NON-LINEAR ANALYTIC DIFFERENTIAL EQUATIONS AND THEIR INVARIANTS

LEONARDO MEIRELES CÂMARA

Abstract. We study the classification of analytic differential equations in (C^2, 0) with finitely many separatrices. We give a complete set of analytic invariants determining the analytic type of a generic case (generalized curves). We define the notion of simple resolution foliation. With some conditions on the holonomy and the separatrix set we study the topological and analytic types of generalized curves with simple resolution.

Contents

1. Introduction 1 1.1. Basic definitions and notations 2 1.2. Statement of the main results 3 2. Non-dicritical foliations with one blow-up resolution 5 3. Hopf bundles and projective holonomy 9 4. Simple resolution foliations 10 4.1. The divisor’s geometry of a simple resolution foliation 11 4.2. Topological classification 12 5. Generalized curves and rectifier resolutions 16 6. Analytic classification 18 6.1. Component-wise isomorphisms 18 6.2. Analytic cocycles 19 7. Application: Projective holonomy and some cusps 20 8. Comments and open problems 24 Appendix A. The five lines problem 25 References 26

1. Introduction

1.0.1. Origins. The problem of the local classification of differential equation of the form Adx + Bdy = 0 in two variables has been studied by various mathematicians — since the end of the nineteen century — as C. A. Briot, J. C. Bouquet, H. Dulac, H. Poincaré, I. Bendixson, G. D. Birckhoff, C. L. Siegel, A. D. Brjuno et Al. One of the main tools to develop this problem has been the blow-up method. Indeed, it was introduced by L. Kronecker and independently by M. Noether ([7]), as a systematic method to identify invariants of algebraic curves, and then classify such curves. On the other hand, for every foliation F in (C^2, 0) one may consider the set of

Date: June 7, 2002.

Key words and phrases. Holomorphic foliations, holonomy, resolution of singularities. 2000 Mathematics Subject Classification. 32S65, 34M45, 32S45. 1

invariant analytic curves passing through the origin, called the separatrices, and denoted by Sep(F). Hence it is natural to seek a generalization of the above method to analytically classify differential equations. In fact, after the works of I. Bendixson ([2],[3]), F. Dumortier ([19]), and A. Seidenberg ([36]) it was obtained a generalization, for singular holomorphic foliations, of the resolution theorem of M. Noether for curves, opening a new perspective in the study of differential equations. Indeed, in the middle of the seventies, René Thom proposed the following:

Conjecture 1. If Sep(F) has a finite number of components then the analytic type and the monodromy of Sep(F) may determine F up to conjugacy class.

In [28],[29], and [30] it is proved that the conjecture has an affirmative answer in case we have non-nilpotent linear part of the vector field defining the foliation. But, in [32] it is proved that the conjecture is not true in general, by introducing an analytic invariant called vanishing holonomy. Since this time this question is known as Thom’s problem. In [17] the results of [32] are generalized, classifying a Zariski open subset of the nilpotent singularities, in terms of the vanishing holonomy (now with the name of projective holonomy). In these lines we only treat the case we have just non-degenerated singularities along the minimal resolution, the remaining cases shall be considered later.

1.1. Basic definitions and notations. A germ of singular foliation, say (F : ω = 0), in (C^2, 0) of codimension 1 is, roughly, the set of integral curves of a given germ of 1-form ω ∈ Ω^1(C^2, 0) which may be assumed to have just an isolated singularity at the origin. Let Diff(C^k, 0) (respect. Homeo(C^k, 0)) be the group of germs of analytic diffeomorphisms (respect. homeomorphisms) of (C^k, 0) fixing the origin. We say that two germs of foliations (F_j : ω_j = 0), in (C^2, 0), j = 1, 2, are analytically (respect. topologically) conjugated if there is Φ ∈ Diff(C^2, 0) (respect. Homeo(C^2, 0)), such that Φ sends leaves of F_1 in leaves of F_2. We say that h_j ∈ Diff(C, 0) (respect. Homeo(C, 0)) j = 1, 2, are analytically (respect. topologically) conjugated if there is ϕ ∈ Diff(C, 0) such that ϕ_∗(h_1) := ϕ ∘ h_1 ∘ ϕ^{−1} = h_2. We denote by Iso(F) the isotropy group of the germ of foliation (F : ω = 0) in (C^2, 0), given by

Iso(F) = {ϕ ∈ Diff(C^2, 0) : ϕ^∗ω ∧ ω = 0}

Further, let us denote the Hopf bundle of Chern class −k by H(−k) : � p_{(k)} : H(−k) → CP(1) � , or just by its total space H(−k).

Recall from the theory of Algebraic Curves that whether π : ( ~X, D) −→ (C^2, 0) is a map resulting from the iteration of finite number of blow-ups, with exceptional curve D = π^{−1}(0), whose irreducible components are D_j , j = 1 · · · n, with Chern classes −k_j . Then a suitable neighborhood of D in ~X results from pasting together suitable neighborhoods of the zero sections of H(−k_j ). Then denote by ~F the unique extension of π^∗(F) whose singular set has codimension greater or equal to 2 (c.f. [28]) and Thus, for each Hopf bundle component p : H_j → D_j of a given resolution, we shall denote by ~F_j , the germ of foliation in (H_j , D_j ) induced by the restriction of ~F, and call it the jth Hopf component of the resolution. Further we shall denote by ~F_{i,j} the restriction of ~F to a neigborhood of the corner t_{ij} := D_i ∩ D_j . The “strict transform” of Sep(F) at D_j ⊂ H_j , that is the set of local separatrices transversal to the zero section of H_j , namely Sep( ~F_j ) = (π^∗Sep(F)) |_{Hj} \D_j , will be called the j^{th} Hopf component of π^∗(Sep(F)).

Let H : (p : H → D ≃ CP(1)) be a Hopf bundle, and F a foliation defined in H. Then one says that F is non-dicritical if CP(1) is an invariant set of the foliation, and dicritical otherwise. In the former case, the holonomy of F with respect to a section Σ transversal to D is called the projective holonomy of F, and denoted by Hol_Σ(F, D), furthermore one says that it is solved whether it has just reduced singularities (see [28]). Moreover let ~F^i, i = 1, 2, be two germs of singular non-dicritical foliation at CP(1) ⊂ H, without saddle-nodes and φ ∈ PGL(2, C) (respect. Homeo(CP(1))) be an isomorphism between their sets of singular points {t^i_j }^n_{j=1}, that is φ(t^1_j ) = t^2_j . Further let t^1_0 ∈ CP(1) be a regular point of ~F^1, t^2_0 = φ(t^1_0), and denote by h^i_γ the holonomy of a path γ ∈ π_1(CP(1)\{t^i_j }^n_{j=1}, t^i_0), with respect to sections Σ_i, i = 1, 2 transversal to CP(1). Then one says that the projective holonomies of these foliations have an analytic (respect. topological) conjugacy subordinated to φ whether there is ϕ ∈ Diff(C, 0) (respect. Homeo(C, 0)) such that ϕ_∗(h^1_γ ) = h^2_{φ∗γ} , for every γ ∈ π_1(CP(1)\{t^1_j }^n_{j=1}, t^1_0). Moreover we set Diff(F^1, F^2) = {Φ ∈ Diff(H, CP(1)) : Φ_∗(F^1) = F^2, Φ|_{Sing(F} 1_) = φ|_{Sing(F} 1_)}. In particular we denote the isotropy group of F by Iso(F) = Diff(F, F).

Now recall that a generalized curve is a germ of singular foliation in (C^2, 0) which does not have any saddle-node or dicritical components along the minimal resolution ([14]). Further one says that a germ of non-reduced singular foliation F has simple resolution if its minimal resolution has only non-dicritical components and its exceptional divisor has only one projective line with three or more singularities (for instance, see the figure below), which will be called principal projective line of the exceptional divisor; its holonomy is called the projective holonomy of the foliation.

A simple resolution foliation Later on we will prove that the resolution of such singularities is always like in the figure above.

1.2. Statement of the main results. First let us note that all the nilpotent singularities studied in [32] and [17], have simple resolution, so it is natural to seek a topological classification for such germs of foliations. We have the following result in this direction.

Theorem 1. Let F and F^′ be simple resolution generalized curves with order-one-topologically equivalent trees of singularities, namely φ = (φ_i)^k_{i=1} : T_s −→ T^′_s. Further suppose that F and F^′ satisfy one of the following conditions:

(1) Hol_Σ(F, ) and Hol_Σ′ (F^′, D^′) are rigid;

(2) Each singularity is in the Poincaré domain or is Siegel resonant.

Then they are topologically equivalent if their projective holonomies have an orientation preserving conjugacy subordinated to φ.

Now let us consider the analytic case. First recall that in the works of Cerveau and Moussu ([32] and [17]), the main idea is to obtain normal forms for nilpotent singularities, in order to construct a Milnor fibration, transversal to the foliation away from the non-principal projective lines of the exceptional divisor of the minimal resolution; which contains the separatrices as fibers. In a more general setting this construction is no more possible as it is remarked in [4]. There it is outlined an example of a foliation solved after one blow-up with the separatrices given by five distinct curves: four lines which are fibers of the Hopf bundle and a parabola. In this case, there will never be a fibration containing these curves as fibers, and hence we cannot use the technics of path lifting (see [28]) in order to obtain a conjugacy. In fact foliations with these resolution up to order one ([17]) cannot have their analytic type determined by the projective holonomy, in general. On the other hand, we realize that the minimal resolution only busy itself with the work of simplify the local singularities which appear along the resolution ([36]), but for our purpose we have to look to the behavior of the separatrices after a resolution. Indeed, we will say that a resolution π : (M, D) −→ (C^2, 0) of a generalized curve is rectifier whether for each non-dicritical

Hopf component ~F_j , Sep( ~F_j ) is contained in the fibers of a fibration f_j transversal to ~F_j , away from Sep( ~F_j ).

Proposition 1. Every generalized curve has a rectifier resolution.

Hence we shall say that two germs of foliations in (C^2, 0) are component -wise isomorphic if they have isomorphic minimal rectifier resolutions, namely foliations ~F and ~F^′ such that ~F_j and ~F^′_j are isomorphic for all j. Then fix a foliation F^o, component-wise isomorphic to F, such that in the coordinates given by a minimal rectifier resolution^1, Sep( ~F^o_j ) is contained in the fibers of H_j (this foliation does exist by [27]), which shall be called a fixed model for F, and consider the elements Φ_j ∈ Diff( ~F_j , ~F^o_j ), which shall be called a projective chart for the j^{th} component of the fixed model. Then it is straightforward that for each component ~F_j and each fixed model component ~F^o_j , there exists only one projective chart, up to left composition by an element of Iso( ~F^o_j (U_j )), where U_j is a neighborhood of D_j . in H_j . So, consider the sheaf of non-abelian groups Λ^o := Iso( ~F^o), then we say that U := ∪U_j is a good covering for Λ^o whether U_j are neighborhoods of D_j ⊂ H_j . Therefore, consider the first cohomology set H^1(U, Λ^o) associated to the good covering U, and set H^1(D, Λ^o) as the direct limit of H^1(U, Λ^o) for the good coverings of ~F, associated to D = ∪D_j , the exceptional divisor of the given minimal rectifier resolution of F.

