Proposition 72, p. 65, we have:
degy(Z) > g, =1 & degy(Z) —#W > g, —#W -1
& degy (L) —#W > Y G + 6 — #W —n,
L N————

C’LCY 6int
v/

& degy (L) —#W = ( > G, 00—, +1) —1
C,CY
& degy (L") >g,, — L

]

Definition 80. Let C' be a connected nodal curve over Spec(C) of genus
g > 2. The theta divisor of C is defined to be

0(C) :={ZL € J,1(C): h°(C, &) > 0}.
This definition is motived, mainly, by the following theorem by Beauville.

Theorem 81. Let d € Z" be a n-tuple such that y ;. ,d; = g — 1. Let Jg
be the Jacobian parameterizing invertible sheaves on C' with multidegree d.
Then the subset

{ZeJL 1 %) >0} cJL
15 a diwvisor if and only if d s semistable.

Proof. See [Bea77], Thm. 2.1. O

Recall that Cgne denotes the set of singularities of C'. For each S C Cgipg
let vg : Cs — C' be the partial normalization of C' along S. Let ¥*(Cy) be
the set of semistable n-tuples on Cs and Jgs the Jacobian parameterizing
invertible sheaves on Cs with multidegree d. Then, by Proposition 74, p. 65,
and Lemma 79, p. 67, ©(C) has the following description

o) = |J {ZeJi 1(Cs.2) >0}

ggSnging

ez (Cs)

Given a family of connected nodal curves f : C — T, let ©(C/T) be the
relative theta divisor of the relative compactified Jacobian J,_1(C/T).

Theorem 82. Let T' be a scheme over Spec(C) and C — T a family of
connected nodal curves of genus g > 2. Then the relative Cartier divisor

6(C/T) C Jy1(C/T)

1s relatively ample.
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Proof. See [Ale], Thm. 5.3, p. 13. ]

From now until the end of this chapter we show how our degree-1 Abel
map relates to the theta divisor.

Definition 83. Let C' be a nodal curve. We say that C'is a curve of compact
type if all its nodes are separating nodes.

Proposition 84. Let C be a stable curve of compact type over Spec(C)
of genus g > 2 and w its dualizing sheaf. Let C4,...,C,, be the irreducible
components of C. Let £ be a line bundle on C' with multidegree

(901 -2+ (5@1, "'7gCn -2+ 6Cn>
Then the map B
B:C— J,1(0), Qmp 2L
is well defined. Furthermore if £ is effective, B factors through ©(C).

Proof. Let @ € C be a point. Before we prove that my, ® £ is slope-

semistable, of course we need to prove that deg(mf, ® £) = g — 1, that is,
deg(Z) = g — 2 . Indeed,

deg(Z) = Y (9., —2+6c,)
— ch_ —2n + 25 +2 -2
7 %,—/
i = 0 because C is
of compact type
= g—2.
Now, we prove that mg ® . is slope-semistable, that is,
degy (mp ® L) > g, — 1

for each connected subcurve Y of C'. Indeed, let Y C C' be a connected proper
subcurve of C'. From Theorem 64, p. 50, we have that my, is semistable with
respect to the polarization

E=02"auwi e 0c( > (9-29,)X),
Xes7(C)
that is,
degy(mg) > (29, —g+---
42, —9)/(29 — 2) + deg(w]y)/(29 — 2) — dy /2
= (29y, g+ +2g,, —9g+29, —2+0y)/(29 —2) —dv/2,
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where Y1, ..., Y, are the tails among the connected components of Y¢. How-
ever, since Y is of compact type, we have m = dy and g, +---+g,, +9, =g
So,

degy(mg) = (29, =g+~ +29, —g+2g, —2+0y)/(29 —2) = dv/2

= (20—2—-96yg+0y)/(29—2)—dy/2
= 1—0dy.

Now, since deg(-&’) = (g, — 2+ dcys -+, 9e, — 2+ dc,) and Y is of compact
type, we have

degy (£) = > (9., —2+0c)

C; Y
= > (9, ~2D+ ) b
- Z o, — 21, + 200" + by
C;CY
- Z 9e, +25§9t —2n, +2-2+0dy
CZQY =0 be:aruse Y is
of compact type

Thus, we have
degy (mg) > 1 — 0y < degy(mp ® Z) > 1 -0y +g, —2+ 0y =g, — 1,

that is, mf, ® £ is slope-semistable.
Finally, we show that the map

B:C—J,1(C), Q- mh "L

is well defined. Indeed, consider the first projection p; : C' x €' — (' as a
family of curves. Let Z be the ideal sheaf of the diagonal A C C' x C' and
Z* its dual sheaf. Consider the sheaf 7* ® pj.Z on C x C' and notice that
the fiber Z ® pi.Z|p = m}) ® £ is slope-semistable over each point P € C.
Therefore, the pair (py : C x C — C, IT* @ p;.%) defines B : C — J,_1(C).

Now, if .Z is effective, in order to see that B factors through ©(C), it is
enough to notice that for each point @ € C, my, has sections, what implies
my, ® £ has sections too. It is important to notice that since C'is a stable
curve, the multidegree of .

@(X) = (gcl -2 +6Cl7"‘7gcn — 2+5cn)

supports an effective invertible sheaf, as g, — 1+ dc, > 0fori=1,..,n.

[]
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Definition 85. Let C' be a curve and E be a polarization on C. We say
that E is a degenerate polarization if ey — dy /2 € Z for each irreducible
component Y of C, where ey = degy (w)/2 — degy (F)/rk(E).

The next example is one of a degenerate polarization of degree 1 for curves
of compact type.

Example 86. Let C be a curve of compact type whose irreducible compo-
nents are C1, ...,C,,. Let

E=0"0u™ 2800 Y. (9-200X)
Xes7(C)

be a polarization of degree 1 on C'. Then F is degenerate. In fact, for each
1 =1,...,n, we have

_deg(ﬁc(ZXny(c) (g - 29X)X) Ci) degCi (w)

2(9 —1) 2(9 —1)
= (2ng —g+---+29, —9+29. —2+0¢,)/(2g — 2)

€c, =

where Y7, ..., Y, are the tails among the connected components of Cf. But
since C' is a curve of compact type, we have m = dc, and g, +---+g,. +9, =
g. Thus,

€c; = (2gy1 ot 29)/50' —g+ 2901- -2+ 501‘)/(29 - 2)
= [2(9Y1 -+ gY(; + gci) - 5Cig -2+ 5Ci]/(2g - 2)
(292400, 0,9)/(29—2)
= 1-9¢,/2.
Hence,

ec;, — 501./2 =1- (5@/2 — (5@/2 =1- 501‘ S/
for each ¢ = 1, ..., n, that is, E is degenerate.

Proposition 87. Let C' be a nodal curve. Then there is at least one degen-
erate polarization of degree 1 on C, such that mg, is semistable with respect
to it for each point @ € C.

Proof. Let C},...,C, be the irreducible components of C'. For each i =
1,...,n, let
q; ‘= 1_501/2+f17
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where the f; will be chosen integers.
For each subcurve Y of C, let f,, 1= > . -y fi and

4y = Z q;

CiCY
= > (1—=dc/2+ 1)
C;CY
= Ny — (5Y + 251}2‘3)/2 + fY
— ny—éy/2_6§}t+fy
So, suppose the f; were chosen. Suppose that we constructed a bundle F
over (' satisfying the following conditions:

1. deg(E)/rk(E) =g — 2.
2. ey = q, for each subcurve Y of C.

3. ey — dy/2 < 0, orequivalently 1 — dy/2 < ey for each connected
subcurve Y of C.

Then E would be a degenerate polarization of degree 1 on C, as ec, —
dc,/2 € Z for each i = 1,...,n. Moreover, for each point @ € C, mg, would
be semistable with respect to E, because by (iii),

degy(ng) Z 0 Z ey — 5}//2

for each connected proper subcurve Y of C.

In order to construct such a degenerate polarization E, first we obtain
the f;. Indeed, let F' be a vector bundle over C' such that degq, (F)/rk(F) =
ﬁci — 1/n for each ¢ = 1, ..., n, and notice that

n

p(F) = deg(F)/rk(F) = (3c, — 1/n)

i=1
- ngvcl -1
i=1

= Y o +6—nt+l—(0-n+1)-1
i=1

= g—1—(0—n+1),

that is, F' is a polarization of degree 6 —n+1 on C. Let .4 be an invertible
sheaf of degree 6 —n + 1 on C such that .4 is semistable with respect to F,
that is,

degy (A7) = g, — 1 — degy (F) /rk(F)

72



for each connected subcurve Y of C'. Let Y be a connected proper subcurve
of C. Then

degy (A7) = gy — 1 —degy (F)/rk(F)
- gY_]‘_ Z§Ci+ny/n
C;CY
= 9y _<Z gci+6§lt_ny+1)+6¥lt_ny+n}f/n
C;CY

~~

Iy

= & —n, +n,/n
However, since degy (A7) € Z and 0 < n,, /n < 1, in fact we have
degy (A) > &M —n, + 1.

Then, for each i = 1,...,n, let f; := dege. (.#), and let E be a vector
bundle on C such that e, = ¢, for all <. Thus, we have

f, >0l —n_ +1, or equivalently, 1 —dy /2 < ey
Y Y Y

for each connected proper subcurve Y of C, that is, F is a degenerate polar-
ization of degree 1 on C' such that for each point @ € C, mg, is semistable
with respect to F. O

Proposition 87 has the following importance: Let E be a degenerate
polarization of degree 1 on a nodal curve C' of genus g > 2 such that for each
point @ € C, mg, is semistable with respect to E. Let £ be an invertible
sheaf on C' such that

deg(,i”) = (501 —1-— €C1 +5Cl/2,...,§cn —-1- 6Cn +5Cn/2)

and notice that

n

deg(Z) = D (Ge, — 1 -0, +00,/2)

=1
n

= Z(gcz + 501'/2 - 1) - Z €c;
=1

=1

- chi + 0 —n+deg(E)/tk(E) — deg(w)/2

=1
= g-1l+g-2-(9g—-1)=g-2
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Let @ be a point of C' and Y a connected proper subcurve of C. By
hypothesis, my, is semistable with respect to £. Then, degy (mf)) > ey —dy /2
or equivalently,

degy (M) ®.Z) > ey —0y/2+ > (G —1—ec, +0c,/2)

C;CY
= 6y—5y/2+ chi—nY—GY—F(S?}t—F(Sy/Q
C;CY

CiCY
Therefore if C' is defined over Spec(C), the map
B:C— J,1(C), Q- mj® L,
is well defined, and factors through the theta divisor of C' if .Z is effective.

