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Abstract

In this thesis we study the phenomenon of metastability in two specific contexts.

In the first part of the text, we consider the zero-temperature limit of the ABC
Model. The ABC model is a conservative stochastic dynamics consisting of three
species of particles, labeled A, B, C, on a discrete ring {—N, ..., N} (one particle
per site). The system evolves by nearest neighbor transpositions: AB — BA,
BC — CB, CA — AC with rate ¢ and BA — AB, CB — BC, AC' — C'A with
rate 1. We investigate a strongly asymmetric regime, the zero-temperature limit,
where ¢ = e™”, 1 0co. The main result asserts that the particles almost always
form three pure domains (one of each species) and that, as the system size N grows
with 3, this segregated shape evolves (in a proper time-scale) as a Brownian motion
on the circle, which may have a drift.

In the second part, we consider reversible random walks in potential fields. More
precisely, let = be an open and bounded subset of R? and let F' : = — R be
a twice continuously differential function. Denote by Zx the discretization of =,
Ey = 2N (N71Z9), and denote by {Xn(t) : t > 0} the continuous-time, nearest-
neighbor, random walk on =x which jumps from @ to y at rate e~ (/ANF@)-F@)],
We examine the metastable behavior of {Xy(f) : ¢ > 0} among the wells of the
potential F'. Our main result states that, in an appropriate time-scale, the evolution
of the random walk on Zy can be described by a random walk in a weighted graph,
in which the vertices represent the wells of the force field and the edges represent
the saddle points.

Keywords: Metastability, Tunneling, Scaling limits, ABC Model, Brownian mo-
tion, Reversible random walks, Exit points






Resumo

Nesta tese estudamos o fenomeno de metaestabilidade em dois contextos especificos.

Na primeira parte do texto, consideramos o limite de temperatura zero do Mo-
delo ABC. O modelo é um dinamica markoviana conservativa que consiste em trés
tipos de particulas, rotuladas A, B, C', em um circulo discreto {—N, ..., N} (uma
particula por sitio). O sistema evolui através de transposi¢oes de particulas vizi-
nhas mais proximas: AB — BA, BC' — CB, CA — AC com taxa g e BA — AB,
CB — BC, AC — CA com taxa 1. Nés investigamos um regime fortemente as-
simétrico, o limite de temperatura zero, onde ¢ = e?, 31 0o. O principal resultado
afirma que as particulas formam quase sempre trés dominos puros (um de cada
espécie) e que quando o tamanho do sistema, IV, cresce com f3, essa forma segregada
evolui (em uma escala de tempo apropriada) como um movimento browniano no
circulo, o qual pode ter um drift.

Na segunda parte, consideramos passeios aleatérios reversiveis em campos po-
tenciais. Mais precisamente, seja = um aberto limitado de RY, e F' : © — R uma
fungao suave. Seja Zy = Z N (N1Z9), e denote por {Xy(t) : t > 0} o passeio
aleatorio a tempo continuo em =y que pula de um ponto x para um ponto vizi-

(/ANF(y)-F@)]  Nés examinamos o comportamento metaestavel de

nho y a taxa e~
{Xn(t) : t > 0} entre os vales do potencial F, no limite N 1 oo. Nosso principal
resultado estabelece que em apropriadas escalas de tempo a evolucao do passeio
aleatorio em Zy pode ser descrita por um passeio aleatério em um grafo ponderado
em que cada vértice representa um vale do potencial I’ e cada aresta representa um

ponto de sela.

Palavras-chave: Metaestabilidade, Tunelamento, Limites de escala, Modelo ABC,
Movimento Browniano, Passeios aleatorios reversiveis, Pontos de saida.
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Introducao

Esta tese é baseada em nossos trabalhos [37] e [34], nos quais analisamos o fenomeno
de metaestabilidade em dois diferentes contextos.

Metaestabilidade

De maneira informal, dizemos que um processo possui comportamento metaestavel
quando ele fica por um tempo longo em um estado antes de uma transicao rapida
para outro estado estavel. Basicamente, metaestabilidade se refere a existéncia
de duas ou mais escalas de tempo segundo as quais o processo mostra diferentes
comportamentos. Na menor escala, a dinamica alcanga rapidamente um aparente
equilibrio e permanece restrita a um subconjunto do espaco de estados. Entretanto,
quando o processo € visto em uma escala de tempo maior, observam-se eventuais
transicoes entre estes estados de pseudo-equilibrio, ou uma transi¢ao para um estado
ainda mais estavel.

Como fenomeno fisico, metaestabilidade esta presente em grande variedade de
situagoes na natureza. Um exemplo classico é a tardia transicao de um liquido super-
congelado para o estado sélido. Outros exemplos ocorrem na formagao de grandes
biomoléculas, como as proteinas; em reagoes quimicas; em sistemas magnéticos
de magnetizacao oposta a um campo externo; e até mesmo em transigoes entre
aparentes equilibrios no mercado de agoes. O papel da matematica consiste em
formular modelos microscopicos para as dinamicas de interesse e provar o compor-
tamento metaestavel nesses modelos, o que pode contribuir no entendimento das
caracteristicas essenciais por tras da universalidade desse fenomeno. Em tais pro-
postas de modelagem a metaestabilidade costuma ser atribuida a presenca de algum
tipo de aleatoriedade na dinamica bésica.

O inovador trabalho de Kramers [32] em 1940, com objetivo de descrever uma
reacao quimica, introduz um dos primeiros modelos matematicos para metaestabili-



Introdugao

dade ao analisar o movimento de uma particula em um potencial unidimensional de
duplo-vale sob influéncia de um ruido gaussiano. Matematicamente, uma primeira
formulacao rigorosa de estados metaestaveis surge com os trabalhos de Lebowitz e
Penrose [35] em 1971 no contexto da teoria de van der Waals-Maxwell da transigao
liquido-vapor.

Subsequentemente, Cassandro, Galves, Olivieri e Vares [21] em 1984 introduzi-
ram a abordagem de andlise de caminhos, baseada em técnicas de grandes desvios
nas trajetérias da dinamica, no espirito da teoria de Freidlin and Wentzell [28] para
pertubagoes aleatorias de sistemas dinamicos. Em muitos diferentes contextos, es-
tas ideias permitiram provar que o tempo de saida de um conjunto metaestavel tem
distribuicao exponencial; obter estimativas para o valor esperado desse tempo; des-
crever as trajetorias tipicas de escape e calcular a distribuicao do ponto de saida
de um conjunto metaestavel. Para uma excelente revisao dessas técnicas e mais
referéncias, indicamos o recente livro de Olivieri e Vares [40].

Em [15] [16], Bovier, Eckhoff, Gayrard e Klein iniciam uma abordagem de meta-
estabilidade via teoria do potencial baseada em calculos de capacidades para redes
elétricas associadas a cadeias de Markov reversiveis, no sentido de [23]. Os autores
estabelecem também relagoes entre pequenos autovalores do gerador associado a
dinamica e tempos médios de saida de dominios. Essa abordagem fornece menos
informagao a respeito das trajetérias tipicas, porém permite obter estimativas mais
precisas para os tempos médios de saida de conjuntos metaestaveis [19], exibindo
precisamente o pré-fator (a menos de erro multiplicativo convergindo para 1), em
comparagao a abordagem por andlise de caminhos, onde as estimativas dos tem-
pos médios de saida se dao por equivaléncia logaritmica. Para uma revisao dessas
técnicas referimos a [13] [14].

Em [3][6] Beltran e Landim introduzem o que mais tarde se chamou de abordagem
martingal para metaestabilidade [7]. Uma das ideias-chave aqui é observar o trago
do processo nos conjuntos metaestaveis. KEsse procedimento consiste em ignorar
pedagos das trajetérias que sao negligenciaveis nas escalas temporais de interesse.
Tal método nao se limita ao caso reversivel, embora seja bem mais simples nesse caso.
As ferramentas de teoria do potencial também costumam ser 1iteis nessa abordagem,
ja que é possivel expressar as probabilidades de salto do processo trago, entre outras
formas, por meio de capacidades. Assim como na abordagem via teoria do potencial,
este método permite examinar modelos em que a razao entre as taxas de salto nao
¢ exponencial no parametro de escala, modelos onde se tem barreira energética
logaritmica [4]. Nessa teoria, as informagoes sobre os tempos de transi¢oes entre os
conjuntos metaestaveis sao codificadas por um teorema que expressa a convergencia
da dinadmica (propriamente reescalada), em uma topologia introduzida em [33], para
uma cadeia de Markov limite com simplificado espaco de estados. Esse resultado
¢, portanto, especialmente interessante no caso de diversos conjuntos metaestaveis
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em competicao em uma mesma escala de tempo. Sob certas condigoes gerais em
termos de capacidades e da medida estacionaria, em [3] a referida convergéncia é
demonstrada com uso da caracterizagao de processos de Markov via martingais.

As diferentes abordagens fornecem uma gama de ferramentas, mas descrigoes
completas baseiam-se na analise especifica de cada modelo. Geralmente é relevante
a estrutura geométrica do espago de configuracoes, o perfil energético associado e
a caracterizacao das chamadas configuracgoes de sela, o que pode facilitar o calculo
preciso das quantidades de interesse via principios variacionais. Muitas técnicas sao
consideravelmente mais simples ou somente aplicaveis na presenca de reversibilidade.

Nesta tese analisamos metaestabilidade em dois modelos diferentes. Em am-
bos os modelos, nosso objetivo é caracterizar as dinamicas markovianas limites no
sentido de [3, B3] de modo a obter uma descrigdo simples para o comportamento
dos processos em grandes escalas de tempo. No Capitulo [} analisamos o limite
de temperatura zero do modelo ABC, um sistema de particulas conservativo que,
com excegao de um caso especial, ndo é reversivel. No Capitulo [2, analisamos pas-
seios aleatdrios reversiveis em discretizacoes de subconjuntos limitados de RY para
os quais a medida estacionaria é descrita por um potencial de multi-vales F. No
que segue, apresentamos brevemente os modelos e os principais resultados de cada
parte deste trabalho.

Modelo ABC no limite de temperatura zero

Na primeira parte desta tese sao apresentados resultados sobre o comportamento
metaestavel do sistema de particulas conhecido como modelo ABC. Introduzido por
Evans et al. [26], 27], o modelo é uma dinamica conservativa que consiste em trés
tipos de particulas, rotuladas A, B e C, em um circulo discreto {—N,..., N} (uma
particula por sitio). A dinamica markoviana evolui através de transposigoes entre
particulas vizinhas: AB — BA, BC' — CB, CA — AC com taxa ¢ e BA — AB,
CB — BC, AC — C'A com taxa 1.

O comportamento assintético do processo tem sido bastante estudado no regime
fracamente assimétrico, ¢ = e P/ introduzido por Clincy et al. [22] (ver também
[2, 9L 12, §]), quando o tamanho do sistema, N, vai para infinito e § é um parametro
fixo que faz o papel do inverso da temperatura, a qual podemos interpretar como o
grau de desordem do sistema. Aqui investigamos um regime fortemente assimétrico,
o limite de temperatura zero, em que ¢ = e~?, 31 0o. Neste regime, mostra-se que
as particulas segregam-se formando quase sempre trés dominios puros, um de cada
espécie, localizados na ordem ciclica ABC'.

Quando o numero de particulas de cada tipo, N4, Np e N¢, é fixo (i.e. nao
varia com ) observamos um fenomeno de metaestabilidade, que revela um interes-
sante (e, a primeira vista, surpreendente) comportamento assintético nao local. A
saber, para N4, Ng, N¢ constantes, quando 5 1T oo a dinamica do modelo ABC na
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min{Na,Np,Nc}p converg para um processo de Markov que evolui

nas N4 + Np + N¢ configuracoes segregadas, o qual salta de uma configuracao para

escala de tempo e

outra qualquer a uma taxa estritamente positiva. As taxas de salto do processo
markoviano limite podem ser expressas em termos de probabilidades de absor¢ao
de uma dinamica extremamente mais simples (ver Figura . No Capitulo (1] este
resultado é apresentado de maneira precisa (Teorema em termos do ja men-
cionado processo traco que é um objeto central em nossa andlise do modelo ABC.

Nosso principal resultado no estudo do modelo ABC, Teorema[I.2.2] considera o
limite quando o ntimero de particulas cresce com 3. Neste caso, sob certas condi¢oes
no modo com que N4, Ng e N 1 0o com 3, na escala de tempo N2e™in{NaNp.Nc}b
quando /3 1 oo, a evolugao do centro de massa das particulas de tipo A (por exemplo)
converge para um movimento browniano no circulo. Sem assumir densidade positiva
de cada tipo de particula, encontramos um interessante caso em que o movimento
browniano limite tem um drift.

Uma diferenga significativa entre o modelo ABC e outros processos onde resulta-
dos semelhantes foram demonstrados (ver, por exemplo, [B, B1]) é que, com excecao
do caso Ny = Ng = N¢, o processo ABC é nao reversivel e sua medida invari-
ante nao ¢é explicitamente conhecida. Para o nosso conhecimento, esta é a primeira
descricao precisa do limite de temperatura zero para um processo desse tipo.

Passeios aleatorios reversiveis em campos potenciais

Na segunda parte desta tese, estudamos o comportamento metaestavel de passeios
aleatérios reversiveis em campos potenciais. Este é um problema antigo cuja origem
pode remeter pelo menos ao trabalho de Kramers [32]. O problema foi conside-
rado por Freidlin e Wentsell [28] e por Galves, Olivieri e Vares [29] no contexto de
pequenas pertubacoes aleatérias de sistemas dinamicos, e, mais recentemente, por
Bovier, Eckhoff, Gayrard e Klein em uma série de artigos [15, [16, [17, [I8] através da
abordagem de metaestabilidade via teoria do potencial.

Analisamos passeios aleatérios em discretizacoces de um subconjunto de R? ao
qual é associado um perfil energético F' com diversos minimos locais. Mais pre-
cisamente, seja = um aberto limitado de R? e F' : Z — R uma funcao suave. Seja
Ey = ZN(NZ), e denote por { X n(t) : t > 0} o passeio aleatério a tempo continuo
em Zy que pula de um ponto & para um ponto vizinho y & taxa e~ (/ANF@)-F@)]
Nés examinamos o comportamento metaestédvel de {Xx(¢) : ¢ > 0} entre os vales
do potencial F', no limite N 1 oc.

Assumimos que o potencial F' tem um ndmero finito de pontos criticos. Nos
minimos locais exigimos que a matriz hessiana de F' tenha autovalores estritamente

LA convergéncia ocorre em uma topologia apropriada introduzida em [33], mais fraca que a de
Skohorod.
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positivos; nos pontos de sela exigimos exatamente um autovalor estritamente ne-
gativo, os demais sendo estritamente positivos. Sob estas condigoes nosso principal
resultado, Teoremal2.2.4] estabelece que em apropriadas escalas de tempo a evolugao
do passeio aleatério em =y pode ser descrita por um passeio aleatorio em um grafo
ponderado em que cada vértice representa um vale do potencial F' (i.e, vizinhanga
de um minimo local) e cada aresta representa um ponto de sela. Em cada escala
de tempo considerada, a dinamica assintética pode ter pontos abosorventes, cor-
respondendo a vales mais profundos. Quanto aos pontos transientes, as respectivas
taxas de salto dependem apenas do comportamento do potencial em vizinhancas
dos minimos e das selas relevantes. Tais taxas sao explicitadas em termos do deter-
minante e do autovalor negativo (no caso das selas) da matriz hessiana de F' nesses
pontos.

Nossa analise ganha especial interesse no caso em que existem varios vales com
mesma profundidade em um mesmo nivel energético. Esse cenario, que nao havia
sido considerado anteriormente, permite o acontecimento de situacoes mais ricas,
uma vez que a dinamica limite, no sentido de [33], em cada escala de tempo, nao se
limita necessariamente a apenas um salto possivel de um estado transiente para um
estado absorvente.

Nosso segundo principal resultado nesse contexto, Teorema [2.2.7] considera o
problema dos pontos de saida de um vale. Seja & um minimo local do poten-
cial F' e {z1,...,2} as mais baixas selas de F' separando & de outros minimos
locais. No Teorema obtemos as probabilidades assintéticas de que o passeio
aleatério { Xy (t) : t > 0} saia do vale contendo o minimo x atravessando vizinhancas
mesoscopicas das selas z;.

Instituto de Matematica Pura e Aplicada 5 2014






CHAPTER 1

Zero-temperature limit of the ABC model

ABSTRACT. We consider the ABC model on a ring in a strongly asymmetric
regime. The main result asserts that the particles almost always form three pure
domains (one of each species) and that this segregated shape evolves, in a proper
time scale, as a Brownian motion on the circle, which may have a drift. This is,
to our knowledge, the first proof of a zero-temperature limit for a non-reversible

dynamics whose invariant measure is not explicitly known.

1.1 Introduction

The ABC model, introduced by Evans et al. [26], 27], is a stochastic conservative
dynamics consisting of three species of particles, labeled A, B, C, on a discrete
ring {—N,..., N} (one particle per site). The system evolves by nearest neighbor
transpositions: AB — BA, BC — CB, CA — AC with rate ¢ and BA — AB,
CB — BC, AC — CA with rate 1.

The asymptotic behavior of the process (and of its variations) has been widely
studied in the weakly asymmetric regime ¢ = e %V introduced by Clincy et al. [22],
when the system size N goes to infinity and [ is a fixed control parameter which plays
the role of the inverse temperature. In this regime, an interesting phase transition
phenomenon arises as (3 is tuned.



CHAPTER 1. ZERO-TEMPERATURE LIMIT OF THE ABC MODEL

We investigate here a strongly asymmetric regime, the zero-temperature limit,
where ¢ = e7#, B 1 0o. We consider two types of asymptotics: In Theorem m
we examine the behavior of the process in the case where the number of particles of
each species, N4, Ng and N, is fixed and [ T oo; in Theorem Ny, Np and

N¢ increase with .

We show in Lemma that the particles almost always form three pure do-
mains, one of each species, located clockwise in the cyclic-order ABC'. For fixed
volume, we show that, in the time scale e™™{Na.Ne:NotB a5 54 00, the process con-
verges to a Markov chain that evolves among these 2N +1 segregated configurations,
jumping from any configuration to any other at positive rates. These jump rates can

be expressed in terms of some absorption probabilities of a much simpler dynamics.

When N grows with [, with some restrictions on the speed of this growth, we
prove in Theorem that, in the time scale N2e™{Na.Ne.Ne}B  the center of
mass of the particles of type A (for example) moves as a Brownian motion on the
circle. Without assuming positive proportion of each type of particle, we identify
an interesting degenerated case in which the limit Brownian motion has a drift.

Our method for proving Theorem involves the analysis of the trace process
in the set of the segregated configurations, the process which neglects the time spent
in other configurations.

Results of the same nature (the description of the dynamics among the ground
states in finite volume and the convergence to a Brownian motion on a large torus)
were obtained for the Kawasaki dynamics for the Ising lattice gas at low temperature
in two dimensions by Beltran, Gois and Landim [5, 3I]. Many techniques used in
our analysis of the ABC model come from these papers. We emphasize that, in
comparison with the Kawasaki dynamics, a significant difference is that, with the
exception of the case Ny = N = N¢, the ABC process is non-reversible and its
invariant measure is not explicitly known.

In this strongly asymmetric regime we are dealing, the model fits the assumptions
considered by Olivieri and Scoppola in [39]. In principle, the general procedure pro-
posed by them, consisting in the analysis of successive time-scales, e?, €2, .. ., could
be applied here, especially if we were interested in understanding the mechanism
of nucleation of the process starting from an arbitrary configuration. However, the
analysis based on this iterative scheme would become quite complicated in the ABC
model due to the combinatorial complexity of the evolution among the metastable
configurations which would appear in each scale. Our analysis, which relies on
a precise understanding of the microscopic dynamics when the process is close to
one of the segregated configurations, leads to a very accurate understanding of the
limiting process in the time-scale required for transitions among the most stable
configurations.

Instituto de Matematica Pura e Aplicada 8 2014



CHAPTER 1. ZERO-TEMPERATURE LIMIT OF THE ABC MODEL

1.2 Notations and results

1.2.1 The ABC Process

Given an integer N, let Ay = {—N,..., N} be the one-dimensional discrete ring
of size 2N + 1. A configuration in OV := {A, B, C}*¥ is denoted by w = {w(k) :
k € Ax}, where w(k) = « if site k is occupied by a particle of type a € {A, B, C'}.
We make the convention that o + 1, + 2, ... denote the particle types that are
successors to « in the cyclic-order ABC.

For i,j € Ay and w € QY we denote by oJw the configuration obtained from w
by exchanging the particles at the sites ¢ and j:

w(k) itk ¢ {ij},
(o w)(k) = { wl(j) itk =1,
w(i) ifk=j.

We consider the continuous-time Markov chain {#°(t) : ¢ > 0} on the state
space QY whose generator Lg acts on functions f: QY — R as

(Lef)w) = Y GWIf(0"w) = fw)]

keAn

where, for § > 0, the jump rates cf are given by

Cy

Wm:{wgﬁwww%+me“ABHRCMamh

1 otherwise.

Almost always we omit the index 3 and denote n°(t) just by n(t).

As the system evolves by nearest neighbor transpositions, the number of particles
of each species is conserved. Therefore, given three integers N,, o € {A, B, C'}, such
that Ny + Ng + No = 2N + 1, we have a well defined process on the component
ONaNsNe — {; e QN > keny Hw(k) = a} = N,, a € {A, B,C}}, which is clearly
irreducible and then admits a unique invariant measure. To shorten notation, let us
suppose that we have fixed N4, Np, and Ng as functions of N and then we write
simply Q¥ instead of Q4N Ne,

The invariant measure pug = pg n is in general not explicit known. However, in
the special case of equal densities Ny = N = N¢, as shown in [26], 27], the process
is reversible with respect to the Gibbs measure g, given by

1

Z3 ’
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where Zg is the normalizing partition function and H is a non-local Hamiltonian,
which may be written as

H@QZQNiJ»2:E:n{@@mw%+®)eﬂAJﬂJBADJC¢QH.(LZD

keAy i=1

A simple computation relying on the equal densities constraint shows that nearest
neighbor transpositions of type (o, a+1) — (a+1, a) increase the energy H by 1 unit,
while the opposite kind of transposition decreases H by 1 unit. The reversibility of
the process in this special case follows from this observation.

