CONVERGENCE ANALYSIS FOR THE NUMERICAL BOUNDARY
CORRECTOR FOR ELLIPTIC EQUATIONS WITH RAPIDLY
OSCILLATING COEFFICIENTS

HENRIQUE VERSIEUX* AND MARCUS SARKISt

Abstract. We develop the convergence analysis for a numerical scheme proposed for approxi-
mating the solution of the elliptic problem

Leue = —aiwiai]-(r/e)ai ue=f in Q, wue=0 on 90,

J

where the matrix a(y) = (aij(y)) is symmetric positive definite and periodic with period Y. The
major goal is to develop a numerical scheme capturing the solution oscillations in the € scale on a
mesh size h > € (or h >> €). The proposed method is based on asymptotic analysis and on numerical
treatments for the boundary corrector terms, and the convergence analysis is based on asymptotic
expansion estimates and finite elements analysis. We obtain discretization errors of O(h2 + /24 eh)
and O(h + €) in the L? norm and the broken H! semi-norm, respectively.
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1. Introduction. This paper develops the convergence analysis of the numerical

scheme proposed in [43] to approximate u., the solution of the problem:

1.1 Leue = 0 0 =f in Q =0 o0

(1.1) eue——a—%(aij(m/e)%jue)—f in Q wu.=0 on ,
where a(y) = (a;;(y)) is a positive symmetric definite matrix and € € (0,1) is the pe-
riodicity parameter. We assume the a;; € L3 (Y), i.e. a;; € L>°(R?) and Y-periodic,
Y = (0,1)%, and there exists a positive constant v, such that a;; (y)&& > 7all€]1?
for all £ € R? and y € Y. We always use the Einstein summation convention, i.e.
repeated indices indicate summation, except for the index k, which refers to variables
or functions associated to edges of the polygonal domain ).

We note that when the mesh size h > ¢, standard finite element methods do
not yield good numerical approximations; see [27]. Recently, new numerical methods
have been proposed for solving the Problem (1.1) such as the multi-scale finite element
methods [23, 26, 4, 13, 21], the residual-free bubble function methods [11, 5, 6, 38, 12],
and the generalized FEM for homogenization problems [39]. There are also related
methods for the case the homogenized equation is not known; see the heterogeneous
multiscale method [18, 19, 2] and [22, 20] . The numerical method considered here,
opposed to the methods in [5, 26, 38, 4, 11] is based strongly on the asymptotic
expansion of u.. We also explore the periodicity of the matrix a to obtain a very
efficient method for approximating ..

One of the first mathematical tools used to handle this problem was homogeniza-
tion theory [8, 9]. Based on this theory a first order expansion of u, plus a bound-
ary corrector term is considered and then each term is numerically approximated in
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[42, 43]. These methods were designed to work with a mesh size h > € (or h >> ¢),
however they also work in the case h < e. The article [42] presents the numerical al-
gorithm when the domain € is a rectangular region, while [43] generalizes the method
to the case where the domain {2 is a convex polygon with rational boundary normals.
This generalization is possible due to the Lagrange multiplier space introduced to
approximate 0,uo on 0§

The convergence analysis for the numerical method is performed in two parts.
First we estimate the error between u. and ug + eu; + e€d. in L? and H' norms,
where ¢. denotes the theoretical approximation for the boundary corrector term 6..
The theory developed for approximating 6. is similar to the one proposed in [3, 34].
We note that Propositions 6.1 and 6.4, which estimates the error between u. and
up + €ur + €fe on the H! and L? norms, respectively, extend the results in [3, 34].
More specifically, Proposition 6.1 gives the same error estimate of Theorem 2.2 in [3],
however here we assume ug € W2P(Q) and x/ € WL4(Q) for 1/p+ 1/q < 1/2 while

per

in Theorem 2.2 in [3] it is assumed ug € W2>(Q) and x’ € H},,.(Q2). We also note
that Propositions 6.1 and 6.4 generalize respectively, Propositions 2.1 and 2.3 from
[34]. In Proposition 6.1 we assume a;; € L2 (Y), ug € W?P(Q) and x/ € W(2)
for 1/p+1/q < 1/2, and Q C R?3, while in Proposition 2.1 from [34] it is assumed
aij € CLB(Y), up € H*(Q) and Q C R2. In Proposition 6.4 we assume a;; € L, (Y),

