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Abstract

Toric geometry provides a bridge between algebraic geometry and combinatorics
of fans and polytopes. For each polarized toric variety (X, L) we have associ-
ated a polytope P. In this thesis we use this correspondence to study birational
geometry for toric varieties. To this end, we address subjects such as Minimal
Model Program, Mori fiber spaces, and chamber structures on the cone of effec-
tive divisors. We translate some results from these theories to the combinatorics
of polytopes and use them to get structure theorems on space of polytopes. In
particular, we treat toric varieties known as 2-Fano, and we classify them in low
dimensions.

Keywords: Polytope, Cayley-Mori, Minimal Model Program, Chern charac-
ter, toric variety, invariant surface, 2-Fano.
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Chapter 1

Introduction

A toric variety is a normal algebraic variety X containing an algebraic torus T' =~
(C*)™ as an open dense subset, together with an action Tx X — X extending the
natural action of T" on itself. To each toric variety X one associates a fan Y.
Many geometric proprieties of X are encoded as combinatorial proprieties of
Y x. There are also connections between projective toric varieties and polytopes.
Each polarized toric variety (X, L), where L is an ample Q-divisor on X, defines
a rational polytope P. This correspondence is one to one and again there are
links between geometric proprieties of (X, L) and combinatorial aspects of the
associated polytope P.

Toric varieties play an important role in the algebraic geometry. Thanks to
their combinatorial description, they provide several examples and have been a
natural place to test general conjectures and theories. The main reference for
an introduction to toric varieties is Fulton’s book [34].

One of the most important achievements in birational classification of alge-
braic varieties is the so called Minimal Model Program (MMP for short). The
aim of the MMP is to run a succession of special birational transformations on
X in order to achieve a variety X’ that is birationally equivalent to X satisfying
one of the following:

1. KX/ is nef (i.e., KX/ Z O), or
2. X’ admits a structure of Mori fiber space (i.e., there exists an elementary
fibration f : X’ — Y such that —Kx- is f-ample).

The birational transformations allowed in MMP are very special: they are
either divisorial contractions or flips. Since a projective toric variety is bira-
tionally equivalent to P", its canonical class can never be made nef, so the
MMP for projective toric varieties always ends with a Mori fiber space.

The MMP was proved by Mori for threefolds in [29] and for toric varieties

n [23]. Recently, a special instance of the Minimal Model Program, the MMP
with scaling, was established for arbitrary dimension in [8].
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One of the problems that we are interested in is the study of MMP from the
viewpoint of polytope theory. In [23] Reid has established the MMP for toric
varieties by interpreting it as a sequence of operations on the associated fans. In
this thesis, we consider a similar problem. Given a polarized toric variety (X, L)
we define operations on the associated polytope that describe each step of the
MMP with scaling for (X, L). Our first task is to give a complete description of
polytopes associated to Mori fiber spaces. We call these Cayley-Mori polytopes,
and provide an explicit facet presentation for them.

Next, we summarize the results established in this thesis:

1. We introduce a new class of polytopes, called Cayley-Mori polytopes that
correspond precisely to Mori fiber spaces.

2. We describe the structure of spaces of polytopes.

3. We describe the Minimal Model Program with scaling as an operation on
polytopes.

4. We investigate toric 2-Fano varieties, providing a classification in low di-
mension.

1.1 Cayley-Mori Polytopes and Mori Fiber Spaces

We say that a simple polytope is a Cayley-Mori polytope if it is isomorphic to a
polytope of the form Py Py ... P, = conv((Py X wp), ..., (Px x wy,)) C R™ x R¥,
where Py, ..., P, are n-dimensional strictly combinatorially equivalent polytopes,
{wy,...,ws} is a basis for R¥, and wy = 0. We prove that these polytopes
correspond precisely to Mori fiber spaces obtained from Q-factorial projective
toric varieties by running MMP.

1.2 Spaces of Polytopes

Let v; € Z™, 1 < i < r, be distinct primitive vectors such that cone(vy, ..., v,) =
R™. Set H = (111, e ,UT). For each a = (aq, ...,a,) € R" define the polytope:

Pa:{IGR”

(vi,0) = —ai, 1 <i <.
We define the space of polytope presentations PPy as

PPy = {a € R" | P, is a nonempty polytope } C R".

Since two distinct element of PPy can define the same polytope, one is led
to consider the quotient PPy / ~, where ~ is the equivalence relation that
identifies elements a,b € PPy such that P, = P,.

We prove that PPy, / ~ can be realized as an r-dimensional closed convex
polyhedral subcone of PPy C R", denoted by Pz. We show that there is a
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point ag € PPy such that P, is a simple polytope (i.e. each vertex is contained
in exactly n edges) which has exactly r facets. Let X be the toric variety defined
by P,,. The cone Eff(X) of effective divisors on X admits a decomposition
in convex cones called GKZ decomposition of X. We use this decomposition to
get structure theorems for spaces of polytopes. We define a fan supported on
PPy C R” satisfying the following conditions: Polytopes associated to elements
in the relative interior of the same cone of this fan are strictly combinatorially
isomorphic. Moreover, Py is the union of some of the maximal cones in this
fan.

1.3 Polytope MMP

Let (X,L) be a polarized Q-factorial toric variety, where L is an ample Q-
divisor on X. Let P := Pj, be the polytope associated to L. For each s > 0
we define P(®) as the set of those points in P whose lattice distance to every
facet of P is at least s. These polytopes are called adjoint polytopes in [27].
Let o(P) := sup{s € Rsq | P**) # (}. The polytope P(") is called the core
of P. When we increase s from 0 to o(P), P} will change its combinatorial
type at some critical values. The first one is

A1 = sup{s € Rso | P and P'®) have the same normal fan} =

=sup{s € Rs>o | L+ sKx is nef}

the nef value of P.

Our aim is to describe the family of polytopes P() for values of s between
0 and o(P). We will prove the following result. See Definition 4.2.6 for the
precise notion of a general polytope.

Theorem. Let (X, L) be a polarized n-dimensional Q-factorial toric variety
associated to a “general” rational polytope P C R™. Then there exist sequences

0=do <A <..<h=0o(P), X=X 5x " " x.,
of rational numbers and rational maps, such that:
1. For i € {1,....,k — 1}, f; is either a divisorial contraction or a flip.

2. For \; < s,t < \iy1, P® and P® are n-dimensional simple polytopes
with the same normal fan.

3. At s = \;, one of the following occurs.

(a) Either PA4) is simple and P(*+) has one less facet than P(i~1) (equiv-
alently, f; is a divisorial contraction), or

(b) PX) is not simple and P*?) has the same number of facets as P(*i-1)
(equivalently, f; is a flip).
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(c) Foreachi € {1,...,,k}, denote by m,; the dimension of the locus where
fi is not an isomorphism. Then, for A\; < s < Aiy1, the polytope P(*)
has exactly one more m;-dimensional face than P(*i+1) | and this face
is a Cayley-Mori polytope.

4. For \y_1 < 5 < A\ = o(P), P® is a Cayley-Mori polytope, (equiva-
lently fj is a Mori fiber space, and X1 is the toric variety associated to
PPy,

5. Let K(P) be the linear space parallel to Af f(Core(P)) and consider the
natural projection 7p : R™ — R™ /K (P) associated to P. The toric variety
associated to the polytope @ := wp(P) is the closure of the general fiber
of the rational map f := fro...of1 : X -—» Xp41.

Moreover, if P is simple then X;,; is the toric variety associated to it.
Otherwise, if P#) is not simple, the toric variety associated to P+ is the
image of the small contraction corresponding to the flip f; and X;; is associated
to PG for \; < s < Ait1-

1.4 2-Fano Toric Varieties

A Q-factorial projective variety X is said to be Fano if has ample anti-canonical
divisor. One important aspect of Fano varieties is that they appear in the MMP
as fibers of Mori fiber spaces. In addition to their role in the MMP, Fano vari-
eties are important for their own sake, and have been very much studied. Fano
varieties are quite rare. It was proved by Kollar, Miyaoka and Mori that, for
a fixed dimension, there exist only finitely many smooth Fano varieties up to
deformation (see [15], [16]). Further, in the toric case, there exist only finitely
many isomorphism classes of them.

A smooth Fano variety X is said to be 2-Fano if its second Chern character
is positive (i.e., cho(Tx) - S > 0 for every surface S C X). These varieties were
introduced by de Jong and Starr in [3] and [2] in connection with rationally
simply connected varieties, which in turn are linked with the problem of finding
rational sections for fibrations over surfaces. 2-Fano varieties are even more
scarce than Fano varieties. Few examples of 2-Fano varieties are known. First
de Jong and Starr gave some examples in [2], then in [6] Araujo and Castravet
found some more examples. Among all known examples, the only smooth toric
2-Fano varieties are projective spaces. So, it is natural to pose the following
question:

Question 1: Is P” the only n-dimensional smooth projective toric 2-Fano
variety?

In [12] we have answered this question positively when n < 4 by using the
classification of toric Fano 4-folds given by Batyrev. Then, we used a database
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provided by @bro to answered the question positively in dimension 5 and 6.
In order to approach this question in the general case, we investigate what
happens with the second Chern character when we run the Minimal Model
Program. Since in the toric case the MMP ends with a Mori fiber space, we
start investigating the second Chern character of a Mori fiber space.

Since Mori fiber spaces are associated to Cayley-Mori polytopes, we study
combinatorial proprieties of these polytopes, and translate them into geometric
proprieties about Mori fiber spaces. We will show that is possible to find a bira-
tional model X’ of X with structure of Mori fiber space, such that the general
fibers are projective spaces. Then, we will show that such a variety X’ cannot
be 2-Fano. In particular, we will show that if X is a smooth toric variety which
is a Mori fiber space then X cannot be a 2-Fano variety. As a corollary, the only
n-dimensional smooth projective toric 2-Fano variety with Picard number < 2
is P". On the other hand, if we allow singularities on X, we can give examples
of Mori fiber spaces with Picard number 2 that are 2-Fano. We also prove that
a 2-Fano toric variety cannot admit certain types of divisorial contractions.

This thesis is structured as follows. In Chapter 2 we give an overview of
general theory for toric varieties and Mori theory for toric varieties. We warn
that this review is rather concise. For more details we indicate [10], [34] and
[23].

In Chapter 3 we introduce the class of Cayley-Mori polytopes. We give a
combinatorial description for these polytopes and prove that they are associated
to Mori fiber spaces.

In Chapter 4 we present spaces of polytopes and give structure theorems on
this space. Next, we define an operation on polytopes and relate this with the
MMP with scaling.

In Chapter 5 we approach the problem of classification of Fano varieties
having positive second Chern character. These varieties are called 2-Fano. We
provide a classification of toric 2-Fano varieties in low dimension. We describe a
strategy to classify these varieties in arbitrary dimension and give some partial
results. We finalize this work in Chapter 6 giving the Maple code used in
Chapter 5 to compute the second Chern character of a smooth projective toric
variety.
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Chapter 2

Preliminaries on Toric
Varieties

2.1 Constructing Toric Varieties

Throughout this thesis, a variety means an algebraic integral separated scheme
of finite type over C. A subvariety of a variety is a closed subscheme which is a
variety, and by a point on a variety we mean a closed point.

In this chapter we will give an overview of basic facts about toric varieties.
The definitions and statements of the theorems can be found in [10] and [34],
unless otherwise noted.

Definition 2.1.1. A toric variety is a normal variety X containing an algebraic
torus T ~ (C*)™ as an open dense subset, together with an action T x X — X
extending the natural action of T on itself.

There is a combinatorial way to obtain toric varieties. Let N ~ Z" be a
lattice and M := Homy(N,Z) ~ Z" its dual lattice. Set Ng := N ®z R. Given
u € M and v € N we denote u(v) by (u,v). Each element u = (uy,...,u,) €
M defines a character of the torus denoted by x* := zi* - ... - zli» € k[T] =

klzih, ..., zEh.

Definition 2.1.2. A convex rational polyhedral cone in Ny is a set of the form.:
k
o= {Zaivi € Ngr ‘ a; > 0},
i=1

for some finite collection of elements {v1,...,v5} C N. If o contains no line we
say that it is strongly convex. We will call it a “cone” for short.

Let 0 C Ng be a cone of dimension n and consider the dual cone of o given
by 0V i={u€ Mg :=M @z R | (u,v) >0 for all v € ¢}.
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The semigroup S, := ¢V N M is finitely generated. Then A, := C[S,]| =
C[x"]ues, is a finitely generated C-algebra defining the affine toric variety U, :=
Spec(A,) of dimension n. Recall that a fan 3 C Ng ~ R" is a finite collection
of rational polyhedral strongly convex cones o C Ng such that:

1. If o and 7 belong to ¥ then o N 7 is a face of ¢ and T;

2. If 0 € X and 7 is a face of o then 7 € X.

The set of the m-dimensional cones of ¥ will be denoted by X(m). A cone
7 € X(n — 1) is called a wall when it is the intersection of two n-dimensional
cones of X.

If ¥ C Ng is a fan then the affine toric varieties U, for o € ¥ glue together
to a toric variety Xy.

A collection X of convex cones is called a degenerate fan if it satisfies the two
conditions above and there is a nontrivial rational linear subspace U C Ng such
that, for every cone o € X, we have c N —c = U. In this case, ¥ /U defines a fan
with respect to the quotient lattice N/(U N N) whose associated toric variety is
also denoted by Xx. It is a classical result that every toric variety is obtained
from a fan (see for instance [10, Corollary 3.1.8]).

There is a one to one correspondence between the points of an affine toric
variety U, and the semigroup homomorphisms ¢ : S, — C. For each cone o we
have a distinguished point z, € U, that corresponds to the following semigroup
homomorphism
1 ifmesS,Not

m € Sp — { 0 otherwise.

Let Xy be the toric variety associated to a fan ¥ C Ng. The distinguished
points of X5, determine T-invariant subvarieties of Xy. We have the following
correspondence (The Orbit-Cone Correspondence, see for instance [10, 3.2.6]):

1. There is a bijective correspondence

{0 € £} +— {Ty-orbits in Xx}.
c— O, :=1TN" 2,

2. Let n =dim Ng. Then dim O, = n—dim o.

3. U, = | | O

T<0

4. 7 <0 % 0, C O, and V(o) := O, = |_| O.,, where O, denotes the
o=y
closure in both the classical and Zariski topologies.

The T-invariant subvariety V(o) of Xy has the structure of a toric variety
given by the following fan:
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Consider the sublattice N, := span(c)NN of N and let N(¢) = N/N,. The
collection of cones Star(c) ;= {7 C N(o)r | 0 < 7 € ¥} is a fan, where 7T is the
image of 7 € ¥ in N (o), and Xgtar(o),N(0) = V(0).

Let ¥ and ¥’ be fans with respect to lattices N and N’ respectively. Consider
a lattice homomorphism ® : N — N’. We say that ® is compatible with ¥ and
Y or, ¥ and ¥’ are compatible with ®, if for each cone ¢ € ¥ there exists a
cone o/ € ¥’ with ®g(0) C o’. In this case, ® induces an equivariant morphism
¢ : Xs; = Xy. Moreover, this is a toric morphism. This means that ¢ maps the
torus Ty of Xy on the torus Ty of Xsv and ¢ |7, is a group homomorphism.
In fact, every toric morphism arises in this way.

We recall an important result involving distinguished points and toric mor-
phisms (see for instance [10, 3.3.21]).

Proposition 2.1.3. Let ¢ : X5 — Xy be a toric morphism induced by a map
® : N — N’ that is compatible with ¥ and ¥'. Given o € X, let o’ be the
minimal cone of X' such that Pr(c) C o’. Then:

1. ¢(z,) = xor.
2. $(0,) C Oy and ¢(V (o)) C V(o).

8. The induced map ¢ |y (»): V(o) — V(o) is a toric morphism.

There are deep connections between toric varieties and polytopes. We can
construct toric varieties from rational polytopes. Recall that a set P C My is a
rational polytope if P is a convex hull of a finite set S C Mg. When S C M we
call P a lattice polytope. When P is full dimensional we can write a polytope
P, in a minimal way, as intersection of finitely many closed half spaces

P = {m € Mg ) (m,upr) > —ap, for all facets F' < P},

where up € N is a primitive vector normal to the facet F' and ap € Q. This
is called a facet presentation of P. When P is full dimensional, it has a unique
facet presentation. Note that if P is a lattice polytope then ar € Z. Each face
Q of P defines a cone og := Cone(ur)g«r C Nr. The collection of these cones
forms a fan (also known as the normal fan of P) ¥p and then we get a toric
variety X p associated to P. When P is not a full dimensional polytope we set
Xp to be the toric variety associated to R := Aff(P) N P with respect to the
lattice Af f(P) N M, where Aff(P) denotes the smallest affine space contain-
ing P. In this case, ¥p will denote the degenerate fan each of whose cones is

generated by a cone of ¥z and the linear space span(P)= .

A fan encodes many algebraic proprieties of the variety associated to it. Let

Y C Ng be a fan. The support of ¥ is |X| = U o. We say that ¥ is complete

oEX
if |X| = Ng. A cone o € X is smooth (resp. simplicial) if its minimal generators

form part of a Z-basis of N (resp. R-basis of Ng). We say that ¥ is smooth
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(resp. simplicial) if every cone of ¥ is smooth (resp. simplicial). We say that a
polytope P is smooth (resp. simplicial) if the same holds for ¥ p.

Next proposition is a standard result for toric varieties. For the proof see
for instance [10, 3.1.19 and 4.2.7].

Proposition 2.1.4. The toric variety Xy is smooth, complete or Q-factorial if
and only if 3 is, respectively, smooth, complete or simplicial.

A polytope P will be called smooth (resp. simple) if ¥p is smooth (resp.
simplicial). Note that if P C Mg is a rational polytope then for every k € Q
and v € Mg, the poytopes P, kP and P +v define the same fan. For this reason,
we will frequently suppose that P is a lattice polytope.

Given a fan ¥ C Ng, a fan ¥/ in Ny refines ¥ if |X'| = |X| and every cone
of ¥’ is contained in a cone of . In this case, the identity map on N induces a
toric birational morphism ¢ : Xs» — Xyx.

There is a special type of refinement called star subdivision which we describe
below.

Given a fan ¥ C Ny and a nonzero primitive element v € |X| N N, let X(v)
be the set of the following cones:

e 0, where v ¢ o € 2.
e cone(T,v), wherev ¢ 7 € Y and {v}UT C 0o € X.

The collection X(v) is a fan which refines X, called by star subdivision of ¥ at v.
When ¥ is smooth and there is a maximal cone o = Cone(vy,...,v,) € ¥ such
that v = v + ... + vy, the refinement ¥(v) induces a morphism Xy ) — Xx
that corresponds the blow up of Xy at the point V(o). For details we refer to
[10, §11.1] and [13].