Figure 1.2: A fixed model for

�_{c,1}

d(y^3+x^6)

Notation 1. We denote as

�_c

ω (respect.

�_{c,1} ω ) the set of germs of foliations which has a minimal rectifier resolution component-wise analytically equivalent (respect. up to order one) to a minimal rectifier resolution of (F : ω = 0). Further we denote as

�_{c,1} ω,f the subset of

�_{c,1} ω whose separatrix set has the same analytic type of the curve f^{−1}(0).

Thus we define the map �_{cω Θ}

−→ H^1(D, Λ^o) F → (Φ_{i,j} )

where Φ_{i,j} := Φ_i ∘ Φ^{−1}_j . Note that Θ does not depends on the fixed models up to component-wise conjugacy class. Then, as a consequence of path-lifting construction, one has that

Theorem 2. Let F, F^′ be two germs of generalized curves in (C^2, 0), and ~F, ~F^′ respectivly minimal rectifier resolutions with equivalent trees. Then F, F^′ are analytically equivalent if, and only if they satisfy:

i) F, F^′ ∈

�_{c,1} ω for some 1-form ω ∈ Ω^1(C^2, 0) (holomorphic one-forms). In particular we denote by φ = (φ_j ) : Γ_s −→ Γ^′_s the component-wise isomorphism between the trees of singularities of their minimal rectifier resolution.

1Notice that a foliation may has more than one minimal rectifier resolution

ii) For each Hopf components ~F_j and ~F^′_j , their projective holonomies have an analytic conjugacy subordinated to φ.

iii) Θ(F) = Θ(F^′), for one (and every) fixed model of

�_c ω . Now let (F : ω = 0) be a generalized curve with the same resolution of y^2 + x^n = 0 (that is with isomorphic trees of points), then recall that in [17],

�_{c,1}

ω is classified by its projective holonomy.

In fact, using Weierstrass preparation theorem, one can prove that for any F ∈

�_{c,1} ω , the analytic type of Sep(F) is the same of y^2 + x^n = 0, that is

�_{c,1} ω = �_{c,1}

ω,y^2+x^n . But in general this is not

true, for instance consider the curves y^3 = x^7, and y^3 = x^7(1 + x^{13} )^3. In fact they are topologically equivalent (and thus have the same resolution) but not analytically equivalent (see for instance [9]). Therefore, in general it is not true that

�_{c,1} ω = �_{c,1}

ω,f , for (F : ω = 0) with the same resolution of f^{−1}(0). This justifies the hypothesis of the following:

Theorem 3. Let f(x, y) =

�_d j=1(y^p − λ_j x^q ), where 1 < p < q ∈ N^∗, g.c.d.(p, q) = 1, and λ_j ∈ C^∗.

Then Θ(F) is trivial in H^1(D, Λ^o) for every F ∈

�_{c,1} ω,f . In other words, any two generalized curves of �_{c,1}

ω,f , are analytically conjugated if, and only if their projective holonomies have a conjugacy subordinated to a isomorphism between the set of singular points of their principal projective lines.

Finally we want to point out that theorem 1, is proved in 4.2, proposition 1 is proved in 5, theorem 2 is proved in 6, and theorem 3 is proved in 7.

In a future work we shall study, under mild conditions, the finiteness of H^1(D, Λ^o) related to the given cohomology and show the role of developments in this general setting. In particular we shall show some examples for which the cohomology is non-trivial.

I would like to thank Alcides Lins Neto and Paulo Sad for many helpful suggestions, comments and corrections.

2. Non-dicritical foliations with one blow-up resolution

We investigate some necessary conditions to obtain an order one determined reduced singularities tree, over a projective line with negative Chern class, in a minimal resolution.

A tree of projective lines is an embedding of a connected and simply connected chain of projective lines, intercepting transversely in a complex surface (two dimensional complex analytic manifold) with two projective lines in each intersection, made by the pasting of Hopf bundles whose zero sections are the projective lines itself. A tree of points is any tree of projective lines in which are discriminated a finite number of points. Finally a tree of singularities is a tree of points such that in each point is specified a germ of singular foliation.

Note that the above nomenclature has a natural motivation. In fact, as it is well know from the literature (see [9] for instance) that we can assign to each projective line a point and to each interception an edge in other to form a tree (as in graph theory).

Hence we use the following notations for a tree of projective lines, a tree of points and a tree of singularities respectively T_{P L} = � G, {k_i}^k_{i=1} �

T_p = � G, {k_i}^k_{i=1}, {t_{ij} }^{li}_{j=1} �

T_s = � G, {k_i}^k_{i=1}, {t_{ij} }^{li}_{j=1}, {ω_{ij} }^{li}_{j=1} � where G is a tree, k_i ∈ N, t_{ij} ∈ D_i, and D_i is the zero section of the Hopf bundle H_i with Chern class −k_i, and ω_{ij} = 0 is a germ of singular holomorphic foliation at t_{ij} .

Definition 1. One says that two trees of projective lines, say T_{P L} = � G, {k_i}^k_{i=1} � and T^′_{P L} = � G^′, {k^′_i}^{k′}_{i=1} � are isomorphic if G and G^′are isomorphic (as graphs) and k_i = k_i^′. Moreover, two

trees of points T_p = � G, {k_i}^k_{i=1}, {t_{ij} }^{li}_{j=1} � and T^′_p = � G^′, {k^′_i}^{k′}_{i=1}, {t^′_{ij} }^{l′i}_{j=1} � are analytically (respect. topologically) component-wise isomorphic whether their trees of projective lines are isomorphic, l_i = l^′_i and there exist analytic diffeomorphisms (respect. homeomorphisms) φ_i ∈ Diff(D_i) (respect. ∈ Homeo(D_i)) such that φ_i(t_{ij} ) = t^′_{ij} . Finally we say that two trees of singularities

T_s = � G, {k_i}^k_{i=1}, {t_{ij} }^{li}_{j=1}, {ω_{ij} }^{li}_{j=1} � and T^′_s = � G^′, {k^′_i}^{k′}_{i=1}, {t^′_{ij} }^{l′i}_{j=1}, {ω^′_{ij} }^{l′i}_{j=1} � are analytically (respect. topologically) component-wise isomorphic up to first order whether their trees of points are analytically (respect. topologically) component-wise isomorphic and J^1(ω_{ij} ) = J^1(ω^′_{ij} ), that is ω_{ij} and ω^′_{ij} have the same linear part.

Definition 2. One says that one tree of singularities T_s is realizable, whether there exists a singular foliation whose minimal resolution has T_s as tree of singularities.

Remark 1. :

(1) Note that a realizable tree of singularities may be realized in two distinct germs of foliations, whose minimal resolution trees have analytically (respect. topologically) equivalent up to first order trees of singularities, but are not necessarily equivalent (for instance see [6]);

(2) In the topological case the isomorphism of trees of points is just a matter of isomorphism of tree of projective lines and cardinality of the singularities in each component. On the other hand the analytic case is more subtle if we consider trees with more then three singularities in some of its projective lines.

Now, note that by the separatrix theorem of Camacho-Sad ([11]), every non-dicritical singular foliation which is solved by one blow-up, must have at least one singularity (this result can be verified by straightforward accounts as well).

Let ω = A(x, y)dy + B(x, y)dx where A = � ν≥0 A_ν , B = � ν≥0 B_ν ; A_ν and B_ν ∈ C[x, y] are homogeneous polynomials of degree ν. Then the q-jet of ω is given by:

J^q ω = q� j=0 (A_q dy + B_qdx) ,

hence the first non-zero jet of ω is given by J^{q0} ω where q_0 = min{q ∈ Z_+ | J^qω ≠ 0}.

Now let us see how the blow-up works explicitly. First, recall that we may find bundle charts

for H(−1), namely (t, x) ∈ C^2 and (u, y) ∈ C^2, with � u = 1/t;

y = tx. , such that the foliation will be regular at (u, y) = (0, 0). Hereafter we will call these two charts, affine charts of the origin and the affine chart of the infinity respectively for (t, x) and (u, y). Let (F : ω = 0), ω = Ady + Bdx where A = � ν≥m A_ν and B = � ν≥n B_ν , A_ν , B_ν ∈ C[x, y], be homogeneous polynomials of degree ν.

Then given a tree of singularities:

T_s := � (t_j , ω_j ) ∈ C × Ω^1(C, 0)|t_j ≠ ∞, ω_j (t, x) = (μ_j t + α_j x)dx + ν_j xdt, λ_j := −ν_j /μ_j /∈ Q_+, j = 1 . . . q,

�_q j=1 λ_j = −1 defined over a projective line, then we will obtain necessary conditions over (ν, μ, t) for the realization of this tree and moreover, conditions over A and B for the resolution of F : (ω = 0) has A as singularities tree. In fact applying a blow-up over ω one has that:

π^∗ω(t, x) = A(x, tx)(tdx + xdt) + B(x, tx)dx = (B(x, tx) + tA(x, tx))dx + xA(x, tx)dt = � ν≥p (x^ν B_ν (1, t) + tx^ν A_ν (1, t))dx + � ν≥p x^{ν+1}A_ν (1, t)dt

where p = min(m, n).

But recall that F and ~F have isolated singularities. Then, as we are considering the non-dicritical case — that is A_p(x, y)y + B_p(x, y)x ≠ 0 (see [28]), we have that ~F can be given by:

π^∗ω(t, x) x^p = � ν≥p (x^{ν−p}B_ν (1, t) + tx^{ν−p}A_ν (1, t))dx + � ν≥p x^{ν−p+1}A_ν (1, t)dt

= P_p(t)dx + xA_p(1, t)dt + � ν≥1 x^ν P_{ν+p}(t)dx + x^{ν+1}A_{ν+p}(1, t)dt,

where P_ν (t) = B_ν (1, t) + tA_ν (1, t). But note that, as we are assuming that the origin of H(−1) is a singularity of ~F, and that there is no singularity at ∞. then B_p(1, 0) = 0 and by analogous accounts in the affine chart of the infinity one has that A_p(0, 1) ≠ 0. Therefore, if we let A_p(x, y) = �_p

j=0 a_j x^{p−j} y^j and B_p(x, y) =

�_p

j=0 b_j x^{p−j} y^j then we have that b_0 = 0 and a_p ≠ 0, in particular P_p has degree p + 1. Furthermore

P_p(t) = p� l=1 b_lt^l + p� l=0 a_lt^{l+1}

= p−1� l=0 (a_l + b_{l+1})t^{l+1} + a_pt^{p+1}

Now, in order to study the relations in the other singularities one has to perform the change of coordinates:

(s, x) := (t − t_j , x), so obtaining after elementary calculations

P_p(s + t_j ) = P_p(t_j ) + P^′_p(t_j )s + O_2 and

A_p(1, s + t_j ) = p� l=0 a_l(s + t_j )^l = p� l=0 a_lt_j^l + O_1

thus obtaining

~ω(s, x) = � ν≥0 x^ν P_{ν+p}(s + t_j )dx + x^{ν+1}A_{ν+p}(1, s + t_j )dt

= P_p(s + t_j )dx + xA_p(1, s + t_j )dt + xP_{p+1}(s + t_j )dx + O_2 = (P_p(s + t_j ) + xP_{p+1}(s + t_j ))dx + xA_p(1, s + t_j )dt + O_2

= (P_p(t_j ) + P^′_p(t_j )s + xP_{p+1}(t_j ))dx + p� l=0 a_lt_j^lxdt + O_2,

Hence, as our foliation has T_s as singularities tree, then:

P_p(t) = p−1� l=0 (a_l + b_{l+1})t^{l+1} + a_pt^{p+1} = at^{n1} q� j=2 (t − t_j )^{nj} , a ∈ C^∗ ;

(2.1)

μ_j = λ p−1� l=0 (l + 1)(a_l + b_{l+1})t_j^l + (p + 1)a_pt_j^{p+1} = λP^′_p(t_j ) ;

(2.2)

ν_j = λA_p(1, t_j ) = λ p� l=0 a_lt^l_j ;

(2.3)

α_j = λP_{p+1}(t_j ), j = 1 . . . q , λ ∈ C^∗.