per per

ug € W*P(Q), x7 and x € W,4(Q) for 1/p+1/¢ < 1/2, and Q@ C R*3, while in
Proposition 2.3 from [34] it is assumed a;; € CLA(Y), up € H3(2) and Q C R2
The importance of considering a theory that handles the case a;; € Ly, (Y) comes
from applications to composite materials where the coefficients a;; are often piecewise
constant; see also Theorem 1.1 from [32] which gives conditions on the discontinuities
of the functions a;; so that x7 and x* € W;>°(Y). We also observe that Proposition
2.1 from [34] is used in the convergence analysis of the numerical methods presented in
[23, 27, 38], and therefore the analysis presented here can be helpful for extending the
convergence proofs of these numerical methods assuming less regularity on a or ug. In
the second part of the convergence analysis we use finite elements theory to estimate
the error due to the discrete approximation. The main difficulty here lies in the fact
that we use a discrete approximation of 9,ug as Dirichlet boundary condition for the
boundary corrector problem. We observe that if uf is a finite element approximation
for ug, then 6,,1/5 does not necessarily belong to the trace of the finite element space
used to obtain ug, hence we introduce the Lagrange multiplier space to approximate
Onuo and we develop error estimates between 9,u¢ and its discrete approximation in
WL1-1/P gpaces; see Lemma 4.3.

To simplify the exposition we perform the analysis in the case Q = (0,1)2, al-
though the same theory holds in the case Q = Hle(a,i, bi), a; < b; € R. We note that
Propositions 6.1 and 6.4 are proved in the case Q C R¢ d = 2,3, is a convex domain
and Y = (0,1)?%. The analysis presented here can also be extended to the case where
the domain {2 is a convex polygon with rational boundary normals; see [41].

We now introduce some norms and semi-norms. Let B C R? be an open set and
define

|llm,00,5 = max {ess.sup |0%v(z)|},
lal<m zeB

[V|m,00,B = max {ess. sup |0%v(x)|},
la|=m z€B
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and for 1 < g <

1/q
lollma5 = / S peufids |
Blal<m

1/q
e
B\oz|:m

We also define the non-conforming norms related to a partition 7, = K1, Ko, ..., Kn
of B by

[V]lm,p = Z HU”2HM(K]~)'

KjETh

Throughout this paper we do not make reference to the domain B, or to the
coefficient ¢ when B = 2, or ¢ = 2, respectively. In what follows ¢ denotes a generic
constant independent of € and mesh parameters.

This paper is organized as follows. Section 2 introduces the asymptotic expansion
of u, considered in [42, 43], describes a theoretical approximation for the boundary
corrector term, and presents the main theorems for estimating the errors due to the
asymptotic expansion approximation. Section 3 describes the numerical algorithm,
Section 4 treats the discretization errors due to the finite element approximation, and
Section 5 presents the numerical experiments. The Appendix contains the proofs of
the main results from Section 2.

2. Theoretical Approximation.

2.1. The Asymptotic Expansion. Consider the following anzats
(2.1) ue(x) = ug(z, x/€) + eus (x, 2/€) + ua(x,x/€) + - - -,

where the functions u;(z,y) are Y periodic in y. Using (2.1) in Equation (1.1) and
matching the terms with the same order in €, one may define functions u; such that
uo(w,x/€) + eus(z,w/€) + e2us(x, z/€) approximates u., for instance if ug € C%(Q)
and x/ € WH(Y) we have

1/2

l[ue(z) —uo(z, z/€) — eur(x,z/€)|ly < ce'/*uoll2,00

where the constant ¢ depends on a, x? and 2. These terms are defined below; for
more details, including the proof of the above inequality see [9, 29].

