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0.1 Resumo

Em trabalhos recentes (e.g. [BOJ, [Be],[FNO]) um modelo microscépico para a condugao
de calor em solidos tem sido considerado. Neste modelo, os dtomos interagem como um
sistema de osciladores harmonicos perturbado por medio de um ruido que conserva
energia. Dito ruido troca energia cinética entre vizinhos mais proximos.

Mais precisamente, no caso de condi¢oes de contorno peridédicas, os atomos sao mar-
cados com z € Ty = {1,--- , N}. O espago de estados ¢ definido por Q¥ = (R x R)™
onde, para uma configuragao tipica (pg,7.)ry € 2, r, representa a distancia entre as
particulas x e z 4+ 1, e p, a velocidade da particula x. O gerador formal do sistema Ly

escreve-se como a soma dos operadores,

Av = Aprs1 = p2)Or, + (e = 10-1)0p,} (0.1.1)
z€T N
‘ 1
Sn =35 > Xewn1[Xowr] | (0.1.2)
ze€Tn

onde X, , = py0Op, — P20, Aqui Ay representa o operador de Liouville correspondente
a um sistema de osciladores harmonicos e Sy representa o operador de ruido.

O presente trabalho concentra-se no operador de ruido Sy, que atua somente em
velocidades. Assim, o espaco de configuracoes pode-se restringir & R™. A energia total

da configuragao (ps)zery ¢ definida como

1 2
€= > pk (0.1.3)

ze€Tn

E facil verificar que Sn(E) =0, i.e a energia total é constante no tempo.

A dinamica induzida por Sy resulta ser um sistema gradiente, isto é, a corrente
microscopica instantanea de energia entre z e x + 1 pode-se exprimir como o gradiente
de um funcao local, de fato, W, .11 = %(pwﬂ — Da)-

De um ponto de vista fisico, os sistemas ndao gradiente fornecem modelos mais real-
istas, e de um ponto de vista matemaético, os sistemas gradiente formam um conjunto
de dimensao pequena no espaco de modelos estocdsticos reversiveis que apresentam leis
de conservagao locais (veja [W] e referéncias ali citadas).

Neste momento, o tinico método para lidar com sistemas nao gradiente é o desen-

volvido por S.R.S Varadhan (cf. [V]) onde, grosso modo, a idéia é obter uma decom-
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posicao da corrente como a soma de um termo dissipativo mais um termo de flutuacao.

Por analogia com [V] introduzimos nao homogeneidades na difusao gerada por (0.2.2),

‘CN = 5 Z Xx7x+1[a(px,px+1)Xx7x+1] y (014)

z€T N

onde a(z,y) é uma fungao diferencidvel satisfazendo 0 < ¢ < a(z,y) < C' < o0, com
derivadas de primeira ordem continuas e limitadas. A introducao desta funcao, implica
na perda da estrutura gradiente de (0.1.2).

O comportamento coletivo do sistema pode ser descrito através da medida empirica

de energia, que é definida como

N(w, du) Z PA(t (0.1.5)

xGTN

onde ¢, representa a medida de Dirac concentrada em z.
Denote por Y,V o campo de flutuagoes da medida empirica de energia, que atua sobre

as funcgoes suaves H : T — R como

V) = <= 3 /N0~ )

QTETN

O resultado principal deste trabalho é a convergéncia em distribuicao de Y,V(H) para
um processo de Ornstein-Uhlenbeck generalizado. A tese divide-se em dois capitulos.

Adaptando o método introduzido em [V] identificamos o coeficiente de difusao (Segao
1.3), o que nos permite derivar o principio de Boltzmann-Gibbs (Segao 1.4). Este é o
ponto chave para mostrar que o campo de flutuagoes da energia converge, no sentido das
distribuicoes finito dimensionais, para um processo de Ornstein-Uhlenbeck generalizado
(Segao 1.2). Além disso, usando novamente o principio de Boltzmann-Gibbs, prova-se a
rigidez do campo de flutuagoes em um certo espago de Sobolev (Sec¢ao 1.5). Desses dois
ultimos fatos decorre a convergéncia em distribuicao.

O segundo capitulo é dedicado a detalhes mais técnicos. Na Secao 2.3 definimos e
damos uma caracterizagao do espago vetorial H,, que serd central na prova do Teorema 5.
Esta caracterizacao baseia-se em condicoes de integrabilidade de um sistema de Poisson
e numa estimativa do buraco espectral para o gerador do processo. Estes dois assuntos
sao tratados na segoes 2.1 e 2.2, respectivamente. Finalmente, na Secao 2.4 enunciamos,

sem dar uma prova, um resultado de equivaléncia dos conjuntos.
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A robustez do método de Varadhan para lidar com sistemas ndo gradiente tem
sido amplamente corroborada em modelos nos quais as quantidades conservadas sao
funcionais lineares das coordenadas do sistema, em outras palavras, os conjuntos in-
variantes sao hiperplanos. A partir de (0.1.3) podemos ver que esta propriedade nao é
satisfeita no modelo que nos interessa (aqui os conjuntos invariantes sdo hiperesferas).
Este fato introduz dificuldades adicionais de natureza geométrica, ja que o método de
Varadhan envolve manipulagoes em campos de vetores definidos sobre os hiperplanos in-
variantes, ou mais geralmente, sobre as hipersuperficies invariantes . Estas dificuldades

vao aparecer nas seccoes 1.3, 2.1 e 2.3, onde explicacoes mais detalhadas serao dadas.
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0.2 Introduction

A central problem in classical statistical mechanics is to provide a bridge between the
macroscopic (thermodynamics) and microscopic (classical mechanics) description of the
different phenomena observed in physical systems.

The ideal approach would be to start from a microscopic model of many components
interacting with realistic forces and evolving with Newtonian dynamics, and then to de-
rive some collective phenomena like the hydrodynamical regime or fluctuation-dissipation
relations. For the moment, a rigorous mathematical derivation from deterministic mi-
croscopic models seems outside the range of the mathematical techniques.

During the last decades the study of stochastic lattice systems, where particles in-
teract randomly, has been largely exploited, basically because such systems may exhibit
phenomena analogous to that of real physical systems (e.g. hydrodynamical equations,
fluctuation-dissipation relations and metastable states) with precise mathematical prop-
erties as counterpart of such phenomena (law of large numbers, central limit theorem
and large deviation results).

A major breakthrough in the study of hydrodynamics for stochastic lattice systems
appears with the work of Guo, Papanicolau, and Varadhan [GPV] where, by mean of
intensive uses of ideas of large deviations, the authors derive the hydrodynamic behavior
of the Ginzburg-Landau model. They consider the discrete torus Ty = {1,--- , N} and
represent by p; the charge at site i. The evolution in time of the vector (pi,--- ,py) is

given by a diffusion with infinitesimal generator

1
Ly =5 Y Divir = (¢(0s) = ¢'(pes1)) D,

z€T N

where Dy 01 = Op, — Op, .,
[ e ?@dy =1, [* e’ ¢@dr < oo for all A € R and [ el?’@I=¢@)dy < oo for all

o> 0.

and ¢ is a continuously differentiable function such that

The generator £y defines a diffusion process with invariant measure ®,er, e~*®+)dp,,
which is not ergodic because for all a € R the hyperplanes ZzeTN p. = Na of average
charge « are invariant sets. Nevertheless, the restriction of the diffusion to each of such
hyperplanes is nondegenerate and ergodic.

The arguments used in [GPV] provide a robust method to derive the hydrodynamic
behavior for a large class of systems. In the beginning it seemed that this method

could only be applied to the so-called gradient systems, that is, systems in which the
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instantaneous current can be expressed as the discrete gradient of a local function.
While this simplifies the proofs considerably, it is not a natural condition. The study of
nongradient systems (systems without this microscopic gradient condition) is of great
interest because from a physical point of view they provide more realistic models, and
from the mathematical point of view gradient system form only a set of low dimension
in the space of stochastic reversible lattice models with local conservation laws (see [W]
and references therein).

In a later paper Varadhan [V] managed to apply the method for the following non-

gradient perturbation of the Ginzburg-Landau model

Ly = % Z {D;is1la(zi, xiy1)Diir1] — (¢ (2;) — &' (xi31))a(zs, xi11) Diiya

i€Tn

where a(r, s) is a function satisfying 0 < ¢ < a(r,s) < C' with bounded continuous first
derivatives.

The arguments used in [V] permit to extend the entropy method to reversible non-
gradient systems, provided the generator of the system restricted to a cube of size [ has
a spectral gap that shrinks as [72.

At this time, the more general method to deal with nongradient systems is the one
developed in [V], where roughly speaking, the idea is to approximate the current by a
gradient plus a fluctuation term.

On the other hand, in recent works, a microscopic model for heat conduction in
solids had been considered (c.f. [BOJ, [Be|,[FNOJ). In this model nearest neighbor
atoms interact as coupled oscillators forced by an additive noise which exchange kinetic
energy between nearest neighbors.

More precisely, in the case of periodic boundary conditions, atoms are labeled by
r € Ty = {1,---,N}. The configuration space is defined by Q¥ = (R x R)™ where
for a typical element (p,,7.)zery € OV, 7, represents the distance between particles x
and x + 1, and p, the velocity of particle x. The formal generator of the system reads
as Ly = Ay + Sy, where

Ay = Z {(Pes1 — P2)Or, + (12 — T:E—l)apz} , (0.2.1)
CEGTN
and X
Sy = B Z Xoai1 [ Xoat1] (0.2.2)

z€T N
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where X, ;11 = Pat10p, — D20, Here Ay is the Liouville operator of a chain of

Pz+1-
interacting harmonic oscillators and Sy is the noise operator.

Denote by {(p(t),r(t)),t > 0} the Markov process generated by N2Ly (the factor
N? corresponds to an acceleration of time). Let C(R,, Q") be the space of continuous
trajectories. Fixed a time 7" > 0, and for a given measure p on QV, the probability
measure on C([0,77], Q") induced by this Markov process starting in x4~ will be denoted
by P,~. As usually, expectation with respect to IP,~ will be denoted by E,,~.

In this work we focus on the noise operator Sy which acts only on velocities, so we
restrict the configuration space to R™~. The total energy of the configuration (p,)zery
is defined by
£= % > (0.2.3)

zeTy
It is easy to check that Sy(£) = 0, i.e total energy is constant in time.

The generator Sy defines a diffusion process with invariant measures given by uév (dp) =
®weTNﬁye*pg/2y2dpx for all y > 0. The process is not ergodic with respect to these
measures, in fact, for all 3 > 0 the hyperspheres p? + - - - + p%, = N3 of average kinetic
energy [ are invariant sets. Nevertheless, the restriction of the diffusion to each of such
hyperspheres is nondegenerate and ergodic.

The dynamics induced by Sy turns to be a gradient system, in fact, the microscopic
instantaneous current of energy between z and x 4+ 1 can be expressed as Wy 41 =
3(Pr — P2).

In analogy to [V] we introduce a coefficient into the generator (0.2.2) to break the

gradient structure, namely

EN - 5 Z X;t,w-l—l[a(pacyp:v-i-l)Xx,x-‘rl] P (024)

€T N

where a(r,s) is a differentiable function satisfying 0 < ¢ < a(r,s) < C < oo with
bounded continuous first derivatives.
The collective behavior of the system can be described thanks to empirical measures.

The energy empirical measure associated to the process is defined by

N (w, du) = % > pAt)ds (du) (0.2.5)

x€T N

where ¢, represents the Dirac measure concentrated on z.



0.2. INTRODUCTION 8

N we fix y > 0

To investigate equilibrium fluctuations of the empirical measure m
and consider the system in the equilibrium I/év . Denote by Y;" the empirical energy

fluctuation field acting on smooth functions H : T — R as

v( Z (x/N){pa(t) — v} .

wGTN

The main result of this work is the convergence of the energy fluctuation field Y,V (H),
as N goes to infinity, to a generalized Ornstein-Uhlenbeck process characterized by its
covariances. This covariances are given in terms of the diffusion coefficient a(y) (see
(1.1.6)).

This diffusion coefficient is given in terms of a variational formula which is equivalent
to the Green-Kubo formula (c.f. [Sp] p.180). The main task of this work is to establish
rigorously this variational formula.

Intuitively, non conserved quantities fluctuate in a much faster scale than conserved
ones. Therefore, the only part of the fluctuations field of a non conserved quantity which
should persist, when considering the scale in which the conserved quantity fluctuates, is
their projection on the fluctuation field corresponding to the conserved quantity. This
is the content of the Boltzmann-Gibbs principle. Indeed, the diffusion coefficient is the
coefficient of that projection.

In order to study the equilibrium fluctuations of interacting particle systems, Brox
and Rost [BR] introduced the Boltzmann-Gibbs principle and proved their validity for
attractive zero range processes. Chang and Yau [CY] proposed an alternative method to
prove the Boltzmann-Gibbs principle for gradient systems. This approach was extended
to nongradient systems by Lu [L| and Sellami [Se]. Once the diffusion coefficient is
determined, we will essentially follow their approach.

Now we describe the main features of the model we consider.

The model is not gradient. This difficulty already appears in the work of
Bernardin [Be], where there are two conserved quantities (total deformation and to-
tal energy). The energy current is not the gradient of a local function. To overcome
this problem they obtain an exact fluctuation-dissipation relation, that is, they write the
current as a gradient plus a fluctuation term. On the other hand, in [FNO] Fritz et al
studied the equilibrium fluctuations for the model given in [Be] . The exact fluctuation-
dissipation relation mentioned above plays a central role in the proofs of the hydrody-

namic limit and the equilibrium fluctuations.
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Systems in which exists an exact fluctuation-dissipation relation are called almost
gradient systems. For this kind of systems one can find the minimizer in the variational
formula of the diffusion coefficient.

