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Abstract

In this paper we obtain an ordinary differential equation H from a Picard-Fuchs
equation associated with a nowhere vanishing holomorphic n-form. We work on a
moduli space T constructed from a Calabi-Yau manifold W together with a basis of
the middle complex de Rham cohomology of W. We verify the existence of a unique
vector field H on T such that its composition with the Gauss-Manin connection satisfies
certain properties. The ordinary differential equation given by H is a generalization
of differential equations introduced by Darboux, Halphen and Ramanujan.
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1 Introduction

The system of differential equations

g d2 = 4yt
(1.1) D2y dls — oty
44 ds = 4ty

appeared in 1878 in the work of Gaston Darboux [9], where he was treating on the curvi-
linear coordinates and orthogonal systems. The problem that he was working on it is as
follow: Let A and B be two fized surfaces in 3-dimensional Euclidean space R®. Suppose
that X is a family of surfaces parallel to A, and X' is another family of surfaces parallel
to B. Is there a third family of surfaces parameterized by u such that intersects ¥ and Y/
orthogonally? The more interesting case of this problem is when the family (u) is of the
second degree and Darboux proved that in this case this family is given by

2 o

) () | ta(u)

=1,

in which z1, 22,3 are coordinates of R?, and ti,ts,t3 are functions of u given by the
following equation

(1.2) tg(@ + @) = to(

dty  dts dty n dts
du du



Therefore, the system of equations (1.1) is a particular case of the equation (1.2).

In 1881, G. Halphen [17] studied the system of differential equations (1.1) in C3. He
proved that this system satisfies an important invariant property. To express this invariant
property, for the constants a,b,a’, b, let

az+b 2a’ ab — ba’

(13) T & a'z+ b + (a'z+ V)

282', 1= 1,2,3.

By substituting (1.3) in the system (1.1), we have

o+ 4 = s
(1.4) d52 4 dss — 555
dsy | ds3 _
dw + dw — 8183

from which it follows that the system (1.1) is invariant under the change of variables (1.3).
Therefore, to find a general solution of (1.1), it is enough to apply (1.3) to a particular
solution of (1.4). Halphen gave a solution of the system (1.1) in terms of the logarithmic
derivatives of the null theta functions; namely

t1 = 2(In04(0]2)),
ty = 2(In6y(0]2)), '=_—
ts = 2(In63(0]2))".

where
02(0|2) := 3200 q2(nt3)’
03(0]2) == Y02 g™ , g =€ Im(z) > 0.
04(0|2) := Zzo:ioo(—l)"qénz
F. Brioschi [3] in 1881 studied the following extension of the system (1.1)

zj? + ;%%2 = t1ty + ¢(2)
(1.5) Pt @ =ttt o(z)
A — it 4 o(2)

in which ¢(z) is a function of z. Again in 1881, Halphen in [18] introduced and investigated
a class of differential equations with (1.5) as a particular case. In the case of three variables,
he showed that this class is given by

9 — 142 + (A — a1)(tats + tits — bals)
(1.6) D2 = aptd + (X — as)(tots + tats — t3t1)
Us — agt2 + (N — as)(tsts + tata — tita)

where, a1, a2, a3, \ are constants. He proved that the system (1.6) also satisfies the in-
variant property and it is in a direct relationship with the Gauss hypergeometric equation
(see [16]). Ome can see that the system (1.6) is equivalent to the system (1.1), when
a1 = az = az = 0 and A\ = 1. If we look at the system (1.6) as a vector field in C3, then
it is a semi-complete vector field. In this context, an extension of Halphen vector field,
namely Halphen type vector field, was introduced by Adolfo Guillot in [14, 15].

In 1916 Ramanujan [24] introduced another system of differential equations as follow

=1t =
(1.7) R: % = 47’17“2 — 67“3 5
drs 1,.2

7o = 61113 — 3713



that is in a close relationship with Darboux-Halphen differential equation (1.1). He verified
that the Eisenstein series 2 Ey (1), 12(251)2E4(7), 8(25 )3 Eg (1) satisfy (1.7), where

44 .
Eyj(r) :=1- % > oga(r)d’, g =€,
J r=1
oi(n) = Zdi,
din

and By’s are Bernoulli’s numbers. In (1.9) we will see a relationship between the systems
of equations (1.1) and (1.7).

Calabi- Yau manifolds are defined as compact connected Kéhler manifolds whose canon-
ical bundle is trivial, though many other equivalent definitions are sometimes used. They
were named " Calabi-Yau manifold” by Candelas et al. (1985) [7] after E. Calabi (1954)
[4, 5], who first studied them, and S. T. Yau (1976) [27], who proved the Calabi conjecture
that says Calabi-Yau manifolds accept Ricci flat metrics. In this text, we suppose that for
an n-dimensional Calabi-Yau manifold h?? = 0, 0 < p < n, where hP4 refers to (p, q)-th
Hodge number of Calabi-Yau manifold (see §3). It is clear that the connectedness of a
Calabi-Yau manifold and the triviality of its canonical bundle imply that h®? = h™0 = 1.
In order to explain the generalization of Darboux-Halphen-Ramanujan vector fields, DHR
for short, we consider the family of 1-dimensional Calabi-Yau manifolds, which are elliptic
curves, and for more details the reader refers to [23].

Let E be an elliptic curve over C. Then the Hodge filtration F*H' of the first de
Rham cohomology group H}(E) is given as follow,

{0} =F2c F'c F'=HXR(E), dmF'=2—1,

where F! C H}(E) includes classes of holomorphic closed 1-forms on E. Let T be the
moduli of the pair (E,[a1, as]), in which ay € F!, ay € FO\ F!, and the intersection form
matrix in «;’s is as follow

((ais @) 1< j<o = ( —01 (1) ) '

To be more precise, let Ey := E\ {oo} be the affine curve that its Weierstrass presentation
is given as follow

Eo={(z,y) € C*| f(z,y) ==y — 4(x — t1)® + ta(x — t1) + t3 = 0}

Then «; and ag, resp., are induced by [df] and [x;ﬁ}, resp., where [%x] and [%] are

generators of the first de Rham cohomology Hlg(Ep) of the affine curve Ej. Since
Hls(E) = Hig(Ey), it follows that a; and oo are generators of HJp(E); and hence
a1 A ag # 0. Tt is seen that T is a 3-dimensional space, and there exist a unique vector
field H on T such that the composition of Gauss-Manin connection (see §3.1)

V: Hig(E/T) = Q1 ®@o, Hig(E/T),

with H satisfies the following:

w



Roughly speaking, for y? = 4(x — t1)(x — t2)(x — t3) we have T = Tpy := {(t1,t2,t3) €
C3|t1 # ta # t3} and H = DH is given by the following system

A=t (ty + t3) — toty
(1.8) DH : % = to(t1 + t3) —t1t3
% =t3(t1 +t2) — t1ta

which is an special case of the system (1.6) introduced by Darboux-Halphen with a; =
as = az = 0 and A\ = 1. Or equivalently for y? = 4(z — 71)3 + ta(x — r1) + r3 we obtain
T = Tr := {(r1,r2,73) € C3|27r3 — r§ = 0}, and H = R is presented by system (1.7)
introduced by Ramanujan (for details see [23, Proposition 3.8]). The algebraic morphism
¢ : TDH — TR defined by

(1.9) ¢ (t1,ta,t3) — (1,4 Z (T = t;)(T —t5), 4T — t1)(T — t2)(T — t3)),

1<i<j<3
where T := %(t; + t2 + t3), connects two systems (1.7) and (1.8), i.e., ¢.DH = R.