(2.4)

Note that in (2.1), the last equality comes from the fact that {t_j }^q_{j=1} are the only singularities of ~F. In order to apply the above calculations we recall the:

Definition 3 ([14]). A generalized curve is a germ of singular foliation whose minimal resolution has only non-dicritical components at the divisor, and no saddle-nodes as singularities. Remark 2. In [14] it was proved that the generalized curves have the same resolution of their separatrices.

Lemma 1. Let F be a generalized curve. Then along its minimal resolution it will never appear a projective line with at most two singularities in a projective line with Chern class −1. Proof. First recall that we may assume that the foliation is singular at the origin and regular at ∞; of a given a pair of affine bundle charts as above. Recall that in this case a_p ≠ 0. Now let us consider the case that there is just one singularity, then according to (2.1) and (2.2), we have that p = 0 and this Hopf component of the solved foliation must come from the blow-up of a regular foliation. Now let us consider the case we have just two singularities, then by (2.1) ,(2.2) and (2.3), one has that, p = 1 and b_1 ≠ −a_0 ≠ 0. Hence (F : ω = 0) has non-degenerated linear part. Therefore as it must not be reduced, then we just have to verify that it cannot have positive rational eigenvalues ratio. In fact let ω(x, y) = x(1 + a(x, y))dy − λy(1 + b(x, y))dx, where λ =^p_q ∈ Q^+ and a(0, 0) = b(0, 0) = 0. Then after one blow-up we obtain ( ~F : ~ω = 0) where

~ω(t, x) = ((1 − λ)t + ta(x, tx) − λtb(x, tx))dx + x(1 + a(x, tx))dt, ~ω(u, y) = ((1 − λ)u + ua(u, uy) − λub(uy, y))dy − λy(1 + b(uy, y))du.

Now we have to consider two distinct cases. First whether p = q or not. In the former case we have that p = 1 = q, and it will appear two saddle nodes which is a contradiction by hypothesis.

In the later case we have that the foliation is not solved as

λ_1 = −1 1 − λ = q p − q

λ_2 = λ 1 − λ = p q − p . □ Remark 3. This is not true, in general, for non-dicritical foliations. In fact there are examples of non-dicritical foliations whose minimal resolution presents a Hopf component with Chern class −1, and with just two singularities: a saddle-node and a non-degenerated singularity at the corner ([31]).

3. Hopf bundles and projective holonomy

We describe the invariants that determine the analytic type of “rectified” singular foliations defined in the neighborhood of the zero section of a Hopf bundle, without degenerated singularities.

First let us note that if two singularities are analytically conjugated, then they have isomorphic trees of singular points along its minimal resolution foliation, so if we look to each Hopf bundle we see that isomorphic points have their local holonomy generators conjugated by a global conjugacy. Moreover, note that, as we will see soon, every non-dicritical foliation has a “rectifier” resolution, that is, there is a resolution such that the local separatrices are contained in a fibration “transversal” to the zero section of the Hopf bundle. To clarify these ideas we need the following:

Definition 4. Let H : (p : H → CP(1)) be the Hopf bundle, F a germ of singular solved nondicritical foliation at CP(1), without saddle nodes. Then we say that a germ of holomorphic map at CP(1), f : (H, CP(1)) → (CP(1), Id|_{CP(1)}) is a transversal fibration to F, if it satisfies:

(1) f is a retraction, that is f is a submersion and f|_{CP(1)} = Id|_{CP(1)}; (2) the fiber f^{−1}(t_j ) is a separatrix of F, for each t_j ∈ Sing(F); (3) f^{−1}(t) is transversal to F, for every point t ∈ F\Sing(F).

Remark 4. We can make an analogous definition as above for the C^r case, just by asking f to be of class C^r.

Note that each transversal fibration as above, defines a non-singular foliation transversal to the zero section of H, given by the level curves of f. In particular the radial foliation, say R, can be viewed as the fibration:

Notation 2. f_R = p : H → CP(1).

Now consider a Hopf bundle H : (p : H → CP(1)) and a germ of singular solved foliation F in CP(1), without saddle nodes, a transversal fibration to F, namely f : (H, CP(1)) → CP(1) and t_0 ∈ CP(1)\Sing(F), a regular point of F. Hence, by the path lifting construction, the projective holonomy Hol(F, f^{−1}(t)) is completely determined by Hol(F, f^{−1}(t_0)), with t, t_0 ∈ CP(1)\Sing(F). Such a holonomy will be called the projective holonomy of F with respect to f. Notation 3. Hol_{f )}(F, CP(1).

Whether there is no doubt about the fibration we only talk about the projective holonomy of the foliation and denote it by Hol_{CP(1)}(F).

Definition 5. Let H : (p : H → CP(1)) be a Hopf bundle over CP(1), F, F_o germs of singular solved non-dicritical foliations at CP(1) in H, without saddle-nodes, with an isomorphism, say φ, between their trees of singularities, such that f is transversal to F, F_o, and f_R is transversal to F_o, where f is a fibration in H. Then we set

Diff_{F,Fo} (H, CP(1)) = {Φ ∈ Diff(H, CP(1)) : Φ_∗(F) = F_o, Φ|_{Sing(F)} = φ|_{Sing(F)}}.

And call

Iso(F_o) := {Φ ∈ Diff_{Fo,Fo} (H, CP(1)) : Φ|_{Sing(F)} = Id}

the isotropy group of the foliation F_o.

Definition 6. Let H : (p : H → CP(1)) be a Hopf bundle, F_i, i = 1, 2, be two germs of singular solved non-dicritical foliations, without saddle nodes, at CP(1) ⊂ H, with the respective analytically equivalent trees of singular points {t^i_j }^n_{j=1}, by φ ∈ Diff(CP(1)), that is φ(t^1_j ) = t^2_j . Let f_i , i = 1, 2, be two analytic fibrations such that f_i is transversal to F_i. Further let t^1_0 ∈ CP(1) be a regular point of F_1, t^2_0 = φ(t^1_0), and denote by h^i_γ the holonomy of a path γ_i ∈ π_1(CP(1)\{t^i_j }^n_{j=1}, t^i_0) with respect to f_i, i = 1, 2. Then one says that the projective holonomies of these foliations have a conjugacy subordinated to φ if there is ϕ ∈ Diff(C, 0) such that ϕ_∗(h^1_γ ) = h^2_{φ∗γ} , for every γ ∈ π_1(CP(1)\{t^1_j }^n_{j=1}, t^1_0).

Remark 5. We can make an analogous definition as above for the continuous case, just by asking φ ∈ Homeo(CP(1)) — that is, a homeomorphism of the Riemann sphere — and the fibrations f^i, i = 1 · · · 2 to be of class C^r.

Proposition 2. Let H : (p : H → CP(1)) be a Hopf bundle, F_i , i = 1, 2, be two foliations defined in H, as in the above definition. Then F^1 and F^2 are analytic conjugated if, and only if their projective holonomies have a conjugacy subordinated to φ ∈ Diff(CP(1)).

Proof. The necessary part is straightforward as was remarked before the above definition. Hence let us see the sufficient part. In fact consider the trees of singular points {t^i_j }^n_{j=1} and the regular points t^i_0 ∈ CP(1) as in the above definition and let us suppose that there is ϕ ∈ Diff(C, 0) such that ϕ ∘ (h^1_j ) ∘ ϕ^{−1} = h^2_j , for j = 1 · · · n. Then we define the map Φ : F\

�_n

j=1 f^{−1}_1 (t^1_j ) −→ F^′\

�_n

j=1 f^{−1}_2 (t^2_j ), by:

Φ(t, x) := Φ_t(x) := h^2_t ∘ ϕ ∘ (h^1_t )^{−1}(x),

where x ∈ f^{−1}_1 (t), h^i_t : f^{−1}_i (t_0) −→ f^{−1}_i (t) are the holonomy maps obtained by path lifting a curve connecting t_o to t in the leaves of F^i. Note that this map does not depends on the chosen base curves, as ϕ conjugates the elements of the respective projective holonomy of F^1 and F^2. Moreover Φ is holomorphic by (complex) ODE theory ([26]) and by Hartogs’s theorem, since it is holomorphic in each variable. Further by [30] and [28], one can extend the diffeomorphisms to the local separatrices, in a neighborhood of CP(1) projective line, as desired. □

4. Simple resolution foliations

We define what is a simple resolution foliation, and explain its importance (at our level of comprehension of differential equations). Further we describe some relations between the generalized curves, their holonomies and separatrices. We study the geometric properties of its exceptional divisors and describe some of its topological properties.

4.1. The divisor’s geometry of a simple resolution foliation. We determine the geometry of the exceptional divisor of a generalized curve with simple resolution.

Definition 7. One says that a germ of non-reduced singular foliation F has simple resolution if its minimal resolution has only non-dicritical components and its exceptional divisor has only one projective line with three or more singularities, which will be called principal projective line of the exceptional divisor; its holonomy is called the projective holonomy of the foliation.

Now recall that a singularity has a linear chain as minimal resolution whether it has at most two corners at each projective line of the exceptional divisor.

Proposition 3. Let F be a simple resolution generalized curve. Then F has a linear chain as minimal resolution with the Chern class of its principal projective line equal to −1. In particular, according to the number of irreducible components, namely n = #{of irreducible components of Sep(F)}, one has the following possible “schemes” of resolution are:

(1) n = 1.

(2) n = 2.

(3) n ≥ 3.

Proof. First let us consider the case where F has just one irreducible separatrix, and recall that for generalized curves the irreducible components of Sep(F) are one to one with the non-corner singularities of the minimal resolution. By lemma 1 it will never be a one blow-up resolution foliation. Hence, we just have to consider the following two distinct cases:

(1) Along the minimal resolution the singularity will never be a corner at any step. In this case the foliation has a linear chain, with the reduced singularity crossing the principal projective line with just one corner singularity. Again by applying lemma 1, this is a contradiction.

