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Abstract

In this work we consider two towers of function fields over finite fields with cubic
cardinality. For the first of these towers (which was introduced by Bassa, Garcia and
Stichtenoth) we explicitly calculate the genus of each one of its steps, using the rami-
fication theory of Artin-Schreier extensions of function fields. For the second tower
(which was introduced by Ihara) we prove by structural arguments that its limit is
greater or equal than generalized Zink’s lower bound, showing in this way its asymp-
totic goodness; for the proof we use the machinery of completions. We also exhibit
the relations between these towers and the tower introduced by Bezerra, Garcia and
Stichtenoth.

Keywords: Towers of function fields, cubic finite fields, limits of towers, general-
ized Zink’s bound, completions.
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Introduction

Counting solutions of equations defined on finite sets is an interesting and useful sub-
ject. Although it is of combinatorial nature, in some cases it can be resorted to more
sophisticated machinery in order to solve it; a good example is the study of solutions
of algebraic equations over finite fields.

Some history (““The past”)

For the historic background of this subject we refer to the surveys [[Gel],[[Tdl],[[Rdl]: the
latter restricts to the elliptic case of the Riemann hypothesis for function fields over
finite fields; the former give a bird’s-eye view, but they also include recent develop-
ments, which are the concern of this thesis. We also refer to the book [[GaS{l] for the
most recent developments in the application of the theory of function fields in various
aspects of coding theory and cryptography.

Already in the 19th century, some works of Gauss (no surprisingly!) and Jacobi
deal with the number of solutions of certain algebraic equations over prime subfields
7| pZ; for example, in the “Last Entry” in Gauss’ diary, the number of solutions of the
congruence x°y* + x*> + y> = 1 (mod p) for a prime number p = 1 (mod 4) is stated
explicitly (yet Gauss did not actually give a proofﬂ Also, in his Disquisitiones of 1801
he counts the number of solutions of the Fermat equation x* + y* + z> = 0 (mod p),
being p a prime greater than 3. After that the problem was ignored for a long time.

In 1924 Emil Artin introduced the notion of zeta function for certain hyperelliptic
function fields over finite fields with odd cardinality, inspired by the notion of Dedekind
zeta function for number fields. Later Friedrich Karl Schmidt defined the zeta function
for a smooth absolutely irreducible projective curve over a finite field. He proved that
it is indeed a rational function, whose numerator can be written as a polynomial of
degree 2g, being g the genus of the curve. Around 1932, Helmut Hasse noticed (based

"We refer to [[Ra Part 1,3], where it is pointed out the connection of this result with the Riemann
hypothesis for quadratic function fields

Vil
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on a conjecture by Artin concerning his respective zeta function) that the following
inequality should hold (later known as the Hasse-Weil inequality):

[#X(F,) - (¢ + D] < 2g va.

Here X denotes a (smooth absolutely irreducible projective) curve over the finite field
F, with genus g, and #X(IF,) denotes its number of IF -rational points. Shortly after
he proved Artin conjecture (which is an analog of the analytic Riemann hypothesis)
for the case of elliptic curves (i.e., for curves of genus 1), using the so-called theory
of correspondences. Max Deuring observed then that the theory of correspondences
should be generalized in order to extend the Hasse method of proof to higher genus.
This was precisely the achievement made by André Weil, who proved that the nume-
rator in Schmidt’s zeta function can be written in the form L(z) = ]_[l.zfl(l — a;t), where
the «; are algebraic integers satisfying |a;| = +/g (The “Riemann hypothesis”), which
implies the Hasse-Weil inequality.

We remark that an elementary proof of the Riemann hypothesis for function fields
over finite fields (i.e., using only the machinery of function fields rather than the the-
ory of correspondences) was given by Enrico Bombieri in [Bd| (using ideas of Sergei
Stepanov). A self-contained exposition of this proof can be found on [Si Chapter
V]. About improvements and other proofs of this result, we refer the reader to [Ke83]],
[StVd]| and the commentary following Theorem We also point out that the the-
ory of Karl-Otto Stohr and José Felipe Voloch (see [SfVal]) has been a fundamental
tool for the classification of maximal curves (that is, those algebraic curves attaining
Hasse-Weil upper bound).

At this point, the theory of rational points on curves over finite fields took a short
hiatus, which ended around 1980, when Valerii Goppa discovered an unexpected con-
nection between linear codes and function fields over finite fields (see [[Gal|; for the
basic definitions on linear codes, see section 0.1). In fact, for a long time coding the-
orists were unable to exhibit codes with relative parameters surpassing the so-called
Gilbert-Varshamov bound. Already in 1973 Goppa constructed codes attaining this
bound by using values of rational functions over the rational function fields. Later he
generalized this construction by taking values of rational functions on algebraic curves,
that is, by working on function fields. These are the so-called AG codes (see section
0.2 for the definitions). For this class of codes, the relative parameters are related with
the number of rational places and the genus of the underlying function field, and “long
and good” AG codes are obtained whenever the genus is large and at the same time the
number of rational places is not small compared with the genus.

For this reason, the interest in knowing the relation between the number of rational
points of a curve and its genus was renewed. On this direction, Yasutaka Ihara defined
in [[h82)] the function A(g), which measures how large can be the number of rational
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points of curves with large genus (see equation (0.1))). Among other things, he proved
that A(g) > /g — 1 when g is a square, and later Vladimir Drinfeld and Sergei Vladut
proved that A(g) < /g — 1 for all g (an outline of the proof of these facts can be found
on [[IsVI). Using these results, they managed to prove (in joint work with Thomas
Zink) the existence of codes of arbitrary length, with parameters above the Gilbert-
Varshamov bound for ¢ > 49 (see Proposition [0.3]), which came as a surprising but
welcomed novelty for coding theorists.

More generally, positive lower bounds for the function A imply the existence of ar-
bitrary long codes with good parameters; unfortunately, for non-square values of g the
value of A(g) is unknown. Some isolated lower bounds are the following: A(2) > 2/9
(I8d)), A(3) > 1/3 and A(5) > 1/2 ([Xl]), and A(g") > (+/€(qg—€) —2)/(£ - 1) for £
a prime number such that ¢ > 4¢ + 1 and g = 1 (mod ¢) ([[Pel]). On the other hand, as
examples of general lower bounds we have the Serre bound (A(g) > clog g for a posi-
tive constant ¢ and every g; see [Se83]]) and Zink’s bound A(p?) > 2(p* - 1)/(p +2) for
all prime p ([[Zdl]). However, the proofs of these results involve deep results from class
field theory and modular curves, and in particular they do not provide explicit presen-
tations for the function fields involved, which is necessary for the explicit construction
of asymptotic good codes (for a reference describing nonexplicit constructions, using
class-field-theoretic techniques, we refer to the book [[NIX1]).

For this reason it is convenient to consider sequences of explicit function fields with
increasing genus, and afterwards to study the number of rational places of such fields.
In particular we limit ourselves to the case of increasing sequences of function fields:
these are known as towers of function fields (see Definition [0.7). More specifically, a
tower is a strictly increasing sequence (F),),>o of function fields over a fixed finite field
IF,, such that all the steps F,,;/F), are separable, and the genera g(F,) of the fields F,
go to infinity along with n. If N(F),) denotes the number of IF,-rational places of F,,
it is easily shown that lim,_,., N(F,)/g(F,) exists (see Definitions and [0.6). This
number is called the /imit of the tower, and it provides lower bounds for the quantity
A(gq). The “holy grail” of this theory is to determine explicit towers whose limit is the
best possible, namely the Ihara quantity A(g). By “explicit” we mean that the equations
defining each field are given in explicit form.

The first breakthrough in this setting occurred in 1995, when Arnaldo Garcia and
Henning Stichtenoth exhibited in an explicit tower over a square finite field,
where each step is an Artin-Schreier extension of function fields, whose limit attains
the Drinfeld-Vladut bound. Moreover, the proof of this result is quite elementary, using
only basic results on ramification in separable extensions of function fields. Later in
1996 the same authors obtained another example of “optimal” tower over the field IF,,
being g a square, but this time all the steps of the tower are simultaneously defined
by the same equation (see [(GaS{96-1l)); more precisely, the tower (F,),so is given as
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follows: Fy = IF,(Xy) is the rational function field over IF,, and for n > 0 we have
Fo1 = Fu(X,4+1), where f(X,, X,+1) = 0 and f(X,Y) is a fixed polynomial f(X,Y) €
F,[X, Y], which is separable in both variables X and Y. Towers defined in this way (not
only when the base field is a finite field) are called recursive, and the function field
F, is called the basic function field. A deep understanding of the ramification in the
function field F; often enables us to estimate the limit of the tower.

Of course, recursive towers form a small subset of the family of towers, but in con-
trast they have been systematically studied along these years. There are miscellaneous
criteria that ensure the asymptotic goodness of a tower, which are based on the notions
of “ramification locus” and “total splitting”; ee Propositions and On the
other hand, for “good” recursive towers (i.e., towers with positive limit) the defining
polynomial must have equal degree in both variables (see [[GaStO0l), and not all the
extensions can be Galois abelian (in other words, if the tower F = (F,),so satisfies
that all the extensions F,/F, are Galois abelian, then ¥ is asymptotically bad; see
[ExPeS{] for a proof). Finally, in the authors derive strong conditions on
the defining equation of a recursive Artin-Schreier tower of prime degree in order to be
asymptotically good.

When all the places in the ramification locus of a tower are tame, and such ramifi-
cation locus if finite, it is easy to show that the tower is good; see Theorem
2.1]. On the other hand, most interesting towers exhibit the so-called wild ramification
phenomenon, so the usual approach (via Abhyankar’s Lemma) does not work, and it
makes necessary to design some different strategies in order to estimate the genus of
the function fields involved.

Returning to the history of towers of function fields, it was not until 2002 that
an explicit tower attaining Zink’s lower bound for cubic finite fields appeared. This
recursive tower was constructed by Gerard van der Geer and Marcel van der Vlugt
using Artin-Schreier extensions of degree 2 over the finite field with eight elements
(see [[GM]), and they showed (after long calculations) that the limit of this tower is
equal to 3/2, which is the Zink bound for p = 2.

This construction was later generalized for any cubic finite field IFs by Juscelino
Bezerra, Garcia and Stichtenoth in [[BezGaS{l], and they showed (again after long and
detailed calculations) that its limit y satisfies y > 2(g> — 1)/(g + 2). Therefore Zink’s
bound can be generalized as follows:

A(q3) > , for all g (Bezerra-Garcia-Stichtenoth bound). (1)

2(q* - 1)
q+
Finally, in 2008 Alp Bassa, Garcia and Stichtenoth constructed in [BaGaST] a tower

of Galois extensions of function fields which attains the generalized Zink bound. The
merit of this construction lies in its simplicity, since it does not resort to complicated
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calculations in order to estimate the genera, instead giving a structural argument. More-
over, the limit obtained in the Bezerra-Garcia-Stichtenoth tower is obtained as a coro-
llary: in fact, this tower turns to be a subtower of the Bassa-Garcia-Stichtenoth tower
(if F = (Fpuso and G = (G,)nso are towers over F,, we say that F is a subtower of
G if the inclusion UF,, C UG, holds), and it is known that the limit of a subtower is
at least as big as the limit of the original tower (see Corollary 2.4]). As in
the case of the Bezerra-Garcia-Stichtenoth tower, the case g = 2 of the Bassa-Garcia-
Stichtenoth tower reduces to the tower of van der Geer and van der Vlugt.

As a matter of fact, the towers constructed in Example 2.3] show that
A(g) > 2/(g — 2) for g a nonprime. Of course, this is a far weaker estimate for the
function A(g) than that given by Serre, Zink or Ihara (and others...), but at least shows in
an elementary fashion that the function A is positive for all nonprime g. Unfortunately,
this construction does not work for prime fields, as shown in [[Lel], so the construction
of explicit towers over prime finite fields with positive limit remains as a challenge.

We remark that there is indeed a link between the theory of explicit optimal towers
over square finite fields and the theory of modular curves. Noam Elkies showed in
[EI98]] that some instances of the towers constructed in are in fact modu-
lar curves. The same author shows in [EIQ0I]] that the tower given in is an
example of Drinfeld modular tower. Finally Elkies conjectured in the appendix of the
paper that all optimal recursively constructed towers over square finite fields
should be modular.

As a final commentary, it should be pointed up that the range of applications of
the theory of function fields over finite fields is not restricted to linear codes. In fact
many branches of cryptography and code theory are devoted to function-field-theoretic
methods, such as nonlinear codes, hash families, sequences with low discrepancy and
bilinear complexity of multiplication in finite ﬁeldsﬂ among others. For a survey on
the state of the art of these topics we recommend the book [[GaST]].

About this work (‘‘The present’’)

Now we outline the contents of this thesis. Our results concern two towers over finite
cubic fields that are related. The first of these is the Bassa-Garcia-Stichtenoth tower;
the second is a subtower of the Bezerra-Garcia-Stichtenoth tower, defined by Ihara.

Chapter 0 is devoted to set all the background and preliminaries required in this

TRoughly speaking, the bilinear complexity of multiplication for a field extension [F,:/F,, is the mi-
nimum number of “nonscalar” multiplications required to perform all the multiplications of elements
in IE;», with the aid of “scalar” multiplication by elements in F,; see for example [[CH] for the rigorous
definitions and their relation with the theory of function fields.
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work; it is written in crash-course style, and except for the Section 0.4, it can be omit-
ted by the reader acquainted with the basic theory of function fields and linear codes.
Section 0.1 contains the basic definitions regarding the theory of linear codes, including
the Gilbert-Varshamov bound. In Section 0.2 the rudiments of the theory of algebraic
function fields in one variable (more briefly, function fields) are presented: places (and
rational places), divisors, Riemann-Roch spaces and genus. Afterwards the definition
of the so-called algebraic geometric codes (which depends on these notions) is given,
along with the relation between the parameters of such codes and the number of ratio-
nal places and the genera of the corresponding function fields. Is at this point where the
Hasse-Weil bound (Theorem and the Thara function (see (0.I))), which have to do
with the ratio “number of rational places/genus”, come into the scene, along with some
lower and upper bounds for this function (Ihara, Drinfeld and Vladut, Serre, Zink).
Finally, we define the notion of tower of function fields and its asymptotic parameters
(genus and splitting rate).

In Section 0.3 we consider ramification in function fields. Basic definitions (rami-
fication and inertial indices, tamely and wild ramification) are given. Moreover, basic
results such as the fundamental equality (Lemma [0.8)), Kummer’s Theorem (Proposi-
tion 0.9) and Hurwitz genus formula (Proposition are stated, the latter involving
the so-called different exponents. We do not define rigorously such numbers, but in-
stead we provide with a plethora of results which allow us to calculate them (or at least
to estimate them), such that Dedekind’s Different Theorem (Proposition (0.1 1)), transi-
tivity of the different (Lemma [0.13), Abhyankar’s Lemma (Proposition [0.14)), a result
concerning constant field extensions of function fields over perfect fields (Proposition
0.17)), and ramification and different exponents in Kummer and Artin-Schreier exten-
sions (Propositions and [0.21). Apart from these, a specific result (Proposition
about ramification in some special cases is stated and proved. This result proves
to be quite useful in the determination of the genus of the new tower (Chapter 2).

All the material of these three sections was borrowed from [Bfl], which provides
an excellent introduction to the subject. On the other hand, Section 0.4 concerns the
problem of estimation of the different exponent for some non-Galois extensions of
function fields. In many cases where the extensions involved are Galois, a very nice
result that permit us to go through this problem is the so-called “Key Lemma” (see
Proposition[0.27). Our interest is to device a technique which allow us to use this result
even in non-Galois instances. The theory of completions comes in handy in order to
achieve this purposeﬂ We set the basic definitions and results concerning completions
of valued fields and ramification in such fields (completions of valued fields are also
valued fields). The main results on this direction are: 1) Determination of the degree of
field extensions given by completions of valued fields, as a function of the ramification

ITn other words, completions are the “key” for the generalized “Key Lemma”.
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and inertial indices of the places involved, and 2) The invariance of the different when
passing to such field extensions. These results are contained in Propositions and
The reference we used for this theory of valued fields (not just function fields)
is the book of Serre [Ke7Y]. Finally we “dissect” the proof of the usual Key Lemma,
and we determine the condition that can be imposed even for fields not being function
fields, in order to the result remains valid. It turns to be that we only require that the
residue field of the “lower” place involved must be a perfect field; see Proposition
for a precise statement of this formulation. In the final part of this section we state
two results that provide upper (respectively, lower) bounds for the genus (respectively,
splitting rate) of a tower under certain conditions.

Now we discuss Chapter 1, in which we study the Bassa-Garcia-Stichtenoth tower
(BaGS for short). In [[BaGaStl| the authors proved that this tower attains the generalized
Zink’s bound (]) (see page[x)), yet they did not determine explicitly the genera of each
step.

In Section 1.1 we recall some basic results about the ramification structure in the
BaGS tower, and we state two results involving certain basic calculations which will
be widely used in the next section. Section 1.2 is the heart of this chapter: since all
the steps of the tower are of Artin-Schreier type, we can use Proposition in order
to determine the ramification behavior of all the places in the tower. For this pur-
pose it becomes necessary to apply the process of “Artin-Schreier reduction”. Roughly
speaking, if ¢ is the additive separable polynomial defining an Artin-Schreier exten-
sion, say L = F(y), with ¢p(y) = u € F (in our case we have ¢(T) = TY — T for the
extensions F,,;/F,, with n > 1), we are interested in rewrite the element « in the form
u = v+(u'), in such form that v is either holomorphic at the considered place, or it has
pole order relative prime to the characteristic of the field. Lemma [T.4] provides a first
result on this direction. A further refinement of this result is given in Lemma([.7} which
is of recursive character. The first application of these results imply total ramification
at certain places (see the commentary after equality (I.14), and (L.16),(T.17)). After-
wards a slight but crucial Artin-Schreier reduction is made in Lemma [T.8]in order to
determine ramification at the upper levels. For pedagogical purposes the Artin-Schreier
reduction process using Lemmas [I.7] and [I.§]is carried out until the fifth iteration (see
equations (T.21)-(T.39)), in order to motive the general construction. Already in these
steps we observe an alternating ramification behavior, changing from totally ramified
to unramified (and vice versa) in each step. Moreover, the elements L,,; defined for
i = 1,2,3,4,5 (see (I.T6),(T.23),(T.3T),(T.37),(I.39)) obey certain common pattern,
which we exploit in order to make a general definition, which settle all the remaining
caseﬂ This is the content of the main technical result of this chapter, Lemma It

$In my case, it took me up to the ninth iteration to become convinced about the pattern, due to my
diffidence (the autor).
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states that alternation of ramification (in the sense described above) occurs up to certain
point, followed by total ramification in all the remaining upper steps. This deals with
the majority of the cases of interest, and the remaining case (the infinite place at the
bottom function field F) is handled in Theorem

Finally, in Section 1.3 we collect the results of our previous work. We know that
the different exponent is equal to 2(g — 1) for all the ramified places in the extensions
F,.1/F, for n > 1, so the determination of the genus g, of the function field F,
as function of g, (the genus of F,) via Hurwitz genus formula reduces to the counting
of ramified places in each step F,,;/F, for n > 1, which is a reasonable (but tricky!)
task. It involves considerations on the numbers |n/4] (where | ]| stands for the integer
part), which forces us to work by cases. Finally the genus g(F;) is obtained using
the ramification behavior of the basic function field, which was already determined in

BaGadfl], so we are able to give a general formula for the genera of the BaGS tower
(we also deduce a one-line expression for this genera, not involving congruences mod
4, just as a curiosity). We remark that the ramification behavior of the BaGS tower
is exactly the same as the van der Geer-van der Vlugt tower (introduced in [[GV]]): in
fact, all the recursive definitions and results of this chapter are generalizations of the
corresponding ones given in such paper. Obviously, further difficulties arise in this
more general setting (only to cite a specific example, Lemma|[I.§]is unnecessary in the
context of the vdG-vdV tower, because of the far simpler form of the defining equation
of the tower).

Now we discuss the final chapter of this work. It is related to a new tower over
cubic fields introduced by Ihara; see equation (3) in [[h07]. Actually we will work
with a modified version of this equation (via a linear fractional change of variables,
which is discussed at the end of the chapter). In Section 2.1 we define the equation of
our new recursive tower. This equation is not irreducible (that is, its degree is greater
than the degree of the corresponding field extension), but this presentation turns to be
very convenient for the determination of the splitting rate of the tower. After a change
of variables, we obtain a nice, symmetric in two variables, presentation of the basic
function field F, which enables us to determine the ramification behavior of this basic
function field rather easily (see Proposition some of its statements are obtained
simply by invert the roles of the variables involved).

Section 2.2 concerns the ramification of the tower itself. Using the results of the
previous section (actually we only need to do a change of variable) we determine the
ramification behavior at all the basic function fields appearing in the tower (that is, the
field extensions k(X,, X,.+1)/k(X,) and k(X,,, X,,.1)/k(X,.1) for each n > 0, where k is
the base field, which is assumed to be perfect, and the X,, are the generators of the
function fields F,,). This enables us to determine the set known as ramification locus of

the tower (relative to the field F). The study of the ramification behavior of the tower
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is reduced, by definition, to the determination of the ramification at the places in this
set.

In this context, five possibilities arise (the “Cases”). As a notation we introduce the
terminology of “pyramids” and “diamonds”, the latter being simply the basic field ex-
tensions obtained from composita of fields of the form k(X;_;, X;, ..., X;) and k(X;, X;,1,
...Xjs1). Cases 1,3 and 4 are easily solved, because they lie in the situation of tame
ramification, and in these cases we know that Abhyankar’s Lemma allows to deter-
mine both the ramification index and the different exponent. Case 2 is reduced to one
of Cases 3,4 and 5. Finally, the more interesting part of the reasoning deals with Case
S: this is the only part where wild ramification occurs at both “bottom edges” of a di-
amond. It is at this point where the results of Section 0.4 are invoked. Since the field
extensions involved are not even Galois, we cannot apply directly the “Key Lemma”.

The strategy that we adopt (successfully!) can be briefly described as follows: first,
we take the Galois closures of the field extensions involved, and we determine the rami-
fication of the “bottom” place at these new extensions. The construction of these Galois
closures involves Kummer extensions, so we use Proposition It turns out that the
(total) ramification index at both Galois extensions is equal to a power of p =char(k).
Taking completions, after which the field extensions become Galois of degree equal to
the corresponding ramification indices (by Proposition assuming of course that
the base field is algebraically closed, which is harmless since the ramification is invari-
ant under constant field extensions), we are in the situation of the General Key Lemma
(Proposition [0.29), which enables us to determine the different exponent at the top
edges of the completed diamond (as functions of the respective ramification indices).
Using again Proposition we return to our original diamond, obtaining the desired
estimates for the different exponent.

In Section 2.3, using the results of the five Cases considered in the previous section,
we are able to estimate the genus of the tower respect to the field Fy, by applying
Propositions [0.13§0.16] and [0.30} Finally, in Section 2.4 we obtain a lower bound for
the splitting rate of the tower over F for the particular case in that the tower is defined
over the field IF;s. As we said before, it is easily done using the nice form of the
equation defining the tower, which enables us to conclude that enough places in the
field F, split totally in all extensions F,/F. Putting together these results we conclude
that the limit of the tower is at least as big as the generalized Zink bound, which is the
main result of this chapter. At the end of this chapter we show how this new tower is
related to the Bezerra-Garcia-Stichtenoth tower: it is in fact a subtower of the BeGS
tower. Since the limit of a subtower is greater or equal to that of the original tower,
this provides an immediate proof of our main result; however, it is always worthy to
prove the asymptotic goodness of a tower more directly, that is, by trying to determine
explicitly the genera of the tower and the nature of its rational places.
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As a final remark, another generalization of the Key Lemma can be found in the
PhD thesis of Bassa (see [[Bal Proposition 5.8]). The author also mentions the po-
ssibility of using completions in order to use the Key Lemma in a broader setting
([Bal Remark 3.4]), but ultimately he opted by a more elementary (but equally worthy)
approach.