The configurations in which the particles form three pure regions, one of each
species, located clockwise in the cyclic-order ABC' deserve a special notation. Define
wd € OV as

A if0<j<Ny—1,
Wy (j)=4qB i Na<j<Nai+Np—1,
C otherwise,

and, for each k € Ay, define wl = OFw}¥, where ©F : OV — QN stands for the shift
operator (©*w)(i) = w(i — k). By convention we omit the index N in the notation,
and we write simply wy, instead of w. Denote by QY the set of these configurations:

QY = {wy, : k € Ay},

We remark that, in the equal densities case, Q2 corresponds to the set of ground
states of the energy H.

For each w € QY denote by P? the probability measure induced by the Markov
process {n(t) : t > 0} starting from w on the Skorohod space D([0,00), Q") of cadlag
paths. Expectation with respect to P? is represented by EZ.

1.2.2 Main results

We analyze in this article the asymptotic evolution, as 8 1 oo, of the Markov process
{n(t) : t > 0}, where also the number of particles may depend on . For simplicity,
we omit this dependence in the notation.

From now on, we use the notation

M = min{NA, NB, Nc}

If the process starts from some wy, € QY at least M jumps of rate e # are needed
in order to visit another configuration in ). This suggests that, for fixed N, the
interesting time scale to consider is eM?. In Section we show that, in the time
scale N2eMP_if N does not increase too fast with 3, the process spends a negligible
time outside QF':
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Lemma 1.2.1. Let M* = max{Na, Ng, No'}. Assume that

lim N34Me™? =0 (1.2.2)
B—00
Then, for every k € Ay, t >0
t
Blim EJ, U 1{n(sN?eM5) ¢ Qi }ds| = 0. (1.2.3)
—00 0

Our main result, Theorem [1.2.2] characterizes the motion of this segregated
shape in the time-scale N2e™? when the system size grows with 3. We express
the result in terms of the convergence of the evolution of a macroscopic variable
associated to the configurations: the center of mass of the particles of type A.
In order to define this center of mass we need to introduce some other notations.
For any configurations &, ¢ € QV, by a path from ¢ to ¢ we mean a sequence of
configurations v = (£ = &, &1,...,&, = () such that & can be obtained from &4
by a simple nearest neighbor transposition. We define dist(¢, () as the smallest n
such that there exists a path from & to ¢ of length n. For any n, and k& € Ay, define

Al = {w € QY : dist(w, wy) = n}. (1.2.4)

Due to the periodic boundary conditions, for many configurations the centers of
mass of the particles of type a, a € {A, B, C}, are not well defined. However, the

proof of Lemma in fact shows that, under (1.2.2)), for any ¢ > 0

lim P2 [n(s) ¢ =V for some 0 < s < tN?eMP] =0, (1.2.5)
B—o0
where ZV is a subset of configurations such that =N C TV :=J,. Ax 'Y where

M
Iy = (U AZ) U U {o"2gist g, ),

n=0 11,62,13,i4€EAN

Note that the configurations in I'j that are not at distance M or less from wy, differ
from wy, by at most two transpositions, not necessarily nearest-neighbor. In I'"V, the
center of mass can be defined unambiguously. Suppose, for example, that Ny = M.
For w € T}, define the center of mass (of the particles of type A) of the configuration
w, denoted by C(w), as

- Ly kl{w(]/\ffizA}.

keA N
Then, for a configuration £ € T'Y, k € Ay, take w € T such that £ = ©*w, and
define C(§) = C(w) + k/N mod [—1,1]. Just for completeness, for & ¢ TV define
C(&¢) = 0. Actually, by (1.2.5)) this latter definition is not relevant.
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Let
d:={a€{A,B,C}: N, =M} (1.2.6)

Note that d may vary with [, but we omit this dependence to simplify the notation.

Define

1
05 = ﬁeMﬁNz. (1.2.7)

Our main result is the following theorem.

Theorem 1.2.2. Assume that n(0) = wy and that N T oo as 1 0o in such a way
that Ny < Ng < NC, with N4 T oQ, NA/N —Ta > 0,

1\"?
lim (—) Ne =b € [0,00) (1.2.8)
B—oo \ 3
and
6lim (NP4Na 4 N3gNeye=F = 0, (1.2.9)
—00

Then, as B T oo, the process {C(n(ths)) : t > 0} converges in the uniform topology
to the diffusion

((1/2)r4 — (3/2)bt + B, : t > 0} (1.2.10)

on the circle [—1,1], where {B; : t > 0} is a Brownian motion with infinitesimal
variance equal to 1. If b = 0 in (1.2.8]), we may replace the assumption Ny < Np
by NA S NB.

Remark 1.2.3. In Theorem[1.2.9, if N increases not so slowly, in the sense that
b=0 in (1.2.8), then the limit is a Brownian motion without drift. This is the case
when we have positive proportion of each type of particle:

. Ny
On the other hand, if N increases even more slowly, in the sense that b = oo

m , then we have to look at the process in another time scale. Suppose, for
example, that we can find some u € (1,2) such that

1\ 7
lim (§> N4t =ce (0,00). (1.2.12)

B—o0

In this case, replacing (1.2.8) by (1.2.12), we can prove that, as T 0o, the process
{C(n(tNueN4P)) . t > 0} converges to a deterministic linear function {ut : t > 0}
on the circle [—1,1], where p is a constant which depends on c. This will become
clear with the proofs given in Section[I.§.
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Remark 1.2.4. In Lemma the restriction 1s not optimal. It comes
from our crude estimation of us(=N) in the general densities case, where the invari-
ant measure is not explicitly known. By repeating the steps that lead to , we
see that assertion (1.2.3) also hods if

lim pg(QY\ Q) = 0. (1.2.13)
B—o0

In the special case of equal densities, where the invariant measure is explicitly known,
we can verify (1.2.13|) without any assumption that controls the growth of N. Details
are given in Section [1.9

1.2.3 Results for the trace process in QY

Now we present some results that are preliminary steps in our method to prove
Theorem [[.2.2] but which are interesting by themselves.

Denote by {no(t) : t > 0} the trace of the process {n(t) : ¢ > 0} on the set QY
i.e, the Markov chain obtained from {n(t) : ¢ > 0} by neglecting the time spent
outside QY. More precisely, we define {ny(¢) : t > 0} by

T, = /t 1{n(s) € Q' }ds; S;=sup{s>0:T, <t}; m(t)=n(S). (1.2.14)

We refer to [3] for important elementary properties of the trace process.

To prove Theorem we first analyze the trace process {ny(t) : ¢ > 0}. For
finite volume we obtain the following result which reveals an interesting non-local
asymptotic behavior.

Theorem 1.2.5. For N4, Ng and N¢o constant greater than or equal to 3, as 51 oo
the speeded up process {no(eMPt) : t > 0} converges to a Markov process on QY which
Jumps from w; to w; at a strictly positive rate r(i, ).

The proof of this theorem, as well as the expression for (i, j), is given in Sec-
tion [1.6, This theorem is complemented with Lemma [1.2.1] which says that we are
not losing much just looking at the trace process in QY. The rates r(i,j), which
depend also on N4, Ng and N¢, can be expressed in terms of some absorption prob-
abilities of a simple Markov dynamics, the one described by Figure in the next
section.

Remark 1.2.6. It is possible to reformulate Theorem|1.2.5, without referring to the
trace process, by asserting the convergence of the (time re-scaled) original process
{n(eMPt) 1 t > 0} in a topology introduced in [33], weaker than the Skorohod one.

Denote by Rj(w;,w;) the jump rates of the trace process {no(t) : t > 0}. By
translation invariance, it is clear that

Rg(wl-,wj) = Rg((,do,wj,i) = Tg(j — Z) (1215)
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Let X(wy) =k, k € Ay, so that if X (t) = X(no(¢)) then {X(¢) : t > 0} is a random
walk on Ay which jumps from i to j at rate r3(j — 7).

The next result refers to the case where N goes to infinity as a function of j.
We start considering the degenerated case where N, and Npg are constants and only
N¢ goes to infinity. We have a ballistic behavior in this situation.

Theorem 1.2.7. Assume that 3 < N4 < Np are constants and that No T oo as
B 1 oo in such a way that
lim N2Be ™ = 0. (1.2.16)

B—00

If n(0) = wy, then, as B 1 oo, the process { X (tNeN4#)/N : t > 0} converges in the
uniform topology to a linear function {v(Na, Ng)t :t > 0} on the circle [-1,1].

The condition N4 < Np is crucial for the ballistic behavior. If Ny and Np
are constant but Ny = Np, then the process {X(¢) : ¢ > 0} is symmetric. In
this case, scaling time by N2eM? we can prove the convergence to a Brownian
motion if N3Be™® | 0. In the case Ny # Np, the velocity v(N4, Np), which is
an antisymmetric function of N4 and Np, is negative when Ny < Npg. It can be
expressed in terms of some absorption probabilities for a random walk in a simple
graph, which can be explicitly computed in terms of N4 and Np. The analysis
of the asymptotic dependence of v(N4, Ng) on Ny and Ng, which is presented in
Lemma helps us to find the specific scenario, (1.2.8)), for the convergence to a
Brownian motion with drift.

The proof of Theorem is given in Section where we also state and prove
the version of Theorem referring to the trace process (Theorem [1.8.1)).

1.3 Sketch of the proofs

Our main result, Theorem|[I.2.2] is a consequence of the corresponding Theorem|1.8.]
and the fact, to be proved in Section [I.10] that (assuming n(0) = wy) the process
{C(n(tbp)) : t > 0} is close to the trace process {X (t03)/N +1r4/2 : t > 0} in the
Skohorod space D([0,00),[—1,1]).

The main idea to analyze the trace of the process {n(t) : ¢ > 0} on QY is to
consider first the trace on a larger set 2. Now we will see why such a set 2 comes
naturally.

To fix ideas, suppose that 3 < Ny < N < N¢ are Constantsﬂ Suppose that the
process starts from the configuration wy, € QY. Note that, in order to visit any other
configuration in QF, at least N, jumps of rate e # are needed. The most simple
trajectory that we can imagine between wjy, and another configuration in QY occurs

! An interactive picture of the possible configurations of the ABC model, which can help in the
visualization of the trajectories, can be found at http://tube.geogebra.org/student/m98277.
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when the whole block of particles of type A is crossed, for example, by a particle
of type C walking clockwise (and for this, N4 jumps of rate e # are needed) and
then this detached particle of type C' can continue moving in clockwise direction
inside the domain of particles of type B (now performing rate 1 jumps) until, after
crossing all the particles of type B, it meets the other particles of type C. This way,
we arrive at the configuration wy_;. In an analogous way, we find a path from wy

to wgy1. This reveals that the correct time scale to analyze the trace process on QY
iq oNAB
is 4P,

At first glance, it appears that these trajectories we described are the only ones
possible in the time scale eN4# and that the asymptotic dynamics will be restricted
to jumps from wy to wiyq or wi_1. So, Theorem is somewhat surprising. The
truth is that, for any 7, there exists a trajectory from wy,, which is possible in the time
scale eM4? such that the next visited configuration in € is w;. The explanation
is the following. Starting from wy, in a time of order e™4? it is possible that we
have a meeting of a particle of type C' and a particle of type B inside the domain
of particles of type A. Once these two particles meet, they can interchange their
positions performing a rate 1 jump. This way, we fall in a metastable configuration
from which all possible jumps have rate e=?. This configuration is very similar to wy,
except for the pair BC' inside the block of As. For this configuration, transposition
of nearest neighbor particles that are far from this pair BC, which may occur at the
frontiers between two different domains, are reverted with high probability in the
next jump of the chain. So, let us focus in what can happen with this pair BC'

After a time of order e, this pair can disappear if BC turns to CB and then,
with rate 1 jumps, the particles C' and B return to their original positions in the
configuration wy. But also, in a time of order e, the pair BC can move inside the
domain of particles of type A. For example, with a rate e=® jump, the particle C
can move to the right, in such a way that ABC'AA becomes ABACA. Now, with a
rate 1 jump, the particle B moves to the right and we obtain AABC A. Clearly, the
pair BC' can also move to the left. This way, we can move the pair BC until, for
example, near to the right end of the block of particles of type A, and we arrive at
a configuration that is almost w;, except for the appearance of a block AABCABB
in the frontier of the regions of particles A and B. From this configuration, the pair
CA can turn to AC and after Ng jumps of rate 1 we arrive at w;_;. But also, by
the same reason as before, instead of becomes AC, in times of order e the pair C A
can move inside the domain of particles of type B until eventually the process may
arrive at a configuration that is almost wy_; except for a block BBCABCC' in the
frontier of regions of particles of types B and C. At this point, after a time of order
e, the pair AB can turn to BA and then, after N jumps of rate 1, the process
can arrive at wy_,. This shows how, in time scale eM?| it is possible to find a path
starting from wy, such that the next visited configuration in Qf is wy_». Clearly, we
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could continue moving a pair of particles in order to arrive at any configuration in
Q.

The class of the metastable configurations which appears in the above described
paths will be called QY and it will be precisely defined in Section . As the above
discussion indicates, starting from a configuration in ), after a time of order V47,
we can visit a configuration w € QY where we will stay for a time of order e”.
Starting from w € QF, in time scale e¢”, essentially, what we see is a Markov chain
{M(ePt) - t > 0} in QF for which the configurations in QY are absorbing states.
The structure of this dynamics reveals to be pretty simple, as shown in Figure [I.1]

Jump probabilities:

from wa-; 2<i< N, —2:
3 3

10 10

gk k
a,i+1 a,i—1

Wk

§k+1
,2 a—1,N_1)—2

Wk WE+41

Figure 1.1: Graph structure of the ideal dynamics {7 (¢) : ¢ > 0} related to the process.
The picture illustrates the case Ny =5, Ng = 7 and Ng = 9. The inner vertices represent
the configurations in QY , absorbing states for this dynamics. The outer vertices represent
the metastable configurations in Q}V \ Q%, which will be precisely defined in the next
section. The arrows on the right completely describe the corresponding discrete-time
jump chain.

The dynamics described in Figure indicates that the trace on QF is not
a symmetric process and that this asymmetry can be balanced depending on the
relative quantities of each type of particle. This behavior is at the origin of the drift
which appears in Theorem [1.2.2]

We have, therefore, a strategy to analyze the trace of {n(t) : t > 0} on Q).
At first, we consider the trace on QY. This will be the subject of Section [L.5]
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Essentially, we have to answer the following question: starting from a configuration
w in QF, what is the distribution of the next visited configuration in QF? We
split this question into two, depending if w belongs to )" or not. In the first
case, we will see an interesting “uniformity” for this distribution, in a sense to be
clarified at Proposition At this point the error terms in our estimates increase
exponentially in N, and here is where some constraints referring to the growth of N
arise. In the second case, we observe that the process is well approximated by the
asymptotic Markov chain {7;(¢) : t > 0}.

To pass from the trace on QY to the trace on QY, we have to look at the
absorptions probabilities on QY for the chain {7;(¢) : t > 0} starting from QY \ Q.
In Section[I.6] we present (approximations of) the jump rates rz(k), k € Ay, defined
on ([1.2.15]), as functions of these absorption probabilities, which are estimated in
Section allowing us to prove, in Section [I.8] the results for the trace process on
Q) in the case where N 1 oo with 3.

All the above discussion also suggests what are the typical configurations that
may appear between two consecutive visits to the set ). In Section we will
estimate the measure ji53 of these configurations and this will allow us to prove that
the process spends a negligible time outside Q.

1.4 The subset of configurations ()"

In this section we define the set of configurations QY establishing notation that
identifies each one of its elements. Throughout the text, even when not explicitly
mentioned, we are assuming that M > 3.

1.4.1 The configurations Céf’i

For k € An, a € {A,B,C} and 0 < ¢ < N,, denote by Cii the configuration at
distance N, from wy, obtained from wy, € Qév by a meeting of two distinct particles
of types different from « in the block of particles of type a. The index ¢ indicates the
position of this meeting. More precisely, let f, be the position of the first particle
of type « in the configuration wy, i.e,

fo=Nal{a € {B,C}} + Ngl{a = C}.

Then,
k — (—)kgf(a+1)7fa+i0-fa_17fa_1+iw0.

Note that the extreme case i = 0 (respectively i = N,) indicates that a particle of

type a+1 (respectively ar— 1) has crossed the whole block of particles of type « until
meeting a particle of type o — 1 (respectively o + 1). As illustrated in Figure ,
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with this notation, ij’ N, = 2;}70, and these are the only configurations of this type

with double representation.

Figure 1.2: The configurations C]232 and C]2370 = Cig for Ngo = 8 Ng =5, Noc = 12. The
white, gray and black circles represent respectively particles of type A, B and C. We
use blue (respectively red) edges to indicate transpositions that occur at rate 1 (respec-
tively e?).

For k € Ay and a € {A, B,C}, we denote by F2* the corresponding set of such
configurations:

Fak={¢h,:0<i< N} (1.4.1)

We will see in Section that, if the process starts from wy, as § 1 oo, the
configurations in the set (J,.y _y, FNE are those that can be reached in a time
of order eM? that allow the process to escape from the basin of attraction of the
configuration wy.

1.4.2 The configurations fflii

For k€ Ay, a € {A,B,C} and 1 < i < N, — 1 we denote by 621- the configuration
obtained from Cfm- by interchanging the positions of the two distinct particles that
have met in the block of particles of type a. More precisely:
é—k e @ko.fa+i71,fa+i 0 .
(622 (e N

Note that the jump leading ij’i to ffm has rate 1.

Again, as illustrated in Figure [I.3], it happens that some of these configurations
have double representations, namely 527 No1= zjil

We denote by GV the space of such configurations:

Gt ={gh,s1<i<N, -1}, g¥=1{]) U @&~ (1.4.2)

keAn ae{A,B,C}
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Figure 1.3: The configurations {123’2 and 512371 = 5377 for No =8, Ng =5, No = 12. The
white, gray and black circles represent respectively particles of type A, B and C.

From a configuration in GV, each possible jump has rate e™®. In the particular
case of equal densities these configurations are local minima of the energy H defined
in (1.2.1). In the next section we analyze the trace of the ABC model on the set

OV =N ugh.

1.5 Trace of {n(t):t >0} on QY

For a configuration wy, € QY denote by V(wy) the set of configurations that can
be obtained from wy after a sequence of nearest neighbor transpositions of type
(,a+ 1) = (a+ 1,a), ie, rate e jumps. In other words, V(wy) is the set of
configurations from which we can arrive at wy just performing rate 1 jumps. Recall
the definition of A} in and note that Uﬁio A7 C V(wg). For w € OV,
denote by R(w) and B(w) the sets of configurations that can be obtained from w
by a simple nearest neighbor transposition of types (o, + 1) — (a + 1,«) and
(a+1,a) = (a,a+ 1), respectively. Note that, if w € A, for 1 <n < M —1, then

R(w) C AT Bw) C APL (1.5.1)

Now, define Bj(w) = B(w) N V(wi) and Dj(w) = B(w) \ V(wg). In words, for a
configuration w € V(wy), the set Dj(w) is formed by the configurations that are
not in V' (wy) which can be reached from w after a rate 1 jump. The configurations
w € Upen,—ar FAF are those in Uﬁio A7 for which Dj(w) # (). We can see in Figure
that, for example, |R(CE,)| = 3, |Bi(C2)| = 2 and D (Ch,) = {52}

In the graph representation of a configuration, call an edge blue, red, or black if,
respectively, the particles it links exchange their positions at rate 1, e™? or are of the
same type. With this convention, |R(w)| and | B(w)| are the numbers of red and blue
edges of the configuration w and V'(wy) is the set of configurations obtained from
wg by a sequence of transpositions performed only in red edges. A configuration
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w € V(wg) can have two kinds of blue edges (call them blue; and bluey), whose
transposition leads to configurations in Bj(w) and Dj(w) respectively.

Lemma 1.5.1. Let k € Ay and w € V(wy) then
|R(w)| < |Bg(w)| + 3. (1.5.2)

Proof. For w = wy, equality holds in , because the configuration w;, has three
red edges and no blue edges. Therefore, to conclude the proof by induction, we just
have to check that if holds for a configuration w € V(wy), then it remains
true after a transposition in a red edge ({,1+ 1) of w.

Observe that the transposition in the edge ({,/+ 1) only changes the color of the
three adjacent edges (I — 1,1), (I,{ + 1) and (I + 1,1+ 2). After this transposition,
the initially red edge (I,1 + 1) becomes a blue; edge. For the other two edges, it is
easy to check that black becomes red, blue becomes black, and red becomes blue.
And then, by checking all the possible cases we see that

|R(e""'w)| = [Bp(e"*w)| < |R(w)| — [Bi(w)l,
which completes the prove. O

For any subset IT C Q¥ denote by Hy and Hy;, respectively, the hitting time
and the first return to II:

Hy = inf {t > 0:n(t) € 11},
Hif = inf {t >0:n(t) €I, n(s) #n(0) for some 0 < s <t}.

Corollary 1.5.2. For any 8 > log4, and k € Ay

)M—l

P’ [HA;CW < ij} < (4™, (1.5.3)
and, for each w € Afy_l

P’ [Hw < Hwk] < 4e b, (1.5.4)

Proof. By the observation ([1.5.1)), if the current state of the process is a configuration
w € AP 1 < n < M — 1, the next visited configuration belongs to A}™! with
probability

|R(w)le™”
= 1.5.5
Pl = (B0 + [R@)e P (1:55)
and to A?~" with probability 1 — ps(w). By Lemma m,
4e=P
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Consider the random walk on {0,1,..., M} that jumps from n € {1,...,M — 1}
to n 4+ 1 with probability ps and to n — 1 with probability 1 — pg. We know that,
starting from n, this walk reaches M before 0 with probability

(/)" -1

pp(n, M) = M—M_l-

A simple coupling argument allows us to dominate the probabilities appearing in
(1.5.3) and (1.5.4) respectively by ps(1, M) and pg(M — 1, M), from which we get

the corresponding bounds. O]

Recall the definition of the set F2F given in (1.4.1]). For each w € AM k€ Ay,
consider the probability measure ®V(w, -) defined on Q¥ in the following way:

If w ¢ Ua:Na:M F(iv,k7
(I)N((JJ, {wk}) = 17

If « is such that N, = M,

q)N(Cs,w {wk}) - CI)N(CQOJ {wk+1}> - (I)N<C§,M7 {Wk}> = (I)N<C§,M7 {Wk:—l}> - %;

and, for 1 <¢ < M — 1,

if IT = {gc’i,i}a

eI = { i 11 = {w).

W Wl

Throughout the paper we adopt the convention that Cy < oo is a constant
independent of N4, Ng, N¢ and 8 whose value may change from line to line.