Let x7 € Hper(Y), ie. X7 € Hy,.(R?) and Y-periodic, be the weak solution with
zero average over Y of

) 0
(2.2) Vy - a(y)va] =Vy- a(y)vyyj = a_yaij (y),

and define the matrix

0
OYm

1 0 ) )
o= (2 — )
3



It is easy to check that the matrix A is symmetric positive definite. Define ug € HE ()
as the weak solution of

(2.4) —V.AVuyy=f in ©Q, wuy=0 on 09,
and let
(2.5 w(e, )= () 72()

’ e X\ dz;

Note that ug + eu; does not satisfy the zero Dirichlet boundary condition on 02
imposed for u.. In order to overcome this, the boundary corrector term 6. € H'(Q)
is introduced as the solution of

(2.6) —V-a(z/e)VO. =0 in Q, 60.=—u(z, f) on 09,
€

hence ug + eu; + € € HE(Q). Propositions 6.1 and 6.6 provide error estimates
between ue and ug + euy + €6, in the norms || - ||; and || - ||o, respectively.
We also define the term wo, which is used in the proof of Proposition 6.4. Set
o’ 0 -
bij = —aij + aimayim + @—m(amxj)
and observe that b;; = Ay;, where bj; = [, bi;dy. Define x € H)..(Y) as the weak
solution with zero average over Y of

(27) Vy . aVyxij = bij — bij
and let
T oz OPug
2. Iy = W (2 )
(2.8) us(a, %) = =7 (%) 5@

2.2. Boundary Corrector Approximation. The coefficients a;;(x/¢) and the
boundary values —ui(z,£) in the Equation (2.6) are highly oscillatory, hence it is
not a trivial problem to obtain a good discrete approximation for . . We propose an
analytical approximation for ., denoted by ¢., which satisfies the oscillating boundary
condition and is suitable for numerical approximation. The approximation for 6,
proposed here is similar to the one used in [3, 34].

Note that uo vanishes on 9€, therefore Vuglao = n0,u¢, where n denotes the
unity outward normal vector to 9€2 and J,ug denotes the unity outward derivative of
ug on 0f). Hence in order to obtain the approximation ¢, for 6., we introduce the
following decomposition 6, = 0~E + 6., where

T

(2.9) —V-a(z/e)VO. =0 in Q, 60, = (Xj(;)nj — X")0yug on 09
and
(2.10) ~V-a(z/e)VO. =0 in Q, 0.=x"0yuo on 09,
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where x*Ir, = X%, k € {e,w,n, s} are properly chosen constants defined in Subsection
22.1,and T, = {1} x[0,1], 'y, = {0} x [0,1], T, = [0,1] x {1}, and T'y = [0, 1] x {0}.
In Remark 2.1 we show that x*0,ug and x?(Z)n;0yuo € HY?(9Q), therefore the
Problems (2.9) and (2.10) are well posed. Later in this section we define the functions
¢E and ., which are the approximations for 6, and 6, respectively, and define ¢, =
Pe + Pe.

REMARK 2.1. Let Q C R? be a convex polygon and assume ug € H?(Q) N H(Q).

We have by Theorem A.2 [37] that Oyuolp, € Hoé (Tx) and |0y u0||H1/2 ) < cllugl|2,

therefore

X" Onuoll 17200y < e(X™)lluol|2-

Note also that ui (v, 2) = =7 (£) §(z) and §2 = — (35) 22 — 7 (e ). If
we assume ug € W2P(Q) and x? € Wi(Y), forp>2and q>2 orp>2 and q > 2,
by a direct application of Sobolev embedding Theorem (5.4 [1]) we obtain uy; € H ().
In addition, from regularity theory of elliptic equations we obtain x? € L>=(Y)NH*(Y)
(see Theorem 13.1 [30] and 4.28 [15]), hence we also have ui|r, € Hég2(Fk).

2.2.1. Calculating the Constants yj. We define the constants xj such that
the function ¢, decays exponentially to zero away from the boundary and satisfies the
Dirichlet boundary condition ¢.(z) = —u1(z, Z) — x*Oyuo(x) for x € ON.

Associated to each side of 2 define the functions vy, k € {e,w,n, s} as

1. Let G. = {(—00,0] x [0,1]} and v, the solution of

—Vy - a(y1,y2)Vyve = 0 in G,

ve(0,2) = x1(1/e,2) for 0 <y <1,
ve(y1,-) [0, 1]-periodic for — oo < y1 <0,
and Oy, veexp(—yy1) € L*(G.) i=1,2.

2. Let Gy = {[0,0) x [0,1]} and v,, the solution of

—Vy-a(y1,y2)Vyvy =0 in Gy,

0w (0,y2) = —x1(0,y2) for 0 <y, <1,
v (y1,+) [0, 1]-periodic for 0 < y; < oo,
and Oy, vpexp(yy1) € L2(Gy) i=1,2.

