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Resumo

Para cada par de ideais fracionarios de um anel local em um ponto singular de uma
curva algébrica, geometricamente integral e definida sobre um corpo finito, hé associada
uma serie de Poincaré em m variaveis, onde m é o nimero de ramos da singularidade
da curva. Esta serie codifica as cardinalidades de certos conjuntos finitos de ideais fra-
cionarios e pode ser representada como uma integral no contexto da analise harmonica.
Além disso, também permite estudar funcoes zeta locais. Neste trabalho desenvolve-
mos métodos para computar estas series e estudamos o comportamento das mesmas
a respeito de mudanca do corpo de constantes e de explosoes do anel local. Como os
anéis que resultam apos estas operacoes nao sao anéis locais, embora semi locais, nos
estendemos naturalmente a definicao da serie de Poincaré multi-varidaveis para anéis
semi-locais e mostramos a relacao entre as duas teorias. Além disso, provamos no caso
semi-local algumas propriedades provadas no caso local. Neste trabalho, nés também
mostramos que quando o anel local é residualmente racional o semi-grupo associado
determina as series de Poincaré multi-variaveis. Em particular, para curvas algebroides
planas, esta serie permite associar ao anel local da curva uma serie em m variaveis, que
¢ um invariante completo da classe de equi-singularidade. Esta serie é também simi-
lar as series de Poincaré em varias variaveis associadas a germes de curvas algébricas
singulares complexas.

Palavras chaves: Series de Poincaré, funcoes zeta e singularidades de curvas sobre
corpos finitos.
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Introduction

In 1949, André Weil [31] formulated his now famous conjectures concerning the number
of solutions of polynomial equations over finite fields. These conjectures suggested a
deep connection between the arithmetic of algebraic varieties defined over finite fields
and the topology of algebraic varieties defined over the complex numbers. Weil was led
to his conjectures by consideration of the zeta functions of some special varieties. In
the zeta functions associated with algebraic curves over finite fields there are encoded
properties of arithmetic nature of the curves. In the non-singular case the theory
is well-known, and it culminates in the Hasse-Weil theorem about the Riemann hy-
pothesis for curves and in Deligne’s theorem about the Weil’s conjectures for higher
dimensional varieties. One of Weil’s major pieces of work was the proof of the fact that
his conjectures hold for curves, say the rationality and the functional equation of this
zeta function, and the analogue to the Riemann hypothesis. In 1973 Galkin published
Paper [14], which deals with a zeta function of orders in global fields that encodes the
number of ideals with given norms and is defined in the half-plane. His zeta-function
coincides with Schmidt’s zeta function in the case of a non-singular curve but it satis-
fies a functional equation only in Gorenstein case. In 1989, by slightly modifying the
zeta function introduced by Galkin, Green [15] obtained a new zeta function in terms
of the index of non-zero fractional ideals. Green’s zeta function satisfies a functional
equation, but it is not uniquely determined by the curve. Finally, in [26] Stohr intro-
duced a zeta function of a local ring O of a possibly singular, complete, geometrically
irreducible algebraic curve X define over a finite field k = F, of ¢ elements with rational
function field K. This zeta function, which encodes the number of positive fractional
ideals (O-ideals) of given degrees, is defined in the half-plane {s € C : R(s) > 0} by
the absolutely convergent Dirichlet series

C(0,5):=)_#(/0)*, R(s) >0
020

where the sum is taken over the O-ideals 0 that contain the local ring O. Moreover, this
zeta function coincides with the zeta function of Galkin in the Gorenstein case. It is a
rational function and always satisfies a functional equation. Stohr also introduced and

7



studied, for any non-zero fractional ideal a of the local ring O, the local zeta function
defined by the Dirichlet series

C(a,8):=> #(0/a)™, R(s) >0

Da

where the sum is taken over the O-ideals 0 that contain a. By breaking up the set
of O-ideals 0 that contain a according to finitely many ideal classes, it is obtained a
partition of the series ( (a, s) as a finite sum of the partial local zeta functions

C(abos)i= > #(/a)°, R(s) >0

?2Da, 0~b

where the sum is taken over all O-ideals ? that contain a and that are equivalent to
b. These partial series only depend on the ideal classes [a] and [b]. And these partial

s

series can be written as power series Z (a,b,t) in ¢ := ¢~° with integer coefficients,

which converge absolutely in the disk [¢| < 1 (cf. [26]).

In a recent paper, Stohr [27] introduced, for any local ring O of a curve X (complete,
geometrically irreducible, algebraic curve defined over a finite field k& = [, of ¢ elements
with rational function field K), and any pair of O-ideal classes [a] and [b], the multi-
variable Poincaré series defined to be the multi-variable power series

P(a,b,t) ==Y na(a,b)t” € Z[[ty, ... ty]]

whose coefficients are the cardinalities
T (a, ) := #{O-ideals 0 satisfyingd Da,0~band 0-O =a-p ™}

where t® := ' ---t"m for each n:=(ny,--- ,n,) € Z™ and m is the number of
branches centered at the curve singularity (cf. [27], Definition 2.1.) This series only
depends on the O-ideal classes [a] and [b] and it converges absolutely in the poly-disk
|t1] < 1,---, |t;] < 1. Moreover, it is a rational function

Ao, bty - ty)
(I1—t)---(1—ty)

where A(a,b;ty,...,t,) € Zlty, - ,t,) is a polynomial of multi-degree < b, where
b = (b1, - ,by) is the multi-exponent of the fractional ideal (b : O) : bO in the

P(aabytla"' 7tm) =

integral closure O of O in K. The polynomial A(a, b;t;,...,t,,) satisfies the following
functional equation

1 1

A, bty tm) = [Uga : Ub]qdim(b:a/(b:a)té)t’il A0, 1 b7 e )
qutl qrmtm




where b* is the dual O-ideal of b, b : a is the quotient between the two O-ideals a and
b, and 7y, , 7, are the degrees of the branches centered at the singularity (cf. [27],
Theorem 7.1.)

It is important to notice that the multi-variable Poincaré series P(a,b,t) can be
represented by an integral within the framework of harmonic analysis. The series
P(O,0,q "t1,- -+ ,q "™t,,) is, up to a constant factor, equal to the series Py(t1, ..., %)
defined by Delgado and Moyano [11], which may be viewed as an analogue of a multi-
variable Poincaré series for complex algebraic curve singularities (cf. [27], Theorems
5.2 and 6.3.). Even more, the partial zeta function can be expressed in terms of the
Poincaré series as

Z (a,b,t) = tdim(a@/a)fdim(bé/b)P(a’ b, t™, ... t™)

(cf. [27], Theorem 2.3). Thus, the multi-variable Poincaré series P(a, b, t) furnishes a
deeper discernment into the nature of local zeta functions.

The main objective of this thesis is to study the properties of the local zeta function
( (a,s) and the multi-variable Poincaré series P(a,b,t1, - ,t,). One of our purposes
is to describe a procedure which is useful to determine the ideal classes of a local ring
O and to compute the Poincaré series P(a, b, t) for each pair of O-ideal classes [a] and
[b]. Moreover, we give some examples of multi-variable Poincaré series of some curves
where we show the behavior of them under constant field extensions.

In a natural way, we extend the definitions of zeta function, partial zeta function
and multi-variable Poincaré series to a semilocal ring of a curve X (possibly singular,
complete, geometrically irreducible algebraic curve X define over a finite field £ = I,
of ¢ elements with rational function field K). Let S be a proper semilocal subring of
the function field K | k of a curve X. We associate to each S-ideal a, as well as to
each pair of S-ideal (non-zero fractional ideal of S) classes [a] and [b], the zeta function
(s (a,s), the partial zeta function Zg (a,b,t) and the multi-variable Poincaré series

Ps(a,b,ty,--+ ,ty) € Z[t1, ..., ty] in m variables with integer coefficients (see 3.1, 3.2
and 29). Just as in the local case, the series Ps(a,b,tq,-- ,t,,) converges absolutely
in the unit poly-disk [t1] < 1,--- | |t,,] < 1, where m is the number of places lying over

S. We prove the link between the local and semilocal definitions by means of an FEuler
product identity (see 33 and 35) that provides us a way to prove, for Zs (a,b,t) and
Ps(a,b,ty,- -+ ,t,), some similar properties to those proved by Stohr in [26] and [27].

The extended definitions for semilocal rings are important because they permit
us to study the behavior of the series ( (a,s), Z (a,b,t) and P(a,b,t1,- - ,t,) under
constant field extensions (see Section 4.3): if O is a local ring of the geometrically
integral algebraic curve defined over a field k = F,, whose function field in one variable
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is K | k, and if £’ is a finite field extension of k, then k' - K | k' is also a function
field in one variable and k' - O is a semilocal subring of &’ - K | k’, where k' - O just
consists of all linear combination of elements of the local ring O with coefficients in
the field &' (cf. [22] section 3). The extended definitions associated to semilocal rings
are also important because they permit us to study the behavior of the series ¢ (O, s),
Z (a,b,t), and P(a,b,t), attached to the local ring O of the curve X, with respect to
the blow-up of the local ring O, since the blow-up of a local ring O with respect to
its maximal ideal m is a semilocal ring O™ (cf. [20] Chapter VIII). Furthermore, they
permit us to associate to a geometrically integral algebraic curve X defined over a finite
field F, of ¢ elements the multi-variable Poincaré series Pg(S, S;t1, ..., ty), where S is
a semilocal ring of the curve X which is contained in the semilocal ring defined as the
intersection of all the local rings corresponding to singular points of X.

We also observe that the mentioned definitions of zeta function, partial zeta function
and multi-variable Poincaré series associated to non-zero fractional ideals of a local ring
O of the irreducible algebraic curve X, can also be defined for regular fractional ideals
of a reduced local ring O of a possibly singular, complete, reduced algebraic curve X
define over a finite field k = F, (see Section 5.1).

Let O be the local ring at a singular point of a geometrically integral algebraic
curve defined over a finite field £ = F,. We prove that, if b is an O-ideal such that
the ring b : b is a local ring, then the Poincaré series P(O,b,t) is congruent modulo
(g— 1) Z[[ty,- - ] with the series {1=D=Um=b S~ Jonoth, o (bNbp™/bNbp™ 1)t

t1o b —1
nezm
which is a polynomial when m > 2. Hence, in particular, if the local ring O correspond

to a rational point, then
(=1t —1)

. . n n+1 n
P(O,0,t) = P — ngz:mdlmk((’)ﬂp JONp*)t
modulo (¢ — 1) Z[[t1,--- ,tm]]. This establishes a link with the Poincaré series

Pe(tq, ..., t,) defined by Campillo, Delgado and Gusein-Zade in [7], which is a series
attached to a germ (C,0) C (C2%,0), and is equal to the Alexander polynomial of the
link C N 52 C S? for sufficiently small € > 0.

We show that, if O is a residually rational local ring, then the multi-variable
Poincaré series P(O,O,ty, -+ ,t,,) depends only on the semigroup S (O) of O (see
37 and 4.3). Thus, if O is a residually rational local ring and the residue field k& of O
is not too small, then we can associate to @ ®y, k the multi-variable rational function
PO®yk, Ok, Ty, ,T,) := P(O,0, Ty, ,Ty,) mod (q—1)Z[[ts, - ,tm]],

where 11, - - - , T}, are indeterminates. The rational function P(O®ik, Ok, Ty, - -, T),)
only depends on S (Q) and it is a polynomial when m > 2. A key ingredient is
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a result proved by Zuniga in [36] (cf. Proposition 4.7, page 35). If O is a residu-
ally rational local ring, then there exists a unique finite field extension ky | k& such
that for each finite field extension [ of kg the semigroups S(O ®y ko) and S (O ® 1)
are the same and, hence, S (O ® ko) = S ((9 Ok E) In virtue of this fact we may
assume that O is residually rational ring and S(0) = 5 (O @ k). Thus, the series
P(O®yk, ORkk, Ty, - -, T),) is well defined. We study, in particular, the multi-variable
Poincaré series P(O, O, t1,- - ,t,,) of the reduced local ring O := F,[[X, Y]]/ (f(X,Y))
of a plane algebroid curve totally defined over a finite field IF,. If the residue field of the
algebroid curve is not too small, P(O,O,ty,--- ,t,) becomes a complete invariant of
the equisingularity class of the algebroid curve O (cf. [30], [33]). Finally, we study a re-
lation between P(O®yk, O@uk, Ty, -+, Tp) and [ (1—=17" V0 . Um)y#(E\EG) =2,
which is a series associated to the minimal embedded resolution of the algebroid curve
defined by the series f = fi--- f,,, taken free from multiple factors. In this case,
D = U,er Eo is the exceptional divisor, EJ C E, is the complement in £, of the
intersection with all other components of the total transform and m?(f1),--- ,m7(fm)
are the multiplicities along E, of the liftings of fi,--- , fi., respectively.

The organization of this Thesis and results is as follows.

In Chapter 1 we review the notion of complete, geometrically irreducible, algebraic
curves defined over a field as well as their main properties and local duality. We also
recall the definition and main properties of zeta functions and Stohr’s Poincaré series
of local rings of algebraic curves defined over a finite field.

In Chapter 2 we give the definition and main properties of semilocal subrings of a
function field K | k of one variable with constant field k. In particular, the property
that, given a proper semilocal subring of a function field, it may be expressed as
intersection of a finite number of local rings, no two of which are contained in the same
valuation ring. Then, we prove that each fractional ideal of that semilocal ring may
be expressed as an intersection of fractional ideals of the several components of the
semilocal ring. We prove also that its degree may be expressed as sum of the degrees
of the several fractional ideal components. Furthermore, we study the connection
between some objects associated to non-zero fractional ideals of the semilocal ring and
the corresponding objects of the local rings of its decomposition. In the last part of
this chapter we prove some properties on semigroups.

In Chapter 3 we introduce the extended definitions of the multi-variable Poincaré
series Ps(a, b, ty,- - ,t,), the zeta function Zs (a,t) and the partial local zeta function
Zs (a,b,1), associated to each pair of S-ideal a and b of a semilocal ring .S of a possibly
singular, complete, geometrically irreducible algebraic curve X defined over a finite field
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k = T, of ¢ elements with rational function field K. After this, we prove the Euler
product identity which gives the link between the local and semilocal theory. We finish
Chapter 3 by studying some properties of the multi-variable Poincaré series attached
to semilocal ring which are similar to that proved in [27].

In Chapter 4 we indicate a procedure which is useful to determine the ideal classes
of a local ring O and to compute the Poincaré series Pp(a, b,t) for each pair of ideal
classes [a] and [b]. Moreover, we discuss basic examples of these objects that show the
behavior of them under constant field extensions. After this, we discuss the behavior
of the Multi-variable Poincaré series under constant field extensions.

In Chapter 5 we observe that the preceding theory about zeta function and multi-
variable Poincaré series can be extended to reduced curves and we indicate the ne-
cessary modifications in order to show, in this case, some mentioned results. Then
we study the multi-variable Poincaré series of a class of algebroid plane curves totally
defined over a finite field. We show that its multi-variable Poincaré series is a complete
invariant of its equisingularity class, in the sense of Zariski. We associate to a local
ring O the rational function P(O ®; k,O ® k,T1,--- ,T),). We finish Chapter 5 by
studying for algebroid plane curves a relation between P(O ® k, O @ k, Ty, -+, Tpn)
and the series []_(1 — Tlma(fl) - -Tfnna(ﬂ”))7‘75(Ef’\E2)*2 (a similar relation to Formula 5.1,
which was proved by Campillo, Delgado and Gusein-Zade for germs of complex plane
curves). We prove it in some particular cases.
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Chapter 1

Preliminaries

This chapter contains some preliminary definitions and results about singular curves,
zeta functions and Poincaré series needed in the sequel (cf. [25], [26], [27] and [22]).

1.1 Singular curves

In this section we present the basic facts about singular curves, for a treatment of them
we followed as main reference [25].

Let X be a complete, geometrically irreducible, algebraic curve defined over a field
k and let K be the rational functions on X. This means that K is the functions field in
one variable with the constant field k£ and that X is (the index set of) a set {Op}pex
of local k-algebras, properly contained in K with quotient field K, satisfying the two
properties:

i. For almost all P € X, the local ring Op is discrete valuation ring.

ii. For each discrete valuation ring R of K | k there is an unique P € X such that
Op C R.

(In the schemes language X has one more point, namely its generic point whose local
ring is the function field K.) Thus, by the first condition the number of singular points
of X is finite. By the second condition there exists a morphism 7 : X — X where X
denote the set of all discrete valuation rings of K | k and it is called the non-singular
model of X (also named the normalizations of X over k.) For each P € X the elements
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of the fiber 7! (P) are called the branches of X centered at P. By the extension
theorem of valuation theory, the morphism 7 : X — X is surjective. Furthermore,
the number of branches centered at P is finite, because the branches centered at P are
precisely the zeros of each rational function vanishing at P.

By a divisor of X we mean a coherent fractional ideal sheaf or, equivalently, a

ClZHClp

pPeX

formal product

where for each P the P-component ap (i.e the stalk of a at P) is a non-zero fractional
ideal of Op and ap = Op for almost all P. We say that ap is an Op-ideal. The set of
divisors of X is denoted by Div(X). A divisor a is called locally principal (or a Cartier
divisor) if each P-component ap is a principal Op-ideal.

Given two divisors a and b it is defined the product a - b and the quotient a : b by
setting:
(a-b)p=uap-bp
and
(a:b)p=uap:bp
where ap - bp is the Op-ideal generated by the products ab with a € ap and b € bp,
and ap: bp ={2€ K : zbp Cap}

In Div(X), it is defined a partial order by: a > b if and only if ap O bp for all

P € X. Hence, a divisor a is called positive (or effective) if a > O, where O := [[ Op
PeX
is the structure divisor of X. It is common in the literature but it would be inconvenient

in our approach, to invert the ordering.

The degree of a divisor is uniquely defined by the properties:

i. deg(O) :=0 and
ii. deg(a) —deg(b) = >  dim(ap/bp) whenever a > b.

PeX

For each non-zero rational function z € K\{0} let div (z) be its principal divisor defined
by
div (z) := H 2 1Op.

PeX
For each a divisor of X let

L(a):=()ap={z€K:div(z)-a> O}

pPeX
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be the k-vector space of global sections of a (Also denoted by H (X, a)) and let

— H ap
Pex

be the paralleletope of a, where ap is the the completion of the P-component ap of
a divisor a. It is well known (cf. [22] and [25]) that L(a) = A(a) N K and that
A (a) is contained in the k- algebra Ag, of adeles of K | k defined to be the restricted
product of the local fields KQ of the branches ) € X. Moreover, the two dimensions
[(a) :=dim L (a) and i (a) := dim(Agp/A (a)+K) are finite. In this way, the Riemann-
Roch Theorem for functions field was generalized by Rosenlicht to curves with singu-
larities, that is, each divisor a of X satisfies [ (a) = deg(a) + 1 — g + i(a), where
g :=1(0) is called the arithmetic genus of X. Thus, the degree of a only depends on
the linear equivalence class

{div(z)-a:z€ K,z #0}

of the divisor a. By the Riemann-Roch theorem it is gotten the genus formula
g=9g-+ Z op

where g is the geometric genus of X defined to be the genus of the non-singular model
X (cf. [22] and [25]).

A (Weil) differential of X is defined as a k-linear functional Ay, — k vanishing
on A (a) 4 K for some divisor a of X. Since A(a : @) C A(a) € A(a-O) this notion only
depends on the non-singular model X. The k-vector space of all differentials vanishing
on A (a) is denoted by € (a). Thus, i (a) = dim Q2 (a).

Let A be a non-zero differential. Among the paralleletopes where A vanishes there
is a largest one, say A (c¢) (cf. [25]). The divisor div () := ¢ is called the divisor of A
on X. Observe that the divisor of A\ on the non-singular model X corresponds to the
divisor ¢ : @ of X which is the largest O-divisor smaller than or equal to c.

Since the space Qg of differentials is one-dimensional vector apace over the func-
tion field K (cf. [21]), the linear equivalence class of the divisor ¢ = div (\) does not
depend on the choice of the non-zero differential A, and it is called the canonical class.

It is deduced that Q2 (a) = L (¢ : a) A and, therefore, that ¢ (a) = [ (¢ : a) for each divisor
a of X. In particular it follows that

[(c)=1(0)=dimQ(0) =g.
Furthermore, by applying the Riemann-Roch theorem,
deg (¢) =29 — 2
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The mentioned definitions and results are the main ingredient in the study of the

(O, = Y

a>0

Dirichlet series

where a ranges over the positive divisors of X. In the next section we present some
known facts about this important series.

We finish this section given some local definitions and properties of the curve X
which are the essential tools to study the local factors of the zeta function ¢ (Ox, s) as
well as the Poincaré series P(ap, bp,t). Let P be a point of X, let Op be the local ring
of X at P and let Op be the integral closure of Op in K. The degree of singularity of
X at P is defined as

5p = dim(Op/Op).

Since K is a function field in one variable with constant field k, each integral k-algebra
A with quotient field K has finite k-codimension in its integral closure A (cf. [22]).
Therefore dp is an integer number. Thus, the degree of singularity of X, defined by

0= dp,

Pex
is well defined as well as the local degree function degp defined by the properties:
i. degp(Op) :=0 and

ii. degp (ap) —degp (bp) = dim (ap/bp) whenever ap D bp.
The Local Duality Theorem was also generalized to singular curves (cf. [25]).

Theorem 1 (Local Duality) Let ap, bp be Op-ideals such that ap O bp. Then there
s an isomorphism of k-vector spaces

(Cp : bp)/(CP : Clp) - hOIIl]c (Clp/[)p,k‘) (1.1)

defined by ¢ — (a — Ap(ac)), where ¢ = div (\), Ap is the P-component of the differ-
ential X and \p is defined to be the composition homomorphism:

/\PZK'—>}?Q1X"'X.[?QWL;)AKUCL)]{?.

It follows from the local duality that degp(ap)+degp (¢cp : ap) does not depend on
the Op-ideal (fractional) ap and therefore

degp (cp : ap) = degp (cp) — degp(ap). (1.2)
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Thus, from local duality and from the previous equality, it was proved the following
reciprocity formula (cf. [25]):

Corollary 2 (Reciprocity formula) For each divisor a of X,

c:(c:a)=a (1.3)

In particular ¢ : (¢: Q) = O, that is, ¢ : ¢ = O. Observe that each divisor ¢
satisfying [ (¢) > g and deg (¢) = 2g — 2 is a canonical divisor. The divisor ¢ is uniquely
determined up equivalence by Property 1.3, that is, a divisor 0 satisfiesd: (0 :a) =a
for each divisor a if and only if @ = b - ¢ for some locally principal divisor b i.e. for each
point P there is zp € K\{0} such that 9p = 25'cp (cf. [19]).

In the set of Op-ideals it is defined the following equivalence relation: for each
Op-ideals 0p and bp, 0p ~ bp if and only if 0p = z;lbp for some zp € K\{0}. For
instance, 0p is an Op-ideal if and only if 9p ~ Op. The ring bp : bp and its group of
units

pr = {U S K\{O} cbp = U_lbp},
which is a multiplicative subgroup of K'\{0}, only depend on the Op-class [bp].

By the reciprocity, the assignment
Clpi—>Cl}<3Z:CP2Clp

defines an anti-monotonous permutation between the Op-ideals and a} is called dual
ideal of ap. It satisfies the following properties (cf. [27]):

Proposition 3 Let ap and bp be Op-ideals. Then

1. dim(b}p/ap) = dim(ap/bp)

2. degp (a) — deg (b)) = degp (bp) — deg(ap)

3. ap:bp=bp:ap

4. (bpNap)" =a%+b% and (bp +ap)” =ap Nb%

5. (ap-bp) =bp:ap and (ap: bp)" = b} - ap.

In particular, if ap is an Op-ideal say ap =py'---py then ap = (5}3 tap = a;l-é}
Lo (9o ) = (™ - py) - O
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Proposition 4 Let bp be an Op-ideal. Then

1. (bp . 613)* = b}; : 6]3 and (bp : 6]3)* = b}; : (51)

2. b*P b*P = bp bp, Ub* = Uhp and (bp Op) . (b*P . Op) (bp Op) (bp OP)
This means that the ring bp : bp, the group Uy, and the Op—zdeal (bp : Op) :
(bp - Op), which only depend on the ideal class [bp), remain unchanged if bp is
replaced by the dual ideal b7.

3. dim(b}, - Op/b}) = dim(bp/bp : Op) and dim(b}/b} : Op) = dim(bp - Op/bp).
This means that the dimensions dim(bp - Op/bp) and dim(bp/bp : Op), which
only depend on the ideal class [bp], are interchanged if bp is replaced by the dual
ideal bp.

By using the previous proposition, it follows that the sum and the product of
dim((bp - Op)/bp) and dim(bp/(bp : Op)) remain unchanged if bp is replaced by
bp.

The Op-ideal fp := Op : (513 is called the conductor ideal. Observe that fp is an
Op-ideal too. The one-dimensional local ring Op is called Gorenstein ring if
dim (Op/fp) = dp. An algebraic curve X is called a Gorenstein curve if all its lo-
cal rings are Gorenstein rings. It is well known the following result due to Rosenlicht
(cf. [22] and [25]). The curve X is a Gorenstein curve if and only if its canonical
divisors are locally principal.

Let @1, ,Qm € X be the branches centered at P and let Og,, - ,0q,, be the
corresponding local rings at these points. Since the function field of X and X are the

same and X is a non-singular curve, the local rings Ogq,, -, O, are precisely the
valuation rings of K | k over Op. The integral closure of Op is Op = Og, N---N0Og,,
and Op is a semi-local principal ideal domain whose maximal ideals, say pi, - , P,
correspond bijectively to the branches @1, -« ,@,,, that is, foreacht=1,--- ,m

p; ={z€O0p:vi(z) > 1}

where v; = ordy, is the corresponding valuation of the function field K | k. Thus the
divisors of the non-singular model X correspond bijectively to the divisors of X whose
P-components are non-zero fractional ideals of (’)p too. The completlon of the local
ring Op is denoted by Op and the completion of the semilocal ring Op with respect

to its Jacobson ideal is denoted by O p. Since Op has finite k-codimension in (’)p, that
is, 0p < 0o, by the Artin Rees Lemma the topology of Op is induced by the topology
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of 613, and so @p is a closed subring of Op of k-codimension dp. By applying the
Chinese remainder theorem to the residue ring Op and passing to the projective limit
is obtained

6p:6Q1 Xoee X@Qm
which is contained in the product [?Ql X e X IA(Qm.

We let O pyp, (j =1,---,m) denote the completlon of the local ring Op with respect
to its minimal prime ‘}3] and we let ¢ : O p — O Py X - X Op% denote the diagonal
homomorphism. Since Op is a reduced ring, v is injective. We have the following
commutative diagram:

Op — Oy x- - x0
1 S
Op — Opgpl X X Oqum

Qm

By the Cohen ’s structure theorem for regular complete local rings each (’)Q is isomor-
phic to k;[[t;]], where k; = (’)Q /p; is the residue field of OQ ;that is, each k; = (’)p/p]
Thus R
Op ~Og, x -+ % OQm
~haflal] % -+ Eolt]

This isomorphism is an important tool to determine the ideal classes of a local ring O
and to compute the mentioned series.

