Ministério de Ciência e Tecnologia Instituto Nacional de Matemática Pura e Aplicada

HUYGENS’ PRINCIPLE FOR DIRAC OPERATORS

Fabio Augusto da Costa Carvalho Chalub

Tese apresentada para obtenção do título de Doutor em Ciências Orientador: Jorge Passamani Zubelli

Rio de Janeiro – Brasil 2001

“Thus, our actual physical world, in which acoustic and electromagnetic signals are the basis of communication seems to be singled out among other mathematically conceivable models by intrinsic simplicity and harmony.”

Richard Courant and David Hilbert

À Gabriela, ao Guilherme e ao Bernardo (que está aprendendo a somar).

Agradecimentos

Uma tese tem apenas um autor, mas não é resultado de um esforço individual. Muitos colaboraram, de uma forma ou de outra, para que este trabalho fosse possível. Aproveito este momento para citar, nominal ou coletivamente, algumas destas pessoas.

• Ao Jorge, pela excelente e atenciosa orientação (e portanto pela infinita paciência ao longo dos últimos anos) que tornou mais suave minha transição da Física para a Matemática. Também devo agrader a cessão das três primeiras figuras da Seção 1.1.

• Ao Roman Paunov por indicar certas correções na tese (no entanto todos os erros remanescentes são culpa exclusiva do autor), além de várias sugestões de trabalho ao longos dos anos.

• Ao Alberto Grumbaüm, Francesco Toppan e Jair Koiller pela participação na banca de avaliação e por sugerirem vários possíveis caminhos futuros.

• Ao Carlos Isnard e Rafael Iório por terem participado da banca.

• Ao Ronaldo, sobretudo, e ao Nélson, Walcy e Nedir pela inestimável ajuda durante o exame de qualificação.

• À Patrícia, Nivaldo, Alexandre e outros por me suportarem na preparação para o exame.

• Aos amigos em geral e em particular aos novos amigos e amigas que formei no Impa.

• Aos colegas, funcionários e pesquisadores do Impa que fazem com que este seja o que é.

• À família, particularmente meus pais, pelo apoio ao longo dos anos.

Agradeço também ao CNPq e a Capes pelo apoio financeiro.

Esta lista, como não poderia deixar de ser, é incompleta. A todos os outros, que ajudaram ou não na elaboração desta tese, meus agradecimentos e minhas desculpas pela omissão.

Fabio

Resumo

O assunto desta tese é o princípio de Huygens no sentido estrito de Hadamard para operadores de Dirac. Por tal propriedade, entendemos que a solução do problema de valor inicial depende apenas das condições iniciais na interseção do cone de luz passado (e não do interior deste cone).

Uma interessante conexão entre as soluções racionais da hierarquia de Korteweg-de Vries e a propriedade de Huygens foi descoberta como conseqüência dos trabalhos independentes de Lagnese e Stellmacher e de Adler e Moser. Esta ligação foi reforçada por trabalhos de Y. Berest nos anos 90. A equação da KdV é apenas uma pequena amostra da teoria de sistemas completamente integráveis em dimensão infinita, posteriormente estendidos imensamente por Ablowitz, Kaup, Newell e Segur (AKNS) e por Zakharov e Shabat.

Neste trabalho, estabelecemos uma conexão entre as soluções racionais da hierarquia AKNS de equações integráveis não-lineares e operadores de Dirac que satisfazem a propriedade de Huygens. Nós também caracterizamos os operadores do tipo Huygens em 1+1 e 3+1 dimensões.

Palavras-chave: princípio de Huygens, operadores de Dirac, Integrabilidade.

Abstract

This work is concerned with Huygens’ property in Hadarmard’s strict sense for Dirac operators. By such property we mean that the solutions of the initial value problem depend only on the intersection of the light cone with the initial data manifold, and not on the interior part of the light cone.

A fascinating connection between the rational solutions of the Korteweg-de Vries hierarchy and Huygens property was discovered as a consequence of the independent works of Lagnese & Stellmacher and Adler & Moser. This link was further strenghened by the results of Y. Berest in 90’s. The KdV equation was the tip of the iceberg for the rich theory of infinite dimensional completely integrable systems, which was later extended tremendously by Ablowitz, Kaup, Newell & Segur (AKNS) and Zakharov & Shabat.

In this work we establish a connection between the rational solutions of the AKNS hierarchy of nonlinear integrable equations and Dirac operators satisfying Huygens’ property. We also characterize Huygens’ operators in 1+1 dimensions and 3+1 under certain assumptions.

Key-words: Huygens’ principle, Dirac operators, Integrability

Preface

The main purpose of this thesis is to show a connection between two apparently unrelated topics: Huygens’ principle for Dirac Operators and AKNS systems.

Huygens’ principle, in Hadamard’s strict sense, is a property of hyperbolic partial differential equations. By such property we mean that the solutions of the initial value problem depend only on the intersection of the light cone with the initial data manifold, and not on the interior part of the light cone. This is a crucial property for the meaningful propagation of information.

Ablowitz, Kaup, Newell & Segur (AKNS) systems consists of a hierarchy of integrable equations that generalizes the Korteweg-de Vries (KdV), the modified Kortewegde Vries (mKdV) and the cubic Schrödinger equations, among others.

The aforementioned connection can be summarized as follows: for a large class of rational solutions of the AKNS, we present a way of constructing a Dirac operator of Huygens’ type. This extends for Dirac Operators the now classical results of Lagnese and Stellmacher.

This work is structured as follows:

• In Chapter 1, we present the historical development of Huygens’ principle and review some important results from the literature that will be useful in the current work. Particular attention is given to the study of the wave operator and its relation to other branches of Mathematics. A recent conjecture by Berest about the full classification of second order hyperbolic operators that satisfy Huygens’ property is discussed.

• In Chapter 2, we present the basic tools for the study of Huygens’ principle in the case of Dirac operators. The results of this chapter, albeit original, are simple generalizations of known results for the case of second order operators. The key point is the introduction of what we call Dirac kernels.

• In Chapter 3, we examine Huygens’ principle for Dirac operators in 1 and 3 space dimensions. For 1 dimension we prove that the only Huygens’ operator (modulo certain set of equivalences) is the trivial one. In the 3 dimensional case, we study a certain restricted class of potentials and obtain for them the full classification of Huygens’ operators.

• In Chapter 4, we start with a short review of integrable systems. We first prove that rational solutions of the mKdV are directly linked to Huygens’ potentials for Dirac operators. We also point out an interesting phenomena, which is the reduction of the minimal number of space dimensions. We conclude by proving that the rational solutions of the AKNS hierarchy are related to the Huygens’ property.

• In Chapter 5, we analyze the results obtained, in particular those of Chapter 4, and conclude with some possible directions for future research.

For the mental confort of the reader, one remark should be made: the terms “Huygens’ principle,” “Huygens’ property” and “Huygens’ type” are used interchangeably. These terms, strictly speaking, are properties of differential operators, but are sometimes used to refer to its solutions. We hope this causes no damage.

Fabio Chalub Rio de Janeiro, July 6, 2001.

Contents

1 Introduction 11 1.1 Huygens’ Principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.2 Fundamental Solutions for the Wave Operator . . . . . . . . . . . . . . 16 1.3 Huygens’ Principle in the Second Half of the XXth Century . . . . . . 18 1.3.1 Lagnese & Stellmacher . . . . . . . . . . . . . . . . . . . . . . . 19 1.3.2 Berest’s Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.3.3 Bispectrality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2 Huygens’ Principle for Dirac Operators: Preliminaries 26 2.1 Clifford Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.2 Huygens’ Principle Revisited . . . . . . . . . . . . . . . . . . . . . . . . 28 2.3 Free Dirac Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.4 Trivial Transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.5 Hadamard Expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Huygens’ Principle in 1 and 3 Spatial Dimensions 36 3.1 Huygens’ Principle in 1 Dimension . . . . . . . . . . . . . . . . . . . . 36 3.2 Huygens’ Principle in 3 Dimensions: The Scalar Case . . . . . . . . . . 37 3.3 Huygens’ Principle in an Electromagnetic Field . . . . . . . . . . . . . 40 3.3.1 The Choice of the Gauge . . . . . . . . . . . . . . . . . . . . . . 41 3.3.2 Solving the Recursion . . . . . . . . . . . . . . . . . . . . . . . . 42 3.3.3 The Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Huygens’ Principle and Integrability 47 4.1 Few Words About Integrability: KdV, mKdV, AKNS & Friends . . . . 47 4.2 Huygens’ Principle, Dirac Operators and mKdV: the Reduction of the Dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.3 Further Relations: Huygens and AKNS . . . . . . . . . . . . . . . . . . 52

5 Conclusions and Perspectives 55 5.1 More and More Examples . . . . . . . . . . . . . . . . . . . . . . . . . 55 5.2 What is Important? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 5.3 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

CHAPTER 1

Introduction

1.1 Huygens’ Principle

By 1690 two different theories were disputing the nature of light: for Newton [1], light was composed by tiny particles propagating along straight lines; whereas Huygens believed that light was a mechanical wave propagating in the æther, the hypothetical medium that filled all the space [2].

Huygens’ theory was particularly useful to explain diffraction (“the strange refraction of the Iceland crystal”), but had some remarkable difficulties to explain the apparent propagation of the light along straight lines. To overcome this difficulty, he wrote his masterpiece “Treatise on Light” [3] where he formulated the principle that bears his name.

In a very beautiful introduction to some mathematical aspects of Huygens’ principle [4], Duistermaat discussed his surprise when he saw that Huygens used no partial differential equations nor differential calculus to formulate his principle. Actually, all his constructions are purely geometrical.

In more modern terms (in a formulation essentially due to Fresnel [5]) we say that each point in the wave front acts as a secondary source of wave and all these waves interfere to produce the new wave front.

Despite the large use of the term “Huygens’ principle” in the physical community, its precise mathematical formulation is seldom made clear. In 1923, the French mathematician J. Hadamard, in a series of lectures at Yale University [6], formulated, in mathematical terms, three different meanings of “Huygens’ principle” he found in the literature of his time^1. These were:

1Following Hadamard, we call the wave velocity ω.

Figure 1.1: Wave fronts propagating from a candle (left). Huygens’ construction of a wave front from the previous one (right).

(A) – Major premise:

“The action of phenomena produced at the instant t = 0 on the state of matter at the later time t = t_0 takes place by the mediation of every intermediate instant t = t^′, i.e. (assuming 0 < t^′ < t_0), in order to find out what takes place for t = t_0, we can deduce from the state at t = 0 the state at t = t^′ and, from the latter, the required state at t = t_0.”

(B) – Minor premise:

“If, at the instant t = 0 — or more exactly throughout a short interval −ϵ ≤ t ≤ 0 — we produce a luminous disturbance localized in the immediate neighborhood of 0, the effect of it will be, for t = t^′, localized in the immediate neighborhood of the surface of the sphere with center O and radius ωt^′: that is, it will be localized in a very thin spherical shell with center O including the aforesaid sphere.”

(C) – Conclusion:

“In order to calculate the effect of our initial luminous phenomenon produced at O at t = 0, we may replace it by a proper system of disturbance taking place at t = t^′ and distributed over the surface of the sphere with center 0 and radius ωt^′.”

Hadamard calls the major premise a “truism.” This, however, does not mean that it is of no interest: “For the geometer does not dislike truism” — he said. Proposition (A) is directly linked to (semi-)group properties of propagators. Actually, the formula ψ(t^′, ⃗x^′) = ∫ d^3⃗x G(t^′, ⃗x^′; t, ⃗x)ψ(t, ⃗x) , describing how to obtain the wave amplitude ψ in some space-time point (t^′, ⃗x^′) from the amplitude in a generic point (t, ⃗x) and the propagator G(t^′, ⃗x^′; t, ⃗x) from (t, ⃗x) to (t^′, ⃗x^′) is know in the Physical literature as Huygens’ principle^2 (see [7]).

Proposition (C) is a property of many operators and was subject of investigation first by Kirckhoff and later by Volterra. See [6] and references therein.

Proposition (B) was the main interest of Hadamard, and the totality of this thesis is dedicated to investigate this property in a certain class of operators to be defined.

As Huygens’ principle was originally formulated for light propagation, a physical phenomena modeled by the wave equation, it is an interesting idea to investigate Huygens’ principle in Hadamard’s minor premise sense in this case.

The wave equation is a partial differential equation in n+1 variables, (x^0, x^1, · · · , x^n), where x^0 is taken as time, and some times will be called t, and the other variables are the space variables. Explicitly, it is an equation for a function u such that

∂^2u (∂x^0)^2 − ∂^2u (∂x^1)^2 − · · · − ∂^2u (∂x^n)^2 = f , where f is known as the source^3. The above equation is known as wave equation in n space variables.

We define the D’Alembertian operator as

□_n^{def}=

∂^2 (∂x^0)^2 − n∑ i=1 ∂^2 (∂x^i)^2

. (1.1)

So, the wave equation is written □_nu = f . Whenever possible we will omit the sub-index n. From now on we abbreviate

∂_μ = ∂ ∂x^μ μ = 0, 1, · · · , n . For a general metric tensor g^{μν} (x) we define the light cone with vertex in y as C(y) = { x| n∑ μ,ν=0 g_{μν} (x)(x^μ − y^μ)(x^ν − y^ν ) = 0 } ,

where the matrix g_{μν} is the inverse of g^{μν} . The forward (respectively, backward) light cone, C^+(y) (respectively, C^−(y)) is the sub-set of C(y) such that x^0 > y^0 (respectively, x^0 < y^0).

