Agradecimentos

Agradeço a minha família, Eliséte, Batista, Beto e Kathy, pela compreensão e apoio nas minhas decisões, e pelo carinho incondicional. Ao professor Edmilson Pontes (in memoriam), pela dedicação no ensino e pela capacidade de cativar, que foram decisivas para meu ingresso na matemática. Ao meu orientador, Marcelo Viana, pela paciência, amizade, atenção e orientação magnífica, que me fazem cada vez mais seu admirador.

Gostaria de agradecer as pessoas que me ajudaram ao longo da minha vida e me honraram com sua amizade. Aos amigos de Maceió: Marcos, Junior, Coda e Wagner que proporcionaram bons momentos e dividiram o fardo da distância da terra natal. Aos companheiros da sala 321, Alexander e Matheus, por terem me obrigado a cultivar o dom da paciência ;-). Ao grupo de sistemas dinâmicos pela convivência amigável e profícua, especialmente ao Ali e o Jairo, pelas conversas matemáticas. Aos professores Bruno e Elaine pela força nos momentos turbulentos da UFRJ. Agradeço a equipe do Triathlon, pela convivência, especialmente ao meu amigo Bernardo, pela força nos momentos difíceis da tese. Aos meus compadres Fábio e Carmen Rosa, que me dão a honra da sua convivência. Finalmente, a todos os funcionários e demais alunos do IMPA, que ao longo desse tempo me fizeram me sentir em casa.

Equilibrium States for Non-uniformly Expanding Maps

Krerley Oliveira^∗

October 24, 2002

Abstract

We construct equilibrium states, including measures of maximal entropy, for a large (open) class of non-uniformly expanding maps on compact manifolds. Moreover, we study uniqueness of these equilibrium states, as well as some of their ergodic properties.

1 Introduction

The theory of equilibrium states originates from statistical mechanics and was thoroughly developed, in the classical setting of uniformly hyperbolic dynamical systems, in the seventies and eighties, especially by Sinai, Ruelle, Bowen, Parry and Walters.

In general, given a continuous transformation f : M → M on a compact metric space, and given a continuous function ϕ, we call equilibrium state for (f, ϕ) a Borel probability measure μ_ϕ such that

h_{μϕ} (f) + ∫ ϕdμ_ϕ = sup_{μ∈I}{h_μ(f) + ∫ ϕdμ}, where the supremum is taken over the set I of f-invariant probabilities. That is, an equilibrium state is a maximum of the function F_ϕ : I → R defined by

F_ϕ(μ) = h_μ(f) + ∫ ϕdμ. It is now classical that for uniformly hyperbolic diffeomorphisms, as well as for uniformly expanding maps, equilibrium states always exist and they are unique if the potential is Hölder continuous, assuming that the transformation f is transitive. See [Pa64, Si72, Bow75, Rue69]. Moreover, the equilibrium states

∗The author is supported by CNPq, Brazil.

coincide with the Gibbs measures, that is, the invariant probability measures satisfying

μ(B_ϵ(n, x)) ∼= exp ( n−1∑ i=0 ϕ(f^i(x)) − nP ) (1)

for some P ∈ R, called the pressure of ϕ, where B_ϵ(n, x) is the dynamical ball of length n and size ϵ around x, B_ϵ(n, x) = {y ∈ M; d(f^i(y), f^i(x)) ≤ ϵ, for every 0 ≤ i ≤ n − 1}, and ∼= means equality up to a uniform factor, independent of x and n. In this setting, the pressure P is given by P = sup_{μ∈I} { h_μ(f) + ∫ ϕdμ } . On the other hand, little is know concerning equilibrium states for dynamical systems outside the uniformly hyperbolic category. The goal of this work is to initiate such a theory for a robust (open) class of non-uniformly expanding maps. This class will be defined precisely in the next section. Here we just mention one of its main features:

lim sup n→∞ 1 n n−1∑ i=0 log ‖Df(f^i(x))^{−1}‖ ≤ −2c < 0 (2)

for “most” points, including a full measure set relative to the equilibrium states μ_ϕ that we construct. We prove that equilibrium states do exist for every potential ϕ with small variation, that is, such that

sup ϕ − inf ϕ < K (3)

for some convenient constant K. As a consequence of (2), these measures are (non-uniformly) expanding, that is, μ_ϕ-almost every point has only positive Lyapunov exponents. Moreover, μ_ϕ has a weak Gibbs property like (1) with ∼= meaning equality up to a factor with subexponential growth.

The basic strategy for the construction is to find a subset K of invariant probability measures which are expanding and such that μ-almost every point has infinitely many hyperbolic times, in the sense of [Al97, ABV00]. We prove that ν → F_ϕ(ν) is upper-semicontinuous on K and there exist maximum on K of F_ϕ. Using (3) we check that the maximum obtained on K is really a maximum of F_ϕ over all invariant probabilities.

These arguments apply, in particular, when the potential ϕ is constant, in which case μ_ϕ maximizes the entropy: h_{μϕ} (f) = h_{top}(f).

However, in this case we can go much further. Using a different approach, via semi-conjugation to a one-sided subshift of finite type, we are able to prove that the maximal entropy measure is unique and a Markov measure. If f is topologically mixing, this measure is Bernoulli.

Closing this introduction, we mention some questions that are naturally raised by our results. The first one is to prove the uniqueness, or at least the finiteness of the equilibrium states for Hölder potentials in the general situation of (3), under topological transitivity. The other one concerns the need of the hypothesis (3) itself. Ongoing work indicates that equilibrium states do exist also for potentials with large variation, but they may have both positive and negative Lyapunov exponents: from the viewpoint of these measures, the dynamics looks hyperbolic, rather than expanding.

2 Setting and Statements

We always consider a C^{1+α} local diffeomorphism f : M^l → M^l, defined on a compact Riemannian manifold with dimension l. Let m be normalized Lebesgue measure on M. We suppose that f satisfies, for positive constants δ_0, β, δ_1, σ_1, and p, q ∈ N,

(H1) There exists a covering B_1, . . . , B_p, . . . , B_{p+q} of M such that every f|B_i is injective and

• f is uniformly expanding at every x ∈ B_1 ∪ · · · ∪ B_p:

‖Df(x)^{−1}‖ ≤ (1 + δ_1)^{−1}.

• f is never too contracting: ‖Df(x)^{−1}‖ ≤ (1 + δ_0) for every x ∈ M.

(H2) f is everywhere volume-expanding: | det Df(x)| ≥ σ_1 with σ_1 > q.

Define V = {x ∈ M; ‖Df(x)^{−1}‖ > (1 + δ_1)^{−1}}. (H3) There exists a set W ⊂ B_{p+1} ∪ · · · ∪ B_{p+q} containing V such that

M_1 > m_2 and m_2 − m_1 < β

where m_1 and m_2 are the infimum and the supremum of | det Df| on V , respectively, and M_1 and M_2 are the infimum and the supremum of | det Df| on W^c, respectively.

Definition 2.1. The supremum of F_ϕ over the set all invariant probability is called the pressure of ϕ and will be denoted by P (ϕ)

Definition 2.2. Given ϕ : M → R continuous, we say that ϕ has ρ-low variation if max_{x∈M} ϕ(x) < P (ϕ) − ρh_{top}(f).

Our first main result is

Theorem A. Assume hypotheses (H1), (H2), (H3) hold, with δ_0 and β sufficiently small. Then, there exists ρ such that if ϕ is a continuous potential with ρ-low variation then ϕ has some equilibrium state. Moreover, these equilibrium states are hyperbolic measures, with all Lyapunov exponents bigger than some c(δ_1, σ_1, p, q) > 0, and Jacobian bigger than 1.