2.2 Toric Varieties and Divisors

Let ¥ be a fan in Ng. We denote by 3(1) := {vy,...,v,} the set of all minimal
generators of . Given o € X we set o(1) := o0 N 3(1). By the orbit-cone
correspondence D; := V(v;) is a T-invariant subvariety of Xy, of codimension 1.
Hence D; is an invariant prime divisor on Xs. By abuse of notation, we often
write ¢ € (1) meaning v; € X(1).

For m € M, the character x™ is a rational function on Xy. We have the
following nice description of its divisor.

Proposition 2.2.1. div(x™) = Z (m,v;)D; for every m € M.
’Uiez(l)

Definition 2.2.2. A Weil divisor D := Y a;D; on the toric variety Xy is
said to be T-invariant (or simply invariant) if every prime divisor D; such that
a; # 0 is invariant under the action of the torus. This happens exactly when
D; =V (v;) with v; € 3(1).
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Proposition 2.2.3. Let X := X5, be a toric variety of dimension n. Then the
Chow group Ar(X) of Xx is generated by the classes of k-dimensional invariant
subvarieties. In other words, Ax(X) is generated by [V (0)] as o ranges over the
(n—k)-dimensional cones from X. In particular, the set T-Div(Xs) of invariant
divisors by the torus action generate the class group Cl(Xy).

Now, we will describe intersection products between invariant divisors and
invariant varieties (see for instance [34, Section 5.1]).

Proposition 2.2.4. Let Xx, be a toric variety, D = Z a; D; an invariant
i€s(1)

Cartier divisor on Xy, and V(o) a k-dimensional subvariety of Xs, that is not

contained in the support of D. Then D -V (o) = ZbVV('y), where the sum is

over all (k+1)-dimensional cones v € ¥ containing o, and b, is obtained in the
following way:

Let v; € (1) be any primitive ray of v that is not a primitive ray of o. Let
e be the generator of the one-dimensional lattice N, /N, such that the image of
v; in Ny /Ny is s; - e, with s; a positive integer. Then b, = &
S;
Remark 2.2.5. When Xy, is smooth, D; is a Cartier divisor for every i € X(1)
and we have:

4 | V(y) ifwv; and o span a cone v of &
Di-Vie) = { 0 if v; and o do not span a cone of ¥ .

The following proposition gives a criterion for a Weil invariant divisor to be
a Cartier invariant divisor.

Proposition 2.2.6. Let 0 € ¥ be a cone and D a Weil invariant divisor on
Xs. Then:

1. Dly, is a T-invariant Cartier diwisor on U, < there exists w € M such
that D|y, = div(x").

2. Pic(Uy) = 0.
3. D:= Z a;D; is Cartier < D is principal on the affine open subset U,
v, €X(1)
for all o € ¥ & for each o € X, there is uy € M such that (uy,v;) = a;
Yo € 0(1)

Let Xp be the toric variety of a full dimensional rational polytope P C Mg.
The polytope P has a facet presentation

P = {m € Mg ’ (m,ur) > —ap, for all facets F' < P}.

The fan X p tells us the facet normal upr but it does not give any information
about the numbers ar. In fact, we have already noted that P and kP give the
same fan for all k € Q. We define a special Q-divisor Dp := Y apDp on Xp,
where Dp = V(up).
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Proposition 2.2.7. If P C Mg is a full dimensional rational polytope, then
Dp is an ample Q-Cartier invariant divisor on Xp.

A divisor D € T-Div(Xyx) on the toric variety Xy, defines a sheaf Ox (D).
We give a description of the global sections I'( Xy, Ox (D)).

Proposition 2.2.8. If D € T-Div(Xy) then

(X5, 0x,(D)~ E C-x™

div(x™)+D>0

Definition 2.2.9. Let Xx, be a toric variety and let D = Z a;D; be an
v; €3(1)
invariant Weil divisor on Xx. We define a polyhedron associated to D as

Pp = {m € Mg ‘ (m,v;) > —a; for all v; € 2(1)}.

Note that
I'(Xs5,0x,(D)~ P x™

mePpNM

When ¥ is a complete fan, Pp is a polytope. Furthermore, if D is an ample
Q-divisor on Xy then the toric variety associated to Pp is isomorphic to Xy
and Dp, = D. In other words, a full dimensional rational polytope P C Mg
defines a polarized toric variety, that is, a pair (Xp, Dp) where Dp is an ample
invariant Q-divisor on Xp. Conversely, a pair (Xx, D) where D is an ample
invariant Q-divisor on Xy, defines a rational polytope Pp. These constructions
are inverses to each other. In particular, a toric variety is projective if and only
if it is the variety associated to a full dimensional rational polytope.

Remark 2.2.10. It follows from Propositions 2.2.1 and 2.2.8 that if D = D' +
div(x™) for some m € M then Pp = Pps +m, and conversely. In particular, D
is linearly equivalent to an effective divisor if and only if Pp # 0.

Definition 2.2.11. Let P C Mg and P’ C My be full dimensional rational
polytopes. We say that P and P’ are isomorphic if there exists an isomorphism
between the corresponding polarized toric varieties (Xp,Dp) and (Xp:, Dps).
Equivalently, if there is a bijective affine transformation p : Mg — My induced
by a bijective affine transformation on the lattices, satisfying p(P) = P’.

2.3 Mori Theory for Toric Varieties

2.3.1 Definitions and Standard Results

Definition 2.3.1. Let X be a complete variety and D a Cartier divisor on X.
We say that D is nef (numerically effective) if D - C = 0 for every irreducible
complete curve C.
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Proposition 2.3.2. Let X be a complete toric variety and D a Cartier divisor
on X. The following are equivalent:

1. D is nef
2. Ox (D) is generated by global sections.
8. D-C >0 for every invariant irreducible curve C C X.

The theorem below is a well known criterion of ampleness for a Cartier
divisor. We will enunciate it in the toric case.

Theorem 2.3.3. (Toric Kleiman Criterion). Let D be a Cartier Divisor on
a complete toric variety Xy. Then D is ample if and only if D - C > 0 for
every invariant curve C C Xy, that is, D - V(o) > 0 for every cone o € ¥ of
dimension equal to (rank(X) — 1).

Definition 2.3.4. Let X be a normal variety, D and F be Cartier divisors on
X. We say that D and F are numerically equivalent, and we write D = F, if
D-C = F-C for every irreducible complete curve C C X.

Proposition 2.3.5. [10, 6.3.15] For complete toric varieties numerical equiv-
alence and linear equivalence coincide.

We also have a numerical equivalence on curves.

Definition 2.3.6. Let X be a toric variety and denote by Z1(X) the free abelian
group generated by irreducible complete curves contained in X. Given C and
C" cycles in Z1(X), we say that C and C' are numerically equivalent, written

C=C" i D-C=D-C" for every Cartier divisor D on X.

Definition 2.3.7. For a toric variety X we define the vector spaces N'(X) :=
(CDiv(X)/ =) @z R = Pic(X)r and N1(X) :=(Z1(X)/ =) @z R.

The linear map
NY(X)x Ni(X) =R
induced by the intersection product makes N1(X) and N!(X) dual vector spaces

to each other.

In N'(X) and N;(X) there are some important cones for Mori theory.

Definition/Proposition 2.3.8. Let X be an n-dimensional complete toric
variety.

1. The effective cone Eff(X) of X is the cone in Cl(X) ® R generated by
effective divisors. FEquivalently, by Remark 2.2.10, the effective cone is
generated by the divisors D such that Pp is not empty.

2. When X is Q-factorial, Ef f(X) C N'(X) and the interior of Ef f(X) is
the big cone Big(X) (see [26, 2.2.26]).
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3. The nef cone Nef(X) of X is the cone in N*(X) generated by nef Cartier
divisors.

4. The interior of Nef(X) is the ample cone Amp(X) (see 2.3.3). Equiv-
alently, the ample cone of X is generated by the Cartier divisors D such
that the toric variety associated to Pp is isomorphic to X.

5. The Mori cone NE(X) of X is the cone in N1(X) dual to Nef(X). Equiv-
alently, it is the cone generated by irreducible complete curves.

All these cones are strongly convex polyhedral cones.
Now we state a toric version of one of the first results in the Mori theory.

Theorem 2.3.9. (Toric Cone Theorem)[10, 6.3.20] Let X := Xx, be a complete
toric variety of dimension n. Then

NEX)= > Rxo[V(7)]

TEXN(n—1)

Proposition 2.3.10. (See for instance [10, 6.4.1]) Let ¥ be a simplicial fan
and X := Xyx.. Then there is an exact sequence:

0 — MKX) — R" — Ng — 0,
— > V() - Ees
’Uiez(l)
€; — Vi

where r := |X(1)|, and e, ..., e, is the standard basis for R".

Proposition 2.3.10 says that N1(X) can be interpreted as the space of linear
relations among the vs.

Now, consider a projective Q-factorial toric variety X. Let Zo(X) and Z2(X)
be the free Z-modulo of 2-cycles and 2-cocycles respectively on X. We define
the vector space No(X) := (Z2(X)/ =) ®z R, where “ =7 denotes numerical
equivalence on Z3(X): A 2-cycle S € Z3(X) is numerically equivalent to 0 if
E - S = 0 for every 2-cocycle E € N?(X). The cone of effective 2-cycles is
defined as:

NE»(X) = {{Zas} € No(X) ‘ a > 0},

where the S/s are irreducible surfaces in X.
Proposition 5.1.5 gives a version of the “Toric Cone Theorem” for the cone
of effective 2-cycles.
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2.3.2 Description of Contractions of Extremal Rays

Throughout this section we will suppose that X := Xy, is a projective Q-factorial
n-dimensional toric variety.

Now we discuss the connection between the faces of the nef cone and fiber
spaces. We recall that if X is projective then a fiber space is a morphism
f+ X — Y onto a normal variety with connected fibers. From the Stein fac-
torization theorem [25, 11.5] it follows that a fiber space is determined by the
irreducible complete curves that are contracted by f.

Let D be a nef divisor on X. By replacing it with a linearly equivalent
divisor if necessary, we may suppose that D is effective. Denote by ¥Xp the fan
defined by the polytope Pp and Xy, the toric variety defined by ¥p. From
[10, 6.2.5] it follows that X is a refinement of ¥p. Then we have a morphism
fp: X — Xy, such that D = f*(A) for some ample divisor A on Xy, . This
means that an irreducible complete curve C' € X is contracted to a point by
fp if and only if D - C = 0. Therefore, C is contracted by fp if and only
if the class [C] belongs to the face of the Mori cone defined by NE(X) N D+.
From the duality of the nef cone and the Mori cone, we conclude that fp only
depends on the face 7 < Nef(X) which contains D in its interior. Moreover,
7= f5H(Nef(Xs,)). On the other hand, if g : X — Y is a fiber space with ¥
projective, then, up to isomorphism, g = fy-4 for any ample divisor A on Y.

We summarize our discussion in the following theorem.

Theorem 2.3.11. (Toric Contraction Theorem) There is a bijective correspon-
dence between the faces T of the nef cone Nef(X) and the fiber spaces f : X =Y
with Y projective, given by 7 = f*(Nef(Y)). Conversely, the irreducible com-
plete curves contracted by f are the curves in 7. Each such fiber space is a
toric morphism.

Let 7 be a facet of Nef(X) and f : X — Y be the corresponding fiber space.
Then an irreducible complete curve C' C X is contracted by f if and only if the
class [C] belongs the 1-dimensional face NE(X) N7 of the Mori cone. By 2.3.9
this face is of the form R>oV (o) for some cone o € ¥(n — 1). In this case, we
say that f is a contraction of a ray of NE(X) or simply an extremal contraction.

Given a contraction fr: X — Y of a ray R C NE(X) we will describe how
to obtain the fan of the variety Y. We give an overview of the results in [23, 17].

Let V(W) be an invariant curve which generates the ray R. Then we can
write the wall W := cone(vy,...,v,—1) as intersection of two maximal cones:
cone(vy, ..., Vp—1,p) and cone(vy, ..., Up—1,Vn41). Since Lx is a simplicial fan
there are uniquely determined rational numbers aq,...,a, such that v,41 =
—a1v1 — ... — apV,. Reordering the vectors vs if necessary we may suppose
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that:
<0 forl<i<a,

a; 4 =0 fora+1<i<p,
>0 forf+1<i<n+1;

with0<a<pg<n-1.

For each j € {1,...,n + 1}, set ¥; := cone(v1, ..., 0}, ..., Upy1) and Xy =
cone(vy, ..., v+1). One can show that Yy = U?Zle = U;‘iéHEj.

The fan Xy is determined by the collection of maximal cones formed by the
maximal cones of ¥ x which contain no wall W € X x with [V(W)] € R and the
cones Xy for every wall W € ¥ x such that [V(W)] € R. This fan is degenerate

if and only if « = 0.

Proposition 2.3.12. Let fr : X — Y be the contraction of a ray R of the Mori
cone NE(X). Denote by Exc(fr) the exceptional locus of fr. This morphism is
classified into one of the following three types:

1. Contraction of Fibering Type (or Mori Fiber Space): dim'Y < dim X.

In this case, we have

a=0,
B =dimY.

The variety Y is Q-factorial (equivalently the non degenerate fan corre-
sponding to Xy is simplicial).

2. Divisorial Contraction: The morphism fr is birational and codim (Exc(fr)) =
a = 1. In this case Y is Q-factorial and Exc(fr) is the prime T-invariant
divisor V (vy).

3. Contraction of Flipping type (or small contraction): The morphism fg is
birational and codim Exc(fr) = a > 2. In this case Y is necessarily non
Q-factorial. The exceptional locus is the irreducible T-invariant variety
V(cone(vy, ..., vq)).

In all cases, Y is projective, the exceptional locus is an invariant irre-

ducible variety and fr restricted to Exc(fr) is a flat equivariant mor-
phism. There exists a toric Q-factorial Fano variety G with Picard number

one such that (fg) ™1 (p)rea = G for every p € fr(Exc(fr))-

Remark 2.3.13. When fr : X — Y is a contraction of fibering type, that is,
a = 0, we can use the linear relation v,11 = —a;v; — ... — a,v, and Proposition
2.2.4 to show that —Kx is fgr-ample, that is, —Kx - R > 0.

Proposition 2.3.14. If fr : X — Y s a contraction of flipping type, then
there exists a birational morphism fg : X1t =Y called the flip of fr such that:
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1. X7t is projective and Q-factorial.
2. fg 18 also a contraction of flipping type.

3. X and Xt are isomorphic in codimension 1 and so we have an iso-
morphism N*(X) = NY(XT) defined by taking strict transforms of di-
visors. Hence, this induces an isomorphism between their dual spaces
Ni(X) = Ny (XT).

4. f;z_ is the contraction of the extremal ray —R of NE(XT), where —R is
the image of R by the isomorphism Ni(X) = Ny(X™T).

5. The divisor —Kx is fr-ample if and only if Kx+ is f};—ample,
The mazimal cones of the fan X x+ are:

S+ (n) = Sx )\ {Sw | V(W) € RyU{S; | V(W) € R,j =1,....a}.

2.4 MMP for Toric Varieties

Let X be a projective Q-factorial variety with klt singularities. The aim of the
Minimal Model Program (MMP for short) is to run a succession of divisorial
contractions and flips on X in order to achieve a variety X’ that is birationally
equivalent to X satisfying one of the following;:

1. Kx is nef, or

2. X’ admits a structure of Mori fiber space (i.e., there exists an extremal
contraction f : X’ — Y such that —Kx- is f-ample).

In the toric case, we do not need require any condition on singularities since
every projective Q-factorial toric variety is klt.

2.4.1. Now, we recall the steps of the MMP in the toric case. We start with a
projective Q-factorial toric variety X. If Kx is not nef, then there is an extremal
ray R of the Mori cone of X such that Kx - R < 0. We consider the contraction
fr: X — Y of the ray R. If fr is a Mori fiber space, then we stop. If fr is a
divisorial contraction we replace X by Y and repeat the process. Finaly, if fr
is a small contraction we replace X by X+ and repeat the process.

For toric varieties it was proved in [23] that this process stops. Since a
projective toric variety is birationally equivalent to P™ its canonical class can
never be made nef, so the MMP for projective toric varieties always ends with
a Mori fiber space.

2.5 MMP with scaling

In the general case termination of flips is still an open problem for dimension
bigger than three. However, an instance of the MMP, called MMP with scaling,
was proved in [8] for arbitrary dimension.
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Next, we recall the steps of the MMP with scaling, established in [8]. See
also [7, 3.8].

2.5.1. We start with a polarized toric variety (X, L), where X is projective, Q-
factorial. Here L is an ample Q-divisor on X. Since X is a Q-factorial projective
toric variety, X is klt (see [17, 14.3.2]). Moreover, —Kx is equal to Z D;
iex(1)

and therefore this divisor is always big (see for instance [10, 8.2.3]).

Given a big R-divisor E on X set o(E) := sup{s € R>¢ | [E + sKx]| €
Eff(X)}. When F is a Q-divisor the number o(F) is rational (see for instance
[7, 5.2]. In addition, we consider the nef threshold

AME,X) = sup{s € Rx>g ’ [E+sKx] € Nef(X)} <o(E).

This is defined provided that [E + sKx] is nef for some s > 0. Moreover, if E
is a Q-divisor, then by the Rationality Theorem A(E, X) is a rational number
(see for instance [18, 1.5.5]). Note that A(E, X) = o(FE) if and only if the class
[E + ME, X)Kx] is not big.

Set (X1,L1) = (X,L), Ay = ML, X) and 0 = o(L). We will define in-
ductively a finite sequence of pairs (X;, L;), 1 < ¢ < k and rational numbers
0 < A1 < ... < A\x = 0 such that the following holds.

e For each 0 < i < k, the variety X; will be projective, Q-factorial.

e There are birational maps ¢; : X --+ X; which are compositions of divi-
sorial contractions and flips.

Suppose we have constructed (X;, L;) and \;. Since [L; + A Kx,] € ONef(X,),
there exists an extremal ray R; C NE(X;) such that (L; + \;Kx,) - R; = 0 and
KX,; -R; <0.