2We shall adopt the notation ⃗x whenever we are referring to the space components. 3With these definitions we take the velocity of propagation c equals 1. If we do not want to fix the value of c, we change in the above and the following expression the value of x^0 (or t) by cx^0 (or ct).

Figure 1.2: Light cone for a general pseudo-Riemannian metric with signature equals to [+, −, · · · , −] (left) and for a Minkowskian metric (right).

The interior of the light cone is defined as

J (y) = { x| n∑ μ,ν=0 g_{μν} (x)(x^μ − y^μ)(x^ν − y^ν) > 0 } .

The interior of the forward (respectively, backward) light cone, J^+(y) (respectively, J^−(y)) is the sub-set of J (y) such that x^0 > y^0 (respectively, x^0 < y^0). Obviously ∂J^±(y) = C^±(y) ∪ {y}. We will rewrite Huygens’ principle in two different but equivalent ways, both definitions equivalent to Hadamard’s minor premise.

Huygens’ principle – Cauchy problem:

Consider Cauchy’s initial value problem, for the hyperbolic^4 second-order differential operator L. Lψ = 0 , ψ | | |_{x0=0} = f ,

∂_0ψ | |_{x0=0} = g .

(1.2)

We say that the operator L (and, by extension, its solution ψ) possesses Huygens’ property (or obeys Huygens’ principle) if the domain of dependence of the solution ψ in an arbitrary point in space-time y, with y^0 > 0, depends on the initial manifold x^0 = 0 only on its intersection with the backward light cone with vertex in y.

4By hyperbolic we mean that its principal part, given by ∑ μ,ν g^{μν} (x)∂_μ∂_ν , is such that the quadratic form ∑ μ,ν g_{μν} (x)x^μx^ν has signature [+, −, · · · , −] ∀x ∈ R^{n+1} (g_{μν} is the inverse matrix of g^{μν} ).

Figure 1.3: Light-cone with vertex in y. In the left — Cauchy problem — the solution of the Cauchy problem should depend on the initial manifold x^0 = 0 only in the intersection of the backward light-cone. In the right — fundamental solution — the fundamental solution of L associated to a Dirac-delta distribution supported in y should have support in the forward light-cone.

Huygens’ principle – Fundamental solution:

Now let us consider the fundamental solution (also known as Green’s function) of the operator L

Lϕ = δ_y , (1.3)

where δ_y is the Dirac-delta distribution supported in y.

We say that L (and, by extension, its fundamental solution ϕ) possesses Huygens’ property (or obeys Huygens’ principle) if, for every y, ϕ is supported in the forward light cone with vertex in y.

It is a non trivial fact that both definition are equivalent. The proof is consequence of Duhamel’s principle. See [8].

A minute’s thought reveals that such property is crucial for the meaningful transmission of information. For an elementary account, see P. Günther’s delightful paper [9].

Hadamard’s problem consists in classifying all second-order hyperbolic differential operators L that possesses Huygens’ property, up to some set of transformations that trivially preserves Huygens’ principle: change of coordinates and left and right multiplication of the operator by non-singular smooth functions. Since Hadamard’s time it is known that if L = □_n, then Huygens’ property holds if, and only if, the number of spatial dimensions n is odd and greater than 1. In particular, flat-landers are not fond of music concerts! This result will be fully addressed in the next section.

Before finishing this section we will directly address Huygens’ principle for n = 1, 2 and 3, in the Cauchy problem case.

Let’s consider the solution of Cauchy problem (1.2) for L = □_1. It is easy to see that the solution is given by ψ(x, t) = 1 2 [f(x + t) + f(x − t)] + 1 2 ∫_{x+t} x−t g(ξ)dξ .

Figure 1.4: Dependence of the initial condition for the D’Alembertian in dimensions 1,2 and 3.

Due to the presence of this integral, we conclude that □_1 does not possesses Huygens’ property.

Now, let’s consider L = □_3. The solution of (1.2) is obtained by the method of spherical means [8] and is ψ(t, ⃗x) = 1 4πt ∫ |⃗y−⃗x|=t g(⃗y)dS_y + ∂ ∂t ( 1 4πt ∫ |⃗y−⃗x|=t f(⃗y)dS_y ) . From the above expression we readily see that in three space dimensions the wave operator obeys Huygens’ principle.

In order to obtain the solution for n = 2, we use the method know as Hadamard’s method of descent [8, 10]. The solution is

ψ(x^1, x^2, t) = 1 2π ∫∫ r<t g(y^1, y^2) t^2 − r^2 dy^1dy^2 + ∂ ∂t { 1 2π ∫ ∫ r<t f(y^1, y^2) t^2 − r^2 dy^1dy^2 } , where r = √ (x^1 − y^1)^2 + (x^2 − y^2)^2 .

Again, looking to the solution, we see that □_2 does not obey Huygens’ principle. These results justify the epigraph of this thesis, extracted from [11]:

“Thus, our actual physical world, in which acoustic and electromagnetic signals are the basis of communication seems to be singled out among other mathematically conceivable models by intrinsic simplicity and harmony.”

For others values of n we can prove, by the same way above, that □_n obeys Huygens’ principle if, and only if, n is odd. See [10].

1.2 Fundamental Solutions for the Wave Operator

In this section we will sketch the proof that □_n is a Huygens operator if, and only if, n is odd and greater than 1. For the details, the reader is referred to Folland’s paper [12].

Following [12], we classify all fundamental solutions invariant by the orthocronous Lorentz group. The Lorentz group O(1, n) is the subgroup of the group of invertible matrices GL(n + 1, R^{n+1} ) that preserves the quadratic form given by

λ^2 = (x^0)^2 − n∑ i=1 (x^i)^2 . (1.4)

The orthocronous Lorentz group O^+(1, n) is the connected component of O(1, n) containing the identity, i.e., that preserves the direction of time. The D’Alembertian is clearly invariant by the action of this group.

For positive values of the real part of α we can define the Riesz kernel^5

Λ^α = N(α)λ^α , (1.5)

where the normalization is given by N(α) = [ 2^{α+n}π^{(n−1)/2}Γ( α + n + 1 2 )Γ( 1 2 α + 1) ]_{−1} . (1.6)

Γ(·) is the Gamma function.

N(α) obeys the important recursion rule

(α + 2)(α + n + 1)N(α + 2) = N(α) . (1.7)

With the help of preceding formula, one proves [12]

□Λ^{α+2} = Λ^α .

So, we can extend the definition of Riesz kernels for all complex values of α.

From equation (1.6) we see that N(α) = 0 when α = −2, −4, −6, · · · or α = −n − 1, −n − 3, −n − 5, · · · . These are the poles of the Gamma function in equation (1.6). In this case Λ^α is supported where λ^α diverges, i.e., in the light cone (for the real part of α negative).

By an analytic continuation of Λ^α to the region ℜ(α) > −n − 2, one finds that Λ^{−n−1} = δ_0, so Λ^{−n+1} is the fundamental solution of □_n. Λ^α is an analytic family of distributions, i.e., for every fixed φ smooth and compactly supported, φ ∈ C^∞_0 , the function α → ∫ Λ^αφ is analytic.

From the aforementioned values of N(α) we conclude that the fundamental solution of □_n is supported on the light cone (and, consequently, □_n has the Huygens property) if, and only if, n is odd and greater than 1.

For a fundamental solution with the Dirac-delta measure supported out of the origin we just need to translate the solution, as the D’Alembertian is invariant under translation.

5Note that α is an exponent in λ and an index in Λ.

1.3 Huygens’ Principle in the Second Half of the XXth Century

General second order hyperbolic differential operators L = n∑ μ,ν=0 g^{μν} ∂_μ∂_ν + n∑ μ=0 A^μ∂_μ + C , where g^{μν} (the metric tensor), A^μ and C are functions of x, have been studied by many authors.

For the the validity of Huygens’ principle in 3+1 space-time, obeying Einstein’s equation in vacuum R_{μν} = 0, where R_{μν} is the Ricci tensor, see articles [13, 14, 15, 16]. The validity of Huygens’ principle for ultra-hyperbolic operators^6, specifically in the case of Minkowski’s generalized (p, q) metric, was studied in [17, 18]. Some important background papers are [19, 20, 21]. Validity of Huygens’ property seems to be related to Painlevé’s property, defined in [22], as is observed by [23] and a precise relation between both is given in [24]. Huygens’ equations in spaces with non-trivial conformal groups are studied in [23, 25]. Important surveys are [23, 26, 27, 28, 29]. The interested reader should also consult the compendium [30].

The theory of Huygens’ principle for non-linear differential equation is yet to be explored, but an interesting example of a non-linear equation which possesses Huygens’ property is given by

□_3Ψ + (∂_0Ψ)^2 − 3∑ i=1 (∂_iΨ)^2 = 0 .

It can be obtained from □_3ψ = 0 by setting ψ = 1 − exp Ψ. See [23].

In the upcoming subsections we study operators in the form L = □ + u(x). We will now develop the tools to approach this problem.

In order to obtain the fundamental solution of the operator □ + u, we shall develop a series expansion in Riesz kernels, which were defined in equation (1.5) Φ = ∞∑ k=0 Λ^{−n+1+2k}w_k . (1.8)

Applying the operator □+u and equating to Λ^{−n−1} = δ_y we find the following recursion:

w_0 = 1 ,

w_k + 1 k n∑ μ=0 (x^μ − y^μ)∂_μw_k = −(□ + u)w_{k−1} .

This recursion is known as Hadamard’s recursion. Its termination with respect to k is equivalent to the validity of Huygens’ principle for large enough n, as can be

6As ultra-hyperbolic we mean an operator whose signature is given by [+, +, · · · , +, −, −, · · · , −].

readily seen from the properties of Riesz kernels stated in the preceding section. The termination requirement implies a highly nonlinear condition over u, which makes it very difficult to find examples of Huygens’ potentials.

The conjecture that every Huygens’ operator should be trivially equivalent (in the sense defined in Section 1.1) to the D’Alembertian became known in the literature by Hadamard’s conjecture [11], despite the fact that it is doubtful that Hadamard really stated this conjecture [9]. Furthermore, the conjecture is, in general, false.

For n = 3, however, this conjecture is true, as can be readily seen by the fact that Hadamard’s expansion (1.8) should be of the form Φ = Λ^{−2}, so there is no freedom to add a potential.

For n = 5, Stellmacher found in 1953 a counterexample [31, 32], generalized by himself in collaboration with Lagnese to an entire hierarchy of operators. See [33, 34, 35, 36]. We will start studying these examples in the next subsection.

1.3.1. Lagnese & Stellmacher

Following an idea that seems to be originated in Geometry, by Darboux [37], we consider the following factorization^7

∂^2_t = ( ∂_t + 1 t )( ∂_t − 1 t ) . Now, invert the factors, to find a new operator in the variable t: ( ∂_t − 1 t )( ∂_t + 1 t ) = ∂^2_t − 2 t^2 . The central idea is to show that this new operator is also a Huygens’ one for odd n ≥ 5, as can be seen from its fundamental solution ( □ − 2 t^2 ) ( Λ^{−n+1} + 2 tt_0 Λ^{−n+3} ) = δ_y .

It is easy to see that this process can be carried on in order to find a full hierarchy of Huygens operators. Explicitly, if we have a Huygens operator L and find a pair of operator L̃ and ℓ (called a intertwining operator) such that the relation ℓL = L̃ℓ holds, then L̃ is a Huygens operator. This will be subject of Lemma 6. Lagnese and Stellmacher, in [36], specialized to the study of operators of the form

L = □ + c(t) = ∂^2_t + c(t) − Δ ,

7We stress that the Darboux transformation can be performed in any variable.

where c(t) is continuous in some interval I. We choose μ(t) as one of the non-zero solutions^8 of μ_{tt} + c(t)μ = 0 on an interval I^′ ⊂ I and define the linear operators l = ∂_t − μ_t μ , l^∗ = −∂_t − μ_t μ , where l^∗ is the formal adjoint of l and the sub-index t denotes derivative with respect to the variable t. We write L = −Δ − l^∗l . As l commutes with Δ we find that lL = L̃l , where L̃ = −Δ − ll^∗ . We easily see that ll^∗ = −∂^2_t − μ_{tt} μ + 2μ^2_t μ^2 . We define c̃(t) = μ_{tt} μ − 2μ^2_t μ^2 , and the new operator can be written L̃ = □ + c̃(t) . The process of decomposing an operator into a product of two (formally) adjoint operators and interchanging the order, producing a new one, is called Darboux transformation. See [38].

The repetition of this process produces a full hierarchy of Huygens’ operators,

□_n + u_k(x^0) . (1.9)

Lagnese and Stellmacher proved in [36] that each iteration of the Darboux transformation increases in two the minimum dimension where the above operator has the Huygens’ property. Actually, the operator defined in equation (1.9) has the Huygens’ property if, and only if, n is odd and n ≥ 2k + 3.

8There are two non-zero solutions, but as this recursive procedure is carried on, one of the solutions comes for free from the previous equation. We are interested in the other linearly independent solution.

The first members of the hierarchy, modulo trivial transformations, are

u_0 = 0 ,

u_1 = − 2 t^2 , u_2 = −

6t(2 + t^3) (1 − t^3)^2 , u_3 = −

2[1 + 18κt − 3κ^2t(50 − 75t^3 − 2t^9)] [t + κ(5 + 5t^3 − t^6)]^2 . We remark that u_3 has a free parameter κ.

It seems that R. Schimming was the first to remark [39, 40] that these solutions are exactly the same ones found by Adler and Moser [41] in the framework of the rational solutions of the KdV hierarchy. The KdV hierarchy and others integrable systems are explained, in a very synthetic way, in Section 4.1.