3. Let G,, = {]0,1] X (—o0, 0]} and vy, the solution of

—Vy - a(yi,y2)Vyv, =0 in Gy,

vn(y1,0) = x2(y1,1/€) for 0 <y <1,
vn(+,y2) [0,1]-periodic for — oo < y2 <0,
and Oy, v,exp(—yys2) € L*(G,) i=1,2.

4. Let G5 = {[0,1] x [0,00)} and v, the solution of

—Vy-alyr,y2)Vyvs =0 in G,
vs(y1,0) = —x2(y1,0) for 0 <y; <1,
vs(+,y2) [0, 1]-periodic for 0 < ys < o0,
and Oy, vn,exp(yys) € L*(Gs) i=1,2.
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The above problems have been studied by several authors, see [36, 33, 29, 34]. The-
orem 10.1 in Section 10.4 from [33] guarantees the existence of a unique solution for
each of the above equations. In addition, by Theorem 3 [36] there exists constants
X7, such that

vk (y) — x3| < cexp(yy - mi) as y - mx — —o0,
where 7 denotes the unity outward normal on I'y.

2.2.2. Approximating .. We note by Remark 2.1 that (u (z, L)—x*Onuo)|r, €
HééQ(l"k). Thus, we can split . = D ke {enwms) 0% where

ik s g _ | —ua(@, E) —x"Opuo on T
(2.11) LOZ=0 in ©Q, and 0. _{ 0 on 9N\ Tg.

We approximate éf by q~5’§ given as

(2.12) 3 (@1, 29) = po(a1) (ve<

where @}, are nonnegative smooth functions satisfying

B (1 se[2/3,1] B [0 if se[2/3,1]
%(s)_%(s)_{ 0 if sel0,1/3], %(5)_%(5)_{ 1 if sef0,1/3].

Hence

(2'13) (56 = Z (5]:

ke{e,w,n,s}

approximates 56, and <;~55 = ée on the boundary of Q.

2.2.3. Approximating .. The boundary condition imposed on Equation (2.10)
does not depend on €. An effective approximation for 6, is given by ¢ € H'(2) the
weak solution of

(2.14) ~V-AVé¢=0 in Q  ¢=x"dyup on 9.

By Propositions 6.3 and 6.5, we have that ¢ is a good approximation for 6,
only on the L? norm, since ||[¢ — fc|jo is O(e) and [|¢ — 6|1 is O(1). We note,
however, that the asymptotic expansion considered here to approximate u. is given by
up+eui +ef.+ef., and by a triangular inequality we obtain ||u, —wug—eu; —ep—eb.||; <
ce+ ||ue —ug — euy —ebc||1. Hence, when estimating the error on the H! norm between
ue and its theoretical approximation, the contribution due to the approximation of .

by ¢ is O(e).



2.2.4. Approximating u.. We finally define the theoretical approximation for
Ue AS Ug + €Uy + €pe, where

(215) ¢E = ¢Ze + é
Note that ¢.|aq = 0¢|aq, therefore ug + eus + € = 0 on 99.

2.2.5. Error estimates. The following theorems provide error estimates be-
tween u. and ug — eu; — ¢ on the H' and L? norms. Theorem 2.1 estimates the
error on the H' norm, while Theorems 2.2 and 2.3 estimate the error on the L? norm.
Theorem 2.2 assumes more regularity on ug and less regularity on a that is assumed
in Theorem 2.3.

Theorem 2.1. Let ue be the solution of the Problem (1.1), ug, ui and ¢, defined
by Equations (2.4), (2.5) and (2.15), respectively. Assume a;; € Lo (Y), ug €