Let f: X; — Y be the contraction of R;.
As in 2.3.12, we have three possibilities:

1. If dim Y < dim X; then \; = o, Y is Q-factorial, and f is a Mori fiber
space. In this case we stop.

2. If f: X; — Y is a divisorial contraction, then Y is Q-factorial. We set
Xip1 =Y, gig1 = fop; : X —=» Xyyq, and Liy1 = fuly = (0ig1)«L.
Notice that

Li+NKx, = f*(Lit1 + MK x,,,)-

This implies that L;y; + X\;Kx,,, is nef since so is L; + A\;Kx,. Thus

i+1

A < )‘i-‘rl = )\(Li-l-hXi—i—l) <o
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3. If f: X; = Y is a small contraction, then Y is not Q-factorial. (In fact,
Ky is not a Q-Cartier divisor. Otherwise, Kx, = f*(Ky) and therefore
Kx, - R; =0). Consider the flip diagram:

where 1) is the associated flip, Xj' is Q-factorial and fT is the contraction
of a K y+-positive extremal ray of W(X;L) We set X;11 = X;r, Vi1 =
Wopi: X --> X;o1 and Liyy = ¥, L; = (pis1).L. Since (L; +\iKx:) R; =0,
there exists a Q-Cartier Q-divisor Dy on Y such that L, + \;Kx, = f*Dy.
Then L1 + NKx, , = (fT)*Dy. By hypothesis L; + \; Kx; is nef. Thus Dy
is nef and so is L;11 + A\ Kx,,,. Therefore

Ai <Aig1 = AMLig1, Xig1) <o

Remark 2.5.2. If [L; + \; K x,] is in the relative interior of a facet of Nef(X;),
then there is only one extremal ray R; satisfying (L;+\; Kx,)-R; = 0. Moreover,
f: X; =Y is the morphism associated to the complete linear system | m(L; +
XiKx,) | for m sufficiently large and divisible.

2.6 GKZ Decomposition

In this section we describe the GKZ decomposition for a complete toric variety,
and we recall some of its properties. We refer to [19] and [21] for details.

Let X = Xy be a complete toric variety and D1, ..., D, be the T-invariant
prime divisors. Consider a possibly degenerate complete fan A and I a subset
of ¥(1) = {v1, ..., v} such that:

1. Every cone of A is generated by rays in X(1) \ I.
2. X is projective.

There is a rational map f : X --» XA induced by the natural projection
m: N — N/W NN, where W is the maximal linear space contained in every

kA
cone of A. Since A is complete, f is defined on the toric variety U = U Uv,)-
i=1

The codimension of the complement of U in X is at least 2. Therefore we have
a pull-back map f* which takes Q-Cartier divisors on X to Q-Weil divisors on
X.

Let A be an invariant nef Q-Cartier divisor on XA and A = (\;); € Rﬂ).
There is an injective linear map -
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®ar: Nef(Xa) <RI — ClUX)r
AXX = YA+ AD;
il
The image of this map is a cone denoted by GKZ(A,I).

Let S be the set of such pairs (A, ).
The set GKZ(X) := {GKZ(A,I) | (A,I) € S8} is a fan supported on the
effective cone Ef f(X) of X satisfying the following proprieties:

1. The cone GKZ(A,I) is a maximal cone in GKZ(X) if and only if A is
non degenerate and simplicial, and I = 3(1) \ A(1). Thus, each maximal
cone GKZ(A,I) of GKZ(X) determines a unique variety Xa.

2. The cone GKZ(A',I') is a face of GKZ(A,I) if and only if A refines A’
and I’ is contained in I.

3. If [D] and [D’] belong to the relative interior of the cone GK Z(A, I), then
the toric varieties associated to D and D’, that is, the varieties corre-
sponding to Pp and Pp/, are isomorphic.

4. If D = Z a;D; is an effective Q-divisor on X, then [D] lies in the interior
i=1
of the cone GKZ(A,I) if and only if the normal fan Ap of Pp is equal
to A and I = {v; | (u,v;) > —a; for every u € Pp}.

The next proposition describes the walls of the fan GK Z(X).

Proposition 2.6.1. Let X = Xy be a complete toric variety. Suppose that
GKZ(A,I) is a mazimal cone in GKZ(X). Then:

1. If f : XA — XA is a divisorial contraction with exceptional divisor corre-
sponding to the primitive vector v € A(1) then the cone GKZ(A', IU{v})
is a mazximal cone in GK Z(X) which intersects GK Z(A, I) along the wall
GKZ (A ).

2. Suppose v € I, and let A(v) be the fan obtained by star subdivision of A.
Then GKZ(A(v), I\{v}) is a mazimal cone in GK Z(X) which intersects
GKZ(A,I) along the wall GKZ(A, I\ {v}).

3. If f: Xan — Xar is a small contraction and f+ : Xa+ — Xas is the
associated flip, then GKZ(AY, ) is a mazimal cone in GKZ(X) whose
intersection with GKZ (A, I) is the wall GKZ (A, I).

4. If f: XA — XA is a contraction of fibering type, then GKZ(A' 1) is an
exterior wall of GK Z(X).
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Moreover, every interior wall in GKZ(X) arises as in 1,2 or 8, and every ex-
terior wall appears as in 4.

Proof. This result was proved in [21]. For the reader’s convenience we give
the proof here. First of all, note that by Theorem 2.3.11 a cone GKZ(A', I') is
a facet of GKZ(A,I) if and only if one of the following conditions holds:

1. A=A"and I\ I'| = 1.
2. I =TI’ and there is a contraction Xa — Xa of a ray of NE(Xa).

If f: XA — Xas is a divisorial contraction then, as described in Section
2.3.2, X/ is a Q-factorial projective variety and v is the only primitive vector
in A(1)\ A’(1). Thus, GKZ(A’,TU{v}) is a maximal cone in GK Z(X), which
intersects GK Z(A, I) along the wall GKZ(A',I).

The second claim follows from the first one since we have the divisorial
contraction Xa(,) — Xa and the cone GKZ(A(v), I\ {v}) is maximal.

To prove 3., note that the cone GKZ(A™,I) is maximal in GKZ(X) since
Xa+ is a Q-factorial projective variety isomorphic to Xa in codimension one.
So, the inclusion GK Z(A', 1) C GKZ(A,I)NGK Z(A*, I) has to be an equality.

Finally suppose that f : XA — X/ is a contraction of fibering type. Assume
that there is a maximal cone GKZ(A”,I") which intersect GKZ(A,I) along
the wall GKZ(A’,I). We must have I” = I. Otherwise, A” = A', I\ I =
{v} and 2. would imply GKZ(A'(v),I) = GKZ(A,I). In this case, f would
be a divisorial contraction. Moreover, the morphism Xa» — X/ is again a
contraction of fibering type. Indeed, otherwise it follows from 1,2 and 3 that
the maximal cone GK Z (A, I), adjacent to GKZ (A", I"), does not correspond
to a contraction of fibering type. It follows that A” = A, a contradiction.

The last assertion follows from the fact that we already have considered all
possible walls in GK Z(X). O
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Chapter 3

Cayley-Mori Polytopes

3.1 Cayley-Mori Polytopes

In this section we characterize the normal fans of a special class of polytopes
called Cayley-Mori polytopes. These polytopes play an important role in the
spaces of polytopes as described in Chapter 4. From the viewpoint of toric va-
rieties, this is reflected by the fact that these polytopes are associated to Mori
fiber spaces.

Let X := Py (&) be a toric variety which is a toric projective bundle over
a toric variety Y. It is well known that in this case £ will be a decompos-
able bundle, that is, it is a direct sum of line bundles (see for instance [31],
p.41). We adopt the Grothendieck notation, that is, Py (£) = Projy, Sym(&).
Let ¥ be the fan of Y with respect to the lattice N. For each v; € X(1) set
D; .=V ((v;)). Let L; := Z a;;Dj, i €{0,...,k}, be divisors on Y such that

JEX()

E=0y(Ly) @ ... ® Oy (Lg). The fan of X can be described as follows.

Let ey, ..., e, be the canonical basis for Z* and ey := —(e; + ... +ex). By
abuse of notation we also denote by e; the element 0 X e; in the lattice N x Zk.

Similarly given v € N we also denote by v the element v x 0 in N x ZF.

For each cone o € ¥ and ¢ = 0, ..., k we define

o= Cone(vj—i—(alj —agp;)e1+...+(ar,—ao; )er) | v; € 0(1))—|—Cone(eo7 ey Ciy ey €.

The fan of X is built up from the cones o; and their faces, as o ranges over
the cones from .

37



Now, consider Y a projective toric variety and for ¢ = 1,....,k let L; :=
Z a;, D; be ample divisors on Y. Each L; defines a polytope P; := Pr, C Mg
Jjex(1)
whose associated fan is Xy
Consider the polytope P := conv((Pyx0), (PyXe1), ..., (Pyxeg)) C MpxR".
In [11, §3] it was proved that P is defined by the following inequalities:

(m, 0j) > —ag;,  v; € By (1)

<m7€0> > -1
<Avej>20 jzla ak
k
where v; = v; + Z(aij — ag, )é;.
i=1

Moreover, (Py (Oy (Lo) @ ... ® Oy (Ly)),§) is the polarized toric variety as-
sociated to P, where £ is the tautological line bundle.

The polytope P is called a Cayley polytope. In [1] a generalization of Cayley
polytopes was introduced, namely polytopes of the form Cayley® (P, ..., Py) :=
conv((Pyx0), (Py X se1), ..., (Py, x sey,)) for some positive integer s. Such a poly-
tope is called an sth order generalized Cayley polytope associated to Py, ..., P.

Now, we will define a further generalization of Cayley polytopes. We will
use the inequalities above and the description of the fan ¥ p to describe the fan
of this new object.

Definition 3.1.1. Let Py, ..., P, C R™ be n-dimensional polytopes, {w1, ..., wy}
a basis for R* and wo = 0. Suppose that Py, ..., P, are strictly combinatorially
equivalent polytopes, that is, they have the same normal fan . Let Py Py x ...
P, = conv((Po X W), -y (P X wk)) C R* xRF. Any simple polytope isomorphic
to a polytope of the form Py x Py x ... * Py will be called a Cayley-Mori polytope
associated to Py, ..., Py.

Remark 3.1.2. Note that a Cayley-Mori polytope is defined in the same way
as a Cayley polytope, replacing the canonical basis {ej,...,ex} C RF by an
arbitrary basis {wy, ..., wy} C R¥.

We want to describe the fan of a Cayley-Mori rational polytope P := Py %
Py x...x P,. We may suppose that P is a lattice polytope.

Consider a linear isomorphism A : R"** — R"+¥ which is the identity on
the first n coordinates and maps e; to w; for each i € {1,...,t}. We write
Dp, = Z a;;Dj for i =0,..., k.

jex(1)
Note that the polytope @ := conv((Py x 0),...,(Ps X eg)) is mapped onto P.
Thus P is defined by the inequalities:
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(m, (A*)"(eg)) > —1
(m, (A*) 7 (e;)) 2 0 j=1..k
k

where 0; = v; + Z(aij — ao, )eé;-

It follows that the 1-dimensional cones of ¥ p are generated by the vectors:
. =d,;v; + Z ai; — ao,)(A*) " (e;)], for every v; € B(1).

o U; 1= Si(A*>_1(6i>,i =0,..k,

where d; and s; are rational numbers which make v; and u; primitive
vectors for every v; € £(1) and i =0, ..., k.

Hence, the fan of P is given by the cones
0; = cone(?; | v; € o(1)) + Cone(ug, ..., U, ..., uk)

and their faces, as o ranges over the cones o € ¥ and ¢ ranges from 0 to k.

3.2 Cayley-Mori Polytopes and Mori Fiber Spaces

Let N and N’ be lattices and ® : N — N’ a surjective Z-linear map.

If ¥ and ¥’ are fans in Ng and Ny respectively, compatible with ®, then there
is a toric morphism ¢ : Xy, — Xxv.

Let Ny := ker(®). The following sequence is exact:

0— Ny — N-ZN 0.

Now, consider the subfan of X:
Yo = {0’ eX ‘ o C (NO)JR - NR}

We have that XEO N = )(2071\{0 X TN >~ XZ(),NO X TN/

Furthermore, ® is compatible with ZO C Ng and {0} C Ng.

Thus, there is a toric morphism ¢|XE Y : Xsiy.v — Tiv such that ¢~ (Ty/) ~
0

XZO,NU X TN/.

Note that if X5 n is smooth then so is X5 n,-

Definition 3.2.1. We say X is weakly split by Yo and Y if there exist a
subfan X C X such that:
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1. ®r maps each cone & € ) bijectively to a cone o' € ¥'. Furthermore, the
map 6 — o’ defines a bijection between Y and X'.

2. For every cone o € ¥ we have 0 = 6 + oo with & € Y and oo € Xg.

Definition 3.2.2. Let X be a Q-factorial projective toric variety of dimension
n. A toric fibration on X is a flat, equivariant surjective morphism f: X —Y
with connected fibers such that'Y is a projective toric variety and dim'Y < n.

Remark 3.2.3. Note that a toric fibration is also a fiber space and if all fibers
of f are irreducible and have Picard number one, then f : X — Y is a Mori
fiber space.

Remark 3.2.4. In [10, §3.3] it was defined the notion of a fan 3 being split
by fans X and X'. There, it is required the additional condition ®g(6 N N) =
o/ NN’ for each 6 € ¥. It was proved that if ¥ is split by 2o and ¥/, then
¢ : Xy — Xy is a locally trivial toric fibration with fiber Xx n,. Next, we
give a generalization of this result.

Theorem 3.2.5. Let (X, N) and (X', N') be fans defining Q-factorial projective
toric varieties and ® : N — N’ a surjective Z-linear map compatible with ¥ and
Y. Let ¢ : Xy, — Xy be the associated toric morphism. Then, ¢ is a toric
fibration with irreducible fibers if and only if ¥ is weakly split by o and X' as
in Definition 3.2.1. In this case, the general fiber of ¢ is isomorphic to Xx, n,

Proof. Suppose first that ¥ is weakly split by X9 and ¥/. In order to prove
that ¢ : Xy — Xy is a toric fibration with irreducible fibers we will show
that all fibers are toric varieties of the same dimension. We have seen that the
morphism ¢ : X5, — Xy is a trivial fibration over the torus T} with fiber
Xy no- If p € Xy is an invariant point then there exists a maximal cone o’
such that p = V(¢’). By proposition 2.1.3, $~1(p),eq = V(6) is a toric variety
of dimension dim(Xy)—dim(Xsy).

Now, consider an invariant divisor V' (v") on Xsv. Since span(9) N Ny = {0},
the restriction ¢ |y (5): V(0) — V(v') is induced by

0 — No — N/span(9) "N — N'/span(v') N N" — 0.

Note that Xy () is split by Yy () and the fan {0 € Xy () | 0 € By 5y N X}
Hence, the fibers over the torus of V(v") and over fixed points are toric varieties
with the same dimension, which is dim(V (0))—dim(V (v')) = dim(Xy)—dim(Xx/).
By induction on the rank of N’, we conclude that all fibers of ¢ are irreducible
of the same dimension and then ¢ has connected fibers. Since every toric variety
is Cohen-Macaulay (see Theorem 9.2.9, [10]), this is enough to conclude that ¢
is a flat morphism (see Theorem 4.1.2, [18]).

Conversely, suppose ¢ is a toric fibration with irreducible fibers. Let o’ be a
maximal cone of ¥/, Since ¢ is a flat surjective morphism with irreducible fibers,
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there exists only one cone 6 € X such that 6 has the same dimension as ¢’ and ®
maps & bijectively onto o’. Let 7 € ¥ be a maximal cone containing 6. We write
& = Cone(vy, ...,vx) and 7 = Cone(uy, ..., Um, V1, ..., Vg ). Since X is simplicial,
for each ¢ = 1,...,m and j = 1,...,k the cone cone(vi,...,7j, ..., v, u;) belongs
to X. If u; does not belong to Xy for some i = 1, ..., m, there exists some j such
that ®(cone(vy, ..., v}, ..., vk, u;)) has the same dimension as ¢’. In this case
V(&) and V(cone(vy, ..., Vj, ..., vk, u;)) are both contained in 7=*(V(¢’)). But
this is absurd since every fiber is irreducible. Thus, 7 = & + cone(uq, ..., Up)
and cone(uyq, ..., U,,) is contained in 3g. Note that since ¥ is simplicial, ® maps
each face of ¢ bijectively to a face of ¢’. So, the set formed by the cones & and
their faces is clearly the desired fan 3. O

Lemma 3.2.6. Let Xsx: be an n-dimensional complete Q-factorial toric variety
and d the number of 1-dimensional cones of .. Then d — px = n.

Proof. 1t follows immediately from the exact sequence (see [10], 4.2.1):
0— M — CDivp(X) = Pic(X) = 0
where C'Divyp(X) denotes the subgroup of invariants Cartier divisors on X. O

Corollary 3.2.7. If X5 is a smooth complete toric variety with Picard number
one, then X ~ P™.

Proof. By Lemma 3.2.6 the complete fan 3 has exactly n + 1 primitive vectors
V1, ..., Unt1. Therefore, the maximal cones are of the form cone(vy, ..., 0, ...Up41)
for every i € {1,...,n + 1}. Since ¥ is smooth we can suppose that vy, ..., v, is
the canonical base of R® and v, 11 = —v1 — ... — v,,. Thus, X ~ P™. O

Lemma 3.2.8. Let X be a toric projective variety associated to a rational poly-
tope P. Let Q be a face of P defining a cone g € Xx and Z = V(oq).
Then:

1. There exists u € Mg such that Aff(Q) +u = (0g)*.

2. Q+u C (0g)™ is the polytope associated to the pair (Z, Dp |z) with respect
to the lattice M N (o)t

Proof. There is no loss in supposing that P is a lattice polytope. Then P has a
unique facet presentation P = {x € Mg | (x,ur) > —ap for all facets F < P}.
With this notation we have oo = cone(ur)py-¢g and the smallest affine space
containing @ is Aff(Q) = {x € Mg | (z,ur) = —ap for all facets F' = Q}. So,
to prove 1 we can take u to be any lattice point such that —u € @ N M.

To prove 2 we can make a translation of P and assume that v = 0. The
maximal cones of ¥ x containing o¢ are given by o, := cone(ur),~r where v is a
vertice of Q. Moreover Dp |y, = div(x™"). Since Q C (6¢)* we conclude that
Z ¢ supp(Dp). In this case, by Proposition 2.2.4, Dp |z= Z b,V (7), where

¥
runs through all cones containing o such that dim(y) =dim(og)+1, b, =

CLFi
s
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where up, is any primitive vector in (1) \ oo (1) and s; is a positive integer such
that the image of ur, in the one-dimensional lattice N, /NUQ is up, = s;e for e
a generator of N, /Ny,. To finish the proof, we note that if Dg is the divisor
associated to Q@ C Mg N (0g)t and v is a vertice of @ with v C oy, then the
coefficient of V() in Dg is (—v,e) = L(—v,s;e) = s%(*U,UF,;) = =p,. It

Si Si

follows that Dp |z= Dq. O

Theorem 3.2.9. Let X be the Q-factorial projective toric variety associated to
a simple rational polytope P C Mg and A a sublattice of N. Let w: M — A be
the dual map to the inclusion j : A — N, where A = AV. If j : A = N induces
a Mori fiber space f: X — Y then:

1. m: M — A is surjective, and

2. P~ Py* Py *...x Py is a Cayley-Mori polytope for some rational polytopes
Py, ..., Py such that Xp, ~Y and Q := 7r(P) = conv(wy, ..., wi) is the
polytope associated to the general fiber of f.