(2) Along the minimal resolution the singularity corresponding to the separatrix will be a corner at some step. In this case we have after some blow-ups, the singularity will leave the corner in an (obviously) non-corner singularity. The projective line intercepted by this non-corner singularity has two corner singularities. If this non-corner singularity is reduced, we are done. Otherwise we have to repeat the process, and as F has simple resolution, this new singularity must be in the former case, that is, it has a resolution with linear chain, with the singularity intercepting transversely a projective line with just one (corner) singularity. But this is a contradiction by lemma 1.

For the case n ≥ 2, the result follows by similar reasonings, again by lemma 1 and the definition of simple resolution foliation. □

Notice that the simple resolution foliations appears in [17] as a generic case for the nilpotent singularities. In fact, as we shall see, this is the most general case in which the holonomy of a Hopf component can determine the analytic or topological type of the foliation.

4.2. Topological classification. We will see that the topological type of some simple resolution generalized curves (with some conditions on the singularities after the resolution) are determined by their trees of singular points and their projective holonomy.

First let us recall that a subgroup of Diff(C, 0) is rigid when there exists a bijection between the topological conjugacy classes and holomorphic conjugacy classes ([18]).

Example 1. Let G ⊂ Diff(C, 0) and J^1G ⊂ C^∗ be the group of multipliers of G ([20]) satisfying one of the following conditions:

(1) G is non-solvable ([35], [33]);

(2) G is non-abelian and J^1G is dense in C^∗, S^1 or R^∗ ([16], [18]); (3) G is non-solvable and J^1G is non-real ([17]). Then G is rigid.

Now let us take a look in the relation between the topological equivalence of linear singularities and topological conjugacy of its holonomies. First, let us recall that for a germ of singular foliation (F : ω = 0) with first jet given by J^1ω(x, y) = xdy − λydx, such that λ ∈ R, one has that λ is a topological invariant ([23]).

Lemma 2. Let (F_j : ω_j = 0) be given by ω_j (x_j , y_j ) = x_j dy_j − λ_j y_j dx_j , λ_j ∈ C\(R_− ∪ Q_+), where λ_1 = λ_2 whether λ_j ∈ R_+\Q_+, and let Σ_j = {(x_j , y_j ) ∈ C^2 : x_j = 1}, for j = 1, 2. Further let ⟨h_j ⟩ = Hol(F_j , (y = 0), Σ_j ), and suppose that there is an orientation preserving germ of homeomorphism ϕ : (Σ_1, 0) → (Σ_2, 0) such that h_2 = ϕ ∘ h_1 ∘ ϕ^{−1}. Then there exists a leaf preserving homeomorphism Φ ∈ Homeo(C^2, 0), such that Φ|_{Σ1} = ϕ.

Proof. We are going first to extend ϕ to a homeomorphism ϕ : � S^1 × D_r � ∪ � D_r × S^1 � → � S^1 × D_r � ∪ � D_r × S^1 � for some r > 0, as in this case we are done. In fact, there is a real flow inside the leaves, for which the origin is an attractor, for instance given by

ξ_{j,t}(x_j , y_j ) = (e^{μj it}x_j , e^{υj it}y_j )

such that μ_j , ν_j /∈ R, and^{υj}_{μj} = λ_j (see [13]). Now let us verify how we can do the former extension. Indeed we have to distinguish two different cases:

(1) λ := λ_1 = λ_2 ∈ I_+= R_+\Q_+. That is a positive irrational number. In this case, as it is well known ([1]), the conjugacy ϕ has the form ϕ(y) = g(|y|) · y, where g is a continuous map (in fact, this is a consequence of the fact that the closure of the orbits of the holonomies are circles). Now recall that the leaves of the foliations are given by the complex flows φ_j (T, x_j , y_j ) = (e^{iT} x_j , e^{λiT} y_j ), for T ∈ C. So, if we consider the real flow inside the leaves of F_j and in S^1 × D, given by φ_{j,t}(x_j , y_j ) = (e^{it}x_j , e^{λit}y_j ), t ∈ R, we can extend ϕ to the solid torus S^1 × D using these real flows by

ϕ(x_1, y_1) = φ_{2,t(x1,y1)} ∘ ϕ ∘ φ_{1,−t(x1,y1)}(x_1, y_1)

where t = t(x_1, y_1) is given by the equation (x_1, y_1) = φ_{1,t}(1, y) = (e^{it}, e^{λit}y). Explicitly, we have that

ϕ(x_1, y_1) = φ_{2,t(x1 ,y1)} ∘ ϕ(1, e^{−λit}y_1)

= φ_{2,t(x1 ,y1)}(1, g(|y_1|) · e^{−λit}y_1)

= (e^{it}, g(|y_1|) · e^{(λ−λ)it}y_1) = (x_1, g(|y_1|) · y_1).

Note that by construction, this extension is leaf-preserving. Now let us extend ϕ to the solid torus D×S^1. First note that in S^1 ×S^1 we have that ϕ(x_1, y_1) = (x_1, g(1)·y_1). Now, as λ_j ∈ I_+ we have that the closure of the intersection of the leaves with the solid torus D×S^1 are the torus T_{r,1} = {|x_1| = r ≤ 1, |y_1| = 1} and T_{r,|g(1)|} = {|x_2| = r ≤ 1, |y_2| = |g(1)|}. Now extend ϕ to a homeomorphism between the disks D^1 = {|x_1| ≤ 1, y_1 = 1} and D^2 = {|x_2| ≤ 1, y_2 = g(1)}, with the same expression as in S^1 × S^1 and consider the real flows contained in the leaves of F_j and the solid torus D × S^1, given by ψ_{j,t}(x_j , y_j ) = φ_j (^t_{λj} , x_j , y_j ) = (e^{i tλ} x_j , e^{it}y_j ), then extend ϕ to D × S^1 by

ϕ(x_1, y_1) = ψ_{2,t(x1,y1)} ∘ ϕ ∘ ψ_{1,−t(x1,y1)}(x_1, y_1)

where t = t(x_1, y_1) is given by the equation (x_1, y_1) = ψ_{1,t}(x, 1) = (e^{i tλ} x, e^{it}). Explicitly, we have that

ϕ(x_1, y_1) = ψ_{2,t(x1,y1)} ∘ ϕ(e^{−i tλ} x_1, 1)

= ψ_{2,t(x1,y1)}(e^{−i tλ} x_1, g(1))

= (e^{it( 1λ − 1λ )}x_1, g(1) · e^{it}) = (x_1, g(1) · y_1).

(2) λ_1, λ_2 ∈ C\R. In this case, as the conjugacy is orientation preserving, we may suppose without loss of generality that their holonomies are at the same time attractors ([38]). Hence, since the holonomies are linear maps, by an iteration argument we may suppose that the conjugacy is defined not only in the unitary disk but in the whole complex plane. Again, if we consider the real flow inside the leaves of F_j given by φ_{j,t}(x_j , y_j ) = (e^{it}x_j , e^{λj it}y_j ), t ∈ R, we can extend ϕ to the solid torus S^1 × C using these real flows by

ϕ(x_1, y_1) = φ_{2,t(x1,y1)} ∘ ϕ ∘ φ_{1,−t(x1,y1)}(x_1, y_1)

where t = t(x_1, y_1) is given by the equation (x_1, y_1) = φ_{1,t}(1, y) = (e^{it}, e^{λ1 it}y). Explicitly, we have that

ϕ(x_1, y_1) = φ_{2,t(x1,y1)}(1, ϕ(e^{−λ1 it}y_1))

= (e^{it}, e^{λ2 it}ϕ(e^{−λ1 it}y_1))

= (x_1, e^{λ2it}ϕ(e^{−λ1 it}y_1))

Note that, by construction, this extension is leaf-preserving. But now note that in general, this extension of ϕ will not carry torus in torus, as the original homeomorphism ϕ may not have to carry circles in circles, in general. so we have to use a topological trick to overcome this difficult. In fact, using real flows in the leaves, we extend the homeomorphism ϕ : S^1 × D −→ ϕ(S^1 × D) to a homeomorphism ϕ : S^1 × D_r −→ S^1 × D_r for r >> 1. First let us note that for any point (x_j , y_j ) ∈ S^1 × C there is only one point in the intersection of the torus S^1 × S_r, where S_r = ∂D_r and the trajectory of φ_{j,t} by (x_j , y_j ), as we do not have singularities in the solid torus S^1 × C. Similarly, for any point (x_2, y_2) ∈ S^1 × C there is only one point in the intersection of the topological torus ϕ(S^1 × S^1). Now given (x^′_1, y^′_1) ∈ S^1×S^1, and (x^{′′}_j , y^{′′}_j ) ∈ S^1×S_r in the same orbit of the flow φ_{1,t}, then let t_1(x^′_1, y^′_1) be the time such that (x^{′′}_1 , y^{′′}_1 ) = φ_{1,−t1(x}′_{1,y}′_{1)}(x^′_1, y^′_1). Similarly, given (x^′_2, y^′_2) ∈ ϕ(S^1 ×S^1), and (x^{′′}_2 , y^{′′}_2 ) ∈ S^1 × S_r in the same orbit of the flow φ_{2,t}, then let t_2(x^′_2, y^′_2) be the time such that (x^{′′}_2 , y^{′′}_2 ) = φ_{2,−t2 (x}′_{2,y}′_{2)}(x^′_2, y^′_2). Then from ODE theory we have that t_j is a continuous function of (x^′_j , y^′_j ). Further if (x_1, y_1) belongs to the same orbit of (x^′_1, y^′_1), then it is a continuous function (x_1, y_1) = F (x^′_1, y^′_1). Now let s : S^1 × S^1 −→ [0, 1] be the continuous function given the ratio between the time the flow spends to leave (x_1, y_1) and to reach (x^′_1, y^′_1), and the time t_1(x^′_1, y^′_1), that is (x_1, y_1) = φ_{1,−st1 (x}′_{1,y}′_{1)}(x^′_1, y^′_1). Then we can extend the homeomorphism ϕ : S^1 × D −→ ϕ(S^1 × D) by

ϕ(x_1, y_1) = φ_{2,−st2 (x}′_{2,y}′_{2)} ∘ ϕ ∘ φ_{1,st1 (x}′_{1,y}′_{1)}(x_1, y_1)

where (x^′_2, y^′_2) = ϕ(x^′_1, y^′_1) and φ_{1,−st1 (x}′_{1,y}′_{1)}(x_1, y_1) = (x^′_1, y^′_1).