In our setting we do not have such an exact relation, so we use the nongradient
Varadhan’s method.

The only conserved quantity (total energy) is not a linear function of the
coordinates of the system. In other words, the invariant surfaces are not hyperplanes,
in fact, in our case invariant surfaces are hyperspheres.

Having a characterization of the space over which is taken the infimum in the vari-
ational problem defining the diffusion coefficient, is central in the nongradient Varad-
han’s method. Some results related to differential forms on spheres and integration over
spheres are needed in order to obtain such characterization.

We do not have good control when dealing with large velocities. This makes
it necessary to introduce a cutoff in the proof of the characterization mentioned above.
The introduction of this cutoff is justified by the strong law of large numbers.

This lack of control also difficult the estimation of exponential moments. In [Be]
the author manages to overcome this difficulty by adopting a microcanonical approach.
Estimation of exponential moments arises in our case when trying to do the usual proof
of tightness. Using the microcanonical approach mentioned before lead us to an identity
equivalent to the one conjectured by Bernardin ([Be], lemma 6.3), that we are unable
to prove. To avoid this difficulty we follow a strategy proposed by Chang et al. in
[CLO] which exploits the fact that Boltzmann-Gibbs principle can be interpreted as an

asymptotic gradient condition. In this way we avoid the exponential estimate.

Let us end this introduction by saying how this thesis is organized. By adapting the
method introduced in [V] we identify the diffusion term (Section 1.3), which allows us
to derive the Boltzmann-Gibbs principle (Section 1.4). This is the key point to show
that the energy fluctuation field converges in the sense of finite dimensional distributions
to a generalized Ornstein-Uhlenbeck process (Section 1.2). Moreover, using again the
Boltzmann-Gibbs principle we also prove tightness for the energy fluctuation field in a
specified Sobolev space (Section 1.5), which together with the finite dimensional con-
vergence implies the convergence in distribution to the generalized Ornstein-Uhlenbeck
process mentioned above.

The second chapter is devoted to more technical details. In Section 2.3 a character-

ization of the space involved in the variational problem defining the diffusion coefficient
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is given. This characterization relies on a sharp spectral gap estimate for the generator
of the process. Such estimate is obtained in Section 2.2 by comparing the Dirichlet form
of our model with the Dirichlet form of the Kac’s model, and then using the spectral
gap result given in [J] for that model. Some integrability conditions for Poisson systems
are also needed, and are studied in Section 2.1. For the sake of completeness we state

without proof an equivalence of ensembles result in Section 2.4.



Chapter 1

Equilibrium Fluctuations

1.1 Notations and Results

We will now give a precise description of the model. We consider a system of N particles
in one dimension evolving under an interacting random mechanism. It is assumed that
the spatial distribution of particles is uniform, so that the state of the system is given
by specifying the N velocities.

Let T = (0, 1] be the 1-dimensional torus, and for a positive integer N denote by Ty
the lattice torus of length N : Ty = {1,--- , N}. The configuration space is denoted by
QY = R™ and a typical configuration is denoted by p = (p;)sery, Where p, represents
the velocity of the particle in . The velocity configuration p changes with time and, as
a function of time undergoes a diffusion in R¥.

The diffusion mentioned above have as infinitesimal generator the following operator

1
‘CN = 5 Z X:I:,x—i—l[a(pmpx-i-l)X:e,z-i-l]a (111)

z€T N

where X, . = p.0,, — p.0,. and a : R? — R is a differentiable function satisfying

0 <c¢<a(x,y) <C < oo with bounded continuous first derivatives. Of course, all the
N _ 1

sums are taken modulo N. Observe that the total energy defined as £ = ;5 er'ﬂ‘zv P;

satisfies Ly (EN) = 0, i.e total energy is a conserved quantity.

Let us consider for every y > 0 the Gaussian product measure »)” on Q" with density

11
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relative to the Lebesgue measure given by

2

e 22
—=—dps,
H V 2Ty P

ze€Tn

where b= (p17p27 ce apN)
Denote by L*(v)Y) the Hilbert space of functions f on QY such that v)'(f?) < oc.

Ly is formally symmetric on LQ(uéV ) . In fact, is easy to see that for smooth functions

f and g in a core of the operator Ly, we have for all y > 0

/RNX“ Havy (dp) = /RNX“ ) fv (dp),

and therefore,

£N(f) (dp Z /RN Xz:]c+1{ (pxypw+1)sz+1(f)]gV (dp)

N
R me’]I‘

= —— Z /RN Xx x+1 px7px+1)Xx7x+1(g)]VéV(dp)

xETN
= fﬁN(Q)VéV(dP)-

RN

In particular, the diffusion is reversible with respect to all the invariant measures uév :

On the other hand, for every y > 0 the Dirichlet form of the diffusion with respect

to V is given by

Dylf) = (~Lx (). 1),
=5 3 | ol pe) X (7 ) (1.12)

z€T N

where (-, -)  stands for the inner product in L*()).

Denote by {p(t),t > 0} the Markov process generated by N2Ly (the factor N2
correspond to an acceleration of time). Let C(R,,QY) be the space of continuous
trajectories on the configuration space. Fixed a time 1" > 0 and for a given measure
p on Q| the probability measure on C([0,7],Q2") induced by this Markov process
starting in VY will be denoted by P,~. As usual, expectation with respect to P~ will
be denoted by E,~
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The diffusion generated by N2Ly can also be described by the following system of

stochastic differential equations

N2
dp.(t) = T{Xx,cc-kl[a(vapa:—kl)]px—i—l - Xx—l,x[a(px—l»pa:)]pa:—l - px[a(pm7px+1)

+ a(px—lvpm)]}dt + N[px—l V a(pz—lapm)de—l,a: — Pz+1V a(pxypx-i-l)dBw,w-i-l]v

where { By 4+1}zeTy are independent standard Brownian motion.

Then, by Ito’s formula we have that

dpi(t) - N2 [Wm—l,x - W$,$+1]dt + N[U(pz—lapm)dBm—l,z(S) - U(px;pm-i—l)dBm,z—H (S)L

(1.1.3)
where,
Wa a1 = a(Da; Por1) (02 = Pr11) = Xewir[a(Pe, Des1)|PaDas1 (1.1.4)
and,
(P, Pot1) = 2PaPat1V A(Da, Paut1) - (1.1.5)

We can think of W, .41 as being the instantaneous microscopic current of energy between
x and = 4+ 1. Observe that the current W, ,.; cannot be written as the gradient of a
local function, neither by an exact fluctuation-dissipation equation, i.e as the sum of a
gradient and a dissipative term of the form Ly (7,h). That is, we are in the nongradient
case.

The collective behavior of the system is described thanks to empirical measures. With

this purpose let us introduce the energy empirical measure associated to the process

defined by
w0 du) = - 37 (05 (du
z€Ty
where §, represents the Dirac measure concentrated on .
To investigate equilibrium fluctuations of the empirical measure 7 we fix once for
all y > 0 and consider the system in the equilibrium 1/ . Denote by Y/ the empirical

energy fluctuation field acting on smooth functions H : T — R as

v( Z (x/N){pa(t) — v°} .

$€TN

On the other hand, let {Y;};>0 be the stationary generalized Ornstein-Uhlenbeck process
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with zero mean and covariances given by

E[Y;(H,)Y,(H,)] = dvH, (u exp{ ((—)Q}Hz(v),

W/ d“/ 4t — 5)aly)
(1.1.6)

for every 0 < s < t. Here H;(u) (resp Ho(u)) is the periodic extension to the real line of
the smooth function H; (resp Hs), and a(y) is the diffusion coefficient determined later
in Section 1.3.

Consider for k > % the Sobolev space H_j, whose definition will be given at the
beginning of Section 1.5. Denote by Qu the probability measure on C([0,T], H_)
induced by the energy fluctuation field Y, and the Markov process {p" (t),t > 0} defined
at the beginning of this section, starting from the equilibrium probability measure Vév .
Let Q be the probability measure on the space C([0,7],H_x) corresponding to the
generalized Ornstein-Uhlenbeck process Y; defined above.

We are now ready to state the main result of this work.

Theorem 1. The sequence of probability measures {Qn}n>1 converges weakly to the

probability measure Q .

The proof of Theorem 1 will be divided into two parts. On the one hand, in Section
1.5 we prove tightness of {Quy}ny>1 , where also a complete description of the space H_
is given. On the other hand, in Section 1.2 we prove the finite-dimensional distribution
convergence. These two results together imply the desired result. Let us conclude this
section with a brief description of the approach we follow.

Given a smooth function G : T x [0,7] — R, we have after (1.1.3) that

:L‘ETN :ceTN CEETN
t
1
+ N% Z [G(xj\_[ ’S) - G(%v S)}Waz,x-i-l(s)dS
0 ze€Tn

+/0 VN > [G(ZE—Fl’s) —G(ﬁ,s)}a(pgg,pu_l)de@_i_l(s).
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Thus,
ME®) = Y460~ ¥ G - [ 7.
0

X
/ \/_ Z VNG N,S sz+1

z€T N

(1.1.7)

where the left hand side is the martingale

1 t T
\/_N Z / VNG(N> 5)0<pxapx+1)de,x+l(s> )
z€T N 0

whose quadratic variation is given by
W60 =5 3 [ 3G b v s
I‘ETN

Here Vy denotes the discrete gradient of a function defined in Ty. Recall that if G is

a smooth function defined on T and V is the continuous gradient, then

r+1 T 1
1) 6(2)] = (VO + o),

VNG(%> = N[G(

In analogy, Ay denotes the discrete Laplacian, which satisfies

rx—1
N

r+1
N

ANG(%) = N2[G(T) — 20(%) + G ()] = (AG) (= =) +o(NT),
with A being the continuous Laplacian.

To close the equation for the martingale M§ () we have to replace the term involving
the microscopic currents in (1.1.7) with a term involving Y;". Roughly speaking, what
makes possible this replacement is the fact that non-conserved quantities fluctuates faster
than conserved ones. Since the total energy is the unique conserved quantity of the
system, it is reasonable that the only surviving part of the fluctuation field represented
by the last term in (1.1.7) is its projection over the conservative field Y,¥. This is the
content of the Boltzmann-Gibbs Principle (see [BR]).

Recall that in fact we are in a nongradient case. Therefore, in order to perform the
replacement mentioned in the previous paragraph, we follow the approach proposed by

Varadhan in [V], which is briefly described in the following lines.
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Denote by Cy the space of cylinder functions with zero mean with respect to all
canonical measures. On Cy and for each y > 0 a semi-inner product < - >, is defined.
The current W) ; is seen to belong to the space generated by two orthogonal subspaces,
namely, the linear space generated by the function p? —pg and the closure of the subspace
L(Cy). Here L stands for the natural extension of Ly to Z.

L(Co)
More precisely, there exists a(y) € R such that for all § > 0 there exists f € Cy such
that

< Wo +a(y)pt —pg) — L(f) >,< 9.

The key point is that such a decomposition allows to study separately the diffusive part

of the current and the part coming from a fluctuation term.

1.2 Convergence of the finite-dimensional distribu-
tions

N we fix once and for

To investigate equilibrium fluctuations of the empirical measure 7
all y > 0 and we denote by Y,V the empirical energy fluctuation field, a linear functional

which acts on smooth functions H : T — R as

YN ( Z (a/N){P2(t) =y} -

JJGTN
We state the main result of the section.

Theorem 2. The finite dimensional distributions of the fluctuation field YN converge,
as N goes to infinity, to the finite dimensional distributions of the generalized Ornstein-
Uhlenbeck process Y defined in (1.1.6).

In this setting convergence of finite dimensional distributions means that given a

positive integer k, for every {t1,--- ,tx} C [0,T] and every collection of smooth functions
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{Hy,---, Hy}, the vector (YN(Hy), -+, YN (H})) converges in distribution to the vector
(Ye, (Hy), - -+, Yy (Hy))-

Recall that from It0’s formula we have

V) = V) ~ [ VR YD T H N W (s)ds

xz€T N

_/0 \/LN > VNH(x/N)o(pa(s), pat1(s)) dBawia(s) -

$€TN

Let us focus on the integral in the first line of the above expression. A central idea in
the nongradient method proposed by Varadhan in [V], is to consider the current W, ;4
as an element of a Hilbert space generated by two orthogonal subspaces, one of which
is the space generated by the gradient (in our case p? — p2,,). Since non conserved
quantities fluctuates in a much faster scale than conserved ones, it is expected that just
the component corresponding to the projection over the energy fluctuation field survives
after averaging over space and time. Recall that total energy is the only conserved
quantity of the evolution.
The idea is to use the last observations, together with the fact that ANH(z/N) =

0, in order to replace the integral term corresponding to the current W, ,,; by an ex-

x€T N

pression involving the empirical energy fluctuation field, namely fot YN(AnH)ds.
Firstly, consider the empirical field Y,V acting now on time dependent smooth func-
tions H : T x [0,7] — R as

1
YN(H) = —= > Hy(x/N){p2(t) — v},
\/N z€T N
where Hy(u) = H(u,t). We will denote by Y;¥ both, the field acting on time dependent
and time independent functions. To distinguish, it suffices to check in what kind of
function is being evaluated the field.