Conwersely, if P = Py x P; % ... x P}, then the canonical inclusion j : ZF — Z"tF
induces a Mori fiber space f: Xp =Y, whereY ~ Xp,.

Proof. Throughout the proof we suppose without loss that P is a lattice poly-
tope. Suppose that j : A < N induces a Mori fiber space f : X — Y. The first
item follows from [23, 2.4]. Let F be the general fiber of f. Then F has the
structure of toric variety given by X := {0 € ¥x | ¢ C Agr}. Since Dp is an
ample divisor on X, Dp | is an ample divisor on F. Let S := Pp,|. C Ar and
denote by w, ..., wy the vertices of S. Every vertex w; corresponds to a full di-
mensional cone 7; € X which defines a fixed point p; of F. Let Y; := V(7)) C X
be the invariant section of f passing through p;.

Let R; be the face of P corresponding to Y;. Note that span(7;) = Ag, which
implies 7;- = Ag =ker(ng). By Lemma 3.2.8 there exists u; € M such that
Aff(R;)+u; =ker(mg) and R; +wu; is the polytope associated to (Y;, Dp |y,) with
respect to the lattice ker(w) C M. Since Y; ~ Y, we conclude that Ry, ..., Ry are
strictly combinatorially isomorphic. Since ¥ x is simplicial, the Y;’s are pairwise
disjoint and therefore the same holds for the R;’s.

Let Dp = Z a;V ({v;)) be the invariant divisor on X associated to P.
v11€X(1)
Since F is the a general fiber, V({v;)) N F # 0 if and only if v; € A, and we
have Dp |p= Z a;V ({v;)). Using the facet presentations of P and S we
v, €ANE(1)
see that mr(R;) = w; and Q = mr(P) = S.

The fixed points of X belong to the fibers of f over the fixed points of Y.
From 2.3.12 we have that every fiber has Picard number one. Hence, by lemma
3.2.6 every invariant fiber has k+1 fixed points. If s is the number of fixed points
of Y then each R; has s vertices. It follows that X has s(k+1) fixed points and
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therefore P has s(k+1) vertices. Thus, P is the convex hull of Ry, ..., R. Since
F has 1+dim(F) fixed points, S = conv(wo, ..., wy) is a simplex in Ag. Thus,
we conclude that P = Py x ... x P, where P, = R; + u; C ker(ng).

Conversely, assume that P = Py x P, x ... * P,. We can suppose that 7 is
a canonical projection Z"tk — 7ZF as definition 3.1.1. Since mr(P;) = w; the
affine subspace Aff(P;) is a translation of ker(mg). Let Y be the projective
toric variety associated to the polytopes P;’s with respect to the lattice ker(m).
Then the cones of the fan ¥y are contained in (ker(ng))Y = R™. We have noted
in Section 3.1 that the fan X p consists of the cones

o; == cone(v; | v; € o(1)) + cone(ug, ..., Ui, ..., ug)

and their faces, where o € ¥p,. Denote by ¥ the fan consisting of the cones
cone(uq, ..., Uy, ..., u) for i = 0,...,k and their faces. Then Xp is split by X
and Xy . It follows from Theorem 3.2.5, Lemma 3.2.6 and Remark 3.2.3 that
j 1 Z* < Z"** induces a Mori fiber space f: Xp — Y. O

Remark 3.2.10. Recall from the end of Section 3.1 that the 1-dimensional
cones of ¥p, P = Py*...* Py, are generated by the vectors v;, v; € ¥p,, and u;,
j €{0,...,k}. Notice that the divisors on X of the form V(v;) are pull backs
of the invariant divisors V(v;) on Y. Moreover, the invariant divisors of the
general fiber F' are the restrictions to F of the divisors on X of the form V (u;).

Corollary 3.2.11. Let Xp be a projective toric variety associated to the lat-
tice polytope P. Then, there is a Mori fiber space f : Xp — Y with general
fiber isomorphic to P* if and only if there are strictly combinatorially equivalent
polytopes Py, ..., P, and a positive integer s, such that P ~ Cayley®(Py, ..., Py).
Moreover, if Xp is smooth we can take s equal to one and therefore Xp is a
projective bundle Py (E), where Y is the toric variety associated to the Pls, and
& is a decomposable vector bundle of rank k+1 on Y.

Proof. By Theorem 3.2.9, there are strictly combinatorially equivalent polytopes
Py, ..., Py, such that P = Py % ... x P, is a Cayley-Mori polytope. Suppose that
the general fiber of f is P*. Then there exists a positive integer s such that P =
Cayley® (P, ..., Py) = conv((Py x 0), (Py x sey)..., (Py, % sey,)), where {e1,..., e}
is a basis for ZF c R¥.

As discussed in Section 3.1, if ¢ is a maximal cone of 3y then the cone
oo := cone(v; | v; € o(1)) + cone(eq,...,ex)) is a maximal cone of Xp, where

k
U; =d; |:Uj+2(aij —aoj)ﬁ} and Dp, := Z a;;Djfori=0,.. k If Xpis
i=1 5 jeTp(1)
;. — ag; . . .
smooth, then d; =1 and 25— 70 g an integer for every i = 1, ..., k. It follows

s
that s divides D; — Dy in Pic(Y) for every j € ¥ p(1), and the fan ¥ p is exactly

the fan of Py (O & O(21=E0) @ ..O(Pe=Loy).
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D; — Dy .
Let D be an ample divisor on Y such that D + —i 0 g ample for every
s

D; — D
i€{l,....k}. We set Q; to be the polytope associated to D + =t 20 Then,
s

P ~ Cayley*(Qo, ..., Qk)- O

Corollary 3.2.12. Let X be a smooth projective toric variety and fr: X - Y a
contraction of an extremal ray R € NE(X). Then the exceptional locus Exc(fr)
18 a projective bundle over a toric variety Z.

Proof. By Proposition 2.3.12 the restriction fr |gazc(sq): Exc(fr) — Z is a flat,
equivariant, surjective morphism and the fibers are invariants varieties with
Picard number one. So, this restriction is a Mori Fiber space. Since X is
smooth, Exzc(fr) is also a smooth toric variety and therefore the general fiber
of fR |Eze(fr) 18 smooth. Hence, this general fiber is isomorphic to a projective
space P¥. From Corollary 3.2.11 we conclude that the exceptional locus Exc(fr)
is a projective bundle over a toric variety Z := fr(Fzc(fr)). O
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Chapter 4

Birational Polytope
Geometry

In this chapter we relate the Mori theory for toric varieties with combinatorial
properties of polytopes. Part of the content exposed in this chapter comes from
a joint work in progress with Carolina Araujo, Alicia Dickenstein and Sandra
Di Rocco.

4.1 Spaces of Polytopes

Let v; € Z™, 1 < i < r, be distinct primitive vectors such that cone(vy, ..., v,) =
R™. Set H = (vl, e ,UT). For each a = (ay, ..., a,) € R" define the set:

P, = {LEGR” (v, ) > —a;, 1 §i§r}.

Definition 4.1.1. We define the space of polytope presentations PPy as

PPy =fac®

P, is a nonempty polytope } C R".

Next we will find a suitable projective Q-factorial n-dimensional toric variety
X, and associate to each a € PPy the linear equivalence class of a real effective
divisor on X.

Lemma 4.1.2. Let H = (vl,--- ,vr) be as above. Then there is an element
aog € Z" such that P,, is an n-dimensional simple lattice polytope having exactly
r distinct facets.

Proof. Consider the polytope @ C R™ defined as the convex hull of the vectors
{vi | 1 <i < r}. Since cone(vy,...,v.) = R™, the polytope @ contains 0 € R"
in its interior. Hence () determines a fan ¥, whose cones are defined to be the
cones over the faces of @), that is, ¥ = Ygv. The fan X defines a projective
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toric variety. The primitive vectors of ¥ form a subset of {vy, -+ ,v.}. After
renumbering, we may assume that (1) = {vy,--- v}, withn+1 <k <r.
By considering subsequent star subdivisions of ¥ at vgy1,--- , v, we obtain
a fan refinement ¥’ of ¥ such that ¥'(1) = {vy,---,v,}. By [10, Proposition
11.1.6], X still defines a projective toric variety. By [10, Proposition 11.1.7], ¥’
can be further star subdivided to produce a simplicial fan X such that 3"/ (1) =
{v1,--+,v,}. The toric variety X corresponding to X" is then projective, Q-
factorial and n-dimensional. Let L be an ample divisor on X. Then the polytope
P associated to L is an n-dimensional simple lattice polytope having exactly r
distinct facets. By construction, P = P, for some ag € Z". O

4.1.3. Let H = (vl, e ,vr) be as above.
By Lemma 4.1.2, there is an element ay € Z" such that P = P, is an n-
dimensional simple lattice polytope having exactly r distinct facets.

Let X be the n-dimensional Q-factorial projective toric variety associated to
P. Then Xx(1) = {vy, -+ ,v.}. Asusual, for each ¢ € {1,--- ,r}, let D; C X
be the T-invariant prime Weil divisor associated to v;.

Consider the surjective linear map:

D: R" — NY(X).

a = (al,...,ar) — D, = [ZazDZ}
i=1
Lemma 4.1.4. Let the notation be as in 4.1.3. Then

1. PPy =D (BfF(X)).

2. PPy is an r-dimensional closed convex polyhedral cone in R”.
Let a € PPy. Then

3. P, is n-dimensional if and only if a lies in the interior of PPy.

4. P, and P have the same normal fan if and only if D, € Amp(X).

Proof. Let a € Z". Tt follows from Proposition 2.2.8 that P, # () if and only if
D, € Ef f(X), proving 1.

It follows from Propositions 2.2.1 and 2.2.8 that the effective cone of a toric
variety is generated by the classes of the T-invariant prime divisors of X. So
Eff(X) is a px-dimensional closed convex polyhedral cone in N1(X), and 2
follows.

From the definition of bigness, we see that D, is big if and only if P, is
n-dimensional. Then item 3 follows from the fact that Big(X) is the interior of
Eff(X).

Ttem 4 is also well known. See for instance [34, Section 3.4]. O
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Notice that 2 distinct elements of PPy may define the same polytope.

Example 4.1.5. Set # = ((1,0), (0,1), (-1,0), (0,—1), (=1, -1)), and consider
the elements a = (1,1,1,1,2), and b = (1,1,1,1,3). One can check that P, =
Py.

Hence, if one is interested in parameter spaces for polytopes, not just for
polytope presentations, then one is led to consider the quotient PPy / ~,
where ~ is the equivalence relation that identifies elements a,b € PPy such
that P, = P,.

Our next goal is to show that that PPy / ~ can be realized as an r-
dimensional closed convex polyhedral subcone of PPy C R".

In [30], Payne introduced the cone Amp'(X) generated by classes of divisors
on X whose stable base loci do not contain any divisorial component. There,
it was proved that if X is a complete Q-factorial toric variety then Amp*(X) is

r
the closed convex polyhedral cone ﬂ cone(Dl, . D\i, e DT).
i=1
The class of an invariant divisor D; on X does not belong to Amp!(X) if
and only if [D;] ¢ cone(Dl, ...,l/)\i,...,D,«). This is equivalent to saying that
|mD;| = {mD,} for any m such that mD; is Cartier. We call such divisor an
exceptional divisor. One can check that a divisor D; is exceptional if and only
if cone(vy, ..., i, ..., vy) = R™.
We define the r-dimensional closed convex polyhedral cone:

Py = D—l(Ampl(X)) C PPy C R'.

Next we show that PPy / ~ can be identified with Py.

Proposition 4.1.6. Let the assumptions and notation be as in 4.1.8 above.
Then the correspondence a — P, induces a bijection between Py and the set of
polytopes {Pa | a € 77777.[}.

Proof. Let a € PPy NZ", and set D, := Z a;D;. Consider the set

i=1
I, :={v; € ¥x(1) | {(u,v;) > —a; for every u € P,}.

It follows from Proposition 2.2.8 that the divisor D; appears in the stable base
locus of D, if and only if v; € I,,.

”

We claim that there is an effective divisor Dy := Z b;D; € Amp* (X) such
i=1
that P, = Py. For each i € I, set d; := minyep, (u,v;) + a;.
We take Dy := Z a; D; + Z(ai —d;)D; € Amp* (X). To see the equality
i¢l, icl,

P, = P, consider i € I, and u € P,. Since (u,v;) + a; > d; we have u € Pj.

The converse is obvious since d; > 0. So, we are reduced to proving that the

correspondence a — P, is injective on Py. But this is obvious since D, €

Amp*(X) if and only if I, = 0. O
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Proposition 4.1.7. Let X be a complete Q-factorial toric variety. Then, the

cone Amp!(X) is compatible with the GK Z decomposition of X. More precisely,

Ampt(X) = U GKZ(A,D). In particular, every mazimal cone of GK Z(X)
ONONEE

intersects Amp*(X) non trivially. If X is projective then Amp'(X) is a px-

dimensional cone containing Nef(X).

Proof. Let D be a divisor in Amp!(X) and let A be the fan defined by Pp. Let
m be a positive integer such that mD is Cartier. The complete linear system
|mD| defines a rational map f : X --+ XA, which extends to a morphism
on an open subset whose complement has codimension > 2 in X. Therefore
one can define a pull-back map f* : N'(Xa) — N(X). By construction,
there is an ample divisor A on Xa, and an effective divisor £ on X such that
mD = f*A+ E. The support of E consists of the T-invariant prime divisors on
the base locus of |mD|. Since D € Amp'(X) we have E = 0 and mD = f*A.
Thus, D € GKZ(A, ().

Conversely, given (A,()) € S, f : X --» XA the associated rational map
and A an ample divisor on Xa, then D := f*(A) belongs to the interior of
GKZ(A, D). Thus, the set I = {v; | (u,v;) > —a; for every u € Pp} is empty.
Using the same argument as in the proof of Proposition 4.1.6 we conclude that
D € Amp'(X). If GKZ(A,I) is a maximal cone then it follows from the
first propriety of GKZ decomposition that GKZ(A, () is a non trivial face of
GKZ(A,I). For the last claim notice that in that case Nef(X) = GKZ(Xx,0).

O

Let H = (vl, . vr) and X be as in 4.1.3. In Section 2.6, we described the
GKZ decomposition of X. We saw that each maximal cone in this decom-
position is generated by the nef cone of a Q-factorial birational model of X
and some classes of exceptional invariant divisors [D;]’s. This decomposition
induces, through the map D, a degenerate fan supported on PPy C R” which
we call the GKZ-decomposition of PP and denote by GKZ(PPy).

Polytopes associated to elements in the relative interior of the same cone of
this fan are strictly combinatorially equivalent. This is a different construction of
a cell decomposition of PPy that has already been considered in the literature.
See for instance [9, Sectionl.3]. There, the maximal cones of this decomposition
are called big cells, and it is shown that the volume of the polytope P, is a
polynomial function of b on each big cell.

It follows from the properties of the GKZ decomposition of X that given
a point a € PPy there is a linear subspace S 3 a with maximal dimension
among those satisfying the following property: there is an open neighbourhood
U of a such that for each b € SN U the polytopes P, and P, are strictly
combinatorially equivalent. The closure of the set consisting of points b € S such
that P, is strictly combinatorially equivalent to P, defines a cone GK Z(a, PPy)
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of GKZ(PPy) whose dimension is dim S. This means that
GKZ(PPy) = {GKZ(a,PPH) lae PPH},

and

PPu= |J GKZ(a,PPy).

a€EPPy

Moreover, for each point a in the interior of a maximal cone of GKZ(PPy),
the polytope P, is n-dimensional and simple. It follows from Proposition 4.1.7
that the GKZ-decomposition of PPy is compatible with Py. More precisely,

Pu=|JGKZ(a, PPy),

where the union is over all a € PPy such that P, is a simple polytope having
exactly r facets.

Note that D(a) = D(a + ((u,v;), -, (u,v,))) for every u € Z". There-
fore, the fan GKZ(PPy) is degenerate. Each cone of this fan contains the
n-dimensional linear subspace defined as the image of the linear map R® — R
given by the matrix whose rows are the vectors vy, ..., v,.

Remark 4.1.8. It follows from the properties of the GKZ decomposition of X
that GK Z(a, PPy) is a maximal cone if and only if P, is a simple n-dimensional
polytope with r facets.

Proposition 2.6.1 can be rewritten as follows. Consider GK Z(a, PPy) and
GKZ(b,PP4) maximal cones whose intersection is a wall GK Z(c, PP3). One
of the following occurs:

1. P, has one less facet than P,, P, is strictly combinatorially equivalent to
Py and there is a divisorial contraction f: Xp, — Xp,.

2. P, has one less facet than P,, P, is strictly combinatorially equivalent to
P, and there is a divisorial contraction f: Xp, = Xp,.

3. The polytope P, is n-dimensional but not simple. There is a small con-
traction f : Xp, = Xp, with fT : Xp, — Xp_the associated flip. The
polytope P, has one less m-dimensional face than P,, where m denotes
the dimension of the exceptional locus of f.

In all cases it follows from Theorem 3.2.9 that the lost face (i.e., the face
corresponding to Exp(f)) is a Cayley-Mori polytope.

If GKZ(a, PP%) is a maximal cone and GK Z(c,PPy) is an exterior wall
of GKZ(a,PPyx), then dim P, < dim P, and there is a Mori fiber space f :
Xp, = Xp,. In this case, by Theorem 3.2.9 P, is a Cayley-Mori polytope.
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Remark 4.1.9. In 4.1.3 we made a choice of ag € Z" such that P,, is an n-
dimensional simple lattice polytope having exactly r distinct facets. Suppose we
choose another element a; € Z™ such that P,, is an n-dimensional simple lattice
polytope having exactly r distinct facets. Let (X', L") be the polarized toric
variety associated to P,,. Then X and X’ are T-isomorphic in codimension
So there is a natural identification ¢ : N'(X) — N'(X’) sending the
class of a T-invariant prime divisor on X to the class of the corresponding T-

one.
invariant prime divisors on X’. In particular, ¢ identifies the cones Amp!(X)

and Ef f(X) with Amp'(X’) and Ef f(X'), respectively. Moreover, ¢ preserves
the GKZ decomposition on Ef f(X) and Ef f(X').

