Abstract

We introduce C"-open sets, r = 1,2,...,00, of symplectic diffeomorphisms and
Hamiltonian systems exhibiting large robustly transitive sets. As a consequence of
the constructions we show that, arbitrarily C*°-close to certain (nearly) integrable
Hamiltonian systems with more than two degrees of freedom, there exist systems

with unbounded robustly transitive sets.
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Chapter 1

Introduction and main results

The theory of Kolmogorov, Arnold and Moser, (KAM) gives a precise description of
the dynamics of a set of large measure of orbits for any small perturbation of a non-
degenerate integrable Hamiltonian system. These orbits lie on the invariant KAM
tori for which the dynamics are equivalent to irrational (Diophantine) rotations. This
theory applies for the autonomous Hamiltonians, time-periodic Hamiltonians and also
symplectic diffeomorphisms. A basic and natural question is what happens for other
orbits. What is the possible behavior of most orbits (in the topological sense) for
generic systems?

In the case of autonomous systems in two degrees of freedom or time-periodic
systems in one degree of freedom (i.e., 1.5 degrees of freedom), KAM Theorem proves
the stability of all orbits, in the sense that the actions do not vary much along the
orbits. Since each KAM torus has codimension one in the phase space, its complement
is disconnected and contains two connected invariant components. Thus, any orbit
remains between two nearby invariant tori. This, of course, is not the case if the
degree of freedom is larger than two, where the KAM tori are of codimensions at
least two. A natural question arises: Do generic perturbations of integrable systems

in higher dimensions exhibit instabilities?



The problem of instabilities for high dimensional nearly integrable Hamiltonian
systems (i.e. small perturbations of integrable systems) has been considered one of the
most important problems in Hamiltonian dynamics. The first example of instability
is due to Arnold [A2], who constructed a family of small perturbations of a non-
degenerate integrable Hamiltonian system that exhibits instability in the sense that
there are orbits for which the variation of action is large. This kind of topological
instability is sometimes called the Arnold diffusion. In fact, he had conjectured [A1,
pp. 176] that the answer of the above question should be positive. While there is
a large number of works and announcements towards this conjecture, specially in
the recent years (see e.g. [CY], [D], [DLS], [KMV], [Mal, [X], and references there),
little is known about “most of the orbits” in the complement of invariant or periodic
Diophantine tori. Although it is very difficult to prove the existence of “some” instable
orbits in general, it is the simplest expected non-trivial behavior in the complement
of invariant tori. For instance, one may ask about transitivity or topological mixing.

On the other hand, in non-conservative dynamics, there are several important
recent contributions about robust transitivity. Recall that a diffeomorphism of a
manifold M is transitive if it has a dense orbit in the whole manifold. Such a diffeo-
morphism is called C"-robustly transitive if it belongs to the C"-interior of the set of
transitive diffeomorphisms. It has been known since the 1960’s, that any hyperbolic
basic set is Cl-robustly transitive. The first examples of non-hyperbolic C*-robustly
transitive sets are due to M. Shub [Sh] and R. Mané [Mn]. For a long time their ex-
amples remained unique. Then, L. Diaz (who was mainly interested in the dynamical
consequences of hetero-dimensional cycles), jointly with C. Bonatti, discovered [BD]
a semi-local source for transitivity, which is C! robust. They called it blender. Using
this tool, one may construct examples of robustly transitive sets and diffeomorphisms.
Conversely, Bonatti, Diaz, Pujals, Ures, [DPU], [BDP] have shown that any C' ro-

bustly transitive set admits an invariant dominated splitting on its tangent bundle,



and a weak form of hyperbolicity holds. This result has been extended independently
by Horita, Tahzibi [HT]| and by Saghin [Sa] to the symplectic case, where the robust
transitivity holds only in the space of symplectic diffeomorphisms. Another impor-
tant result in this direction is due to Arnaud, Bonatti and Crovisier [BC|, [ABC].
They show that generically in the C' topology any symplectic diffeomorphism on
a compact manifold is transitive. They also prove that on non-compact manifolds,
generic orbits of generic diffeomorphisms are not bounded. It is important to note
that the C' topology is essential in all these results, because of the use of several
basic perturbation lemmas (connecting lemmas, Franks Lemma, etc.) known only in
the C! topology. For the recent surveys on this topic and on a related theory about
stably ergodic diffeomorphisms on compact manifolds, developed in the last decade
by C. Pugh, M. Shub, and many others, see [BDV, chapters 7,8|, [PS], [PSh].

A goal of this paper is to study the dynamics in the complement of invariant KAM
tori with a focus on the non-local robust phenomena. We develop the methods of
robust transitivity into the context of symplectic and Hamiltonian systems. And then
we apply them for the nearly integrable symplectic and Hamiltonian systems with
more than two degrees of freedom. We introduce such Hamiltonians or symplectic
diffeomorphisms exhibiting unbounded or large robustly transitive sets. Then, the
instability (or the so-called Arnold diffusion) is obtained as a consequence of the

existence of large or unbounded robustly transitive sets.

1.1 Preliminaries

Let us now introduce some definitions before stating the main results. Let f : M —
M be a diffeomorphism of a compact manifold M. An f-invariant subset A is par-

tially hyperbolic if its tangent bundle Th M splits as a Whitney sum of T f-invariant



subbundles:
TAM = E"® E°&® E°,

and there exist a Riemannian metric on M and constants 0 < A < 1 and g > 1 such

that for every p € A,

0 <|[ Tpf

< A<m(T,f|ge) <|| Tpf

Bs ge |l< p<m(T,f|eg)

The co-norm m(A) of a linear operator A between Banach spaces is defined by
m(A) :=inf{|| A(v) || : || v]|=1}. The bundles E¥, E and E*® are referred to as
the unstable, center and stable bundles of f, respectively.

An example of a partially hyperbolic set is a hyperbolic set, for which E¢ = 0.

Let f and g be two diffeomorphisms on manifolds M and N, respectively. Suppose
that A C M is an invariant hyperbolic set for f. We say g is dominated by f| if
A x N is a partially hyperbolic set for f x g, with E¢=TN.

In a similar way one may define partially hyperbolic sets in a non-compact bound-
aryless manifold.

Let p be a hyperbolic periodic point of g, we say that p is d-weak hyperbolic if

1-d< m(Tpg) <|| Tpg|E; <1< m(TpglEJi) <]l Y <1+

Let X be a metric space, and F : X — X. A set Y C X is transitive for F if for
any Uy, Us open in X, such that U; NY # &, there is some n with F"(Uy) N U, # .
If in addition, for any open sets Uy, Uy C Y (in the restricted topology), there is some
n with F™(Uy) N Uy # &, then we say Y is strictly transitive. A stronger property is
topological mizing, where F™(Uy) N Uy # @ holds for any sufficiently large n.

Let D" be a subspace of Diftf"(M) with the C" topology.

An invariant set X C M of f has continuation in D", if there exist an open



neighborhood U of f in D", and a continuous map ® : «f — P (M) such that, ®(f) =
X, and for any g € U, the set ®(g) C M is homeomorphic to X and invariant for
g. Then we call ®(g) is the continuation of X for g. Here, P(M) is the space of all
subsets of M with the Hausdorff topology.

A compact set Y C M is D"-robustly transitive for f € D", if for any g € D"
sufficiently close to f, the continuation of Y does exist and it is transitive for g. More
generally if M is not compact, a non-relatively compact set Y C M is D"-robustly
transitive if it is the union of an increasing sequence of D"-robustly compact transitive
sets. In the same way one may define robustly (strictly) topological mixing.

A point z is non-wandering for a diffeomorphism f if for any neighborhood U
of x there is n € N such that f"(U)NU # @. By Q(f) we denote the set of all
non-wandering point of f.

A point z is recurrent for a homeomorphism f if liminf, . dist(x, f*(x)) = 0. A
homeomorphism or diffeomorphism is said recurrent if almost all points are recurrent.

Now, let us recall some basic facts and definitions of symplectic topology. A
symplectic manifold is a C* smooth boundaryless manifold M together with a closed
non-degenerate differential 2-form w. We denote it by (M,w) but sometimes we just
write M. Examples of symplectic manifolds are orientable surfaces, even dimensional
tori and cylinders, and the cotangent bundle T*N of an arbitrary smooth manifold.
A O diffeomorphism f is symplectic if f preserve w; i.e. f.w = w. We denote by
Diff” (M) the space of C" symplectic diffeomorphisms of M with the C” topology,
1 <r < oo. If the symplectic form w is exact, that is w = da for some 1-form «, and
fra — a = dS for some smooth function S : M — R, then we say that f is an exact
symplectic diffeomorphism.

The following theorem is a variant of the results [HPS] on persistence of normally

hyperbolic laminations extended to the non-compact embedded.

Theorem 1.1. Let M and N be two boundaryless manifolds (not necessarily com-



pact). Let fi € Diff'(M) with an invariant hyperbolic compact set A. Let fo €
Diff' (N) such that is dominated by fi|x. Then the invariant set A x N has a unique

continuation for fi x fy in Diff'(M x N)

1.2 Main results

Our main result concerning symplectic diffeomorphisms is the following.

Theorem A. Let M and N be two symplectic manifolds (not necessarily compact),
and 1 <r <oo. Let f, € Diff (M) such that there exists an open set U C M whose
mazximal invariant set A is a hyperbolic transitive compact set. Let fo € Dift] (N)

such that:

a) fo is dominated by fi|a, and

fa has a 6-weak hyperbolic periodic point for some positive 6 = §(f1, f2).
b) For any fo sufficiently C" close to fo, Q(fs) = N.

Then there is a C"-arc {F,} o) of C7 symplectic diffeomorphisms on M x N, such

that Fy = f1 % fa, and for all p € (0,1], there exist a set I',, C A x N verifying
1. T, is robustly strictly topologically mizing in Diff], (M x N) for F,,,

2. for any x € A, the set ({x} x N)\T', is closed and has Lebesgue zero measure.