For maximal entropy mesures we are able to say a lot more, under the following additional hypothesis:

(H4) There exists a Markov partition R = {R_1, . . . , R_d} for f such that

• R is transitive: for any i, j there exists a k such that f^k(R_i)∩R_j ≠ ∅;

For simplicity in the proves we also assume that W ⊂ R_1.

Definition 2.3. The dynamical ball of length n and size ϵ around x is the set B_ϵ(n, x) = {y ∈ M; d(f^i(y), f^i(x)) ≤ ϵ, for every 0 ≤ i ≤ n} We say that a system (f, μ) is Bernoulli (respectively Markov), if it is ergodically equivalent to a subshift of finite type endowed with a Bernoulli (respectively Markov) measure. See e.g. [Mañ87] for definitions.

Theorem B. Assume hypotheses (H1), (H2), (H3), (H4) hold with δ_0 and β sufficiently small. Then there exists a unique invariant measure μ_{max} with h_{μmax} (f) = h_{top}(f). This measure also satisfies,

1. all Lyapunov exponents of μ_{max} are larger than some c(δ_1, σ_1, p, q) > 0;

2. μ_{max} a weak Gibbs measure for ϕ = 0, in the sense that for μ-almost every x ∈ M and any n ≥ 1 there exist constants K_n(x), such that

K_n(x)^{−1} ≤ μ_{max}(B_ϵ(n, x)) e^{(−nhtop(f ))} ≤ K_n(x) and lim_{n→∞}^1_n log K_n(x) = 0.

3. (f, μ_{max}) is a Markov system and, if f is topologically mixing, a Bernoulli system.

Remark 2.4. Since the pressure P (ϕ) is continuous in C^0 topology, the lowvariation is a open condition in the C^0 topology. This provide us robustness in the class of the low variation continuous potentials.

Aknowledges: This article is my Phd tesis at IMPA. I am thankful to Ali Tahzibi for suggestions and many fruitful discussions, J. Bochi for mathematical conversations and specially to my advisor Marcelo Viana for his exceptional advice and friendship. Also, I thank to IMPA and its staff and the CNPq for the the financial support.

3 Examples

In this section, we sketch the construction of a non-hyperbolic map f_0 that satisfies the conditions in theorems A and B above. It will be clear from this construction that these conditions hold, in fact, for every map f C^1-close to f_0.

We start by considering any Riemann manifold that supports an expanding map g : M → M. For simplicity, choose M = T^n the n-dimensional torus, and g an endomorphism induced from a linear map with eigenvalues λ_n > · · · > λ_1 > 1. Denote by E_i(x) the eigenspace associated to the eigenvalue λ_i in T_xM.

Since g is an expanding map, g admits a transitive Markov partition R_1, . . . , R_d with arbitrary small diameter. We may suppose that g|R_i is injective for every i = 1, . . . , d. Replacing by a iterate if necessary, we may suppose that there exists a fixed point p_0 of g and, renumbering if necessary, this point is contained in the interior of the rectangle R_d of the Markov partition.

Considering a small neigbourhood W ⊂ R_d of p_0 we deform g inside W along the direction E_1. This deformation consists essentially in rescaling the expansion along the invariant manifold associated to E_1 by a real function α. Let us be more precise:

Considering W small, we may identify W with a neighbourhood of 0 in R^n and p_0 with 0. Without loss of generality, suppose that W = (−2ϵ, 2ϵ) × B_{3r}(0), where B_{3r}(0) is the ball or radius 3r and center 0 in R^{n−1} . Consider a function α : (−2ϵ, 2ϵ) → R such α(x) = λ_1x for every |x| ≥ ϵ and for small constants γ_1, γ_2:

1. (1 + γ_1)^{−1} < α^′(x) < λ_1 + γ_2

2. α^′(x) < 1 for every x ∈ (−^ϵ_2 ,^ϵ_2 );

3. α is C^0-close to λ_1: sup_{x∈(−ϵ,ϵ)} |α(x) − λ_1x| < γ_2,

Also, we consider a bump function θ : B_{3r}(0) → R such θ(x) = 0 for every 2r ≤ |x| ≤ 3r and θ(x) = 1 for every 0 ≤ |x| ≤ r. Suppose that ‖θ^′(x)‖ ≤ C for every x ∈ B_{3r}(0). Considering coordinates (x_1, . . . , x_n) such that ∂_{xi} ∈ E_i, define f_0 by:

f_0(x_1, . . . , x_n) = (λ_1x_1 + θ(x_2, . . . , x_n)(α(x_1) − λ_1x_1), λ_2x_2, . . . , λ_nx_n)

Observe that by the definition of θ and α we can extend f_0 smoothly to T^n as f_0 = g outside W . Now, is not difficult to prove that f_0 satisfies the conditions (H1), (H2), (H3) and (H4) above.

First, we have that ‖Df_0(x)^{−1}‖^{−1} ≥ min_{i=1,...,n} ‖∂_{xi} f_0‖. Observe that:

∂_{x1} f_0(x_1, . . . , x_n) = (α^′(x_1)θ(x_2, . . . , x_n) + (1 − θ(x_2, . . . , x_n))λ_1, 0, . . . , 0)

∂_{xi} f_0(x_1, . . . , x_n) = ((α(x_1) − λ_1)∂_{xi} θ(x_2, . . . , x_n), 0, . . . , λ_i, 0, . . . , 0), for i ≥ 2.

t < 0 t > 0

p_1 p_0 p_2 p_0

Figure 1: Pitchfork bifurcation

Then, since ‖∂_{xi} θ(x)‖ ≤ C for every x ∈ B_{3r}(0), and α(x_1) − λ_1x_1 ≤ γ_2 we have that ‖∂_{xi} f_0‖ > (λ_i − γ_2C) for every i = 2, . . . , n. Moreover, by condition 1, ‖∂_{x1} f_0‖ ≤ max{α^′(x_1), λ_1} ≤ λ_1 + γ_2, if we choose γ_2 small in such way that λ_2 − γ_2C > λ_1 + γ_2 then:

‖∂_{xi} f_0‖ > ‖∂_{x1} f_0‖, for every i ≥ 2.

Notice also that ‖∂_{x1} f_0‖ ≥ min{α^′(x_1), λ_1} ≥ (1 + γ_1)^{−1}. This prove that:

‖Df_0(x)^{−1}‖^{−1} ≥ min_{i=1,...,n} ‖∂_{xi} f_0‖ (1 + γ_1)^{−1}.

Since f coincides with g outside W , we have ‖Df_0(x)^{−1}‖ ≤ λ^{−1}_1 for every x ∈ W^c. Together with the above inequality, this proves condition (H1), with δ_0 = γ_1.

Choosing γ_1 small and p = d − 1, q = 1, B_i = R_i for every i = 1, . . . , d, condition (H2) is imediate. Indeed, observe that the Jacobian of f_0 is given by the formula:

det Df_0(x) = (α^′(x_1)θ(x_2, . . . , x_n) + (1 − θ(x_2, . . . , x_n))λ_1) n∏ i=2 λ_i. Then, if we choose γ_1 < ∏_n i=2 λ_i − 1:

det Df_0(x) > (1 + γ_1)^{−1} n∏ i=2 λ_i > 1. Therefore, we may take σ_1 = (1 + γ_1)^{−1} ∏_n i=2 λ_i > 1. To verify property (H3) for f_0, observe that if we denote by

V = {x ∈ M; ‖Df_0(x)^{−1}‖ > (1 + δ_1)^{−1}},

with δ_1 < λ_1 − 1, then V ⊂ W. Indeed, since α(x_1) is constant equal to λ_1x_1 outside W we have that ‖Df_0(x)^{−1}‖ ≤ λ^{−1}_1 < (1 + δ_1)^{−1}, for every x ∈ W^c.