Again from the It6’s formula we obtain

YN(H) = Y (Hy) + /t YN (0,H,)ds — /t\/ﬁ Z VNH(2/N)W, o i1(8)ds

:EETN

_/0 \/_IN > VnH(x/N)o(p(s), prii(s)) dBapsr(s) - (1.2.1)

ze€Tn
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Now we proceed to rewrite the last expression as

t
Y (Hy) ZYON(HOH/ YX0Hs + aly) AvH)ds — Iy p(H') = I p(H")
0

— My p(H") — M3 p(H") (1.2.2)
where F' is a fixed smooth local function and

I p(H) = /0 VE S VaHo(2/N) Wyer — a(9)li2 s — 1) — Lxr"F) ds

ze€Tn

t
Bl = [ VN 3 Vut(a/N)£yeFds.

ze€Tn

t
2 ,
My p(H') = /0 N Z VnH(z/N)7"/a(po, p1) |popr + Xo( Z 7'F)| dByat1

z€T N 1€T N

MJQ\QF(Ht) = /() \/% Z VNHS(:E/N) a(prypx+1)Xx,x+l( Z TZF) de,x-i—l(S) .

z€T N i€Tn

Here 7% represents translation by z, and the notation H? stressed the fact that func-
tionals depend on the function H through times in the interval [0, ¢]. Let us now explain
the reason to rewrite expression (1.2.1) in this way.

In Section 1.3 (see (1.3.13) and (1.3.14)) the following variational formula for the

diffusion coefficient a(y) is obtained:
a(y) =y 'infa(y, F),

where the infimum is taken over all local smooth functions, and

a(y, F) = By, la(po, p1){pop1 + Xo,l(z T'F)} .

TEZ

Let {1F,}r>1 be a minimizing sequence of local functions belonging to the Schwartz
space. That is,

1
lim a(y, §Fk) =ytaly) . (1.2.3)

k—o0

With this notation we have the following result.

Theorem 3 (Boltzmann-Gibbs Principle). For the sequence {Fi}i>1 given above
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and every smooth function H : T x [0,T] — R, we have

lim lim E,~ [(INp (H')?] = 0. (1.2.4)

k—oo N—oo

On the other hand, a judicious choice of the function H will cancel the second term
in the right hand side of (1.2.2). Let us firstly note that we can replace Ay H, by AH,.

In fact, the smoothness of H implies the existence of a constant C' > 0 such that

YV (AH,) = Y, (AnH,)| < ( PIWHE )

IETN

uniformly in s.
Denote by {S;}+>0 the semigroup generated by the Laplacian operator a(y)A. Given
t > 0 and a smooth function H : T — R, define H, = S;_,H for 0 < s < t. Asis well

known, the following properties are satisfied :

O.H, + a(y)AH, = 0, (1.2.5)
1d

H, ., a(y)AH,) =
( ay) ) 37

—(Hs, H ), (1.2.6)

where (-, ) stands for the usual inner product in L*(T).

In this way we obtain for all smooth functions H : T — R
N N 1 1 72 t 1 t 2 t
Y H) = Yy (SiH) + O(N)_IN,F<H )= INp(H) =My p(H") =My o(H”) , (1.2.7)

where O(%;) denotes a function whose L? norm is bounded by C/N for a constant C
depending just on H.

The following two lemmas concern the remaining terms.

Lemma 1. For every smooth function H : T x [0,T] — R and local function F in the

Schwartz space,

lim E,x | sup (I3 p(H") + M2 (HY))?| = 0. (1.2.8)

N—oo ¥ |o<t<T

Lemma 2. The process M3 . converges in distribution as k increases to infinity after
N7Fk
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N, to a generalized Gaussian process characterized by

t
Jim fim By (M (M, ()] = ' [ [ o) i)y 5) dods.
(1.2.9)
for every smooth function H; : T x [0,T] = R fori=1,2.

The proofs of Lemma 1 and Lemma 2 are postponed to the end of this section. The
proof of Theorem 3 is considerably more difficult, and Section 1.4 is devoted to it .

Before entering in the proof of Theorem 2 we state some remarks. Firstly, the
convergence in distribution of Y{¥(H) to a Gaussian random variable with mean zero
and variance 2y*(H, H) as N tends to infinity, follows directly from the Lindeberg-Feller
theorem.

Property (1.2.6) together with Lemma 2 imply the convergence in distribution as k
increases to infinity after N of the martingale My,  (H) to a Gaussian random variable
with mean zero and variance 2y*(H, H) — 2y*(S,H, S;H).

Finally, observe that the martingale My  (H") is independent of the initial filtration
Fo.

Proof of Theorem 2. For simplicity and concreteness in the exposition we will restrict
ourselves to the two-dimensional case (YN (H;),Y{¥(H,)) . Similar arguments may be
given to show the general case.

In order to characterize the limit distribution of (V;N(H;), Y7 (Hz)) it is enough to
characterize the limit distribution of all the linear combinations 6, YN (H;) + 6 Y (Hy).

From Lemma 1, Theorem 3 and expression 1.2.7 it follows

YN (Hy) + 0.V (Hy) = 61YyY (SeHy) + 611Y (Hy, Fy) — .My (HY) + 62y (Ha)
= Y015 Hy + 0,Hy) + 0,1V (Hy, Fy) — 6. My (HY) ,

where IV (H, Fy) denotes a function whose L? norm tends to zero as k increases to
infinity after V.

Thus the random variable 6,Y," (H;) + 02Y (Hz) tends, as N goes to infinity, to a
Gaussian random variable with mean zero and variance 2y*{0% (Hy, H,)+260,05(S;H,, H)+
02(Hs,, Hy)}. This in turn implies

E,y[Y:(H1)Yo(Hs)] = 2y*(S.Hy, Hy),
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which coincide with (1.1.6) as can be easily verified by using the explicit form of S;H in
terms of the heat kernel. ]

Now we proceed to give the proofs of Lemma 1 and Lemma 2.

Proof of Lemma 1. Let us define

Corlt) = a7z 3 e/ N)rFlp(t)

IETN
From the Itd’s formula we obtain
1, ¢
Crrt) = Gur0) = 3R (B + [ S 3 ATl /N Flps
xeln

/ \/_ Z VNH $/N Z pzaszrl)Xzerl(T F) dBZZJrl( ) .

z€T N z€Tn

Then (I3 (H") + M3 p(H™))? is bounded above by 6 times the sum of the following

three terms

(¢, r(t) = Cwr(0))2,

(/ w7 D OVnH.(x/N)r*F(p)d ) :

z€T N

( MJQVF / \/— Z VNH I/N Z pz;pz+1 Xzz+1(7— F) deerl( )> .

ze€Tn zeTn

Since F' is bounded and H is smooth, the first two terms are of order % Using
additionally the fact that F' is local, we can prove that the expectation of the supy,<r
of the third term is also of order . In fact, if M € Nis such that F(p) = F(po,--- ,pm),

we are considering the dlfference between

/ \/— Z VN[{ ZL‘/N VvV a pxapx—i—l ZX:UJH—l o ]F) dex-‘,—l( )7

z€T N

and

M+1

/ oy > VwH(z/N) Z \/a(px71+japx+j)Xx71+j,x+j(7—xF> dBy—1+4j045(8) -

xETN =0
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After rearrangement of the sum, last line can be written as

[

z€T N

M+1
Va(pe. pos1) Y VnHo(x = j + 1/N) Xy oy (777 F) dBy g (s) -
j=0
The proof is then concluded by using Doob’s inequality. O]

Proof of Lemma 2. Using basic properties of the stochastic integral and the stationarity
of the process, we can see that the expectation appearing in the left side of (1.2.9) is

equal to
t 1 2
4/ N Z VNHl,s(x/N)VNst(%/N)Ey;V 7" a(po, p1) <p0P1 +X0,1(Z TZFk)) ds .
0 z€T N i€T v
Translation invariance of the measure Vév lead us to
2 -

4E,x |a(po,p1) (Popl + XO,I(Z TZFk)) / N Z VnH, s(z/N)VNHss(x/N)ds

~ 0

’LETN Z‘GTN
and as N goes to infinity we obtain

2 t
4E,, [a(po,p1) <p0p1 + XOJ(ZTZ'F,C)> / /H{(u, s)Hy(u, s) du ds .
i€Z 0 JT

Finally from (1.2.3), taking the limit as k tends to infinity we obtain the desired result.
O

1.3 Central Limit Theorem Variances and Diffusion

Coefficient

The aim of this section is to identify the diffusion coefficient a(y). Roughly speaking,
the direction of the gradient is the only survival term when averaging the current W, ;41

over time and space. The coefficient of the component in this direction is the diffusion
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coefficient. In other words, the constant a(y) will have the property

2
1
hmsupﬁhmsup El,y (/ Z Wwi1 — aly)(piy — p2) ds) = 0.

N—oo t=oo ~N<a<z+1<N

(1.3.1)
Here we are considering the process generated by the natural extension of Ly to the

infinite product space Q = R” and v, denotes the product measure on ) defined by
idl

H—oo my
The form of the limit with respect to ¢ appearing in (1.3.1) leads us to think in

the central limit theorem for additive functionals of Markov processes. Let us begin by
introducing some notations and stating some general results for continuous time Markov
processes.

Consider a continuous time Markov process {Y;}s>o, reversible and ergodic with
respect to invariant measure 7. Denote by (, ), the inner product in L?(7) and let us
suppose that the infinitesimal generator of this process £ : D(L£) C L*(w) — L*(«w) is a
negative operator.

Let V € L?(m) be a mean zero function on the state space of the process. The central

limit theorem proved by Kipnis and Varadhan in [KV] for

Xs:/OtV(Y)ds

states that if V' is in the range of (—E)’%, then there exists a square integrable martingale

{M;}+>o with stationary increments such that

1
lim — sup |X;— M| =0.

t—00 v/t 0<s<t

This result in turn implies that the limiting variance defined by

o*(V,7) = thm 1E[X2] (1.3.2)
is equal to
2V (=L)WV ), . (1.3.3)

Observe that in the particular case when V' = LU for some U € D(L) we have that
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o?(V, ) is equal to
20U, (=L)U )r (1.3.4)

which corresponds to twice the Dirichlet form associated to the generator £ and the
measure 7, evaluated in U.

By standard arguments we can extend o(V, 7) to a symmetric bilinear form o?(V, Z, )
for V and Z in the range of (—[,)*%. This bilinear form represents limiting covariances,
and analogous expressions to (1.3.3) and (1.3.4) can be easily obtained.

Now we introduce the Sobolev spaces .77, and .77 ,. For that, we can consider a
stationary (not necessarily ergodic) measure m. We introduce 4 and . ; in this
section because (1.3.3) and (1.3.4) correspond to norms in these spaces, although their

properties will be mainly used in Section 1.4.

Define for f € D(L) C L*(x),

A1 = (f,(=Ln)f), - (1.3.5)

It is easy to see that || - ||; is a norm in D(L) that satisfies the parallelogram rule, and
therefore, that can be extended to an inner product in D(L). We denote by J# the
completion of D(L) under the norm || -||;, and by (, ), the induced inner product. Now
define

IfI2, = sup {2(f.9), — (9.9):} . (1.3.6)
geD(L)
and denote by # ; the completion with respect to ||-||_; of the set of functions in L?(r)

satisfying || f||_1 < oo. Later we state some well known properties of these spaces.

Lemma 3. For f € L*(7) NS4 and g € L*(7) N A1, we have

. h’ T
i) lgll-1 = suPrepion oy <\|h7|>1 ;

i) [{f:9)x 1 < |Ifllllgll-1 -

Property 1) implies that #; is the topological dual of 4 with respect to L?(m),
and property i) entails that the inner product (, ). can be extended to a continuous
bilinear form on # | x #4. The preceding results remain in force when L?(r) is replaced
by any Hilbert space.

Observe that we can express the central limit theorem variance (V) in terms of
the norms defined above. Indeed, o2(V, 7) = 2||V||_; for V in the range of (—£)~2 and
o?(V,m) =2||U||; if V = LU for some U € D(L).
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Now we return to our context. Let Ly be the generator defined by

Ln(f) = % Z X z1]a(Dz, Pat1) Xz zr1 (f)] -

—N<zx<z+1<N

Here the sum is no longer periodic, as in the definition of Ly.

Let p1n, be the uniform measure on the sphere

{(p—Na"' apN €R2N+1 Z pz 2N+1)y2} )

and Dy, the Dirichlet form associated to this measure and Ly, which is given by

DN,y(f) = % Z / pzapx-‘rl a: z—i—l(f)] :uNy(dp)

—N<z<z+1<N

Is not difficult to see that the measures py, are ergodic for the process with generator

Ly. We are interested in the asymptotic behavior of the variance

02(BN +a<y>AN - HJ}\?/ ) :uN,y> ) (137)
where,
.2 2
AN(p—Nf“ 7pN) =PN —P_nN>
BN(p—N> T apN) = Z W$7$+1 )
—N<z<z+1<N
Hﬁ(p—NaapN): Z LN(TxF)a

—N<z—k<z+k<N

with F(x_g,--- ,2x) a smooth function of 2k 4 1 variables. Observe that these three
classes of functions are sums of translations of local functions, and have mean zero
with respect to every py,. We introduce Ay, to denote variances and covariances, for
instance, Ay, (B, By) = 0*(By pny) and Ay, (Ay, HY) = 0*(Ax, HY , pivy). The
inner product in L?(puy,) is denoted by (, ) -
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Observe that the functions By and HZ belong to the range of Ly, in fact

N
Byn(p-n,--+ ,pn) = Ln( Z xps) (1.3.8)
z=—N

where,
YN = Z T°F .
—N<z—k<z+k<N

This in particular implies that the central limit theorem variances and covariances in-
volving By and H¥ exist. After (1.3.4) they are also easily computable, which is not
the case for Ay.