The potentials u_k can be written as

u_k(t) = 2 d^2 dt^2 log P_k(t) ,

where P_k is known as the k − th Adler-Moser polynomials^9. They are defined by the following recursion rule

P^′_{k+1}P_{k−1} − P^′_{k−1}P_{k+1} = (2k + 1)P^2_k , P_0(t) = 1 , P_1(t) = t .

Changing the variable t for x in these polynomials and performing a global change of sign, −u_k(x) becomes rational solutions of the KdV equation u̇ = u_{xxx} − 6uu_x , when given the right time dependence. This is an important and unexpected link between integrability theory and Huygens’ principle. This is subject of extensive investigation (see, for example, [28] and references therein) and will be the main subject of this thesis. For a generalization of the above result to non-Minkowskian metric, see [23].

1.3.2. Berest’s Conjecture

In a very extensive and detailed recent survey [28], Berest presents all known (up to date) Huygens’ operators of the form □ + u(x) (many of them previously found in the cited references) and shows that these examples can be unified in a single way of

9The first time these polynomials appear in the literature seem to be in reference [42], due to J. Burchnall and T. Chaudy.

construction. We will shortly review this result and afterwards, following Berest, we will make some additional comments.

The first example given is related to the Adler-Moser polynomials, as was explained in previous section.

The second family of examples is related to Coxeter groups. This family was discovered by Berest and Veselov [43, 44], and this result shall be understood as a generalization from Lagnese and Stellmacher family of examples.

A Coxeter group is a reflection group first introduced to the study of symmetries in crystals. Let us briefly define it, following [28]:

The Coxeter root system is defined as a finite set of nonzero vectors R ⊂ R^n which satisfies the following properties:

i - the set R spans R^n ; ii - the reflection operator^{10}

s_α(x) = x − 2 ⟨α, x⟩ ⟨α, α⟩ α , x ∈ R^n , associated with any vector α ∈ R preserves the system R: s_α(R) ⊂ R.

We define an arbitrary function k : R → Z, α → k_α invariant under the action of the group generated by the reflections s_α (called the Coxeter group). This function is called multiplicity function.

For a generic hyperplane in R^n we also define the subset of positive roots R_+ ⊂ R as the subset that includes all vectors in R in the same half-space of the generic hyperplane.

Berest states and proves that the operator

□_n + ∑ α∈R_+ k_α(k_α + 1)⟨α, α⟩ ⟨α, x⟩^2 ,

has the Huygens’ property for a large enough n.

The last family of examples characterized by Berest is directed linked to the problem of wave families. Let L^{def}= □_n + n∑ μ=0 A^μ∂_μ + C , 10In the following, the notation ⟨·, ·⟩ should be interpreted as the inner product in R^n .

in a domain^{11} Ω. One defines a spherical progressive wave as ϕ(x) = M∑ ν=0 h_ν (x)F^{(ν)}(α(x)) ,

where h_ν (x) is a smooth function and F^{(ν)} are successive derivatives of some distribution F . Then, if L is a Huygens operator, there exists a spherical wave family of order M ≥ (n − 3)/2 such that Lϕ = 0 . This result was known from [45].

In order to unify all these examples in one theoretical framework, we define the concept of adjoint by the iterative procedure

ad_{L,L0} [θ(x)]^{def}= L ∘ θ − θ ∘ L_0 , ad^N_{L,L0} [θ(x)] = ad_{L,L0} [ ad^{N−1}_{L,L0} [θ(x)] ] , N > 1 . After that, one introduces the concept of N-gauge equivalence. The operators L and L_0 are N-gauge equivalent if there exists a smooth nonzero function θ(x) ∈ C^∞(Ω) such that ad^N_{L,L0} [θ(x)] ≡ 0 , N ≥ 1 .

Studying all the above mentioned examples and other examples (in these cases the metric is given by a plane wave metric), Berest stated the (still open) conjecture:

Conjecture 1. (Berest’s conjecture) Any Huygens’ operator in a Minkowski space is N-gauge equivalent to the ordinary wave operator L_0 = □_n.

In their masterpiece [11], R. Courant and D. Hilbert wrote about the (so-called) Hadamard’s conjecture:

“Examples to the contrary show that this conjecture cannot be completely true in this form, although it is highly plausible that somehow it is essentially correct.”

They were essentially guessing that the inclusion of a new kind of “trivial transformation” should be enough to make the statement of Hadamard’s conjecture correct. In this case, the inclusion of this new “trivial transformation” should be Berest’s ad.

11There are some technicalities in the definition of Ω: it should be a causal domain, i.e., an open, connected set such that any two points x and y are connected by a unique geodesic (in the metric induced by the principal part of L — in this case, the Minkowski metric) in Ω and a set formed by the intersection of the forward and backward half conoids induced by the metric with vertices in x and y is compact in Ω unless it is empty.

1.3.3. Bispectrality

The bispectral problem was discussed in the work of Duistermaat and Grünbaum [46]. An interesting introduction can be found in [38]. Here we will simply state the problem and sketch why is it important to the study of Huygens’ operators.

Consider the following problem: a signal is to be transmitted by a physical channel. Consider, for simplicity, that the channel is accurate only for certain range of frequencies. The signal is also limited in time.

Usually, we say that for the transmission of the signal we would change from the real to the momentum space (by a Fourier transform), transmit the spectrum of frequencies, and invert the Fourier transform. Taking in consideration the above limitations, all these steps are imprecise, i.e., the Fourier transform and its inverse are not integrals over R, but integrals in a certain finite range and the transmitted signal should be multiplied by a cut-off function, representing the band of the spectrum were the transmission is accurate.

Comparing the initial and final signals, a natural question is posed: how good is the transmitted information in comparison with the initial one?

This question leads to the study of the commutativity of certain families of differential and integral operators. This inspired Grünbaum to pose the following problem:

Find all instances of differential operators L(x, ∂_x) such that there exists a family of eigenfunctions φ(x, λ) satisfying simultaneously the equation L(x, ∂_x)φ = λx , and a differential equation in the spectral parameter of the form B(λ, ∂_λ)φ = θ(x)φ .

Definition: Let L(x, ∂_x) and B(k, ∂_k) be differential operators of positive order and θ(x) a smooth function independent of k. The triple (L, B, θ) is called bispectral if there exists a family {φ(x, k)} such that Lφ = λ(k)φ , for some non-constant smooth function λ(k) and Bφ = θ(x)φ .

In the language of the previous subsection, Duistermaat and Grünbaum proved that if L has the bispectral property (i.e., there exists a bispectral triple (L, B, θ)), then L is N-gauge related to itself, i.e., ad^N_{L,L}[θ(x)] ≡ 0 .

If L is a Schrödinger operator, it follwos from [46] that this condition is also sufficient.

It is a remarkable fact that the rational solutions of the KdV hierarchy are bispectral potentials for Schrödinger operators and possesses the Huygens’ property.

CHAPTER 2

Huygens’ Principle for Dirac Operators: Preliminaries

In this chapter we will develop the tools to attack the problem of Huygens’ principle for Dirac operators. In Section 2.1 we define the Clifford Algebras and Dirac matrices which are fundamental to the definition of Dirac operators in Section 2.2. In this section we address the Huygens’ principle directed to the case under study. In the sequel (Section 2.3) we classify free Dirac operators of Huygens’ type. In Section 2.4 we define a certain set of transformation that trivially preserves the validity of Huygens’ principle. This allows one to rule out uninteresting examples of Huygens’ operators. Finally, in Section 2.5, we state and prove the results that will be instrumental in the remainder of the thesis.

2.1 Clifford Algebras

Let {γ^μ}, μ = 0, · · · , n be a set of elements in an associative algebra^1 over the field of real numbers such that

{γ^μ, γ^ν }^{def}= γ^μγ^ν + γ^ν γ^μ = 2g^{μν}I , (2.1)

where g^{μν} = diag[1, −1, −1, · · · , −1] is the Minkowski tensor in n + 1 dimensions, I is the identity in n + 1 dimensions and shall be henceforth omitted.

The Clifford algebra generated by these elements is the set of all linear combinations of all products in the form

(γ^0)^{m0} (γ^1)^{m1} · · · (γ^n)^{mn} , (2.2)

1An algebra over a certain field is a vector space over this field with a bilinear multiplication. If this multiplication is associative, we call it an associative algebra.

where m_μ = 0 or m_μ = 1. When all m_μ = 0 the above product should be interpreted as the identity. If n is odd the Clifford Algebra has maximum dimension 2^{n+1}. So, all the products in the form (2.2) are linearly independent. See [47, 48, 49].

If n is odd we can define a matrix γ̄ such that {γ̄, γ^μ} = 0 μ = 0, · · · , n (2.3) and γ̄^2 = 1 . (2.4)

We remark that such matrix cannot be defined for n even. Relations (2.3) and (2.4) uniquely define, modulo a sign,

γ̄ = (−1)^{(n−1)/4}γ^0γ^1 · · · γ^n .

A particular representation of this algebra can be obtained for the 2^N ×2^N complex matrices, where N = (n + 1)/2. These n + 1 matrices are called Dirac matrices. Due to Pauli’s fundamental theorem [50, 51] all the possible representations are conjugate.

In some parts of this text a particular representation shall be used. In most cases we will use the Pauli-Dirac representation (extended to n + 1 dimensions):

γ^0 = ( 1 0 0 −1 ) , γ^i = ( 0 σ^i −σ^i 0 ) , γ̄ = ( 0 1 1 0 ) . where the σ^i’s are N/2 × N/2 matrices. In dimension 3+1, the σ^i’s are the well celebrated Pauli matrices

σ^1 = ( 0 1 1 0 ) , σ^2 = ( 0 −i i 0 ) , σ^3 = ( 1 0 0 −1 ) , and γ̄ is known as γ^5.

In Section 4.3, so as to compare our work with the literature, we shall use the Weyl representation, where

γ^0 = ( 0 1 1 0 ) , γ^i = ( 0 −σ^i σ^i 0 ) , γ̄ = ( 1 0 0 −1 ) . The conjugation matrix between Pauli-Dirac and Weyl representations is given by 1 √ 2 ( 1 1 1 −1 ) .

2.2 Huygens’ Principle Revisited

Dirac operators appear in Mathematical Physics in the framework of the construction of a relativistic electron theory. In a celebrated paper [52], Dirac defined a Lorentzcovariant Hamiltonian, i.e, a Hamiltoniant invarian by the action of the Lorentz group O(1, n), for the Schrödinger equation (and consequently first-order in space variables, as Schrödinger equation is first order in time) whose square gives the Klein-Gordon operator □ + m^2.

Let g^{μν} = diag[1, −1, · · · , −1] denote the Minkowski tensor. Associated to g^{μν} we can construct a Clifford Algebra, as in the previous section. We define Dirac operators as ∂̸ + v where ∂̸ is a short-hand notation for

∂̸^{def}= n∑ μ=0 γ^μ ∂ ∂x^μ . The attentive reader may ask about the complex unit i that appears on the side of Dirac operators ∂̸ in many textbooks. As we will shortly see this is immaterial.

It is easy to see that

∂̸^2 = □ . (2.5)

This equation is the central ideal in Dirac’s construction. Its validity is a requirement that leads naturally to Clifford algebras, as explained in the previous section. In this sense, we say that the Dirac operator is the square-root of the wave operator. The naïve idea of taking a scalar operator whose square is the wave operator leads to pseudodifferential operators, that have the uncomfortable characteristics of being non-local. On the other hand, if we enlarge the representation (taking matrix operators), as Dirac did, we still have local operators.

Unless explicitly indicated, from now on we shall adopt the following useful conventions:

• Every time a Greek index is repeated, the summation from 0 to n is implied;

• Every time a Latin index is repeated, the summation from 1 to n is implied;

• We abbreviate ∂_μ^{def}= ∂ ∂x^μ ; • To raise and lower indexes we contract with the metric tensor:

a^μ = g^{μν} a_ν .

A fundamental solution for Dirac operators is the solution of

(∂̸ + v)Ψ = δ_y ,

where δ_y denotes the Dirac-delta distribution supported at an arbitrary point y in space-time.

We shall say that a Dirac operator ∂̸+v (and by extension, its fundamental solution) obeys Huygens’ principle if Ψ satisfies

supp Ψ ⊂ C(y) ,

for all y ∈ R^n , where C(y) = {x|λ = 0} , is the light cone with vertex in y and λ is the geodesic distance from x to the point y:

λ = (x^0 − y^0)^2 − n∑ i=1 (x^i − y^i)^2 = √ (x^μ − y^μ)(x_μ − y_μ) ,

as in equation (1.4).

The restriction of orthocronicity, as we did in the wave operator case, is too strong in the case of Dirac operators: Dirac operators are not invariant when time is reverted t → −t (unlike the wave operator), because they are first order in time. We have forward and backward propagations simultaneously. In fact, this was the reason for the discovery of the positron [7, 50].

This fact is not a serious problem, as we could easily define a cut-off function and restrict our study to the forward light cone. However, we will not follow this line here.

2.3 Free Dirac Operators

From equation (2.5) we can see that ∂̸Λ^α is a fundamental solution of the free Dirac operator ∂̸ whenever Λ^α is a fundamental solution of wave operator.

This allows the definition of a family of distributions^2

Θ^{α def}= ∂̸Λ^α , (2.6)

called Dirac kernels, defined in the same way the Riesz kernels Λ^α were defined in Section 1.2.