Given γ_3 close to 0, we may choose δ_1 close to 0 and α satisfying the conditions above in such way that, sup x,y∈V α^′(x_1) − α^′(y_1) < γ_3.

If m_1 and m_2 are the infimum and the supremum of | det Df_0| on V , respectively,

m_2 − m_1 ≤ C( sup_{x,y∈V} α^′(x_1) − α^′(y_1)) < γ_3C,

where C =^n ∏ i=2 λ_i. Then, we may take β = γ_3C in (H3). If M_1 is the infimum

of | det Df_0| on W^c, M_1 > m_2, since λ_1 > (1 + δ_1) ≥ sup_{x∈V} α^′(x). Condition (H4)

is clear from the construction, since f_0 = g outside W ⊂ R_d, so the Markov property of {R_1, . . . , R_d} is not affected by the pertubation.

The arguments above show that the hypotheses (H1), (H2), (H3) and (H4) are satisfied by f_0. Moreover, if we one takes α(0) = 0, then p_0 is fixed point for f_0, which is not a reppeler, since α^′(0) < 1. Therefore, f_0 is not a uniformly expanding map.

It is not difficult to see that this construction may be carried out in such way that f_0 does not satisfy the expansiveness property: there is a fixed hyperbolic saddle point p_0 such that the stable manifold of p_0 is contained in the unstable manifold of two other fixed points (see figure 1).

For a discussion of related examples see [Ca93] and [BV00].

4 Expanding measures and hyperbolic times

The proof of Theorem A occupies this section and the next one. Let us begin by detailing a bit more our strategy to prove the existence of equilibrium states:

• To exhibit a subset K of invariant measures such that all their Lyapunov exponents are positive, and almost every point has infinitely many hyperbolic times.

• To show that there exists a common generating partition for all the measures in K. This allows us to prove that the function μ → h_μ(f) + ∫ ϕdμ is upper-semicontinuous on K. Using this, we get that the maximum of h_μ(f) + ∫ ϕdμ for measures μ in K is attained.

• To prove that if the potential has low variation, the maximum obtained over K is, in fact, a global maximum for the function h_μ(f) + ∫ ϕdμ over all invariant measures.

Let us begin by stating our precise conditions on the constants δ_0 and β in the theorem. According to [ABV00, Appendix], if f satisfies (H1) then there exists γ_0 < 1 depending only on (σ_1, p, q) such that Lebesgue almost every point spends at most a fraction γ_0 of time inside B_{p+1} ∪ · · · ∪ B_{p+q}.

Reducing δ_0 if necessary, we may find constants α > 0, as close to 1 as we want, and c > 0 such that

(1 + δ_0)^α(1 + δ_1)^{−(1−α)} < e^{−2c} < 1. (4)

We take α > γ_0. By hypothesis (H3), m_2 < M_1 and m_2 − m_1 < β. So, taking β and δ_0 small, and α close enough to 1, we ensure that

αm_2 + (1 − α)M_2 < γ_0m_1 + (1 − γ_0)M_1 − l log(1 + δ_0). (5)

Preparing the definition of K, we introduce the convex set K_α ⊂ I given by K_α = {μ ∈ I; μ(V ) ≤ α}. Since Lebesgue almost every point spends at most a fraction γ_0 < α of time inside V ⊂ B_{p+1} ∪ · · · ∪ B_{p+q} , all the ergodic absolutely continuous invariant measures constructed in [ABV00] belong to K_α. In particular, K_α is nonempty. We will see that K_α contains the equilibrium states of potentials with low variation.

Let us recall the ergodic decomposition theorem, as it is proven in [Mañ87]:

Theorem 4.1. Given any invariant measure, there are ergodic invariant measures {μ_x : x ∈ M} depending measurably on the point x and such that ∫ fdμ = ∫ ( ∫ fdμ_x)dμ for every f ∈ L^1(dμ).

Moreover, this decomposition {μ_x : x ∈ M} is essentially unique and, in fact, μ_x = lim n^{−1} ∑_{n−1} j=0 δ_f j_{(x)} at μ-almost every point.

Our distinguished set of invariant measures is the non-empty set K ⊂ K_α defined by

K = {μ ∈ I; μ_x ∈ K_α for μ-a.e. x}

Definition 4.2. We say that a measure ν is f-expanding with exponent c if for ν-almost every x ∈ M we have:

lim sup n→+∞ 1 n n−1∑ j=0 log ‖Df(f^j (x))^{−1}‖ ≤ −2c < 0.

Remark 4.3. If ν is an ergodic invariant measure, by the ergodic theorem the above definition is equivalent to ∫ log |Df^{−1}|dν ≤ −2c. Remark 4.4. Given any ergodic invariant measure ν, the Lyapunov exponents of (f, ν) are all positive if and only if ν is f^N -expanding for some iterate N. See [ABV00]. Also, if every invariant measure ν is f-expanding, then f is a uniformly expanding map. See [AAS01].

In general, N depends on ν. So the following question remains open:

Question 1. If f has positive Lyapunov exponents for every invariant measure, is f necessarily a uniformly expanding map?

The next statement proves that all measures in K are f-expanding, with uniform exponent. Let c > 0 be as in (4).

Lemma 4.5. Every measure in μ ∈ K is f-expanding with exponent c:

lim sup n→+∞ 1 n n−1∑ j=0 log ‖Df(f^j (x))^{−1}‖ ≤ −2c < 0 for μ-almost every x ∈ M.

Proof. Suppose that μ ∈ K is ergodic. Since μ ∈ K_α and μ(V ) ≤ α, by the ergodic theorem almost every point spends a fraction less than α inside V : there exist an invariant set A with μ(A) = 1 such that for every x ∈ A, lim_{n→∞} 1 n n−1∑ i=0 χ_V (f^i(x)) ≤ α.

By hypothesis (H1), we have that ‖Df(y)^{−1}‖ ≤ (1 + δ_0) for every y ∈ V . Moreover, ‖Df(y)^{−1}‖ ≤ (1 + δ_1)^{−1} for y ∈ V^c. This implies that

1 n n−1∑ i=0 log ‖Df(f^i(x))^{−1}‖ ≤ 1 n log(1 + δ_0)^{αn}(1 + δ_1)^{(1−α)n}

≤ log(1 + δ_0)^α(1 + δ_1)^{(1−α)} < −2c < 0

for all x ∈ A.

To finish , let H be the set of x that satisfy the condition in the conclusion of the lemma. Since every μ ∈ K is μ = {μ_x} a convex combination of ergodic measures μ_x in K_α, by the previous case, μ_a(H) = 1 for μ almost every a, and this implies that μ(H) = ∫ μ_x(H)dμ = 1.

We need the key notion of hyperbolic time, first introduced by Alves [Al97].

Definition 4.6. We say that n is a hyperbolic time for x with exponent c, if for every 0 ≤ j ≤ n:_{j−1} ∏ k=0 ‖Df(f^{n−k}(x))^{−1}‖ ≤ e^{−cj} . To prove that for an f-expanding measure almost every point admits infinitely many hyperbolic times, we need the following lemma due to Pliss. See for instance [ABV00] for a proof.

Lemma 4.7. Given A ≥ c_2 > c_1 > 0, let d_0 =^{c2−c1}_{A−c1} . If a_1, . . . , a_n are real numbers such that a_i ≤ A and n∑ i=1 a_i ≥ c_2n

then there are integer numbers l > d_0n and 1 < n_1 < · · · < n_l ≤ n so that, for every 0 ≤ k ≤ n_i and i = 1, . . . , l : n_i∑

j=k+1 a_j ≥ c_1(n_i − n)

Using this lemma, we get

Lemma 4.8. For every invariant measure ν which is f-expanding with exponent c, there exists a full ν-measure set H ⊂ M such that every x ∈ H has infinitely many hyperbolic times n_i = n_i(x) with exponent c and, in fact, the density of hyperbolic times at infinity is larger than some d_0 = d_0(c) > 0:

1. j−1∏ k=0 ‖Df^{−1}(f^{ni−k}(x))‖ ≤ e^{−cj} for every 0 ≤ j ≤ n_i

2. lim inf n→∞ ♯{0 ≤ n_i ≤ n} n ≥ d_0 > 0.