Lemma 1.5.3. There exists a constant Cy such that, for all B > 0, k € Ay, and
w e AY,
‘Pg [W(Hﬂf’) € H} — ®N(w,I)| < CyNe ™, TI C QF.

Proof. We examine each case separately. Suppose the process starts from a con-
figuration w € AM\ U,y Fo*®. In this case Dj(w) = 0 and B(w) € A,
and then, as in the previous proof, starting from w, the next visited configuration
belongs to A ~! with high probability 1 — ps(w) > 1 — pg, for ps(w) and pg given
in and . Now observe that from A,iw ~! to reach a configuration in
QI \ {wi} the process has to cross AM. So, conditioning in the first jump and using

the second part of Corollary |1.5.2| we get that P? |:HQiV # Hwk} < CpeP.

Now suppose the process starts from (¥, for 1 < i < N, — 1, N, = M. As

a,i

illustrated in Figure from CSZ there are three possible rate e™? jumps and three
possible rate 1 jumps, one of these leading to & fw and the others two leading to AQ/[ -1
So, as before, we obtain the corresponding hitting probability conditioning in the
first jump and using the second part of Corollary [1.5.2
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Finally, suppose the process starts from Céﬁ,o- As illustrated in Figure , from
this configuration there are two possible rate e ® jumps and two possible rate 1
jumps, one of these leading to Bj(¢% ) C Ay~ and the other leading to Dj(¢k ) C
V(wpy1), from which we can reach wy,; (before any other configuration in Q%)
performing N(,—1) — 1 < 2N jumps that have high probability 1/(1 + 4e~#). This
is done by movements of the detached particle of type a4+ 1 in counterclockwise
direction inside the domain of particles of type ar— 1 until it meets the other particles
of type a+ 1. Therefore

2N
P’Bk [77 (HQN) = Wki1:| > = !
Ca0 1 — 242 B \1+4e 7
1
= 3 + O(Ne ).

The argument for the case in which the process starts from Ci u 1s analogous. [

Actually, for many configurations w € A} we could have obtained a better
estimation of the hitting distribution in QY considering from w how many rate e~*
jumps are necessary in order to avoid that the first visited configuration in Q% will
be wy. However, to take advantage of such more precise information a much more
complex analysis would be needed in the proof of Proposition below.

Denote by {n(t) : t > 0} the trace of the process {n(t) : t > 0} on QF. It
is defined as in with QY changed by QF. Surprisingly, as we will see in
Proposition for this process the jump rates from wy to any configuration in
Uav,—a G&F are, asymptotically, the same. This is due to the remarkable fact
(somewhat hidden in the next proof) that, as 8 1 oo, the position i of the meeting
of the two different detached particles is asymptotically distributed in {0,1,..., M}

The proof of the next lemma is based on a combinatorial identity that was
first obtained by computing, in two different ways, some hitting probabilities for a
simplified dynamics related the ABC model (two biased random walks). However,
in Section [1.11] a completely elementary proof for this identity is presented.

Later we will assume stronger restrictions in the way that N 1 co as 3 1 oo, but
for now, inspired in the estimate obtained in Lemma [1.5.3] it is already natural to
assume that

lim Ne™” = 0. (1.5.7)
B—00
Lemma 1.5.4. Assume (1.5.7)). There exist constants Cy and [y such that for all
B> Bo, k € An, and o € {A, B,C} such that N, = M,
)M

P2, [Hay = Hy | < HY | = qie00%) < GoM (4e79)™ (1.5.8)
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s

Proof. Let us decompose the event [Han = Hex < Hj ] in the number of jumps to

where
ifl1<i<M-—1,
ift=0 or M.

Wl Wi

go from wy to ¢} ;. Denote by 7 the instant of the I-th jump of the chain {n(t) : t >
0}. By the observation (1.5.1]), in each step of a path corresponding to this event,
the distance to wy either increases or decreases by 1 unit. So

ng |:HA£/1 - chlz,i < ij] — Zng |:TM+2[ — HA{CM = Hc-lg’i < H:k] . (159)
=0

A path from wy to AM of size M +2I should increase the distance to wy, in M +1 steps
and decrease in [ steps. As already observed in the proof of Corollary from
any configuration w € U%:_IIAZ, the probability that the distance to wy increases in
the next jump of the chain is bounded by 4e=?. Now, observe that the number of
possible evolutions of the distance to wy along a path from wy to AM of size M +21 is
bounded by (M ;“21). Decomposing the event [Tar4o = Han < Hj ] in these possible
profiles and then applying inductively the strong Markov property for each term,

we obtain

M + 21 g1 M-
ng |:7—M+2l = HAIICM < H;ki| < ( I ) [46 5] +i-1 .
Using, for 1 <1 < M, the bound (™) < (M +21)! < (3M), and, for I > M, the

universal bound (M 721) < 2M+2 e obtain that

(o]
Zng [TM+2Z = Hppr = Hggyi < ij]
=1

M 00
< CyldePM (M > [12Mef) Tt 4 2M 2[166—6]’—1> < CoM (4e=P)M,
=1 =M
(1.5.10)

for B large enough, in view of (1.5.7).

Let us focus now in the term corresponding to [ = 0, which computes the prob-
ability of the trajectories from wy to Cgﬂ- with exactly M jumps. Consider first the
case 1 < i < M — 1. Without loss of generality, let us suppose that & = B. The
configuration Cgi is obtained from w; when a particle of type A meets a particle
of type C' in the region of particles of type B, in such a way that the particle A
has done i jumps, and the particle C' has done M — i jumps. For j € {1,...,i}
denote by A; the event in which the first j jumps are made by the particle A and
the (j + 1)-th jump is made by the particle C. For r € {1,..., M — i}, define C, in
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a analogous way. Then

o Aj]

%
P, |ru = Hap = Hy < HS,| = S P2, |ru = Hap = Hy | < H,
j=1

M—i
+Zng |:7-M = HAQ/I = Hc(l)c‘,i < ij,cr] .
r=1

Mi__j]fl) possible paths of size M corresponding to the event

[Tp = Ham = Her < H} , Aj]. In each of these paths, the first jump has probability
1/3, the next j jumps have probability e™#/(1+4e~") and the next M —j — 1 jumps
have probability e=?/(2 + 5¢77). Figure [1.4]illustrates this situation in a particular
example.

Now note that there are (

Figure 1.4: One of the two paths from ws to 512373 that correspond to the event A,. In
this example, Ny = 8, Np = 5, Ng = 12. The white, gray and black circles represent
respectively particles of type A, B and C.

Doing the same analysis for the trajectories corresponding to the events C,, we
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conclude that
P’ [TM = Hpp = Hy < H;J

LM —j—1\1 [ P N[ ef YT
N Z( i—j )5(1+4e—/3) <2+5e—6>

j=1
N Ai:l M—-—r—1\1 e B " e B M=r=1
— M—i—7r)3\1+4e 5 2+ 5e P '
This can be rewritten as

L -ar-np (1+0(Me™))

; ; . M—j1 M- N !
ol QA TR S [ |

j=1

And then, by Lemma [1.11.1} for ¢ € {1,..., M — 1}
2
ng |:7_M = HA{:[ = HC(I;Z < H:k] — ge—(M—l)ﬁ +O(M€—M,B) (1511)

In the cases i = 0 or i = M, there is a unique path of size M from wy, to Cii, which
1 e P M=t
3 (1 + 4e—5) ‘

1
Pl [ru = Hap = Hy < ij] = e (7L (M), (1.5.12)

has probability equal to

Therefore, for i =0 or i = M

Using (1.5.9), (1.5.10)), (1.5.11)) and (1.5.12)) we obtain ([1.5.8]). O

Recall the definitions of d in (1.2.6) and of GN'* in (T.4.2) and let RY(.,-) denote
the jump rates of {n;(t) : t > 0}, the trace process on Q.

Proposition 1.5.5. Assume (1.5.7)). There exist finite constants Cy and By such
that for all B> By, k € Ay and € € QF,

)R?(wk,g) — Rl(wk,g)e_Mﬂ‘ < CyN4M e~ (M+15. (1.5.13)
where
¢ if € € {wpmr, Wit}
Rl(wk7€> = % Zf{ € Ua:Na:M gétV7k7
0 Zfﬁ ¢ Ua:Na:M g(iVJC U {wk*h wk+1}'
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Proof. By [3, Proposition 6.1], for every w,& € Q¥
R (w,€) = As(w)PP [H v = Hg] (1.5.14)

where A\g(w) is the total jump rate from w for the original chain {n(t) : ¢ > 0}.
A crucial observation is that, starting from wy, to reach any other configuration in
Q¥ the process has to cross AM. Thus, for every £ € QF, £ # wy, on the event

{H;;{V = H,} we have that Ham < HQN, and then by the strong Markov property,

P’ [ = Hg} Y po [HW —H, < ij] P’ [HQ{V - Hg} . (15.15)

weAM
If € ¢ Upn.onr a7 U{wi—1,wis1} then, by Lemma m,
P’ [Hgff - HE] < CyNe ™,
for every w € AM. So

P’ [H;{N - Hg] < CNe? Y P [HAQI —H, < H;J

wEAﬂ/l

= CoNe PP, [Hyy < HA | < GoN (1)

by the first part of Corollary So, by (1.5.14) and the fact that Ag(wy,) = 3"

we get (L.5.13)) for § & Uy —ns GNP U w1, Wi}
Now let us consider the case ¢ = fw for Ny = M, 1 < i < M —1. By
Lemma [1.5.3] for every w € AM

P [Hoy = Hy | = %1 {w=C¢ ) +0(Ne?).

Therefore, by (1.5.14)), (1.5.15)), and the first part of Corollary [1.5.2]

Rf (wk7§§,1> = e*ﬁng [HAQ/I = Hgg,l < H:;rk] -+ O (N<4e*5)M+1) .
And then, by Lemma [1.5.4]

R’B (wk, K ) :26

; —MpB +0 (N(4€7’8)M+1) _

Let us make the same argument for the case & = wp,;. By Lemma [1.5.3] for
every w € AM

P [ Hoy = Ha,., | = %1 {we{ly: No=M}}+0(Ne?).
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Again, using ((1.5.14)), (]1.5.15|), and the first part of Corollary [1.5.2) we obtain that

RO (wp, wipn) = Z P’ [HAkM = Hy < ij] + O (N(4eP)M+1).

a:No=M

And therefore, by Lemma [1.5.4]
d _ _
Rf (Wi, Wet1) = ¢ M5 Lo (N(4e B)M“) :
The case & = wy_1 is analogous. O]

The proposition we just proved estimates the jump rates of the trace process
{m(t) : t > 0} from the configurations in Q). Now we want to estimate the
jump rates from the configurations in GV. Arguing as in this last proof, for each
configuration in GV as initial distribution, we will need to compute the distribution
of the process in the first return to Q. If we allow errors of order Ne™”, these
hitting probabilities are easily obtained.

From any configuration ffw € GV, as illustrated in Figure , there are six
possibilities for the first jump. Each of these six configurations is associated to one
of the six red edges of the configuration £* ;. This association provides a way to label
for j =1,...,6.
We do this in SuCh a way that, if we enumerate the red edges of {fm as ri,...,7g

these configurations. We will denote these configurations by &%

a, i)
clockwise, then 5 is the configuration obtained from & ; after a transposition in r;.
To fix a initial pomt for the enumeration of the red edges we impose that this is

done in such a way that §k 2 = * .. Note that with this convention we have that

ffy’?\,a_l ¢ and, for 1 < i < N -2, 5 = ¢hl i1 See Flgures andfor

an example.

T6

Figure 1.5: The configurations fé 4 and 5%71 with the corresponding labels of the red edges.
In this example Ny = 8, Np = 5, N¢ = 12. The white, gray and black circles represents
respectively particles of types A, B and C.

For each w € R(&L,), k € Ay, a € {A,B,C}, 1 < i < N, — 1, consider the
probability measure ®V (w, -) defined on Q¥ in the following way:
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Figure 1.6: The six configurations that can be reached after one jump from the configu-
ration {%} 4» Which is illustrated in Figure

() If2<i< N, —2,

OV (b1 {Eh}) =1, for j =4,5,6;

. Lgf I = {¢F,
N <§§f,H> = {f 1 {52”}’ , for j=1,3;
3 U= {Sa,i—zﬂ‘}
and
if T = {&:},

o () - {

wWIN W=

(ii) Andifi=1,

: L ogfIr = {¢
o (grgm) = 43 TNk g
3 AT =A{wra;

@%&%Q:{%ﬁﬂ=&$h @%&mgz{%ﬁnzgah
: LT = {¢h,) ’ 5 HI={& v

and

OV (&1 4€h}) =1, for j =45,
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Lemma 1.5.6. There exists a constant Cy, such that, for any § > 0, k € Ay,
ae{A B C},1<i<Ny—1andwe R(,)

‘Pg [n(Hin) € H} - @N(w,H)‘ < CyNe . (1.5.16)

Proof. We present the proof for the case 2 < i < N, — 2, the extreme case i = 1 is
similar and the verification is left to the reader.

As observed in the proof of Lemma[1.5.1] a transposition in one of the red edges
of 5 only changes the color of this edge, which always becomes a blue edge, and of
the two that are adjacent to it, for which black becomes red, and red becomes blue.
for 2 <i < N,—2, as illustrated in Figure the edges
adjacent to r4, r5 and rg are all black. Then, by the above observation, as illustrated
in Figure , for j = 4,5,6, we have that |R(§§Z)| 7 and B(&h ) {ek .}
Therefore, if 7 is the instant of the first jump of the chain, for j = 4, 5, 6,

P [Hﬂf =ty | 2 wa () = &) =

This proves ) for w = M, | j=4,5,6.

In the configuration &*

OL’L’

Domg the same kmd of analysm for the edge r; of the configuration fa ;» We note
that |R(&" )] =5 and |B(¢" )| = 2. In fact, we can see that
) = {ffi,z-, a,i—l}'
Therefore, for [ =i — 1,1
1 1 _
P [Hoy = Hey | 2 P Inr) =€) = 5o = 5+ 067,

This proves ((1.5.16)) for w = fﬁj, and the proof for w = £ is analogous.

Now let us consider the case w = 523 = (ke Vi) n AN, The case N, = M
was already considered in Lemma . In that proof a better approximation (error
of order e” instead of Ne=?) was given using the second part of Corollary [1.5.2! - In
the general case we need to argue differently. We have that |B(¢% ;)| = |R(C} ;)| = 3.

One of the three configurations in B(¢};) is €% ;. So

v 1
34+3 8 3

From the other two configurations in B (Cféi), the configuration wy, is the only one in

P [Hﬂiv = H&é,i} > Py [1(n) =¢&,] = +O(e ). (15.17)

QF that can be reached after a sequence of rate 1 jumps. Moreover, starting from
some of the two configurations in B(¢% )\ {&F;} = Bi(¢F,), if the next No—1 jumps
of the chain correspond to transpositions in blue edges of the configurations, then,
after these jumps, the process will ultimately fall in wy. This gives

No—1

> Pl ﬂ {n(n) € Bn(r-1)}| - (1.5.18)

weB;}(¢k )

P/, Hoy = He,| >

- 3+3e
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In this situation, transpositions in blue edges corresponds to movements of the
detached particle of type a+ 1 in clockwise direction inside the domain of particles
of type a or movements of the detached particle of type @ — 1 in counterclockwise
direction. Therefore, any configuration w that can be reached from B;((} z) after a
sequence of transposition in blue edges belongs to V(wy). In fact, to arrive in wy,
we just need to keep moving the detached particles in the correct direction until
they meet the corresponding region of particles of their type. So the inequality of
Lemma holds for these configurations. And then, applying inductively the
strong Markov property in (|1.5.18]) we see that

s 2 1 Na=l 9 s
P [HQ;v :Hwk} 2 53 A\ 11 a0 P = §+(9(Ne ). (1.5.19)

Inequalities ([1.5.17)) and (1.5.19) prove ({1.5.16)) for the case w = §§f This concludes
the proof of the lemma. O]

Proposition 1.5.7. There exists a finite constant Cy such that for any g > 0,
keAy, ae{A B,C} andw € QF,

RY(€k;w) = Ry (€, w)e | < CoNe ™,
where, for 2 <i < N, — 2

wa S {Saz 1 a,i—l—l}v

if w= wy,

wa ¢ {gaz 1 az+17wk}

and for i =1 (recall that €&, = fflﬂ,N(a_l),l),

Rl(k-w):

i)

O Wi -

wa e {50&27 2—"_} N(a 1)~ 2}
if w € {wk, Wrt1},

wa ¢ {ga 27 §+} N(a 1H— 27wk7wk+1}'

Rl( k CU):

a,lr

O Wi -

Proof. By (|1.5.14)),

RY(€h w) = As(€h )P [HgN:H}_Ge sps

a,l) gk
az

(Hpy = Ho| .

Now, conditioning in the first jump, and using Lemma (1.5.6| we get

ocz’ o,

6
RI(Eh,w) = P> P [HglN - Hw} =Ry (&, w)e? + O (Ne )

as desired. O
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1.6 Trace of {n(t):t >0} on QY

Knowing the jump rates for the trace process {ni(t) : t > 0} on the set QY we
can obtain the jump rates for the trace process on the set ) computing, for each
configuration w € G¥, the distribution of the first visited configuration in QY for
the process {n;(t) : t > 0} starting from w. We start replacing the original process
{m(t) : t > 0} by an ideal process {7;(t) : ¢ > 0} for which these absorption
probabilities are more easily obtained.

For « such that N, = M, define

gg:{fj,jzjzl,...,]\fw—l; ’Y—f—k:a},

To understand why we defined GY this way note that, starting from some §gﬂ-, the
configurations £ ; in G which may be visited by the process after times of order
e? are those such that v+ k = a. On the set QY UGY consider the continuous-time
Markov chain {7;(¢) : ¢ > 0} with absorbing states €’ that jumps from &*; to w
with the ideal rates
Ef(g:,w W) = Rl (gs,iv w)eiﬁ

given in Proposition [I.5.7 Note that the corresponding discrete-time jump chain
depends only on N4, Ng and N¢, and not directly on 8. Figure [1.1| presents the
graph structure of this simple dynamics.

For a such that N, = M, 1 <i < M — 1 and k € Ay, denote by pY (i, k) the

probability for the chain {7;(t) : t > 0} of, starting from &) ; being absorbed in wy.

Lemma 1.6.1. There exists a constant Cy such that, for any f > 0, k € Ay, «
such that No, = M, and 1 <i < M —1

‘P*B [H%V - Hwk} — N, k)‘ < CoN*Be". (1.6.1)

0
goc,i

Proof. By Proposition [1.5.7], there exists a constant Cjy such that

max Z ‘Rf(f,w) — E’f(f,w)‘ < CyN3e .

egNuUQl
$€6a % wegNual

Therefore, for all 1 < ¢ < M, there exists a coupling P’ of the two processes such
that 7:(0) = 71(0) = &, Fﬂ—a.s, and such that for all £ > 0,

P’ [T, <1 < P[E(CoN*e ) <], (1.6.2)

where T, = inf{t > 0 : n(t) # Ni(t)} and E(CoN3e 27) is a mean (CoN3e 7)1
exponential random variable. To prove (1.6.1)) it is sufficient to prove that

P 1 o m ~ -
P’ o (Hyy) # (HEy)| < ON*Be,
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for some universal constant C where H ! ay and H™ oy are the hitting times of QY for

this two processes. Let T = ;’ pel.
P () £ (Ha) | = PP [m(H) #0(H ), Hoy < T)
+ P [ (Hg) # T(Hy ), iy > T
0 0
< P, <15 + P’ [Hggv > Tﬁ] . (1.6.3)
0

By the definition of the process {7;(t) : ¢ > 0}, the absorption time H, glN is stochas-
tically dominated by a mean (%e‘ﬂ ) ! exponential random variable. Using this fact
and ((1.6.2)) in (1.6.3), we obtain that

P [ (H) # M(HD)| < P[E(CN°e?) < Ty) + P {s (;g) . TB}

2
= 1—exp {—OON3€_2BT5} + exp {—ge_ﬁTg}

IN

2
C’ON?’e_%TB + exp {—ge_ﬁTg}

5N3ﬁe’5,

IN

by the definition of Tj. O

For « such that N, = M, and k # 0 define

M-—1
= > PN (i k).
i=1

Recall that we have defined rg(k) as the jump rate from wy to wy for the trace
process {no(t) : t > 0} on Q). Next theorem expresses rz(k) in terms of g (k) with
an error term 1 (f3), such that, as 8 1 oo, eMPy(3) vanishes, if we impose proper
restrictions in the way that N grows with (.

Proposition 1.6.2. Assume (1.5.7)). There exist constants Cy and By such that for
any B> By and k € Ay, k # 0,

|rs(k) — 7(Na, Ng, Ne, k)e M| < 9(B) (1.6.4)
where p )
— _ N
r(Na, Np, No, k) = S1{|k| = 1} + 3 a.Nz:Mga (k) (1.6.5)

and v is some function such that, for any > 0,

PY(B) < Co (N?4M + N3MB + NO4Mge=P) e~ (MHD5, (1.6.6)
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Proof. Noting that {no(¢) : t > 0} is also the trace of the process {n;(t) : ¢ > 0}, by
[3, Corollary 6.2]

n 3 R? (wo, w)P? [H%v - Hwk} . (1.6.7)

N,0
WEGM\U i Ny =1 Gar

By Proposition the first of the three terms above is equal to
d
5 LIkl = 1}e M8 4 O (N4M) e~ MHD5, (1.6.8)

A simple analysis, such as the one made to obtain (1.7.1)) below, indicates that
PN (i, k) < (3/5)™ LM for every k # 0, and then gY (k) < Cy, where Cj is a
constant independent of M. Using this observation, Proposition and Lemma
1.6.1; we obtain that the second term in (1.6.7)) is equal to
2 _ N
3 > gl (k)e ™M+ O (NAM + NP MB + N*MaMBeP) e~ M8 (1.6.9)
a:No=M

Now let’s look at the third term in (1.6.7). For w € GV \ U, .y._1 G2, by Propo-
sition m, R} (wo,w) < CyN4Me=(M+D5  Now observe that for w € GN7 with
|.]_k:| > 4a (S {A7Ba0}7

P’ [H%V = Hwk] < Co ((3/5)N + N*Be 7).