4.2 Adjoint Polytopes
In this section we will explain the MMP in terms of polytope geometry. Given
a polarized toric variety (X, L) we will define an operation on the associated
polytope that, under some assumptions, describes each step of the MMP with

scaling for (X, L).
Definition 4.2.1. Let P C R™ be an n-dimensional polytope, defined by the

facet presentation:
P:={ueR"| (uv;) > —a;,l<i<r},

where each v; € Z" is primitive and a; € R for 1 < i < r. The polarized toric

variety corresponding to P is denoted by (X, L), where L is an ample R-divisor

on X. For each s € R>g, define:
P = {u e R" | (u,v;) > —a; +5,1 <i<r}.

This operation was introduced in [1] and the polytopes P) are called adjoint

polytopes in [28].
Remark 4.2.2. We note that in order to define the adjoint polytopes P®) we

need P to be given by it facet presentation. This means that P has exactly r
facets. Otherwise P®) would not be well defined, i.e., it could depend on the

presentation.
Example 4.2.3. Consider the polytope P defined by the following facet pre-

sentation :

—1000

(501, —1000), )
—499

((~1000, 501), )
((0,1),z)

IV IV IV

50



The polytopes P(®) have the same combinatorial type as P until the moment
in which the dimension of P(®) drops. In particular, P@) is still a triangle. On
the other hand, if we add the inequality ((0,—1),z) > —2, we still have the

same polytope P. However, P& is no longer a triangle.

((501, —1000),z) > —1000

((—=1000,501),z) > —499

((0,1), ) > 1

((0,~1),z) > -2

(501, -1000),z) > —1000+§ B
(~1000,501),2) > _499+§

((0,1),) > 14

((0,~1), ) > 72+§

Suppose that P is given by it facet presentation as in Definition 4.2.1. By
[28, Proposition 1.4], (P()®) = p(s+t),

The nef threshold of P is the number
A(P) := sup{s € R>q | P and P'® have the same normal fan}
while the effective threshold of P is the number
o(P) := sup{s € Rxq | P**) # 0}.
Equivalently, o(P) = o(L) = sup{s € Rxo | [L + sKx]| € Eff(X)} and

AMP) = A(L) = sup{s € Rsq | [L + sKx] € Nef(X)}. The polytope P("(")) is
called the core of P and is denoted by core(P).

By Lemma 4.1.4, dim P(*) = n for 0 < s < ¢(P), and dim P(F) < n,

Remark 4.2.4. By [28, Lemma 1.13] if P is a rational polytope, then the
number A(P) := sup{s € R>¢ | [L + sKx]| € Nef(X)} is positive if and only
if X is a Q-Gorenstein variety. This happens for instance when P is a simple
polytope.
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Suppose that P = P, is simple and set H = (vl, e ,’UT). Consider the linear
map:

v: [0,0(P)] — PPy
E — a—s~(1,...,1).
In order to relate adjoint polytopes with birational geometry, we will compose
with the map D : R™ — N!(X) defined in Section 4.1. Recall that D(1,---,1) =
[Zizl D;] = [~ Kx], which lies in the interior of Ef f(X). Set L = >, aiDi.
Then we have
m=Doy: [0,0(P)] — Eff(X)
S — [L + SKx].

This means that the polytope associated to the divisor L + sKx is P(*).

When we increase s the adjoint polytope P®*) will change its combinatorial
type at some critical values, the first one being A(P). Our aim is to describe
the family of polytopes P(*) for values of s between 0 and o(P). Theorem 4.2.7
below describes P(*) as we vary s from 0 to o(P) under the assumption that
P is a general simple rational polytope. In this case we can say precisely what
happens with the adjoint polytope P(*) each time reaches one of finitely many
critical values. Moreover, we show that for ¢ > 0 sufficiently small, P(7(")=¢) jg
a Cayley-Mori polytope.

We follow the notation introduced in Section 2.6

Lemma 4.2.5. Let (X,1) € S and let f : X --» X5, be the associated rational
map. If A is a nef effective R-T-divisor on Xs and A = (\;); is in R‘ZI‘O then
Py = Pp where D = f*(A)+ Y _\D;.

iel
Proof. Tt follows easily from [10, Proposition 6.2.7]. O
Definition 4.2.6. Let P be a simple polytope and set H = (vl, ...,vr), where

{v1,..., v} are the primitive vectors of ¥ p. Let the notations be as in 4.1.3. We
say that the polytope P is general if P = P, for some

be D (B [ eone(T, [-Kx)))),
r

where T' runs over all (px — 2)-dimensional cones in GKZ(X) (see Remarks
4.1.8 and 4.1.9).

Theorem 4.2.7. Let (X, L) be a polarized n-dimensional Q-factorial toric va-
riety such that P := Py, C R™ is a general rational polytope. Then there exist
sequences

0=do< A < <h=0c(P), X=xXxi"5x 2 2 x.,

of rational numbers and rational maps, such that:

92



1. Fori€{l,...k—1}, f; is either a divisorial contraction or a flip.

2. For \; < s,t < \iy1, P® and PWY are n-dimensional simple polytopes
with the same normal fan.

8. At s = \;, one of the following occurs.

(a) Either PO s simple and P™) has one less facet than P*i-1)
(equivalently, f; is a contraction of divisorial type), or

(b) PP is not simple and P has the same number of facets as Pi-1)
(equivalently, f; is a flip).

4. For \py_1 < 5 < X\ = o(P), P® is a Cayley-Mori polytope, (equiva-
lently fi is a Mori fiber space, and Xyy1 is the toric variety associated to
P(U(P))).

5. For each i € {1,...,k}, denote by m; the dimension of the locus where
fi is not an isomorphism. Then, for \; < s < Aj+1, the polytope P
has ezactly one more m;-dimensional face than POi+1) | and this face is a
Cayley-Mori polytope.

6. Let K(P) be the linear space parallel to Af f(Core(P)) and consider the
natural projection p : R™ — R™/K(P) associated to P. The toric variety
associated to the polytope Q := wp(P) is the closure of the general fiber of
the rational map f:= fro...ofi: X --» Xp41.

Moreover, if P is simple then X1 is the toric variety associated to it.
Otherwise, if P is not simple, the toric variety associated to P is the
image of the small contraction corresponding to the flip f; and X;11 is associated
to P) for \; < s < Ait1-

Remark 4.2.8. The polytope @ of item 6 was introduced in [28] but lacked
this geometric interpretation.

Proof. Set Ay = A(L, X). By definition, L 4+ sKx € Amp(X) for 0 < s < A;.
Then P() = Pr sk, has the same normal fan for 0 < s < A;. Since P is
general, L + \; Kx belongs to the interior of a wall 7 of Nef(X). Since the nef
cone is dual to the Mori cone, there is a unique extremal ray R; of NE(X) such
that (L + A Kx)- Ry =0. Since L is ample, Kx - Ry < 0.

By Theorem 2.3.11, the complete linear system |m(L + A\ Kx)| defines the
contraction f : X — Y of the extremal ray R; for m sufficiently large and
divisible. Moreover, Y is the projective toric variety defined by P and 7 =
F*(Nef(Y)).

We fall under one of the following 3 possibilities.

1. If dim Y < dim X then Y is Q-factorial. By Proposition 2.6.1, the cone
7= GKZ(ALixKyx,0) is an exterior wall of Ef f(X). Thus A\ = o(P),
kE=1and f = f. It follows from Theorem 3.2.9 that P(®) is a Cayley-
Mori polytope for 0 < s < Ap.
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2. If f: X =Y is a divisorial contraction then Y is also Q-factorial. In this
case, using again Proposition 2.6.1 we conclude that 7 is an interior wall
and therefore \; < o(P). We set Xo =Y and f; = f. Since X5 is the
toric variety associated to the polytope Prix iy = PX) we have that
PO has one less facet than P.

Now, consider Ay = A((f1)«L, X2). Then (f1).L + Ao Kx, € ONef(Xs).
Notice that

L+ MKx = fi((fi)sL+ M Kx,).
This implies that (f1).L 4+ A1 Kx, is nef since so is L+ A\; Kx. By Lemma
4.2.5 the divisor (f1)«L+ X1 Kx, determines the same variety as L+ A1 Kx,
which is X5. Thus (f1)«L + A\ Kx, is ample and A; < Ao. Moreover,
(f1)«L + sKx, € Amp(Xs) for A\ < s < Aa.

From Lemma 4.2.5 we conclude that for A\ < s < Ag, the varieties defined
by (f1)«L + sKx, and L + sKx coincide and are equal to Xs. Conse-
quently, for s in this interval, L + sKx is in a same cone of GKZ(X),
which means that the polytopes P(*) are n-dimensional, simple, and they
have the same normal fan.

Since the product of the exceptional divisor F of f; by the ray Ry is
negative we have that, for every A\ < s < Ao, there exists as < 0 such
that f7((f1)«L +sKx,) =L+ sKx +aE.

Since (f1)«L + MaKx, € ONef(X2), the variety associated to L + Ao Kx
(which is the same as the one defined by (f1).L + A2Kx,) is not X3. So,
since P is general, L + Ay Kx is in the interior of a wall of the cone of
GKZ(X) given as the image of the map

Nef(Xs) x Rsg— NY(X).

It follows that (f1).L + A2Kx, is in the interior of a wall of Nef(X3).
Hence, there exists a unique extremal ray Ry € NE(X3) such that the
product ((f1)+«L + A2Kx,) - Ra is equal to zero. Then we have again a
contraction g : Xo — Z of an extremal ray.

3.If f: X — Y is a small contraction, then Y is not Q-factorial. Let
¥ : X --» X be the associated flip. Then X7 is Q-factorial. We set
Xo=XT and f; = .
The polytope PA1) is not simple because Y is not Q-factorial. Since f
is an isomorphism in codimension one it follows from Lemma 3.2.6 that
P and P have the same number of facets. Consider the flip diagram:



By Proposition 2.6.1, GKZ(XT, () is a maximal cone, where 1 denotes
the fan of XT. In addition, 7 = GKZ(X,0) N GKZ(X1,0). Tt follows
that for every € > 0 such that L + (\; + ¢)Kx € GKZ(Xt,0), PXite)
is associated to X = XT. This means that if we set Ay = sup{s €
Rso | L+ sKx € GKZ(XT,0)} then P®) has the same normal fan for
A1 < 8 < Ag.

Since 1 is an isomorphism in codimension one, the divisors (1), L+ sK x+
and L 4+ sKx = ¢¥*((¢)«L + sKx+) determine the same variety. Hence
A2 = AM(W)«L, XT), and we have that (1)L + MoK x+ € ONef(XT).

As before, (). L+ 2 K x+ must belong to the interior of a wall of Nef(X5)

because P is a general polytope. This wall determines a contraction g :
Xo — Z of an extremal ray of NE(X5).

For the cases 2 and 3, if dim Z < dim X5 then Ay = o(P). We set X3 = Z
and fo = ¢g. From Theorem 3.2.9 we have that P(*) is a Cayley-Mori polytope
for A\ < s < A2. Now, we conclude the items 1 to 4 by induction.

To prove item 5. note that the exceptional locus of the extremal contraction
fr, corresponding to f; is, by 2.3.12, an irreducible variety which corresponding
the m;-dimensional lost face of P(i+1). Since the restriction of fr, to Exp(fr,)
is a Mori fiber space, item 5 follows from item 4.

To prove 6. notice that the rational map f : X --+ X, is induced by the
exact sequence

0 — K(P)* L (R")* — (R")*/K(P)* — 0,
whose the dual exact sequence is
0 — K(P) — R" X5 R"/K(P) — 0.

Given a vertex o of @) there is a vertex v of P such that 7p(v) = v. It follows that
the image of the cone C, := cone(P — v) by 7p is the cone C := cone(Q — 7).
Since each maximal cone of the fan ¥ determined by @ is of the form (Cy)Y
and j is the dual map to mp, we have that j induces an inclusion X¢g — X.
Consider the toric variety U C X given by the open subset U U, of X.
vEXx (1)
The restriction f |y: U — Xj41 is a morphism of toric varieties. We will see in
Section 5.2.2 that the general fiber of this morphism is the toric variety F' C U
given by the fan {v | v € K(P)* N Xx (1)}, that is, F is the open subset of X¢
given by U Us. As Xq is a closed subset of X, we have X = Xq. O
vEXQ(1)

Remark 4.2.9. It follows from the proof of Theorem 4.2.7 and from the de-
scription given in Section 2.5 that if P is general then each point of intersection
between the segment {[L + sKx] | 0 < s < ¢(P)} and the walls of the GKZ
decomposition of X corresponds to a step of the MMP of X with scaling of L.

99



We can also reformulate the definition of general polytope as follows: P is
general if when we vary s from 0 to o(P), the polytopes P() lose exactly one
face at each critical value. More precisely, if A; is a critical value, then all lost
faces from PPi=¢) to P, for e sufficiently small, are contained in a unique
face.

Example 4.2.10. Consider X := BI,(P* x P!) the toric variety associated to
the fan defined by the following maximal cones:

{cone((1,0),(0,1)), cone((0,1),(—1,0)), cone((—1,0), (-1, 1)),
cone((—1,-1),(0,—1)), cone((0,-1),(1,0)) }.

The invariant divisors corresponding to the primitive vectors are denoted by
Dy, D5, D3, Dy, E. The effective cone of X is generated by D3, Dy, E and we
have the relations Dy ~ D3 + E and Dy ~ Dy + E.

Let L:=2D1 + Dy +2D3 + Dy + %E be an ample divisor on X and P the
corresponding polytope.

\ Dy P
o
Ds Dy r
P2
FE ‘ Dy

We have 2 critical values A\ = 1/2 and Ay = 1 that correspond to the maps

BlL,(P' x P') s pl ypt 22
P P pPA2)

The sequence of polytopes P, P*1) and P(*?) correspond to the sequence of
varieties that appear in the MMP of X with scaling of L.

The picture that corresponds to this process in the GKZ decomposition of
X is given below.
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If we replace L by the ample divisor 6D, + 5D + 6 D3 + 5D4 + 2F then we
will have 3 critical values A\; = 1/2, Ay = 3/2 and A3 = 5/2,

that correspond to the maps:

Blp(Pl % ]Pal) f1 Fl f2 PZ f3 {q}
P P pA2) PXs)

Remark 4.2.11. If the polarized toric variety (X, L) corresponds to a non
general polytope P, then the adjoint polytopes P(*) do not give complete in-
formation about the sequence of varieties that appear in the MMP of X with
scaling of L.
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Example 4.2.12. Let (X, L) be the polarized toric variety associated to the
polytope P defined by the following inequalities:

((

<(O,—1),$> > -1
((1,0), z) > -1
((1,1), ) > —1
((0,1), x) > -1
((-1,0),z) > -1

Notice that L = —Kx and thus A\(P) = o(P) = 1, but the polytope P is
not a Cayley-Mori.

Remark 4.2.13. Let P := {u € R" | (u,v;) > —a;,1 <4 < r} be a polytope
as in Definition 4.2.1. Let (X, L) be the polarized toric variety corresponding
to P. Let a := (al, ey oz,«) € (Q@>0)". For each s € R>q, define:

PG — fu e R™ | (u,v;) > —a; + sy, 1 <i <7}

T
Consider the divisor D := — Z a;D; on X. We can run the analogous steps

i=1
of MMP replacing Kx with D. As in the usual MMP, the divisor D cannot
be made nef. So, we still end with a Mori fiber space. Then, all results of this
section can be generalized replacing Kx by D and P(5) by P(s®).
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Chapter 5

On the Classification of
2-Fano Toric Varieties

A smooth projective variety X is said to be Fano if it has ample anti-canonical
divisor. These varieties have been studied by several authors and play an im-
portant role in birational algebraic geometry. Fano varieties are quite rare. It
was proved by Kollar, Miyaoka and Mori that, fixed the dimension, there exist
only finitely many smooth Fano varieties up to deformation (see [15], [16]). Fur-
ther, in the toric case, there exist finitely many isomorphism classes of them. In
dimension 2, smooth Fano varieties are classically known as Del Pezzo surfaces.
There are five isomorphism classes of toric Del Pezzo surfaces: P2, P! x P! and
P? blown up in 1, 2 or 3 invariant points. In dimensions 3, 4, 5 and 6 there are
18, 124, 866 and 7622 isomorphism classes of smooth toric varieties respectively
(see [32], [33], [20] and [22]).

We are interested in toric varieties known as 2-Fano varieties. A Fano va-
riety X is said to be 2-Fano if its second Chern character is positive (i.e.,
cho(Tx) - S > 0 for every surface S C X). These varieties were introduced
by de Jong and Starr in [3] and [2] in connection with rationally simply con-
nected varieties, which in turn are linked with the problem of finding rational
sections for fibrations over surfaces. 2-Fano varieties are even rarer than Fano
varieties. One can check from the classification of Del Pezzo surfaces that the
only 2-Fano surface is P2. In [5] it is proved that the only 2-Fano threefolds are
P3 and the smooth hyperquadric in P4. In higher dimensions, few examples are
known. First de Jong and Starr gave some examples in [2], then Araujo and
Castravet found some more examples (see [6], Section 5). Among all examples
known, the only smooth toric 2-Fano varieties are projective spaces.

Question 1: Is P” the only n-dimensional smooth projective toric 2-Fano
variety?
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We will go through the classification of toric Fano 4-folds, given by Batyrev
in [33], and we will check that the only one with positive second Chern character
is P4. This result was published in [12]. Then, we use a database provided by
@bro in [22] to answer Question 1 positively in dimension 5 and 6. We remark
that in [14] Sato considers a similar problem. In particular, he classifies smooth
toric Fano varieties with Picard number 2 whose second Chern character is nef
(i.e., cha(Tx) - S > 0 for every surface S C X). We can use Proposition 5.2.9
and Remark 5.2.4 to recover this result. In Section 5.2 we study the case of
dimension bigger than 6 and give some partial results.

5.1 2-Fano in Low Dimension

5.1.1 Batyrev Classification of Toric Fano 4-folds

Let ¥ C Ng ~ R” be a simplicial complete fan. Write (1) = {vy,...,v,.} and
set X (= Xy

Definition 5.1.1. A subset P = {v;,, Viy, ..., Vi, } of (1) is a primitive col-
lection for X if the following conditions are satisfied:

1. P is not contained in any cone from X.
2. Any proper subset of P is contained in some cone from 3.

Definition 5.1.2. Let P = {vi;, Uiy, -, Vi, } C 2(1) be a primitive collection
for ¥ and op = (vj,,...,vj,) be the cone of minimal dimension in ¥ such that
Vi, + Vi, + ... + 05, € op. Then, there is a unique linear relation

Viy + oo + 0, = C1V5; + .o+ CRV5, G € Q.

