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Abstract

Equations of Simons type are presented. They are satisfied by a pair
of special operators associated to the immersion ¥? + M?(c) X R with
constant mean curvature. Some immersions are characterized.

Keywords: Simons Type Equation, Constant Mean Curvature, Immersed
Surface.
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Resumo

Apresentamos equacgdes tipo Simons. Estas sdo satisfeitas por um par
de operadores especiais associados a imersdes X? > M?(c) X R com cur-
vatura média constante. Utilizando tais equagdes, caracterizamos algumas
imersoes.

Palvras-chave: Equagdes Tipo Simons, Curvatura Média Constante, Su-
perficies Imersas.
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Introduction

In 1994, using the traceless second fundamental form ¢ = A — HI as-
sociated to an immersed hypersurface M" + §"*!, H. Alencar and M. do
Carmo, see [AdC], proved that

Theorem. Let M" > §"*! be an immersed hypersurface. If M" is compact
and orientable with constant mean curvature H and

|pI* < By,
where By is the square of the positive root of

n(n —2)

Vvrmn—1)

Pu(x) = x* + Hx —n(H*>+1).

Then:
(a) Either |¢p|* = 0 (and M" is totally umbilic) or |p|* = Bp.

n-—1

(b) The H(r)-tori 8" (r) x SY( V1 — r2) with r* <

faces with constant mean curvature H and |p|* = By.

are the only hypersur-

Motivated by this result we decided to study this problem for surfaces
in M?(c) X R with ¢ = +1, where M?(—1) = H? and M?(1) = $2.
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We begin by using the traceless second fundamental form ¢ associated
to an immersed surface Y2 - M?(c) X R to characterize some immersed
surfaces.

Then we study, in chapter 2, a special tensor S defined by

SX = 2HAX — (X, T)T + %(1 - ") X - 2H?X, (1)

where X € T,X, A is the Weingarten operator associated to the second
fundamental form, H is the mean curvature, T is the tangential component
of the parallel field d;, tangent to R in M?(c) X R, and v = (N, 9;).

This operator satisfies Codazzi’s equation, provided H is constant, with
vanishing trace, see Proposition 2.3. We remark that any surface with |S| = 0
and constant mean curvature is interesting, because the (2, 0)-part of the
quadratic differential Q,

QX Y) = 2H(AX, Y) — (X, 9 XY, 9,

of these surfaces vanishes. In [AR], section 2, Abresch and Rosenberg de-
scribed four distinct classes of complete, possibly immersed, constant mean
curvature surfaces 2 +» M?(c) X R with vanishing (2,0)-part of quadratic
differential Q.

More precisely, the four classes are

(i) X? is an embedded rotationally invariant constant mean curvature
sphere S%;

(if) ¥?is a convex rotationally invariant constant mean curvature graph
Dz, over the horizontal leaf M?(c) X {to};

(iii) X? is an embedded annulus, rotationally invariant constant mean
curvature surface C7, with two asymptotically conical ends;

(iv) X?is embedded constant mean curvature surface P%; it is an orbit un-
der some two dimensional solvable subgroup of ambient isometries.

The surface in (i) was known to W.Y. Hsiang, in [Hs], and to R. Pedrosa
and M. Ritoré, in [PR]. We shall refer to 5, as the embedded rotationally
invariant constant mean curvature spheres. In this paper we will call these
surfaces described in [AR] by Abresch-Rosenberg surfaces.
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Remark.1: In $* X R only the spheres S7, occur.

Next, we obtain an equation of Simons type for S and apply it in some
particular cases:

Theorem 0.1 (Simons Type Equation for S). Let £* + M?(c) X R be an
immersed surface with non zero constant mean curvature H and S as defined in
(1). Then,

((VZS)x, y) = 2cv*(Sx, y) + 2H(Ax, Sy) — (A%, Sy)+
+(Ay, SAx) — (Ax, y)tr(AS)

and )
2AISI =|VS|]" = |S]" + |S] - 5 +2H H(ST,T} +
1
2 _ 2
+c|ST] 1z (ST, T).
, , , 1 4H* -1
Let us consider the polynomial py(t) = —t* — Et + o When H

is greater than one half, py has a positive root denoted by Ly; In fact,

4H? -1

LH: .
V8H: —2H2+1-1

One has:

Theorem 0.2. Let ¥? + $% X R be an immersed surface with constant mean
curvature H greater than one half. If

Y2 is complete and sup|S| < Ly
5

or

Y2 is closed and |S| < Ly,
then ¥* = S,
curvature sphere.

ie, Y2 is an embedded rotationally invariant constant mean

Instituto de Matematica Pura e Aplicada 3 Fevereiro de 2010
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. : 1 8H* - 12H? -1
Let us consider the polynomial gy(t) = —* — Et + ( 1 )
12 + V176
When H is greater than — 1 M has a positive root denoted by
Mp; In fact,
8H* - 12H* -1

Mpy

OH(VBHE - 12HZ—1+1)
One has:

Theorem 0.3. Let ¥ + H? X R be an immersed surface with constant mean

[12 + V176
curvature H greater than +1—6 ~ 1.25664. If

Y2 is complete and sup |S| < My
T

or

Y2 is closed and |S| < My,
then ¥* = S2,
curvature sphere.

ie, X2 is an embedded rotationally invariant constant mean

Remark.2: Besides Theorems 0.2 and 0.3, we obtain in chapter 3 further
applications of Simons equation of Theorem 0.1.