Some perspectives (‘“‘The future?”’)

We close this Introduction by listing some future possibilities for further research on
the matters treated in this thesis (beginning with the most “reasonable”, and ending
with the more “platonic”).

e Maybe in the future we can add to the data on the Bassa-Garcia-Stichtenoth tower
the exact knowledge of the number of rational places at every step F, (or, even
better, the knowledge of the rational places themselves).

e Determine precisely the genera of the fields in the tower of Thara. The result
concerning admissible sequences (see Proposition [2.4)) can be useful for this pur-
pose. Afterwards (of course), try to determine the exact number of rational places
in the tower (as in the previous item).

e Construct towers over cubic finite fields with limit greater than the generalized
Zink bound. On this direction, the search for subtowers of good towers can prove
to be useful, since limits of subtowers are greater or equal than the limits of the
original ones. Of course, it can happen that the Thara quantity A(g?) is actually
equal to this bound, but the proof of this fact is probably far more difficulf*]

e Construct asymptotically good explicit towers over prime finite fields (we remind
the reader that no example of such tower currently exists; the construction of
asymptotically good towers for nonprime fields exhibited in [[GaStThl Example
2.3] no longer works for prime finite fields, as shown by Lenstra in [[Le]), and
if possible, with limit comparable to, say, the Serre bound. Similarly for finite
fields with cardinality other than square and cubic. It might be that the theory
of recursive towers is not enough to deal with these cases, so perhaps a new
approach is necessary.

* I personally believe that Zink’s bound is not optimal (the autor).



Chapter

Preliminaries

In this chapter we define the basic notions involved in our work, namely of function
fields, along with basic auxiliary results. Apart from it, we state and prove a result
about ramification of places in more general valued fields (that is, not necessarily being
function fields), which will be crucial in the proof of the asymptotic goodness of the
new tower introduced in Chapter 2.

0.1 Linear codes

For the definitions and results in this section we refer to [Sfl Chapter II and VII]. Let
IF, be the finite field with g elements. A linear code over IF, is just a IF,-subspace C
of ]Fq”. The elements of C are called codewords, the field I, is called the alphabet, and
we call n the length of C and dimg, C the dimension of C.

Obviously we are interested in non-trivial linear codes, so from now on we assume
that C # 0. Denoting the elements x of ]Fq” by x = (xy, ..., x,), we define the Hamming
distance in E;" as the function d(x, y) = |{k DX F yk}|, which indeed defines a metric on
IE". The minimum distance of C is defined as d(C) := min{d(a, b) : a,b € C and a # b}.
Finally, we say that C is a [n, k, d]-code if it has length n, dimension k and minimum
distance d.

For a [n, k, d]-code C sett := | (d—1)/2], where | ] stands for the integer part. From
the definition of 7 it follows that for each word u € F" there is at most one word ¢ € C
satisfying d(u, ¢) < t. For this reason we say that C is t-error correcting. We also define
the transmission rate of C by R = R(C) = k/n, and its relative minimum distance by

6 =0(C) :==d/n.
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Let V, := {(6(C),R(C)) : C is a code over IF,}. The limit set U, of V, is called the
domain of codes over F,. By a Theorem of Yuri Manin (see [[Mal]) the region U, is
bounded by ¢ and R axis, and by the graph of the continuous function «, : [0,1] —
[0, 1] defined by a,(6) = sup{R : (6,R) € U,}. The function «, is nonincreasing in the
interval [0, 1 — q‘l],aq(O) =1 and o,(6) =0 for 1 — gl'<o<1.

If H, : [0,1 - g '] > Ris defined by

0, if 6 = 0;

H,(0) = . -1

{6logq(q —1)—-dlog,(6) - (1 —d)log, (1 -9), 1f0<6<1-g7,
then the have the so-called Gilbert-Varshamov bound: a,(6) > 1 — H,(6) for 0 < ¢ <
1 — g ! (see [Bf Proposition VII.2.3]). Since H,6)<1lfor0<o<1~ g~', this lower
bound for @, guarantees the existence of long codes over IF, (i.e., with arbitrarily large
lengths) with positive transmission rate (the value R), which are capable of correct a
positive percentage of errors by word (the value 9).

0.2 Algebraic function fields and AG codes

In this section we introduce the basic notions on function fields. These, along with
the definition and basic properties of AG codes can be found on [Sfl. The reader
acquainted with the theory of function fields (and with its usual notation) can safely
skip this section.

An algebraic function field on one variable over a field k is a finitely generated
extension F/k with transcendence degree 1. For brevity we refer to this as a function
field over k. The field k is called the base field. In particular, if kr denotes the algebraic
closure of k in F, it follows that F /EF is also a function field.

A place of a function field F/k is simply the maximal ideal of a discrete valuation
ring of F containing k. This ring is denoted by Op, and the corresponding discrete
valuation is denoted by vp. The set of places of F/k is denoted by IP(F); we can omit
the base field & in this notation because it is easily seen that & 2 ky for any place P of
F/k; actually, for the subsequent development of the theory (divisors, Riemann-Roch
theorem, etc.), it is convenient to suppose that the base field is algebraically closed in
the function field, so from now on we add this condition to the definition of function
field.

For a place P € IP(F) we define the residue field at P as the field Op/P. Note that the
field k is canonically embedded in this field, and in fact we have [0p/P : k] < oo ([K4
Proposition 1.1.14]). This degree is called the degree of the place P, and it is denoted
by deg P. Places of degree 1 are called rational places of F/IF, or simply [F,-rational
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places. Now, the elements of P are precisely those x in F satisfying vp(x) > 0; for
such x we say that x has a zero at the place P. If vp(x) = 1, then P is equal to the
principal ideal Opx, and we say in this case that x is a local parameter at P. Similarly,
the complement of Jp in F is constituted by the elements y € F such that vp(y) < 0, and
for such y we say that y has a pole at the place P. For each x € 0p we denote by x(P)
its equivalence class in Op/P, and we define x(P) = oo for any x having a pole at P.
For this reason the elements of F are also called functions (with values in {oo} U Op/ P).
Note that in particular we have x(P) € k and vp(x — x(P)) > 0 whenever P is a rational
place and x € Op.

For a divisor of F/k we meant to be an element, say D, of the free abelian group
with basis IP(F), so it is equal to a formal sum }’pcp ) np P, with np € Z and np = 0
for almost all P. We write vp(D) for the integer np. For a non-zero function x in F
we define the principal divisor of x as (x) = ) pep(r) vp(X)P. Since x has only a finite
number of zeros and poles ([Rfl Corollary 1.3.4]), this indeed defines a divisor. If D is
any divisor of F'/k, we define the degree of D as deg D = } pcpr) vp(D) deg P, and we
define the Riemann-Roch space of the divisor D as the set L(D) = {x € F : vp(x) >
—vp(D) for all P € P(F)}U{0}. It is a finite-dimensional space over k, whose dimension
is denoted by €(D). Finally, we define the genus of the function field F/k as the number
g(F) = max{deg D—€(D)+ 1 : D is adivisor of F/k}. This number indeed exists, and
it is a nonnegative integer ([Sf Proposition 1.4.14]).

Now we can define the so-called algebraic geometric codes (briefly, AG codes) as
follows: for a function field F/IF, over a finite field and a set # = {P,...,P,} of n
distinct places P; € IP(F) of degree 1, let L be a linear IF,-subspace of F' such that
L C Op, for each i. The mapping a : L — IF given by a(x) = (x(P)),...,x(P,)) is
well-defined and IF,-linear, so its image is a code over IF,. When L is a Riemann-Roch
space of a divisor, say L = L(D), such that vp (D) = 0 for each i, the corresponding
code is called algebraic geometric code, and it is denoted by C, (P, D) (In [Sf]] these
are called geometric Goppa codes, after V.D. Goppa, who introduced such codes in

IGa).

The following result, which is a direct consequence of Riemann-Roch theorem,
allow us to estimate the parameters of an AG code:

Proposition 0.1 ([8fl Corollary 11.2.3]). If n > deg D, then C; (P, D) is a [n, k, d]-code
with k = €(D) > deg D + 1 — g(F), and equality occurs if deg D > 2g(F) — 1, moreover,
d>n—degD.

As a consequence, if we are able to construct function fields with increasing number
n of IF -rational places, and we fix the value deg D/n (obviously we must modify the
divisor D for each function field), then the relative minimum distance of the corres-
ponding AG codes is positive, and their respective transmission rates increase along
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with the value n/g(F). For this reason, it is important to estimate the relation between
the number of rational points of a function field F/IF, and its genus g(F). On this
direction we have the following celebrated result, which was proved first by Helmut
Hasse in the case g(F) = 1 ([[Hal]), and after by André Weil in the general case ([[Wel]):

Theorem 0.2 (Hasse-Weil bound). Let F/IF, be a function field over the finite field
F,. If we denote by N(F) the number of IF,-rational places of F, then we have

N(F)<q+1+2g(F)+q.

Actually this result also provides a lower bound for the number of rational places, but
for our purposes this additional result is not necessary. We remark that the bound above
is sharp: in fact, there are examples of function fields attaining this bound, the so-called
maximal function fields. Further improvements of this bound were given by J.-P. Serre
(the ‘Explicit Formulas’; see [Ke83]|) and J. Oesterlé, the latter providing the ultimate
strengthening of the Hasse-Weil bound in terms of the genus alone. We also mention
that the work of K.-O. Stohr and J. Voloch provides bounds for the number of rational
places, which depend on the geometry of the curve associated to the function field (see

ISEVl)).

When the genus of the function field is large with respect to the cardinality of the
base field, the Hasse-Weil bound can be improved substantially. In [[[h82]], Y. Thara
introduced the following real number:

N(F
A(g) = limsup ——, 0.1)
1 g<F>—>o<P g(F)

where F runs over all the function fields over IF,. He showed that A(g) < @ for any
g, thus improving the estimate given by the Hasse-Weil bound A(g) < 2 +/g, and he also
showed that A(g) > /g — 1 when ¢ is a square. Later V. G. Drinfeld and S. G. Vladut
showed in [[DrVI] by elementary methods that the reverse inequality A(g) < /g — 1
holds for every g. Thus, the value of A(qg) is exactly /g — 1 when g is a square. For
other cardinalities much less is known. For example, there exists a constant ¢ > 0 such
that A(g) > clog g for all g (see for the proof, which uses class field theory). For
q a cubic power of a prime number, T. Zink found, by using degeneration of Shimura
modular surfaces, the following lower bound (see [[Z1l]):

2

A(p?) > M, for all primes p .
p+

The drawback of these proofs lies in the fact that they are too hard to carry out expli-
citly, that is, they do not provide an explicit description of the function fields in terms
of generators and equations. On the other hand, the success of the AG codes method
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depends heavily on the knowledge of the function fields involved and of their genera
and [F,-rational places, so in particular the defining equations of the function fields
involved are highly desirable"]

In any case, good lower bounds for the function A imply the existence of arbitrarily
long codes with good parameters, via the following result (see [[[SVIZil]; the proof can
also be found on [Sfl Proposition VII.2.5]):

Proposition 0.3. If A(q) > 1, then @, (6) > 1 - A(q)™" = 6 forall § € [0,1 - A(g)™"].
Now we define the concept of tower of function fields, which is the central object
of study in this work.

Definition 0.4. A tower of function fields over a field k is a sequence ¥ = (F,),>0 of
function fields over k such that the following conditions hold:

(i) Each field extension F,,1/F, is finite and separable of degree > 1.

(i1) The field k is algebraically closed in each field F, (so F), is indeed a function field
over k, according to our definition).

(iii)) The genera of the fields F,, satisfy g(F,) — co when n — oo.

Definition 0.5 ([GaStThI). Given a tower ¥ = (F,),»0 over F,, the following limits
do exist, the first as a positive real number; the second, as an extended real number:

1 N(F") . 1 g(Fn)
YO Fo) = i ey Y Fo =

The (extended) real numbers v(7 /F) and y(¥ /F,) are called, respectively, the split-
ting rate and the genus of the tower ¥, both relatively to the field F.

Sometimes we also refer to the sequence (g(F,)),., as the genus of the tower.
Clearly the knowledge of the genus of the tower in this sense allow us to determine
the genus of the tower in the sense of the definition above (as a limit).

Definition 0.6. For a tower ¥ = (F),),>o over F,, the real number

W(F/Fo)
A = lim ——=
= T Fy)

is called the limit of the tower ¥ (note that A(F) indeed does not depend on Fj).

From the definition of tower we clearly have 0 < A(F) < A(g) < /g - 1.

® Of course, it remains to tackle the computational implementation issues, but this is another story...
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Definition 0.7. A tower ¥ of function fields over [F, is said to be:

e Asymptotically bad, if A(F) = 0.
e Asymptotically good, if A(F) > 0.

o Asymptotically optimal, if A(F) = A(q).

It is clear that a tower # is asymptotically good if and only if its genus y(7/Fy) is
finite and its splitting rate v(¥ /Fy) is positive.

0.3 Ramification in function fields

Let F/k be a function field, and let L be an algebraic extension of F. From now on we
suppose that the extension L/K is separable. Then L is a function field over k', where
k' is the algebraic closure of k in L. We know that [k" : k] < oo iff [L : F] < oo ([K4
Lemma III.1.2]).

If P € P(F)and Q € P(L), we say that Q divides P whenever Q 2 P. This
is denoted by Q|P. This is equivalent to say that for some integer ¢ > 1 we have
vo(x) = evp(x) for all x € F, or that 0 N F = P (see [Sfl Proposition III.1.4]). The
integer e is called the ramification index of Q over P, and it is denoted by e(Q|P). If
e(Q|P) > 1, we say that (the extension of places) Q|P is ramified; otherwise, we say
that Q|P is unramified. Finally, we say that a place P € P(F) is ramified in L/ F if Q|P
is ramified for some Q € P(L) dividing P; otherwise, we say that P is unramified in
L/F.

On the other hand, if Q|P, then there is a canonical embedding Op/P — 0y/Q.

The degree [0/ Q : Op/P] is called the inertial degree of Q over P, and it is denoted
by f(QIP).

If L/F is a separable algebraic field extension and if Q € IP(L), then the restriction
Q N F is a place of F. Finally, if M/L is another separable algebraic extension of
fields, and P € IP(F), Q € P(L),R € P(M), then we have e(R|P) = e(R|Q)e(Q|P) and

F(RIP) = f(RIQ)f(QIP).

Lemma 0.8 (Fundamental equality). If L/F is a finite extension of function fields,
and P € P(F), then
D, eQIP)F(QIP) = [L: F1.

QeP(L)
o
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For a finite extension L/ F of function fields, we say that a place P € IP(F) is fotally
ramified in L/F if e(Q|P) = [L : F]. According to fundamental equality, this implies
that there is an unique place Q € P(L) dividing P; the converse is true, provided that
f(Q|P) = 1, which happens if k is algebraically closed, for example. We also say that
P is totally decomposed in L/ F (or that P splits completely in L/F) whenever there are
[L : F] distinct places in P(L) dividing P. By fundamental equality, this amounts to
say that e(Q|P) = f(Q|P) = 1 for each place Q € P(L) dividing P.

In determining the ramification behavior of a place in certain field extensions, the
following result proves to be useful, but first we need to set some notation. Let P €
IP(F). For any polynomial f(T) € Op[T], say f(T) = 3;a;T', with a; € Op, we define
the reduction mod P of f as the polynomial fp(T) := 3; ai(P)T' € (0p/P)[T]. Now we
state the result:

Proposition 0.9. Suppose that the field extension L/ F is simple, say L = F(y). More-
over, suppose that y is Op-integral, so its minimal polynomial over F, say o(T), belongs
to Op[T). Consider the decomposition of ¢p(T) into irreducible factors on (Op/P)[T],
that is,

er(T) = | |70,
i=1

where the polynomials y;(T) are monic, pairwise distinct and irreducible in (Op/P)[T].
Choose polynomials ¢,(T) € Op|T] such that degy; = deg ¢; and (¢;)p = ;. Then there
are places Py, ..., P, € P(L) such that PP, ¢;(y) € P; and f(P;|P) > degy; for each i.

Moreover, if € = 1 for each i, then there exists, for each i between 1 and r, exactly
one place P; € P(L) such that P;|P and ¢,(y) € P;. Each extension P;|P is unramified
and satisfies f(P;|P) = degvy; (so by fundamental equality the places Pi,..., P, are
precisely the places in P(L) dividing P).

This result is commonly known as Kummer’s Theorem. For a proof see [Sfl, Propo-
sition I11.3.8].

For finite separable extensions of function fields we have the following classic for-
mula relating the genus of the function fields involved:

Proposition 0.10 (Hurwitz genus formula). Let F/k be a function field over k, and let
L/F be a finite separable field extension, so L is a function field over k', the algebraic
closure of k in L. Then we have

[L:F]
[k : k]

(2g(L) - 2) = (2g(F) - 2) + deg Diff(L/F),

where Diff (L] F) denotes the difterent of L/ F.
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The different of L/F is a divisor of L of the form:
DIff(L/F)= ) ), d(@P)Q.

PeP(F) QeP(L)
olp

The integer d(Q|P), which is nonnegative, is called the different exponent of Q|P. We
refer to [Kfl Section II1.4] for the rigorous definition of d(Q|P). We are more inter-
ested in the effective determination (or, at least, the estimation) of such numbers. The
following results will allow us to do this in our cases of interest.

Proposition 0.11 (Dedekind’s Different Theorem). With notation as before, we have
that d(Q|P) > e(Q|P) — 1, and equality holds if and only if char(k) does not divide
e(Q|P). In particular d(Q|P) = 0 whenever Q|P is unramified.

Let Q and P be places such that Q|P. We say that Q|P is tamely ramified if char(K)
does not divide e(Q|P); otherwise we say that Q|P is wildly ramified. If Q|P is wildly
ramified for some Q dividing P, we say that P is wildly ramified in the field extension
L/F; otherwise we say that P is tamely ramified in L/ F .

Proposition 0.12 ([Sfl Proposition I11.5.12]). With the notation above, suppose that a
extension of places Q|P is totally ramified. Let t € L be a local parameter at Q (that is,
vo(t) = 1). Then we have d(Q|P) = vo(¢' (1)), where ¢(T) is the minimal polynomial of
tover F.

The following result relates the different exponent of a field extension with the
different exponents at intermediate fields.

Lemma 0.13 (Transitivity of the different). Let M/L and L/F be finite separable ex-
tensions, where F is a function field, and let P € P(F), Q € P(L), R € P(M) be places
such that R|Q and Q|P. Then we have

d(R|P) = d(R|Q) + e(R|Q)d(Q|P).

For a proof, see [Sfl Corollary II1.4.11].

The following fundamental result allow us to determine the ramification index and
the different exponent of a compositum of two function fields from the respective data
on the subfields, provided that tame ramification occurs in one of them.

Proposition 0.14 (Abhyankar’s Lemma). Let L/F be a finite separable extension of
function fields, and suppose that L is the compositum of two intermediate subfields
Li,L, CL Let PcP(F)and Q € P(L), and let Q; = QN L; € P(L;) fori = 1,2. If one
of the extensions Q;|P is tamely ramified, then

e(QIP) = LCM{e(Q1|P), e(Qa|P)} ,

where LCM stands for the least common multiple.
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Actually in our work we only need to determine the ramification index and the
different exponent in very particular cases. For this reason it will be convenient to state
these results explicitly. In the following two results the function fields involved have
characteristic p > 0, and ¢ is a power of p.

Proposition 0.15. Let L/F and M/L be finite separable field extensions of function
fields, and let P € P(F),Q € P(L) and R € P(M) be places such that R|Q and Q|P.
Then the following holds:

(i) Ife(QIP) = 1 then e(R|P) = e(R|Q) and d(R|P) = d(R|Q).

(ii) If e(R|Q) = 1 then e(R|P) = e(Q|P) and d(R|P) = d(Q|P) (Thus, if one of the in-
termediate extensions is unramified, the global ramification behavior is the same
as in the other intermediate extension).

(iii) If e(RIQ) = d(RIQ) = q then e(RIP) = qe(QIP) and d(RIP) = g(d(QIP) + 1).
(iv) Ifd(QIP) = 2(e(QIP)~1) and d(RIQ) = 2(e(RIQ)~1), then d(RIP) = 2(e(RIP)~1).

(v) If e(QIP) = g — 1 and d(R|Q) = 2(e(R|Q) — 1), then e(R|P) = e(R|Q)(q — 1) and
d(R|P) = (%)e(RlP) ~2.

Proof. They are direct consequences of Lemma and the multiplicativity of the
ramification index. We only prove (v); the proof of the remaining items is even easier.
By Proposition we have d(Q|P) = g — 2, so by Lemma we have d(R|P) =
d(R|Q) + e(R|IQ)d(Q|P) = 2(e(R|Q) — 1) + e(R|Q)(q — 2) = ge(R|Q) — 2, the latter being
equal to (%)e(RlP) — 2 because e(R|P) = (¢ — D)e(R|Q). O

Proposition 0.16. Let L/F be a finite separable field extension of function fields, and
suppose that L = Ly L, for two intermediate subfields L,,L,. Let P € P(F) and Q €
P(L) be places such that Q|P, and for i = 1,2 let Q; = Q N L;. Then the following
holds:

(i) If e(Q1IP) = 1 then e(Q|Q>) = 1,e(Q|01) = e(Qa|P) and d(Q|Q1) = d(Q»|P)
(Thus, if one of the extensions is unramified, then the liftings of the respective
field extensions inherit the ramification behavior).

(i) If e(QilP) = q — 1 and e(Qa|P) = d(Qa|P) = g, then e(Q|Q2) = g — 1 and
e(Q1Q1) = ¢,d(QIQ1) = 2(g = D).

Proof. Ttem (i) is an immediate consequence of items (i) and (ii) of Proposition
together with Proposition[0.14} As for (ii), note that we have e(Q|Q;) = g and e(Q|Q>) =

g — 1 by Proposition so by Lemma [0.13| we have
d(QIP) = d(Q|Q1) + e(Q|Q1)d(Q1|P) = d(Q|Q)) + q(q — 2) = d(Q|Q\) + ¢° - 2q
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and
d(QIP) = d(Q|0,) + e(Q102)d(QalP) = g =2+ (g = 1)g = ¢" = 2.
Comparing the equalities we get d(Q|Q;) = 2g — 2, as desired. O

Let F be a function field over k. When £ is algebraically closed, nice things can
happen: for example, “unramified” becomes equivalent to “totally decomposed”, and it
is possible (in some cases) to conclude directly from Kummer’s Theorem (Proposition
that a given place is totally decomposed. As a consequence the calculation of
the genus g(F) becomes easier (at least theoretically). The following result shows that
whenever we want to calculate the genus of a function field F, we can replace the base
field k by any algebraic extension of it, provided that k is a perfect field¥]

Proposition 0.17. Let F/k be a function field over a perfect field k, and let k' be an
algebraic extension of k (for example k' = k). Consider the constant field extension
L= Fk' of F/k. Then L is a function field over k' (i.e., k' is algebraically closed in L).
Moreover, every place P € P(F) is unramified in L/F, and we have g(L) = g(F).