W2P(Q), x) € Wd(Y), ve and V(ve — x%)exp(—yy1) € L¥(Ge), for 1/s+3/p < 1,

s>2and1/p+1/q<1/2. We also assume similar hypothesis for the other functions
vi. Then there exists a constant ¢ independent of € such that

l[ue(-) —uo(-) — eur(+,-/€) — €pe(-)|l1 < celluoll2,p-

Proof. See Subsection 6.1 O

Theorem 2.2. Let u. be the solution of Problem (1.1), ug, ui, ¢, ¢ and x“
defined by Equations (2.4), (2.5), (2.15), (2.14) and (2.7), respectively. Assume
aij € L2, (Y), up € WP(Q), and ¢ € W*P(Q) and x7 € Wd(Y), for p > 2 and
1/p+1/q < 1/2. Assume also x? € W1°(Y), ve and V(ve—x2:)exp(—yy1) € L=(G,).
We also assume similar hypothesis for the other functions vi. Then there exists a
constant ¢ independent of € such that

lue() = uo(-) = eur (/) = ede(-)llo < ee®?|ug|

3,p*

Proof. See Subsection 6.2 0

Theorem 2.3. Let u. be the solution of Problem (1.1), ug, u1 and ¢. be defined
by Equations (2.4), (2.5) and (2.15), respectively. Assume a;; € Cp2(Y), B > 0,
ug € H3(Q). Then there exists a constant c independent of € such that

lue() = uo(-) = eur(:, /) = ede(-)llo < ce®2uolls.

Proof. See Subsection 6.3 O

REMARK 2.2. Due to the Proposition 6.2, which under the hypothesis of Theorems
2.2 and 2.3 gives that ||0. — ¢c||o is O(e'/?), we obtain a factor €3/ in these theorems,
rather than €% as in Propositions 6.4 and 6.6.

3. Finite Element Approximation. We now describe how to approximate the
terms ug, u1, ¢ and ¢ numerically.

e Approximate the solution of Problem (2.2) with a second order accurate con-

forming finite element on a partition 7; (Y). Denote these solutions by X%.

o Define Al = b [, aim (y) 22 (i — X&) 52 (u; — xL)dy.
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e Let V"(Q) be a conforming second order accurate finite element space on a
mesh 75,(Q) and let VJ*(Q) = V*(Q) N H(Q). Define ug’h € VJ(Q) as the
solution of

/ AhVug’iL - Volds = / foldz, Yo' e Voh(Q)-
Q Q

e Since Ojug appears as boundary condition imposed in Equation (2.14), it is
important to obtain a good discrete approximation for it. In oder to ap-
proximate d,ug we define Y = V"(Q)|aq, Y = Y"|r, and Y, = {\* €

YA =0 at 0T }. Let )\Z’ﬁ € Yolfk be the solution of

(3.1) / )\Z7h¢hd0:/A?jaiug,haj(bhdx_/f(bhdx,
Tx Q Q

v ¢" € V'(Q), such that ¢h|ag\pk = 0. Later in Proposition 4.3 we show
that )\Z’h is a good approximation for AVug -7 on ', hence we approximate
Onuo by p" where

M e = N AL e = { > i k=

e We observe that we use /" as the approximation for d,ug in Equation (3.5),
hence in order to guarantees that the final numerical approximation for u.
satisfies the zero Dirichlet boundary condition we define the approximation
for Vug as

‘ h,h 2 h,h
(3.2) Tl = g 4 Z Bl — Sug™ - nFynk.
kef{e,w,n,s}

Here EJ'(-) denotes a non-conforming discrete extension of ,uh’il - Vug R n"
by zero on Q. More specifically, El(uh — Vug’h -n*)(2) = 0, if 2 is a vertex
of Tn,(Q)\ T, E,?(uh’iI — Vugﬁ P (z) = Mh’h — Vug’iI -1 (2), if 2 is a vertex
of Ty, and EF (uhh — vl ™ . if) |k, € VR(Q)|k., ¥ K; € T ().

o Define

(3.3) U@,z fe) = — (@) (a/e).

Note that this leads to a nonconforming approximation for u; in the partition
T ().

e Let 7 be a positive integer and G = {y € R?; —7 <y; <0and 0 <y, < 1}.
Define 9. € H*(G?T) as the weak solution of

-V, -a(y)Vybe =0 in G,

Ue(y) = x;(1/€,y2) on {y € GT,y1 =0},

Onte =0 on{y e Gl; y1 = —7},

and ve(y1,0) = vg(y1,1) for —7 <y <0.
8



Let v be a numerical approximation of ¥, using a second order accurate
conforming finite element on a mesh 7; (G7), and define

) L
o =/ 0BT (— 7, y2)dyo.
0

The other cases k € {w,n, s} are treated similarly.
e Observe that the term v, (%=L, £2) appears in Equation (2.12). The approxi-

e 7 €

mation v/»" is defined in G7, hence we have defined v/>7(£=1, £2) only when

21 > 1 — er. Since the functions v, — x} decays exponentially to zero in the
—1e direction, its is natural to define the following approximation