In particular, F_u =AXN

Theorem A, roughly speaking, says that if the product of a hyperbolic basic set
A by any non-wandering dynamics on N is partially hyperbolic then we can perturb
it such that (the continuation of) A x N become a robustly topological mixing set.

Remark that the non-wandering hypothesis (b) is obviously satisfied if the mani-

fold N is compact or has a finite volume.



Corollary B. Let f; € Diff| (M) with a quasi-elliptic periodic point, and fo €
Diff] (N) be an integrable diffeomorphism, where M and N are compact symplectic
manifolds, and r € NU{oco}. Then fi x fa is C* approzimated by F' € Dift] (M x N)
such that F' has a robustly topological mixing set whose projection on N is equal to

N.

Corollary B is also related to an interesting example of Shub and Wilkinson [SW].
They proved that the product of “Anosov x Standard map” on T* is C* approx-
imated by (symplectic) stably ergodic systems. The ergodicity implies transitivity,
but not topologically mixing. In the proof they use the central tool in the theory of
stable ergodicity, namely, the accessibility. Two things seem essential in their proof.
The first one is global (partial) hyperbolicity and the second one is compactness. See
also Remark 6.1. On the other hand, their example can not occur near to integrable
systems. In fact, there is no ergodic nearly integrable system, because the union of
invariant KAM tori has positive Lebesgue measure. Corollary B may also provides a

local and topological version of this example.

Let (M,w) be a symplectic manifold and H : R x M — R a C" function, called
the (time dependent) Hamiltonian. For any ¢ € R, the vector field Xy, determined

by the condition

wW(Xu,,Y) = dH,(Y) or equivalently ix, w = dH,

is called the Hamiltonian vector field associated with H, := H (t,-) or the symplectic
gradient of H;. The Hamiltonian H is called time periodic if H, = H; ;7 for some
T > 0. A diffeomorphism is called Hamiltonian diffeomorphism if it is the time-one

map of some time periodic Hamiltonian flow.

Remark 1.2. Theorem A can be stated in the context of exact and Hamiltonian dif-

feomorphisms, and also time-dependent Hamiltonians. The statements are analogues
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and it is left to the reader.

Theorem C. Let M and N be two symplectic manifolds (not necessarily compact),
and hy and hy be two C™ Hamultonians on M and N, respectively. Let fi and fy be the
time one map of the hamiltonian flow generated by hy and ho, respectively. Suppose
that

(i) hy is time periodic and f, has a transversal homoclinic point,

(i) fa is dominated by a hyperbolic invariant set of fi,

(i) the whole manifold N is the non-wandering set for hs.
Then the Hamiltonian hy+ hso is approximated in C* topology by time-periodic Hamil-
tonians H, on M x N ezhibiting a topologically mixing partially hyperbolic invariant
set = x N. Moreover, for any small perturbation of H,, the continuation of this set
1s well defined, and either it remains topologically mixing or it contains wandering

points converging to infinity.

As a matter of fact, all known results about instability (Arnol’d diffusion) of
symplectic or Hamiltonian systems concern with nearly integrable systems. There
are two reasons for it. First, for nearly integrable systems stability seems a priori
highly probable, and the invariant KAM tori are the “obstructions for instability”.
So, to study the instabilities in general, one considers perturbations of integrable
systems as the most crucial examples. Second, KAM theory gives useful dynamical
information of the system, and this information is crucial in the classical methods for
proving instabilities. One of the advantages of Theorem C is that the initial system
hi + hs is not necessarily close to the integrable systems.

When the manifold NV is of dimension two, then as we mentioned before, existence
of invariant KAM tori provides the stability of all points. In particular, there is no
wandering point. The following corollary concerns the class of integrable systems that
contains the so-called a priori unstable integrable Hamiltonian systems H (cf. [CY],

[DLS], [X]).



Corollary D. Let Hy(p, q, x,y,t) = ha(p)+hi(z,y,t) be a time-periodic Hamiltonian,
where t € T := R/Z is the time, (p,q) € R x T, and (z,y) € R" x T". Suppose that
ha(p) = p?, and let hy be an arbitrary Hamiltonian with some non-hyperbolic periodic
orbit. Then, C*®-arbitrarily close to Hy, there are C" (r > 5) open sets of time
periodic Hamiltonians exhibiting instability, namely, there exist topologically mixing

invariant sets containing arbitrary large regions of the action variable p.

Let us say a few words on the proofs. The first ingredient is a new tool in sym-
plectic dynamics called symplectic blender, a semi-local source of robust transitivity.
It is based on the seminal work of Bonatti and Diaz [BD]. The symplectic blender
provides robustness of the density of stable and unstable manifolds of a hyperbolic
periodic point, in any compact region, which implies robustness of transitivity or even
topological mixing.

Another main ingredient is that we reduce the problem to a one of the iterated
function systems. Indeed, in comparison with the classical methods for instabil-
ity, here we follow the dynamical consequences of the whole structure of homoclinic
intersections of a normally hyperbolic submanifold, instead of only one of such inter-
sections. Any homoclinic intersection introduces a holonomy map (or the outer maps
of [DLS]), hence considering the whole structure of homoclinic intersections we will
have infinitely many different outer maps, and this allows us to obtain instability, but
also transitivity. We found the iterated function system as a natural and nice context
to set down this idea. As a model one may consider perturbations of the product
of a horseshoe and an integrable twist map and then results on the iterated func-
tion system yield minimality of (strong) stable and unstable foliations. Then using
the symplectic blender one can show that transitivity (or even topological mixing)
appears in an action variable and in a robust fashion.

Note specially that we do not use any KAM-type invariant sets in the proof. For

instance, recurrency has an important role. And therefore, the classical problem,



the large gap problem does not make sense here, although the large gaps between

Diophantine tori may appear in a normally hyperbolic manifold V.

This thesis is organized as the following. In Chapter 2 we study transitivity of two
different kinds of the iterated function systems (IFS). Namely, the IFSs of expanding
maps, and the IFSs of recurrent diffeomorphisms. We use the former ones in Chapter
3, where we introduce the symplectic blenders. In Chapter 4 we prove Theorem A.
In Chapter 5 we prove Theorem C and Corollary D. Finally, in Chapter 6 several

remarks and open problems related to the main results are discussed.
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Chapter 2

Iterated function system

In this chapter we study transitivity of some iterated function system (IFS). In the
IF'Ss, instead of taking iteration by only one map, one considers all the possible
compositions and iterations of several maps. As a consequence, a point x may have
an infinite number of orbits. The transitivity of the iterated function systems of
expanding maps has a fundamental role in the construction and properties of blenders
(see Chapter 3). Also the transitivity of the iterated function system of symplectic
maps shall be used in the proof of density of (strong) stable and unstable manifolds
(see Chapter 4).

Let ¢1,92,...,9, be some maps defined on the metric space X. The iterated
function system G(g1,go,...,9,) is the action of the (semi-) group generated by
{91, 2, ..., gn} on X. We use the notion of multi-index o = (oy,...,04) € {1,2,...,n}*
for g, = g, 0+ 0 g,,. We also denote |o| := k.

An orbit of x € X under the iterated function system G = G(g1,92,...,9n) is a
sequence {g (7)}7; where Xy = (01,...,05) and {o;}%; € {1,2,... ,n,

The G-orbit of = denoted by (’)rbz'tg(:c) is the set of points lying on some orbit of
x € X under the IFS G. The G-orbit of a subset U C X is defined as the union of all

its orbits, i.e. Orbits(U) = UyepOrbits(z).
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Similarly, we denote Orbitg () as the set of points that x lies on (some of) their

orbits.

Definition 2.1. The IFS G(g1, g2, - - -, gn) is said transitive if the G-orbit of any open
set is dense. A set U is transitive for G if the G-orbit any open subset of U is dense

in U. This is equivalent to the existence of some point with dense G-orbit in U.

Remark 2.2. In similar way one defines IF'S of maps ¢; : U; C X — X. In this case,
the possible compositions of g;’s depends to each point. ¢;(U;) is not necessarily a

subset of U; and so g; o g; is only defined on U; N gi_l(Uj).

2.1 Contracting and expanding maps

In this section we study the transitivity for the iterated function systems of contracting
and expanding maps. The results presented here will be used in the construction of
blender in Chapter 3.

A map ¢ on a metric space (X, d) is contracting iff there is a constant 0 < K < 1
such that d(¢(z), ¢(y)) < Kd(x,y), for all z,y € X. The contraction bound (if exists),
is a number A € (0, 1) for which, ¢ in addition satisfies Ad(x,y) < d(¢(x), ¢(y)), for all
x,y € X. This constant does not exist for any contracting map. For example, if some
points converges super-exponentially fast to the unique fixed point of ¢, and it can
easily be constructed. For generic smooth contracting map ¢ on R", the contraction
bound does exist if we consider its restriction on a compact domain U. In this case,

the constant is equal to inf{m(Df,) : z € U}.

Proposition 2.3. Let U C R" be an open disk containing 0 and ¢ : U — U be a
contracting map with the contraction bound \ and ¢(0) = 0. Then there exists k € N
such that for any € > 0 small there exist vectors cy,...,c, € B:(0) and a number
0 > 0 such that

By (0) € DT 0),

12



where G = G(p, ¢+ c1,...,¢0 + ). Moreover,

€
0>——, and k<C(n)- A"
—1-A (n)
Moreover, these properties are robust in the following sense:
Let o9 = ¢ and ¢; = ¢ + ¢;. Let U; be the set of contacting maps close to ¢; that
their contraction bounds are also close to that of ¢;. Then the same is true if at each

iteration in the G-orbit of 0 one replace the corresponding ¢; by any b € U;.

Remark that if ¢ is smooth, then D¢(0) may have complex or real eigenvalues (all
constants depend to A which is close to m(D¢(0))).
In order to prove this proposition, we start with a non-perturbative version of it,

which also clarifies the robustness of transitivity.

