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Resumo de Tese de Doutorado

Continuidade dos expoentes de Lyapunov para 2D-matrizes aleatérias

Carlos Bocker Neto

Orientador: Marcelo Viana

Data da defesa: 14 de dezembro de 2009

Palavras chaves: continuidade dos expoentes de Lyapunov, su-estados, medidas estacionarias.

Resumo: A variacao dos expoentes de Lyapunov é o tema central da tese. Como re-
sultado principal nés mostramos que os expoentes de Lyapunov de cociclos 2-dimensionais
dependendo somente de uma coordenada sobre shifts de Bernoulli dependem continuamente
do cociclo e da probabilidade invariante.
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Abstract

The Lyapunov exponents of zero range GL(2, C)-cocycles over Bernoulli shifts depend con-
tinuously on the cocycle and on the invariant probability.

Resumo

Os expoentes de Lyapunov de cociclos GL(2,C) dependendo somente de uma coordenada
sobre shifts de Bernoulli dependem continuamente do cociclo e da probabilidade invariante.



Chapter 1

Introduction

Let Ay, ..., Ay, be invertible 2 x 2 matrices and let py, ..., p,, be (strictly) positive numbers
with p; + -+ + p,, = 1. Consider

L" =L, y---L1Ly, n=>1,

where the L; are independent random variables with identical probability distributions, given
by

probability({L; = A;}) =p, forallj>0andi=1,...,m.
It is a classical fact, going back to Furstenberg, Kesten [15], that there exist numbers A\,
and A_ such that

1 1
lim —log||[L"| = Ay and lim —log||(L™)7!|~' = A_ (1.1)
n—oo N n—oo M

almost surely. The results in this paper imply that these extremal Lyapunov exponents
always vary continuously with the choice of the matrices and the probability weights:

Theorem A. The extremal Lyapunov exponents . and A_ depend continuously on (Aj,
ey Ay D1, o Pm) at all points.

This conclusion holds in much more generality. Indeed, we may take the probability
distribution of the random variables L; to be any probability measure v on GL(2,C) with
compact support. Let Ay (v) and A_(v), respectively, denote the values of the (almost certain)
limits in (1.1). Then we have:

Theorem B. For every € > 0 there exists 6 > 0 and a weak® neighborhood V' of v in the
space of probability measures on GL(2,C) such that |A+(v)— AL (V)| < € for every probability
measure V' € V whose support is contained in the d-neighborhood of the support of v.

The situation in Theorem A corresponds to the special case when the measures have
finite supports:

V=pi6a, + -+ Pmla, and V' =pida, 4+ +p0a

/

Clearly, the support of v/ is Hausdorff close to the support of v if A., p! are close to A;, p;
for all 7. In this regard, recall that we assume that all p; > 0: the conclusion of Theorem A
may fail if this condition is removed, as we will see in Remark 7.1.5.



Chapter 2

Continuity of Lyapunov exponents

In this chapter we put the previous results in a broader context and give a convenient
translation of Theorem B to the theory of linear cocycles.

2.1 Linear cocycles

Let m : ¥V — M be a finite-dimensional (real or complex) vector bundle and F' : V — V be
a linear cocycle over some measurable transformation f : M — M. By this we mean that
mo F' = fom and the actions F, : V, — Vy(,) on the fibers are linear isomorphisms. Take
VY to be endowed with some measurable Riemannian metric, that is, an Hermitian product
on each fiber depending measurably on the base point. Let pu be an f-invariant probability
measure on M such that

log [|(F,)*[| € L' (n).

Then it follows from the sub-additive ergodic theorem (Kingman [24]) that the numbers
A (F ) = T og [F7| and A~ (Fya) = lim ~log |[(F2) ™~
+(Fro) = lim Slog |l and - A-(Fyz) = lim 7 log||(F)

are well-defined p-almost everywhere.
The theorem of Oseledets [30] provides a more detailed statement. Namely, at p-almost
every point x € M, there exist numbers

M(F,x) > > Ay (F, )
and a filtration
Ve, =El>E2>...> EF® 5 [0} = EF@H (2.1)
such that F,(E7) = E;(I) and

1 . L
lim —log ||[EX(v)]| = A\j(F,z) for allv € B\ EIT.

n—oo 1,



When f is invertible one can say more: there exists a splitting
V,=Er0E2® -0 EM® (2.2)

such that F,(E7) = E;(m) and

1
lim —log [ £} (v)]|

n—=+oo N

\;(F,z) forallve EZ\ {0}

The number k(z) > 1 and the Lyapunov exponents X](F ,-) are measurable functions of the
point x, with X )
M(F,x) =M (Fyx) and Ay (Fox) = A_(F, z),

and they are constant on the orbits of f. In particular, they are constant p-almost everywhere
if u is ergodic.

2.2 Continuity problem

Next, let A\j(F,z) > --- > M\g(F,z) be the list of all Lyapunov exponents, where each is

counted according to its multiplicity m;(z) = dim £J — dim EJ*! (= dim EJ in the invertible
case). Of course, d = dimension of V. The average Lyapunov exponents of F' are defined by

Ni(F,p) = /)\i(F, Jdp, fori=1,...,d.
The results in this paper are motivated by the following basic question:
Problem 2.2.1. What are the continuity points of
(F,p) = (A(Fp), - Aa(Fo ) 7
It is well known that the sum of the k largest Lyapunov exponents (any 1 < k < d)
Fro M(F ) + -+ A(Fop)

is always upper semi-continuous relative to the L*>*-norm in the space of cocycles. Indeed,
this is an easy consequence of the identity

.. 1
M(F.p) 4 M(Fo) = it [ log (D) du(z) 23)

where A* denotes the kth exterior power. Similarly, the sum of the k& smallest Lyapunov
exponents is always lower semi-continuous. However, Lyapunov exponents are, usually, dis-
continuous functions of the data. A number of results, both positive and negative, will be
recalled in a while.



2.3 Continuity theorem

Let X be a polish space, that is, a separable completely metrizable topological space. Let p
be a probability measure on & and A : X — GL(2,C) be a measurable function such that

log ||A*!|| are bounded. (2.4)
Let f: M — M be the shift map on M and let u = p”. Consider the linear cocycle
FiMxC o MxC, F(x0) = (F(), A (0)),

where xg € X denotes the zeroth coordinate of x € M. In the spaces of cocycles and
probability measures on X we consider the distances defined by, respectively,

d(A,B) = Sup |Ae — Bel| d(p,q) =sup | [ ¢d(p—q)| (2.5)

o<1

where the second sup is over all measurable functions ¢ : X — R with sup |¢| < 1. In the
space of pairs (A, p) we consider the topology determined by the bases of neighborhoods

V(A,p,e, 2) ={(B,q) : d(A, B) <¢, ¢(Z) =1, d(p,q) <¢} (2.6)
where € > 0 and Z is any measurable subset of X with p(Z) = 1.

Theorem C. The extremal Lyapunov exponents Ayx(A,p) = A\L(F, n) depend continuously
on (A,p) at all points.

It is easy to deduce Theorem C from Theorem B: if d(A, B) and d(p,q) are small then
V' = B,qis weak* close to v = A,p and the support of 2/ is contained in a small neighborhood
of the support of v; moreover, Ao (A, p) = Ay(v) and AL (B, q) = Ax(v/). In this way one even
gets a more general version of Theorem C, where X can be any measurable space. In fact,
our presentation goes the other way around: we prove Theorem C directly, in Chapters 3
and 4, and then we deduce Theorem B from it, in Chapter 6.1.

We also get that the Oseledets decomposition depends continuously on the cocycle in
measure. Given B : X — GL(2,C), let Ep, and E} , be the Oseledets subspaces of the
corresponding cocycle at a point x € M (when they exist).

Theorem D. Suppose A\_(A,p) < A (A,p). Then for any sequence A*¥ : X — GL(2,C)
such that d(A*, A) — 0, and for any & > 0,

p({z e M : Z(EY,, o) <€ and (B, B ,) < €}) = L.

A few words are in order on our choice of the topology (2.6). As we are going to see,
the proof of Theorem C splits into two cases, depending on whether the cocycle is almost
irreducible (Chapter 3.1) or diagonal (Chapter 3.2). In the irreducible case, continuity of

5



the Lyapunov exponents was known before ([16], see also [3]) and only requires the weak*
topology. In a nutshell, this is because in the irreducible case

IAG) @),

o]

M) = [ log () d(v) 2.7
for every stationary measure 7. Then one only has to note that the set of stationary measures
varies semi-continuously with the data. The main point in Theorem C is to handle the
diagonal case, where (2.7) breaks down, and that is where we need the full strength of (2.6).

Restricted to the space of pairs (A, p) where A is continuous (and bounded), it suffices
to consider the neater bases of neighborhoods

V(A,p,e) ={(B,q) : d(A,B) < ¢, suppq C suppp, d(p,q) < e} (2.8)

However, this will not be used in the present paper.

2.4 Some previous results

The issue of dependence of Lyapunov exponents on the linear cocycle or the base dynamics
has been addressed by several authors. In a pioneer work, Ruelle [35] proved real-analytic
dependence of the largest exponent on the cocycle, for linear cocycles admitting an invariant
convex cone field. Short afterwards, Furstenberg, Kifer [16, 23] and Hennion [20] studied the
dependence of the largest exponent of i.i.d. random matrices on the probability distribution,
proving continuity with respect to the weak* topology in the essentially irreducible case.
Kifer [23] also observed that discontinuities may occur when the probability vector degen-
erates (cf. Remark 7.1.5 below). Moreover, Johnson [21] found examples of discontinuous
dependence of the exponent on the energy F, for Schrodinger cocycles over quasi-periodic
flows.

For i.i.d. random matrices satisfying strong irreducibility and the contraction property,
Le Page [31, 32] proved local Holder continuous and even smooth dependence of the largest
exponent on the cocycle; the assumptions ensure that the largest exponent is simple (multi-
plicity 1), by work of Guivarc’h, Raugi [19] and Gol’dsheid, Margulis [17]. Le Page’s result
can not be improved: a construction of Halperin quoted by Simon, Taylor [36] shows that
for every a > 0 one can find random Schrodinger cocycles

E-V, —1
()
(the V,, are i.i.d. random variables) near which the exponents fail to be a-Hélder continuous.
For i.i.d. random matrices with finitely many values and, more generally, for locally constant
cocycles over Markov shifts, Peres [33] showed that simple exponents are locally real-analytic
functions of the transition data.

Recently, Bourgain, Jitomirskaya [12, 13] proved continuous dependence of the exponents
on the energy E, for quasi-periodic Schrédinger cocycles that is, with V,, = V(f™(0)) where

6



f is a quasi-periodic translation on a torus. Furthermore, Avila, Viana [3] studied the
continuity of the Lyapunov exponents in the very broad context of smooth cocycles. The
continuity criterium in [3, Section 5| is the starting point for the proof of our Theorem C.