For the proof see [Kfl Theorem I11.6.3].

Corollary 0.18. Let F be a function field over a perfect field k, and let L/ F be a finite
separable extension. If there exists a place P € P(F) that is totally ramified in L/ F,
then k is algebraically closed in L (so L is also a function field over k).

Proof. Let k' be the algebraic closure of kin L, and let L’ = F k'. Let Q € P(L) be a
place of L dividing P, and let Q" = Q N L'. Note that we have L 2 L’ 2 F. By Propo-
sition we have e(Q’|P) = 1; on the other hand, the condition e(Q|P) = [L : F]
clearly implies e(Q|Q’) = [L : L'] and e(Q’|P) = [L’ : F] (because the multiplicativity
of both the degree of field extensions and the ramification index). Therefore we have
[L": F] =1,s0k" € L' = F. Since k is algebraically closed in F' by hypothesis, it
follows that k" = k. This finishes the proof. O

Corollary 0.19. Let L/F be a finite separable extension of function fields over the same
perfect field k (that is, k is algebraically closed in L). Let k" be any algebraic extension
ofk,and let L' = Lk', F' = Fk'. Let P € P(F),Q € P(L), P’ € P(F') and Q' € P(L") be
places such that Q'|Q|P and Q'|P’|P. Then we have e(Q|P) = e(Q'|P’).

Proof. Since k is algebraically closed in both F and L, then by Proposition we
have e(Q’'|Q) = e(P'|P) = 1. Using that e(Q'|P) = e(Q'|Q)e(Q|P) and e(Q'|P) =
e(Q'|P)e(P’|P), the result follows. 0O

*This assumption is essential: the corresponding result is no longer true if we drop this restriction.
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Corollaries and[0.I9|together are very useful in order to determine the ramification
behavior of a separable field extension of function fields: in fact, let L/F be a such
extension, where F is a function field over a perfect field k. If we manage to prove
(with “bare hands”) the existence of a place P € P(F) totally ramified in L/F, the
first result shows that L is also a function field over k, and the determination of the
ramification behavior in the extension L/K becomes more easy if we suppose that & is
algebraically closed (especially when we try to apply Kummer’s Theorem), and such
assumption is possible by the second result.

Now we turn our attention to two special kind of extensions of function fields: the
tower studied in Chapter 1 is made of Artin-Schreier extensions, whereas Kummer
extensions are considered in a crucial step of the proof of the asymptotic goodness of
the new tower (Chapter 2). Now we state just the basic facts about ramification in such
extensions that will be needed in the sequel.

Proposition 0.20 (Kummer extensions). Let F/k be a function field over a perfect field
k. Suppose that k contains a primitive n-root of unity, with n > 1 (so n is relative prime
to the characteristic of k). Let u € F and let L = F(y), where y satisfies y" = u. Then
we have:

(i) The extension L/F is Galois of degree [L : F] = d, where d divides n, and the
minimal polynomial of y over F is of the form T¢ —w, withw € F.

(ii) If P € P(F) and Q € P(L) are places such that Q|P, then we have e(Q|P) = d/rp,
where rp = GCD(d, vp(w)) (so d(Q|P) = e(Q|P) — 1 because d/rp is relative
prime to the characteristic of k). Here GCD denotes the greatest common divisor.

(iii) With P and Q as in item (ii), if n divides vp(u), then Q|P is unramified.

Proof. Ttem (i) is a standard fact from Galois theory. For item (ii) we refer to [Kf
Proposition II1.7.3]. Finally, suppose that n divides vp(u), with P and Q as in item
(ii). From equalities y* = u and y/ = w we get u = w"¢ (recall that d divides n),
and therefore vp(u) = nvp(w)/d. Since n divides vp(u), it follows that d divides vp(w),
hence rp = GCD(d, vp(w)) = d, and so e(Q|P) = d/rp = 1 by item (ii). O

Let k be a perfect field of characteristic p > 0. A polynomial ¢(T') € k[T] is said to
be additive if it has the form 9(T) = a,T"" + a,.,T""" + -+ a;T? + aoT, with a; € k.
Since p’(T) = ay, the necessary and sufficient condition for ¢(7) to be separable is that
ap * 0.

Proposition 0.21 (Artin-Schreier extensions). Let F/k be a function field over a perfect
field k of characteristic p > 0, and let q be a power of p. Let p(T) € k[T] be an additive
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separable polynomial of degree q which has all its roots in k. Let u € F and suppose
that for any place P € P(F) there is an element 7 € F (depending on P) such that either

vp(u —p(z)) > 0

or
vp(u — 9(2)) = —m, withm > 0 and GCD{m, p} = 1.

Define mp = —1 in the first case and mp := m in the second case. Them mp is a well-
defined integer. Suppose that exists a place Q € P(F) with mg > 0, and let L = F(y),
where y satisfies p(y) = u. Then the following holds:

(i) The extension L/ F is elementary abelian of exponent p, and Gal(L/F) is isomor-
phic to the additive group {a € k : p(a) = 0}.

(ii) Any place P € P(F) with mp = —1 is unramified in L/ F.

(iii) Any place P € P(F) with mp > 0 is totally ramified in L/ F, and if Q denotes the
unique place in P(L) dividing P, then the different exponent is given by d(Q|P) =
(g = D(mp + 1).

(iv) k is algebraically closed in L (by Corollary [0.18 and item (ii), because mp > 0
for some place P).

For the proof, see [8fl Proposition II1.7.10].

0.4 The “Key Lemma” for completions

In this section we state and indicate a proof of a generalization of the result known
as “Key Lemma”, which gives information about ramification in composita of Galois
extensions of function fields of degree a power of p, being p > 0 the characteristic of
the base field. This result cannot be directly used because the field extensions involved
in the new tower (Chapter 2) are not even Galois; however, we resort to the technique
of completions in order to solve this problem. Of course, we must assure us that the
results about ramification continue to hold in this new setting. The basic reference for
this section is [Se79 Chapters I-IV].

We remark that ramification theory can be developed in the more general setting of
fields of fractions of Dedekind domains. Discrete valuation rings are examples of such
rings, and in fact Dedekind domains can be characterized as the noetherian integral
domains that are discrete valuation rings locally. The unique additional restriction in
the case of function fields is that the discrete valuation rings involved must contain the
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base field. By dropping this restriction we obtain the definition of discrete valuation
ring in more general fields, and if we assume that the field extensions involved are all
separable, then all the basic results on ramification remain to be true in this new setting;

see [Ke79 Chapter I].

Now we discuss completions. Since we are more interested in the properties rather
than the rigorous definitions, we just set the definitions and state the corresponding
properties. Let P be a place of a field F, that is, the maximal ideal of a discrete valuation
ring of F, which is denoted (as in the case of function fields) by &p. Associated to P
we have a field Fp , the P-adic completion of the Op -module F respect to P ; moreover
we have a canonical embedding F < Fp (though this fact will not be needed). We
also consider the P-adic completions of the &p-modules 0p and P, which are denoted
respectively by Op and P. 1t turns out that &} is a discrete valuation ring of Fp, with
maximal ideal P. Moreover, its residue field ﬁAp /P is isomorphic to the residue field
ﬁp/P

Consider now a field extension L/F. Let P € P(F) and Q € P(L) be places such
that Q|P. Then we have that L is a field extension of £ . The following result relates
the ramification behavior of Q|P with that of Q| P :

Proposition 0.22 ([Se79 11.§3, Theorem 1, Corollary 4]). With the hypotheses above,
we have the following:

(i) The field f,Q is an extension Ofﬁpﬂ of degree e(Q|P) f(Q|P).
(ii) The place 0 € ]P(f,Q) is the unique place dividing P, and we have e(Q|P) =
e(Q|P)and f(QIP) = f(Q|P).
(iii) If L/ F is a Galois extension, then ﬁQ /Fp is also a Galois extension.
Let L/F be a finite separable extension of fields. The numbers d(Q|P) are also
defined in this more general setting (see [S€79] 11.§3]), and the same results from the

theory of function fields continue to hold; moreover, such exponents are preserved after
completions. This is the content of the following result:

Proposition 0.23. Let L/F be a finite separable extension of fields, and let P € P(F),
Q € P(L) be places such that Q|P. Then we have the following:

(i) (Transitivity) If M/L is another finite separable field extension, and R € P(M)
satisfies R|Q, then we have d(R|P) = d(R|Q) + e(R|Q)d(Q|P) .
(ii) d(QIP) = d(Q|P).

* There is a misprint in this result: in page 31 of [SeZ9), line 3 we should read “K” instead of “K”.
The original French version of this book is typed correctly at this point.
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Proof. For (i), see [Ke79 11.§4, Proposition 8]. Item (ii) is the content of [Se79 1I.§4,
Proposition 10].

Now we state the required preliminary results used to prove the “Key Lemma” for
function fields.

Lemma 0.24 ([GaSt03] Lemma 1]). Ler F/k be a function field over a perfect field k
with char (k) = p > 0, and let L,/ F and L,/ F be two distinct Artin-Schreier extensions
of degree p. Denote by L the compositum LiL,. Let P € P(F) and Q € P(L) be places
such that Q|P, and let Q; = QN L; fori = 1,2. If d(Q;|P) € {0,2p — 2} for each i, then
we also have d(Q|Q;) € {0,2p — 2} fori=1,2.

In the following two lemmas, we have the following setting: F/k is a function field
over a perfect field k of characteristic p > 0, L and M are fields suchthat M 2 L 2 F
and M/F is a finite separable field extension. Finally, P € P(F),Q € P(L) and R €
P(M) are places such that R|Q and Q|P.

Lemma 0.25 ([GaSt07] Proposition 1.2]). If B > 0 satisfies d(R|Q) < B(e(R|Q) — 1)
and d(Q|P) < B(e(Q|P) — 1), then we also have d(R|P) < B(e(R|P) — 1).

Lemma 0.26 ([[GaSt07] Proposition 1.8]). Suppose that M/L is a p-extension, and that
both M/L and L/F are Galois extensions. If d(R|P) < 2(e(R|P) — 1), then d(R|Q) <
2(e(RIQ) — 1) and d(QIP) < 2(e(QIP) — 1)

Let F, L, P and Q as in the previous lemmas. If L/F is a Galois p-extension and
d(Q|P) < 2(e(Q|P) — 1), then we actually have d(Q|P) = 2(e(Q|P) — 1). In fact, from
the theory of higher ramification groups for Galois extensions of function fields (see
[K1 Section II1.8]) we obtain the inequality d(Q|P) > 2(e(Q|P) — 1). Now we state the
“Key Lemma” for function fields:

Proposition 0.27 ([GaSt07] Proposition 1.8]). Let F/k be a function field over a perfect
field k of characteristic p > 0. Let Li/F and L,/F be Galois p-extensions, and let
M = LL,. Let P € P(F) and Q € P(M) be places such that Q|P, and let Q; = Q N L;
for i = 1,2. Suppose that d(Q;|P) = 2(e(Q;|P) — 1) for i = 1,2. Then we also have
d(QIQ;) = 2(e(QIQ) — 1) fori = 1,2.

The proof of Lemma [0.24relies on the following result:

Lemma 0.28 ([8fl Lemma I11.7.7]). Let F be a function field over a perfect field k of
characteristic p > 0. Given an element u € F and a place P € P(F), the following
holds:

(a) Either there exists an element 7 € F such that vp(u — (z° — z)) = 0,
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(b) or else, for some 7 € F we have vp(u — (¥ — 7)) = —m < 0, with GCD(p, m) = 1.

Actually the proof of this result uses the fact that k is perfect only to conclude that
the residue field at P is also perfect. As a consequence, we can replace the perfectness
of the base field in the statement of the previous lemma with the perfectness of the
residue field at the place considered. The rest of the proof of Lemma [0.24] along with
the proofs of Lemmas and and Proposition depend only on the basic
results on ramification, which are also true for more general fields (the theory of higher
ramification groups in Galois extensions also continues to hold; see [Ke79 Chapter
IV]). In other words, we can apply these proofs in our more general context, mutatis
mutandis. Therefore we can state the following strengthening of “Key Lemma”, which
will allow us (with the aid of completions) to estimate completely the ramification
behavior of the new tower introduced in Chapter 2:

Proposition 0.29 (General Key Lemma). Let F be a field of characteristic p > 0, and
let P be a place of F such that the residue field Op| P is perfect. Let L, /F and L,/ F be
Galois p-extensions, and let M = L\L,. Let P € P(F) and Q € P(M) be places such
that Q|P, and let Q; = Q N L; fori = 1,2. Suppose that d(Q;|P) = 2(e(Q;|P) — 1) for
i = 1,2. Then we also have d(Q|Q;) = 2(e(Q|Q;) — 1) fori = 1,2.

Let F be a function field over a perfect field &, and let B > 0 be a real constant. A finite
separable field extension L/F is said to be B-bounded if for all places P € IP(F) and
Q € P(L) such that Q|P the inequality d(Q|P) < B(e(Q|P) — 1) holds. If ¥ = (F,)us0 is
a tower of function fields over k, then we say that the tower F is B-bounded whenever
each field extension F,/F, is B-bounded. We also define the ramification locus of F
over I as the set

V(F|Fy) ={P € P(F)) : P ramifies in some extension F,/Fy}.
We have the following results:

Proposition 0.30 ([[GaSt07 Proposition 1.5]). Let B > 0 and suppose that a tower
F = (F,)us0 of function fields is B-bounded and its ramification locus V(¥ | Fy) over
F is finite. Then the genus y(F/F) satisfies the inequality

B
YE/F) < g(Fo)~1+5 ) degP.
PeV(F [Fo)

Proposition 0.31. Let F = (F,),»0 be a tower of function fields over F,. If P, ..., P, €
P(Fy) are distinct IF,-rational places such that each P; splits completely in each exten-

sion F,|F, then the splitting rate of the tower F (relative to F) satisfies v(F | Fy) > r.
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Proof. Let i between 1 and r and let Q € IP(F,) be a place such that Q|P;. Since P; is
totally decomposed in F,/F, then f(Q|P) = 1, and since deg P; = 1 by hypothesis, it
follows that deg Q = f(Q|P;)deg P; = 1, so Q is also a F,-rational place. Since there
are [F, : Fy] places in P(F,) dividing each P;, it follows that N(F,) > r[F, : Fy] for
each n > 0. This proves the assertion. O



Chapter 1

The genus of the
Bassa-Garcia-Stichtenoth tower

In this chapter we determine explicitly the genera of the fields in the Bassa-Garcia-
Stichtenoth (BaGS for short) tower.

1.1 Preliminaries and some calculations

In this section we define and state some properties of the BaGS tower. We refer to
BaGadtl| for further details.

Let K be a perfect field of characteristic p > 0, let ¢ be a power of p and assume that
IF, € K. The BaGS tower is the sequence ¥ = (F;) > of function fields over K defined
recursively as follows: Fy = K(X) is the rational function field, and for i > 0 let
Fi.1 = Fi(X41), where X, satisfies the equation

-X q(q-1)
) q-1 _ i
PO 1 = o (1.1)
being ¢ is the Artin-Schreier operator defined by (7)) = T9—-T.
The tower ¥ has the following properties (see [BaGaStli Thm. 2.2]):
1) The extensions F;,;/F; are Galois for all i > 0.

2) K is the full constant field of F;, for all i > 0.

3) [Fi:Fol=q(g—1)and [Fy, : F;] =g, foralli> 1.

17
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Regarding property 3), we can say more: in fact, after recursive multiplication of the
generators X; by suitable elements in E*, they satisfy the relations
X4
9(Xi1) = z; foralli > 1, where z; := —————— (1.2)
X - nx -1
(see [BaGaSfl Lemma 2.7]) ; moreover, the new elements X; also satisfy relations (L.T)).
Thus, the extensions F;,/F; are of Artin-Schreier type for each i > 1, so we can try to

use Proposition (0.2 1]in order to find recursive formulas for the genera g; of the function
fields F;.

As a first step, we can extend the constant field such that IF» C K without changing the
genera g; (see Proposition . Let (P;) >0 be a chain of places such that P; € IP(F;)
and P;|P; for all i > 0, and denote by v; the normalized discrete valuation associated
to P;. We want to determine the ramification behavior of a such chain.

Define a; € E U {co} as the value of X; at the place P;. From now on, let
@:=F" and B:=Fp \F,.
Now we state the following preliminary result:

Lemma 1.1.

(i) For eachi > 0 we have the following:

a) a; € aU{oo} ifand only if a;,; = oo; moreover, ay € aU{oo} implies e(P1|Py) =
g and d(Py|Py) = 2(q — 1).

b) a; =0 ifand only if a;,; € B, and ay = 0 implies e(P|Py) = 1.

c) a; € B ifand only if a;.1 € @ U {0} = |E;; moreover, ag € B implies e(P1|Py) =
q— 1 and d(P,|Py) = q— 2.

(ii) If i > 0and a; ¢ a U B U {0}, then the place P; is unramified in F;, |/ F;.

(iii) If i > 1 and a; ¢ a U {0}, then the place P; is unramified in F;, |/ F;.

Proof. (i) and (ii) are direct consequences of Lemmas 5.2 and 6.1 of [[BaGaSfl]. As
for (iii), note that if i > 1 satisfies a; € B, then by (i) we have a;_; = 0, so we have
vi(X;i.1) > 0 and vi(X"' = 1) = v(X?' = 1) = 0. Thus, vi(z) > 0, so by (ii) of
Proposition [0.21] the place P; is unramified in Fi\i/F;. O

Suppose that the chain (P;) is ramified in some step F,,;/F,, for some n > 1. It
follows from (iii) of Lemma [[.T] that a, € @ U {co}. By (i) of the same lemma, either
a, =oofork =0,...,n, or for some i between 1 and n we have q, = oo for i <k <n
and a;_; € a. Therefore we must determine the ramification behavior of the chain
(P;) 0 in the following cases:
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(a) a, € aforsomen > 1,
(b) ap € a, and

(c) ag = oo.

In case (a), by (i) of Lemma [[.T] we have a,_; € B for i odd, a,_; = 0 for i > 0 even,
and a; = oo for all j > n. In particular, for 0 < k < n — 1 we have v, 1(Xi11) 2> 0,
80 Vi(zx) = wi(9(Xxs1)) = 0 for 1 < k < n— 1. As a consequence, each place P, with
1 < k < n—1isunramified in Fy.,/F; by (ii) of Proposition and therefore the
place P; is unramified in F,/F.

In the general case, if j > 2 is given, then by we have

1 1
X x Xj_*zxj_1

j-1%J
e — d X)) = .
oKy M ) = )

Replacing the value of p(X;) into the first equality above we obtain

P(Xj) =

Q(X/—Z)X?_l

q+1
j-2

P(Xj11) = X = —g)(x;_lz)xj?_lx., for all j > 2. (1.3)

The following two results will be frequently used in the next section, the first of these

being an elementary result on discrete valuations:

Lemma 1.2. Let v be a (normalized discrete) valuation and let y,d, yy, d; be elements
such that v(y) = v(yr) = v(d) =v(dy) =0 for k=1,...,m. Then we have:

(i) vO~ ' —=ad™) = v(y - d).
(i) Vp() — () =v(y —d) if vy —d)>0.

(iii) v( [Tyve—11 dk) > 1n}cin v(yr — dy), and equality holds if the minimum is attained
k=1 k=1 <ksm

exactly once.

(iv) v = d"") = v(y = d) if v(y—d)>0.
Proof.

i) vo' =d™) =y = d yd) = v(y - d).
(ii) v(p(y) — p(d)) = v((y —d)? — (y — d)). Now we apply the strict triangle inequality.
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(iii)) Immediate from the equality

m

[Tl 2Tl 1)

Jj<k J>k
(expand the summand to obtain a telescopic sum) and the triangle inequality.

(iv) We have v(y?—d?) = v((y—d)?) = qv(y—d) > v(y—d). Since v(y—d) = v(y~' —d")
by (i), we conclude that v(y! — d¥) > v(y~! — ‘1) = v(y — d). Finally, using (iii)
together with the equality y9~! — d97! = y4.y™! — 49 . d! we get the desired
result. 0O

Lemma 1.3. Let n > 0, and suppose that a, € a. Then we have:
(i) Foreachi > 0 even suchthatn—i—2 >0,
Va(Xn-i = @n-i) = qVn(Xn-iz2 — Ap-i-2).
(ii) For eachi > 0 even suchthatn—i—-1 >0,
(g — Dva(Xo-i — @) = Vi(X—im1 — @p—i1).
Proof.

(i) Since a,; € T, in this case, then p(a,-;) = 0, so

vn(XO(Xn—i)) = vn(p(xn—i - an—i)) = vn(Xn—i - an—i)

by (ii) of Lemma but a,_;_; € B and a,_;_» = 0, and since ¢?~! — 1 # 0 for all
c € BU {0}, it follows that

Xq
vn(zn—i—l) =Vn noi2 ) = qvn(Xn—i—Z) = qvn(Xn—i—Z - an—i—Z)'
(X = DXL = D)

Now the equality follows since p(X,,—;) = Z,-i-1-

(ii) By (I.I) we have

X1
P = =X a1y = 5!
X —
n—i—1
_Xq -1 +Xq(q )] (Xq(q n_ )
_ n—i—1 n—i—1 n—i—1
- 1
(qul -1 1)‘1
—x7 11 +1
St (1.4)
(Xn i-1 1)
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Since X' = 1 = [Ticaup Xamics = D) and @,y € B, then v,(X7| = 1) =
Vo(X,—i1 — an-i—1). Moreover, since aZL — 1 # 0, then vn(XZ:l.l_1 -1 =0.

Applying these results to (I.4)) we obtain
Vn(SO(Xn—i)q_l) = Vn(Xn—i—l - an—i—l)9

which gives the desired result, because a,_; € [F,, and therefore v,(p(X,-;)?"") =
Va(9Xoi = ap-)"") = (g = DV(X,i = @) by (i) of Lemma[l.2] o

1.2 The ramification behavior

Now we are prepared to carry out the necessary calculations in order to determine the
ramification behavior of the tower #. We will deal with a chain (P;);so of places such
that P; € P(F;) and P;,|P; for all i > 0. We must consider two separate cases:

(a) a, € a for some n > 0, and

(b) ay = 0.

Case (a) is the most difficult, so we will treat this case first. Some of the calculations
involved in this case are also valid for case (b), and they will allow us to handle this
case as well.

From now on, we will assume that a,, € a for some n > 0 fixed, where a; € E U{co}
is the value of X; at the place P;. Recall that this implies a,_; € B fori > 0 odd, a,_; = 0
fori > 0 even and a; = oo for all j > n. Furthermore, e(P,|P;) = 1 whenever n > 1.
We will introduce the following notation:

e We write &; for the valuation ring associated to the place P;, and v; for the nor-
malized discrete valuation associated to ;. We also write 0;(1) for any element
in the valuation ring &; .

e For any element A in some ring &;, we denote its value A(P) at the place P; by
A. If P; C Pj, then there is a canonical inclusion 0;/P; — 0O;/P;, so there is no
ambiguity in this notation.

e For each integer k we define m(k) := |k/2], where | ] stands for the integer part.