1.2 Zeta functions

Let X be a complete, geometrically irreducible, algebraic curve defined over a finite
field k = F, of ¢ elements and let K be the rational functions on X. The zeta-function
of X is defined to be the Euler product

1
C(X7 S) = H 1 — q*Sdeg(P)

PeX

when the real part R (s) of s € Cis larger than 1. The zeta-function ¢ (X, s) is important
in algebraic geometry because it satisfies the well known identity

C(X,s) =exp (f: %NJ”)

n=1

19



where N, := #X (F;n) is the number of rational points over the extension field F,n of
[F, of degree n and t := ¢~ (see [23]). The zeta-function ¢ (X, s), except for possible
new zeros on the imaginary axis R (s) = 0, has the same zeros as the zeta-function
¢ ()Z' ,8) of the non-singular model of X. By the Riemann hypothesis for non-singular
curves, C()?, s) may be written

L(X,t)
(1—1) (1 —qt)

C()ZV,S) =

where L()? ,t) is an polynomial with integer coefficients in ¢ = ¢~* of degree 2g whose
zeros are on the circle [¢| = ¢'/? (or equivalently on the line R (s) = 1 in the s-plane)
and it satisfies the global functional equation

L(X,t) = ¢7t9L(X,1/qt).
Thus
L(X,t)
(1—1t)(1—qt)’

HQ\P (1 _ tdeg(Q))

(1 — tdeP))

¢(X,s) =

where

L(X,t):=L(X 1) ]
PEXsing
P ranges over the singular points of X and the symbol “@Q | P” indicate that () ranges
over the branches centered at P. Since deg (P) divide deg (Q) whenever @ is a branch

S

centered at P, L (X,t) is a polynomial in ¢ = ¢~* with integer coefficients (see [25]).

The zeta function ¢ (X, s) is compared with the Dirichlet series
((Ox5)i= Y gt
a>Ox
where a ranges over the positive divisors of X, and it satisfies the following functional

equation: the function ¢*9=1¢ (Ox, s) is invariant when s is replaced by 1 — s.

The Dirichlet series ¢ (Ox, s) may be expanded as

¢ (Ox,s) HC (Op,s). (1.4)

PeX

Formula 1.4 establishes the link between the local and the global theory.

Since ¢ (Op,s) = m whenever P is a non-singular point of the curve X,
it follows that the zeta-function ¢ (X, s) coincide with the Dirichlet series ¢ (Ox, s)
whenever X is a non-singular curve. In particular, the zeta function ((X,s) and the

Dirichlet series ((Ox,s) of the non-singular model of the curve X are the same.
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Let Op be a local ring of the curve X. Let us omit the subindex P, so that we
write O instead of Op. For each O-ideal a the Dirichlet series ¢ (a,s), with R (s) > 0
was introduced by Stohr modifying the definitions of Galkin and Green in order to
obtain a zeta function canonically associated to the local ring O which always satisfies
the functional equations and which in the Gorenstein case coincides with Galkin ’s
zeta functions. By using the assignment 0 —— ¢ : 0, which defines a bijection between
the set of O-ideals that contain a and the set of O-ideals that are contained in a, it

is obtained the connection between the local zeta function ( (a,s) and Green’s zeta
function (cf. [14], [15] and [26]).

Let a be an O-ideal. For each O-ideal 0 containing a,
# (O/CL) _ qdimk(a/a).

Thus the series ( (a, s) writes as follows as power series in ¢t = ¢~° with integer coeffi-

Da

clents

where the sum is taken over the O-ideals ? containing a. The series Z (a,t) encodes
the number of O-ideals that admit a as subspace of given codimension. Moreover the
series Z (O, ) is a rational function

L(O.1)
(-

=1

Z(0,t) =

where L(O,t) € Z[t] is a polynomial with integer coefficient of degree 26 in ¢, which
satisfies the following functional equation

-5
t°L(O,t) = (qlt> L(O,%).
(cf. [26], Theorem 3.10.)

It is well known that the integral closure OofOin K is a pr1n01pal ideal domain,
then each O-ideal 0 is equivalent to some one O-ideal b satisfying b- 0=0 and, hence,
O:0O CbCO. This property permits to decompose the series Z (a,t) in the following

way:
Z(at)= > ( > tdimk@/“))

b-O=0 \02a, 0~b

where b varies over the finitely many O-ideals satisfying b - O = O and 0 varies over
O-ideals that contain a and are equivalent to b. On the other hand, for each pair of
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O-ideals a and b the partial zeta-function ¢ (a, b, s), with R (s) > 0, may be written
as a power series in t = ¢~° with integer coefficients as follows:

Z(a,bt)= Y OO <1

Da, 0~b

where the sum is taken over all O-ideals that contain a and are equivalent to b. There-
fore,

Z(a,t)=> Z(ab,t)
(6]

where b ranges in (a complete system of representatives of) the ideal class semigroup
of O.

1.3 Poincaré series

In this section we present the main facts about the multi-variable Poincaré series
P(a,b,t). We use as reference [27].

Let O be a local ring of a geometrically irreducible algebraic curve defined over a
finite field k& = F, with rational function field K, and let a and b be O-ideals. The
maximal ideal, say p1,- - - , pm, of the integral closure OofOin K correspond bijectively
to the valuations vy = ord,,, - - , v, = ordy,, in the function field K | k. Each O-ideal
is just of the form

p? = pit - plm, where ni= (ng, - ny) € ZM.

It is defined its multi-exponent by v (p™) := n. And for each non-zero rational function
z € K\{0} is abbreviated
v (z):=v(z0) = (11 (2),- - ,vm (2)) € Z™.

Definition 5 The multi-variable Poincaré series associated to a pair of O-ideal classes
la] and [b] is defined to be the multi-variable power series

P(a,b,t) ==Y nn(a,b)t™ € Z[[ts,. .., tm]),
whose coefficients are the cardinalities
M (a, ) := #{O-ideals 0 satisfying® D a, 0~b andd-O =a-p~"}

where t™ :=t]* -+ -t for each n = (ny, - ,ny,) € Z™ (cf. [27] Definition 2.1).
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It was proved that this cardinalities are really finite an that the convergence domain
of this multi-variable series is the unit poly-disk (see [27] Theorem 3.2 (ii) and (iii)).
This series only depends on the O-ideal classes [a] and [b]. Moreover, it may be
expressed in the form

Plabt)= Y @O0 ezl 1]
Da,0~b

where the sum is taken over all O-ideals ? that contain a and are equivalent to b.

Given that each O-ideal is equivalent to the O-ideal O and that the O-ideals con-
taining a are precisely of the form a-p™™, where n = (ny, -+ ,n,) € N and N stands

for the additive semi-group of non-negative integers, it follows that, if b is both O-ideal
and O-ideal, then

1
P — ni ., 4m g f -] 1 .
(a,b,t) E t] o =6 (0=t or any O-ideal a

(n1,++ nm ) EN™

Theorem 6 The following identity holds;

7 (Cl, b, t) — tdimk(a‘é/u)—dimk(b.é/b)P(m b, tm’ o ’trm)
where 1y = dimg(O/py), -+ 7y := dimy,(O/pn,) are the degrees of the residue fields of
O owver the constant field k.

This means that the partial local-zeta function may be expressed in terms of the
multi-variable Poincaré series. The previous theorem was proved by using the following

property

Lemma 7 For each non-zero rational function z € K\{0} and for each O-ideal a,

deg (a) — deg (za) =1 - v (2) = > rw;(2).
i=1
In particular,
deg (20) = —r-v(2).
In this case, v -n :=>Y_ rn; for eachn=(ny, -+ ,ny) € Z™.

i=1

For each O-ideal b was defined the vector with integer coordenates
b:=v((b:0):b-0),
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the set N
S(b):={v(z)—v(b-0):zeb\{0}}

and
bp = {z € b: v (2) = n}, for each integer vector n € Z™.

Both the vector b and the set S (b) only depend on the ideal class [b]. Moreover, they
satisfy the following properties:

b+N™ C S (b) C N™

and

S(O) + 5 (b) C S (b).

In particular, S (O) is a semigroup intermediate between f+N" and N™. It is called
the semi-group associated to the local ring O. Since

6:0):6=0b:0):6-0=(b:0)-(b-0)"

and N o
fC(b:0):6-0CO0O,

where f:= O : O is the conductor ideal of O in its integral closure O (see [27] Lemma
3.1), it follows that

b:=v((b:0):6-0)=v(b:0)—v(b-O)

and
0<b<f:=v(f)

where “<” stands for the natural partial ordering of the Cartesian product Z™. Thus,
ifb-O=0Othen (b:0):b6=0b:0,fCbC O, b=v(b: ) and, hence, b is the
smallest vector in the partial ordering of Z™ such that p® C b.

The vector b and the set S (b) are important because they provide important in-
formations about the coefficients of the multi-variable Poincaré series (see [27]).

Theorem 8 The cocfficients of the Poincaré series P(a,b,t) := > 1, (a,b)t™ satis-
fies:

1. My (a,b) = #(E;:(—)ég]]o) where j =n —v(a-O) 4+ v(b - O) for each n €Z™
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2. 1n (a,b) > 0 if and only if n €S (b)
3. 0<nn(a,b) <[Us: U for each n €Z™

4. b is the smallest vector in the partial ordering of N™ with the following property:
if n > b then n, (a,b) = [Ug : Ul

The multi-variable Poincaré series P(a, b, t) can be represented by an integral within
the framework of harmonic analysis as follows (see [27]):

Let R :=[]", K v; be the locally compact total ring of fractions of the completion O
of the local ring O, and let Ug :=[]", l?: be its group of units. The homomorphism
v (K" — 7Z™ extends naturally to the group homomorphism v :Ur — Z™ that maps
each unity v := (uq,--- ,uy) in Ug to the integer vector v(u) = (01 (u1), -+, Om (Um))
in Z™. Moreover, there exists a Haar measure i on the additive group of the locally

~

compact F,-algebra R, normalized so that fig(O) = 1. Thus,

Theorem 9 P(a,b,t) = WI@:HW% ¢VEOYEdL(2) in the unit poly-disk
[ta] < 1,-++, |tm] < 1, where o := dimg(O/m) is the degree of the residue field of
O owver the constant field k.

It was also proved in [27] that:

Theorem 10 P(a,b,t) is a rational function

A(aa b7t17 e atm)
(1—t1)-- (1 —tp)’
where A(a,b;ty, ... ty) € Zlt1, -+ ,ty] is a polynomial of multi-degree < b, where

b = (b, ,by) is the multi-ezponent of the fractional ideal (b : O) : bO in the
integral closure O of O in K, which satisfies a functional equations

P(a7b7t17"' 7tm) -

1

A(a, bty b)) = [Ugsa : Uglq™ @/ @0 b ybm A (O q - b, oy

),

,t

q"

where b* is the dual O-ideal of b.

Furthermore, the multi-variable Poincaré series can be expressed in the following
form:
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Theorem 11

qé_deg(b@ H ("t = 1) d (bNbp™) _ _deg(bnbp™T1t)
P(O,b,t) = i= eg(bNbp™ eg(bNbp™ )y ¢n.

nezm

The previous identity is useful because it permit us to view the multi-variable
Poincaré series as an analogue of a formula for Poincaré series of germs of complex
curves, which was introduced by Campillo, Delgado and Gusein-Zade in [7].
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Chapter 2

Semilocal rings and fractional ideals

The intersection of local rings of points on a singular curve is a semilocal ring; in this
chapter we study this class of rings. After giving some results on semilocal rings in
section 1, our main interest in section 2 is the decomposition of fractional ideals of
a semilocal ring as intersection of fractional ideals of its several components. We use
this decomposition for getting some results, which shall play a decisive role in the next
chapter to extend to semilocal rings of a singular curve the definitions of zeta functions
and multi-variable Poincaré series associated to local rings of a singular curve.

2.1 Semilocal rings

In this section we present the basic facts about semilocal subrings of a function field,
and we use as main reference the Rosenlicht’s paper [22].

A Noetherian ring is said to be a semilocal ring if it contains precisely only a finite
number of maximal ideals. Let K | k be a function field of one variable with constant
field k and let R be a subring of K. The ring R is called a subring of K | k if R contains
the field £ and the quotient field of R is K. We say that a is an R-ideal of K | k if a
is a non-zero fractional ideal of R.

The next theorem gives a characterization of semilocal subrings of a function field
of one variable. It contains some equivalent properties which were proved in [22]. We
add properties 4 and 5, which will be useful for us in this work.

Theorem 12 Let K | k be a function field in one variable with constant field k and
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let S be a subring of K | k. The following properties are equivalent:

1. S is a semilocal ring.

2. There exist x,y1, -+ ,y, in S such that x is not constant and S is the set of
of elements of the form F (z,y1, -+ ,y,) /G (z) where F' and G are polynomials
in k[To,Th,- -+, T.] and k[Ty], respectively, with coefficients in k and such that
G (0) #0.

3. There exist valuations vy, -+ , vy, of the function field K | k and an integer N
such that S contains {z € K :v;(z) > N,1 <i < m}.

4. There exist valuations vy, - -+ , vy, of the function field K | k and integersny, -+, ny,
such that S contains {z € K : v; (z) > n;, 1 <i <m}.

5. There exist valuations vy, - -+ , Uy, of the function field K | k and integers fi,- -, fm
such that
(S:9)={z€K:v(z)> fi,1 <i<m},

where (S : §) 18 the conductor ideal of S in its integral closure S,

6. S is contained only in a finite number of valuation rings of the function field
K| k.

Proof. For the proof of (1) = (2), (2) = (3), and (6) = (1) see [22] Theorem

(3) = (4) Let n; = N for each i = 1,--- ,m. Then, by (3), the ring S contains
the set {z € K :v;(2) > n;, 1 <i <m}.

(4) = (5) Observe that, if v is a valuation of K | k distinct from vy, - -+ , v, then,
by the approximation theorem, there exists z € K such that v (z) < 0 and v; (2) > n;
for each ¢ = 1,--- ,m, and hence z ¢ O, and z € S. Thus any valuation of K | k
whose valuation ring contains the ring S is contained in vy, - -+, v,,. On the other hand,
if the ring S is not contained in the valuation ring O,, then there exists z; € S with
Um (21) < 0. By the approximation theorem there exists zo € K such that v, (z2) = n,,
and v; (z9) is very large for each i = 1,--- ,m — 1, so that zo € S and v; (27™22) > 0
for each ¢ = 1,--- ;m — 1. Setting y := 2{™25 + 1 we have y € S, v;(y) = 0 for
each i = 1,--- . m — 1 and v, (y) < —ny,. Then, if z € K and v; (z) > n; for each
t=1,---,m—1, we have zy™" € S for every sufficiently large integer n such that
Um (2y™") > n,,. Hence z € S. Thus, if the valuation ring O, does not contain the
ring S, then S contains the set {z € K : v; (2) > n;, 1 <i <m — 1}. Therefore we can
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assume that the valuations vy, - - - , v, are precisely those whose valuation rings contain
the ring S. Hence S = N™,0,,. Now, we set (fi,--- , fm) to be the smallest vector in
the partial ordering of Z™ such that S contains the set {z € K : v; (2) > fi,1 <i < m}.
Since 28 = {y € K : v; (y) > v; (2),1 < i < m} for any z € K\{0}, we conclude that
z € (S: §) i.e. 29 C S if and only if v; (2) > fi,1 < i < m, proving (5).

(5) = (6) If v is a valuation of K | k distinct from vq,--- , v, then, by the
approximation theorem, there exists z € K such that v (z) < 0 and v; (z) > f; for each
i=1,---,m, that is, z € (S : §) C S and z ¢ O,. Thus, the ring S is only contained
in the valuation rings corresponding to the valuations vy, ,v,,. ®

Let S be a semilocal subring of a function field K | k. From (5), in Theorem 12, it
follows that there exist valuations vy, - , vy, of the function field K | k£ and integers
fl? ttt 7fm SuCh that

(S:S)={z€K:v;(2) > fi,1 <i<m}.

The valuations vy, - - - , vy, are precisely those valuations of K | k whose valuation rings
contain S.

The next known corollary is consequence of the previous theorem:

Corollary 13 Let Sy and Sy be subrings of the function field K | k.

1. If S1 C Sy and Sy is semilocal, then S is semilocal.

2. If S1 and Sy are semilocal then S1 N Sy is semilocal.

Proof. Each valuation ring of K | k containing Sy contains the semilocal ring S,
which is contained in only a finite number of valuation rings of K | k, and hence Sy is
semilocal.

The second sentence will follow from the fact that the ring S; N .Sy contains the
intersection (S : §1) N (S, : 572) Since the semilocal rings S; and S, satisfy Property
(5) of Theorem 12, the ring S, NSy also satisfies Property (4) of that theorem. On the
other hand, by the approximation theorem, we can choose a non zero rational function
y in (S : §1) N (Sy : §2) and, hence, y is contained in S; N S5. Then every rational
function 2z in K may be expressed as the quotient z = ZyL:, for every sufficiently large
integer n, so that zy"! € S; N S, and, hence, zy™ = (2" )y € S; N Ss. Thus K
is the quotient field of S; N S3. Therefore we have proved that S; N .Ss is a semilocal
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subring of K | k and the valuation rings of the function field K | k containing S; N Sy
are precisely those containing S; or S;. m

Note that, by the first part of the preceding corollary, S; and S, are semilocal
subrings of K | k if and only if S; N S is a semilocal subring of K | k.

Theorem 14 Let S be a semilocal subring of the function field K | k with S # K.
Then S may be expressed, in one and only one way, as the intersection of a finite
number of local subrings of K | k such that there do not exist two of them which are
contained in the same valuation ring of K | k.

This theorem was proved in [22] using the following lemma (see [22] Theorem 3)

Lemma 15 Let Sy and Sy be semilocal subrings of the function field K | k such that
S1 and Sy are not contained in the same valuation ring and Sy NSy is contained in the
local ring O. Then S1 C O or S, C O.

The preceding features have a geometric interpretation (see [22] Theorem 5). In-
deed, let S be a semilocal subring of the function field K | k. By Theorem 12, there
exist x,y1,- -,y in S such that z is not constant and S' is the totality of elements of
the form F (z,y1, - ,v,) /G (z), where F and G are polynomials in k[Ty, Ty, - ,T}]
with coefficients in k and G (0) # 0. Thus, the curve X whose non-homogeneus general
point over k is (z,y1, - ,y,) will have K as function field. The semilocal ring S is then
the localization of the ring k[z,y1,- - ,y,| respect to the multiplicative closed subset
U={G(z) € klr,y1, -,y : G(To) € k[To], G(0) # 0}. Then, maximal ideals of
the semilocal ring S contract in k[x,y1, - , y,] to maximal ideals that do not intersect
the closed subset U. Indeed, let Pi,--- , P be all the points of X which are at finite
distance and for which x = 0. Then P, - - - , P; are algebraic over k and form a set that
is closed under conjugation over k. Let Ox p, be the local ring of P; (1 = 1,---,5).
Since S is the totality of elements of the form F (z,y1,---,y,) /G (z) where F and
G are polynomials in k[T, Ty, -+ ,T,] with coefficients in k& and G (0) # 0, we have
S C Ox,p,N---NOx p,. But, every maximal ideal in .S must be a prime ideal of the ideal
Sx, generated by z, so that any quotient ring of S with respect to a maximal ideal of

Sissome Oy p,, forsome ¢ =1,---,s. Thus S = Sy, N-- NSy, = Ox.p,N---NOx p,,
where my, --- , m, are the maximal ideals of S.
Therefore, if Oy, -, Oy are local subrings of the function field K | k, no two of

which are contained in the same valuation ring of K | k, then the ring S =: O;N---NO;
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is a semilocal subring of K | k and Oy, --- , Oy are local rings of some curve X over k
whose rational function field is /K. Conversely, given a geometrically integral algebraic
curve X defined over a field k£ with rational function K, we may define a semilocal
subring of its function field K | k to be the intersection S of finite local rings of the
curve X. In particular, the intersection S of the local rings of the singular points of
the curve X is a semilocal subring of K | k.

2.2 Decomposition of S-ideals

Given a proper semilocal subring of a function field of one variable, it may be expressed
as intersection of a finite number of local rings, no two of which are contained in the
same valuation ring. In this section we prove that each fractional ideal of that semilocal
ring may be expressed as intersection of fractional ideals of the several components of
the semilocal ring. We also prove that its degree may be expressed as the sum of the
degrees of the several fractional ideal components. Furthermore, we study the connec-
tion between some objects associated to non-zero fractional ideals of the semilocal ring
and the corresponding objects of its decomposition.

Let S be a semilocal subring of a function field K | k, with S # K, whose expression
as intersection of local rings given by Theorem 14 is S = O;N---NQO,. Given that S is
a semilocal ring there exists only a finite number of valuations of K | k. Let vy, -+ , v,
be all the valuations of K | k whose corresponding valuation rings contain S. Then the
integral closure of S is S = Op, N---NQO,, . Hence S is a semilocal principal ideal
domain and, from Theorem 14, it follows that the maximal ideals of it, say p1, - , pm,
correspond bijectively to the valuations vy, --- v, and S, . =0, fori=1--- m.
Thus S is a Dedekind domain and cach S-ideal of K | k is just of the form

p?i=pt - plm where n = (nq, - ,n,y,) € ZM.

As in [27], we defined its multi-ezponent by v (p™) := n. We abbreviate
v (z)=v(28) = (v1 (2), -+ ,vm (2)) € Z™

for each non-zero rational function z € K* and we denote by r; := dimy,(S /p;) the
degree of the residue field of p; over the constant field £ for j = 1,---,m. Thus, by
the Chinese remainder theorem,

dimg(S/p") =r-n ::ernj, for each n := (nq,--- ,ny,) € N™.

i=1
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The degree degg (a) of an S-ideal a is defined by the properties:

i. degg(S):=0

ii. dimy (a/b) = degg (a) — degg (b) whenever a D b.

Let N N
dg := degg(S) = dimy(S/S)

be the singularity degree of the semilocal ring S. Then

degg (p™) = dg — r - n, for each integer vector n € Z™.

From (5) in Theorem 12, it follows that there exist integers fi,--- , f;, such that the
conductor ideal f:= (S : 9) is

where f := (f1,---, f) € Z™.

We observe that the multi-exponent and the degree of an S-ideal p" may be ex-
pressed in terms of those of the integral closure of its local rings in the decomposition
given by Theorem 14. Indeed, if vy, - - , vy, are all the valuations of K | & whose val-
uation rings contain O; for i = 1,--- , s, then the valuations v;;, 1 <7 <5, 1 < j <my,
are precisely the valuations of K | k whose valuation rings contain S. So the integral
closure of S is S = NO,,, = (91 NN (9 . Its maximal ideals , say p;; 1 < i < s,
1 <5 < my, correspond bljectlvely to the valuations v;; 1 <7 <s,1 <j <m; and
Spw =0, 1<i<s5,1< 7 <m, Thus each S-ideal of K | £ may be expressed in
terms of those of the several components as

pn = lill.__m;ls
where m?z = p?lzl ’ p:Lr:Lm27 n; = (ni17 e 7nimi) € Zmi? 1 <@ < S, and
n:=(ng,- - ,ng) €Z™ x --- x Z™s. Its multi-exponent may be expressed by
v (p") = (v (P, v (05))
where p} = ‘B?ia, v; (p;") :=mn; 1 <7 < s, and for each non-zero rational function
z e K7,
v(z):=v(2S) = (vi(2), - ,vs(2) €Z™ x -+ X L™
with v; (2) = (vi1 (2), -+, Vim, (2)) € Z™ for i = 1,--- | s. Therefore,
dimy( S/p Zdlmk O,;/p;") Zrz n,= ZZTUHU
i=1 j=1
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where r;; 1= dimk(g/pij) = dimk(a/pija), 1<i<s,1<j5<m.

The conductor ideal of S in S may be expressed in terms of those of its components
as f = P ... Pt where PHO,; = plit .. pf;ﬁ:’ O, = (O; : O;) is the conductor ideal of
O; in O; and f; := (fir, -+, fim;) € Z™ foreach i =1,--- ,s.

Lemma 16 Let Sy and Sy be semilocal subrings of the function field K | k such that
S1 and Sy are not contained in the same valuation ring. Then

: apNaxy) oy : a
dimy, (blﬂ62) = dimy (51> + dimy, (52) ,

where a; and b; are S;-ideals such that b; C a; fori=1,2.

Proof. We have

. alﬂag . blﬂag . Cllﬂaz
d =d d )
. <blmbg) 1L (blﬂbg)+ an([llﬂaz)

So we must prove that dimy <w> = dimy, (“1> and dimy, <M> = dimy, (“—) .In

had 2
bi1Nas b1 b1Nba b

fact, the k-linear application

a; MNag a
— —, x+biNay—x+b
blﬂag 61 ! 2 !

is one to one. To prove that this application is surjective, we consider both the
Si-ideal by : 571, which is the largest gl—ideal contained in by, and the Ss-ideal aj : 572,
which is the largest Sy-ideal contained in as. Thus, if y € a; then, by the approximation
theorem, there exists x € K such that vy (x —y) > vy(b; : §1) and vq () > va(ay : 672),
where v; and v, are the multi-exponents of the semilocal rings S; and S5, respectively.
Thus x—y € (by : §1) Cb; Cajandx € (ay: §2) C ay, hence, x = y+(x —y) € a;Nay

and x — y € by. Therefore, dimy (%) = dimy, g—1> In a similar way we obtain the
second identity dimy (%) = dimy, (Z—;) . m

Proposition 17 Let S be a semilocal subring of the function field K | k, with S # K,
whose expression as intersection of local rings is S = O1 N --- N Os. Then, for each
S-ideal a

a=a0;N---Nady

Moreover,
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1. dimy, (a/b) = Y dimy, (aO;/b0;) whenever b is an S-ideal with b C a
i=1

2. dimy (a/anp?) = > dimg (aO;/aO; Np;) for each n := (ny,--- ,n,;) € Z™ X
=1

e X s
Proof. Let my,---,m, be the maximal ideals of the semilocal ring S. Since a is
contained in aQ; for each 1 = 1,--- , s it follows that a C aO; N --- N aOs.

Conversely, if z € aO; N ---NaO, then  may be expressed as the quotient x = §*,

where a; € a and b; € S —m;, for each i =1,--- s and x = ¢, where a,b are elements

of S and b # 0. Given that a is an S-ideal, there exists a non zero y € S such that ya
is an ideal (integral) of S. So bya is an ideal of S and it has the primary decomposition
bya = q;: N --- N qq, where each q; is a m;-primary ideal of S. Then yab; = ya;b € q;
for j =1,---,d, and hence ya € q; for j =1,--- ,die. ya €byaie acbaiex € a.

From item (1) and from Lemma 16 we have

S

i=1

=1

This proves the second statement.

From the item (1) it follows that
anp®=(aO0;Np*)N---N(aO;Np")
= (a0 NpTH) NN (aO; NP2,
and, hence, that

s

dimy, (a/anp™) = dimy (m a0;/ ﬂ a®; N P?)

i=1 i=1

= dimy (a0;/a0; N p*)
=1

Corollary 18 For each S-ideal a
degg (a) = Z degp, (a0;) .
i=1
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In particular,
degs(S) = ) dego, (0:) = ) do,
i=1 =1

where each degy. and dp, are the degree and the singularity degree of the local ring O;,
respectively.