Remark.3: Besides Simons type equation for S, we obtain the Simons
type equation for ¢.

The organization of this thesis is as follows.

In chapter 1 we comment some notation about covariant derivatives of
tensors fields, the curvature tensor and operators associated to the Wein-
garten operator A that will be used throughout the thesis.

We will recall results on the second covariant derivative of the Wein-
garten operator, see Theorem 2 in [B], and the result known as the Omori-
Yau Maximum Principle to complete manifolds, see Theorem 1 in [Y].
Finally we recall the Gauss’ equation for the product space M?(c) x R.

In chapter 2, we will obtain an equation of Simons type for the traceless
second fundamental form ¢ and for S defined in (1). This chapter involves
many curvature computations and it is quite technical.

Instituto de Matematica Pura e Aplicada 4 Fevereiro de 2010
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Finally, in chapter 3, we gives several geometric applications based on
the results found in chapter 2 together with the Omori-Yau’s Theorem.

Instituto de Matematica Pura e Aplicada 5 Fevereiro de 2010



CHAPTER 1

Preliminaries

Let ¥2 +> M3 be an immersed surface. Let V denote the Levi-Civita
connection on M2 and let V denote the Levi-Civitd connection on X for the
induced metric.

Generally speaking, objects defined on M will be denoted by the same
symbols as the corresponding objects defined on X plus a bar over the
symbol.

The Riemannian metric extends to natural inner products on space of
tensors and the above connections induce natural covariant derivatives of
tensor fields. For example, if {e;, e} is a geodesic frame in p € X2 and ) is
a tensor on X2, we have

2

V2p(p) = ) (Ve Vi) p).

i=1

For more details about covariant derivatives of tensor fields see [S], sections
1 and 2.

We adopt the following convention for the curvature tensor: if x,y,z €
T,X, we define R, ,z by

Ryyz = R(X, Y)Z(p) = (VxVyZ = VyVXxZ = Vix1Z)(p),

for any local vector fields which extend the given vectors x, y, z.

6
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The second fundamental form is defined by a(X,Y) = (VxY)* and the

associated Weingarten operator is given by Av = —(V,N)7, where N is a
unit normal field on 2. We use the Weingarten operator to define the
following operators

2
R, ) = ) (A%, R, y0) — (Ay, Ry i)

i=1

+(Ay, x)(N, R,,ne;) — 2{Ae;, R, . y)) (1.1)

and
2

<E/x, ]/> = Z{<(§xﬁ)ei,yei/ N> + <(§eiﬁ)ei/Xy’ N>}’

i=1
where {e1, e,} is a orthonormal basis of T,L.
With this notation we have the following result:

Theorem 1.1. Let X2 s> M? be an immersed surface with constant mean curva-
ture H. For any x,y € T,X we have

(V2A)x, y) = —|AXAx, y) + (R(A)x, )

+(R'x, y) + 2H(Ruxy, Ny + 2H(Ax, Ay). (1.2)

Proof. See Theorem 2 in [B] and observe that the codimension here is
one.

We will also use the result known as the Omori-Yau Maximum Principle
whose proof can be found in [Y], Theorem 1.

Theorem 1.2 (Omori-Yau Maximum Principle). Let M be a complete Rieman-
nian manifold with Ricci curvature bounded from below. If u € C*(M) is bounded
from above, then there exist a sequence of points {p;} € M such that

limu(p;) = supu, [Vul(p;) < %, and Au(p;) < %
M

]'—)oo
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Let us recall Gauss’ equation for £? in M?(c) X R:
RO, X)Z = (AX, Z)AY — (AY, Z)AX + c((X, Z)Y — (Y, Z)X+
(Y, TXX, Z)T = (X, TZ, T)Y+
HX, TXY, Z)T + Y, TXZ,T)X), (1.3)

where X, Y, Zin T, X, N is a unitary normal field on Y% and T is the tangential
component of the parallel field d;. For more details see [D].

Instituto de Matematica Pura e Aplicada 8 Fevereiro de 2010



CHAPTER 2

Simons type equation for ¢ and S in M?(c) X R

In this chapter we will obtain an equation of Simons type for the trace-
less second fundamental form ¢ and for S defined in (1).

Let M?(c) x R, where M?(—1) = H? and M?(1) = $. In this case we have
that R =0, because M?(c) X R is locally symmetric.

In Lemmas 2.1 and 2.2 we will consider an immersed surface X? +
M?(c) X R with constant mean curvature H where A is the Weingarten
operator associated to the second fundamental form on 2.

Lemma 2.1. Denoting the identity by I, we have that
R(A) = c(5v% = 1)A — 4cHV’I.

Proof. Consider an orthonormal basis {¢;, e;} in T, Y2 such that Ae; = ke;,
i =1,2. Consider x,y € T,Z. We have

X =X181 + X2 € Y = Y181 + Y2bo.

Computing the first sum in (1.1)

2
Z(Rei,yei/Ax> = (Re, ye1, kixier + koxzer) + (Re, ye2, kixier + koxzer)
i=1
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= k2x2<Ee1,y€1, ex) + kixy <Eez,y32/ e1)
= k2x2<ﬁel,y1e1+yzezell e2) + kixy <Ee2,ylel+y2e2€2/ e1)
= k2x2y2<ﬁe1,@€1,€2> + k1x1y1<ﬁez,e1€2, er)
= —Kz (kzxzyz + klxlyl) = —E2<Axf v,

where Ky = (R, 0,2, €1).