Corollary 88. Let C be a stable curve over Spec(C) of genus g > 2. Let
E and F be degenerate polarizations of degree 1 on C' such that for each
point P € C, m}p is semistable with respect to each one of them. Then,

Jaer(2)1(C) = Jaer(r)1(C).
Proof. Let £ and .# be invertible sheaves on C' such that

@(g) = (gcl -1- 601 +501/27 "'7§cn —-1- 6cn + 5Cn/2)

and

deg("%) = (gcl -1- f01 + 501/2’ "'>§cn —-1- fcn +5Cn/2)'

In order to prove that jdet(E)J(C’) = jdet(p),l(C), it is enough to notice
that the translations

Ty : jdet(E),l(C) — Jgfl(C), N > NRYL

and

Tu: a1 (C) = Jy1(C), N = N @ M

are isomorphismes. O

It follows from Corollary 88, that it matters little the choice of degenerate
polarization E with respect which m}, is semistable for every @ € C.
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Chapter 5

Abel maps for families of curves

The first purpose of this chapter is to describe a construction of a family of
stable curves v : V — V called a versal family of stable curves. It is versal in
the following sense: Given any family of stable curves f : C — T, there is a
cover U;erT; by open sets of T' such that for each ¢ € I, we have a Cartesian

diagram
T T

I, —V.

-

(5.1)

In [HM98], p. 102 there is a construction of such a family, which will be
sketched here.
Our second purpose is to extend our Abel maps to this versal family, and
our last is to try to extend our Abel maps to any family of stable curves.
Let X be a projective scheme, with very ample invertible sheaf & (1),
and .# a coherent sheaf on X. The Hilbert polynomial of % with respect to
Ox (1) is defined to be the function

X(F () - L — Ly no— X (F(n)),

where x(.Z(n)) is the Euler characteristic of .#(n). When # = Oy, it is
also called the Hilbert polynomial of X. This terminology is justified by the
following proposition:

Proposition 89. Let X be a projective scheme, with very ample invertible
sheaf Ox (1), and F a coherent sheaf on X. Then the Hilbert polynomial of
F with respect to Ox (1) is a polynomial on n, of degree equal to dimSupp.Z .
It can be expressed as an integer combination of binomial polynomials (’Z)
Finally, for n >> 0, we have x(F(n)) = h°(F (n)).
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Proof. The first and second statements follow from [Har|, p. 230, Exer. 5.2.
The last equality follows from Serre’s theorem on vanishing of higher coho-
mology. Finally, the expression in terms of binomials is a general fact about
polynomials taking integer values; see [Har], Prop. 7.3, p. 49. O

Let C' be a stable curve of genus g > 2, w its dualizing sheaf and n > 3
an integer. Under these conditions the sheaf w®" is very ample; see [DM69],
Thm. 1.2, p. 77. Hence we may use w®" to embed C' in P" for some r. Indeed,
since

dege, (W) = (1 — n)(Qgci —2+40¢,) <0,

then w®'~" has no sections, that is, H°(C,w®!™") = 0. Then by the Riemann—
Roch Theorem, h%(C,w®") = (2n — 1)(g — 1). So, let

r==02n—-1)(g—1)—1and d:=2n(g — 1),

and choose a basis for H°(C,w®"). Let pyen : C — P" be the map given by
this basis. We call ¢ 2» a n-canonical embedding of C.

Let X denote the image of ¢ := ¢, en and Zxp- its sheaf of ideals in P".
Then we have a natural exact sequence:

0= Ixpr — Opr = Ox — 0,
and therefore the Hilbert polynomial P(z) of X satisfies
P(m) = h®(Ox(m)) = h*(w™") = 2mn(g — 1)+ 1 - g

for m >> 0. That is, P(z) = dz + 1 — g, depending only on n and g.
So, X can be represented by a point in the Hilbert scheme parameterizing
subschemes of P" with Hilbert polynomial P(z) =dz+ 1 —g.

As we have already said, our aim is to construct a versal family of stable
curves. But we do more than this, we construct such a versal family where
each fiber is a stable curve of genus g, n-canonically embedded in P" and
with Hilbert polynomial P(z) =dz+1—g.

Before this, we introduce the last preliminary. Let H be the Hilbert
scheme parameterizing closed subschemes of P" with Hilbert polynomial
P(z)=dz+1—g.

Let Y C P" x H be the universal subscheme. For each point b € H, let
Y, be the fiber of ps : Y — H over b, where py : P x H — H is the second
projection.

For each curve Z C P, let Zypr be the ideal sheaf of Z in P" and Nypr :=
Hom(Zzpr /T, O7) its normal sheaf.
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Lemma 90. Let H'" C H be an open subset. Assume that for each point
b€ H" the fiber Y, of po : Y — H" is a stable curve. Then H" is smooth.

Proof. See [Ca94|, Lemma 2.2, p. 609. ]

Finally we are ready to describe the construction of the versal family of
stable curves given in [HM98|]. Indeed, by [HM98|, Lemma 3.4, p. 102, there
is an open subscheme H' C H parameterizing the points b € H whose fiber
Y, of po : Y — H is a nodal curve.

Let Y' := Y NP" x H" and let wy,z be the relative dualizing sheaf of
pe 1 Y — H’'. Since ampleness is an open property, it follows from semicon-
tinuity that there is an open subscheme H” C H' parameterizing the points
b € H" such that wy g~ restricts to an ample sheaf on the fiber Y;.

Let Y := Y NP" x H”. Then, since the relative dualizing sheaf of
pe YY" — H"” is ample, we have that p, : Y — H” is a family of stable
curves. Furthermore by Lemma 90, H” is smooth.

Now, notice that py : Y — H"” is a family embedded in P" x H”, but not
all its fibers are n-canonically embedded. Due to this, we pass to a subscheme
of H". Indeed, let wyn, p» be the relative dualizing sheaf of p, : Y — H".
Let Oy (1) be the very ample sheaf given by the embedding in P x H”. The
invertible sheaves wy;, ;. and Oy»(1) induce a map

H' — PiC?’”/H” X pim PiC?////H//,

where Picf/,, /i is the algebraic space parameterizing invertible sheaves of
degree d on the fibers of py : Y — H”. Let V C H” be the inverse image
of the diagonal under the above mapping. Notice that V' is not necessarily
a closed subscheme of H” because Pic{., /v may not be separated over H”.
Let V:=Y NP" x V, and denote the projection ps by v:V — V.

Thus, each n-canonically embedded stable curve of genus g is a fiber of
v. Reciprocally, for each b € V, we have Oy, (1) = wy", where Y}, := v~ (D)
and wy, is the dualizing sheaf of Y;. So, the inclusion Y, < P" may be seen
as given by r 4+ 1 global sections of w%”. These r 4+ 1 sections are linearly
independent, because h'(P", Zy,pr (1)) = 0, and they span H°(Y;, wy") since
this vector space has dimension r + 1. So Y}, is a n-canonically embedded
stable curve of genus g.

Now we state that V' is nonsingular. Indeed, to show this we apply the
infinitesimal criterion for smoothness, [GD] IV4-17.5.4, p. 69. Let A be a
local Artinian k-algebra with residue field k, and I C A an ideal isomorphic
to k. Let B := A/I and S4 := Spec(A). Denote by Sg C S, the subscheme
given by I. Fix a map Sg — V, and let b € V denote the point in the image.
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According to the infinitesimal criterion for smoothness, to show V' is smooth,
it is enough to show that Sg — V extends to a map S, — V.

Indeed, since V' C H” and H” are nonsingular, there is an extension to a
map S, — H”. So, there is a closed subscheme

YA - P" x SA (52)

whose intersection with P" x S is the subscheme Yp given by the map
Sp — V. Let wy be the relative dualizing sheaf of py : Y4 — S4 and wp its
restriction to Yp.

Let o, ...,0, be the pullbacks to Yz of a basis of the space of global
sections of Opr(1). Since Yp is given by Sp — V, we have that w§" = Oy, (1).
So we may regard oy, ..., 0, as global sections of w3" giving the embedding
of Yp in P" x Sp. Now, since the formation of H°(Yy4,w%") commutes with
base change, the sections o; lift to global sections o; of w§". And since the
0;’s give an embedding of Yz in P" x Sp, the 0;’s give as well an embedding
of YA in P" x SA.

The embedding given by the ¢;’s may not be that given by the inclusion
(5.2), so that it may correspond to a different map S4 — H”. This does not
matter because this map lifts the given S — V, and it is plain from the
construction that it factors through V. Then, V' is nonsingular, as we stated.

Finally, v : V — V is a versal family of stable curves. Indeed, let f :
C — S be a family of stable curves, and denote by we/s its relative dualizing
sheaf. Then wg’/’g gives a closed embedding of C into

Ps(f.(wEs)) = Proj(Sym(f. (&),

where

Sym(f.(wess)) = €D Sym™ (fu(wEs));

m>0

with Sym™(f.(wg /S)) denoting the m-th symmetric product of f, (w?/’g), for
each m > 0.
Now, picking an open covering S; of S such that for each i, f. (wﬁ?/’g)

free, after choosing a basis, we may embed each C; := f~1(S;) in P" x S;, and
hence we get an induced map S; — H. By construction, this map factors
through V. Then, ps : C; — S; is the base extension of C — V under a map
S; = V.

Moreover, it is important to notice that the family v : V — V is a family
of stable curves of genus g > 2.
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5.1 Degree-1 Abel map for the versal family

Let v : V — V be the versal family of stable curves constructed above and
consider the following setup due to Esteves. Let ¥ C V be the scheme of
singularities of v, given by the Fitting ideal of Q)l//v. Since v : V — V is
a family of nodal curves, ¥ intersects each fiber in a reduced scheme. Let
Y1 ..., %! be the irreducible components of . If two of them intersected |,
say over b € V', then X would not intersect transversely V,. Actually, from
[DM69], p. 82, one can see that ¥ is nonsingular and of codimension 2 in V.
Thus the X are also the connected components of 3.

For each i = 1,...,1, let B® = v(X?). Since v is proper, B’ is an irreducible
closed subscheme of V. Consider the restriction

v i= vy 0 XY — B

Then v is a proper surjection with finite fibers, whence a finite map. Also
it follows from the analysis on [DM69], p. 82, that v is an immersion. Also,
B! is a Cartier divisor of V, because V' is smooth.

Now, reorder the X! in such way that X!, ..., ™ are the ones that intersect
each fiber in a separating node. For each i = 1,...,m, let Z% and W* denote
the irreducible components of v~!(B?). They intersect transversely at ‘.
Indeed, for each b € B', we have that Bi and W} are the two tails of V),
attached to the node in . For each i = 1,...m,, we choose Z* and W* such
that Z° has relative genus smaller than g/2 over B°. If both Z* and W' have
relative genus ¢/2, just remove X from the list.

For each i = 1,...,m, let Oy(Z*) denote the divisor associated to the Z°.
Let ), and wy be the structure sheaf and the canonical sheaf of v:V — V.
Now consider the vector bundle

E = ﬁ$29—4 ® w%g—? ® ﬁv(zl)@)g—le R R ﬁv(zm)®g—2gm

on V.