Lemma 1.4. Let n > 0 and suppose that a, € a. For k =0,...,m(n) we define

— @(Xn—2k+ 1 )Xn

Fk :
X2k
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Then we have

-1
—1Fj+1) +Fj+1 + ﬁn(l), fOl" j: 0,...,mmn)—1.

gq-1
Xn2]1

Fj:gO(

Proof. Sincen —2j > 2 (because j < m(n) — 1,50 2j < 2m(n) — 2 < n — 2), it follows

from (T.3) that

X”_ZJXZ—ZJ q
SO(Xn—2j+l) = S (X —2j-2 Xn—2j—2),
n—2j-2
hence
r X ) = 1 1
X 2180 ) = XKy Xooj2 X1 ,i,)
On the other hand,
-1 _ _W(Xn 2j— I)X _ Xan—Zj—l
X1 Ljer = p = -
X011 Xyo2j2 (X 21— D n-2j-2
and therefore we have
- Xan—2j—l
I —op| ———7T0'. | =T+ o| ——
! SO(XC’ o1 JH) ’ 80( Xn-2j-2 )
n=2j-
XXZ 2j-1 _ XXZ 2j-1 " XqXZ 2j-1 Xan—Zj—l
Xn-2j-2 XZ 2j-2 XZ 2j-2 Xn-2j-2
q
X n-2j
=9 Xazjo) + —o(X,) (1.5)
n-2j-2 n— 2j—2
X’]
n-2j-1
=T+ ———9(X,) .
n—2j-2

Now v,(9(X,)) = vu(p(X, — a,)) = vu(X,, — a,). Iteration of (i) of Lemma yields
vu(X,, — a,) = ¢, (X, 2j-2), and since X, _»;_1 € B (s0 an 21 F 0) and a,—»j» = 0, it
follows that

X, o)
% (Xq = IK)(X )) - Vn(g)(X )) qvn(Xn 2j— 2) = (qﬁ—1 - 6]) Vn(Xn 2j— 2) >0. O
n—=2j-2

Remark 1.5. The “tricky” definition of the elements I'; in Lemma [[.4] is justified as
follows: if n > 2, then by (I.3)) we have

Ty = 9(Xu11) = —— 6, where § = X, X! (X', - 1) e O,
n-2
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so in this particular case we can apply the method of “pole order reduction” (see [l
Lemma IIL1.7.7] for the case g = p, which always applies). In fact, we are looking for
a g-th root of 6, and since a, = a,, and a,—, = 0, it follows that § = aja’ (-1) =6 ‘

being 6 = —X,X,,_1. Therefore we have

1
2 = o (67 +6 -6,
X2
SO

( 0 ) 60— 01 0
Zn_p = +

Xn—2 XZ—Z Xn—2
067+ 56X\
X,
-1 -1
B X,,XZ_I(X;’_2 -1+ XZXZ_ - X,,Xn_lXZ_2
= 0 :
Xan—l -1 -1 — -1 -1
= X', (X, (X, - D+ X 1X3_1 - X1
Xan—l -1 -1 -1 -1
== : (XX - D+ X7 (X7 - 1)]
— S/J(Xn—l)Xn + XO(XH)XZ—l
X2 XZ—z ’

which agrees with ([.3) in the case j = 0; actually, this process can be repeated, now
with T’ instead of Ty, after which we obtain formula ([.3)) with j = 1. As the reader
can check, the proof of Lemma|[T.4]is just the polished form of this pole order reduction
process, applied in all the cases.

For 0 < j <m(n)-1,letw;, = -1/ (X;’:;j_l —1). We would like to change the elements
w1 appearing in the statement of Lemmaby constants. Since w;; € 0,°, we can
define

bjsy =wig#0, for j=0,...,mn) -1, (1.6)
and these elements are natural candidates for our purpose. By (i) and (iv) of Lemma
We have v,(Wjs1 — bjs1) = vp(Xy—2j-1 — ap—j-1). Since n — 2j — 2 > 0, we can take
i = 2j in both parts of Lemma[I.3]to obtain

VaWist = bji1) = va(Xyo2jm1 — an2j1) = q(q — Dv,u(Xy2j2) . (L.7)
On the other hand, since both ¢(a,—»;-1) and a, are not zero, then

P(X-2j-1)X,
Xn—2j—2

Vn(rj+l) = Vn( ) = _vn(Xn72j72) . (1.3)
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Putting together (I.7) and (T.8]) we get
Va(Wjs1 = bjr) T 1) = (glg — 1) = 1), (X, 2j-2) > 0,
hence

Ii=pWi ) + T + O,(1)
= Xo(bj+1 l—‘j+1) + 1—‘j+1 + @((Wjﬂ - bj+1)rj+1) + ﬁn(l)
:@(bj_,_] Fj+1)+Fj+1 + ﬁn(l), for j:(),...,m(n)— 1. (1.9)

Formula (T.9) above represents the expected improvement of Lemma [T.4]

Now let ¢ € [Ep. Using the identities p(ab) = a? p(b) + bp(a) and p(c?) = —p(c),
which are valid for all a, b in the fields F; and for all ¢ € FF2, we obtain from (I.9), for
each k between 0 and m(n) — 1 and any c € Fp:

el =cpbrs1 Tis1) + e + O(1)
=9 bs1 Tir) + (€ = brey 9(c)) Tirr + O(1)

= 0(c? bry1 Tirr) + (¢ + b1 9(©) Tt + O(1). (1.10)
For any d in E, let Tr(d) = d? + d. Note that Tr(d) € F, if and only if d € .. We
—1 2_ 1-
have az(—qzk—)l =dy i = Gy 51> SO
-1 -1
Tr (bys1)
(q-1) -1
Z—qZk—l 1 aZ—Zk—l -1
-1 -1
= 1-¢q 1 + q-1 1
Ay o1~ Ay o1~
1 - afﬁik_l +1- arlz:gk 1
@y = Di@, 5, = 1)
= 1, fork=0,...,mn) —1. (1.11D)

In particular, by, € Fp and by, = 1 - b}

| = (1 = by1)?, and therefore

¢ + by 9(c) = (1 = bry1)c + by
=Tr ((1 = bys1)c)

=Tr(b!,c), forallceF,. (1.12)

Remark 1.6. Recall that the elements b, are defined only for 1 < k < m(n), and they
are all not zero; see (L.0)).
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Lemma 1.7. Let j,{ be such that 0 < j < j+ € < m(n). Then for any elements
C;i»Cjjs1s-...Cj jre in Ep, and for any by in Fp whenever j = 0 (see Remark@)
we have the equality

Jj+t j+t

> CrabiTy = go( > Ciaib rk) +Cly i T + (1),

k=) k=j+1

where Cji1 j,Cjsi jsts- .-, Cjsi jres1 are defined recursively as follows: Cj,y ;= 0, and
Cisk = (Cj b)) + Tr (Clyy j-1brmr),  for k=j+1,j+2,...,j+C+1.

In particular we have

P(Cir1.0) = —9(Claxibrr), for k=j+1,j+2,...,j+{+ 1

Proof. By induction on €. The result holds for £ = 0 because Cj; j.1 = (C; jb;)?, so

iji 1 = (Chj b j)‘f2 = C; j b;. For the induction step, let £ be such that the result holds,

with 0 < ] < j+ { < m(n) Iij,j»Cj,j+l’* .. ,Cj’j+g+1 are in [E 2, then

Jj+e+1 Jj+t
g Ciihi Uk =C; jrrs1bjreir Ujsprr + E Cibi Tk
k= k=

Jj+t
= 50( Z Ci1,kbx Fk) + qu+1,j+g+1 Cive + Cj jren1bjuear e + O,(1).

k=j+1
()
Takingk = j+ Candc = C},, .., in (L.I0) and we obtain
2
qu+1,]‘+1€+1 r/+f = W(C;]+1,j+[+1 b/+f+1 F.i+¢’+1) +Tr (b(]]‘+[+1C;I+1,j+€+1) r.i+f+1 + 0,(1)
= KJ(Cj+1,j+[+l Djien Fj+[+1) + Tr (Cj+1,j+[+1bj+€+1) Liver1 + O,(1).
()

Substituting () into (x) yields

Jj+i+1 Jj+e
Z Cibi Tk :80( Z Cj+1,kbkrk) + 50(Cj+1,j+£+1 Djresr Iﬂj+e+1)
k=

k=j+1

+ (TI“ (Cj+l,j+€+lbj+€+1) + Cj,j+[+1bj+t’+1)rj+t’+l + 0,(1)

Jj+i+1
- 80( Z Cj+1’kbk rk) + le']+1,j+€+2 1—‘j+f+1 + ﬁn(l) 5

k=j+1

by the definition of Cj;_j.¢+. This finishes the proof. O
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Suppose that a, € @, with n > 0. Summing up the equalities (T.9) from j = 0 to
j = m(n) — 1 we obtain

m(n)—1

Lo =T = Z b))+ 0,(1).

=0
Since I'y = 9(X,,+1), equality above is equivalent to

m(n)

P(X1) = go(z b rk) + iy + O,(1). (1.13)
k=1

If n > 2 then m(n) > 1, s0 0 < n—2m(n) + 1 < n, which implies a,_oumn+1 € B. In
particular we have p(a,—2mm+1) # 0. Since we also have a, # 0, it follows that

Vn(rm(n)) = Vn( = _Vn(Xn—Zm(n)) = _vn(Xn—Zm(n) - an—Zm(n))a

XO(Xn—Zm(n)+l )Xn )
Xn—2m(n)

because n — 2m(n) < n, SO ay_omm = 0 in this case. On the other hand, if n = 1 then

ap € B, so ag,ag_l — 1 # 0. Since in this case we have I',,,,,) = p(X2) = z, it follows
that
N e
vl’l mn :v}’l _ _
M e - - 1)
-1

=-v,X" -1

== (X, —ay) (by (iv) of Lemma([I.3)

= — Vy(Xy-2mm) — An-2mmy) (because m(n) = 0 in this case).
This shows that v,(I'nm) = —Vi(Xu-2mn) — @n-2mm) for all n > 1, whenever a, € «,

and since the place P, is unramified in F,,/F; and n — 2m(n) is O or 1, it follows that
Vn(Xn—Zm(n) - an—Zm(n)) = Vl(Xn—Zm(n) - an—2m(n))~
If n — 2m(n) = 0, then e(P;|Py) = 1 by (i),b) of Lemma|[[.T} so
VIXn2m(n) = An-2m(n) = Vi(Xo — ao) = vo(Xo — ap) = 1;
if n—2m(n) = 1, taking i = 2m(n) in (ii) of Lemma|[[.3]we get the equality v;(Xo—ao) =
(g — Dvi(Xo2m) = Gn-2m@my)- Since e(P1|Py) = g — 1 by (i),c) of Lemma [T} then
vi(Xo — ap) = (¢ — Dvo(Xo — ayp), so

V1I(X—2m(n) = An-2mmy) = vo(Xo —ap) = 1.
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In either case, we conclude that @, € @ with n > 1 implies

vn(rm(n)) = Vn(Xn—Zm(n) - an—Zm(n))
== Vl(Xn—2m(n) - Cln—zm(n))
-1 (1.14)

This fact, together with equality (T.T3)), imply that the place P, is totally ramified in
Fo1/F,, 50 e(Py1|P,) = [Fni ¢ Fu] = g, and its respective different exponent satisfies
d(P,.1|P,) = 2(g—1), by (iii) of Proposition[0.2T} We remark that the same result holds
when n = 0, that is, if gy € @, then e(P|Py) = g and d(P;|Py) = 2(q — 1); see (i),a) of
Lemma [Tl

On the other hand, the following equality holds for all n > 0, whenever a, € «:

Vn(Xn - an) = qm(n)vn(Xn—Zm(n) - an—Zm(n))
=q"" . (1.15)

In fact, the equality is obvious when n = 0 (recall the Fj is the rational function field),
whereas for n > 1 it is obtained applying repeatedly (i) of Lemma [[.3| for i = 2},
with j =0, 1,...,m(n) — 1, and using (T:14).

It ()
Luwt = Xyt = ) il (1.16)
k=1
then by (I.13]) we have
KJ(LIHI) = 1—‘m(n) + ﬁn(l) ’ (117)

and therefore we have v,,1(L,.;) < 0 whenever n > 1 by ([.T4), s0 v, 1(9(Lys1)) =
an+1(Ln+1)- Since Vn+1(rm(n)) = e(Pn+1|Pn)vn(rm(n)) = —q, it follows that

Vpr1(Lys1) = =1, whenever n > 1. (1.18)

Now, for every n >0 and every j > n+ 1 we have (see (I.2))

q
. j—1
o(X,1) = A,X;, being A;= ! . (1.19)
e T - Dex))

Suppose that a, € @. We would like to change the element A; by a constant (similarly
as in Lemma [T.4 see (L.9)). As before, a natural choice is the value of A; at the place
P;, provided that A; belongs to the valuation ring &;. This is indeed the case, as we
will see in the following (more general) result.
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Lemma 1.8. Let n > 0 and suppose that a,, € a U {oo}. Then the following holds:
(i) ;€ 07, Tr(A;)=0and A;,4; =1, forall j>n+ 1.
(ii) v; ((A; = 4;)X;) > 0, which implies p(Xjs1) = 4;X; + O;(1), forall j>n+ 1.
(iii) vi(z;) = —g" Wi e(P;|P,) forall j > n+ 1, whenever a, € a.
(iv) vi(z;) = —q' "/ e(P;|Py) forall j > 1, whenever ag = oo.
Proof.

(1) We claim that vj(/lf._l +1)>0 forall j >n+1 whenever a, € a@ U {co}. In fact,

X4,y
=, +1
(Xj—l - 1)80(Xj)

q(q—1)
Xjf1 1

. +1
(XL = Dot X!

q-1 _
/lj +1=

=~ (X" + 1) +1  (by (L))
-1

OGN

1
P(X;)!

and since a, € @ U {co} implies a; = oo for all j > n + 1 by (i),a) of Lemma [T}
it follows that v;(p(X;)?') < 0 for all j > n + 1, which proves the assertion. In

particular we have 1; € & and 1; 120 s0Tr (1;)=0(and 4, € Fp).

On the other hand, if j > n + 1 then

J J

/l B XL?+1 ) Xz?+l 1 B qu 1
sl PpXppXir) X)) X, oX) A;°

s0 Aj;14; 1s equal to the value of X;?/go(Xj) at Pj,; but since a; = oo, then

X ) P BT X)) >0
Vj(SO(Xj)_ )_vj(gO(Xj))_( -qv;i(X;) >0,

so the value of X]q./gO(X ;) at the place P, is equal to 1, and thus 4;.,4; = 1.



1.2. THE RAMIFICATION BEHAVIOR 29

(ii) If a, € @ U{oo}, then 4, € Fpand 1,° = —1 forall j > n+ 1 by (i), so
vi(4;=2;) = v;(A% +1) by (iv) of Lemma|l.2} but v,(A7™" +1) = (1-g)v,(p(X,)) =
(1 —¢g)qv;(X;) (again by (i)). Therefore v; ((4; —/l_j)Xj) =((1-g@qg+1viX;))>0
and
X)) =4 X, + (4 — )X,
=X+ 0,1).

(iii),(iv) Letr > 0be such that a, € @U{oo}. Then v, 1(A,+1) = 0by (i), and v, (9(X,11)) =
qvr+1(X,41) (because a,4; = oo in this case). Using (I.19) we get

0= vr+1(/lr+1) = qu+1(Xr) - vr+1()(;]_l - 1) - qu+1(Xr+1) . (T)
If a, = o, then v, (X4 = 1) = (g — Dv,+1(X,). Replacing into (§) we obtain
qvri1(Xrs1) = V1 (X)) = e(Pr|Pr)v(X,), whenever a, = oo. (*)

If a, € @, then v,(X¢™' = 1) = v,(X, — a,) by (iv) of Lemma|[1.2] and v,,,(X,) = 0.
Moreover, v.(X, — a,) = ¢"” by ([.I3)). Substituting into (}) we obtain

Vre1(Xa1) = —e(Pra|P)G™ ™", whenever a, € @. (f%)

If n > 0 satisfies a, € @ U {00}, then @, = oo forall » > n + 1, and for each j > n
we have v;,1(4;41) = 0 and z;,1 = 441 X41. Therefore

vj+1(Zj+1) — ﬁ vr+1(Xr+l)
vn+1(Xn+l) Vr(Xr)

r=n+1
J

PalP,
- [ oy

r=n+1
e(Pi1|P,
_ ( j+;_|n +1)‘ (%)
q
If a, € a, then v, (Xps1) = —e(Pp1lP,) g™~ by (i%), so by () we have
Vj+1(Zj+1) =q"’ e(Pj+1|Pn+1)Vn+1(Xn+1) = _qm(n)+n_J_1 e(Pj+1|Pn), which proves

(iii). Finally, if @y = oo, then e(P1|Py) = ¢ by (i),a) of Lemma [[.T} Taking
r = 01in (}) we obtain v{(X;) = vo(Xp) = —1. Taking n = 0 in (X) we get
Vie(Zj1) = -q7/ e(Pj.1|Py) for all j > 0, which proves (iv), and the proof is
finished. O

From now on, we denote A,,; by 6, for each j > 1. Since Tr(6,) = 0 for each j > 1
(by (i) of Lemma I.8), the following equality holds for any element y in the fields F:

p@;y) = 49? Yi=0;y==-0;"+q) =-0;Tr(y). (1.20)
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Now we study the ramification behavior of P,y in F,.>/F,.1, assuming that m(n) > 1.
We have, by (ii) of Lemma [[.§]and (I.T6):

SO(Xn+2) =01 X1 + ﬁn+l(1)

m(n)

=0,L,1 + Z bk + 0,1 (1). (L.21)
k=1
Applying Lemma [[.”7] we obtain
m(n) m(n)
> OibiI = go( > Az,kbkrk) +AY iy Do + O (1) (1.22)
k=1 k=2

on the other hand, by (T.T7)) we have, for any ¢ € Fp:

c? 1—‘m(n) = qu(LnH) + ﬁn+1(1)
=@(cLys1) — 9Lyt + Opii(1). (1.23)

Substituting both (T.23) with ¢ = A, 41 and (I.22)) into (T.2T]) we obtain

m(n)

Q(Xn+2) = W(AZ,m(n)+1Ln+l + ZAZ,kbkrk) + (91 - 80(A2,m(n)+1))Ln+l + ﬁn+l(1)
k=2
m(n)
= @(Az, my+1 Lns1 + Z A2,kbkrk) + Onii(1),
k=2

because @(Az’m(n)ﬂ) = 61. In fact, g{)(Az,m(,,)H) = —go(@lbm(n)) by the definition of
A2 mm+1 1N and Lemma [I.7] But ©(01bui) = 61Tt (byw) by (L20) and
Tr (b)) = 1 by (LII)) (recall that we suppose m(n) > 1; see Remark [I.6]). Therefore
we have

9P(Lns2) = Opii(1), (1.24)
where
m(n)
Lo =Xy — A2, m(n)+1Ln+1 - Z A2,kbkrk 5 (125)
k=2

so the place P, is unramified in F,.,/F, by (ii) of Proposition [0.21} in particular,

Var2 (L) = —1. (1.26)
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Now we arrive at the third stage of our calculation, again assuming that m(n) > 1. We
have

P(X13) =0:X,10 + On10(1)

m(n)

=60,A2 moy+1Lns1 + 62 L0 + Z 0,A2,bi Ik + 0,40(1)  (by M)
k=2

m(n)

=0rA2, mmy+1 L1 + Z A2 bl + O0(1), (1.27)
=

because L,.» = O,.2(1) by (I.24). By Lemma [I.7)and (T:23)),
m(n) m(n)
Z 0 A2;bi Ty = 80( Z A3,kbkrk) + AT e1 Lty + Onia(1)
= =3 (1.28)

m(n)

= 80(A3,m(n)+1Ln+1 + ZAB,kbka) — 9(As mm+1)Lns1 + Opia(1).
=3

NOW, SO(AS,m(n)+1) = _SO(QZAZ,m(n)bm(n)) = 92T1’ (AZ,m(n)bm(n)) by Lemma@ and ‘M'
SO

A2, w1 — P(A3 mmy+1) = 02(A2, mey+1 — Tt (A, iy Dinny))
= 92(91bm(n))q (by Lemmam and )

= —6:0,b,,, (because Tr(6;) = 0)
= = by (by (i) of Lemma[Tg). (1.29)

As a consequence, equality ([.27) takes the form

m(n)

> Ag,kbkrk) + (0242 miny1 = 9(A3 mye D Lnst + Gpia(1)

SO(Xn+3) = SO(A3,m(n)+1Ln+l +
k=3

m(n)
= 80(A3,m(n)+1Ln+1 + Z A3,kbkrk) = by Lnst + Onia(1).
=3

In other words, we have

P(Lyp3) = _bi(n)LrHl + Opia(1), (1.30)
where
m(n)
L3 = Xpi3 — A3 1 Lns1 — Z Az by (1.31)

k=3
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We have vn+2(—bzl(n)Ln+1) = —1 by ([.26) and the fact that b,,,) # 0 (because m(n) > 1;
see remark@). Hence the place P, is totally ramified in F,,,3/F,., , and the different
exponent satisfies d(P,.3|P,+2) = 2(g — 1), by (iii) of Proposition Reasoning as in
(L:18)) we conclude that

Vne3(Lnis) = —1. (1.32)

At this point, we have not yet found a clear pattern that allow us to proceed by induc-
tion. Indeed, a such pattern exists, but it is instructive to develop a few more steps in
our reasoning in order to make the definitive statement of the result clear. So here we
go with the fourth step, but this time we assume that m(n) > 2.

We have, by (I.37)),

SO(Xn+4) = 93Xn+3 + ﬁn+3(1)
m(n)

=03L,.3 + 3A3 o1 Lns1 + Z A3, bl + 0,43(1) . (1.33)
=3

By Lemma [.7]and (I.23)),

m(n) m(n)
Z 3 A34b Iy = 80( Z A4,kbkrk) + AL et D + Oz (1)
= = (1.34)

m(n)

Z A4,kbkrk) — (A4, my+1)Lns1 + Oni3(1).

= SO(A4, m(my+1Lns1 +
=4

Now, P(As mm+1) = —9(O3A3 mmbmm) = 03Tt (A3 mmybmny) by Lemma [I.7) and (L.20)),
SO

0343 mimy+1 = P(Ad, m+1) = 03(A3 mim+1 = T (A3 i)y Dinny)
= 03(62A2, iy Dim(ny)? (by Lemma|I.7]and (T.Z8))
= — 630,(A2, mmybmn))?  (because Tr (6,) = 0)
— (A2, mmybimm))? (by (i) of Lemma[L.g) . (1.35)

On the other hand, by we have, for any ¢ € Fp:

_Can+1 = (Cb,;%n))qso(l’nh?) + ﬁn+2(1)
= 0(chphyLusa) = (b ) ass + Ouia(1). (1.36)
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Substituting (T.36) with ¢ = Az uybmm), together with (T.33) and (T.34) into (T.33), we
get

m(n)

P(Xpsa) = K’(A4, mny+1 Lns1 + Z A4,kbkrk) — (A2, b)) ' Lys1 + 03L,43 + Opi3(1)
=

m(n)
= SO(Az, mmyLn+3 + As mmy+1Lns1 + Z A4,kbkrk)
=4

+ (93 - SO(AZ,m(n)))Ln+3 + ﬁn+3(1) .
Since P(Az, mw) = —=9(01Dmwy-1) = 1Tt (by)-1) by Lemma|1;7|and (L.20), Tr (bingny-1) =
1 by (L.TT) (we are assuming that m(n) > 2) and 6; = 6; by (i) of lemma[I.§] it follows
that
@(Ln+4) = ﬁn+3(1) s

where
m(n)

Lyia = Xpia — Ao iy Lnss — A my+1 L1 — Z Ay (1.37)
=4

so the place P, is unramified in F,,4/F,,3 by (ii) of Proposition and we have
Lys = O,p4(1).