We call R(P) = vi, + ... + vy — 105, — ... — cxVj, the primitive relation
associated to P. If X is smooth then ¢; € Z~q, and we define the degree of the
primitive collection P by:

AP):=d—c1 —... — ¢

By Proposition 2.3.10, we may interpret Ni(X) as the space of linear rela-
tions among the minimal generators of ¥. Under this identification, we have
that N1(X) is generated by primitive relations. Moreover, if V(o) is an invari-
ant curve on X then its class [V (0)] in N1(X) is a positive linear combination
of primitive relations (see [10], Theorem 6.3.10).

Hence, NE(X)= > RxoR(P).

primitive
collection
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Note that a relation Zaivi = 0,a; € R, corresponds to an element ¢ €
i=1
N;(X) that has intersection a; with V ({v;)) for all i € {1,...,7}.

Since 1 (Tx) = Z V({(vi)) (see for instance, [10] Theorem 8.2.3), if X is smooth
i=1

T
and R(P) = Z a;v; is a primitive relation, then
i=1

A(P) =Y ai= Y V(i) - R(P) = —Kx - R(P).

Hence, using Kleiman’s Criterion of ampleness (Theorem 2.3.3), we can give a
characterization of smooth toric Fano varieties in terms of primitive relations:

A smooth toric variety Xy is a Fano variety if and only if A(P) > 0 for
every primitive relation P of X.

From now on, X := Xy will denote a smooth projective toric variety.

In ([33], 2.2.4) we see that Fano toric varieties can be recovered from the set
of primitive relations. In that paper Batyrev gives a classification of toric Fano
4-folds by describing the possible sets of primitive relations in dimension 4. He
also gives a geometric description for these varieties. He found 123 isomorphism
classes of smooth toric Fano 4-fold. Then in [13] Sato noticed one missing
isomorphism class in Batyrev’s classification and he described the primitive re-
lations of this missing class, completing the classification of toric Fano 4-folds.
Note that if Xy is a smooth toric variety then any set of primitive vectors that
generate a maximal cone of X can be chosen to be the canonical basis of Z". By
definition of primitive collection, a simplicial cone o generated by vectors from
Y(1) belongs to X if and only if o does not contain any primitive collection. In
the next example, we illustrate how to recover a smooth toric Fano variety from
its set of primitive relations.

Example 5.1.3. Let Xy be the toric Fano 4-fold given by the following prim-

itive relations:

v14v2 = vg, v7+vs = vy, V1+ve = V7, Va+v7 = 0, vgt+vs = 0, vstvstvs = 2v;.
Then, the primitive collections are: {vi,va}, {vr,vs}, {v1,v6}, {v2,v7},

{ve,vs}, {v3,v4,v5}. Thus, by definition of primitive collection, the fan ¥ ob-

tained from primitive relations, satisfies:

(
(
o = (v;,vj,v, 1) €L & 2
(
(

R
Q 9 9 9 9 9
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Since X is smooth, every maximal cone in ¥ provides a basis to N ~ Z*.
The cone (v1,v2,vs,v4) is maximal in 3, so we can take v; = (1,0,0,0),vy =
(0,1,0,0),v3 = (0,0,1,0),v4 = (0,0,0,1). Thus, from the primitive relations,
we get vs = (2,0,—1,—1),v6 = (—1,—1,0,0),v7 = (0,—1,0,0),vs = (1,1,0,0).

In the table below we list all smooth toric 4-folds and its primitive collections
or geometric description. The last variety in our table follows Sato’s notation.
For the others, our notation differs from Batyrev’s notation used in [33] only
in the enumeration of minimal vectors. Whenever he enumerates the vectors
from 0 to k, we will enumerate them from 1 to £ + 1. We denote by S; the Del
Pezzo surface obtained by the blow up of i points in general position on P2 for
t =1,2 and 3. It is clear that primitive collections are not enough to describe
the variety. They describe only its combinatorial type.

Notation Primitive Collections or Geometric Description
IP)4
Bl7...,B5 {’05,’06}, {01,02,03,1)4}
Ol,...,C4 {U1,U2,U3}, {U4,1}5,U6}
Dy, ..., Dig {va,vs5}, {ve, v7}, {v1,v2,v3}
Ey, By, E3 {vi,vr}, {vi,va}, {ve, vr}, {v2,v3,v4,v5}, {v3, V4,05, v6}
G17 "'7G6 {01,1)7}, {0271)37’04}7 {0471)571}6}7 {0571}611}7}7 {017’02,1)3}
H17"'7H10 {U1,1)2}, {’07,08}, {’Ul,’Uﬁ}, {1]2,’07}, {1}6,1]8}, {03,1}4,115}
I, .. Iis {v1,v2}, {v7,v8}, {vs,v6}, {vs,vs}, {vs,va, 05}, {v4, V5, 07}
J1,J2 {’03,116}, {’UG,’Us}, {U7,’U8}, {1}1,112,1}3}, {1}1,112,1}7},
{’Ul,l}g,’l}g}, {’Ug,l}4,’l)5}, {’U4,U5,’U6}, {’1)4,1}5,’1)7}
Kl,...,K4 {127,1}9}, {’Ul,Ug}, {vg,vg}, {’UQ,’US}, {’1167’()7}‘7 {’U17’U6},

{ve, vo}, {v1,va}, {v2,v7}, {v3,v4,05}

Ly,...,L13 {v1,v8}, {v2,v3}, {va,vs}, {ve, v7}

Ml,...,M4 {’01,1}8}, {’U4,’U5}, {U6,’U7}, {1}1,112,’03}, {U47U67U8}7
{v2,v3,v5}, {v2,v3, 07}

Q1,...,Q17 {v1,v2}, {v1,vs}, {va2, v7}, {vs,v5}, {va,v6}, {vs,vo}, {v7,v9}
RlaRQaRB {U7,1}9}, {U4av8}7 {Ug,’()g}, {U6707}7 {1)3,1}5}, {v47U6}7
{1)1,’[}2,’[}9}, {’03,’1)6,'[}8}, {’01,'[)2,'[}5}, {vlaUQav7}; {vlaUQav4}

108 {U7,1}9}, {Ug,vg}, {1)3,1}5}, {’U4,U6}7 {U17U7}, {U3,’U6},
{’01,112,115}, {Ul,vz,m}, {Uz,%,vs}, {Uz,m,vs}

Ul,...,Ug {111,1}3}, {’UQ,U4}, {01,114}, {1)3,1)5}7 {’U47’U€,}7 {’1)27’05},
{v1,vs}, {v2,v6}, {vs,ve}, {vr,vs}, {ve, v10}

21,2 {vi,vs}, Avs,vr}, {vi,v2,vs}, {vi,v2,v6}, {v2,vs,vs}),

{U27U4av6}u {U37v7av8}u {U37v47v6}7 {U37v47v7}7 {USaUGaUS}
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117 {vg,v10}, {v1,05}, {v2,v6}, {vs,v7}, {vs,v9}, {v1,v2,0v10},
{vi,v3,v10},  {wo,v3,v10},  {v1,v2,v3},  {v1,v9,v10},
{va,v9,v10},  {vs,ve,vi0},  {vi,v2,ve},  {vi,v3,v9},
{vo,v3,v9}, {v4,v5,06}, {v4,v5,v7}, {va,v6,v7}, {vs, 06,07},
{'04,'05,'1)8}, {U4,'U6,’U8}, {’04,1)7,1)8}, {'1)5,'1)6,"08}, {1)5,1)7,’08},
{06,7)7,118}

118 {’04,119}, {’01,1}5}, {’02,1}6}, {’03,1}7}, {U1,U2,U9}, {1}1,?}3,1)9},
{U%US;UQ}’ {vlav27v3}ﬂ {’U4,1}5,Ug}, {v4ﬂv67v8}7 {U47U77U8}7
{vs,ve,v8}, {vs,v7,v8}, {ve, v7, v8}

119, 120,121 SQ X S2, SQ X 53, S3 X 53

124 {vi, v}, {vo,us},  {vs,ve}, {vi,v2,v3},  {va,vs,v6},
{v7,v8,v0}, {v1,v2,v0}, {va,v5,v0}, {v1,v3,vs8}, {v4,v6, 08},
{va,v3,v7}, {vs,v6,v7}, {v1,v8,v9}, {v4, 08,00}, {v2,v7, 09},
{vs, v7,v9}, {vs,v7,v8}, {vs, v7, v8}

5.1.2 Second Chern Class Computation

In this section, we will compute chy(Tx) in terms of the invariant divisors
D; = V({v;)) and we will give an analogue of the Toric Cone Theorem 2.3.9.
We also give a formula for the second Chern character of a variety obtained by
a blow up.

Proposition 5.1.4. For a smooth toric variety X we have:

ChQ(TX) = % <ZD12> .

Proof. There are exact sequences (see [10, 4.0.28, 8.1.1]):

0— Q% - 0% - a_,0p, =0
0—-0(-D;) > Ox = 0Op, =0
Where Op, is the structure sheaf on D; extended by zero to X.

Using Whitney sum we have:
0= ChQ(O;L(E) = ChQ(Q}() + Ch2(@2:1ODi)

cha(Op,) = —che(O(—=D;) = —%Df foralli e {1,...,r}.

1 r
= ChQ(Tx) = ChQ(Q}() = —Chg(@zzlopi) = 5 <Z Df) . O
i=1
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By definition, a variety X has positive second Chern character if for any
surface S € X we have chy(X)-S > 0. However, in the toric case, we only need
to check this inequalities for invariant surfaces, because of the following result.
The proof sketched below is due to D. Monsores.

Proposition 5.1.5. Let X := Xy be a complete toric variety of dimension
n > 3. If S is a surface contained in X, then we have a numerical equivalence:

S = Z ay - [V(0)]

with a, > 0, Yo € ¥(n — 2).

Proof. The proof is by induction on the dimension of X. If n = 3 then S is

an efective divisor on X and by [34, Section 5.1], S ~ Z a, - [V(o)] with
ocex(1)

a, > 0,Vo € 3(1). By induction hypothesis we can suppose that S intersects

the torus T of X. Consider the action C* x X — X given by (t,z) — t* -z,

where A\; € N. This action induces a rational map f : C x S --+» X. Consider

a toric resolution on indeterminacy for this map:

/ y\
CxS-—>x

\

By [25, 11T 9.6,9.7] 7 is a flat morphism whose fibers have pure dimension two.
Hence the cycles 1, (7*(0)) and . (7*(1)) are rationally equivalent. Since S =
k

N\

1

Y. (m*(1)) we get a numerical equivalence S = ZaZ-Si, where a; > 0 and

i=1
S; C ¢(7=1(0)) Vi = 1, ..., k. Note that by construction v, (7*(0)) and therefore
every S; is invariant by the action of A;. If each surface S; has empty intersection
with the torus then we conclude the proposition by induction. If S; intersects the
torus we take Ay € N such that {\1, A2} are linearly independent and repeat the
T

s where b; > 0 and each

construction above to S; and Ay. We get S; = ijS’z
j=1
S’ is an invariant surface by the actions of A\; and Ap. If SINT =0 Vj =1,..,7
we are done. If for some Sj’- it fails, we repeat the process using a parameter
S
Az such that {A1, A2, A3} are linearly independent and obtain S} = chS,’C’
k=1

where ¢ > 0 and S} are invariant surfaces by the actions of A1, Az and_Ag. To
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finish the proof we observe that S)) N'T =0 Vk =1, ..., s. Since {\1, A2, A3} are
linearly independent, if there were ¢t € S}’ N T we would have an injective map
(C*)3 — Sy given by (t1,ta,t3) — £} - t5? - 3% - t. But this is absurd since S}
is a surface. O

So, in order to check whether a smooth toric Fano variety is 2-Fano, we need
d

to compute Z D? . S for invariant surfaces V(o).
i=1
If V(o) is not contained in the support of D; we can use the Remark 2.2.5
to compute D; - V(o).
Suppose, otherwise, that V(o) C supp(D;). Since D; is a Cartier divisor,
there exists u € M such that (D;), = div(x"),, - Hence, D; — div(x") is
T

linearly equivalent to D; and the support of D; — div(x*) = D; — Z(u, v;)D;
i=1

does not contain V(o). Thus, if we find an element v € M satisfying (Di)jy, =
div(x")|,, then we can use again the Remark 2.2.5 to compute D; - V(o) =
(D; — div(x")) - V(o).

By the cone-orbit correspondence, we have:

UgﬂDj 7é®<:> <Uj> Co.
Since div(x")|,, = Z (u,v5)(Dj)),. , in order to have (D;) |u,= div(x") |v,
vjE€E0
we can take u to be any element in M such that (u,v;) =1 and (u,v;) = 0Vj # i
such that v; € 0. With this, we are ready to compute the product of chs(Tx)
with V(o).

o

Next, we give a formula of the second Chern character of a variety obtained
by a blow up. This formula can be also found in [2]. For the convenience of the
reader we sketch the proof below.

Lemma 5.1.6. Let X be a smooth projective variety and Z C X a (smooth)
invariant subvariety of X of codimension c. Denote by m: X — X the blowing
up of X along of Z, j : E < X the natural inclusion of the exceptional divisor
Eand f:=7|g: E— Z. Then

cha(Tg) = *chy(Tx) + %/ﬁ — (f*(cl(NZ|X))>.

In particular, the blow up of P™ along of a subvariety of codimension 2 is not
2-Fano.

Proof. Using the exact sequence

0 — 7" Qx — Qg — .2y — 0
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we get
ch(Qg) =" ch(Qx) + ch(jy). (1)

Grothendieck-Riemann-Roch gives
ch(j. Q) - td(Tg) = ju(ch(Q) - td(Tk)).  (2)
From the exact sequence
0 —Tg — j'Tg — j7O04(E) —0
we have

(Tg) = 1" T) 1O (E) ' = (). @)

Putting together (2) and (3) we obtain

: : 1—e®
ch(j. Q) = juleh(@) - (—5—)- @)
Using the isomorphism Og(—1) ~ j*O;(F) and the Euler sequence for Qy,
0— Qp «— f*"Nyx ®Op(-1) — O — 0,

we obtain
ch(Qy) = f*ch(Nyx) -7 (1 + E) — 1. (5)

Putting together (1), (4) and (5) we arrive at

ch(Q2g) = 1" ch(Qx) + j« (f*Ch(ng() S+ E) - 1) ' <1 EGE) '

Taking the degree 2 piece we prove the first part of the lemma. To prove the
last statement we take a curve C' C Z and consider the surface S := f~1(C) ~
P(NV) where N denotes the normal bundle Ny x|c.

1 1
Then, che(Tg)-S = gEQ-S—Ef*cl(NZ‘X)-S = —ideg(N) = —idet(N) -C.

If X is P" then Tx is ample, and thus so is Nz x. So det(/V) is ample and
ChQ(TX) - S <0. O

5.1.3 The Main Result

Theorem 5.1.7. For n < 6 the only toric Fano n-fold with positive second
Chern character is P™.

Proof. For n < 2 the theorem follows from the classification of toric Del
Pezzo surfaces and Lemma 5.1.6. For n = 3 the result follows from [5].
We claim that in the following cases cha(Tx) is not positive:

1. X =Z xY is a product of positive-dimensional Fano manifolds.
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2. X =Py (F) is a projective bundle over a positive-dimensional Fano man-
ifold Y.

In the first case recall we have an isomorphism Ty =~ 73Tz x w3 Ty and
therefore ch(Tx) = 7% (ch(Tz)) + 75 (ch(Ty)). If A and B are curves in Z and
Y respectively, then cha(Tx) - (A x B) = 0. The second item follows from [2,
4.1] and can also be obtained as a special case of Theorem 5.2.6.

As consequence, the toric Fano 4-folds listed in the Batyrev’s classification
that are of type 1. or 2. do not have positive second Chern Character. They
are (see Batyrev’s description of these varieties in [33]):

By, ...,B5,C1,...,C4, D1, ..., D19, Hg, L1, ..., L13, I7, I11, 113, Q¢, Q8, @10, Q11,
Q15,K4,U4,Us, Us, 119,120, 121.

In the remaining 4-dimensional cases, we computed cha(Tx)- S for all invari-
ant surfaces S C X, as described in Section 5.1.2. To make the computation we
used the program Maple. For all smooth toric Fano 4-folds X # P4 in Batyrev’s
list we found a surface S C X such that cho(Tx) - S <0.

The next table summarizes our results. The first column lists toric Fano
4-folds according Batyrev’s notation. The second column lists its primitive vec-
tors explicity. The third column gives an invariant surface S for which the
intersection number cha(Tx) - S (listed on the last column) is non positive.