Proposition 19 The assignment a — (a(’)j)j:1 .. ¢ defines a one-to-one monotonous
bijection between the partially ordered set of S-ideals and the partially ordered direct

product of Oj-ideals, j =1,--- s, and it satisfies:

1. If ¢ is a dualizing ideal of the semilocal ring S, then ¢O; is a dualizing ideal of
the local ring O; for each j =1,--- ,s.

2. If ¢; is a dualizing ideal of the local ring O; for each j = 1,--- s, then there
exists an S-ideal ¢ such that ¢ is a dualizing ideal of the ring S and ¢O; = ¢; for
j=1,--s.

Proof. Since aQ; is an O,-ideal j = 1,--- ;s for each S-ideal a it follows that the
=1, ¢ 15 well defined. By Proposition 17 a = aO; N ---N a0,
then this function is one-to-one. It is well known that for every prime ideal p of the ring

assignment a — (a0;)

S the assignment q — q° = q.5, gives a bijection between the set of primary ideals with
radical p in S and the set of proper ideals in the local ring S, (cf. [2]). Let (b;),_, _  be
an s-tuple of Oj-ideals j = 1,--- ,s. Then for each j =1, -- , s there exists a non-zero
rational function x; in O; such that z,;b; C O; and z;b, is an ideal of O;. Since K is the
quotient field of S we can assume that each z; € S, so, by setting  := x1---2, € 5,
we have zb; C O; and zb; is an ideal of O; for each j = 1,---,s. Thus, for each
J=1,---, s there exists an ideal q; of the ring S such that qj = q;0; = xb;, where q; is
either the m;-primary ideal of S given by the assignment q — q°, if 2b; is a proper ideal
of O;, or q; is equal to S, if 2b; = O;. In either case 2~ 'q; is an S-ideal, (z71q;)O; = b;
and (z7'q;)O0; = 27'O; for each i # j. Then a:= z7'q; N--- Nz 'q, is an S-ideal and
a0; = (z'quN---Naq) O; = (27'q1) O; NN (271qs) O; = b; Nz O; = b, for
each 7 =1,---,s.

In the proof of (1) and (2) we will use the following result: if N and P are submodu-
les of an S-module M and P is finitely generated, then U= (N : P) = (U7'N : U~ P),
where U is a multiplicative closed subset of S (cf. [2] page. 43). Thus, if ¢ is a dualizing
ideal of the ring S, then, for each S-ideal a, it follows that ¢O; : (¢O; : aO;) = aO; for
each j = 1,---,s. Given that for each O;-ideal b we can choose an S-ideal a such that
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aQ; = b we have ¢O; : (¢O; : b) = b for each Oj-ideal b i.e. ¢O; is a dualizing ideal of
the local ring O;.

By the first part of this proposition there exists an S-ideal ¢ such that ¢O; = ¢,
where ¢; is a dualizing ideal of O; for each j =1,--- ,s. If a is an S-ideal, then

S S

c:(c:a):ﬂ(c:(c:a))(’)j:ﬁ(ch:(ch:a(’)j)):ﬂa(’)j:a.

j=1 j=1 j=1
Thus ¢ is the dualizing ideal of S. m

The index [a : b] of any two S-ideals a and b, is defined by considering the following
cases:

i. If b C a, then [a : b] is the index of b in a, that is, the order of the quotient group
a/b.

ii. [a:b]:=[a:0]/[b:0] for any S-ideal ? contained in a and b.

It is proved that this definition is independent on the choice of 0 and it extends
to a definition of index given when b C a. One can see that [a : b] = [b : a] !,
[a:b] = [a:0][0:b] for all S-ideals a, b and d. The S-norm of any S-ideal a can be
expressed in terms of the index as ||a||g = [a : S], so that the norm of any non-zero
rational function z is [|z|| = ||zS]|g (cf. [14]). From the properties of the index we
observe that, if S is a semilocal subring of the function field K | k, with S # K,
and k = F, is a finite field, then log, ||S]/¢ = 0 and dim (a/b) = log, ||a| ¢ — log, ||b] ¢
whenever b C a. Thus, in this case, |lal|¢ = ¢85 for each S-ideal a. We observe
that, if S is a semilocal subring of the function field K | k, with S # K, and k =F, is

a finite field, then for each pair of S-ideals a and b we have:

L. [a:b] =

J

S
2. |laflg = HlHanH@j-
J:

- [Cle : []O]] and

1

Indeed, by the definition of index for S-ideals, [a : b] = [a : 9]/[b : D], where ? is any
S-ideal contained in a and b. Thus

[Cl . b] _ qdim(a/b)—dim(h/D)
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where 0 is any S-ideal contained in a and b. Since 00; is an Oj;-ideal contained in aQ,
and bO;, it follows

[00; : bO;] = [a0; : 00,]/[60; : 00;] = ¢ (3/205)~dm(b0;/20;),

Now, by applying Proposition 17, it follows that [a : b] = [][aO; : bO;] for each pair
j=1
of S-ideals a and b. So the second item follows from the first one.

From the second formula we can prove the Euler product identity of Green’s zeta
function <o (9, s) (see [15] page. 486). This zeta function was obtained by Green, by
slightly modifying the zeta function introduced by Galkin in [14]. It was defined in
terms of the index of non-zero fractional ideals as:

0.5 = lally, R(s)>0

where the sum is taken over the O-ideals a that are contained in the O-ideal 0 and s
is a complex variable, for an order O in a global field. Green’s zeta function satisfies a
functional equation, but it is not uniquely determined by the curve. By the reciprocity
2, the assignment a —— a* := ¢ : a, which defines an anti-monotonus permutation
between the O-ideals, indicates the connection between the local zeta function and
Green’s zeta function.

-1

In the set of S-ideals is defined the following equivalence relation: a ~ b if b = 27"a

for some z € K'\{0}. The equivalence classes form a semigroup (cf. [14]).

As in [27], for each S-ideal b, we consider the S-ideal (b: S) : b- S, which is the
quotient of b : S the largest S-ideal contained in b, and bS the smallest S-ideal that
contains b. This quotient only depends on the S-ideal class [b]. Moreover,

(6:8):b=(6:8):65=(6:5)-(65)"", fC(b:5):b5CS

and, hence,
0<v((b:5):b65)=v(b:S5)—v(bS) <§

where 0 := (0, ,0) and f := v (f) = (f1,-++ , fun). IfbS = S then (b: 5) : b = (b : 5)
and b :=v((b:S5) : bS) is the smallest vector in the partial ordering of Z™ such that
p? C b. We also consider the set

S (b) == {v (2) - v(65) | z € b\{0}},
which only depends on the S-ideal class [b]. Moreover

b+ N™ C S (b) CN™ and S (S) + S (b) C S (b).
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In fact, let n be in N™. Since Sisa pr1nc1pal ideal domain there exist zq, zo € K* such
that (b : S) = Sz and L p* = = Sz, C S. By setting z := z123 we obtain z € b\{0}
such that v (z) = v(b : S) 4+ n, that is, b+ n = v (2) — v(bS) for some z € b\{0} i..
b+ n €5 (b). Similarly, we can prove that S (S)+ S (b) C S (b).

In particular, S (S) is an intermediate semigroup between f + N™ and N™, called
the semigroup associated to the semilocal ring S.

In the same way, as it was observed by Stohr (see [27]) in the local case, we observe
that for each semilocal subring S of the function field K | k and each S-ideal b, the set

Up :={u € K\{0}: b =u""b}
is a group, it only depends on the class [b] and it is equal to the group Up.p of units of

the semilocal ring b : b, which is also an S-ideal.

Proposition 20 Let S be a semilocal subring of the function field K | k, with S # K,
whose expression as intersection of local rings is S = O N ---N Oy and let b be an
S-ideal. Then

1. U[,:Ubolm"'mUbos

2. The application

(6\{0}) /Us — (601 \{0}) /Uso, x - -+ x (bO:\{0}) /Uso, (2.1)

defined by zUy — (2Upo,, - -+ , 2Us0,) , is a bijective function, where (b\{0}) /Uy
and (60;\{0}) /Upo, (i = 1,---s) denote the quotient of b\{0} and bO;\{0}
(i=1,---s) by the action of the groups Uy and Upp, (i =1,---s) respectively.

3. There is an isomorphism of multiplicative abelian groups
Uh/US = Ubol/Uol X e X UbOS/UOS
defined by uUs — (ulUp,, - -+ ,ulp,) .

4. S(b) =5 (bO;) x -+ x S(bOy).

Proof. (1) From Proposition 17 (1), it follows that

b:b=(bO;:060;)N---N(bO;: bO)
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and, hence,
Ub.o = Upo,:00, N+ N U0, 00, -

(2) Let z, w € b\{0}. Then (zUpo,," - , 2Upo,) = (WUpo,, -+ ,wUpp,) if and only
if 2Upo, = wUpp, for each i = 1,--- s i.e z7'w € Upp, for each i = 1,--- s i.e
2w € Uy ie zUy = wU,. Thus the application 2.1 is well defined and it is injec-
tive. Let (21Upo,, -+ , 2sUp0,) € (601\{0}) /Upo, % -+ x (bO,\{0}) /Upo,. For each
i =1,---,s we pick an element w; € (Njzm;)\m;. Then v; (w;) = 0in O; = Sy,
and v; (w;) has only positive coordinates whenever j # i. Let us choose Ny, --- , N, to

be positive integers, and let z := Z Zjw Ni Since § C O; C (b0, : bO;), w; € S and

z; € bQO;, it follows that zzw te b(’) and w L e bO; b0, foreachi=1,---,s. On the
other hand, if j # 7 and N; is sufficiently large, then v; (zjwjvj ) and v; (zi_ 1ijj-vj >

have sufficiently large positive coordinates. Thus, as v; (w;) = 0, bO; : O; C bO;,
bO; C bO,; : bO;, foreachi =1,--- ,s,and b = N;_,b0O;, we have, by taking Ny, -+, N

S
sufficiently large, z := ) zjwj.vj €b,v; (zi_lz) =0 and zz; ' € bO; : bO;. Whence,
j=1
227t € Upo,p0, i-e. 2Upo, = 2Upo, for each i =1,--- 5.

(3) The application
Uy — Uso, /Uo, X -+ X Uso, /Uo,

defined by u —— (uUp,, - - - ,ulUp,) is a homomorphism of groups whose kernel is equal
to Us = Up, N --- N Up,. It remains to prove that this homomorphism is surjective.
Let u; € Upo, = Upo, b0, for each ¢ = 1,---,s. For each ¢ = 1,--- s we pick

an element y; € (Njm;)\m;. Then v;(y;) = 0 in O; = Sy, and v, (y;) has only
positive coordinates whenever j # i. Since b : b = (bO; : bO;) N --- N (bO; : bO;) and
O; CbO; : b(?- C O;, foreachi=1,--- s, by taking sufficiently large powers of y;, the

element u 1= Z u,yZ ' € Upp = Up and u; 'u € Up, for each i = 1,--- , s (because we
i=1
can choose sufficiently large powers of each y; such that u € b : b, v (u) = 0, u; 'u € O;

and v; (u; 'u) = 0).

(4) Since the set S (b) only depends on the class [b], we can assume that bS = S,
hence (bO;)O; = O; (i = 1,--- ,s). It is clear that S (b) C S (bO;) x -+ x S (bO,) .
Conversely, if n:=(ny, -+ ,n,) €S (bO;) x -+ x S(bOy), then there exists z; € bO;
such that v; (z;) = n; in O; = Sy, (i = 1,---,s). For each i = 1,--- s we pick an
element z; € (Nj£m;) \m;. Then v; (z;) =0 in O; = Sy, and v; (z;) has only positive
Coordinates whenever j # i. Hence, taking sufficiently large powers of x;, the element

z—Zzl "ebandv(z)=(ny, - ,ns) =n. =m
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Corollary 21 For each S-ideal b,

[Ue : Us] = [Ueo, : Uo,] - -+ - Vo, : Uo,]
and for each pair of S-ideals a and b,
[Ub:a : Us] = [Us0,:00, : Usoy] -+ [Ubo,:00, : Uso,]-

2.3 Dimension formulae and some properties on semi-
groups

Let S be a semilocal subring of a function field K | k, with S # K, and let b be

an S-ideal. We have associated to the S-ideal b both the set S (b) and the vector

b:=v((b:95):bS) = (by, - ,bn), which only depend on the ideal class [b]. They

satisfy 0 < b < f, b is the smallest vector in the partial ordering of Z™ satisfying

S(b) 2 b+ N™. Moreover, if b - S = S, then b is the smallest vector in the partial
ordering of Z™ such that p® C b.

Given the integer vector n =(ny --- ,n,) € Z™, we observe that
bNbp® ={z€b:v(z)>n+v(bS)}

and
0— bNbp*/bNbp™** — b/bNbP™T — b/bNbP* — 0

is an exact sequence for each © = 1,--- ,m, where e; € Z™ denotes the vector whose
t-th coordinated is 1 while all other coordinates are 0. We denote by

[(b,n) := dimy (b/b N bp™)

the codimension of the S-ideal b N bp™ in b. Thus,
[(b,n+e;) —I(b,n) = dimy (b N bp™/b N bp™**) for each i =1,--- ,m.

In particular, if O is a local subring of the function field K | k, then {(O,0) = 0 and
[(O,e;) = dimg (O/m) for each ¢ = 1,--- ,m, where m is the maximal ideal of O.

Lemma 22 Let S be a semilocal subring of a function field K | k, with S # K, and
let b be an S-ideal and let n € Z™. Then
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0 < dimg (b Np®/bNbp") <r; for eachi=1,---,m

where each r; is the degree of the residue field of p; over the constant field k. In
particular, if S is residually rational, then

0 < dim (bNbp”/bNbp™**) <1 foreach i=1,---,m

2. dimy (b Nbp™ /b N bp“+ei) =r; for eachi=1,--- m whenever n > b.
3. If n; > b; for some j =1,---,m then dimy, (b Nbp™ /b N bp“+e1) =T;j.

4. dimy, (b N bpb_ei/b N bpb) <r; foreachi=1,---,m.

Proof. We choose generators my, - - - , m,,, of the maximal integral S-ideals P1, Py
respectively. By the weak approximation theorem, we can assume that v; (m; — 1) > f;
whenever j # i. Then, we have an injective k-linear application

b N bp™ /b N bp™ T — bS/bp,
defined by z + b N bp™*® —— x7; ™ + bp,. Thus
dimy, (b N bp™/b N bp™ ) < dimy(bS/bp,) = 7,
so (1) is valid.

(2) Since bp® = b : S C b, we have bp™ C b whenever n > b. Hence, if n > b then
dimy (b N bp™/b N bp™ ") = dimy (bp™ /bp™") = .

(3) If s > n, then b N bp® C b N bp™ and, hence, we have a k-linear application
bNbp®/bNbp>™® — b N bp™/b N bp™+e

defined by = + b N bp**® —— x + b N bp™*® | which is injective if and only if n; = s;
or bNbp® =bNbp ™. On the other hand, if n; > b; for some j =1,--- ,m, then we
can choose s € N™ such that s > n, s > b and s; = n; > b;. Thus (3) follows from (1)
and (2).

(4) Let @ € {1,--- ,m}. We observe that b:=v((b : S) : bS) = (b, ,bn)
satisfies 77¢ ¢ (b : S) : bS. Then there exists z € bS such that zr®¢ ¢ b. Let
y = zrPm; % Then y € 6S. On the other hand, if z € b N bp® ', that is, if z € b
and v (z) > b—e; + v(bS), it follows that za®® — z € bp®~ ez TP — 1z ¢ b
and, hence, 27P7% — 2 ¢ b : S = bp®, so, v; (Z?Tb e —x) = bz — 1 + vi(bg) ie
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v; (2P

i — :mr._(bi_l)) = 4;(bS) ie. vy — xﬂ;(bi_l)) — 1;(b5), where v; <b§>

denotes the i-th entry of the vector V(bg). Thus the injective k-linear application
b N bp° % /b N bp® — bS/by, defined by z + b N bp° % +—s ;mr[(bﬁl) + bp, is not
surjective. So (4) is valid. m

Note that, if S is residually rational, then I(b,n +e;) <I(b,n) + 1 and equality
holds if and only if bNbp™™* S bNbp™, that is, if and only if there exists s €5 (b) such
that s > n with s; = n;. Since [(b,n) = 0 when n =(0,--- ,0), we see in this case, by
induction, that the integers I(b,n) may be expressed in terms of the set S (b).

Proposition 23 Let S be a semilocal subring of a function field K | k, with S # K,
let b be an S-ideal such that b-S =S and, let n € Z™. Then

dimy (b N p™ /b N p™Fe) + dimy (b N> ™% N pP") <7y

foreachi=1,--- m.

Proof. For each s € Z™ we can consider the quotient b N ps/bNpste as a k-vector
subspace of S/p; under the injective k-linear application

b N p®/bNpte — S/p,

defined by = + b N ps™® — xm;* + p;. Since dimy (b NpP=ei/bnN pb) < r; we can
choose a one-codimensional k-vector subspace V; of S/p; which contains the image of
bNpP=e /b N pP. Let us to consider the k-bilinear application

S/pi x §fp, — 2B
Vi

defined by (z,y) — x -y + V;, which is non-degenerated because the multiplication
by a non-zero element of S /p; defines a k-automorphism of S /pi. Let n € Z™. If
r=am " +p; and y = bﬂ;(bifnﬁl) + p; are elements of g/pi, where a € b N p"™ and
bebNpP™ ¢ thenz -y = abﬂi_(bi_l) +p; and ab € b N pP~% hence x -y € V;. Thus,
the image of bNp™/bNp™Te in S /p; is contained in the orthogonal complement of the
image of b N pP~27% /b N pP~™ in g/pz Therefore,

dim;, (b N pn/b N pn—&-ei) < dimy ((b N pb_n_ei/b N pb_n)L)
<r; —dimy, (b N pb_n_ei/b N pb_n) )
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Lemma 24 Let n=(ny, --- ,n,) € Z™. Then the vector n' := n— ) nje; € Z™,

n;<0
where the sum is over the integers j = 1,--- ,m with n; < 0, and the integer vector
n” :=n— ) nje; € Z™, where the sum is over the integers j = 1,--- ,m withn; > b;,

’I’Lj>bj

satisfy the following properties:

1. If n < b then
0 <n'<b, dimg (bNp"/bNp*te) = dimy(b N P /b A prrer),

and

dimk (b N pb—n—ei/b N pb—n) _ dlmk(b N pb_n/_ei/b N pb—n/)

for eachi=1,--- ,m such that n; > 0.

2. If n > b then
IIHS b, dlmk (b N pn/b N pl’l+ei) — dlmk(b N pn”/b n pn”+ei>’

and
dimy, (b N pP777% /b N pP ™) = dimy (b N p°> "% /b N p> ")

for each i =1,--- . m such that n; <b;.

Proof. We claim:

(i) If n; > 0 then
dimy (b Np"/b N p™ ™) = dimy (b N p™F /b N pTeFe)
and
dimy (b Np° ™% /6N pP") = dimy, (b N pP %% /b N p> %)
for each j =1,--- ,m such that n; <0.
(ii) If n; < b; then
dimy (b N p™/bNp™te) = dimy (b N p~ /b N p™ o te)
and
dimy, (b N pP77% /b N p° ™) = dimy (b N p° 70t /b 0 pPmEe)

for each j =1,--- ,m such that n; > b,.
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(i) Since b-S = S, it follows that b C S. Hence, b N p™ = b N p™™ and
bnp™te = bnp*teite for each j = 1,--- ,m such that n; < 0. So, the first sentence in
(i) holds. Let j € {l,---,m} such that n; < 0. It is clear that
bpP™ = (bNpP™ )N (bNpP™"%) and bNpP ™ +bNp> "% C bNpb e,
We assert that b N pP~27¢ 4 b N pP~2"% = p N pP~27%~% Indeed, let us to consider

s=(s1, -+ ,8y) € Z™ defined by s; := b; —n; — 1 and sy := max{b, — n, by} for each
k=1,---,m with k # j. Thus, s >b —n — e;, hence b N ps C b N pP~"%. Since
sj == bj —n; —1 > b;, it follows from Lemma 22 that the homomorphism defined

by o +bNpste —— x4+ b N pP™2"% for any x € b N p®, is an isomorphism between
bNps/bNpste and b N pP~m-e~¢ /b N pP~"~% Therefore, if z € b N pP ™%~ then
there exists © € b N p® such that z — 2 € b N pP~""%_ in consequence we have that
z=(z—z)+x€bNpP ™ + bNpP ™%, Thus,
b N pPne /N pP ™ = b pbe ) (b N pb—n—ei) N (b A pb—n—ej)
~ (b NP b AP ) b At
— b pPneme /b O pPe

and so the second sentence in (i) holds.

(ii) Since b N pP™™ = b N pP ™% and b N pP™ % = b N pP "+ for each
j = 1,---,m such that n; > b;, it follows that the second sentence in (ii) holds.
Let j € {1,--- ,m} such that n; > b;. Asin (i), b p™*t® = (bNp™~%)N(bNp") and
bNp™+bNp™tei~e = b N p" %, which implies the first sentence in (ii).

The Lemma will follow by repeated application of (i) and (ii). =
Theorem 25 Let S be a semilocal subring of a function field K | k, with S # K, and
let b be an S-ideal such that b-S =S. Then
dimy, (b N p™ /b N p™Te) + dimy, (b NP> ™% N p> ™) =1, (2.2)
for each i =1,--- ,m and for each n € Z™ if and only if

2 dimy(b/6 : S) = dimg(S/b : S).

Proof. We observe that, if (n(j))1 <j<l is a strictly increasing sequence in Z™ such

that n©® = 0, n® = b and for each j = 1,---,1 there exists i(j) € {1,---,m}
satisfying n) — nU=Y = ¢;;), then 2 dimy (b/b : §) = dimy, <§/b : §) if and only if

dimy (b N p™” /b N prP i) 4 dimy (b N pP 7 =e60 /b A pP ) = )
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for each j =0,--- 1 — 1. Indeed,

b=bnp™ DbNp"’ D...0bNp"" =b: 9
and
b:S=bnpP " Conp> ™ C...Cconpt ™" = b,
hence
dimy(b/b : §) = > dimy(b N p™”' /b N p= 7 HeG)
=0
-1 . ‘
= Z dimg(b N pbfn(]ﬂ)/b N pb*“uﬂ)*ei(ﬁl)).

=0

Since nU™) — nW@ = ¢;; ) for each j =0, ,1 — 1, by Proposition 23, we have

-1 n() b—nl)—e,
. R bNp (BN v
2d1mk (b/b : S) - Z; dlmk (b N pn(j)Jrei(jJ,-l)) T dlmk ( bN pbfn(j) )

]_
-1

< Z Ti(j+1)
§=0

St
=1

= dim,(S/b : 5).
In this manner, the observation is proved.

Now, by choosing any sequence as in the previous observation, it follows that, if 2.2
holds for each n in Z™ and for each i = 1, --- ,m, then 2dimg(b/b : S) = dim(S/b : S).

Conversely, assume that we have the equality 2 dimy(b/b : S) = dim,(S/b : S). Let
n=(ny - ,ny,) €Z™andlet i € {1,--- ,m}. If n=b, then, by Lemma 22 and by
Proposition 23, 2.2 holds in this case. Thus we can assume that n # b. To prove that
2.2 holds for n and for ¢ we consider three cases:

First case: assume that 0 < n < b. Observe that we can choose a strictly increasing
sequence (n(j))1<j<l in Z™ such that n(© =0, n® = b and for each j = 1,--- ,1 there
exists i (j) € {1,---,m} satisfying n® — nU-1 = ey, n¥) = n and i = i(k+1)
for some k € {1,---,1 —1}. Thus, it follows from the previous observation, by taking
7 =k, that

dimy (b N p» ™ /b N p™ " Fee) 4 dimy (b N pP " e b A pP ) =
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i.e

dimy, (b N p™/b N ™) + dimy, (b NP> 7% /b NP> ™) =1

Second case: assume that n < b and n; < 0 for some j € {1,--- ,m}. If n; <0,
then b Np™ = bNp™t® and b; — n; — 1 > b;. Hence 2.2 holds from Lemma 22. Now,
we assume that n; > 0. Consequently, from Lemma 24,

! !
. bﬁp“ . bf"lpb_n_ei o . bﬂp“ . bﬂpb_“ —e; .
dimy, (—bmp,ﬁei) + dimy, <—bﬂpb*“ = dimy, e + dimy, T ) = i

Third case: assume that n > b and n; > b; for some j € {1,--- ,m}. If n; > b;,
then 2.2 holds from Lemma 22. Now, we assume that n; < b,;. Thus, from Lemma 24,

dimyg, (M> + dimy, (M) = dimy, (&> + dimy, <M) =7,

bﬂp"*ei bﬂpb_n bﬂp""*ei bﬁpbfnﬂ

Corollary 26 Let S be a semilocal subring of a function field K | k, with S # K, and
let b be an S-ideal such that b-S =S. Then for each n € Z™

m

dimy (b N p" /b PP b dimy (b N p> == b NpP ) <Y Ty (23)

1=0

The equality holds for each n € Z™ if and only if 2 dimy(b /6 : S) = dim(S /6 : S).

Proof. Let (n(j))1 <j<m be a strictly increasing sequence in Z™ such that

n® = n, n™ = n+Y" e;. Then, for each j = 1,---,m there exists a unique
i(j) € {1, ,m} satisfying n¥) —nU~1 = ¢,;. Thus,

brpr=6np™” Dbnp™ D DN p™™ = bnprtEitie
and

bN pbfn —bN pbfn(()) chn pbfl’l(l) C...Cbn pb*n(m) —bN pbfn* ity e

Hence,
m—1 ' ,
dimg (b 0 p™/b N p™F o) = 3 ™ dimy (b 1 p /b Nt )
7=0
and
m—1
dimy,(b N pb—n—Z?; ° /b pb—n) _ Z dimy (b N pb_n(wrl)/b A pb_n(3+l)+ei(j+1)).
5=0
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Since nU™) —nl) = ¢, for each j = 0,--- ,m —1, it follows by Proposition 23 that
m m m—1 m
dlmk(b N pn/b N pn—i_zi:l ei) + dlmk(b N pb—n— it ei/b N pb—n) S Z Ti(j—i—l) = Z ;.
7=0 i=0

Assume that we have the equality in 2.3 for each n € Z™. Let n € Z™ and let

i€{1,---,m}. Let us consider a strictly increasing sequence (n(j))lgjgm in Z™ such

that n® = n, n® = n+e;, and n(™ = n+ >, €. Then, by de above formula,
dlmk(b ﬁpn(j)/b ﬂpn(j)+ei(j+1))—|—dimk<b mpb_n(.7'+1)/b mpb—n(j+1)+ei<]—+1)) = Ti(j11) for each
j=0,---,m—1. Thus, dimy (b Np"/bNp"Te) + dimy, (b N pP™/b N p>2te) = r,
and so the result follows from Theorem 25.

Conversely, assume that 2dimg(b/b : S) = dimy(S/b : S). From the previous
formula and Theorem 25 we conclude that the equality in 2.3 holds. m

In particular, by choosing b = .S, we obtain the following corollary:

Corollary 27 Let S be a semilocal subring of a function field K | k, with S # K. The
following properties are equivalent:

1. S is a Gorenstein ring.
2. 2dim,(S/S : S) = dimy,(S /S : S).

3. dimy, (S Np"/S Nptei)+dimy, (S Nnpf—=2-e /5N pf*“) =r; foreachi=1,--- ,m.