After these works, H. Movasati [22] considered a one parameter family of Calabi-Yau
3-folds, which is known as the family of mirror quintic 3-folds, and studied on it. If W is
a mirror quintic 3-fold, then the Hodge filtration of H3g (W) is given as follow

{0}=F'cF3c...c FO=H}x(W), dimF'=4—i.

The complex moduli of W is one dimensional that we parameterize it by z. There is
a nowhere vanishing holomorphic 3-form w € F? such that the Picard-Fuchs equation
associated with it is given by

1 2 3 4
L=9"—5"2(9+ )0+ =)+ =)+ =
in which ¥ := V_» is the composition of Gauss-Manin connection V with the vector

0z
field z%. Movasati treated on the moduli space T of the pair (W, [, g, a3, ay]), where

a; € F4~%\ F5~1 and the intersection form matrix in ;’s is given as follow

0 0 0 1
0 0 1 0
((ai,aj>)1§z‘,j§4: 0 -1 00
-1 0 0 O

He proved that T is a 7-dimensional space and there is a unique vector field H and a unique
meromorphic function y on T such that,

o 01 0 O Qaj
o) . 0 0y O Qo
VH as | oo o0 -1 as
Qg 0O 0 O 0 Oy

Indeed he expressed H and y explicitly, and he showed that y is related with the normal-
ized Yukawa coupling, whose was introduced by Candelas et al. in [6]. They computed
the coefficients of the g-expansion of the normalized Yukawa coupling for quintic 3-folds
in P, that are conjectured to be the Gromov-Witten invariants of rational curves on a



quintic 3-fold in P*.

After what we saw about the family of Calabi-Yau 1-folds and the family of mirror
quintic 3-folds, it is natural to ask whether there exist such a moduli space T and such
a vector field H in higher dimensions. In the present paper we give a positive answer to
this question. To do this, we fix an n-dimensional Calabi-Yau manifold W. We suppose
that the complex deformation of W is given by a one parameter family = : W — P of
n-dimensional Calabi-Yau manifolds, where P is a 1-dimensional quasi-projective variety
parameterized by z. Moreover, we assume that the n-th relative de Rham cohomology
group Hj, (W/P) is n + 1-dimensional and the Picard-Fuchs equation L associated with
the unique nowhere vanishing holomorphic n-form w € F" is given by

(1.10) L=0"" —a,(2)0" — ... —a1(2)9 — ag(2),

where F*H™ is the Hodge filtration of Hiz(W/P), ¥ := V_o and a;(z) € Q(z), i =
0z

0,1,...,n. We provide the first result in the following proposition.

Proposition 1.1. The Picard-Fuchs equation L is self-dual.

Before stating the main theorem of this paper, we fix the (n + 1) x (n + 1) matrix ®
as follow. If n is an odd integer, then set

On 1 Jn 1
(1.11) @;:( nft ;)7

—Jnt1 Ongr
2 2

where Ok, k € N, denotes a k x k block of zeros, and J is the following k x k£ block
0 0 ... 01
0 0 1 0

(1.12) R

0 1 0 0

1 0 0 0

If n is an even integer, then ® := J,,1. Also we suppose that F**H" denotes the Hodge

filtration of H} (W;C) given as follow:

FeH": {0}=F""'cF'c...c F' c F' = H}R(W;C).

Theorem 1.1. Let W be the Calabi-Yau n-fold given above and T be the moduli of
(W, o1, @2, . . ., any1]), where {a;} 4 is a basis of Hiz(W;C) satisfying

(1.13) o € Frrlmi\ prt2=i i — 1.2 ... n+1,

and the intersection form matriz in a;’s is subject to the condition:

(1.14) (e, aj>)1gi,jgn+1 = .
Then there exist a unique vector field H and unique meromorphic functions y;, 1 =
1,2,...,n—2, on T such that the composition of Gauss-Manin connection V with the

vector field H satisfies:

(1.15) Vha = Ya,



in which

t
az(al a9 ... an+1)7
and
01 0 0 0
00 wu 0 0
(1.16) Y = : :
00 0 Yoo 0
0 0 O 0 -1
0 0 O 0 0

Moreover we have,
; if n is even

(nA1)(n+3) | 1. e -
dm T — n(n+%) +1; if nisodd
- t+1

As we saw above, the system of ordinary differential equations given by H is an exten-
sion of systems of differential equations introduced by Darboux, Halphen and Ramanujan.

Definition 1.1. The vector field H introduced in Theorem 1.1, is called Darbouz-Halphen-
Ramanujan, DHR for brevity, vector field.

The structure of this article is prepared as follow. First, in Section 2 we give an algo-
rithm to find the existence relationships among coefficients of a self-dual linear differential
equation of an arbitrary degree. In particular we provide these relationships in degrees
three and five. Section 3 contains a brief summary of some basic facts. After fixing some
notations and assumptions, the proof of Proposition 1.1 is given in §3.4. Finally, Section 4
is devoted to the proof of Theorem 1.1. In this section the proof is divided to the even case
and odd case depending to the dimension of Calabi-Yau manifold. And also we present
DHR vector field explicitly in dimensions three and five.

Remark 1.1. As we will see in §4, to prove Theorem 1.1 we introduce several matrices and
matriz equations. Recently we discovered that they are in a close relationship with Birkhoff
factorization given in quantum cohomology (see [13]). In fact, if we talk in physicists
language, our work is in B-model and the Birkhoff factorization is discussed in A-model
and mirror symmetry gives the existence relationships between them.

Acknowledgment. Here I would like to express my very great appreciation to Hossein
Movasati, my Ph.D. supervisor, who always was available and I used his valuable and
constructive suggestions and helps during the planning and development of this work. I
wish to thank IMPA for preparing such an excellent academic environment. This work has
been done during my Ph.D. and T am grateful to have economic supports of ”CNPq-TWAS
Fellowships Programme” during this period.

2 Self-Dual Linear Differential Equation

In this section by R we mean the simple commutative differential ring C[z], with quotient
field k := C(z) and derivative (.)’; and R[0] is the ring of differential operators where 0 is
the usual derivation % or logarithmic derivation z%. It is not difficult to check that k[%}
and k[z%] are isomorphic, hence we can freely switch between these two differential rings.
The pair (M, 9) refers to a differential R-module, i.e., M is a finitely generated R-module



and 0 : M — M is a map satisfying d(m + n) = d(m) + 9(n) for every m,n € M; and
A(fm) = f'm+ fO(m) for every f € R and every m € M. For more details the reader
can see [25].

Definition 2.1. Let (M, 0) be a differential k-module. Then for each m € M we define the
evaluation map evy, : k[0] — M by > a;0" — > a;0'm. The monic generator of the
kernel of ev,, as a left ideal is called the minimal operator of m over k[0]. Furthermore, we
call m a cyclic vector of M if the degree of its minimal operator equals the k-dimension of
M, i.e. the set {m,dm, ..., 09 (M)=Lm is a k-basis of M. We call a pair (M, e) consisting
of a differential module M and a cyclic vector e € M a marked differential module.

By a result due to N. Katz (see [25, § 2.1]), there is a one to one correspondence
between monic differential equations L € k[0] and marked differential modules (M, e).
More precisely, each differential k-module M has a cyclic vector, and in particular there
is a differential equation L € k[0] such that M is isomorphic to k[0]/k[0]L. Thus we can
assume L = 9" + 37" 1 q;0" € Q(2)[0)], is an irreducible monic differential equation and

(2.1) (ML, e) = (C(2)[0]/C(2)[9] L, [1]),
is its corresponding marked differential C(z)-module. The dual equation L of L is defined

as follow

n+1

(2.2) L= (-)""0a; ani1=1.
1=0

Definition 2.2. It is said that L satisfies property (P), if there is a non-degenerate form
(.,.) : M, x My, — C(z) such that

(i) (.,.) is a (=1)"-symmetric form, i.e. (.,.) € Homgg(Sym?My,C(z)) if n is even,
and (.,.) € Hom(c(z)[a](/\2ML, C(z)) if n is odd.