In the remaining of this section we often use integration with respect to pn,. Let
us state some classical results (Lemma 4 and Lemma 5) referring to integration over

spheres. The proofs of these and other interesting results can be founded in [Ba].

Lemma 4. Given p = (p1,-+ ,pn), @ = (a1, ,an),a =Y p_, ap and S" 1 (r) ={p €
R™: |p| =r} , define

n

E(p,a) = H(xi)a’“ and Sy(a,r) = / E(p, a) doy,—,

k=1 Sn=1(r)

then,
2 Hk:1 [(ay, + %) p2a+n—1

Snla,r) = [(a+%)

Where do,,_1 denotes (n — 1)-dimensional surface measure and I" is gamma function.

Corollary 1. There exist a constant C' depending on y and the lower bound of a(-,-)
such that, for every uw € D(L)

‘(u, AN x| < CRN)EDy ()t .

Proof. Observe that

N-1

AN(ZLN, s 7PN> = Z Xx,x+1<pa:pz+1) )
x=—N
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then,

) (u, AN>N,y

= Z /U xa:+1 pzpaﬁ-‘rl):uNy(dp)

-N

- Z /Xm,x+1(u)psz+1,uN,y(dp)

—N

IN

PPz
/ Z | pmap$+1)Xa::c+1( )|#MN,y<dP>

-N a(pxapw—l—l)

S / ( Z_ a(px;px+1)(Xa:,m+1(u))2) (_Z_N MJAP)) MN,y(dp)

- N a(pa:7p:c+1

N-1

< (/ Z |pzpac+1| /LN,y(dp>> (/ Z a(pz,px+1)(Xx,x+1(u))2NN,y<dp>

px;px—i—l r——N

< C(QN)aDN,y@)%
]

This implies that the central limit theorem variances and covariances involving Ay
exist. In spite of that, the core of the problem will be to deal with the variance of Ay

which is not easily computable.

Corollary 2.

N—
2N (2N + 1)2
S vt dp) — 1,

Proof. By the rotation invariance of py,, the left hand side of last expression is equal

to
2N / PID7 vy (dp)

which in turns, applying Lemma 4 with a = {1,--- ,1} and r = yv/2N + 1, is equal to
-1
o (3T TG ) (R a)
( 2N2+1) F(2N2+1)

The proof is concluded by using well known properties of the Gamma function. O

Lemma 5. (Divergence Theorem) Let B*(r) = {p € R" : |p| < r} and S"}(r) ={p €

)

1
2
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R™: |p| =r}. Then for every continuously differentiable function f :R"™ — R we have,

of
r (p>dp = / f(sb e ,Sn)SZ’ dan—l-
/ n(r) Opi )

Corollary 3. Taking r = yv/2N + 1 in Lemma 5, we have for —N <i,7 < N

. ow oW
| X9 = gy >( B P )
2N+1(p 7 J

Proof. Recalling that X, ; = pjﬁip_ — pi% and py, is the uniform probability measure
i j
over the sphere of radius y+/2N + 1 centered at the origin, we have that the left hand

side in the preceding line is equal to

L o [ ()i
|82N(T)| S2N (r) ! ‘ japz’ 2N 52N (1) ! ‘ japj W)

From Lemma 5, the expression above is equal to

;</ <p.0_W_p4p.a_W)dp_/ ( CUL—l )dp)
|S2N(T)| B2N+1(y) ! 8p,» ' ]6pi8pj B2N+1(r) 8pj ! j@ (9 ’

concluding the proof. O

Corollary 3 is extremely useful for us, because it provides a way to perform telescopic

sums over the sphere. In fact, it implies that given —N <i < 7 < N we have

/ Xi i (W)pipj iy (dp) = / ZXk ket (W) P 1 v (dp) - (1.3.10)

We should stress the fact that equality of the integrands is false.
Now we return to the study of Ay, By and H%. The next proposition entails the
asymptotic behavior, as N goes to infinity, of the central limit theorem variances and

covariances involving By or HL;, besides an estimate in the case of Ay.
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Theorem 4. The following limits hold locally uniformly in y > 0.

.
~—"

lim _ANy<BN7BN) = EVy[a(p07pl)(2p0p1)2]’

N—oo 2N
W) lim oAy (HEHE) = By la(po, p)[Xews: (P
Neoo 2N Ny N> vy 0y M1 z,x+1 )
1) Zvlgnw ZNANy(BN>HN> = —Euy[2pop1a(p07p1)Xx,m+1(ﬁ)],
i?)) ]\}'Enoo ﬁANy<ANaBN) = _Elly[(QpOpl)Z]a
. L Fy _
’U) ]\ll_{noo QNANy(ANaH ) 0,
Vi) lim sup — ANy(AN,AN) < C,

N—oo 2N

where F is formally defined by

[e o]

F(p)= Y 7F(p)

j=—o00

and C' is a positive constant depending uniformly on y. Although F does not really make

sense, the gradients Xm-ﬂ(ﬁ) are all well defined.

Proof. i) From (1.3.8) and (1.3.4) we have that

ANy(BNaBN _QDNy ( Z xp.r)
- 4/ Z a(Pz, Pot1) (PePat1) vy (dp) -
z=—N

Since v, is rotation invariant we have

1
oAy (B, By) = 4 / a(po, p1)PgPLIN (dp) |

and the desired result comes from the equivalence of ensembles stated in Section 2.4.
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it) From (1.3.9) and (1.3.4) we have that
Any(Hy, Hy) = 2Dy ()

:/ Z_: a(Pay Dot1) [ X w1 (UN)] 1y (dp) -

The sum in the last line can be broken into two sums, the first one considering the
indexes in {—N + 2k,--- N — 2k — 1} and the second one considering the indexes in
the complement with respect to {—N,--- , N — 1}. From the conditions imposed over
F', when divided by N, the term corresponding to the second sum tends to zero as N

goes to infinity. Then,

N-1

. 1
B, HE) = Jim [ 503 e N (65 Frw ()
r=—N

i 1
11m ——:
N—oo 2N

N-1
. 1 .
:J\}lf;o/ﬁ X_:NT g(p):uN,y(dp)>

where g(p) = a(po,pl)[)(",,J«,:,;Jrl(ﬁ)]2 and

o0

Fp)= > 7F(p).

j=—o0

One more time, the desired result comes from the rotation invariance of iy, and the
equivalence of ensembles.
iii) From (1.3.9), (1.3.4) and the fact that W, .11 = — X4 241[P2Pr+10(Dzs Pat1)], We

have

N-1
AN,y(BNyH]}\;> =2 Z /X;c,gchl[pacperla(p:Jcapm+1)]w1€[ﬂN,y(dp)
r=—N

N—-1
= —2 Z /pa:px-l-la(p:mpm—&-l)Xﬂc,az—i—l[@/}]If/’]uN,y(dp)a
r=—N

where the last equality is due to an integration by parts. Then, we divide the sum
appearing in the last line into two sums in the very same way as was done for ii),

obtaining
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N—-2k—1

lim ANy(BN,HN = —2/ Z PNy (dp) ,

N—oo 2N N2k

where h(p) = a(po, p1)pop1 Xoot1(F).

Again, the result comes from rotation invariance of py, and the equivalence of
ensembles.

iv) From (1.3.8), (1.3.4) and the fact that Ay = Xy _n(pnp—n), we have

z=—N

Any(An, By) = =2 / Xn,-n(pPNP-N) < > wpi) finy (dp)

=2 /prNXN,N[Np?V - NP%N]NN,y(dp)

=8N / AP’ niiny (dp)

_ 8N(2N +1)%y*
2N +3)2N+1)°

The second and fourth equalities come from integration by parts and corollary 2, respec-

tively. Thus, we have

Jim, gy Svaldn, B) = '

v) By the same arguments used in the preceding items and using the telescoping sum
obtained in (1.3.10) we have

Any(An, HY) = —2/XN,_N(pr_N)@Df/MMy(dP)
= 2/prNXN,N(w]€)MN,y(dp)

N-1
= 2/ > pipis1 Xiior (VN )y (dp) -
i=—N
From rotation invariance of py, and the equivalence of ensembles we obtain

]\}1_1)1100 2NANy(AN, HN) E,, [p0p1X0,1(ﬁ)] =0.

The last equality comes from an integration by parts.

vi) By duality Ay, (An, Ax) = 2¢* where ¢ is the smallest constant such that for
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every u € D(L),

N

‘(u,AN)N,y’ < Dy, (u) (1.3.11)

Recall that Corollary 1 ensures the existence of a constant C' depending locally uniformly
on y, such that C(2N)z satisfies (1.3.11) for every u € D(L). Therefore, ¢ is smaller

than C'(2N)2 and
1
2N
which concludes the proof of Theorem 4. n

A]\ﬂy(ANaAN) S 202 )

We proceed now to calculate the only missing limit variance (the one corresponding
to Ay) in an indirect way, as follows.

Using the basic inequality
|Any(An, By — Hy)I? < Any(An, Av)An,y(By — Hy, By — Hy)

we obtain,

AN,y (An,By—HE)|?

. 2N .. ANy (An,Ap)
g VO T T Rl Vi )
2N
which in view of Theorem 4 implies
4y*)? Ay, (An, A
(y’) < lippin 2 An A (1.3.12)
E,, [a(po, p1){2pop1 + Xoa (F)}2] — Noeo 2N
Let us define a(y) by the relation
a(y) =y 'infa(y, F), (1.3.13)

where the infimum is taken over all local smooth functions in Schwartz space, and

a(y, F) = Ey,[a(po, p1) (pops + Xo1(F))?] . (1.3.14)
Since the limit appearing in (1.3.12) does not depend of F', we have

4
lim inf Any(Ay, Ax) > A4y )
N>oo 2N a(y)

(1.3.15)
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Moreover, this limit is locally uniform in y.

We are now ready to state the main result of this section.

Theorem 5. The function a(y) is continuous in y > 0 and

lim —— Ay, (A A)—4y4 (1.3.16)
ngl)o2N Ny\AN, AN _d(y)' 9.

Proof. Let us define

1
{ = lim sup lim sup —
() nSup i sup o5

Any(Ax, Ay) . (1.3.17)

By definition, a(y) and I(y) are upper semicontinuous functions.

In order to prove (1.3.16) it is enough to verify the following inequality

< . 1.3.18
i) —
In fact, by the upper semicontinuity of a(y) and the lower bound in (1.3.15) we obtain
4
4y < 4y

d(:y) N hm Supy’—>y d(y/)
14

< lim sup =
y—y a(y)

Ay, (An, A
< lim sup lim sup — (Ax, N>,
y—y N—ooo 2N

from which we have the equality

—. 1.3.19
() (1)
From the definition of {(y), it is clear that

) 1
hﬁljolip WAN,y(ANaAN) <Iy),

which together with (1.3.15) proves (1.3.16). Moreover, equality (1.3.19) together with

the upper semicontinuity of I(y) gives the lower semicontinuity of a(y). Ending the proof
of Theorem 5.

Therefore it remains to check the validity of inequality (1.3.18), which is equivalent
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to prove that for every 6 € R,

l(y) >0 — 0 < (1.3.20)

Suppose that {(y) > 6. Then, there exist a sequence yy — y such that

J&TIOO QNANyN<AN7AN) A>0.

By i) in Lemma 3 we have

h, A
{AN,yN(ANaAN)}l/Q = sup w .
heD(L N0} Dy (h)?

Then there exist a sequence of smooth functions {wy}y>1 such that wy € Dom(Ly)

and
(wN,AN>N7yN > VNQDN,yN(wN)§ .

We can suppose without loss of generality that
(wN>N7yN =0. (1.3.21)

_1
Taking Oy = ﬁDN@N(wN) and vy = By wn, we obtain a sequence of functions

{vn}n>1 such that
e 1 0
hNHLIO%fﬁ<UN’AN>N,yN > \/;7

DN,yN(UN) =2N .

and,

We can renormalize again by taking vy = % v (U AN) Ny and uy = Y5 UN , obtain-

ing a new sequence of functions {uy}y>1 satlsfymg

1
N /XN,—N(UN)pr—NMN,yN(dp) =Yy (1.3.22)

and

4 4
hmsup_/ Z (p:rapm+1)[Xm,x+1(uN>]2:U’N,yN(dp) S Y . (1323>

0
—N<z<z+1<N
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The aim of Lemma 6, Lemma 8 and Lemma 10 stated and proved below, is to use
(1.3.22) and (1.3.23) in order to obtain a function ¢ satisfying

) E,[]=0,
i) Ey,[popi€] =0,
4yt
E 7 ’

i) v la(po, 1) {popr + €17 <
besides an additional condition concerning X, ;1177¢ — X j417°€.

Condition 1) obviously implies

4
9 < 1y

~ E,,[a(po, p1){popr + €37

(1.3.24)

Rather less obvious is the fact that 7), 4) and the extra condition on X; ;1177 — X ; 117,
imply that £ belongs to the closure in L?(1,) of the set over which the infimum in the
definition of a(y) is taken (see (1.3.13)). The proof of this fact is the content of Section
2.3.