Definition 2.4. We say that an iterated function system G(¢1, ..., @) of contracting

maps has the covering property if there is a open set D such that
k
D c | Ja(D).

i=1

The set of (unique) fixed points z;’s of ¢;’s is well-distributed if any open ball of

diameter d and centered in D contains some z;, where
d> X" max{r | Vo € D,3i, B,(z) C ¢;(D)}

and A is the minimum of the contraction bounds of ¢;’s.

Proposition 2.5. Let ¢; : R* — R", ¢ = 1,2,...,k, be contracting maps, and
¢i(z;) = z be their unique fized points. Suppose that the iterated function system

G = G(¢1,...,¢r) has covering property on D. Then for any x € D there exists a

13



Figure 2.1: The covering and well-distributed properties. The disk D is the largest
one and the other disks are its images under ¢;’s.

sequence {0,152, such that for all j €N, 0; € {1,2,...,k}, and

logl o--i0¢ l(x) €D.

O’j O'j—l g1
In addition, if the set {z;}*_, is well-distributed in D then
D C Orbit}(0).

Proof. To prove the first part notice that given a point x € D, the covering
property says that thereis oy € {1,2, ..., k} such that ¢, (z) € D. Then, inductively,
one constructs a sequence {0;}32; such that ¢, o ¢! o-- 0@, !(z) € D.

Now we prove the second part. The well-distributed property yields that for any
small ball B, (x¢) in D, either it belongs to some ¢;(D) or it contains the fixed point of
some ¢;. Now, If the ball B,.(x¢) is very small then it belongs to the domain of some ¢;,
i.e. B,(z9) C ¢:i(D), and so there is z; € D such that By-1..(x1) C ¢; ' (B, () C D.
We may continue this process inductively. Since, the ratio of the balls is increasing

exponentially, after some iteration, it would be large enough to contain the fixed point

of some ¢;. This completes the proof. O]

Remark 2.6. The well-distributed property yields that for any small ball B, (z¢) in D,

14



either it belongs to some ¢;(D) or it contains the fixed point of some ¢;. The latter
case could be weakened to “or it contains some few G-iterations of the fixed point of

some ¢;”.

Proof of Proposition 2.3. It is enough to show that there exist a number k,
and certain (small) translations of the map ¢, the covering property and the well-
distributed hypothesis holds in some open ball B.(0). Then using Proposition 2.5
we obtain the density of G-orbit of 0. It is not difficult to see that & < C(n) - A™™.
The persistency follows the fact that the covering property and the well-distributed
hypothesis are C° robust properties if the contraction bounds of the nearby maps are

close to the initial ones. O

2.2 Recurrent diffeomorphisms

In this section we study the transitivity for the iterated function system of recurrent
diffeomorphisms. The results of this section shall be used in the proof of the main
theorem.

Let us first recall some definitions. An orbit is said quasi periodic if its closure
7T is diffeomorphic to a torus and the dynamics on 7 is conjugate to an irrational
rotation on the torus.

A Hamiltonian on a 2n-dimensional manifold is called completely integrable if it
has n integrals in involution. Recall that an integral is a smooth real function on
N (or N x R in the case of time dependent Hamiltonian) which is constant along
the orbits of the Hamiltonian flow. A Hamiltonian is called integrable if it is locally
completely integrable. A diffeomorphism is called integrable if it is the time-one map
of some integrable Hamiltonian flow.

Liouville-Arnold Theorem says that if f € Diff’ (N) is integrable then N = UN;,

where

15



e N;’s are mutually disjoint open sets,
e for any i, N; is invariant and diffeomorphic to D™ x T" by a diffeomorphism h;,

e any torus h; '({z} x T") is f-invariant and its dynamics is conjugate to a rota-

tion.
We may also suppose that
o the family {/N;} is locally finite in V.

Lemma 2.7. Let f, be an integrable symplectic diffeomorphism on the symplectic
manifold N. Then arbitrarily close to fi there exists another integrable symplectic
diffeomorphism fo which is conjugated to f1 by a smooth change of coordinates on N

such that

1. any fi-invariant torus intersects transversally some fo-invariant torus, and vice

versa,

2. gwen two open sets U,V C N, there is a chain of tori T;, 7 = 1,2,...,s, in-
variant for f,,, 0; =1 or 2, such that, each T;, (j < s), intersects transversally

Ti11, Ty intersects U and T, intersects V.

Proof. We construct a symplectic diffeomorphism ¢ € Diff] (N) close to the
identity such that f, = ¢ o f; o ! has the desired properties. As mentioned before,
N = UN,, where N; is diffeomorphic to D" x T" by a diffeomorphism h;. It is
convenient to consider the polar coordinate system on D™ x T", that is, any point is
represented by

(r1, ooy Tny 01, ..., 0,),

where 0 <r; <1 and #; € T.
The construction of ¢ has two steps.
Step 1. Let v, € Diff] (R?) be the time one map an integrable Hamiltonian flow such

that in the polar coordinate we have

16



o y(r,0) = (r0), if r >1,

o )y({r=c})#{r=c},if 1 >c>0,

e any two open set in the unit disk {r < 1} are connected by a chain of circles
{r=1¢;} and Y1({r = ¢;}).
Note that it is not difficult to define v, explicitly. Now let

n times

——f—
Y=y X XYy
Define ¢ € Diff] (V) by

h7'oyoh; on N;

()

id on N\ UN;

The smoothness of ¢ on each NV; is trivial, and on the boundary of N;’s follows from
the fact that N;’s are a locally finite family in N, they are mutually disjoint and v is
equal to the identity on the boundary of D™ x T".

Step 2. Let i > j such that JV; N ON; contains a regular hypersurface (codimension
one) S;;. Then for any such i, j we consider a small open neighborhood U;; of some
point of the hypersurface S;;. The sets U;; are pairwise disjoint. Let U;; =U; NN;
and U;; = U;; N N;. Then consider a symplectic diffeomorphism ¢;; supported in U;;
such that

‘;Dij(Ui;) N Ui—; # & and Qpij(Ui—;) N Ui; # .

Now we take the composition of the all the above diffeomorphisms to define ¢ €
Diff” (N), that is
¢ = (o4pij) 0 ¢
It is not difficult to see that fo = ¢ o f; o ! has the desired properties. [
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Proposition 2.8. Let T7 be an integrable symplectic diffeomorphism on the sym-
plectic manifold N. Then arbitrarily close to T there exists an integrable symplectic
diffeomorphism Ty on N such that the iterated function system G(T¢, T§') has a dense

orbit, for any d,d € Z. Moreover, almost all points have dense G-orbits.

Proof. Let Ty be some integrable diffeomorphism. Let &y be the set of all quasi
periodic points for 7), which is Tj-invariant. Similarly, let S the set of all quasi
periodic points for 75, which is Ty-invariant. It follows that the complements of Sy
and &) have zero Lebesgue measure, and Lebesgue measure is invariant under 7}
and T,. Let S the set of all points whose orbits under the iterated function system

G(T,T) belong to Sy N Sy
CLAIM. The set S has total Lebesgue measure.

Proof of Claim. We use an inductive process. Let the sequence of sets Sy and

., k € N defined as the following:

Spt1 1= ﬂ T (Sp),

neL

St =T (S.

nez
By the definitions, S is Ti-invariant and S), is Th-invariant. The complements of
these sets have zero Lebesgue measure. Furthermore, if z € S, then for all n,m €
Z, Ty" o T (x) € S)_y, since S C S;_;. So Sy contains the set of all points in N
whose first k-th iterations under G(T'¢, T§') belong to Sy, for any d,d’ € Z. More

precisely,
Sc={x e N|Vny,my,....,ng,mp €EZ, Ty 0T 00Ty o T (x) € Sy}

This shows that § = N2, S. The complement of this set has zero Lebesgue measure.

This completes the proof of the claim.
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Now we apply Lemma 2.7 for Tj. Then we obtain ¢ € Diff] (V) close to the
identity. Now we set 15 := ¢ o T} o . Then given two open sets U,V there is a
chain of tori 7;, j = 1,2,...,s, invariants for T,,, o0; = 1 or 2, such that, each 7}
intersects (transversally) 7,41, 7; intersects U and 7, intersects V. It is not difficult
to find an orbit of G which shadows this chain. For any z € S, there is n, such that
T77(z) is close to Tj1q if 2 is sufficiently close to 7;. The set S is G(11, T3)-invariant.
So if z € S is sufficiently close to 77, then it has a G-orbit shadowing all 7;, and
therefore there is an orbit from U to V. Moreover, given any point € § and any
open set U, there is a finite sequence of tori 7;, ¢« = 1,...,n, invariant for T} or T
(alternatively), such that x € 77, 7, "\U # &, and for any 4, 7; intersects transversally
Zi+1. Then it follows that there exists ¥ = (o1,...,0p,) such that T,,(x) € U. This

completes the proof. O

Remark 2.9. If the set of quasi periodic points is residual then following the same
argument in the proof, we conclude that the set of all points with dense orbit for

G(T1,Ty) is also residual.

Remark 2.10. The change of coordinates could be chosen to be an analytic exact
Hamiltonian diffeomorphism, however it required a non-local proof. Moreover, it

could be close to the identity map even in the strong Whitney topology.

Ezxample 2.11. Let N =R x (R/27Z) and
Ty:(1,0) — (I, 6+ h(I)).
In this case, we choose the change of coordinates
¢:(1,0) — (I +e€cosb, 0).

And then we define Ty = ¢ o T} 0 ¢~ L. Now the above argument works well.
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Now, we establish a result about recurrent diffeomorphism. Recall that, by re-
current diffeomorphism we meant that almost all points are recurrent. Poincaré
recurrence Theorem yields that conservative diffeomorphisms on compact manifolds

are recurrent.

Theorem 2.12. Let T' € Diff] (N) be a recurrent diffeomorphism. Then for every

e >0,
1. there exist Ty, Ty € B(T) C Diff] (N) such that G(T,T},T3) is transitive,

2. for any open ball V C N and any bounded domain N. C N, there exist k € N
and T1, Ty, ..., T, € B{(T) C Diff,(N) such that N. C Orbitg(V'), where G =
G(T, 1, Ts, ..., Ty).