Hence,
2
Y (R..ye, Ax) = ~Ks(Ax, y). 1)
i=1
It’s simple see that
2 — —
Y (R.re, Ay) = ~Ks(Ax, y). (22)
i=1

In the third sum in (1.1) we have
(Re,nei, Ny = —c{(1 = (e;, d)*)(1 = %) = v¥(e;, 9}

= —c{1 —{e;, 01)* — V* + {e;, D1)*v* — (e, Ir)*V?}
= —c{1 —=v* = (e;, )*}.

Therefore,
2
Y (Renei, NY = —c(1-12), (2.3)
i=1

To finish, we computing the fourth sum.
2 —_— —_—
Y (Rexy, Aey = Rey iy, rer) + (Roy cy, kaea)
i=1

= <Eel,xlel+xzez ]/, k1€1> + <Ee2,xlel+xzez ]// k232>
= klxz<ﬁel,e2y, e1) + koxq <Eez,el Y, e)

= k12(Re, o, (V161 + Y22), €1) + koX1(Reye (V101 + Y262), €2)

Instituto de Matematica Pura e Aplicada 10 Fevereiro de 2010
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= k1x2y2<ﬁe1£262, e1) + kaxi1 <Ee2,e1€1, e)
=Ks (k1xay2 + kaxy1)
= Ky ([2H - ks lxay, + [2H — ki Jx1y1)
=Ky (2Hx2y2 — kaxoyn + 2Hx1y1 — k1x1y1)
= Ky (2H[x1y1 + x2y2] — [kaxaya + kaxaya])

= Kz (2H(x, y) — (Ax, ),

where we used that 2H = k; + k.
Thus,

2
Y Ry, Aei) = K (2H(x, y) = (Ax, ) (24)

i=1

Now, we need computing Ky. Using the tensor of curvature in M?(c) xR
we have:

Kr = (R, ese2,01) = ¢ (1 = (e, TV = (e, TV?) = c(1 — [TP)

Therefore, _
Ks = cv2. (2.5)

Substituting (2.1), (2.2),(2.3) and (2.4) into (1.1), obtain
(R(A)x, y) = 2Kz(Ax, y) — c(1 — vV*){Ax, y) — 2Ky (2H(x, y) — (Ax, 1)).
Using (2.5) we obtain

(R(A)x, y) = 5cv*(Ax, y) — c{Ax, y) — 4cvH{x, ).

Thus, _
R(A) = c(5v* — 1)A — 4cHV?I.

Instituto de Matematica Pura e Aplicada 11 Fevereiro de 2010
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Lemma 2.2. (Ry.y, N) = —c{{x, TXy, T) — {x, y}T, T)}.

Proof. We observe that

Oy =y —(x, TXy, T),
(x',N") =w(x, T)

and
(NN =1-12,

where we have used v* = v — (v, 9;)d; for any v € T,(M?(c) X R).
It follows that

(R, N) = =c{{N", X HUN", i) = (N*, N* X, )

= —c{(W{x, TH((y, T)) = (x, ) = <x, Ty, DIXT, T}
= —c{v*(x, TXy, T) = (x, yXT, T) +{x, TXy, T)
—v4(x, Ty, T)} = —c{(x, Ty, T) = (x, y)XT, TH).
This concludes the proof.

Proposition 2.1. Let > > M?(c) X R be an immersed surface with constant
mean curvature H and let A be the Weingarten operator associated to the second
fundamental form on X2. Then,

(V2A)x, yy = —|AP(AX, y) + c(5V* = 1)(Ax, y) — 4cHV(x, y)
—2cH{(x, T)(y, T) — {x, yXT, T)} + 2H(Ax, Ay).
Proof. Consider equation (1.2)
(V2A)x, yy = —IAP(Ax, y) + (R(A)x, y)
+(Rx, y) + 2H(Rxy, N) + 2H(Ax, Ay).
Now, we use Lemmas 2.1 and 2.2 and the fact R’ = 0 to obtain
(V2A)x, y) = —|AP(Ax, y) + c(5v* = 1)(Ax, y) — 4cHVX(x, y)
—2Hc{(x, TY)y, T) — {x, yXT, T)} + 2H(Ax, Ay).

Instituto de Matematica Pura e Aplicada 12 Fevereiro de 2010
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This concludes the proof.
u

Consider two tensors Z, W on £2. We define the inner product (Z, W)
inp € X?as

2
(2, W) =Y (Zei, Wey),
i=1

where {e;, ¢;} is an orthonormal basis for T,X.

Lemma 2.3. Let ¥? + M?(c)XIR be an immersed surface with constant mean cur-
vature and let A be the Weingarten operator associated to the second fundamental
form on X?. Then,

(@) (V2A,I) = 0.

(b) (V2A, A = —|AP + c(5v% — D|AP. — 8cH*2 — 2cH(AT, T) + 4cHA(TP +
2Htr(A3).