To see this we first approximate by the ideal process, as in Lemma and then
we make a simple analysis as in (1.7.1)) below. Then, the third term in ((1.6.7)) is

O (N?4M + NO4M ge=F) e~ M, (1.6.10)

The result follows summing (|1.6.8)), (1.6.9)) and (1.6.10). O

We obtain Theorem [1.2.5| as an immediate corollary of Proposition [1.6.2]

Proof of Theorem[1.2.5. The rates of the speeded up process {no(eM?t) : t > 0} are
simply the rates for the process {ny(t) : t > 0} multiplied by e™”. In the case where
Ny, Np and N¢ are constants, we obtain, multiplying by eM? and sending
B 1 oo, that the process {ny(e™?t) : t > 0} converges to a Markov chain in QY
which jumps from w; to w; with rate r(Na, Ng, No, j — i) given in ((1.6.5]). O
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1.7 Understanding ¢" (k)

To understand the scaling limits of the system when N 1 oo with 3, we need to
estimate g (k). Consider the ideal random walk {7;(¢) : t > 0} starting from &) ;,
1 <i < N, — 1. For its jump chain, in each step, the probability of no absorption
in Q) is less than or equal to 3/5. To arrive at wy, k # 0, it is necessary to survive
at least (|k|—1)(M —2) steps without absorption in Q2. Therefore, for every k # 0
and 1 <1< M —1,

5 > (M-2)(K|-1)

P (i, k) < (5

This simple analysis indicates the fast decaying of ¢~ (k), both in M and in k, but

(1.7.1)

it does not give information about g2 (1) or g¥(—1) which are not negligible. So,
we need to go further into the calculations. The next lemma reduces the analysis of
g~ (k) to the analysis of the terms pY (1,k) and pY¥ (M — 1, k).

Lemma 1.7.1. Let a be such that N, = M. For every k € Ay, k # 0, we have that

3 2

20 = (54 gy ) GYAR RO 10)  72)

Proof. Let us fix N4, Ng, No and k # 0. By the standard conditioning argument
we have that, for 2 <i < M — 2,
3 3
pg(lak) = 1—()]?2[(@— 17k) +1_Opg<z+1ak) (173)

This recurrence relation has characteristic equation (3/10)A? — A+ (3/10) = 0, whose
roots are A\ = 3 and Ay = 1/3. So that, we find the closed form

‘ 1\°
P (i, k) = hjy 13" + hi (g) ,i=1,...,M—1, (1.7.4)

where hj ;. and b3, are constants independent of ¢, which may be computed in terms
of pN(1,k) and pY (M — 1,k) using the relation (1.7.4)) for i = 1 and i = M — 1.

Now

M-1 M-1 M1 N
HCED AR SERT I S CI N
i=1 i=1 i=1
and we get ([1.7.2]) after elementary calculations. O

This lemma has an easy and useful corollary that would be sufficient to prove
the particular case of Theorem under the assumption (1.2.11]).

Corollary 1.7.2. There exists an universal constant Cy such that for all N and
kelAy, k#0,

26~ agm =1 <a (2)
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Proof. For |k| > 1, the result follows from the previous lemma and observation ([1.7.1]).
Let us consider the case k = 1 (the case k = —1 is analogous). By the same ar-
gument that leads to we get that pY (M —1,1) < (3/5)72. So, using the
previous lemma, we just need to care about p¥(1,1). If M is large, we expect that
pN(1,1) is near to 1/2. A way of formalizing this without much effort involving
computations is to couple the jump chain of {7;(¢) : ¢ > 0} with another process for
which we can use symmetry. The idea is very simple but requires some notations.
Let (X,,)n>0 be the discrete-time jump chain associated to the process {7, (¢) : ¢t > 0}
starting from 5271 (its jump probabilities are given in Figure . Define the hitting
time HX,
X b's

" 7H{E@lﬂm’§<1a—1>,1’°’0’°’1}’
as the first time the chain (X,,),>o visits any of the configurations 5(_al+1),17 5(10(71),17
wo, wi. We can conclude that p¥(1,1) = 1/2 + O((3/5)M) if we show that both the
event [ = HJ and the event " = HJ have probability 1/2 + O((3/5)").

To achieve this, consider an auxiliary discrete-time chain (X,,),> defined on the
infinite set Z U {u_,u, } starting from 0. To define the jump probabilities of this
chain, consider S : Z\ {0} — {u_,u;} defined as

S = {u_ if i <0,

uy ifi>0.

A~

We define the chain (X,,),>0 imposing that, from ¢ € Z \ {0}, it jumps to i + 1 with
probability 3/10 and to S(i) with probability 2/5. From 0, it jumps to +1 with
probability 3/14 and to u_ and u, with probability 2/7. We define u_ and u, as
absorbing states. By symmetry, this chain is absorbed in u_, with probability 1/2,
or in u,, with probability 1/2. There is an obvious correspondence between the
states of the chain ()A(n)nzo near to 0 and the states of the chain (X,,),>¢ near to
2’1. We can couple these two chains in such a way that, with this correspondence,
they walk together until the time HX. Let PXX denote such a coupling. As already
done before, observe that PX-~X [HX > M — 2] < (3/5)™73. Therefore,

wi? 5

= P Y =B HX<M_2]+O(<§)M>

R M
PYS[HY = HX] = PXY [ = H HX<M‘2“O<(§) )

U4 5

~aell))

and the same holds changing w; by wy and uy by u_. With this, we conclude that
pN(1,1)=1/2+0 <(3/5)M>, and then the result follows from Lemma [1.7.1] O
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Now, for I,m > 3 we will define a quantity v(l,m) in terms of some absorbtion
probabilities of a simple discrete-time Markov chain (Y,*™),> that depends on [
and m. We will see later that this quantity will represent the velocity of the ballistic
process that appears in the statement of Theorem [1.2.7]

Let us define the chain (Y,"™), 5. Its state space is the set ZU {uy, ug, u_1,u_o}.
To define its jump probabilities consider the function S : Z\ {—(m —2),0,l — 2} —

{u1,up,u_1,u_s} defined as

u_g ifi < —(m—2),
S(i) = u_y if —(m—2) <i<0,
uy if0<i<l—2,
wp ife>1-2.
We define the chain (Y,*™),> imposing that, from i € Z \ {—(m — 2),0,1 — 2)},
it jumps to ¢ £ 1 with probability 3/10 and to S(i) with probability 2/5. From
i€ {—(m—2),0,l —2)} it jumps to ¢ = 1 with probability 3/14 and to S(i £ 1)
with probability 2/7. The states uy, ug, u_; and u_5 are defined as absorbing states.
Figure illustrates the structure of this simple chain. Roughly speaking, after an
identification of the states, (Y,/™),>¢ is the jump chain of the process {9 (t) : t > 0},

illustrated in Figure [1.1, with Ny =1, Ng = m and Ng = oc.

—(m —2) 0 -2

U_2 U_1 U Uy

Figure 1.7: The graph structure of the chain (Yé’m)nzo.

For 0 <i<l—2andk € {1,0,—1,—2} denote by p"™(i,u;) the probability for
the chain (Y,>™),>¢ starting from i being absorbed in u;. We define v(l,m) as

v(l,m) == g Z k (i:pl’m(i,uk)> :

k=-2 =0

Repeating the proof of Lemma (1.7.1] with an obvious identification of the states, we
get that

o(l,m) = ; (; + ﬁ) S Y k). (1.7.5)

ke{-2,-1,1} i€{0,l—2}
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Lemma 1.7.3. There exists a constant Cy such that for any 3 < Ny < N < Ng,
2 N
3 Z kgu (k) —v(Na, Np)

3\ e
< CoNg (5)
keAn

Proof. If k ¢ {—2,—1,0,1} we note that for i = 1, N4 — 1, starting from fgﬂ-, the
chain {7;(t) : t > 0} must make at least No jumps to arrive at wg. So, using

Lemma [1.7.1) we get that
gy (k) < Co(3/5)Ne, k¢ {—2,—1,0,1}. (1.7.6)

For k € {—2,—1,0, 1} we use the same coupling argument used in the last corollary,
now coupling the jump chain of {7;(¢) : ¢ > 0} with the chain (Y,N4V8), 5., If we
do not survive at least N¢ steps without absorption, we do not feel the difference
of these two chains. So, in (1.7.2) we may change pY (i + 1,k) by pN4V5 (i, uy),
i =0, N4 — 2, causing errors of order O((3/5)"¢). O

The key to obtain the specific scenario in which the process will converge to a
Brownian motion with drift is to understand the dependence of v(N4, Ng) on Ny
and Ng. The next lemma is sufficient for this purpose.

Lemma 1.7.4. Suppose that 3 < Ny < Ng, then

R O [ONI(OR S

Proof. By ((1.7.5), in order to explicitly compute v(l,m) we just need to compute
the six absorption probabilities

’U(NA,NB) =

PP ug), i=0,01-2, k=1,-1,-2. (1.7.8)

Solving a recurrence as in (|1.7.3)), we can compute the distribution of the first visited
state in the set {0,1 — 2, ug} if the chain (Y,2™), 5 starts from 1. We find that, the
process will first visit [ —2, 0 or uy with probabilities p;, ¢; and r;, respectively, where

3—(1/3) 370 —(1/3)"°
N LT A s e ey e L=p—q.

(1.7.9)

This provides a simplification of the chain (Y,'™), o, which is best explained with
Figure |1.8
With this, we can easily compute the distribution of the first visited configuration
in {—(m—2),u_y,up, ! —2} if the process starts from 0. We obtain that the process
will first visit [ — 2, ug, —(m —2), u_y with, respectively, probabilities p;m, Gim, Pm.
and g, ;, where
13—4]91 % + 13—47“5

1— 2 (q + qm) 1— 2(q + gm)

Pim =
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TTTL

U_1 Uo

Figure 1.8: A first simplification in the dynamics of (Yé’m)nzo.

Now, if we define
Pl = .hm YURE G0 = .hm qi.5, Goo,m = ,hm qdjm,
j—o0 J—00 J—0

this means that, in order to compute the probabilities in (|1.7.8)), we can consider
the simple seven-state chain whose jump probabilities are given in Figure [I.9]

Pm,co YURSS
—(m—=2) 0 -2

Goo,m ’ ’ Goo,l

[ o | (]
U_9 U_1 Uo (51

Figure 1.9: A further simplification in the dynamics of (Yé’m)nzo.

From this point, it is easy to find that

L.m Pimfeo,l Im l,m
p’ O,U = 7p7 l_QJU‘ ZQOO,—i_p,OOp’ O,U 9
( 1) 11— (pl,mpl,oo +pm,lpm,oo) ( 1) : : ( 1)
Im Gm,i + Pm,i9m,00 I m Im
p"(0,u_q) = : - D= 2,u-1) = preop”™(0,uy),
( 1> 1-— (pl,mpl,oo +pm,lpm,oo) ( 1) l ( 1)
l.m Pm,1qco,m Im l,m
P O,U, = y P 1_27’1’1‘* = PlooP” O,'U,, :
( 2) 11— (pl,mpl,oo +pm,lpm,oo) ( 2) : ( 2)

To simplify the notations, in the next equations & and y will represent respectively
(1/3)! and (1/3)™. After many but elementary calculations we see from the last

equations and the explicit expressions ((1.7.9)) and ((1.7.10)) that

m 3
p0,m) = Tz T O(y?),
1 — 27x?
I,m _ o 2
P 0u) = oes — B+ 0@)y + Oy,
P (0us) = (3+0(x)y+O0(y?),
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and
1 —27x?
Lm(] — 2
I — 2w ) = —% L O(@)y + Oy?)
p y W—1 - 1 _ 93}2 y y )

Pl —2,uss) = O(m)y+ O(y?),

From now, many cancellations take place and we see from (1.7.5)) that v(l, m) =
[—3 4+ O(x)]y + O(y?), as desired. O

1.8 Scaling limits for the trace process on () when
N 1T o0

Recall the definition of the random walk {X(¢) : ¢ > 0} presented just before
Theorem [L.2.7

Theorem 1.8.1. Let 63 be as in (1.2.7). Assume that n(0) = wy, 3 < Ny < N <
N¢ and that N 1T oo as 1 00 in such a way that (1.2.8)) holds and that

ma (NgANA 4 NENAB)e ™ = 0. (1.8.1)
—00

Then, as B 1 oo, the process {X (t03)/N : t > 0} converges in the uniform topology
to a Brownian motion with drift {ut +oB; : t > 0} on the circle [-1,1]. Ifb=0 in
(1.2.8), we may replace the assumption Ny < Np by Na < Np.

In Theorem the number of particles of type A can go to infinity or be
constant. The parameters pu and o can be explicitly computed. In the case where
N4 1 oo we have that u = —3b/2 and 0 = 1. If N4 is constant, then there is a
multiplicative correction (14 O ((1/3)"4) in these values. The restriction (L.8.1)),
which imposes that N can not increase too fast, is not optimal. It comes from our
not very accurate estimate of r3(k) in Proposition A more careful analysis
would need to take into account a much larger combinatorial complexity.

In this section we will prove Theorems [1.2.7 and [1.8.1] The general strategy is

the same for the two proofs, and so we start considering a general context.
For 03, a function of 3, define the process {Y?(¢) : t > 0} by
X (6gt)
YP(t) = —E=2.
(1= 2
By [24, Theorem 8.7.1], in order to prove that, as § — oo, the Markov chain
{YB(t) : t > 0} converges to a diffusion {ut+cB; : t > 0}, it is enough to verify the
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convergence of the corresponding infinitesimal mean and covariance and a condition
that rules out jumps in the limit. More precisely, we have to show that

lim Z (%) rg(k)0s = 02,  lim Z %rﬁ(k)éﬁzp, (1.8.2)

% fehn 7 e
and that, for every ¢ > 0
Jim > ra(k)fs =0. (1.8.3)
|k|>N§
By Proposition [1.6.2] if for 1(5) satisfying (|1.6.6]), we can prove that
lim Nfsp(8) =0, (1.8.4)
B—00

then we may replace conditions ((1.8.2)) and (1.8.3)) by the following:

2 ~
lim L+ 2 > Kgl(k) | e MoN > =0, (1.8.5)
oo a:Nq=M 3

keAn

: 2 N —MBp -1 __
Jim 2 ( > kgh (k)) e MBNT = 4, (1.8.6)

a:No=M kEAN
and, for every 6 > 0

lim Y > gV (k)e M =0, (1.8.7)

B—o00
a:No=M |k|>N§
For the sake of clarity, from now on we look at each case separately. In fact, all the
work has already been done.

Proof of Theorem [I.2.7. In this case 83 = NeN4#. Since Ny < Np are constants,
we get from assumption . Just observing we obtain (|1.8.7))
and with 02 = 0. To conclude, observe that Lemma m gives (|1.8.6)) with
p=v(Nya, Np). O

Proof of Theorem [I.8.1 In this case 63 = 6. Consider first the case b > 0. In this
setting, since Ny < N < Ng, follows from assumption . As before,
follows from . For simplicity, let’s suppose that we are in the case where
N4 1 oo. By Lemma the limit in is equal to limg o (1/2)v(Na, Ng)N
and then, from Lemma and assumption we get with = —3b/2.
To conclude, it remains to verify . By , the limit in is equal to

1
1 2 2 N
5 (1 +,8h—>nolo§ E k“gs (k)) : (1.8.8)

k=-2
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Now, ((1.8.5) with 02 = 1 follows easily from Corollary . If N4 is constant, we
could, for example, analyze the limit @ in the same way that we have estimated
> keay k9 (k) in Lemmas Im and 1_74L obtaining this way, after many (but
elementary) calculations, that (1.8.5]) holds with ¢ = 1+ O((1/3)"4). Now, noting
that, by symmetry, is equal to 0 if Ny = Np and recalling the definition of
d, we see that the convergences still work for N4 < Npg in the case b = 0. O

1.9 Proof of Lemma [1.2.1]

1.9.1 Some estimates for the invariant measure

Recall the notations introduced in the beginning of Section [I.5] Let pg be the
invariant measure of the ABC process {n(t) : t > 0}. In our context the invariance
of the measure 4 is characterized by the fact that, for every w € QV,

e " g€+ Y psl€) = [Bw)|us(w) + e | R(w)|ps(w). (1.9.1)
£€B(w) £ER(w)
Lemma 1.9.1. Forany >0, k€ Ay and1 <n <M,

DB @)lusw) = e 7 IR |ms(€) (1.9.2)

wWEA] EeATT 1

Proof. Fix k € Ay. We prove the result by induction in n. The case n = 1 is just
the relation - for w = wk Now suppose that - holds for some n < M —1.
Summing the relation over all w € A} we obtain

e? Y D me©+ D Y nald)

wEAY £€B(w) WEAT £€R(w)

> IB)lusw) + e > RW)|us(w

wEAY wEAY

(1.9.3)

By , we note that in the first member on the left-hand side of , we are
measuring configurations on Az_l. Moreover, note that each configuration & € A7~!
is counted repeatedly |R(£)| times. This is due to the simple fact that there are
exactly |R(§)| configurations w € A} such that £ € B(w). So, we may rewrite the
first member on the left-hand side of as e ? 256A2—1 |R(€)|1p(§) and then,
by the induction hypothesis it cancels with the first member on the right-hand side
of the equality. Now note that in the second member of the left-hand side, we
are measuring configurations in A}*! and each configuration ¢ € A7 is counted
repeatedly |Bj(£)] times. Thus we get the relation ([1.9.2)) with n replaced by n + 1,
which concludes the proof. O
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Corollary 1.9.2. Forany >0, k€ Ay and1 <n< M

> 1Bi(@)lps(w) < (4e™)" pg(wr),

wEAP
and then, for B large enough,

Z Y IBi(@)lns(w) < 5e P pg(ws). (1.9.4)

n=1 weA}

Proof. The proof consists in iterations of (1.9.2)) using the inequality |R(§)| <
4| B;(€)|, which, by Lemma [1.5.1] holds for every £ € V (wg). O

For any set of configurations H C QV, define inductively

B°(H)=H, B"(H)= U B() =1,2,..., (1.9.5)

weB™—1(

and then define B®(H) = |J,—, B"(H). In the same way, just changing B by R
in (1.9.5), define R"(#H), n > 1. When H = {w;} we write simply R} instead of
R"({wy}). We omit the index n when n = 1.

Lemma 1.9.3. For any >0,k € Ay andn > 1,

> [Bi(w)|pus(w +eﬁz >y MB

weRY " =0 weR) Tt (eD}(w

=e? > |RE)|us(¢ +Z > DiE)Ins(€)

€€R2/1+n71 =0 56RM+7'

(1.9.6)

Proof. Fix k € Ay. The proof by induction is very similar to the proof of Lemmall.9.1
To pass from the case n to the case n+ 1, sum the relation over all w € R
decomposing B(w) = Bj(w) U Dj(w). The inductive argument is completed observ-

ing that
SoX m@O= > IROIns().
ngkM—o—ﬂ £EB(w) £€R£f+n—1

and
) Z“B S IBLE)ns(c).
weRY T (ER(W 5€Rlly+n+1

In the same way, we obtain the base case n = 1 from the case n = M of Lemmal|l.9.1]|
O

Remind that we have defined M* = max{N4, N, N¢}.
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Corollary 1.9.4. There exists a constant Cy such that, for any 5 > 0,

M*
ﬂ<U U RZ> < Got ey, (19.7
keAN n=M
ps (GV) < Cod™ e MR p(0gY), :
ps (R(GY)) < Cod™ e M pug(). (1.9.9)

Proof. Fix k € Ay. Let Zy(0) = 3 can | Bi(w)|ps(w) and, for n > 1, let Zy(n) be
the expression in (1.9.6). Obviously, for any w € V(wg) \ {wr} we have | Bj(w)| > 1.
Let’s label the particles of the system in such a way that for the configuration
wy, the labels Ay, As, ..., An,, B1, Bs, ... are placed clockwise and the particle A
is the particle of type A that is adjacent to a particle of type C, which is Cy,,.
With these labels we note that, when they exist, the blue edges of a configuration
w € V(wy) of the type whose transposition leads to configurations in Dj(w) connect
the adjacent particles (o — 1)n,,_,, and (a + 1)1, for some a € {A, B,C}, see
Figure [1.2] So, for configurations in V(wy) there are at most three of such blue
edges, that is |Dj(w)| < 3. Moreover, from wy, to achieve a configuration w € V (wy)
with |Df(w)| = 3, at least Ng + N + No — 3 > M* jumps are necessary. So,
for configurations w € UKM R}, we have |Dj(w)| < 2. These inequalities and
the one of Lemma applied to equality allow us to conclude that, for
1<n<M*—M+1

n—1

Zp(n) < (4e ) Z(n — 1) + 2> Z(d).

i=0
Thus, just using that 4e=” < 1 and Corollary we get
Zi(n) < 4"Z,(0) < 4"4Me P 1ig(wy). (1.9.10)

Now note that

U U Ubiw

k€eAn me{Na,Np,Nc} WER?