Riesz kernels Λ^α and Dirac kernels Θ^α have many important properties:

i - □Λ^α = Λ^{α−2};

2From now on, Riesz kernels are multiplied by the identity matrix I, but we will omit it.

ii - □Θ^α = Θ^{α−2}; iii - ∂̸Θ^α = Λ^{α−2};

iv - ∂̸^{−k}Θ^{−n+1} = Θ^{−n+1+k} if k is even; v - ∂̸^{−k}Θ^{−n+1} = Λ^{−n+k} if k is odd; vi - ∂_μΛ^α =^{Λα−2}_{α+n−1} (x_μ − y_μ) , α ≠ −n + 1; vii - if f ∈ C^1(R^{n+1} ) and α ≠ −n + 1 then γ^μΘ^α∂_μf = 2 α + n − 1 Λ^{α−2}(x^μ − y^μ)∂_μf − Θ^α∂̸f . The three first properties are elementary consequences of the definitions of Dirac and Riesz kernels and equation (2.5). Properties (iv) and (v) are consequences of the three first. With the help of equation (1.7) we prove (vi).

Let’s define Γ^{def}= γ^μ(x_μ − y_μ) .

We have that Γ^2 = λ^2 , (2.7) so Γ is a square-root of λ^2 (in the same sense ∂̸ is the square-root of □).

From property (vi) we have that, for α ≠ −n + 1

Θ^α = ∂̸Λ^α = Λ^{α−2} α + n − 1 Γ . (2.8)

With this formula in mind and considering the definition of Clifford Algebras (2.1), we prove property (vii).

We are now ready to determine which free Dirac operators satisfy Huygens’ property.

Theorem 1. The Lorentz-invariant fundamental solution of the free Dirac equation in dimension n, Θ^{−n+1}, obeys Huygens’ principle if, and only if, n is odd. Proof. With the help of equation (2.8) we can easily prove that (for α ≠ −n + 1) ∂̸[Λ^α(log λ)Γ] = (α + n + 1)Λ^α log λ + Λ^α .

Since Λ^α is an analytic family of distributions we can take the limit α → −n − 1 to get ∂̸[Λ^{−n−1}(log λ)Γ] = Λ^{−n−1} .

Because Λ^{−n−1} is the Dirac-delta distribution (in a space-time of dimension n + 1), we conclude that Θ^{−n+1} = Λ^{−n−1}(log λ)Γ , is the fundamental solution of ∂̸. Since Λ^{−n−1} = N(−n − 1)λ^{−n−1} and N(−n − 1) = 0, Θ^{−n+1} is null wherever λ^{−n−1} log λΓ is finite, i.e., outside the (surface of the) light cone.

An important point to be stressed is that in one dimension, the free Dirac operator obeys Huygens’ principle, unlike the wave operator. This point will be explored in Section 4.2. In higher dimensions they have the same behavior.

2.4 Trivial Transformations

In this section, we define some transformations that send a Dirac operator into another Dirac operator. Those transformations trivially preserve the validity of Huygens’ principle, so potentials generated by those are uninteresting. We define trivial transformations strongly inspired by Hadamard’s original definition for wave operators.

i - Change of coordinates:

x̃^μ = f^μ(x^0, · · · , x^n), μ = 0, · · · , n , with det ( ∂_μf^ν ) μ,ν=0,··· ,n ≠ 0 . In this case, the Dirac operator is transformed according to ∂̸ → (∂̸f^μ)∂_μ . ii - Left multiplication:

Now we take D → D̄ = λ(x)D and Ψ → Ψ̄ = Ψλ(y)^{−1}, where λ(x) is an everywhere non-singular matrix, λ(x) ∈ C^1(R^{N×N} ). In order to see that Ψ̄ is the fundamental solution of D̄ we write: D̄Ψ̄ = λ(x)DΨλ(y)^{−1} = λ(x)δ_yλ(y)^{−1} = δ_y .

iii - Factor transformations:

Let ρ be a non-singular matrix of the form

ρ = ρ_ϕI + ρ_μγ^μ + ρ̄_μγ^μγ̄ + ρ̄γ̄ ,

where ρ_ϕ, ρ_μ, ρ̄_μ and ρ̄ are differentiable functions. The factor transformation consists in transforming D → D̄ = ρ(x)Dρ(x)^{−1} and Ψ → Ψ̄ = ρ(x)Ψρ(y)^{−1}.

The second transformation fully justifies the omission of the complex unit i following Dirac matrices.

Some authors use the expression “gauge transformations” instead of “factor transformations”. To avoid confusion with the use of the term “gauge” in electromagnetism, we shall adopt the Hadamard’s original term.

It is important to stress that the transformations defined above include the change of the electromagnetic gauge, A_μ → A_μ +∂_μθ, where θ defines the new (electromagnetic) gauge.

γ^μ(∂_μ + iA_μ + i∂_μθ) = e^{−iθ}γ^μ(∂_μ + iA_μ)e^{iθ} . In this case the fundamental solution is transformed Ψ̄ = e^{−iθ(x)}Ψe^{iθ(y)} . As we should expect, the change of electromagnetic gauge does not interfere in the validity of the Huygens’ principle. We will address this question again in Chapter 3.

2.5 Hadamard Expansions

Adapting Hadamard’s seminal idea for the wave operator, we look for a series expansion for the fundamental solution Ψ. Here, Ψ denotes the solution of

(∂̸ + v)Ψ = δ_y . (2.9)

We look for series expansion of Ψ: Ψ = ∞∑ k=0 ∂̸^{−k}Θ^{α0} u_k = ∞∑ k=0 { Θ^{α0+2k}u_{2k} + Λ^{α0+2k}u_{2k+1} } , (2.10)

where u_k = u_k(x, y) is a matrix coefficient and α_0 should be taken equal to −n + 1.

From now on we will restrict ourselves to the case v = aI + a_μγ^μ + āγ̄ . Just to fix the notation, a is called the scalar potential, a_μ are the electromagnetic potentials, and ā is the pseudo-scalar potential. This is a general potential in the 1+1 case. In this thesis only potentials of this form are to be treated.

As v and Θ^{α+2k} are matrices, we need to study how to commute these two objects. From equation (2.8), we conclude that

vΘ^α = 2 α + n − 1 Λ^{α−2}(x^μ − y^μ)a_μ + Θ^αv^∗ , (2.11) where

v^{∗ def}= aI − a_μγ^μ − āγ̄ . (2.12)

Applying ∂̸ + v to Ψ we find

(∂̸ + v)Ψ = Λ^{α0−2} [ u_0 + 2 α_0 + n − 1

(x^μ − y^μ)(∂_μ + a_μ)u_0 ] +

+ ∞∑ k=0 Θ^{α0+2k} [ −∂̸u_{2k} + u_{2k+1} + v^∗u_{2k} ] +

+ ∞∑ k=1 Λ^{α0+2k−2} [ u_{2k} + 2 α_0 + 2k + n − 1

(x^μ − y^μ)(∂_μ + a_μ)u_{2k} + ∂̸u_{2k−1} + vu_{2k−1} ] . Equating (∂̸ + v)Ψ = Λ^{α0−2} we find Hadamard’s recursion:

u_0 +^2_{α0+n−1} (x^μ − y^μ)(∂_μ + a_μ)u_0 = 1 α_0 → −n + 1; u_{2k+1} = (∂̸ − v^∗)u_{2k} k = 0, 1, · · · ;

u_{2k} +^1_k (x^μ − y^μ)(∂_μ + a_μ)u_{2k} = −(∂̸ + v)u_{2k−1} k = 1, 2, · · · .

(2.13)

Theorem 2. If v = aI +āγ̄, Ψ is given by equation (2.10), and satisfies (∂̸ +v)Ψ = δ_y, then the coefficients in the expansion (2.13) are uniquely determined by the normalization conditions u_0(y, y) = 1 and by the imposing regularity of u_k in the vicinity of the vertex of the light cone, i.e., when x → y.

Remark: This theorem remains true if we include electromagnetic terms in the potential, but this proof has to wait until Subsection 3.3.1.

Proof. If a_μ = 0 we easily conclude that u_0 = 1. The uniqueness for odd terms is obvious. For even terms, suppose that u^1 and u^2 are solutions of the third equation in the system (2.13). So, their difference ū = u^1 − u^2 is solution of

ū + 1 k (x^μ − y^μ)∂_μū = 0 .

Consider a ray emanating from the vertex of the light cone y and remember that λ measures the geodesic distance between x and y. Studying the behavior of ū along this ray we find that ū obeys the equation

ū(λ) + 1 k λū^′(λ) = 0

The only non-trivial solution of this equation is given by ū ∝ λ^{−k}, that is not wellbehaved near λ = 0. So ū = 0 and the theorem is proved.

Theorem 3. A Dirac operator in the form ∂̸ + v possesses Huygens’ property in odd spatial dimension n if, and only if, its Hadamard series truncates at n, i.e, u_k = 0 for k ≥ n. Proof. If the series truncates, we simply need to take n high enough in order to guarantee that all Riesz and Dirac kernels in the expansion have Huygens’ property. In the other direction, we take the Hadamard’s series of the operator ∂̸ + v, and from its uniqueness, all the kernels should be of Huygens’ type.

We state two more results before characterizing Dirac operators.

Theorem 4. Trivial transformations do not change the validity of Huygens’ principle.

Proof. In Section 2.4 we studied how the fundamental solution of the Dirac operator changes whenever we trivially transform the operator. In the first case we simply change the coordinates of the solution, so the order of the series is not changed. In the second case, we multiply the Hadamard coefficients on the right by the matrix λ(y)^{−1}. For the third transformation we see that

ρΘ^α = Θ^αρ^∗ + 2 α + n − 1 Λ^{α−2}(ρ^μI + ρ̄^μγ̄)(x_μ − y_μ) ,

where ρ^{∗ def}= ρI_ϕ − ρ_μγ^μ + ρ̄_μγ^μγ̄ − ρ̄γ̄. Thus, if Ψ is a terminating series, so is Ψ̄.

Remark: It is very tempting to generalize the third trivial transformation to arbitrary matrices. In order to do that, it is necessary to understand how to exchange the order of ρ and Θ. As far as we see, there is no canonical way to do that.

Theorem 5. Change of representation of Dirac matrices do not affect Huygens’ property.

Proof. Due to Pauli’s Fundamental Theorem [50, 51] all the representations are equivalent.

Remark: Given v = a(x^0)I + ā(x^0)γ̄, the operators ∂̸ + v, ∂̸ − v, ∂̸ − v^∗ and ∂̸ + v^∗ are trivially equivalent.

Proof. The identity −γ̄(∂̸ + v)γ̄ = ∂̸ − v , proves the first equivalence. For the second one, we define M = ( 0 −i i 0 ) , such that M = −iγ^0γ̄ in the Pauli-Dirac representation and thus M^{−1} = M. A simple calculation proves that

Mγ^0M^{−1} = −γ^0 , Mγ^iM^{−1} = γ^i and Mγ̄M^{−1} = −γ̄ .

and M(∂̸ + v)M^{−1} = −γ^0∂_0 + γ^i∂_i + v^∗. Proceeding with a spatial inversion, x^i → −x^i, the last operator changes^3 to −∂̸ + v^∗.

Other equivalences are elementary consequences of these two.

As a final example let’s study the validity of Huygens’ principle for the massive Dirac operator, i.e., ∂̸ + m, when m ≠ 0 is a constant.

Example: Consider v = m. The solution of the recursion (2.13) is given by u_k = (−m)^k, so, by Theorem 3, ∂̸ + m never obeys Huygens’ principle, if m ≠ 0.

3The transformations we just performed defines a space-time reversion. Since a is a scalar, it remains invariant under this kind of transformation, but ā, a pseudo-scalar, changes sign.

CHAPTER 3

Huygens’ Principle in 1 and 3 Spatial Dimensions

In this chapter we will find the first non-trivial examples of Huygens’ type Dirac operators. The main goal is to seek as many as possible examples of Huygens’ operators in one and three dimensions. For the one dimensional case we show in the Section 3.1 that the only Huygens’ potentials are the trivial ones. The first non-trivial example will be found in Section 3.2. This result will be extended in Section 3.3, where we also make some physical considerations.

3.1 Huygens’ Principle in 1 Dimension

Using the tools developed in the preceding chapter, we start classifying Huygens potentials. The simplest case is, of course, n = 1.

Theorem 6. If n = 1, modulo trivial transformations, the only Huygens’ operator is the free Dirac operator ∂̸.

Proof. For n = 1 we represent Dirac matrices as

γ^0 = ( 1 0 0 −1 ) , γ^1 = ( 0 1 −1 0 ) . It is straightforward to verify that {γ^μ, γ^ν } = 2g^{μν} , where g^{μν} = diag[−1, 1]. We also have

γ̄ = ( 0 1 1 0 ) ,

So every 2 × 2 matrix v can be written v = aI + a_0γ^0 + a_1γ^1 + āγ̄ .

If we multiply the equation for u_0 in (2.13) by α_0 + n − 1 and take the limit α_0 → −n + 1 we get (x^μ − y^μ)∂_μu_0 = −(x^μ − y^μ)a_μ whose solution, imposing u_0(y, y) = 1 is given by

u_0(x, y) = exp ( − ∫_1 0 (x^μ − y^μ)a_μ ( y + s(x − y) ) ds ) . (3.1)

From now on we abbreviate ξ(s)^{def}= y + s(x − y) . (3.2)

The next term in the recursion, which must vanish, is

u_1(x, y) = [ −aI + γ^μ ( a_μ − ∂_μ ∫_1 0 (x^ν − y^ν)a_ν (ξ(s))ds ) + āγ̄ ] u_0(x, y) . Since u_0 is a non-zero scalar, we can equate the term inside the brackets to 0 and find

a_μ = ∂_μ ∫ (x^ν − y^ν)a_ν (ξ(s))ds ;

a = 0 ; ā = 0 .