Now a last step before the general case: we assume again that m(n) > 2. By (I.37) and
the fact that L,,.4 = 0,,4(1):

SO(XrHS) = 04 Xn+4 + ﬁn+4(1)

m(n)

=04 Ap nyLn+3 + 01 Ag mny+1Lns1 + Z 04 Ay xbi Iy + Oia(1) .
=2

Using Lemma [[.7]and (T.23)), and proceeding as in (I.35)) we obtain

m(n)

SO(Xn+5) = SO(AS, m(n)+an+l + Z AS,kbkrk) - (A3, m(n)bm(n))an+l + 94A2, m(n)Ln+3 + ﬁn+3(1) .
k=5

(1.38)
Taking ¢ = Az uumybmm in (L36) we obtain
_(A3,m(n)bm(n))an+l = 80(A3,m(n)Ln+3) - W(A3,m(n))Ln+3 + ﬁn+4(1)
= 0(A3, mmyLns3) — O2Tr (A2, )1 Omeny-1) Lnsz + Oia(1),

by Lemma and . Finally, 94A2,m(n) - QQTI' (AZ,m(n)—lbm(n)—l) = _bZ1(n)—1 by
Lemma [I.7]and the fact that 6, = 6, (by (i) of Lemma [[.8); the proof is similar to that
in (.2Z9). Replacing these equalities into (I.38) we conclude that

P(Lyss) = _b;]n(n)—lL"+3 + ﬁn+4(1) s
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where
m(n)

L5 = Xuis — Az iy Lnss — As mmy+1Lns1 — ZAS,kbk Iy, (1.39)
k=5
and since vn+4(—bi(n)_1Ln+3) = Vy3(Lyy3) = —1 by and the fact that b,,,—; # 0
(because m(n) > 2; see Remark [[.G)), it follows from (iii) of Proposition that
the place P,.4 is totally ramified in F,.s/F,.4 and the different exponent satisfies
d(Pys5|Pyia) = 2(q — 1). Moreover v,,5(Ly45) = —1.

Before we state the main result of this chapter in full generality, we recall some facts
and fix some notation. Recall that for all j > 1 we defined 6; as m, where 4, 1s given
by (T.19). If we define 6, = 6, then Tr(6p) = Tr (91)/01q+1, so we have Tr(6;) = 0
for all j > 0 by (i) of Lemma|[I.8] The same result, together with the definition of 6,
imply that

6, = 6, whenever s =t (mod 2) and 6,6, = 1 otherwise. (1.40)

Let by = 1 and Ay = 6, (see remark [I.6), and let Agx =0 for k = 1,2,...,m(n). For
0 < j <m(n),let

m(n) m(n)
Z HjAj,kbk Iy = 80( Z Aj+],kbk Fk) + A7+1, m(n)+1 rm(n) + ﬁn(l) , (141)
=y k=j+1

where the coefficients by are defined as in ([.6) (see Remark [I.6), and the coefficients
Aji1,x are given by Lemmal(l.7} that is, Aj,; ; = 0 and

Ajik =(O0A; k-1br)? + Tr (A k-1br-1)
= - Qj(Aj,k_lbk_l)q + Tr (Aj+1,k—1bk—1)a for j+ 1<k<mn)+1 (1.42)

(recall that 9;? = —f; for all j > 0). In particular we have

P(Aj11) = 9(=0(Aj k-1br-1)7)
=0;Tr (A k-1bk=1), for j+1<k<mn)+1, (1.43)

where the latter equality is consequence of (note that also holds for j =0
because Tr (6y) = 0).

Finally, if we define

m(n)

D AjbiTy,  for j=0,1,...,m(n),

Bj =14 (1.44)

0, for j=m(n)+1,mn)+2,...,2mn),
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and we define A ;.1 u+1 = 0 for m(n) + 1 < j < 2m(n), then by (I.41)) we have

0,B; = 9(Bj+1) +A7+1,m(n)+1 Loy + Ou(1), for j=0,1,...,2m(n). (1.45)
Note that By = I'g because Aoy = 01b P'and Aoy = 0 for 1 < k < m(n); on the
other hand, by we have Al,l = (Qvo’obo)q + Tr (Al’()b()) = (Qogl)q =1, and
if k between 2 and m(n) + 1 satisfies A; ;_; = 1, then using ([.42) again we obtain
Aj k= (00Ag, k-1bi-1)? + Tr (A1 i—1br—1) = Tr (by_1), the latter being equal to 1 by (T.TT])
since k — 1 > 1. Thus,

Alpy=1 for 1 <k <mn)+1, (1.46)

which shows that equation ([.43)) in the case j = 0 reduces to equality (T.13)), as ex-
pected.

Looking at the elements L,,, already defined (that is, for 1 < r < 5; see ([.16),
(T.23), (T.37), (T.37) and (I.39)) we are motivated to define the elements L,,,, for

r > 2, in the following manner:

Ly =Xy — B — Z Ar—2i, m(n)+l—iLn+2i+1 s (1.47)

where i varies over a certain interval. Now we try to determine this interval in the
most natural way. First, clearly we must have i > 0 and 2i + 1 < r (this is a recursive
definition after all), that is, r — 2i > 2. Now, for any j > 0, the elements A, ; are
defined only if j < k < m(n) + 1; but Aj,; ; = 0 by definition, so we may ignore this
term, and therefore we can impose the conditions 1 < j+ 1 < k < m(n) + 1. In our
case j+ 1 = r—2i and k = m(n) + 1 — i (because we are dealing with the elements
A, 2i miny+1-i)- Thus, we are led to impose the conditions

1<r=-2i<mm)+1-i<mmn)+1, r—=2i>2 and >0,
which are clearly equivalent to
2i<r=2,i>r—-mn)—1 and i>0.

The first inequality is equivalent to i < |r/2] — 1 = m(r) — 1, whereas the second and
third inequalities together are equivalent to i > y(r), being y(r) := max{ 0, r—m(n)—1}.
Finally, we impose the condition that the summation interval be nonempty, that is,
v(r) < m(r) — 1. Since y(r) is an integer, this is equivalent to y(r) < (r/2) — 1, that is,
2y(r) = max{0,2r — 2m(n) — 2} < r — 2. This happens if and only if » —2 > 0 and
r—2 > 2r —2m(n) — 2, which can be expressed as 2 < r < 2m(n). As we will see in
the following theorem, which is the heart of this chapter, this choice of the summation
interval for the parameter i indeed works.
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Theorem 1.9. Let n > 0 and suppose that a, € a. With the previous notation, let
L,1 = Xp41 — By,

and for 2 < r < 2m(n) define y(r) := max{ 0, r — m(n) — 1}, and let

m(r)—1

Ly = Xper — B — Z Ar—2i, m(n)+1—iLn+2i+1 . (1.43)
i=y(r)

Then the elements L., satisfy the following properties:

(i) 9(Ly+1) = Ly + 0,(1), and v, (L)) = —1 whenever n > ID' moreover, we have
e(Pp1|Py) = q,d(Ppi1|Py) = 2(q — 1), and v,11(Lyy1) = —1 whenever n > 1.

(ii) For 3 <r <2m(n) and r odd we have 9(L,,) = —brqn(n)_m(r) 1 Lnir—2 + Opir (1)
and Vi1 (Lyir—2) = —1; in particular, the place P,,,_ is totally ramified in

Frir/ Fpir (ie., e(Pn+r|Pn+r—l) = [Fuer @ Fryra] = Q)y Vn+r(Ln+r) = -1 and
the different exponent satisfies d(Pp,|Ppir-1) = 2(q — 1)[¥]

(iii) For 2 < r < 2m(n) and r even we have 9(L,,,) = O,,,_(1); in particular, the
place P, is unramified in F,,,,/F,,,_1, and L, = O,,(1).

(iv) For every i > n + 2m(n) we have e(P;1|P;) = g and d(Pi1|P;) = 2(q — 1).

Proof. Property (i) was already proved; see (I.14)),(T.17)) and (I.18)), and the commen-
tary after equation (T.46). In order to prove properties (i) and (iii) we proceed by
induction on r. By (I.24)) and (T.2Z3) we know that the result holds in the case r = 2
(note that is the equality (T.43]) for j = 1). Now let s be such that 2 < s < 2m(n)
and suppose that both (i1) and (ii1) hold for every r such that 2 < r < 5. Then by (i1) of

LemmalI.8] (T.48) and (T.43) we have

SO(Xn+s+l) = HSXI’l+S + ﬁn+s(1)
m(s)—1

= gsLn+s + HSBS + Z HSAS—Zi,m(n)+1—iLn+2i+l + ﬁn+s(1)
i=y(s)

m(s)—1

= HsLn+s + K‘)(BSH) + Asq_'.l’ m(n)+1 I_‘m(n) + Z HsAs—Zi,m(n)+]—iLn+2i+l + ﬁn+s(1) .
=y(s)

(1.49)

* For n = 0 the expression v,(I',,,)) makes no sense because in this case ',y = 9(X1) does
not belong to Fy for g > 2; see (I.I)) with i = 0.

" Because m(n) — m(r) + 1 > 1, s0 byuy—mr+1 # 0 (see Remark , which implies
Viygre 1(—b:1n(n)_m(r) +1Ln+r-2) = Vuar—1(Lnsr—2) = —1. Now we apply (iii) of Proposition (0.21
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Claim. The following equality (I.50) holds for each ¢ such that y(s) < t < m(s)— 1, no
matter if s is even or odd. The equality also holds for # = m(s), whenever s is odd:

t
Asq+l,m(n)+1 I_‘m(n) + Z HsAs—Zi,m(n)+1—iLn+2i+l
i=y(s)

t
= 80( Z As+l—2i,m(n)+l—iLn+2i+l) — (As=1226, mny—t Dmy—1) Lpsars1 + Opis(1) . (1.50)

i=y(s+1)

The proof of this claim is by induction on ¢. For ¢t = y(s) we must treat separately
the cases s < m(n) and s > m(n) + 1. Suppose at first that s < m(n). Then y(s) =

y(s + 1) = 0. Taking ¢ = A1, mmy+1 in (.23) we get
A:'I+1,m(n)+l I_‘m(n) = 80(A3+1,m(n)+1Ln+1) - SO(As+1,m(n)+l)Ln+l + ﬁn+s(1)»

and since 0 < s < m(n), we can take j = s and k = m(n) + 1 in (I.43)), obtaining

SO(AS+1,m(n)+l) =6,Tr (As, m(n)bm(n)) .

Therefore we have

OsA s, mem1 — P(Agst,min+1) = gs(As, mm+1 — TT (A, m(n)bm(n)))
= 05(—O5-1 (As—1, momybme)?) (by (LA2))
= = (As—1,mmbmw)? (by )

Putting together these equalities we conclude that

Ag_,_],m(n)ﬂ I1m(n) + gsAs,m(n)+1Ln+l = SO(As+l,m(n)+1Ln+l) - (As—l,m(n)bm(n))an+l + ﬁn+s(1) )

which proves in the case r = y(s)(= 0) when s < m(n). On the other hand, if
s > m(n) + 1, then Ay umy+1 = O by definition. Moreover, y(s) = s —m(n) — 1 and
v(s + 1) = s — m(n). Therefore we have s — 2y(s) = m(n) + 1 — y(s), so

¥()

A:[+1,m(n)+1 1—‘m(n) + Z QSAS—zi, m(n)+1—iLn+2i+l = QSAS—Z’}/(S), m(n)+1—y(s)Ln+27(s)+l
i=y(s)

= HSAS—z’)/(S), S—ZV(S)LI’!+2‘)/(S)+1 s

whereas

¥(s)
80( Z As+l—2i, m(n)+1—iLn+2i+l) - (As—l—Zy(s),m(n)—y(s) bm(n)—y(s))an+2y(s)+l
i=y(s+1)

= — (As—1229(s), s=1-2y(5) Ds—1-2y(5))  Lin+2y(5)+1
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(because y(s+1) > y(s), so the sum above is equal to 0). Now, s—2y(s) = 2m(n)+2—s
> 1 because s — 1 < 2m(n), and s — 2y(s) = m(n) + 1 —y(s) < m(n) + 1, so we can take
j+1=k=1s-2y(s)in (I.42) and use the fact that A, ; = 0 to obtain

esAszy(s), s72y(s)Ln+27(s)+l = es(_exflfhl(s) (As7172y(s), sf1727(s)bs7172y(x))q)Ln+2y(x)+1
== (As—l—Zy(s), s—l—Zy(s)bs—1—2y(s))an+2y(s)+l (by lﬂ' .
This proves equality (1.50) for # = y(s) when s > m(n) + 1.

Now let ¢ be such that either

(a) y(s) <t<m(s)—1,or

(b) t =m(s)—1and s is odd,

and suppose that equality (1.50) holds. Then

t+1

Aj+l’m(n)+1 1—‘m(n) + Z QSAS—ZI', m(n)+1—iLn+2i+l
i=y(s)

t
= (A5+1,m(n)+1 Iﬁm(n) + Z gsAs—Zi, m(n)+1—iLn+2i+l) + GSAS—ZI—Z, m(n)—th+2t+3
i=y(s)

t
:SO( Z As+]—2i,m(n)+l—iLn+2i+]) - (As—l—Zt,m(n)—tbm(n)—t)an+2t+l

i=y(s+1)
+ 0,A 522 mn)—tLn+21+3 + Onis(1)  (by induction hypothesis) . (1.51)
In case (a) we have 0 <t < m(s) — 2,503 < 2t+3 < 2m(s)— 1 < s — 1, whereas
in case (b) we have 3 < 2t +3 = 2m(s) + 1 < s+ 1 and s is odd, so necessarily
2t + 3 < s. In either case we see that 3 < 2+ 3 < s, so property (ii) holds for

r = 2t + 3 by the induction hypothesis. Since m(2¢t + 3) = ¢ + 1, this means that
O(Lpi2i43) = —blz(n)_th+2t+] + Opi2+2(1), and so for any ¢ € I we have

—C'Ly0i41 = (Cb;;%n)_z)qﬁo(l‘nﬂtﬁ) + Oni2(1)
= S{)(Cbr_n%n)_,Ln+2t+3) - @(Cb;;in)_,)lfnﬂtﬁ + Onin2(1).

Taking ¢ = A_1_2¢, mn)-tDmn)— W€ obtain

_(As7172[, m(n)—t bm(n)ft)an+2t+l = 80(As7172t, m(n)fth+2t+3)
- SO(AS—I—ZI, m(n)—t)Ln+21+3 + ﬁn+2t+2(1) . (152)

On the other hand, if t < m(s) —2then1 < s —2 —2¢, and if t = m(s) — 1, then s
is odd, so s = 2m(s) + 1, hence s —2 — 2t = s — 2 — 2m(s) + 2 = 1. Now, since
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s —m(n) — 1 < y(s) <t,itfollows that s — 1 — 2t < m(n) — ¢. Finally, we have trivially
m(n) —t < m(n) + 1. As a consequence, we have the following inequalities:

1<s-2-2t<s—1-2t<mn)—t<mn)+1. (1.53)

In particular, we can take j+ 1 = s — 1 — 2t and k = m(n) — ¢ in (I.43) to obtain

P(As—1-2tmmy—1) = 522/ Tr (As_2-0t m(n)—t=1Dmmy—1-1).  Since s> », = 6, by (1.40), it
follows that

QSAS—ZI—Z, m(n)—t — SO(AS—I—ZI, m(n)—t) = es(As—Z—Zt, m(n)—t — Tr (As—2—2t, m(n)—t—lbm(n)—t—l)) .

Again by (I.53)) we can take j+ 1 = s — 2 — 2¢ and k = m(n) — t in (1.42)), obtaining
A 22t mny—1 — Tr (As—2-20, mny—1=1Dim(my-1-1) = —05-3-2:(A5-21-3, m(n)—1-1Dm@ny-r—1)?, s0 the
previous equality becomes

HxAs—Zt—Z, m(n)—t — @(As—l—h,m(n)—t) = Hs(_es—3—2t(As—2t—3,m(n)—t—lbm(n)—t—l)q)
= = (As-23, mny-1-1bmm--1)? ~ (by (L40). (1.54)

Replacing (I.52)) and (T.54)) into (T.5T)) yields

t+1

Asqﬂ,m(,,)ﬂ Loy + Z O5A 21, mny+1-iLn+2is1
i=y(s)

t
:80( Z As+1—2i,m(n)+l—iLn+2i+l) + (A —1-26, mn)—Ln+21+3)

i=y(s+1)
+ (0,A -2, m(n)—t — PAs—1-21, m(n)—t))Ln+2t+3 + Onis(1)

t+1
= 80( Z As+l—2i, m(n)+1—iLn+2i+l) - (As—21—3,m(n)—t—lbm(n)—t—l)an+2t+3 + ﬁn+v(1) s
i=y(s+1)

which proves equality for ¢+ 1. This finishes the proof of our claim.

If s is even, taking ¢ = m(s) — 1 in (T.50) and substituting into (T.49)) yields

m(s)—1
S{)(Xn+s+1) = gsLn+s + KJ(BS+1) + 80( Z

A0, m(n)+1—iLn+2i+1)
i=y(s+1)

- (As—1—2(m(s)—1), m(n)—(m(s)—1) bm(n)—(m(s)—1))an+2(m(x)—1)+1 + ﬁn+v(1) .

We have L,,; = 0,,,(1) by the induction hypothesis (property (iii)). Now s = 2m(s), so
s—1-=2@m(s)—1) = 1, and since m(n) — (m(s)—1) > 1 (because 2m(s) = s < 2m(n), so
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m(s) < m(n)), then A;_1_2um(s)-1). mm—mes)-1) = 1 by ([.46). Moreover, m(s) = m(s + 1).
Using these facts we can rewrite the equality above as

m(s+1)—1
P(Xpss+1) = 9(Bgi1) + 80( Z As+1—2i,m(n)+1—iLn+2i+1)

i=y(s+1)

- b;]n(n)—m(x+l)+1Ln+(S+1)—2 + Onis(1),
which implies

m(s+1)—1

P(Lyise1) = SO(Xn+s+l — By — Z As+l—2i,m(n)+]—iLn+2i+l) (by @)

i=y(s+1)

=- bi(n)_m(s+1)+1Ln+(s+l)—2 + Opiiseny-1(1).

Since P,,,_; is unramified in F,,/F,,,; by property (iii), it follows that

Vi (s+1)=1 (Lnt(s+1)-2) = Virs—1(Lnss-1),

the latter being equal to —1 by property (i) (whenever s — 1 = 1) or (ii) (whenever
s — 1 > 3). This proves that property (i1) holds for r = s + 1.

Now, if s is odd, then s — 2m(s) = 1 and m(s + 1) = m(s) + 1. Moreover we have
m(n) —m(s) > 1 (because 2m(s + 1) = s + 1 < 2m(n), som(s + 1) = m(s) + 1 < m(n)),
and thus A_2u(s). mmy+1-ms) = 1 by ([.46). Therefore

m(s)—1 m(s)

HsLn+s + Z GSAS—Zi,m(n)+l—iLn+2i+l = Z GSAS—ZI',m(n)+l—iLn+2i+l .

i=y(s) i=y(s)
Replacing into (T.49) yields
m(s)
PXnis11) = 9(Bgp1) + Asqﬂ,m(,,)ﬂ Loy + Z O5A 20, mny+1-iLns2iv1 + Opss(1) . (1.55)
i=y(s)

Taking t = m(s) in (1.50f) (which is permissible because s is odd) and replacing into

(L.53)) we obtain

m(s)

P(Xyis+1) =9(Bsi1) + 80( Z Agi1-2i, mmy+1-iLln+2i1

i=y(s+1)

- (As—l—Zm(s), m(n)—m(s)bm(n)—m(x))an+2m(s)+l + ﬁn+§( 1 )
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Since s — 1 = 2m(s) = 0 and m(n) — m(s) > 1, then As_1_2m(s), mn)-m(s) = A0, mmy-m(s) = 0
by definition. Using this and the fact that m(s) = m(s + 1) — 1 we can rewrite the
equation above as

m(s+1)—1
Q(Xn+s+1) = SO(BS+1) + 80( As+1—2i,m(n)+1—iLn+2i+l) + ﬁn+s(1) ’

i=y(s+1)

or, equivalently,
SO(Ln+S+1 ) = ﬁn+s( 1) ,

according with the definition of L, ., (see (I.48))). This proves that property (iii) holds
for r = s+1 in this case, and this finishes the proof by induction of the properties (i)-(iii)
stated in the theorem.

Finally, we want to show property (iv), i.e., that e(P;1|P;) = q and d(P;y1|P;) =
2(g — 1) for all i > n + 2m(n). We proceed by induction on i . First of all, for all r such
that 0 < r < 2m(n) we have

m(r)—1
e(Pn+r|Pn) = e(Pn+r|Pn+2m(r)) n e(Pn+2t+2|Pn+2t+l) e(Pn+2t+1|Pn+2[)
t=0
m(r)—1
= e(PuirlPuiann) | | 1+ (by properties (i)-(iii))
t=0
= e(Pn+r|Pn+2m(r)) qm(r) .
If r is even then r = 2m(r), S0 e(P s r|Pyiomy) = 1; otherwise (i.e., if r = 2m(r) + 1) we
have e(Py,.,|Pyiom(n) = g by (i) and (ii) of Theorem[I.9} In either case we conclude that
e(Pn+r|Pn+2m(r)) = qr—2m(r)’ SO

e(P,ir|Py) = g™ for 0 < r < 2m(n), whenever a, € a. (1.56)

In particular, taking » = 2m(n) and using that m(2m(n)) = m(n) we get e(P,somm|Pr) =
g"™. Since e(P,,|P,) = q and d(P,.1|P,) = 2(q — 1) by (i), the case i = n + 2m(n) is
solved whenever m(n) = 0. Otherwise (i.e., if m(n) > 1), taking j = n + 2m(n) in (iii)
of Lemma [[.8 we obtain

m(n)+n—n—2m(n)e(P

Vn+2m(n)(zn+2m(n)) =—-q n+2m(n)|Pn) =-1.

This 1mphes that e(Pn+2m(n)+1|Pn+2m(n)) = [Fn+2m(n)+l . Fn+2m(n)] =dq and the different
exponent satisfies d(Pyi2mmy+1|Prsamem) = 2(q — 1), by (iii) of Proposition [0.21]

For the induction step, let i > n + 2m(n) be such that e(Py.1|Py) = g and d(Py1|Py) =
20q— 1) for k = n+ 2m(n),n + 2m(n) + 1,...,i. Then e(P1|Pusomm) = g2,
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Taking j = i + 1 in (iii) of Lemma[I.8 we obtain

—i—1
Vie1(zis1) = = §" 7 e(Pit 1Py amny) €(Prsamin | Pr)

m(n)+n—i—1 _i+1-n-2m(n) _m(n)

=—q q q
=1,

so from (iii) of Proposition we conclude that e(P;;»|P;11) = g and d(P;y2|Piyy) =
2(g — 1). The proof by induction is done. 0O

Theorem 1.10. [fay = oo, then e(Piy1|P;) = g and d(P|P;) = 2(q — 1) forall i > 0.

Proof. By induction on i. The case i = 0 is consequence of (i),a) of Lemma [I.T]
and if i > O satisfies e(Pi11|Pr) = q and d(Py1|Pr) = 2(q — 1) for k = 0,1,...,1,
then e(P;,(|P,) = q'. Taking j = i + 1 in (iv) of Lemma [1.8| we obtain v, (zi11) =
—g'""1e(P;,1|P;) = —1. Therefore the place P;,; is totally ramified in F,»/F,; (i.e.,
e(Pi2|Piv1) = [Fiza ¢ Fiy1] = ) and the different exponent satisfies d(P;5|Piv1) =
2(g — 1) by (iii) of Proposition[0.21] This finishes the proof. O

1.3 The genus of the tower

In this section we will determine the genus of the tower ¥ in the case K = [F;3. Now
that the ramification behavior of the tower is completely determined (that is, we know
in what cases ramification occurs in some step of the tower, along with the respective
ramification index and different exponent), we can calculate explicitly its genus.