Primitive Vectors Surface | cha(Tx) - S

E1 V1 = €1,V = €2,VU3 = €3,Vq4 = €4,VU5 = 261 — V(’Ug,Ug) —2
€2 — €3 — €4,V = €] + €3,V7 = —¢€]

EQ V1 = €1,V = €2,V3 = €3,VU4 = €4,V5 = €1 — V(UQ,U?,) —%
€2 — €3 — €4,V = €] + €2,V7 = —€1

E3 V1 = €1,V = €2,V3 = €3,V4 = €4,V5 = —€9 — V(’U27’U3) -1
€3 — €4,V = €] + €2,V7 = —€]

G1 | v1 =e1,v2 = €2,V3 = €3,04 = e1—ey—e3,v5 = | V(v1,05) —%
€4,V = €] + €z + €3 —€eq,V7 = —€]

GQ V1 = €1,V2 = €2,V3 = —€1 — €2,Vq4 = €4,VU5 = V(U17U5) —2
€3,V6 = 261 — €3 —€4,U7 = —€1 + €4

Gg V1 = €1,V = €2,V3 = €3,V4 = —€2 — €3,VU5 = V(’Ul,vg,) -1
€4,V6 = €1 + €2+ €3 —€4,V7 = —€1

Gy | v =e1,v3 = e9,v3 = —€1 — e3,04 = eq,U5 = | V(v1,05) —%
€3,V = €] + €2 —€3 —€e4,V7 = —€] + €4

Gs | v1 = e,V = e,v3 = —e1 — €2,04 = e4,05 = | V (v, v5) -2
€3,V = —€3 — €4,V7 = —€] + €4

GG V1 = €1,V2 = €2,V3 = —€1 — €2,Vq4 = €4,V5 = V(U27U5) —%
€3,V = €1 —€3 —€4,U7 = —€1 + €4
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Primitive Vectors Surface | cha(Tx) - S
H1 V1 = €1,V = €2,V3 = €3,Vq4 = €4,V5 = 261 — V(’Ug,’U4) 7%
€3 — €4,V = —€] — €3,V7 = —€2,VUg = €] + €3
H2 V1 = €1,V = €2,V3 = €3,V4 = €4,V5 = 261 + V(’Ug,v4) -1
€2 — €3 — €4,V = —€1 — €2,VU7 = —€2,U8 =
61+€2
3
H3 V1 = €1,V = €92,V3 = €3,Vq4 = €4,VU5 = 261 + V(’U3,114) —5
262 — €3 — €4,V = —€1 — €2,VU7 = —€2,VU8 =
61+€2
3
H4 V1 = €1,V2 = €92,V3 = €3,U4 = €4,V5 = €1 — V(’U;),,U4) —5
€3 — €4,V = —€] — €3,V7 = —€2,Vg = €] + €3
Hs | v = e1,v2 = ez,v3 = e3,v4 = e4,v5 = €1 + | V(v3,v4) —g
€2 — €3 — €4,V = —€1 — €2,VU7r = —€2,V8 =
e1+eo
3
Hg | v1 = e1,v3 = e2,v3 = e3,04 = e4,v5 = e1 + | V(v3,04) 3
262 — €3 — €4,V — —€1 — €2,VU7 = —€92,VU8 =
e1+eo
3
H; | vi =e1, v =e€9, V3 = €3, Uy = €4, U5 = 269 — | V(v3,04) —3
€3 — €4, Vg = —€1 — €3, U7 = —€2, Ug = €] + €2
Hg V1 = €1,V2 = €2,V3 = €3,VU4 = €4,V5 = €2 — V(’Ug,’U4) —g
€3 — €4,V = —€] — €3,V7 = —€2,VUg = €] 1 €3
H10 V1 = €1,V = €2,V3 = €3,Vq4 = €4,VU5 = —€1 — V(v3,114) —g
€3 — €4,V = —€] — €3,V7 = —€2,Vg = €1 + €3
I | v1 =e1,u3 =—€1 +e3,U3 =e€3,04 =e4,05 = | V(vy,v4) —g
—2e9 + e3 — €4,V = €9 — €3,V7 = €9,Vg =
—ez +e3
3
I | v1 = e1,v9 = €2,v3 = e3,v4 = eq4,v5 = 2e1 + | V(v1,v4) —3
2e9 — €3 — €4,V = —€1] — €9,V7 = —€1 — €2 +
€3,V = €1+ e
I3 | vy = e1,v2 = e2,v3 = e3,v4 = e4,v5 = 21 + | V(v1,v4) —g
€2 — €3 — €4,V = —€] — €2,V7 = —€] — ez +
€3,V8 = €1 + e
Iy | vi=e1,v3 =e3,v3=e3,04=e4,v5 =—2e1— | V(v1,04) 3
2
2e04e3—ey, V6 = €1+€9—€3,V7 = €1+e9,vg =
—e;p —exte3
Is | vi = e1,v2 = ez,u3 = e3,v4 = €1 +e2,v5 = | V(v1,v4) *g
—e1—egx—e3+2eq,V6 = —€4,V7 = €3—€4,Vs =
€4
3
Is | v1 = e1,v2 = e2,u3 = €1 +e2,v4 = eg,v5 = | V(v1,v4) —3

€3,V = —€1 —€2 —€3—€4,VU7 = —€3—€4,U8 =
e1+ex+e3+eyq
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Primitive Vectors Surface | cho(Tx) - S
Is | v =e1,v2 =e2,v3 = €3,V4 = €4,05 = —e3 — | V(v1,04) *g
€3 —e4,V6 = €] +e2,V7 = €1 +ex+e3,v8 =
—€1 — €2
3
Iy | v =e1,v2 = e2,v3 = €3,V4 = €4,05 = —e1 — | V(v1,04) )
€2 — €4,V = €] + €2 —€3,V7 = €1 +€2,V8 =
—e] — €2 + €3
Lo | v1 = e1,v2 = e2,v3 = e3,v4 = eq,v5 = €1 + | V(v1,v4) —g
€2 — €3 — €4,V = —€] — €2,V7 = —€] — €3+
€3, Vg = €1+ €2
Ly | v1 = e1,v2 = e2,v3 = €3,v4 = €4,v5 = —e1 — | V(v1,v4) —g
€2 —e3—e4,V6 = €e1+e2, V7 =e1+extes, vy =
—€1 — €2
3
Ly | v1 = e1,v2 = e2,v3 = 3,04 = €1 + e2,v5 = | V(v1,04) 3
€4,V = —€1 — €2 — €3 — €4,V7 = —€1 — €2 —
€4,V = €1 +e2+e3+ ey
Lis | v =e€1,v2 = e2,v3 = €3,04 = €4,05 = —2e1 — | V(v1,0v4) 3
2
262—63—64,1}6 = €1+€2,1}7 = 81+€2+63,1}8 =
—€1 — €2
Ji | v1 =e1,v2 = ea,v3 = e3,v4 = €4,05 = —e3 — | V(v1,03) -1
€4,V = €1 + €2 + e3,v7 = €1 + €3 + 2e3,v8 =
—€1 — €2 — €3
1
Jo | v1 =e1,v2 = e,U3 = —e1 —e,U4 = eq,V5 = | V(v1,03) 5
€3,V = €1 + €2 — €3 — €4,V7 = —€3 — €4,V =
—e1 — €2+ e3+ ey
Ky | v1 = e1,v2 = e3,v3 = e3,v4 = eq,v5 = 2e1 + | V(v3,v4) -3
263 — €3 — €4,V = —€1,VU7 = —€3,U8 = —€1 —
€2,V9 = €1 1 €2
Ky | v1 = e1,v2 = ez,u3 = €3,v4 = e4,05 = 2e1 + | V(vs,14) -3
€3 — €3 — €4,V = —€1,V7 = —€2,U8 = —€1 —
€2,V9 = €1 + €3
Kz | v1 = e1,v2 = e2,v3 = €3,v4 = e4,v5 = €1 + | V(vs3,14) -3
€3 —€3 — €4,V = —€1,V7 = —€2,U8 = —€1 —
€2,V9 = €1 + €3
My | vi = e,v2 = ez, v3 = e3,v4 = eq,v5 = | V(v2,04) *g
—e4,V6 = €1 + €3 + €3 — €4,V7 = —€1 — €y —
€3+ €4,V = —€;
M, | vi = e1,v2 = e2,v3 = e3,04 = eq,v5 = e — | V(v2,v4) *g
€4,V = €1F€3+e3—ey,V7 = —€2—e3+€4,Vg =
e
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Primitive Vectors Surface | cho(Tx) - S
5
Ms | v1 = e1,v2 = e2,v3 = e3,v4 = eq,05 = e — | V(v2,04) —3
64,”6:€1+62+63*€4,’U7:*62*63,'08:
—e;
5
My | vi = e1,v2 = ez,v3 = €3,v4 = e4,v5 = e1 — | V(va,v4) ~3
€4,V6 = €1 +e2+e3—ey4,V7 = —€1 —€ex—e3+
€4,08 = —€1
3
M5 U1 261,’02:62,1]3:—61—624—64, Vg4 = €3, V(UQ,U4) —5
Us = €1 — €3 — €4, Vg = €4, U7 = €1 — €4,
Vg — —€3 — €4
3
Q1 | v1 = e1,v2 = ez,v3 = €3,V4 = e4,V5 = €1 — | V(v3,v4) 3
€3,V = €1 — €4,VU7 = —€2,VU8 = —€1 — €2,V9 =
€1 +€2
3
Qg V1 = €1,VU2 = €2,V3 = €3,VUq4 = €4,V5 = €1 — V(U3,U4) —5
€3,V = €3 — €4,VU7 = —€2,VU8 = —€1 — €2,V9 =
€1 +62
3
Q3 | v1 = e1,v2 = ez,v3 = €3,v4 = e4,V5 = e1 + | V(v3,v4) ~3
€2 —e€3,V6 = €1+€e2—€4,V7 = —€2,Vg = —€1] —
€2,V9 = €1 + €2
3
Qs | v1 = e1,v2 = ez,v3 = €3,V4 = e4,V5 = €1 — | V(v3,v4) —3
€3,V = €1 + €2 — €4,V7 = —€2,V8 = —€] —
€2,V9 = €1 1 €2
3
Qs | v1 = e1,v2 = e3,v3 = e3,v4 = eq,v5 = €1 + | V(v3,04) 5
€2 — €3,V = €3 — €4,VU7 = —€2,Ug = —€] —
€2,V9 = €1 + €2
3
Q7 | v1 = e1,v2 = ea,v3 = e3,v4 = eq4,v5 = €1 + | V(v3,04) 5
€3 — €3,V = —€2 — €4,V7 = —€2,U8 = —€1 —
€2,V9 = €1 + €2
3
Qo | v1 = e1,v2 = €2,V3 = €3,V4 = €4,V5 = €1 + | V(v3,v4) —3
€3 — €3,V = €2 — €4,V7 = —€2,U8 = —€1 —
€2,V9 = €1 + €2
3
Qu V1 = €1,V2 = €2,VU3 = €3,V4 = €4,V5 = €1 — V(Us,m) —5
€3,V = €2 — €4,V7 = —€2,U8 = —€1 — €2,V9 =
e1 + eo
3
Q13 | v1 = €1,V = €2,V3 = €3,V4 = €4,V5 = €2 — | V(v3,14) —5
€3,V = €2 — €4,V7 = —€2,U8 = —€1 —€2,V9 =
e1 + es
3
Qia | V1 = €1,V2 = €2,U3 = €3,V4 = €4,V5 = €3 — V(U3,U4) _5

€3,V = €3 — €4,V7 = —€2,U8 = —€1 — €2,V9 =
e1 + es
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Primitive Vectors Surface | cho(Tx) - S
3
Q16 | V1 = €1,V = e3,VU3 = €3,V4 = €4,V5 = €1 + V(U3,U4) *5
€2 — €3,V = —€1 — €2 — €4,V7 = —€2,VU8 =
—€1 — €3,V9 = €1 + €3
3
Q17 | v1 = €1,V = e3,V3 = €3,V4 = €4,V5 = €3 — V(U3,U4) —5
€3,V = —€1 — €2 — €4,V7 = —€2,VU8 = —€1 —
€2,V9 = €1 + €3
Ry | vi = e1,v2 = ez,v3 = e3,v4 = —e1 —ea + | V(v1,03) -4
€3,U5 = —€1 — €2,V = €4,VU7 = —€4,U8 =
€]+ e —e3—e4,09=—€1 —€x+e3+ey
R2 V1 = €1,V = €2,VU3 = €3,V4 = —€1 — €3 + V(Ul,v3) -4
€3,V5 = —€1 — €2 +64,’UG = €4,VU7 = —€4,U8 =
61+62*63*€4,1}9:761*€2+63+64
Rg V1 = €1,V = €2,VU3 = €3,V4 = —€1 — €3 + V(Ul,vg) -4
€3,U5 = —€3,V6 = €4,V7 = —€4,V8 = €1 + €3 —
€3 —€4,V9 = —€] —€ext+e3+ey
108 | v1 = e1,v2 = e9,V3 = €3,V4 = —e1 — €9 + V(U4,U9) -1
€4,V5 = —€1 — €2 — €3 + €4,V = —€3,V7 =
—€4,VU8 = €1 — €4,V9 = €4 I
Ui | v1 =e1,v2 =e1 +e3,v3 = e3,v4 = —e1,v5 = | V(vs3,v7) —3
—€] — €3,V = —€3,VU7 = €2,VU8 = €1 — €3,V9 =
€4,V10 = €1 — €4
Us | v1 =e1,v2 = €1 +e3,v3 = e3,v4 = —e1,v5 = | V(vs3,v7) —%
—€1] — €3,V = —€3,VU7 = €2,VU8 = €1 — €3,V9 =
€4,V10 = €1 — €2 — €4
Us | v1 =e1,v2 = e +e3,v3 =e3,v4 = —e1,v5 = | V(vs,09) —%
—€] —€3,V¢ = —€3,VU7 = €2,VU8 = €1 — €3,V9 =
€4,V10 = €] €3 — €4
Ur | v1 =e1,v2 = e +e3,v3 = e3,04 = —e1,v5 = | V(v3,09) —%
—€1] —€3,V¢ = —€3,VU7 = €2,U8 = €1 — €3,V9 =
€4,V10 = €3 — €4
Us | v1 =e1,v2 = e; +e3,v3 = e3,04 = —e1,v5 = | V(v3,v9) —%
—€1] —€3,V¢ = —€3,VU7 = €2,U8 = €1 — €3,V9 =
€4,V10 = —€1 — €4
Zy | vp = e1,V2 = €2,U3 = €3,V4 = €4,V5 = —€1 — | V(v1,03) *g
€2,V = —€2 — €3 — €4,VU7 = €1 — €3 — €4,VU8 =
—e1 + ey
ZQ V1 = €1,V2 = €2,V3 = €3,Vq4 = €4,V5 = —€1 — V(’Ul,’Ug) —2
€2,V = —€3 — €4,V7 = €1 + €2 — €3 — €4,U8 =
—e1 + eq
117 V1 = €2,V2 = €3,V3 = €4,V4 = —€1,VU5 = V(Ul,’U4) -5
—e9,Vg = —e3,V7 = —€4,Vg = €1 + €3+ e3+
€4,V9 = —€1 — €2 — €3 — €4,V10 = €1
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Primitive Vectors Surface | cho(Tx) S
5
118 | v1 = ez, v2 = e3,v3 = e4,v4 = —e1,v5 = | V(vg,v4) -
2
—€2,V6 = —€3,V7 = —€4,V8 = €1 ez +e3+
€4,V9 = €7,
124 | v1 = e1,v9 = eg,V3 = —e1 — €2,V4 = —e1 + V(Ul,’U?) —4
€4,V5 = €1 — €3 — €4,V = €3,VU7 = €4,U8 =
€1+ €3 —e3 —e4,V9g = —€] — ez + €3,

Remark 5.1.8. There is a misprint in [33, Proposition 3.4.1] concerning the
primitive relations for the toric Fano 4-fold 108.

Finally, we use a database provided by @bro in [22] and the program Maple
to prove the theorem in dimension 5 and 6. We implement a function which,
given a smooth toric variety computes the product of the second Chern character
with an invariant surface. The code is provided in the Chapter 6.

Remark 5.1.9. We have concluded that there exists only one toric 2-Fano 4-
fold. However, using proposition 3.2 and computations with the program Maple
we see that there exist toric Fano 4-folds that have nef second Chern character
(i.e., cha(Tx) - S > 0 for every surface S C X). They are:

]P)47 Bla B27 B3; B47 C47 Dla D27D37 D57D67 DS; D97 D127 D137 D157 Lla LQ; L37 L47
L57 L67 L7a L87 Ly.

5.2 Higher Dimensions

5.2.1 Strategy

Our goal is to classify smooth toric 2-Fano n-folds. Our strategy is to investigate
what happens with the second Chern character of a toric variety X when we
run the Minimal Model Program for X. Since in the toric case the MMP ends
with a Mori fiber space, we start investigating the second Chern character of a
Mori fiber space. There are examples of singular 2-Fano varieties with Picard
number bigger than 1 with structure of Mori fiber space, see for instance 5.2.11.
However, we will show that is possible to find a birational model X’ of X with
structure of Mori fiber space, such that the general fibers are projective spaces.
Then, in Section 5.2.2, we will see that a such variety X’ cannot be 2-Fano.

Proposition 5.2.1. Let X be a smooth projective toric variety. Then, making
suitable choices of extremal rays, we can run MMP for X to obtain a birationally
equivalent variety X' and a Mori fiber space m: X' — Y whose general fiber is

P*.

Proof. By [4, Corollary 6] there is an open subset Xy C X containing the torus,
a smooth variety Yy and a Pk-bundle structure m : Xo — Yo. Let Y be the
closure of Yy in Chow(X). Since m is flat and proper, there is a variety U,
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called universal cycle over Y, and universal morphisms e : U — X, 7 : U =Y
such that e~!|x, is an isomorphism and the diagram below is commutative.

Xo© U - X
WQ\L s
Yo&—— Y&——— Chow(X)

Consider a very ample effective divisor Ay on Y. Set A := e, (7*(Ay)). Since
Ay is very ample, the linear system |A| has no base points on Xy. Let [ be a
curve in a fiber of mg. Then, A-l=0and Ky -l = Kpr -l = —k—1<0. It
follows that there is an extremal ray R of NE(X) such that Kx - R < 0 and
A-R < 0. We consider fg : X — X; the contraction of R. If fg is a Mori
fiber space, then there is a curve C' C X such that its class is in the ray R and
C N Xy # 0. Since we choose R satisfying A- R < 0 and Ay very ample, we
must have that C' is a curve in a fiber of my. Thus, R = Rx>¢[l]. Since a fiber
space depends only on its contracted curves, we have fr|x, = mp and it proves
the theorem in this case. Suppose that fr is a birational morphism and let
be the exceptional locus of fr. Then, E N Xy = (). Otherwise, as before, R
would be generated by [I] and therefore Xy would be contained in E. Since fg
is an isomorphism outside E, the P*-bundle structure of Xy is preserved in X;.
Continuing this process we prove the theorem. O

5.2.2 Second Chern Computation for Mori Fiber Spaces

Now, we study the second Chern character of a variety associated to a Cayley-
Mori polytope. Throughout this section we will say that a Q-factorial toric
variety (non necessarily smooth) is Fano (resp. 2-Fano) if —Kx (resp. —Kx
and chy (X)) is positive.

Lemma 5.2.2. Let X be the toric variety given by a Cayley-Mori lattice polytope
P = Pyx..% P, C RYF. Suppose that the polytopes Pls are intervals in
R and that the natural projection = : R — RF project P on a polytope
Q = conv(0, seq, ..., sex) for some positive integer s. Then, cho(Tx) is not
positive.

Remark 5.2.3. It follows from Theorem 3.2.9 that the hypothesis imposed in
the lemma above is equivalent to saying that X admits a structure of Mori fiber
space f: X — P! whose the general fiber is P*.

Proof. Recall from Section 3.1 that the fan 3 determined by P is of the follow-

ing form:

Write P; = [—bju, biv]. Then Dp, = b;,, V(1) + b;, V(—1) = Op1(b;) where
b; = by + bjy. We may assume that 0 < by < by < ... < bg. The primitive
vectors of X are:
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U = du(17b1u - b0u7 7bku - b0u>,1) = dv(_lyblv - b0v7 "wbk'u - bO'u)an =
(0,-1,...,—1),e1 :=(0,1,0,...,0), ...,ex := (0,0, ..., 1), where

d - S
v ng(S, blu - bOuv L) bku - bOu)

and
s

dy = .
ng(57 blv - bOva EE) bkv - bOv)

The maximal cones of ¥ are: for i € {0,1,...,k}, 0; := (u,eq,..., €, ..., €)
and 7; := (v, eq, ..., €, ..., €k).

Consider the invariant surface S := V'(ea, ..., ex) C X. We will use Proposi-
tions 2.2.4 and 5.1.4 to compute cha(X) - S.

Set D, = V(u), D, =V (v) and D; =V (e;), for i € {0,1, ..., k}.
Since div(x(l’o"“’o)) =d,D, — d,D,, we have that D2 - S = D? .5 = 0.