Proof. If T' = id, then we choose ¢; an integrable symplectic diffeomorphism on
the manifold NV such that almost all points are quasi periodic, and dor (¢, id) < %e.
Proposition 2.8 implies that for any open set V' there exists, ¢» in Diff] (/V) and e-close
to the identity in the C" topology, such that, Orbitg, (V') N (’)rbz’taS (V) is (open and)
dense in N, where Gy = G(¢1, ¢2). In other words, Gy is transitive. This completes
the proof of (1) in the case that T = id.

For an arbitrary recurrent T, let R be the set of recurrent points of T', which is
also invariant for ¢; and ¢,. This set is dense. In fact, following an argument similar
to the Claim in the proof of Proposition 2.8 this set has total Lebesgue measure (and
also is residual).

Let V is an open set in IV, and z € RN Orbit§¢(V). This intersection is obviously

non-empty. Then, there are d € N and ¥ = (0y,...,04),0; = 1,2, such that

2 € (60) (V).
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Moreover, for any i = 1,2,...,d,and any [; € Z, j = 1,2, ... ,1,
5= (TV 0 6p) 00 (T 06,,)(2) €R.

So, using recurrency, for some (large) I; € N, the orbit (2;); shadows (z;);, where
2 = (g, 0 -+ 0 ¢y (2). This shows that for some I; € N, the point Z; belongs to V.

But (Z;); is an orbit of z under the iterated function system of
Go =G(T.T o ¢1,T o ¢).

In other words, Z; € V N Orbitf (z). Recall that, R N Orbitg, (V) is dense in N. So,
the Go-orbit of any point in a dense set, intersects V. The same is true for backward
Go-orbits. Thus, Orbitg, (V) is (open and) dense in N, and G, is transitive. This

completes the proof of (1).

Given N. CC N bounded, and V' C N open, we let X = B;(N,) \ Orbitg, (V). X
is a compact set with empty interior. So for any = € X there exists, h, in Diff] (N)
and e-close to the identity in the C" topology, such that h;'(z) € V=~ := Orbitg (V).
Since V'~ is open, there is a neighborhood U, of z such that h;'(U,) C V~. The family

{U,} is open cover of the compact set X. So there exist k € N, z1,x9,...,2; € X and

ha, s Pay, - - -+ ha, € Be(id) C Diff” (N) such that
Xnh(X)n---NhH(X)=2.

Thus

Therefore,

N.cCT V)N (hyy oT)* (V)N -0 (hy, o T) N (V7).
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If we define G := G(T,T 0 ¢1,T 0 o, hy, o T, ... hy, oT), then we have

N. CC Orbitg (V).

O
Remark 2.13. As it has been mentioned, if N is compact or has finite volume, by
the Poincaré recurrence Theorem, T' is recurrent. For non-compact manifold N with
unbounded volume we know that almost all points are either recurrent or converge
to infinity. Moreover, in the interior of the non-wandering set of T', generic points (in
a residual set) are recurrent. So, when the non-wandering set has (large) non-empty
interior, as the same as above, there is an iterated function system of its nearby
systems exhibiting transitivity in the interior of the non-wandering set. See also

Section 5.1.

2.3 Skew products and IFS

In this section we explain the relation between iterated function systems and skew
products over shifts.

Let 7 be the full shift with d symbols.
7 db — d*
r=(..,0.0,20;21,...) — (..., To,T1;Ta,...)

It is natural to define the local and global unstable manifolds of a point x € d* for 7
as the following

I/Vl1(§0<x;7—) = {(Zz) ‘ VZ S O, Zi = .Z'l}

Wz ) = 7 (Wi (7 (@); 7)) = {(z1) | Fio € Z,Vi <iig, z = a3}

>0
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Let ®:d? x Y — d? x Y be a skew product such that

O(z,y) = (7(2), 2(y)),

such that ¢, is a homeomorphism on Y, for any x € d%. Assume that the family of

¢,’s are uniformly bi-Lipschitz, i.e., there exists L > 1 such that Yz € d*, Vy,y' €Y,

1
T dist(y, y') < dist(p.(y), d2(y')) < L - dist(y,y').

Then one may define the strong unstable manifold as follows.
W, s ) = {(a,b) | dist(®'(z, ), B (a,5)) ~ exp(iL) as i — —oc}.

To make this definition appropriate to our purpose we consider the following metric
on d?%,

dist(x,z) = Ze"“ﬂxi — z.

i€z
Assume that ¢, depends only to [z; | ¢ < ig], and denote it by ¢[$gi0J' To avoid
complications we also assume that 7o = 0.
Therefore, ® = 7 x ¢, on the set {z € dZ | z; = x;,4 < 0} x Y. So, the local
unstable manifold of (x,y) for ® contains W} .(z; 7) x {y}. Then we have the following

proposition.

Proposition 2.14. For any (x,y) € d2 x Y and n € N,

(I)n(xa y) :(Tn(x)a ¢[x§n71} ©---0 gb[xgo}(y))»
"(a,9) =7 (@) 5L 0-0 07 )

toc (4,45 @) =Wig(;7) x {y} = {(2:) [ Vi < 0,2z = 2} x {y},

W (2, y; @) = &' (Wi (@7 (2, ); ®).

loc
i>0
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uu
loc

(z,y; @) is a product set and ® is a product on it, so ®(W 4 (x, y; D)

Since loc

is a finite union of some local strong unstable manifolds. Therefore, we have the

following proposition.

Proposition 2.15. For any (z,y) € d* x Y, the global strong unstable manifold

uu
loc

e ((afy'); @).

(x,y; @) is a countable are countable unions of some local unstable manifolds

Locally constant skew products

From now on we assume that ¢, depends only to xy. Then, ® = 7 x ¢; on the set
{z€dl |z =j}xY, forany j € {1,2,...,d}. The next propositions shed some
light on the relation between (locally constant) skew product over shift and iterated
function systems.

Let G = G(¢1, ¢, ..., ¢q). Proposition 2.14 implies that for any (x,y) € dZ x Y

and n € N,

(I)n(xv y) = (Tn(x)v ¢0€n71 ©--0 gbxo(y))

This yields that by taking different base points x, one can realize the orbit of y under
the IFS G. Since the skew product ® does not depends on z;, ¢ > 0, so we get the
entire positive G-orbit of y by taking all points on W} (z;7). So we have the following

proposition.

Proposition 2.16. For any (z,y) € d* x Y, the projection of |J,, " (Wi (xz, y; ®))
on'Y is equal to Orbit§ (¢, (y)). In particular, if (x,y) is a fived point of ®, then the

projection of W"*(x,y; ®) on on'Y is equal to Orbit§(y).

This proposition turns out to be very useful in the study of dynamical properties of
strong stable /unstable manifolds of certain partially hyperbolic systems. For instance,

to obtain the density of the strong unstable manifold (see §4.3).
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Here we just mention the geometrical meaning of this fact. At each iteration of

the length of W (z,y;®) grows exponentially and it intersects the domain of all

loc

¢; 's. Therefore, all possible compositions of ¢;’s do appear in the positive orbit

of Wi(x,y;®). Indeed, we have the following proposition which gives a precise

description of the global strong unstable manifolds for ®.
Proposition 2.17. For any (x,y) € d® x Y,
Wuu ZL’ y’ U VVl qua ) )
oeY

where

Y={o=(01,...,00) | n €N/ 1<0; <d},

P = ¢0’n—1 00 gbm © ¢;}n+1 ©--0 gbx_,l1 and ¢$7(UI) = id,
27 = (o Xy 01y, Oy Ty ).
Proof. It is easy to see that for any 0,0’ € %, W2 (z7;7) = W (2°;7) if and
only if o = ¢’. Moreover, 7"(x7) € W}t (x;7) if 0 = (01, ...,0,). Therefore,

7) = J W% 7).

oeY

On the other hand, the projection of W"*(z, y; ®) on dZ is equal to W*(x; ), since

® is skew product.

W (a,y; @) = | @"(Wi (" (2, y); ©).

n>0

O(Wige (27! (w,); @) = 2(Wio(r7 ()i 7) x {¢2, (1)})
= (7 % o )(Wige(r ()i 7) x {87, (1)})
= 7(Wige(m(2); 7)) x {y}
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Then,
(W (o~ = |J W@y @

lo]=1
From the definition of global unstable manifolds and Proposition 2.14 it follows

that for any n € N,

" (I/Vloc(pvq; (1))) = U {(Tn<a)7¢anf1 o"'o¢a0(Q))}

ac€Wp (p;T)

= U {0, e,

N=(p0,a1,--,an—1)
a=(...,p0;a1,a2,...)

Now let (p, ¢) = ®"(z,y), then p; = 2;_,, (Vi € Z),and ¢ = ¢, ' o---0¢, ' (y). Thus,

T—n
7M@) = (cory DO, A1y o v oy s Gnp) = (o T, Q1 ooy Qg Asy) and ) = (T_p, a1, ooy Gpq).

Therefore,

¢77<Q):¢nno"'o¢n1O(b;_lno"'o(b;,ll(y)
= Pap1 0 0 Pay 0 Gp, 0071 0071 om0t (y)
= ¢an71 ©---0 ¢a1 © d);,anrl ©---0 ¢m_,11<y>

It yields that,

" (Wige (27" (2,); @) = U {(@).d(a)}

n=(p0,a1,--,an-1)
a=(...,p0;a1,a2;-...)

This completes the proof. O

The stable manifolds for these maps are defined as the unstable manifolds of

corresponding inverse maps. Similar results hold for stable manifolds.
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Chapter 3

Symplectic blender

Definition, existence and properties of symplectic double blenders are discussed in
this chapter.

Bonatti and Diaz in [BD] introduced blenders, geometric models for certain hy-
perbolic sets originated in the unfolding of heterodimensional cycles, that play an
important role as a mechanism for creation of cycles, and semi-local source of tran-
sitivity. Although their methods may be modified for the conservative case, the
symplectic case is more delicate.