Regard the second projection py : V Xy V — V as a family of curves. Let
7 :=Ta be the ideal sheaf of the diagonal A C V xy V and Z* its dual sheaf
on V xy V. Let y be a geometric point of V. Then, we have

E,= 0w oo Y (9-29,)7),
ZeS T (Vy)

and furthermore, for each point P € V,, I}, = m}, is semistable with respect
to £, by Theorem 64, p. 50. So, Z* is a (relative) torsion-free rank-1 sheaf
of degree 1 on py : V Xy V — V which is semistable with respect to &, or
equivalently, slope-semistable with respect to det(€); see Remark 66, p. 55.
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Hence if V' defined over Spec(C), the pair (py : V Xy V — V, I*) defines
a map

AV — jdet(g)J(V/V), (53)

where Jyet(e)1(V/V) is the Simpson’s relative compactified Jacobian, param-
eterizing torsion free rank-1 sheaves of degree 1 on v : ¥V — V which are
relatively slope-semistable with respect to det(£). We call A the degree-1
Abel map of v:V — V.

This construction of the degree-1 Abel map of v : V — V is a particular
one. At first we do not see how to use it to construct degree-1 and degree-0
Abel maps for any family of stable curves of genus g > 2. In the next section
we consider to construct them for any family of stable curves of genus g > 2
using other techniques.

5.2 Degree-1 and degree-0 Abel maps for fam-
ilies of stable curves

Let f: C — T be a family of stable curves of genus g > 2. By the versal
property of v : V — V, there is an open cover Ujc ;T of T" and the Cartesian
diagrams below

(5.4)

The easiest way to construct, by example, the degree-1 Abel of f : C — T
is to glue the pullbacks, through the g;, of the invertible sheaves 0),(Z") and
to get sheaves 0¢(Z") on C for each i = 1,2, ..., n. Done this, we can construct
the relative bundle

E= 6?2974 D W?Q*Q D ﬁc(Z1>®g—2g1 R R ﬁc(Zm)®g_2gm

on f : C — T and consequently, the degree-1 Abel map A : C — Jaer(e)1(C/T)
of f:C—T.

However, we do not know how to do this gluing. Thus, in order to over-
come this difficulty to get the sheaves O¢(Z") on C, we use divisors on stacks
which will be introduced in the next subsection.

5.2.1 Stacks

In this subsection we present a simple introduction to the stacks. The reader
who is more interested on this subject may see details in [ACG].
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Let T be a scheme and consider the category Sch/T" of schemes over T
In what follows we will mostly consider the case T' = Spec(C).

Definition 91. A groupoid over T is a pair M = (€, prm), Where Gy
is a category, and ppq @ Gy — Sch/T is a functor such that the following
conditions hold:

1) Let f : S — S be a morphism in Sch/T, and let n be an object in
% such that pa(n) = S. Then there are an object £ € €y and a morphism

@& = nin Gy with pu(p) = f.

2) Each morphism ¢ : £ — 7 in €\ is Cartesian in the following sense.
Given any other morphism ¢’ : ¢ — 1 and a morphism A : py(&) = pa(&')
such that py(¢')h = pam(p), there is a unique morphism v : £ — & such
that pa(v0) = h and @'y = ¢.

For notational simplicity, we refer to the objects of €\ as the objects of
the groupoid M.

Definition 92. A n-pointed smooth curve of genus g is a smooth curve C
of genus g together with an ordered collection P, ..., P, of distinct smooth
points of C.

A n-pointed stable curve of genus g is a curve C' together with an ordered
collection P, ..., P, of distinct smooth points of C' such that for each rational
component F of C, #ENC — E + #{P,: P, € E} > 3.

If C is a n-pointed smooth (resp. stable) curve of genus g with ordered
smooth points P, ..., P,, we let (C, P, .., P,) denote it.

Example 93. Let % be the category where the objects are families £ : C — T
of smooth (resp. stable, n-pointed) curves of genus g so that a morphism
p & — & between a family ¢ : " — T" and a family £ : C — T is a
commutative diagram

C'——=C

i

e
which induces an isomorphism C" = T xr C. Define, the functor p, which
associates to each family € : C — T its parameter space T', that is, p(§) =T,
and to each morphism ¢, p(p) = f. It is not hard to see that the pair (¢, p)
satisfies properties 1) and 2).
The groupoid of n-pointed smooth (resp. stable) curves of genus g is
denoted by My, (tesp. M,.,,).
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A morphism a : M — M’ of groupoids over Sch/T is a functor, which
we also denote by a, a : Gy — G such that, pyy = apa.

Lemma 94. A morphism F : M — M’ of groupoids over Sch/T is an
isomorphism if, and only if, for each S in Sch/T, the induced functor on the
fibers Fs : M(S) — M'(S) is an equivalence of categories.

Proof. See [ACG]|, Lemma 5.1, p. 282. O

Lemma 95. Every contravariant functor F': Sch — Sets can be considered
as a groupoid.

Proof. See [ACG], p. 285. O]

Example 96. Every scheme can be considered as a groupoid. Indeed, by
Yoneda’s lemma and by Lemma 95, given a scheme X, we can identify X
with Hom(—, X), and then consider X as a groupoid.

Let M be a groupoid over Sch. Given an object £ in M(T'), we think of
T as a groupoid, and we define an induced morphism of groupoids

mgiT—>M,

by associating to each object in 7'(S), that is, to each morphism f: S — T,
a pullback f*(¢) in M(S). In particular, given a family of n-pointed stable
curves 7 := (C — T) of genus g, it induces a morphism

T — Mg,

so that for each morphism f : S — T, we have f*(1) = (C xpr S — 9) €
M(S).

Definition 97. Let M = (%, p), with p: € — Sch be a groupoid. Let £ be
an object of M(U), T a scheme and f : U — T an étale surjective morphism.
Consider the respective projections

piIUXTU—>U, pz‘jIUXTUXTU%UXTUaquiIUXTUXTU—>U,

so that pip12 = q1 = p1p13, PaP12 = @2 = P1P23, and pap13 = g3 = Papa3.

A descent datum for £ relative to f : U — T is an isomorphism ¢ : pj& —
pa€ such that phyp o plyp = pize : 41§ = ¢3¢

We say that a descent datum for £ relative to f is effective if there are
an object n € M(T) and an isomorphism 1 : f*(n) — & such that ¢ =
(p3) o (piv)~.
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Definition 98. A stack is a groupoid M = (%,p) having the following
properties.

1) Every (étale) descent datum is effective.

2) Given a scheme T' and objects £ and 1 in M(T'), the functor

Isomr(&,m) @ Schy — Sets
S ST s {f€= fn)
is a sheaf in the étale topology.
Theorem 99. The groupoid M, and M, are stacks.
Proof. See [ACG|, Thm. 7.6, p. 296. O

We say that a morphism of stacks f : M — N is representable, if for
each scheme S and each morphism S — .47, the fiber product M x, S is a
scheme. (Notice that we are identifying S with Hom(—, 5).)

Definition 100. A stack M is called a Deligne—Mumford stack if it has the
following properties.

1. The diagonal A : M — M x M is representable, quasi-compact, and
separated.

2. There are a scheme X and a representable étale surjective morphism
X — M.

Theorem 101. M,,, and M,,, are Deligne-Mumford stacks.
Proof. See [ACG], Thm. 8.3, p. 300. O

For the sake of notational simplicity, if £ and 7 are objects of a groupoid
M, and H is a morphism from & to 7, then we designate the corresponding

morphism p(£) — p(n) by h.

Definition 102. A quasi-coherent sheaf .# on a stack M consists of the
following data:

1. A quasi-coherent sheaf .%, on S for any morphism « : S — M, where
S is a scheme,

2. An isomorphism
pu W (F5) — F,
for each morphism H : a — [ of schemes over M, satisfying the cocycle

condition:
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3) For each pair of morphisms H; : oy — ag and Hj : ag — a3, where
a; 2 S; > M, i=1,2, 3, is a scheme over M, the diagram

Foz)) == (ha 0 h1)"(Fuy)

lpHgoHl
O\

Fa) Fa

of isomorphisms of sheaves over S; commutes.

ne(hs(F
hi (PH2 l
0“

We say that a sheaf .# on M is locally free of rank-r if all the %, are
locally free of rank-r.

We say that .% is an invertible sheaf on M if it is locally free of rank-1.
When M is a Deligne-Mumford stack, the isomorphism classes of invertible
sheaves form a group under the tensor product operation called the Picard
group of the stack and it is denoted by Pic(M).

Given a family of n-pointed stable curves f : C — T and an extra section
o:T — C of f, there is a way to get one family of n 4+ 1-pointed stable
curves from it, called stabilization; see [ACG], p. 129. We are interested in a
particular case. Indeed, let f : C — T be a family of stable curves. Consider
a projection p : C X7 C — C as a family of 0-pointed stable curves and the
diagonal A : C — C x1C as a section of p. As A is not a section through the
smooth locus of p, we do the following. Let ) be a node of a fiber of f, say
over tg € T'. Close to the node @), C can be analytically represented as the
locus with equation xy = g, where ¢ is a function on an open neighborhood
V' of ty which vanishes at ¢y, and thus C x7 C can be locally realized as the
locus

W= {((z,y,2,¢),s) eUxV:ay=g=ay}
where U is a neighborhood of the origin in C*, and A the locus with equations

v=1a, y=y.
Now, replace W with

W' = {((z,y,2",9), 5, [N : p]) € UXVXP! :wy = g = 2"y, Mo’ = pw, \y = '}

and A with the section A’ corresponding to the locus A=p. Thus, the net
effect on the fiber at 2’ =9’ =0, s = s = 0, is to replace the node P with a
P!, meeting once each of the two branches of the former node, and crossed
by A’ at a smooth point. Notice that we can do this local constructions for
each node of each fiber over 7T'.

Stabilization process shows that all this local constructions that we can
do fit together and that the result is algebraic. For our particular case, the
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final result of the process is a family h : ) — C of 1-pointed stable curves
with a section A’ : C — Y such that for each smooth point Q € C, the fiber
Vg is the 1-pointed stable curve

(Cr@), @),

whereas if () is singular, )V is the one

(Cr@) Ra),

with 5f(Q) = EFuU C?(Q), Whe_re. C;‘;?(Q) is the .normalizatiion of Cf(Q) at @, F is
the exceptional component joining the points of the inverse image of ) by
this normalization, and R is a smooth point of C,q) on E.

Definition 103. Let X := (C, P, ..., P,) be a n-pointed stable curve of genus
g. Let P € X be a separating node. Let vp : Xp — X be the normalization
of X at P. Let C and C5 be the two connected components of Xp of genus
a and b, respectively. Let A and B be the disjoint subsets of {P, ..., P,}
indexing, respectively, marked points on C} and on C5. We say that P is a
separating node of type P, where P = {(a, A), (b, B)}. We shall sometimes
refer to such a P as a bipartition of (g,{ P, ..., P.}).

Definition 104. A graph I" consists of the following data
1. a finite nonempty set V' = V(I") ( the set of vertices);
2. a finite set L = L(T") (the set of half-edges);
3. an involution ¢ of L;

4. a partition of L indexed by V', that is, the assignment to each v € V of a,
possibly empty, subset L, of L such that L = U,ey L, and L,N L, = &
if v # w.