In short, supposing I(y) > 6 we will find a function § such that E,, [a(po, p1){pop1 +

&) < y . Additionally we will see that such a function belongs to the closure of
{Xo1(F ) : F' is a local smooth function}. These two facts imply the left hand side of
(1.3.20), finishing the proof of Theorem 5. ]

Now we state and prove the lemmas concerning the construction of the function &

endowed with the required properties.

Lemma 6. Given 8§ > 0, k € N and a convergent sequence of positive real numbers
{yn}n>1 satisfying (1.3.22) and (1.3.23), there exists a sequence of functions {ug\]f)}Nzl
depending on the variables p_y, - - ,pi such that

/Xk i pkp KNy (dD) = Yy (1.3.25)
and,
()72 4y
hmsup_ Z (pmpx—i-l)[X:Jc,a:—i-l(uN )] :uN,yN(dp> S 7 ) (1326>
N—o0 —k<z<z+1<k

where y is the limit of {yn}n>1-
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Proof. Define for —-N <z <zx+1< N

ai\f:c—kl = yNQEuN,yN mepx—l—lXa:,x-i-l(uN)]

and

6315\;-{-1 = y]:f4ENN,yN [a(p:wpx-i-l)[Xx,:c+1(uN)]2] .

Where E,,, denotes integration with respect to pny, and uy is a function satisfying
(1.3.22) and (1.3.23).
Thanks to (1.3.22) and the telescopic sum obtained in (1.3.10) we have

N N
Oy Ny Tt ay gy =2N .

After (1.3.23) for every € > 0 there exist Ny such that

4 _
ﬁJ—VN,—N—H +---+ 5%—1,1\1 < 2N(§ + eyN4),

for all N > Nj.
By using Lemma 7 stated and proved below, we can conclude the existence of a block
An i, of size 2k contained in {—N,---, N} such that

2

YN Z ai\{w+l 2 2k Z ﬁa]c\,fm—‘rl ) (1327)

z,x+1€AN & z,2+1€EAN 1

with yv = 3 + Un-
Let us now introduce some notation. Denote by Ry the rotation of axes defined as

RN . R2N+1 N R2N+1

(p—NJ"' 7pN> - (p—N—i—l;"' 7pN7p—N) .

For an integer ¢ > 0 we denote by R% the composition of Ry with itself i times, for
i < 0 the inverse of Ry’ by RYy , and RY for the identity function. As usually, given a
function u : R*¥*! — R we define Riu = u o RY.

Let us define

%
WN = RNUN y

where 7 is an integer satisfying Ay, ={i —k,--- , i+ k} .
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Now we proceed to check that (1.3.25) and (1.3.26) are satisfied by the sequence of

functions {u%;} y>1 defined as

-1

uk; = 2k Z ol Ejn, [wn [ Ag],

x,x+1€AN &

where Ay, = {p_k, -+, pr}. Because of the invariance under axes rotation of the measure

[Ny, together with the relation

X:c,erl(wN) = Rii r+i,x+i+1 (uN) )

which follows directly from the definition of wy, we have
—1

EMN,yN [p:va-HXac,éB-&-l (uf\f)] =2k Z ai\,[x—&-l EHN,yN [px+ip:v+i+lX:v+i,:c+i+1 (UN)] )
I,iB“t‘lEAN,k

for all x such that {p,, pz4+1} C Ax. Then, summing over = we obtain that the left hand
side of (1.3.25) is equal to

-1

Z ai\{x—i-l E,UN,yN [ Z pmpx-l—lXac,x-i-l (UN)} )

$1$+1€AN,I€ LU,I-‘FlEAN,k

which in turns is equal to y3, proving (1.3.25).
Using Jensen’s inequality, and an analogous argument as the one used in the preced-

ing lines, we obtain that

EMN,yN [a<px> p:Jchl) [XIE,QCJrl (ul]cv)]2:|

is bounded above by

—2
Ak* Z ai\{xﬂ EMN,yN [a(par-‘riv pw+i+1) [Xa:—l—i,:v—f—i—i—l (UN)]Q} )

:U,J?+1€AN7}€

for all « such that {p,,p.+1} C Ax. This implies (1.3.26) after adding over z, using
relation (1.3.27) and taking the superior limit as N goes to infinity. ]
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Now we state and proof the technical result used to derive 1.3.27.

Lemma 7. Let {a;}™, and {b;}", two sequences of real and positive real numbers,

respectively, satisfying

Zm:ai =m and Zm:bi <my, (1.3.28)
i=1 =1

for fixed constants m € N, v > 0 and k << m. Then, there exists a block A of size 2k

contained in the discrete torus {1,--- ,m} such that

v (Z ai> > kabi _ (1.3.29)

€A iEA

Proof. 1t is enough to check the case where 2k is a factor of m. In fact, in the opposite
case we can consider periodic sequences of size 2km instead of the originals ones {a;}

Therefore we can suppose that m = 2kl for some integer [, and define for ¢ €

{17... ,l}
Oéizzax and ﬁizsz,

mGAi ZEAZ'
where A; = {2k(i — 1), -+, 2ki}.
We want to conclude that (1.3.29) is valid for at least one of the A;’s. Let us argue

m
=1

by contradiction.
Suppose that +/2k3; > ai’y% for every ¢+ = 1,--- ,l. Adding over ¢ and using the first
part of hypothesis (1.3.28), we obtain

!
Z \/ 2k3; > mvé .
i=1
By squaring both sides of the last inequality we have,

l
Zﬁz > my,
=1

which is in contradiction with the second part of hypothesis (1.3.28). [

Now we proceed to take, for each positive integer k, a weak limit of the sequence
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{US\IIC)}N21 obtained in Lemma 6.

Lemma 8. For each positive integer k there exists a function uy depending on the

variables p_, -+, pr such that
1 ~ 2
%Eyy [Xh_k(uk)pkp_k] =y, (1330)
and
1 ~ \12 4yt
B | D Ao pen) Ko (@) | < == (1.3.31)
—k<z<z+1<k

Proof. Consider the linear functionals AfVZ 41 defined for —k <@ <i+ 1<k by

AN

i+l - LQ(R%H%’@) - R

k
w — By, X (uy)w] -

Let P* be an enumerable dense set of polynomials in L*(R**!:1,). From (1.3.31) and

the Cauchy-Schwartz inequality we obtain the existence of a constant C' such that

1
2

Al <0 ([l

for every w € P*.

By a diagonal argument we can draw a subsequence for which the limits of A, (w)

exist for all w € P*. Moreover, passing to the limit and extending to the whole space

L*(R**1: 1), we get linear functionals A;;; satisfying

1
3
Assor(w)] < C ( / w2dyy) | (1.3.32)
On the other hand, consider the linear functionals A" defined by

AN 2Ry — R
w — ENNny[uN w] .

Because of (1.3.31), (1.3.21) and Poincaré’s inequality we have

k 4y'C
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for a constant C' depending only on k. Then, by the very same arguments used above,

we get a linear functional A satisfying

[A(w)| <VC (/ deuy> By (1.3.33)

Finally, it follows from (1.3.32) and (1.3.33) the existence of a function uy satisfying
Ai,i—l—l(w) = Eyy [Xi,i+1(ﬂk)w] )

Aw) = E,, [upw] ,
and therefore, satisfying (1.3.30) and (1.3.31). O

Now using the sequence {uy}ren we construct a sequence of functions {ug }rens
indexed on an infinite subset of N, each one depending on the variables p_/,--- , ppr.
This sequence will satisfy, besides (1.3.30) and (1.3.31), an additional condition regarding
the contribution of the terms near the boundary of {—£’,--- K’} to the total Dirichlet

form.

Lemma 9. There exist a sequence of functions {uw Yiwens indexed on an infinite subset
€

of N, each one depending on the variables p_y:,- - , ppr, satisfying (1.3.30), (1.3.31) and
E,,[(X, 01 ()] = O(K™®)

for{z,x +1} C Iy U Jy. The blocks Iy = [k, —k' + (K')'/%] and Jp = [k’ — (K')V/%, k']

are illustrated in the following figure.

[k’ Jkl

—k =K —k 4 ki k— ki Kook

Proof. Given k > 0 divide each interval [—k, —k + k4] and [k — k'/*, k] into k'/® blocks
of size k/ 8 and consider the sequence {U }ren obtained in Lemma 8.
Because of (1.3.31), for every k > 0 there exist &’ € [k — k'/%, k] such that

El’y Z (X:v,m+1 (ak)>2 = O<k7/8) .

{z,x+1}el 1 UJ



1.3. CENTRAL LIMIT THEOREM VARIANCES AND DIFFUSION COEFFICIENT

41

Define for each k > 0 the function uy = ﬁEl@ [ﬁk | g k,} , where

1 ~
Cy,k,k’ - 2k1y2 21592 - Euy Z pxpx+1Xx,:c+1(uk)

{z,x+1}el VT,

and Sli/k, denotes the o-field generated by p_x/, -, pi.

Is easy to see that the sequence {uy })s satisfies the desired conditions.
Finally, we obtain the weak limit used in the proof of Theorem 5.

Lemma 10. There ezist a function & in L*(v,) satisfying

E, [£] =0,
EVy [Poplg] = Oa
2 43/4
E,,[a(po, p1)[pop1 + &]7] < R

and the integrability conditions
Xi,i+1(7j§) = Xj,j+1(7'if) if i+ 1rn{y,i+1} =0,

pi+1[Xi+1,i+2(Ti£) - Xi,i+1(7'i+1f)] = pz’+27'if - pﬂi“f for i €Z.
Proof. For all integer k > 0 define
=
Go= 517 D K () (7).

i=—kK

It is clear from the definition of (; that

EVy [Ck] = 0,
and
1 k'—1 ‘
pop1Gr(w) = ok Z {pipi1 X1 (ww) HT ).
i=—k'

Then, from (1.3.30) it follows
E,,[popiGi] =y

(1.3.34)

(1.3.35)

(1.3.36)

(1.3.37)

(1.3.38)
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On the other hand, from (1.3.31) we have
- 2

EVy [a(po’pl)cz] = EVy a(powpl) (%k” 2_: [Xi,i-i—l(uk’)](T_iw))

k'—1

1 i

< By, |alpo,p1)5;; > [Kii (uw)(7 W)]
i=—kK'

k'—1
1
- %EW [Z G(Piapm)[Xz'ﬁl(uk/)]Q]
i=—Fk'
4
<
- 0

Now consider the sequence { }x>1 defined by

&k = G — Dop1-

Since the preceding sequence is uniformly bounded in L*(v,), there exists a weak limit

function £ € L?*(v,). Obviously, the function ¢ satisfies (1.3.34),(1.3.34) and (1.3.36).
In addition, an elementary calculation shows that 1.3.37 and 1.3.38 are satisfied by

&, up to an error coming from a small number of terms near the edge of [—£’, k']. Then,

in view of Lemma 9, the final part of the lemma is satisfied as well. O

1.4 Boltzmann-Gibbs Principle

The aim of this section is to provide a proof for Theorem 3. In fact, we will prove a

stronger result that will be also useful in the proof of tightness. Namely,

lim lim E,~ | sup </0 VN Z VnH(x/N)[Vi(p(s)) — LNT F(p(s))] ds) =0,

k—oo N—oo Y
Ost<T zeTn

where,
Vo(p) = Wawi(p) — a(y) [p2ey — pi] -

We begin localizing the problem. Fix an integer M that shall increase to infinity after
N. Being [ and r the integers satisfying N = [M + r with 0 < r < M, define for
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where si is the size of the block supporting Fj. Define the remaining block as B =
{IM +1,---,N}. The blocks B’ and Bj'? are illustrated in the following figures,

B, B, B By
LA LT L[] 11
0 M 2M IMN
Bt Bk Bt By
[ (111 il
0 M 2M IMN

With this notation we can write

VN > VyH(x/N)[Va(p(s)) — Lym"Fi(p(s))] = Vi+Va+ V5, (1.4.1)

z€T N

with,

WZ > VnH(z/N)V, \/_Z > VnH(x/N)LyT"F, |

j=1 z€B; J=1 zeB¥
=VN Y VnH(a/N)V; = VN Y VxH(z/N)LyTFy |
meBlH IEBZ+1
J=1 zeB;\Bk

Observe that V) is a sum of functions which depends on disjoint blocks, and contains

almost all the terms appearing in the left hand side of (1.4.1), therefore, V5 and V5 can
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be considered error terms. In order to prove Theorem 3 it suffices to show

t 2
sup (/ Vi ds) ] =0, (1.4.2)
o<t<T \Jo

The following is a very useful estimate of the time variance in terms of the 1 norm
defined in (1.3.6).

lim lim E, ~

k—oo0 N—oo

for each V; separately.

Proposition 1. Given T > 0 and a mean zero function V € L*(m) N A4,

t 2
sup (/ V(ps) ds) ] < 24T||V|]%, .
o<t<T \Jo

See Lemma 2.4 in [KmLO] or Proposition 6.1 in [KL] for a proof .

Er

Remark 1. A slightly modification in the proof given in [KmLO] permit to conclude
that, for every smooth function h:[0,T] — R,

Sup ( /0 t h(s)V (ps) dS)

2

E, < CullV||=1,

where,
Cr = 6{4[[h|2T° + |IW][5T°} -

Moreover, in our case we have

t 1 2 !
E,v | sup (/0 Zhj(s)VBj(ps) ds) < ZothVBjH—l ;
j=1 Jj=1

0<t<T

for functions {Vp, }2:1 depending on disjoint blocks.