Now we extend this map to the solid torus D_r × S^1. First, consider the real flow contained in the leaves of F_j and in the solid torus D_r × S^1, given by ψ_{j,t}(x_j , y_j ) = φ_j (^t_{λj} , x_j , y_j ) =

(e^{i tλj} x_j , e^{it}y_j ), and two disks D^j , topologically transversal to the flow ψ_{j,t}. Now consider the continuous map g_j : S_r × S^1 → D^j induced by the flow ψ_{j,t}, namely g_j (x, y) = ψ_{j,tj (x,y)}(x, y) ∈ D^j , with t_j (x_j , y_j ) > 0 being the less real number with this property. Further let K_j = g_j (S_r × S^1), and fix a fundamental domain for the holonomy map h_j

in K_j , namely U_j ⊂ K_j , then we have that g_j |_{(Sr ×S}1_{)\∂D}j : � S_r × S^1 � \∂D^j →^∘U_j is a homeomorphism. Again, as the holonomies are attractors, then by an iteration argument we may extend ϕ to ϕ : (S_r × S^1) ∪ D^1 −→ � S_r × S^1 � ∪ D^2 by

ϕ(x_1, y_1) = h^n_2 ∘ g_2 ∘ ϕ ∘ g^{−1}_1 ∘ h^{−n}_1 (x_1, y_1)

where n is the number of iterations we need to have h^{−n}_1 (x_1, y) ∈ U_j , and in particular if h^{−n}_1 (x_1, y) ∈ ∂U_j , we assume that h^{−n}_1 (x_1, y) ∈ ∂U_j ∩ S_r × S^1. Now let us extend ϕ to D_r × S^1. Now consider a point (x_j , y_j ) ∈ D_r × S^1 and the following real times: the less t_j (x_j , y_j ), s_j (x_j , y_j ) > 0 such that ψ_{j,tj (xj ,yj )}(x_j , y_j ), ψ_{1,−sj (xj ,yj )}(x_j , y_j ) ∈ D^j (note that u_j (x_j , y_j ) = t_j (x_j , y_j ) + s_j (x_j , y_j ) is bounded, as D_r × S^1 is compact and at the limit circle {0} × S^1 it is equal to 2π). Now we extend the map ϕ : � S_r ∪ D^1 � × S^1 −→ � S_r ∪ D^2 � × S^1 by ϕ(x_1, y_1) = ψ_{2,} t_1 (x_1,y_1 )

u1(x1 ,y1 ) u2 (x2,y2)

∘ ϕ ∘ ψ_{1,−t1(x1,y1)}(x_1, y_1). □

Remark 6. :

(1) First note that by the topology of their orbits, an irrational rotation and an attractor cannot be topological conjugated, and that two irrational rotations, namely h_j (z) = exp(2πiλ_j ), λ_j ∈ I_+, are topological conjugated if, and only if λ_2 = λ_1 mod Z ([1]). Hence, in the above lemma, λ_1 ∈ I_+ if, and only if λ_2 ∈ I_+ and condition λ_2 = λ_1 is natural in case

λ_1, λ_2 ∈ I_+, as we have: � λ_2 = λ_1 mod Z, 1 λ_2 = 1 λ_1 mod Z. ; (2) Any two attractors are topologically equivalent ([38]), so there is no conditions in this case.

Now we have the necessary tools to the:

Proof of theorem 1. First let us extend the holonomy conjugacy to a neighborhood of the principal projective line, say P_l.

For the first case — that is, when the holonomy is rigid — consider the principal projective line of the exceptional divisor of the minimal resolution of F, and an open subset, say U, of it given by the union of non-intercepting disks around the singularities and bands joining them, such that it fattens out a simple curve (see figure below).

Now consider an holomorphic line bundle over U_j = U ∩ H_j , containing Sep( ~F_j ) as fibers — in fact it does exists as U_j is Stein — then by a bump function argument we can continuously extend this fibration to H_j . Analogously, we can do the same for F^′. Now recall that the fibrations are holomorphic over U_l, hence as the holonomies are rigid, we may assume that their conjugacy is holomorphic. Then by path lifting (see proposition 2) we obtain a topological conjugacy between

F and F^′ away from Sep( ~F_l), which is analytic over p^{−1}(U_l)\ Sep( ~F_l). Now by [30] and [28] we obtain a conjugacy between F and F^′ along the whole of H_l.

Now as the foliations have simple resolution foliation, then the projective holonomy of ~F_j , for j ≠ l, is determined by the local holonomy of each corner, which are analytic conjugated. Applying the same reasonings as before — except for rigidity, as the holonomies conjugacy is already analytic — to each Hopf component, we can continuously extend the conjugacy to a neighborhood of the whole divisor. Finally after blowing-down this conjugacy we obtain the desired result.

For the second case — that is when the singularities are in the Poincaré domain or when they are Siegel resonant — consider an open subset V ⊂ P_l, given by the complement of the union of non-intercepting disks around the singularities, say {D_j }^n_{j=1}(see figure below).

Then, by a bump function argument, we can construct a C^∞ subbundle H_l|_V , with V as zero section. Then by path lifting arguments, as before, we can obtain a conjugacy between F|_{V ×D} and F^′|_{V ×D} (here D represents the unity disk), namely Φ : H_l|_{V ×D} −→ H^′_l|_{V ×D}. Now by lemma 2 and [12] we can extend this conjugacy to some neighborhoods of the singularities.

Finally let us extend this conjugacy to a neighborhood of the other projective lines. Indeed, as the foliations have simple resolution, then the projective holonomy of ~F_j , for j ≠ l, is determined by the local holonomy of each corner. Hence, applying the same reasonings as before, to each Hopf component we can continuously extend the conjugacy to a neighborhood of the whole divisor. Finally after blowing-down this conjugacy we obtain the desired result. □

Remark 7. In [18] it is proved the converse of the above result for some foliations with one-blow-up resolution. The general case is already open.

5. Generalized curves and rectifier resolutions

Notice that, in order to classify a generalized curve by its minimal resolution, we arrive at the problem of relating the holonomies of each projective line of the divisor, which points towards the problem of describing the virtual holonomy ([15]) of one (or possibly more) projective lines of the exceptional divisor. Hence we have to consider the geometry of the divisor to classify, by the blow-up method, the generalized curves.

Definition 8. A resolution π : (M, D) −→ (C^2, 0) of a generalized curve F is called rectifier whether all the Hopf components, namely Sep( ~F_j ), are contained in the fibers of a fibration f_j transversal to ~F_j .

Recall that the aim of the above definition is to determine equivalence of “models” of singular foliations in −k-class Hopf bundles, by its projective holonomy group.

Example 2. Any simple resolution foliation with at most four singularities at the principal projective line is rectifiable. In fact this is just a matter of apply proposition 7 (in appendix A).

Notice that the above statement is not true in general for five singularities or more (see proposition 8).

Now we verify the main result of this section. But first:

Remark 8. After blowing-up a reduced singularity we shall obtain a singular foliation defined in a Hopf bundle with Chern class −1, with two reduced singularities. In particular if the former singularity is non-degenerated then the new two singularities are non-degenerated too.

Furthermore we have that:

Lemma 3. Let H(−k) : � p_{(k)} : H(−k) → CP(1) � be a Hopf bundle of class −k, and ( ~F : ~ω = 0) be a germ of solved non-dicritical singular foliation in CP(1) ⊂ H(−k). Then, after a blow-up in each of its m reduced singularities, say {t_j }^m_{j=1}, H(−k) turns out to be H(−k−m) and the Hopf component

of the transform of ~F, namely ~~F = π^∗( ~F), has its separatrix’ Hopf component contained in fibers of H(−k−m) : � p_{(k+m)} : H(−k − m) → CP(1) � , where p_{(k+m)}|_{H(−k−m)\∪}m_{j=1 π}−1_{(tj )} = π^{−1} ∘p_{(k)} ∘π, with π being the proper map obtained by the composition of the m blow-ups.

Proof. The first statement is well known from the algebraic curves theory, hence let us verify the second. Suppose that ~F has 0 ≤ n < m, of its singularities with their local separatrices contained in the fibers of H(−k). Now for simplicity, let us suppose that the (n + 1)^{th} singularity is at the origin of the affine chart, then we have that

~ω(t, x) = (t − t_1) · · · (t − t_n)a(t, x)dx + xb(t, x)dt,

where a(t, x) ∈ M (the maximal ideal of O), and t_{n+1} = 0. Hence, after one blow-up at the origin one obtains

~ω(t, ξt) = (t − t_1) · · · (t − t_n)a(t, ξt)(ξdt + tdξ) + ξtb(t, ξt)dt = ξ[(t − t_1) · · · (t − t_n)a(t, ξt) + tb(t, ξt)]dt + t(t − t_1) · · · (t − t_n)a(t, ξt)dξ,

and then

~ω(t, ξ) = ξ[(t − t_1) · · · (t − t_n) a(t, ξt) t + b(t, ξt)]dt + t(t − t_1) · · · (t − t_n) a(t, ξt) t dξ, where^{a(t,ξt)}_t ∈ O, and the result follows. □

Figure 5: A rectifier blow-up

Proof of proposition 1. In fact, consider the minimal resolution of a generalized curve F, say ~F. Then each Hopf component of F, say F_j , has reduced singularities, whose local separatrices are transversal to the invariant projective line D_j (zero section of the Hopf bundle H_j ) are given by the Hopf irreducible components of Sep(F), say Sep( ~F_j ). Now suppose that Sep( ~F_j ) has m irreducible components, with n < m of them being non-corner singularities. Then, by lemma 3, after we blow-up each of these n singularities, we obtain a Hopf bundle with Chern class c(H_j ) − n with only corner singularities, say H_{j,0}, and n Hopf bundle of Chern class −1, say H_{j,s}, s = 1 · · · n intercepting the previous one by normal crossing at corner singularities (see figure 5). Let us denote the Hopf components of Sep(F) in the new resolution by Sep( ~F_{j,s}) ∈ H_{j,s}, s = 0 · · · n . Therefore, by lemma 3, the new Hopf component Sep( ~F_{j,0}) is rectifiable, as it is composed by the fibers of some radial fibration R in H_{j,0}, with the base points at the singularities. Moreover, again by remark 8 and proposition 7 (in appendix A) each Hopf component Sep( ~F_{j,s}), s = 1 · · · n of Sep(F) in the new resolution is rectifiable. □

Remark 9. Note that similarly to the case of an ordinary resolution, we can talk about the a minimal rectifier resolution

6. Analytic classification

We analytically classify the generalized curves by the trees of singularities of one of their minimal rectifier resolutions, the projective holonomies of the Hopf components of these resolutions and some analytical cocycles that appear as obstructions to extend component-wise conjugacies.

6.1. Component-wise isomorphisms. We study the problem of finding conditions to determine whether two component-wise isomorphic germs of foliations up to first order are indeed componentwise isomorphic, that is determine the module space

�_{c,1} ω � ( �_c ω ∩ �_{c,1} ω ) (recall notation 1) for a minimal rectifier resolution of (F : ω = 0). Finally we verify the uniqueness of the ambient surface for a minimal rectifier resolution of any element of

�_{c,1} ω . First, recall that

�_c ω (respect.

�_{c,1} ω ) is the set of germs of foliations which has equivalent minimal rectifier resolution is component-wise analytically equivalent (respect. up to order one) to a minimal rectifier resolution of (F : ω = 0). Further we denote as

�_{c,1} ω,f the subset of

�_{c,1} ω whose separatrix set has the same analytic type of the curve f^{−1}(0).