We call an edge of the graph to a pair of distinct elements of L inter-
changed by the involution ¢.

A fixed point of the involution is called a leg of the graph. The set of
edges of I' is denoted by E(T").

A dual graph is the datum of a graph together with the assignment of a
nonnegative integer weight g, to each vertex v.

The genus of a dual graph I" is defined to be

g= Y go+1-x().
)

veV (T
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A graph (or a dual graph) endowed with a one-to-one correspondence
between a finite set P and the set of its legs will be said to be P-marked or
n-marked, where n is its number of legs.

Definition 105. Given a nodal curve C' and D a finite set of smooth points
of C, we can associate a dual graph I'¢ py to (C, D), given by a 4-tuple
(V,E, L, h), where V is the set of vertices, E the set of edges, L the set of
legs and h a function on the set V with non-negative integer values. We
define this 4-tuple as follows

1. to each irreducible component C, corresponds a vertex vc,;

2. to each node intersecting the components C,. and C (where C,. and C;
can coincide) corresponds an edge connecting the vertices ve, and ve,;

3. to each marked point P on a component C,, a leg Lpg,;

4. we define h : V' — Z> to be the function that associates to each vertex
v the geometric genus of the corresponding component of C.

Fix a n-pointed stable curve C' and let I' be its dual graph. Let Dr. C
Mg,n be the Deligne-Mumford stack where for each scheme 7', an object in
Dr(T) is the datum of a family f : C — T of n-pointed stable curves whose
fibers have dual graph which are specializations of I". The codimension of
Dr in M,,, is equal to the number of edges of I'; see [ACG], p. 312.

For each dual graph I' of a n-pointed stable curve, we call Dr(T") a bound-
ary strata of ﬂgm. The simplest boundary strata are those of codimension 1,
which correspond to the dual graph of n-pointed stable curves with a single
node and a single component, which we denote by I';,.., or to the dual graph of
n-pointed stable curves with two components and a single node. The latter,
are graphs denoted by I'p attached to stable bipartitions P = {(a, A), (b, B) }
of (g,{1,...,n}). These have two vertices, one of genus a and #A legs, the
other of genus b = g — a ands #B legs, where #A + #B = n. We set
Dirr = DF and Dp = Dpp.

rr

Fact 106 ( [ACG], p. 339). Let M,,, be a Deligne-Mumford stack. For
each boundary strata D;,, and Dp, where P = {(a, A), (g — a, B)}, we can
associate a class of invertible sheaves &/(D;,) and O(Dp) =: O(P(4,a)) in

Pic(M, ), respectively.

Theorem 107. Let f : C — T be a family of stable curves of genus g > 2.
Consider a projection p : C X0 C — C as a family of stable curves, let A :
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C — C x7 C be the diagonal map and consider A as a section of p. For each
i=1,...,|g/2], where | g/2| is the largest integer less or equal to g/2, let

Oc(Piie)) == h"O(Pi)).
Let we be the dualizing sheaf of C and consider the vector bundle
E=0Y" 0w D Oc(Pup) 92 @ ® Op(Plga)0)) 92192

over C. Then for each geometric point t € T', the restriction of € to the fiber
C; is the vector bundle

E=0"Dw P00 Y. (9-29,)X).
XeSsT(C)

Proof. By the stabilization process, we get a family A : ) — C of 1-pointed
stable of genus g and a commutative diagram

cL>M,, (5.5)

-

T——M,

where P, is the 1th projection; see [ACG], p. 125.
Then, by commutativity of the diagram (5.5), given a geometric point
t € T, the restriction of £ to the fiber C; is the vector bundle

=0 owy @0 Y. (9-29,)X).
XeST(Ct)

]

Definition 108. Let f : C — T and £ be as in Theorem 107. Regard the
second projection py : C X7 C — C as a family of curves, let Z := Zx be the
ideal sheaf of the diagonal A C C x¢ C and Z* its dual sheaf on C x1 C.

Then, for each point P € C;, the sheaf 7}, = m}, on C; is semistable with
respect to & by Theorem 64 p. 50. Therefore, Z* is a (relative) torsion-free
rank-1 sheaf of degree 1 on ps : C X7 C — C which is semistable with respect
to &€, or equivalently, slope-semistable with respect to det(€) by Remark 66,
p. 55. Hence the pair (py : C X7 C — C, I*) defines a map

A:C— jdet(g)yl(C/T), (5.6)

where Jyeye1(C/T) is the Simpson’s relative compactified Jacobian, param-
eterizing slope-semistable sheaves of degree 1 on f : C — T with respect to

det(€). We call A the degree-1 Abel map of f:C — T.
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Theorem 109. Let f : C — T be a family of stable curves of genus g > 2
such that there is a section o : T — C through the smooth locus of C and let
Oc(X) be the relative invertible sheaf associated to ¥ := o(T).
Let
F* = we ® Oc(Pg)™ @+ @ Oc(Pg/21.0) "'

be a relative vector bundle on f : C — T, where for each i =1,...,|g/2], we
have n; = 1 if Supp(Oc(X)) N Supp(Oc(Phe))) # @ and n; = —1 otherwise.
Let Ta be the ideal sheaf of the diagonal in the product C X1 C and put

I = IA ® ﬁc(E)

Extend (f : C — T,0) over f : C — T and obtain a family of curves
po 2 C X7 C — C with base section ¢ : C — C xp C. Then the sheaf I is
a torsion-free rank-1 sheaf of degree 0 on py : C X7 C — C which is slope-
semistable with respect to det(F*>).

Proof. Indeed, let t be a geometric point of 7" and let P := o(t). Now notice
that for each point @) € C;, we have that Zg = mg ® O(P) is a torsion-free
rank-1 sheaf of degree 0 on C; which is semistable with respect to F°, where

fz:wct@ﬁct( Z nZZ)a
zZeS T (Ct)

withn, =11if P € Z and n, = —1 otherwise; see Theorem 68, p. 58.
Therefore Z is semistable with respect to F>, or equivalently, slope-
semistable with respect to det(F>); see Remark 66, p. 55.
O

Definition 110. Let f : C = T, 0 : T — C, F* and T be as in Theorem
109. Extend (f : C — T,0) over f : C — T and obtain a family of curves
po : C X7 C — C with base section o¢ : C — C X7 C.

According Theorem 109, the sheaf 7 is slope-semistable with respect to
det(F*) and therefore, the pair (py : C X7 C — C, Z) defines a map

Ay :C— jdet(]:z),O(C/T)a (57)

where jdet( 72),0(V/V) is the relative compactified Simpson Jacobian param-
eterizing torsion-free rank-1 sheaves of degree 0 on f : C — T which are
relatively slope-semistable with respect to det(F>).

We call A, the degree-0 Abel map of f : C — T with base o.

Remark 111. It is important to notice that the existence of the degree-
0 Abel map A, of f : C — T is conditioned to the existence of a section
o : T — C through the smooth locus of C.
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Chapter 6

Translations for the
compactified Jacobian

Let C be a curve and (Y, ..., C,, its irreducible components. Let

g = (q17 7QTL) € Qn

If |¢| :== Y7, ¢ € Z, we say that ¢ is a numerical polarization of degree |q|
on C. For each subcurve Y of C, we denote ¢, := >y .

Definition 112. Let ¢ be a polarization on C' and i € {1,...,n}. We say
that .Z € jg‘ is g-i-quasistable if

dng(Dg) > 4y — 6Y/2

for each connected proper subcurve Y of C, with strict inequality if Y con-
tains C;.

Lemma 113. Let q be a polarization on C, i € {1,...n} and P € C; a
smooth point of C. Then there is a polarization E of degree lq| on C' such
that each torsion-free rank-1 simple sheaf £ on C is q-i-quasistable if and
only if it is P-quasistable with respect to E. -

Proof. For each j = 1,...,n, let a;,b; € Z such that ¢; = a;/b;. For each
Jj=1,...,n,let P; € C; be a smooth point of C. Put m := b1b,...b,.
Let .
E = oomig ﬁc<2(mdeg(w|cj) _ 2mqj)pj),
j=1
where w is the dualizing sheaf of C'. Notice that

n

_ deg(E) mdeg(w|c;) — 2mg;
:UJ< )_ rk(E) _Z 2m

=g-—lql -1,
j=1
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where g is the genus of C'. So F is a polarization of degree |¢| on C. Moreover,
for each proper subcurve Y of C, notice that

_ degy(w)  deg(Ely) _ g
2 tk(E)

€y

So, from Definition 17, p. 19, Definition 59, p. 46, and Remark 62, p.
48, it follows that .Z is ¢-i-quasistable if and only if .Z is P-quasistable with
respect to FE. O

Remark 114. Let ¢, 7, P and E be as in Lemma 113. Let
J_g’i = {Z € Jo: £ is g-i-quasistable}.

At the end of Chapter 1, we saw that there is a scheme, denoted by JE, pa-
rameterizing torsion-free rank-1 simple sheaves on C' which are P-quasistable
with respect E. Then, by Lemma 113 we have

741 TP
Jo = Jg,

that is, j%’i is a scheme. We say that j%’i is the scheme parameterizing
torsion-free rank-1 simple g-i-quasistable sheaves on C' and we denote by
J%’Z C jg’z its open subscheme parameterizing invertible sheaves.
Definition 115. Let g be a polarization on C. Let d := (dy,...,d,) €
Z" such that |d| = > " d; = |q|. We say that d is g-i-quasistable if
there is a g-i-quasistable invertible sheaf 2 such that d = deg(Z) =
(dege, (£), ., dege, (£)).

For each d € Z", we let Jg be the scheme parameterizing invertible
sheaves on C' whose multidegree is d.

Definition 116. We call a regular smoothing of C' a proper and flat mor-
phism f : C — Spec(B), where B is a discrete valuation ring having residue
field k and quotient field K, such that:

1. C'is the closed fiber.
2. The total space C is regular.

3. The generic fiber of f, denoted by Cg, is a smooth projective curve
over K.
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Let f : C — Spec(B) be a regular smoothing of C. Let

D(C) := {Z n;C; iy € Z},

the group of formal sums. If Z is a subcurve of C', we also denote by Z the
sum » .., Ci € D(C).

Since C is regular, C; is a Cartier divisor for each ¢ = 1, ..., n, and therefore
we have an associated invertible sheaf O¢(D) on C for each D € D(C).

For each regular smoothing f : C — Spec(B) of C, let

T/C = {Oc(D)lc : D € D(C)}
and
T(C):={T € TsC : f is a regular smoothing of C'}.

The elements of T'(C') are called twisters.