The proof of (1.4.2) will be divided in three lemmas.

t 2
sup (/ngs)]:O.
0<t<T \Jo

Proof. By Proposition 1, the expectation in the last expression is bounded above by the

Lemma 11.

lim lim E,~

k—oo N—oo
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sum of the following three terms

3Cy|B _
% Z <Wx,x+17 (_‘CN) 1W9575U+1> ) (143)
z€B 41
A 2 B
3a(y) ?\[H’ 11 Z (P2 =12, (—Ln) P2 —p2) (1.4.4)
z€B+1
B
IEBlJrl

Here Cy represents a constant depending on H and T, that can be multiplied by a
constant from line to line.
Using the variational formula for the .7, norm (see (1.3.6)) we can see that the

expression in (1.4.3) is equal to

Cu|Bi1
g sup {2 <Wx,x+17 g> + <g7 Eac,;v+lg>} )
(DEBH_l gGLQ(l/é\’)
where,
1
Loz = éXac,a:-l-l[a(pa:7pas+1)Xm,m+1] :
From the definition given in (1.1.4) we have W, ;11 = — X, 241(a(Ps, Pot1)PaDat1]. Per-

forming integration by parts in the two inner products, we can write the quantity inside

the sum as

1

a sup {4 <a(p;c7px+l)pxpx+17 X:v,a:+lg> - <Xac,x+lg7 a<px7pac+1)X;t,a:+lg>} 9
2 geL2(vlY)

which by the elementary inequality 2ab < A~'a? + Ab?, is bounded above by

2 (a(pa, Por1)D2PA41) -

Then the expression in (1.4.3) is bounded above by

Cu|Bis1|?
—~

The same is true for the term corresponding to (1.4.4), which coincides with (1.4.3) if

we take a(r,s) = 1.



1.4. BOLTZMANN-GIBBS PRINCIPLE 46

Since Fj is a local function supported in a box of size s and Vév is translation

invariant, we have for all x,y € Ty
(T"Fy, (—LN)TYFy) < s¢ HXOJ(F;)H;(%V) )

which implies that the expression in (1.4.5) is bounded by

Cr|Bi)? —
S g X0 (il
ending the proof. O
Lemma 12.
t 2
lim lim E, ~ | sup (/ Vs ds) =0.
k—oo N—oo 0<t<T 0
Proof. The proof is similar to the preceding one. O]

Lemma 13.

lim lim E, ~
k—oo N—oo

t 2
sup (/Vlds)lzo.
0<t<T \Jo

Proof. Recall that the expectation in the last expression is by definition

2

t 1
NE, | sup / > 9 VNH(x/N)WV, = Y VyH(x/N)LyT"Fy ds
0 =1

o<t<T
- = xGB‘; :EEB;?

The smoothness of the function H allows to replace VyHg(xz/N) into each sum in the
last expression by Vi H,(z}/N), where 2} € B; (for instance, take v = (j — 1)K + 1),

obtaining

2

t 1
NE,x | sup / S OVNH(x/N)S Y Vo= > Lyt Fy ds

0st<T xEBg :EGBJ’.C
By proposition 1 and Remark 1, the quantity in the preceding line is bounded above by

C'H l T -1 T
WZ<ZVx—ZﬁNTFka<_£N) va_ZENTFk> ’

zeB’, e Bk zeB’, e Bk
J J J vy
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Using the variational formula for the 7 ; norm given in (1.3.6) and the convexity of the
Dirichlet form, we are able to replace (—Ly) ! by (=L B;_)’l in the expression above. In

addition, by translation invariance of the measure v

, we can bound this expression by

CH%<Z‘/$— Z ENTka, LB/ ZV ZﬁNTka>

z€B] zeBF z€EB] zEBY
Yy

By the equivalence of ensembles stated in Section 2.4 and the fact that % ~ %, the
limit superior, as N goes to infinity, of the last expression is bounded above by
Cuy hmsup— <Z V, — Z LT F} | EB/ Z V, — Z ﬁNTka>
M =00 zE€B] J:EBf JUEB' ajEB{C
VM,V iTy
The last line can be written as
1 —~ —~
C'y lim sup MAM’y(BM +a(y) Ay — HLF, By +a(y)Ay — HiF), (1.4.6)
M—o0

by using the notation introduced in Section 1.3. For that, it suffices to replace M by
2M+1 from the beginning of this section. Here Bj; correspond to the current in a block,
and is not to be confused with the notation used for the blocks themselves.

On the other hand, it is easy to check that the variance appearing in (1.4.6) is equal

to

(@(y))*Anty(Anr, Anr) + Aary(Bar, Bar) + Ay (Hyp, Hyf)
— 2a(y) Anry (Anr, Bar) + Ay (Anr, HyF) — Ay (Bar, Hyk)

Therefore, thanks to Theorem 4 and Theorem 5, if we divide by M and take the limit

as M goes to infinity at both sides of last expression, we can conclude that

lim MAMy(BM +aly)An — Hyf) = 4aly, 1/2F,) — 4y*a(y) .

M—o0

By the definition of the sequence {Fjy}r>1 (see (1.2.3)), the limit as k goes to infinity of

the last term is equal to zero. O
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1.5 Tightness

Let us firstly introduce some notation in order to define a space in which fluctuations
take place and in which we will be able to prove tightness. Let —A be the positive
operator, essentially self-adjoint on L?([0, 1]) defined by

Dom(—A) = Cg([0,1]),
d2

da?’

A= —

where C2([0,1]) denotes the space of twice continuously differentiable functions on (0, 1)
which are continuous in [0,1] and which vanish at the boundary. It is well known
that its normalized eigenfunctions are given by e, (r) = v/2sin(mnz) with corresponding
eigenvalues \, = (mn)? for every n € N | moreover, {e, }nen forms an orthonormal basis
of L*([0,1]).

For any nonnegative real number k denote by H; the Hilbert space obtained as the

completion of CZ([0,1]) endowed with the inner product

(.9 = (f,(=A)*q) ,

where (,) stands for the inner product in L*([0, 1]). We have from the spectral theorem

for self-adjoint operators that

Hy, = {f € L*([0,1)) ankfen < oo}, (1.5.1)
and .
(frhe =Y (@)™ (f,en) (g, €n) - (1.5.2)

This is valid also for negative k. In fact, if we denote the topological dual of H; by H_

we have

H_, = {f € D'([0,1)) Zn 2 fe,)? < 00} . (1.5.3)

The H_j-inner product between the distributions f and g can be written as

[e.9]

(fr9)-k =Y _(mn) " f(en)glen) , (1.5.4)

n=1
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Denote by Qp the probability measure on C([0,7T],H_x) induced by the energy
fluctuation field YV and the Markov process {p"(¢),t > 0} defined in Section 1.1,
starting from the equilibrium probability measure Vév . For notational convenience, we
omit the dependence of k in Q.

We are now ready to state the main result of this section, which proof is divided in

lemmas.
Theorem 6. The sequence {Qny}n>1 is tight in C([0,T], H_y) for k>3 .

In order to establish the tightness of the sequence {Qn }n>1 of probability measures
on C([0,T], H_x), it suffices to check the following two conditions (c.f. [KL] p.299),

lim limsupP,, [ sup ||[YN||.x > A| =0, (1.5.5)
0<t<T

A—o00 Nooo

lim limsup P, [w(YN,5) >el =0, (1.5.6)

=0 Nooo

where the modulus of continuity w(Y,d) is defined by

w(Y,0) = sup ||Y; = Y[l
[t—s|<d
0<s<t<T

Let us recall that for every function H € C?(T) we have
YN(H) = Y5 (H) - 2" (H) = M (H) (1.5.7)
where,

ZN(H) = /O t VN > VyH(@/N)W,apa(s)ds |

ze€Tn

M) = [ o ST U HE N0 (pe(9), pera(s) dBuia(s)
) VN

z€T N

The quadratic variation of the martingale { M (H)};> is given by

N = 5 3 [T H 9Pl pe s

z€T N

We begin by giving the following estimate.
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Lemma 14. There exist a constant B = B(y,T) such that for every function H € C?*(T)
and every N > 1

1 1
E, | su YNH2]<B — H(x/N)? + — VnH(z/N)?S .
| s, 0] < {NZ (VP 7 3 (Talle/)
Proof. From the definition of the fluctuation field it is clear that
1
E, [(YN(H))?] = 2 — H(x/N)? 1.5.
vy [(Yo" (H))?] yN;; (x/N)~, (1.5.8)
€T N

and by Doob’s inequality together with the fact that a(-,-) < C' we have

E,, {sup (MmN (H))?] < C’Ty”‘% > (VnH(z/N)). (1.5.9)

Ost<T z€TN

From Proposition 1 of Section 1.4 and the variational formula given in (1.3.6) we obtain

E,, {sup (ZtN(H))ﬂ < # sup {<2 Z VNH(x/N)Wx,z+1g>Vy + (9,£9>yy} -

0<t<T geD(L) T

After integration by parts, the first term in the expression into braces can be written as

_2< Z VNH(x/N>a(pzapx+1)pxpac+1Xx,x+1(g)>l,y )

zeTn
which by Schwartz inequality is bounded above by

1

2( Z (VNH(ﬁ/N))za(px,pz+1)PiP§+1>yy + §< Z G(anpx+1)(Xx,z+1(g)>2>yy :

(DETN ZEGTN

Thus,
B, | s (Z000)] < as7Cy'S S (Outa/N)

0st<T z€Ty

Corollary 4. Condition (1.5.5) is valid for k > 3.
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Proof. From (1.5.4) and Lemma 14 we obtain

limsupE,, | sup [|[Y,V||%, Z ) **limsupE,, [ sup Y;N(en)g]
N—o0 0<t<T n—1 N—o00 0<t<T
< B (wn) (1 + (wn)?) .
n=1
The proof is then concluded by using Chebychev’s inequality. O

In view of (1.5.4) and Lemma 14 we reduce the problem of equicontinuity as follows.

[e.9]

limsupE, [w(Y™,6)] <3 () FlimsupE,, | sup (V¥ (en) = V¥ (en))?
N—oo ' —1 N—oo ' [t—s|<d
0<s<t<T

< 42 ™) *limsupE,, | sup (¥;"(en))?
N—o0 [t—s|<d
0<s<t<T

i K1+ (7n)?) .

n=1

Therefore, the series appearing in the first line of the above expression is uniformly

convergent in ¢ if k > % Thus, in order to verify condition (1.5.6) it is enough to prove

limlimsupE,, | sup (YN (en) = YN (en))?| =0,
0—0 N—ooo [t—s|<d
0<s<t<T

for every n > 1.
We analyze separately the terms corresponding to MY and ZV (see 1.5.7). In next

lemma we state a global estimate for the martingale part.

Lemma 15. For every function H and every m € N, there exists a constant C' depending

only on m such that
1 T (2 "
N m mym
E,y[ |MY(H)[*™ ] < Cy*™t {N > [VnH(S)] } :

Proof. Denote the continuous martingale M (H) by M,, and let C,, be a constant
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depending only on m which can change from line to line.

Using the explicit expression for the martingale and applying Ito’s formula we have
d(Mt)Qm = 2m(Mt)2m_1th + m(2m - ].)(Mt)2m_2Qtdt,

where,

1 T
Qe = N Z |VNH(N)|QG(]%,pz+1)p92cp§+1 .

Z‘GTN

Explicit calculations lead us to

E,p[(Q)"] < Cry™ {% > |VNH<%)|2} :

z€T N

thus, by stationarity and applying Holder inequality for space and time we obtain

2m—2

Eug,v[(Mt)?m]ngy?té% > \VNH(%)P </0 Eyév[(Ms)Qm]ds> " (1.5.10)

zeTn

1

In terms of the function f(t) = (fot E,,év[(Ms)2m]d8> " inequality (1.5.10) reads

T

/ a1
) < Gyt 3 [VaH(D)[

ze€Tn

and integrating we obtain
11 X 2
ft) < Cmy2t1+mﬁ > VNH(S)|

The proof ends by using the last line to estimate the right hand side of (1.5.10). O

In order to pass from this global estimate to a local estimate, we will use the Garcia’s

inequality.

Lemma 16. (Garcia-Rodemich-Rumsey) (cf [SV] p.47) Let p,¢ : [0,00] — R contin-
uous, strictly increasing functions such that p(0) = ¥ (0) = 0 and lim;_ P(t) = oo.
Given ¢ € C([0,T); R?) such that

/OT/OTw (%) dsdt < B < o0,
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- ool <s [ o (42) waw,

for0<s<t<T.
Lemma 17. For every function H € C*(T),
limlimsupE,, | sup (]\415\[(1'-1)—MSN(H))2 =0.

=0 Nooco [t—s|<d
0<s<t<T

Proof. Taking p(u) = y/u and 9¥(u) = u® in Lemma 16 we get
[6(t) = ¢(s)] < CBY[t — 5|,

where,

[T =0l
B_/O/O T dsdt . (1.5.11)

Taking ¢(t) = M} (H) we obtain

1

By sup [MYF ()~ ME ()] < Cy0 T2 = 3 (VH(a/N))?,
o'i_ilffT z€TN

which implies the desired result.
Observe that the integral in (1.5.11) is finite, which permits to apply Lemma 16. In
fact, as a consequence of Lemma 15 and Kolmogorov-Centsov theorem, we have a-Holder

continuity of paths for a € [0, 3). O
The proof of Theorem 6 will be concluded by proving the following lemma.