So, by the definition of Zx(n) and m

—M+1
" ( U U R") +ePug(GN) < > Z Zi(n) < CodM*e=MB 50,
keANy n=M keEAN n=0

which proves and ([1.9.8). To obtain the inequality ((1.9.9)), just note that for
each w € GV, the invariance of pp says that >° p ) ps(v) = 6e P ug(w), and so

pe(R(GY)) < 6P ps(GY). O
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1.9.2 The set that the process never leaves

The proof of Lemma consists in finding a set of configurations =V that the
process never leaves in the time scale e™8. The set 2V needs to be sufficiently small
so that pg(EN \ Q) /us(Q) vanishes as 3 1 oo, which will allow us to conclude
that, in fact, the process stays almost always in QY. The analysis of the excursions
between two consecutive visits to the set ), which we have made in Section ,

suggests a natural candidate. We define =V as

=N = B ( U U R;;) U B> (R(GY)). (1.9.11)
keAn n=0

This choice is optimal in the sense that, starting from Q. any configuration in

=N Mp

=" can, in fact, be visited after a time of order e It is interesting to note

that the configurations in ZV that are not in (J,c, UM, AP are very similar to
the configurations in Q), differing by at most two particles that are detached from
their corresponding blocks. This observation, which will be crucial for Section [1.10]
justifies the inclusion ZV C T'V stated in Section [1.2.2]

Let 02V denote the boundary of ZV, that is

=N = {w € 2V : there exists £ € QY \ =V and i € Ay such that & = Ui’”lw} .
Note that =V was defined in such a way that
B(&) C 2N, if € € 0=V, (1.9.12)
Lemma 1.9.5. There exists a constant Cy such that, for any 8 > 0,
1s(EY \ ) < Cot" e () (1.9.13)

and
pp(0ZN) < Cod™M e MPB 115(Q0). (1.9.14)

Proof. Note that

=N\ QN C ( U URZ) UGN UR(GY)

keAny n=1
and
M*
=N C ( U U Rg) U R(G").
keEAN n=M
Now use Corollaries [1.9.2] and [1.9.4] m
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Proof of Lemma[1.2.1. We follow the strategy presented in [3I]. Fix & € Ay and
t > 0. We first claim that

t
ma E}, [/ 1{n(sN?eM?) ¢ =N1ds| = 0. (1.9.15)
— 00 0

For each w € =V denote by J(w,t) the number of jumps from w to configurations
in QN \ ZV in the time interval [0,¢] and let R°(w, QY \ =) be the total jump rate
from w to QN \ ZV. Note that the process {(n(t), J(w,t)) : t > 0} is a Markov chain.
If [:5 stands for the generator of this chain and f(£,n) = n, it is easy to see that
Eﬁf(f,n) = 1{¢ = wIRP(w, Q) \ ZV), so that

{J(w,t) — /Ot RP(w, QY \EM)1{n(s) = w}ds: t >0}
is a martingale, and thus
Egk [J(w,t)] = Egk {/Ot R%(w, Q) \ EM)1{n(s) = w}ds} :
Therefore, if we define J(t) = Y _ozn J(w, 1), by observation (1.9.12) we get that
P [J(t) > 1] < E [J(t)] < CoNe PE[, [ /0 t1{n(s) € 8EN}d51 :

By symmetry,

ES, Uot 1{n(s) € 8EN}d5} —

|ZE [/0 1 )e@EN}ds]

QN
Qo
= —m— E ps(wi)E l 1{n(s) E@EN}dS}.
€29 |/w

jGA

(1.9.16)

The sum is bounded above by

7, | [ 1tate) € 02105 = oz

and the denominator is equal to 15(€7’), and so

Cot N3e=PeMbB5(0=N)
(25

By (1.9.14) the above expression is less than or equal to Cot N?4M ¢=# which van-
ishes as 1 oo, in view of assumption ((1.2.2). Therefore, we have proved ([1.2.5)),

P2 [J(tN?eMP) > 1] <

that is, for any t > 0, starting from wy,, with probability converging to 1, the process
{n(s) : s > 0} does not leave the set =V in the time interval [0,tN2eM5], which is
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a result stronger than (|1.9.15)). To conclude the proof of the lemma it remains to
show that

t
lim EJ, U 1{n(sN?MP) ¢ =N\ O'1ds| = 0.
0

B—00

By repeating the arguments used in ((1.9.16)) we obtain that the previous expectation
is bounded by tug(ZN \ Q) /us(Q)). By (1.9.13)) this is bounded by Cotd™ e=#,
which, in view of assumption ([1.2.2)), vanishes as 5 1 oc. O

About Remark[1.2.] Now we prove that, for the equal densities case Ny = Np =
Ne¢, holds without assumptions controlling the growth of N. In fact, this
can be derived from the estimates of the partition function Zs presented in [26, 27].
However, for completeness we present a proof here. Subtracting a function of M
in the Hamiltonian (1.2.1]) (in fact, this function is M? but this not relevant) and
incorporating this correction in the partition function Z3, we may suppose that the
ground states wy, k € Ay, have energy zero. For each n, the number of configurations
with energy n is bounded by 3*M | since this is a bound for the total number of
configurations. So,

Zn>M/2 33M€_nﬁ
Z

ps({w : H(w) > M/2}) < <y (276_6/2)]\/[,

and this goes to zero when 1 oo (for this term is even better if M grows fast). For
configurations with energy at most M /2 (which are configurations at distance at
most M /2 from some ground state) we can use the estimate (1.9.4). So, in the limit
B 1 oo, in the equal densities case, the invariant measure is concentrated in Y, no
matter how fast N 1 oo. n

1.10 Convergence of the center of mass

In this section we assume the hypothesis of Theorem [1.2.2] under which we will
show that, when 3 1 oo, the process {C(n(tN2eMP) : ¢t > 0)} is close to the process
{X(tN2eMP)/N +1r,/2 :t > 0} in the Skohorod space D([0, c0), [—1, 1]).

In the previous section we showed that under we have ((1.2.5]), where ZV
is the set defined in . Later it will be useful to note that =V can also be
expressed as the union 2V = [, Ax =2 where

M
= =Jar v | B*(RGM).
n=0 ac{A,B,C}

In order to compare the process {C(n(tN2eMP) : t > 0)} with the trace process
{X(N?MP)/N +1ra/2:t > 0} we will use the process, derived from {n(t) : t > 0},
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that records the last visit to the set ). Define

X@%:{Xma» if (1) € OF,
X(n(a(t)") i n(t) ¢ Of.

where o(t) = sup{s <t : n(s) € Q)}. As we have done for {X(t) : t > 0}, we
are omitting the dependence on . The last visit process {X(t) : ¢t > 0} has the
advantage with respect to the trace process that it does not translate in time the
original trajectory.
With the same proof of [3, Proposition 4.4], with obvious small modifications for
our case, under ([1.2.3)) we have that
lim B, [p(X*,X*)] — 0, (1.10.1)
B—00
where X* and X* denote the speeded up processes {X(tN2eMP)/N : ¢t > 0} and
{X(tN2eMP)/N : t > 0}, respectively, and p is a distance that generates the Sko-
horod topology in D([0, c0), [—1, 1]).
Now we prove that the last visit process is close to the center of mass in the
uniform metric.

Proposition 1.10.1. Assume the hypothesis of Theorem[1.2.3. For any ¢ > 0 and

t>0,
lim P, = 0.

B—00

sup | X(s)/N +74/2 = Cln(s))| > &

0<s<tNZ2eM§B

Proof. Let N(t) be the number of jumps of the process {X(s) : s > 0} during the
time interval [0,2N2eM#]. We claim that there exists a constant L, depending on t,

such that )

N A
lim P |— < N(t) < LNZ} =1 (1.10.2)
B—00 L

In fact, let N(¢) be the number of jumps of {X(s) : s > 0} during the time interval
[0,¢N2eMP]. Observing that

«MO=N0+4HM@W&W¢Q%%)

the claim will be proved if we prove ((1.10.2)) for N(t) changed by N(¢). Now note
that

P2 [N(t) > LN = P [Tf ST T < tNQeMﬁ] , (1.10.3)

where, Ti’8 ,©=1,2,... are independent mean 1/)\s exponential random variables,

with A\g = >, x, 78(k). By Proposition because of ([1.2.9)), there exist con-

stants 1 < ¢y < Cp < oo such that eMPXg € (co, Cp), for all > 0. Hence, the
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expression in goes to zero as 3 1 oo, if t/L < 1/Cy. In the same way, we
show that limgee P2 [N (t) < N?] =0, and the claim is proved.

Let 7 = Hon\(u,y- Using (1.2.5), (1.10.2), the strong Markov property and
translation invariance we see that the proposition will be proved if we prove that

lim N°PJ | sup [C(n(s)) — C(wo)| > ¢, n([0,7]) CEN| =0. (1.10.4)

B—o0 0<s<T

Observe that if w € = then |C(w) — C(wy)| < 1/Na < /2, for B large enough. So,

if v denotes the hitting time of U|k|>N6/2 =¥, (1.10.4) will be proved if we prove that

lim N*P? [v <7, n([0,7]) CEN] =0. (1.10.5)

B—o00

For k € Ay, let By, = {w € V(wp) NEN : Dj(w) = 0}. Note that

M
Uarn | FVrcBicEy
n=0 ae{A,B,C}

and the first inclusion is an equality in the special case of equal densities. The set
B, is formed by the configurations in =% from which the process is attracted to wy.
In the same way we proved Lemma [1.5.6] we see that

PJ [Hpe < H,,| < CoNe™”, if w € By. (1.10.6)

Let 7 denote the hitting time of (J, <|k|<Ne/2 By.. Using the strong Markov property
and (|1.10.6), we see that Pgo [ <v<7] < CyNe® and then, decomposing the
event appearing in (1.10.5)) in the partition {7 < v}U{rv < '}, we see that the proof
will be completed once we show that

lim N°PS [v <7, n([0,v]) CEN] =0. (1.10.7)

B—00
Observing that, for each k € Ay

k+1

=\ UB= | @Fur@iuet dihu | {¢e

j=k—1 a€{A,B,C} a:No=M

we note that the only possible paths from wy to U|k|> Nej2 =N contained in =V that
avoid the set (J, <[k|<Ne/2 B, are those passing through the intermediate metastates
in GY. Now we will use that, starting from G" the trace of {n(t) : ¢ > 0} in Q¥ is
well approximated by the ideal process {7;(¢) : ¢ > 0} whose jump probabilities are
given in Figure A small modification of Lemma is needed to justify this
approximation. To arrive in U‘ K|>Ne/2 E{ﬁv we have to pass first at some configuration
in U= vesa) E& - From this point we make the same coupling as in Lemma [1.6.1}
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Observe now that from (J;_ ne /4 =N the ideal process must make at least N2
jumps without absorption in Q, for some constant 6. This gives the bound

SN2
P’ [v<w, n(0,v]) CEV] < <5> + CoN3Be™".

So, (1.10.7)) follows by (1.2.9) which imposes that N increases slowly with 5. This
completes the proof of the proposition. m

Now, Theorem follows from (1.10.1]), Proposition|1.10.1and Theorem [1.8.1}

1.11 Appendix

Lemma 1.11.1. For any integers M and 1 <1< M — 1,
LM =1\ (N S M- -1 (1M
= = =1 1.11.1
(N6 GG a1
]:]_ r=1
Proof. Fix M. For any i € {1,..., M — 1} define
M -1\,
) = 2771,
-3 (")
7=1
Multiplying (1.11.1]) by 2M~1, the equality to be proved becomes
$i) + ¢(M — ) = 2",

We claim that, for any 1 < ¢ < M — 1, ¢(i) counts the number of subsets of
{1,..., M — 1} with at most ¢ — 1 elements, which implies the above equality. The
proof of this claim relies on a suitable way of classifying the elements of

([ifz—_ll]) ={EC{l,....M—1}:|E|<i—1}.

We first observe that for any F € (%j]) there exists 1 < ky < ¢ such that

To see this, note that if we define hon {1, ... i} as h(k) = i—k—|EN{k, ..., M—1}|,
then h(k + 1) € {h(k),h(k) — 1}, h(1) > 0, h(i) < 0. So, there must exist some
ko € {1,...,i} such that h(ko) = 0. Therefore, we may decompose

(24@-_13) _ JQD; (1.11.2)
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into a disjoint union, where

, M -1
D} = {EG ([< , 1}) cj=max{l <k <i:|En{k,...,M — 1} :i—k}}.
AN 2
Now note that if £ € Dj- then j ¢ E. Another simple argument, using again the
function h defined above, shows that, in fact,
Di={EC{l...M~1}:j¢E |[En{j+1....M~1}=i—j}},

and so, |D}| = (M:'jfl)Qj_l. As the union in (1.11.2) is disjoint, summing in j, from
1 to i, we get that ¢(i) is the cardinality of ([gj]), as claimed. ]
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CHAPTER 2

Metastability of reversible random walks in potential fields

by Claudio LANDIM, Ricardo MISTURINI and Kenkichi TSUNODA

ABSTRACT. Let Z be an open and bounded subset of R? and let F : = — R be
a twice continuously differential function. Denote by Zx the discretization of =,
Ey = Z2N(N71Z4), and denote by {Xn(t) : t > 0} the continuous-time, nearest-
neighbor, random walk on Zy which jumps from  to y at rate e~(1/2NF (W) - F(@)]
We examine in this article the metastable behavior of {Xxy(¢) : ¢ > 0} among the

wells of the potential F.

2.1 Introduction

We introduced recently in [3| [6] an approach to prove the metastable behavior of
Markov chains which has been successfully applied in several different contexts. We
refer to [7, B3] for a description of the method and for examples of Markov chains
whose metastable behavior has been established with this approach.

We examine in this article the metastable behavior of reversible random walks
in force fields. This is an old problem whose origin can be traced back at least to
Kramers [32]. It has been adressed by Freidlin and Wentsell [28] and by Galves,
Olivieri and Vares [29] in the context of small random perturbations of dynamical
systems, and, more recently, by Bovier, Eckhoff, Gayrard and Klein in a series of
papers [15, [16] 17, [I8] through the potential theoretic approach. This problem has
raised interest and has found applications in many areas, as computer sciences [20]
and chemical physics [3§].
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The first main result of this article, Theorem [2.2.4] states that starting from a
neighborhood of a local minimum of the force field, in an appropriate time-scale,
the evolution of the random walk can be described by a reversible Markov chain in
a finite graph, in which the vertices represent the wells of the force field and the
edges the saddle points.

More precisely, denote by Xx(t) a reversible random walk evolving in a dis-
cretization of a bounded domain = C R? according to a force field F' : = — R. A
precise definition of the dynamics is given below in . Let x,..., @y be the
local minima of the field F', and let Yy (t) be the process which records the minima
visited: Yy (t) is equal to j if the chain Xy(t) belongs to a neighborhood of x;,
1 < j < L, and 0 otherwise. Clearly, Yx(t) is not Markovian. Theorem [2.2.4] asserts
that starting from a neighborhood of a local minimum x;, there exists a time scale
B, which depends on j, in which Yy (¢5y) converges in some topology to a Marko-
vian dynamics whose state space is a subset of {1, ..., L}. This asymptotic dynamics
may have absorbing points, and its jump rates depend solely on the behavior of the
potential in the neighborhoods of the local minima and in the neighborhoods of the
saddle points. Theorem is similar in spirit to the one of Noé, Wu, Prinz and
Plattner [38], who proved that projected metastable Markovian dynamics can be
well approximated by hidden Markovian dynamics.

The second main result, Theorem [2.2.7] adresses the problem of the exit points
from a domain. Consider a local minimum x; of the force field and denote by
{z1,...,zk} the lowest saddle points of F' which separate x; from the other local
minima. Theorem [2.2.7] provides the asymptotic probabilities that the chain Xy (t)
will traverse a mesoscopic neighborhood of a saddle point z; before hitting another
local minima of the force field.

We explained already in [7] the main differences between our approach and the
potential theoretic one [15, [16], and between our approach and the pathwise one due
to Cassandro, Galves, Olivieri and Vares [21]. We will not repeat this exposition
here. Our approach does not aim to characterize the typical paths in a transition
between two metastable states, in contrast with the transition path theory [25].
Nevertheless, in the case where the number of wells is small, as in the examples
presented in [36], Theorems [2.2.4/and [2.2.7|describe the distribution of the transition
paths, at least at the scale of the metastable sets, by indicating the sequence of

metastable sets visited in a transition between two metastable sets.

In the case of complex networks, the Lennard-Jones clusters analyzed in [20] for
instance, to give a rough view of the transition paths from two metastable states,
we may proceed in two ways. One possibility is to reduce the number of nodes
by considering the trace of the original chain on a subset of the state space (cf.
[3, Section 6.1] for the definition of trace processes). Avena and Gaudilliere [I]
proposed a natural algorithm to reduce the number of vertices of a chain. The
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algorithm produces a subset V' with the property that the mean hitting time of V'
does not depend on the starting point. In this sense the vertices of V" are “uniformly”
distributed among the set of nodes. The algorithm can also be callibrated to provide
a large or small set of nodes V.

Another possibility is to identify certain nodes, losing the Markov property, and
to apply Theorem below to approximate this new dynamics by a Markovian
dynamics. To describe the transition paths at this level of accuracy, one can compute
for these reduced dynamics the equilibrium potential between two metastable sets
(the committor in the terminology of [20]), and the optimal flow for Thomson’s
principle (the probability current of reactive trajectories).

In both cases, the selection of the set of nodes or the selection of nodes to
be merged have to be carried out judiciously, to reduce as much as possible the
number of nodes without losing the essential features of the original chain. From a
computational point of view, the jump rates of trace process are easily calculated,
while the jump rates of projected processes are more difficult to derive. In the first
case, it suffices to apply recursively the first displayed equation below the proof of
Corollary 6.2 in [3], while in the second case, one has to calculate the capacities
between the metastable sets.

2.2 Notation and Results

Let = be an open and bounded subset of R?, and denote by 0 Z its boundary, which
is assumed to be a smooth manifold. Fix a twice continuously differentiable function
F :ZU0=Z — R, with a finite number of critical points, satisfying the following
assumptions:

(H1) The second partial derivatives of F' are Lipschitz continuous. Denote by C
the Lipschitz constant;

(H2) All the eigenvalues of the Hessian of F' at the critical points which are local
minima are strictly positive.

(H3) The Hessian of F' at the critical points which are not local minima or local
maxima has one strictly negative eigenvalue, all the other ones being strictly
positive.

(H4) For every @ € 0, (VF)(x) - n(x) < 0, where n(x) represents the exterior
normal to the boundary of =, and « - y the scalar product of x y € R%.

Denote by =y the discretization of Z: =y = ZN (N-1Z4), N > 1, where
N=1Z% = {k/N : k € Z%}. The elements of Zy are represented by the symbols
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x = (xy,...,24), y and z. Let uy be the probability measure on =y defined by

1
IUN(Q:) = Z_Ne_NF(w) ;T E En )

where Zy is the partition function Zy =3 = exp{—NF(x)}. Let {Xn(t) : t > 0}
be the continuous-time Markov chain on =y whose generator Ly is given by

(Lyf)(x) = Z o~ (V/2N[F(y)—F(x)] [f(y) — f(z)], (2.2.1)
YEEN
ly—=|=1/N
where || - || represents the Euclidean norm of R¢. The rates were chosen for the

measure py to be reversible for the dynamics. Denote by Ry(x,vy), An(x), x,
Yy € Zy, the jump rates, holding rates of the chain Xy(t), respectively:

~ ) e~ (1/2)N[F(y)—F(z)] ly—x||=1/N,z,y €=y,
T,y =
0 otherwise .

Av(@) = > Ru(z,y).
Iy a2/

Denote by D(R,,Zy) the space of right-continuous trajectories f : R, — =y
with left-limits, endowed with the Skorohod topology. Let P, = PY & € Sy, be the
measure on D(Ry,Zy) induced by the chain Xy (t) starting from x. Expectation
with respect to P, is denoted by E,.

For a subset A of 2y, denote by H4 (resp. H) the hitting time of (resp. return
time to) the set A:

Hy = inf{t >0: Xn(t) € A},
H} == inf{t >0: Xn(t) € A, Xn(s) # Xn(0) for some 0 < s < t}.
The capacity between two disjoint sets A, B of =y, denoted by capy (A, B), is given
by
capy (A, B) Z,uN x)P,[Hp < H}] .

xrEA

A. The wells and their capacities. Denote by 91 the set of local minima and by
G the set of saddle points of F'in =. Let &7 be the set of the lowest saddle points:

S, = {ze@:F(z):min{F(y):yEG}}.

We represent by zb1 ... 21" the elements of &, &; = {z"!, ... 2!™}. Starting
from &4, we define inductively a finite sequence of disjoint subsets of &. Assume
that &y,...,6; have been defined, let & = &, U---U&;, and let

Siy1 = {zEG:F(z):min{F(y):yEG\Gj}}.
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We denote by 2/, 1 < j < n; the elements of &;. We obtain in this way a partition
{6;:1<i<ig}of &.

We will refer to the index 7 as the level of a saddle point. Denote by H; the
height of the saddle points in G;:

HZ'IF(ZiJ), ].S’LS’Lo,

so that H; < Hy < --- < H;,.
For each 1 < i < iy, let £2° be the subset of = defined by

— {ze=: F(x) < F(z")}.

By definition, ' C (71, The set 2 can be written as a disjoint union of connected
components: {2 = Ulgjg,{z() where QZ N (2 = @, j # k, and where each set !2’
is connected. Some connected component may not contain any saddle point in 61,
and some may contain more than one saddle point. Denote by Q;-, 1 <j <Y, the
connected components !AZJZ, which contain a point in &;, and let 2 = Uj<j<q, (25,
Clearly, the number of components (2 is smaller than the number of elements of
Si, i < ny.

Each component (2} is a union of wells, 2! = W/, U I/V]’ZJ The sets W7,
are defined as follows. Let (2’ be the interior of Q’ Each set W’;a is the closure of
a connected component of _Ql The intersection of two wells is a subset of the set
of saddle points: W;, NW/, C &,. Figure|2.1 u illustrates the wells of tvvo connected
components of some level The sets W, are introduced just before |

@QQ

Figure 2.1: Some wells which form two connected components Q} and Q5.

Fix 1 <i<ipand 1 < j < /; and a connected component {2 = Q; To avoid
heavy notation, unless when strictly required, we omit from now on the dependence
of the sets &;, W/, and the numbers £, on the indices i and j which are fixed.

Let S = {1,...,/} denote the set of the indices of the wells forming the connected
component {2. For a # b € S, denote by &, the set of saddle points separating W,
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from W,
Gup = {z€G6:2eW,NW,},

and denote by &(A4), A C S, the set of saddle points separating U,caW, from
UgeacWy:
64 = |J 6.
aEA  beAe

For a saddle point z € &, denote by —u(z) the unique negative eigenvalue of the
Hessian of F' at z.

Recall that F(z) = H;, z € 6 =6;. For0 < e < H;— H; 1,1 <a </ let
We={xeW,: F(x) < H; — €}, and let

&y = WinZy, 1<a<t, Ex(A)=[Je%, AcCS. (2.2.2)

a€A

Each well le,a contains exactly one local minimum of F', while the wells VV}"CL,

1 < i <'ip, may contain more than one local minimum. Denote by {m1, ..., M.},
q = qa, the deepest local minima of F' which belong to W;@

(M, M, = {y €W, "M : Fly) = min{F(y'):y € W, N zm}} .

Let h, = F(m, ) and let

da
1
Q) — , a < S 9
p(a) ; \/det Hess F(m )

where Hess F'(x) represents the Hessian of F' calculated at @, and det Hess F'(x) its
determinant. A calculation, presented in (2.6.5)), shows that for each a € S,

(27TN)d/2 o~ Nha

pn(EY) = [1+on(1)] Zn

pia) . (2.2.3)

The next result and Theorem below are discrete versions of a result of
Bovier, Eckhoff, Gayrard and Klein [I7]. The proofs are based on the proof of
Theorem 3.1 in [I7] and on [10] [T1].