For each i,j € {1,2,...,n}, let
and
Then, for each i,j € {1,...,n} and each regular smoothing f : C — Spec(B)
of C', we have

dege, (Oc(Cy)) = k.
Notice that k; ; = k;; and Z? k;; = 0 for each i. Thus, we have for each
twister .7 on C, deg(.7) = 0. Moreover,

deg(T) € Z(kya, ooy kny) + Zkig, s kn2) + -+ Lk, ooy k).
For each i € {1,...,n}, let
Mg, i) == {e = (e1,...,en) € Z"| e is g-i-quasistable}.
Proposition 117. Leti € {1,...,n} and q be a polarization on C. Then, for

each e € Z" such that |e| = |q|, there is a unique twister multidegree t, such
that e +t, € Mg, 7).
Proof. See [CEP], p. 10. O

Corollary 118. Let g and ¢' be polarizations on C' and i,j € {1,....n}. Let
Z be an invertible sheaf on C' such that deg(Z) + |q| = |¢'|. Then we have
a bijection

Mg, i) = AN, 7). e~ e+deg(L) +t.(2),
where t,(L) is the unique twister multidegree such that e+deg(Z)+t.(Z) €
AMd',7)-
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Let ¢ and ¢’ be polarizations on C'. Let £ € Jo such that
deg(ZL) + g = |4'|-
Let i,j € {1,..,n} and let e € A(g,7). Let .# € Jg. Since
deg(f ® Z) = deg(S) + deg(Z) = deg(F) + |q| = |¢l,
it follows from Proposition 117 that there is a twister .7 such that
prle) =deg(f ® L ® ) € \d', J)-
By Corollary 118, we have a bijection
0z Mg,i) = M, j), err vzle),
and by Proposition 117 a well defined map, in fact an isomorphism,
B :Je = Ji7Y s s Lo T

Since , Iy
JE =) ¢ and = ] IO,

e€N(g,7) e€(g,i)

where the unions are disjoints, the B, induce a well-defined isomorphism
Ay JE = JL7, 7 BS(F) if 7 e JS,

called a Z-twister-isomorphism.
It is thus natural to ask: Does Ay extend to an isomorphism

A . T4 74,

In general, no! Indeed, Viviani and Melo discovered a curve with four compo-
nents which admits two distinct polarizations ¢ and ¢’ such that Jg”' 2 jg’ g
for all 4,5 € {1,2,3,4}. - -

So, since the question we made has a negative answer, we propose the
next more natural question: For which curves C' such extensions are pos-
sible? Of course if £ = O, ¢ = ¢ and i = j, the answer is plain. So
we search for nontrivial cases. This chapter is dedicated to constructing two
nontrivial examples of curves for which A ¢ extend. Before this we need some

preliminaries.

Lemma 119. Let C be a nodal curve. Let £ and M be torsion-free rank-1
sheaves on C'. Suppose that M is invertible where £ is not. Then £ ® H
s a torsion-free rank-1 sheaf and

deg( L @ A) = deg(L) + deg(A).
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Proof. By Proposition 76, p. 66, there are P, ..., P, Py41, ...P, nodes of C
such that
ZL=mp ® --@mp, @M

and
M=, @, ® N,

where .41 and .45 are invertible sheaves on C'. First assume that . = mp,
and consider the natural sequence

0—=>mp — Oc — Op, — 0.

Since . is invertible at Py, by tensoring this sequence by .#, we get another
exact sequence
0—=>mp, @M — M — Op, — 0,

whence we obtain

X(A) = x(mp, @ ) + 1.
Thus,

deg(mp, @ A#) = x(mp, @ M) —x(0c)
= x(A)—-x(0c)—-1=
= deg(mp,) + deg(.#).

Then, reasoning by induction, we have

deg(L @ #) = Xl deg(mp,)+ X7, deg(mp,) + deg(A") + deg(.#)
= deg(Z) + deg(A).

]

Recall that by Proposition 74 p. 65, to each torsion-free rank-1 sheaf &
on C' we can associate an unique partial normalization v : C' — C of C' and
an unique invertible sheaf .’ on C’ such that v,.¢" = . Furthermore, the
generalized multidegree of . is, by definition, the multidegree deg(-#") of
& on C'. We also use deg(.Z) to denote the generalized multidegree of %
on C. Recall also that

deg(Z) = deg(Z') + #{P € C : v is not an isomorphism over P}.

Example 120. Let C' be a nodal curve with only two components C; and
Cy such that C1NCy = {P,Q}. Let v : " — C be the partial normalization
at P and Q, and let v1(P) =: {P;, 2} and v }(Q) =: {Q1,Q2}. For each
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i = 1,2, let C! be the subcurve of C" mapped onto C; through v and assume
that P, @Q; € C!. Let
L = mp® mQ X ,//,

where .# is an invertible sheaf on C.
From Proposition 74, p. 65, we have that .£" = mp, @ mp, @mg, @mg, ®
v* M , whence

deg(.Z’) = deg(mp,) + deg(mp,) + deg(mg, ) + deg(mg,) + deg(v*.#)
= (degey (V' M) — 2,degey (V' M) — 2)
= (deg01 (‘%) - 27 degCg (‘ﬂ) - 2)7

where the equality dege,(v*.#) = dege, (.#) follows from the fact that .#
is invertible on C'.

6.1 First example

Lemma 121. Let C' = C1UCs be a nodal curve such that { Ny, No}=C1NCs.

Let ¢ = (q1, g2) be a polarization on C. Let £ € jg’l be a non invertible sheaf.
Then & =wmy, @ A for some j = 1,2 and some invertible sheaf 4 on C.

Proof. Indeed, since .Z is not invertible, it follows from Proposition 76, p.
66, that we need to consider only the following cases

1. .,iﬂszl®mN2®//,
2. L =my, @ A for some i =1,2,

where .# is an invertible sheaf on C. Then it is enough to discard the
possibility (1). Indeed, set d := |¢q| and suppose by contradiction that . =
my, ® my, ® . In this case, since

deg(my,) = deg(my,) = —1 and deg(.¥) = d,
we have deg(.#) = d + 2.

Since
deg(Z) = deg(my, ) + deg(my,) + deg(.#),
where deg(my,) = deg(my,) = (—1,—1) and deg(.#) = (x,d + 2 — x) for
some x € Z, we have
deg(Z) = (v — 2,d — ).

Since .Z € J&', we have

dege. (£) —q; > —0¢, /2 = —1
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for each i = 1,2, and moreover, degq, () — ¢ > —1. Now, since deg.? =
(x —2,d — x),
r—2—q =degg, (Z)—q > —1

gives us x > ¢; + 1, whereas
—x+q = deg, (£) — g > —1,

give us x < ¢ + 1, an absurd. Hence, .Z can not be of the form my, @ my, ®

M. ]

Definition 122. For each real number a, let |a] (resp. [a]) denote the
largest integer less or equal to a (resp. the smallest integer greater or equal
to a).

Lemma 123. Let C' be a nodal curve with only two irreducible components
Cy and Cy such that #C, N Cy = 2. Let ¢ = (q1,q2) be a polarization of
degree d on C'. Then

Mg, D) ={(la),d = a]), (lar] + 1, d = 1= @1 ])},

Proof. Let (p1,p2) € A(g,1). Then,
p—q>—landg —pi=p—@=>2-11>2p—q.

Since p; € Z and 0 > |¢1] — ¢1 > —1, inevitably we have that

m €{lal, la] +1}

So, since p; + pe = d, if p1 = |q1], we get po = d — |¢1]. On the other hand,
if py = 1] + 1, we get pp =d —1— |¢1]. Hence,

Mg, 1) ={llan).d = ), (ln] + Ld = 1= [a])}-
[l

Proposition 124. Let C = C,UC, be a curve in P2 where C, is a conic and
Cy is a line such that C; N Cy = {Ny, Na}. Let p = (p1,p2) and ¢ = (g1, q2)
be polarizations on C. Let £ € Jo such that Ip| + deg(2) = lq|. Let
i,7 € {1,2}. Then any £-twister-isomorphism Ay : Jg’l — J%’] extends to
an isomorphism ' '

PP Ny )
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Proof. For the sake of notational simplicity we assume that p, ¢ € Z? and we
show our statement only for i=j=1, as for any other i, j E_{l_, 2} the proof
is similar.

By Lemma 123 we have

Ap,1) = {(p1,p2), (p1 + L,p2 — 1)} and AN(¢, 1) = {(¢1. ¢2), (&1 + 1,2 — 1)}

By Proposition 117, p. 91, for each e € )\(]2, 1), there is a unique twister
multidegree ¢, such that e + deg(%) + t. € A(¢,1). Thus we have two cases

to consider.

1.
(p1,p2) "’@(0%) + 1 pe) = (n+1,¢2—1) (6.1)
and
(p1+ 1, p2 — 1) + deg(L) + pi1.p0-1) = (01, 2), (6.2)
2.
(p1,p2) + deg(L) + Ly po) = (015 G2)
and

(pl + 17p2 - 1) +@("2ﬂ) + t(p1+1,p2—1) = (Ch + 17 qo> — 1)

We give the proof only in Case 1) as the proof in Case 2) is similar.
Proof in Case 1). Let .77 and % be twisters such that

@(‘%) = t(p17p2) and @(‘%) = t(pl-i-l,pz—l)'
Now consider the following maps
Bl J& — gt e g 9.2 © 9,

B JETeTD o Je) g g0 2@ T,

and the Z-twister-isomorphism
Ag : J(%l — J%l

induced by B, and B%,.

We claim that Ay : Jg’l — J%’l extends to an isomorphism Ay : jg’l —
-q,1
J&.
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Indeed, let Z € %’1. Due to the symmetry of the curve C', without loss
of generality, we may suppose Z = my, ® .# for some invertible sheaf .#
on C' with multidegree (p; + 1,ps2). Let

{Pihien € Cy — {N1} and {Q¢}1en € Co — { N1}
be sequences of smooth points such that
tlggo b= N = tlggo @r-
Now, notice that for each t € N,
deg(mp, @ ) = (p1,p2), that is, mp, @ 4 € JFP),
deg(mg, @ ) = (p1 + 1,ps — 1), that is, mg, @ .4 € JZ 7271,
and
tirgompt QM=my Q M =K =my, ®,///:tli>r£10m@ ® M.

In addition, since C' has genus 1, notice that these are the only ways to
approach Z through the components J((fl’m) and Jg;1+17p2—1)‘ So, in order to

show that Ay : Jg’l — J%’l extends, we need to prove that the limits
lim BYy(mp, @ #) = limmp, ® @4 %
—00 —+00

and
%Bfg(m@ M) =limmg, @ LMD T

are isomorphic.

Claim 1: The natural limits

lim By(mp, @ M) =my, @ L QMR 7

and
lim By(mg, @ M) =my, @ L QMR T
— 00

do not belong to j%’l. Indeed, from (6.1) we have
deg(L @ 7)) = (@ +1,¢2—1) — (p1,p2).
So, since
deg(my, ® L @ M ® 7)) = deg(my,) + deg(A) + deg(L ® 1)
= (-L-D+@m+Lp)+(@a+1le-1) -

_(p17p2)
= ((h + 1>CJ2 - 2)7
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we have that my, ® £ @ 4 & 7 ¢ jgl, as
—2 =degp,(my, ® L QM T) — g2 # —1.
Similarly, from (6.2), we have
deg(Z ® Z) = (q1,02) = (pr+ Lp2 — 1)
Then

deg(my, ® £ @ M @ .F) = deg(my,) + deg(A) + deg(L ® %)
= (=1L, =1+ (p1+1,p2) + (q1,q) —
—(p1+1,p2 — 1)
= (1 —1,¢).