Proof. Consider {ej, e;} an orthonormal basis of T,Z. We use the defini-
tion of the inner product between tensors and the expression in Proposition
2.1 to obtain

2

2
(V2A,A) = Y ((V*A)e, Aes) = —IAP ) " (Ae;, Aei+
i=1

i=1

2 2 2
c(5v* - 1) Z(Aei, Ae;) — AcHV? Z(Aei, ey — 2cH {Z(AT, eXe;, T)
i=1 =1 i=1

2 2
~(T,T) ) (Ac;, ei>} +2H ) (A%, Aey).
i=1 i=1
Therefore,
(V2A,A) = —|A* + c(5v* = 1)|AP? — 8cH*v* = 2cH(AT, T) + 4cH?|T|* + 2Htr(A>).

Using the definition of the inner product and Proposition 2.1 we obtain

2 2
(VA I) = Y (VA)ei,e) = —AP ) (Aei,e) + ..
i=1 i=1

Instituto de Matematica Pura e Aplicada 13 Fevereiro de 2010
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2 2
ot c(51/2 -1) Z(Aei, e;) — 8cHv? — 2cH {Z(T, ee;, T)

i=1 i=1

2
_NT, T)) + 2H Z(Azei, e,
i=1
Therefore,

(V?A, Iy = =2H|AP + c(5v* — 1)2H — 8cHv? + 2cH(T, T) + 2H|A* = 0
= —2H|AP* + c(5v* — 1)2H — 8cHV? + 2cH(1 — v*) + 2H|A
= 10cHv?* — 2cH — 8cHv? + 2cH — 2cHv* = 0,
where we have used that v* + |T|> = 1.
| ]

Proposition 2.2. Let ¥ > M?(c) xR be an immersed surface with constant mean
curvature H and ¢ the traceless second fundamental form, then

(@) pF* = |AP - 2H?.
(b) V¢ = VA.
(c) trA® = 3H|p]* + 2H°.
Proof. The proof of item (a) is:
lpI* = (¢, Py = (A — HI,A — HI) = (A, Ay — 2H(A, Iy + H¥(I,I)

= |A]* - 4H? + 2H? = |AP* - 2H?,

where (A,I) =2H and (I, I) = 2.
To prove item (b), we consider tangent fields X, Y. Then,

(VxP)Y = (VxA)Y — (Vx(HD)Y = (VxA)Y — VxHI(Y) + HVxY
= (VxA)Y — HVxY — X(H)Y + HVxY = (VxA)Y,

because H is constant.
Finally, the proof of item(c) is:

2 2
tr(A%) = ) (A%e ey = ) (¢ + HI)er 1)
i=1 i=1

Instituto de Matematica Pura e Aplicada 14 Fevereiro de 2010
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2
= Z((qi)3 +3H? + 3H>¢ + HI)e;, e;) = 3H|p* + 2H°,

=1
because tro = tr¢?® = 0.

Next we shall derive an equation of Simons type for the traceless second
fundamental form ¢:

Theorem 2.1. Let £ > M?(c) X R be an immersed surface with constant mean
curvature H and ¢ the traceless second fundamental form. Then

(V2p, Py = —|o|* + (2H? + 5¢v* — ¢)|p> — 2cH{(PT, T)

and
%Alqﬂz = |VoI* — [p|* + (2H? + 5¢v* — ¢)|p* — 2cH{(PT, T).

Proof. We use Proposition 2.2 to show that
(V2p, ) = (V2A, A — HI) = (V?A, Ay — H(V?A, I).
Now, we use Lemma 2.3 to obtain
(V2p, ) = —|A|* + c(5v* — 1)|A]* — 8cH*V? + 2cH(AT, T)
+4cH?|T|> + 2Htr(A%).
Therefore,
(V2p, ) = —(IpI* + 2H?)? + c(5v* — 1)(|p* + 2H?) — 8cH*v*+
—2cH{(¢p + HD)T, T) + 4cH?|T|* + 2H(3H|¢|* + 2H°),
which brings us to
(V2p, ¢) = —|p|* — 4H?|p|* — 4H* + c(5v* — 1)||* + 2c(5v* — 1)H? — 8cH*V?
—2cH(pT, Ty — 2cH?|T|* + 4cH?|TI> + 6H?|p|* + 4H*.
Hence,

(V2p, 9) = —|pI* + 2H?|p|* + c(5v* — 1)|p* — 2cH(PT, T).

Instituto de Matematica Pura e Aplicada 15 Fevereiro de 2010
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1
To finish, we use that §A|c¢)|2 = |VoI? + (V2, p).

Now we evaluate the Laplacian of |S|* where S is defined by (1), i.e,
S = 2HA — «(T, )T + %(1 _ V) = 2HI

Proposition 2.3 (Codazzi’s Equation). Let ¥* « M?(c) X R be an immersed
surface with constant mean curvature and S defined in (1). Then

(VxS)Y = (Vy5)X,
or all tangent fields X, Y on X2 and tr(S) = 0.
8

Proof. We consider (u,v) an isothermals parameters of the surface 2.
Now, we consider the complex parametric, z = u + iv. Let us set

Ts(X,Y) :=(VxS)Y = (VyS)X = Vx(5Y) — Vy(5X) — S[X, Y].
We will prove that Ts is null. For this, consider the derivative

1 ) 1 )
d, = 5((%, —idy,) and d; = E(a” + idy).