Now as a straightforward consequence of proposition 2 we have that:

Proposition 4. Let F, F^′ belong to the same class in ∈

�_{c,1} ω . Then they belong to the same class in �_c

ω if, and only if the projective holonomies of the Hopf components of one of their minimal rectifier resolutions are conjugated.

Now, note that once we have two germs of foliations in

�_c

ω we want in some sense to verify under what conditions they are in fact globally holomorphically conjugated. For this sake, it is necessary first to verify indeed that minimal rectifier resolution with equivalent trees of any element of

�_c ω must be contained in the same surface (up to biholomorphism).

Definition 9. We say that a complex surface is resolution-like, whether it is obtained by a holomorphic pasting of Hopf bundles with negative Chern class, in such a way that the union of their zero sections become a tree of projective lines isomorphic to the exceptional divisor of the composition of a finite numbers of blowing-up process applied to (C^2, 0).

Of course, this definition is given in such a way that every resolution surface of some singularity became resolution-like. In fact, any resolution-like surface is biholomorphic to the resolution surface of some singularity.

Proposition 5. Let M_j , j = 1, 2 be two resolution-like surfaces with isomorphic trees of projective lines D_j , j = 1, 2. Then (M_1, D_1) is biholomorphic to (M_2, D_2).

In order to prove the proposition we need the following results about line-bundles.

Theorem 4 (Grauert [24]). Let S be a complex surface and C be a rational curve with negative Chern class. Then there are neighborhoods U and V of C, respectively in S and N(C; S) (the normal bundle of C in S) and a biholomorphism Ψ : U → V sending C in the zero section of N(C; S).

Theorem 5 (Grothendieck [25]). Two complex line bundles over the Riemann sphere have the same Chern class if, and only if they are biholomorphic.

Proof of the proposition 5. The proof is done by induction in the number of projective lines in the chains. In fact if the chains are composed by just one projective line then, the result follows by the theorems of Grauert and Grothendieck. Now let us suppose that the result is true for all chains composed with n (≥ 1) projective lines, and let D_j have n + 1 projective lines. Then, by hypothesis D_j has two intercepting projective lines, namely C^1_j and C^2_j , with Chern classes given respectively by −1 and −2. Hence applying Grauert’s and Grothendieck’s theorems one obtains that a neighborhood of each curve is biholomorphic to a neighborhood of the zero section of the Hopf bundle with respective Chern class. Hence we can blow-down a neighborhood of the curve C^1_j obtaining yet an analytic surface defined in a neighborhood of Riemann sphere, say π(C^2_j ) — where π stands for the blow-down (see figure below). In fact π(C^2_j ) has Chern class −1. For, recall that a neighborhood of C_2 in the surface is biholomorphic to the Hopf bundle of class −2, hence one can construct a global meromorphic section for this line bundle without zeros an with just one pole of order two at the corner (for instance, in affine coordinates one may have x = 1 and u =^1_{u2} , where u = 0 is the corner point). Now if we look to the affine charts (t, x), (u, y), u = 1/t and y = tx, of a neighborhood of C_1 in the surface (with the corner at t = 0), then we obtain that the meromorphic section for C_2 is locally given by: t = a_{−2} x^2 + a_{−1} x + a_0 + a_1x + · · ·

where a_{−2} ≠ 0. Hence after blowing-down C_1 (see figure below), one obtains a global meromorphic section for π(C_2), without zeros and with just one simple pole given by y = a_{−2} x + a_{−1} + a_0x + · · ·

and thus π(C_2) has Chern class −1, as it was claimed.

Now, by induction one has that a biholomorphism Φ : (π(M_1), π(D_1)) −→ (π(M_2), π(D_2)), leaving π(C^1_1 ) in π(C^1_2 ). Finally, by Riemann’s extension theorem ([26]) the map Φ can be lifted to a biholomorphism ~Φ : (M_1, D_1) −→ (M_2, D_2). □

6.2. Analytic cocycles. We define a characteristic class for germs of generalized curves, which are the remaining elements to determine their analytic classification. In order to do this we use strongly the concept of non-abelian cohomology. For the reader which is not acquainted with this subject we refer [22] and [29].

First let (F : ω = 0), then fix a foliation F^o component-wise isomorphic to F, such that in the coordinates given by a given minimal rectifier resolution, Sep( ~F^o_j ) is contained in the fibers of H_j (this foliation does exist by [27]), which shall be called a fixed model for F, and consider the elements Φ_j ∈ Diff( ~F_j , ~F^o_j ), which shall be called a projective chart for the j^{th} component of the fixed model. Then it is straightforward that:

Lemma 4. For each ~F_j = ~F � �_{Hj ,CP(1)} and each fixed model ~F^o_j , there exists only one projective

chart, up to left composition by an element of Iso( ~F^o_j ).

So, consider the sheaf of non-abelian groups Λ^o := Iso( ~F^o), then we say that U := ∪U_j is a good covering for Λ^o whether U_j are neighborhoods of D_j ⊂ H_j . Therefore, consider the first cohomology set H^1(U, Λ^o) associated to the good covering U, and set H^1(D, Λ^o) as the direct limit of H^1(U, Λ^o) for the good coverings of ~F, associated to D = ∪D_j , the exceptional divisor of the given minimal rectifier resolution of F. Hence by proposition 5 the map �_{cω Θ}

−→ H^1(D, Λ^o) F → (Φ_{i,j} )

where Φ_{i,j} := Φ_i ∘Φ^{−1}_j , is well defined and onto. Note that Θ does not depends on the fixed models up to component-wise conjugacy class.

Note that by the definition of the fixed model we have that ~ω^o_j (u_j , y_j ) = ~ω^o_{j+1}(t_{j+1}, x_{j+1}), where ( ~F^o_l : ~ω^o_l = 0), l = {1 · · · k} (see figure 1.2 in §1.2).

Proposition 6. Two generalized curves F, G ∈

�_c ω are analytically equivalent if, and only if Θ(F) = Θ(G).

Proof. Let Θ(F) = (Φ_1 ∘ Φ^{−1}_2 , · · · , Φ_{k−1} ∘ Φ^{−1}_k ), and Θ(G) = (Ψ_1 ∘ Ψ^{−1}_2 , · · · , Ψ_{k−1} ∘ Ψ^{−1}_k ). First let us verify the necessary part. Suppose that H is a global conjugation between F and G, that is H^∗(G) = F. Then, by lemma 4 Ψ_j = α_j ∘ Φ_j ∘ H for some α_j ∈ Iso( ~F^o_j ), and thus

Ψ_{j−1} ∘ Ψ^{−1}_j = α_{j−1} ∘ Φ_{j−1} ∘ H ∘ H^{−1} ∘ Φ^{−1}_j ∘ α^{−1}_j = α_{j−1} ∘ Φ_{j−1} ∘ Φ^{−1}_j ∘ α^{−1}_j .

Now let us see the sufficient part. First note that by hypothesis F and G have the same fixed models. So, if (Φ_1 ∘ Φ^{−1}_2 , · · · , Φ_{k−1} ∘ Φ^{−1}_k ) = Θ(F) = Θ(G) = (Ψ_1 ∘ Ψ^{−1}_2 , · · · , Ψ_{k−1} ∘ Ψ^{−1}_k ), then there is a collection (α_j ), with α_j ∈ Iso( ~F^o_j ), such that Ψ_{j−1} ∘ Ψ^{−1}_j = α_{j−1} ∘ Φ_{j−1} ∘ Φ^{−1}_j ∘ α^{−1}_j . Hence, (α_{j−1} ∘ Φ_{j−1})^{−1} ∘ Ψ_{j−1} = (α_j ∘ Φ_j )^{−1} ∘ Ψ_j , so we can define a global conjugacy between them just by letting H := (α_j ∘ Φ_j )^{−1} ∘ Ψ_j , for j = 1 · · · k. □

Hence, by the construction made in this section one obtains that theorem 2 follows from propositions 1, 4, and 6.

7. Application: Projective holonomy and some cusps

We classify the set

�_{c,1}

ω,f for (reduced) f(x, y) =

�_d

j=1(y^p − λ_j x^q ), where 1 < p < q ∈ N^∗, g.c.d.(p, q) = 1, and λ_j ∈ C^∗. In fact we show that their characteristic classes vanish and use the geometry of the exceptional divisor of the minimal resolution (which coincides with a minimal rectifier one) to show that the projective holonomy of the principal projective line classifies such generalized curves.

First let us investigate the geometry of the exceptional divisor of a minimal rectifier resolution of the Milnor fibrations f(x, y) =

�_d j=1(y^p − λ_j x^q ), where p < q ∈ N^∗, λ_j ∈ C^∗, and g.c.d.(p, q) = 1.

Then, it is not difficult to see that it has a simple resolution.

Lemma 5. Let F be a foliation given by (df = 0). Then F has a simple resolution with one of the following “schemes” of resolutions:

Respectively whether p = 1 or not.

Proof. As we remarked, a generalized curve solves together with its separatrices. On the other hand, each irreducible curve y^p − λ_j x^q = 0 is a generic fiber of the fibration^{yp}_{xq} ≡ const, so it solves together with the fibration. After one blow-up, one obtains:

t^p/x^{q−p} ≡ const, u^qy^{q−p} ≡ const.

Hence, as p < q, we have a singularity with holomorphic first integral at infinity and a meromorphic first integral at the origin (as before). Going ahead with this process, then the Euclid’s algorithm tells that the resolution stops when we blow up a radial foliation. In particular, if p = 1 then it is easy to see that the principal projective line is transversal to just one projective line of the divisor. Otherwise (that is, in case p ≠ 1), as the singularity with meromorphic first integral “moves” to the “infinity”, that is, it will appear in a corner singularity, then the principal projective line intercepts exactly two projective lines of the divisor. □

Figure 7 As an immediate consequence of the proof one has that:

Corollary 1. Let F ∈

�_{c,1} ω,f , with f(x, y) =

�_d

j=1(y^p −λ_j x^q ), where 1 < p < q ∈ N^∗, g.c.d.(p, q) = 1, and λ_j ∈ C^∗. Then the number of singularities at the principal projective lines are given by � � � d + 1 if p = 1

d + 2 otherwise . In particular if f(x, y) = y^m + x^n, then this number is given by � � � m + 1 if m divides n

g.c.d.(m, n) + 2 otherwise . Now, in other to prove theorem 3 we have to state some notation and preliminary results. Recall that F ∈

�_{c,1} ω,f , with f(x, y) =

�_d

j=1(y^p − λ_j x^q ), where 1 < p < q ∈ N^∗, g.c.d.(p, q) = 1, and λ_j ∈ C^∗. Then we order the first projective line to rise along the minimal (rectifier) resolution with 1 and increasingly with 2 the next one to intercept it — in the minimal (rectifier) resolution — and so on (see lemma 5 and the figure below). In particular we denote the principal projective line by D_l. As D_1\Sing( ~F_1), is simply connected, so the holonomy of ~F_1 is trivial, hence, the germ of foliation ~F_{1,2}, determined by the restriction of ~F to a neighborhood of t_{1,2} := D_1 ∩D_2, has a (local) holomorphic first integral. So the holonomy of ~F_{1,2} with respect to D_2 is linearizable. Note that for j ≠ l we have that ~F_j has at most two singularities, so if l > 2 then the projective holonomy of ~F_2 coincides with the local holonomy of ~F_{1,2} with respect to D_2 and hence it is linearizable. On the other hand let ( ~F^o_j : ~ω^o_j = 0), j ≠ l, have the (global) holomorphic first integral:

(7.1) � ~ω^o_j (τ, ξ) ∧ d(τ^{pj} ξ^{qj} ) = 0, ~ω^o_j (υ, ζ) ∧ d(υ^{kj qj −pj} ζ^{qj} ) = 0.

where (τ, ξ), (υ, ζ) are affine charts for the Hopf bundle H_j (−k_j ), and p_j , q_j ∈ N are relatively prime. Hence, by Camacho-Sad index theorem one has that ~F_2 and ~F^o_2 are isomorphic up to order one. In fact, as the projective holonomy of ~F_2 is linearizable, then proposition 2 guarantees that they are isomorphic. Applying the same arguments inductively we have that ~F_j is isomorphic to ~F o_j for all j ≠ l. In particular each Hopf component ~F_j for all j ≠ l has a (global) holomorphic first integral.