Proof. By the definition of f-expanding measures, there exists a set H with ν(H) = 1 such that given any x ∈ H we have n−1∑ i=0 log ‖Df(f^i(x))^{−1}‖ ≤ − 3c 2 n for every n large enough. Then, it suffices to take A = sup_{x∈M} − log ‖Df(x)^{−1}‖,

c_1 = c, c_2 =^{3c}_2 and a_i = − log ‖Df(f^{i−1}(x))^{−1}‖ in the previous lemma.

The next lemma asserts that points at hyperbolic times have unstable manifolds with size uniformly bounded from below.

Lemma 4.9. There exists ϵ_0 > 0 such that for every x and n_i a hyperbolic time of x, if z ∈ M satisfies f^{ni} (z) ∈ B_{ϵ0} (f^{ni} (x)) then

d(f^{ni −j} (x), f^{ni −j} (z)) ≤ e^{−c2 j} d(f^{ni} (z), f^{ni} (x)) for every 0 ≤ j ≤ n_i(x).

Proof. Since Df is uniformly continuous and a local diffeomorphism, there exists ϵ_0 such that for every ξ, η ∈ M with ξ ∈ B_{ϵ0} (η) then ‖Df(ξ)^{−1}‖ ‖Df(η)^{−1}‖ ≤ e^{c2} .

By definition, if n_i is hyperbolic time for x then ∏_{j−1} k=0 ‖Df(f^{ni−k}(x))^{−1}‖ ≤ e^{−cj} for every 0 ≤ j ≤ n_i. Observe that d(f^{ni−1}(z), f^{ni−1}(x)) ≤ ϵ_0. This is because f^{ni} (z) ∈ B_{ϵ0} (f^{ni} (x)) and, by the previous observation, the norm of the derivarive of the inverse branch of f that sends f^{ni} (x) to f^{ni−1}(x) is less than e^{− c2} restricted to B_{ϵ0} (f^{ni} (x)). Arguing by induction, j−1∏ k=0 ‖Df(f^{ni−k}(z))^{−1}‖ ≤ e^{−c2 j} for all 0 ≤ j ≤ n_i.

We conclude that d(f^{ni−j} (x), f^{ni −j} (z)) ≤ e^{−c2 j} d(f^{ni} (x), f^{ni} (z)), proving the lemma.

Since c is fixed, we will write simply ν-expanding to mean ν-expanding with exponent c.

5 Existence of equilibrium states for low variation potentials

Our main aim in this section is to establish the existence of equilibrium states for low variation potentials, in order to prove theorem A. In particular, this applies to ϕ = 0, which always has low variation. Thus, our construction also yields maximal entropy measures for these transformations.

Beforehand, we use some results of the previous section to establish expansiveness for measures in K.

Definition 5.1. Given ϵ > 0 we define the set A_ϵ(x) by:

A_ϵ(x) = {y ∈ M; d(f^n(x), f^n(y)) ≤ ϵ for every n ≥ 0}.

By definition, f is an expansive map with expansiveness constant ϵ̃ if and only if A_ϵ(x) = {x} for every x ∈ M and ϵ < ϵ̃.

Lemma 5.2. Suppose that μ ∈ K is ergodic and let ϵ_0 be as constructed in lemma 4.9. Then for μ-almost every x ∈ M and any ϵ < ϵ_0, A_ϵ(x) = {x}. Proof. By corollary 4.8 we have that almost every x ∈ M has infinitely many hyperbolic times n_i(x). By lemma 4.9, if z ∈ A_ϵ(x) with ϵ < ϵ_0 then for any n_i we have d(x, z) ≤ e^{− c2 ni} d(f^{ni} (x), f^{ni} (z)) ≤ e^{− c2 ni} ϵ. Making n_i → ∞ we deduce that x = z.

Let P = {P_1, . . . , P_d} be any partition of M in measurable sets with diameter less than ϵ_0. From the above lemma we get

Corollary 5.3. P is a generating partition for every μ ∈ K.

Proof. Define

P^{(n)} = {C^{(n)} = P_{i0} ∩ · · · ∩ f^{−n+1}(P_{in−1} )}, for each n ≥ 1. We need to prove that given any measurable set A and given δ > 0 there exist elements C^{(n)}_1 , . . . , C^{(n)}_m of P^(n) such that μ( ⋃ C^{(n)}_i ΔA) ≤ δ. Consider K_1 ⊂ A and K_2 ⊂ A^c compact sets such that μ(K_1ΔA) ≤ δ and K_2ΔA^c ≤ δ. Let r = d(K_1, K_2) > 0. Lemma 5.2 gives that if n is big enough then diamP^{(n)}(x) ≤^r_2 , for x in a set with μ-measure bigger than 1−δ. Consider the sets C^{(n)}_1 , . . . , C^{(n)}_m that intersect K_1. Then μ( ⋃ C^{(n)}_i ΔA) = μ( ⋃ C^{(n)}_i − A) + μ(A − ⋃ C^{(n)}_i ) ≤ μ(A − K_1) + μ(A^c − K_2) + δ ≤ 3δ.

This proves the claim.

Remark 5.4. Recalling the definition of entropy with respect to a partition Q, H_μ(Q) = ∑ Q∈Q −μ(Q) log μ(Q),

we have that for any partition Q such μ_0(∂Q) = 0, for each Q ∈ Q, then the function μ → H_μ(Q) is continuous in μ_0. This imply that μ → h_μ(f, P) = inf_{n→∞} 1 n H_μ(P^{(n)}).

is upper-semicontinuous in μ_0.

Observe that, by corollary 5.3, P is a generating partition for every μ ∈ K. So, as a consequence of Kolmogorov-Sinai’s theorem(see e.g. [Mañ87]), Corollary 5.5. For every measure μ ∈ K we have h_μ(f) = h_μ(f, P).

The next lemma will allow us prove that if ϕ has ρ-low variation, the function F_ϕ restrict to K has a maximum μ_ϕ and this maximum is in fact an equilibrium state for ϕ.

Lemma 5.6. All ergodic measures η outside K have small entropy: there exists ρ < 1 such that if η ∈ K^c is ergodic then h_η(f) ≤ ρh_{top}(f). Proof. As we are supposing that η is ergodic, we have that η(V ) > α, since every ergodic measure μ such μ(V ) ≤ α lies in K.

If we denote by λ_1(x) ≥ λ_2(x) ≥ . . . λ_s ≥ 0 > λ_{s+1} · · · ≥ λ_l(x) the Lyapunov exponents in x, we know that λ_i = λ_i(x) are constant in η almost everywhere. By the theorem of Oseledets [Ose68], ∫ log | det Df|dη = l∑ i=1 λ_i. (6)

On the other hand, we have that λ_l > − log(1 + δ_0), since by hyphotesis, ‖Df(x)^{−1} ≤ (1 + δ_0)‖. By Ruelle’s inequality (see [Rue78]) we have that

h_η (f) ≤ s∑ i=1 λ_i = ∫ log | det Df(x)|dη − l∑ i=s+1 λ_i. (7)

Since m_2 = sup_{x∈V} log | det Df(x)| < M_2 = sup_{x∈V c} log | det Df(x)| and η(V ) > α we have:

h_η(f) ≤ ∫ log | det Df|dη ≤ η(V )m_2+(1−η(V ))M_2+(l−s) log(1+δ_0) ≤ αm_2+(1−α)M_2+l log(1+δ_0)

Let μ_0 be any ergodic absolutely continuous invariant measure as constructed in [ABV00]. Since Lebesgue almost every point spends at most a fraction γ_0 of time inside W ⊂ B_{p+1} ∪· · ·∪B_{p+q} , we have that μ_0(W ) < γ_0. As f is C^{1+α} and μ_0 is absolutely continuous, we may use Pesin’s entropy formula (see [Pes77]):

h_{μ0} (f) = ∫ log | det Df|dμ_0 ≥ μ_0(W )m_1 + (1 − μ_0(W ))M_1 As μ_0(W ) ≤ γ_0 and m_1 < M_1, we conclude that γ_0m_1 + (1 − γ_0)M_1 ≤ h_{μ0} (f).