We already proved (see Theorems [I.9] and Lemma [[.T) that for all n > 1
the places P € P(F,) that are ramified in F,/F, satisfy e(Q|P) = g and d(Q|P) =
2(g — 1), where Q denotes the unique place in P(F, ;) above the place P. Thus, it
remains to determine the number of ramified places in each step F,,;/F, foralln > 1,
which, together with Hurwitz genus formula (Proposition [0.10), will provide recursive
formulas for the genus g, of the field F,/K, for n > 1. On the other hand, the genus g,
of the field F;/K will be explicitly calculated using (i) and (ii) of Lemma [T}

Since the genus is invariant under constant field extensions (see Proposition [0.17)),
we extend our field K of constants to all ]Fqu . In this case all the inertial degrees are

*so we indeed will calculate the genus of the tower whenever the base field K is a finite field con-
taining Fp.
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equal to 1, so the places satisfy the duality “ramified/totally decomposed”, which will
make easier our counting task. For each n > 0 let

AV :={P € P(F,) : P isramified in F,,,/F,}. (1.57)

Ifn>1and P € A,([), then by Lemma we have two options: either Xy(P) = oo, or
Xi(P) € a for some i such that 0 < i < n. In the second case, by Theorem [[.9 we have
n € D;, where

D ={i+2k:0<k<m@)}Ulk:k>i+2m(@)y). (1.58)
For each i, r > 0 and each place P € P(F)), let
Ci (P) :={Q € P(Fi,,) : Q 2 P}. (1.59)
We have the following preliminary result.

Lemma 1.11. Let i > 0 and P € P(F;) with X;(P) € a. Then the sets C;,(P) satisfy

6;q™”,  for r=0,1,...,2m();
ICo(P) :{ R

6:q"?,  for r > 2m(i),

where 6; =q—1 if i =0 and ; = 1 otherwise.

Proof. Let (P;)s; be any chain of places such that P; = P, P, € P(Fy) and P, 2 Py
for all k > i. For any s > 0, the extension Fj,./Fi is Galois, so the formula

[Fisse1 : Firs] = €(Pivss1|Pivs) f(Pissi1|Piss) |Civs1 (Pigy)| holds (I54 Corollary III.7.2]).
Since f(Piss+1|Piss) = 1, then we have [Fiygyq @ Fing] = e(Pipgi|Pisy) |Cing1 (Pigs)l.

On the other hand, the number e(P;,,.1|P;+;) depends only on i + s by Theorem
(recall that we are assuming X;(P;) € @), and therefore |C;,,(P;:s)| depends only
on i + s, provided that X;(P;,;) € a. In particular, if Q € C;(P), then |Cj1(Q)| =
|Cits.1(Piss)|. Consequently we have |Ci .1 (P)| = ZQeC,«,S(P) |Cits.1(Q)I, this sum being
equal to |C; s(P)||Ciss.1(Piss)l, sO we can write, for any r > O:

Cin(P)
Ci(P)| = ==
I e,y

_ 1—1[ (Crn1(P)]

L 1Cu(P)

- [Fi+s+l : Fi+s]
=0 e(Piisi1|Piry)
_ [Fisr @ Fi]
- e(PirlP)
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According to the definition of 6; we have [Fi,, : F;] = 6;q" (because [F, : Fy] =
q(g — 1) and [Fyy : Fi] = g for all kK > 1). On the other hand, if 0 < r < 2m(i),
then by (I.36) we have e(P.|P;)) = ¢, and in particular e(Pi2,0)|P;) = ¢™7;
if r > 2m(i), then we know that e(Pi;,|Piiomi) = ¢ > by Theorem and so
e(PisrlP) = e(Piy|Pivomi)e(Piam|P) = ¢ " 0q™ = ¢~ Putting these results
together we conclude that

6iqr
[Fivr: Fi]l g’
e(Piw/|P;) 0iq"
qr—m(i)’

for 0 <r < 2m(i);

for r > 2m(i),

which gives the desired result. O

Thus, the number |C;,(P)| does not depend on the place P, as long as X;(P) € a.
From now on, we will denote this cardinality simply by C;, in this case.

If n > 1 and i > O satisfy n € D; (see (I.38)), then each place P € P(F;) such
that X;(P) € a has exactly C;,_; places above in P(F},), all of which belong to A,(f), by
Theorem |1;9| and the definition of the set D;. On the other hand, for every k > 0 and
every place P € P(F}) above the infinite place in F, the ramification index of P in the
extension Fy./F} is equal to ¢ by Theorem [[.10] and therefore the number of places
in P(F.) above P is equal to [Fy,; : Fi]/g by fundamental equality (Lemma [0.§)). In
particular, the infinite place in F,, has exactly g — 1 places above in F'y, all of which are
totally ramified in F/F; for all k > 1, and so for every n > 1 there are exactly g — 1

places above the infinite place in Fy, which belong to AY.

The discussion preceding definition (T.38)) shows that, conversely, all the places in
AY withn > 1 are necessarily of the form described above. Consequently, if we define

A = {P e P(Fy) : Xi(P) € @}, forall k > 0, (1.60)
then we conclude for all n > 1 that the cardinality of the set AY is given by

A

=q-1+ ) Cini|A7]. (1.61)
>0
neD;
Thus, we are led to calculate |A§(‘I>| for all k > 0. Butif Q € A,((“) and k > 1, then
P = QN F,_ satisfies X;_(P) € Bby (i),c) of Lemmal[I.T] so we are forced to consider,
for all k > 0, the sets
AP = (P e P(F}) : Xi(P) € B); (1.62)

AP = (P e P(F}) : Xi(P) = O}. (1.63)
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Lemma 1.12. For each k > 0 we have the following:

(i) |AC ] = (@ - DAL

k1l

(ii) |A] = [AP].

+

(iii) [AP| = [Fier s F[AY)].

+

Proof. Letw = Xg(q_l)/(Xg_1 — 1)?~! and define

< {9~z ith>1;
oMt +1+w, ifk=0.
Then by (L.I)) and we have Fi. = Fy(Xiy1), where X, satisfies g(X, () = 0;
moreover, g(T) is the minimal polynomial of X;,,; over F;. Let P € P(Fy) and Q €
IP(Fy41) be such that Q D P.

If X;(P) € B, then by (i),c) of Lemmawe have X;,1(Q) € aU{0}, so p(Xi;1(Q)) =
0. This implies z; = P(Xi+1) € QN F; = P whenever k> 1,and 1 + w = —p(X,)?"! €
Q N Fy = P whenever k = 0. In either case we have g(T) € 0p [T], and the reduction
mod P of g is given by
o(T), ifk>1;

gP(T) = {SO(T)q_l’ ifk=0.

As a consequence, each polynomial of the form 7' — A, with 4 € @U{0}, is an irreducible
factor of gp (recall that by assumption the residue field at P is equal to E). By Ku-
mmer’s Theorem (Proposition [0.9), for each 1 € @ U {0} there exists a place Q, €
P(F;+1) above P such that X;,;(Q,) = A. On the other hand, for every place Q €
P(F;+1) above P we have e(Q|P) = [Fi+1 : Fil/q by (1),c) and (iii) of Lemma [1;1'[,
so it follows from fundamental equality (Lemma that the Q, are all the places in
P(Fy;1) above P (because Yicauio) €(QulP) = @ U {0} [Frvr = Fil/g = [Fiur : FiD.
Thus, there are exactly g — 1 places in A;:fr)l above P and exactly one place in A,(gr)l
above P, which proves both (i) and (ii).

Finally, if P € P(F}) satisfies X;(P) = 0, then for all place Q € P(Fy,) above P we
have e(Q|P) = 1 and X.1(Q) € B by (i),b) and (ii) of Lemma [[.T] so by fundamental
equality (Lemma mb there are exactly [Fy. : F] places in A,(ﬁ)l above P, which
proves (iii). O

A(ﬁ)l —
0

Bl = g(g—1) and |A§)0)| = 1. From this, together with the previous lemma, we conclude
that |A(”], |A?| and |A{”| are not zero for all k > 0. Now, if k > 1 and 0 < j < m(k),

Since Fj is the rational function field, then we have |Af)“)| =l =qg-1,

b
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then k —2j > 2, so [Fi—j : Firj-1] = g; moreover, by (ii) and (iii) of the previous
lemma we have

|Ak 2/| =[F- 2j - D F 2j- 1] |A/(<O)2j |
=[Firaj: Fraj1] |Ak 2 2|
_‘1|A/(£)2j—2 )
hence
|A(ﬂ)| mﬁl IAk 2]|
|Ak 2m(k) Jj=0 |Ak 2j-2
m(k)-1
=0
= " ®,

If k is even, then k — 2m(k) = 0, so AP, | = |AY| = q(g - D) if k is odd, then
k — 2m(k) = 1, so by (iii) of the previous lemma we have |Ak 2m(k)| = [F, : F0]|AE)O)| =

g(g — 1). In either case we conclude that |A,(f)| = g"®+1(g — 1) for all k > 1. Since this
equality also holds when k = 0, it follows from (i) of the previous lemma that

| A(fl)

— (q _ 1)|A 1| — m(k—l)+1(q _ 1)2 — qm(k+l)(q _ 1)2’ for all k > 1’
and since |Agl)| = q — 1, then we can write

|A| = "% D(g - 1)?/6;, forall k>0,

where 6y is as in Lemma [[.TT] Thus, equality (L.6I)) can be rewritten as

m(i+1)

AVl =g-1+(g-1)7 Z Cini 2 , foralln>1. (1.64)
=0 0
}’lED,‘

Now, D; is the disjoint union of the sets H; and E;, where H; = {i + 2k : 0 < k < m(i)}
and E; = {k: k> i+ 2m(@)}. If n € H;, thenn = i + 2k, with 0 < k < m(i), and so
0 < 2k = n—i < 2m(i). Therefore C;,_; = §;¢""" by Lemma([l.11} On the other hand,
ifn € E;, thenn—i > 2m(i), so C;,_; = 6,¢™" by the same lemma. Since {i > 0 : n € D;}
is the disjoint union of the sets {i > 0 : n € H;} and {i > 0 : n € E;}, equality (I.64)
becomes

m(i+1)

(r)

= g-1+(g-1) (Zéq’"<" L

i>0 i>0
neH; nekE;

qm(l+l)
+Z Sig"® L — ) foralln > 1. (1.65)
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It n € H;, then n = i + 2k, with 0 < k < m(i). Therefore we have 0 < 2k < 2m(i) =
2m(n—2k) <n—2kand so 0 < k < |n/4]. Conversely, if i = n—2k, with0 < k < [n/4],
thenn € H; ,m(n —i) = k and m(i + 1) = m(n + 1) — k. Consequently,

m@i+1)  Ln/4]

Foa 0 = Y = (e D 60

i>0
nei

Now, if n € E;, thenn > i +2m(i). If i = 2k + ¢, withk > 0 and £ = 0 or 1, then
i+2m(i) =4k +¢,sowehave 4k + { <n—1,andthus 2i = 4k +2{ <n-1+¢.
Therefore i < m(n — 1 + £); conversely, if i > 0 satisfies i < m(n — 1 + £), where ¢ is the
residue of i modulo 2, then n € E;. In particular, {i > 0:n € E;} € {0, 1,...,m(n)}, and
sincem(n) — 1 =mn—-2) <mmn-1+<¢) forf =0,1, it follows that {i > 0 : n € E;}
contains the set {i € N : 0 < i < m(n) — 1}. Thus, in order to determine precisely the
set {i > 0 : n € E;}, it is suffices to determine when n belongs to E,, ).

We claim that n ¢ E,,, if and only if n = 0 (mod 4). In fact, if m(n) is odd,
then £ = 1, so certainly m(n) < m(n — 1 + {); this is the case when n = 2 or 3
(mod 4). If n = 1(mod 4), say n = 4k + 1, then m(n) = 2k is even, so £ = 0, and
m(n — 1 + €) = m(4k) = 2k = m(n). Finally, if n = 4k, then m(n) = 2k, so £ = 0 and
mn—1+{¢)=mm—-1) =2k -1 < m(n). This proves that

, 0,1,...,mn)), if n £ 0 (mod 4);
{i>0:nekE;}= )
{0,1,...,m(n)} \ {m(n)} otherwise.
On the other hand, for all integer i we have m(i) + m(i + 1) = i. Putting together these
facts we obtain

P L

m(i+1) m(n)+b(n)

, -1 I, ifn#0(mod4);
- Zq' =4 T where b(n) = oo . (mod 4)
qg-1 0  otherwise.

>0 i>0
nek; nek;
(1.67)
Replacing (I.66) and (T.67) into (T.63]) we obtain, for all n > 1:
qm(n)+b(n) -1
=g -1+ (g - 1((Ln/as+ g+ T ——)
q —

=q—1+(@=D*(ln/4]+ 1) g""" + (g = D" = 1)

=q—1+(@@-D*(ln/41+ 1) ¢""" + (g = Dg""*"™ = (g - 1)

=(q = D*(Ln/4] + 1) g""* + (g = Dg" ™™ (1.68)
For n > 0, let g, be the genus of the function field F,,/K. If n > 1, then [F,,; : F,] = ¢q

so by Riemann-Hurwitz formula we have

281 —2= Qe -g+ ), ), dQIP).

peny 0PFy)



48 CHAPTER 1. THE GENUS OF THE BASSA-GARCIA-STICHTENOTH TOWER

By Theorems and [1.10 each place P € AY has an unique place Q € P(F,.1)
(because P is totally ramified in F',,;/F,), and d(Q|P) = 2(g — 1). Therefore

28n1 =2 = (28, — 2)q + 2(q - 1) |A?],
SO
gn1 =qgn+(q— DAY — g +1
=qg., + (¢ — D(|AY| - 1).

Dividing both sides of the equality above by ¢"*! we get

-1)

(r)
8n+1 _ 8n + (g - l)( A,

qn+l qn qn+1

Consequently, for each n > 0 we have

Surl 81 NO 8kl &k
qn+l - ; - Z(qkﬂ - ?)
k=1

" (g - D(|AY
qk+1

~1)

k=1

From this we obtain the following formula for the genus g,, for all n > 1:

n—1
g =q"a1+@q-1) ¢ (A
k=1

n—1
=q"'gi+ -1 ¢ A
k=1

_1)

n—1
~q-D), ¢
k=1

n—1
=¢'a+1-¢""+(q-1) gAY
k=1

. (1.69)

For ¢ =1,2,3,4, let

S, = Z qn—k—l |A]((r>

kGA(

, where A;={keN:1<k<n-1landk={(mod4)}.

-t
We have A¢ = {45+ €: 0 < 5 < d(0)}, where d(¢) = VTJ Note that d(¢) > —1
(because n > 1) and

n—1 4

gAY = )8, (1.70)

k=1 =1
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Using (T.68)) we get
d(0)
4s+ ¢
Z - 1(( g-1 ({ J 1) 7" 4 (g = 1) qm(4s+€)+b(4s+t’))'
4s + ¢ l
Now { il J =5+ L—J, b(ds +{) = b(€) and m(4s +t) = 2s + m(t) for any ¢, so
equality above becomes
d(t) ¢ d()
S, =(q—1y Z( 14 L_LJ) g g ) Z g 1250450
s=0 s=0
d(t) ¢ d(t)
—(g—1) Z(S 14 LIJ) g2 1)an—€—l+m([)+b([)—2s
5s=0 s=0

d(f) de)

=(q - )2 n—l—1+m(f+1) Z(s +1)q 25 (g-1) n—f—lG(f)Zq—zs’
s=0 s=0

where G(£) = (g— 1) €/4] g™ + gm OO If £ = 1,2,3, then b(£) = 1 and |£/4] = 0
so G(£) = ¢q"O%; if ¢ = 4, then b(£) = 0 and |£/4] = 1, so in this case we have
G) = (g — D@D + g™ = (g - Dg* +q* = ¢ = ¢g"O*'. This proves that
G(€) = ¢™9*!, and therefore we have

d(t) d(t)
S;=(q- )2 n—t— 1+m(5+1)Z(S+1)q2s+(q n€+m([)Zq
s=0
d(t) d(t)
=(q- 1)2qn—m(f)—1 Z(S i l)q +(q - Dg" m(f+1)Zq—2s (1.71)
s=0

(because m(€) + m(€+ 1) = £ for all £). On the other hand, for any integer k with k > —1
and all x > 0 with x # 1 we have

xk+2 _

=3
Il ~
o
=
=
I

(the sum with £k = —1 is meant to be 0). Differentiating with respect to x gives

k _ +1 _ _ +2
Z(S LD = (x = D((k + 2)xk 1) (xk X)
(x = 1)?
R+ DX -k + 2+ 1
- (x = 1) '

(1.72)
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Suppose at first that n = 1 (mod 4). Then for € = 1,2, 3,4 we have

n-—1 —{ n-—1
= — | = _1
a(t) 4 +{4J 4 ’

so in this case d(¢) is independent of ¢, say c. Using (I.71)) we get

4 4 ¢ 4
Zsf—(q 1)2”1(Z(s+1)q )(ZCI'"([))+(61 Dq" (Zq )(qum).

=1 s=0 =1

4
Now 3 ¢ = g +q"' +q' +q7 = (¢* + 29+ 1)/¢* = (g + 1)’/¢*, whereas
=1

4

gD =g+ g+ g2 + g2 = 2(q + 1)/4*. Using these values and the value of
=1

(1.72) with k = ¢ the previous sum becomes

—2c-4

—(c+2)g ¥ 2 +1]
(g -1y

1)? 1
(q )2 nl(q:]_z) [(C+ )q

Mb

)
1l

g+ 1) 1= g
+(g-1yg "qz 1

1-¢g2
gt q [cq™* (1 = ¢») + ¢ (1 - 2¢%) + 1]
(g2 —-1)?
2(¢* - Dg"(1 = qg7*7?)
g -1
(> = D¢ Neg> A - P + g1 -2¢H) + 1]

— 2 n 1= —2c¢-2

_qn+1[ 26—4(1 _ q2) + q—20—4(1 _ 2q2) + 1] + 2qn(1 _ —26—2)
:C(l —q )qn—26—3 + (1 _ 2q2)qn—2c—3 + qn+1 + 2q zqn 2c-2
T 12g" + ¢ (el - @) + 1 =267 - 29).

Now2c+3=34+2n—-5)/4=3+n-5/2=m+1)/2,son—2c—-3=(m-1)/2.
Moreover we have |n/4] = (n — 1)/4 (because n = 1 (mod 4)) = ¢ + 1. Using these
facts together with the equality above and replacing into we get the following
equality, which is valid whenevern > 1 and n = 1 (mod 4):

n—1

q =¢"" +2¢" + " VP (In/4(1 - gD - 1+ ¢ + 1 -24" - 2q)

k=1

n—k—1 |A](<r)

_ qn+1 +24" + q(n—l)/l( ln/4)(1 - qZ) _ 6]2 - 2¢g). (1.73)
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Now suppose n > 1 and n = 2 (mod 4). Then necessarilyn —1 > landn -1 =
1 (mod 4). On the other hand, we have

n-1 n-2
n—k—1 "] _ n—(n-1)-1 (r) n—k—1 )
q |Ak =9q AL+ Z q |Ak
k=1 k=1
(n=1)-1
=[AD [ +q Y " VAL (1.74)

k=1

The first summand can be calculated using (T.68)), whereas the second can be calculated
using (I.73). We also have [(n — 1)/4] = [n/4]. Thus, we have

A =@ = DXL = 1)/4]+ 1) g™ + (g = D" Vg™
=(g = D*(ln/41+ 1) ¢ + (g - Dg" "¢
=(g - D*(ln/41+ 1) ¢"* + (g - Dg"?,
whereas
(n—1)-1
g Y, d" VAL =a(q" + 24" + 4 PP (L - /AN - D) - ¢ - 20))
k=1

=" +2¢" + ¢"*(In/4)(1 - ¢*) - ¢* - 2q).

Replacing these equalities into (I.74) we obtain the following equality, which is valid
forn > 1andn =2 (mod 4):
n-1
g | A](Cr)
k=1

=¢"*((q - DX(Ln/4l+ 1) +q—1)

+ qn/Z(Ln/4J(1 _ q2) _ q2 _ zq) + qn+1 + 2qn
=q"" +2q" + ¢"*(1n/412 - 29) - 39). (1.75)

Now suppose n > 1 andn = 3 (mod 4). Thenn -1 > 1landn -1 = 2 (mod 4). We
have again [(n — 1)/4] = [n/4]. By (I.68)) we have

AL =@ =D (Lo =D/ + 1) " + (g = D" Vg
=(q = D*(ln/4] + 1)g" 2 + (g - Dg" g
=(q=D(ln/41+ 1)g" " + (" - g™ ",

and from ([.73) we get

(n—-1)-1

—-1)-k-1 (r)
g > q" Ay
k=1

=q(q" +2¢"" +q" " (L(n - /42 - 29) - 39))

=q"" +2¢" +q""(1n/412q - 24°) - 3¢°).
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Replacing these values into ([.74) we obtain the following equality for n > 1 and
n =3 (mod 4):

n—1
n—k-1 (r)
q |Ak
k=1

=q" (g - DX(Ln/4l+ 1)+ 4* - q)

+q" V2 (1n/412q - 24°) = 34) + ¢"' + 24"
=q"" +2¢"+q" (/A0 - ) - ¢* =3¢+ 1) (1.76)
Finally, suppose n > 1 and n = 4 (mod 4). Thenn—-1 > 1and n -1 = 3 (mod 4).

Unlike the previous cases, in this case we have [(n — 1)/4] = [n/4] — 1. By (L.68)) we
have

AV =@ =D (Ln = 1)/4] + 1) g"™ + (g — D)g"" Vg’
=(g= D n/41¢"* + (g - Dg" " q
=(q— 1’ 1n/41q"* + (g - Dg"?,
and from (I.76) we get
(n-1)-1
g Y, d" A =a(a" + 20+ gL - DI - ) - 7 - 3q + 1)

k=1
=q"" +24" + ¢ ((In/4] - DA - ) - ¢ =3q + 1).

Replacing these values into (I.74) we obtain the following equality for n > 1 and
n =4 (mod 4):

n—1
—k—=1 ] A ()
g~ A,
k=1

=q"*((q - 1’Ln/41+q-1)
+Cln/2((|_n/4J _ 1)(1 _q2)_q2 _ 3q+ 1) +qn+l +2qn
=¢"" +2¢" + ¢"(1n/4)2 - 29) - 2¢ - 1). (1.77)

Now we will calculate g;. This can be done using Hurwitz genus formula (Proposition
0.10) and Lemma [I.I} The only ramified places in F,/Fy are of the form (Xo = a),
with a € @ U B U {oo}. Therefore we have

281 -2=Qg-2IF : Fol+ Y Y dPIXo=a)+) > dPIXo=a)

acaU{oo} PEP(F7) aef PeP(F1)
Xo(P)=a Xo(P)=a
=-2q(q-1+ ), D, 2g-D+> > (g-2).
acaU{oo} PEP(F) acPB PeP(F))

Xo(P)=a Xo(P)=a
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Now if a € @ U {oo}, then e(P|(Xy = a)) = g for any place P € P(F,) such that
P|(Xo = a) by (i),a) of Lemma [[.I] Since we are assuming that the base field is
algebraically closed, all the inertial indices are equal to 1. Therefore the number of
places P € P(F) such that P |(Xy = a) is equal to [F : Fy]/q = g — 1, by fundamental
equality (Lemma[0.8). Similarly, for each a € B8 the number of places P € P(F) such
that P|(Xo = a) is equal to [F : Fol/(q — 1) = g (by (i),c) of Lemma [[.T)), so the
equality above becomes
281 -2=-2q(g - ) +2(g - 1)|@ U} ||[{P e P(F)) : Xo(P) = a}
+ (g =2 IBI[{P € P(F)) : Xo(P) = al

= —2¢(g - 1) +2(g - Dglg - 1) +(g-2)(q" - 9)q

=q(g-1)(-2+2(g— 1 +(q-2)q)

=q(q—-1)(q" -4

=q' - ¢’ —44’ +4q.