Defining

θ(x, y)^{def}=

∫_1 0 (x^μ − y^μ)a_μ(ξ(s))ds , (3.3)

it is easy to see that e^{−θ}∂̸e^θ = ∂̸ + a_μγ^μ , so ∂̸ + v is trivially equivalent to the free Dirac operator.

3.2 Huygens’ Principle in 3 Dimensions: The Scalar Case

The main goal of this section is to prove the following:

Theorem 7. The only scalar potential v for which ∂̸ + v is a Huygens’ operator, apart from the null potential and modulo trivial transformations, in 3+1 dimensions is v(x^0, · · · , x^3) = 1/x^0.

Proof. The fundamental solution looks like Ψ = Θ^{−2} + Λ^{−2}u_1 + Θ^0u_2 .

So, the Hadamard recursion (considering v^∗ = v) is: u_0 = 1 ;

u_1 = (∂̸ − v)u_0 = −v ;

u_2 + (x^μ − y^μ)∂_μu_2 = −(∂̸ + v)u_1 = ∂̸v + v^2 ; (3.4) 0 = u_3 = (∂̸ − v)u_2 =⇒ ∂̸u_2 = vu_2 . (3.5) The theorem is then reduced to finding v such that, together with some u_2, obeys the last two relations. We will study the compatibility relations between (3.4) and (3.5).

We apply the Dirac operator to equation (3.4) and get 2∂̸u_2 + (x^μ − y^μ)∂_μ∂̸u_2 = ∂̸[∂̸v + v^2] .

With the help of equation (3.5) this can be re-written [v + (x^μ − y^μ)∂_μv]u_2 = □v + (∂̸v)v − v^3 . (3.6) In the last equation u_2 is a function of x and y, while v = v(x) (the dependence of v on x will be omitted, while u_2 will be explicitly indicated whenever it is being evaluated at (x, x)). Evaluation of equation (3.6) at y = x gives: vu_2(x, x) = □v + (∂̸v)v − v^3 . (3.7) This is a necessary condition for v to be a Huygens’ potential.

Another necessary condition can be obtained differentiating equation (3.6) with respect to y^ν. We denote ~∂_ν^{def}= ∂ ∂y^ν . (3.8) Applying ~∂_ν and evaluating equation (3.6) at (x, x) we find v ~∂_ν u_2(x, x) = (∂_ν v)u_2(x, x) ν = 0, · · · , n . (3.9) From equation (3.4) we get u_2(x, x) = ∂̸v + v^2 .

Differentiating (3.6) with respect to ∂_ν 2∂_ν u_2 + (x^μ − y^μ)∂_μ∂_ν u_2 = ∂_ν (∂̸v + v^2) ν = 0, · · · , n .

Equation (3.4) differentiated with respect to ~∂_ν and evaluated at (x, x) reads ~∂_ν u_2(x, x) = ∂_ν u_2(x, x) = 1 2 ∂_ν (∂̸v + v^2) ν = 0, · · · , n . Substituting this result in equation (3.9) yields 1 2 v∂_ν (∂̸v + v^2) = (∂_ν v)(∂̸v + v^2) , which can be re-written γ^μ[(∂_μ∂_ν v)v − 2(∂_μv)(∂_ν v)] = 0 ν = 0, · · · , n .

As the Dirac matrices are linearly independent, this equation is equivalent to ∂_μ∂_ν ( 1 v ) = 0 μ, ν = 0, · · · , n , whose solution is v = (k_μx^μ + k̃)^{−1} . (3.10) The constant k̃ can be incorporated in any variable, by means of a trivial transformations that do not change the principal part of Dirac’s operator.

Restrictions in the vector k_μ can be obtained substituting this solution into equation (3.7). Using that ∂_μv = −k_μv^2, we get k^μk_μ = 1 .

We now proceed with a Lorentz-covariant change of coordinates (which does not change the principal part of a Dirac operator), in such a way that the time axis points in the direction of k^μ, so the above operator is trivially equivalent to ∂̸ + 1/x^0.

As these calculations give necessary conditions to get a Huygens potential, we shall explicitly verify that the recursion terminates after three steps.

We easily find that u_0 = 1 , u_1 = − 1 x^0 , u_2 = I − γ^0 x^0y^0 , u_3 = 0 .

This concludes the proof.

Remark: The attentive reader will notice that the proof above is slightly different of the proof in [53]. Both proofs are correct, but the one presented here seems to be simpler.

3.3 Huygens’ Principle in an Electromagnetic Field

In this section we shall consider potentials of the form v = a_μγ^μ. In the last subsection the result of the preceding section will be considered and a theorem about potentials of the form v = aI + a_μγ^μ will be proved.

Potentials of the form a_μγ^μ are called electromagnetic potentials because they correspond to including an electromagnetic field in the physical situation under consideration, except for a multiplication by the complex unit i. If the physical potential is given by the “four-vector” A_μ the new momentum is given by i∂_μ −A_μ, so the “physical case,” in the expression of v, is given by purely imaginary components.

If we write the potential as a 1-form, which is standard [54], a = a_μdx^μ, the electromagnetic field is given by its exterior derivative

F = da .

The 2-form F can be viewed as a tensor,

F_{μν} = ∂_μa_ν − ∂_ν a_μ . (3.11)

The “canonical way” to write its components, modulo personal preferences of different authors (which changes signs, or columns), is [55, 56]:

F_{μν} = 0 −E_x −E_y −Ez E_x 0 B_z −B_y E_y −B_z 0 B_x E_z B_y −B_x 0 .

Electromagnetic fields obey Maxwell’s equation, which in vacuum are written

∂^μF_{νμ} = j_ν ∂_{[μ}F_{νρ]} = 0 . (3.12)

In these equations j_ν is the density of electrical charge and current, and the notation [·] means that we sum over all the permutation of the indexes in brackets, taking in consideration the parity of the permutation^1. The second equation is automatically obeyed, as long as F_{μν} is obtained from a potential. Inside matter the second one remains valid (which implies, from Poincaré’s lemma that, locally, the electromagnetic field can be obtained from a potential).

In Classical Physics the field at each point is observable, while the potentials are considered just a technique for calculating such field, having no separate reality^2. This means that adding an exact form dθ to the potential should not change the field (which,

1For example: B_{[μν]} = B_{μν} − B_{νμ}, B_{[μ}C_{ν]} = B_μC_ν − B_ν C_μ and B_{[μ}C_{νρ]} = B_μC_{νρ} + B_ν C_{ρμ} + B_ρC_{μν} − B_μC_{ρν} − B_ν C_{μρ} − B_ρC_{νμ}. 2This changes dramatically in Quantum Mechanics, as can be seen by the Aharonov-Bohm effect.

See, for example [50].

by now, should be obvious from the fact that d^2=0). In terms of its components, this means to change from a_μ to a^′_μ = a_μ + ∂_μθ. As the Huygens’ property is a physically sound problem, the validity or not of the Huygens’ principle cannot depend on the particular choice of the electromagnetic gauge^{3,4}.

The change of the gauge is a particular kind of trivial transformation, as defined in Section 2.4. We see immediately

∂̸ + (a_μ + ∂_μθ)γ^μ = e^{−θ}(∂̸ + a_μγ^μ)e^θ ,

so by Theorem 4 the change of the gauge does not change the validity of the Huygens’ principle.

Thus, the invariance of Huygens’ principle under gauge transformations can be concluded by two distinct reasonings, coming from two different points of view, historically unrelated. We point out that, as far as we know, the fact that the change of electromagnetic gauge is a particular case of trivial transformations as defined by Hadamard was never mentioned in the literature.

After these remarks we are ready to state:

Theorem 8. If a Dirac operator ∂̸ + a_μγ^μ obeys Huygens’ property for real or purely imaginary potentials a_μ in 3+1 dimensions, then it is equivalent to the free operator ∂̸.

The proof of this theorem will be the subject of the next two subsections. Subsection 3.3.3 is concerned with conjoining the results of the two previous ones.

3.3.1. The Choice of the Gauge

In Section 3.1, when we started solving Hadamard’s recursion, u_0 was obtained in equation (3.1). In the present case, where a = ā = 0 and the dimension is higher, the solution is the same, as can be easily verified. So, we should proceed with the calculation. However, the expressions for u_1, u_2 and u_3 (that should be equal 0) become more and more complicated, and the calculations turn to be a cumbersome task.

3The reader may ask why are we considering a classical field if Dirac equation is a quantum equation. The answer is quite simple: we are in the first quantization, where the wave function is already quantized, but not the field. This procedure is a common one (see, for example, the comment in the end of the first Chapter of [50]).

4To understand the idea that Huygens’ principle is physically observable we should understand the meaning of Ψ, the solution of Dirac equation. Following Section 1.7.3 of [57], we say that for every Borel-measurable set B ∈ R^3 the probability of finding the particle in B is given by ⟨Ψ, E(B)Ψ⟩, where E(B) is a projection operator in B and the inner product should be interpreted as Hilbert space inner product where the Dirac operator is acting and the solution Ψ lives. In simpler words, we have a non-zero probability of finding the particle only on the support of the wave-function.

Everything can be made easier if a good gauge is selected. Inspired by the 1+1 case, let’s define

f_μ(x, y)^{def}= a_μ(x) − ∂_μ

∫_1 0 (x^ν − y^ν )a_ν (ξ(s))ds , where ξ(s) = y + s(x − y) was defined in equation (3.2). The first remark is that ∂_μf_ν − ∂_ν f_μ = ∂_μa_ν − ∂_ν a_μ , which shows that f and a are gauge equivalent. Explicitly, the change of gauge is given by ∂̸ + f_μγ^μ = e^θ(∂̸ + a_μγ^μ)e^{−θ} , where θ = θ(x, y) is given by equation (3.3).

There is one important difference between the trivial transformation we just made and the ones defined in Section 2.4: now, θ depends on x and y. So, we need to prove: Lemma 1. The Dirac operator ∂̸ + a_μ(x)γ^μ is Huygens’ if, and only if, ∂̸ + f_μ(x, y)γ^μ is Huygens’ in the sense of its fundamental solution for each y ∈ R^4 .

Proof. From the two different (and equivalent) meanings of Huygens’ principle (Cauchy problem and fundamental solution), only the second one makes sense for ∂̸ + f_μγ^μ, since f_μ depends on y. This is not a big problem, however. Let y be fixed. By the same argument of Section 2.4 we prove that ∂̸ + a_μγ^μ is Huygens (in the sense of its fundamental solution) whenever ∂̸ + f_μγ^μ is (in the same sense). This procedure is carried on for each y, and after scanning all y ∈ R^4 we finish the lemma.

From now on, the calculations will be performed in the above defined new gauge.

3.3.2. Solving the Recursion

From the fundamental solution transformation rules, if we apply to the operator a trivial transformation, it is immediate that u_0 = 1. However, it will be instructive to explicitly get u_0 in this new gauge.

The functions f_μ can be re-written as f_μ(x, y) = ∫_1 0 (x^ν − y^ν)F_{νμ}(ξ(s))s ds , (3.13)

and, so, by the anti-symmetry of the tensor F_{μν} we have (x^μ − y^μ)f_μ(x, y) = 0 ∀x, y ∈ R^4 . (3.14)

If we look at equation (2.11), it is clear that this new gauge is exactly the one that cancels the term in the Riesz kernel.

Since Hadamard’s recursion stops at the second term, equation (2.13) becomes u_0 + 2 α_0 + n − 1

(x^μ − y^μ)∂_μu_0 = 1 , u_1 = (∂̸ + f_μγ^μ)1 = γ^μf_μ^{def}= f .

u_2 + (x^μ − y^μ)∂_μu_2 = −(∂̸ + f)f , (3.15) (∂̸ + f)u_2 = 0 .

The first equation can be easily solved to get u_0 = 1.

In this gauge and with help of Lemma 1, we easily extend Theorems 2 and 3 to the electromagnetic case.

We shall study compatibility conditions between the last two equations. We start applying Dirac operator to the first: 2∂̸u_2 + (x^μ − y^μ)∂_μ∂̸u_2 = −∂̸(∂̸ + f)f . With the second condition this can be written 2fu_2 + (x^μ − y^μ)(∂_μf)u_2 + f(x^μ − y^μ)∂_μu_2 = ∂̸(∂̸ + f)f .

Applying ∂_ν to equation (3.14) we find that (x^μ − y^μ)∂_ν f_μ = −f_ν which allows one to write the equation (x^μ − y^μ)∂_μf = γ^μ(x^ν − y^ν )F_{νμ} − f .

Finally we write γ^μ(x^ν − y^ν)F_{νμ}u_2 = (∂̸ + f)(∂̸ + f)f . (3.16) We proceed as we did in Section 3.2. The RHS of last equation is (∂̸ + f)(∂̸ + f)f = □f + ∂̸f^2 + f∂̸f + f^3 . For x = y, it is immediate to see that f(x, y) = 0. So, the only non-zero term in x = y in the RHS is □f. Actually, □f_μ = ∂^ρ∂_ρ ∫_1 0 (x^ν − y^ν)F_{νμ}(ξ)sds = 2 ∫_1 0 ∂^ρF_{ρμ}(ξ)s^2ds + ∫_1 0 □F_{νμ}(ξ)s^3ds . Letting y → x □f(x, x) = 2 3 γ^μ∂^ν F_{νμ}(x) . As the LHS of equation (3.16) is zero at (x, x), we conclude that ∂^ν F_{μν} = 0 , μ = 0, · · · , 3 , (3.17) is a necessary condition for the operator ∂̸ + a_μγ^μ to be of Huygens type. From Maxwell’s equations (3.12), this is interpreted as the absence of sources.