Lemma 18. For every function H € C*(T),
limlimsupE,, | sup (ZY(H)-— ZéV(H))2 =0

=0 Nooo [t—s|<d
0<s<t<T
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Proof. Recall that the expectation appearing above is by definition

E,, | sup (/t\/ﬁ Z VNH(x/N)Wx,xH(S)ds) : (1.5.12)

[t—s|<d
0<s<t<T z€TN

Now we take advantage of the decomposition obtained for the current in the preceding
sections, which allows to study separately the diffusive part of the current and the
part coming from a fluctuation term. For this we add and subtract a(y)[p2,, — p2] +
Ln(T"Fy(p)) from W, 41, obtaining that (1.5.12) is bounded above by 3 times the

sum of the following terms,

4., | sup ( /0 VN Y VNH(@/N) Wi (s) = aly) iy, — p] —EN(T””Fk(p))]dé’)

0st<T 2€Ty

(y)’E,, | sup < /tWZvNHu/N)[piﬂ—pi]ds) ,

[t—s|<0
0<s<t<T v€TN

. 2
E,, S ( / VN> VNH(x/N)EN(Tka(p))dS>
o<s<t<T N z€TN
The first term tends to zero as k tends to infinity after N. In fact, this is the content of
the Boltzmann-Gibbs Principle proved in Section 1.4.
Performing a sum by parts and using Schwartz inequality together with the station-

arity, we can see that the second term is bounded above by

i(y)*TE,, (%N > ANH<x/N>pi>

.Z’ETN

We can replace in the last line p2 by [p2 — y?] (because of periodicity), obtaining that

the expression is bounded above by

3y4d(y)25T% S (AwH(z/N))?

zeTn

For the third term we add and subtract M3 (H*) — M 5, (H®) to the integral, where
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M3, (H") is the martingale defined after equation (1.2.2). In that way we obtain that

this term is bounded above by 2 times the sum of the following two terms,

E,

Yy

. ) 2
sup. (MR p(H") = M3 o(H*)"|
oI

. 2

4E,, | sup | MZ p (H') + / VN ) VyH(x/N)Ly (7" Fi(p))ds
Ost<T 7 0 z€Ty

Since the functions F}, are local and belong to the Schwartz space, we can handle the

first term in the same way as we did with M} (H) in Lemma 15 and Lemma 17 . The

second term tends to zero as N goes to infinity, as stated in Lemma 1. O






Chapter 2

Technical Results

2.1 Some Geometrical Considerations

The aim of this section is to establish conditions over a given set of functions &; ;41 :
R"*! — R for 1 <i <n , which ensure the existence of a function ¢ : R**!' — R
satisfying

Xiit1(9) =&iix1 for 1 <i<n, (2.1.1)

where X, , = py0p, — P20y,

Observe that the vector fields X; ; act on spheres. In fact, we are interested in solving
(2.1.1) over spheres. The results obtained in this section will be used in the proof of
Theorem 8 in Section 2.3.

Let us remark that for 1 <i < 7 < n we have

Xijyr if 1+ 1=y,

(X1, Xj ] = - . (2.1.2)
if i+ 147,

where [, ] stands for the Lie bracket. Thus, the existence of such a function g : R"*! — R

satisfying (2.1.1) give us some necessary conditions over the family {; ;11}, namely

Xiiv1(&gr) = Xjju1 (i) of i+1#7, (2.1.3)
Pi+1Xj,j+1(5i,i+1) —pi+1Xi,i+1(5j,j+1) = pjr1&iir1 + Pijjt1 (2.1.4)

for1 <i<j<n.

We state the main result of this section.

57
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Theorem 7. Let &1 : R™™ — R for 1 <i<n be a a set of functions satisfying
conditions (2.1.3) and (2.1.4). Then, for everyr > 0 there exists a function g, : S™(r) —
R such that

Xiiv1(g9r) = &g on S"(r) .

The approach we adopt to prove this result consist in defining over each sphere S™ ()
an ad hoc differential 1-form w,. Conditions (2.1.3) and (2.1.4) will imply the closeness
of w,, which in view of Proposition 3 below implies the existence of the desired g,.

Now we state two well known results in differential geometry.

Proposition 2. Let w be a 1-form on a differentiable manifold M, and X,Y differential
vector fields on M, then

dw(X,Y) = Xw(Y) - Yw(X) —w([X,Y]),

where [ ,| denote the Lie bracket.

Proposition 3. Every closed differential 1-form on a n-dimensional sphere with n > 2

18 exact.

Proof of Theorem 7. Let {Y7,---,Y,} be a subset of n vector fields belonging to the Lie
algebra generated by {X;;1}i1<i<n. Consider the subset of the sphere A such that, for
p € A C S™(r) the set of vectors 8, = {Yi(p),---,Y,(p)} form a basis for the tangent
space T,5"(r), with associated dual basis denoted by 3 = {dY1,--- ,dY,}.

Define on A C S"(r) the following differential 1-form

w=)Y & dYi.
k=1

Here & is the corresponding component in terms of {&; ;+1}1<i<n. For instance, if Y, =
Xi,2 then § = & 2, or if Yy, = [X1,27X2,3] then & = X1,2(§2,3) - X273(§1,2)-

It follows from (2.1.2) that the Lie algebra generated by the vector fields { X, ;+1}1<i<n
is of maximal dimension over each sphere. Thus, varying over all the subsets of size n
of the Lie algebra, the sets A form a covering of the whole sphere. Moreover, any two
differential forms defined in this way will coincide in their common domain of definition.
This induces a differential 1-form w, well defined on the whole sphere S™(r).

In order to prove closeness of the differential 1-form w, , it suffices to prove closeness

of each of the differential forms given above, which is reduce to prove dw(Y;,Y;) = 0
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for 4,5 € {1,--- ,n}. The proof of this fact follows from conditions (2.1.3), (2.1.4) and
Proposition 2. 0

2.2 Spectral Gap

We investigate in this section the spectral gap for the dynamics induced by the infinites-

imal generator given by

N-1

1 Z Xewt1]0(Pe; Pos1) Xowi1 ()] (2.2.1)
=1

LN(f):§

with associate Dirichlet form defined as

DN(f) = % Z_ /RN a(pxap:}c+1)[X:Jc,x+1(f)]2(I)Ndp, (222)

2

where @y (p) = [, e\;%'

The idea will be to relate our model with a similar one, known as the Kac’s model,

whose spectral gap is already known. Specifically, we find a relation between their
Dirichlet forms and use it to obtain the desired spectral gap estimate for our model.

The generator of the Kac’s model is defined for continuous functions as

Si-gy 3 g | U - . (223

1<i<j<N

where sz represents a clockwise rotation of angle # on the plane 7, j. It is easy to see
that spheres are invariant under this dynamics.

To this generator is associated the following Dirichlet form

=gy ¥ 5| LU sl @, 2

1<i<j<N

where SM~! is the (N-1)-dimensional sphere of radius r centered at the origin and o,
stands for the uniform measure over this sphere. In order to study the spectral gap is
enough to treat with the unitary sphere, in which case we omit the subindex.

This dynamics was used by Kac as a model for the spatially homogeneous Boltzmann
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equation. A complete description of this model can be founded in [CCL].

Let us state the spectral gap estimate obtained in [J] for the Kac’s model.

Lemma 19 (Janvresse). There exist a constant C' such that for all f € L*(SN~1) we

have

Ea[fuf] < C N QN(f) ;
where E,[f; g] denotes the covariance between f and g with respect to o.

A later work of Carlen (et al) [CCL] gives the exact spectral gap in the preceding
setting and in other models within the so-called Kac’s systems.
Now we proceed to establish the relation between (2.2.2) and (2.2.4). Firstly define,

1

Bust@) = 5 [ U(RL2) = f@)do.

Using the identity %[f(R?’jx) — f(x)] = —Xi;(f)(RY;x) and the Poincaré inequality on

the interval [0, 27| we obtain

B, f(x) < / "X () (RS o))

which implies,

/ B, f(x)do(z) < 2 / Xo(f)Pdo(z)
SNfl

SN-1
Observe that in (2.2.2) just near neighbors interactions are involved, while in (2.2.4)
long range interactions are also considered. This fact demands an additional argument
in order to relate the two Dirichlet forms.
It follows from the definition of B; ; f that

and

/ B; f(z)do(x) < 4/ fA(x)do(z) . (2.2.6)
SN-—-1 SN-—-1

Denote by S; ; the exchange of coordinates 7, j, and observe that
Biivk = Sit1,i4k Biit1 Siv1j+k -

Since the measure o is invariant under exchange of coordinates, we have that |, gv—1 Biiprf(r)do(r)



2.2. SPECTRAL GAP 61

is equal to
/ Biiv1Sivrirnf(x)do(x) .
SN-1

Adding and subtracting B; ;41 f(x) we can conclude after (2.2.5) and (2.2.6) that the

expression in the last line is bounded above by
2 [ Buaf@io@)+8 [ (S (@) - f@)Pdola)
SgN—1 gN—-1
A telescopic argument permits to bound the second term in the last line by
k—2
1663 [ [Susseaf(@) = fa) o).
j=1 75"

which in turns is bounded from above by

k—2
64kZ/N ) Bl'+j,i+j+1f(£lf)d0'(l') .
=175
The last line is an immediate consequence of the inequality

/SNI[Si,jf<x) - f(lL')]2dO'(:C) < 4/ Bm‘f(l‘)da(l') , (2.2.7)

SgN-1

which can be verified by adding and subtracting - OQW[ J(RY;x)]df into the square ap-
pearing in the left hand side of (2.2.7), and then using the invariance under rotations of

the measure o. Putting all together we finally obtain

k—2
/ Bl7l+kf($)d0'(l‘) S 64k E / Bi+j7i+j+1f(l’)d0'(£lf) . (228)
sN—1 —0s -1

Now we state the main result of this section, which follows from the preceding inequality,

Lemma 19, and the next well known formula

[ rwdn= [T ([ swaete)) ey,

where wy denotes the surface area of SN1.

Lemma 20. There exists a positive constant C' such that, for every f € L*(RY) satis-
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fying for all r > 0,
/ fdo =0,
SNfl(T)

we have

N-—1
Poydp < ON*Y / (X s () Brp
RN — Jrv

2.3 The Space H,

The aim of this section is to define the space H, and prove the characterization that
was used in the proof of Theorem 5. Let us begin by introducing some notation.

Let Q@ = RZ and p = (--- ,p_1,p0,P1, ) a typical element of this set. Define
for ¢ € Z the shift operator 7 : Q@ — Q by 7'(p); = pjyi , and 7' f(p) = f(7'p) for
any function f :QQ — R. We will consider the product measure v, on 2 given by
dvy, =117, %ﬁg)dp.

Let us define A = Ug>1.Ag, where A; is the space of smooth functions F' depending

on 2k + 1 variables. Given F' € A;, we can consider the formal sum

o

F(p)=Y_ 7F(p), (2.3.1)

j=—o0

and for 7 € Z the well defined

OF 0

i—k<j<i+k "
The formal invariance F(7(p)) = F(p) lead us to the precise covariance

5B = 5 (7). 2:32)

Recall that X;; = p;0,, — pi0,,. Given F' € A and i € Z, Xi’iﬂ(]?) is well defined and

satisfies

Xi,i+1(ﬁ)(p) = TiXo,l(F)(m .

Finally we define the following set

B, = {Xo1(F) € L*(v,) : F € A}.
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In terms of the notation introduced above, the variational formula obtained in (1.3.13)

for the diffusion coefficient can be written as

(y) = ?/_4 giensfy E,, [a(po, p1)(pop1 + 5)2] . (2.3.3)

Q>

As is well known, if we denote by H,, the closure of B, in L*(v,), then

ay) =y~ inf B, lalpo,pr)(pop + )7

and the infimum will be attained at a unique £ € H,,.
At the end of the proof of Theorem 5 we used an intrinsic characterization of the
space H,. In order to obtain such a characterization, we can first observe that defining

€ = Xo1(F) for F € A, the following properties are satisfied:
i) By, [¢] =0,
it) Ey,[pop1€] =0,
iii) Xiin(776) = Xy (7€) if {i,i+1}n{j,j+1} =10,
W) Piv1[Xiv1,i42(7°€) — X i1 (T7E)] = piam€ — pir'TIE for i € Z.
Now we can claim the desired characterization.

Theorem 8. If £ € L?(v,) satisfies conditions i) to i) (the last two in a weak sense)
then £ € H,.

The proof of Theorem 8 relies on the results obtained in Section 2.1 and Section 2.2.
Additionally the introduction of a cut off function is required in order to control large

energies.

Proof. The goal is to find a sequence (Fy)n>1 in A, such that the sequence { Xy ; (E/V)}Nzl
converges to ¢ in L?(v,). As is well known, the strong and the weak closure of a sub-
space of a Banach space coincide, therefore it will be enough to show that { X, (EV)} N>1
converges weakly to & in L?(v,).

Firstly observe that for any smooth function F'(p_y, - -, px) we can rewrite XOJ(f ),

by using (2.3.2), as

ki Xiir1(F)(7'p) + (Pk+1§?F) (77%p) — (p—k—la

P—k

) (7" 1p) . (2.3.4)
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Roughly speaking, the idea is to use the criteria obtained in section 2.1 to integrate the
system (2.1.1) in order to find a function F' such that £ is approximated by the sum in
the first term of (2.3.4), and then to control the border terms.