Theorem 2.2.1. For every proper subset A of S,

. ZN NH; [L(Z)
lim ————27Ne "icapy(En(A), En(AC)) = :
N-oo (2 N)4/2 ZE%A) \/— det Hess F(2)

This result together with two other estimates permit to prove the metastable
behavior of the Markov chain Xy(t) among the shallowest valleys £%. To examine
the metastable behavior of the chain Xy(t) on deeper wells we need to extend
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Theorem to disjoint sets A, B which do not form a partition of S, AUB # S.
The statement of this extension and its proof requires the introduction of a graph.

B. A Graph associated to the chain. Let G = (S, E) be the weighted graph
whose vertices are S = {1,..., ¢}, the indices of the sets WW,. Place an edge between
a and b € S if and only if there exists a saddle point z belonging to W, N W, i.e., if
Gap # @. The weight of the edge between a and b, denoted by c(a, b), is set to be

_ p(z)
ela-b) = ZEZGM /— det Hess F(z) (2.2.4)

Note that ¢(a, b) vanishes if there is no saddle point z belonging to W, N, and that
the weights are independent of N. Figure present the weighted graph associated
to one of the connected component of Figure [2.1]

(=)
— det Hess F'(2z)

Figure 2.2: The simple weighted graph and the graph with multiple edges associated to
one of the connected components of Figure

The graph G has to be interpreted as an electrical network, where the weights
c(a, b) represent the conductances. It would be more natural to start with a graph
with multiple edges, each edge corresponding to a saddle point z. However, adding
the parallel conductances one can reduce the graph with multiple edges to the above
graph.

Let
(27?N)d/2 e_NHi

ZN 27N
It follows from Theorem [2.2.1] and from a calculation that

cn(a,b) =

1 Y g
1+ on(1)] 5{capy (€, &%) + capy(€k Ek) — capy (€% Uk Ueranli) |
(2.2.5)

en(a,b) = c(a,b), a,bes.

where, g]‘{, = Ucza€4. This explains the definition of cy(a,b). Moreover, by [3|
Lemma 6.8], cx(a,b) is equal to pun(EY)rn(EL, EY), where ry = 7% represents the
average rates introduced below in ([2.6.1)).
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For two disjoint subsets A, B of S, denote by capg(A, B) the conductance be-
tween A and B. To define the conductance, denote by {Y} : £ > 0} the discrete-time
random walk on S which jumps from a to b with probability

pla,b) = % : (2.2.6)

Denote by PY| a € S, the distribution of the chain Y} starting from a and by Vy g,
A, BC S, AN B = @, the equilibrium potential between A and B:
VA7B(Z)) = PZ[HA < HB} , be S,

where He, C' C S, represents the hitting time of C: He = min{k > 0 : Y, € C}.
The conductance between A and B is defined as

cang(4,B) = 3 3 e(a,)[Van(b) ~ Van(@)]’ .

a,bes

By [30, Proposition 3.1.2] the conductance between A and B coincides with the
capacity between A and B. The next result establishes that the capacities for the
chain Xy () can be computed from the conductances on the finite graph G.

Theorem 2.2.2. For every disjoint subsets A, B of S,

(2rN)i/2 -
ZN 2t N

Remark 2.2.3. [t follows from the proofs of Theorems [2.2.1] and [2.2.3 that both

statements remain in force if we replace the sets €% by singletons {x%}, where
xS € €Y. In this case the sets En(A) become {xf 1 a € A}.

capy(En(A),En(B)) = [L+on(1)] capg(4, B) .

C. Metastability. The Markov chain Xy (¢) exhibits a metastable behavior among
the wells of each connected component Q; The description of this behavior requires
some further notation.

Recall that h, = F(m, ) represents the value of F' at a deepest minima of
the well W,. Let éa = H; — h, > 0, a € S, be the depth of the well W,. The
depths 0, provide the time-scale at which a metastable behavior is observed. Let
0, < 6y < --- < 0,, n </ be the increasing enumeration of the sequence éa,
1<a<¥:

{01,...,0, = {61,...,0,} .
Of course, n and 6,, depend on the component (2; If we need to stress this depen-
dence, we will denote n, 0,, by n;;, 0, respectively.

The chain exhibits a metastable behavior on n different time scales in the set (2.
Let T, = {a € S: 0, = O}, 1 <m <n,so that Ty,...,T, forms a partition of S,
and let

Sm =T1T,,U---UT,, 1<m<n.
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Define the projection V% : Ex — S, U{N}, 1 <m <mn, as

W) = > al{zeey) + Nl{azgz U 87\,}. (2.2.7)

a€Sm a€Sm

Denote by X3 (t) the projection of the Markov chain Xy (t) by UR:
XN(t) = VR(Xn(D)) -

Fix 1 < m < n. We introduce some notation to define the asymptotic dynamics
of the process X'\ (t). The time scale in which the process X7 evolves, denoted by
Bm = Bm(IN), is given by

By = 21N e/m N

For a, b in S,,, let

enla,h) = 5 {capc({a}, 5,\ () + capa({0}, 5,0\ (Bh)—capc({a, B} S\ o, b))}

(2.2.8)
Note that ¢,,(a,b) represents the conductance between a and b for the electrical
circuit obtained from G by removing the vertices in S¢,. In particular, ¢;(a,b) =
c(a,b) for a, b € S,,. Let

(@ b) = {cm(a,b)/u(a) a€Ty,beE Sy, (229)

0 CLGSerl,bESm.
Recall from [33] the definition of the soft topology.

Theorem 2.2.4. Fir 1 < i <4y, 1 < j7< /4,1 <m<mn;,acsS,anda
sequence of configurations xn n €Y. Under Py, , the time re-scaled projection
XR(t) = XN (tBm) converges in the soft topology to a Sp,-valued continuous-time
Markov chain X™(t) whose jump rates are given by . In particular, the points
in Spya1 are absorbing for the chain X™(t).

Remark 2.2.5. Theorem|[2.2.]] states that the weighted graph G, the measure p and
the sequence B,,(N) describe the evolution of the chain Xx(t) in the connected com-
ponent (2. The weighted graph with multiple edges would describe more accurately
the chain Xn(t), providing the probability that the chain leaves a well W, through a
mesoscopic neighborhood of a saddle point z € &. This statement is made precise

in Theorem below.

Remark 2.2.6. Nothing prevent two time-scales at different levels to be equal, or
two time scales in different connected components of the same level to be equal. It
is possible that 659 = 0. for some i # 4’ or that 059 = 0., for some j # j'.
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D. Exit points from a well. Fix 1 <7 < i, 1 < j < /;, and recall that we
denote by W, = Wj,a, a €S =A{1,... ,6;}, the wells which form the connected
component _Q]’ The last result of this article states that the chain Xy (t) leaves the
set W, through a neighborhood of a saddle point z in the boundary of W, with
probability w(z)/ ), w(2’), where the summation is carried over all saddle points

in the boundary of W, and where

_ 1(2) _
wiz) = \/— det Hess F(2) (2:2.10)

Let dy be a sequence such that 6y < N~3/4 N4 exp{—Ndy} — 0. Denote by
Qn = (2} y the connected component of the set {x € Z: F(x) < H; + dy} which
contains (2. Since oy | 0, for N large enough, 2 y N 2}, \ = & for all j' # j. In
particular, for IV large enough there is a one-to-one correspondance between (2 and
2N

Fix a € S and let &, be the set of saddle points in the boundary of W,,
Sa = Upespra Sap. Denote by 02y the boundary of 2y and by B.(x) the open
ball of radius € > 0 around * € =. We modify the set 0f2y around each saddle
point z € &, to obtain a closed manifold D, C 2y.

Fix a saddle point z € &, and recall condition (H3) on F. Denote by —u < 0 <
Ay < --- < )y the eigenvalues of Hess F'(z), and by v, w', 2 < i < d, an associated
orthonormal basis of eigenvectors. Let H = H, be the (d—1)-dimensional hyperplane
generated by the vectors w’, 2 < i < d. By a Taylor expansion, there exists € > 0
such that

A
Fz) > H; + ZQ||zc—zH2 (2.2.11)
forx e z+H={z+y:y € H} such that |z — z|| <e. Let

D, = {ye(z+H)NB(z): Fly) < Hi+6n} . (2.2.12)

Figure 2.3: In gray the set D,.

We intersected the set z + H with the set B(z) to avoid including in D, points
which are far from z.
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The set D, = DC]LV is defined as follows. For each z € G,, remove from OS2y the
set (z + H) N 0Qx N B(z). As before, the set B.(z) has been introduced to avoid
removing from 9y points which are far from z. Denote by Q) the set obtained
after this operation, which is a finite union of connected sets. Remove from QY all
connected component which contain a point close to some saddle point which does
not belong to &,. Denote this new set by Q3. D, is the union of Q% with all set
D,, ze€ &,

D, = |JD. U}
z€6,

Denote by D,, D, C =y the discretizations of the sets D, and D, that is
D, = {x € Ex : d(x,D,) < 1/N}, where d stands for the Euclidean distance,
d(x, A) =infyeq ||z — yl.

Theorem 2.2.7. Fiz 1 <i<ip, 1 <j<{l, andac S ={1,.. E;} Let . For all
z € 6,, and all sequences {xy : N > 1}, xy € EY,

w(z)
Des, W(Z)
The proof of Lemma yields the last result.

lim P, [H@a _ Hm} _

N—oo

Proposition 2.2.8. Let D C = be a domain with a smooth boundary, and let m =:
infycop F(y). Fiz a sequence {ex : N > 1} of positive numbers such that limy N4
exp{—Nenx} =0, and let Dy ==ZyN D, By ={x € 0Dy : F(x) <m+2ey}. Fix
a point € D such that F(x) < m and for which there exists a continuous path
x(t), 0 <t <1, from By to  such that F(x(t)) < m+ey for all0 <t < 1. Then,

lim PwN [H(')DN = HBN} =1 s

N—oo

where xy € Dy, ||zy — x| < 1/N.

We conclude this section with some comments. Bianchi, Bovier and loffe |10 [11]
examined the metastable behavior of the Curie-Weiss model with random external
fields. In this case the potential F' becomes a sequence of potentials Fy which
converges to some function F,,. The authors assumed that the parameter of the
model, the distribution of the external field, were chosen to guarantee that all wells
do not have saddle points at the same height. In this case, the metastable behavior
of the chain consists in staying for an exponential time in some well and then to
jump to a deeper well in which the chain remains trapped for ever.

To observe a metastable behavior similar to the one described in Theorem [2.2.4],
one has to tune the distribution of the external field in a way that the wells associated
to F, have more than one saddle point at the same height. In this case, however,
the metastable behavior might depend on the subsequence of N.
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To illustrate this possibility, consider the following one-dimensional example. Let
Fy be a sequence of potentials which converge uniformly to a potential F,,. Fix
two local maxima of F,,, supposed to be at the same height, F..(z) = F(2’), and
assume that the interval (z, 2’) is a well, Fio(x) < Fo(2) for z < & < z’. Suppose
also that Fy has two local maxima zy, 2y such that zy — z, 2y — 2/, that
(zn, 2ly) is a well for Fly, and that there exists subsequences N’ and N” such that

N/[FN/(Z&/)—FN/(ZN/)} < —€, N”[FN//(Z/N//)—FNN(ZN//)} > €

for some € > 0. In this case, in view of the results presented in this section, starting
from a local minima in (zy, 2y), along the subsequence N’ almost surely the chain
will escape from (zy, 2zy) through a neighborhood of 2y, while along the subse-
quence N” almost surely it will escape from (zy, z/y) through a neighborhood of
ZN-

This is what happens for the Curie-Weiss model with an external field, random or
not, if there exist saddle points at the same height. For the metastable behavior not
to depend on particular subsequences, one needs to impose some strong conditions
on the asymptotic behavior of the sequence Fy.

The article is divided as follows. In Section we prove the upper bound for
the capacities appearing in the statement of Theorem and in Section the

lower bound. In Section [2.5] we prove Theorem in Section [2.6] Theorem [2.2.4]
and in Section Theorem [2.2.7]

2.3 Upper bound for the capacities

We prove in this section the upper bound of Theorem [2.2.1] The proof is based
on ideas of [I7, [10, [I1] and on the Dirichlet principle [30, Proposition 3.1.3] which
expresses the capacity between two sets as an infimum of the Dirichlet form: for two
disjoint subsets A, B of =y,

capy(A, B) = ir}fDN(f) ,
where the infimum is carried over all functions f : Zy — R such that f(x) = 1,

x €A, fly =0,y € B, and where Dy(f) stands for the Dirichlet form of f,

1

Dn(f) = ) f(@) (~Lnf)(@) pv(@) = 3 Y (@) Ry(@ y)[f(y) — f(@)] .

TEE N T,YEEN

Proposition 2.3.1. For every proper subset A of {1,...,(},

: ZN NF 1(2)
lim sup ————— 27N eV cap \ (En(A), En(AY)) < .
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The proof of this proposition is divided in several lemmas. The main point is
that the capacities depend on the behavior of the function F' around the saddle
points of F'.

Fix a saddle point z of F' and denote by Ml = (Hess F')(z) the Hessian of F' at z.
Denote by —u the negative eigenvalue of M and by 0 < Ay < --- < Ay the positive
eigenvalues. Let v, w?, 2 < i < d, be orthonormal eigenvectors associated to the
eigenvalues —uu, \;, respectively. We sometimes denote v by w! and —u by A;.

Let V the (d x d)-matrix whose j-th column is the vector w’ and denote by V*
its transposition. Denote by D the diagonal matrix whose diagonal entries are \;
so that M = VDV*. Let D, be the matrix I in which we replaced the negative
eigenvalue \; by its absolute value y and let

M, = VD, V*. (2.3.1)

Clearly, det Ml = — det ML,.
Let By = B% be a mesoscopic neighborhood of z:

By = {zc €=y |(x—2) v|<epn, zrgaél](w —2z)-w!| <2 u/)\jgN} , (2.3.2)
S

where N™! <« ey < 1 is a sequence of positive numbers to be chosen later. Unless
needed, we omit the index z from the notation B%. Denote by 0By the outer
boundary of By defined by

8BN:{w€EN\BN:EIyEBN s.t. Hy—:z:“ :Nil}, (233)
and let 0_By, 0, By be the pieces of the outer boundary of By defined by
O By={x€0dBy:(x—2) -v<—en},

0By ={x €0By:(x—2)-v>epn}.

The Dirichlet forms in the sets By

Denote by Dy(f; By) the piece of the Dirichlet form of a function f : =y — R
corresponding to the edges in the set By:

d
Dy(f;By) = > > pn(x) Ry(z, @+ &) [f(x +e) — f(@)]
i=1 xEBN
where {e1,..., ¢4} is the canonical basis of R? and e; = N~ 1e;.

Let p% be the measure on By given by

L Nre) 2w
Zn ’
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where y = x — z, and where v - w represents the scalar product between v and w.
Denote by D% the Dirichlet form defined by

d
DX() = D2 > my(@) [f(@+e) - f(=))*. (23.4)

The next assertion follows from an elementary computation and from assumption

(H1).
Assertion 2.3.A. For every function f: =y — R,

Dn(f;By) = [1+0O(en) + O(NeX)] D3 (f) -

The equilibrium potential

We introduce in this subsection an approximation in the set By of the solution to the
Dirichlet variational problem for the capacity. To explain the choice, consider a one-
dimensional random walk on the interval Iy = {—Ky/N,..., (Kx —1)/N,Ky/N}
whose Dirichlet form Dy is given by

Dy(f) = > e [f(k+ N1 = f(k)?,

where the sum is performed over k € Iy, k # Ky/N. An elementary computation
shows that the equilibrium potential V' (k/N) = Py/n[Hky /N < H_fg,/n]| is given by

S et [ e g
V(k/N) = (Kn—-1)/N __ vz [® —uNr2 (Jp
S et e '

where the last approximation holds provided v N < Ky < N.
In view of the previous observation, let f : R — R, be given by

r —(1/2)Npus? r
fulr) = 1= Y B A
[ em(/2Nus? g 2 )
The function Vi defined below is an approximation on the set By for the equilibrium
potential between 0_By and 0, By:

Vn(x) = Vi(x) = fy([x—2]-v). (2.3.5)

Assertion 2.3.B. Assume that N~V/? < ey < N=Y3. Then,

Z
(27r1\zfv)d/2 27N ") Dy(Viv; By) = [1+ ox(

v
b \/— det Hess F(2)
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Proof. By Assertion [2.3.A] it is enough to estimate D% (Vy). By definition of the
Dirichlet form D%,

d
Zn N DF (Vi) Z Z CWRANGMY [V (2 + e)) = V()]
i=1 weBy

where y = * — z. Denote by vy,..., vy the coordinates of the vector v and recall
that ||v|| = 1. Recall the definition of the matrix M, introduced in (2.3.1)). Since
(y-My) =>4 Ai(y - w?)?, by definition of Vi this sum is equal to

[1+ on(1 LN Z” S AN @MY uN

QBEBN

_ L ~(1/2) N (y-M, )
= L+ ov(D)] 5 e yMiy)

xrEBN

Let w = vV Ny = VN[z — 2] so that w € N~/2Z¢, to rewrite the previous sum as

P —(1/2) (wM, w)
1 1] ——
[ on(] gy 2 ,

where the sum is performed over w such that |w - v| < NY2ey and |w - w’| <
2 \/p,/)\le/QQV, 2 < j < d. Since, by assumption, N2y 1 oo, this expression is
equal to

H dj2 —(1/2) (w-Myw)
1 | ——N dw .
1 on (1)) SN [ e w

The previous integral is equal to (27)%2{det M, } /2 = (27)%?{— det M}~'/2, which
completes the proof of the assertion. n

We conclude the proof of Proposition [2.3.1] extending the definition of Vy to
the entire set Zy and estimating its Dirichlet form. We denote by 9™ By the inner
boundary of By, the set of points in By which have a neighbor in Zy \ By. Let
By, 0" By be the (d — 1)-dimensional sections of the boundary 0By, 0™ By:

LJ {wezaBN:Kw——z)~wﬂ:>2 M/&EN}’

2<j<d
8EBN = {-’B S 8inBN : Ely c 8iBN s.t. Hy — a:H = Nﬁl} .
Assertion 2.3.C. For all N sufficiently large,

inf F(x) > F(z) + pey .

TEBY
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Proof. Indeed, by a Taylor expansion of F' around z, for x € By,
F(x) = F(z) + (1/2)(x —2) -M(x — 2) + O(g%) .

The second term on the right hand side is equal to (1/2) >, 4 A; [(® — 2) - w’]*.
Since A\; = —pu, A; > 0 for 2 < j < d, and x belongs to By, for N sufficiently large
the previous expression is bounded below by

3p

F(z) + o ey + Oley) 2 F(z) + pey,

which proves the claim. O

Let ¥ = min{u(z) : z € S(A)}. Denote by U the connected component of
the set {x € = : F(x) < F(z) + Y&} which contains a set W,, a € A, and let
Uy = UNZEN. The set Uy may be decomposed in disjoint sets. Let B% = Uy N B%,
z € 6(A), Vy = Uy \ Uzes(a)B% so that

Uy = Vwu |J B%.
zeG(A)
Figure [2.4) represents the sets Uy and B. By Assertion [2.3.C] the set Vy is formed
by several connected components separated by the sets B, z € &(A). In Figure2.4]
for example, the set Vy is composed of 4 connected components. Let V4 be the

union of all connected components of V which contains a point in W,, a € A, and
let V& =Vy \ V4.

%

Figure 2.4: In red the boundary of the set Uy. In dark gray the wells Wy, b € A. In blue
the boxes B, z € 6(A).

For each z € &(A), choose an orthonormal basis of (Hess F')(z) in such a way
that the eigenvector v(z) points to the direction of €x(A). Define Vi : =y — [0, 1]
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0 e Vvi | VZ € B3
Vi) ={ TE ) = { vlw) @ © B

1 eV (1/2)  otherwise,
where V¢ is the function defined in ([2.3.5)).

Assertion 2.3.D. Let ey be a sequence such that Ney, — 0, exp{—Ne%} converges
to 0 faster than any polynomial. Then,

Zy
(27 N2

2N VP& Dy(VA) < [1+ on(1)] wz) :
ZE%(:A) \/— det Hess F'(2)

Proof. We estimate the Dirichlet form of V! inside the sets 8%, z € &(A), at the
boundary of Uy, and at the boundary of B which is contained in Uy.

Denote by dUy the outer boundary of Uy. The contribution to the Dirichlet
form Dy (V3}) of the edges in Uy is less than or equal to

C
Z > un(@)[Ry(@,x + e;) + Ry(@,x — €;)] < Z—Oe—NF<Z> S N,

i=1 xcdly N €Uy

where Cj denotes a finite constant which does not depend on N and whose value
may change from line to line. The sum on the right hand side is bounded by
CoN41e=?Nek which vanishes as N 1 0o in view of our choice of ey .

Let Ri(z) = 0"B% NUy, z € G(A). we estimate the contribution to the
Dirichlet form Dy (V') of the edges in Ry(2), the one of R} (z) being analogous.
By the definition of V! this contribution is bounded by

S Y ) (Bl b e) 1 Rl )] Vi)
= meRy (2) (2.3.6)
< %eNF(z) Z —(1/2)N Vz( )
N TER(2)

where y = & — z. In the remainder of this paragraph we omit the dependence on z
in the notation. Since & belongs to By, exp{—(1/2)N(y-Muy)} is less than or equal
to exp{(1/2)uNeR }exp{—(1/2)N 3" ;.4 A\j(y - w’)?}. On the other hand, by a

change of variables,

1 Nw)'P(yv) 2
VN(Q}')Z = <\/—2_7T/ e " /2 dT)

Since x belongs to 0" By, y-v < —eny+CyN~!. The previous expression is therefore
less than or equal to (Cy/Ne% ) exp{—uNed } because f(_oo A exp{—(1/2)r*}dr <
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| A7t exp{—(1/2)A?} for A < 0. This proves that the sum appearing in is
less than or equal to Co N4t exp{—(1/2)uNe%}, which vanishes as N 1 oo, in view
of the definition of ey.

Since, for each z € G(A), the set B% is contained in B%, the contribution to
the Dirichlet form of the bonds in the set ®B% is less than or equal to Dy (Vy; B%).
To conclude the proof it remains to recall Assertion [2.3.B] O

2.4 Lower bound for the capacities

We prove in this section the lower bound of Theorem The proof is based on
the arguments presented in [10] [TT].