In [BD] a c¢s-blender, roughly speaking, is a hyperbolic (locally maximal) invariant
set with a splitting of the form E** & E* & K", dimE" = 1, such that a convenient
projection of its stable set has larger topological dimension than the stable set itself.
This phenomenon is robust in the C! topology. Similarly, one may define cu-blender.

Their constructions essentially use a hyperbolic set with a one-dimensional weakly
hyperbolic subbundle. On the other hand, to apply this local tool for systems with
higher dimensional central bundles they use a chain of blenders with one-dimensional
central bundles and different indices (i.e. dimension of the stable bundle) connected
to each other. This allows them to use such blenders in more situations. This is of

course impossible in the symplectic case, since all eigenvalues are pairwise conjugate
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and so all hyperbolic periodic points have the same index. So in the symplectic case
we involve higher central dimensions in the creation of a blender. We construct a
new class of such blenders in the symplectic (or Hamiltonian) systems that work like
a chain of cs-blenders and a chain of cu-blenders simultaneously.

In section 3.1, regardless of the symplectic case, we study blenders with higher
central dimensions when the central bundle is uniformly unstable (stable, respectively)
and we construct a cs-blender (cu-blender, respectively). In section 3.2, we consider
the case that the central bundle splits into two stable and unstable subbundles, that
is, the maximal invariant set is hyperbolic of the form E** @ E* @ E* & E*, and we
create a blender which exhibits the features of both cu- and cs- blenders. We call it
double-blender. Note that this case is very compatible with the symplectic case where
the eigenvalues of periodic points are pairwise conjugate. In section 3.3, we study the
symplectic case, and we introduce the symplectic version of the above phenomenon,
which we call symplectic blender.

Let us state here a formal definition of symplectic and double blenders.

Definition 3.1. Let B is an open embedded ball on which there are four invariant
cone-fields C**, C*, C*, C**, invariant under the derivative DF. A vertical strip (or
u-strip) is an embedded (u)-dimensional disk in B, which contains the wu-leaves of

each its points. Similarly we define horizontal strip (or s-strip).

Definition 3.2. The pair (P, B) is a double blender for the diffeomorphism F if satisfies

the following features:
B-1 P is a hyperbolic saddle periodic point of F'.

B-2 B is an open embedded ball on which there are four cone fields C**, C*, C*,

C** invariant under the derivative DF'.

B-3 For any G sufficiently close to F' in the C! topology, the stable manifold of

Pg intersects any u-strip in B, and the unstable manifold of Py intersects any
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s-strip in B. Here P is the continuation of P.

Definition 3.3. A symplectic blender is a double blender for a symplectic (or Hamil-

tonian) diffeomorphism.

In order to give a more clear picture of the dynamics of the above phenomena we
start by a simple affine model for each one and then we relax the construction to the
more flexible versions, robust under C' small perturbations, which is the subject of
section 3.4. In fact, we may also define blenders in another way which takes in to

account their construction, rather than their properties (see also [BDV, chapter 6]).

Throughout this section we consider the diffeomorphism f of R? which is the
Smale horseshoe on U := [0, 1] and is of the form that follows.

The vertical sub-rectangles X; = I x [0,1] and Xy = I, x [0, 1] are connected
components of f(U) N U and also the horizontal sub-rectangles Y; = f~1(X;) and
Y, = f7}(X3) are connected components of f~1(U) N U. The restrictions of f to Y;

and to Y5 are affine maps with linear part

+ 0

PN

0 4

From now on we suppose z € £,y € E"* associated to f and we denote by (xq, 3o)

the unique fixed point of f in X; .

3.1 cs-blender with higher dimensional unstable
central bundle

The following proposition about the iterated function system of expanding maps is a

special case of Proposition 2.3.
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1% L

Figure 3.1: IFS of expanding maps

Proposition 3.4. Fori=0,1,2,3, let g;(x,y) := (a;x + b;, c;y + d;) where 1 < a; =
¢ = % < 2 and b;,d;’s are such that the fixed points of go,.., g3 are respectively,
Py =(0,0),P, = (1,1), P, = (—0.1,1.1), P; = (1.1,0.1) . See Figure 1. Given any
open rectangle &3 C [0, 1)? there is g, € G(g1, g2, g3, 94) such that (0,0) € g,(X). This
property persists for all (uniformly) expanding maps g; close to g; if their expansion

bounds (i.e. the contraction bounds of §;'') are also close to those of g;’s.

Now, consider the diffeomorphism F' of R* such that in B := [—1,1]*> x [0, 1]? is

of the form:

F(p,q;z,y) == (9:(p, 0); f(2,9)).if (z,9) € B; and (p,q) € [-1,1]?,

where B; = X1 NY,By, = XoNYy, By = X1 NYs, By = XoNY, and g;’s are
the expanding maps taken in Proposition 3.4 Observe that F(B) N B contains the
four boxes [—1,1] x [=1,1] x X7, [-1,3] x [-1,1] x X3, [-1,1] x [-1,3] x X, and
[—1, 2] x[—1, %] x X5 and that @ = (0,0, o, yo) is the (unique) hyperbolic fixed saddle
of F of index 3. Let W} (@) = {0} x {0} x [0, 1] x {yo} be the connected component

of W*(Q) N B that contains Q.
Definition 3.5. A wvertical strip with respect to QQ, or simply vertical strip, is a rectangle
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A =3 x {x} x [0,1], where x € [0,1] and ¥ is a closed rectangle (with non-empty

interior) in [0, 1]2.

The next proposition gives the main geometric property of cs-blender.
Proposition 3.6. Every vertical strip A with respect to Q) intersects W*(Q).

Proof. This proposition may be reduced to the transitivity of the iterated function
system G(go, g1, g2, g3). Any vertical strip intersects all B;’s, and the map F' restricted
to each of B; is equal to g; X f. The image of any vertical strip A contains a union
of four vertical strips A; each of which intersects all B;s. So the G-orbit of (0,0)
corresponds to some points in W*(Q), and is the same as the projection of W?*(Q)
to the central direction along the E° & E“*. Proposition 3.4 shows that the orbit
of (0,0) is dense in [0,1]>. This means that the projection of W?*(Q) to the central
direction along the E* & E* is dense in [0,1]%. So W*(Q) intersects every vertical

strip A. n

The following is a direct consequence of the above proposition:

Proposition 3.7. Suppose that there is a hyperbolic periodic point P of F' of index

1 whose one-dimensional unstable manifold crosses B along a vertical segment v :=

{p} x{q} x {x} x [0,1] such that p,q € (0,1). Then W5(P) C W*(Q).

Proof. For any open set U that intersects W*(P), the inclination Lemma yields
that there exists some positive integer n such that F"(U) approximates a compact
part of W#(P) which contains «. In particular, F"(U) contains a vertical strip w.r.t.
@ in B. Proposition 3.6 implies that W*(Q) intersects F"(U) and so it intersects U.

This shows that W#(Q) accumulates to any point in W?*(P). O

Thus the one-dimensional stable manifold of () looks like a 3-dimensional manifold,

as its closure contains the 3-dimensional manifold W?*(P).
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3.2 Double-blender: affine model

In the 3-dimensional cs-blenders, if one projects the cube and its pre-image along of
stable direction a figure like Smale horseshoe appears but two right and left rectangles
overlap, while in the projections along the weak unstable direction do not overlap.
Having this in mind, consider a 4-dimensional horseshoe with the splitting of the form
E* @ E°® E*® E* such that the projection along E*® give a figure like 3-dimensional
horseshoe but its two wings overlapping and the same feature for the inverse map and

E"*. This led us to the following affine model.

Consider the following maps on R, which are maps in central bundle

Y1(p) == 2p 01(q) == 3q
ba(p):=5p+32  palq) =G0 —3
Note that ¢; :=;', and (p,q) € E°.
Let F be a diffeomorphism on R* such that in B := [—1,1]? x [0, 1]* is of the

following form:

F(p,q;z,y) == ($i(p), 0;(q); f(z, 1), if (z,y) € X;NYj and (p,q) € [-1,1]°.

The dynamics of I inside the box B is hyperbolic, E**® E*® E*® E"*. The maximal
invariant set in B, i.e., A = [ F™(B) is a cs-blender, if we consider E** @ E* as stable
direction, E" as central and E"* as strong unstable directions. Similarly A is a cu-
blender if we consider E*® as strong stable direction, £ as central and K" & K" as
unstable directions. Therefore A is a double-blender. Note that using the results of
the previous section, we may consider multi-dimensional central bundle, i.e., both of

weak stable and unstable bundles of arbitrary dimension > 1.
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3.3 Symplectic blender: affine model

We consider the following maps on R, which are maps in central bundle

where 1 — X\ > 0 is small enough.
The symplectic diffeomorphism F on R? is defined as the product of the above
maps:

F(p,q;r,y) = (), 0(q); f(x,y)).

We shall perturb F' by the time-one map of the flow of a Hamiltonian vector field
such that the resulting map is a diffeomorphism with the properties of the model in
the previous section.

Let a and 8 be smooth bump functions on R such that for all t € R, 0 < a(t) < 1,

and
Oé(t)zllfteleJIQ anda(t):()lftgéJlng,

where J; and J, are disjoint neighborhoods of I; and I, respectively.
Similarly, for all t € R, 0 < 3(t) < 1, and B(t) = 1if t € [-1,1] and B(t) = 0 if
t¢[=5 3]

We define F, := &, o F', where ®. is the time-one map of the flow associated to

N
[N [eN]

Y

the Hamiltonian

He = ea(z)a(y)B(p)B@)((i —)p— (G —1)g) , ifxefiandyeJ; 1,je{l,2}.

The support of H. is the disjoint union of four boxes of dimension 4. Then we have

the following
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Theorem 3.8. Let F. be the Hamiltonian diffeomorphism as defined above. If ¢ >
1 — X > 0 are small enough, then F. has the form of the affine model of double
blender and so the mazimal invariant set for F. inside the B := [—1,1]2> x [0,1]? is a

symplectic double-blender.