We will compute T in the basis {d,, dz}. First note that,
<TS(821 af), az> = az<sail az> - <SaE/ V3282>+

_aE<SaZ/ az> + <SaZ/ Vagaz>

= —QEZ’O) = O
Z 7
because Q®Y is holomorphic and using the fact that V,.dz = 0, V,.0, = %QZ,

(89.,0.) = Q@Y and (Sd., d5) = 0, where A = (3., J5).
Next,
(Ts(d2, 05), 0z) = 9(dz, 59,) — (59, V,.0:)+

—0:(50z,0z) + (505, Vy.0z)

2,0
= _Qé ) = O/
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Az — =5
where we have used that V,.0; = 785 and Q@0 = Qéz'o). It follows that
Ts =0.

To finish,
tr(S) = 2Htr(A) — c|T]* + ¢(1 —v*) —4H?* = 0,
where we used that |T|> + v2 = 1 and tr(A) = 2H.

The result below is known, see [S], p. 81, adapted for codimension 1,
but, for completeness we will give its proof.

Lemma 2.4. Let Z be a symmetric operator satisfying Codazzi’s equation and
tr(Z) = 0, then

2

(V2Z)x,yy = Y [~(Zy, Rty = (Zei, R ), (2.6)

i=1
where {ey, e;} is an orthonormal basis of T,X.

Proof. Let us consider a geodesic frame {E;, E,} in p € 2 which extends
the basis {e, e} and X, Y local vector parallel fields which extend the given
vectors x, y. Compute

2 2
(V22)X =Y (VeVEZ)X = Y VE(VEZ)X)
=1 i=1

2

2
Y Ve ((VxDE: = ) (Ve VXD,

i=1 i=1

2 2
Y (VxVeZ)Ei+ ) (R(E;, X)2)E;

i=1 =1

2 2
=Y Vx(VEDE) + Y (R(E;, X)Z)E;
=1 i=1

2 2
= Vy [Z(inz)Ei] + Z(R(Ei, X)Z)E;,

i=1 i=1
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taking into account that Z satisfies Codazzi’s equation.
Then,

2

2
(V2Z)x, ) = (Vx [Z(inZ)Ei] )+ ) (R(E, X)DE; Y)
i=1

i=1

=X

2 2
Y (Ve2)E, Y>J + ) A(R(E, X)D)E;, V)
i=1 i=1

2
= X(tr(Vy2) + ) (R(E, X)Z)E;, Y)

i=1
2
= XY(tr(Z)) + Z(((R(Ei/ X)ZE), Y) = {(Z(R(E;, X)E}), Y)).
i=1

By noting that trZ = 0, and computing the above expression at the point p,
we obtain

2

(V2Z)x,y) = ) (=((R(e;, )y, Zed) = (R(es, X)ei, Zy)).

i=1

Let us evaluate each summand in expression (2.6).

Lemma 2.5. Let Z be an operator as in Lemma 2.4. Then,

2
i) Y (Zy, Roner) = —cvA(Zx, y) — 2H(Ax, Zy) + (A%, Zy).
i=1
and
2
ii) Z(Zei, Re,xy) = —cv¥{(Zx, y) —(Ay, ZAx) + (Ax, y)tr(AZ).

i=1

Proof. Consider {e;,e;} an orthonormal basis of T,X. Using Gauss’
equation (1.3) we find

(Zy, R, xei) = —cl{x, Zy) — (x,e;){Zy, e;) — {(x, T){Zy, T) + ...
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o =i, TYx, Zy) + e;, TYx, e, (Zy, T)+
+<x/ T><€i/ T><ei/ Z]/>} - <Aei/ ei><Ax/ Z]/>+
+(Ax, ei){Ae;i, Zy).

Therefore,

2 2
Y (Zy, Roe) = —c(2(x, Zy) = Y _(x,e(Zy, e+
i:l l=1

2
=20x, TXZy, T) = (x, Zy) Y (e, TP+

i=1

2 2
HZy, Ty Y e, THx e + €, T Y (es, Tes, Zyd)+
i=1 i=1

2 2
~(Ax, Zy) ) (Aei ) + ) (Ax,e(Ae;, Zy),
i:l l=1

which implies that

2
Y (Zy, Reey = —c(2(x, Zy) — (Zx,y) = 2(x, TXZy, T)+
i=1

—(x, ZWITP +(Zy, TXx, T) + {x, TXT, Zy)}+
—(Ax, Zy)2H + (Ax, AZy).

Hence,
2
Y (Zy, Rewe) = —c(1 = [TPX(Zx, y) — 2H(Ax, Zy) + (A%x, Zy),
i=1

which shows the validity of (/). Now, one may verify that
(Zei R, y) = —cllei, yWZei, x) — (x, y)(Zei, i)+

—(x, T)YZe;, T)ei, y) — ei;, T)Xy, T)XXx, Ze;)+
+ei, TYx, y}(Ze;, T) + (x, T)Xy, T){ei, Ze;)} + ...
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. — (Ae;, yYAx, Ze;) + (Ax, y)(Ae;, Ze;).

Therefore
2 2 2
Z(Zei, Rexy) = —c {Z(ei, yXZei, x) —{x, ) Z(Zei, ei)+
=1 i=1 =1
2 2
—(x, T) Y (Zes, Ties, yy =y, T) ) er, TXx, Zeg)+
i=1 i=1
2 2
+, Y)Y (e THZes, T) + x, Ty, T) Y ei, Ze)+
i=1 i=1
2 2
— Z(Aei, YXAx, Ze;) + (Ax, y) Z(Aei, Ze;).
i=1 i=1
Therefore

2
Y (Zey, oy = =cl(Zx, y) = (x, TXZy, T) = Cy, TXZx, T+

i=1
+<ZTI T><x1 y>} - <Ay/ ZAX) + <Ax/ y>t7’(AZ)/
noting that trZ = 0.