(ii) (e,d%) =0 fori=0,1,...,n— 1.

We state a proposition that gives an equivalence condition for property (P) and for a
proof see [2]. Note that for ) € C(z), the operator 9% is given as 9y = d(¢) + 10, and
for convenient we denote by 1’ = (1)), so Y@ = 3(A(...(A())...)).

——

i—times

Proposition 2.1. The equation L satisfies the property (P) if and only if L is self-dual,
i.e., there is an 0 # ¢ € C(z), such that

(2.3) Ly = L.

Using Proposition 2.1, we give an algorithm to find the relationships that exist among
coefficients a;’s. Let L = Z?iol a;0%, with a,,1 = 1, be a linear differential equation
satisfying property (P). Suppose that n = 2mor2m+ 1, for a positive integer m. Then co-
efficients a,_2, Gp_4, ..., apn_2m depend to the rest of the coefficients and their derivations.
First using the induction, one can easily verify that for ¢ € C(z)

) = ZJ: < Z ) 1/,(3‘—1')32"
i=0

7



Therefore, it follows that

(2.4) i= Ti:l (nif(—l)"“_j ( Z )agji)) o',

and
n+1 n+1 .

(2.5) Lip=>Y" (Z ( Z )ajw(“)) o
i=0 \ j=i

If we substitute (2.4) and (2.5) in Lt = 1L, then we have
n+1 n+1 . o n+1 n+1 . o )
(2.6) S (‘Z >aj¢(“) Zw Z 1t <Z >a§?‘” o'
i=0 \ j=i =i

Now by comparing the coefficient of 9" in (2.6), we express 1/ and 1()’s in terms of 1),
a, and derivations of a,, as follows

W: _n+1 n%
(2.7) - (( 2 g2 2 ;) "

n+1 n+1
2
)2ana;1 . a//) ¢7

n+1 n+1"

m_ 2 33 .
o = (e

and we substitute 1)(?)’ in the left side of (2.6). In order to state a,_ok, k = 1,2,...,m, as
an equation of an,an—1,an-3,...,a,_(2x—1) and their derivations it is enough to compare
the coefficient of 9"~2* of both sides of (2.6), which yields

n+1 . n+1 ' . (k)
Z < L J )a]w —(n—2k)) _ Z (_1)n+1—] < ni?k >a§3 n .

j=n—2k Jj=n—2k

Therefore,

= n+1—ij ] j—(n—2k
S A e

j=n—2k+1
n+1 j 4
S ( - )aj(wu—(n—%))/w
j=n—2k+1
For example if £k = 1, then a,_o is given as follow

n—1 nn—1) , nn-1) 4 (n—1), 1
On-2 = man—lan - manan - 3(n + 1)2an 5 dn-17 En(n —1ay

As a result of this algorithm we provide the following lemma.

Lemma 2.1. Let L = Z?Jrol a;0%, with a,+1 = 1, be a linear differential equation satisfying
property (P). Then followings hold:



(i) If n =3, then

a) = 1a2a3 - §aga/ - 1a3 + ah — 1a//
(ii) If n =5, then
2 5 S 5
a3 = 50405 — gag,ag — 2—7a§ + 2a) — gag,
4 2 ) 1
a; = ay —alf + aé ) _ afl Jag — ayas + §a5(ag)2 + gazas
1 3 0 5 1 5 1,4, 1 10 ,
- 2—7a4a5 + ﬁ%ag + 8—1a5 - gaﬁl% — §a4a5ag + §a5ag
10 5
+ gagag’ — §a4a'5’ + §a5ag’.

3 Picard-Fuchs Equation as a Self-Dual Linear Differential
Equation

In this section m : W — P refers to a family of n-dimensional compact Kéahler mani-
folds, i.e., m is a holomorphic proper submersion of complex manifolds W and P such
that for any z € P, W, := 771(2) is an n-dimensional compact Kéhler manifold. If we
denote the k-th de Rham cohomology group of W, by H (IfR(WZ), then de Rham Lemma
gives the isomorphism H%,(W,) & H*(W,,R), or equivalently H%5,(W,;C) & H*(W,,C)
where HY.(W.; C) denotes the complexified de Rham cohomology group. Here by (W) :=
dim HgR(WZ;C) stands for the k-th betti number of W,. Also by Hodge decomposition
theorem we have

(3.1) Hijp(W.;C) = @ HP(W2),

in which HP2(W,) is (p, q)-th Dolbeault cohomology and by Dolbeault’s theorem we have
the isomorphism HP(W,) = HY(W,,Q, ). We denote by h»4(W,) := dim HPI(W,),
that is called (p, q)-th Hodge number of W,. By defining

FP(W.):= @ H™""(W.), 0<p<n,

p<r<n

we yield the following decreasing filtration which is known as the Hodge filtration of
H(IjCR(WZ%

(3.2) FCHFW,): {0} = FFHY(W,) c F*(W,) c ... c FO(W,) = H;(W.;C).

We can consider the family W as a complex deformation of W := Wy, 0 € P. As one can
find in standard texts of complex geometry, e.g. [26], up to replacing P by a neighborhood
of the base point 0, bg(W,) = bg(W) and hP4(W,) = h?9(W) for any z € P. Hence
simply we can write by and hP? instead of by(WV,) and hP4(W,). Also one can see that
b = >4 gk NP9, WP = h?P and hP4 = hn=en7P,



3.1 Gauss-Manin Connection and Griffiths Transversality

Consider the sheaf kaCiw on P, where Cyy is the constant sheaf on VW with fibers C
and RFr, refers to k-th derived functor of the pushforward. For any z € P, we have the
following presentation of the stalks of RkTr*(Ciw

(RFm.Cyy), ~ H*(W,,C) ~ H5: (W,; C).

Hence Rkw*Ciw is a locally constant sheaf on P. Formally speaking, Rk”*cﬂ is the
sheaf associated to the presheaf U + H*(7~1(U),C) (see [12]). In fact, for a contractible
open subset U C P, by Ehresmann Lemma 7~ '(U) = U x W, for some z € P, so
H*(z=Y(U),C) ~ H*(W,,C). By defining

(3.3) HY (W/P) := RFr.Cy @c Op,

which is a holomorphic vector bundle on P, then for any z € P, H(’fR(W/P)Z = Hé“R(WZ; 0).

Definition 3.1. The holomorphic vector bundle H; (W/P) defined in (3.3) is called k-th
relative de Rham cohomology group. The unique integrable connection

VML Hir W/ P) = Qp ®o, Hir(W/P),
whose flat sections coincides with RkW*M is known as Gauss-Manin connection.

For a vector field v on P, consider the map v®1d : QL ®0,, HY: (W/P) — HE, (W/P).
Then by composing the Gauss-Manin connection VM with v ® Id we define

(3-4) VM Hig (W/P) = Hig(W/P)

VM .= (v ® Id) 0 VOM,
From now on, if no confusion arises, we denote the Gauss-Manin connection by V instead
of VM.,

Remark 3.1. The k-th relative de Rham cohomology group H¥; (W/P) is locally free of fi-
nite rank, say m. Let {w;}], be alocal frame of HYW/P)and @ == (w1 wy ... wp)
be the matrix presentation of this frame, where t refers to the matrix transpose. Then we
define the matriz of Gauss-Manin connection, which is denoted by GM, as follow

Vw:=(Vw; Vwy ... Vwn)' =GMg ® w.

t

We are noting that for any z € P and any j € {1,2,...,m}, wj(z) € H¥ (W,;C) and we
can present it by a k-form on W, that we denote it also by w;(2).