Now note that, by the proof of lemma 5, we have that F solves together with any “generic” fiber of the “companion” fibration^{yp}_{xq} ≡ const, that is (G, η = 0) where η(x, y) = pxdy − qydx. In particular the minimal (rectifier) resolution of G has the same tree of projective lines of any element of

�_{c,1} ω,f and contains its separatrices as fibers. Further, note that ~G_l is a radial fibration, thus ~G_{l−1} has just one singularity (see figure 7) and by similar arguments as above, each ~G_j , j ≠ l, has a (global) holomorphic first integral of the form

~η(t, x) = d(t^{rj} x^{sj} ),

~η(u, y) = d(u^{kj sj −rj} y^{sj} ).

where (t, x), (u, y) are affine charts for the Hopf bundle H_j (−k_j ), and p_j , q_j ∈ N are relatively prime. Applying the same reasoning to j > l, in case p ≠ 1, one obtains the same result for all j ≠ l. Now, comparing ~F_j and ~G_j (starting from l − 1 to 1) in view of Camacho-Sad’s index theorem one obtain that p_j ≠ r_j and q_j ≠ s_j . In particular we have that p_j s_j − q_j r_j ≠ 0, for all j ≠ l, since g.c.d(p_j , q_j ) = g.c.d.(r_j , s_j ) = 1.

Now notice that in the coordinate system (τ, ξ), (υ, ζ), as in (7.1), we have that

τ = t · U_1(t, x) ξ = x · U_2(t, x) υ = u · V_1(u, y) ζ = y · V_2(u, y)

where U_j , V_j ∈ O^∗(C, D_ϵ) (D_ϵ is the disk of radius ϵ centered at the origin) and U_j (t, 0) = V_j (u, 0) = 1. Then we have that V_1(u, y) = 1/U_1(1/u, u^{kj} y), V_2(u, y) = U_1(1/u, u^{kj} y) · U_2(1/u, u^{kj} y). So the zero and polar sets of U_1 do not intercept D_j ⊂ H_j . Hence we have that U_1(t, x) = � m<^n_{kj} am,nt

mx^n. Similarly one has that U_2(t, x) = � m<^n_{kj} bm,nt

mx^n. In particular τ^{pj} ξ^{qj} =

t^{pj} x^{qj} U(t, x), where U(t, x) = � m<^n_{kj} cm,nt

mx^n ∈ O^∗(C, D_ϵ), that is V (u, y) := U(1/u, u^{kj} y) ∈ O^∗(C, D_ϵ).

Lemma 6. For all j = 1 · · · k, there exists a projective chart Φ_j ∈ Diff_{~Fj , ~F} o_j (H_j , CP(1)) such that

Φ_j ∈ Iso( ~G_j ). In particular, there are coordinates (t_1, x_1), and (u_1, y_1) for H_j , such that the first integrals of ~F_j , and ~G_j are given respectively by t^{pj}_1 x^{qj}_1 , u^{kj qj −pj}_1 y^{qj}_1 and t^{rj}_1 x^{sj}_1 , u^{kj sj −rj}_1 y^{sj}_1 .

Proof. First note that for the case j = l the statement comes from proposition 2. Now let us consider the case j ≠ l. In this case we first note that ~F_j has first integrals of the form t^{pj} x^{qj} U(t, x), where U ∈ O^∗_2 . Hence if Φ^{−1}_j (t, x) = (a_j (t, x), b_j (t, x)), then we have to find a solution for the system of equations � a_j (t, x)^{pj} b_j (t, x)_j^{qj} = t^{pj} x^{qj} U(t, x) a_j (t, x)^{rj} b_j (t, x)^{sj} = t^{rj} x^{sj} which can be given in the affine chart by

a_j (t, x) = tU(t, x) sj pj sj −qj rj ,

b_j (t, x) = xU(t, x) rj qj rj −pj sj .

A straightforward calculation shows that the expression of Φ^{−1}_j in the chart of ∞, is given by

Φ^{−1}_j (u, y) = (uV (u, y) sj qj rj −pj sj , yV (u, y) rj−k j sj qj rj −pj sj )

where V (u, y) := U(1/u, u^{kj} y) ∈ O^∗(C, D_ϵ), as it was remarked above. Finally Φ^{−1}_j ∈ Diff(H_j , CP(1)) by the implicit function theorem and carry leaves of ~F_j in leaves of ~F^o_j by construction. □

Now let us denote ~F_{j,j+1}, and ~G_{j,j+1} the germs of foliations defined in a neighborhood of the corner t_{j,j+1} = D_i ∩ D_j , by the restriction of ~F and ~G., respectively.

Lemma 7. Let Φ_{j−1,j} ∈ Iso( ~F^o_{j−1,j} ) ∩ Iso( ~G_{j−1,j} ) for j = 2 · · · k. Then Φ_{j−1,j} has a unique extension to Φ_j ∈ Iso( ~F^o_j )

Proof. First note that the uniqueness comes from the identity theorem. Then assuming that the corner is in the affine chart of ∞ of H_j , we have Φ_{j−1,j} (t, x) = (a(t, x), b(t, x)) ∈ O(D^∗ × D), where D is the unity disk. Now, as Φ_{j−1,j} ∈ Iso( ~F^o_{j−1,j} ) ∩ Iso( ~G_{j−1,j} ) then it satisfies the following system of equations. � a(t, x)^{pj} b(t, x)^{qj} = t^{pj} x^{qj} a(t, x)^{rj} b(t, x)^{sj} = t^{rj} x^{sj} whose solutions are

a_j (t, x) = αt, b_j (t, x) = βx,

where α,^1_β , are (p_j s_j − q_j r_j )-roots of unity. □

Finally we give the desired

Proof of theorem 3. For simplicity in the induction argument, we prove the statement in case the principal projective line is in the “edge” of the resolution, that is, it intercepts just one projective line. Let F, F^′ ∈

�_{c,1} ω,f , with projective charts Φ_j ∈ Diff_{~Fj , ~F} o_j (H_j , CP(1)) and Φ^′_j ∈ Diff_{~F} ′_{j , ~F} o_j (H_j , CP(1)) respectively, for j = 1 · · · l − 1. Then by lemma 6 we may suppose that Φ_j , Φ^′_j ∈ Iso( ~G_j ). Now we construct by a decreasing induction, a collection (α_j ), with α_j ∈ Iso( ~F^o_j ) ∩ Iso( ~G_{j,j+1}), such that Φ^′_{j−1} ∘ Φ^{′−1}_j = α_{j−1} ∘ Φ_{j−1} ∘ Φ^{−1}_j ∘ α_j^{−1}. First let α_l = Id|_{Iso( ~F} o_{l )} (here l stands for the principal projective line) and suppose that α_j (j < l) is already defined, then let α_{j−1,j} := Φ^′_{j−1} ∘ Φ^{′−1}_j ∘ α_j ∘ (Φ_{j−1} ∘ Φ^{−1}_j )^{−1}. By construction, α_{j−1,j} ∈ Iso( ~F^o_{j−1,j} ) ∩ Iso( ~G_{j−1,j} ) and therefore, by lemma 7, it has an unique extension, namely α_{j−1} ∈ Iso( ~F^o_{j−1}). Then we have that Φ^′_{j−1} ∘ Φ^{′−1}_j = α_{j−1} ∘ Φ_{j−1} ∘ Φ^{−1}_j ∘ α^{−1}_j for all j = 1 · · · l − 1. The other case can be treated similarly, just differing by the induction arguments. □

8. Comments and open problems

First let us recall that in theorem 3 we show that in some cases the separatrix type may determine the characteristic classes Θ(F). On the other hand, this is not to be expected in the general case. Therefore it is natural to propose the following

Problem 1. Construct two generalized curves F and F^′ which has component-wise equivalent minimal rectifier resolutions and have the same separatrices set, but with distinct classes, that is F, F^′ ∈

�_c ω, Sep(F) = Sep(F^′), and Θ(F) ≠ Θ(F^′).

Now let us recall that in [5], and [8] the nilpotent centers are classified. One of the main tools is the fact that the semi-Poincaré map is obtained by a relation between the generators of the projective holonomy of the principal projective line of the minimal resolution (which coincides with a minimal rectifier one). Indeed, this fact is used to show that such centers have a nontrivial involution. On the other hand, theorem 2 shows that a kind of relation as above — that is, depending just on the projective holonomy — is not to be expected for more general simple resolution foliations, even when there are few singularities in the principal projective line. In fact this semi-Poincaré map have to take account the characteristic classes Θ(F).

On the other hand we can see that for some particular case, H^1(D, Λ^o) may be resumed to the calculation of the orbit space of the bi-action of Iso( ~F_1) − Iso( ~F_2) in Iso( ~F_{1,2}), that is

Iso( ~F_1)\Iso( ~F_{1,2})/Iso( ~F_2)

as in the calculation of Θ(F) for

�_c

d(y^3+x^6) (see figure 1.2 in §1.2). This leads to the following:

Problem 2. Let G ⊂ Diff(C^2, 0)be a group and H_1 and H_2 be two subgroups of G. Hence as the composition turns G into a (H_1 − H_2) bi-space, then describe the orbit space

H_1\G/H_2.

In fact, the situation is very similar for any generalized curve, but this is the first step to be understood.

Further, remark that in [4] it is studied the conjugacy classes of Iso(F) for F a germ of foliation in (C^2, 0). Hence, by the above remark, it is also natural to study the following:

Problem 3. Let H : (p : H −→ CP(1)) be a Hopf bundle and ~F a non-dicritical solved foliation in (H, CP(1)). Then describe the conjugacy classes of Iso( ~F).