To get a second necessary condition, we apply ~∂_η (as defined in equation (3.8)) to the LHS of equation (3.16) and evaluate it at (x, x). We get ~∂_η□f(x, x) = 1 6 γ^μ∂_η ∂^ρF_{ρμ} − 1 4 γ^μ□F_{ημ} ; ~∂_η∂̸f(x, x)^2 = 2γ^μ(∂_μf_ν )(x, x)( ~∂_η f^ν )(x, x) ; ~∂_η(f∂̸f)(x, x) = ( ~∂_ηf)(x, x)(∂̸f)(x, x) ; ~∂_ηf(x, x)^3 = 0 .

Taking into account equations (3.13) and (3.17) the above system can be re-written as ~∂_η (∂̸ + f)^2f(x, x) = 1 2 γ^μ(F^2)_{μν} − 1 4 γ^μγ^ν γ^ρF_{ημ}F_{νρ} , where (F^2)_{μν} indicates the (μ, ν) component of the tensor given by the square of the matrix F , (F^2)_{μν} = F_{μρ}F^ρ_ν .

The RHS of equation (3.16) gives ~∂_η [γ^μ(x^ν − y^ν)F_{νμ}u_2](x, x) = −γ^μF_{ημ}u_2(x, x) ,

and u_2(x, x) can be easily obtained from equation (3.15): u_2(x, x) = −(∂̸ + f)f(x, x) = 1 2 γ^μγ^ν F_{μν} . Gathering all this information in a unique equation 1 2 γ^μ(F^2)_{μη} − 3 4 γ^μγ^ν γ^ρF_{ημ}F_{νρ} = 0 . In the Clifford base this becomes

γ^μ(F^2)_{μη} + 3 4 ∑ μ<ν<ρ γ^μγ^ν γ^ρF_{η[μ}F_{νρ]} = 0 ,

where, as in Section 3.3, [·] means that we sum over all the permutation of μ, ν and ρ taking in consideration the parity of the permutation.

From the independence of the generators of the Clifford algebra, we conclude that

(F^2)_{μν} = 0 and F_{η[μ}F_{νρ]} = 0 ∀μ, ν, ρ, η = 0, · · · , 3 .

Let’s write (F^2) componentwise:

(F^2)_{μν} = F_{μρ}F^ρ_ν =

= E^2_x + E^2_y + E^2_z E_zB_y − E_yB_z E_xB_z − E_zB_x E_yB_x − E_xB_y E_zB_y − E_yB_z B^2_y + B^2_z − E^2_x −E_xE_y − B_xB_y −E_xE_z − B_xB_z E_xB_z − E_zB_x −E_xE_y − B_xB_y B^2_x + B^2_z − E^2_y −E_yE_z − B_yB_z E_yB_x − E_xB_y −E_xE_z − B_xB_z −E_yE_z − B_yB_z B^2_x + B_y − E^2_z .

From the condition F^2 = 0 and the hypothesis that all the potentials are real or purely imaginary (so are the fields), we conclude that E_x = E_y = E_z = B_x = B_y = B_z = 0, so F_{μν} = 0 and a is gauge equivalent to the zero field. This finishes the proof of Theorem 8.

Remark: If we relax the hypothesis that the potential is real or purely imaginary, then we can find Huygens potentials. One family of examples is given by

a_0 = −a_3 = ∫ R ε(ω)e^{iω(x3−x0)}(x^1 − ix^2)dω a_1 = a_2 = 0 ,

where ε(ω) is any function such that ε(ω) = ε^∗(−ω) and^∗ denotes complex conjugation.

3.3.3. The Main Theorem

In this subsection we will conjoint both results to study the case when v = aI+a_μγ^μ, with a_μ real or purely immaginary.

Theorem 9. Let a_μ be real or purely imaginary. If ∂̸ + aI + a_μγ^μ possesses Huygens property in 3+1 dimensions, then it is trivially equivalent to the free Dirac operator ∂̸ or to ∂̸ + 1/x^0.

Proof. We first change the gauge to ṽ = aI +f_μγ^μ where f_μ is given by equation (3.13). Hadamard’s recursion is

u_0 = 1 ; u_1 = −ṽ^∗ ;

u_2 + (x^μ − y^μ)∂_μu_2 = (∂̸ + ṽ)ṽ^∗ ; 0 = (∂̸ − ṽ^∗)u_2 .

With the same technique of the last subsection we get, from the second and the third equations [ṽ^∗ + (x^μ − y^μ)∂_μṽ^∗]u_2 = (∂̸ − ṽ^∗)(∂̸ + ṽ)ṽ^∗ , which can be re-written as

[aI + (x^μ − y^μ)∂_μa + γ^μ(x^ν − y^ν)F_{νμ}]u_2 = (∂̸ − ṽ^∗)(∂̸ + ṽ)ṽ^∗ , (3.18)

At the point (x, x) this equation reduces to

2a^3 − □a + 2 3 γ^μ∂^ν F_{μν} − 2 ∑ μ<ν γ^μγ^ν aF_{μν} = 0 .

From the linear independence of the gamma matrices:

2a^3 − □a = 0 ;

∂^ν F_{μν} = 0 ; aF_{μν} = 0 . The last equation implies that a is zero or F_{μν} is zero at each point (the possibility of both being different from zero, but having disconnect support is irrelevant because Huygens’ principle is a local property). In the first case we are in Theorem 8 and in the second we are in Theorem 7.

CHAPTER 4

Huygens’ Principle and Integrability

The main objective of this chapter is to relate Huygens’ principle to integrability. Some links of these two different branches of mathematics were seen in the first chapter, for the case of the wave operator. Here, we will present these links in the case of Dirac operators.

Section 4.1 presents a short introduction to integrability, aimed at constructing the AKNS hierarchy. Section 4.2 shows a relation between the Huygens’ principle and the rational solutions of the mKdV hierarchy, while Section 4.3 extends this relation to the AKNS system.

4.1 Few Words About Integrability: KdV, mKdV, AKNS & Friends

This section presents a short introduction to the world of integrability aiming specifically at applications in this thesis. Readers interested on a basic introduction to soliton theory and integrability should see [58, 59]. For an elementary introductory account see [60, 61], while a deeper overview can be found in [62, 63, 64, 65]. Geometrical aspects of integrable systems are discussed in [66, 67], while a good reference for its algebraic aspects, is [68]. Relations with symmetries are studied in [69]. A recent review is [70]. The relation of integrability and the Painlevé property is addressed in [22].

The Korteweg-de Vries equation (KdV) was introduced in fluid dynamics in 1895 [71]. Its form, modulo trivial transformations that do not change its properties, is

u_t = u_{xxx} − 6uu_x . (4.1)

This equation models one-directional wave propagation with a special combination of non-linearity and dispersion, so it is useful in a large variety of models. One of its most remarkable properties is the presence of solitons. See [38, 59, 61, 72].

We say that a Hamiltonian equation is integrable if it presents an infinite number of independent conservation laws in involution with one another. An integrable equation never comes alone, but with a full set of equations, called an integrable hierarchy. There are many, but equivalent, ways of constructing the hierarchy. See [61, 62, 66]. Each equation of the hierarchy shares many properties with the other members.

The modified Korteweg-de Vries, or, in short, mKdV, which is closely related to the KdV, is given by:

v_t = v_{xxx} − 6v^2v_x . (4.2)

Solutions of these two equations are related by the Miura transformation

u = v_x ± v^2 . (4.3)

An important generalization of all these hierarchies is given by the Ablowitz, Kaup, Newell and Segur (AKNS) systems, see [73]. We will follow the construction presented in [74].

Let us consider two 2 × 2 matrices, P and R, depending on two variables, x and t and one spectral parameter k. Let us also assume that they depend polynomialy on k P (x, t; k) = Jk + Q(x, t) and R(x, t; k) = Jk^n + R_1(x, t)k^{n−1} + · · · + R_n(x, t) , where J is constant matrix. Suppose there exists a matrix valued function φ such that ∂_xφ = P φ and ∂_tφ = Rφ . The compatibility condition between both P and R is written as a zero curvature condition ∂_xR − ∂_tP + [R, P ] = 0 , where [·, ·] is the commutator. If we write the expression for R and P in the above equation and equate the terms in k we find

[J, Q] + [R_1, J] = 0 , ∂_xR_1 + [R_1, Q] + [R_2, J] = 0 , ∂_xR_2 + [R_2, Q] + [R_3, J] = 0 , . . ∂_xR_{n−1} + [R_{n−1}, Q] + [R_n, J] = 0 , ∂_tQ − ∂_xR_n + [Q, R] = 0 ,

Now, let’s consider the matrices H = ( 1 0 0 −1 ) E = ( 0 1 0 0 ) F = ( 0 0 1 0 ) . (4.4)

Impose P = R^{(1)} = kH + qE + rF ,

R^{(n)} = n∑ l=0 k^{n−l}R_l , where R_0 = H and R_1 = qE + rF .

If we assign weight i+1 to ∂^i_xq and to ∂^i_xr the solutions R_2, · · · , R_n are unique. See [74, 75].

The n-th flow is given by

∂_{tn} R_1 − ∂_xR_n + [R_1, R_n] = 0 .,

which can be written as a system of two partial differential equations for q and r q_{tn} = A_n(q, · · · , ∂^n_x q; r, · · · , ∂^n_x r) , r_{tn} = B_n(q, · · · , ∂^n_x q; r, · · · , ∂^n_x r) . For n = 1 and n = 2 we find the linear flows

q_{t0} = 2q , q_{t1} = q_x , r_{t0} = −2r , r_{t1} = r_x .

For n = 2 and n = 3 we find the nontrivial flows

q_{t2} = −^1_2 (q_{xx} − 2q^2r) , q_{t3} =^1_4 (q_{xxx} − 6qrq_x) , r_{t2} =^1_2 (r_{xx} − 2r^2q) , r_{t3} =^1_4 (r_{xxx} − 6qrr_x) .

Proceeding with this calculation we get the so-called AKNS hierarchy. It is easy to see that, if we impose q = ±r we have the mKdV; if we impose r = 1, the equation for q is the KdV. In this sense the AKNS generalizes many integrable systems, including the cubic Schrödinger equation (q = r^∗) and others.

The technique of Subsection 1.3.1 used to construct Huygens potentials for wave operators depending on just one variable, namely, the Darboux transformations was used also to construct rational solutions of the KdV hierarchy by Adler and Moser [41]. Now we will construct rational solutions of the AKNS hierarchy by matrix Darboux transformations and in the last section we will connect this construction with Huygens’ potentials for Dirac operators. We keep on following [74].

Consider the eigenvalue problem

Lφ^{def}= J^{−1}(∂_x − Q)φ = kφ ,

and look for a transformation φ̃ = (k − A(x))φ , such that L̃φ̃^{def}= J^{−1}(∂_x − Q̃)φ̃ = kφ .

The necessary and sufficient conditions for this to happen is Q̃ = Q + [J, A] , ∂_xA = [JA + Q, A] . (4.5)

We remark that the condition A^2 = 0 is preserved by the flow. Consider J = ( 1 0 0 −1 ) . The Darboux transformation process described above can be used to generate families of solutions to the AKNS hierarchy. Furthermore, if one starts form Q = 0 and apply successive Darboux transformations requiring A^2 = 0, it was shown by Zubelli (see [74]) that generically the Darboux iterates are of the form Q(x) = q(x)E + r(x)F , and belong to the manifold of rational solutions of the AKNS hierarchy.

4.2 Huygens’ Principle, Dirac Operators and mKdV: the Reduction of the Dimension

This sections concerns the first relation between Huygens’ principle for Dirac operators and integrable systems. We follow reference [76].

Henceforth, for notational simplicity, we set the time variable x^0 = t and^′ will denote derivative with respect to t. Also, we identify the polynomial variable in the Adler- Moser polynomial P_k, as defined in Section 1.3.1, with x^0 = t. Let v_k = ∂_t log(P_{k+1}/P_k) and u_k = 2∂^2_t log P_k. So,

(∂̸ + v_k)(∂̸ − v_k) = □ − γ^0v^′_k − v^2_k = □ − ( v^′_k + v^2_k 0 0 −v^′_k + v^2_k ) (4.6)

It follows from the properties of the Adler-Moser polynomials that we have u_k = −v^′_k − v^2_k and u_{k+1} = v^′_k − v^2_k. If we consider the fundamental solutions Φ_k such that (□ + u_k)Φ_k = δ_y, the function

Ψ = (∂̸ − v_k) ( Φ_k 0 0 Φ_{k+1} ) (4.7)

is the fundamental solutions of ∂̸ + v_k. So, if Φ_k and Φ_{k+1} are Huygens in a certain dimension, then Ψ as defined above has this property in the same dimension.

We expect, from the above argument, that ∂̸ + v_k has the Huygens’ property in the minimum dimension where □ + u_k and □ + u_{k+1} are both Huygens. However, an interesting fact happens and the dimension is reduced by two. We shall refer to this as the reduction of the dimension. This property holds for the free Dirac operator. In this case, it is Huygens for every odd dimension, unlike the wave operator, which is Huygens just from 3 on.

We are now ready to state:

Theorem 10. Let P_k denote the k-th Adler-Moser polynomial and

v_k(x_0)^{def}= ∂_0 log(P_{k+1}/P_k)(x_0) .

Then, ∂̸ + v_k is Huygens in n = 2k + 3 spatial dimensions for every k ≥ 0.