Each fiber HE, (W,; C) of HE, (W/P) has a Hodge filtration, and this yields a decreas-
ing filtration of H%;(W/P) by holomorphic subbundles

(3.5) F*HF: {0} =FlcFrc...cFl c F'=HYLW/P),
such that for any z € P and any p € {0,1,2,...,k}

FPeFr(W,) = @ HF (W),
p<r<k

The filtration F*H* given in (3.5), is also called Hodge filtration of HEky(W/P).
Theorem 3.1. (Griffiths transversality) Under above terminologies, following holds:

VFPCc Qb FP L p=1,2,.. k.

10



3.2 Picard-Fuchs Equation

Here we consider the Hodge filtration F*H"™ of H"(WW/P) and fix the local section w € F";
indeed for any z € P, w(z) € H"Y(W,) is a holomorphic n-form. Let D be the ring of

linear differential operators on P. If dim P = r and z1, 29, ..., 2, is a local coordinate of
(P,0), then we have D = C(z1, 22, ..., 2)[01, 02, ..., 0], where C(z1, 22, ..., 2,) is the ring
of convergent power series of z1, 29, ..., 2, and 9; = %. We define the Op-homomorphism

U : D — Hip(W/P), which for vector fields v1,va, ..., v on P is determined by
U(vivg...v5) = Vi, Vi ... Vyw.
By this definition, ¥ gives the structure of a D-module to Hj (W/P).

Definition 3.2. The ideal 7 = kerV, consist of differential operators that annihilate w,
by definition is called Picard-Fuchs ideal and any L € 7T is called a Picard-Fuchs equation.

Assumption 3.1. In what follows in this section, we suppose that ¥V is a one parameter
family of n-dimensional compact Kéhler manifolds, i.e., dim P = 1.

Let z be a coordinate of (P,0) and define the differential operator 9 := V_o . Then

oz

(HizOW/P),¥) is a differential C(z)-module. Considering the terminologies introduced
in §2, we present the following definition of Picard-Fuchs equation.

Definition 3.3. Let W be a one parameter family of n-dimensional compact Kéhler
manifolds and w € Hf (W/P) be a fixed non-zero element. Then the minimal operator
of w is called the Picard-Fuchs equation associated with w.

Assumption 3.2. From now on, we suppose that there exists a nowhere vanishing holo-
morphic n-form w € F" such that the Picard-Fuchs equation L associated with it is of
order n + 1 given as follow

(3.6) L=9"" —a,(2)9" — ... —a1(2)9 — ag(2),
where a;(z) € Q(z),7=0,1,...,n. Therefore, by definition Lw = 0.

3.3 Intersection Form
For any a, ¢ € HJz W/ P), the intersection form of o and ¢ by definition is
(a,8)(2) == Tr(a(z) » &(2)), Vz € P,

”

in which 7" refers to the cup product. In de Rham cohomology, the cup product of
differential forms is induced by the wedge product, hence in the family W the intersection
form is defined as follow

(3.7) (0,6)(2) = / a(z) N E(2).

z

We state below a lemma that follows easily from properties of wedge product.
Lemma 3.1. Followings hold:
(i) (@) = (~1)*(¢,a), for any a,€ € HIy(W/P).
(ii) If F*H™ is the Hodge filtration of Hz(W/P), then
(3.8) (FLFDY =0, for i43j>n+1.

11



3.4 Self-Duality

Here we give the proof of Proposition 1.1. First we fix following notation.
Notation 3.1. By notation, for i = 1,...,n + 1, we define w; := 9" lw.

We know that w; = w € F™, hence by Griffiths transversality w; € F("+D =% Therefore,
Lemma 3.1(ii) implies that

<w1,wi> :O, 1= 1,2,...,n.

One can find in [1, § 4.5] that

(3.9) (wi,wn41)(2) = coexp (_ n—2|—1 Oz . %U )

for some nonzero constant cy. If we denote by a(z) := cpexp (—T%Ll Iy an(v)%), then for
any i € {1,...,n}

(3.10) (Wi, Wnao—i) = (=1)1a.

To see this, first note that by Lemma 3.1(ii) we have (wji1,wn—j) =0, j=0,1,...,n—1.
On the other hand we know that

Hwjt1, wn—j) = (wji1,wn—j) + (Wjr1, Ywn—j) = (Wjt2, wn—j) + (Wjt1,wn—jt1) =0,

where in the first side of above equation by 9 we mean the usual derivation operator z%.
Thus we obtain (wj42,wn—j) = —(Wj41,wn—j+1), from which follows (3.10).

Proposition 3.1. Let F*H" be the Hodge filtration of Hi, (W /P). Then dim Hi W/P) =
n+ 1 if and only if dim F*/F+ =1 for any i € {0,1,...,n}.

Proof. If dim F*/F"1 = 1, then it is evident that dim Hjz (W/P) = n+1. Conversely
suppose that dim Hfz; (W/P) = n + 1. Then it is enough to prove that dim F*/F*1 £
0. By (3.9) we know that (wi,wpt+1) # 0, hence Lemma 3.1(ii) implies that wpy1 €
FO\ FL. Now to prove dim F*/F*! o£ 0, by contradiction suppose that there is a j €
{1,2,3,...,n — 1} such that dim F//F/*! = 0, and hence F/*! = F/. We know that
Wint1)—j € F7, thus by Griffiths transversality Wing1)—jtl = ﬂw(nﬂ)_j e FItl = FJ.
Again by using of Griffiths transversality we obtain that w(,,1)_j;2 € F7. By continuing
this process it follows that w, .1 € F/, which contradicts w,1 € F°\ F*. [ |

Assumption 3.3. In the rest of this section we assume that for any i € {0,1,...,n},
dim F?/F*1 =1, or equivalently dim H gz (W/P) =n+ 1.

Remark 3.2. Assumption 3.3 yields that dim F* = (n +1) —4, i =0,1,...,n+ 1. It is
equivalent to say dimh*/(W,) = 1 for any z € P and any non-negative integers i, j with
1+7=n.

Proposition 3.2. The set {wi,ws, ... ,wnq1} construct a frame for Hiy (W/P) such that
foranyie {1,2,...,n+ 1},

(3.11) w; € FtD=i\ Fln+2)—i

12



Proof. We know that dim Hjj, (W/P) = n+1, hence it is enough to show that for any
z, the set {w1(2),w2(2),...,wn+1(2)} is linearly independent. To this end, suppose that
there are constants by, by, ..., by41 such that bywi(2) + bewa(2) + ... + bppi1wni1(z) = 0. If
we set k:=max{i|b; #0,7=1,2,...,n+ 1}, then we can write

wr(z) = qqwi(z) + cowa(2) + ... + cg_1wi—1(2),
in which ¢; = II)’—;. By intersecting wy, with wy, 19—, and using Lemma 3.1(ii) we have

(Wi wny2—k) (2) = c1(2) (w1, wnpo—k)(2) + - + co—1(2) (W—1, Wn2-k)(2) = 0.

On account of (3.10) we get (wk,wnt2—k)(2) # 0, which is an contradiction. Thus for any
ie{1,2,...,n+1}, b =0.