3.4 Symplectic blender: general construction

We use cone-field structures to make sure that the feature that we explained in the
affine cases remains for all nearby systems.

In the above affine models we have four cone fields C**,C*, C*, C**, invariant under
the derivative DF'. These cone fields will define invariant foliations in the box B. Of
course, these foliations in the affine models coincide with the vertical and horizontal
segments and strips. We may repeat all the above process by replacing these vertical
and horizontal segments with the almost vertical/horizontal strips/segments, and
reducing the iterated function system in central bundles.

Now we prove the robustness of the main features of blenders. We know that these
cone fields remain invariant for any C! nearby system G. So for nearby systems we
will have almost vertical /horizontal strips/segments. These almost vertical /horizontal
segments allow us to introduce the corresponding iterated function systems of expand-
ing/contracting maps in central bundles. The new iterated function systems are close
to the initial ones, and so thanks to the results of section 2.1, we have robustness of
transitivity property of iterated function system of such expanding maps. Therefore
the dynamical feature of blender appears also for any G in a C' neighborhood of F.

We summarize this section in the following theorem (see also section 4.2).

Theorem 3.9. Let M and N be two symplectic manifolds (not necessarily compact).
Let r = 1,2,...,00. Suppose that f; € Diff| (M) has a hyperbolic periodic point p;

with transversal homoclinic intersections and fo € Diff],(N) has a hyperbolic periodic
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point py such that its hyperbolicity is weak enough. Then, there is a C"-arc {F,},cp0.]

of C" symplectic diffeomorphism on M X N such that,
1. Fy=fi X fo.

2. There is a neighborhood V of {F,} e, in Diff'(M x N) such for any G €V,
the pair (Pg, B) is a double blender, where Pg is the continuation of hyperbolic
Py = (p1,p2) and B is an embedded open disk in M x N.

Note that, this is not the only way to create blenders. In fact, one may create them
by a perturbation of a system exhibiting a quasi transversal homoclinic or heteroclinic
intersection, by the similar ways, but with more technical details (see [BD] and [N]).
Here we only considered the case where the unperturbed system is a product of two
systems, one of them with a transversal homoclinic intersection and the other one
with a hyperbolic saddle with weak hyperbolicity. Because it is sufficient for the

proof of our main theorems.
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Chapter 4

Proof of Theorem A

In this chapter we give the proof of Theorem A. The proof is constructive. It is divided
in five parts. First we introduce the perturbations in Section 4.1. Then in the four
sequel sections we prove that the perturbed systems satisfy the desired properties.
In Section 4.2 we prove the existence of a symplectic blender. Then in Section 4.3
we use the results of iterated function systems of recurrent diffeomorphisms (Section
2.2) to prove that the strong stable and unstable manifolds of almost all points in the
central manifold intersects the constructed blender. In Section 4.4 we show that this
property is robust under small perturbation, and here we use the dynamical properties
of the blender. Then we complete the proof in Section 4.5 by proving that there is a
hyperbolic periodic point such that its stable and unstable manifolds are both dense

in the set A x N in a robust way, concluding the robustly topological mixing.

4.1 The perturbations

Let r=1,2,...,00, f; € Diff, (M) and f, € Diff] (V) as in Theorem A. Let U C M
be a small simply connected open set, such that for some k € N, A :== " _, ff*(U)
is an invariant hyperbolic compact set for fF. By choosing U suitable and k large

enough, we may suppose that fF |, is conjugate to a shift of d symbols {1,..., d}.
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The required number d of symbols in the proof depends to dim/N and f; x fo. By
taking fF, and f¥ instead of f; and f,, we may assume that A is fi- invariant and
A = ,ez [T (U) is conjugate to a shift of symbols {1,...,d}, where d is sufficiently
large. We identify the set identify A with that set {1,...,d}2.

In order to define our local perturbation we first consider open sets A;; and pair-

wise disjoint open sets .Zij in the way that
Aij VA = {(2:)iez | 0 =4, 11 = j} and A;; C .»ZU

In a similar way we define A7 and Az as neighborhoods of Z%, where Z C {1,2,...,d}.
In addition we set A; . = U;A;;.

By the assumptions, f> has a J-weak hyperbolic periodic point p,, for some positive
§ = 0(f1, f2) close to zero. Suppose that T, N = E, ® E; . We consider p, € A a

hyperbolic fixed point for f;. Let Py = (p,,p,).

Let ¢° be the linear contracting map given by D fy B, - Proposition 2.3 gives a
number [ as a required number of elements of IF'S to obtain transitivity in some small
disk. This number only depends on the dimension of N and the contraction bound
of ¢*.

We fix the number d = 2l + 4, and its related k£ and U as above. And let
T={1,2,....d—4}, J1={1,d—3,d—2} and Jo = {1,d — 1,d}.

Let § > 0 is small enough and ¢ : [0, 1] — [0, 4]? is an smooth simple curve such
that (0) = (0,0).

Let Fo = f1 X fo.
For 1 € (0,1], F, is defined as the following. Let (e1,€2) := (i), and consider
Hamiltonians e,/ and e,k supported on pairwise disjoint sets as follows. Let (1

and 1).,, respectively their associated diffeomorphism. Now let ¥, = )., 0 9.,. Since

the support of 1).,’s are pairwise disjoint, they may commute with each others.
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We define
FM = \DM 9] F().

The aim of this chapter is to show that F}, has the properties claimed in Theorem A.

One may describe briefly the perturbation Hamiltonians as the following:

1. Let Hamiltonian i, : M x N — R supported on (A7 \ A1) x N, such that
e, © Fy has a symplectic blender. The detailed definition of hy is presented in

Section 4.2 and there we show the existence of a blender (P, B).

2. The Hamiltonian hy : M X N — R is supported on (Az \ Ay) x N and its
restriction to A x IV is locally constant with respect to variables in M. More

precisely,

Ve, 0 Fo(x,q) = (fi(x), 10 fa(q)), if x € Ag_s.,

¢€2 © FO(‘%Q) = (f1($),¢2 o fQ(Q)>7 if v € Ad—Q,*v

where ¢, and ¢y are obtained in the proof of Theorem 2.12 (1). In Section
4.3 using the symbolic dynamics and the result of Section 2.2 we show that for

almost every z in the fibers {z} x N,

W)z F)NB # @.

4.2 Constructing symplectic blender

Here we show that how to define the perturbation hy : M x N — R in order to
create a symplectic blender B = A7 x B. In fact, based on the affine models of
Chapter 3, we also sketch the proof of Theorem 3.9. Notice that Theorem A satisfies

the hypotheses of Theorem 3.9.
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B-4

[ 4

Symplectic
Blender

Figure 4.1: Support of local perturbations projected to A. The blocks with the same
color are in the support of the same Hamiltonians. No perturbation is made in the
black or white parts

Proof of Theorem 3.9.

Let x = s,u and ¢* be the linear (contracting/expanding) map given by D fo By, -
Proposition 2.3 gives the linear maps ¢7 1= ¢, ¢35, ..., ¢ on E;2, such that |pf—¢*| <
€1, and the corresponding IFS is transitive in some small disk D*, satisfying the
covering property. We let B = D® x D". By the Hartman-Grobman Theorem, one
knows that fy in some open set Ug C N is conjugate to the linear map ¢® x ¢" in B.

Now we define Hamiltonian A, in order to realize above IFS’s. Recall that v, is

the time one map of 61}~L1.

Fori=1,2,...,1, we let
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For simplicity we use the same notation for f; on Ug and its local linear maps

¢° x ¢" on B. Then, in follows that for 7,5 € Z,

FM(ZU,Q) = ¢£1 OFQ(ZE,(]) = (fl(x)7 (¢zs X QS;L)(Q))? if HAS Ai,ja q S Bv

We identify fi to its restriction to A. For any p = (p;)icz € A = {1,2,...,d}?,

the local and global unstable manifolds of p for f; are

Wiee® ;5 filA) = {(2:) | Vn <0,2; = p;}

Wp; filA) ={(z;) | Ino € Z,Yn < ng,z; = p;}

From the fact that F), is a product in each \A; ; x B then follows that W}, (p; fi|A) %
{q} is contained in the unstable manifold of (p, ¢). Since this set is an embedded disk
of the same dimension of the strong unstable subbundle associated to (p,q) follows

that the local and global strong unstable manifolds of (p, ¢) for F), are
VVloc(p’q; FM|F) = Vquéc(pa f1|A) X {Q} - {(xz) | vn S 0,1'7; - pz} X {Q},

Wuu p7q7F |F UFn loc (p7Q)7FM|F>)

n>0

And also, similar to the affine models, a u-strip may be defined by
A =~""x D" x {¢°}.

where v** is a local unstable leaf in Az for fi|A; D* is an open set in D", and ¢* € D?.
Thus, there is some ¢ € Z such that for any j € Z, the u-strip A intersects A, ; x B.

Therefore,

U’Y G) X Cbu (D*) {Qf(j)}7

JET
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uu

for some Vit local unstable leaves in Az for fi|A, and some @Gy € D?. Then, by

induction we get,

) D U Yitsy X 02(D") X {qix)}-

YeTk

We project this set along the strong unstable foliation and also along the stable
foliation. Then the fixed point of ¢} corresponds to the local stable manifold of F.
The iterations of the fixed point of ¢f under the IFS of ¢} ’s, also correspond to some
parts of the global stable manifold of Fy. The results of Section 2.1 shows that the IFS
of ¢}’s is transitive. Indeed, the fixed point of ¢} has a dense orbit in D* (under the
IFS of ¢%’s). Therefore, the projection of W*(F) along the strong unstable foliation
in B is dense on D". This implies that W*(Fp) intersects any u-strip in B.

Similarly we can show that W"(F;) intersects any s-strip in B. In other words,

the pair (P, B) is a symplectic blender for F),. ]

In addition, we have the following proposition which is a consequence of the first

part of Proposition 2.5.

Proposition 4.1. Let Ag := Az N A. Under the hypotheses of Theorem 3.9 it is

possible to create symplectic blender with the following additional property:

B-4  Any forward and backward iteration of a uu-leaf (ss-leaf) intersecting

Ap x B, intersects Ap X B in a uu-segment (ss-segment, respectively).