Organization

In Chapter 3 we reduce Theorem C to a key result on stationary measures of nearby cocycles.
This key statement is proved in Chapter 4. In Chapter 6.1 we deduce Theorems B and D.
Finally, in Chapter 7 we describe an example of discontinuity of Lyapunov exponents for
Holder cocycles, and we close with a short list of open problems and conjectures.

Acknowledgements

We are grateful to Artur Avila, Jairo Bochi, and Jiagang Yang for very useful conversations.
Lemma 6.1.1 is due to Artur Avila.

2.5 Continuity versus cocycle regularity

Going back to linear cocycles, the answer to the Continuity Problem is bound to depend on
the class of cocycles under consideration, including its topology. Knill [25, 26] considered L
cocycles with values in SL(2,R) and proved that, as long as the base dynamics is aperiodic,
discontinuities always exist: the set of cocycles with non-zero exponents is never open. This
was refined to the C° case by Bochi [5, 6], partly inspired also by Mainié [29]: an SL(2, R)-
cocycle is a continuity point in the C° topology if and only if it is uniformly hyperbolic or
else the exponents vanish. Most striking, the theorem of Mané-Bochi [6, 29] remains true
restricted to the subset of C° derivative cocycles, that is, of the form F = Df for some C!
area preserving surface diffeomorphism f. These results have been extended to arbitrary
dimension by Bochi, Viana [7, 8]. Let us also note that GL(d, R)-cocycles whose exponents
are all equal form an LP-residual subset, for any p € [1,00), by Arnold, Cong [2], Arbieto,
Bochi [1]. Consequently, they are precisely the continuity points for the Lyapunov exponents
relative to the LP topology.

These results show that discontinuity of Lyapunov exponents is quite common among
cocycles with low regularity. Locally constant cocycles, as we deal with here, sit at the
opposite end of the regularity spectrum, and the results in the present paper show that in
this context continuity does hold at every point. For cocycles with intermediate regularities
the Continuity Problem is very much open. However, our construction in Chapter 7.1 shows
that for any r € (0,00) there exist locally constant cocycles over Bernoulli shifts that are
points of discontinuity for the Lyapunov exponents in the space of all »-Holder cocycles.



Chapter 3

Proof of Theorem C

We start with a simple observation. Let P(X’) be the space of probability measures on X and
let G(X) and S(X) denote the spaces of bounded measurable functions from X to GL(2,C)
and SL(2,C), respectively. Given any A € G(X) let B € S(X) and ¢ : X — C be such
that A, = c,B, for every z € X. Although ¢, = (det A,)"/? and B, are determined up
to sign only, choices can be made consistently in a neighborhood, so that B and ¢ depend
continuously on A. It is also easy to see that the Lyapunov exponents are related by

A+ (A, p) = As(B,p) +/1oglcz\dp(ﬂf)

Thus, since the last term depends continuously on (A, p) relative to the topology defined by
(2.6), continuity of the Lyapunov exponents on S(&') x P(X) yields continuity on the whole
G(X) x P(X). So, we may suppose from the start that A € S(X). Observe also that in this
case one has

A (A p)+ A_(A,p) =0.

From here on the proof has two main steps. First, we reduce the problem to the case
when the matrices are simultaneously diagonalizable:

Proposition 3.0.1. If (A,p) € S(X) x P(X) is a point of discontinuity for A\, then there
is P € SL(2,C) and 6 : X — C\ {0} such that

0, 0
-1 __ T
PAL = < 0 6" )
for all x € Y, where Y C X s a full p-measure set. In particular, A, A, = AyA, for all
T,y €.

Then we rule out the diagonal case as well:

Proposition 3.0.2. Let (A,p) € S(X) x P(X) be such that A is as in the conclusion of
Proposition 3.0.1. Then (A,p) is a point of continuity for A,.

The proofs of these two propositions are given in the next couple of chapters. In view of
the previous observations, they contain the proof of Theorem C.

8



3.1 Reducing to the diagonal case

The proof of Proposition 3.0.1 is a simplified version of ideas of Avila, Viana [3], partly
inspired by Bonatti, Gomez-Mont, Viana [10]. For the sake of completeness, and also because
our setting is not strictly contained in [3], we present the complete arguments. The definitions
and preliminary results apply to functions A with values in GL(d, C), for any d > 2.

The local stable set W _(x) of x € M is the set of all y = (y,)nez such that z,, =y, for
all n > 0. The local unstable set W}*.(x) is defined similarly, considering n < 0 instead. The
projective cocycle associated to A : X — GL(d, C) is defined by

Fy: M xP(CY — M xP(Ch, (x,[v])— (f(x),[A(x)v])

where A(x) = A, for every x € M.

3.1.1 Invariant u-states

Let M(p) denote the set of probability measures in M x P(C?) that project down to .
A disintegration of m € M(p) is a measurable function assigning to each point x € M a
probability my with my({x} x P(C?)) =1 and such that

m(E) = /mx(E) du(x), for every measurable E C M x P(C%).

A disintegration always exists in this setting and it is essentially unique; see Rokhlin [34]
and [9, Appendix C.6].

A probability m € M(p) is a u-state if some disintegration x — my is constant on every
local unstable set, restricted to a full y-measure subset of M. Then the same is true for
every disintegration, by essential uniqueness; moreover, one can choose the disintegration so
that it is constant on local unstable sets on the whole M. If m is an invariant probability
then we say that m is an invariant u-state. The definition of invariant s-states is analogous,
considering local stable sets instead, and the same observations apply.

An su-state is a probability which is both a u-state and an s-state.

Lemma 3.1.1. A probability m € M(p) is an invariant su-state if and only if m = p X n
for some probability measure n on P(C?) invariant under the action of A, for p-almost every
r e X.

Proof. The “if” part is not used in this paper, so we leave the proof to the reader. To prove
the "only if” part notice that, by assumption, m admits disintegrations x — m%, constant on
local unstable sets, and x +— mg, constant on local stable sets. By essential uniqueness, there
exists a full p-measure set X C M such that m}y = m for all x € X. The assumption on p
implies that © = p* x p® where p* is a probability on the set positive one-sided sequences
(xn)n>0 and p® is a probability on the set negative one-sided sequences (x,,)n<o. Fix x € M
such that W} (X) intersects X on a full p“-measure set. Then let n = m%. The local stable
sets through the points of X N W} (x) fill-in a full g-measure subset of M. Thus, n = m$ at

9



p-almost every point and so the constant family x — my = 7 is a disintegration of m. This
means that m = pxn. Finally, the fact that ¢ and m are invariant gives A(x).mx = my(x) at
p-almost every point and that implies (A,).n = n for p-almost every « € X, as claimed. [

Lemma 3.1.2. If AL (A, p) = 0 then every Fa-invariant measure m in M(p) is an su-state.

Proof. This is a direct consequence of Ledrappier [27, Theorem 1]. Indeed, let B* be the
o-algebra of measurable subsets of M which are unions of entire local stable sets. Clearly,
f and F4 are B®-measurable. Hence, Ledrappier’s theorem gives that the disintegration of
any Fu-invariant probability m € M(p) is B*-measurable modulo zero p-measure sets. This
is the same as saying that m is an s-state. Analogously, one proves that m is a u-state. [

Let us consider the function ¢4 : M x P(C?) — R defined by

pa(x, [v]) = log l1AGll

o]

Lemma 3.1.3. For every A : X — GL(d,C) and every Fa-invariant probability measure
m e M(p),

A_(A,p) < /gbAdm < A (A, p).

Proof. For every (x,[v]) € M x P(C%) and n > 1,

n—1

S™ 6a(Fi(x. [o])) < log [ A" ().

J=0

Integrating with respect to any probability m € M(p),

n—1

1 » 1

o[ Y one Frdm < [1og |40 du(x).
=0

The right hand side converges to A\, (A, p) and, assuming m is invariant, the left hand side
coincides with [ ¢4 dm. This gives the upper bound in the statement. The lower bound is
analogous. O

Now let A take values in SL(2, C). We want to show that the upper bound in Lemma 3.1.3
is attained at some u-state and the lower bound is attained at some s-state. When Ay (A, p) =
0 this is a trivial consequence of Lemma 3.1.2. So, it is no restriction to suppose that
A(A,p) > 0> A_(A,p).

Let EY @ E; be the Oseledets splitting of Fy, defined at p-almost every x. Consider the
probabilities m* and m* defined on M x P(C?) by

' (B) = (s (. E) € BY) = [ Gy (B) d(x) (31)

10



for x € {s,u} and any measurable subset B. It is clear that m" and m?® are invariant under
F4 and project down to pu. Moreover, their disintegrations are given by

X = Ox,pz) for x € {s,u}.

Since E¥ depends only on {A4,, : n < 0} and EZ depends only on {4,, : n > 0}, we get that
m* is a u-state and m? is an s-state.

Lemma 3.1.4. Every Fa-invariant probability measure m € M(p) is a convex combination
m = am" + fm?, for some o, > 0 with o+ = 1.

Proof. Given k > 0, define X, to be the set of all (x, [v]) € M xP(C?) such that the Oseledets
splitting E* @ E2 is defined at x and [v] splits v = v* + v* with x7!|v*|| < ||v¥]| < &[0
Since the two Lyapunov exponents are distinct, any point of X, returns at most finitely
many times to X,. So, by Poincaré recurrence, m(X,) = 0 for every . This means that m

gives full weight to {(x, E¥), (x, EZ) : x € M} and so it is a convex combination of m* and
m®. [

Lemma 3.1.5. A\;(A,p) = [padm™ and \_(A,p) = [ padm®.
Proof. Let vy be a unit vector in the Oseledets subspace Y. Then

n—o0

n—1
1 ; u
A (A ) = Jim —log A" 6ot = T+ S log A (x)0fs
j:

= lim — ZgbA fg(x)) = &A(Xa EY)

n—oo 1

for p-almost every x, where ¢4 is the Birkhoff average of ¢4 for F,. Hence,

A(Ap) = /¢AxE“du /mdm —/¢Adm

Analogously, A_(A,p) = [ ¢adm*. This completes the proof. ]

Remark 3.1.6. It follows from Lemma 3.1.4 that m" is the unique invariant measure m
such that A (A, p) = [ ¢adm.

3.1.2 Stationary measures
Given (B, q) in S(X) x P(X), a probability n on P(C?) is called (B, q)-stationary if

1= [ B dala). (32)
The next lemma asserts that the stationary measures are the projections to P(C?) of the

u-states of the corresponding cocycle. We are going to denote M" = X%+ and M* = X%-.
Notice that ¢ = p® x u* where pu* is a measure on M*, for * € {s,u}.