To prove (3.11), first note that Griffiths transversality implies that w; € F (nt)—i 4 =
1,2,...,n 4 1. On the other hand, since dim F"*+2)~" = j — 1 and {wy,wo,...,w;} is an
independent subset of H7 (W/P), it follows that w; ¢ F+2)=i, |

Finally in the following proposition we give the proof of Proposition 1.1.

Proposition 3.3. The picard-Fuchs equation L satisfies the property (P), or equivalently
L is self-dual.

Proof. Consider the intersection form defined as follow
(o) s HigW/P) x Hig(W/P) — C(z).

Equation (3.10) implies that (.,.) is non-degenerate, and the Lemma 3.1(i) verifies that
(.,.)is a (—1)"-symmetric form. Lemma 3.1(ii) guaranties that in frame {w, Yw, ..., 9"w}
we have,

(w,9w) =0, fori=0,1,...,n— 1.

Hence by Definition 2.2, L satisfies the property (P). This is equivalent with self-duality
of L by Proposition 2.1. |

4 Darboux-Halphen-Ramanujan Vector Field

In this section 7w : W — P refers to a one parameter family of n-dimensional Calabi-Yau
manifolds, or equivalently it is a complex deformation of an n-dimensional Calabi-Yau
manifold W := Wj. Let z be a local coordinate of (P,0). Then for any z € P, W, is a
Calabi-Yau n-fold. We know that Calabi-Yau manifold W is a compact Kéhler manifold
whose, up to multiplication by a constant, has a unique nowhere vanishing holomorphic n-
form w € H™Y(W). Thus, there is a holomorphic section of Hf; (W/P) that at 0 coincides
with w and we denote it also by w. Hence w € F", where F*H" is the Hodge filtration
of Hx(W/P), and w(z) € H"(W,) is a nowhere vanishing holomorphic n-form of W,
for any z. In this section we fix w € F™ and suppose that w satisfies Assumption 3.2
and F*H" satisfies Assumption 3.3. Throughout this section, we employ the notations of
pervious sections.
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Example 4.1. By now, as I know, there are 14 examples of one parameter families of
Calabi- Yau 3-folds satisfying the hypothesis of W given above. Any of these 14 families
is mirror symmetry of 14 structures given in Table 1. In this table X(dy,ds,...,d,) C
Ps(lo, 11, ..., 1ls) refers to the complete intersection of r hypersurfaces of degree dy,da, . .., d,
in weighted projective space P*(lo, 11, ..., 1s) with r < s, such that 3 7[_, d; =3 75_1;. The
Picard-Fuchs equation L associated with the nowhere vanishing holomorphic 3-form of any
of these families is a hypergeometric equation given as follow:

(4.1) L=v!—cz(@+r)@0+r) (0 +1—r)0+1—r),

where r1,7r9,c are given in Table 1. Note that §1 is the family of quintic 3-folds that we
pointed it out in §1. For more details one can see the references given in Table 1.

L8 m [ r2 ] c [[ Structure [[ References |
1 1/5 2/5 5° X(5) C P* [6, 11]
2 1/6 2/6 2536 X(6) Cc PX(2,1,1,1,1) [21]
3 1/8 3/8 2! X(8) cP¥(4,1,1,1,1) [21]
4 1/10 | 3/10 | 295° X (10) ¢ P1(5,2,1,1,1) [21]
5 1/3 1/3 30 X(3,3) C P° [20]
6 1/4 2/4 210 X(2,4) C P° [20]
7 1/3 1/2 27133 X(2,2,3) C PP [20]
8 1/2 1/2 2 X(2,2,2,2) C P’ [20]
9 1/4 1/4 212 X(4,4) CP°(2,2,1,1,1,1) [19]
10 1/6 1/6 2830 X(6,6) C P°(3,3,2,2,1,1) [19]
11 1/4 1/3 2633 X(3,4) C P°(2,1,1,1,1,1) [19]
12 1/6 3/6 2833 X(2,6) C P°(3,1,1,1,1,1) [19]
13 1/6 1/4 | 2193% || Xx(4,6) CP°(3,2,2,1,1,1) [19]
14 1/12 | 5/12 125 X(2,12) C P°(6,4,1,1,1,1) [10]

Table 1: calabi-Yau 3-folds [8]

Hodge filtration of Hz (W/P) is as follow

(4.2) FeH": {0} =F""'crrc...c F'c F = HRrW/P), dimF" = (n+1)—i,

and as we saw in Proposition 3.2, {wq, w2, ...,wpy1} construct a frame of H}; W/ P) such
that
(43) w; € f’("+1)*l’ \ F(n+2)7i'

By using of Picard-Fuchs equation (3.6) we have
(4.4) 9y = PYwni1 = apw1 + a1wa + ... + apwnai.

Hence, considering Remark 3.1, if we apply the Gauss-Manin connection to the column of
n-forms w = ( Wi W2 ... Wnpal ) , then

(4.5) Vw = GMg; ® w,
where
0O 1 0 0 0
0 0 1 0 0
1 : : . : :
(4.6) GM, = — . . . : : : dz.
z o o0 0 ... 1 0
0O 0 O 0 1
apg Qi as e Ap—1 Qp,



To see this, for j =1,2,...,n, we have

1
ZV%UJJ' = VZ%(.UJ' = ’l%Jj = Wjt1 = ij = ;dZ@Wj+1.

n
Analogously, on account of (4.4), for w,41 we obtain Vw11 = % > aidz @ witq.
i=0
In this section we are going to prove Theorem 1.1. In order to do this, we will treat

with intersection form, but because of different behaviors of intersection form for odd or
even integer n, see Lemma 3.1(i), we separate the cases for odd and even integers. First,
we state the results in the odd case in §4.1. In particular for n = 3,5 we give an explicit
computation of results in §4.4 and §4.3.

4.1 0Odd Case

In the whole of this subsection n is considered to be an odd positive integer. If we define
the intersection form matrix as follow

(4.7) Q= (Qij)1gi,j§n+1 = (<wiawj>)1§i,j§n+1 )

then Lemma 3.1(i) implies that Q' = —Q, and hence Q; =0,7i=1,2,...,n+ 1. Lemma
3.1(ii) yields Q5 = (wi,w;) = 0fori+j < n+1, and by (3.10) we find ;105 = (—1)"'a

for any i = 1,2,...,n + 1. Therefore, we can state the matrix €2 as follow
0 0 0 a
0 0 —a Qoni1)

(48) Q= : : . . .
—a —Domy) - —Qnmr 0

Definition 4.1. We say that a basis {a1, aa,...,anq1} of Hip (W;C) is compatible with
its Hodge filtration, if for any i € {1,2,...,n+ 1}

(49) o c Fn+1fi\Fn+27'i'

Next we introduce a special moduli space of Calabi-Yau manifold W that in the rest
of this text will be in interest. To do this, we first provide an equivalence relation.

Definition 4.2. Let Wy, W5 be two Calabi-Yau n-folds and {a4, ab,...,a% 1} be a basis
of Hlz (W;;C),i = 1,2, compatible with its Hodge filtration. Then we write

(4'10) (Wh [ai a%a SRR a}wrl]) ~ (W27 [O‘%7 a§7 e 70431+1])

if and only if there exist a biholomorphism ¢ : W; — Wy such that go*(a?) = ajl., Jj=
1,2,...,n+1. It is obvious that ”~” is an equivalence relation. For the Calabi-Yau n-fold
W, and a basis {a;} 4! of HYL(W;C) compatible with its Hodge filtration, the moduli

space T of pair (W, [a1, aa, ..., ant1]) is defined under above equivalence relation (4.10).