On the other hand, using η(V ) > α and m_2 < M_2, we have By condition (5),

αm_2 + (1 − α)M_2 < γ_0m_1 + (1 − γ_0)M_1 − l log(1 + δ_0). So, we can choose ρ < 1 such that h_η(f) ≤ αm_2+(1−α)M_2+l log(1+δ_0) < ρ(γ_0m_1+(1−γ_0)M_1) < ρh_{μ0} (f) ≤ ρh_{top}(f).

This proves lemma 5.6.

Observe that follows from the lemma 5.6 and the variational principle:

Corollary 5.7 (Variational Principle for expanding measures). If ϕ is a ρ-low variation potential, then:

sup_{ν∈K} h_ν (f) + ∫ ϕdν = P (ϕ) In particular,

sup_{ν∈K} h_ν (f) = h_{top}(f)

Proof. Denote by E the set of all ergodic invariant probabilities, to prove the lemma, we just need to prove that:

sup_{ν∈K} F_ϕ(ν) = sup_{ν∈E} F_ϕ(ν) (8)

Since

P (ϕ) = sup_{ν∈E} F_ϕ(ν)

To prove 8, note that by lemma 5.6 we have that for ν ∈ K^c ergodic, then h_ν (f) ≤ ρh_{top}(f). This imply that:

F_ϕ(ν) = h_ν (f) + ∫ ϕdν ≤ ρh_{top}(f) + max_{x∈M} ϕ(x)dν < P (ϕ) and this prove the corollary.

6 Proof of theorem A

First of all, observe that the previous corollary asserts that sup_{ν∈K} F_ϕ(ν) = P (ϕ). To prove that there exists some equilibrium states, consider a sequence of measures μ_k such F_ϕ(μ_k) converge to P (ϕ).

Without loss of generality, we suppose that μ_k → μ weakly. We prove that μ is an equilibrium state for ϕ and belongs to K.

First, we claim that F_ϕ(μ) = P (ϕ). In fact, fix P a partition with diameter less than ϵ_0, such μ(∂P ) = 0 for any P ∈ P. Observe that, since μ_k ∈ K, we have that h_{μk} (f) = h_{μk} (f, P), by corollary 5.5. Then:

P (ϕ) = sup_{ν∈K} F_ϕ(ν) = lim sup F_ϕ(μ_k) = lim sup h_{μk} (f) + ∫ ϕdμ_k As, by remark 5.4, the function ν → h_ν (f, P) is upper-semicontinuous in μ, thus:

lim sup h_{μk} (f, P) + ∫ ϕdμ_k ≤ h_μ(f, P) + ∫ ϕdμ ≤ h_μ(f) + ∫ ϕdμ = F_ϕ(μ) Then, we have

P (ϕ) = sup_{ν∈K} F_ϕ(ν) ≤ F_ϕ(μ) ≤ P (ϕ),

which imply that μ is equilibrium state for ϕ.

Now, we prove that any measure η such F_ϕ(η) = sup_{ν∈K} F_ϕ(ν) belongs to K,

proving that all equilibrium states belong to K.

In fact, if η = {η_x} is the ergodic decomposition of η, we should prove that the set S = {x ∈ M; η_x ∈ K_α} is a η-full measure set.

Using the fact that

h_η(f) = ∫ h_{ηx} (f) dη(x), see [Ro67], we have F_ϕ(η) = ∫ F_ϕ(η_x) dη(x) Suppose by contradiction that η(S^c) > 0. Observe that if y ∈ S^c, then η_y is in the hyphoteses of lemma 5.6 and thus:

F_ϕ(η_y) = h_{ηy} + ∫ ϕ dη_y < ρh_{top}(f) + max_{x∈M} ϕ(x)dμ_y < P (ϕ), (9) since ϕ is a ρ-low variation potential.

As for every x ∈ S we have that F_ϕ(μ_x) ≤ P (ϕ), the inequality 9 implies that F_ϕ(η) = ∫ F_ϕ(η_x) dη(x) < P (ϕ), which is a contradiction. Then, η(S) = 1 which imply, by the definition of K hat η ∈ K and that all equilibrium states are in K, completing he prove of theorem A.

7 Measures of Maximal Entropy

In the next two sections, we give another proof of the existence of a measure with maximum entropy. Moreover, we prove that this measure is unique, if f is topologically transitive and we derive the other properties in the statement of theorem B. Throughout, we assume the additional hypothesis (H4): existence of a transitive Markov partition. Observe that we do not require this partition to be generating.

Our strategy is to transfer our problem to a subshift of finite type σ^+ : Σ^+ → Σ^+, using the semiconjugacy between f and σ^+ provided by hypothesis (H4). This transference is not complete, in the sense that some measures can not be transported to the shift. But we will show that any f-invariant measure with big entropy is ergodically equivalent to some measure in the shift. Then we use the classical fact that transitive subshifts of finite type have exactly one measure of maximal entropy.

If we denote ∂R =^d ⋃ n=1 ∂R_i and M̃ = M − ⋃ n≥0 f^{−n}(∂R), we can define a

map Π : M̃ → Σ^+ over a subshift of finite type Σ^+ associate to some transition matrix A, by

Π(x) = (i_0, . . . , i_n, . . . ) such that f^n(x) ∈ P_{in} }.

Observe that this map is possibly only a semiconjugacy between f and σ^+, where σ^+ is one-sided shift over Σ^+. We denote Σ̃^+ = Π(M̃ ). Using this semiconjugation and the invariance of ∂R, we will prove that any ergodic measure with big entropy gives zero measure to ∂R.

To start our construction we introduce the Ruelle-Perron-Frobenius transfer operator L_ϕ : C^0(M) → C^0(M) associated to a potential ϕ, defined by L_ϕg(x) = ∑ f (y)=x e^{ϕ(y)}g(y).

Observe that this operator is bounded, since ϕ is a continuous function and M is compact. In the case ϕ = 0 we denote L_ϕ by L. If M is the space of finite measures over M, the dual operator L^⋆ : M → M is defined by the formula ∫ gdL^⋆μ = ∫ Lgdμ. Since f is a local diffeomorphism, and M is connected, the number p > 1 of preimages of each point is constant. Thus, we have imediatelly that L1 = ∑ f (y)=x 1 = p. Lemma 7.1. The spectral radii of L and L^⋆ are equal to p. Moreover, there exists a eigenmeasure ν of L^⋆ associated to p.