Hence my, ® @ M @ T & J%’l because
—1=degg,(my, ® L @M @ T) —q1 # —1.

Therefore we have proved Claim 1.

Claim 2: There are torsion-free rank-1 sheaves .’ and " on C such
that

. ~ —q,1 .. —q,1
lim By (mp, @ #) = 2" € J¢, lm By (mg, ® #) =" € J¢

and ¥ = ¥,

Figure 6.1:

Indeed, first we find the sheaf .#’. Fix D € (3 a smooth point. For
cach t € N, let 7, be the line passing through D and P,. Since C' C P2, it
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follows from Bezout Theorem that r; intersects Cy at another smooth, which
we denote by M;; see Figure 6.1.

Now, fix another smooth point B € (), and let s; be the line passing
through M, and B. Again since C' C P?, s, intersect Cy at another smooth
point P/; see Figure 6.2.

Since for each ¢ € N the divisor associated to the rational function r;/s,
on C'is D+ P, + My — B — P/ — M;, we have that the divisors D + P, and
B + P/ are equivalent, that is, D + P, = B + P/. Hence, for each t € N, we
have

mp, = m}g ®mp ®mpt/.

Figure 6.2:

Thus,
thm B}g(mpt ®.//> = tlim mp, VRYERMRD T
—00 —00
= tlimm*b@mg@mpt/@f@///@%
—00
= mMpAmpRmy, L QM.

Let " :=m}, @mp@my, ® # ® 7. We claim that £’ € j(%’l. In fact,
it is enough to find the multidegree of .#".

deg(Z') = deg(m}) + deg(mp) + deg(my,) + deg(.A) + deg(L ® F)
= (0,1)+ (=1,0)+ (=1,=1) + (p1 + 1, p2) + (1 + 1,0 — 1)
—(pbpz)

- (QhC]z - 1)‘

Hence, since deg(Z”’) = (q1,¢2 — 1), it is easy to see that £’ € jg’l.
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Figure 6.3:

Now we find the sheaf .Z” on C such that
lim By(mq, @ #) = 2" € JE
— 00

Fix a smooth point B’ € (). For each t € N, let 7, be the line passing
through B’ and Q;. Since C' C P2, r} intercept C at a point M/; see Figure
6.3.

Fix a smooth point D’ € C5 and let s} be the line passing through D’
and M. Since C' C P?, s} intercept C; at a point @Q}; see Figure 6.4. Hence,
for each t € N, the divisors Q; + B" and @} + D’ are congruent because the
divisor associated to the rational function r}/s} is Q; + B’ — @, — D'.

Thus, since Q; + B’ = Q) + D', we have

mo, ¥ mp @mp @ my,
and therefore
limmg, @ 4 ® 7 = limmy @mp @mg @4 ® T
= mp Xmp Qmy, ® A R T.

Let " :=m} Qmp @my, ® A @ F5. Then £" € J?;l. Indeed, we
have

deg(.£") = deg(mp) + deg(mp/) + deg(mp,) + deg(A#) + deg(-Z ® F)
= (170) + (07 _1) + (_1? _1> + (pl + 17p2> =+ (Q17QQ)

—(p+1,pp—1)
- (Q17Q2 - 1)'
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Figure 6.4:

Hence £ € jé’l.

To finish the proof of our claim, we need to prove that &’ = %", Indeed,
let v : C" — C be the normalization of C' at Ny and let {Ny1, Nao} =
v~ H(Ny). Let

I =my,, @my,, QU (M @mp @ A @ ) = v (L") /torsion
and
I i=my,, @my,, QU (M @mp @ A ® F) = v (L")/torsion.
By Proposition 74, p. 65, we have
v, =% and v, 9" = £’

Since C" is a curve of compact type, it follows that .#’ and .#” are uniquely
determined, up to isomorphism, by their restrictions to the irreducible com-
ponents of C’; see Proposition 43, p. 32. However, since

deg(f”) = deg(Z") = (q1, 42 — 1) = deg(L") = deg(S"),

and the irreducible components of C” are P!, it follows that the restrictions
of #" and .#’ are isomorphic, implying ¢’ = .#”. Hence

glzyf/gyj/lzgﬁ
and we have proved our Claim 2. Therefore, Ay extends to an isomorphism

Ag T8 = T8 O
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6.2 Second example

Proposition 125. Let C C P? be a curve given by the union of three P!s.
Let e = (e1,eq,e3) and f = (f1, f2, f3) be polarizations on C. Let £ € Jc
such that
le| + deg(Z) = | f].

Fiz i,5 € {1,2,3}. Then any Z-twister-isomorphism Ag : Jg’i — Jé’j
extends to an isomorphism Ay : J&' — Jé’j.

Proof. To study this second example, we use the following strategy: Let
q = (le],0,0) be a polarization on C' and Ag : J& — Jé’j a L-twister-
isomorphism. By Proposition 117, p. 91, we know that for each i € A(g,1)
there are unique twisters multidegree ¢; and ¢, such that h +t; € A(e, 1)

and h + deg(.Z) +ty € A(f,j). Thus we are able to construct the following
commutative diagram

1 A J
JEt Lz gl
A/
| 1,
€,1
JC’

where Ay, and A’y are twister-isomorphisms. Therefore it is enough to show
that ) ’ ) iy
e Je = JE and Aly 1 JE — J5

extend to isomorphisms
A, JE — JE and Ay s S = T,
respectively, as in this case, as Ay = A’y o (A’ﬁc)_l, this implies that
Ayt JEt = JL?
z - Jc c
extends to the isomorphism
Ay =Ay o0 (/_l{ﬁc)_l IS = jgj

The construction that we will give extensions is based on the following

four lemmas, whose proof finish that of the proposition.
O
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Lemma 126. Let C be a curve and Cy,Cy, C3 its irreducible components.
Suppose that C; is smooth for each i =1,2,3, and {N,} = C; N Cs, {Ny} =
C1NCy and {N3} = ConNCs. Let d be an integer and q = (d,0,0). Let

Z e j%’l — Jg’l. Then £ = my, @ A for some i € {1,2,3}, where A is an
invertible sheaf on C.

Proof. Since .Z is a torsion-free rank-1 sheaf on C, by Proposition 76, p. 66,
we need to consider only the following cases:

. Z=my @mpy, @my, @ A,
3-$:mNZ®%7

where .# is an invertible sheaf on C.

Thus, in order to prove the lemma, it is enough to exclude Case 1) and
Case 2).
Case 1) Suppose by contradiction that £ = my, ® my, ® my, ® .#. Since
deg(my,) = —1 for each i = 1,2,3 and

deg(Z) = deg(my, ) + deg(my,) + deg(my,) + deg(.4),

we have deg(.#) = d + 3.
Let x,y € Z such that deg(.#) = (v,y,d+3 — x —y). Since deg(my,) =

(_]—707 _1)7 @(m]\b) = (_17 _170)7 %(mNB) = (07 —-1- ]') and
deg(.Z) = deg(my,) + deg(my,) + deg(my,) + deg(4#),

we have
deg(ZL) = (v -2,y —2,d+1—x—y).
Since .Z € jg’l, we have
r—2—d=degg (Z)—d>—1and d -z = degg, ¢, (L) > —1,

that is, x > d + 1 and z < d 4 1, which is impossible.

Case 2) Suppose by contradiction that . = my, @my,®.4. Since deg(my,) =
—1 for i = 1,3, we have deg(.#) = d + 2. Let x,y € Z such that

deg(A) = (z,y,d +2 -z —y).
Since deg(my,) = (—1,0, —1) and deg(my,) = (0, =1 — 1), we have
deg(Z) =(z—Ly—1,d—x—y).
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Since .Z € jg’l, we have
dege, () —d > —1 and degg, ¢, (Z) > —1,
that is, z = d + 1. On the other hand, we have
y—1=degq,(£) > —1land —y=deg ¢, (L) —d> -1,
that is, y = 0. Hence, we have
deg(Z) = (d,—1,-1).

But we would need as well that —1 = degq, ¢, (Z) —d > —1, absurd. Due
to symmetry of the curve, my, @ my, @ A ¢ J_g’l, for any . as well.

Suppose by contradiction that £ = my, @ my, ® .#. Then deg(.#) =
d+ 2. Let 2,y € Z such that deg(.#) = (v,y,d +2 — 2 —y). Since
deg(mpy,) = (=1,0,—1) and deg(my,) = (—1,—-1,0), we have

deg( L) =(r -2,y —1,d+1—-x—y).
Since .Z € j%’l, we have
r—2—d=degg (Z)—d>—1and d—z = degg, ¢, (L) > —1,

that is, v > d+ 1 and x < d 4 1, absurd.
O

In the next lemma we describe exactly what are the elements of j(%’ g J(%’ g

Lemma 127. Let C' and q be as in Lemma 126. Then,
JEN_JE = fmy @ M i =1,2,3 and M € JE with a = (d+1,0,0)}.

Proof. Let £ € jg’l — Jg:l. By Lemma 126, we have . = my, ® 4 for
some i € {1,2,3}, where .Z is an invertible sheaf on C'. We show that all
the followings three cases are possible, with deg(.#) = (d +1,0,0):

1. szM@«///,
2. fsz2®%,
3. X:mN3®///.
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Case 1) Suppose .Z = my, ® 4. Since deg(my,) = —1 and deg(.¥) = d, we
have deg(.#) = d+1. Let x,y € Z such that deg(.#) = (z,y,d+1 -2 —y).
Since deg(my,) = (—1,0,—1) and

deg(Z) = deg(my, ) + deg(.4),

we have
deg(L) = (v — 1L,y d—x—y).
In order we have . € J_(%’ 1, we need
r—1—-d=degy (Z)—d>—1and d—z=degg, (L) > —1,
that is, z = d + 1. But, with z = d + 1, we also need
—1—y=deg, () > —1 and y = degg, ¢, (£) —d > —1,

that is, y = 0. Therefore, deg(.#) = (d + 1,0,0) and deg(Z) = (d,0,—1).
Finally to see that £ € jgl it is enough to notice that

0 = degc,(£) > —1 and 0 = degg, ¢, (Z) —d > —1.

Case 2) Suppose .£ = my, ® .#. By analogy with Case 1), it follows from
the symmetry of the curve C' that £ € jg’l, with deg(.Z) = (d, —1,0) and
deg(A) = (d+1,0,0).