Considering that
_<x1 T><Zy/ T> - <y/ T><Zx/ T> + <ZT/ T><x/ y>
= —(1-v*XZx, p),
we find

2
Z(Zei, Rexy) = —cvX{(Zx, y) — (Ay, ZAx) + (Ax, y)tr(AZ),
i=1

which demonstrates (i7).
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Theorem 2.2. Let Y% +» M?(c) xR be an immersed surface with non zero constant
mean curvature H and let Z be an operator on ¥? satisfying Codazzi's equation
with tr(Z) = 0. Then,

(V*Z)x,y) = 2cv¥(Zx, y) + 2H(Ax, Zy) — (A%x, Zy)+
+(Ay, ZAx) — (Ax, y)tr(AZ).

Proof. We use the expressions of Lemma 2.5 in equation (2.6) obtained
in Lemma 2.4.

Next we derive an equation of Simons type for the operator S as defined
in (1).

Theorem 2.3 (Thm 0.1 in Introduction). Let X2 + M?(c) X R be an immersed
surface with non zero constant mean curvature H and S as defined in (1). Then,

((V2S)x, y) = 2cv*(Sx, y) + 2H(Ax, Sy) — (A%, Sy)+

+(Ay, SAx) — (Ax, y)tr(AS)

and )
LaisP = vsp s+ 52 (37 € v omp - ©
2AISI = VS| = |S|* +|S] > 2+2H H(ST,T) +
1
> L 2
+c|ST| 4H2<ST’ T)~.

Proof. First, since S satisties Proposition 2.3, we can use the Theorem
22with Z = S.

Now, we know that %AlSI2 = |VS> + (V2S,S). Furthermore, we finds
that
(V?S,S) = 2cv*|S|” + 2H1tr(AS?) — [tr(AS)]%.

Now, we need to compute #r(AS?) and tr(AS), as follows:

tr(AS?) = tr{S3(S + écr, 3T — é(l — V)] + HI))

C

=trS® + —t
T 2H7’

c
(T, $*)T) - (E(l —v%) - H) trS?
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= < Z_L 2\ ) 2
=0+ o[sT] (4H(1 ) —H) s

and c c ,
tr(AS) = tr{S(S + E(T,-)T - m(l —v9)I — HI)}

_ 2, © AT — (<521 —12) —

= 1rS? + 5=t (T, $9T) = (g5 (1 = v) ~ H)irS
_cp L © _
- |S| + 2H<ST/ T> O/

noting that tr S = tr $®> = 0, also that

2
tr(T, $)T) = ) (T, SeiX(T, e;) = (ST, T)
i=1
and that )
(T, $)T) = ) (T, S%e)(T, e) = (S*T, T).
i=1
Therefore,
LAISP = [VSP + 20v2(SP + 2H(L|ST|2 - (i(l _42) - H) |5|2)
2 2H IH
SP+ S (sT.T))
~(1SF + 57T,
in this way,
%A|5|2 — |VSP + 202|SP + c|STJ? — (%(1 —2) - 2H2) ISP+

1

gt _ & 2_ - 2
S| H<ST’ TS| 4H2<ST’ T) .
Rearranging terms, we obtain finally
L e — 1vep _ |ci 2[Bev? ¢ 2_ ©
2AISI =|VS|]c —|S* +|5] > > +2H H(ST,T) +
+c|ST|* - L<ST T)?
4H2
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CHAPTER 3

Applications

In this chapter, we will apply the results found in chapter 2 together
with the Omori-Yau’s Theorem to classify some surfaces in M?(c) X R.

Theorem 3.1. Let ¥* + H? X R be an oriented complete immersed minimal
surface. Assume that
sup(|A|2 +57) < 1.
>

Then X2 is a vertical plane y X R for some geodesic y in H?.

Proof. Using Theorem 2.1 with H = 0 and ¢ = -1, one finds

%AmF:4VAF—VW+41—5%nm22VW(qAF+1—5#y

Let g := —sup(|A]* + 5v*) + 1 > 0. Therefore,
p»

AAP > d - |AP. (3.1
Using Gauss’ equation (1.3) in H? X R we have

|AZ + 517 312 1
T 4>

Ky = Koy —V? = > ——.
z eV 2 2 2
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Now we can use Theorem 1.2 with u = |A]?, i.e, there exist {p;} in * such
that

lim |AP(p)) = sup |AF and lim AJAP(p)) < 0.

J—ee Y jooo

Next, we use inequality (3.1) to conclude that sup, |A]* = 0, i.e, Z? is totally
geodesic with |[v| < V0.2

Since X2 is totally geodesic and |v| < V0.2 it cannot be a slice, it must
be a vertical plane y X R for some geodesic y in H?.

Theorem 3.2. Let ©? +» H? X R be a complete immersed surface with constant
mean curvature H. Assume that

sup(|pf* + 5v*) < 2H* + 1 and (¢pT,T) > 0.
z

Then X2 is a vertical plane y X R for some geodesic y in H?.