4. dimy (SNp™/SN p“+zglei) + dimy, (SN pfr-XiZie /9N pf™) = Y"1 where
i=0

f=v(S : §) 1s the multi-exponent of the conductor ideal of S in its integral
closure S.

It is known (see [10], Proposition 1.2 page. 2942) that if O is a residually rational local
subring of K | k and the field k£ has more than m elements, then the semigroup S (O)
satisfies the following properties:

1. If n = (ny,--- ,ny) and s = (s1,- -+, Sy) are elements of S (O) then the vector
whose coordinates are min{n,, s;} also belongs to S (O)

2. Ifn=(ny, - ,ny) and s = (s1,- -+, S;m) are elements of S (O) and n; = s; for
some 4, then there exists a vector t = (t1,--- ,t,,) in S (O) such that ¢; > n; and
t; > min{n;, s;} for each j and ¢t; = min{n;, s;} whenever n; # s,.
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3. There exists f € N™ such that S (O) D f + N™.

4. n €S (0) if and only if dimy (O/O Np™*te) = dimy (O/O Np™) + 1 for each
i=1,---,m.

Now we prove that some of these properties are also satisfied by the set S (b), when b
is an S-ideal of a semilocal ring S.

Proposition 28 Let S be a semilocal subring of a function field K | k, with
S # K, and let b be an S-ideal. Assume that the field k has more than m elements.
If n =(ny, -+ ,nm) and s = (S1,- -+, Sm) are elements of S (b) then the vector whose
coordinates are min{n;, s;} also belongs to S (b).

Proof. Since S (b) only depends on the ideal class [b] we can assume that b-5 = S
so that f C b C g, where f = (S5 : §) is the conductor ideal of S. Let x and y be
elements of b such that n = (vy (z),--+ ,vm (z)) and s = (v1 (v), -+ ,vm (). I n; # s
for each i = 1,--- ,m, then v; (x + y) = min{v; (x),v; (y)} for each i = 1,--- ,m. This
proves the proposition in this case. Assume (eventually renumbering the indexes) that
ny # S1,-c,nj—1 # Sj—1 and nj = S;,Nj41 = Sji1, s Mm = Sp, for some j > 1.
Since b C S and x, y € b, it follows for each i = j,--- ,m that z = 7"u; € O,, and
y = mw; € Oy, where m; € O,, is a local parameter of O,, and u;, w; € O,,\m,,. If
the classes u; + m,, and w; + m,, are linearly independent over k then u; + aw; ¢ m,,
for all @ € k. On the other hand if v; + m,, and w; + m,, are linearly dependent then
u; + ayw; € m,, for some «o; € k. Thus, since # (k) > m, we can choose a constant
a € k\{0} such that u; + aw; ¢ m,, for each i = j,--- ,m (by choosing a € k\{0}
such that a # «; whenever u; + a;w; € m,,). Hence, for each i = j,--- ,m we have
vi(x+ay) = v (7] (u; + aw;)) = n; + v; (u; + aw;) = n; = min{n;, s;}. Therefore,
there exists a € k\{0} such that v; (z + ay) = min{v; (z),v; (y)} foreachi =1,--- m.
So the proposition is valid. =

Observe that, if the field k£ has more than m elements, then n €S (b) if and only if
[(b,n) <l(b,n+e;) foreach i =1,--- ,m, that is, dimj (b N p™/b N p"*e) > 0 for each
i=1,---,m. In fact, if n €S (b), then we can choose z € b\{0} such that v (z) = n,
hence z € bNp™ and x ¢ bNp™*® foreachi = 1,--- ,m, i.e. dimg (b Np™/bNp™te) >0
for each v = 1,--- , m. The converse follows from the minimum property in Proposition
28. In particular, if S is residually rational, then S (b) satisfies (4) too.

S (b) does not satisfy the previous property (2) without the assumption that the
semilocal ring S is residually rational. For example, if

S(0)={(0,0),(1,1)}U((2,1)+ N x {0})U((2,2) + N x N)
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(cf. See Example 48), then (1,1) and (2,1) belong to S (O), but does not exists
(1,t2) € S(O) such that to > 1. Nevertheless, when S is a residually rational semilocal
subring of K | k, then S (b) satisfies (2). Indeed, since S (b) only depends on the ideal

class [b], we can assume that b-S = 5. Hence if n = (ny, -+ ,n,,) and s = (s1,- -+ , Sm)
are elements of S (b), then there exist # and y in b such that n= (vy (z), - ,vm (2))
and s = (v1 (y), -+ ,vm (y)). Assume that n; = s; for some ¢, that is v; (x/y) = 0 for

some ¢. By the assumption, the ring S is residually rational. Then there exists a € k
such that v; (o + x/y) > 0. Hence, v; (x + ay) = v; (y (o +x/y)) > v; (y) . From the
properties of the valuation functions we also get that v; (z + ay) > min{n;,s,} for
each j # i (and that the equality holds if n; # s;).

49



Chapter 3

Zeta functions and Multi-variable
Poincaré series associated to
semilocal rings of a geometrically
integral algebraic curve defined
over a finite field.

3.1 Introduction

Throughout this chapter we start to treat one of our purpose of this work. In fact, we
want to extend the definitions of the series Z (a,t), Z (a,b,¢) and P(a, b, t) to the series
Zs (a,t), Zs(a,b,t) and Ps(a,b,tq,...,t,) associated to S-ideals a and b, where S is
a semilocal ring of a geometrically integral algebraic curve X defined over a field F, of
q elements. The extended definitions Zg (a,t), Zs (a,b,t) and Ps(a,b,ty,..., t,) are
important because they permit us to study the behavior of these series under constant
field extensions: if O is a local ring of a geometrically integral algebraic curve defined
over a field k£ = F, whose function field in one variable is K | k, and if £’ is a finite
field extension of k, then k&’ - K | k' is also a function field in one variable and k' - O
is a semilocal subring of k' - K | K/, where k' - O just consists of all linear combination
of elements of the local ring O with coefficients in the field & (cf. [22] section 3).
The extended definitions of zeta functions and multi-variable Poincaré series are also
important because they permit us to study the behavior of these series with respect
to blow-up of the local ring O, since the blow-up of a local ring O with respect to
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its maximal ideal m is a semilocal ring O™ (cf. [20] Chapter VIII). Furthermore, they
permit us to associate to a geometrically integral algebraic curve X defined over a finite
field F, of ¢ elements the multi-variable Poincaré series Pg(S, S;t1,...,t,), where S is
a semilocal ring which is contained in the semilocal ring of the curve X defined as the
intersection of all the local rings corresponding to singular points of X.

3.2 Semilocal zeta functions and multi-variable Poincaré

series

Let S be a semilocal ring of a geometrically integral algebraic curve X defined over a
field IF, of g elements, that is, S is a semilocal subring of the function field K | k whose
expression as intersection of local rings given by Theorem 14 is S = O1N---N O, where
each O, is a local ring of the curve X. Let vy, - - , v, be the valuations of K | k whose
valuation rings contain S.

Following the same ideas as in [26] and [27], we consider for any S-ideal a the
semi-local zeta function

Cs(a,2) =Y _#(0/a)7, R(2) >0 (3.1)

Da

where the sum is taken over all S-ideals ? that contain a. This series can be written as
power series Zg (a,t) € Z[[t]] in t := ¢~* with integer coefficients. In a similar way, we
consider the partial semi-local zeta function

(s(a,b,2):= >  #(0/a)7, R(z)>0 (3.2)

9Da, 0~b

where the sum is taken over all S-ideals 0 that contain a and are equivalent to b. Those
series only depend on the ideal classes [a] and [b] and they can be written as power
series Zg (a,b,t) € Z[[t]] in t := ¢~*, with integer coefficients, which converge in the
unit disk [¢] < 1. Moreover, as the local zeta functions, the semi-local zeta function
may be expressed as a finite sum of the partial semi-local zeta functions.

Since the integral closure S = O, N---NQO,, of the semilocal ring S is a semilocal
principal ideal domain, whose maximal ideals, say p1, - - - , pm, correspond bijectively to
the valuations vy, - - - ,v,,, we have observed in the previous chapter that each S-ideal
may be expressed as p™ := pj'---p’m where n := (ny,--- ,n,,) € Z™, and that its

multi-exponent is v (p*) := n. Then, similarly, we can extend to semilocal rings of
geometrically irreducible curves Definition 5 of multi-variable Poincaré series defined
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in [27] for local rings of geometrically irreducible curves. For each non-zero rational
function z € K* and for each n :=(ny,--- ,ny,) € Z™ we abbreviate by

v(z)=v(28) = (01 (2), -+ ,vm (2)) € Z™
the multi-valuation, and by
th =

the Laurent monomial, respectively.

Definition 29 Associated to the semi-local ring S and to the pair of S-ideal classes
[a] and [b] it is defined the multi-variable Poincaré series

Pg(a,b,t) = Y v(0)v00)

Da,0~b

where the sum is taken over all S-ideals 0 that contain a and are equivalent to b.

In order to prove the relation between partial semilocal zeta function and semilocal
multi-variable Poincaré series as well as to prove the reduction to the case a = 5,
we observe that for each pair of S-ideals a and b the S-ideals 0 that contain a and
are equivalent to b are of the form z7!'b, where z varies over a complete system of
representatives of (b : a)\{0} modulo the action of the group Uy, as in the local case
(cf. [27] sections 2 and 3). Thus, from Definition 3.2 we obtain

Zs(a,bt) =y plimETve (3.3)
z€b:a\{0}/U,

and from Definition 29 we deduce

Ps(abt)= Y V@S vES)ve), (3.4)
z€b:a\{0}/U

In the sequel, let
0y ={z€0:v(z) =n},

where 0 is an S-ideal and n €Z™ is an integral vector.

It follows that, if we restrict the action of Uy to Ug in Formula 3.4, then we have
to divide by the index [Uy : Ug]. Hence

(a.b.4) Z #(( b a) /Us)tvas) v(6:S)+n (3.5)

nezm

52



Theorem 30 The following identity holds;
ZS (Cl, b, t) — tdim"’(“'5/“)_dimk(h'§/b)P5(a, b, trl, o ,trm)
where  := dimg(S/p1), -+ , 7 := dimg(S/p,n). This means that the partial local-zeta

function may be expressed in terms of the multi-variable Poincaré series.

Proof. By Formula 3.3,

Zs(a,b,t) = Z pdegg(z71b)—degg(a)
2€(b:a)\{0}/Us
and, by Formula 3.4,
Ps(a,b,t™, ... t") = Z rv(@8)—rv(6-8)+rv(2)
z€(b:a)\{0}/Us
where r-n := i rin; for each n = (nq, -+ ,n,,) € Z™. The Chinese remainder theorem
now yields = N
dimy(S/p™) =r - n for each n € N
and, hence, N
degg(p™) = degg(S) — r - n for each n € Z™.
We thus get
Ps(a,b,t™, ... t"™) = Z 4~ degg(a-S)+degs (b-5)+r-v(2)

z€(b:a)\{0}/Us

So, to prove the theorem we must prove
dimy (a5 /a) — dimg (b5 /6)— degg(aS) + degg(bS) + 1 - v (2) = degg(z~'b) — degq(a)

ie.

degg (b) — degg (27'b) =r-v (z71).
But, the last equality follows from the local case (cf. Lemma 7) and from Corollary
18. m

Theorem 31 (Reduction to the case a =S) Let a and b be S-ideals. Then
Ps(a,b,t) = [Upa : Ub]tv((bsg):b-§)fv(((b:a):g):(b:a)-g)PS(S’ b:a,t)

and

0<b—d=v((b:a)-S) + v(a-S) — v(b-S) < b
where 0 :==b:a, b:=((b:5) :6-5) and d := (0 : 5) :0-95).
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Proof. From Formula 3.4 we deduce

Ps(a,b,t) = > #((b: a)y/Uy)t @) -vES)n (3.6)

nezm

and
Pg(S,b:at) = Y #((b:a)n/Uga)t (09,
nezm
If we restrict the action of Uy, to Uy, then we have to divide by the index [Up.q : Up).
Hence

5(S,b: a,t) Z #( ; @ /]U")t—V“":“)'gH“. (3.7)
b:a -

nezm

We now obtain the first result of this theorem by comparing the coefficients of the
two series in Formula 3.6 and Formula 3.7. On the other hand, since (b: a)-a C b, it
follows that ((b: a)-S)-(a-S) C b-.S, that is, the multi-exponent b — d > 0. Moreover,

(b:a): S=(b:5):(a-S).

Indeed, z € (b: 5) : (a- )1fand0nly1fz(aS)Cble 25Ch : a, iec. z€(b:a): S
Thus, v((b: a): S) =v(b:S)—v(a-S), henceb—d = v((b: a)-S) + v(a-S) — v(6-5)
and therefore b—d <b. m

The previous theorem justifies that, from now on, we will sometimes assume that
the S-ideal a is equal to the semilocal ring S, as in the local case.

Corollary 32 Let a and b be S-ideals. Then

Zs(a, b,t) — [Ub:a . Ub]tdegs(b)—degs(ﬂ)—dEgs(bia)ZS(S’ b:a, t)
3.3 Euler product identities

Now, we establish the link between the local and semilocal theory.

Lemma 33 Fuler product identity

2= [[ o, (@0;.2
j=1
for each S-ideal a.
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Proof. From Proposition 17,0 = 00N - -N0O, and dim(d/a) = > dim(20;/a0;)

=1
for each S-ideal d that contains a. On the other hand, #(D/a) = ¢im@/ and

#(00,/a0;) = ¢4imP0;/a0)) for each j = 1,--- , 5. Thus #(d/a) = H #(00;/a0;). By
=1

Ji
Proposition 19, if 9; is an Oj-ideal, for each j = 1,--- s, then there exists an S-ideal
0 such that 00; =9, for each j = 1,---,s. So the product identity follows from this.
|

Theorem 34 (Euler product identity of partial zeta functions) Let S be a
semilocal Ting of a geometrically integral algebraic curve X, defined over a field I, of
q elements whose expression as intersection of local rings is S = O1 N --- N Oy, where
O; is a local ring of the curve X for j =1,---,s.Then

Zs(a,b,t) = H Zo,(a0;,b0;,t) for each pair of S-ideals a and b.

J=1

Proof. We prove the particular case a = S. The general case follows from the case
a =5, by applying Corollary 18 and Corollary 21. By Formula 3.3,

ZS(S, b,t) = Z tdegs(zflb)—degs(a)
z€b\{0} /Uy

where b\{0}/U, denotes the quotient of b\{0} by the action of the group U, and z
varies over a complete system of representatives of b\{0}/Uy. Similarly, by Formula
3.3,

Z0,(0;,00j,t) = Z pdego; (7100 ~dego; (105) g1 oach j=1,---,s,
2€60,\{0}/Uso,

where bO;\{0}/Uyo, denotes the quotient of bO;\{0} by the action of the group Uso,
and z varies over a complete system of representatives of bO;\{0}/Uyo,. By Proposition
20, the assignment zUy — (zUpo,, - -+ , 2Upo, ) defines a bijection between the quotient
b\{0}/U, and the product of quotients (bO1\{0}) /Upo, X - - - X (6O:\{0}) /Uspo,. Now,

we conclude from Corollary 18 that

degg(z"'b) — degg(a Zdego 27'00;) — degp, (a0;),

7=1

hence, that

Z 4degs(z~1b)—degs(a H Z 44080, (z7100;)~dego (a0;)

z€b\{0}/Us 7=1 2;€60;\{0}/Uso,
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and finally that the Euler product identity for partial zeta functions holds. =

In the following result we prove the link between the multi-variable Poincaré series
associated to a semilocal ring and those series of its several local ring components.

Theorem 35 (Euler product identity of Poincaré series) Let S be a semilocal
ring of a geometrically integral algebraic curve X, defined over a finite field Fy of g
elements whose expression as intersection of local rings is S = O1N---N O, where O;
1s a local ring of the curve X for j =1,---,s. Then

Ps(a,b,t) = HP@j(an, bO,,t;) for each pair of S-ideals a and b

J=1

where t := (t1,--- ,t5) and t; := (t1,~-- ,tmj) forj=1,---.s

Proof. We can obtain this identity from the case a = 5, and from Corollary 21.
Thus we assume that a = S. We have, from Formula 3.4, that

ECLUEED
z€b\{0}/Up
and _
Po,(0;,00;,t) = Z £V OOrODTVIE) o cach j=1,--- s

J
2€60,\{0}/Uso,

where, as in the previous theorem, b\{0}/U, and bO;\{0}/Usp, denote the quotient of
b\{0} and bO;\{0} by the action of the group U, and Usp,, respectively; and z varies
over a complete system of representatives of b\{0}/U, and bO;\{0}/Ugo,, respectively.

From Proposition 20, the assignment zU, —— (2Ugo,, - , 2Upp,) define a bijection
between b\ {0} /U, and the product (bO1\{0}) /Upo, X - - - X (bO,\{0}) /Upe, such that
v(z) = (vi(2),--,vs(2)) for each representative z of the class zU, € b\{0}/Us.
Thus, due to

v(b-S) = (vi(bO; - O1), - ,v,(bO, - O,)),
we have
—v v(z —v(b0;-0;)+v;(z;)
S oo [ Y -
z€b\{0}/Us 7=1 2;€60;\{0}/Us0,

So, the Euler product identity for Poincaré series holds. m

As consequence of the previous theorem, we obtain for each S-ideal a the multi-
variable geometric series

_ 1
Ps(a,S,t) = (I—t1) (1 —tp)
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We observe that the Euler product identity of partial zeta functions can be obtained
from the Euler product identity of multi-variable Poincaré series and from the relation
between the partial zeta functions and multi-variable Poincaré series. Indeed, from the
last one we obtain

ZS (57 b, t) — tdim(g/s)fdim(b-g/b)PS(S’ [17 tr17 . 7t7'm>
and

Zo, (0;,60;,t) = tdim(@/oj)*dim(b'aj/wj)Poj (0,60, 7" - tm5) for j=1,--- 5.

Thus, due to dim(5/S) = 3 dim(0;/0;) and dim(b - S/b) = 3. dim(b - O,/b0O;) we
j=1 j=1

deduce the Euler identity for partial zeta functions from that for Poincaré series.

Similarly, we can prove the relation between the partial zeta functions and multi-
variable Poincaré series from the Euler product identities of partial zeta functions and
multi-variable Poincaré series. In fact,

Zs(5,6,1t) = [ [ Zo,(0;,00;,1)

j=1
- H tdim(@/oj)—dim(b'@/hoj)poj (0,00, 7" - {7im5)

j=1

— tZ;:l(dim(@/@j)*dim(b'@/b@j)) HPO~(O]' bO,, 171, - 1)
J ) ) 3 Y
j=1
_ tdim(S/S)—dim(bS/b)PS(S7 b, trl, . ’trm)‘

Corollary 36 Let Sy, --,S, be semilocal subrings of the function field K | F, such
that no two of them are contained in the same valuation ring, and let b be an S-ideal,
where S .= 51 N---NS,. Then

PS(S, b,t) = HPSj(Sja ij7tj)

j=1
where t :== (t1,--- ,t,) and t; := (tjl, e ,tjm].) forj=1,---,n.
Proof. We obtain this corollary from Theorem 35, by induction over n. m

The Poincaré series Ps(a,b,t) is a power series in 1, -+, t,,, say

PS(a7 b7t> - Zns,n(aa b>tn € Z[tla Tt 7tm}7

that encodes the cardinalities of certain sets of S-ideals:
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Nsn(a,b) = #{S-ideals 0 satisfying 9 D a,0~bandd-S=a-p ™}

It is clear, from Euler product and from Theorem 8, that these cardinalities are
actually finite and that the radius of convergence of Ps(a, b, t) is equal to one. Using
the local properties of the multiple Poincaré series we can prove some properties of the
multiple Poincaré series Ps(a, b, t), for example its rationality. We can also investigate
how it behaves if the S-ideals a and b are replaced by the dual S-ideals ¢: aand ¢: b
of a and b, respectively, which is expressed in a reciprocity formula. Furthermore, we
can derive explicit formulae for the coefficients of this series.

Theorem 37 The coefficients of the Poincaré series Ps(a,b,t) := > ngn (a,b) t" sat-
1sfy:

1. nsn (a,b) = #(E;f—w where j=n —v(a-S) 4+ v(b-S) for each n €Z™.

2. nen (a,6) > 0 if and only if n €S (b).
3. 0 < ngn (a,b) < [Ug: Ug] for each n €Z™.

4. b s the smallest vector in the partial order of N™ with the following property:
ifn>b then nsy (a,b) = [Ug : Uy).

Proof. (1) From Formula 3.5 we obtain the first sentence.

Let n = (n,,--- ,n,) be an integer vector in Z™! X - -- x Z™¢, where each m; is the
number of branches of the local ring O;. We have from the Euler product identity that

Nsn (a,b) = Hﬁoj,nj (a0;,b0;).

J=1

(2) So, Nsm (a,b) > 0 if and only if np, n, (a0;,60;) > 0 for each j = 1,--- ,s.
Hence, from Proposition 20, we obtain the second sentence by applying the local case
(see [27], Theorem 3.2 (i)).

(3) By the local case (see [27], Theorem 3.2(ii)), 0 < 1o, n, (a0;, b0;) < [U@ : Uso, ]

for each j = 1,--- | s. Therefore we obtain the third claim from Corollary 21.

(4) Let b, be the multi-exponent of the @vj—ideal (bO; : EDVJ) : bO;. We have that
b = (b, --,bs) and, by the local case (see [27], Theorem 3.2(iii)), we have that b;
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is the smallest vector in the partial order of N satisfying the following property: if
n;> b; then 7o, n, (a0;,b0;) = [U@ : Upo,]. Thus, the fourth claim follows from
Corollary 21. m

The semilocal ring S = O; N --- N Oy has a finite number of maximal ideals, say
my,-- -, m,. Let us denote by

0j = dimy, (O0;/m;0;)

and by

(Sj = dlmk(Oj/O])
the degree of the residue field and the singularity degree of the local ring O;, respec-
tively, for each j =1,--- ,s.

Theorem 38

> 5=1(85+05)

o q li| - dimy(bp™/bbpn+1).
Msin (8,0) = e > (-1)q
where the sum is taken over the vectors i = (i1, - ,i,) €{0,1}™.

Proof. Let b; denote bO;, for j =1,--- ,s. Letn =(ny,--- ,ny) € N™ x... x N,
By Theorem 6 in [27], it follows that

N n; n;+i,;
_ 1)\l dim(b;p;7 /b;0p,7 )
[U[,j : UO]'] <qg - 1) Z ( ) ! J j

ij E{O,l}mj

10,0 (0, b5) =
for each j = 1---,s.Then, by Euler product identity for Poincaré series, we obtain

Nsn (5,0) = [ [ 710, (0}, 0))
j=1

S qgj+6] 1] —dim b]pyj/b]ﬁpyj+'J
=11 U Uol (g% —1) >, (g ( )
j=1 7T ije{0,1}""J
Therefore,
>5=1(85+05) .
B q~i li|  — dim (bp"/6Nbp=+T)
NS n (Sv b) - s ; (_1) q .
Uy : Us] Hj:l (¢% —1) ie{();}m
The last equality being a consequence of
dimy, (bp™/b N bp™tH) = ijl dimy (b;p37 /b; N bp ) (3.8)
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for cach i = (ix,+ i) €{0,1}™ x -+ x {0, 1}" = {0,1}", and

s

[[©s, : Uo,] = Uy : Us] (3.9)

j=1
which are due to Lemma 22 and Corollary 21, respectively. m

In [27], for each local ring O of a geometrically integral algebraic curve defined over
a field I, and for each set M in the Boolean algebra generated by the cosets z + a
(z € K) of the O-ideals was attributed a volume g (M) > 0, uniquely determined by
the three axioms: p(0) = 1, p(z+ M) = p(M) and p(MUN) = p (M) + p(N)
whenever M N N = (). Using this measure Stohr proved the precedent theorem in the
local case. Similarly, we can attribute to each M € Mg, where Mg is the Boolean
algebra generated by the cosets z + a (z € K) of the S-ideals, a volume pug (M) > 0,
uniquely determined by the three axioms: ps(S) = 1, ps(z+ M) = ps (M) and
ps (MUN) = pus (M) + pus (N) whenever M NN = (). By using this measure and
following the same ideas that were used by Stohr to prove the local case, we can prove
the above theorem without any use the Euler product identity. We can also prove
Euler product identity for Poincaré series in a similar fashion.

Indeed, since the S-ideal b is a disjoint finite union of cosets of the S-ideal a,
whenever a C b, it follows that the volume

ps (b) = # (b/a) ps (a) whenever a C b are S-ideals.

Thus, for each S-ideal b we have that zb C S for some z € S, hence we get that
ps (S) = # (S/2b) s (2b) = g~ 4esG8) g (2b) and, finally, we get that

s (8) = # (6/28) s () = 51020,
Then, due to the normalization ug (S) = 1,
fs (b) = ¢85 for each S- ideal b.

The group Ug, of units of the semilocal ring S, is the complement of the union of the
finite maximal ideals mq, - -- ,mg of S. Hence

ps (Us) = ps (S\ Uizy my) = 1 — pg (UiZymy) .
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On the other hand, since ug (-) is additive, it follows from the inclusion-exclusion
principle that

ps(Us) =13 (=1 37 ws(my 0o nmy)

0§i1<"'<ij§8

s i—1 d Mattal 1
S NEIND SRS

0§i1<-~~<ijSS

s -1 S, dego, (mi,O;y)
PG D DI

0<i1 < <i;<s
— (1 o qdegol(rm(’h)) . (1 _ qdegos(ms(’)s)).

Therefore, since each g; = dimy, (O;/m;0;), we obtain

Us (Us) = (1 — q—é’l) (1 _ q—gs) '

Now, the Euler product identity for multiple Poincaré series follows from 3.8 and 3.9
in the proof of Theorem 38.

In [27] (Proposition 2.6) it was proved that, if b is an O-ideal of a local ring O,
then
Po(O,b,t) = Po(b: b,b,t) = Pyo(b : b, b, ).

Similarly, we can extend this property to semilocal rings.

Proposition 39 If b is an S-ideal of a semilocal ring S, then
PS(S,b,t) :Ps(b . b,b,t) :Pb;b(b . b,b,t). (310)
Proof. We have that S C b : b C §, then the ring b : b is a semilocal ring.
According to [27] we first observe that the S-ideal b, and even any S-ideal equivalent
to b, may be viewed as an (b : b)-ideal and if 0 is an S-ideal equivalent to b, then @ O S

if and only if ® D b : b. Furthermore, since b : b is a ring, it follows that (b : b) S = 5.
Now, the proposition follows from Definition 29. m

Corollary 40 If S’ is any subring 0f§ containing the semilocal ring S, then
Ps(S,5",t) = Ps:/(S', 5, t).
In particular, if S" := S® is the blow-up of S with respect to an ideal a, then
Ps(S,5%t) = Psa(S%, 5% t) = Ps(S,a" : a",t)

for all sufficiently large integer n.
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Proof. We observe that S’ is an S-ideal and S’ : §” = S’. Thus the first equality
follows from the previous proposition. On the other hand, it is known that S® = a” : a”

for all sufficiently large integer n (cf. [20] Proposition 4.3). Hence the second equality
holds. m

Let b be an O-ideal of a local ring O. The ring S := b : b is a semilocal ring and it
may be expressed as a finite intersection of local rings S = O; N --- N O,. We denote
by ¢; := dimy, (O;/m;0;) and §; = dimk(éj/Oj) the degree of the residue field and
the singularity degree of the local ring Oj, respectively, for each j =1,--- ,s.