Thus, the genus g; is given by

@@=
B 2

Using (L.69),(T.73),(.73),(L.76),(I.77) and (I.78) we obtain our main result:
Theorem 1.13. The genera g, of the tower of function fields given by (I.1)) is given by

g1 —2¢° +2g+1. (1.78)

gn=q" (g1 =D+ 1+(g-DT,,
where g, is given by (I.78) and

g V2([n/4)(1 - ¢*) — ¢* — 29), if n=1(mod4),

it An q"*(Ln/4)(2 - 29) - 3q), if n=2(mod4),
T,=4q" +24" + q(n—l)/Z( ln/4)(1 - q2) _ qz —3q+ 1)’ if n=3(mod4),
q"*([n/412 - 2q) - 2q - 1), if n=4(mod4).

FOR THOSE WHO DISLIKE FORMULAS GIVEN BY CASES.

Let n > 1. We have |n/4|(1 — ¢*) — ¢* — 2q = (In/4] + 1)(1 — ¢*) — 2q — 1, whereas
ln/4)(1 —g*) — ¢* = 3q + 1 = (In/4] + 1)(1 — g*) — 3q. Therefore we can write

g V2((ln/4)+ D1 —g*) —2g—1), if n=1(mod4),

vl A | @ (/412 - 29) - 39), if n=2(mod4),
ST T ) (Al + DA - ) =3q),  if n=3 (mod 4),
q"*(ln/4)2 - 2q) —2q - 1), if n=4(mod4).

T,—q
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Now if n = 1 or 4 (mod 4) then m(n) is even, that is, m(n) = 2m(m(n)) = 2|n/4], so we
have —2g -1 = -2g—¢° = —2q — ¢"™~2"/4); similarly, if n = 2 or 3 (mod 4) then m(n)
is odd, so m(n) = 2|n/4] + 1, and therefore —3g = —2q — ¢' = —2q — g"™~2\"/4]_ Thus,
we can “simplify” the expression above, obtaining

g V2((In/4) + DA = ¢*) = 2q — g"™24),if =1 (mod 4),

T, =g —2¢" = g (/412 — 2q) — 2q — "2, if n=2(mod4),
' g V(4] + (1 = g?) = 2q — "), if n =3 (mod 4),
q"*(Ln/4)(2 - 2q) — 2q — "4, if n=4(mod4).

Finally, if n = 2 or 4 (mod 4) then n is even, so we have m(n) = n/2 and 0 = n—2m(n),
which implies 2—2g =2(1-¢q) = (1+1)(1—q) = (1+¢")(1 —¢g) = (1 +¢g">"™)(1 - ¢q);
on the other hand, if n = 1 or 3 (mod 4) then » is odd, so we have m(n) = (n—1)/2 and
1 = n—2m(n), and therefore 1 —g*> = (1+g)(1—¢q) = (1+¢")(1-q) = (1+g">"™)(1-¢q).
Putting together these facts we can write the formula above as the following single
expression™

T, =q"" +2q" +q""((Ln/4] + n = 2mm) )(1 + ¢"2"")(1 - g) - 2q — " 7\"4).

® Which is, admittedly, rather unnatural...



Chapter 2

A new tower over cubic finite fields

In this chapter we introduce a new tower over cubic finite fields attaining the general-
ized Zink bound. This tower was considered by Ihara (see equation (3) in [[hQ7]]) as a
subtower of the Bezerra-Garcia-Stichtenoth tower (introduced in [BezGaSTl]), in order
to point out some interesting features of the BeGS tower. Thara’s presentation of the
tower is slightly different from ours; in Section 2.4 we prove that this tower is indeed
a subtower of the BeGS tower, and that the tower constructed by Ihara and the tower
described in this work are the same.

2.1 The basic (and the auxiliary) equation

Let k be a perfect field of characteristic p > 0, and let ¢ be a power of p. Let ¥ =
(Fp)ns0 be the sequence of function fields over k defined recursively as follows: F( =
k(Xp), the rational function field over k, and forn > O let F,,.; = F,(X,+1), where X,
satisfies the following:

Xq+1

X+1
F(X,, X,u1) =0, where f(X,Y) =Y+ Y—( i ) and X, ¢ k(X,). (2.1

Remark 2.1. Regarding equation above, we claim that equation f(X, Y) = 0 has
an unique root Y in k(X), namely, ¥ = —(X+1)/X. Infact, letz := —1/X. If Y € k(X) =
k(z) satisfies f(X,Y) = 0, then Y9 + Y = Y(Y + 1)? = (=2)? + (-2)"! = (z - 1)z%.
Thus, Y is k[z]-integral, so Y belongs to k[z] (because k[z] is an UFD, hence integrally
closed). Comparing degrees we getdeg. Y = 1,50 Y + 1 = ¢z, with ¢ € k*. Replacing
we obtain (cz — 1)c?z¢ = (z = 1)z%, so ¢?*! = 1 and ¢ = 1. Consequently we have ¢ = 1
and Y = z — 1, and since the polynomial f(X,Y) is separable respect to the variable

55
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Y (because dy f(X,Y) = (g+ )Y+ 1 = (Y + 1)?, so f and Oy f are relative prime in
k(X)[Y]), our claim is proved.

Now let x = —1/X,, and y = X,,;; + 1. Imitating the calculations made in the remark
above we get X+ X,.1 = (y— 1)y? and (X, + 1)/X2*" = (x— 1)x%. Since X,.1 € k(X,),
this means that

-1y?’=(x-1x7 and x #y. (2.2)

Note the symmetry on this equation. For this reason, we will first study the ramification
behavior in this more abstract setting. Let k be a perfect field of characteristic p > 0,
and let x, y be such that holds. Clearly x is transcendent over k iff y is too, so we
assume that x is transcendent over k. If Q € P(k(x, y)), then by we have

x(Q) = oo iff y(Q) = oo, and x(Q) € {0, 1} iff y(Q) €{0,1}. (2.3)
On the other hand, by we have y9*! — x4t = y4 — x4 = (y - x)9. Since y9*! — x4*! =
Y —yxd +yx? — x4 = y(y—x)7+x9(y - x), it follows that x/(y— x) +y(y—x)? = (y—x),
and since y # x, we conclude that

¥+ @y-Dy-xt=0. (2.4)

This polynomial is symmetric in x and y (being the quotient of two symmetric polyno-
mials), so we also have

Y+ x-Dx-y)? ' =0. (2.5)
x \1 oy-1 y-
Now, dividing 2.4) by (y — x)? we obtain ( ) + = 0. Since =
y—X y—X y—X
-1+y- -1
S AL T , then we can write
y—x X y—-x
Z'+(1-xHZ+1=0, with Z = ) (2.6)
y—Xx
Similarly, dividing by (x — y)? we obtain
Wit -y YW+1=0, with W=——. 2.7)
xX=y

Now we will determine the ramification in the extensions k(x, y)/k(x) and k(x, y)/k(y)
of function fields over k. Let P € P(k(x)) and Q € P(k(x,y)) be such that Q|P.

Suppose at first that x(P) = 1. Then by we have y € Op. Using .5) we
get y(Q)7 + (x(P) = DO(Q) = x(P))*™" = 0, s0 y(Q) = 0. Thus, (y -~ x)(Q) = ~1, s0
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y—Xx€ ﬁQX, and therefore Z € 0 and Z(Q) = x(Q)/(y — x)(Q) = —1. We can rewrite
as

Z7+(1-xNZ+1=CZ+ D) +A-xHZ+1-1)
=Z+D)I+0-xHZ+D+x'-1 (2.8)
=0.

Since vy(Z + 1) > 0, then vo((1 — x ')NZ + 1)) > vo(x~! = 1), so by triangle inequality
we necessarily have vo((Z + 1)7) = vo(x~! = 1), that is, gvp(Z + 1) = vo(x~! = 1); but
vo(x) = 0 (because x(Q) = 1), which implies vo(x™' = 1) = vo(x(x™' = 1)) = vo(x—1) =
e(Q|P)vp(x — 1) = e(Q|P). Consequently we have gvo(Z + 1) = e(Q|P).

On the other hand, by (2.3) we have [k(x,y) : k(x)] < g, so in particular we have
e(Q|P) < q. Putting these facts together we conclude that e(Q|P) = g = [k(x,y) : k(x)]
and vo(Z + 1) = 1. In particular, the element Z + 1 is a local parameter at the place Q,
with minimal polynomial over k(x) equal to ¢(T) = T?+(1-x"HT +x' -1 by Z.9), so
by Propositionwe have d(Q|P) = vo(¢'(Z + 1)) = vp(1 —x7") = e(Q|P) = q. Note
that since the place P is totally ramified in k(x, y)/k(x), it follows that k is algebraically
closed in k(x,y) by Corollary Using this fact together with Corollary we
can suppose in the sequel that the field k is algebraically closed in order to determine
the ramification behavior.

Now suppose x(P) = 0. Again by we have y € 0. Since [k(x,y) : k(x)] = g
by the previous case, it follows from that the minimal polynomial of y over k(x)
is given by 6(T) = T9 + (x — 1)(T — x)?"!. Its reduction mod P is given by 0x(T) =
T9 - T4 = T9"YT - 1), hence by Kummer’s Theorem (Proposition there exist
Q; € P(k(x,y)) with i = 0,1 such that Q;|P and y(Q;) = i. Using (Z.4) we get the
equality vo,(x9) = vg,((y — D)(y — x)771), that is, gvg,(x) = (g — 1)vg,(y — x) (because
vo,(y — 1) = 0). As a consequence, g — 1 divides vy, (x) = e(Qo|P)vp(x) = e(Qo|P).

Now by fundamental equality we have ¢ = [k(x,y) : k(x)] = X, e(QIP)f(Q|P),
where Q ranges over the places in P(k(x,y)) dividing P. Since e(Qy|P) > g — 1 and
e(Q4|P) > 1, then necessarily Qp and Q; are the unique places in IP(k(x, y)) above the
place P, and we have e(Qy|P) = g — 1 and e(Q:|P) = f(Qo|P) = f(Q:|P) = 1.

Finally, it remains to consider the case vp(x) < 0 and x(P) # 1. By we
have k(x,y) = k(x)(Z), and if ¥(T) denotes the minimal polynomial of Z over k(x),
then y(T) = T9 + (1 — x™)T + 1. Since x(P) # 1, it follows that x! € Op, and
x'(P) = x(P)~!. The reduction mod P of this polynomial is given by yp(T) = T9 +
(1-x(P)~")T+1, which is separable because Y(T) = 1-x(P)~' # 0. In particular, since
we are assuming that & is algebraically closed, then ¢/p(T') decomposes completely into
distinct linear factors in (Op/P)[T] = k[T], so by Kummer’s Theorem (Proposition
the place P is totally decomposed in k(x, y)/k(x).
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We recall that similar results hold for the field extension k(x, y)/k(y), by the sym-
metry of equation (2.2)). Now we summarize all these results.

Proposition 2.2. Let k be a perfect field of characteristic p > 0, and let g be a power
of p. Let x,y be transcendent elements over k satisfying relation 2.2). For the function
fields k(x), k(y) and k(x,y) over k the following holds:

(i) The field extensions k(x,y)/k(x) and k(x,y)/k(y) are both separable of degree q,
and k is algebraically closed in k(x,y).

(ii) For a place Q € P(k(x,y)), let P, = Q N k(x) and Py = Q N k(y). Then x(Q) = oo

iff v(Q) = oo, and x(Q) € {0, 1} iff y(Q) € {0, 1}. More specifically, the following
relations hold:

a) x(Q) = 1 implies y(Q) = 0. In that case we have e(Q|P,) = d(Q|P,) = q and

e(QIP)) = 1.
b) y(Q) = 1 implies x(Q) = 0. In that case we have e(Q|Py) = d(Q|Py) = q and
e(QIPy) = 1.

c) x(Q) = 0 implies y(Q) = 0 or 1. If y(Q) = 0, then e(Q|P,) = e(Q|Py) = g — 1.
Moreover, exactly two places Q in P(k(x,y)) satisfy x(Q) = 0, say Qy and Q;,
and {y(Qo), y(Q1)} = {0, 1} (so both possibilities on y(Q) indeed occur).

d) y(Q) = 0 implies x(Q) = 0 or 1. If x(Q) = 0, then e(Q|P,) = e(Q|Py) = g — 1.
Moreover, exactly two places Q in P(k(x,y)) satisfy y(Q) = 0, say Qy and Q;,

and {x(Qo), x(Q1)} = {0, 1}.

e) The places (x = 0) and (x = 1) are the unique ramified places in k(x,y)/k(x),
and similarly (y = 0) and (y = 1) are the unique ramified places in k(x, y)/k(y).
In particular e(Q|Py) = e(Q|Py) = 1 whenever x(Q) = oo (which is equivalent

to y(Q) = o).

Figure [2.1] (page describes succinctly the ramification behavior in the field exten-
sions k(x, y)/k(x) and k(x, y)/k(y). From now on, whenever no confusion arises, we will
denote by e the ramification index, and we denote by d the respective different expo-
nent. Moreover, we will omit the value of d in the figures whenever tame ramification
occurs, because in that case we know thatd = e — 1.

2.2 The ramification behavior of the tower

Now we return to our original sequence of function fields over k, which is defined
recursively by equation (Z.1)). Recall that equation (2.2]) was obtained after the change
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of variables x = —1/X,, and y = X,,;; + 1. By reversing this substitution we translate
the contents of Proposition [2.2]to our original context, obtaining the following result:

Proposition 2.3. Let k be a perfect field of characteristic p > 0, and let g be a power
of p. Let ¥ = (Fy)u>0 be the sequence of function fields over k defined recursively by
equation 2.1). Then we have the following:

(i) For eachn > 0, the field extensions k(X,, X,+1)/k(X,,) and k(X,;, X,,+1)/k(X,1+1) are
both separable of degree g, and k is algebraically closed in k(X,, X,,+1).

(ii) For a place Q € P(F,.1), let P, = Q Nk(X,),Ps1 = O N k(X,41) and P =
O N k(X,, X,41). Then the following relations hold:

a) P, =X, =-1)implies P,y = (X,4+1 = —1). In that case, e(P|P,) = d(P|P,) =
q and e(P\P,1) = 1.

b) P,y1 = (Xuy1 = 0) implies P, = (X, = o0). In that case, e(P|P,y1) =
d(P|Py+1) = q and e(P|P,) = 1.

c) P, = (X, = 00) implies P,y = (X,41 = @), witha € {—1,0}. If @ = —1, then
e(P|P,) = e(P|Py1) = q — 1.

d) P, = (X1 = —1) implies P, = (X, = @), with a € {—1, co}.

e) The places (X, = o0) and (X, = —1) are the unique ramified places in the
extension k(X,, X,.1)/k(X,), and (X,.1 = —1) and (X1 = 0) are the unique
ramified places in k(X,,, X,,11)/k(X,11).

f) P,=(X, =0)iff P,y1 = (X,41 = o). In that case e(P|P,) = e(P|P,.1) = 1.

Proof. As we said before, we take x = —1/X, and y = X,,;; + 1, so we are in the
situation of Proposition Moreover, for a place Q € P(F,.) we have the following
relations between the values of x, y, X,, and X,,,, at the place Q:

| x(Q) [ X.(Q) | (O | X:1(Q) |
1 -1 0 -1
0 0 1 0
00 0 %) 00

Now we simply rewrite the statements of Proposition [2.2] using the table above, obtain-
ing items i) and ii). This finishes the proof. O

We remark that, for each n > 0, all the possibilities stated in item (ii) of the previ-

ous result can be realized. More precisely, we call a sequence (@,),>o of elements in
{—1,0, co} admissible if the following holds for each n > 0:



60 CHAPTER 2. A NEW TOWER OVER CUBIC FINITE FIELDS

(x=0) =0 (x=00) (y = 00)

FI1GURE 2.1: RaMIFICATION IN k(x, y)/k(x) AND k(x,y)/k(y).

(X, = -1 (Xps1 = =1) (X = 00) (Xp+1 = 0)

N

e
>

(X, = o) X1 =-1) (X, =0) (X1 = 0)

FIGURE 2.2: RaMIFICATION IN k(X,,, X,,+1)/k(X,,) aND k(X,,, X,41)/k(X,141).

e a, = —1implies a,;; = —1.

® @, = 0 implies @, = co.

e @, = coimplies @,,; = —1 or 0.
e @, = —1 implies @, = —1 or co.
o o, =0iff @, = o0.

Proposition 2.4. For any admissible sequence (a,),>o, there exists a sequence (Q,),>0
of places Q,, € P(F,) such that X,(Q,) = a, and Q,1|Q, for all n > 0.
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The proof of this result will be given after Corollary

Recall that the ramification locus of the tower F is defined as the set
V(F/Fy) ={P € P(Fy) : P is ramified in F,,/F, for some m = m(P) > 1}.

In order to estimate the genus of the tower, we first need to know which are the places
in IP(F,) belonging to V(¥ /Fy), and afterwards to estimate the ramification behavior
(i.e., the ramification index and the different exponent) of such places. Since the genus
is invariant under constant field extensions (Proposition , we can assume that the
base field k is algebraically closed. A straight application of Proposition[2.3]in this case
solves the first problem.

Lemma 2.5. Suppose that k is algebraically closed. Then the ramification locus of
over F satisfies

VIF/Fy) C{Xo=a): a=-1,0 or oo}.

Proof. Let n > 0 and suppose that a place Q € P(F,) is ramified in F,,,/F,. For
i=0,...,n,let Q; = O Nk(X;). Then we have the following situation

AY R € ]P(Fn+1)

RN k(Xn, Xn+1)
On

so by Abhyankar’s Lemma (Proposition[0.14) we have that Q, ramifies in the extension
k(X,, X,41)/k(X,,). Therefore we have Q, = (X, = @), with @ € {-1, oo}, by (i1) of
Proposition The same result, together with (descending) induction, allow us to
conclude that Q; = (X; = @), with @ € {-1,0, 00}, fori =n,n—1,...,1,0. This proves
the lemma. 0O

Our next step is to estimate (or, if possible, to determine) the ramification behavior
of the places (Xy = @), with @ € {—1,0, co}. On the other hand, two conditions remain
to be verified in order to conclude that the sequence ¥ = (F),) indeed defines a fower
of function fields over any perfect field k, namely, that the base field k is algebraically
closed in each field F,, and that the genera of the fields F, satisfy g(F,) — oo when
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n — oo (see Definition [0.4). Later we will prove these assertions using the ramification
behavior at the places (Xy = —1) and X, = oo, together with Proposition[2.4]

From now on, let
F = k(X;, Xit1, - -, X;), foreachi, jin N withi < j. (2.9)

In particular we have F,, = F*" and k(X,,)) = F"" for all n > 0. The pyramid associated
to the sequence F of function fields is just the lattice of fields (F™/)<i< ; ordered by
inclusion. In particular, the sequence ¥ corresponds to the left edge of the pyramid, and
the basic fields k(X;) correspond to its basement. Note that the pyramid is composed
of “diamonds”, which correspond to field extensions of the form Fi=1/*!/F  with
1 < i < j, together with the two intermediate fields F'~'/ and F"/*!; see Figure
below.

Fi—l,j+1

Fi+l

k(Xo) k(X1) k(X2) k(X3) k(Xy4) *°- FiJ

Ficure 2.3: THE PYRAMID AND A DIAMOND.

Consider a family (P;;)o<<; of places P;; € P(F™/), such that Py, contains P;;
whenever F*' D F™J (i.e., whenever k < i < j < ). Moreover, suppose that we have
Poo = (Xo = @), with @ € {-1,0, co}. We want to estimate the values e(Py,|Poo) and
d(Py|Pop) for each n > 0, in order to estimate the genus of the tower 7.

Suppose that, for every diamond, we can determine the ramification behavior at
the top edges from the ramification behavior at the bottom ones (we call it “solving”
the diamond). By Proposition [2.2] we know the ramification behavior at the basement
of the pyramid, so by the hypothesis we can solve all the diamonds at the bottom of
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the pyramid. In particular, we know the ramification behavior at the bottom edges of
the diamonds at the second level of the pyramid. Repeating this argument, (that is,
“climbing up” the pyramid), we manage to solve all the diamonds, and in particular
we are able to determine the values e(Py,+11Po,,) and d(Pg,+1|Po,) for each n > 0.

Using the multiplicativity of the ramification index and the transitivity of the different
exponent (Lemma [0.13) we attain our objective.

If tame ramification occurs at some bottom edge of a given diamond, then by Propo-
sition[0.14]and Lemma[0.13| we can determine the ramification behavior at the top edges
of the diamond; this will be indeed the situation of the majority of the diamonds in-
volved in our reasoning, so in that cases we will be able to “solve” explicitly those
diamonds. But what happens if we have wild ramification at both bottom edges?. This
is, of course, the interesting (and hard) case to deal with, which requires a more sophis-
ticated approach (the use of completions, as it was said in the Introduction). We will
treat this case at the end of the section.

Finally, we note that in some cases we do not need to restrict ourselves to the
“basic diamonds” discussed above, but instead we can work directly with larger field
extensions (in the presence of unramified extensions, for instance). With all these
remarks in mind, we can start our reasoning. According to (ii) of Proposition
we can distinguish the following cases:

Case 1: Xy(Pyp) = —1. Then X,,(P,,) = =1 foralln > 0.
Case 2: Xo(Pop) = 0. Then X;(P;;) = oo.
Case 3: Xo(Pyp) = o0 and X,(P;) = —1. Then X,(P,,) = —1 foralln > 1.

Case 4: Xo(Pop) = o0, X;(P1y) = 0 and X, (P,,) # —1 for all n > 3. In this case
X, (P,.,) = oo for all n even and X,(P,,) = 0 for all n odd.

Case 5: Xo(Pog) = o0, X;(P11) = 0 and X, (P,,) = —1 for some n > 3. Supposing
that n is minimal, then since we started with X,(Py) = oo, plus the fact that the
values oo and O alternate at the bottom for £ < n, we conclude that » is odd,
Xi(Pyy) =ocofork =2,4,...,n—1and Xy(Prx) =0fork =1,3,...,n-2. Of
course, we also have X;(Pyy) = —1 for all k > n.

Casel (x,(P,,) = —1for all n > 0)

In this case we conclude from Proposition [2.3] that the basement of the pyramid has the
following form:
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Xo=-1) Xy =-1) (X, =-1) (X3 =-1) Xy =-1)

Using (i) of Proposition[0.16] we see that both the bottom left and top right edges of all
the diamonds are unramified. The same result implies that for the bottom right and top
left edges of all the diamonds we have e = d = ¢. Thus, the tower is explicitly solved
in this case as depicted in Figure 2.4 below:

Xo=-1) Xi=-1) Xa=-1) Xz=-1) Xg=-1) oeee
FiGure 2.4: Cask 1.