I L
€ bl

otherwise.
o Let
(3.4) A D D
ke{e,w,n,s}
where the others terms ¢¥""7 are defined in a similar way.

o Let éh’hﬁ be a second order accurate finite element approximation on a mesh
of size h for the following equation (for the well posedness of the equation
bellow see Remark 3.1)

(3.5) VAP =0 in Q, and ¢ =T on 0Q.

e Approximate 6. by qb?’i” = (;NSQ’}AL’T + q?)h’i” and finally define the numerical
solution for Equation (1.1) as

(3.6) ul T = ot et gl

REMARK 3.1. DBy construction ,uhjl vanishes at the corners of €, therefore

X*’E’Tuh7ﬁ € HY2(09Q). This implies that Equation (3.5) is well posed. In addi-

*,il,‘r h,iL
W

tion x € V" aq, hence we can look for a numerical solution of Equation (3.5)

in V().

4. Finite Element Approximation Error Analysis. For the discrete error

analysis we assume h=0and 7 = o0, i.e. vZ’T = v, x% =y’ and A" = A, and for this
reason we will note make reference to the indices 7 and h when we make reference
to the the numerical approximation for ug, Vug, ¢, ¢. and uc, ie. ul = ulh7
and similar for the other terms; an error analysis including the error due to the
numerical approximation of the functions v, and 7, and the matrix A is currently
work under progress. We also assume that linear or bilinear finite elements are used to
approximate ug. Theorems 4.1 and 4.2 give the main results of this section. Theorem
4.1 provides error estimates for the broken H' semi-norm and the L2 norm between
the exact solution u, and its numerical approximation u. Theorem 4.2 assumes more
regularity from ug resulting in a better error estimate on the L? norm.

Theorem 4.1. Let u be the solution of the Problem (1.1), ug, X° and ul be

defined by Equations (2.2), (2.4) and (3.6), respectively, and the functions vy, and the
9



constants x;, be defined as in Subsection 2.2.1. Assume a;; € L2 (Y), ug € WP(Q),
X € Wha(Y), ve and V(ve — x3)exp(—yy1) € L*(Ge), for 1/p+1/q < 1/2 and
1/s+3/p < 1. We also assume similar hypothesis for the other functions vi. Then

there exists a constant ¢ independent of € and h such that

ue — ullipn < e(h + €)|luol

2,p

and

[ue — ull|o < c(h® + €+ €h)|uo|

2,p:

Proof. By the triangular inequality we have

[ue — ulln < |ue —uo — ur — dely + |uo — ult|y p + €lug —ull|yp
+eld— "1 + €lde — 1 ns

and the theorem follows from Theorem 2.1, the approximation error (4.1), and Propo-
sitions 4.2, 4.3 and 4.4. O

Theorem 4.2. Let u, be the solution of the Problem (1.1), x?, ug, X%, ¢ and
ul be defined by Equations (2.2), (2.4), (2.7), (2.14) and (3.6), respectively, and
the functions vy and the constants xj be defined as in Subsection 2.2.1. Assume
ai; € L. (Y), ug € W3(Q), ¢ € W*P(Q) and X € WLi(Y), for p > 2 and
1/p + 1/q <1/2. Also assume x7 € WH>°(Y), and ve and V(ve — x5)exp(—yy1) €
L>®(Ge). We also assume similar hypothesis for the other functions vy. Then there
exists a constant ¢ independent of € and h such that

lue — ulllo < c(h? + €2 + eh)|[uol|s.-

Furthermore, if a;; € CLE(Y) and ug € H3(Q), then

per

[ue — ultlo < c(h? + €2 + eh)|Juol|s.

Proof. The same proof of Theorem 4.1 holds here, except that (4.1) is replaced
by (4.2) and Theorem 2.1 is replaced by Theorems 2.3 and 2.2. O

We now prove the propositions used in the proofs of Theorems 4.1 and 4.2.