Remark 4.1. We know that the family = : W — P is the complex deformation of W.
Hence for any different 21, 29 € P, W,, and W, are not biholomorph. We thus have two dif-
ferent members (W, [w1(21),w2(21), - . . wnt1(21)]) and (W, [wi(22), w2(22), - - . wpt1(22)])
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of moduli space T. Also suppose that {u;}77! and {1;}74]' are two bases of Hj(W;C)
compatible with its Hodge filtration. If for any

e € Aut(W) :={f : W — W] f is a biholomorphism},

it does not preserve the bases, i.e., there exist a j € {1,2,...,n 4+ 1} such that ¢*v; #
g, then (W, [ua, pi2, ..., pns1]) and (W, [v1, 9, ..., vp41]) yield two different elements of
moduli space T.

As we fixed in the beginning of this section, for any z € P, {w1(2),wa(2),...,wn+1(2)}
construct a basis for Hf (W, C) that is compatible with its Hodge filtration. By abuse
of notation, we remove the letter z from this basis and denote it by {wi,wa,...,wn+1},

and hence (W, [w1,ws,...wni1]) € T. Let S be the change of basis matrix a = Sw,
where {a;}"]' is a basis of HJy(Ws;C) compatible with its Hodge filtration, and a =
(v az ... anpp )t. Then (4.3) and (4.9) imply that S is a lower triangular matrix
which we consider it as follow

S11 0 0 0

S21 S92 0 . 0

(4.11) S = S31 S39 S33 - 0
Stn+1)1 S(n+1)2 S(+1)3 -+ S(n+l)(n+l)

Hence the entries of S present coordinates of a chart of T that we will employ it soon.

Lemma 4.1. Let {ai}?jll be a frame of Hiy (W /P) compatible with its Hodge filtration.

(1) If we define W := ({ai, @))),<; jcpyys then ¥ = SQS".
(i) If we set Va = GM, ® a, then
(4.12) GM, = (dS + S.GM)S ™1,
where
d811 0 0 e 0
dsa1 dsao 0 e 0
(413) ds = d831 d832 d833 ce 0
dS(n+1)1 dS(n+1)2 dS(n+1)3 dS(n+1)(n+1)
Proof.

(i) By using of a = Sw, verifying ¥ = SQS* is an easy exercise of linear algebra.

(i) If we apply the Gauss-Manin connection to the equation o = Sw, and considering
Vw = GMy ® @, then we have

Va=dS ®@w+ SVw = (dS + S.GMy5) ® w
= (dS + S.GMy)S™! ® a,

which completes the proof. |

Following proposition give a more important step of the proof of Theorem 1.1.
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Proposition 4.1. Let T be the moduli of (W, [a1, o, ..., nyt1]), where {ai};fll is a basis
of Hlz (W5 C) compatible with its Hodge filtration. Then there exist a unique vector field

H and unique meromorphic functions y;, 1 =1,2,...,n— 2, on T such that
(4.14) Vao =Ya,
in which o = ( a1 Qg ... Ol )t, and Y is given by (1.16).
Proof. The idea of the proof is to present the vector field H explicitly in a chart
of T. Tt is easily seen that the dimension of Tis k+ 1, where k = ("H)QM For any

(W.,[a1,az,...,a,11]) € T, let S be the change of basis matrix a = Sw given in (4.11).
We consider the chart t = (¢o,t1,...,t;) of T, for which the coordinates are defined as

to = z,t1 = s11,t2 = 812, .- -, Lk = S(n41)(n+1)- We suppose that the vector field H is given
as follow
LI
=0
where H;’s, i = 0,1, ..., k, are meromorphic functions on T. Since H satisfies Vaa=Ya,

Lemma 4.1(ii) implies that
(4.15) (dS 4+ S.GMy)S™1(H) =Y.

We have S.GMq(H) = +5.GM,, where 2(t) == Ho(t) and GM,, is defined by GM_ =
GdeZ. Also if we define éll(t) = Hl(t), 521(75) = Hg(t), ceoy 5(n+1)(n+1)(t) = Hk(t),
then we have dS(H) = S, where

S11 0 0 o 0

S91 599 0 . 0

(4.16) S = 831 532 $33 .. 0
S(na)l S(a1)2 S(aD)3 -+ Sntl)(ntl)

Therefore (4.15) gives (S + QL'S’EMW)S*1 =Y, which yields
(4.17) S =YS— 28.GM,.

Consequently we can find Z (or Hg) and y,;’s (that we state them in Lemma 4.2 below).
Hence all the terms of the right hand side of (4.17) are determined, from which we can find
H;’s, i = 1,2,...,k. Thus, the existence of vector field H that satisfies (4.14) is verified.
The uniqueness of H and y;’s follow from Lemma 4.2(i), (ii). [

The proof of Proposition 4.1, implies more results about entries of Y that we express
them in a lemma below. Before that, we provide the following fact as a remark.

Remark 4.2. Since the matrix S is the change of basis matrix, it is invertible; thus for
any 1 <i<n+1, sy #0.

Lemma 4.2. The equation
(4.18) S =YS - :5.GMs,

implies that:
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(i) 2= 222 — Z5(nt1)(nt1)

11 Snn
(ii) yi—1 = %, foralli=2,3,...,n—1.
(iii) Moreover, if SQS* = ®, then y;—1 = —yn_i, for i # ”74'1; and
2
o = (i
In the other word
(4.19) Yo =-0Y"

Proof. Let’s define B = (bij)lgi’jgnJrl =YS5— ZSEMW

(i) The equation (4.18) implies that bjs = s92 — 2811 = 0 and bn(n+1) = S(n+1)(n+1) —
Z5nn = 0, which prove (i).

(ii) The proof of (ii) follows from (i) and b;;11) = Yi-15@4+1)(i+1) — fs“ =0,1 =

2,3,....,n—1.
(iii) Let’s define C' = (cij)1<ij<nt1 = SQS'. Then equation C' = @ yields ¢;(49-5) =
(_1)i+1d8ii3(n+27i)(n+27i) =1,i=1,2,..., ”T“, from which we obtain
. 1 . n-+1

(4.20) S(n+2—i)(n+2—i) = (—1)#1@7 i=12,..., 5
Thus,

Sii _ _S(n—i-l—i)(n—i—l—i)’ i= 1.9 n— 1.

S(i1)(i+1) S(n+2—i)(nt+2—1) 2

Therefore, on account of (ii) the proof of (iii) is complete.

Lemma 4.3. Let A .= zmw. Then following equation holds:
(4.21) 90 = AQ + QA

Proof. By using of the fact ¥(w;,w;) = (Yw;, w;) + (wi, Yw;) and Picard-Fuchs equa-
tion (4.4), the proof is an easy exercise of linear algebra. |

Finally, we are now in a position that can prove Theorem 1.1.
Proof of Theorem 1.1. Let T be the moduli space introduced in Proposition 4.1,

and suppose that (W, [a1, g, ..., ant1]) € T is an arbitrary element. As we saw in the
proof of Proposition 4.1, there exist the matrix .S such that

(<ai7aj>)1§i’j§n+1 = SQS".
Define the vector subspace M C Mat,+1(C) to be

M = {B = (bij)lgi,j§n+1 (S Matn+1(C)| bij =0, Zf 1<n+1 —]}
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If we define the map f as follow

f:T—>M

f( Wz, [041,042, ey Oln+1]) = SQSt,
then T = f~1(®). Hence T is a subspace of T and to prove the existence of vector field
H on T, it is enough to show that the vector field H, which was introduced in Proposition

4.1, is tangent to T and define H := |:||-|- To demonstrate the tangency of Hto T, it
suffices to prove that df|t(H) = 0, or equivalently verify that

(4.22) (SQSt 4 SQSt + SQSY) |+ =0,
in which Q = dQ(H) Since  just depends to z, it follows that Q = 2%9. By using of
Lemma 4.3 it is deduced that
O = 2(AQ + QAY) = 2(GMLQ + QGM.).
z

On the other hand as we saw in (4.17), S =Y S — 45.GM, hence
SQSt + SQSt + SQSt = Y SQSt + SQSTYT.
Since SQS*|+ = @, by using of Lemma 4.2(iii) we get
(SQS* 4 SQST + SQSY) |+ = (YSQSt + SQS'YY) |+ = (Y& + dYY)|1 =0,

and the proof of existence of H is complete.