From Identity 3.10 and from the Euler product identity of Poincaré series we obtain
the following result:

() ()

Corollary 41 [Uy : Up| =

(¢—1)
Proof. Let n =(ny,--- ,n,) € N™ x ... x N From Theorem 6 in [27], it follows
that "
q° lil — dimg(bp™/bNbpti)
W (O.0) = 1 (Bp™/bNbp" ) 3.11

On the other hand, since Uy = Upp, b : b = S and, hence, [Uy : Ug| = 1; it follows from
Theorem 38 that

qZ§:1(5j +0;)

[Tj= (g% = 1)

So, by comparing 3.11 and 3.12, we obtain the result. m

S (1)l g dimelonn e, (3.12)

ie{0,1}™

1S;n (S’ b) =

In particular, if O; := (b:b) is a local ring, then m; := O; N (N,p;) is the
qeto—(01te1)(ge1 1)
_ (¢2—1)

and 0; := dimy(O;/0O). Thus, in this case, ¢ divides p; and the natural homomor-

maximal ideal of Oy, and [Uy : Up| = , where o1 := dimy (O;/my)
phism O/m < O;/m; is an isomorphism of fields if and only if o = g; if and only if
[Us : Uo] = ¢° v if and only if O; = O+myie. Oy C O+ (N, p;) . Hence, according to
Stohr the local ring O := O+ (N, p;) is the largest local ring between O and O whose
residue field is equal to the residue field of O. It follows that [Uy : Up] = ¢,

Us :Uol| = % and Uy /Up is the maximal p-subgroup of Uz/Up.

We observe that, if S is a semilocal ring of a geometrically integral algebraic curve
X defined over a field F, of ¢ elements, whose expression as an intersection of local
rings is S = O N --- N Og, where each O; is a local ring of the curve X, and, if b is an
S-ideal, then b : b is a semilocal ring and it may be expressed as the finite intersection
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of local rings b : b = O%b) n---N ng,’), where C’)Eh) is a local ring for each i = 1,--- | sp.
Hence (bO; : 6O N---N (8O, : bO,) = OV N ..N O with s, > 5. As before, let us
denote by p; and by ggb) the degree of the residue field of the local rings O; and OZ@,
respectively. From the previous corollary we deduce that
q5s+Qs—(5h:h+@b:b) H (qggb)
[[2 (g% = 1)

where 0y := dimg(5/S) and 6 := dimy,(S/ (b : b)) are the singularity degree of the
semilocal rings S and b : b, respectively; and gg := dimy, (S/t), 0p.p := dimy, (b . b/t(b)) ,

_1)

Uy : Us] = (3.13)

where t and t(® are the Jacobson radical of S and b : b, respectively.

3.4 Integral representation

Let R = [, [A(vi be the locally compact total ring of fractions of the completion
S of the semilocal ring S, and let Ug = [[%, [A(;f be its group of units. As in the
local case (cf. [27]), the assignment a — @ = S - a defines a one-to-one monotone
degree-preserving bijection between the S-ideals and the regular S-ideals. Its inverse
mapping is glven by @ — aN K. Two S-ideals a and b are equivalent if and only if the
Correspondmg S-ideals @ and b are equlvalent that is, there exists z € Ui such that
b = 24 (see [14], section 3). Moreover, b:a=0:dfor each pair of S-ideals a and b
(see [27], section 5).

The homomorphism v :K* — Z™ extends naturally to the group homomorphism

v:Ugr — Z™ that maps each unity u := (u1, -+ ,u,) in Ug to the integer vector
v(u) = (01 (u1), -+, O (Uy)) in Z™.

Let fig be the Haar measure on the additive group of the locally compact
[F,-algebra R, normalized so that jig(S) = 1. The multiple Poincaré series Pg(a, b, t)
may be expressed as an integral in terms of this measure.

Since the S-ideal b is a finite disjoint union of cosets of the S-ideal @, whenever
a C b, it follows that the volume

7is(b) = #(b/8)]is (@) whenever a C b are S-ideals.

Thus, for each S-ideal b we have that zb C S for some z € S , hence, we have that
is(S) = (S/zb)ug(zb) =q degS(Zb) (zb) Finally we have that

fis(0) = #(b/2b)is (zb) = oz (?)deas(0),
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Then, due to the normalization jig(S) = 1,
ﬁS(E) = ¢85 for each S- ideal b.

Because, the group Ug of units of the semilocal ring S is the complement of the union
of the finite maximal ideals, say my,--- ,m,, of S we conclude

fis(Ug) = fig(S\ U, @) = 1 — fig(US_ @),

On the other hand, since jig (+) is additive it follows from the inclusion-exclusion prin-
ciple that

s (Us) =1=> (=17 3 (@, 0Ny

Jj=1
0<iy <---<i; <s

8 j—1 de i M---Nm;
=1-3 VY Y giestmanamy)

0<i1<-+<i;<s

s . S degy. (Mg, 0;,)
S ST S

0<ii <+ <i;<s
— (1 . qdegol(mlol)) .. (1 _ qdegos(msc’)s)).

Thus, given that g; = dimy (O;/m;0;), we obtain
s (Ug) = (L—q) - (L—q7*).

Moreover, we have ﬁs(z§ ) = ¢ "V for each z € K* and even more, for each z € Ug.
Now, from the uniqueness of the normalized Haar measure we get

fis (zM) = ¢ "¥Pig (M)
for each z € K* and for each measurable subset M of R.

The multiple power series Pg(a, b, t) can be realized by an integral in the following

form:
Theorem 42
(=)
Ps(a,b,t) = == / IO djig(2)
[Us : Us] (B:aNUR
in the unit poly-disk [t1] < 1,---, |tn| < 1, where g; := dimy (O;/m;0;) is the degree

of the residue field of the local ring O; over the constant field k for each j =1,--- 5.
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Proof. Since 2 N UR is the disjoint union of the sets 9, = {z € 9 : v(z) = n} and
since v (z) assumes on dy, the constant value n, we have

| e dass) = 3 e is@a) €l a0
onNUR

nezm

in the domain of the absolute convergence of the Laurent series on the right hand side
series. Since D, is the disjoint union of the cosets 2Ug, where z varies over a complete
system of representatives of 9,, modulo Ug, and each of this cosets has the volume

s (ZU§) — qfr.v(z)ﬁs (Ug) _ qfr-v(z) (1 _ q*91) L (1 . qus)
we obtain
ﬁ5(0n> = #(an/Us)q_r~n (1 . q—@l) Ce (1 _ q_Qs) .
So,

/ qr.v(z)tv(z)dﬁs<z> _ (1 . qul) . 1 —q QS Z # /US
NUR

nezm
for each S-ideal 0. Thus, by setting 9 = b : a and by applying Formula 3.5, we obtain
the integral representation of the Poincaré series. m

3.5 Functional equation

Theorem 43 The Poincaré series Ps(a,b,t) is a rational function of the form

A5<a7 ba t17 e 7tm)

(I—t1)-- (1 —ty)

where Ag(a, b, ty, -+ ,ty) is a polynomial inty, - - - | t,, with integer coefficients of multi-

degree smaller than or equal to b = (by, -+, by) == v((6:5) : (b-5)), which satisfies the
functional equation:

PS(a7bat17"' 7tm> =

im(bea/(b:a):S 1 1
AS(a,b,tl,"' ’tm) = [Ub:a : Ub]qdlm(b'q/(ha)'s)tlil t’lr)r’anAS(S’a b*) R )
qtq q ™t
(3.14)
In particular,
~ g 1 1
As(S,b,ty, -+ ) = qdlm(b/b-S)tlil .. -tﬁ;ﬂAS(S, b*, e ),
T‘ltl qrmtm
or equivalently,

Ag(S,b% 1, -+ t) = qim(ES/0b L gbmp (S -
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Proof. We put b; = bOj, a; = a0; and 0; = b; : a;, for j =1,--- , 5. By the local
case (see [27], theorem 7.1), we have

Ao, (a5, b5 tj1, -+ s tjm,)
P@j(aj,bj,tl,-..,tm): (1J_tj1)_.~<1—tj ;
m;

where each Ao, (a;, 05,21, ,tjm,;) is a polynomial in t;1,- -+ , ¢, with integer coeffi-
cients of multi-degree smaller than or equal to b; = (bj1, -+, bjm,) := V((bj:@vj) : (bja;))
which satisfies the functional equation equation
Ao (a;,b;,t,) = [Uy - U ,]qdim(aj/bjs@)tb,ﬂ ...tb,fmj/\ (0;,a;-b;" LI : 1 )
RS/ AR R 0 b; j1 jmy £2O0;\Y g By V5 qultj1’ ) qrjmjtjmj
(3.15)

where t; := (tjl, e ,tjmj) for j=1,---,n. Now, set

As(a,b,tr, - tm) == [ [ Ao, (a, b5, L0, Ljm,)-

Jj=1

Then, Ag(a, b,ty, - ,t,)is apolynomial in ¢y, - - , ¢, with integer coefficients of multi-
degree smaller than or equal to b = (by,--- ,b,,) = v((b:5) : (b-5)) and so, by the
Euler product identity, Ps(a, b, t1,--- ,t,) = % From Proposition 19 and
Corollary 21, a-b* = a;-b;N---Na-bs* and [[;_, [Us, : Us;] = [Up.a : Usl, respectively.
Thus, From 3.15 we conclude that Ag(a, b, ¢y, - ,t,,) satisfies the functional equation
3.14. m
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Chapter 4

Computation of Poincaré series and
ground field extension

4.1 Computation of Poincaré series

In this section we indicate a procedure which is useful to determine the ideal classes
of a local ring O and to compute the Poincaré series Po(a, b, t) for each pair of ideal
classes [a] and [b]. Let O be a local ring of a geometrically irreducible algebraic curve
defined over a finite field k£ = F, with rational function field K, and let a and b be
O-ideals.

Let us consider the semilocal subring Oy := k & § of O, where f = O : O is the
conductor ideal of the local ring O. We first give a procedure to compute the multiple
Poincaré series Pp,(Oo, Op,t) which indicates a general procedure to compute the
multi-variable Poincaré series Po(a, b, t).

We observe that Oy € O C O and that the valuation rings of K | k containing
Oy are precisely the valuation rings of K | k containing O, hence Z’)vg =0. Moreover,
f=0: (’N), that is, f is also the conductor ideal of Oy. The completion of the ring O
is the ring Op = k(1,--- 1) @ . Let a and b be Op-ideals.

For each n :=(nqy,--- ,n,) € Z™ the coeflicient 1o, » (a,b) of the multi-variable
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Poincaré series Po,(a,b,t) is

Noom (@, 8) = #{Op-ideals 0 satisfyingd D a, 9 ~bandd-O =a-p~"}
= #{Oy-ideals 0 satisfying 0- O =0, d~b and p"a C 0}

= #{(90 ideals ? satisfying 0 - O (9, ~b and p"a C 0}.

Given that (/9\0 is a subring of O that contains the conductor ideal ?, we have O =V GB/f\
for some vector space V. Since f C (0 : O) : (00) C O for each Op-ideal 0 (cf. [27]
Lemma 3.1), it follows that each Og-ideal D, which satisfies 0 - O = O, is of the form
=D @% where D is a vector subspaces of 1% satisfying k(1,---,1)- D C D @? and
contains for each i = 1,--- ,m a vector whose i-th entry has order 0. In particular,
a=A EB/f\ and b = B EB/f\ where A and B are vector subspaces of V that satisfy
k(1,---,1)-AC A@?and k(1,---,1)-B C B@?and they contain for eachi =1,--- ,m
a vector whose i-th entry has order 0. Another such an ideal @ = D @? is equivalent
tob = B @? if and only if there is a vector z € V with entries of order 0 such
thz{c D GAB?: 2B —i—/f\. In particular (for @ = E’)\o and b = (/’)\0) the (/9\0—ideals D satisfying
-0 = (5 ?~ (/9\0 and E“@\O C 9 correspond to the vector subspaces D of 1% satisfying:
k(1,---,1)-D C D&F, D contains for each i = 1,--- ,m a vector whose i-th entry has
order 0, there is a vector z € V with entries of order 0 such that D@f = zk(1,---, 1)—1—/]‘\,
and p* C D & f. Thus, we obtain (see Theorem 44)

(L—t) (L =tp) + ("ML (¢ = 1)/ (g = D)t
(I—t1)--- (1 —tm)
Similarly, the completion of the local ring O can be expressed in the form O=V @?

for some vector subspace V' of V such that k(l,---,1)-VCV EB? and V' contains for
each i = 1,--- ,m a vector whose i-th entry has order 0. Moreover, each Op-ideals )

POO(OO7 OO? )

satisfying 9 - (5 6 2~0 and /ﬁ“(/’)\o C 9 corresponds to a vector subspace D of 1%
satisfying: k(1,---,1)-D C D@f D contains for each i = 1,--- ;m a vector whose i-th
entry has order O there is a vector z € V with entries of order 0 such that DEB]‘ = ZVJrf
and p* C D @ §. From Proposition 39, P, (0y,0,t) = Po,(0,0,t) = Pn(O,0,t).
Thus, in this way, we can compute the Poincaré series Po(O, O, t).

Now, we proceed to indicate a general procedure to compute the Poincaré series
Po(a, b, t) for each pair of ideal classes [a] and [b]. Since the normalization @ of ©
is a semilocal principal ideal domain, we choose generators 7y, - , 7, of the maximal
integral O-ideals P1,- -, Pm, respectively. By the weak approximation theorem we can
assume that

vj (m; — 1) > f; whenever j # i.
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Observe that each O-ideal can be written in a unique way in the form 77" where
™ = myt - omm for some n = (nqy,- - ,n,,) € Z™ and where 9 is one of the finitely
many O-ideals satisfying 0 - O = O and that the O-ideal 7~ contains a if and only if
m™a C 0, that is, 7™ € 0 : a. Hence the Poincaré series Po(a, b, t) admits the following

Po(a,b,t)= > (Zt“*v(a'5)>

2-0=0, o~p \TUEV

partition

where 0 varies over the O-ideals that are equivalent to b and that satisfy 0 - O=0
(the number of O-ideals satisfying these properties is [Ug : Up] ), and n varies over the
integer vectors satisfying 7™ € 0 : a. Therefore, the coefficient n, (a,b) of Po(a,b,t)
satisfies

I (a,6) = #{O-ideals 0 satisfying 0 - O = O,d ~ b and mvE0) g ¢ ). (41)

Theorem 44 The Poincaré series Po(a, b, t) converges absolutely in the unit poly-disk
lt1] < 1, |tm| <1 to a rational function

A, (a,b,t)

Po(a,b,t) = Q—t) - (L—tm)

where A, (a,b,t) € Z[t1,- - ,tn] is a polynomial of multi-degree < b. More precisely,

Ao (a,b,6) = > ma(ab)t™ [T (1—t)

0<n<b n;<b;
where the index © runs through the integers i = 1,--- ,m with n; < b; in the product.

Proof. The polynomial A, (a, b, t) can be obtained from the Functional Equation.
Here we give an algorithmic proof. The theorem will follow from the next assertion:

M (Cl, b) = ninf(n,b) (Cl, b)

where inf (n,b) := (min (nq,b1),- -, min (n,,, b,,)) for each n. To prove this assertion

we can assume that a- O = O. Since v; (m;) = 1, vj (m; — 1) > f; whenever j # 4, and
f;j = bj, we deduce

v (W“a — ﬂinf(“’b)a) > b for each a € 0.

If2-O =0 and d ~ b (and therefore 8 D pP), then for each element a € O we obtain
ma — Pl € 9, hence ma € 0 if and only if 7*™P)g € 9, and therefore 7%a C 0
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inf(n.b)q C 9, this proves the above assertion. Therefore, the Poincaré

series Po(a,b,t) is a sum of (by + 1) - - (b, + 1) multiple geometric series

if and only if 7

1
Po(a,b,t)= > ma(ab)t" [[ —

11—t
0<n<b n;=b;
and so the theorem will follow. =

By previous Theorem, we have only to compute the finitely many coefficients

o (@,6) with 0 <n < b =(by, - ,by) :=v((b:0):b6-0).

Since the coefficients 7y, (a, b) only depend on the classes of the O-ideals a and b,
we will assume that a-O = b-O = O. The right-hand side of the equations 4.1 remains
unchanged, if O, O, a, b and 0 are replaced by their respective completions:

~

M (a,b) = #{O-ideals ? satisfying d - O 0~ band @G C o}

(4.2)

= #{@—ideals D satisfying 9 - O

I
Qv Qv

0 ~band ™G C )3

By Cohen’s Structure Theorem, the completion O of the normalization of O of O is
the direct product of formal power series rings

~

O = Ea[[m]] x -+ X Ko [[r]]

where 7 := m--- 7, and k; = (5/]31,- N 6/pm are the residue fields of O at
P1, -, Pm, respectively. By passing from the constant field £ = F, to the residue field
of O, which coincides with the residue field of O and is contained in O, and by passing

from ty,- -, t,, to t7,- -+ ,t? we could assume that k is the residue field of (5, that is,
p=1
Since O is a subring of @ = [[ki[x]] that contains the conductor ideal
i=1
—~ m ~ e . m fi—1 ]
f = [ 7/iki[[x]], we have O = V @& § for some vector subspace V of V := [] @@ ki’
i=1 i=1 j=0
that satisfies V-V C V @ f, V contains 1 := (7% -+ ,7%), and V does not contain
any of the m one-dimensional vector spaces {0} x --- x k;w/i7t x ... x {0}. Since

fC(0:0): (00) C O for cach O-ideal d (cf. [27] Lemma 3.1), it follows that any

O-ideal 5, which satisfies 9 - O = (’N), is of the form d = D EB?, where D is a vector
subspace of 1% satisfying V.- D C D @}\ and D contains for each ¢ = 1,--- ,m a vector
whose i-th entry has order 0. In particular, @ = A @/f\ and b = B 69/]‘\, where A and B
are vector subspaces of 1% satisfying V-AC A @?, V-BCB @? and they contain for
each 7 =1,---,m a vector whose i-th entry has order 0. Another such ideal =D @?
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is equivalent to b=2B er if and only if there is a vector z € V with entries of order 0
such that D & f =zB+ f The number of these vector spaces D is equal to the index
[Ug : Us).

To compute the coefficients 7, (a,b) by Formula 4.2 we discuss the condition
74 C . By our choice of the generators ; of the ideals p;, we have 7 = (e )
mod ? for each n €N™. Alternatively, the maximal ideal p; is generated by vector
7 o= (1,--- ,m,--+ 1) with i-th entry is equal to m and any other entry is equal to

1, and we have 7™ ---7,"™ = (7™, --- 7). The condition 7@ C d simply means
that (7"1,--- . 7") A C D @ §f. Hence we have a procedure in terms of Linear Algebra

to compute the coefficients 7, (a, b) of the Poincaré series Po(a, b, t).

Proposition 45 7, (a,b) is equal to the number of vector subspaces D 0f‘7 such that
for each i = 1,--- m, D contains a vector with i-th entry of order 0 and it satisfies
V-DCD&®f, D&f~B&®f and (7™ ,--- ;7" ) AC D ®Hf.

4.2 Examples

In this section we present some examples of zeta functions and multi-variable Poincaré
series of local rings of singular curves defined over a finite field. We observe that this
series are determined by the semigroup of values of the local ring when it is a residually
rational ring. This is no longer true when the local ring is not residually rational, as
the following example shows. Some examples also suggest the behavior of these series
under ground field extension.

Example 46 Let X be the plane projective cubic curve cut out by the absolutely
irreducible homogeneous equation y?z + z?z — 2* = 0 which is defined over the field F,
of characteristic different from 2 and such that ¢ — 1 is not divisible by 4. This curve
has its unique smgularlty at the point P = (0:0:1). We denote by O the local ring
Ox.p and by O its completion. Then O ~ F[[z,y]]/ (y? + 22 — 2*), whose minimal
primes correspond bijectively to the irreducible factors of y* + z* — 2® in F,[[z, y]], that
is, the branches of X at the point P. Let us consider the finite field extension F,2 | Fy,
so that F 2 is isomorphic to the field F,[T]/ (T2 + 1) . Thus

O ~F,[2]l[y)/ (v? + 2% — %)
CF (()[l/ (v + 2® — 2®)
C Fp((2)ly)/ (v* +2* — 2°)



Since, in Fe2 ((2))[y], y* +2° —2® = (y — &z ZO (=" (7)) (y+Ex ZO( D" (113",
where £ € Fp2 is a zero of 7% + 1 in F 2, then it follows by the Chinese remainder
theorem that

Fp((2)ly)
(07 + 27— 27)

~ Fe((x) yfxz (/%) y+sxz (/2
~ Fe((2)) x Fp((2)).

Therefore the ring O is isomorphic to some _subring of Fg. ((x )) x Fpe((z)). By Weier-
strass division theorem, it follows that @ ~ F Jdx]] @ [[a:]]y That means, if
[ € Flz]][y], then f = h(y*+ x> —2®) + r, where h,r € F/[[z]][y] and degr < 1,
so f =7 in F,[[2]][y]/ (v* + 2® — 23) and the image in F2((z)) x Fz((x)) of the class
£, under above isomorphism, is

(r(e, ey (=1)" (1)a"),rle, —€x Y (=1)" (1))a") € Feellz]] x Fea[fe]).

Thus, the ring O is isomorphic to the subring

r(x 5562 ("13)am), r(, —fxz (12)2") = r € Fyl[z]]ly], degr < 1}

of the ring Fp2[[z]] x Fp2[[z]]. On the other hand, Galois group of the field extension
Fpe | F, is generated by Frobenius automorphism o which acts on the field Fpz2 by
o (c) = ¢ Note that & and —¢ are the zeros of the polynomial 7% + 1 in Fp and
o (§) = —¢. Then the ring O is isomorphic to the ring

r(z éxz (?)2") € Fella]] : 7 € Fy[[2]]ly], degr < 13,

that is, O is isomorphic to the ring F, @ zF 2[[z]]. Thus, we have p =1, m =1, r = 2,
O = F[[z]] and
O~F,df,

where f = 2Fp[[z]]. Hence 6 = 1 and 5/? = Fpe. The O-ideals b that satisfy

b-O = O contain the conductor ideal ? and, therefore, correspond bijectively to the
vector subspaces of F,2 that contain a vector of order 0. By writing their bases into
standard forms we obtain the following list:

F, (14 a) &, with a €T,

F, (€)@}
qu P .
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We pick up representatives

by putting @ = 0 in the first line, and

~ ~

bs :Fq2 P .

The first and second lines are in the ideal class represented by /b\l. Let b; := /b\z NnK
(i=1,2) be the corresponding representatives of the ideal classes of @. Then b; = O,
and by = O and we obtain: [U(5 : U@] =q+1,

Ao (0,0,t) =1+ gt and Ap(O, O, t) = 1.

Moreover, Zo (0, 0,t) = 22 75(0,0,t) = L3, Zo (0, t) = 22 and $(0) = N.

1—t2 0 1—t2> 1—t2

In the precedent example the local ring O of a singular curve defined over a finite
field F, is not residually rational and for each ideal class b the set S (b) is equal to
N. In the next example we consider the curve defined by the same equation of the
precedent example but, in this case, the local ring is residually rational. We observe
that, if m is the completion of the semilocal ring F,2O which is the extension of
the local ring O to the function field Fg K | Fp2, then ]F/qz?) ~ Fpe(1,1) @ f where
f = aFgp[lz]] x 2Fgpe[[z]].

Example 47 We consider the completion of the local ring of a rational node:
O=F ,(1,1) @?Wherej\: 7lF,[[7]] x 7F,[[7]]. Then O is a Gorenstein ring of singula-
rity degree 6 = 1, and O /?% F, xF,. The O-ideals b that satisfy b- O = O contain the
conductor f and, therefore, correspond bijectively to the vector subspaces of I, x I,
that, for ¢« = 1,2, contain a vector whose ¢-th entry is not zero. There are only two
bases in standard forms, namely

F,(1,a)
F, (1,0) ® F, (0,1)

where a varies over the multiplicative group F;. Each of them represent one ideal

class, namely the class of principal ideals and the class of O-ideals. Thus, we obtain
[U@ : U@} =q—1,
L=t —ta+ qlity

(1—1t1)(1—t) ’

Zo (0,0,1) = 2242 7(0,t) = EH4 and S(0) = {(0,0)} U ((1,1) + N2).

(117 (117

PO (O’ OatlatQ) =
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In the following example we compute the zeta series and the multi-variable Poincaré
series of a singularity with two brunches which is not residually rational.

Example 48 Let X be the plane projective quartic curve cut out by the absolutely
irreducible homogeneous equation y3z — (z*z + z*) = 0 with base field F,. Assume
that in the field F, the polynomial 7% + T + 1 € F,[T] is irreducible. This curve has
its unique singularity at the point P =(0:0:1). We denote by O the local ring Ox p
and by O its completion. Then O ~ F Jlz, )]/ (v® — (23 + 2)), whose minimal primes
correspond bijectively to the irreducible factors of y* — (z® + 2*) in F,[[z,y]], that is,
the branches of X at the point P. Let us consider the finite field extension Fp | F,, so
that F,2 is isomorphic to the field F,[T]/ (T? + T + 1) . Thus

O ~F,[[«]]ly)/ (4° — («* + %))
C F((@)l)/ (v° — («* + 7))
CFa((@)l)/ (v° — («° +2Y)).

3 00
Since, in Fpe ((2))[y], ¥* — (2% + 2%) = [[(y — &2 3 (V/*)a"), where € € Fpe is a zero
j=1 n=0
of T2+ T + 1 in F,2, it follows by the Chinese remainder theorem that

qu((x))[y]/ (ys £E + ! HIE‘ 2 yl/(y — gja;Z (17/13)33
= I%2((-73)) x Fea((x)) x Fa((2)).

Therefore the ring O is isomorphic to some subring of Fpe((z)) x Fe((z)) x qu((x))

By Weierstrass division theorem it follows that O ~ F,[[z]] ® F,[[=]]ly & F,[[z]]y?
That means, if f € F [[x]][y] then f = q(y® — (2% + 2*)) +r, where ¢,r € F,[[z]][y] and
degr < 2, so tha f = 7 in F2]]ly]/ (v® — (z*+2%)) and the image in
Fpe((z)) x Fe((x)) x Fz((x)) of the class f, under above isomorphism, is

r(z, &2y (17)2")jm120 € Fella]] x Fella]] x Fy[[]).
Thus, the ring O is isomorphic to the subring
r(z, &2y (1)2")=100 € Fella]] x Fella]] x Fyll2]]) : 7 € Fy[a]][y], degr < 2}

of the ring Fp[[z]] x Fpe([z]] x Fy[[z]]. On the other hand, Galois group of the field
extension Fp | F, is generated by Frobenius automorphism o which acts on F,
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by o(c) = 1. Note that & and &% are the zeros of the polynomial T2 + T + 1
in Fe and o (§) = & and 0(53) = . Then the ring O is isomorphic to the ring

(6o 3 (). rla,a 3 (F)a") € Fllal) x Fofl] : r € Byl . degr < 2),

n=

that is, @ is isomorphic to the ring F, (1, 1)®F, (z, 2) ®F, (§x, ) Dx?F 2 [[z]] x 2°F [ [«]).