Proof. Denote by r the spectral radius of L. To prove that L^⋆ has some engeinmeasure associate to p, we consider G : M_1 → M_1 over the set of probabilities measures M_1 defined by: G(μ) = L^⋆μ ∫ L1dμ . Since G is continuous and M_1 is a compact and convex set, by the Tychonoff- Schauder fixed point theorem, there exists a probability measure ν such that G(ν) = ν, that is, L^⋆ν = ( ∫ L1dν)ν = pν. Now, we prove that the spectral radius of L r is equal to p. In fact, we have r ≥ p, since ν is a eigenmeasure associate to p. For the converse inequality, observe that ‖Lg‖ = ‖ ∑ f (y)=x g(y)‖ ≤ p‖g‖, which implies that ‖L‖ ≤ p. Since

r = lim_{n→∞} ‖L^n‖^{1n} and ‖L^n‖ ≤ ‖L‖^n, we have that r ≤ p.

Lemma 7.2. Let ν be any Borel probability such that L^⋆_ϕν = λν and h a νintegrable function such L_ϕh = λh. Then, the measure μ = hν is f-invariant.

Proof. Let u be any continuous function on M. Observe that: ∫ u∘fdμ = ∫ u∘fhdν = λ^{−1} ∫ L_ϕ(h.u∘f)dν = λ^{−1} ∫ L_ϕhudν = ∫ hudν = ∫ udμ Thus, μ is f invariant.

Observe that L1 = p, since every point admits exactly p preimages. As direct consequence of the last lemma :

Corollary 7.3. Any probability such Lν = pν is f-invariant probability.

Definition 7.4. The Jacobian of a measure μ with respect to f is the (essentially unique) function J_μf satisfying μ(f(A)) = ∫ A J_μfdμ. for any measurable set A such that f|_A is injective.

In other words, J_μf is defined by the formula J_μf =^{dμ∘f}_{dμ} . The Jacobian of a measure does not necessarily exist. But, if f is countable-to-one then J_μf does exist for every f-invariant measure.

Lemma 7.5. Let ν be any Borel probability such that L^⋆_ϕν = pν. Then, the Jacobian of ν is J_ν f = pe^{−ϕ}.

Proof. Let A be any measurable set such that f|_A is injective. Take a sequence {g_n} ∈ C^0(M) such that g_n(x) → χ_A for ν-a.e. and ‖g_n‖_C0 ≤ 2. Then,

L_ϕ(e^{−ϕ}g_n)(x) = ∑ f (y)=x e^{ϕ(y)}.e^{−ϕ(y)}g_n(y) = ∑ f (y)=x g_n(y).

Observe that the last expression converges to χ_{f (A)}(x) almost everywhere ν. Then, by the dominated convergence theorem, ∫ pe^{−ϕ}g_ndν = ∫ L_ϕ(e^{−ϕ}g_n)d_ν → ν(f(A)). Then, ν(f(A)) = ∫ A pe^{−ϕ}dν, which proves the lemma.

In what follows we consider ϕ = 0 and let ν be any Borel probability, satisfying L^⋆ν = pν. The first observation is that ν has a constant Jacobian J_ν f = p > 1. As a consequence,

Proposition 7.6. ν-almost every point spends a definite fraction of the time outside V : there exists 0 < γ = γ(p) < 1 such that

ν({x ∈ M; lim sup ♯{0 ≤ i ≤ n; f^i(x) ∈ V } n < γ}) = 1. Proof. Consider the Markov partition R_1, . . . , R_d. By hypothesis, f is one-to-one in each R_i and V is contained in R_1. We are going to prove a bit more than we stated: almost every point spends a definite fraction of the time outside R_1.

Denote by [i] = [i_0, . . . , i_n] = {x ∈ M; 0 ≤ j ≤ n, f^j (x) ∈ R_{ij} } . We claim that ν([i]) ≤ Kp^{−n} where C is a constant that depends only on R_1, . . . , R_d. In fact, since f^j ([i]) ⊂ R_{ij} , we have that f is one-to-one on f^j ([i]). Therefore, by the definition of Jacobian,

ν(f^{j+1}([i])) = ∫ f^j ([i]) J_ν f dν ≥ pν(f^j ([i])). It follows, by induction, that ν([i]) ≤ p^{−n}ν(R_{i0} ). So, choosing C = max{ν(R_1), ..., ν(R_d)}, we establish our claim.

Let us now use this claim to prove proposition 7.6. Let A_γ (n) = {x ∈ M; ♯{0 ≤ i ≤ n; f^i(x) ∈ V } n ≥ γ}. and A_γ = {x ∈ M; lim sup ♯{0 ≤ i ≤ n; f^i(x) ∈ V } n ≥ γ} We will prove that there exists γ(p) and 0 < η = η(p) < 1 such that, for some constant K = K(η):

ν(A_γ (n)) ≤ Kη^n. (10)

Notice that the proposition is a direct consequence of 10. In fact, observe that :

A_γ = ⋂ i≥1 ⋃ n≥i A_γ (n)

and assuming 10, A has zero measure by the Borel-Cantelli lemma. So, we only have to prove (10).

Define I_n = {[i]; ♯{0 ≤ j ≤ n; i_j = 1} ≥ γn}. Then A_γ (n) ⊂ ⋃ [i]∈I_n [i]. With a simple computation we get ♯I_n ≤ ∑ r≥(γ)n ( n r ) d^{n−r}.

The following is an elementary consequence of Stirling’s formula, see [Tah02] or [BV00]: there exists a universal constant B > 0, such that r > kn k + 1 ⇒ ( n r ) ≤ B((1 + 1 k )(1 + k)^{1k} )^r.

Then, since ν([i]) ≤ Cp^{−n}, we have that ν(A_γ (n)) ≤ ♯I_nCp^{−n}. For γ ≥^k_{k+1} : ν(A_γ (n)) ≤ n k BC((1 + 1 k )(1 + k)^{1k+1} )^nd^{nk+1} p^{−n}.

Taking k_0(p) big enough such for any k ≥ k_0 holds (1 +^1_k )(1 + k)^{1k+1} d^{1k+1} < p , if γ >^{k0}_{k0 +1} we have that any 1 > η > (1 +^1_k )(1 + k)^{1k+1} d^{1k+1} p^{−1}, satisfies the claim, for K(η) bigger enough.

Corollary 7.7. The measure ν is f-expanding with exponent c_1 = c_1(p), and the measures of cylinders decay exponentially fast.

Proof. By proposition 7.6 we have that for ν almost every point spends a definite fraction γ(p) of the time outside of R_1. By hypothesis, we have that log | det Df(x)^{−1}| is less than (1 + δ_1)^{−1} for every x outside V . Then

lim sup n→+∞ 1 n n−1∑ j=0 log ‖Df(f^j (x))^{−1}‖ ≤ 1 n log(1+δ_1)^{−(1−γ)}(1+δ_0)^γ )^n ≤ −2c_1(p) < 0.

The second part is a direct consequence of the proof of proposition 7.6, since there exists a constant C such for every cylinder [i], ν([i]) ≤ Cp^{−n}.

Definition 7.8. Let (i_n) be the itinerary of x, defined by f^n(x) ∈ R_{in} , for each n ≥ 0. We define [x] to be the set [x] = [i_0, ..., i_n, ...] = {y ∈ M; f^n(y) ∈ R_{in} }. In the uniformly expanding case the set [x] always consists of the single point x. In our present context we prove that this occurs almost everywhere, relative to the measures that interest us:

Corollary 7.9. For ν-almost every x we have [x] = {x}.

Proof. By proposition 7.7 we have that ν is a f-expanding measure. Thus, there exists a set H with total ν-measure such every x ∈ H have infinitely many hyperbolic times. Given x ∈ H and n a hyperbolic time for x: diam([i_0, . . . , i_n]) ≤ Ce^{−cn}. As [x] = ⋂ n≥0 [i_0, . . . , i_n], and diam([x]) ≤ Ce^{−cn} for every n ≥ 0 hyperbolic

time for x, we have that [x] = {x} for every x ∈ H.