11



Lemma 3.1.7. If m is an invariant u-state for (B,q) then its projection n to P(C?) is a
(B, q)-stationary measure. Conversely, given any (B, q)-stationary n there exists an invari-
ant u-state that projects to 1.

Proof. Let x — my be a disintegration of m constant along unstable leaves. For any mea-
surable set I C P(C?),

n(l)=m(M xI)= /mex[)d,u /mf(x)MxI)du( )

because p is f-invariant. Since m is Fp-invariant, the expression on the right hand side may
be rewritten as

/ B(x).mx(M x I) dp(x)
/g /u X)myx (M x I)dp*(x )) it (x°).

Since the disintegration is constant on local unstable sets and B(x®, x*) depends only on x*
(we write B(x®) instead), this last expression coincides with

B (M < 1y () )

— [ BeeLaD i) = [ B du(x) = [ (B)an(D) datz).

Thus, n = [(B,)«ndg(z) as claimed.

Conversely, given any (B, q)-stationary measure 7, consider the sequence of functions
m" x> my = B"(f7" (%))«

with values in the space of probabilities on P(C?). Tt is clear from the definition that each m™
is measurable with respect to the o-algebra F™ of subsets of M generated by the cylinders

[—n: A_,,....,Aq]={xeM:z; € A;fori=—n,...,—1},

where the A; are measurable subsets of X. Observe that the F" form a non-decreasing
sequence. We claim that (m™, F") is a martingale, that is,

/ m" T dpy = / m"du  for every C € F" and every n > 1. (3.3)
C C

To prove this, it suffices to consider the case when C is a cylinder [—n : A_,, ..., A_4].
Then, for any n > 1,

/ AP (30))y dpa(x) = / AP (0o A () dpa()
C C
- / A (0)s / (A,).n dp(y)] dia(x)
C X

- / AP(f () dp
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because 7 is stationary. This proves the claim (3.3). Then, by the martingale convergence
theorem (see [14, Chapter 5]), there exists a function x +— my such that ml converges

p-almost everywhere to my in the weak® topology. Let m be the probability measure on
M x P(C?) defined by

m(E) = / me(E N ({x} x P(C?))) dyu(x)

for any measurable set E. By construction, the disintegration x — my is constant on every
{x*} x M". This means that m is a u-state. Also by construction, myx) = A(x).myx for
p-almost every x € M. This proves that the u-state m is invariant. Moreover, by (3.3) and
the assumption that n is stationary,

m"(M x I) = m (M x I) = /M (Ap).n(I) dp(x) = ()

for every n > 1 and any measurable set I C P(C?). This means that m" projects to n for
every n > 1. Then so does the limit m. This completes the proof of the lemma. n

We are also going to show that the projection of m* to the projective space P(C?)
completely determines the Lyapunov exponents:

Lemma 3.1.8. Let m be a u-state realizing A\ (A, p) and let n be its projection to P(C?).

Then 14,0
LU

)= [ o
P(C2) [[v]]

Proof. Suppose first that A (A,p) = 0. By Lemmas 3.1.2 and 3.1.1, every Fj-invariant
probability m which project down to u realizes the largest exponent and is a product measure
m = p X 1. Thus, in this case, the lemma follows immediately from Fubini’s Theorem.

If A (A,p) > 0, then m" is the unique u-state which realizes A, and the lemma follows
from a straightforward calculation:

dn([v]) dp(z).

A(4p) = [ o AGOENdn = [ [ g AGe) B dute) du
M S u

_ / / log || Ay B2 || dps(x") dp(y)
X u

Av
:/ / / log [4,v] dog, dp(x") dp(y)
x Jme Jp(e2) [ v]]

_ /X / s ”fgﬁ” dn(v]) dp(y)

as claimed. n

13



Lemma 3.1.9. If (A* p*)x converges to (A,p) and n* is a sequence of (A*, p¥)-stationary
measure converging to n then n is an (A, p)-stationary measure.

Proof. We have to show that

lim / (A%).n" dp® = / (Az).ndp

in the weak* sense. Let ¢ : P(C?) — R be a continuous function. Then

I//QS(A’;U) dn® dp* — //aﬁ(sz) dndp| < ay, + by, + c

o= [ [oiyata — [ [ ot ap'
by = I//cb(sz) dn”* dp'“—//cé(/lzv) dn dp®|
o= [ [oamimart~ [ [ota)inal

It is clear that (ax)s converges to zero, because ||A* — A, | converges uniformly to zero and ¢
is uniformly continuous. To prove that by converges to zero we argue as follows. Given ¢ > 0,
fix § > 0 such that |¢(v) — ¢(w)| < /3 for all v,w € P(C?) such that d(v,w) < §. Since the
image of A is contained in a compact subset of SL(2,C), there are By,..., B, € SL(2,C)
such that their J-neighborhoods cover A(X). The assumption that (7*), converges to 7 in
the weak™ topology implies that there exists ky € N such that

where

| [oByart = [ oBwydnl <3

for all £ > kg and for all ¢ = 1,...,n. Then we can use the triangle inequality to conclude
that

| [ otamyan ~ [ o(a)an| <=

for al k > ko. Integrating with respect to p* we conclude that b, < e for all £ > ky. This
proves that b, converges to 0. Finally, it is clear that a; converges to zero, because our
assumptions imply that (p*), converges strongly to p. The proof of the lemma is complete.

O
3.1.3 Proof of Proposition 3.0.1
Notice that A\, is non-negative and, cf. (2.3),
1 .
() > A(Ap) = inf 1 [ Tog 4" (o) dux) (3.4

14



is upper-semicontinuous for the topology defined by (2.6). Thus, if (A,p) € S(X) x P(X)
is a discontinuity point for the largest Lyapunov exponent then A\, (A,p) > 0 and there is a
sequence (A, p*);, converging to (A, p) as k — oo such that

hl{;n >‘+(Ak7pk) < )‘+(A7p)

As we have seen, for each k there exists some (AF, p*)-stationary measure n* satisfying
[ ogllAbel it ) (a) = Ao (4", 5,
x Je(C2)

Up to restricting to a subsequence, we may assume that (n*); converges in the weak* topol-
ogy to some probability measure  on P(C?). Then 7 is an (A, p)-stationary measure, by
Lemma 3.1.9. Using Lemma 3.1.8 we see that

/ / log || A,0]| dn(v)dp(z) = lim / / log [|A%o]| di (v)dp ()
x Jp(c2) koJx Jpe?)

< Au(Ayp) = / / log | A,v]| di (v)dp(x)
x Je(C?)

where n" is the projection of m". In particular, by Lemma 3.1.7, there exists an invariant
u-state m # m*. It follows, using Lemma 3.1.4, that

m = am"+ fm’ with a+  =1and g # 0.

This implies that m?® is a u-state, because it is a linear combination of m and m®. Hence
m?® is an su-state. In view of Lemma 3.1.1 this means that the Oseledets subspace EY is
constant on a full y-measure set. Let F'* € P(C?) denote this constant. Analogously, using
that (A, p) is a discontinuity point for the smallest Lyapunov exponent, we find F'* € P(C?)
such that EY = F" for p-almost every x. It is clear that F'* and F*® are both invariant under
A,, for p-almost every z € X, because u = p?. This means that there exists Y C X with
p(Y) = 1 such that the linear operators defined by the A,, y € J have a common eigenbasis,
which is precisely the first claim in the proposition. The last claim (commutativity) is a
trivial consequence. This completes the proof of Proposition 3.0.1.

3.2 Handling the diagonal case
Here we prove Proposition 3.0.2. Let (A4,p) € S(X) x P(X) and Y be as in the conclusion

of Proposition 3.0.1 and consider any p € P(X). Since conjugacies preserve the Lyapunov
exponents, we may suppose P = id and

A, = ( 966 0(_)1 ) for all x € Y. (3.5)
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Notice that the Lyapunov exponents of (A, p) are

+ /y log |0, | dp(z). (3.6)

If they vanish then (A,p) is automatically a continuity point, and so there is nothing to
prove. Otherwise, it is no restriction to suppose

/log 6] > 0. (3.7)
y

Let V. be the e-neighborhood of the horizontal direction in P(C?) and ) be as given in
Proposition 3.0.1. The key step in the proof of Theorem C is the following

Proposition 3.2.1. Given ¢ > 0 and § > 0 there exists v > 0 such that if (B,q) €
V(A,p,7,Y) and there is no one-dimensional subspace invariant under all B, for x in a full
q-measure then n(VE) < 0 for any (B, q)-stationary measure 7.

The proof of Proposition 3.2.1 will be given in Chapter 4. Right now, let us conclude the
proof of Proposition 3.0.2.

Let (B,q) € S(X) x P(X) be close to (A, p) in the sense of (2.6). First, suppose there
exists some one-dimensional subspace r C C? invariant under all the B,, z in a ¢g-full measure.
Then r must be close to either the vertical axis or the horizontal axis: that is because (3.7)
implies |0,| # 1 for some g-positive measure subset. Then the Lyapunov exponent of (B, q)
along r is close to one of the exponents (3.6). Since the other exponent is symmetric, this
proves that the Lyapunov exponents of (B, q) are close to the Lyapunov exponents of (4, p).
Now assume B does not admit any invariant one-dimensional subspace. Let M > 0 such
that M~v|| < || Bev|| < M|v| for p-almost every x € X, all v € C? and d(A, B) < 1. Let
0 € e <K<K p<<1l. Let m be any u-state realizing the largest Lyapunov exponent of
(B, q), and 7 its projection on P(C?). By Proposition 3.2.1

B,v B,v B,v
/ tog 18220 40 ) = / tog 15290 40 ) + / tog 12224 1)
e 8 ol v 8 o] v 8 o]
> —6log M +n(Vz)(log |0.] — 6)

for g-almost every x € X. Together with Lemma 3.1.8, this implies
A+ (B, q) > n(Ve)Ar(A,p) — 0(log M +n(Vz)) > A (A, p) — p.

Upper semi-continuity gives A (B,q) < A (A,p) + p. Thus, we have shown that (A,p) is
indeed a continuity point for the Lyapunov exponents.

We have reduced the proof of Proposition 3.0.2 and Theorem C to proving Proposi-
tion 3.2.1.
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Chapter 4

Proof of the Key Proposition

Here we give a convenient reformulation of Proposition 3.2.1 and reduce its proof to two
technical estimates, Propositions 4.2.5 and 4.2.7, whose proof will be presented in the next
chapter.

4.1 Preliminary observations

As a first step we note that under the assumptions of the proposition all stationary measures
are non-atomic.

Lemma 4.1.1. There exists v > 0 such that if (B,q) € V(A,p,Y,7) and there is no one-
dimensional subspace of R? invariant under B, for every x in a full g-measure, then every
(B, q)-stationary measure is non-atomic.