Therefore, we have g = 1, m = 2, r = (2,1), O = F,o[[z]] x F,[[z]] and
O~F,(1,1)®F, (z,z) ®F, ((x, z) &7,

where | = 22F 2 [[z]] x 22F,[[z]]. Hence § = 3 and O/f = (Fp2 & Fpx) x (F, & F,z).

The O-ideals b that satisfy b-O = O contain the conductor ideal ? and, therefore,

correspond bijectively to the vector subspaces of (F.2 @ Fpx) x (F, @ F,x) that contain,

for © = 1,2, a vector whose i-th entry has order 0. By writing their bases into standard
forms we obtain the following list:

F, (a1 —a1§ + age, 1) @ Fy (ay2,2) @ F, (Ex,0) & f, with a; # 0

F, (a1 + asf + azéx, 1) @ F, (aséx, x) ® F, (z + aséx,0) B F, with a; + asé # 0,
a9 = a4+ ajas, and a1 —as = a4 — asas

F, (a1 + as&,1) @ F, (0,2) ® F, (2,0) ® F, (£2,0) & F, with ay + ax€ # 0

Fy (a1,1) & F, (€,0) & F, (0,7) & F, (2,0) & F, (€2, 0) &7,

Fy (mé, 1) & F, (1+a,6,0) &, (0,2) & F, (,0) & F, (€2,0) &7,

(0.1 B, (L0 OB, (£.0) BT, (.0) ST, (.0) ST, (.0 &F

where a; € Fy, for each i = 1,2,3,4,5 (in each line). We pick up representatives
b =F,(1,1)®F, ((r,2) B F, (z — &x,0) & F
by putting a; = 1 and a, = 0 in the second line,
by =F,(1,1) ®F,(0,2) ®F, (2,0) & F, (¢2,0) &

by putting a; = 1 and ay = 0 in the third line,

by =F,(1,1)&F,(0)&F,(0,2)®F, (z,0) & F, (£2,0) &
by putting a; = 1 in the fourth line,

by =F,(0,1)@F,(0)®F,(0,2)®F, (x,0)®F, (£z,0) &
by putting a; = 0 in the fourth line, and

by =F,(0,1) &F,(1,0) & F, (£,0) & F, (0,2) & F, (z,0) & F, (¢x,0) & F
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of each ideal class. The first and second lines are in the ideal class represented by
/b\l, the third line is in the ideal class represented by Eg If a # 0 in the fourth and
fifth lines, then they are in the ideal class represented by b3, otherwise they are in
the ideal class represented by b4 Let b; := b N K (i=1,2,3,4,5) be the corresponding
representatives of the ideal classes of O. Then by =0, b5 = (5, [Ug) : Uo] =q(¢®—1),
[U@ : U[,Q} =q¢* -1, [U@ : Ubg} =¢>—1, and [U5 : U[,J = ¢+ 1. Moreover, we obtain:

0(0,0,t1,t) =1 —t1 —ta + (" + 1) tita — ¢°11t3 — qtits + 1115
0 (O, by, t1,ty) =1 —t; — to + ¢*tits

0 (0, bs,t1,t2) = q — t1 — qla + ¢*tits

0 (O, by, t1,t) =14 gty

( ) =

A@O(’)tl,tg
and 1 24 (P24 1)1 4 _ 245 | 346
—t—=1t"+ (¢ +1)t° —qt® — q°t° + ¢’
Zo(0,0,t) =
O( ) 7) (1—t)(1—t2)
t—t* =t 4 ¢t
Zo (0, by,1) =
O( 72a) (1—t)(1—t2)
gt* —t* — qt* + ¢°1°
Zo (0,b3,1) =
0(0.0.) = gy
t* 4 qt*
Zo (0,by,t) =
O( 747) (1_t)(1_t2)
- 3
Z0(0,0,t) = :
o@.0.0 = T g
14 (g— )2+ + (g% —q) t* +¢3t°
Moreover, Zp (O,t) = 4 )(lq_t)(l(_iz)q) .

S(0) =A{(0,0), (1, )}u((2,1) +Nx{0})uU((2,2) + N xN)

S (b2) = {(0,0)} U ((1,1) + N xN)

S5 (b2) ={(0,0)} U((1,0) + Nx {0}) U((1,1) + N x N)

S (b3) =((0,0) + N x {0}) U ((0,1) + N x N).
Example 49 Let X be the plane projective quartic curve cut out by the absolutely
irreducible homogeneous equation y*z — a (2*z + 2*) = 0 with base field F,, where
a € Fgand a ¢ F2 i. e. the polynomial 7% — a € Fy[T] is irreducible over F,. This
curve has its unique singularity at the point P = (0: 0 : 1). We denote by O the local

ring Ox p and by O its completion. Then O ~ F,llz,v]l/ (v* — a (2 + 2*)), whose
minimal primes correspond bijectively to the irreducible factors of y* — a (z® + z*) in
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Fy[[z, y]], that is, the branches of X in the point P. Since a € F, and a ¢ F3 ie. ¢ =1
mod 3, the Weierstrass polynomial y* — a (23 + z*) is irreducible in F[[z]][y ] hence in
F,[[x,v]], and it follows that (a"s ) [F, for each non negative integer j, (aq%l)?’ =1
and 14 a"s + (a"5 )2 = 0. Let us consider the finite field extension F | Fy, so that
a € s, that is, Fys is isomorphic to the field F,[T]/(T° — a). Thus

Follz]ly)/ (v° — a (2% + 2%))

Fo((@)y)/ (v = a (2® +2%))

q*((x W)/ (v° —a(2®+2%)).

Since, in F((2))[y], y> — a (a® + 2*) = ﬁ(y — (a"F Yz Z ("/%)2"™), where o € Fys

i1
is a zero of T® — a in Fs, it follows by the Chinese remamder theorem that

F((2)[y)/ (v° — a (2® + 2*) HIF3 y—(aq;sl)jaxZ(lf’)x )

~ an((ﬁ)) X Fps((z)) x Fes((x)).

Therefore the ring O is isomorphic to some subring of Fps((x)) x Fi((z)) x Fpa((x)).
By Weierstrass division theorem it follows that O ~ F,[[z]] ® F,[[x]]y © F,[[z]]y*. That

means, if f € F,[[z]][y] then f = q(y* — a (2 + 2*)) + r, where ¢q,r € F,[[z]][y] and
degr < 2, so that f = 7 in F)ly)/ (y> —a(2®+2*)) and the image in
Fpa((z)) x Fa((x)) x Fgs((x)) of the class f, under above isomorphism, is

(r(z, (@'5 Yaz Y (2)2")jm123 € Fgs[[a]] x Fys[[a]] x Fys[a].
n=0
Thus, the ring O is isomorphic to the subring

{(r(z, ("5 Yaz Y (V*)a")jc10s € Fplle])® : r € Fy[lz])[y], degr < 2}

of the ring Fys[[z]] X F[[z]] x Fg[lz]]. On the other hand, Galois group of the field
extension Fys | F, is generated by Frobenius automorphism o which acts on F s by
o(c) = . Note that a5 a, (aqgl)za and (aq§1)3a are the zeros of the polyno-
mial 7% — a in Fz and o (a) = a5 a. Then the ring O is isomorphic to the ring

{r(z,ax Z (1/3) ") € Fpllz]] : r € Fy[[z]]ly], degr < 2}, that is, O is isomorphic to
the ring
{A+ ax(nZ::O (/%2 B + a%?(n; (M) 2m)?2C € Fp[[x]] : A, B,C € Fy[[z]]} ie.

O ~F,d aF, & azF, & *F[[z]].
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Thus, we have p = 1, m = 1, r = 3, O = Fs([z]] and O ~ F, @ 2F, @ azF, @?
where | = 2?F ;[[z]]. Hence § = 3 and Off = Fps @ Fpz. The O-ideals b that satisfy

~

b-O = O contain the conductor ideal /f\ and, therefore, correspond bijectively to the
vector subspaces of F 3 @ F sz that contain a vector of order 0. By writing their bases
into standard forms we obtain the following list:

~

F, (14 a1a + aga? + aza’z) O F, (z + asa’z) O F, (ax + asa’z) O,

with a1 = aaqas + a5 and as = a4 + ajas

F, (1 + a0 + —a + CL30[CC) (x4 ajaz) ® F, (o*x) & f, with a; #0
(@ +aa? + axa’z) & F, (x + —aaz) & F, (ax + a;a’r) @?, with aq # 0

(a+az)®F, (az) ®F, (? :v)@f

. (0? + a102) ©F, (x) © F, (a?2) &,

(1 + a0+ a0?) & F, () & F, (ax) © F, (’z) & F
(Oé"’"al()‘ ) O F, (x )EBFq(O‘x)@Fq(Ofx) EB/f\
(@®) @ F, (@ )@Fq(a$)®Fq(a2x)@f
(
(
(
(

Q

Q

¢(1+a10?) ©F, (a+a0?) ©F, (2) ©F, (o)
g 1+a1a>@F (@®) & F, (z) ®F, (arc)eaIF (a
q O‘) ( )@Fq(x)@]Fq(ax)@F( )@
(1)@ F (o) F, (®) & F, (z) ®Fy (ax) B F, (a

F, (a%r) @ f
) @ f

ehcHcNoNoNo N NoNoRc!

A—h) w@

‘r) & f
where a; € F,, for each i = 1,2,3,4,5 (in each line). We pick up representatives of each

ideal class by putting a; = 0 and as = 0 in the first, sixth, and ninth line, respectively,
SO

by =F, (1) ®F, (z) ®F, (az) &

by =F, (1) @ F, () ©F, (az) & F, (a’z) &F,

Eg =F,(1)¢F,(a)®F, () ®F, (ax) @ F, (oz2x) @/f and

by =F, (1) ©F, () ®F, () &F, () B F, (az) & F, () &,

The ideals in the lines 1,2,3,4, and 5 are in the ideal class represented by /b\l; the ideals
in the lines 6,7, and 8 are in the ideal class represented by bz, the ideals in the lines
9,10, and 11 are in the ideal class represented by b3 Let b, .= b, N K (i=1,2,3,4) be
the corresponding representatives of the ideal classes of O. Then by = O, by = (5,
Us:Uol=¢+¢*+4q, [Us:Us,) =¢*+q+1, [Us : Us] = ¢* + ¢ + 1. Moreover, we
obtain:

0(0,0,t) =1+ (¢*+q—1)t+ ¢t
Ao (0,bs,t) =1+ (¢° +q)t

0 (0,bs,t) = (¢ + 1) + ¢t
AO(OOt):l



and
1+ (@ +q—- 1)t +t°

Zo (0,0,t) =
@ ( ) ) 1—¢#3
t+(q* +q)t*
Zo(0,by,t) = ————F—
(9( s U2, ) 13
(q+1) 12+ ¢°t°
(O b37 ) 1—1¢3
~ 3
Z0(0,0,t) = ——.
O( y ) 1 — ¢3
2 2 3 2 4 245 346
Furthermore, Zp (O0,t) = Lt+a+l)e+(a +q2t_;(q ) L i and S(b;) = N for

i=1,2,3,4.

In the earlier example the local ring O of a singular curve defined over a finite field
[F, is not residually rational. As in the first example, we have that for each ideal class
b the set S (b) is equal to N.

Now, we consider the curve defined by the same equation of the precedent example
but, in this case, the local ring is residually rational. We can obtain it by doing
extension of the ground field.

Example 50 Let X be the plane projective quartic curve cut out by the absolutely
irreducible homogeneous equation yz — a (z*z + z*) = 0, where a € F, and there
exists a € F, such that a® = a. This curve has its unique singularity at the point
P =(0:0:1). We denote by O the local ring Ox p and by O its completion. Then
O ~ F,[[z,v]]/ (v* — a (2® + 2*)), whose minimal primes correspond bijectively to the
irreducible factors of y* — a (2® 4+ z*) in F,[[z,y]], that is, the branches of X at the
point P. Thus

9]

12

Follzlllyl/ (v —a (2% +2%))
Fo(()l)/ (v° — a (2 +2%)) .

If, in Fo((x)[y], v* —a(@®+2*) = [] (v — bax Z (*/%)2), then, by the Chinese

63=1

IN

remainder theorem, it follows that

F((2)[y)/ (v° — a (a® +2*)) ~ J] Fol /(y = baz> ()"

03=1

=~ Fy((2)) x Fy((2)) x Fy(()).

Therefore, the ring O is isomorphic to some subring of F,((z)) x F,((z)) x Fy((x)).
By Weierstrass division theorem it follows that O ~ F,[[x]] & F,[[z]]y & F,[[z]]y*. That
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means, if f € F,[[z]][y] then f = q (v —a(2® +2*)) + r, where ¢,7 € F,[[x]][y] and
degr < 2, so that f = 7 in F,[[z]][y]/ (v® —a(2® +2*)) and the image in
F,((x)) x F ((z)) x F,((x)) of the class f, under above isomorphism, is

r(z Eaxy  (Y2)a") =128 € Fylla]] x Fylla]] x B[],
where €2 + ¢ +1 =0 and £ # 1. Thus, the ring O is isomorphic to the subring
r(z Eaxy (7)) m1es € Flle])® : 1 € Fy[[a]][y], degr < 2}
of the ring Fy[[z]] x F,[[z] x F,[[z]]. Therefore, the ring O is isomorphic to the ring
F,(1,1,1) & F, (z,z,z) ®F, (Cax,az,ax) & §, that is,
O~ F,(1,1,1)®F,(z,z,z) & F, (504:6,520495, owc) @?,
where | = ( °F,[[x N®*. Thus, o =1, m=3,r=(1,1,1) and O = F,[[z]]®®. Hence

6 = 3 and (9/ = (F,&F,z) x (F,&F,z) x (F,®F,z). The O-ideals b that satisfy

b- (9 (9 contain the conductor ideal f and, therefore, correspond bijectively to the
vector subspaces of (F, ® F,x) x (F, ® F,z) x (F, ® F,z) that contain, for i = 1,2, 3,
a vector whose i-th entry has order 0. By writing their bases into standard forms we
obtain the following list:

F,(1,a1,as + azz) & F, (x,0, —€asx) & F, (O,x, —{%—jx) @?, with a; # 0 and ay # 0,
F,(1,a1,a2) ® F,(x,0,0) & F,(0,2,0) & F, (0,0, ) EB/]‘\, with a; # 0 and ay # 0
Fy(1,0,a1) & Fy(0, 1, a0) @ (@Q@@F“QL®®FAQQ@@i“Mhm%O

or az # 0

F,(1,a,0) ®F,(0,0,1) & F,(,0,0) & F, (0,2,0) & F, (0,0, x) @/f\, with a; # 0
F,(1,0,0) & F,(0,1,0) & F,(0,0,1) & F, (2,0,0) & F, (0,2,0) & F, (0,0,2) &

where a; € Fy, for each i = 1,2,3 (in each line). We pick up representatives:
b, =F,(1,1,1) @ F, (2,0, —x) ® F, (0,2, —&x) @ f
by putting a; = 1, as = 1 and a3z = 0 in the first line;
by, =F,(1,1,1) ®F, (2,0,0) & F, (0,2,0) ®F, (0,0,2) &
by putting a; = 1 and a, = 1 in the second line;
b; = TF,(1,0,0) & F,(0,1,1) & F, (z,0,0) & F, (0,2,0) & F, (0,0,z) & T,
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by putting a; = 0 and as = 1 in the third line;
by =F,(1,0,1) & F,(0,1,0) & F, (z,0,0) & F, (0,2,0) & F, (0,0,z) & T,
by putting a; = 1 and ay = 0 in the third line;
bs = F,(1,0,1) & F,(0,1,1) & F, (2,0,0) & F, (0,2,0) & F, (0,0, z) &7,
by putting a; = 1 and ay = 1 in the third line;
b = F,(1,1,0) ® F,(0,0,1) & F, (x,0,0) ®F, (0,2,0) & F, (0,0,z) & T,
by putting a; = 1 in the fourth line, and
by = F,(1,0,0) ®F,(0,1,0) ® F,(0,0,1) & F, (2,0,0) & F, (0,2,0) & F, (0,0,2) & .

Let b; := EZ N K (i=1,2,3,4,5,6,7) be the corresponding representatives of the ideal
classes of O. Then b, = O, by = O, [Us:Uo| = qlq— 1)%, [Us : Us,] = (q— 1),
[U@ : U[,J =q-—1, [U@ : Ub4] =q-—1, [U@ : Ubs} =(q— 1)2 and [U@ : Ubsj =q-— 1.
Moreover, we obtain:
Ao (0,0, t,ty, t3) = ¢*titats — *titsts — Ptitats — Pttt + qtitats + qtitots
+ qlitot + (¢° — 2q — 1) tatals + tits + tits + toty — b1 — to — t3 + 1
Ao (O, by, t1,ta,t3) = (¢° — 2q) tatats + tits + tits + tals — t —ta — 3+ 1
Ao (O, b3, t1,ta,t3) = qtoty —t3 —ty + 1
Ao (O, by, ty,ta,t3) = qlits —t3 —t1 + 1
Ao (O, by, 1, ta, t3) = ¢*titats — qtita — qtits — qtatz + 1t +to +t3 +q — 2
Ao (O, bg, tq,ta,t3) = qtite —ta —t1 + 1
Ao(O, 0,1y, ty,t5) = 1
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and
1—3t+ 3%+ (¢* — 2¢ — 1) 13 + 3qt* — 3¢*t° + ¢*t°

Zo (0,0,t) =
o ) (1-t’
t—3t° +3t° + (¢* — 2¢) t*
Zo (0, by,t) = (g(,] 2
(1—1)
2 — 2t + qt*
Zo(0,b3,t) = ———
0(0:bs1) = =
12— 263 4 qtt
Zo (0, by,t) = ———F—
0(O.but) ==
— 2) 2 + 3t3 — 3qt* + ¢*t°
20(0,55,t):(q ) 3ot +a
(1—1)
2 — 263 + qt*
Zo(0,bg, 1) = —— =
0 (0. bs.1) (1—t)°
~ 3
Z0(0,0,t) = ——.
ol =y

19-2¢°1+(q%+q)t*+ (g% —29) P +(q+1)12 —2t+1

T . and

Moreover, Zo (O,t) =

S(0O)=1{(0,0,0),(1,1,H)} U ((1,2,1) + {0} x Nx {0}) U ((2,1,1) + N x {0} x{0})
U((2,2,2) +N?)

S (b2) = {(0,0,0)} U ((1,1,1) + N%)

S (b3) = {(0,0,0)} U ((1,0,0) + Nx{0}x{0}) U ((0,1,1) + {0} x N x N)

U((1,1,1) + N?)

S (by) = {(0,0,0)} U ((0,1,0) + {0} x N x {0}) U ((1,0,1) + N x {0} xN)

U ((1,1,1) + N°)

S (bs) = {(0,0,0)} U ((0,1,0) + {0} x N x {0}) U ((1,0,0) + Nx{0}x{0})

U((1,1,1) + N?)

S (bg) = {(0,0,0)} U ((0,0,1) + {0} x {0} xN)U ((1,1,0) + N x N x {0})

U((1,1,1) +N?)

S (b7) = N3,

4.3 Ground Field Extensions

In this section we discuss the behavior of the multi-variable Poincaré series under
ground field extensions. Before we do this we give some well-known definitions and
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results on the behavior of a function field in one variable under the ground field exten-
sion.

Let K | k be a function field of one variable, let [ | k be an algebraic field extension
and let S be a semilocal subring of K | k. It is known that, in this case, the tensor
product | ®; K is a field. Thus we can identify the compositum [ - K with [ ®; K, the
field [ is algebraically closed in the field /- K and hence [ - K | [ is a function field. The
ring [ ®; S can be identify with the semilocal subring [ - S, of the function field [- K | [,
which consists merely of all linear combinations of elements of S with coefficients in [,
and hence [ - SN K = S (see [28] and [22] section 3).

Let v be a valuation of the function field K | k. Recall that if w is a valuation
of [ - K | [ that lies over v, then the ramification index e, of w over v is defined as
the group index [w (I - K\{0}) : w (K\{0})] and the inertia index f,, of w over v is
defined as the degree of field extensions [k, : k,]. Thus, it is associated to v the divisor

Cony.x|i (v) = Z

€w|v - w

wlv

where the sum run over all the valuation w of [ - K | [ lying over v. It is called the
Conorm of v. The following Theorem is well-known (cf. [28] Theorem II1.6.3).

Theorem 51 Ifl | k is a separable algebraic extension. Then

1. 1-0, = 61“ where (’N)U 15 the integral closure of the valuation ring O, inl- K

2. v is unramified in |- K i.e. ey, =1 for each valuation w of - K | 1 lying over v.

For each valuation w of [ - K | I lying over v, we may consider both the residue field
k, and the field [ as subfield of the residue field [,, of w. Thus the compositum [ - k, of
the field k, and the field [ is well defined.

Corollary 52 If 1| k is a separable algebraic field extension. Then

1. 1k, =1, for each valuation w of I - K |l lying over v.
2. Conp.kk (v) = Zw‘v w.

3. If 1| k is a finite field extension, then deg(Cony.x|k (v)) = deg (v) .
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In particular, if [ = k, then deg(w) = 1 for each valuation w of k, - K | k, lying
OVer v.

As we are mainly interested in local or semilocal subrings of a function field K | k
whose constant field is the finite field £ = F, with ¢ elements, we assume from now
on that k¥ = F, and that [ | k is a finite field extension. Thus, [ | k is a separable
algebraic field extension. In the following, we fix an algebraic closure F, of F,. Then,
for any positive integer n, there exists exactly one extension Fyn | F, of degree n with
Fgn C E. Thus, | = Fy» for some positive integer n.

Let v be a valuation of K | k of degree r, that is r = [k, : k], hence k, = F,. By
Theorem 51, the valuation v is unramified in [ - K | [. By Corollary 52, we have that
for each valuation w of [ - K | [ lying over v the residue field of w is the compositum of
Fgn with the residue field k, = F4 of v, that is, Fgn - Fgr = Fyi, where [ := lem (r,n) .
Therefore,

deg(w) = [Fy : Fgn] = r/ ged (r,n)

q

for each valuation w of - K | [ lying over v. Since deg(Cony.x|k (v)) = deg (v) = r, we
conclude the there exists exactly d := ged (r,n) valuations w of [ - K | [ lying over v,
each of them having degree r/d. Summarizing, we have the following proposition (cf.
[28] Lemma V.1.9).

Proposition 53 Let K | k be a function field of one variable, whose constant field is
the finite field k = F, with q elements, let | | k be a finite field extension of degree n.
If v is a degree r valuation of K | k, then there ezist exactly d := ged (r,n) valuations
w of I - K | I lying over v, each of them having ramification index e,, = 1, degree
deg (w) = r/d and residue field l, = Fgn - Fgr = Fyi, where | =lcm (r,n) .

The ground field of a function field K | k may be extended to the algebraic closure
k of k. Thus, it is defined K =: k ®; K. Since | ®; K is a field for every finite field
extension [ | k, any embedding [ — k extends to an embedding [ ®; K — K. Indeed,
K is just the set-theoric union of the images of such embeddings. In particular every
element of K lies in some subfield, and so K is a field. Thus K | k is a function field.

Let v be a valuation of the function field K | k. There exists a finite field extension
k" | k such that deg(v') = 1 for each valuation v" of k¥’ - K | k¥’ lying over v. Moreover,
we observe that there exists a one to one bijection between valuations w of K | k lying
over v and valuations v" of k" - K | k' lying over v such that ey, = ey|,. Indeed, it is
clear that given a valuation ¢’ of k' - K | k' lying over v, there exists a valuation w of
K | k lying over v/ and hence lying over v. Remain to prove that there exists exactly
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one. If, by way of contradiction, there were more than one valuations of K | k lying
over v', they would differ on some element in K, say v = 25:1 a;®x; € K with oy € k
and z; € K (i = 1,---,j), then the field £ := k' (oy,--- , ;) is a finite extension of
k', u € k" ®, K and there were more than one valuations v” of K"K | k" lying over
v'. However, since fyr, = [k” : k'] and [k" : k'] = [K" (F'K) : K'K], by fundamental
equality, there exists a unique valuations v" of kK"K | k” lying over v'. With a similar
argument we can prove that a local parameter t of w lies in some finite field extension
k" @i K, where we may assume that £” 2 k. By fundamental equality, e, = 1
and ey = 1, where v” is the valuation restriction of w to K"K = k" (K'K). Thus,
Colo = Cuwlv €y’ Exf|v = €y |v. Therefore, for any valuation v of the function field K | k,
the Conorm Congy (v) defined by

Cong i (v) == Zw‘v Caly W

where the sum run over all the valuation w of K | k lying over v, is well-defined. Let [ | k
be a finite field extension and let w be a valuation w of K | k. The valuation w is said
to be defined over I if there exists a valuation v of [ - K [ I such that Cong x (v) = w.
The valuations of [ - K | [ can be identified with the valuations of K | k defined over .

It is well-known that the Galois group of Fyn | F, is cyclic Galois group of order n
generated by the Frobenius map that acts on Fyn by o +— af. Let

o . ]Fqn ®[F'q K — ]Fqn ®Fq K

be the function defined by a®x — a?®z. Then, by identifying the compositum Fn - K
with Fy» ®p, K, 0 is an isomorphism of Fg - K into itself. Note that o is the identity
in K. Consequently, it is deduced the next lemma (cf. [28] Lemma V.1.9).

Lemma 54 Let K | k be a function field of one variable, whose constant field is the
finite field k = F, with q elements and let | | k be a finite field extension of degree n.
Then |- K | K is a Galois extension with cyclic Galois group Gal(l- K | K) of order
n generated by the Frobenius automorphism o, which acts on 1 by o (¢) = c%.

Proof. Since the Galois group of [ | k is a cyclic Galois group of order n generated
by the Frobenius automorphism « +— o and [l - K : K] = [l : k| = n, it follows that
the group of automorphisms of [ - K | K is generated by the automorphism o and it
has order n. m

It is clear that for each automorphism ¢ € Gal (! - K | K) and for each valuation w
of [ - K | [ the composition w o % is another valuation of [ - K | [ with valuation ring
=1 (0,) and maximal ideal Moy 1= P~ (M,,).
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Proposition 55 Let K | k be a function field of one variable, whose constant field is
the finite field k = F, with q elements, let I | k be a finite field extension of degree n
and let wy and ws be valuations of I - K | I lying over the valuation v of K | k. Then
there exists ¥ € Gal (I - K | K) such that wy = wq 0.