Lemma 7.10. There exists a set H with ν(H̃) = 1 such that Π|_{H̃} is injective and a subset H ⊂ H̃ such that ν(H) = 1 and for every x ∈ H, f^{−1}(x) ⊂ H̃.

Proof. By corollary 7.9 we can choose a mensurable set H̃ such that ν(H̃) = 1 and Π|_{H̃} is injective. Observe that ν(f^{−1}(H̃)) = 1. In fact, if it is not true, there exists a set A with positive measure ν(A) > 0 such that f|A is injective and f(A) ∩ H̃ = ∅. It is a absurd, since ν(f(A)) = pν(A) > 0 and ν(H̃) = 1. Then, if we define H = ∞⋂ n=0 f^{−n}(H̃) we have that ν(H) = 1 and for every x ∈ H, f^{−1}(x) ⊂ H̃

8 Proof of theorem B

Proof. First, observe that ν is invariant , by corollary 7.3. Also, as the jacobian of ν is constant and equal to p, the entropy of ν is h_ν (f) = ∫ J_ν f = log p. To prove that ν has maximal entropy, we use the lemmas below:

Lemma 8.1. There exists a number θ < 1 such if η is a ergodic measure giving full measure to ∂R then:

h_η (f) ≤ θ log p

Proof. Consider K = f(∂R) and f|_K . Observe that, since f : K → K is a expanding map and ∂R is connected compact set, by classical theorems (e.g. [Bow75]) there exists some measure β such h_β(f) = h_{top}(f|_K ) and suppβ = ∂R. Then, we just need prove the inequality above for β.

Observe that the set A = {x ∈ K/♯{f^{−1}(x) ∩ ∂R} ≤ p − 1} is a non-empty. In fact, since p > 1, for some i there exists R_j , R_l ⊂ f(R_i). Choosing x ∈ R_l and y ∈ R_j and γ a path connecting x and y, we have that there exists some z ∈ γ ∩ K ≠ ∅, which imply that f^{−1}(z) ∩ R_i =≠ ∅. Then, z ∈ A. Also, we have that A is open, since K is compact. As suppβ = K, we have that β(A) > 0. If k(y) = ♯f^{−1}(x) ∩ ∂R, these imply that: h_β (f) ≤ ∫ K log k(y)dβ = ∫ A k(y)dβ + ∫ A^c k(y)dβ < log p

Lemma 8.2. If μ is an f invariant ergodic measure, then ∫ log J_μfdμ ≤ log p. The equality holds, iff J_μf = p.

Proof. By previous lemma, we can suppose that μ(∂R) = 0. If we consider the cover {f(R_j )} of M, each element R_i intersects exact p elements f(R_j ) of this cover, since each point of M has exact p preimages. Thus, ∫ J_μfdμ = d∑ j=1 ∫ R_j J_μfdμ = d∑ j=1 μ(f(R_j )) = p d∑ j=1 μ(R_j ) = p

Then, by Jensen’s inequality for the logarithmic function: ∫ log J_μfdμ = ∫ log J_μfdμ ≤ log p. and the equality is attained iff J_μf is constant and equal to J_μf = p.

Corollary 8.3. The topological entropy of f is log p. In particular, for every measure μ with maximal entropy, the Jacobian is constant equal to p.

Proof. As f is finite-to-one, by Rohlin’s equality we have that h_μ(f) = ∫ log J_μfdμ. By lemma 8.2 we have that h_{top}(f) ≤ log p. As f is semiconjugate with σ^+, we have that h_{top}(f) ≥ h_{top}(σ^+). Then:

log p ≥ h_{top}(f) ≥ h_{top}(σ^+) = log p.

If μ is a maximal measure, then h_μ(f) = ∫ log Jμfdμ = log p, then the Jacobian is constant by lemma 8.2.

From the above lemma, we have that h_ν (f) = log p is maximal. Assume that R is transitive, and let us conclude the uniqueness of this measure.

We will use the semiconjugacy Π : M̃ → Σ^+ between f : M̃ → M̃ and σ^+ : Σ^+ → Σ^+, defined above. Define a σ^+-invariant measure ν^+ over Σ^+ by:

ν^+(A) = ν(Π^{−1}(A))

Observe that, by corollary 7.9, there exists a set H such ν(H) = 1 and Π restrict to H is injective. Thus, ν^+ is ergodic equivalent to ν and its entropy is log p.

Given η a ergodic invariant measure η ∈ K with h_η(f) = h_{top}(f). By lemma 8.2 we have that η has Jacobian constant equal to p > 1. Then, by proposition 7.6 and hypothesis [H4], η is f-expanding. By the proof of corollary 7.9, we have that there exists a set H with η(H) = 1 such that the semiconjugacy Π is injective on H . It allow us consider the push-forward η^+ of η by Π. As η and η^+ are ergodic equivalent, we have log p = h_η (f) = h_η+ (σ) = h_{top}(σ^+). Thus, η^+ is a maximal entropy measure for σ^+. As Σ^+ is a subshift of finite type topologically transitive, there exists a unique maximal measure and this measure is a Markov measure(see [Pa64]). Then, η^+ = ν^+ and this implies that : η = Π^⋆η^+ = Π^⋆ν^+ = ν.

If Σ^+ is topologically mixing, then ν^+ is mixing ([Bow75]). Since, by Ornstein’s Theorem ([Mañ87]), every mixing Markov measure is Bernoulli, we have that ν^+ is Bernoulli, which implies that ν is Bernoulli also.

For part 2, we are going to prove a kind of Gibbs property for ν first. In the following, ν is the unique maximal measure obtained in the last theorem. Lemma 8.4. For ν-a.e. x ∈ M there exist a sequence n_i = n_i(x) with n_i → ∞ and a number K such that: K^{−1} ≤ ν(B_ϵ(n_i, x)) p^{ni} ≤ K. Proof. Observe that if n_i is a hyperbolic time of x, we have that f^{−ni} (B_ϵ(f^{ni} (x)) = ∩^{ni}_{j=0}f^{−j} (B_ϵ(f^k(x))), because f^{−j} restrict to B_ϵ(f(x)) is a contraction for every j = 1, . . . , n_i then,

ν(B_ϵ(f^{ni} (x)) == ∫ ν(B(n_i ,x)) dν ∘ f^{ni} = ∫ ν(B(n_i ,x)) p^{ni} dν = p^{ni} ν(B(n_i, x)). If m = inf{ν(B_ϵ(y); y ∈ suppν} then we have that m > 0 because if m = 0, as suppν is compact, taking a sequence x_i → x, x ∈ suppν such that ν(B_ϵ(x_i)) <^1_i we have that for any δ < 1, ν(B_{δϵ}(x)) = 0 because B_{δϵ}(x) ⊂ B_ϵ(x_i), if i is bigger enough. This is in contradiction with x ∈ suppν.

Then we have that ν(B(n_i, x)) p^{−ni} ≥ m. Analogously, K ≥ ν(B(n_i, x)) p^{−ni} .

We will study now the distribution of hyperbolic times, in order to prove the subexponential measure control on the dynamical balls. We consider the function n_1 : M → N the first hyperbolic time function. If x has not hyperbolic time, we define n_1(x) = ∞.

Lemma 8.5. Let ν be a maximal entropy measure, as obtained in item 1. Then ∫ n_1(y)dν < +∞. Proof. Let L(n) = {x ∈ M; n_1(x) ≥ n} and R(n) = {x ∈ M; ♯{0 ≤ i ≤ n; f^i(x) ∈ V } n ≥ γ}. By lemma 7.6 we have that if γ > γ_0 then: ν(R(n)) ≤ Kb^n for some b < 1. As L(n) ⊂ R(n), ν(L(n)) ≤ ν(R(n)) ≤ Kb^n. This implies that^{+∞} ∑ i=0 ν(L(i)) < ∞. Then, ∫ n_1(y)dν = +∞∑ i=0 ν(L(i)) < ∞.