We want to compute D; - S for i € {1,...,k}.

D(2) -8 = DO . V(607627 "'7ek) = (DO + diU(X61)) : V(€0,€27 "'76k) =
b u b u b v b v
[(blu - bOu)Du + (blv - bO’U)D’U] : V(607627"'76k) = ( ! d 0 ) + ( ! d 0 )
D?-S =Dy Ve, e, ....ex) = (D1 +div(x= ) - Ve, ea,...,ex) =
b1y — b b1y, — b
(b1 —bou) D~ (b1~ bon) D] Vien, e, ) = — e bou) Bro o).
If k = 1 then 2chs(Tx) - S = (D3 + D? + D2 + D2) - S = 0. Suppose k > 1.
Since

Dy = (Dg + div(x(~(b2v=b00):0.=1.0.0)y — o, [(bay, — bow) + (bau — bow)] Dy
we have:

D% ) S _ [D(Q) o Qdu((bQ’U _ bO’U) + (bQu — bOu))Du . DO] . V(GQ,...yek) =
b1y — bou b1y — bow

(b - 0 )+ (b1 - ov) — 2[(b2y — bow) + (b2u — bou)] =

_ (blz — bOu) (bl: — bOv)
= i + d,

— 2(by — D).

blu - bOu) (blv - bOv)
. 4

Similarly, D? - S = ( —2(b; —bp),i =2,...., k.

It follows that

k
QChQ(TX)'S — Z |:(b1ud_ bOu)+(b1vCZ_ bOv) —Z(bl—bo):| < Z [(bl—bo)—Q(bz—bo)}

=2 =
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and then cho(Tx) - S < 0. O

Remark 5.2.4. Notice that if & > 1 then cho(Tx) - S = 0 if and only if
bp = by = ... = bg. In other words, chy(Tx) - S = 0 if and only if the polytopes
Py, ..., P, have the same size. In this case, it follows from Remark 5.2.10 that
cho (T ) is nef. More generally, making a similar computation as in the previous
lemma, we conclude that if P; is an n-dimensional simplex (i.e., the variety
defined by P; is P"), then cho(Tx) is nef if and only if Py, ..., P, have the
same size. This means that, up to translations, there is an integer b such that
P, =bA,, for every i € {0,..., k}.

Lemma 5.2.5. Let X be the toric variety given by a Cayley-Mori lattice polytope
P=Pyx..xP, CR" and let f: X — Y be the associated fibration. If C is
an invariant curve on'Y and X¢ = f71(C) then che(Tx) - Xo = cha(Tx,)-

Proof. Let C :=V(7) with 7 = (vq, ..., p—1) C Zy.

It follows from Proposition 2.1.3 and the description of the fan ¥ p that the
invariant variety X¢ = f~1(C) is given by V() with 7 = (v1,...,v,_1) and
F(V(03) = V(@):

Our aim is to compute the restriction of cha(Tx) to X¢. Let D be a prime
T-invariant divisor on X corresponding to the primitive vector v € X x(1). If
we restrict D to X¢o we have three possibilities:

1. D-X¢ = 0. This happens exactly when (v, 7) is not contained in any cone
of Ex.

2. D-X¢ # 0 and X¢ is not contained in D. This happens exactly when
(v, T) is contained in some cone of Xx but v ¢ 7. In this case, D - X¢
is the prime invariant divisor on X corresponding to the image of v in
the fan Star(t) of X¢. Conversely, every prime invariant divisor on X¢
appears in this way.

3. D-X¢ # 0 and X¢ is contained in D. This happens when v € 7. In this
case, v = v; for some i € {1,...,n — 1}. Thus, D is the pull-back of V(v;).
Since C' is a curve D? - X¢ = 0.

Now, the lemma follows from Proposition 5.1.4. O
Theorem 5.2.6. Let X be a Q-factorial projective toric variety and suppose
that fr : X — Y s a contraction of fibering type of a ray R of the Mori cone

NE(X). If the general fiber is a projective space, then X is not 2-Fano unless
X is a projective space.
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Proof. From Theorem 3.2.9 we conclude that X is the toric variety associated
to a Cayley-Mori lattice polytope P = Py * ... ¥ P, C R™t* and fg is induced
by the natural projection 7 : Z"t* — ZF. If the general fiber of fr is P¥ then
the projection of P by mg is a polytope of the form @ := conv(0, seq, ..., sex)
for some positive integer s and {ey,...,ex} a basis for Z*. Suppose that X is
not a projective space. Then Y is positive dimensional. If C' is an invariant
curve in Y then X¢o = f}gl(C) is given by a Cayley-Mori polytope lg * ... * Ij,
where [; C P; is an edge of P;. So, the theorem follows from Lemmas 5.2.2 and
5.2.5. O

Corollary 5.2.7. If X is a smooth projective toric variety with p(X) < 2 then
X is not 2-Fano unless X 1is P™.

Proof. By Corollary 3.2.7 p(X) = 1 implies X is a projective space. Otherwise,
by [24] X is a projective bundle over a positive dimensional base and by the
previous theorem X is not 2-Fano. O

Remark 5.2.8. If X is a Q-factorial projective toric variety with p(X) = 1
then NE(X) and NE,(X) are unidimensional. Thus, X is 2-Fano.

If we do not require smoothness there are toric varieties with Picard number
2 that are 2-Fano as in example 5.2.11. This example also shows that the
hypothesis on the general fiber of fr made in Theorem 5.2.6 is necessary. In
order to explain this example we need some preliminaries on Mori fiber spaces
of Picard number 2.

Proposition 5.2.9. Let X be a toric variety corresponding to a Cayley-Mori
polytope P = Py % ... * P, where each P; is an n-dimensional simplex. Then the
dimension of NE3(X) is at most 8. More precisely,

1 ifn=k=1,
dim NEo(X)=4 2 ifn=1andk>1,0orn>land k=1,
3 otherwise.

Proof. As discussed in Section 3.1, writing Dp, := Z a;;Dj for 1 =0, ..., k, the
§=0

primitive vectors of the fan X p are:
k

u; = 5;(A*)"Y(e;) fori € {0, ...k} and &, := d;[v;+ Y _(a;,—ao,)(A*) 7 ()],
i=1
for every j € {0,1,...,n}.

Denote the divisors V'(u;) and V' (9;) by D, and Dj, respectively.

For each ¢ € {0,...,k} and j € {0,1,...,n} there exist positive integers ¢;
and ¢; such that dic;Ds, ~ djc;Dy; (to see it compute div(x") for u € Z™ N
(<1)07 ceey 7/)\1'3 ey 6}3 ey ,U’IL>)J_)'

After renumbering the polytopes P/s we may assume that




For each i € {0, ..., k} we have

n
diU(XA(ei)) = _SODUO + SzDuz + Z dj(aij B aoj)DU}"
7=0

From this it follows that for every i € {0, ..., k} we have:

n
a;. — ao.)
_ 8 dicy § ( %5 3 5
Duo - iDul + S0 Ci DU17
i J
3=0
n
Duy = D, + ey 000 p g
Ur T sy W s1 Ca vy A1
. J
7=0
D, = =25 dicy - (aij — a2j)D
Uz — - g Uq + S2 Co (N
3=0 J

This means that for every j € {0, ...,n}:
Dy, € cone(D;, Dy,) for i € {0,..., k},

D,, € cone(D;, Dy;) for i € {1,...,k} and
D,, € cone(D;, Dy;) for i € {2,...,k}.

We conclude that every invariant surface can be written as a non negative lin-
ear combination of S1 := V (ug, ..., Uk, Vo, -y Un—1), S2 := V(ug, ..., Uk, V0, ..., Un—2)
and 53 = V(ul, ey UL UN(), ceey ﬁn73)~

If n =k =1 then X is a surface. If n = 1 and k& > 1 then S3 does not exists
and NE5(X) has {S1, 52} as a basis. If n > 1 and k£ = 1 then S; does not exists
and {52,535} form a basis of NE3(X). Otherwise, NE3(X) has dimension 3
and {51, S2, S5} is a basis. O

Remark 5.2.10. Let X be as in Proposition 5.2.9. Using the same notation as
the proof of Proposition 5.2.9, we conclude that the Mori cone of X is generated
by the curves Cy := V (U1, ..., U, Uz, ..., up) and Cy := V (Va, ..., Up, Uty ooy Ug)-

It is straightforward to check, using 2.2.4, 5.1.4 and the relations above, that
ch1(X)-Cy = —Kx - C1, cho(X) - S1 and cho(X) - S5 are always positive. So,
the positivity of chy(X) and ch2(X) depends only on the values —Kx - Cy and
Ch2 (X) . SQ.

Now, we give an example of a singular 2-Fano variety with Picard number
2.

Example 5.2.11. Let X be the singular toric variety defined by the Cayley-
Mori polytope

Q := conv((0,0,0), (1,0,0),(0,0,1),(2,0,1), (0, -2,1), (2, —2,1)).
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The primitive vectors of X¢ are: ug = (0,0, —1),u; = (0,1,2),us = (0,—1,0),
170 = (1,0,0) and 17‘1 = (—1,0, 1).

Consider Cy := V(uj,u2) and So = V(uz) = D,,. Using the relations
D, + div(x~ %) = Dy,, Dy, + div(x®®) = 2D,, + Dy, and the Proposition
2.2.4, we get:

—Kx-Cy = (Duo + Du1 + Du2 + D?fo + DUHV(ulqu)) =1

cha(X) - 82 = 5 ((Duy)? + (Duy)* + (Duy)* + (D)) + (D ))V (u2)) = .

We have studied the second Chern character of a Mori fiber space, which is
the variety obtained in the last step of the MMP. The next step is to understand
what happens to it when we apply a step of the MMP which is a divisorial
contraction or a flip. This seems to be a hard problem. Next, we give some
partial results in this direction.

Theorem 5.2.12. Let X be a smooth toric variety and fr : X — Y an extremal
contraction of a ray R of NE(X) of divisorial type. It follows from Corollary
3.2.12 that Exc(fr) = Pz(E) where Z C Y is an invariant subvariety and &
is a decomposable vector bundle on Z. Suppose that Z = P! and £ = Op1 @
Op1(b1) & ... ® Op1 (bg) with 0 < by < ... < bg. Then X is not 2-Fano.

Proof. Suppose that X is 2-Fano. The minimal vectors of the fan of F :=
Exc(fr) are:

u=(1,by,...,b;),v =(-1,0,..,0),e0 = (0,—1,—1,...,—1),e; = (0,1,0,...,0), ..
er = (0,0,...,1).

It is well known that Kgp = 7n*(Kp1 + Op1(b1) + ... + Op1(bg)) — (k + 1)¢,
where 7 : Ppi(E) — P! is the canonical projection and § = Op(g)(1) is the
tautological line bundle. By adjunction formula we have —Kx|g = —Kg+ E|g.
Since £ = V(ep) (see Lema 3,[27]), we obtain

—Kx|g = —7"(Op1(=2) 4+ Op1(b1) + ... + Op1 (b)) + (k + 1)V (eo) + E|E.

Since E is the exceptional locus of fr, we can write E|g = a& + 7*(Op1 (s)), for
some integer a < 0 and s € Z (see [17]. lemma 14.1.7).

If we take C' := V(u,ea,...,ex) C E a curve contained in a fiber of fg|g, we
conclude:

—KX|E‘ -C= [(kj+1)V(€0) +E|E] C = [(k+ 1)V(60) +ClV(€0)] -C>0
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=a>—-(k+1). (1)
If we take C’ := V(ey, ...,ex) C E, we have:

—Kx|g-C'=2—=b1 — ... — b+ [(k+1)V(eg) + aV(eo)] - C' + 7*(Opi(s)) - C’
= -Kx|lg-C'=2-by— ...~ b +5>0
Ss>bi+..+b—1. (2

Now, we will compute the intersection number between cha(Tx) and the

surface S := V(es,...,ex) C E.

From exact sequence 0 — Ty — Tx|g — E|g — 0 it follows that:
ChQ(TX‘E) = C]’LQ(TE) =+ (E‘E)Q

Using the formula chy(Tr) = @52 —7* ey (B, + 7" (cha(Tpr) — cha(E)),

given in [2, 4.1], we conclude:

ChQ(TE) -5 = [(k ; 1)V(60)2 — (0]1::1 (bl) + ...+ O]p:l (bk)bzg) . V(eo):| -5 =
= |:(k —2’— 1)V(€0) -7 (O]pl (bl) 4+ ...+ Opm (bk))] . V(eo,eg, ,6k) =
= (k —; D) (V(eo) + div(x)) - V(eo, 2, ... €x) — by — ... — by =
= (k —2’_ 1) (V(el) + b1V(’LL)) . V(eo,ez, ceey ek) - b1 — . bk =
_ (k—;—l)bl S
If X is 2-Fano then, chy(Tx|g) - S = cha(Tg) - S+ (E|g)*- S >0
= (E|E)ZS> *Mb1+b1+...+bk > 0.

2

On the other hand,
(E|lg)?- S = [a?€ + 2an*(Opn () - €] - V(ea, ..., ex) = a?by + 2as

a, ) (k+1)

:>a(ab1+2s)>0$8<—§b1 < 5 b1.
It follows that
2 E+1
by+..+by—1< s§¥b1—1 (3)
This is possible only if £ = 1. But this implies that dim X = 3. On the other
hand we know that the only toric 2-Fano 3-fold is P3. O

79



Proposition 5.2.13. Let X be a smooth projective toric variety and Z C X a
(smooth) invariant subvariety of X of codimension c. Denote by 7 : X — X
the blowing up of X along of Z. If X is 2-Fano then Z is Fano.

Proof. Denote by E the exceptional divisor and f := 7|g : E — Z.Then E =
P(NV), where N = Ny x. Given an invariant (rational) curve C' C Z there are
integers a; < --- < a, such that NV|c = O¢(a1) ® -+ ® Oc(a.). Let | C E
be the minimal “pull back” curve of E, that is, f(I) = C and £ - | = a1, where
& = Og(1). It is well known that K¢ = 7*Kx + (¢ — 1)E. This implies that

—-Kx - C=-Kgz-l4+(c—-1)E-I (1)
From the exact sequence 0 — Tz — T'x|, — Nz x — 0 we conclude that
—Kz-C=—-Kx|z —det(N) (2)
Putting (1) and (2) together we have that
—-Kz-C=—-Kgz-l+(c-1)E-l+a1+---+a.=—-Kg-l—(c—1)ai+a1+---+ac
= -Kz-C>—-Kg-l+ae.

In order to prove that Z is Fano we will show that a. > 0 if X is 2-Fano. We
1 -
can write cha(T'y) = m*cha(Tx) + et E? 3, (f* (cl(N))), where j : E — X
is the natural inclusion (see Lemma 5.1.6).
Consider the invariant surface S := Po(Oc(a1) ® Oc(az)) C E. By projec-
tion formula 7*chy(Tx) - S = 0. Since E? = ¢ we have that E?-S = a; +as. It
follows that:

[\

cho(Tg)-S = (c—;—l)(al_’_az) E- (f*( ))
_ (C—;l)(al—l—ag)—cl(N) fu(E
= (C;I)(a1+a2)+01(]\7)
B TN
Iins2—FanothenwehaveO§<C—;1>(a1+a2)—(a1+--~+ac)SazS"'S
Q. ]



Chapter 6

Appendix: Maple Code

In this appendix we provide the code used in the program Maple to compute
cho(Tx)- S for X a smooth toric varieties and S an invariant surface. The code
is based in the theory given in 5.1.2. The reader who wishes to obtain the file
in Maple extension can access the webpage http://w3.impa.br/~edilaine/

Input: The primitive vectors and maximal cones which determine the toric
variety X; an invariant surface of X.

Output: cho(Tx) - S.

restart:
with(LinearAlgebra):
with(RandomTools) :
with(RegularChains):
with(combinat) :
with(Statistics):
with(ArrayTools):

A:=proc(L,m)

local 1i,j;

for j from 1 to Count(L) do i:=union(choose(convert(L[j],set),m),i)
end do;

return i;

end proc:

f:=(n,E,x)->if (convert(x,set) in A(E,n-2),convert(Concatenate(2,
Vector_row(x) ,Vector_row([0])),list),[seq(0, i =1 .. (n-1))1):

g:= (n, E, y)->if(convert(y, set) in A(E, n-1),y,
[seq(0, i =1 .. (@m-1))1):

81



k:

(v,z,m)->GramSchmidt ([seq(v[z[i]l]l, 1 = 2 .. m), v[z[1]]1]):

h:= (n,v,z,r)->if (Count(k(v,z,r)) < r, Vector[column] (n,i->0),
-k(v,z, r)[r]l*DotProduct(v[z[1]],
k(v,z,r) [r])"-1):

e:=z->convert (convert(z, set)\{z[1]},list):

z:=(n,E,y)->if (is(y[1] in [seq(y[r],r=2..(n-1))])=false or
f(n,E,convert(Vector_column(n-2,i->y[i+1]),1list))=
[seq(0,i=1..(@-1))]1,g,E,y), [seq(0,i=1..(n-1))1):

q:=(n,v,E,y)—>if (is(y[1] in [seq(y[r],r=2..(n-1))])=false

or f(n,E,convert(Vector_column(n-2,i->y[i+1]),list))=
[seq(0,i=1..(n-1))],g(n,E,y),seq([z(n,E,convert(Concatenate(l,r,
Vector_column(n-2,i->y[i+1])),1list)) ,DotProduct(v_r,h(n,v,
convert (Concatenate(2,y_1,convert(e(y),vector)),list),n-2))],
r=1..Count(v))):

u:=(n,E,w)->if (convert(w,set) in A(E,n),1,0):

t:=(n,v,E,w)->if (is(w[1] in [seq(w[r],r=2..n)])=false or
g(n,E,convert(Vector_column(n-1,i->w[i+1]),list))=
[seq(0,i=1..(n-1))],u(n,E,w),add(DotProduct(v_r,h(n,v,
convert (Concatenate(2,w_1,convert(e(w) ,vector)),list),n-1))*
u(n,E,convert(Concatenate(1l,r,Vector_column(n-1,
i->w[i+1])),list)),r=1..Count(v))):

d:=(n,v,E,y)->if(q(n,v,E,y)=gxn,E,y),t(n,v,E,

convert (Concatenate(1l,y_1,Vector_column(n-1,i->y_i)),list)),
add(t(n,v,E,convert(Concatenate(l,y_1,convert(q(n,v,E,y) [p][1],
Vector)),list))*q(n,v,E,y) [p] [2],p=1..Count(v))):

c:=(v,E,x)->add(d(Count (v[1]),v,E,convert (Concatenate(2,s,
convert (x,vector)),list)),s=1..Count(v)):
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