Proof. Suppose that wy # w; 01 for each ¢ € Gal({ - K | K). By the approxima-
tion lemma, there exists x € [ - K such that wy (z) = 1 and w; o9 () = 0 for each
¢ € Gal(l- K | K). If y := Nigi (z), one has y € K, and y = [[ycqan.xim) ¥ (2),
whence ws (y) > 0 and w; (y) = 0, which contradicts wy and wy are valuations of I- K |
lying over the valuation v of K | k. m

This proposition permit us to give a relationship between the set S(b) and S(I - b)
for each S-ideal b of a semilocal subring S. Let S be a semilocal subring of the function
field K | k, whose constant field is the finite field k& = F, with ¢ elements. Let b
be an S-ideal and let [ | k be a finite field extension of degree n. Since the set S(b)
only depends on the S-ideal class of b, we can assume that bS = S. The valuations
wy, -+, w,,o of [+ K | [ that contain the semilocal ring [ - S are precisely the extensions
to l - K | | of the valuations vy,--- ,v,, of K | k that contain the semilocal ring S
(cf. [22] Section 3). Moreover, if v(z) € S(b), with z € b\{0}, then w(z) € S(l - b),
where v(z) and w(z) are the multi-exponents of z. Thus, we may view the set S(b)
as a subset of the set S(I-b). The Galois group G := Gal(l- K | K) acts on the set
S(L-b). Indeed, for any ¢» € G and any w(z) € S(I-b), with z € [ - b\{0}, we have
w(1(2)) € S(I- b). Furthermore, S(b) injects in the set of fixed points S(I - b).

In the proof of the next theorem we need the following polynomial identity.

Lemma 56 Let n and r be positive integers. Then
_ ynr/ged(nr)yged(n,r) . r
(1-x ) 1, a-©x)n

where 6 runs over over all n-th roots of the unity in the complex number C.

Proof. We observe, if 0 is a n-th root of the unity, then ¢ := 6" is a n/d-th root
of the unity, where d := ged(n,r). Thus the result follows from the basic polynomial
identity: for any integer k,

k _
1— Xk = Hgkzla — (X)),
where ( runs over over all k-th roots of the unity in the complex number C. Indeed,
_ Ty — _ r\\d __ _ ynr/d\d
IL,_ (= ) = ([T,,,,(1 - Xyt = (1= )
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Let O be a local ring of at a singular point of a geometrically integral algebraic
curve defined over a finite field £ = [F, and let b be an O-ideal. We denote by

el

n (07 b,Q) = [Ub . U(’)] (qp _ 1) Hj;1<q7"i - 1)7

b
6+97(6b:h+gb:b) H:gl(qg'(i

that is, 7 (0, b,q) = [U5 : Ub] , where [Uy : Up] = 2 pr
q too (for the notation see 3.13). The examples that we show in the precedent section

)
) depends on

indicate the following result.

Theorem 57 Let O be a local ring of at a singular point of a geometrically integral
algebraic curve defined over a finite field k = F, and let | = Fgpn be a finite field
extension of k. If O 1is the local ring at rational point, then for each O-ideal b,

n(l-0,1-b,q) = (—1)™"* T 1(0,b,6q),

=1

where mY := 3" ged (ry,n) is equal to the number of valuations of the function field
l- K|l lying over the ring [ - O.

Proof. Since O is the local ring at rational point, it follows that p) = p = 1 and
[ - O is also a local ring, hence

PO [0 )

n(t-0.0-0.9 = " (@ -,
()" —1 g

Where 60 := dim, (lf-\(j)/l : (’)) r0 = (0 ,rii)(l)) is the integer vector whose
coordinates are the degrees of the branches centered at the singularity and p® is the
degree of the residue field of [ - O over the constant field [.

On the other hand, 60 = dimy (z o O/l @4 (9) — dim, (z D% 6/0) — §. From

Lemma 53, [r®| = |r| and

m® -
Hjll <<qn)7“j(~l) B 1) _ Hi:1 levi(ani/ng(”’n) - 1)
= Hm _1)ng(n‘7n) waz(l . ani/ng('fim))
11

_1)gcd(r,-,n) (1 . ani/gcd(n,n))gcd(n,n)'
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By Proposition 53 m®) := 3" ecd (r;,n) is the number of valuations of [ - K | [ lying
over the ring [ - O. Now, from Lemma 56,

I —n=11", <—1>gcd‘”’"> I, -
—H” s T ((0g)" — )
= (-1 H [T, (o

Thus,
( n)p<l>+5<1)_]r(l>| D "
n(l-0,1-0,q) = @ (@M 1)
()" -1 =
<qn>1+6—|r| N m .
== o L I e -
o mn—n—14+m® (0q)1+6_‘r| m Ti
=(-1) Hen:1 g — 1 Hi:l((GQ) -1
_ [ mn—n—14+m®
= (-1) 11, n(0.0.6q).
[ |

We observe that, if the local ring is residually rational, then
n(l-0,1-0,q9) =n(0,0,q").

Let O be a local ring at a singular point of a geometrically integral algebraic curve
defined over a finite field £ = F,. For each finite field extension [ | k£ we consider the
polynomial

A(O, 1| k,t):= L(1-O,t") — Hgnz1 L(O,6t)
and the rational function
L(l-0O,t")

QUOLIR1) = 776, 1

where n = [l : k.

We observe that, if O is the local ring of the curve at non-singular point, then

A(O, 1] k,t)=0and Q(O,1] k,t) = 1.

Proposition 58 The polynomial A(O,1 | k,t) and the rational function Q(O,1 | k,t)
satisfy the following functional equations:

—nd 1 —nd 1
A — (2)A -
(07 A©.1 1) = () AOL by )
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and

QO k.t) = QO.1 | /ﬁ%)

respectively.

Proof. Since 1 1
L0, —) = (t")°L(l- O,t"

(

and ) ]

,(;L _
o) MO ) ¢
for each n-th root of the unity 6, it follows that
1. 1 1 1 1
Sy A il V0 [ L(] - _ Lo —
(GO0 k) = (27 (10, H )
= (t")°L(l- O, t") — H ) L(O,071)

:(t")—( (-0, H 09%)
= (t")ON(O,1 | k,t).

Similarly, we prove the second part. m

H)TL(0,071)

Let X be a geometrically integral algebraic curve defined over a finite field k = F,.
For each finite field extension ! | k we consider the polynomial

A(Ox, 1] k,t) = L(Ox,, t") — Henzl L(Oyx, 01)

and the rational function

Q(Ox, 1| k,t) = L(Ox,, ")

[Tpn—y L(Ox, 01)’
where n := [[ : k] and X, stands for the curve X Xgpex) Spec (1) .

We observe that, if X is a non-singular curve then A(Ox,l | k,t) = 0 and
Q(Ox,l | k,t) = 1. We may prove the following property. Its proof is similar to
the proof of the previous proposition.

Proposition 59 The functions A(Ox, 1 | k,t) and Q(Ox,1 | k,t) satisfy the following
functional equations:

1 1
) AOx, | k,t)=(=)""AOx,l | k, —
() (X>‘ 7) (qt) (X7‘ ’qt)
and 1
Q(OXal | kat) = Q(OX7Z | k?&)a
respectively.
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4.4 Multi-variable Poincaré series of residually ra-

tional rings

Zuniga proved that the partial zeta function Z (O, O, t) is determined by the semigroup
S (0), if O is a residually rational local ring (cf. [35], Theorem 5.5). We will show
that this result can be extended to multi-variable Poincaré series of residually rational
semilocal rings.

From Example 49, we can see that the set S(b) does not always determine the
multi-variable Poincaré series Pg(S,b,t), where b is an S-ideal of a semilocal subring
of the function field K | k with £ = [F,. On the other hand, we had observed that, if
| = ky,, then deg(w) = 1 for each valuation w of k, - K | k, lying over a valuation v of
the function field K | k. Thus there exists a finite field extension [ | k such that the
semilocal ring [ - S is residually rational.

Assume that S = O; N --- N Oy is a residually rational semilocal subring of the
function field K | k. In this situation the Poincaré series has the expansion

Ps(S,6,6) =3 i (S0)t
where
= 7 il 1-(n+v(bS))+degg(bnbpn+v(eS)+i)
T (S,6) = ) s Z (—1)"q s
Ve : Usl(a—1) ie{0,1}m
S+degs(b) _ ~ )
= q il _1-(n+v(6S))—dimy, (b/bnbp»tV(eS)+i)
= s (=1)"q
Ue:Usl (g 1) {Z} (43)
s+de, b B B
= T q; 5 () s Z (_1)|i| q1~(n+v(bs))—z(h,n+v(b5)+i)
Ve Us] (g — 1) ic{0,1}m

where [(b,n) := dimg (b/b N bp™) for each n €N™. Since the semilocal ring S is resi-
dually rational, the integers /(b, n) may be expressed by induction in terms of the set
S (b) . In particular, the coeflicients

s

q

TIn (578) = (q_ 1)5

Z (_1)|i| ql-nfl(S,n+i)

ie{0,1}m

may be expressed in terms of the semigroup S ().
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4.4.1 The one-branch case

In this subsection we assume that S is an unibranch residually rational semilocal ring
S, that is S'is a residually rational semilocal ring and m = 1. In this especial situation
S is a local ring O and its semigroup S (O) C N is a numerical semigroup, whose
conductor is equal to the exponent f := v(O : O) and whose genus # (N\S (O)) is
equal to the singularity degree . The ¢ positive integers that do not belong to S (O)
are called the gaps of S (O) or more generally for each O-ideal b the positive integers
that do not belong to the set S (b) are called the gaps of S (b).

Let b be a O-ideal such that bO = O. We have that

P(O,b,t) i Z ( n—1(b,n) n—l(bn-i—l))tn
y Uy ) = ) — q " —q )
Ve Ul (g —1) nes(b)
and since n€S (b) if and only if I(b, n+1) :l(b n) +
dego
P(O,b,t) Z q"
nes(b)

According to Stohr [26] and Firouzian [13] n—I(b,n) is equal to the number of gaps of
S (b) smaller than n. Thus

de
q g@

P(O,b,t) = —[Ub Uo]

Z q#{gaps of S(h)<n}tn

nes(b)

From 41, [Uy : Up] = q‘s_dim(@/b:h). Then

P(O,b,t) = q—dim(b:h/b) Z q#{gaps of S(b)<n}yn
nesS(b)

By multiplying the series with 1 — ¢ it follows the following result.

Proposition 60 Let O be the local ring of a rational unibranch point; then
b

AO0,b,t) =) X\ (O, b)t!

=0
where
qfdim(b:b/b)Jr#{gaps of S(b)<i} ifi€S(b) andi—1¢ S (b)
M (O, b) = { —g-dim(ow/0)+#{gaps of SOV ifi ¢ S (b) andi—1¢ S (b)
0 otherwise
and b=v(b : O).
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Let m := min (S (O)\{0}). The Apery sequence of S(QO) is defined by picking
up in each residue class of Z module m the smallest element belonging to S (O), say
Qg, Q1 With a; =4 mod m for each i =0,--- ,m — 1 and, by writing up these
elements in their natural order, say ag < a; < --- < a,,—1. Thus

m—1 m—1
S(0) = Ui:() (o + mN) = U (a; + mN)

=0

The Poincaré series of a local ring of a rational unibranch point

Proposition 61 Let O be the local ring of a rational unibranch point. Then

P00 t)= Y ¢ EE  ak—as)/m] g Zu%waz‘)/mkl (qim=i-Dgm)”

0<i<j<m—1 ji=|(aj—ai)/m]
where || denotes the smallest integer not less than z, that is,
|z| :=max{n € Z:n <z}

for each real number x and a,, := oc.

Proof. We observe that n € S(O) if and only if there exists only one

t=20,---,m — 1 and only one positive integer j such that n = a; +mj. Then
m—1 oo
O O t Z Z q#{gaps of S(O <ai+jm}tai+jm‘
=0 j=0

Let g (O,n) be the number of gaps of S (O) smaller than n which are congruent with
ar module m. For each £k =1,--- ,m — 1, we have

lag/m|, ifk<iand j>0ork>iandj> |[(ax —a;)/m]

O, a; m) =
(O {mumy—u%—ﬂ»hw+n,ﬁk>zmm0£jstwk—%WmJ

and
1

gk (O, a; + jm) = #{gaps of S (O) < a; + jm}.
1

m—1
Observing now that ) |ax/m]| is the number of gaps of S (O) i.e
k=1

3

T

S Jaw/m] =4,

we shown the proposition. =
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4.4.2 The Two-branch case

In this subsection we assume that S is a two-branch residually rational semilocal ring
S, that is S is a residually rational semilocal ring and m = 2. We assume also that the
constant field k& has more than 2 elements. In this case, its semigroup S (S) € N x N
satisfies the two properties (cf. [4]):

i. If (ny,m2) € S(S) and (mqy,ms) € S(S) then

(min{ny, m1}, min{ny, ms}) € S (9).

ii. Let (mq,mz) be a point of S (S). Then m; is the largest abscissa of the points
in S (S) with ordinate my if and only if ms is the largest ordinate of the points
of S (S) with abscissa m;.

The points of item ii. are called the maximal points of S (S). The set of maximal
points of S (.5) is denoted by M(S). By projecting S(S) on the two coordinates axes,
we obtain the semigroup of the two branches, say S1(S) and S5(S). Let b be an S-
ideal. From Lemma 22, Proposition 28 and remark after it, the set S(b) satisfies similar
properties to i. and ii. Therefore, in a similar way we can define M (b), S;(b) and S2(b).

Proposition 62 Ps(S,b,t1,t2) = 3, )es(6) Nnane) (S; 0) 17115 where

qs—l—i-degs(b)

[Up: Us] (g —1)
qs—2+degs(b)

[Us : Us] (¢ — 1)

where s;(b,n;) stands for the number of gaps of S;(b) smaller than n; (i=1,2) and

1qs1(b,n1)+32(b,n2)+m(b,(n1,ng))’ Zf (n17n2> c M(b)

N(n1,n2) (‘57 b) -
— qs1(b,n1)+32(b,n2)+m(b,(n1,ng))’ Zf (nl’ n2) c S(b)\M(b)

m(b,ny,ne) stands for the number of maximal points of S (b) whose abscissa and co-
ordinate are smaller than ny and no respectively.

Proof. We can assume that bS = 5. From 4.3, we have

qs+degs(b)+1~n

[Ue: Us] (¢ — 1)°

For each point n := (ny,ny) €5 (b) we have

—Il(bn) q—l(b,n+e1) . q—l(b,n+e2)) + q—l(b,n—l—el—i-ez)).

N (S,b) = (q

[(b,(ny+1,n9)) =1(b,(ny,ne+1)) =1(b,(n1,n2)) +1
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(see Lemma 22, Proposition 28 and remark after it). Moreover,

(b, (n1,n2)) + 1, if (n1,n2) € M(b)

Z(b, (n1 + 1,712 + 1)) = { l(b, (nl’nz)) —+ 2, if (nl,ng) € S(b)\M(b)

It follows that

s—1+degg(b)

U ?zf (g 1)8—1@"1*"2“5‘"“"2”, if (n1,mz) € M(b)
b-US -

g Fna=i(v,(mma) g S(b)\ M (b
ni+n2— ,\n1,n2 , i n ’n E X
[U[; . US] (q . 1)5—2q ( 1 2) ( )\ ( )

MN(n1,n2) (Sv b) =

By induction we deduce that (b, (n;,0)) = si(b,n1), I(b,(0,n3)) = s2(b,ny) and
l<b7 (n17n2>> - l(b7 (nb )) ( 7(07 )) (ba <n17n2))' Therefore,

ny 4+ ng — (b, (n1,n2)) = s1(b,ny) + sa2(b,n2) + m(b, (ny, ny)).
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Chapter 5

Multi-variable Poincaré series of
plane algebroid curves

In this chapter, we study the multi-variable Poincaré series of a class of plane algebroid
curves totally defined over a finite field. We show that its multi-variable Poincaré series
is a complete invariant of its equisingularity class, in the sense of Zariski. We can
associate the rational function P(O,0,T},---,T,,) mod (q—1)Z[[Ty,---,T,]] to
an algebroid plane curve. In the first section we observe that the mentioned definitions
of zeta function, partial zeta function and multi-variable Poincaré series associated to
non-zero fractional ideals of a local ring O of the irreducible algebraic curve X can also
be defined for regular fractional ideals of a reduced local ring O of a possibly singular,
complete, reduced algebraic curve X define over a finite field £ = .

5.1 Multi-variable Poincaré Series of reduced curves

over finite field

The preceding theory about zeta function and multi-variable Poincaré series can be
extended to reduced curves. We now indicate the necessary modifications in order to
apply the results of previous sections. Before obtaining this extension we give some
preliminary known definitions and results needed in the sequel.

Let X be a complete reduced curve over the field k, an let

X=XjU---UX,

be its decomposition into irreducible components. For each P € X let Op = Ox p be
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the local ring of X at P and mp = my p its maximal ideal. The other prime ideals
of Ox p are minimal and correspond bijectively to the irreducible components of X
passing through P. If P € X; and if px x; p is the corresponding minimal prime ideal
of Ox p then

Ox; p= OX,P/pX,Xj,P-
Since the local ring Ox p is reduced, the intersection of its minimal primes is zero, and
so we can identify

Ox,p C @ Ox, p

Xj SP
where X varies over the irreducible components of X passing through P. The codi-
mension of Ox p in P X,5P Ox, p is denoted by Ix p. The number Ix p is finite and it
can be interpreted in terms of the intersection multiplicities.

The total ring of fractions of Ox p is equal to the direct product
Frac(Ox.p) = @ k(X))
XjBP

of the function fields k(X;) of the irreducible components of X passing through P.

Observe that, if we put Xp := |J Xj, then Frac(Oxp) = k(Xp) the k-algebra of
X3P

rational functions on X. The integral closure 9) x,p of Ox p is the direct product
Ox.p = P Ox,.r.
Xj SP

Thus, denoting by
5X,P = dimk(OX,P/OX,P)

the singularity degree of X at P, it is obtained the identity

5X7p = [X,P + Z 5Xj,P < 0.
X3P

By considering the disjoint union
X=X Uu---uxX,

of the irreducible components of X, the non-singular model X of X may be expressed
as the disjoint union

X=X U---UX,

of the non-singular models of the irreducible components of X. Furthermore, the
elements in the inverse image 7—!(P) of the morphism 7 : X — X’ — X correspond
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bijectively to the branches of centred at P. Thus the branches of X are simply the
branches of the irreducible components of X.

By a regular fractional Ox p-ideal we mean a finitely generated Ox p-submodule of
the total ring of fractions Frac(Ox p) of Ox p not contained in the set of zero divisors
of Ox p. Recall that an element of Ox p is a zero divisor if and only if it is contained in
some minimal prime ideal or equivalently it is a zero divisor of the ring € X,5P Ox; p,
that is, a non-unity of @y pk(X;) ie. it is identically zero on some irreducible
component passing through P. Moreover, an Ox p-submodule ap of the total ring of
fractions F'rac(Ox p) of Ox p is finitely generated if and only if there exists a non-zero
divisor s of Ox p such that sap C Ox p. If ap and bp are regular fractional Ox p-ideal
such that ap O bp then dimy(ap/bp) < co. Thus, the local degree degp (ap) is defined
by similar properties to that used in the irreducible case, namely:

i. degp (Op) =0

ii. dimg(ap/bp) = degp(ap) — (bp) whenever ap 2 bp.

Since Ox p = X@P Ox, p, each Ox p-ideal ap is a direct sum P x;5P % where each a,
=
J

is an (5Xj, p-ideal. A such (5)(7 p-ideal is a maximal ideal of 6}(, p if and only if a, is
maximal ideal of Ox; p for some j and a; = Ox;, p for each other i. The integral closure
Ox; p of Ox; p is the principal ideal domain

OXj,P = m OX]‘:Q

with quotient field k (X;), whose maximal ideals correspond bijectively to the branches
of X, centered in P. Moreover, () runs over all branches in X; centered at P. Set
Q1,- - ,Q,, be the branches of X centered at P and let py,-- - , p,,, be the corresponding
maximal ideals of O x,p. The 9] x,p-ideals are exactly of the form

pri=prt
where nq, -+ ,n,, are integers. If ny > 0,--- ,n, > 0 then

6X,P/pn = 6X,P/P7f1 RS J
o~ @ (5X,P/p?i
=1

As follows by applying the Chinese remainder theorem. By passing to the projective
limit one obtains

~ ~

Oxp=0x0, % *0xq,
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Since dp 1= dx p < 0o the topology of Op is induced by the topology of 6}3, and so

the completion @) p is the closed subring of 9] X.p = 9] 2.0 XX O %.0m of codimension
op.

Now we indicate a natural way to extend the mentioned definitions of zeta functions
and multiple Poincaré series to local rings of a complete reduced curve defined over
a finite field. Let O be a local ring at a singular point P of a complete reduced
curve X = X; U---U X, defined over a finite field k& = F,, where Xj,---, X, are
the irreducible components of X. Without loss of generality we can assume that each
irreducible component passes through P, in the otherwise we take O to be a local ring

at P of the complete reduced curve Xp := |J Xj. Let Oy,---, O, be the local rings
XjSP
of Xi,---,X, at P, respectively. Thus,

0; =0/,

where P; is the minimal primes of O corresponding to the irreducible component X.

0c éoj.
j=1

Moreover, the total ring of fractions of O is equal to the direct product

We can identify

K = Frac(O) = @Kj
j=1

of the function fields K, := k(Xj) of the irreducible components of X. Hence,
K = k(X) is the k-algebra of rational functions on X. The integral closure O of

O is the direct product
6 - @ 6]‘.
j=1

The branches of X centered at P correspond to the maximal ideals of 6, say Pi, P,
and the O-ideals are exactly of the form

pri=pit e
where ny, -+ ,n,, are integers. We define its multi-exponent by v (p*) := n.
On the other hand, for each j = 1,--- ,r the maximal ideals, say py;, - - , Pm;;, of the

integral closure O; of O; in K, correspond bijectively to the valuations

vy = ord ©Umyj = ordy,, ; in the function field Kj | k. Each such valuation

b
v;; in the function field K; | k£ may be extended to a map v;; of K onto the set
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Z U {0} that vanishes on k and has the formal properties of a valuation, by defining
vij(x1, -+, ) = v;;(x;). Conversely, every map of K onto the set Z U {oo} that vani-
shes on k and has the formal properties of a valuation is of this form. Thus, for each
non-zero rational function z € K'\{0} is abbreviated

v(2) = v(zO0) = (v, (), ,vm (2)) € Z™.

We have in this case the ingredients needed to define in similar way the multi-
variable Poincaré series associated to a pair of O-ideal classes [a] and [b]. It is defined
to be the multi-variable power series

Po(a,b,t) ==Y non(a,b)t" € Z[[ty,. .. 1]
whose coefficients are the cardinalities
Nom (a,6) := #{O-ideals 0 satisfying d Da, 9~ band0o-O =a-p "}
where t* := ¢]* - - -t for each n :=(ny,--- ,ny,) € Z™.

From the definition, this series only depends on the O-ideal classes [a] and [b] and
it can be expressed in the form

o(a,b,t) = Y V@OV e 7l t,,]]

2Da,0~b

where the sum is taken over all O-ideals ? that contain a and are equivalent to b.
Similarly, we can associate to each O-ideal a the Stohr Dirichlet series

=> #@/a)”", R(s) >0

Da

where the sum is taken over the O-ideals 0 that contain a, with

Zo (a,t) =Y me/a),

Da

where t = ¢—°. Moreover, we can associate to each pair of O-ideals a and b the partial
zeta-function

Colab,s):= >  #(/a), R(s) >0

02a, 0~b

where the sum is taken over (O-ideals that contain a and are equivalent to b, and it
may be written as a power series in t = ¢~° with integer coefficients:

Zo(a,bt) = im0 <)

9Da, 0~b
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and it only depends on the ideals classes [a] and [b]. They also satisfy

Z(a,t) = > Z(a,b,t), where b ranges in a complete system of representatives of
(6]

O-ideal class. Moreover, Zo (a, b, t) = tdme(@0/a)=dim(60/0) p,(q p 71 ¢™) where

ry = dimg(O/p1), -+ 1 = dimg(O/p,y).

In similar way, many of the results in [26] and [27] about zeta function and multi-
variable Poincaré series for local rings of a complete irreducible curve X may be ex-
tended to complete reduced curves. Finally, we observe that Ps(a, /b\, t) = Po(a,b,t),
Zp (a, E, t> = Zo (a,b,t) and Z5 (a,t) = Zo (a,t), when a and b are O-ideal of a local
ring O of a geometrically irreducible algebraic curve defined over a finite field k = F,.

5.2 Multi-variable Poincaré series of plane algebroid
curves and equisingularity

Let k be a field non necessarily algebraically closed and let f € E[[X,Y]] be a se-
ries satisfying f(0,0) = 0, square free and such that each irreducible factor of it is
absolutely irreducible. The reduced local ring O := E[[X,Y]]/ (f) is called a plane
algebroid curve totally defined over k (see [36]). It can be proved that the local ring
O is residually rational i.e. the localization at maximal ideals of O and O have the
same residue field, where O denote the integral closure of the ring O in its total ring of

fractions. Let f = [] f; be the decomposition of f into irreducible factors in k[[X, Y]]

i=1
and let O; := K[[X, Y]]/ (f;) be the local ring, called the irreducible component of O,
for each i = 1,--- ,m. It can be proved that O ®, k = k[[X,Y]]/(f) and its irre-

ducible components are of the form O; @, k = k[[X,Y]]/(f;), i = 1,---,m. Then,

—

there exists a finite field extension [ of k such that S (O ®x 1) =S ((’) Rk k) (see [36],

Proposition 1.5 page. 40 and Proposition 4.7 page. 35). Thus, we may assume that
S(O) =S5(0 ®yl), where [ is any finite extension of k.

Now, let k be an algebraically closed field and let f € k[[X, Y]] be a series satisfying
f(0,0) = 0 and square free. We denote by (f) and

O = k[ X, Y]}/ ()
the plane algebroid curve defined by f over the field k& and the local ring associated to

it, respectively.
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Let f = [] fi be the corresponding decomposition of the series f into irreducible
i=1

factors. The gemigroup of a plane algebroid curve (f) is defined by
S ={UT(fr,h), -+ I (fm,h)) : h € K[[X, Y]]} NN™,

where I (f;, h) denotes the intersection multiplicity of f; and h at the point (0,0) . It is
well known that there exists a bijection between the minimal primes of the local ring O
and the branches of (f) as well as the valuation lying over the ring O, say vy, -+, Up,.
Moreover, if h € k[[X, Y]\ fik[[X, Y]], then v;(h) = I (f;,h), where h := h(z,y) with
x:= X+ fik[[X,Y]] and y := Y + f;k[[X,Y]]. Thus, by using the classical construction
of a valuation associated to a branch, we can see that the semigroup S (f) agrees with
the semigroup S (O) of the local ring O.

The equisingularity class of a plane algebroid curves can be defined in several equiv-
alent forms (cf. [30], [33]), for our purposes it is enough to know that two plane al-
gebroid curves defined over an algebraically closed field are equisingular if and only if
there exists a preserving intersection multiplicity bijection between their components
i.e. their branches (cf. [34], Lemma 7.1). The equisingularity class was characterized
by Zariski (in the case m = 1) and by Waldi (in the general case for any m) in terms
of the semigroup, that is, the semigroup determines exactly the equisingularity class
of the plane algebroid curve (cf. [30]). This notion is important because, when k = C,
the notion of equisingularity class agrees with the notion of topological class. It is
known that the semigroup Se and the Alexander polynomial AC(¢y, ..., t,,) characterize
completely the topological class of a germ (C,0) C (C2,0) (cf. [32]).

A general problem in studying singularities of analytic sets is to express their topo-
logical invariants in terms of the analytic ones. The papers [7] and [8] achieve this
nicely in the case of (germs of) reduced plane curves.