Proposition 2.4.1. For every proper subset A of {1,...,(},

S N NF 1(2)
liminf ————— 27N e™VF®) cap (En(A), En(AS)) > .
N—oo (2mN)4/? p{En(A), EnlAT) 2 ze%(:A) \/— det Hess F(2)

The idea of the proof is quite simple. It is based on Thomson’s principle [30),
Proposition 3.2.2] which expresses the inverse of the capacity as an infimum over
divergence free, unitary flows. The construction of a unitary flow from Ey(A) to
En(A°) will be done in two steps. We first construct a unitary flow from €x(A) to
En(A®) for each saddle point z € &(A). Then, we define a unitary flow from €y (A)
to En(A°) as a convex combination of the unitary flows defined in the first step.

Step 1: Flows associated to saddle points. The main difficulty of the proof of
Proposition consists in defining unitary flows associated to saddle points. Fix
z € 6(A) and two wells W,, W, such that a € A, b € A, z € W, N W,. Assume,
without loss of generality, that all coordinates of the vector v are non-negative. Let
By be the subset defined by

By = {wEEN:|(m—z)-v|§5N, max (a:—z)-'wj|§5N},
2<5<d

where ey is a sequence such that Ne3, — 0, exp{—Ne3 } converges to 0 faster than
any polynomial. Note that the definition of the set By changed with respect to the
one of the previous section.

Keep in mind that we assumed v to be a vector with non-negative coordinates.
Denote by N(v) the set of positive coordinates of v, N(v) = {j : v; > 0}. Let Q%
be the cone Q% ={x € N"'Z%:x; >0, j € N(v) and ; =0, j € N(v)}, and let

¢ x € N71Z4 be the cone Q% translated by =, Q% = {x + =’ : =’ € Q% }.

Denote by 0By the inner boundary of By, defined as 0"By = {x € By :
Jjst. [ — 2 —e;]-v < —eyx}. Denote by @ the set of all cones with root in
OBy, QN = Ugeoinp, Q%, and let

Qv = {z€Qf: (®—2)-v<ey}.
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Note that By C Qn. Figure [2.5| represents the sets By, Qn.

Figure 2.5: The vector v, the set By in dark gray, and the set @y in light gray.

There exists a finite constant Cy, independent of N, such that for all N > 1,

Joax, max |(x—2) w'| < Coen . (2.4.1)
Indeed, if & belongs to Qn, * = x’' + x”, where ' € 9" By and z” € Q%,. On the
one hand, &' € By so that | (' — 2z) - w*| < ey for all k and N. On the other
hand, " -v =[x — z] - v — [’ — 2] - v. The first term is bounded by ey because
x belongs to Qn. As @’ € By, the second term is absolutely bounded by 5. This
proves that &7 < Cpey for all j € N(v). The inequality holds trivially for j ¢ N(v)
from what we conclude that there exists Cy such that 7 < Cypey for all j and N.
Assertion follows from this bound and from the bounds obtained on «'.

Denote by 0By the external boundary of the set By, the set of sites which do
not belong to By and which have a neighbor in By: 0By = {x € By : 3j s.t. x +
e; or x —e; € By}. Two pieces of the external boundary of By play an important
role in the proof of the lower bound for the capacity. Denote by dy By the sets

O_By = {:c €0By:(x—2)v < —5N} , O0.By= {zc €0By:(x—2)v > sN} )

Denote by 0, Qn the outer boundary of @y defined by 0,Qn = {x € Zy :
[ —z]-v>¢eyand Ijst. ¢ —e; € Qn}. We shall construct a divergence free,
unitary flow from €%, to 0_ By, one from 0_By to 0. Qy and a third one from 0,Qn
to &% . The more demanding one is the flow from d_By to 0, Q.

1.A. Sketch of the proof. To explain the idea of the proof of this part, we first
consider the case where the eigenvector v associated to the negative eigenvalue of
(Hess F')(z) is ey, the first vector of the canonical basis. In this case the cone Q%
introduced in the previous section is just a “straight line”: Q% = {(k/N,0,...,0):
k> 0} and 0, Qy coincides with 0, By.

We linow thaﬁ the optimal unitary flow from d_Byto 0, By is given by </15(33, y) =
c(x,y)[V(x) — V(y)|/cap(0-Bn, 0+ By), where c(x,y) = un(x) Ry(x,y) is the
conductance between the vertices @ and y and V' is the equilibrium potential between
0_By and 0, By. We introduced in an approximation V' of the equilibrium
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potential V. A calculation shows that the flow ®(x,y) = c(x, y)[V(x) — V(y)] is
almost constant along the v direction. Hence, in the case where v = ¢;, a natural
candidate is a flow constant along the e; direction. Denote a point * € =y as
(&,%) where & € N"'Z and & € N~'Z%' and let By = {& € N'Z' : 32 ¢
N-'Z st. (z,%) € By},

o ) d(z) fy=x+e,x € ByUI_ By,
T, Yy) =
0 otherwise,

where ® : By — R, is such that Y oweny ©E) = 1.
By Thomson’s principle, the inverse of the capacity is bounded above by the
energy dissipated by the flow ®:
1
capy(0-By, 04+ By)

2 1 2
< ||®]? - wEB%BN e d(x,z+e)?, (24.2)
By definition of the flow and by a second order Taylor expansion, the previous sum
is equal to
1+ on(1)] Zy eNFE Z eWN/2) (M) @ ()2
@€BNUA_ By

provided Ne%, — 0. In this equation, y = & — z. Recall from the definition
of the matrices V, D. Let D be the diagonal matrix in which the entry A\; = —u has
been replaced by 0, and let M be the symmetric matrix M = VDV*. In particular,
for any vector y, y - Mly = S ocpeg Me(y - wh)? and y - My =y - My — py?. With
this notation, and since y-My &ef)ends on y only as a function of ¢, we may rewrite
the previous sum as

[1+on(1)] ZyeNF ZeN/z (v My) g (1:)226_“(]\[/2)’“2
k

:BGBN

where the second sum is performed over all k € N7'Z such that —ey — N7! < k <

en. The optimal choice of ® satisfying »_ .5 ®(&) =11is

(x) = —(N/2)( My/ Z —(N/2) (yMy)
:EEBN

With this choice the previous sum becomes

w(N/2
1 D Zv NF() D€ .
[ + ON( )] N € ZQGBN 6_(N/2) (y-My)

At this point we may repeat the arguments presented at the end of the proof of
Assertion to conclude that the previous expression is equal to

(2 27N)+/— det M NF(z) (2TN )/ — det M
[1+on(1)] Zy ™" o (2;N)d/2\/ﬁ i L+ox(1)] Zye ! (273]\7)0”2#t ’
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In conclusion, we constructed a divergence free, unitary flow ® from J_By to
04 By whose dissipated energy, ||®||?, defined in (2.4.2)) satisfies

d/2
lim (27TN) / 1 e—NF(z) ||CI)||2 _ \/_ det[<HeSS F)(z)] .
N—o0 ZN 2rN 12

1.B. A unitary flow from 0_By to 0,Qy. We turn now to the general case. We
learned from the previous example that the optimal flow is

O(x,y) = My' c(z,y)[V(z) - V(y)],

where V' is the function introduced in (2.3.5) and My a constant which turns the
flow unitary. We thus propose the flow

J/—detM v
UM/ ety (2.4.3)

O(x,x+e;) = W

We claim that ® is an essentially unitary flow:
d
Y d(xawte) = [L+on(1)], (2.4.4)
7j=1 meaj,_BN

where 0; _ By represents the set of points @ € 0_By such that  + e; € By. We
have to show that

d _
- 2rN)4=D/2 i
-(N/2)yMy _ (
E v; g e = [1+on(1)] : (2.4.5)
i weh By v —detM

Fix 1 <j<d andlet V={xeR:[xr—2- -v=—ey} Denoteby i),
x € 0; By, the amount needed to translate x in the e;-direction for @ to belong to
V:xz+d(x)e; € V. Observe that d(x) € (0,1]. Let T'(x) = x+0(x)e;, x € 0;_DBn.
Since d(x) is absolutely bounded by 1,

Do W = Lpoy(1)] Y e {—(V/2) Y M{IT(@) - 2] w'})

xcd; By xcd; _Bn

Replacing « by v Nz, and approximating the sum appearing on the right hand side
by a Riemann integral, the previous term becomes
d  VNey ,
1+ ox (1)] vy N2 / e/ g
k=2 —\/NEN

— [+ ox(1)]o; (mN) L
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where v; appeared to take into account the tilt of the hypersurface V. Multiplying
the last term by v; and summing over j we get (2.4.5)) because ||v]| = 1. This proves
that the flow ® is essentially unitary, as stated in ([2.4.4]).

1.C. Turning the flow divergence free. In this subsection, we add a correction R
to the flow ® to turn it divergence free. We start with an estimate on the divergence
of the flow ®. Denote by (div ®)(x) the divergence of the flow ® at x:

(div ®)(x) = Z{@(a:, x+e)—0x—ex)).

We claim that there exists a finite constant Cj, independent of N, such that

‘ (div @) ()
max max | ————————
ieN(w) zeQn | Dz, T + €;)

Fix i € N(v), ¢ € Qn, and recall the definition of the flow ®. By (2.4.1)),
by definition of the matrix M and by a second order Taylor expansion, for each
1 <1 <d,

< Coex - (2.4.6)

d

Ml wh) (e - 2] wh) + O(R)

=1 ' k=2

= Y Mo whe - 2] wh) + OER)

M=
&
B

8

_I_

|

=
B

0
L)
M=

S

<
Il
-
<
Il
<

The first term on the right hand side vanishes because v is orthogonal to w*, which
proves (2.4.6)).

We now define a correction R to the flow ® to turn it divergence free. Let
Go = 0_By, G for generation. Define recursively the sets Gy, k > 1, by

k
Grin = {wEQN:w—ej e JGiuQy for alljeN(v)}, k>0,
=0

The first three generations are illustrated in Figure [2.6] Denote by K the smallest
integer k such that Qn C Uj<i<xGy. Clearly, Ky < C’oaj\,l for some finite constant
Co.

The flow R is also defined recursively. For all x € Gy, define R(x — e;,x) =0,
1 <75 <d, and let

R(z,x +e;) = pj{ >Rl —eix) — (div @)(w)} , (2.4.7)

where p; = v;/ >, ;4vi- Note that R(z,x +e;) = 0if j ¢ N(v) and that we
may restrict the sum over i to the set N(v). On the other hand, by construction,
(div R)(x) = —(div ®)(x) for all € Uj<p<sGo.
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3
2 3
‘1 2 3

\
~ 1 2 3
0% 0 —
\_
0 0®

Figure 2.6: The first three generations. The red line represents the boundary of the
set Qn, and the numbers the generation of each point.

There exists a finite constant Cy such that

R(z,x + e;)

< Cyke? 2.4.8
O(x,x+e) ! — 0N EN ( )

max max
1EN (v) TEG)

for all 1 < k < K. This assertion is proved by induction. Since R(x —ej,x) =0
for x € Gy, by ([2.4.0), maxien ) maxzeq, | R(z, x + €;)/P(z,x + ;)| < Cre3,
where C} is the constant Cy appearing on the right hand side of ([2.4.6).

Suppose that maxiey(w) MaXzeq, | R(x,x + €;)/®(x,x + €;)] < Cjeiy for all
1 < j <k, where C; is an increasing sequence. Fix ¢ € N(v) and © € Gpy1. By
definition of R, by (2.4.6), and by the induction hypothesis,

R(z,x + e;) O(x —e;,x)
) <C 2 ; 7 C 2 )
’@(w,w—i—ei)’ = VhEND Z O(x,x+ €) + Coey

The computations performed to prove (2.4.6)) yield that the first term on the right
hand side is bounded by

d
Cusms 30 SH1+ 20 duley w™)ly- w™) + Cock }

jEN(v) "'
= Cren {1+ Coey} < Crey eCos

The identity has been derived using the definition of p;, the orthogonality of v and
w", and summing first over j. We have thus obtained the recursive relation Cy; <
[Co + C’keCOE?V] from which it follows that O} < CokeCokX. Since k < Ky < Coen'

(2.4.8)) holds.
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1.D. A divergence free unitary flow. We construct in this subsection a divergence-
free, unitary flow from 0_ By to 0, Q) whose energy dissipated is given by the right
hand side of .

Let W be the flow from 0_By to 0,.Qx defined by ¥ = & + R, where ® is
introduced in and R in (2.4.7). By and by construction of R, ¥
is a unitary flow. Since (div R)(x) = —(div ®)(x) for all & € Up<p<iGe, VU is
divergence-free. It remains to show that the energy dissipated by ¥ satisfies

: 1
—U(x,z + e;)*
;;c(a},w—i-ej) !

ZN on N eNF(2) v/ — det[(Hess F)(2)] _
2rN ) r

(2.4.9)

= [1+on(1)]

A second order expansion of F(x) at z taking advantage of (2.4.1) and of the
fact that Ne3, — 0 permits to write the left hand side of the previous equation as

d
[1+on(1)] Zy MDY N " NREMY) g(z, 3+ €))?
=1 =

where, as before, y = x—z. We may bound ¥(z, xz+e;)? by (1+en)P(z, z+e;)*+
(14+ey')R(z, z+e€;)?, and apply together with the fact that k < Ky < Coey'
to estimate the previous sum by [1 4+ O(en)|®(x, = + e;)*. The previous displayed
equation is therefore equal to the same sum with U replaced by ®. Replacing
O(x, x + e;) by its value the previous sum becomes

d

1 det M
1+ on(1)] Zn oNF(2) P e v? e~ (N2 Mey)
TN) 2 v

7=1 T

where M, is the matrix introduced in (2.3.1)). At this point it remains to recall that
v is a normal vector and to repeat the calculations performed in the proof of the

upper bound of the capacity to retrieve .
1.E. A unitary flow from &% to 0_By. We extend in this section the flow ¥
from 0_By to £%. The same arguments permit to extend the flow ¥ from 9, Qxy to
&€Y%. The idea is quite simple. For each bond (x,z+e;), x € 0_By, x+e; € By, we
construct a path of nearest neighbor sites (z = % z!,... "), " € %, from x to
%, and we define the flow U, .. from @ to &% by Uy, (xF, &) = —U(x, x + ;).
Adding all flows ¥, .. we obtain a divergence free, unitary flow from 0_By to &%
whose dissipated energy is easily estimated.
We start defining the paths. For y € R? denote by [y] the vector whose j-th
coordinate is [y;N]/N, where [a] stands for the largest integer less than or equal to

a € R. Fix @ € 0_By. Denote by @(t) the solution of the ODE &(t) = —VF(x(t))
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with initial condition &(0) = @. Since [x — z] - v < 0, x(t) converges, as t — 00,
to one of the local minima of F' in W,. Let T' = inf{t > 0 : x(t) € W?}, where W?
is an open set whose closure is contained in W, the set introduced in . Let
y' =z, y', ..., y™ be the sequence of points in Zy visited by the trajectory [z(t)],
0 <t <T. If necessary, add points to this sequence in order to obtain a sequence
' =z, x', ... ™ such that ||F — z*T!|| = N~1. Remove from this sequence the
loops and denote by n the length of the path. Since F(x(t)) does not increase in
time, and since for all k there exists some 0 < ¢t < T such that ||z* — z(t)| < d/N,
there exists a finite constant C such that

m/

F(z") < F(x) + % foral 0 <k <n. (2.4.10)

Fix a bond (x, + e;), € € 0_By, * + €; € By. Define the flow ¥y, from x
to &% by Uae,(x, 2Ft!) = —W(x,x + €;), 0 < k < n. We claim that there exists
a finite constant C and a positive constant ¢y such that

[Wae,|I? < CoNZyeNF'@emeoNek (2.4.11)

The proof of this assertion is simple. Since ¥(x,x + e;) = ®(x, = + €;) is given by

([2.4.3), by (2.4.10) and by definition of the set Ak,

n—1
¥ C()ZNTL o) — ©
Ve, * < COZNzeNF( 0 (x,x +e;)? < a1 eNF (@) o—N(y-My)
k=0

By a second order Taylor expansion, exp N{F(z) — (y-Muy)} is less than or equal to
Coexp{NF(z)} exp{—(1/2)uNe%} because Ne3, — 0 and [x — z] - v < —ey. This
proves because n < |Zy]|.

Let U = vaj Vg e;, Where the sum is carried over all , j such that x € 0_By,
x + e; € By. V is a unitary, divergence free flow from 0_By to €%. Moreover, by

Schwarz inequality and by ([2.4.11)),
IT)2 < M Z [Wpe > < Cy N1 7 NF(R) geoNeh,

mhj

where M represents the number of flows Wy ..

Choosing ey appropriately and juxtaposing the flow just constructed with the
one obtained in Section 1.D and a flow from 9, Qy to &4, similar to the one described
in this section, yields a divergence free, unitary flow from €4, to €%, denoted by ®.,
such that

d/2 _ H F
lim (27TN) 1 e—NF(z) Hq)z||2 — \/ det[( €8s )(z)]

92.4.12
Nos  Zy 27N p(z) ( )

Step 2. Conclusion. Up to this point, for each saddle point z separating €y(A)
from & y(A°) we constructed a divergence free, unitary flow @, from € y(A) to € (A°)
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for which holds. Denote the right hand side of by a(z) and observe
that F'(z) is constant for z € G(A).

Let ® be a convex combination of the previous flows: & =5"_ e (4) 0,P., where
0, >0, ZzGG(A) 0, = 1. By construction, ® is a flow from Ey(A) to Ex(A°). On
the other hand, since the saddle points are isolated and since the main contribution
of the flow ®, occurs in a small neighborhood of z

. (27TN )d/2 1 —NF(z 2 2
lim su e | P 0% a
Nﬁoop Zy 27N 12l ze%(:A

The optimal choice for 6 is 0, = a(z)~'/>__ a(z')~*. With this choice the right
hand side of the previous equation becomes (3, g4y a(2)”")~". Proposition
follows from Thomson’s principle and from the previous bound for the flow . [

2.5 Proof of Theorem [2.2.2

Theorem follows from Propositions [2.5.1] and [2.5.2] below. Throughout this
section 1 < i <igand 1 < j < /; are fixed and dropped from the notation.

Proposition 2.5.1. For every disjoint subsets A, B of S,

(2N)Y? =N H:
ZN 2t N

capy (En(A), En(B)) < [1+on(1)] capg(4, B) .

The proof of this proposition is similar to the one of Proposition [2.3.1] up to
Assertion [2.3.C| Recall the definition of the set Uy. Denote by &;; the set of all
saddle points in 7, and let B3 = Uy N B, z € &;;, Vy = Uy \ U.cs, ;B so that

Uy = Vv U (] B%.

zGGi,j

In contrast with Section we define a set B% around each saddle point z. By
Assertion [2.3.C] the set Vy is formed by several connected components separated by
the sets B%, z € 6, ;. Let V§ be the connected component of Vx which contains a
point in W,, a € S.

Fix two disjoint subsets A, B of S and denote by V4 p the equilibrium potential
between A and B for the graph G. Fix a saddle point z € &;; and assume that
z € W, N W,. Recall the definition of the function V& introduced in and
assume without loss of generality that 0_By N W, # @& so that 9, By "W, # &.
Define W§ : 8% — [0, 1] as

Wi(z) = Vapla) + [Vas(b) = Vap(a)] Vi(z) .
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Let Vi'P 25 = [0,1] by

VAVB(CL) T < V‘}V ,
Vif(@) = S Wi(x) =eB%,
(1/2) otherwise.

Assertion 2.5.A. Let ey be a sequence such that Ne% — 0, exp{—Ne%} converges
to 0 faster than any polynomial. Then,

Zn

(27N )2 2N NP DN(VjéB) < [1+on(1)] De(Vag),

where Dg(Va ) represents the Dirichlet form of Va g with respect to the graph G.

The proof of this assertion is similar to the one of Assertion [2.3.D] Proposi-
tion follows from the last assertion and from the fact that capg(A, B) =
D([;(VA,B).

We conclude the section with the proof of the lower bound.

Proposition 2.5.2. For every disjoint subsets A, B of S,

(2rN)¥/2 e~ NH:

capy(En(A), En(B)) = [1+ on(1)] Zy 27N

capg(A, B) .

Proof. Fix two disjoint subsets A, B of S. We construct below a divergence-free,
unitary flow ¥ from &y (A) to Ex(B).

Recall that we denote by V4 p the equilibrium potential between A and B in
the graph G. Denote by ¢ = ¢4 p the flow from A to B in the graph G given by
¢(a,b) = c(a,b)[Vap(a) — Vap(b)]/capg (A, B), and observe that ¢(a,b) =0if a, b
belong to A or if a, b belong to B. By [30, Proposition 3.2.2],

1 1

1
A~ 5 2 wap pas@d)’ = 2, 2.5.1
(A5~ 3 2 oapy el = loasl 2.5.)

Assume first that each pair of wells has at most one saddle point separating
them, that is, assume that the sets W, N W, are either empty or singletons. In this
case, each edge (a,b) of the graph G corresponds to a unique saddle point z.

Denote by ®,5, a # b € S, ¢(a,b) > 0, the flow ®, constructed just above
from €% to €%, where z € W, N W, is the saddle point separating W, and
Wy. Note that @5 # —®p,. We may assume that the flow @, is a flow from z* to
x, where x¢, ¢ € S, are points in €%,. Define the flow ¥ by

U(x,y) = ng(a,b) Cp(x,y), x,y € =y,
a,b
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where the sum is carried out over all @ # b € S such that ¢(a,b) > 0. We claim
that U is a unitary, divergence-free flow from Ex(A) to En(B).
Clearly,

Z U(x,y) = ng(a,b) Z Q,p(x,y) -

z€EN(A),yZEN(A) ab xcln(A),yZen(A)

The flows ®,; which cross €y (A) are the ones starting or ending at Ex(A). Since,
in addition, ¢(a,b) = 01if a, b € A, and ¢(a,b) < 0if a € A, b € A, the previous
expression is equal to

Yo opab) D ulmy) = > elabd),

a€AbgA @l (A),yZEn (A) a€AbgA

where the last identity follows from the fact that ®,, is a unitary flow from €% to
€%. As ¢ is a unitary flow from A to B, the last sum is equal to 1, proving that ¥
is unitary.