Finally, we want to remark that the classes constructed in this work, were conceived in the same spirit of the characteristic classes of vector bundles ([22]), of resonant diffeomorphisms ([21]) and of saddle-nodes ([29]). In fact we define the “cellular” objects, — that is the most elementary geometrical objects of the solved foliation — to be the Hopf components of the foliation, and study the obstruction to extend any conjugacy between two of them. Similarly, in the bundle case, this natural cellular objects are the local trivial bundles. In the case of resonant diffeomorphisms and saddle-nodes these objects turn out to be restrictions of formal normal forms to sectorial open sets. Notice further that our case is the first one whose classification space is not a (direct) product of analytic spaces but a twisted one. This leads us to the study of infinite dimensional Lie groups.

In fact, as we shall show in a future work, for the remaining cases of Thom’s problem, we have to redefine the equivalence classes for the projective holonomy. Indeed, even the dicritical singularities may be treated in this fashion, but changing the “cell” notion.

Appendix A. The five lines problem

We study the problem of simultaneous linearizing of germs of regular curves at the origin. These results are well known for the specialists, but by the absence of an explicit reference we prove it here.

Proposition 7. Every germ of singular curve composed by at most four germs of non-singular irreducible analytic curves, non-tangent to each other, in (C^2, 0) can be linearized. That is, there exist a complex analytic diffeomorphism taking each irreducible component in its tangent direction line at the origin. In particular two of them are equivalent if, and only if they have isomorphic tree of points.

Proof. First, as an application of the holomorphic implicit function theorem, two such curves may be supposed to be the axis (this may be easily verified directly, as in the case of three curves). Then for each curve (y − g(x) = 0), with g^′(0) ≠ 0 = g(0), we have that

ϕ(x, y) = � x, y � g^′(0) · x g(x) − 1 �

belongs to Diff(C^2, 0), preserves the axis, and takes the curve (y − g(x) = 0) to its tangent direction line, at the origin: (y − g^′(0) · x = 0). Now let us suppose that ψ ∈ Diff(C^2, 0) fixes three directions. As the components of the curve are non-tangent to each other, and are nonsingular, after one blow-up the curve is solved. Hence, as CP(1) is 3-transitive by the group of its conformal transformation, then the three directions may be supposed to be 0, 1, ∞ ∈ CP(1). Therefore, for each curve (y − g(x) = 0), with g^′(0) ≠ 0 = g(0), we have that

ψ(x, y) = � x, y � 1 + (y − x) g^′(0) · x − g(x) g(x)(g(x) − x) �

belongs to Diff(C^2, 0), keeps the axis and the line (y − x = 0) invariant, and takes the curve (y − g(x) = 0) to its tangent direction line, at the origin: (y − g^′(0) · x = 0). □

Proposition 8. In general, the germs of singular curve composed by at least five non-singular irreducible germs of analytic curves, non-tangent to each other, in (C^2, 0) cannot be linearized. In particular, such germs are not equivalent in general.

Proof. Let ϕ ∈ Diff(C^2, 0), keeping invariant four lines, which as we already note, may be assumed to be (x = 0), (y = 0), (y − x = 0), (y − kx = 0), where k ≠ 0, 1 is determined by the cross ratio of the preserved directions, in CP(1). Now note that, as ϕ fixes four directions, then π^∗ϕ|_{CP(1)} fixes four points, and thus is the identity map, that is J^1ϕ = λ · Id_{(C}2_{,0)}, λ ∈ C^∗. Further, as ϕ fixes the axis we have that ϕ(x, y) = (x(λ + A(x, y)), y(λ + B(x, y))) On the other hand, note that ϕ fixes the four given lines and take another curve into its tangent direction line if, and only if ψ(x, y) = (x, y(1 + C(x, y)))

where 1+C(x, y) =^{λ+B(x,y)}

λ+A(x,y) ; do as well. Further, as ψ fixes the lines (y −x = 0), and (y −kx = 0),

then ψ(x, y) = (x, y(1 + (y − x)(y − kx)E(x, y))) where E ∈ O^2. Finally it takes the curve (x, g(x)) into the line (x, g′(0) · x) if, and only if

g(x)[1 + (g(x) − x)(g(x) − kx)E(x, g(x))] = g^′(0) · x and thus

E(x, g(x)) = g^′(0) · x − g(x) g(x)(g(x) − x)(g(x) − kx) Hence, as g may have non-null second order coefficient in his Taylor expansion, then E(x, g(x)) has a pole at the origin, which is a contradiction. □

References

[1] Arnold, V.I.; Chapitres supplémentaires de la théorie des équations différentielles ordinaires, Éditions Mir., Moscou, 1980.

[2] Bendixson, I.; Sur les points singuliers d’une équation différentielle linéaire, Ofv. Kongl. Vetenskaps Akademiens Fórhandlinger, n. 148, 1895, 635-638.

[3] Bendixson, I.; Sur les points singuliers des équations différentielles, Ofv. Kongl. Vetenskaps Akademiens Fórhandlinger, vol. 9, n. 186, 1898, 81-89.

[4] Berthier, M.; Cerveau, D. & Meziani, R.; Transformations isotropes des germes de feuilletages holomorphes, J. Math. Pures Appl., 78 (1999), 701-722.

[5] Berthier, M. & Moussu, R.; Réversibilité et classification des centres nilpotents, Ann. Institut Fourier 44 (2) 1994, 465-494.

[6] Berthier, M.; Meziani, R. & Sad, P.; On the classification of nilpotent singularities, Bull. Sci. Math. 123 (1999), n^o 5, 351-370.

[7] Berzolari, L.; Allgemeine theorie der höhern ebener algebraischen kurven, Enzyklopādie der Math. Wissenschaften, Bd. III 2,1, 313-455, 1906.

[8] Brunella, M.; Vanishing holonomy and monodromy of certains centers and foci, Astérisque 222 (1994), 37-48. [9] Brieskorn, E. & Knörrer, H.; Plane algebraic curves, Basel Birkäuser Verlag, 1986. [10] Burau,W.; Kennzeichnung der schlauchknoten, Abh. Math. Sem. Uni. Hamburg 9 (1932) 125-133. [11] Camacho, C. & Sad, P.; Invariant varieties through singularities of holomorphic vector fields, Ann. of Math.

(2) 115 (1982), 579-595.

[12] Camacho, C. & Sad, P.; Topological classification and bifurcations of holomorphic flows with resonances in C^2, Inventiones Mathematicae 67 (1982), 447-472.

[13] Camacho, C. & Sad, P.; Pontos singulares de equações diferenciais analíticas, 16^{0−} Colóquio Brasileiro de Matemática (1982).

[14] Camacho, C.; Lins-Neto, A. & Sad, P.; Topological invariants and equidesingularization for holomorphic vector fields, J. Diff. Geom. 20 (1984) 143-174.

[15] Camacho, C.; Lins-Neto, A. & Sad, P.; Foliations with algebraic limit sets, Ann. of Math. 136 (1992), 429-446. [16] Cerveau, D.; Espaces de modules de certaines équation differentielles du premier ordre, preprint Dijon, 1986. [17] Cerveau, D. & Moussu, R.; Groups d‘automorphismes de (C, 0) et équations différentielles y dy + · · · = 0, Bull.

Soc. Math. France 116 (1988), 459-488.

[18] Cerveau, D. & Sad, P.; Problèmes des modules pour les formes différentielles singulières dans le plan complexe, Comment. Math. Helvetici, 61, (1986), 222-253.

[19] Dumortier, F.; Singularities of vector field on the plane, J. Diff. Equat., vol 23, n. 1, 1977. [20] Elizarov, P.M.; Il’yashenko YU. S.; Shcherbakov, A.A. & Voronin S.M., Finitely generated groups of germs of one-dimensional conformal mappings, and invariants for complex singular points of analytic foliations of the complex plane. Adv. Soviet Math. 14, 1993, 57-105.

[21] Écalle, J.; Les fonction résurgentes, Vol II, Publications Mathematiques d´Orsay, 1981. [22] Frenkel, J.; Cohomologie non-abélienne et spaces fibrés, Bull. Soc. Math. de France, 85 (1957), 135-218. [23] Guckenheimer, J.; Hartman’s theorem for complex flows in the Poincaré domain, Compos. Math. 24, (1), 1972, 75-82.

[24] Grauert, H.; Über Modifikationen und exzeptionelle analytische Mengen, Math. Ann. 146 (1962), 331-368. [25] Grothendieck, A.; Sur la classification des fibrés holomorphe sur la sphere de Riemann, Amer. J. Math. 79 (1957), 121-138.

[26] Gunning, R.C.; Introduction to holomorphic functions of several variables Vol I, Vol II, Vol III ; Pacific Grove, CA: Wadsworth and Brooks/Cole (1990).

[27] Lins-Neto, A., Construction of singular holomorphic vector fields and foliations in dimension two, J. Diff.

Geom. 26 (1) (1987), 3-31.

[28] Mattei, J.F. & Moussu, R.; Holonomie et intégrales premières, Ann. Scient. Ec. Norm. Sup., 4^e série, vol. 13, 1980, 469-523.

[29] Martinet, J. & Ramis, J.P.; Problèmes de modules pour des équations différentielles non-linéaires du premier ordre, Publ. Math. I.H.E.S., vol 55, 1982, 63-164.

[30] Martinet, J. & Ramis, J.P.; Classification analytique des équations différentielles non-linéaires résonnantes du premier ordre, Ann. Scient. Éc. Norm. Sup., 4^e série, t. 16, 1983, 571-621.

[31] Meziani, R.; Classification analytique d’équations différentielles ydy + · · · = 0 et espace de modules, Bol. Soc.

Bras. Mat. Vol 27, N. 1, 23-53, 1996.

[32] Moussu, R.; Holonomie évanescente des équations différentielles dégénérées transverses, Singularities and Dynamical Systems (Pnevmatikos, S.N., ed.), North-Holland, Amsterdam, 1985, 161-173.

[33] Nakai, I.; Separatrices of non-solvable dynamics on C, 0, Ann. Ins. Fourier (Grenoble) 44, 469-523, 1994. [34] Poincaré, H., Note sur les propriétés des fonctions définies par des équations différentielles, J. Ec. Pol., 45^e cahier, 1878, 13-26.

[35] Shcherbakov, A.A.; Topological and analytical conjugacy of non-commutative groups of germs of conformal mappings, Trudy Seminera Imeni, I, G, Petrovskogo, 10, 170-196, 1984.

[36] Seindenberg, A., Reduction of the singularities of the differentiable equation Ady = Bdx, Amer. J. Math 90 (1968) 248-269.

[37] Steenrod, N., Topology of fiber bundles, Princeton University Press, 1951. [38] Sternberg, S, On local contractions and a theorem of Poincaré, Amer. J. Math., 79, 809-824, 1957. [39] Zariski, O.; On the topology of algebroid singularities, Amer. J. Math. 54 (1932) 453-465.

Estrada Dona Castorina 110, Jardim Botânico 22460-320, Rio de Janeiro, RJ, Brasil. E-mail address: camara@impa.br