We define
1 2N
(2N) _ 2N 2
Giir1 = Bu, [Giir1[32on ] (4]\7 1 i:ZQsz) ; (2.3.5)

where & ;11(p) = 1:€(p), FVy is the sub o-field of Q generated by {p_n, -+ ,pn} and ¢

is a nonnegative smooth function with compact support such that p(y?) = 1.

y2

We introduce this cutoff in order to do uniform bounds later.
Since v, is a product measure and the part corresponding to ¢ is radial, the set
of functions {5&1?}_21\;@@“9]\; even satisfy conditions iii) and iv). Therefore, after

Theorem 7 the system

Xiin(g™) = €3, for —2N <i<i+1<2N (2.3.6)

can be integrated. Since E,, (g™ |p? .y + -+ + p3] is radial and the integration was
performed over spheres, g*) = g®N) —E,, [¢@®M|p2, +---+p] is still a solution of the
system (2.3.6). Therefore, without lost of generality, we can suppose that E,, [g(N p?on+
<+ p2y = y?] = 0 for every y € RT. This will be useful when applying the spectral gap
estimate.

In order to construct the desired sequence firstly define

1
0 = B s ™R
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and,
3N/4
@\N(P77N/4> ,p7N/4 Z 9 (N-k)
k N/2

Using (2.3.4) for ¢g®Y'*) and averaging over k we obtain that

1(2 T@N) ey I B T Ry - B,

j=—o00

where,
—_ —_—
3N/4  N+k
1 ; (2N)  (N+k) Ntk
Iy = Z Z 7 'E,, pN+k+1p N—k— 1(§“+1 §iiv1 )e(r —2N2N)|3 } )
k=N/2
— —_—
3N/4 N+k

Iy = Z Z T*i{(ff,ﬁk) —&ii1)Ey, [p?v+k+1p2_N—k—1<P(7“32N,2N)|3]—foﬁk}} )
k=N/2 i=—N—k

—_— -

3N/4 N+k

Iy = Z Z 5 _Z]El,y pN+k+1p N—k— 1(%0(7"321\{,21\7) )|3N+k ],

k=N/2
IN/A 5

Ry = Z TﬁN*k{pNHcHa gy
=N /2 PN+k

—

3N/4

0
Ry = Z TN+k+1{p—N—k—1a g™}
=N /2 P-N—k

Here ZiNf\? 2 = Ni 7l ZiNf\? /o» that is, the hat over the sum symbol means that this sum
is in fact an average. The notation 72,y ,y is just an abbreviation for ; YA =} 217—2 ~ D7
The proof of the theorem will be concluded in the following way. In Lemma 21 the
convergence in L*(v,) to zero of the middle terms I, I3, I3, is demonstrated. We stress
the fact that weak convergence to zero of each border term is false. However, weak
convergence to zero of the sequence { R\ — R% }n>1 is true, as ensured by Lemmas 22,

23 and 24.
{ XO,l ( E TJAN>} ,
Jj=—00 N>1

Therefore
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is weakly convergent to &. O

Before entering in the proof of the lemmas, let us state two remarks.

Remark 2. We know that E,, (€018 y] LN o1, 1.e given € > 0 there exist Ny € N such
that

E,,[|€,1 — ééfY)F] <e if N>N.

Moreover, by translation invariance we have
By, 61 — &30P S e if [=No—i, No+i] S [=N,N].

Proof. Given A € SJ_VK,Z_z we have

J et = [ éﬂﬂﬁMWFj/qme@MﬁM

/&m p))v,(dp) = /®1%@»

Since in addition we have &' ZJrl( 771 € V5", then

8 (7 = E,, [601 |3V

and therefore,

E,, [ — €802 =B, [l60n — X (77D < By, [€o1 — &)

Remark 3. A strong law of large numbers is satisfied for (p?)icz. In fact we have

Lemma 21 (Middle terms). Fori = 1,2,3 we have

lim E, [(I§)*]=0.

N—oo

Proof. The convergence to zero as N tends to infinity of I}, and I3 in L*(v,) follows

directly from Schwartz inequality, Remark 2 and the fact that ¢ is a bounded function.
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Using exchange symmetry of the measure, I3 can be rewritten as

i Wk vk
Z Z uy[ZP?VJFHJ-PQ_N_,C_j(cp(r%N’QN) — 1)|31j14\r[13k] (T—zp) ’
k=N/2 i=—N—k j=1

and then we decompose it as Ji + y*J%, where

—_— o~

3N/ N4k N—k

) D D B[ Apinsinoney — ¥ He0 anon) = DIFREI( D),

k=N/2 i=—N—k j=1

and,

—

—_—
3N/4 N+k

) Z Z E,, [80(7“321\7,21\7) - 1‘31_%516](7'%17)-

k=N/2 i=—N—k
Firstly observe that

—

—_—
3N/4 N+k

“]NP < ’5 ’2 Z Z EVy

k=N/2 i=—N—k

N—k
> AXinaP nny — '
j=1

Being the expectation in the last expression bounded by = 27, We obtain

32y
— €Iz, -

152w,y <

On the other hand, writing explicitly the conditional expectation appearing in J% we
see that

172(0)? < [€)]? 3§N/4j kaj /|90 }j ¢+ N p2a) =1y (dp)
NP 4N+1 , IU4N +1 , i v '
k=N/2 i=—N—k li|<N+k

Rewrite the integral into last expression as

/\90(4N1+1 > (q?—y2)+4N1+1 ST @A) +v?) — 1y, (dp) .

1>N+k lj|<N+k

Using the fact that ¢ is a Lipschitz positive function bounded from above by 1 and
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satisfying ¢(y?) = 1, we get that |J%|? is bounded by

3/N/\4 N4k 1

2 2 2 2 2112
PEY. S i [l X @t ey X G- P,
k=N/2 i=—N—k |5]>N+k li|<N+k

where a A b denote the minimum of {a, b}.
Therefore, taking expectation and using the strong law of large numbers together
with the dominated convergence theorem, the convergence to zero as N tends to infinity

of I3, in L*(v,) is proved. O

Lemma 22 (Bounding border terms). The sequences {R}n>1 are bounded in
L*(v,) fori=1,2.

Proof. Recall that

SN/1
1 0
Rl — —N—-k El/ 2 2 (2N) |=N+k )
N Z 2(N + k)T {Pvsri y[p—N—k—le+k+1—apN+kg 1SNkl
k=N/2
Using the fact that Xnix Nik+1 = DN+kt1 Tonir PNtk 8PN?LIC+17 we can rewrite last
line as the sum of the following two terms.
N1 .
Z PR VST { NSERRI DV VR ONSVNED, VS SRNRT Al kR )
2(N + k)
k=N/2
and
3/]V/\4 1 0
~N—k 2 (2N) | gN+k
rYavanany PN+kPN+k+1Eu, P2 N1 PNtkt1 55— So N .
k%gz(N—i_k) {pnrepNrk1 By, P2 N1 DN+ +13p1v+k+1 )| ot

By Schwartz inequality and (2.3.6) we can see that the L?(1,) norm of the first term
is bounded by %H& ||22(v,). After integration by parts, the second term can be written

as

—

3N/4 ]

—N—k 2 9 ) . Nk
k—X:N/QWT {pN+kpN+k+1]Eyy PZ N1 (PNhs1 — Y )g( )|S—JJ\;4€]} . (2.3.7)
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Denote by oN**1 the interchange of coordinates p; and pyiri1. Using exchange
invariance of the measure, we can see that the conditional expectation appearing in last
expression is equal to

(2N) o O'j’N+k+1)’S‘J_V]J\?]ik} ’

EVy[p N—k— 1(17 -y )(9

for =N+ k+1,---,2N. This permits to introduce a telescopic sum which will serve

later to obtain an extra % in order to use a spectral gap estimate. Indeed, we decompose

(2.3.7) as the sum of the following two terms.

aN/4 . —
Z (N + k) QT_N_kEVy[pzN—kfl Z (P? y¥*)g 2N)|3N+k K (2.3.8)
k=N/2 Y j=N-+k+1
and
wa i
> s Bl 2 0=y oot ).
k=N/2 y j=N+k+1

(2.3.9)
By Schwartz inequality, the square of the conditional expectations appearing in last

expressions are respectively bounded by
—1,12 2N N+k
CNT'YE,, [(9™)* 525"

and

—

2N
Cy°E, [ Z (g 0 g NHkHL _ N2 ENLE ]
j=N-+k+1
for a universal constant C.
Therefore, again by Schwartz inequality, we can see that the L?*(v,) norms of (2.3.8)

and (2.3.9) are respectively bounded by

—

3N/4

— B, [( D pavn) (6®V)7 (2.3.10)
k=N/2

Oylo
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and,
O 3N/4 ToN
y TR ) Y (0P o ghNH gV (2.3.11)
k=N/2 j=3N/2+1

Observe that ZiNJ/\? /2p N4, can be uniformly estimated because of the cutoff introduced
n (2.3.5).
Using the spectral gap estimate obtained in Section 2.2 we can bound (2.3.10) by a

constant, and thanks to the basic inequality
E,, (9" 0 a?*! — gBN)2] < CR,, [(X;55:19%7)?]

we can see after telescoping, that (2.3.11) is also uniformly bounded. O]

Lemma 23 (Characterization of weak limits). Fvery weak limit function of the

sequence { R\, — R} n>1 1s of the form cpopy for some constant c.

Proof. Let us firstly consider the sequence { R} y>1. In Lemma 22 we obtain a decom-
position of R} as the sum of two terms, one of which converges to zero in L?(v,). The

other term, namely (2.3.7), is equal to pop1hk (po, -+ , P—7n/2) Where

BN/L
1
1 _ ~N—k 2 2 2N) g Ntk
hy = k_Z:N/22(N+k)y2T By, (02 5ot (DPen — 62V [FYEE) (2.3.12)

It was also proved that {pop1h}y }n>1 is bounded in L*(1,), therefore it contains a weakly
convergent subsequence, say {popih\:}n. By similar arguments as in the proof of
Lemma 22, we can conclude that {h}}x>; is bounded in L*(v,), therefore {hk,}n
contains a weakly convergent subsequence, whose limit will be denoted by h'.
Applying the operator X, ;1 in the two sides of (2.3.12) and using Schwartz inequal-

ity, is easy to see that

Q

| Xiis1hynll20,) < N\|§||L2(uy) for  {i,i+1}y € {0,-1,-2,---},

which implies that X, ;1" =0 for {i,i+1} C {0,—1,—2,---}. This, together with the

fact that the function h! just depends on {pg,p_1,p_2,- - }, permits to conclude that h'

is a constant function, let’s say c. Therefore {popihk, }n+ converges weakly to cpgp;.
This proves that for every weakly convergent subsequence of { RY}y>; there exists

a constant ¢ such that the limit is cpgp;. Exactly the same can be said about { R }n>1-
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Finally suppose that { Ry, — R4, }nv>1 is a subsequence converging weakly to a func-
tion f. The boundness of {R},}x>1 and {R3,}n>1 implies the existence of further
subsequences { R}, }nv>1 and {R3 }nv>1 converging weakly to c¢ipop; and copopy, re-

spectively. Therefore, by unicity of the limit, we have f = (¢; — ¢2)pop1- ]

Lemma 24 (Convergence to zero). The sequence { R\, — R }n>1 converges weakly

to zero.

Proof. In view of the boundness of { R}, } n>1 and { R} n/>1, it is enough to prove that
every weak limit of the sequence { R} — R% }y>1 is equal to zero.

At the end of the proof of Lemma 23 we see that every weak limit of { R}, — R }n>1
is of the form (¢; — ¢2)pop1, where ¢; and ¢y are constants for which there exist further
subsequences { R}, }n>1 and {R%,}n>1 converging weakly to c¢;pop; and copops, respec-
tively.

On the other hand, recall that

Xos ( > TJ?N> — oy Iy B4y Yy Ry — RS
Jj=—00

Let us multiply the two sides of the last equality by the function pop; € L*(v,), and

take expectation with respect to v,. Thanks to the orthogonality condition ii), namely

E,, [pop1&] = 0, we have
0 = y74Euy [pop1(In: + Inp + I3)] + y’4E,,y [pop1 (R — Ray)).

Finally, taking the limit as N’ tends to infinity we obtain that 0 = ¢; — cs. [

2.4 Equivalence of Ensembles

The classical result (usually attributed to Poincaré) of equivalence of ensembles in which
we are interested, states that the first K coordinates of a point uniformly distributed
over the N-dimensional sphere centered at the origin, are independent standard Gaussian
variables in the limit as N increase to infinity.

In [DF] they get a sharp bound for the total variation distance (essentially 2K/N)
between this marginal and the law of K independent standard Gaussian variables. This
permits to compare expectations of bounded functions with respect to these two mea-

sures.
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In this work we need to consider equivalence of ensembles for unbounded functions.
The same is required in [BBO] where, by means of a modification on the arguments in

[DF], a proof of the following statement is given.

Lemma 25. Let vy, 5 be the uniform measure on the sphere

SNY(yvVN) ={(p1,- - ,px) RV : Zp? = Ny*},

and v,° the infinite product of Gaussian measures with mean zero and variance y?. Given

a function ¢ on RX, such that for some positive constants 0 and C

K 0
=1

there exist a constant C' = C'(C, 0, K, y) such that

limsup N |E,, [8] — Eue [gb]) <c.

N—oo
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