Proof. Let us define μ_k = P_{k+1}/P_k, then v_k = μ^′_k/μ_k. It can be shown [41] that u_k = −μ^{′′}_k/μ_k. The operator □ + u_k is known to be Huygens in dimension 2k + 3. Let Φ_k be the fundamental solution of □ + u_k. As Φ_k obeys Huygens’ principle, its Hadamard expansion terminates. Let r_k be the last term in the expansion. If we are in the minimal dimension for the validity of this property, then r_k is the coefficient of the Λ^{−2} term. Let us study the behavior of this term:

(□ + u_k)Φ_k = (□ + u_k)(· · · + Λ^{−2}r_k) = · · · + Λ^{−2}(∂^2_t + u_k)r_k .

As (□ + u_k)Φ_k = δ_y = Λ^{−n−1} and n ≥ 3 we claim that (∂^2_t + u_k)r_k = 0.

Using the definition of u_k we write (∂_t +v_k)(∂_t −v_k) = ∂^2_t +u_k = (∂_t −v_{k−1})(∂_t +v_{k−1}). This gives r_k = α_kμ_k + β_k/μ_{k−1}.

Since μ_k is a ratio of two consecutive Adler-Moser polynomials, its asymptotic behavior, t → ∞, is given by μ_k = O(t^{k+1}) .

But the differential equation obeyed by r_k, when t → ∞ (and remembering that u_k = −μ^{′′}_k/μ_k → 0 ), is (∂^2_t )r_k → 0. In other words, r_k = o(t^2) when t → ∞. Thus, r_k = β_k/μ_{k−1}.

We define Ψ_k = (∂̸ − v_k) ( Φ_k 0 0 Φ_{k+1} ) .

The above properties yield that Ψ_k is the fundamental solution of ∂̸ + v_k.

We shall study the last term in Ψ_k. As Φ_k and Φ_{k+1} act in the same spatial dimension n, and they obey Huygens’ principle in this dimension, we chose the minimum n such that Φ_{k+1} is supported in the light cone, n = 2k + 5, and in this case the last term in the expansion of Φ_k is Λ^{−4}r_k. In order to study the behavior of the last term in Ψ_k we write:

Ψ_k = (∂̸ − v_k)(· · · + Λ^{−2} ( 0 0 0 r_{k+1} ) ) = = · · · − Λ^{−2}(∂_t + v_k)r_{k+1} ( 0 0 0 1 ) = · · · + Λ^{−2} · 0 .

This equation shows that the last term in the Hadamard expansion of Ψ_k is Θ^{−2}. As Θ^0 has the Huygens’ property, we can lower the dimension by two, to n = 2k + 3.

4.3 Further Relations: Huygens and AKNS

In this section we construct a full hierarchy of Huygens’ potentials depending solely on the time variable x^0 directly related to the AKNS hierarchy defined in Section 4.1. For a potential v with scalar and pseudo-scalar components

v = a(x^0)I + ā(x^0)γ̄ ,

we define Q = −aγ^0 − āγ^0γ̄ . We start proving the following lemmas:

Lemma 2. The operators ∂̸ + v and γ̄∂_0 − γ^0γ̄γ^i∂_i − γ̄Q are trivially equivalent.

Proof. −γ^0γ̄(∂̸ + v) = γ̄∂_0 − γ^0γ̄γ^i∂_i − γ̄Q .

Lemma 3. With the above definitions (γ̄∂_0 − A − γ̄Q)(γ̄∂_0 − γ̄Q) = (γ̄∂_0 − γ̄Q̃)(γ̄∂_0 − A − γ̄Q) ⇕ Q̃ = Q + [γ̄, A] and ∂_0A = [γ̄A + Q, A] .

Proof. We just need to expand both sides and to compare the coefficients of the powers of ∂_0.

Lemma 4. Suppose Q = −aγ^0 − āγ^0γ̄. Then, A = A_ϕI + A_0γ^0 + Ā_0γ^0γ̄ + A_ϕγ̄ and Q̃ = −ãγ0 − ¯ãγ0γ̄.

Proof. From the equation for ∂_0A given in Lemma 3 and the closedness of the algebra generated by I, γ^0, γ̄ and γ^0γ̄, we conclude the expression for A. From the trivial fact that [γ̄, A] = −2Ā_0γ^0 − 2A_0γ^0γ̄, we conclude the second expression.

Lemma 5. (γ̄∂_0 − A − γ̄Q)γ^0γ̄γ^i∂_i = γ^0γ̄γ^i∂_i(γ̄∂_0 − A − γ̄Q) .

Proof. We just need to remember that A and Q depend only on x^0 and, after a simple calculation, we get that I, γ^0, γ̄ and γ^0γ̄ commute with γ^0γ̄γ^i.

Theorem 11. Let q and r be solutions of the AKNS constructed by rational Darboux transformations, as in Section 4.1, and the scalar and pseudo-scalar potentials be given by a(x^0) = − q(x^0) + r(x^0) 2 and ā(x^0) = q(x^0) − r(x^0) 2 , Then, Dirac operators of the form ∂̸ +v, where v = a(x^0)I +ā(x^0)γ̄ possesses Huygens’ property.

Proof. We take the trivially equivalent operator given by Lemma 2, γ̄∂_0 −γ^0γ̄γ^i∂_i −γ̄Q and, with help of Lemmas 3 and 4, we show that γ̄∂_0−A−γ̄Q is an intertwining operator between γ̄∂_0 − γ^0γ̄γ^i∂_i − γ̄Q and γ̄∂_0 − γ^0γ̄γ^i∂_i − γ̄Q̃, i.e.

(γ̄∂_0 − γ^0γ̄γ^i∂_i − γ̄Q̃)(γ̄∂_0 − A − γ̄Q) = (γ̄∂_0 − A − γ̄Q)(γ̄∂_0 − γ^0γ̄γ^i∂_i − γ̄Q) ,

if, and only if, the conditions in Lemma 3 are obeyed. In order to compare with the construction in Section 4.1 we just need to find a representation of the Clifford algebra, where γ̄ = J. This representation is the Weyl one, as defined in Section 2.1. In this case

Q = −aγ^0 − āγ^0γ̄ = ( 0 −a + ā −a − ā 0 ) = (ā − a)E − (a + ā)F . So, comparing Q with the matrix Q defined in Section 4.1 we find ā − a = q and a + ā = −r and the theorem follows.

We remark that Section 4.1 hypothesis, namely A^2 = 0, is used to compute the matrix Q̃.

Before focusing on some examples, let us relate fundamental solutions of two matrix Darboux related operators:

Lemma 6. Let L and L̃ be related by an intertwining operator ℓ, i.e. L̃ℓ = ℓL and Φ, Φ̃ and ϕ be the fundamental solutions of L, L̃ and ℓ respectively. Then, Φ̃(x, y) = ℓ_x ∫ Φ(x, z)ϕ(z, y)dz .

Proof. To prove this, we compute L̃_xΦ̃(x, y) = L̃_xℓ_x ∫ Φ(x, z)ϕ(z, y)dz = ℓ_x ∫ L_xΦ(x, z)ϕ(z, y)dz = ℓ_x ∫ δ(x − z)ϕ(z, y)dz = ℓ_xϕ(x, y) = δ(x − y) .

Examples: After performing one matrix Darboux transformation we have ∂̸ + 1 x^0 whose solution is given in the Theorem 7.

One further matrix Darboux transformation and we get the operator ∂̸ + 3κ_2 + 2(x^0)^3 −3x^0κ_2 + (x^0)^4 + 3κ^2_1 I + 6κ_1x^0 −3x^0κ_2 + (x^0)^4 + 3κ^2_1 γ̄ . In this case, u_4 ≠ 0 and u_5 = 0. Thus, this operator is of Huygens’ type in n = 5.

CHAPTER 5

Conclusions and Perspectives

In this chapter we present, in Section 5.1, more examples of Huygens’ operators, related to AKNS systems. In Section 5.2 we discuss the link between Huygens and integrability. We finish in Section 5.3 with a few words about possible continuations of the present work.

5.1 More and More Examples

After Theorem 11, a natural question that immediately arises concerns solutions of the AKNS hierarchy that cannot be obtained by Darboux matrix transformation. Following [77] let us explain how to obtain a large class of these solutions. We start by defining elementary Schur polynomials q_j(y_1, · · · , y_j), j ∈ Z as q_j = 0 whenever j < 0 and, for j ≥ 0 ∑ j≥0 λ^jq_j = exp (∑ j≥1 λ^j y_j ) . Then we set y_1 = t = x^0 , y_j = − 1 2 t_2 , · · · , y_j = 1 (−2)^{j−1} t_j , and take the Wronskian W in the first variable x^0 σ^d_j = W[q_d, · · · , q_{d−j+1}] , τ^d_j = W[q_d, · · · , q_{d−j} ] , ρ^d_j = −W[q_d, · · · , q_{d−j−1}] . For convenience, we extend our definition setting σ^d_0 = −1, σ^d_{−1} = 0 and τ^d_{−1} = 1. Then, for each d and each j ≤ d, the functions of x^0, with the remaining values t_k interpreted as arbitrary constants,

q(x^0) = σ^d_j τ^d_j , r(x^0) = ρ^d_j τ^d_j , (5.1)

are rational solutions of the AKNS.

The important point is that the operator ∂̸ − q(x^0) + r(x^0) 2 I + q(x^0) − r(x^0) 2 γ̄ seems to possess Huygens’ property. This is verified by extensive computational evidence. To be precise, we solved, using Maple, Hadamard’s recursion, finding, for d ranging from 0 to 5 that the recursion always stops in the d-th element (i.e., u_d′ = 0 ∀d^′ > d). As of the writing of the present work, this is a still open result and shall be addressed in near future^1.

As the order of the Hadamard series does not depend on j, but only on d, we could conjecture that the given operators are trivially equivalent (in the sense of Section 2.4). A candidate to realize the exact transformation is the Schlesinger transformation^2. See [75, 77].

5.2 What is Important?

From the introduction, the main body of the thesis and specially from last section, it should be clear that much of the current importance of the study of Huygens’ principle comes from its link with other branches of mathematics, specially with integrability. So, we cannot conclude this work without a word about it.

One very simple remark is that operators ∂̸ + v and ∂̸ + vI cosh θ + vγ̄ sinh θ are trivially equivalent, if v is a scalar. To see that we just need to multiply ∂̸ + v by e^{θγ̄} by both sides. The term a^2 − ā^2 remains invariant^3 and equals to v^2. Furthermore, a^2 − ā^2 = vv^∗. So, at least for the cases studied in Section 4.2, vv^∗ equals the square of the solutions of the mKdV.

This is not surprise in view of Section 4.3, as we see that vv^∗ = qr and the mKdV is the particular case of AKNS such that q = r. The important point is that the value of vv^∗ was the guideline to find the right way to combine q and r in order to obtain a Huygens’ potential. In particular, before Theorem 11 was formulated in its final form, many examples (like solutions of the KdV, cubic Schrödinger) were found (including with the use of symbolic computation).

1We recently proved this result: If q(x^0) and r(x^0) are solutions of the AKNS given by 5.1, then ∂̸ −^{q+r}_2 I +^{q−r}_2 γ̄ has the Huygens’ property in dimension d + 2, if d is odd, or d + 3 if d is even.

2This result was also recently proved.

3Attention: this is not invariant under trivial transformations.

If vv^∗ is really important to understand Huygens’ principle and, particularly, its relation to integrability theory, potentials of the form f(x)(I + γ̄) should produce large class of examples, as vv^∗ = f(x)^2(I + γ̄)(I − γ̄) = 0. This is the case, as can be seen in the last theorem of this thesis.

Theorem 12. If f(x) is solution of □^kf(x) = 0 for any positive integer k, then ∂̸ + f(x)(I + γ̄) is a Huygens’ operator for a sufficiently high dimension n. Proof. Write u_k = (I + (−1)^kγ̄)ũ_k, for k ≥ 1. Solving Hadamard’s recursion we see that this definition is consistent and that ũ_k obeys Hadamard’s recursion with v = 0, starting from ũ_1 = −f. We solve the recursion for ũ_{2k} and find ũ_{2k}(x, y) = −k ∫_1 0 ∂̸ũ_{2k−1}(y + s(x − y), y)s^{k−1}ds , To prove that we only need to know that (x^μ − y^μ)∂_μF (y + s(x − y)) = dF ds (y + s(x − y))s and integrate by parts. We find the next term

ũ_{2k+1} = ∂̸ũ_{2k} = −k

∫_1 0 □ũ_{2k−1}(y + s(x − y, y)s^kds . For the odd terms we write

ũ_{2k+1}(x, y) = (−1)^{k+1}k!

∫_1 0 · · · ∫_1 0 □^kf(ξ_k)s^k_1s^{k+1}_2 · · · s^{2k−1}_k ds_1 · · · ds_k , (5.2) where ξ_i = y + s_i(ξ_{i−1} − y), and ξ_0 = x.

5.3 Future Work

Many questions could be addressed as follow up of the present work. Here we will mention just a small sample of interesting ones to the author.

• Relations between Huygens’ principle for Dirac operators and rational solutions of the AKNS system, as described in the beginning of this chapter.

• Relations of these examples and Berest’s conjecture, which was presented in Subsection 1.3.2. This conjecture has to be changed to the matrix case. As far as we know there is no natural way to do this.

• Huygens’ principle for higher-order differential operators. We can expect new links between Huygens’ principle and integrable systems.

• Huygens’ principle for other evolution equations, specially the ones with physical relevance. Wave equation is an equation for massless particles with zero spin. Dirac equation is for spin 1/2. Likewise, for spin 1, 3/2 and 2 the basic equations are, respectively, Maxwell’s, Rarita-Schwinger’s and Einstein’s. As far as we know, these questions were never addressed in terms of relations between Huygens’ principle and integrability (but they have been addressed in relation to the physical basis of Huygens’ principle, see [26] and references therein).

• Huygens’ principle for non-linear evolution equations.