Lemma 8.6. Let D be defined by D = {x ∈ M; lim sup^{ni+1 (x)}_{ni(x)} = 1}. Then, ν(D) = 1.

Proof. Define L_θ(n) = {x ∈ M; n_1(x) ≥ θn}. As we know +∞∑ n=1 ν(L_θ(n)) < +∞. Then, if x ∈ D^c we have lim n_{i+1} n_i = θ for some subsequence (n_i).Then, x belongs to the set L defined by: L = ⋃ θ∈Q∩[1,+∞) +∞⋂ i=0 ⋃ n≥i f^{−n}(L_θ(n)).

As ν is f-invariant, ν(f^{−n}(L_θ(n)) = ν(L_θ(n)) and^{+∞} ∑ n=1 ν(L_θ(n)) < +∞. Then, by Borel-Cantelli lemma, ν(L) = 0. As D^c ⊂ L, we get ν(D) = 1.

In order to prove part 2 of theorem B, we show:

Lemma 8.7. For ν almost every x ∈ M if n_i = n_i(x) is the sequence of hyperbolic times of x then K_{ni} = K_{ni} (x) such that, ν(B_ϵ(n_i, x)) ν(B_ϵ(n_{i+1}, x)) ≤ K_{ni} , with lim sup^1_{ni} log K_{ni} = 0.

Proof. By lemma 8.6 there exists a set D of total probability ν(D) = 1 such that, for any x ∈ D, lim n_{i+1} − n_i n_i = 0.

Consider x ∈ D ∩ suppν. Then, as for any hyperbolic time n_i of x:

ν(B_ϵ(f^{ni} (x)) = ν(f^{ni} (B_ϵ(n_i, x))) = p^{ni} ν(B_ϵ(n_i, x))

if M = max_{z,y∈M}^{ν(Bϵ (y))}_{ν(Bϵ(z)} then:

ν(B_ϵ(f^{ni} (x)) ν(B_ϵ(f^{ni+1} (x)) = p^{ni−ni+1} ν(B_ϵ(n_i, x)) ν(B_ϵ(n_{i+1}, x)) ≤ M. Then, if we define K_{ni} (x) = Mp^{ni+1−ni} we have: ν(B_ϵ(n_i, x)) ν(B_ϵ(n_{i+1}, x)) ≤ K_{ni} , and lim sup 1 n_i log K_{ni} = lim sup n_{i+1} − n_i n_i + log MP n_i = 0.

Proof of item 2: Observe that if n_i ≤ n ≤ n_{i+1} , by the definition: B_ϵ(n_{i+1}, x) ⊂ B_ϵ(n, x) ⊂ B_ϵ(n_i, x). Then, by lemma 8.7, ν(B_ϵ(n, x)) ν(B_ϵ(n_{i+1}, x)) ≤ ν(B_ϵ(n_i, x)) ν(B_ϵ(n_{i+1}, x)) ≤ K_{ni} . As, by lemma 8.4 ν(B_ϵ(n_{i+1}, x)) p^{−ni+1} < m. Then, ν(B_ϵ(n, x)) p^−n ≤ mK_{ni} p^{n−ni+1} and lim sup 1 n_i log mK_{ni} p^{n−ni+1} ≤ lim sup 2 n_{i+1} − n_i n_i + log mp n_i = 0.

The converse inequality is analogous. This proves part 2.

References

[AAS01] J. Alves, V. Araújo, and B. Saussol. On uniform hyperbolicity of non-uniform hyperbolic systems. Preprint 2001.

[ABV00] J. F. Alves, C. Bonatti, and M. Viana. SRB measures for partially hyperbolic systems whose central direction is mostly expanding. Invent. Math., 140:351–398, 2000.

[Al97] J. F. Alves SRB measures for nonhyperbolic systems with multidimensional expansion. Ann. Sci. École Norm. Sup.

[Bow75] R. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms, volume 470 of Lect. Notes in Math. Springer Verlag, 1975.

[BPS99] L. Barreira, Ya. Pesin, and J. Schmeling. Dimension and product structure of hyperbolic measures. Ann. of Math., 149:755–783, 1999.

[BK81] M. Brin and A. Katok. On Local Entropy. Lectures notes in Mathematics,1007 - Proceedings, Rio de Janeiro, 1981.

[BV00] C. Bonatti and M. Viana. SRB measures for partially hyperbolic systems whose central direction is mostly contracting. Israel J. Math., 115:157–193, 2000.

[Ca93] M. Carvalho. Sinai-Ruelle-Bowen measures for N-dimensional derived from Anosov diffeomorphisms Ergodic Theory and Dynamical Systems, 13:21-44,1993.

[Cr85] M. Craizer. Teoria Ergodica das Transformações expansoras. In Informes de matematica . IMPA, 1985.

[EG92] L. Evans and R. Gariepy. Measure theory and fine properties of functions. CRC Press, 1992.

[Kat80] A. Katok. Lyapunov exponents, entropy and periodic points of diffeomorphisms. Publ. Math. IHES, 51:137–173, 1980.

[LY85] F. Ledrappier and L.-S. Young. The metric entropy of diffeomorphisms. I. Characterization of measures satisfying Pesin’s entropy formula. Ann. of Math., 122:509–539, 1985.

[Mañ87] R. Mañé. Ergodic Theory and Differentiable Dynamics In Springer .

Berlim, 1987.

[Mi73] M. Misiurewicz. Diffeomorphims without any measure with maximal entropy In Boll. Polon. Scien. XXI(1973):903-910.

[Ose68] V. I. Oseledets. A multiplicative ergodic theorem: Lyapunov characteristic numbers for dynamical systems. Trans. Moscow Math. Soc., 19:197–231, 1968.

[OU41] J. C. Oxtoby and S. M. Ulam. Measure-preserving homeomorphisms and metrical transitivity. Ann. of Math., 42:874–920, 1941.

[QZ02] M. Quian and S. Zhu. SRB measures and Pesin’s formula for endomorphisms. Trans. AMS, 354-4:1453–1473, 2002.

[Pa64] J. Parry. Intrinsic Markov Chains Trans. Am. Math. Soc., 112, 55–66, 1964.

[Pes77] Ya. B. Pesin. Characteristic Lyapunov exponents and smooth ergodic theory. Russian Math. Surveys, 324:55–114, 1977.

[Pli72] V. Pliss. On a conjecture due to Smale. Diff Uravenenija, 8:262–268, 1972.

[Rue81] D. Ruelle. Ergodic theory of diferentiable dynamical systems. Publ.

Math. IHES, 50:27–58, 1981.

[Rue78] D. Ruelle. An inequality for the entropy of differentiable maps.

Bol.Soc. Bras. de Matematica, 9:83–87, 1978.

[Rue69] D. Ruelle. Statistical Mechanics of one dimensional lattice gas. Comm.

in Math. Physics, 9:267–278, 1969.

[Ro60] V. A. Rokhlin.

New progress in the theory of transformations with invariant measures. Russian math. surveys, 4:1–22.

[Ro67] V. A. Rokhlin.

Lectures on theory of entropy of transformations with invariant measures. Russian math. surveys, 22(1967), no. 5:1–54.

[Si72] Ya. Sinai. Gibbs measures in ergodic theory. Uspehi Mat. Nauk., (4):21–64, 1972.

[Tah02] A. Tahzibi. Stably ergodic diffeomorphisms which are not partially hyperbolic. PhD thesis, IMPA, 2002.

Krerley Oliveira ( krerley@impa.br ) IMPA, Est. D. Castorina 110, Jardim Botânico, 22460-320 Rio de Janeiro, Brazil