For the approximation error of the term wug we use standard finite element analysis
to obtain

(4.1) l[uo — ugll1,p < chlluol|2,p, for 2 <p < oo,
(4.2) [uo — ufllop < ch?|Jugll2,p, for 2 < p < oo
and

(4.3) o — ufllo,00 < ch®In(h)||uo|2,00:

see Corollary 7.1.2, Theorem 4.4.20 and inequality (7.5.4) from [10]. Let Z" be the
usual local point-wise P; or Q; interpolate and K € 7;,(2), then

o — ufl2p.x < Juo — T uolapx + [Tu0 — ug|2,p. 1
10



Using an interpolation error estimate, see Theorem 4.4.20 [10], we obtain
(4.4) |ug — Ihu0|s,p,h < eh™%|uglm,p,n, for 0 < s <m,

and from an inverse inequality, see Lemma 4.5.3 [10], we have

(45) 0 — ula.pic < ch™M T 0 — a1 i

Finally from (4.4), (4.5) and (4.1) we obtain

(4.6) luo — ugll2p.n < clluoll2,p-

In order to estimate the L? and the broken H! semi-norm of u; —u?, (see Propo-
sition 4.2) we note that u; —u?? = (Oz;u0 — \I/?)xj hence by a Cauchy inequality and
the Sobolev embedding Theorem we obtain [luy —uf|lo < ¢/|0x;u0 — ¥} |o,plIx]l0.q for
1/p+1/q < 1/2. Therefore we have to estimate the error between " and Vug on
the L? and on the broken W1 semi-norm, (see Proposition 4.1) this is done by first
estimating the error between AVug -7 and A" in the trace space of W1?(Q) over I'y
in different norms; see Lemma 4.3. Lemmas 4.1 and 4.2 are auxiliary results used for
obtaining Lemma 4.3.

Consider the following spaces:

Case 2 < p < oo: Since W'=1/P2(T,) < C°(I'y), we define the spaces
Wolo_l/p’p(Fk) ={p € WI=V/PP(T}); ¢ =0 on 0T} equipped with the norm
|| : ||W()1()_1/p’p(Fk) = || . ”Wl_l/P’p(Fk)'

Case p = 2: We set Wolo_l/p’p(I‘k) = H(%Q(I‘k) and ||+ [lyy1-1/p.0

sy = I,y
see [31] for the definition of HééQ (Tk).

Case 1 < p < 2: We define Wy "/P?(T'x) = W'=1/PP(T'}) equipped with the
norm || - ||W010—1/p,p(rk) =" ||W1—1/Pvp(rk)-

These spaces have the following important feature. Denote by ¢ the extension by
zero to 90\ T, of a given function ¢ € Wy /??(I';). Then by the Trace Theorem
and the Lift Theorem 1.5.2.3 from [24] there exists a function ¢, € WP(Q2) such
that ¥,|o0 = ¢ and
(4.7) Clll@llwl_i,p(F = [Vl < cll@l

p

<cllell -1
00 k ) W,

-1y P .
w» (89 oop (Fk)

We also introduce the dual space of Wolo_l/p’p(I‘k), denoted by W ~1+1/P2" ('), where
1/p+1/p =1.

The following inverse inequality is required in the proof of Lemma 4.3.

Lemma 4.1. Let 1 < p < co and v" € Yohk Then

(4.8) thHW[)l[;l/Pyp(Fk) <ch™! thHW*Hl/P’wP(Fk)'

Proof. Consider the following inverse inequality (see Theorem 4.5.11 [10])

(4.9) ||Uh||5)q)ag < ch78|\vh| 0,4,005 Vol eY" 1<g<ooand 0<s<1.

Given v" € Yof,lk let 3" € Y" be the extension of v" to 90\ 'y by zero. Using (4.7)
and (4.9) we obtain
thnglg_l/p,p(Fk) < c”@hHWl—l/p,p(aQ)

(4.10) < Ch71+l/p||ﬁh”LP(aQ) = Ch71+1/p||UhHLp(pk).