Proof. By assumption, A is diagonal and the Lyapunov exponents do not vanish. So, we
may take v > 0 so that if (B,q) € V(A,p,Y, ) then B, is hyperbolic and its eigenspaces are
close to the horizontal and vertical directions, for every z is some set Z C X with ¢(Z) > 0.
Then any finite set of one-dimensional subspaces invariant under any B,, r € Z has at most
two elements. Moreover, they must coincide with the eigenspaces of B, and, consequently,
are fixed under B,. Since we assume there is no one-dimensional subspace fixed by B, for
p-almost every x, it follows that there is no finite set of one-dimensional subspaces invariant
under B, for p-almost every x.

Now let us suppose 1 has some atom. Let 2z, ..., zy be the atoms with the largest mass,
say, n({z;}) =a fori=1, ..., N. Since 7 is a stationary measure,

77({3;1(21)7 . B;c_l(ZN)}) = 77({21, o ,ZN}) = Na

for g-almost every x € X. Moreover, in view of the previous paragraph, we have { B, '(z1),

..., B;Y(zn)} # {z1,...,2n} for a positive g-measure subset of points z. This implies that
there exists z # z; for i = 1,..., N such that n({z}) = a. That contradicts the choice of the
z; and so the lemma is proved. O]

17



Let ¢ : P(C?) — C*U{o0o}, ¢([21, 22]) = 21/22 be the standard identification between the
complex projective space and the Riemann sphere. Then the projective action of a linear

map
a b
o-(2 )
corresponds to a Mobius transformation on the sphere

az+b
cz+d’

B:CU{x} = CU{x} B(z)=

in the sense that ¢ o B = Bo ¢. It follows that a measure £ in projective space is (B, q)-
stationary if and only if the measure n = ¢.£ on the sphere satisfies n = [ (By).n dg(z).
Then the measure 7 is also said to be (B, g)-stationary. Clearly, n is non-atomic if and only
if € is.

This means that the key Proposition 3.2.1 may be restated as

Proposition 4.1.2. Given ¢ > 0 and § > 0 there exist v > 0 such that if (B,q) €
V(A,p,7,Y) and q{x € X : By(2) = 2}) < 1 for all z € CU {o0} then

n(B(0,e71)) <9
for any (B, q)-stationary probability measure n on C U {oo}.

Let us give a brief outline of the proof. Complete arguments will appear in the next
chapter.

Clearly, there are infinitely many (A, p)-stationary measures, namely, all convex combi-
nations of the Dirac masses dy and 0., corresponding, respectively, to the vertical direction
and the horizontal direction. The point with the proof is that we need to show that sta-
tionary measures of nearby cocycles approach the one (A, ¢)-stationary measure, d.,, that
realizes the Lyapunov exponent A, (A, p). The crucial property that singles out ., among
all (A, g)-stationary measures is the fact that it is an attractor for the dynamics

faines / (Au).n dp(z) (4.1)

induced by A in the space of the probability measures of P(C?). In particular, d, can be
recovered as the limit of forward iterates under f4 of any Dirac mass other than dg. Now,
let (B, q) be close to (A, p). In view of what we just said, one may expect fp to also have an
attractor, strongly concentrated near oo. Moreover, assuming there is no one-dimensional
subspace invariant under ¢-almost every B,, one may expect this attractor to draw the
forward iterates of every Dirac mass. In particular, every fixed point n of the operator fp
should be strongly concentrated near co. This is precisely the contents of the proposition.
The first step in the argument is to estimate the measure of a corona € = B(0,¢71) \
B(0,r) for small € > 0 and r > 0. Note that € has zero weight for any (A, p)-stationary
measure: indeed, the fa-iterates of any measure eventually leave €. This is no longer true
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for nearby cocycles, but we are able to conclude that any (B, g)-stationary measure gives
small weight to the corona: given any € > 0, we have

n(B(0,e")\ B(0,r0)) < ¢

for any (B, q) close to (A, p) and any (B, ¢)-stationary measure 7, where ry = ro(B) goes to
zero when (B, q) approaches (A, p).

The neighborhoods B(0,r) require a different argument is because of the “souvenir” of
the repeller oy of f4 imprinted in the dynamics of fz. The hypothesis that B has no subspace
that is fixed by g-almost every B, plays an important role at this stage. In the special case
when the probability p has finite support plays a key role. In the special case when the
measure p has finite support we use it to find r; = r;(B) > 0 and h in the support such that
B, '(B(0,r) is disjoint from B(0,7;(B)). This allows us to obtain

n(B(0,71)) < constn(B(0,e )\ B(0,71))

and then, using the previous stage, to conclude that n(B(0,7;)) is small. In the general case,
the argument is a bit more complicated because we need to consider the possible existence
of a subset of points x € M, with p-measure close to 1, and such that the corresponding
B, have a common fixed point. The two alternatives that can arise here are handled by
Proposition 4.2.5 and Corollary 4.2.6.

In general, r; < ry and so the previous two inequalities do not quite solve our problem.
However, the quotient ro/r; is bounded by some constant that depends on A only. This fact
allows us to show that

n(B(0,79) \ B(0,71)) < const n(B(0,¢ 1)\ B(0, 7))

and so the term on the left is small. This finishes our outline of the proof. In the sequel we
fill-in the details of the argument.

4.2 Proof of Proposition 4.1.2

For simplicity, we assume that ) given in the proof of Proposition 3.0.1 is equals to X,

because as p(X \ V) as ¢(X \ )) is equals to zero for all ¢ such that (B, q) € V(A,p,e,))
for all ¢ > 0.
Recall, from (3.5) and (3.7), that

A, = ( % 9(31 ) with /log\61|dp(x) >0 (4.2)

Let B, g, and n be as in the statement of Proposition 4.1.2.

Lemma 4.2.1. There ezist B,0 € (0,1), positive numbers (0)zcx, integers (Sz)zcx and
k € N satisfying:

19



(a) 0 < [[A|71/4 < 0p < BlO,] for allz € X
(b) 0, = 0% forallx € X

(¢c) [logo,dp(z)>4/k.

Proof. Fix k € N large enough so that [ log|0,|dp(xz) > 7/k. Define log f = logo = —1/k
For each z € X, define

B =1 i, £1 s,
Ty = [klogwx”, sm—{ 2 it =1 logam——?.
Properties (a) and (b) follow immediately. Moreover,
/ log oudp(z) > / log |6, — 3/k dp(x) > 4/k
as claimed in (c). O

In what follows, let o, 8, 0, and s,, as in Lemma 4.2.1. We partition X = X_ U X,
where X_ be the subset of x € X with s, < 0 (i.e. 0, > 1) and X, is the subset of x € X
with s, > 0 (i.e. 0, < 1). For each z € X let

o Oy 0 3 2
D, = ( 0 o ) and D,(z) = o;z. (4.3)

Define another matrix and its associated Mobius transformation
Dy, = ( 00 097 ) and Dy (z) = 0> 2. (4.4)

where 7 is the smallest natural such that o™ < ||A[|7!/4. For each K C X let K be the
cocycle defined by

kr, 0O oo, ifzelk
Km—( 0 k?ac1> where kx—{UT it e\ K (4.5)

Lemma 4.2.2. There exists o« > 0 such that

/log k. dp(x) > 2/k

for any measurable set K with p(K) > 1 — a.
Proof. Taking a = (—klogo™)™!, we have

/logkw dp > /logaa; dp—/ log o, dp—l—/ logo™ dp
X\K X\K

>4/k+2logo™p(X \ K) > 2/k.
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For zp € C and r > 0, we denote B(zy,r) = {z € C: |z — 2| < r}. Given C,B € S(X)
and ) C X we say that r > 0 is (B, ))-centered with respect to C' if

B, (B(0,r) ¢ G, (B(0,r)) for every € V. (4.6)

When ) = X we say only B-centered with respect to C. Given C, B € §(X), ¢ € P(X), and
a (B, q)-stationary measure 7, we say that r > 0 is (B, q, n)-pseudo-centered with respect to
Cif
~ —1 ~ =1
/U(Bm (B(0,7))) dg(x) < /U(Cx (B(0,7))) dg(x) (4.7)

Remark 4.2.3. If r > 0 is B-centered (respectively, (B, g, n)-pseudo-centered) with respect
to D then it is also B-centered (respectively, (B, q,n)-pseudo-centered) with respect to the

cocycle K defined in (4.5), because ljxil(B(O,T)) C DAspil(B(O, r)) for any = € X.

Lemma 4.2.4. Given p > 0 there is v > 0 such every r € [p, p~'] is B-centered with respect
to D for every B € S(X) with d(A, B) < 7.

Proof. By assumption, +log|0,|, z € X' is bounded. Write

-1 _ (7 bz
B _<% dx).

The condition d(A, B) < ~ implies that |a, — 0|, |b.|, |cz|, |ds — 0,| are all less than ¢;v
for some constant ¢; independent of z and . Given p > 0, assume first that v < p?. Then,
for any |z| € [p, p71],

|azz] + 1bs| _ |ao] + vy 67114 2/
|de| — lexz] ™ |do| — 1/ 02| 1 —co/y

where ¢; is also independent of x and «. Thus, there exists 79 > 0 independent of z € X
such that,

B, 1(2)] <

2] <

||

B (2)] < (B18:1)%12] < 0%12] = | D7 ()]

for every z € X and every |z| € [p, p~!], as long as v < v,. This gives that every r € [p, p~!]
is B-centered with respect to D, as claimed. O

The proof of Proposition 4.1.2 relies on a couple of technical propositions that we state
in the sequel and whose proofs we postpone to Chapter 5. The first one gives a bound on
the mass of the stationary measure away from the vertical (and the horizontal) direction:

Proposition 4.2.5. Given ¢ > 0 and § > 0 there exists v > 0 such that if d(A, B) <y and
d(p.q) < then
n(B(0,e7")\ B(0,r0)) <4

for any (B, q)-stationary measure n and ro < 1 such that everyr € [ro,e™'] is (B, K)-centered
with respect to D for some measurable set K satisfying p(X \ K) < «, where « is like in the
Lemma 4.2.2.
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Corollary 4.2.6. Given € > 0 and 6 > 0 there exist v > 0 such that if d(A, B) < v and
d(p,q) < 7 then either n(B(0,e71)) < & or there ewist 0 < 1o < 1 such that

n(B(0,e")\ B(0,r9)) <6

and p({x € X; B, (B(0,r0))¢ D, (B(0,70))}) > a.

Proof. Let r1 be the infimum of 0 < r < 1 such that n(B(0,e )\ B(0,7)) < 4. If r; = 0 then
n(B(0,e71)\ {0}) < 4. Since n has no atoms, by Lemma 4.1.1, it follows that n(B(0,e7")) <
. Now, assume that r; > 0. Then, n(B(0,e )\ B(0,r1)) > 6 and thus, by Proposition 4.2.5,
51 = {zr € &, BAxil(B(O,7"1))§Z15$71(B(0,r1))} has p-measure greater than «. Define for
k=23 ...