Consequently, the set of all points whose strong (un)stable manifolds intersect A x B,

18 an invariant set.

Note that we can not replace the set A x B by the open set B .
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4.3 Almost minimality of stable and unstable
foliations

In this section that the strong stable and unstable manifolds of almost all points in
the central manifold N, := {p, } x N intersects the constructed blender. We refer to

this property by the almost minimality of the strong stable and unstable foliations.

Proposition 4.2. Let p € A be a fived point of fi which is not in the support of
our perturbations. Then there is an open and dense set R C N with total Lebesque

measure such that for every q € R and for any n € Z, W““(Fg(}_j, q)NB+# .

Proof. The key elements in the proof are the symbolic dynamics, the results of
section 2.2 and Proposition 4.1.
We consider restriction of f; to A. For any p = (p;)iez € A = {1,2,...,d}%, the

local and global unstable manifolds of p for f are
Wige(p 5 fIA) = {(z:) [ Vn < 0,2; = pi}

W p; fIN) ={(x;) | Ing € Z,Yn < ng,x; = p;}

The above remark implies that the local and global strong unstable manifolds of (p, q)

for F), are
VVloc(p7 q; FM|F) = I/VZZC(pv f’A) X {q} = {(.CEZ) ’ vn S 07557; = pz} X {Q}v

W (p,q; FulT) = | Fp(Wist(F, " (p, q); FulD)).

n>0

Let T7 = fo, Ts = ¢1 0 fo and T3 = ¢ o fo, where ¢; and ¢, are given as in the
proof of Theorem 2.12 (1).

Let ¢ € Rec(fy) C N such that there is a finite sequence (o;)"; such that o; €

42



{1,2,3} and

We denote the set of all such points by R;.

Now, we consider

Wise(p) IFS arbitrary

_ _ (T -\ N L 7 S ~N 1 1 /_/H
ff—(ffi)—<~--7p—2;p—1ap0 ; @1,02,...,0pq, 1, 7mno+37"')7

where for : = 1,2, ..., nog,

=1 ifo,=1,
CLZ:d—?)lfO'Z:2,

It is clear that x € W*(p, f1|A) and so (z,q) € W"(p,q; F,|T"). We now take the
iterations of the point (x,q) under F),. Since F), restricted to A,, 7 x N is equal to

f1 x Ty,, inductively we have:
(fi(@), Ty, 0Ty, 0--- 0Ty, (q)) = Fy(x,q) € W(F,(p, q); Fp)-
In particular, for i = ng + 1, F}°"(z,¢) € B. So,
W (F* (p,q); F,) N B # 2.
Now we apply Proposition 4.1. It implies that for all n € 7Z,
W (F(p,q); F.) N B # @.

Let R the set all points ¢ € N such that the above intersection holds. We proved

that Ry C R. The set R is open, because B is open and (the compact parts of)
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the strong stable and unstable manifolds depends continuously to the points. On the
other hand, in Section 2.2 it was shown that the set R; has total Lebesgue measure.

This completes the proof. O

Remark 4.3. As a matter of fact, any skew product symplectic diffeomorphisms on
a connected manifold is in fact a direct product of two symplectic diffeomorphism.
Let us explain it for the Hamiltonians. Let U C R?*" x R?™, and h : U x R — R
be a Hamiltonian function and f be the time-one map of its corresponding flow. If
fz,y;p,q9) = (x,y,9(z,y;p,q)), where z; and y; are symplectic conjugate variables

and the same for p; and ¢;, then

oh _ o . _ Oh /)

== =0, pi= =5, = A
Ox; b 0q; 1 Op;

The first two equalities implies that h does not depend to x and y. So f is the product
id X g.

This is no longer true for disconnected invariant sets. So, we see that F), is a
skew-product on the disconnected invariant set A x N, while it could not be a skew

product on M x N.

4.4 Robustness of the almost minimality of
foliations

The hypothesis (b) in Theorem A implies that Fy is partially hyperbolic on ', :=

A x N which is locally maximal. More precisely by the results of [HPS| we have:

H-1 T'pg is normally hyperbolic and F' is plaque expansive (see [HPS, p.116 and
Theorem 7.2]).

H-2 There is a neighborhood U C Diff'(M x N) of F such that every G € U has a
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(locally maximal) invariant I'¢ homeomorphic to A x N and is a continuation

of FFO-

H-3 There is a G-invariant foliation on I'¢ by manifolds diffeomorphic to N that is,
the continuation of fibration defined on A x N. So G induces a homeomorphism
G on the quotient of I'¢; by the foliation. It then follows that G is conjugate to
fila (see [HPS, Theorem 7.1}).

H-4 G restricted to I'g is conjugate to a skew product G* : (z,w) — (f1(z), g.(w))

on A x N, which depends continuously on G.

Given N, CC N, let I'¢ v, C I'¢ the continuation of A x N, that is, the image of
A x N, by the homeomorphism given in H-2 above. We let N, := {p,} x N, and N,
is the continuation of N, for G.

In order to have all the above properties it is enough to consider the family {F),}

in the set U, by taking § > 0 small enough.

If W*(p, q; F,,)NB # @, then there is L > 0 large enough, such that W**(p, ¢; F,)N
B contains a uu-segment of B. B is open, so there is a neighborhood V{, ) of (p,q)
such that for any point z € V{, ), W"*(z; F},) N B contains a uu-segment of B.

In Section 4.3 we proved that the set R of points whose strong stable and unstable
manifolds intersects B is dense (and of total measure) in N,. Now we see that R
contains an open dense subset of N,.

We call X = N \ R the exceptional set, which is a closed set with empty interior
and of zero measure.

Then, given any compact set R. C R, there is some large L such that for any
z € R., W"(2; F,) N B contains a uu-segment of B.

Since the compact parts of (strong) stable and unstable manifolds depends con-

tinuously to the diffecomorphism, there exists W, r., a neighborhood of F),, such that
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for any G € W, g., and any z € Igg., Wi (2z;G) N B contains a uu-segment of B
(w.r.t. G).
In other words, we have robustness of the almost minimality of strong stable and

unstable foliations. O

4.5 Transitivity and topological mixing

Recall the following two general fact on symplectic diffeomorphisms.

S-1 A normally hyperbolic invariant submanifold of symplectic diffeomorphism is a
symplectic submanifold (with a canonical 2-form which is the restriction of the

given symplectic form) and

S-2 The restriction of a symplectic diffeomorphism to its normally hyperbolic in-

variant submanifolds is preserving the restricted symplectic form.

Therefore, using H-1 - H-4, S-1 and S-2, the hypothesis (b) in Theorem A, yield
that if the neighborhood U of F, is small enough, then for any G € U, G| N, is
(smoothly) conjugate to a diffeomorphism g which is C" close to f; in Diff! (N) and
so all points in ]\70 are non-wandering for G. As mentioned before, the family F), is
constructed in U.

Let N, be any open and bounded domain in N. Given v > 0, let X, = B_Z,(NC N
X). And let R., = N.\ X., C R.

Now for any G € W, g, , we first show that,

R., C Ws(Pg) N Wu(Pg),

recall that, Pg is the continuation of the hyperbolic point (p,, p,).
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Let A be an open set in I'g such that A N Rc,l, # . Then, for any large number
ng, there is a point z* € A such that G"(z*) € AN ]:267,, for some n > ny.

Let v = W"(z*; G)NA, then for some large n > 0, G"(y) has diameter larger than
L. and so contains W*(G"(z*); ). Since G"(z*) € R.,, we conclude that G"(v)
contains a wu-segment in B. Thus G™(A) contains a u-strip in . The property B-4

of double-blender implies that W*(Pg; G) intersects G"(A) and so

We(Ps;G)NANTg # 2.

For any open set A’ in I'g such that A’ N RC,V # &, similarly we can show that
some iteration of A’ contains a s-strip in the blender B, and so W*(zg; G) intersects
A’ in T'g.

In other words, the closure of stable and unstable manifolds of P for G are both
contain Rc,,,, for any NC and v.

Now, H-4 and the density of f; - stable and unstable manifold of p, in A implies

that,

FG,Rc,u C WS(PG; G) N W“(PG; G)

In particular for any F,

I'p, C Ws(FPy; F,) N We(Po; F,).

Whenever the stable and unstable manifolds of a periodic hyperbolic point are
both dense on some set, the inclination Lemma provides transitivity and topological
mixing.

Thus, for any N, and v > 0,

i) R., is topological mixing for G.

ii) I g, is strictly topological mixing for G.
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And in particular,
i) N, is topological mixing for any F),
ii) 'y, = A X N is strictly topological mixing for any F,.
The proof of Theorem A is completed. H

Remark 4.4. In the perturbations introduced in the proofs we could use the generating
functions instead the Hamiltonians. It lets us to unify the proof of Theorem A and
its variation for the Hamiltonians. The Hamiltonian version of Theorem A shall be

used in the proof of Theorem C.
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Chapter 5

Instabilities in nearly integrable

systems

5.1 Instability versus recurrency

The following basic lemma shall be used in the proof of Theorem C.

Lemma 5.1. There is a residual subset R of int(Q(f)) such that any point in R is

a (positively and negatively) recurrent point.

Proof. Let B = {U; : i € N} be a countable topological base in int(£2(f)).
For every i € N, there is n; € N such that f(U;) NU; = @. Let x; € V; :=
f7(U;) NU;. Since By, = {U; : i > k} is also a topological base, the set {z;}7°, is
dense in int(Q(f)). So |J;2, Vi is open and dense subset of int(€(f)). Then, R* :=
Mre; Uiz Vi is residual. We claim that RT C Rec™(f). Since 9B is a topological base,
for any e > 0 there is a k. such that, if i > & then diam(U;) < e. Now, for any z € R™*
and for i > ke, € V;. So there is n; € N such that, d(f"(z),z) < diam(U;) < e.
Since € > 0 was arbitrary, this implies that x is a positively recurrent point. We could
do it for f~! to obtain a residual subset R~ of negatively recurrent points. Any point

in the residual set R = R~ NR™" is positively and negatively recurrent. O]
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We say that a point z converges to infinity if for any bounded set U ther is a
number ng such that for any n > ng, f,.(z) ¢ U.