• Huygens’ principle for non-hyperbolic equations. In these cases we loose the physical appeal of Huygens’ principle, but on the other hand, we can find new relations between Huygens and integrability. An instance of this phenomena was investigated in [78] for the wave equation.

Bibliography

[1] Isaac Newton. Opticks. A treatise of the Reflexion, Inflexion & Colours of Light.

Dover Publications, New York, 1979.

[2] Alan Shapiro. Huygens’ kinematic theory of light. In Studies on Christiaan Huygens. Swets & Zeitlinger B. V., Lisse, 1980.

[3] Christiaan Huygens. Traité de La Lumiére, où sont expliquées les causes de ce qui luy-arrive dans la reflexion, & dans la refraction et particulièrement dans l’etrange refraction du Cristal D’Islande. Societé Hollandaise des Sciences, 1920. Reprint of the 1690 original, Librarie Marchand.

[4] J. J. Duistermaat. Huygens’ principle for linear partial differential equations.

In Huygens’ principle 1690–1990: theory and applications (The Hague and Scheveningen, 1990), pages 273–297. North-Holland, Amsterdam, 1992.

[5] Max Born and Emil Wolf. Eletromagnetic Theory of Propagation, Interference and Diffraction of Light. Pergamon Press, sixth edition, 1980.

[6] Jacques Hadamard. Lectures on Cauchy’s problem in linear partial differential equations. Dover Publications, New York, 1953.

[7] James D. Bjorken and Sidney D. Drell. Relativistic quantum fields. McGraw-Hill Book Co., New York, 1965.

[8] F. John. Partial differential equations. Springer-Verlag, New York, 1971. Applied Mathematical Sciences, Vol. 1.

[9] Paul Günther. Huygens’ principle and Hadamard’s conjecture. Math. Intelligencer, 13(2):56–63, 1991.

[10] Gerald B. Folland. Introduction to partial differential equations. Princeton University Press, Princeton, NJ, second edition, 1995.

[11] R. Courant and D. Hilbert. Methods of mathematical physics. Vol. II. John Wiley & Sons Inc., New York, 1989. Partial differential equations, Reprint of the 1962 original, A Wiley-Interscience Publication.

[12] Gerald B. Folland. Fundamental solutions for the wave operator. Exposition.

Math., 15(1):25–52, 1997.

[13] R. G. McLenaghan. On the validity of Huygens’ principle for second order partial differential equations with four independent variables. I. Derivation of necessary conditions. Ann. Inst. H. Poincaré Sect. A (N.S.), 20:153–188, 1974.

[14] R. G. McLenaghan and F. D. Sasse. Nonexistence of Petrov type III space-times on which Weyl’s neutrino equation or Maxwell’s equations satisfy Huygens’ principle. Ann. Inst. H. Poincaré Phys. Théor., 65(3):253–271, 1996.

[15] R. G. McLenaghan. Huygens’ principle. Ann. Inst. H. Poincaré Sect. A (N.S.), 37(3):211–236 (1983), 1982.

[16] S. R. Czapor, R. G. McLenaghan, and F. D. Sasse. Complete solution of Hadamard’s problem for the scalar wave equation on Petrov type III space-times. Ann. Inst. H. Poincaré Phys. Théor., 71(6):595–620, 1999.

[17] Georges de Rham. Solution élémentaire d’opérateurs différentiels du second ordre.

Ann. Inst. Fourier. Grenoble, 8:337–366, 1958.

[18] Y. Fourès-Bruhat. Solution élémentaire d’équations ultrahyperboliques. J. Math.

Pures Appl. (9), 35:277–288, 1956.

[19] Avron Douglis. A criterion for the validity of Huygens’ principle. Comm. Pure Appl. Math., 9:391–402, 1956.

[20] J. Hadamard. The problem of diffusion of waves. Ann. of Math. (2), 43:510–522, 1942.

[21] Myron Mathisson. Le problème de M. Hadamard relatif à la diffusion des ondes.

Acta Math., 71:249–282, 1939.

[22] John Weiss, M. Tabor, and George Carnevale. The Painlevé property for partial differential equations. J. Math. Phys., 24(3):522–526, 1983.

[23] N. Kh. Ibragimov and A. O. Oganesyan. Hierarchy of Huygens equations in spaces with a nontrivial conformal group. Uspekhi Mat. Nauk, 46(3(279)):111–146, 239, 1991.

[24] Yuri Yu. Berest. Deformations preserving Huygens’ principle. J. Math. Phys., 35(8):4041–4056, 1994.

[25] N. H. Ibragimov. Huygens’ principle. In Certain problems of mathematics and mechanics (on the occasion of the seventieth birthday of M. A. Lavrent^′ev) (Russian), pages 159–170. Izdat. “Nauka”, Leningrad, 1970.

[26] M. Belger, R. Schimming, and V. Wünsch. A survey on Huygens’ principle. Z.

Anal. Anwendungen, 16(1):9–36, 1997. Dedicated to the memory of Paul Günther.

[27] Yu. Yu. Berest and A. P. Veselov. The Huygens principle and integrability. Uspekhi Mat. Nauk, 49(6(300)):7–78, 1994.

[28] Yuri Berest. Hierarchies of Huygens’ operators and Hadamard’s conjecture. Acta Appl. Math., 53(2):125–185, 1998.

[29] V. M. Babich. Hadamard’s ansatz, its analogues, generalizations and applications.

Algebra i Analiz, 3(5):1–37, 1991.

[30] Paul Günther. Huygens’ principle and hyperbolic equations. Academic Press Inc., Boston, MA, 1988. With appendices by V. Wünsch.

[31] Karl L. Stellmacher. Ein Beispiel einer Huyghensschen Differentialgleichung.

Nachr. Akad. Wiss. Göttingen. Math. Phys. Kl. Math.-Phys. Chem. Abt., 1953:133–138, 1953.

[32] Karl L. Stellmacher. Eine Klasse Huyghenscher Differentialgleichungen und ihre Integration. Math. Ann., 130:219–233, 1955.

[33] John E. Lagnese. A new differential operator of the pure wave type. J. Differential Equations, 1:171–187, 1965.

[34] John E. Lagnese. A solution of Hadamard’s problem for a restricted class of operators. Proc. Amer. Math. Soc., 19:981–988, 1968.

[35] John E. Lagnese. The structure of a class of Huygens operators. J. Math. Mech., 18:1195–1201, 1968/1969.

[36] J. E. Lagnese and K. L. Stellmacher. A method of generating classes of Huygens’ operators. J. Math. Mech., 17:461–472, 1967.

[37] Gaston Darboux. Leçons sur la théorie générale des surfaces et les applications géométriques du calcul infinitésimal. Deuxième partie. Chelsea Publishing Co., Bronx, N.Y., 1972. Les congruences et les équations linéaires aux dérivées partielles. Les lignes tracées sur les surfaces, Réimpression de la deuxième édition de 1915.

[38] Jorge P. Zubelli. Topics on wave propagation and Huygens’ principle. Instituto de Matemática Pura e Aplicada (IMPA), Rio de Janeiro, 1997.

[39] Rainer Schimming. Korteweg-de vries Hierarchie und Huygensschess Prinzip. In Dresdener Seminar für Theoretishche Phyzik, Sitzungsberichte, volume 26. 1986.

[40] Rainer Schimming. Laplace-like linear differential operators with a logarithm-free elementary solution. Math. Nachr., 148:145–174, 1990.

[41] M. Adler and J. Moser. On a class of polynomials connected with the Korteweg-de Vries equation. Comm. Math. Phys., 61(1):1–30, 1978.

[42] J. Burchnall and T. Chaudy. A set of differential equations which can be solved by polynomials. Proc. London Math. Soc., 30:401–414, 1929.

[43] Yu. Yu. Berest and A. P. Veselov. The Huygens principle and Coxeter groups.

Uspekhi Mat. Nauk, 48(3(291)):181–182, 1993.

[44] Yu. Yu. Berest and A. P. Veselov. The Hadamard problem and Coxeter groups:

new examples of the Huygens equations. Funktsional. Anal. i Prilozhen., 28(1):3– 15, 95, 1994.

[45] Leifur Ásgeirsson. Some hints on Huygens’ principle and Hadamard’s conjecture.

Comm. Pure Appl. Math., 9:307–326, 1956.

[46] J. J. Duistermaat and F. A. Grünbaum. Differential equations in the spectral parameter. Comm. Math. Phys., 103(2):177–240, 1986.

[47] John E. Gilbert and Margaret A. M. Murray. Clifford algebras and Dirac operators in harmonic analysis. Cambridge University Press, Cambridge, 1991.

[48] N. G. Marchuk. Dirac γ-equation, classical gauge fields and Clifford algebra. Adv.

Appl. Clifford Algebras, 8(1):181–225, 1998.

[49] M. A. de Andrade. Espinores e álgebra de Clifford em qualquer espaço-tempo.

Unpublished notes (in Portuguese).

[50] J. J. Sakurai. Advanced Quantum Mechanics. Addison Wesley, 1967.

[51] C. Wetterich. Massless spinors in more than four dimensions. Nuclear Phys. B, 211(1):177–188, 1983.

[52] P. A. M. Dirac. The Quantum Theory of the Electron. Proc. Roy. Soc. of London A, 117:610–624, 1928.

[53] Fabio A. C. C. Chalub and Jorge P. Zubelli. Integrable systems, Huygens’ principle, and Dirac operators. In Proceedings of the Workshop on Nonlinearity, Integrability and All That: Twenty Years after NEEDS ’79 (Gallipoli, 1999), pages 89–96, River Edge, NJ, 2000. World Sci. Publishing.

[54] Charles Nash and Siddhartha Sen. Topology and geometry for physicists. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1987. Reprint of the 1983 edition.

[55] D. J. Griffiths. Introduction to Electrodynamics. Prentice Hall, Englewood Cliffs, New Jersey, 1989.

[56] L. D. Landau. Electrodynamics of Continuos Media. Pergamon Press, 1960.

[57] Bernd Thaller. The Dirac equation. Springer-Verlag, Berlin, 1992.

[58] Michel Remoissenet. Waves called solitons. Springer-Verlag, Berlin, third edition, 1999. Concepts and experiments.

[59] P. G. Drazin and R. S. Johnson. Solitons: an introduction. Cambridge University Press, Cambridge, 1989.

[60] Colin Rogers, Wolfgang K. Schief, and Mark E. Johnston. Bäcklund and his works:

applications in soliton theory. In Geometric approaches to differential equations (Canberra, 1995), pages 16–55. Cambridge Univ. Press, Cambridge, 2000.

[61] Fabio A. C. C. Chalub and Jorge P. Zubelli. Sólitons: Na Crista da Onda por Mais de 100 anos. Rev. Mat. Universit., 2001. Accepted for publication. (In Portuguese).

[62] L. A. Dickey. Soliton equations and Hamiltonian systems. World Scientific Publishing Co. Inc., River Edge, NJ, 1991.

[63] Roger K. Dodd, J. Chris Eilbeck, John D. Gibbon, and Hedley C. Morris. Solitons and nonlinear wave equations. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1982.

[64] Morikazu Toda. Nonlinear waves and solitons. Kluwer Academic Publishers Group, Dordrecht, 1989. Translated from the Japanese.

[65] Maciej Błaszak. Multi-Hamiltonian theory of dynamical systems. Springer-Verlag, Berlin, 1998.

[66] Gregorio Falqui, Marco Pedroni, Franco Magri, and Paolo Casati. Soliton equations, bi-Hamiltonian manifolds and integrability. Instituto de Matemática Pura e Aplicada (IMPA), Rio de Janeiro, 1997.

[67] Franco Magri. A simple model of the integrable Hamiltonian equation. J. Math.

Phys., 19(5):1156–1162, 1978.

[68] P. van Moerbeke. Integrable foundations of string theory. In Lectures on integrable systems (Sophia-Antipolis, 1991), pages 163–267. World Sci. Publishing, River Edge, NJ, 1994.

[69] A. S. Fokas. Symmetries and integrability. Stud. Appl. Math., 77(3):253–299, 1987.

[70] A. S. Fokas. On the integrability of linear and nonlinear partial differential equations. J. Math. Phys., 41(6):4188–4237, 2000.

[71] D. J. Korteweg and G. de Vries. On the change of form of long waves advancing in a rectangular channel and on a new type of long stationary waves. Phil. Mag., 39:442–443, 1895.

[72] Eric Varley and Brian R. Seymour. A simple derivation of the N-soliton solutions to the Korteweg-deVries equation. SIAM J. Appl. Math., 58(3):904–911 (electronic), 1998.

[73] Mark J. Ablowitz, David J. Kaup, Alan C. Newell, and Harvey Segur. The inverse scattering transform-Fourier analysis for nonlinear problems. Studies in Appl. Math., 53(4):249–315, 1974.

[74] Jorge P. Zubelli. Differential Equations in the Spectral Parameter for Matrix Differential Operators of AKNS type. Ph.D. Tesis, University of California, Berkeley, 1989.

[75] Alan C. Newell. Solitons in mathematics and physics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1985.

[76] F. A. C. C. Chalub and J. P. Zubelli. On Huygens’ Principle for Dirac Operators and Nonlinear Evolution Equations. J. Nonlin. Math. Phys., 8, Supplement:62–68, 2001.

[77] Jorge P. Zubelli. Rational solutions of nonlinear evolution equations, vertex operators, and bispectrality. J. Differential Equations, 97(1):71–98, 1992.

[78] F. Alberto Grünbaum. Some bispectral musings. In The bispectral problem (Montreal, PQ, 1997), pages 31–45. Amer. Math. Soc., Providence, RI, 1998.