To prove that ¥ is divergence-free, fix a site x ¢ {x°:c€ AUB}. If ¢ & {x°:
ce€ S\ [AUBJ}, ¥ has no divergence at & because it is the convex combination of
flows which have no divergence at . If © = ¢, ¢ € AU B, the flows ®,;, a, b # c,
have no divergence at x¢, while the divergence of @, . (resp. ®.,) at ¢ is equal to
—1 (resp. 1) because these flows are unitary and end (resp. start) at . Therefore,
the divergence of ¥ at x¢ is equal to

(div ¥)(x nga b) (div @) () = — Z eola,c) + Z o(c,a) .
a,b a:p(a,c)>0 a:p(c,a)>0

Since ¢ is a divergence-free flow in the graph G, this sum vanishes, which proves
that W is also divergence-free at ¢, c € S\ [AU B].
We claim that the energy dissipated by the flow W is given by

A 1
N __9nrN eNHi

0|2 = [Hw(D]W capg(4, B)

(2.5.2)

Indeed, by definition,

o) = U(x,z+e;)”,
ZZ:B: az:c—i—e] J

where the second sum is performed over all £ € =y such that © +e; € Zy. By
definition of the flow W, the previous sum is equal to

Z(p(a,b)2zzc(£n’w—l_i_e])®a,b(w,y)2 (2.5.3)

d

1
+ Y plab)pd V)Y Y Bz, + €)) Py (T, T+ €;) .

(a,b)#£(a’,b) j=1 C(Qﬁ, x + 6])
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By (2.4.9), the first line is equal to

ZN - o N N Z o(a,b)’ \/— det[(Hess F)(zq)]

1+ ox (1) Gy e ,

where z,; stands for the saddle point in W, N W}, and —pu(z,y) for the negative
eigenvalue of (Hess F')(z,;5). By (2.2.4) and by ([2.5.1)), the previous sum is equal to

1 ) 1
GZJ) c(a,b) pla,b)” = capg(A, B)

We turn to the second line of . We have seen in the proof of Proposi-
tion that the contribution of the bonds which do not belong to a mesoscopic
neighborhood of the saddle point 2z, to the total energy dissipated by the flow &,
is negligible. We may therefore restrict our attention in the second line of
to the points & which belong to one of these neighborhoods. Since the flow ¢, van-
ishes in a neighborhood of a saddle point 2z’ # z, the product ®,(x, y)Puw v (x, y)
vanishes for all for (a,b) # (a’,b") and all & in a neighborhood of some saddle point
z. In particular, the second line of is of order

_IN
(27 N)ir2

Assertion (2.5.2)) follows from the estimates of the two lines of (2.5.3)).
Since U is a divergence-free unitary flow from EV(A) to EV(B), by Thomson’s

principle, and by ([2.5.2]),
1
capy (EN(A), EN(B))

on(1) 27N Vi

A 1
N __ogNeNHi_ — .

< |ol® = [1+0N(1)]W capg(A, B)

This completes the proof of the proposition in the case where there is at most one
saddle point between two wells.

In the general case, one has to change the definition of ¥ as follows. For each a,
b € S such that ¢(a,b) > 0, denote by 2, ,, ..., 2, the set of saddle points between
Wo and Wy: Wo N Wy, = {2l,,...,20,}, where n = ng. Set

V=3 wlab)) bulab) e
ab k=1

where the sum is carried out over all @ # b € S such that ¢(a,b) > 0, where ¢« \ is

the flow constructed just above (2.4.12)) from €% to % passing through the saddle

k

v, and where

point z

N(z’;,b) 1 .
\/— det[(Hess F)(z} ;)] c(a, b)

Hk(a, b) =
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Note that >, 0x(a,b) = 1. The arguments presented above for the case where there
is at most one saddle point separating the wells can be easily adapted to the present
case. O

2.6 Proof of Theorem 2.2.4

According to [33, Theorem 5.1], Theorem follows from Proposition below.
Recall the notation introduced in Section Fix1 <i<ipgand 1 <j <,
which are dropped out from the notation. Fix a connected component {2 = (2;,
1 <m < n =n,; and denote by &,, v the union of the wells €%, a € Sy, & v =
Uges,, €&~ As m is fixed throughout this section, it will sometimes be omitted from
the notation.
Denote by {7}, n(t) : t > 0} the additive functional

Tm7N(t) = /Ot 1{XN(8) < SmJ\/'} ds ,

and by S,, n(t) its generalized inverse: Sy, n(t) = sup{s > 0: T;, n(s) < t}. The
time-change process Xn'" (t) := Xn(Smn(t)) is called the trace process of Xy(t)
on &, n. The process X]T\,”’T(t) is a &, y-valued, continuous-time Markov chain. We
refer to [3] for a summary of its properties.

Denote by R%’T(az, Y), @, y € Ey, the jump rates of the trace process. According
to [3, Proposition 6.1],

RyM(@,y) = Aw(@)Po[HS  =Hy], x,yc,y,z#y.

Denote by r3(a,b) the average rate at which the trace process jumps from €% to
&%, a, b € Sy

m 1 m
rab) = — > un(@) > Ry (x,y) (2.6.1)
pun(EY) cea b
Tl N yeey,
Recall the definition of the projection W7 introduced in (2.2.7). Denote by
X1 (t) the projection by W7 of the trace process Xw'" (1), X0 (t) = W(XT(1)).

Proposition 2.6.1. Fiz 1 < i < 4, 1 <5< ¥¢,1 <m < ny, a €S, and
a sequence of configurations xy in €Y. Under Py, , the time re-scaled projection
of the trace X%’T(t) = XE’T(th) converges in the Skorohod topology to a S,,-
valued continuous-time Markov chain X™(t) whose jump rates are given by .
Moreover, in the time scale By, the time spent by the original chain Xy(t) outside
Em.n 15 negligible: for allt > 0,

Nhg;oEmN[/o V{Xn(58m) & Emntds] = 0. (2.6.2)

Instituto de Matematica Pura e Aplicada 80 2014



CHAPTER 2. METASTABILITY OF REVERSIBLE RANDOM WALKS IN POTENTIAL FIELDS

Proof. By [3, Theorem 2.7], the first assertion of the proposition follows by Lemmata

[2.6.2|and [2.6.3|below. We turn to the proof of the second assertion of the proposition.
Fix § > 0 such that 0 < H;;1—H; and let Qf = {z € =: F(z) < H,;+0}. Denote
by Qg Q "7 the connected component which contains Ql and let Ay = Q(; NZEn.

By the large deviations principle for the chain Xy (¢ ), for every T' > 0 and every
sequence Ty € &1 N,
Jim Pg, [Hag, <TBm] =0

This statement can be proved as Theorem 4.2 of Chapter 4, or Theorem 6.2 of
Chapter 6 in [28]. It is therefore enough to prove for the chain Xy (¢) reflected
at Ay, the chain obtained by removing all jumps between Ay and A% .

Denote the reflected chain by X ~(t), by fuy its stationary state, and by P, the
measure on the path space D(R,, Ay) induced by the chain Xy (t) starting from
x € Ay. Expectation with respect to P, is represented by E,. We have to prove
[2.6.2) with Xx(t), Eg, replaced by Xn(t), E,, respectively. Equation (2.6.2) with
these replacements is represented as (2.6.2)x).

Let A, v = An\Em n. By definition of the sets €%, for a € Sy, finv (A1 n)/fin(EY)
is at most of the order exp{—N(0; — €)}, where € has been introduced right before
(2.2.2). For each fixed 1 < m < n, a € Sy, an(Amn)/An(EY) is at most of the
order exp{—N(0,, — 01,1 — €)}. Therefore, for every 1 <m <n, a € S,

in(A,

fim f(Bmy) (2.6.3)

N—o0 NN(E(}V)

Fix 1 <m < n, a € S,+1 and a sequence xy € £4. By the large deviations
principle for the chain Xy (t), for every T > 0,

lim Py [Heg) < TBm] = 0. (2.6.4)

N—o0

By [3l Theorem 2.7], assertion (2.6.2)%) follows from the first part of this proposition
and from (2.6.3)), (2.6.4)), which concludes the proof. O

Recall that we denoted by {m,1,...,mMu,}, ¢ = qa, the deepest local minima of
F which belong to W,.

Lemma 2.6.2. Under the hypotheses of Proposition for every a € S,

capy (€%, U i
lim sup PN( N1 “bESm b N)

= 0.
Noooyees  capy({y}, {mai})

Proof. Fix a € Sy, y € £%. We estimate capy({y, {m.1}) through Thomson’s
principle. Let (y = xg,x1,..., %, = m,;) be a path v from y to m,; so that
|lz; — ;11| = 1/N. By Thomson’s principle,

m—1

1
capy ({y}, {ma1})

M

o M (z; RN<33]7$J+1)
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In view of the explicit formulas for the measure puy and the rates Ry, there exists
a finite constant Cy such that

1

pn () By (), Tjq1)

< COZN@ (1)

It follows from the definition of the set W, that the path v can be chosen
in such a way that F(x;) < H; —e. The previous sum is thus bounded above by
CoZn N exp N{H; — €}, where N has been introduced to take care of the length
of the path. This estimate is uniform over y € £€%. To conclude the proof of the
lemma, it remains to recall the assertion of Theorem [2.2.2] O

Lemma 2.6.3. Under the hypotheses of Proposition[2.6.1], for every a, b € S,,,
lim B, ry(a,b) = ry,(a,b),
N—oo

where the rates r,,(a,b) are given by (2.2.9).

Proof. By [3, Lemma 6.8],

m 1 1 a a
ry(a,b) = 2 (e {CapN<8N> Emn \ EX%) + capy (&, Emn \ EY)

— capy(E% U EY, m,N\[eguaﬁ’v])}.

By @Z3)

(27 N)4/2 ¢~ NH;
The assertion of the lemma follows from this equation, Theorem and the defi-

pn(Ey) = [1+on(1)]

nition of ¢, given just above ({2.2.9). ]
We conclude this section with a calculation which provides an estimation for the
measure of the wells. Denote by m!,...,m" the global minima of F on 2. We
claim that
eNF(m
lim ——— . 2.6.5
N=voo (2N d/2 Z < /det[(Hess F)(mk)] ( )

A similar argument yields (2.2.3]).

Indeed, fix a sequence ey such that limy_,., Ne3 = 0 and for which exp{—Ne%}
vanishes faster than any polynomial. Fix 1 < k < r and denote by w', ..., w? the
eigenvectors of (Hess F)(m*) and by 0 < A\; < -+ < \; the eigenvalues. Consider
the neighborhood By of m* defined by

By = {z€Ey:|(x—mF) w'|<ey,1<i<d}.
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It follows from the assumptions on £y and on F', from a second-order Taylor expan-
sion of F' around m*, and from a simple calculation that

eNF(ml) 1

im e—NF(cc) — .
i o /et Hows F) ()

xEBN

Denote by BJ(\?) the neighborhood of m* defined by
BY = {ze=y: |z —mf| < \/GAC)},

where (1 is the Lipschitz constant introduced in assumption (H1). Clearly, on BJ(\?),
F(x)—F(m') > (1/2)\]|x — m”|)?> = C1||lx — mF*||> > (\1/4)||x — m”||?>. Therefore,
as ||z — mF||*> > &% on B and as N &3 — oo,

NF(m?')

m - ~NF(z) _
S P R -
xeBP\By

) k

On the complement of the union of all B](\? -neighborhoods of the global minima m”,

F(x) — F(m') > ¢ for some ¢ > 0. In particular the contribution to Zy of the sum
over this set is negligible. Putting together all previous estimates we obtain ([2.6.5).

2.7 Proof of Theorem [2.2.7

We prove in this section Theorem [2.2.7, Recall the notation introduced in Subsection
2.2|D. Herafter, Cj represents a finite constant independent of N which may change
from line to line. We start with some preliminary results.

Lemma 2.7.1. Fiz 1 < i<y, 1 < j <V, anda € S = {1,...63'»}. Let B, =
Uses,Ds. For any sequence {xy : N > 1}, xy € €%,

lim Py, [HDa - HBQ] — 1.

N—oo

Proof. By [7, Lemma 4.3],

capy(xn, Dy \ Ba)
P, |Hp < H < .
xHo, 2] < capy(zn, Da)
Let V : Ex — [0, 1] be the indicator of the set D, \ B,. By the Dirichlet principle

and a straightforward computation,

capy(@n, Dy \ Bo) < Dy(V) < C’OZleNd exp{—N(H; + on)}.

On the other hand, it is not difficult to construct a divergence-free, unitary flow ¢
from B, to x, similar to the one presented in the proof of Lemma [2.6.2] such that
|®]|? < CoZnN exp{NH;}. Therefore, by Thomson’s principle, capy(xy, D,) " is
bounded by CyZnN exp{N H;}, which proves the lemma in view of the definition of
the sequence dy. n
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Fix z € &, and recall that we denote by v = w!, w’, 2 < j < d, a basis
of eigenvectors of Hess F'(z), where v is the one associated to the unique negative
eigenvalue —u. Let By = B% be a mesoscopic neighborhood of z:

By = {:I; €=y |(x—2) v|<aey, max |(x — 2) - w| §5N} : (2.7.1)
2<j<d

where a = max{1, u~ (1 + 3", ;.4 Aj)}, and ey is a sequence of positive numbers
such that N=2 < e < N7%2 €% > dy. The sets D, z € &, are contained in
By because, by (2.2.11) and (2.2.12)),

sup ||z — z||* < (4/X2) 0 . (2.7.2)

mGDz

Recall from (2.3.3]) the definition of the outer boundary dBy of By, and let
0_By, 0, By be the pieces of the outer boundary of By defined by

0 By={x€0dBy:(x—2) -v<—aen},
0By ={x€0By:(x—2)-v>aen}.

A Taylor expansion of F' around z shows that

1
< . — — g2 . .
e A F(x) < H, 5 EN (1+O(en)) (2.7.3)
Denote by Hy the hitting time of the boundary 0By, and by H3 the hitting
time of the sets 01 By.

Proposition 2.7.2. For every z € G,,

1
1 = + _ = =
ammax | Py [Hy = Hy] 2 ‘ 0.

Corollary 2.7.3. Let {x$, : N > 1}, ¢ € S, be a sequence of points in €S, and let
S=Sy={xf:ceS}. Fita#be S and z € S,;. Then,

lim max
N—ocox€D,

where q(a) = q(b) = 1/2 and q(c) =0 for c € S\ {a,b}.

P, [Hy = He ] — Q(C)‘ =0,

Proof. Fixa#be S, ce S, z€ &, and x € D,. Since Hy < Hg, by the strong
Markov property,

Py [Hs = Hag,] = Ea [Py [Hs = Hag ] | -
By the proposition, the previous expression is equal to

> P.[Xy(Hy)=y|Py[Hs=Hy | + Ry(x),

y€d+ BN
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where limy_,o maxgen, |Ry(x)| = 0.

Let x(t), 0 <t < 1, be a continuous path from x% to x4, for which there exists
0 <ty < 1 such that F(x(t)) < H; for all t # ty, and x(tg) = z. Assume that this
path crosses By only at 04 By and assume, without loss of generality, that it crosses
0_By before 0, By. In this case, an argument similar to the one presented in the
proof of Lemma yields that

Wiy, Pullls = Ha ] = 1 i iy, Pylly = Ha ] = 1

In the proof of this assertion, instead of using an indicator function to bound from
above the capacity, as we did in the proof of Lemma [2.7.1 we use the function
constructed in Section Note also that if the continuous path from x4 to x%
crosses first 0, By and then 0_ By, one has to interchange a and b in the previous
displayed formula.

Up to this point we showed that

where R\ (x) is a new sequence with the same properties as the previous one. To
complete the proof it remains to recall the statement of the proposition. n

The proof of Proposition is based on the fact that in a neighborhood of
radius N~/? around a saddle point z the re-scaled chain v/ N Xy(tN) behaves as a
diffusion. More precisely, let g : R? — R be a three times continuously differentiable
function and let G(x) = g(vVN(z—2)-w',...,V/N(x—z)-w?). A Taylor expansion
of the potential F' around z gives that for x € By,

(InG)(@) = =S Ay Geg)w) + o))} + 2 (27.4)

J=1

where u; = VN(x — z) - w’, and Ry is an error term satisfying

|Ry| < CoNex {C’:}%) + Cj\(fg)} + 000375? .
In this formula, C1(g) = maxi<j<a SUP,, |y <ayFey |(Ox;9)(w)], With a similar def-
inition for Cy(g) and C5(g), replacing first derivates by second and thirds. Iden-
tity asserts that the process (VN (Xy(tN)—z)-w', ...,V N(Xy(tN)—z)-w?)
is close to a diffusion whose coordinates evolve independently. The first coordinate
has a drift towards +o0o proportional to its distance to the origin, while the other

coordinates are Ornstein-Uhlenbeck processes.

Lemma 2.7.4. There exists a finite constant Cy such that for every z € G,

max E, [Hy] < CoN*ey .

xeD,
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Proof. Let g : R — R be given by g(z) = [ exp{—puy?/2} [ exp{uz*/2}dzdy. Tt is
clear that g solves the differential equatlon prg' (x)+g"(z) =1, z € R. By Dynkin’s
formula, for every t > 0, x € D,

B, [G(Xn(t A Hy)) — Gla) /O N(LNG)(XN(s))ds] — 0, (275)

where G(z) = g(NY?[x — 2] - v). By (2.7.4) and since |¢'(z)| < Co, |¢"(x)] <
Colz|, |¢"(z)| < Coz?, on By, N(LyG)(x) — 1 is absolutely bounded by Cyv/Ne3,.
Therefore,

(1= CoVN=R) B[t A Hy] € NEo|G(Xy(tA Hy))|

Since |g(z)| < Colz|, supgep, |G(x)| < Cov/Ney. To complete the proof of the
lemma, it remains to observe that v/ N g3, — 0 and to let ¢ 1 oo. O

Lemma 2.7.5. For every z € G,

lim max P, [Hy < H{ AHy] = 0.

N—ooxeD,

Proof. The proof is similar to the one of the previous lemma. Fix 2 < j < d and let

g : R — R be given by g(x) = By Dynkin’s formula, for every t>0,xeD,,
(2.7.5) holds with G(x) = g(Nl/Q[:c z]-w’). By 2.74), (LyG)(z) < (2+ Ry)/N

and Ry /N < Cye%;. Therefore, letting ¢ 1 oo, by Lemmam we get that

E. [G(Xn(Hy))| < G(2) + ( +Coe§”v> E, [Hy]|

< G(x) + Co< + Cye3 >N3/25N

The event Ay = {| (Xn(Hy) — 2) -w’ | > ey} corresponds to the event that the
process X y(t) reaches the boundary of By by hitting the set {x € By : [x—z]-w’ =
+ex}. On this event the function G is equal to Ne%. Since G is nonnegative,

NeZ PoAn] < E. [G(XN(HN))] .

On the other hand, by Schwarz inequality and by (2.7.2)), on the set D,, G(x) is
absolutely bounded by CyNéy. Putting together the previous two estimates, we get
that

max P [Ay] < Cy ( 5N

x€D,

\/_g +\/_5N>.

This completes the proof of the lemma in view of the definition of the sequence ey .
O
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Proof of Proposition[2.7.3. The proof is similar to the one of the two previous lem-
mas. Let g(z) = [ exp{—py?/2}dy. By Dynkin’s formula, for every ¢ > 0, x € D,
holds for G(x) = g(N'/?[z — 2] -v). Since ¢"(z) + pxg'(xr) = 0, and since the
first three derivative of g are uniformly bounded, by Lemma and by ,

max
iBGDz

E,[G(Xy(Hy))] —G(w)‘ < Gyt N = 0.

On D,, the function G vanishes. On the other hand, on the event {Hy = H3x},
G(Xn(Hy)) = £(27/p1)"? + on(1). Therefore, by Lemma [2.7.5)

lim max
N—ooxeD,

P [Hy = H{] ~ Pu[Hy = Hy]| = 0.

This completes the proof of the proposition in view of Lemma [2.7.5] O

Proof of Theorem[2.2.7]. Fix 1 <i <1y, 1 < j < ¥;. For each a € S, fix a sequence
{& : N > 1} of points in £%. Denote by Ry(a,b), a # b € S, the jump rates of
the trace of Xy (t) on the set {% : a € S}. By [3, Lemma 6.8],

() () = 3 {cany (28}, 5\ (@8 }) + capy({2h}, 8\ {2))

— capy({h, i} 5\ {zh. 2h b}

where S = {x§ : ¢ € S}. By Remark equation (2.2.8), and the fact that
ci(a,b)=c(d, V), fora#beSs,

~

. RN(aa b)
lim -
N=eo ZCES,c;éa RN(a’ C)

where p(a,b) has been introduced in (2.2.6)).
On the other hand, by [3, Proposition 6.1], for a # b € S,

= p(a, b) )

RN(CL,b) = >\N<m(]lV)P$B [H$?V :Héﬂ,

&
and by the strong Markov property,

Pog [Hy = HY] = Pag [Hy = Hg (o)) Pag [HE < Hi ] .

=k}
It follows from the last three displayed equations that

lim Paq [Hyy = HS\{mg\,}] = pla,b), a#beS. (2.7.6)

N—o0 N

Since any continuous path from % to S\ {#%} must cross D,, Hp, < Hg\ 1gay
Pq -almost surely. Hence, by the strong Markov property,

Pag Hat, = H oy = B [Pt [Ha, = Hsypay] |
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By Lemma [2.7.1}
lim Pga [Hp, < Hp,] = 0. (2.7.7)

N—o00
Therefore,

hmP [Hb :Hg

N—oo

o))
= lim Y Py [Hy, = Hy| Py[Hy = Hg o)) -

N—oo
2€6, yGDz

By the strong Markov property at time Hyg, the previous expression is equal to

dim YN Pag [Ho, = Hy] Py[Heg = Hg| Pog [Hyy = Hy (4] -
2€6, yeD, ceS

By Corollary [2.7.3] this limit is equal to
1

5 A Pog [Hay = Hy (0] Pag [Ho, = Hs, ]
1
+ 5 dim ) Py [Ho, = Ho.| .
zGGa,b

By (2.7.7), we may replace in the first line Pa o [Hp, = Hg,| by 1
In conclusion, in view of (2.7.6] -, we have shown that
pla,b) = Nh_r}rclx)P o [Hap = Hg\{m?v}] = ]\}I_Igo Pya [Hp, = Hp_| .
2€6,p

This completes the proof of the theorem in the case where the set &, is a singleton.
It is not difficult to modify this argument to handle the case with more than one
saddle point between two wells. Indeed, since the proof does not depend on the
behavior of the function F' on W¢, we can modify F' on W¢\ [U,cs, Be(2)], for some
e > 0, creating new wells of height H;, and turning each saddle point z € &, the
unique saddle point between the well W, and new well W_. O
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