The following lemma is a corollary of a variation of Poincaré recurrence Theorem
for unbounded measures (due to Hopf) which yields that for conservative homeo-
morphisms on the manifolds with unbounded measure, almost all points either are

recurrent or converge to infinity.

Lemma 5.2. Let f be a conservative homeomorphism on a non-compact manifold
with unbounded Lebesque measure. Then Lebesgue almost all points in Q(f)c converge

to infinity, in the future and also past iterations.

As a matter of fact, similar results may be stated on each fiber of the invariant
sets such as I'g in Theorem A. That is, “almost all points” means “almost all points
with respect to the Lebesgue measure on each fiber”, also residual and open sets in
the restricted topology in fibers.

Now, suppose that the assumption (b) in Theorem A fails. For instance, suppose
that Q(f2) = N but for some f close to fo, Q(fg) C N. In this case, the same results
on transitivity and topologically mixing hold on the interior of non-wandering set.
Indeed, we used the hypothesis ( f~2> = N, only in the last step of the proof to show
that some of the arbitrary large iterations of generic points in N, remain in some
desired compact set N... This follow from Lemma 5.1.

In contrast, let U. CC M x N be an open set and I'c. = U, N I'¢ such that
Lge € QUG). Then, almost all points in some open subset of U, converge to infinity

in the past and in the future. Moreover, there is an open set V. C U, such that
1. VonTg. # 2.

2. Almost all (w.r.t the restricted Lebesgue measure) points in V. N N¥ goes to
infinity both in the past and the future, where N7 is the intersection of some

fiber N* with U.. In this case, we have a sense of instability, that is, orbits which
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come from infinity and stay for some iterations near a transitive invariant set

and then go back to infinity.
These facts together with Theorem A leads to a dichotomy in this context:

existence of large robustly transitive sets or

existence of wandering orbits converging to infinity.

5.2 Proofs of Theorem C and Corollary D

In this section we complete the proofs of Theorem C and Corollary D. First we recall

the following result of Zenhder [Z] and Newhouse [Ne].

Theorem 5.3 (Zenhder-Newhouse). There is a residual set R C Diff] (M), 1 <
r < oo, such that if f € R, then any quasi-elliptic periodic point of f is a limit of

transversal homoclinic points of f.

A periodic point p of f of period n is called quasi-elliptic if T,,f™ has a non-real
eigenvalue of norm one, and all eigenvalues of norm one are non-real. Notice that
if f is Anosov, then robustly there is no quasi-elliptic periodic point. Indeed, C"

generically every periodic point is either hyperbolic or quasi-elliptic (cf. [Ne]).

Proof of Theorem C. Let f; and f, be the time one map of the flow generated
by the Hamiltonians h; and hsy respectively. Since f, is integrable, it is dominated by
fila, and moreover a generic small perturbation of fy has some hyperbolic periodic
point with arbitrary weak hyperbolicity. Let fg be a small perturbation of f5 such
that its non-wandering set is the whole manifold N and has a hyperbolic periodic
point (with weak hyperbolicity). If f, is enough close to f, then it is also dominated
by fi|a. Now we may repeat the prove of Theorem A for Fy = f; x f2. Note that all
the perturbations had been done by some Hamiltonians. Then we obtain a family of

Hamiltonians H,, for each of which the time one map F), of the corresponding flow
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satisfies the properties (1) and (2) in Theorem A. Fix N, CC N and v > 0. As in
Theorem A, there exists a neighborhood W, , of the constructed family {H, : u > 0}
such that if H € W,, and G is its corresponding time one map, then one of the
following possibilities hold, either R, C Q(G) or not. Here R,, is a compact set no
exceptional point (see the definition in Section 4.5) and Rw is its continuation w.r.t.
G. If R, C Q(G) then we may follow the final part of the proof of Theorem A to show
that ]:267,, is topologically mixing. Otherwise, if R, ¢ Q(G) then we use the results
of Section 5.1. In this case, for a residual subset of R, N Q(f)® all points converge to

infinity, both in past and in the future. This completes the proof. m

Proof of Corollary D. Let M = R"™ x T" and N = R x T!. First we perturb the
hamiltonian h; on M to obtain a transversal homoclinic intersection. Since h; has
a non hyperbolic periodic point, by a small perturbation we make it quasi-elliptic.
Theorem 5.3 yields that for any C" generic perturbation A, of hy, this orbit is accumu-
lated by hyperbolic periodic points with homoclinic transversal intersections. Note
that ho is dominated by the restriction of hi on the hyperbolic basic set obtained
from the homoclinic transversal intersection.

Now, we take another small (generic) perturbation hs of the integrable Hamilto-
nian hy on N to create a weak hyperbolic periodic point.

Since r > 5, N is of dimension two and the integrable hamiltonian hs is non-
degenerate, then KAM Theorem implies that the non-wandering set robustly contains
the manifold N. In other word, the time one map f5 of the flow generated by ho
satisfies the hypothesis (b) of Theorem A. In particular all the hypotheses of Theo-
rems A and C hold for h; and hy (and their associated time on maps). Now we use

Theorems A and C, and it completes the proof. O

Remark 5.4. If the dimension of N is two, then either any point in N, belongs to some
compact invariant region limited by two invariant curves or there is an unbounded

Birkhoff region of instability. In the former case we obtain transitivity since the
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hypothesis (b) of Theorem A holds. In the latter case the instability region contains
orbits starting near to one boundary and converge to infinity (this is a classical result
of Birkhoff). As in the Corollary C, if the integrable system on N is non-degenerate
and r > 5, then using KAM Theorem the hypothesis (b) holds and the second case
does not occur. In the lower regularity or in the degenerate case the hypothesis (b)
does not hold in general. In this case the union of the images of the non-wandering
set in /N, under all the su-holonomy maps, contains the boundary of the Birkhoff
instability region. It implies that the orbit of any open set intersecting the non-

wandering set in N, is unbounded and its closure contains the non-wandering set in

N,

0°
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Chapter 6

Some remarks and open problems

The main results of this paper arise several natural questions. Here we mention some
of them. The first remark is concerned with a possible alternative approach to prove

transitivity.

Remark 6.1. In the context of Theorem A, the accessibility with the density of recur-
rent point implies transitivity (but not mixing). Without the global hyperbolicity it
is difficult to obtain “stable” accessibility. First, it seems essential to suppose that the
Hausdorff dimension of the hyperbolic set A to be large enough. Second, for stability
of accessibility one needs the continuity of Hausdorff dimension of the projections of
the (hyperbolic) Cantor set along the invariant foliations. Unfortunately, the stable
and unstable foliations are not smooth, and so the Hausdorff dimension of the pro-
jections do not vary continuously. A similar difficulty occurs in the persistence of

homoclinic tangencies in higher dimensions.

1. Transitivity and partial hyperbolicity

The first question concerns the genericity of the robustly mixing partially hyperbolic
sets. Theorem A suggests that the answer of the following problem would be positive.

See also [N].
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Problem 6.2. Does there exist a residual set R C Diff] (M), 1 < r < oo, such that if
f € R, then any normally hyperbolic invariant submanifold N for f with transversal

intersection between its stable and unstable manifolds is topologically mixing, provided

that N C int(Q(f))?

In contrast, as in the case of C! topology (see [DPU], [BDP| and [HT]), we believe
that the partial hyperbolicity condition is necessary for robustness of mixing in any
C" topology. This problem is also related to the C" stability conjecture which is still

open.

Problem 6.3. Let (M,w) be a symplectic manifold. Suppose that I" is robustly topo-

logical mizing invariant set for f in Diff] (M). Is it a partially hyperbolic set?

2. Ergodicity and stable ergodicity

Let f; and f5 as in Theorem A. Suppose that N is compact. Then the topologically
mixing invariant set obtained in Theorem A is laminated by central manifolds dif-
feomirphic to N. This lamination is normally hyperbolic. See H-1-H-4, S-1 and S-2,
in Section 4.4. As a matter of fact, this implies that for all symplectic diffeomorphism
G near to f1 X f,, there is an invariant measure p_, supported the continuation of
A x N. Moreover, the measure p,, is a skew product of the Lebesgue measure on the
fibers (i.e. the volume form obtained by the restriction the symplectic 2-form on the
fibers) over the Bernoulli measure of the shift on A = {1,..., d}%.

As was mentioned in the introduction, Theorem A can be seen as a local and
topological version of the example Shub and Wilkinson [SW], where they proved that
the product of “Anosov x Standard map” on T* is C°° approximation by (symplectic)

stably ergodic systems. A natural problem arises:

Problem 6.4. Is it possible to C*° approzimate the product fi X fo of Theorem A by
symplectic diffeomorphisms G for which the invariant p, supported the continuation

of Ax N is ergodic or stably ergodic? Is the compactness assumption on N necessary?
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3. Other contexts.

The other problems concern natural extensions and applications of our results and

method in similar contexts. For instance,

1. analytic symplectic and Hamiltonian systems,

2. geodesic flows on manifolds of dimensions larger that two,

3. perturbations of geodesic flows on surfaces by periodic potentials,

4. the dynamics near the (quasi) elliptic periodic points in dimensions > 4,
5. generic energy levels of time independent Hamiltonian systems,

6. specific mechanical problems such as restricted 3-body problem.

4. On the abundance of instability

Let the Hamiltonian H, is written as the sum of two functions which depend to
different variables. In this paper we have proved that, if H, is integrable or has a
partially hyperbolic invariant set, then Hy + h exhibits instability (Arnold diffusion)
and large topological mixing set, where h = hg + €171 + €2ho, the C"-norm of h;’s are
one, and hg is generic (open dense), hy is not generic, but hy isarbitrary. Moreover,

O<eg < €i<h/1, ho)
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