To prove the uniqueness, first notice that Lemma 4.2(ii) guaranties the uniqueness of
y;’s. Hence we just need to prove that the vector field H is unique. Suppose that there are
two vector fields H; and Hg such that Voo = Yo, i = 1,2. If we set R := H; — Hg, then

(4.23) Vra = 0.

We need to prove that R = 0, and to do this it is enough to verify that any integral curve
of R is a constant point. Assume that v is an integral curve of R given as follow

v:(C,0)—=T; x — y(x).

Let’s denote C := ~(C,0) € T. We know that the members of T are in the form of
the pairs (W, [a1, o, ..., anyt1]), where W is a Calabi-Yau manifold of the family W,
and {ai}?ill form a basis of HQR(W; C) that is compatible with its Hodge filtration and
has constant intersection form matrix ®. Thus, for any = € (C,0), we have y(z) =
(W(l’), [a1(x), as(z), ..., ant1(2)]), and the vector field R on C is reduced to a% as well.

We know that W(w) depends only on the parameter z, and hence x holomorphically
depends to z. From this we obtain a holomorphic function f such that x = f(z). We now
proceed to prove that f is constant. Otherwise, by contradiction suppose that f’ # 0.
Then we get

(4.24) \% 9 ] — —xV 9 Q.

Equation (4.23) gives that Vagal = 0, but since a1 = s11w1, it follows that the right

hand side of (4.24) is not zero, which is a contradiction. Thus f is constant and W (z)
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does not depend on the parameter x. Since W(x) = W does not depend on z, we
can write the Taylor series of «;(z), i = 1,2,3,...,n + 1, in z at some point z(y as
ai(z) = > (z — z0) a; j, where a; ;’s are elements in HgR(W'C) independent of z. In
this way the action of V o ona; is just the usual derivation -2 52 Again according to (4.23)
we yield V 20i = 0, and we conclude that «;’s also do not depend on x. Therefore, the
image of ~y 1s a point.

To prove that dim T = w + 1, it is enough to observe that SQS* = ® gives

W independent equations and that W is a one parameter family. |

Remark 4.3. Let m : W and fix m entries of S. By notation we denote them
by t1,t2,...,tn and call them independent entries of S. The matrix equation SQS* =

yields @ independent equations that express the rest of entries of S, what we Shall
call dependent entries, in terms of ¢;’s. For instance, suppose that s, is a dependent entry
of S and SQS* = ® gives the expression sq, = p(t1,t2,...,tn). We can obtain $4, in the

following two ways:

(1) On account of sgp = @(t1,t2,...,tm), we first get

(4.25) Z tl 8tz

and then substitute #;’s from $ = Y'S — 4S.GM_, in (4.25).

(ii) We first find $4 directly from S =YS8— ZS.@I\\/lw, and then using SQS* = @ to
express $qp just in terms of ¢;’s.

We say that the equations SQSt = ® and S = Y'S — 25.GMq, are compatible if (i) and (ii)
give the same result for $,,. We are now in a position to introduce a chart of T, where t;’s
are its coordinates. In order to this, let ¢o := z. Then ¢t = (tg,t1,...,tm) gives a chart for
T that we will work explicitly with it in §4.3 and §4.4.

The corollary stated below, is an immediate result of Theorem 1.1.
Corollary 4.1. The equations SQSt = ® and S =Y S — 28. GMW are compatible on T.

Conversely, one can find that the compatibility of equations SQSt = & and S =
Y S — 25.GM, implies the existence and uniqueness of DHR vector field. We see this
clearly in §4.3 and §4.4, where we compute DHR vector field explicitly.

4.2 Even Case

During this subsection n refers to an even positive integer. As we mentioned before,
the difference of even case with the odd case is just the symmetry of intersection form.
Lemma 3.1 implies that in the odd case the intersection form matrix is anti-symmetric,
but in the even case it is symmetric. Hence, in this section we follow all the notations and
definitions of §4.1, except the concepts related with intersection form. In particular the
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matrix = (Qij);<; i<, 1 = ((Wisw5))1<; j<pi » I8 given as follow,

0 0 e 0 a

0 0 e ] —Qa QQ(n+1)
(4.26) Q=1 : : Q= (-1%a : : :

0 —a e an Qn(n—i—l)

a Q2(n+1) cee Qn(n-{—l) Q(n-{—l)(n—i—l)

in which [ = § +1. Almost all results of odd case are valid in even case. More precisely, we
can repeat Lemma 4.1, Proposition 4.1 and Lemma 4.3 exactly the same. But for Lemma
4.2, (i) and (ii) are valid, and (iii) holds with some changes that we rewrite it as follow.

Lemma 4.4. The equation S =Y S — 25.GM, implies that,

(iii) Moreover, if SQS* = @, then y;—1 = —yn—s, fori =2,3,...,%5. In the other word
YP = —-®Y".

Therefore to prove Theorem 1.1 in the even case, we can proceed analogously to the
proof of the odd case.

Remark 4.4. If we are more exact on the dimension of moduli space T in the even case
and odd case, then we find a nice relationship between them. Let T be the moduli space
given in Theorem 1.1 associated with a Calabi-Yau n-fold, where n is even, and T’ be the
moduli space associated with a Calabi-Yau (n — 1)-fold. Then we have

n(n+2)+1: ((n—1)—1—1)((71—1)—1—3)+

i !
1 1 1=dimT'.

dimT =

Thus, one of my interest for future works is to find more relationships between structures
of T and T'.
4.3 Five-Dimensional Case

In this subsection we give an explicit presentation of DHR vector field H, and in particular
we verify its uniqueness by using of self-duality of Picard-Fuchs equation. Here we are
following the notations and terminologies of §4.1 for n = 5.

The Picard-Fuchs equation (3.6) associated with the fixed nowhere vanishing holomor-
phic 5-form w € F? reduces to

(4.27) L =95 —ao(2) — a1(2)9 — az2(2)9* — a3(2)9> — as(2)9* — as(2)9°.

Lemma 4.5. The coefficients a;’s of L given in (4.27) satisfy following equations:

a3 = —3asas + 3asdas — a3 — 39%as + 20ay,
(428) aq 190:2 - 1930;[%_‘_ 1940,5 + 192a4a/5 + ’19&4190/5 + %a/5(19a5)?0— %a2a5
%a4a5 27@%19@5 + 5708 — $Ya403 — Jasasdas + G a3vas
Sas¥as + a4192 5a519 as.
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Proof. By Proposition 3.3 the Picard-Fuchs equation (4.27) is self-dual, and the
proof follows from Lemma 2.1(ii) . [

In the following proposition we compute all entries of the intersection matrix in the
case n = H.