On the other hand, for any diamond in the tower, each one of its edges is a lifting of an
edge on the basement of the pyramid, which is a separable field extension of degree g.
Therefore all the edges are separable extensions of degree less or equal than g. Since
e = q for all the bottom right and top left edges, it follows that such edges have degree
equal to g. In particular, all the diamonds at the basement of the pyramid satisfy that
three of its edges have degree g. By multiplicativity of the degree of field extensions,
we conclude that the remaining edge (of the diamond) also has degree ¢. This in turn
implies that all the diamonds appearing at the second level of the tower satisfy that
three of its edges have degree g. Repeating this argument we conclude that all the
“basic” edges are separable field extensions of degree g.

Corollary 2.6. The field k is algebraically closed in F, for each n > 0. Moreover, for
each i, j > 0 with i < j, the field extensions F**'|F"“ and F="J|F" (wheneveri > 1)
are separable of degree q.

Proof of Proposition 2.4 (page [60). We construct recursively the places Q,: first we
take Qp = (Xo = @), and assuming that Q,, ..., Q, are constructed satisfying the
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desired conditions, let P, = Q, N k(X,). If @, = —1 or 0, any place Q,,; € P(F,.1)
dividing Q, will work. On the other hand, if @, = oo, then @,,; = —1 or 0. Taking
x =—-1/X, and y = X,,;; + 1, and using (ii),c) of Proposition@, we obtain a place
Q' € P(k(X,, X,,+1)) such that Q’|P,, and X,,11(Q’) = @,,+1. In order to finish the proof, it
is suffices to find a place Q,.; € IP(F,) lying above both Q' and Q,, simultaneously. It
is easy to see from Corollary(by comparing degrees) that the fields F, and F""**! =
k(X,, X,41) satisfy F,, N F"*1 = F"" = k(X,,), and they are linearly disjoint over k(X,,).
The existence of the place O, follows from the following result:

Lemma 2.7 ([Wul Lemma 2.1.3]). Let Fy, F, be function fields over a perfect field k.
Suppose that Fy and F, are linearly disjoint over F = F| N F,, and let P € P(F) and
P; € P(F)) for i = 1,2 be places such that P,|P and P,|P. If the compositum F\F, is
defined, then exists a place Q € P(FF,) such that Q|P, and Q|P,.

Case 2 (X()(P(),o) = 0 and XI(PI,I) = oo)

Consider the “truncated” pyramid (F"/),.;, that is, that obtained from the original
by suppressing the variable X, and denote by ¥’ the sequence of function fields co-
rresponding to the left edge of this truncated pyramid. Since we are dealing with a
recursive tower, then in particular the tower ¥’ has the same ramification behavior
as the original tower, and since X;(P;;) = oo, we conclude that 7" lies in some of
the Cases 3-5. Moreover, since e(Py|Poy) = e(Po1|P11) = 1 by ii),f) of Proposition
2.3] it follows from (i) of Proposition that the tower ¥” = (F,),>: inherits the
ramification behavior of F7; see Figurebelow. In other words, we see that this case
can be reduced to the remaining Cases 3,4 and 5.

Xo=0) (X;=00)

Fi1GURE 2.5: CASE 2. BOLD-FACED EDGES HAVE THE SAME RAMIFICATION BEHAVIOR.
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Case 3 (Xy(Pyy) = o and X,(P,,) = —1for all n > 1)

As in Case 2, we consider the truncated pyramid (F™/), << - Since X;(P1) = —1, we are
in the situation of Case 1, which was already solved. Moreover, by ii),c) of Proposition
2.3l we have e(Py;|Poo) = e(Po1|P1,1) = g — 1. Thus, we have the following:

Xo=o00) (X1 =-1)

Repeated applications of (ii) of Proposition[0.16yield e(Po,|P;,,) = g— 1 foralln > 1.
The same result allows to solve all the diamonds at the left side of the original pyramid,
and we obtain e(Py ,+1|Po,) = q and d(Pg ,+1|Po,) = 2(q — 1) for all n > 1. This solves
the tower in this case, as depicted in Figure @]below:

Xo=00) (X1 =-1)
FiGure 2.6: CAsE 3.
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Corollary 2.8. The genera g(F,) of the function fields F, satisfy g(F,) — oo when

n — oo,

Proof. By Riemann-Hurwitz formula and Corollary 2.6 we have, for all n > 0:

28(Fya1) = 2 =[Fys1 1 Ful(28(Fy) — 2) + deg Diff(F,.1 /Fy)
= q(2g(F,) - 2) + deg Diff(F,11 /F.,).

Now if @y = —1,8p = o0 and ,, = 5, = —1 for all n > 1, then the sequences («,) and
(8,) are admissible, so by Proposition [2.4] there exist sequences (Q,), (Q;) of places
Oy, O, € P(F,) such that for each n > 0 we have Q,,110,, Q. 10, ,X,(Q,) = a, and
X,(Q,) = B,. From Case 1 we conclude that d(Q,.110,) = ¢ for each n > 0, and

similarly from Case 3 we get that d(Q/ ,,10;) > g— 1 for each n > 0. As a consequence
we have deg Diﬂ:(FlHl/Fn) 2 d(Qn+1|Qn) + d(Q;H_]lQ;z) 2 2q - 17 hence

28(Fpi) =2 > q(28(F) —2)+29 -1,

which implies 2g(F ;1) > 2g(F,)q. From this our assertion easily follows. 0O

Note that Cases 1 and 3 were solved without assuming that the base field k is alge-
braically closed, so from Corollaries [2.6|and [2.8] together with i) of Proposition[2.3 we
conclude the following:

Corollary 2.9. For any perfect field k of characteristic p > 0 and for every power q of
D, the sequence F = (F,),>0 of function fields defined recursively by equation 2.1)) is
indeed a tower of function fields over k.

In that follows, we will assume that the base field k is algebraically closed. In par-
ticular we have IF, C k, which will be needed specifically in Case 5.

Case 4 (X,(P,,) = oo for all n even and X,,(P,,,,) = 0 for all n odd)

This is the most trivial case: in fact, by ii), b) and f) of Proposition 2.3 we have that the
bottom right edges of the diamonds in the basement of the pyramid are all unramified.
Since each field extension F,./F, is a lifting from a such edge, it follows from (i) of
Proposition [0.16] that e(Py,+1|Po,,) = 1 for all n > 0, so in this case the place (Xy = o)
is unramified in F,,/ F, for all n > O.

Now we draw some additional results about this case, which will be useful in the
study of the remaining case. Let m > 0 even, and suppose that X;(P;;) = oo for

i=0,2,4,...,mand X;(P;;) = 0fori = 1,3,5,...,m— 1. In other words, we restrict
our attention to the finite subpyramid (F™/)y<;<j<,. The same reasoning used above
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shows that the bottom right and the top left edges of all the diamonds appearing in this
subpyramid are unramified. As a consequence, we have the situation depicted in Figure
27 below:

Xo=00) (X1=0) Xy=00) soe (Xin—2 =) (Xp-1=0) Xy =)
FiGure 2.7

Note that in particular the place (X, = o0) is unramified in F',,/ F .

Case 5 (Xi(Pyz) = —1forall k > n, X;(Py;) = oo for k = 0,2,4,...,n—1,
and Xy (Pyy) =0for k =1,3,5,...,n -2, for some n > 3 odd)

As we said earlier, this is the only case when wild ramification occurs at both bottom
edges of some diamonds.

Consider the subpyramids G = (F*")o<i<jcn1 and H = (F*/),_1i<;. Note that G
corresponds to the finite subpyramid studied in Case 4 (taking m = n — 1; see Figure
2.7, so we can solve it. Similarly, subpyramid H corresponds to Case 3, hence H can
be also solved. Figure [2.§| (page illustrates the solutions of both pyramids, which
together constitute a partial solution to our original pyrami(ﬂ

ISince notation becomes cumbersome at this point, we strongly encourage the reader to follow the
reasoning through the figures.



2.2. THE RAMIFICATION BEHAVIOR OF THE TOWER 69

Ficure 2.8

Note that the steps of the right edge of pyramid G (that is, the extensions F*~!-1/ pka=1,
with 1 < k < n — 1) alternate non-ramification and total ramification, in the latter case
the different exponent d being equal to g. Since e(P,_j ,|P,-1,-1) = q — 1, it follows
that e(PynlPy,-1) = g — 1 fork =0,1,...,n— 1, by (i) and (ii) of Proposition [0.16 If
k between 1 and n — 1 satisfies e(Py—1 ,-1|Prn-1) = 1, then obviously e(Py_1 ,|Pr,) = 1;
otherwise, we must have e(Pi_1,-1|Pin-1) = d(Pi-1n-11Pxn-1) = ¢, and in this case
from (ii) of Proposition [0.16| we get e(Pi_14|Pr,) = g and d(Py_ ,|Pr,) = 2(q — 1).

Thus, if R denotes the lattice bounded below by the edges F*"/F"~!'* (the left-
side finite edge) and (F"~'*),s, (the right-side infinite edge), then it remains to solve
all the diamonds contained in R. Now, for each k between 1 and n — 1 we have that
e(Py_1 1|Py) divides g and d(Py_y ,|Prn) = 2(e(Pi-1.4|Prn) — 1). The same situation
holds in the extensions F"~ 11 /Fr=1k for k > n, that is, e(P,,_ x+1|P,_1x) divides g and
d(Pp-1 js1|Pu-1x) = 2(e(Py-14+1|1Pn-14) — 1). In other words, at each step of the edges
FOr/Fr=tm and (F"~'*),5, we have e divides g and d = 2(e — 1). Moreover, both edges
are “surrounded” below by extensions with ramification index e = ¢ — 1. We describe
pictorially this situation in Figure 2.9 below:
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Kooy = 00) (X, = -1)

FIGURE 2.9: SHADOWED REGION CORRESPONDS TO LATTICE R.

Finally, since e(P,_2,|P.-1,) = 1, then applying (i) of Proposition we get the
equalities e(P,—2,+1|1Py-2,) = g and d(Py—2 y411Pn-2,) = 2(qg—1); see Figure 2.T0|below:

(Xpo1 =00) (X, = _1)

FiGUrE 2.10: BOLDFACED DIAMOND CANNOT BE SOLVED DIRECTLY BECAUSE IT HAS WILD
RAMIFICATION AT BOTH BOTTOM EDGES.
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Let L/K be a field extension, and let P € P(K), Q € IP(L) be places such that Q|P.
We say that L/K has property % at places P and Q if e(Q|P) divides ¢ and d(Q|P) =
2(e(Q|P) — 1). When no confusion arises about Q and P, we simply say that L/K has
property . In our situation, all the steps in the lower edges of the lattice R have
property %, as depicted in Figure 2.11] below:

Ficure 2.11

Now we state the main technical result of this chapter: it will permit us to solve the
lattice R.

Proposition 2.10. For any given diamond in R, if both bottom edges have property %,
then the top edges also have property %k.

It follows from repeated applications of Proposition that, for each diamond in
R, all of its edges have property %, and in particular for all & > n we have that
e(Pon+11Po,) divides g and d(Po+11Po.) = 2(e(Pojs1|Poy) — 1).

Proof of the Proposition. The bottom vertex of any diamond in R is a field of the form
K = F",with1 <i<n-1and j> n (see Figure R.11]above). The other vertices of
such diamond are the fields L = F="/, M = F“*' and E = LM = F~'* and the
corresponding places are P = P;;, Q = Pi_1;, R = P;j,; and § = P;_y j;1. Suppose
that the following holds:
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S

* *

P

Let L/K be the Galois closure of L/K. If x = -1/X;_,y=X;+ land W = y/(x — y),
then we have L = K(W) and /(W) = 0, where h(T) = T4 + (1 — y~")T + 1: this follows
directly from the equation 2.7). Since [L : K] = g by Corollary [2.6] it turns out that
h(T) is indeed the minimal polynomial of W over K. If W +a is a root of A(T'), then we
have (W+a)?+(1 -y H(W+a)+1=0=h(W)+a?+(1 -y a, hence a? = (y~' - 1)a.
Consequently, if w satisfies w?~! = y~'—1, then the roots of A(T') are of the form W +tw,
with ¢ € IF, C k. This proves that L. = L(w), so /L is a Kummer extension with degree
dividing g — 1.

Similarly, let M/ K be the Galois closure of M/K. If xo = =1/X;,y0 = X1 + 1 and
Z = xo/(Yo—Xp), then we have M = K(Z) and g(Z) = 0, where g(T) = T7+(1 —xal)T+1
(by .6)), and g(7T) is the minimal polynomial of Z over K by Corollary 2.6| If o
satisfies 04”! = xj' — 1, then we conclude that M = M(o), so M/M is a Kummer
extension whose degree divides g — 1.

Let v, w be, respectively, the discrete valuations associated to the places Q and R.
Let Q' € P(L) and R € P(M) be places such that Q’|Q and R'|[R. Now y™! -1 €
k(X;), so v(y~' — 1) is an integer multiple of e(P;_; j|P;;), which is in turn a multiple of
e(PinlPiy-1) = g — 1, and similarly, x;' — 1 belongs to k(X;), so w(x;' — 1) is multiple
of e(P; j1|P;;), which is multiple of e(P,_y j|P, ;) = g — 1 (see Figure 2.TT]). Therefore,
by (iii) of Proposition [0.20] we obtain e(Q|P;_1 ;) = e(R|P;;.1) = 1. Consequently, we
are in the situation depicted below:

(E) S
@ ¢ (M) R’

(K) P

Fi1GURE 2.12: AUXILIARY KUMMER EXTENSIONS; THE RESPECTIVE FIELDS ARE INDICATED IN
PARENTHESES.
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We have e(Q’|P) = e(Q|P) (which divides ¢) and d(Q’|P) = d(Q|P), by (ii) of Propo-
sition so d(Q'|P) = 2(e(Q’'|P) — 1). Similarly, e(R’|P) = e(R|P) divides g and
d(R'|P) = 2(e(R'|P) — 1). Passing to completions (see Section we have the follow-
ing picture:

F1GURE 2.13: EDGES IN BRACES ARE GALOIS p-EXTENSIONS WITH PROPERTY % (LEFT), AND
UNRAMIFICATION COLLAPSE FIELD EXTENSIONS (RIGHT).

In fact, by (i) and (iii) of Propositionwe have that EQ, /Kp is a Galois extension of
degree equal to e(Q’|P)f(Q’|P) = e(Q’|P) (because we are assuming that the base field
k is algebraically closed, so all the inertial indices are equal to 1), and the same result
shows that [Ly : LQ] =e(Q'1O)f(Q'1Q) = 1, that is, LQ = LQ Therefore LQ/KP 1sa
Galois extension of degree e(Q|P); similarly we have MR = My and Mg/K » is a Galois
extension of degree e(R|P). On the other hand, we know by (ii) of Proposition [0.22] that
the places P € P(Kp), O € P(Ly),R € P(Mg) and § € P(Ey) satisfy e(Q|P) =
e(QIP), e(R|P) = e(RIP), e(S10) = e(S|Q) and e(S|R) = e(S|R), and similar equalities
hold for the different exponent (by (ii) of Proposition[0.23)). Finally, the residue fields at
Pand P areisomorphic, and since we are assuming that the base field k is algebraically
closed, it follows that k = €p/P = Op/ P.

As a consequence, we are in the situation of Proposition (the “General Key
Lemma”), so we conclude that both e(S |Q) and e(S |R) divide g, and moreover d(S |Q) =
2(e(S10) — 1),d(SIR) = 2(e(S|R) — 1). Turning back to our original field extensions
via Propositions and we conclude that both E/L and E/M have property %,
which finishes the proof. O

2.3 The genus of the tower

Now we are able to estimate the genus of the tower ¥, using the results from the
previous section. As before, we suppose that the field k is algebraically closed. Let
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(P,)q=0 be a chain of places P, € P(F,) such that P,.|P, for all n > 0. If some place
Py is ramified in F/F, then we know from Lemma 2.3 that Xo(Py) € {-1,0, oo}, and
therefore we are in some of the Cases 1,2,3 of 5 of the previous section (recall that in
Case 4 we get that the corresponding place is unramified in all the extensions). Now
we will write the different exponent d(P,|Py) in terms of e(P,|Py) in all these cases. For
brevity we denote e(P,|Py) by E, and d(P,|P,) by D,,.

Fn—l

Ficure 2.14: CasE 5.

Case 1: In this case we have e(P,,|P,) = d(P,41|P,) = g for all n > 0, so clearly
we have E, = ¢". If m > 0 satisfies D,, = g(¢"" — 1)/(q — 1), then by (ii1) of

Propositionwe have D,,.; = g(D,, + 1), and so0 D,,,; = g(¢""" = 1)/(g - 1).
As a consequence, D, = g(E, — 1)/(g — 1) forall n > 0.

Case3: We have E; = g—1,D, = g —2 and e(P,41|P,) = q,d(P,41|P,) = 2(q — 1)
for all n > 1. Therefore for each n > 1 we have E, = ¢""'(q — 1). Repeated

applications of (iv) of Proposition F5.15| yields d(P,|P,) = 2(e(P,|P,) — 1) for all
n > 1, so from (v) of Proposition [0.15|we obtain D, = (q%l)E,, —2foralln > 1.

Case 5: Let k be such that X;(P;) = oo for j = 0,2,4,...,k - 1,X;(P;) = O for
Jj=13,...,k—2and X;(P;) = -1 for all j > k. We know that E; = 1 for
j=0,1,...,k—1and e(Pi|Pi-1) = g—1,s0 Ex = g—1 and D, = g—2. Moreover,
for all j > k the extensions F,/F) have property %, that is, e(Py,|Py) divides
q and d(Py41|Py) = 2(e(Pyy1|Pyr) — 1); see Figure In particular, for all j > k
we have d(Pj|P;) = 2(e(Pj|P;) — 1), by (iv) of Proposition and therefore
D= (q%l)E j—2forall j > k by (v) of the same Proposition.

As a consequence, in all these cases we have D, < g(E, — 1)/(q—1) foralln > 0
(because q%] < 2). It remains to consider Case 2; but as we already saw, for this case
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we have E; = 1, and the ramification behavior of the remaining places is exactly as in
one of the Cases 3,4 or 5. In other words, for all n > 1 we have e(P,|P,) = E; | and
d(P,|P,) = D/_,, where (E, )0 and (D,,),o are sequences as in Cases 1,3 or 5 above,
so they satisfy D;, < g(E,, — 1)/(g — 1) for all m > 0. Since e(P;|Py) = 1, it follows
from (i) of Proposition that E, = e(P,|P,) and D, = d(P,|P,) for all n > 1, and

therefore we again obtain D,, < g(E, — 1)/(g — 1) for all n > 0.

We remark that the inclusion in Lemma [2.3] is actually an equality. In fact, by
Proposition @ each one of Cases 1,2,3 and 5 indeed occurs, and we saw that in all
these cases we have ramification at some step of the tower. If B = ¢g/(g — 1), then
for all place Q of the tower (i.e., of some function field F,) lying above P we have
d(Q|P) < B(e(Q|P) — 1). Applying Proposition we obtain that the genus of the
tower F relative to F satisfies

1
YFIFo) <g(Fo)~1+5 > B-degP

PeV(F [ Fo)

3
=—1+=B
2

. q+?2
20g-1)°

(2.10)

2.4 The splitting rate and the limit of the tower

In this section we restrict our attention to the case k = IF;s of the tower . We will
show that at least g + 1 places in F are totally splitting over IF; in all the extensions
F,/Fy, so the splitting rate of the tower relative to F satisfies v(¥ /Fy) > g + 1 by

Proposition
We claim that the equation 79! + T = -1 in E has g + 1 distinct solutions, all
of them belonging to F. In fact, since the polynomial ¢(T) = T4*!' + T + 1 € F,[T]
satisfies ¢'(T) = (g+ DT?+ 1 =T9+1 = (T + 1)? and ¢(—1) # 0, it follows that ¢
and ¢’ have no common roots in IF,, so ¢ is separable. Moreover, if a € F, satisfies
a’' +a+1=0, then
aq2+q+l :a(aq+l)q

=a(—(a + 1))’

=—a(a+ 1)

=—a@+1)

=—a"'—a=1,

3_ 2 _ . .
soa? ! = (a? )4 = 1, s0 a € Ep. This proves our claim.
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Recall that the tower is given recursively by Y7 + Y = (X + 1)/X*! (see (Z.1)),
hence X?*! + X + 1 = 0 implies that Y?*! + Y + 1 = 0. From this it follows that the
places (Xo = a) € P(Fy), with a € [ satisfying ¢(a) = 0 split completely in all the
steps F,/ Fy of the tower, as we want to show.

Now we can state the main result of this chapter:

Theorem 2.11. The tower ¥ over k = F; defined recursively by equation 1) is

| i 2 - 1)
asymptotically good, with limit A(F) > 7
q
2
Proof. We already saw that v(F/Fy) > g + 1, and y(¥/Fy) < 2(q al D by @.10)).
q —

Since A(F) = v(F | Fo)/y(F | Fy), the result follows. O

Remark 2.12. In this note we show the relationship between the tower given by (2.1)
and the tower given by Ihara in [[[hQ7].

Let p be a prime number, g a power of p, and let k be a perfect field with char(k) =
p. The Bezerra-Garcia-Stichtenoth tower over k is the sequence & = (E,,),»o of function
fields defined as follows: E, = k(vy) is the rational function field over k, and for n > 0,
let £,y = E,(v,+1), where v, satisfies the following equation:

1=V vi+v,—1

q
n+l

(2.11)

V Vi

For eachn > 0, let y, = (v,/ + v, — 1)/v,.. Then we have the following recursive relation
(equation (3) in [[0O7), which is used to define the Ihara tower:

_yr? _ Yn+1 — 1
L=yt =yt

n+1

, foralln >0. (2.12)

The proof of this equality is as follows: for simplicity write V = v,, W = v,,;. Let

v VitV-1_ 1-W
o 1% T Wa

(by €.11))

and Wi+ W-1 W—-1)
Z = * _ :( _)+

W W

1.

Then we have
YWi=1-W and ZW =W -1+ W. (2.13)
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We want to show that
-Y4 Z-1

(1 — Y)a+! ToZa+l

which is equivalent to

—_YIWe W) (z - W el
(- Yy waaD e zertwerd W
that is,
—(YW) g ZW-W ;
(We — YWa)d+! T (ZW)eH!

Thus, we are reduced to prove the following equality:
—(YWDIZW)T = (ZW - W)W — YW)T+!
Replacing the values given by (2.13) in the equality above, we are led to prove that
—(1 = WYI[(W = D7+ W]™! = (W = DIW? = 1+ Wy,

which is trivially true (recall that (—1)? = —1). This proves our claim.

IfY, = (/y,)—1, then k(Y,) = k(y,), so the tower of Ihara coincides with the tower
F = (Fp)ns0, Where F,, = k(Yy, Yy,...,Y,). Now we prove that ¥ is precisely the tower
considered in this chapter. In fact, we can write equality (2.12)) as

T DT e = D0+ D)

(1 =y )+ (Y, + et Y Yy + D!

+ (Y + DY,

and so

_[yn(Yn + 1)]q(Yn + 1) — [yn+1(Yn+1 + 1) - Yn+1 - 1](Yﬂ+1 + l)q
[V, + 1= yu(Y, + D))" Vst (Yper + D]

Since y,(Y, + 1) = 1, it follows that
= _Yn+l(Yn+1 + l)q s

which is precisely our basic equation (Z.I). Thus, we conclude that our tower is the
same as the tower of Ihara, which is a subtower of the Bezerra-Garcia-Stichtenoth

tower & given by (2.T1).
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