~ =1 A~ —1
Sk={reX; B, (B(0,m))ZD, (B(0,71))},
where 1 > ro > r3 > ... is a decreasing sequence converging to ;. Note that §p C Fri1

for all k£ > 2 and U2,§ = §1. Thus p(Fx) converges to p(F1) and this implies that there is
N €{2,3,...} such that p(Fn) > a. The proof is complete, taking ro = ry. O

The next proposition, together with the series of lemmas that follow, lead to a bound on
the mass of the stationary measure close to the vertical direction:

Proposition 4.2.7. There is v > 0 and N € N such that if d(A,B) < v, u € [0,1] and
x € X are such that Bz_l(B(O,u))¢ljm_1(B(0,u)) then

A

DNBY(D)=0, whereD = {

T

D;N(B(0,u)) ifze Xx_
DY(B(0,u)) ifze X,

In particular, B(0,0™Nu) N B;Y(B(0,0N™w)) = 0.

Now, since A, (A, p) > 0 there exist ag, pp > 0 such that if we define Xy = {x € X/|0,| >
1+ po} then p(Xo) = a.

Lemma 4.2.8. There exists ¢ = c¢(A) and v > 0 such that if p < ¢, re Xy, d(A, B) <y
and B, has a fized point in B(0, p) then

~

Bx_l(B(O,r)) C Dx_l(B(O,r)) for all 1 € [ep, 1]. (4.8)

A -1
Proof. First, take v > 0 such that B, is a A, -contraction with

Al
and lﬁx_l(z) = A,z with A\, < BA,. Now, take ¢ € N large enough such that A\™! <
(B —1—c). So, |B, ()] < [ + A1+ ¢ D]r < Ayr O
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Define I'(z, p) = {x € X, : B, has a fixed point in B(z, p)} for each z € Cand 1 > p > 0
and let By = ag/(1 + 4c?o4™V).

Lemma 4.2.9. If d(A, B) <~ and p({z € Xy : By(z) = z}) < By for all z € B(0,1) then
for each ¢ > 0 there exist zo € B(0,1) and p > 0 such that

(a) p(T'(z,p)) < p(I'(20,p)) +< for all z € B(0,1);
(b) % < p(I'(20,p)) < Bo

Proof. We begin observing that there is » > 0 such that p(I'(z,r)) < By for all z € B(0, 1).
For this, suppose for contradiction that for each n € N there exists z, such that p(I'(z,, %)) >
Bo. By compactness we may suppose z, — zo. S0, for any & > 0, p(I'(z0,€)) > B and,
consequently, p({z € Xj : éx(zo) = 20}) > Bo, this contradicts the hypothesis. Now, take
0<o=inf{r > 0:p(l(z,r)) > fy for some z € B(0,1)}. By the choice of g, p(I'(z, p)) < Bo
for all z € B(0,1) and p < o. However, there is z; and p < g such that p(I'(z1,p)) > Bo/4.
Note that if this is false then p(I'(z, (1.1)0)) < B for all z € B(0, 1), because we may cover
['(z,(1.1)p) with four sets I'(z, (0.9)p) and this contradicts the choice of p. Fixe some p (for
instance, p = 0.99) with this property. Taking | = sup{p(I'(z,p)) : z € B(0,1)}, we have
for each ¢ > 0 there is zp € B(0, 1) such that 8y/4 <1 < p(I'(z0,p)) + <. This proves the
lemma. [l

Remark 4.2.10. In the conditions of Lemma 4.2.9 if we take ¢ small enough then p(I'(29, p)) >
Bo/4 and p(Xo \ (20, co™2Np)) > By/2, because it is easy to see that there is 4c20 4™ sub-
sets of the form T'(z, p) covering I'(zg, co™>V p).

Lemma 4.2.11. There exists 0 < Ao < 1 such that if d(A,B) < v, x € I'(0,p) and
1 >r > cp then Bx_l(B(O,r)) C B(0,X\or). In particular, there exists k > 0 such that if
1>7r>co"p then B, (B(0,r)) C B(0,0%r)

Proof. Take v > 0 sufficiently small such that B}il is a A-contraction for some A € (0, 1) in

the ball B(0,1) for all x € Xy. Now, let zy € B(0,1) the unique fix point of Bi;l and take
Mo =A1+c!)+c . So, we have

’BAm_l(Z)‘ <p+Az— 2z < [0_1 + A1+ C_l)]’r

for all z with |z| = r > ¢p. To complete the proof it is enough to take x as the smallest
natural such that A < . O

Assuming Propositions 4.2.5 and 4.2.7 for a while, we can give the

Proof of Proposition 4.1.2. Suppose first that zyp = 0 (2o and p > 0 given by Lemma 4.2.9).
Define X; = X \ I'(0,co~?"p). Then, by Remark 4.2.10, p(X;) > £5/2 and p(I'(0,p)) >
Bo/4. Let rg > 0 be as in Corollary 4.2.6 and take u = max{rg,cc>"Vp}. Define Y = {z €
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7

- ( (0, u))gZDw_l(B(O,u))}. Then, using Lemma 4.2.9 and Corollary 4.2.6, we get
p(Y) = b =

min{a, fy/2} and
n(B(0,e7 M\ B(0,u)) <9 (4.9)

Note also that, since d(p, q) is close to zero, ¢(Y') > /2 and ¢(I'(0, p)) > Bo/8.
Since 7 is stationary,

[ (B0 data) = n(BO.) = [ (B (BO.) dota).
This, together with Lemma 4.2.11, implies
a(T(0, ) (B0, u)\ (B0, Aow)
</ L (B0, \ B (B(0.) da(r)

- /X oy (OB BO.0) = n(BOW) dote)

< / (B (B(0,u) \ B(0,u)) dq(x)
X\L(0,0)

< n(B0.c7)\ BO,u)) <.
Consequently, using (4.9) once more,
n(B(0,e71)\ B(0, \u)) < 8(1+8657)
Arguing by induction we get that
n(B(0,e7)\ B(0, Xu)) < o(1+865") for every j >0, with \) > o>

In particular,

n(B(0,e7H)\ (B0, \5"u)) < 3(1+86;1)". (4.10)
Combining Lemma 4.2.11 and (4.10), we get that
n(B(0,e7")\ B(0,0*™Vu)) < 5(1+85;")"". (4.11)

Similarly,
A1

/U(B(Q M) dg(x) = n(B(0,0"u)) =/77(Ba; (B(0,0°™u))) dq(x)

together with (4.9), (4.11) and Proposition 4.2.7, implies that

A

(Y )(B0,0Nu)) < / n(B: 1 (B(0,0*Vu)) d(x)

[ s \Y 0.0 M)\ BO,0*™Vu) dgla) (419
< n(B(0.57)\ B0.0* ™))
<O(L+85 )
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Adding (4.11) and (4.12), we get
n(B(0,u)) < 8(1+487)(1+ 885" < dé (4.13)

where ¢ > 0 is some upper bound for §(1 + 48, 1)(1 +83,)*N. Adding (4.9) and (4.13), we
obtain
n(B(0,e71)) < (1+¢)d.

That completes the proof of the proposition in this case. When p({z € Xo; B,(0) =0}) > 5y
the proof is analogous, in fact, it is simpler.

Now we treat the general case. Since A, is diagonal for all x € X, with bigger eigenvalue
far from {z € C : |z| = 1} corresponding to the horizontal direction. In particular, z, given
by the Lemma 4.2.9 is near to z = 0. So, the direction corresponding to z; is close to the
horizontal direction. Let (ag, by) ~ (1,0) be a unitary vector in the direction of z;. Define

H — < ap —bo >
bQ Qo
Then, the cocycle C, = HB,H "' satisfies the hypothesis of the first case. Therefore, if 7 is

(B, q)-stationary then H,.n is (C, q)-stationary. Using the previous particular case and the
fact that H is close to the identity,

n(B(0,e71)) < Hu(B(0,2671)) < 6(1 +¢).

This finishes the proof of the proposition. O
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Chapter 5

Main estimates

In this chapter we prove Propositions 4.2.5 and 4.2.7.

5.1 Mass away from the vertical

Here we prove Proposition 4.2.5. Let 0 < 1 be as in Lemma 4.2.1. For each K C X consider
the cocycle K associated, as defined in (4.5). Clearly,

K,(B(0,r6%)) = B(0,rc%*?*<) forr >0,z € X, and j € Z. (5.1)
Define
(1) = B(0,r0¥%)\ B(0,70%) 52)
for j € Z and
s -1
L) = 4 BODNE: (BO.r) forveX. 5
K, (B(0,7)\ B(0,r) forze X,.

Note that the partition X = X_ U X depends on the cocycle K. Moreover, X \ K C X,
because k, = o7 for all x € X'\ K.

Lemma 5.1.1. If r is (B, q,n)-pseudo-centered with respect to K then

1. fX_ n(Le(r)) <fX ) dg(z)

2 [ X)) da(x) < [y, 32550 n((r)) dg(x).

More generally, if ro* is (B, q,n)-pseudo-centered with respect to K for all t = 0,1,...,n

then
t+sy— 1

t—sy
[, 3 wenar< [ 30 ot o
- j=t+1
forallt=0,1,...,n
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Proof. Let J = B(0,7). Using that r is (B, ¢, n)-centered and 7 is (B, ¢)-stationary

-1

[ (0 =700 datw) < [ (w00 - 08,7 ) datw) = .

By definition (5.3), the left hand side coincides with

/ 0(La(r) dq(a) — /X 0(La(r)) dg(z).

+

This proves the first claim. The second one is a direct consequence: just note that, by (5.1),

[ B(0,r)\ B(0,r07*%) = | |.*} I;(r) for z € X_
La(r) = { B(0, 7o)\ BO,r) = |||_ . . () forze ..

The last claim follows, noticing I;(ro?) = I;4(r) for all j and r. O

Remark 5.1.2. If in the previous lemma we replace (B, g, )-pseudo-centered by B-centered
then the result follows for every n (B, q)-stationary measure.

Lemma 5.1.3. There exists v > 0 such that if d(A,B) < v, r € [0,1] and x € X is such
that BAxil(B(O,T))ﬁB(O,r) # () then Bzil(B(O,r))UB(O,T) C DASpil(B(O,r)) forallz € X.

Proof. Take vy > 0 such that if d(A, B) < ~y then for all € X the diameter of Bz_l(B(O, r))
is less than 3||A|[?r, for all r € [0, 1]. So, if B, (B(0,r)) N B(0,r) # 0 then B,  (B(0,r))U
B(0,r) C B(0,4||A|?r) C Dy, (B(0,7)). O

We also need the following calculus result. In the application, for proving Proposi-
tion 4.2.5, we will take n; = |s;| and a; = n(L;(r)).