Proposition 4.2. The intersection form matriz € := (<wi,wj))1<ij<6, is given by
0 0 0 0 0 a
0 0 0 0 —a Qg
B 0 0 0 a Q35 Q36
(429) =10 0 a0 Qu Qe |
—a —l6 —Q3g —Qug —Os6 0

where a = ¢y exp (% foz cm(v)%”) for some nonzero constant cg, and

2~ 1~
Qo6 = —3aas, Q35 = zaas
~ 4~ 2~ 1~ ~
Q36 = aas + §aa§ — sadas, Wy = —aay — gaag + adas,
~ ~ 8 ~ ~ 4~ 2~
Oy = —aaz — aaqas — ﬁaag + adaq + 3aasVas — §a192a5,

2gasday — Edagﬂag,

Q56 = aas + aa3a5 + aaj + aaqa? + % aa5 — adaz — 9

—2aa419a5 + 3a(Yas)? + av?ay +

3
Laas¥?as — 2a0>as.

Proof. On account of (4.8) we get that the matrix € is given by (4.29), and we just
need to find the entries Qog, 235, 36, Q45, 46, Q56. In order to do this, we first easily see
that ¥a = $das. By Picard-Fuchs equation (4.27) we obtain

(4.30) Ywg = 9%w = agwi + a1ws + asws + asws + a4ws + aswe.

Since (w1,ws) = @, by considering (4.30) and the fact that (wi,w;) =0, fori=1,2,...,5,
we find Q94 as follow:

P wr,we) = (w2, ws) + (w1, Yws)
2
= Qog = Va — aas = og = —gflag,.
We can find the rest of entries similarly and we just do that for s,
Q56 = V46 — (Wi, Ywe) = V46 — a2843 — as85 — a5Qe
2 16 5 16
= aag + §C~la3a5 + &ai + da4a§ + 8—1&a§ — avag — §da519a4 — jdagﬁ%
~ 4. 2 | ~4q2 16 9 2.3
— 2aa4Vas + ga(ﬂag,) +ad%aq + 5(1(1519 as — gaﬂ as.

The task is now to present DHR vector field H explicitly. In order to do this, we use
the chart ¢ that we pointed it out in Remark 4.3. In the theorem below, we verify that H
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as an ordinary differential equation is given as follow:

; tot
to = —213
t1 = to
: t2t4

— 23

t2 T titg
e — —totgte+tats
3= tite
;_ atstdty
ty = -
; —tatg+atstits
tg = ———=6°
5 0
: —tsts+atatty
te = —g 6

(431) ;o —t§t10
t7 - t]2t6
i _ —t3tii—tatetr
8 = tite
1; _ 3fzt3t5t9—6z~zt3t6t8—3t3a4—t3a§+3t379a5
.9 - 3atitg
t10 = —t12
t‘ 27fzt2t11—54&t3t10+27&t4t8—27&t5t7+27a2+27a3a5—27190,3—&-15(14(1%
1= 27at,

i —9a49as—54as¥as+2792as+4ai —42a29as5+54a59%a5+18(Vas)? —1893as
) . 27at,
t1g = =350
at%

Theorem 4.1. Let T be the moduli space introduced in Theorem 1.1, for n = 5. Then

there is a chart (to,t1,...,t12) for T such that in this chart we obtain
12 atst2
Y1 = 737 & Y2 = 765
lits 131

and DHR vector field H is given by (4.31).

Proof. By Theorem 1.1 we get that T is 13-dimensional. Using the equation SQS* =
®, and considering si1, s21, S22, S31, 532, $33, S41, S42, S43, S51, S52, S¢1 as independent entries
of S, we thus can express dependent entries in terms of independent entries as follows:

1 _ —3as32543+3as33842+3as+aZ —3Yas
S44 = Fooo 553 = 38502 )
— —3s3a+s33as _ 1
S54 = 3Gs22533 S55 = as29’

—27a891852+2Ta822551 —2TaS31842+27as32541 —27as—27azas+27%as —15a4a§

§62 = 27as1
9as9as+54as9as—279%as —4ai+42a29as —54as9%as—18(Vas)?+189%as
+ 27as11 ’
(4.32)
_ 27&821332843727&821333842727&522831S43+27d$22333841727521&479821&%
§63 = 274511522
_l_275217.90,5—27522a3—9822a4a5+2782219a4—2822a§+18822a5’l9a5—18822192(15
274811522 ’
Seq — 9521532 —3521 53345 — 9522531 —952253304 — 252253302 +65225330a5
64 = 9as11522833 ’
3s21—2s22a
Sgy = S521=2s22a5 S66 =

3asi11s822 asiy’

We know that W is a family of one parameter 5-dimensional Calabi-Yau manifolds pa-
rameterized by z. Hence we present the chart t = (tg,t1,...,t12) for T, where ty =
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z, t1 = S11, to = S21, t3 = S22, t4 = S31, U5 = S32, f6 = S33, t7 = S41, 18 = S42, t9 =
S43, t10 = S51, ti11 = Ss2, ti12 = Sg¢1- The same as the proof of Proposition 4.1, define
H:= Z}io Hi(t)f% and set #; := H;(t). Then Hg, y; and g, follow from Lemma 4.2.
Therefore, the right hand side of the equation

(4.33) S =YS - :5.GM,

is totally determined. We also substitute a1, as from Lemma 4.5, and dependent entries
from (4.32) in the right hand side of (4.33). Consequently, the rest of H;’s follow directly
from (4.33). Note that the compatibility of SQS* = ® and S = Y5 — £5.GMy, follow from
substituting a; and as from Lemma 4.5. |

4.4 Three-Dimensional Case

Here we substitute the dimension n = 5 with n = 3, and will proceed analogously to §4.3.
The Picard-Fuchs equation L is given as

(4.34) L =9%—ag(2) — a1(2)9 — ag(2)9? — az(2)93,

where coefficients a;’s, by Lemma 2.1(i), satisfy the following relationship:

3 1 1 1
(4.35) a] = 1(1379@3 + 19(12 - 5792a3 - gag - 5&2@3.
The intersection form matrix is as follow
0 0 0 a
0 0 —a Qo
4. Q= -
( 36) 0 a 0 Qg4
in which
1 [* d
(4.37) a = cpexp </ ag(v)v> ,
2 0 v
and
= —%dag, & Q34 = ida% + aas — %&19(13.

The chart t = (to,t1,...,ts) of T is obtained by settin ty = 2z, t1 = s11, to = s21, t3 =
S99, t4 = 831, t5 = S39, lg = s41. We compute below dependent entries:

Gag — — -1 P 4ds29531 —4dso1 s32—a3—4ag+2da3
( ) 33 = T Gsa? 42 — 4as11 s
4.38
— 2s31—s22a3 — _1
S43 = “Zastisan S44 = Forp-

In the chart ¢, the meromorphic function y; is given by

=13
_aty

Y1 = tla
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and DHR vector field H has following presentation:

[ _ tots

fo="%

t1 = to

: atdty

fy = "4

. totz+atsts
(4.39) i3 = — 2l

ty = —tg

t‘ o 4&t2t5—8&t3t4+a§+4a2—219a3

5 — . daty

fe = —ta%

6 at%

Example 4.2. In FExample 4.1 we introduced 14 families of Calabi-Yau 3-folds for which
Theorem 1.1 holds. We can rewrite the Picard-Fuchs equation (4.1) as follow

L =% —ag(2) — a1(2)9 — ag(2)9? — as(2)93,

in which
ao(z) = cz(rire — rirg — 7“17% + r%r%) 01(z) = cz(r1 +rg — 1?2 — r%)
0 1—-cz ’ ! l—cz ,
_cz(l+ri+ro—rf—13) _ 2cz
az(2) = 1—cz ’ as(z) = 1—cz’

On account of (4.37), we obtain
€0

a= .
1—cz

Now by replacing a;’s and a in (4.39) we find DHR wvector field H on the moduli space
associated with any of the families given in Table 1.
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