Proof. We consider the expression in Theorem 2.1 for the particular
casec = —1:

%Akplz = Vo> — [p|* + 2H? + 1 = 5v)|¢p* + 2H(PT, T).
As (¢T,T) > 0, we find

1
SAIDE = gl + @H? +1 -5l
- 2 2 2
Consider 5= 2H” +1 —sup(|$|° + 5v°) > 0. Then
z

AlpP > 2|pP2H? + 1 - 5v* — |¢?) > d|dP,
which implies,
Al > d|gf. (3.2)

Using Gauss’ equation (1.3) in H? X R we have

P +52 -2 32 1
Ky = Kex -1 = - 25
2= Rent =V 2 5 E7g
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Now we can use Theorem 1.2 with u = |¢[? i.e, there exist {p;} in £* such
that

jlim |pP(p;) = sup |I* and ]1im Alpl*(p)) < 0.
—00 5 —

Furthermore, we use inequality (3.2) to conclude that supy. IqDI2 =0,ie, X%is
totally umbilical. Next, we use that if 2 is totally umbilical with constant
mean curvature in H? X R then ¥? is totally geodesic, which follows from

[ST] section 4. Since ¥? is totally geodesic and |v| < V0.2 it must be a
vertical plane y X R for some geodesic y in IH?. This concludes the proof.

u
We need the following result:

Lemma 3.1. Let ¥2 > M?(c) X R be a complete immersed surface with non zero
constant mean curvature H. Then |S| = 0if and only if ©2 is an Abresch-Rosenberg
surface.

Proof. We consider (1,v) an isothermals parameters to a surface 2.
Now, we consider the complex parameter, z = u + iv and (2,0)-part of the
Abresch-Rosenberg differential

Q(x, y) = 2H(Ax, y) — c(x, Ty, T).
We can rewrite Q as
Qx,y) = (S, ) = 51 =V))(x, 1) + 2H (x, y).
Next we evaluate Q(d., d,) noting that (d,, d.) = 0:
Q@.,0:) = (59.,0.) = (%) i,
where & = (59,9, = —(Sd,,d,) = —§ and f = (Sd,, d,). Therefore

5_5\2 £ ) 2
cop- J[6=8) T _ &, _ A
S \/(4)+4 17175

2
151,
V2
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where A = |d,| > 0. This concludes the proof.

1 4H? -1
Let us consider the polynomial py(t) = =t — Et + >
is greater than one half there is a positive root for py. Let Ly be the positive

root. One has:

). When H

Theorem 3.3 (Thm 0.2 in Introduction). Let X2 > $% X R be an immersed
surface with constant mean curvature H greater than one half. If

Y2 is complete and sup |S| < Ly;

T
or

Y2 is closed and |S| < Ly.
Then X* = S3, ie, ¥* is an embedded rotationally invariant constant mean

curvature sphere.

Proof. Let consider two cases. First, X is complete and second, X is
closed.
First Case. Consider the expression in Theorem 2.3 with ¢ = 1:

1 2 _ 2 |l 2 5_1/2 _ 1 2 l
2AISI = |VS]F —|S|* + || > 2+2H H(ST,T}
+|STP? - L<5T T)?
4H2Y 0T
As (ST, T)| < |ST| < |S|, we have
1 ) 4 ,(5v 4H*-1 1 4H? -1 )
Z > - I - -
SAISE = ISP+ 18] ( o+ S — i8S+ | | ST T
hence,
Z > — 9] — Z .
SAISP 2 13 ( — = =181 - ISP |+ ISP, (33)
1
because H > —.
Observe that
4H?> -1 1 ) d
5~ il = 157 = putsupls) =: 5 > 0
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and v?|S|> > 0. Therefore
AISP> > d|S|. (3.4)

Now we estimate |S|.
S| > 2H|A| = KT, -)T| — (1 = v*) — 4H? > 2H|A| — 2(1 —v?) — 4H?,
that is,
Ly > |S| > 2H|A| — 2 — 4H>.
Using Gauss’ equation (1.3) in $* X R we find

2
, AP s o, 1({Ly+2+4H?

= = —— > - .
Ky =K,y +v > +2H + v > > 0

Now we can use Theorem 1.2 with u = |S[?, i.e, there exists a {p;} in £? such
that

lim [SP(p;) = sup S| and lim AIS[(p;) < 0.

J—0e0 ¥ jooo

By means of inequality (3.4) we conclude that sup, |SP* = 0, i.e, |S| = 0in
Y2, Using Lemma 3.1 and Remark 1 of the Introduction we conclude the
proof.

Second case. Let us consider expression (3.3)

4H? -1
2

1 2 2 1 2 5 21q|2
Z > — 9] — Z .
SAISP 2 18] ( =151 -18] )+2v S
4H?* -1

As |S| < Ly, we have >

1

- E|S| —|S|? > 0. Hence,
Locp s 22102
Z > Z .
2AISI 2 SV S|
Integrating and using Stokes” Theorem we find

5 2c2

0> = [ vSI"dZ > 0.
2 s

It follows that
|S]-v =0. (3.5)
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Let © = {p € Z? : v(p) = 0} = v "1(0) be the nodal lines of v. We knows that
Av + (JA]? + Ric(N,N)v = 0.

Hence, we could apply Theorem 2.5 in [C], p. 49, to conclude that © has
empty interior. Thus, using (3.5), |S| vanishes in an open and dense set. By
continuity, [S| = 0in X.