Lemma 5.1.4. Let (n,)zex be a bounded family positive integers and (a;);ez be a sequence
of non-negative real numbers. Assume

(a) 0<S < [y nedg(z) — [, n.dg(x) and
(b) f){, Zj—i:_?jrl a; dq(x) < fX+ Zj’:tfanrl a; dQ(x) fort=0,...,n.

Denote n_ = sup{n, : v € X_} and ny = sup{n, : x € X\ }. Then

Z%S(%> 20: aj.

Jj=1 J=—n4+1



Proof. Begin by noting that

no t4ng ng N+l n Ny
ZZaj:ZZajan( aj—Zaj> (5.4)

t=0 j=t+1 =1 j=I j=1 j=1

and that

n t 0 n+l n 0
Z Z aj; = Z Zajgnr( a; + Z aj> (5.5)

t=0 j=t—nz+1 l=—ngz+1 j=I j=1 j=—nz+1

So, adding the inequalities (b) over all t = 0,...,n and using (5.4)-(5.5),

/X_ N, [Zn;aj - iag‘] dg(z) < /X+ N, [Zn;aj - i aj] dq(z)

j:_nm"v‘l

or, equivalently,

This implies, using the inequality (b) once more,

n Ny 0
sy a<n [ Y adi@)n [N ajdata)
et X Xy

- =1 Jj=—ngz+1

This last expression is bounded above by (n_ +ny) > " a;. In this way we get the

. j=—n4+1
conclusion of the lemma. O
Define oy = Zj.:(”s_l)mﬂ a; for each s > 0. In the same setting as Lemma 5.1.4, we

obtain

Corollary 5.1.5. Let n = sony for some integer so > 1. Then there exists s € {1,...,50}

such that
n_+ngy

SOS )Oé().

as <

Proof. The conclusion of Lemma 5.1.4 may be rewritten

0 - n_+ny 0 n_+mny
Y=Y a < () Y 4= (5 )ao.
s=1

j=1 j=—ni+1

This implies that min<s<s, a; < (n_ +ny)ag/(s0S), as claimed. O
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Proof of Proposition 4.2.5. This will follow from applying Lemma 5.1.4 and Corollary 5.1.5
to appropriate data.

Let K such that p() > 1 — «a and replace D, by Dy, for all x € X \ K. Consequently,
replace s, by 7 and o, by o” for every r e X\ K. Note that this way K\ X C A..
Take n, = |s,| for 2 € X. Define S(p) = [, nsdp(z) — [,, nedp(z). By construction
(Lemma 4.2.1) and Lemma 4.2.2,

—S(p)logo = / s, log o dp(z)
x
= / log o® dp(z) + o"p(X \ K) > 2/k > 0.
K

It follows that S(p) > 0 and, consequently, there exist v > 0 and S > 0 such that S(q) > S
for every ¢ with d(p,q) < . This corresponds to condition (a) in Lemma 5.1.4.
Given € > 0 and § > 0, let n = son, = so7 for some integer sy satisfying

n7+n+

S

and fix also R > 07 2"¢~1. By Lemma 4.2.4, there exists v > 0 such that if d(A4, B) < v
for all then every r € [(Ro~2)"!, Ro~?| is B-centered with respect to D. In particular, this
applies to yo¥ for every j = 0,1,...,n and any y € [R, Ro?], since these points are in
[e7!, Ro2] C [(Ro~?)"!, Ro~2]. Fix y € [R, Ro—?] and define a; = n(I;(y)) for j € Z. Then

Lemma 5.1.1 gives
t+ng
[ S eaws [ Y wi

Jj=t+1 +j t—ng+1

So Z ( )25_1

for all t = 0,...,n. This corresponds to condition (b) in Lemma 5.1.4.
Therefore, we are in a position to apply Corollary 5.1.5: we conclude that there exists
s € {1,...,n} such that

S

n7+n+
as < (—)CVOS ( m

Sos )5050 S (

)é (5.6)

n7+n+

Notice that, by definition,
_ U(B(O, yO_Q(s—l)n+) \ B(O7 y025n+>)

Let r; the infimum of 7 € [rg, 1]} such that all r € [r,1] is (B, q,n)-centered with respect
to K and take y = r,0 2" for some n € N. We claim that n(B(0,e71))\ B(0,r;) < 4. In
fact, yo?t is (B, q,n)-pseudo-centered for every t = 0,1,..., 7. The other two conditions in
Lemma 5.1.4 are also satisfied in this context: (a) is just the same as before and (b) follows
from Lemma 4.2.4 in the same way as in above. So, from Lemma 5.1.4 we conclude that

n

Zajg(%) Z aj. (5.7)

j=1 j=—nyt1



The left hand side coincides with

n(B(0,y) \ B(0,yo™™)) > n(B(0,e7") \ B(0,rg)).

Moreover, the sum on the right hand side of (5.7) coincides with

n(B(0,yo™>"+)\ B(0,y)) = a..

Hence, (5.6) and (5.7) yield n(B(0,e7')\ B(0,71)) < § and this proves the proposition when

r1 = ro. If 71 > ry then there exists x € X \ K such that n(Bx_lB(O,'rl)) > ljsp_lB(O,rl)).
So, Lemma 5.1.3 implies that

A -1

B(0,r)N B, (B(0,r))=10

and
n(B(0,r)) <n(Dy,  B(0,r1))) < n(B, B(0,r))

Therefore n(B(0,71)) < §. Consequently, n(B(0,e7')) < 2§ and this completes the proof of
proposition. ]

5.2 Estimates close to the vertical

We prove Proposition 4.2.7. We begin with a couple of auxiliary lemmas. A Mobius trans-
formation h is a yo-deformation of f(z) = Az if h(z) = (az + b)/(cz + d) with

max {|la| — |[Al], 0], |¢|, [|d] = 1|} < 0l Al-

Lemma 5.2.1. Given By,00 € (0,1) there exist v > 0 and Ny € N such that Jor any
f(2) = Az and g(2) = Az with || < BolA| and |A] < oy, and for any ~o-deformation f of f

if r €10,1] and f(B(0,7))Zg(B(0,r)) then
F(g™(B(0,1)) N g™ (B(0,r)) =0

Proof. Fix Ny € N such that

- 1 _1=0
ANt < gt < — = 5.8
AP < ogh 7 < (5.8)
and vy > 0 given by
1-68, 1
— < — 5.9
77 00 T 100 (59)

Write f(z) = (az 4+ b)/(cz 4+ d). If f(0) =0 then b= 0 and (5.9) gives

laz| < T+

S S T g el < 5l < Al

F&l =
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for every |z| < 1. This means f(B(0,7)) C g(B(0,7)) for all » < 1 and we have nothing to
do.
Next, suppose f(0) # 0 or, equivalently, b # 0. Take

10[3)
IAI(1 = Bo)

Then |f(2)| < |Az| for every |z| € [ro,1]. Indeed,

|az] +16] _ [AI(L+750) + AI( — |5o[)/10
jdl = |el 1= 2

o =

[f(2)] <

2]
and, in view of (5.9), the right hand side is bounded by

Bo(1 + 7o) + 107
1 —2v

ﬁo + 0%

|Az| < |Az] < |Az|.

This gives f(B(0,r)) C g(B(0,7)) for r € [ro, 1]. Moreover, if s € [0,70], by (5.8),

A=) 100 bl

AlVs < AV <
AT < [A[Tro = =55 IA[(T—Bo) = 10 = 5|d|

and that means that ;
gwmachm;@> (5.10)

The relation (5.9) also leads to

lad] +[be] _ [AI(L+ )" + (3] A
(ld] = lez])* — (1—2%)°

for all |z| < 1. Hence, using (5.9) once more,

f'(2)] <

. 1+4
) < T N < Bt < Al < 1

That implies

0] b 1|

f(B(0,-—)) € B(5, = 5.11
f( ( ’5|d‘))c (d’5|d‘) ( )
From (5.10) and (5.11) we get that ¢V (B(0,s)) N f(g" (B(0,s))) = 0, which completes the
proof of the lemma. O]

Lemma 5.2.2. Given [y,00 € (0,1) there exist v > 0 and Ny € N such that for any
f(z) = Az and g(2) = Az with |\ < BolA| and |\ < 0g, and for any vo-deformation g of g,
if r € [0,1] and g Y(B(0,7))Zf~H(B(0,r)) then

FB,r) N g (fH(B(0,7)) =0
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Proof. Begin by noting that the hypothesis g~ (B(0,7))Z f~1(B(0,r)) is equivalent to f(f~1(B(0,7)))

¢ gf~Y(B(0,7)). So, there is no loss of generality in supposing that f(B(0,7))Zg(B(0,r)).
Fix Ny > 1 such that

1=y _ 1= DA

ANt < g0t < 12
Fix v > 0 such that
1 —+ 2”}/0 1
< 5.13
e <5 (5.13)

Write §(z) = (az +b)/(cz + d). If g(0) = 0 then b = 0 and so
. lallzl - T+
> >
O

for every |z| < 1. This implies f(B(0,r)) C §(B(0,7“)) for all » <1 and we have nothing to
do.
Next, suppose §(0) # 0. We have

3] > 1z =1

jdl + |ez
where w_ and w, are the solutions of |Ac|w? + (|Ad| — |a|)w + [b] = 0. A direct calculation
shows that

o Alll = 1]l

| > |A||z]  whenever w_ < |z] < wy

2

S R S

lal = [Ad]
if v is small enough. This gives g(B(0,7)) D f(B(0,r)) for r € [ro, 1] with

2|0
lal — [Ad|
Notice that (1 — |A|/|A]) < 2(1 — |A\d|/]al]) if 7 is small enough. Then (5.12) gives
A=A 2[bA] _ [bA

12[A] - |a| = [Alld] = 3lal

. and wy >1

To =

Ao <

and that means that

bA| b
N(B(o B0, ¢ po, 1V 5.14
f ( ( 7T0)) C ( ,3|CL|) C ( 73|6L|) ( )
On the other hand,
__ |ad| + |be] 1
G S s <A
(lez| — [a])?
for all |z| <1, as long as 7 is small enough, and that implies
. bA| b |b|
Y(B(0 oAl B(——, 5.15
g ( ( ’3| |))C ( a’3|a|) ( )

From (5.14) e (5.15) we conclude that f¥(B(0,70)) N g~ (fN(B(0,r0))) = 0. With greater
reason fN(B(0,s)) N gt (fN(B(0,5))) = 0 for every s € [0,7] and this completes the proof
of the lemma. O
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Proof of Proposition 4.2.7. Note that if d(A, B) < v then every B! is a (Cv)-deformation
of f = A, where the constant C' = sup,. |0..| depends only on A. Indeed,

d.0'2 — b0!
—c0; % + a0t

B, = ( ta Z‘” ) yields B! =

CZL'
and then ||A, — B,|| < v implies

|d.0," — 6,7

, |ba0;"

) Cxeo;l’» |ax0;1 -1 < 7|9x|_1 < 07‘0x|_2'
Take f = qu and g = 159;1 for each z € X_. Notice f(z) = |0, 72|z| and g(z) = o, 2|z|.
Since o, < f3]0,| and 0, > 07! (cf. Lemma 4.2.1), we are in the setting of Lemma 5.2.1, with
Bo = 8% and 0y = 0?. From the lemma, and the observation in the previous paragraph, we
get that there exists v~ > 0 and N_ € N such that if d(A, B) < v_, x € Y_ and r € [0, 1] are
such that B, (B(0,7))¢D, (B(0,7)) then B, (D, " (B(0,r))n D, " (B(0,r)) = 0.
Now take f = D, and g = A, for x € X.. Then f(2) = o?|z| and g(z) = [0.|*|z]
and so we are in the setting of Lemma 5.2.2, with 3y = 3% and oy = o%. In this way we
get v+ > 0 and N, € N such that if d(A, B) < 74, z € YV, and r € [0,1] are such that

B, (B(0,r))¢ D, (B(0,7)) then

A -1

B, (D, (B0,r)) N D, (B0, 7)) = 0.