Case 3) Assume . = my, ® #. Then we have deg(.#) = d + 1 and
deg(A) = (x,y,d+1—x—y) for some z,y € Z. Since deg(my,) = (0,—1, —1)
o ace

@(g) - @(m]\fs) + %(%3%

we have deg(.Z) = (z,y — 1,d — v —y). In order we have .Z € jgl, we need
to have

y —1=deg,, () > -1 and —y = deggy, ¢, (L) —d > —1,
that is, y = 0. Then, with y = 0, we also need
d—1x=degy(Z)>—1land 2 — 1 —d = degg , (L) —d > —1,

that is, # = d + 1. Therefore deg(.#) = (d + 1,0,0) and deg(.Z) = (d +
1,—1,—1). Finally to see that .Z € jg’l, it is enough to notice that

1 =deg, (&) —d>—1and —1=degg, (L) > —1.
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Lemma 128. Let C be a curve and Cy,Cy, C3 its irreducible components.
Suppose oy = 2 for each subcurve Y of C. Let p = (p1,p2,p3) be a polariza-
tion of degree d on C. Then we have

Ap, 1) = {(lp1]; [p2],d = [p1] = [p21), (lp1] + 1, [p2] = 1,d — [p1]| — [p2]),
(lpa) + 1, [p2],d = [p1] — [p2] = 1)}

Ap, 1) = {(lp1]s [p2],d = [p1] = [p21), (Ip2] + 1, [p2] = 1,d — [p1] — [p2]),
(lp1l; [p2] = 1,d = |p1] = [p2] + D}

Proof. We claim that

i) ¢ = (Ip], [p2],d = [p1] = [p2]) € Ap, 1),

i) 4" = (p) + 1, [p2] = Ld = [p] = [p2]) € Alp, 1).

Proof item (j): We need to prove ¢/, — p,, > —1 for each proper subcurve
Y of ', with strict inequality is strict when Y contains C;. Indeed, on one
hand we have q’Cl —Pe, = |p1] —p1 > -1, q’c2 — Do, = [p2] —p2 >0 and

q,, —Pe, = d—|p1] = [p2] —ps
= d—[p] = [p2] —d+p1+p2
= p1— [p1]+p2—[p2] > -1
——— S —

>0 >—1
On the other hand, we have
qlclu02 —Poiuc, T L J [ —| — P2
= |p] - 1+(P2]_p2>—1
>—1 >0
qlclch ~Poyue; = Lplj +d— Lplj - [pQ—I —P1— D3

= d—[pl —d+pr=ps—[p2] > -1

and

qlczuc3 ~Poyues = [p2] +d— [p1] — [p2] —p2—ps3
= d—|p)] —d+pr=p—|p] >0
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Hence we have item (j).

Proof item (jj): As in item (j), we need to prove ¢/ — p, > —1 for each
proper subcurve Y of C', with ¢/, —p, > —1if Y contains C;. Indeed, first
we have ¢ —p, = |p1] +1—p1 >0, @, — Do, = [p2] =1 —py > —1 and

i

o, =P, = d—[p1] = [p2] —ps

= d—[p] = [p2] —d+p1+p2

= pi—|p]+p2—[p2] > -1
>0 >—1

and second we have,

QZIUCQ —Poiue, T Lle +1+ (pQ—‘ —1—p1—p
= |p1) + [p2] —p1 —p2 > —1,

q,CI’IUC’3 _pCIUCS - I-le + 1 + d— |_le - I_p2-| —P1— D3
= d—[p2] —d+p2
= pr—[p2] >0
and
quucg _pCQUC3 = (pﬂ —1+d- \_plj - (pﬂ — P2 — P3

= d—|p] —d+p —1
= p—|m—-1>-1

Therefore we have item (jj), what finish the proof of our claim.
Now, if g € 73 is a polarization on C, it is not hard to see that

Mg, 1) ={(q1, 0, @), (@1 +1,¢2 — 1,q3), (@1 + 1, q2, g3 — 1)},

that is, we have #\(g, 1)=3. Then, by Corollary 118, p. 91, we get that for
any polarization ¢ on C, #\(¢,1)=3. In particular for the polarization p.
So, let p’ := (py, vy, p5) € AM(p, 1) — {¢',¢"}. We claim that

Py € {lp1]; [p1) + 1}, 95 € {[p2] — 1, [p2], [p2] + 1} and

Py €{d—[p1] = [p2] =1, d = |p1] = [p2],d = [p2] = [p2] + 1}
Indeed, since p' = (pi, ph, p3) € A(p, 1), we have

—1<p—pm <1, —1<p,—ps<land —1<pj—ps<1.
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Since p, ph € Z, inevitably we have

p1 € {lp1), lp1] + 1} and py € {[p2] = 1, [p2], [p] + 1}
On the other hand, since p§ = d — p}| — p), we have
ps €{d— p1] = [p2] = Ld = |p1] = [p2].d = [p1] = [p2] + 1}
Perhaps the reader may be wondering why
Py €{d— [p1] = Ip2] = 1,d — [p1] = [p2].d = |p1] — [p2] + 1}
instead of
ps € {d—[p1] —[p21—1,d—[p1] = [p2l.d—[p1] = [p2] +1,d—[p1] = [p2] - 2}7
Indeed, p§ # d — |p1] — [p2] — 2, otherwise,
ps—ps = d—[p1] —[p2] —2—ps

d—|pi] = [p2]l =2 =ps—d+p1+p2
= p1— |p1] +p2 — [p2] =2 < —1, contradiction.

<1 <0

Now, since p' € A(p,1) — {¢',¢"} and #A(p,1) = 3, due to the possible
choices of pi, p, and pj, we have that the only possibilities for p’ are:
) p'=(lp1]; [p2l + 1,d = |p1] = [p2] — 1), or

i) p = (Ip1), [p2] = 1, d = |pr] = [p2] + 1), or

iit") p' = ([p1) + 1, [p2],d = [p1] = [p2] = 1)

However, we can not have (i’). Indeed, suppose p' = (|p1], [p2] +1,d —
[p1] — [p2] — 1) € A(p, 1). Since p1 +ps + ps = d,

p/CIUC3 —Poiues, T |_p1J +d— |_p1J - [pQ—I —1—p1 —p3
= d—[p]—-1-d+p
= —[pal —1+p2>-1
& p2 > [pal,
contradiction. So, p" = (|p1], [p2] + 1,d— |p1] — [p2] — 1) & Alp, 1)

But on the other hand, (ii’) and (iii’) may occur. Indeed, suppose that d
is even. Suppose p = (d/2 +1/10,d/2 4 1/10,—2/10). In this case we have
p' = (ld/2+1/10],[d/2 +1/10] — 1,d — |d/2+1/10] — [d/2 4 1/10] + 1)

= (d/2,d/2,0)
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or

P = (|d/2 +1/10] +1,[d/2 + 1/10],d — |d/2 + 1/10] — [d/2 + 1/10] — 1)
=(d/2+1,d/2+1,-2).
However if p' = (d/2 4+ 1,d/2 + 1,—2), then p’C3 — P, = —2+2/10 < —1;
contradiction. So, in this case, (iii’) is excluded, and thus #i’ holds.
On the other hand, suppose p = (d/2 +6/10,d/2 — 4/10,—2/10). Then,
we have
]2' =(|d/2+6/10|,[d/2 —4/10] —1,d — |d/2+6/10] — [d/2 — 4/10] + 1)

P = ([d/2 +6/10) + 1, [d/2 — 4/10],d — [d/2 + 6/10] — [d/2 — 4/10] — 1)
= (d/2 +1,d/2, -1).

However, if p' = (d/2,d/2 —1,1), then p’clw2 — Doy, =d—1—d—=2/10 =

—12/10 < —1; contradiction. In this case, (ii’) is excluded, and thus (iii’)
holds.

To conclude, we have

AP, 1) = {(lp1]s [p2],d = [pr] = [p21), (Lp2) + 1, [p2] = 1,d = [p1] — [p2]),
(lpi) + 1, [p2l,d = [p1] — [p2] = 1)}

or

A, 1) = {(lpo], [p21,d = [po] = [p2]), (lpa] + 1 [p2] = 1.d = [p1] = [p2]),
(lpr)s [p2] = Lod = |p1] = [p2] + 1)}

]

Lemma 129. Let C' as in Lemma 119. Assume the components of C are
P'. Let d be an integer. Let ¢ = (d,0,0) and p = (p1,p2,p3) be polarizations
on C. Let £ € Jo such that

d+ deg( L) = \1_9|

Then for each i € {1,2,3}, any L-twister-isomorphism Ag : Jgil — Jg’i
extends to an isomorphism Ay : j%’l — (]%’Z.
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Proof. We give the proof only for =1 and

Ap, 1) = {(lp1]; [p2],d = [pr] = [p21), (Ip2] + 1, [p2] = 1,d = [p1] = [p2]),
(lpa) + 1, [p2l,d = [p1] — [p2] = 1)}

as for any other situation the proof is similar. For notational simplicity, we
assume without loss of generality that p = (py, p2, p3) € Z3. By Lemma 128,
p. 106, we have

Mg, 1) ={(d,0,0),(d+1,-1,0),(d+ 1,0,—1)}

and

)\(Z_ja 1) - {(plap2ap3)a (pl + 17p2 - 17103)7 (pl + 17p27p3 - 1)}

By Proposition 117, p. 91, for each e € A(g, 1) there is a unique twister
multidegree t, such that e + deg(.Z’) +1t, € A(p,1). Then we have six cases
to consider:

Case 1)
<d7 07 O) + %(3) + t(d,0,0) = (p17p27p3)7 (63)

(d+1,-1,0) +deg(L) +tas1,-10 = (p1 +1,p2 — 1,p3)

and
(d+1,0,—1) 4+ deg(Z) + t@s10-1) = (p1 + 1, p2, p3 — 1). (6.4)
Case 2)
(d,0,0) + deg(Z) + t(4,0,0) = (P1,P2,P3),
(d+1,-1,0) + deg(L) + tis1,-1,0) = (p1 + 1, p2,p3 — 1)
and

(d+1,0,—1) + deg(Z) + t(g41,0-1) = (01 + 1,p2 — 1, p3)
Case 3)
(d7 07 0) + @(z) + t(d,0,0) = (pl + 17]72 - 1;]93);
(d+1,-1,0) + deg(&L) + t(a+1,-10) = (P1,P2,13)

and
(d + 17 Oa _1) + deg(g) + t(dJrl,O,fl) = (pl + 17]727]73 - 1)

Case 4)
(d,0,0) +deg(Z) + to0 = (p1 +1,p2 — 1,p3),
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(d+1,-1,0) + deg(Z) + t(a41,-10) = (01 + 1, p2,p3 — 1)

and
(d + 17 07 _1) +@(z) + t(d+1,0,—1) = (p17p27p3)'
Case 5)
(d7 07 O) +@($) + t(d,0,0) = (pl + 17p27p3 - 1)7 (65)
(d + ]-7 _]-7 0) + @(3) + t(d+1,—1,0) = (p17p27p3)
and
(d+1,0,—1) +deg(ZL) + t(g41,0,-1) = (p1 + 1,p2 — 1, p3). (6.6)
Case 6)
(d7 07 0) + %(X) + t(d,0,0) = (pl + 1>p27p3 - 1)7
(d+1,-1,0) + deg(L) +t@s1,-1,0 = (p1 +1,p2 — 1,p3)
and

(d+1,0,—1) + @(0%) + ld+10-1) = (p1, P2, P3)-

However, since the set of twister multidegree on C' is
T:=7Z(-2,1,1)+7Z(1,-2,1) + Z(1,1, —2),

we have that some of these cases can not occur.