Let (C,0) C (C?,0) be a germ of a reduced plane curve given by f = 0 for
f € Owzyp), and let C = |J*; C;, with » > 1 be its decomposition into irreducible
components corresponding to f =[], fi. Let A¢(¢y,...,t,) be the Alexander polyno-
mial of the link C N S3 C S? for sufficiently small € > 0 (cf. [12]). The multi-variable
Alexander polynomial is a complete topological invariant of the singularity (C,0). A
formula for A€(ty, ..., t,,) in terms of the data of an embedded resolution of C was given
by Eisenbud and Neumann in [12].

Let m: (X, D) — (C?%,0) be an embedded resolution with the exceptional divisor
D = UUGF E, the union of irreducible components E, ~ (CIP’l, and Eg C E, be the
complement in F, of the intersection with all other components of the total transform
(fom) " (0) of the curve C. For 0 € T and g € O(c2,0), with g # 0, let m?(g) be the
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multiplicity along E, of the lifting of g to X’ and let m” = (m?(f1),...,m?(fn)) € ZZ
If S*X denotes the k-th symmetric power of a topological space X, then Eisenbud and
Neumann in [12] showed, by considering the space

v=IL (UL ) = U, (IL, 5 £2).

that the Alexander polynomial may be computed as
Aty ootm) =[] (1— £ D L gm? () =X(ES)
where x(X) stands for the Euler characteristic of the topological space X.

Next, let ¢; : (C,0) — (C?,0) be uniformizations of the branches C; of
C (1 <7< m),so that, for a germ g € Oc2 ), with g # 0, one may denote by v; = v;(g)
and by a; = a;(g) the exponent and the coefficient, respectively, of the leading monomial
in the expansion of the germ g o ; as a power series. Let £ = Z[[t1, ..., tm;t] ..oy t1]]
be the set of formal Laurent series in the variables t; (£ is not a ring). For any
n = (n,...,Ny,) € Z™ consider the ideal J(n) = {g € O(c20y : vi(g) > n; i = 1,...,m}
and the set

(t1 — 1)

Pe(ty, .o tm) = - Z dime(J(n)/J(n + 1))t"

where 1 = (1,...,1). Campillo, Delgado and Gusein-Zade showed in [7] that Pe(t1, ..., tm)
is a polynomial and called it generalized Poincaré polynomial of the multi-indexed fil-
tration induced by the valuation-tuple v. In [7] they further showed that this is none
other than the Alexander polynomial, that is,

PC(th ’tm) = Ha_(]- . t71n<7(f1) . tm"(fm)) (EO) (51)

In the case of algebroid plane curves defined over an algebraically closed field, we
want to prove a similar identity to 5.1 (proved by Campillo, Delgado and Gusein-
Zade). So that, we require some terms similar to that in 5.1. First, according to
the definition of Euler characteristic given in [7] (cf. [7] page 133), we observe that
X(E?) =2 — # (E,\E?), for each o € T..

Let O be the local ring at a singular point of a geometrically integral algebraic
curve defined over a finite field £ and let b be an O-ideal. It was proved by Stohr (see
[27] Theorem 6.3) that

¢~ dea(t0) H (@t =1) gles(enbp™) __ (deg(onop™ )
P(O,b,t) = i eg(Bbp™) _ deg(b7bp™ 1)) n
( ) [Us : Uo] (1 — g~ )q“"h —1 2 0 ' |

nezm
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where 1 :=(1,---,1). Let

§—deg(bO)+r-n

g m—|i| / _deg(bnbp™~1) deg(bnbpm—i+1)
n (0,b) 1= —— — Y (="t —q )
Oy Tol (1= 49) 2,
for each n €Z™. By noting that
[[at-1n= > (" Mgt
i=1 ic{0,1}m
it follows that 1
P(O,b,t) = 2 (O, 0)t"
0.8.8) = =t 3 (0.
nezm
We observe that:
Lemma 63 Letn = (nq, - ,n,,) €Z™.

1. Ifn; <0 for some j =1,--- ,m, then ¢y (0,b) =

2. Ifnj > bj 4+ 1 then cy (O, b) = cnye, (O,b).

This means that cy (O,b) = Cingmpr1) (O, b) for each n=(ny,--- ,ny,) N,
where b:=v((b : S) : bS) = (by,--- ,by)EZL™ is the multi-exponent of the

O-ideal (b: 5) : bS.

Proof. Since
bNb-p°={z€b:v(z)>s+v(bO)} for each s €Z™,

It follows that bnbp® = bNbp® ™% and bNbp®™ = bNbp®™' % forany s = (51, -+ , 8y ) EZ™
such that s; < 0 for some j = 1,--- ,m; and so the first sentence will follow.

To prove the second sentence let n =(nq,---,n,)€N™ such that n;, > b, + 1
and let i €{0,1}™. Let us consider a strictly increasing sequence (n(’“))0 <pems Where
n® =n-in®=n-i+e;, n™ =n—i+1. Then for each k = 1,---,m there
exists i (k) € {1,---,m} such that n® = n® + e;;,. Hence,

n—i n—i m—1 n(k)
m, <&p_1> — dimy, (&) + Z dim, bN bi)
b N bp" o b N bp" 1e; — bNbp™ +eiw)
and

, brbptite TR b N bp™" . b N bpm it
dimy, ([J N bpni+ej+1) - Z dimy (b N bpn(k’)-i-ei(k) + dimy, bN bpn7i+1+ej '

k=1




Since n; > b; + 1, it follows from Lemma 22 (3) that

dim <—bﬂbpn_i >—dim ( bﬂbpn_iﬂj )
“\bonbpr it *\bnbpritett

and deg (b N bp™ 1) =r; + deg (b N bp™ T ) e

r-n+deg (bNbp"™ ) =1 (n+e)) +deg (b N bp™ ) ;
and so the second sentence will follow. m

From the precedent Lemma, it follows that

1

P(O,b,t) = cn (O,b)t"
( ) qlrltl...tm_lnezN; ( )
! S w0 ] !
= cl‘l s
q|r|t1tm—1 1—tj
0<n<b+1 n;=b;+1

where in the product the index j runs through the integers j = 1,---,m with
n]’ = bj + 1. Thus,

2. (00t [ (1-1)

0<n<b+1 i <bitl
P(O,b,t) =—— -~
( ) (qithty -t — 1) (1 —t1) -+ (1 — )
where in the product the index j runs through the integers j = 1,--- ,m with n; < b;.

This is another proof of the rationality of the Poincaré series P(O, b, t).
On the other hand, we have that
P(O,b,t) = Pyp(b : b,b,t) and, hence, [Uy : Up| (1 — q’Q) — 0 Oow H%_l (1 — q’gi)

where b : b is a semilocal ring and b : b = O; N ---N Oy is its decomposition as a finite
intersection of local rings, moreover, g; := dimy (O;/m;) and ¢; := dimk(@;/ O;) are the
degree of the residue field and the singularity degree of the local ring O;, respectively,
foreachi=1,---,s. Thus

q§b:hfdeg(b(5)+r-n
Cn (Oa b) = Hf:l (1 _ q_Qi)

(_l)m—|i| (qdeg(bﬁbp“_i) . qdeg(bﬂbp“_i"'l))‘

ie{0,1}m
Hence, from Lemma 22,

Sp:0 —deg(bO)+rm
cn (0,6) =2 (

qu —1 m—|i|— e n—i o i1
Hs (1 — q_Qi) ) Z (_1> li|—1 (qd g(bmbp )_qd e (bNbp ))
i=1

ic{0,1}™,i;=0
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for each n = (ny,-- -, n,,) EN™ with n; = b;+1, where the sum is taken over the vectors
i €{0,1}™ whose j-th entry is equal to 0 i.e. i; = 0. In particular, if n > b + 1 then

—Ir

e (0:8) = iy (07 = DILL @ - 1)

It is well known that
dimy, (9/a) = o - length, (9/a) whenever ? D a.
Thus, we obtain the following proposition:

Proposition 64 Let O be the local ring at a singular point of a geometrically integral
algebraic curve defined over a finite field k and let b be an O-ideal such that the ring
b: b is alocal ring. Then P(O,b,t) is congruent modulo (¢ — 1) Z[[t1, - -+ ,tm]] to the
series (m =) S™ opeth, (b bp™/bNbp™*t) t*, which is a polynomial when

1 tm—1
ptm nezm
m > 2. In particular,

=1 (n—1) Onp®
P t) = lengthy | ——— | t"
(0.0.t) = == g;qwg o\ onpm

mod (¢ — 1) Z[[t1,--- ,tw]]. If the local ring O corresponds to a rational point, that
18, if 0 =1, then

t—1) (b — 1)
tye oty — 1

PO,0,t) = 3" dimg (O Np?/O NPty R

nezm

mod (¢ — 1) Z[[t1,- -, tm]]

Proof. Let g := dimy (O;/m;) and §; := dimk(a/Ol) the degree of the residue
field and the singularity degree of the local ring Oy := b : b, respectively. In this case,

1
— D (01, b)t"

Irlg, ...
- neN™

P(O,b,t) =

We observe that

bNbp™t

dimy (brbp™ ! /bnbp® ) 21 _ 1) = length (—
(q )/(q ) gthp, bN bpn41+1

) o 0

for each n €N™ and for each i €{0,1}™. Then

bNbp™t
b N bpan*l

cn (01,0) = Z (=1)m M 1engthol(

ie{0,1}™

) mod (¢—1),0<n<b
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and
en (01,6) =0 mod (¢ —1)

for each n = (ny,--- ,n,) €EN™ such that n; = b; + 1 for some j = 1,--- ,m. Thus,

. 1 m—lil bnN bpn_i n

t,, —
m 0<n<b \ie{0,1}m

(t1 — 1) ( bnbp” )
= length — | t"
- n% B0 b ppn T
where the congruence in the first line is mod (¢ — 1) Z[[t1,- -+ ,t,]] =

We observe that the previous proposition is not always true for each O-ideal . For
example, if O and b are the local ring and the O-ideal b3, respectively, of Example
in [27], then P(O, b3, t) is not congruent with (ti=1)(t2—1)(ts—1) > length,, <M> t"

titotz—1 bzNpn+1
nez3

module (¢ — 1) Z[[t1, t2, t2]]. Since the O-ideal bs is a semilocal ring and

P(O, b3,t) = Pry.p,(b3 : b3,b3,t) = Poyups (b3 1 by, b3 1 by, t)
the above proposition is not always true for semilocal subring of a function field K | k.

In [36] ( cf. Proposition 4.7, page 35) Zuniga proved that, if O is a residually
rational local ring, then there exists a unique finite field extension kg | & such that

S(O@kk()):S(O@kE).

Moreover, S (O ®j ko) = S (O ®y 1) for each finite field extension of kg. By virtue
of this we may assume that O is residually rational ring and S (O) = S ((’) R E) :
Therefore, we can associate to @ ®; k the multi-variable rational function

PO®k, Ok, Ty, ,Ty) := P(O,0,T1,---,Ty) mod (¢ — 1) Z[[Ty, -, T

where 17, - -+ , T}, are indeterminates. This series is a polynomial when m > 2. More-
over, it depends only on S (O).

Now we give some well known definitions and results about embedded resolution
of curves on surfaces that we use in this section. Let Y be a non-singular irreducible
projective surface over an algebraically closed field k. Let X be a curve on a surface
Y, this means any effective divisor on the surface Y. In particular it may be singular,
reducible or even have multiple components. A point will be mean closed point, unless
otherwise specified. If o : W — Y is the blow-up centered at the point P and X is
a curve on the surface Y passing through P, then the inverse image o~!(X) consist
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of two components: the exceptional curve £ and the curve X’ that can be defined as
the closure in Y of o= }(X\P). It is denoted by X’ = ¢/(X). By considering X as an
effective divisor on the surface Y, it follows that ¢*(X) = ¢/(X) 4+ rE where r is the
multiplicity of P on X (cf. [18] Proposition 3.6 page 389). Moreover, we have the
following properties (cf. [24] Theorem 2 page 252 and [18] Theorem 3.9 page 391):

Theorem 65 Let w:Y' — Y be a birational reqular map between two non-singular
projective surfaces over an algebraically closed field k. Then

1. If Dy and Dy are divisors on Y then

W*(Dl)’ﬂ'* (DQ) = DlDQ.

2. If D is a divisor on'Y" all of whose components are exceptional curves of f and
D is any divisor on Y then

™ (D)D = 0.

In particular, if X is a plane algebroid curve defined by f = [] fi; € k[[X,Y]] and
i=1
h € E[[X,Y]], then
UZ(E) = [(fla h’) = [(77'*<f1>,7'('*(h),) for 7 = 17 e, M

where 7*(h)’" denotes the divisor 7*(h) without the points in the exceptional divisor of
.

Theorem 66 (Embedded resolution of curves in surfaces)

Let X be a curve on the surface Y. Then there exist a finite sequence of monoidal
transformations (i.e. operations of blow-up at suitable points)

Y=Y, —Y,,— - —Y,=Y

such that if m:' Y’ — Y s their composition, then the total inverse image 7' (X) is
a divisor with normal crossings (this means that each irreducible component of (X))
is non-singular, and whenever r irreducible components Xy, -+, X, of 7 1(X) meet at
the point Q, then the local equations gq,--- , g, of X1, -+, X, at Q, respectively, form
part of a system regular of parameters of Oy g).
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Let w: (Y, D) — (Y, P) be an embedded resolution with the exceptional divisor
D = {U,er Es the union of irreducible components £, (isomorphic to the projective
line P'), and let E° C E, be the complement in E, of the intersection with all other
components of the total transform 77'(X) of the curve X. Tt is associated to this
embedded resolution a dual graph whose vertices a correspond to the irreducible com-
ponents E, (isomorphic to the projective lines) of D and two vertices are connected
by an edge if the corresponding components intersect. For ¢ € I' and g € Oy p,
with g # 0, let m?(g) be the multiplicity along FE, of the lifting of g to Y’ and let
m’ = (m7(f1),....,m7(fm)) € ZZy, where fi,..., f,, are local equations of the irre-
ducible components of X at the point P.

Thus, we want to study the relation between the series

tl—l)-.-(t_m_l) Z dimk((’)ﬂpn/()ﬂpn“)tn

tyeeotym —1 =

ﬁ<0707t17”' 7tm) - (

and the series []_(1 — g Um )\ #(E\E9) =2 whenever O is the local ring of an
algebroid plane curve defined over an algebraically closed field k.

5.2.1 Unibranch case

Let O be the local ring of an irreducible plane algebroid curve totally defined over a field
k defined by the irreducible power series f € k[[X, Y]] with semigroup S (O) ( where
S(0O) = S (O &) for each finite extension [ of k), whose Apery sequence respect to
its multiplicity m is ¢ < a1 < -+ < a,,_1 and, hence, S (O) = U, (a; + mN). The
blow-up of (f) is the algebroid curve ( f (1)) given by the irreducible series
fO = X~1f (X, XY) where it is assumed that the tangent of (f) is the horizontal
line (V). In [3], Azevedo shows the following two important results:

(i) The semigroup S (O) is strongly increasing, that is, a; + a; < a;+; whenever
0<i4,j5,i4+7<m.

(i) S(OW) = Uy! (a; — im +mN), where O is the local ring of the algebroid
curve (f1), that is, O = k[ X, Y]]/ (f©) .

Thus, the semigroup S (O(l)) is determined by the semigroup S (O) and conversely,
S (0) is determined by the multiplicity m and the semigroup S (OW).

We have proved that P(O,O,t) = > dim;, (O Np"/ONp™™)¢" mod (¢ — 1) Z][t]].

neL

Since P(O, O, t) is determined by S (O) and S (0) = S (O &4 k) , we may assume that
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the constant field k is algebraically closed. Now, because S (0) = "' (a; +mN) and
S (0W) = Uyt (a; — im + mN), it follows that

]_+ta1_|_..._|_tam—1

P(0,0,t) = T

and
B 14pm-—m g tamfl—(m—l)m

P(OW, 0W t) -

Thus, we can prove by induction the following proposition.

Proposition 67 Let 0 < vy < v; < -+ < v, be the minimal system of generators
of the semigroup S (O), let ng := 1 and n; = ged(vg, - -+ ,vj_1)/ ged(vo, - -+ ,v;) for

L= (1 —tmv)
H;:o(l —1%)

g=1,---,r. Then
P(0,0,t) =

Proof. We will prove the result by induction over the number of blowing-ups. We
have that vg = m. Let w; := v; —ng---nj_1v for j = 1,--- ,r. In [16] was proved
that the minimal system of generators of the semigroup S ((’)(1)) has one of the three
forms:

1. m<w <---<w, if m<w;.

2. wp <m<wy < - <o if wp <m and wy ¥ m.

3. wy < -+ < w, ifwy | m.

In the first case, by induction hypothesis,

[T (1 —2m)

POM, 00 t) = T o= )

d ; ) Wy —
where mg = 1,m; = ; and m; = ged(mwn, - w;-1)

m
ged(m,wy ged(m,wi,-+ wj)
w; 1= v; — Ng - -~ Nj_1Vp; it follows that m; = n; for j =0,--- ,r. Thus,

o T (1= )
[T (117

Hence, each a; —im = syv1 + -+ + 8,0, — (81 + Sanq + -+ - + 8,01 - - - n,—1)m, for each

1 _i_talfm 4. _{_tam_lf(mfl

i = 0,---,m — 1, is uniquely determined by the integers si,---,s, such that
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0<s;<nj—1forj=1,---,7. On the other hand, since vy < v; < --- < v, is the mi-
nimal system of generators of the semigroup S (O), each a; = i;v; + - - - + 0,0, for each
t=0,---,m—1, whereiy,--- %, are integers such that 0 <i; <mn;—1,7=1,--- ,rand
they are uniquely determined by the expansion i = i1 + 4911 + - - -+ 4,11 - - - n,_1. Then,
1+t .. 0m-1

1—tm

r n;i—1 ;0.

I i 7
B 1 —tm

[[_, (1 —t)

(1= tm) o (1 — 2%9)

In the second case, by induction hypothesis,

(1 =™ [T (1 — ™)

Jj=2

(1=t (1 =) [Tjp(1 — t)

P(0,0,t) =

ﬁ(@(D) oW, t) =

L o (v1—m) _ ged(vi—m,m) . ged(vi—m,mwa,,wjio1)
where mo = ]" my = ged(vi—m,m)’? ma = ged (v —m,m,w2) and mj = ged (v —m,m,wa, -+ ,w;)
for j =3,--- ,r. Since, w; = v; — m and, hence,

mim = (/Ul - m) m/ ng(Ul —m, m) =" (Ul - m) = Ni1wq

and w; 1= v; —ng---nj_1v (j = 2,---,7); it follows that m; = n; for j = 2,--- ,r.
Thus,
T, (=)

IT_,(0— )

1 +ta1—m 4. +tam_1—(m—1

Now, we proceed as in the first case.

In the third case, by induction hypothesis,

[[jmp (1 —m)

?(0(1)7 0(1)7 t) = HT (1 tw)
j=t\s T b

where my = 1, my = w;/ ged(wy, we) and m; = ged(wy, - -+, w;—1)/ ged(wy, - - -, w;)
for j = 3,---,r. In this case, we have that gcd(vg,v1) = wv; — m and, hence,
m = nq (v; —m). Moreover, Since w; := v; —ng---nj_1v9 (j = 1,---,r) it follows

that m; = n; for j = 2,--- ,r. Thus,

1407 4o gamo—(m=bm [T (1 —t™™)

= (=) (1 — )

i.e.

-—_ (1 _ tnl(m—m)) H;:2<1 _ tmjwj) _ H;:1<1 _ tmjwj)
(L —to=m) [[io(1 — t9) [Tj—, (1 —¢9)
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Now, we proceed as in the first case. m

We can prove precedent proposition in another way. In fact, since
dimy (O Np"/ONp"t) =1 if and only if n € S (O),

it follows that
P(0,0,t)= > dim (ONp"/ONp")t".

nes(0)

On the other hand, each n in the semigroup S (O) can uniquely be represented in the
form n = sovg+ s1v1 4+ -+ - + 8,0, with sg > 0and 0 <s; <n; for j=1,---,r (cf. [4]).

Therefore,
o oo T nj—=1
o S0 S5Vj
P<O7 O’ t) - (ZSOZOt ) Hj:l(ZSjZO t )
1 r 1 — v
= szl T

Thus, P(0,0,t) = %

Let 7 : (Y',D) — (Y,0) be a minimal embedded resolution of the algebroid
curve, with the exceptional divisor D = (J, . E,. We observe that #(E,\E7) = 1,
#(E,\E?) = 2 or #(E,\E?) = 3. Moreover, the set of integers m®(f) such that
#(E,\E°) = 1 is precisely the minimal system of generators of the semigroup S(O),
that is, there exist a bijective function j; between the set of @ € I' such that
#(E,\E°) = 1 and the set of integer numbers {vg, - - ,v,}. Besides, for each 3 € T,
if #(Eg\E}) = 3 then m’(f) = njm®*(f) for only one one o € T such that
#(EN\EY) =1 (cf. [5]). Therefore,

P(0,0,t) = H (1 — " () #(EAED=2,

g

Garcia and Stohr showed that if S (O’) is a semigroup associated to an irreducible
algebroid plane curve of multiplicity m’, then for each positive integer m, there is an
irreducible algebroid curve of multiplicity m whose blow-up has S (Q’) as its semigroup
if and only if m € S () and m < min (S (O') \m'N) . Based in this result they showed
that each strongly increasing semigroup is associated to an irreducible algebroid curve
(see [16]), which was first proved by Angermuller (see [1]), in characteristic zero. The
Garcia and Stohr’s Theorem also allows to classify semigroups of irreducible singular-
ities which may be resolved by a prescribed number of blowing-ups. For example, the
list of semigroups with multiplicity m of irreducible singularities that can be resolved
by 1, 2 or 3 blowing-ups is:
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1. One blow-up, if 5 (OW) = N then S (0) = mN+ (m + 1) N

2. Two blowing-ups, if $ (O®) = Nand S (OW) # N, then S (0) = mN+ (2m + 1)N
or S(O)=mN+(2m—1)N

3. Three blowing-ups, if S ((9(3)) = Nand S (0(2)) # N, then S (O) is equal to one
of the following semigroups:

3_m) N+ (3m + 1) N, where m is even
—1) N, where m is odd

mN+ (22) N, where m is odd

Using 61, we can calculate the Poincaré series P(O, O,t) of this semigroups, for
instance:

1. If S(O) = mN+ (m + 1) N then

m—2

S g mei ) gim (i) g PO pm(m1)
P(0,0,t) = =

1-1

2. If S(O) = mN+ (2m + 1) N then
i qi(i+1)+2i(m—i—1)t2im (qm—i—ltm + 1) (1 _ ti+1) + qm(m—l)tQm(m—l)
P(0,0,t) = =

1—-1

In fact, the Apery sequence of the semigroup S (O) = mN+ (m +1)Nisa; =i (m + 1)
fori =0,---,m—1, a,, := oo and hence |(ay, — a;) /m| = k—i wheneveri < k < m—1
and |(an, —a;) /m| = oo. Thus (1) follows from this. The Apery sequence of the
semigroup S (O) = mN+(2m+1)Nisa; =i(2m+1) fori =0,--- ,m — 1, a,, := o0
and hence |(ay — a;) /m]| =2 (k — i) whenever i < k < m—1and |(a,, — a;) /m]| = 0.
Thus (2) follows from this.

5.2.2 Two-branch case

Let O be the local ring of an irreducible plane algebroid curve totally defined over
a field & defined by the irreducible power series f € k[[X,Y]]. Let f = fif2 be the
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decomposition of f into irreducible factors in k[[X,Y]] and let O; = k[[X, Y]]/ (f)
(i = 1,2) be the local components of O. We can assume that k is algebraically closed.

Let 0 < v((]i) < vy) < < vfj) be the minimal system of generators of the semigroup
(1) (1)

S(0;) (i = 1,2), let p := max{n € N : ( = 25, for each j < n < rq,r2} and let
Yo

.7
gj(.i) = gcd(v(()i), e (Z)) =0, .1 g(_)1 := 0 (i = 1,2). Bayer obtained explicitly
the maximal elements of the semigroup S (O) in terms of the minimal systems of
generators of the semigroups S (0O;) (i = 1,2) and the intersection multiplicity of the
two components I := I (f1, f2). He also proved that the intersection multiplicity I may

be written in one of the following forms:

.. ) 1@ 2
. I = 9]('_)11’(' )"‘ngy(' )gg( )= gj(’ )1U( )+ng
U(l)l 9<1>1 (1)
and 1 <n < ](T) - (1J) <1> v

(1) ](2) for some positive integers 1 < j < o

1 (1) M 2 _ (2 (2 (1) (2)

iii. I = g,10° + Ngo'go’ = GyqVe + ngp go for some positive integer
et _9ph (1) v Vel 9eh(2)
o _ o _orl 4]
1 <n < min{= S T g mle s ey T ey e b

. [ =g,'v,

Moreover, he proved the following theorem (cf. [4] Theorems 3.10 and 3.12):

Theorem 68 If S(Oy) is not equal to S (Oz) then

1. If I = g]( ) oM 4 ngj( )g] for some positive integers n and j, then the maximal

e
Yj
elements ofS( ) are precisely of the form

(gﬁ’agﬁ))+ Zm<vk, (l)>+zjz<( (2)>
1

k=j+1 =j+1 9;

where a varies over the elements in the Apery sequence of the strongly mcrea-
oD oM
sing semigroup (1)N~|— -+ (I)N with respect to the positive integer (1) @y and
9;

9; i 9
(1) (2)

0§Zk<gk(1)170<]z (1

9;
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2. If I = gél)véi)l, then then the maximal elements of S (O) are precisely of the form

T1
-1 )

k=o+1 i=0+2 ‘—1

where a varies over the elements in the Apery sequence of the strongly mncrea-

$1Ng SeMigroup (1)N+ -+ (1)N with respect to the positive integer (1) pON and

Yo Q+1
(1) (2)

0<zk<g’”,0<jZ (1

9i

We obtain the following proposition:

(n)
Proposition 69 If we put n,(g”) = g’“—l with 0 <k <r, and 1 <n <2, then
g

(n)
k

1.
(1), (1) (1)1/ <1> n® 1/ @ @,@
T1 n, v 9~ 2 9i1
= 1 - tlk k t2 1 - tl ‘ t2 2 ag(l) g(2)
P(0,0,t1,t:) = [] o0 1/g0 11 RO Ztl Tty
k=it 1 — 1t t, i=j+1 1—t) ty
whenever [ = gJ(l_)lv](-l)+ng§ )g] for some positive integers n and j, where a varies
over the elements in the Apery sequence of the strongly INCTEAsIng Semigroup
(1) (1)
%N%— . v<1 N, with respect to the positive integer — 1) -
9; 95 95
2.
(1> (1) >]/ (2)1/ (2) (2,
r1 vy, 9 72 91
= 1— t2 — 1&1 ty ag ag®
P<O707t17t2) = H (1) I/g(l) H I/g(2) (2) Ztl ¢ t ‘
k=o+1 1 — tl i=ot+2 1 -1, th a

whenever I = g(l) 2421, where a varies over the elements in the Apery sequence of

o
the strongly increasing semigroup WN—F st WN, with respect to the positive
9o Yo

integer W-
9o g+1

Proof. From Proposition 62, we have that
— niyng _
P@(0,0,tl,tg) = Z(nl,nz)eM((’)) ity mod (q 1)Z[[t17t2“

Then, by the precedent theorem, we obtain the result. m
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