Using Lemma 3.1 and Remark.1 of the Introduction we conclude the
proof.

Theorem 3.4. There exists no 2 « $* X R complete immersed surface with
constant mean curvature greater than one half such that |S| = L.

Proof. Suppose that there exist ¥ +» $? x R satisfying the condition of
the theorem. Using expression (3.3)

—_ > —_— —_ —_
FAISE 2 151 ( > 7ol IS+ 5viISE,

with |S| = Ly one find that
5 22
0>0+ 5V Ly, > 0.

Hence v = 0, i.e, £? - $* x R is a cylinder y X R for some y € $* with
constant curvature 2H.

On the other hand, for a cylinder y X R, where y € §* with constant
curvature 2H, we may write

1
2H? + = 0
S = 2 1

0 —2H?>—=
2

V2

As|S| = 7(4H2 + 1) > Ly we have a contradiction.
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In next theorem we need the following result:

, 1.
Lemma 3.2. Any Abresch-Rosenberg surface ¥* + H? X R with H > 5 isan
embedded rotationally invariant constant mean curvature sphere.

Proof. See Proposition 4.3 in [AR], p. 19.

]
1 8H* - 12H* -1
Let us consider the polynomial gy(t) = —t* — =t + ( :

H 4H?
When H is greater than a positive root of the polynomial r(x) = 8x*-12x*-1,

12 + V176

i.e, Hi ter th
i.e, H is greater than 16

, there is a positive root for qy. Let My

be the positive root.

Theorem 3.5 (Thm 0.3 in Introduction). Let 2 + H? X R be an immersed

12 + V176

surface with constant mean curvature H greater than 14 ~ 1.25664.
If
Y2 is complete and sup |S| < My
z
or
Y2 is closed and |S| < My,
then ¥* = S7, ie, X* is an embedded rotationally invariant constant mean

curvature sphere.

Proof. Let us consider two cases. First, X is complete and second, X is
closed.
First case. Consider the expression in Theorem 2.3 with ¢ = -1

1 ) ) 4 ) 502 1 , 1

2A|S| = |VS| = |S|* + |S] > +2+2H +H<ST,T>
1
4H?
As (ST, T)| < |ST| < |S|, we may write

1.0 s e (dH2+1-512 1 4H? + 1),
Z > - - - _ = _
SAISP 2 ISP+ 18] ( : 151| = (=55 )17

—|ST]? - (ST, T)>.
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i.e,

1 ) ,(4H?* —4+5-52 1 4H? + 1 )
Z > — 1G] — — .
2AISI > |S| ( > Hl | 1P S|
This may be rewritten as,
= > - —|S| - ~(1- . .
SAISP 2 18] ( T FISI-ISP| + S -ISP. (3.6)
Observe that
8H* - 12H?* -1

1 2 _d
S 1SF 2 aueuplsh =5 >0

and (1 —?)|S|* > 0. Therefore,
AISI* > d|S|. (3.7)
Next we estimate |S]|.
S| > 2H|A| = KT, -)T| — (1 = v*) — 4H? > 2H|A| — 2(1 —v?) — 4H?,

i.e,
My > |S| > 2H|A| - 2 - 4H>.

Using Gauss’ equation (1.3) in H? X R we find
AP 1

Kz:Kext—vzz—T+2H2—v22—§(

My +2 + 4H2\
2H '

Now we can use Theorem 1.2 with u = |S[?, i.e, there exists a {p;} in £* such
that

lim ISIZ(p]-) = sup |SI* and lim A|S|2(p]~) <0.

J—ee ¥ jooo

Inequality (3.7) allows us conclude that supy ISP = 0, ie, |S| = 0 in X2
Then, by using Lemmas 3.1 and 3.2, we conclude the proof.

Second case. Let us consider expression (3.6)

8H* - 12H?> -1
4H?

1 2 2 1 2 5 2 2
Z > — 9] — (1 - .
SAIS _|S|( IS |5|)+2(1 Sl
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8H* - 12H> -1

< h
As |S| £ My, we have that 1n

1
- EISI —|S|? > 0. Hence,

Loeps 2 212

Z > (1 — .

SAISP 2 2(1 =178
Integrating and using Stokes” Theorem we write

0> §f(l —1%)|S]2dX > 0.
2 Jx

Moreover

(1-v»-ISP =0. (3.8)
Consider © = {p € X%v*(p) = 1} € H? X {t,}, for any #y. Since H is positive
we have that ©® has empty interior. Thus, using (3.8), we conclude that
|S| vanishes in an open and dense set. By continuity, |S| = 0 in . Using
Lemma 3.1 and the fact that the only closed surface is S, we conclude the
proof.

Theorem 3.6. There exists no X* + H? X R a complete immersed surface
[12 + V176
with constant mean curvature greater than — 15 " 1.25664 such that

Proof. Suppose that there exists X2 +» H? X R satisfying the condition
of the theorem. Using expression (3.6)

8H* - 12H> -1
4H?

1 e 2 1 AT 2y
Z > — |G| — (1 —
2AISI > |5 ( HISI S| )+ 2(1 OIS
with |S| = My we obtain:

0>0+ g(l—vz)M%{ > 0.

Hence v?* = 1, i.e, X% - H? X R is a slice H? X {t,}. But H? X {t,} has zero
mean curvature, and this is impossible because H is positive.
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