Take v = min{~y_, 7, } and N = max{N_, N, }. This completes the proof of the proposition.
]
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Chapter 6

Consequences of Theorem C

In this chapter we deduce Theorem B and Theorem D.

6.1 Proof of Theorem B

Now we deduce Theorem B from Theorem C. The main step is contained in the lemma that
follows. Let A denote Lebesgue measure on the unit interval I. We use ||n|| to denote the
total variation of a signed measure 7.

Lemma 6.1.1 (Avila). Let v be a Borel probability measure with compact support in some
metric space X such that all bounded and closed subset of X is compact. For every e > 0
there exists 6 > 0 and a weak® neighborhood V' of v such that every probability measure p € V
whose support is contained in Bs(supp v) may be written as

Geq =

for some probability measure q in suppv X I and some measurable map ¢ : suppv x I — X
with ||g — (v x A)|| < e and d(¢(x,t),x) < e for all x € suppv.

Proof. Denote Z = suppv. First, we claim that for any § > 0 there exist a cover of Bs(Z)
by disjoint sets @Q;, i = 1,..., N with v(Q;) > 0, v(0Q;) = 0, and diam @); < 12§. This can
be seen as follows.

Firstly, take for each x € Z, r, € (6,20) such that v(0B(x,r,)) = 0. So, {B(z,r,) : = €

Z} is a cover of the compact set, Bs(Z). Take {Vi, V4, ..., Vi} a finite subcover of Bs(Z) and
consider the associated partition P of Uj_,V;, whose atoms are the sets P = V* N --- NV},
where V* is equals to V; or V,°. Note that, by construction, diamV; < 46, v(V;) > 0 and
v(0V;) = 0. From P, we are going to obtain a partition Q with the property in our claim.

To this end, define
Bi=ViU{PeP:v(P)=0 and PCV;, with VNV #0}
Now, if Vo C By then we define By = ). Otherwise, v(V3 \ By) > 0 and then we define
By =V,U{PeP:v(P)=0 and PCV; with VNV, #0}\ B
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Now we repeat this procedure inductively: for each [ > 2, we define B; = () if V] C Uﬁ;iBz-;
otherwise, v(V; \ U'Z1 B;) > 0 and then we define

Bi=VUu{PeP:v(P)=0and PCV; with V;NV, £ 0} \ D4

where D;_; = U'Z1 B;. The claim follows by taking as @; the non-empty sets B;.
Proceeding with the proof of the lemma, take § = /12 and assume the neighborhood V'

is small enough that
N

Z |n(Qi) —v(Q;)| <e forevery peV.

=1

Let Z; = supprN@Q; for each i = 1,..., N. Clearly, v(Z;) = v(Q;). Let g be the measure on
Z x I that coincides with

=
O

(v x A)

restricted to each Z; x I. For each i, let a;;, j € J(i) be the atoms of v/ contained in Q); ;
(note that J(i) may be empty). Moreover, let [, ;, j € J; be disjoint subsets of I such that

M) = =22 forall j € Jj,
(ti5) w(Q:)

where p; ; = /(a; ;). Denote by I; the complement of the union of all I, ;, j € J; inside I.
Then
(Z X I szj Qz\UJEJazJ)

jeJ;

Since all non-atomic Lebesgue probability spaces are equivalent to the unit interval endowed
with Lebesgue measure (see [34]), the previous equality ensures that there exists an invertible
measurable map

Gi  Zy X I = Qi \ Ujeg,aij

mapping the restriction of ¢ to the restriction of u. By setting ¢ = a;; on each Z; x I
we extend ¢; to a measurable map Z; x I — (@); that still sends the restriction of ¢ to the
restriction of pu. Gluing all these extensions we obtain a measurable map ¢ : Z x I — X
such that ¢.q = p. By construction, ¢(x,t) € @Q; for every x € Z; and t € I. This implies
that d(¢(x,t),x) < diam Q; < ¢ for all (x,t) € Z x I. Finally,

llg— (v x N (v x A) | (Zi x 1)

- Z 1(Q) —(Q)] <=

The proof of the lemma is complete O]
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Now Theorem B can be obtained as follows. Given p > 0, let v be a probability measure in
GL(2,C) with compact support. Consider X = supprv x I, p=vxXand A: X — GL(2,C)
given by A(z,t) = z. From Theorem C, there is ¢ > 0 such that |A+L(A4,p) — A+(B,q)| < p
for all (B, q) such that d(p,q) < € and d(A, B) < €. On the other hand, Lemma 6.1.1 implies
that there exist a weak* neighborhood V' and ¢ such that if v/ € V' and supp v/ C Bs(supp v)
then there exist B : X — GL(2,C) and a probability measure ¢ on X such that d(p,q) < ¢,
d(A,B) < ¢ and V' = B,q. Noting that Ay(v) = AL(A,p) and AL (V') = AL(B,q), we get
Theorem B.

6.2 Proof of Theorem D

We need the following proposition, whose proof we postpone for a while.

Proposition 6.2.1. Suppose that A\ (A,p) > 0 and let m" be its a canonical u-state. If
(A* p);. converges to (A,p) and m¥ is a canonical u-state for (A, p) for each k then (m¥);,
converges to m* weakly*.

To prove Theorem D, it is enough to show that

w({w € M : Z(BS,, Bh,) < )
converges to 1 when k goes to co. Let (A%, p); converge to (A,p), and let (m**), and
m* be the canonical u-states for (A* p) and (A,p), respectively, for k¥ > 1. By using
Proposition 6.2.1, we have that (m*%); converges to m*. Note that 1) : M > x Ejxis
a measurable map and its graphic has full m“-measure. Given € > 0, by the theorem of
Lusin, see Theorem 1 in Loeb [28], we may take a compact set K C M such that the map
Y K 2 x+— Ej  is continuous and its graphic has m"-measure greater than 1 —e. Now,
given § > 0, take a open neighborhood V of the graphic of ¥, such that the diameter of
V N {x} x P(C?) is less than § for all x € K, that is, V N K x P(C?) C V; := {(x,§) €
K x P(C?) : d(v(x),€) < §}, where d stands for a distance on the projective P(C?). From
the weak* convergence, we have that

liminf m**“(V) > m*(V) > 1 —«.

On the other hand, we have that m**(K x P(C?)) = u(K) > 1 — ¢ for all k. Thus,
mEu(V N K x P(C?)) > 1 — 2¢ and consequently m*%(Vs) > 1 — 3¢ for all k > kq for some
ko. Nevertheless, m"*(Vs) = u({x € K : d(E% ,,E4%,) < d}) and, therefore, u({x € M :
d(E}, « E%y) < 0}) > 1 =3¢, for all K > k. Since ¢ and ¢ are arbitrary, this proves
Theorem D.

To prove Proposition 6.2.1, we begin by showing that the space M(p) of the probability
measure that project down to u = p? is compact. More precisely,

Lemma 6.2.2. Let (%), converge to p in the weak® topology of P(X%). Let (mF) be a
sequence of probabilities in P(X? x P(C?)) projecting down to (jux)x. Then there exists a
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subsequence of (m*), converging in the weak* topology to some probability m on X% x P(C?)
that projects down to p.

In particular, the space of probabilities measures on P(XZ x P(C?)) that project down to
1 1s compact for the weak™ topology.

Proof. The key result we use is Prohorov’s theorem, see, for instance, Billingsley [4]. We
begin by noting that X% and X% x P(C?) are polish spaces. Therefore, the sequence of
probabilities (£¥), on any of these two spaces have converging subsequences, in the weak*
sense, if and only if for each ¢ > 0 there is a compact set K. such that £&F(K.) > 1 —e.
So, it is enough to prove that for any € > 0 there exists a compact set K. C X% x P(C?)
such that mF* (K ) > 1 —¢ for each & > 1. From Prohorov’s theorem, we have that for any
e > 0, there is a compact set K. C XZ such that u*(K.) > 1 — ¢, for any k > 1. However,
K. = K. x P(C?) is compact and also, m*(K.) = u*(K.) > 1 — ¢ for all k > 1. The lemma
thus follows from an application of Prohorov’s theorem. O

Proof of Proposition 6.2.1. Let (m");, a sequence of probability measures such that m* project
down to yu for all k. We claim that it is enough to show that if (m*), converges to m, then
((Far)em®)y converges to (Fiq),m. In fact, the claim implies that all limit point m of the
sequence (my)g is Fu-invariant, because mj is Fur for all k. Moreover, by Theorem C and
Lemma 3.1.5,

fim Ay (4°,p) = lim [ o dmi = [ oadm® =X, (A.p)

So, using Remark 3.1.6, we conclude that m = m". Furthermore, using Lemma 6.2.2, we
conclude that (m}), converges to m*. To finish, let us prove the claim. To this end, given
e > 0, by the theorem of Lusin, there is a compact set K C M such that u(K) > 1—e and the
transformation A : M — SL(2, C) is continuous when restricted to K. So, if ¢ : M xP(C?) —
R is a bounded and uniformly continuous function (this is enough to characterize weakly*
convergence, see, for instance, Billingsley [4]), the function p o Fiy : M x P(C?) — R is also
continuous when restricted to K x P(C?). Now, using the theorem of extension of Titze (see
Kelley [22]), take ¢ : M x P(C?) — R a continuous extension of the restriction of ¢ o F4 to
K x P(C?) such that ||| < 2||p||. We have

|/g0d(FAk)*mk—/g0d(FA)*m| :|/gooFAkdmk—/gooFAdm|
§]/¢OFAkdmk—/g00FAdmk]+]/QDOFAdmk—/QOOFAdm|

The first term converges to zero, because @ o F4x — ¢ o F4 converges to zero uniformly.
Moreover, using triangle inequality and the fact that m”* and m project down to u, we
see that the second one is bounded by the sum | [ @dm”* — [ @dm| with 6[/p|le. Since
e > 0 is taken arbitrary and ¢ is a bounded and continuous function, we conclude that
[ o d(Fs)sm* converges to [¢d(Fa4).m, for all ¢ bounded and continuous function, that
is, (Far)«mF converges weakly* to (F4).m. This completes the proof of the proposition. [
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Chapter 7

Further considerations

7.1 An example of discontinuity

In this chapter we describe a construction of points of discontinuity of the Lyapunov ex-
ponents as functions of the cocycle, relative to some Hoélder topology. This builds on and
refines [5, 6, 8, 29], where it is shown that Lyapunov exponents are often discontinuous
relative to the C° topology.
Let M = Y, be the shift with 2 symbols, endowed with the metric d(x,y) = 2~ V&),
where
N(x,y) =sup{n > 0: x, =y, whenever |n| < N}.