Case 1) This case is possible because t(4,0,0) —t(a+1,-1,0) = t(4,0,0) = t(d+1,0,-1) =
(0,0,0) € T.

Case 2) In this case we have t(400) — t(@+1,-1,00 = (0,—1,1) € T. So this
case is not possible.

Case 3) We have t(q,0,0)—t(a+1,-1,0) = (2, —2,0) & T. This case is not possible.
Case 4) We have t(40,0) —t(d4+1,-1,0) = (2, —2,0) & T. This case is not possible.
Case 5) We have t(d,0,0) - t(d+1,71,0) = (2,—1,—1), t(d,0,0) — t(dJrLO’,l) =
(1,1,-2) and t(g41,-1,0) — t@s1,0-1) = (=1,2,—1) € T. This case is pos-
sible.

Case 6) We have t(400) — t(@+1,-1,00 = (1,0,—1) € T. So this case is not
possible.
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Therefore, we need to consider only Cases (1) and (5).

Proof in Case 1) Let .71, %, and 5 be twisters on C' such that deg(71) =
t(a,00), deg(%2) = ts1,-1,0) and deg(J3) = tay1,0,-1)- Let

Bl JEOO = g g S @ L@ T,
B, 1 JULTLO L gntiemles) - gy g 2@ P,

B, gD L gttt gy g9 L0 T,

and let Ay : J(%’ g Jg’l be the Z-twister-isomorphism induced by B, B
and B?%,.

Claim: Ay extends to an isomorphism Ay : J_%’l — %’1. Indeed, let & =

my, @M € J%’l — J%’l, where .7, is an invertible sheaf on C' with deg(.#1) =
(d+1,0,0). Let

{Pihien © C1 — {N1} and {Qi}ien € C3 — {N1}
be sequences of smooth points of C' such that
tlggo b= Ny = tlggo @r-
Now, notice that for each ¢ € N, we have
deg(mp, @ #1) = (d,0,0), that is, mp, @ .4 € J5*"
and
deg(mg, @ ) = (d+ 1,0, 1)), that is, mg, ® 4, € o7V,
Furthermore,

lim mp, ® M = my, ® A = lim mo, ® M.
t—o00 t—o00

. q,1
Since the connected components of J- are

Jéd,O,O)’ Jéd—i—l,—LO) and Jéd+1’07_1),

and C' has genus 1, we have that £ can be approximated only through the

components Jéd’o’o) and JédH’O’_l); and only in the way described above.

112



So, in order to show that A« extends, we must show

lim By(mp @ M) = my, @M 0L T

my, @ M QLR T
= lim BY(mq, ® .44),
—00

12

and for this we give a proof only for this ., since the other cases of ¥ €
jg’l — J%’l the proof is similar. Indeed, let

L=y, @ M0 L@ T, and Ly =y, @ M DL D T,
From (6.3) and (6.4), we have
deg(Z ® A1) = (p1 — d, p2,p3) = deg(L @ F).
Since deg(my, ® .#,) = (d,0,—1), we have

deg( &) = deg(my, @ M @ L @ F)
= deg(my, @ A1) + deg(L ® F)
= (p1,p2,p3 —1)
= deg(my, ® ) + deg(L @ T3)
= deg(my, @ M @ L @ F)
= deg(%).

Now, we claim that £, % € J_g’l. Indeed, notice that for each i = 1,2,
we have

0 = degq, (Z) — p1, 0 =degq, (L) — p2 and — 1 = deg(.Z;) — ps.
On the other hand, since
0 = degcﬁUCQ(Z) _pl - p27 O = degclLJCg("%) - pl - p3

and
1= deg02u03 (Z) — P2 — D3,

we have that for each i, Z; satisfies the conditions of p-1-quasistability, which
shows our claim.
Finally we prove that £ = %, that is,

. 1 ~ 1 3
tlirgy Bﬁ(mPt ®%1) - tlilcr}o B.,ip(mQt ®%1)
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Indeed, let vy, : C" — C be the normalization of C' at Ny. Let {Ny 1, Ny 3} :=
Vi (Ny). Let

L =my, @my,, @ Uy, (A @ L @ 7)) = vy, () /torsion
and

Lo =my, @y, Q vy (M @ L @ T3) = vy, (L) /torsion.
By Proposition 74, p. 65, we have

VN1*<$1,1) = 31 and VN1*("?172) = 32.

Since C' is a curve of compact type, by Proposition 43, p. 32, the sheaves
211 and £ 5 are uniquely determined, up to isomorphism, by their restric-
tions to the irreducible components of C’. However, since

deg(Z1) = deg()

= (p17p27p3 - 1)
= deg(%)
= @(31,2),

and since the components of C" are P!, we have that the restrictions of % ;
and .7 o are isomorphic, implying £ ; = 7 5.
Hence,

A =vnN, (L) 2o (L) = 2,

that shows our Claim, proving consequently Case 1).

Proof in Case 5) We keep the same notation as in Case 1). Let
Bl : J§OO o gintierstl g g9 P @ T,
B JEHETO o gemer) - gy g0 %@ S,

B gD Ly gttt gy g9 L@ T,

and let Ay : J&' — JZ' be the .Z-twister-isomorphism induced by BL,, B2
and B?,.
1

Claim: Ay extends to an isomorphism A : jg’l — fé )
Indeed, let

L, {P}ien € C1 — {N1} and {Q;}ien € C5 — {N1}
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be exactly as in the proof of Case 1). As before, to prove that Ay extends,
it is enough to show

lim B}ip(mpt X %1) = tli)m Bi/p(mQt X %1)

t—o00

However, in contrast with the Case 1), showing this isomorphism is a
little trickier, since the natural limits

tllm B}g(mpt X ,//1) = my, & %1 LR e%

and
tli>m Bf;(mQt & %1) =my, ® M QL R Ty

do not belong to J_gl. Indeed, from (6.5) e (6.6) we have
@(fé@ %) = (pl +1- dap27p3 - 1)

and
%(‘,g@ c%,) = (pl - d7p2 - 17p3 + 1)

Since deg(my, ® .#,) = (d,0,—1), we have
deg(my, ® A @ L @ F1) = (p1 + 1,p2, ps — 2) and
deg(my, @ M ® L @ F) = (p1,p2 — 1, p3)-
Then, since degg, (my, ® A ® £ ® F) — p3 = —2, it follows that
my, @ ML RT I
On the other hand, since
deg(my, @ A @ L @ T3) = (p1,p2 — 1,p3),

we have that degq, ¢, (-Z) — p1 — p2 = —1 which implies that my, ® . ®
L0 Te T
So, in order to solve this problem, we look for two sheaves .4#] and .45
such that
lim By (mp, @ 4) = M = Ay = lim BYy(mg, @ 4).
—00 —00

First we find the sheaf .47. Fix a smooth point B € (3. For each t € N, let
r; be the line passing trough B and P,. Since C' C P2, r, intersects Cs at a
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smooth point P/. Fix a smooth point A € C} and let s be the line passing
through A and B. Then s intersects Cy at a smooth point D; see Figure 6.5.

Hence, since for each ¢ € N the divisor associated to the rational function
ri/son Cis P, + P/ — A— D, we have

mp, = m};t, ®my Q@ mp.

Therefore,

lim By(mp, @ #) = limmp, ® 4 ®L DT

t—o00

= tlimm}g®mA®mD®///1®$®=%
= My, @MaQmp M QLR .

Figure 6.5:
Let A :=my, @mya@mp @ A4 ® L @ 7. Then

deg(A) = deg(my, ®my@mp @ M @ L R T)
= deg(my,) + deg(m,) + deg(mp) + deg(# ® £ @ T1)
= (0,0,0) + (—=1,0,0) + (0,—1,0) + (p1 + 2, p2,p3 — 1)
= (p+1,pp—1,p3—1)

which implies that 4] € (]%’1. Indeed, first we have
1 = dege, (M) — p1, —1 = degc,(A2) —p2 and — 1 = degc, (M) — ps,
and second,

0 = dege,ue, (M) — p1 — P2, 0 =dege, 0, (M) — P1 — P3

and —1 = degg, 0, (A1) — p2 — p3. That is, 4 satisfies the conditions of
p-1-quasistability.
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Now we find the sheaf .45: Fix a smooth point B’ € Cy. For each t € N,
let 7, be the line passing through B’ and Q;. Since C' C P2, r} intersects C;
at a smooth point C;. Fix a smooth point D’ € (3, and for each ¢t € N, let s}
be the line passing through C; and D’. So s} intersects C5 at a smooth point
Q}; see Figure 6.6.

Then for each t € N, we have

~Q,=-Q,+B - D

because Q; — Q, + B’ — D’ is the divisor associated to the rational function
r;/s; on C. Thus, for each ¢,

mg, Emg @ my @ mp.

Figure 6.6:
Hence, we have
lim Bi(mg, @ M) = lim mg, ® M © L @ T
— 00 — 00
>~ tli}m my, my Qmp QM QL QT
= mN3®mE,®mD/®///1 ®RZL R Ts.
Let r/Vg =My, ®m*B, Xmp & .ﬂl ®$® % Then
deg(A3) = deg(my, @mp Qmp @ M1 QL ® Ts)
= deg(my,) + deg(mp,) + deg(mpr) + deg( A1 ® £ @ T)
= (07 _17 _1) + (07 170) + (0707 _1) + (pl + 17p2 - 17p3 + 1)
= (m+1pa—1Lps—1)
Then, since deg(42) = (p1 + 1,p2 — 1,p3 — 1) = deg(.41), we also have
My e T2
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Finally we claim that 4] = A5. Indeed, let vy, : C' — C be the
normalization of C' at N3. Let {N32, N33} := (vn,) '(N3). Let

L =vy,(ma@mp @ A @ L ® 7) = vy, (A)/torsion and
"%2, =M, ® Mpg 5 & V}k\fs (m*B’ ®mer ® ‘//1 ®L® %) - V*N3(</V2)/t0r8ion‘
By Proposition 74, p. 65, we have

VNB*(XII) = .M, and VNa*(gé) = M.

Since " is a curve of compact type, .£] and .Z, are uniquely determined by
their restrictions to the irreducible components of C’. Since

deg(£]) = deg(H)

= (m+1,po—1,ps—1)
= deg(43)
= deg(.%)

and the irreducible components of C” are P!, it follows that the restrictions
of &£ and .Z; to the irreducible components of C” are isomorphic, implying
2 = £, Therefore,

'/Vl = VNS*(gll) = VN3*($2/) = '/VQ?
that is,

Jim BL(mp, @ M) = N = N lim B (mg, @ A ).
—00 —00

Therefore Ay extends to an isomorphism A : j%’l — fg’l, finishing the
proof of the claim and hence, the proof of the Case (5). O
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