For any r € (0,00), the C" norm in the space of r-Holder continuous functions L : M —
L(C? C?) is defined by

IL(x) — L(y)|l
L||, = sup ||L(x)|| 4+ sup .
120 = sup G0 + sup ==

Consider on M the Bernoulli measure associated to any probability vector (pi,ps) with
positive entries and p; # pe. Given any o > 1, consider the (locally constant) cocycle

A: M — SL(2,R) defined by
o 0 .
A(X):(O 0‘1) ifxg=1

Alx) = ( "0_1 0) if g = 2.

o

and

Theorem 7.1.1. For any r > 0 such that 2° < o there exist cocycles B : M — SL(2,R)
with vanishing Lyapunov exponents and such that ||A — B||, is arbitrarily close to zero.

Since the Lyapunov exponents Ay (A) = £|p; — p2|log o of the cocycle A: M — SL(2,R)
are non-zero, this gives that A is a point of discontinuity for the Lyapunov exponents relative
to the C" topology.
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The proof of Theorem 7.1.1 is an adaptation of ideas of Knill [25] and Bochi [5, 6]. Here is
an outline. Notice that the unperturbed cocycle A preserves both the horizontal line bundle
Hy = {x} x R(1,0) and the vertical line bundle Vi = {x} x R(0,1). Then, the Oseledets
subspaces must coincide with Hy and Vi almost everywhere. We choose cylinders 7, C M
whose first n iterates f*(Z,), 0 < i < n—1 are pairwise disjoint. Then we construct cocycles
B,, by modifying A on some of these iterates so that

Bl (2)Hx = Vinxy and By (x)Vix = Hpnx forall x € Z,.

We deduce that the Lyapunov exponents of B,, vanish. Moreover, by construction, each B,
is constant on every atom of some finite partition of M into cylinders. In particular, B, is
Holder continuous for every r > 0. From the construction we also get that

n/2

| B, — A||» < const (2% /o) (7.1)

decays to zero as n — oco. This is how we get the claims in the theorem. Now let us fill-in
the details of the proof.

Let n = 2k + 1 for some & > 1 and Z, = [0;2,...,2,1,...,1,1] where the symbol 2
appears k times and the symbol 1 appears k + 1 times. Notice that the fi(Z,), 0 <i < 2k

are pairwise disjoint. Let
k

en=0 " and 0, = arctane,. (7.2)
Define R : M — SL(2,R) by
R(x) = rotation of angle 8, if x € f*(Z,)

R(x) = ( ;n (1) > if x € Z, U f**(Z,)

R(x) =id in all other cases.
and then take B, = AR,,.
Lemma 7.1.2. B}(x)Hx = Vin(x) and B (x)Vyx = Hpnix) for all x € Z,.
Proof. Notice that for any x € Z,,,

Bi(x)Hx = R(g,,1) and BE(x)Vi = Vir(y
Bit (x)Hx = Virriy and  BET(x)Vie = R(—¢,,1)
BX(x)Hx = Vi and  B2F(x)Vyx = R(—1,¢,).

The claim follows by iterating one more time. [

Lemma 7.1.3. There exists C > 0 such that |B, — A, < C (22" /o)" for every n.
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Proof. Let L, = A— B,,. Clearly, sup || L|| < sup ||A||||id —R,|| and this is bounded by oe,.
Now let us estimate the second term in the definition (7.1). If x and y are not in the same
cylinder [0;a] then d(x,y) = 1, and so

| Ln(x) = Lo(y)||
d(x,y)"

From now on we suppose x and y belong to the same cylinder. Then, since A is constant on
cylinders,

< 2sup || Ly,|| < 20¢,. (7.3)

1£a(x) = Lu(¥)ll _ [[AG)(Ba(x) — Buly)Il [ Balx) = Bu(y)|
d(x,y)" d(x,y)" N dx,y)"
If neither x nor y belong to Z, U f¥(Z,) U f*(Z,) then R,(x) and R,(y) are both equal
to id, and so the expression on the right vanishes. If x and y belong to the same f*(Z,)
then R,(x) = R,(y) and so, once more, the expression on the right vanishes. We are left
to consider the case when one of the points belongs to some f¢(Z,) and the other one does
not. Then d(x,y) > 272 and so, using once more that ||id —R,|| < &, at every point,

1L (%) = Lu(W)ll [ Ba(x) = Ru(y)
dxy)  ~ d(x,y)"
Noting that this bound is worst than (7.3), we conclude that

|Lalle < 020 + 202,27 < 30 (2% /o)"
Now it suffices to take C' = 30. .

Now we want to prove that Ay (B,) = 0 for every n. Let p, be the normalized restriction
of uto Z, and f, : Z, — Z, be the first return map (defined on a full measure subset).
Indeed,

Zy, = |_|[O; w,b,w] (up to a zero measure subset)

beB
where w = (1,...,1,2,...,2,2) and the union is over the set B of all finite words b =
(by,...,bs) not having w as a sub-word. Moreover,

fo | [0;w,0,w] = f"° | [0;w,b,w] for each b € B.
Thus, (fn, tn) is a Bernoulli shift with an infinite alphabet B and probability vector given
by pp = pn([0;w, b, w]). Let B, : Z, — SL(2,R) be the cocycle induced by B over f,, that
is,

B, | [0;w,b,w] = B™* | [0;w,b,w] for each b € B.

It is a well known basic fact (see [37, Proposition 2.9], for instance) that the Lyapunov
spectrum of the induced cocycle is obtained multiplying the Lyapunov spectrum of the
original cocycle by the average return time. In our setting this means

N
(Zn)
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A

Therefore, it suffices to prove that AL (B,,) = 0 for every n.

Indeed, suppose the Lyapunov exponents of B, are non-zero and let EY ® E be the
Oseledets splitting (defined almost everywhere in Z,,). Consider the probability measures m"
and m® for the cocycle B, defined as in (3.1). The key observation is that, as a consequence
of Lemma 7.1.2, the cocycle B, permutes the vertical and horizontal subbundles:

B, (x)Hy = Vi.x) and B, (x)Vy = Hy, (x) forallx € Z,. (7.4)
Let m be the measure defined on M x P(R?) by

mn(X) = %(un (X € Zy: Vi € X)) + pin ({x € Zy : Hy € X}).

In other words, m,, projects down to i, and its disintegration is given by x (g, +dv; ) /2.
It is clear from (7.4) that m,, is B,-invariant.

Lemma 7.1.4. The probability measure m,, is ergodic.

Proof. Suppose there is an invariant set X C M x P(R?) with m,,(X) € (0,1). Let Xy be
the set of x € Z, whose fiber X N ({x} x P(R?)) contains neither H, nor V. In view of
(7.4), X is an f,-invariant set and so its p,-measure is either 0 or 1. Since m,,(X) > 0, we
must have p,(Xo) = 0. The same kind of argument shows that p, (X3) = 0, where X5 is the
set of x € Z,, whose fiber contains both Hyx and V. Now let X be the set of x € Z,, whose
fiber contains Hy but not Vi, and let Xy be the set of x € Z,, whose fiber contains V, but
not Hy. The previous observations show that Xy U Xy has full p,-measure and it follows
from (7.4) that
fu(Xg) =Xy and fo(Xv) = Xg.

Thus, p,(Xg) = 1/2 = p,(Xy) and f32(Xy) = Xy and f3(Xy) = Xy. This is a contradic-
tion because f,, is Bernoulli and, in particular, the second iterate is ergodic. O]

By Lemma 3.1.4, the invariant measure m,, is a linear combination of m* and m®. Then,
in view of Lemma 7.1.4, m,, must coincide with either m® and m". This is a contradiction,
because the conditional probabilities of m,, are supported on exactly two points on each
fiber, whereas the conditional probabilities of either m* and m?® are Dirac masses on a single
point. This contradiction proves that the Lyapunov exponents of B,, do vanish for every n,
and that concludes the proof of Theorem 7.1.1.

The same kind of argument shows that, in general, one can expect continuity to hold
when some of the probabilities p; vanishes:

Remark 7.1.5. (Kifer [23]) Take d = 2, a probability vector p = (p1, p2) with non-negative
coefficients, and a cocycle A = (A, Ay) defined by

o 0 0 -1
A1:<00_1> and A2:<1 O>’

where 0 > 1. By the same arguments as we used before, Ap(A4,p) = 0 if p; > 0. In this
regard, observe that the cocycle induced by A over the cylinder [0;2] exchanges the vertical
and horizontal directions, just as in (7.4). Now, it is clear that Ay (A4, (1,0)) = £logo. Thus,
the Lyapunov exponents are discontinuous at (A, (1,0)).
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7.2 Open problems

While our results give a very complete answer to the continuity problem for two-dimensional
matrices some interesting problems remain, that we pose here:

Problem 7.2.1. Does continuity extend to unbounded cocycles satisfying an integrability
condition, for instance, log ||A*!|| € L'(u) ? Notice that this condition involves both the
cocycle and the probability measure. So, in this context the topology should be defined in
the space of pairs (A, p).

Problem 7.2.2. Does continuity extend to locally constant cocycles over Bernoulli shifts,
that is, such that A(x) depends on a bounded number of coordinates of f 7 Notice that we
have handled the case when A(x) depends only on the zeroth coordinate of x. What about
for locally cocycles over Markov systems.

Problem 7.2.3. Does continuity extend to extremal Lyapunov exponents of GL(d,C)-
cocycles for any dimension d ? Then, using exterior powers in a well-known way (see e.g.
[33]), one would get continuity for all Lyapunov exponents. An interesting special case to
look at are symplectic cocycles, that is, such that every A(x) preserves some given symplectic
form.

Problem 7.2.4. Can we say more about the regularity of the Lyapunov exponents as func-
tions of the cocycle: Holder or even Lipschitz continuity 7 differentiability 7 Some partial
answers and related results can be found in [32, 33|, for instance.
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