11



Let Po . denote the L? projector to Y, and assume that v" € Y. Then

h _ <vh7 ¢> _ <vh7 PO,k¢>
lv"|Lrryy = sUp  ——— = sUp .
$eLr’ (T'y) ||¢||Lp’(rk) ¢peLP (Ty) ||¢||Lp’(rk)

By Theorem 1 in [17] we have
(4.11) 1Po,kdll o ryy < €llllporryy 1 <P < oo
Hence

h
0%y s g P0G 1

P '
10" | oo,y < ¢ sup e
eLv () Pow®llLo vy
—1+27 1.,k
(4.12) <ch T v ”W_Hﬁ’p(l‘k)’

where on the last inequality we have used (4.10) for bounding ||Po,k®||;y1-1/n.»"
00
Combining inequalities (4.10) and (4.12) we obtain (4.8). O
The following lemma provide stability and error estimates concerning Pg i, the
L? projector to Yo’fk. These results are required in the proof of Lemma 4.3.
Lemma 4.2. Let2 < p < oo and Py : Wit Tg) — YO’?k be the L? projector
to Yohk Then we have

(Tx)"

1-1
(4.13) [Possll 1,  <ellgll 1,  VéeWy (k)
Woo 7 (Tk) Woo © 7 (Tw)
_1 1-1,
(4.14) |6 = Poxdllorwy < IS 1, Ve Wy PT(T),
Woo (Fk)
_1 ’
(415) 6= Powdll it S F Ly, V6 € L (Th)
and
14l
(416)  NPoxdlly, i1 ) S IOl it VOEWTHRI (T,

Proof of (4.13):
Case p > 2: Observe that Py : LP(T'y) — YO’?k is stable in LP and WP,
[Pok@llLery) < cll@lloe,) ¥V ¢ € LP(Lk), and [[Poxdllwrer,) < clléllwiery)
1

V ¢ € WHP(Ty), respectively; see Theorems 1 and 2 in [17]. Since W' #P(T') =
[LP(Dy), WP (Tk)]1—1/p,p: see Theorem 12.2.3 in [10], we obtain the stability of Po
in Wlfim(ljk) by the real interpolation method, see Proposition 12.1.5 in [10], and
the inequality (4.13) follows.

Case p = 2: By definition Héf(l}) = [L?(Tk), H5(Ck)]1/2 and the proof is
analogue to the case p > 2.

Proof of (4.14):

ie.

12



Case p > 2: Let I : LP(T'y) — V"(Q)|r, denote the standard P; or Q; interpo-
lation operator. Then we have

¢ — PokdllLory) < 16— I8l Loy + [Poi(d — I") | Lo (ry)
<c|¢ —I"¢| 1or,), by (4.11)
(4.17) <ch' 3¢l .1, , by (4.4).
W, P )

00 k

Case p = 2: Follows similarly to the case p > 2 by replacing Z" by the Clement
interpolation operator defined by (2.13) in [40] and use the real interpolation method
to obtain (4.17).

Proof of (4.15):

<¢ - PO k¢7v>
—73 _ 1 7 = su —
ll® O,k¢||W 1+1.p (Ty) l_fp ol 11,
vEWy, P (T) Woo ¥ (Tk)
sup (¢ — Pord,v — Porv)
l—l,p ||U|| l—l,:D
UEWOO P Woo P (Fk)
_ <¢7’U - ,P07kU>
I DI
veWyy ¥ g P ()
< sup ||¢||LP’(Fk)||U — PoxvllLey)
< P " -
UEWolo 5P || ||W010 P'p(l‘k)
1—1
(4.18) < ch P18l Lo 1y

where we have used (4.14) to obtain the last inequality.

Proof of (4.16):

<P0k¢),11>
P el = su —_
” O)k(b”W 1+117’p (k) 1—lp,p ||U|| 1-L1p
vEW, P (Tk) Woo * (Tw)
Posd, P
<c sup (Po.x¢: Po.xv) , by (4.13)
1-Lp ||,PO,]€’U|| 1-1 5,
veW,, P (Ty) Woo P (Ty)
<¢7P0kv>
<c su ’ <c 14l .
- 1—lp,p ||P0,kv|| -1, B ||¢||W e ()
vEWy, P (Tk) Woo P (Tk)

|

The following lemma estimate the error between AVug - n and its numerical ap-
proximation A\*. This lemma is used in the proof of Proposition 4.1.

Lemma 4.3. Let A" be defined by Equation (3.1) and X\ = 0, ug = A;;jOjuon;,
where n; is the ith component of the normal vector to T'y. Assume that ug € W2P(Q).
Then we have

(4.19) ([N — )\h||W010_1/p,p(Fk) < clluollzp for 2<p < oo,
13



1
(4.20) 1A= XNell e < b llugllay for 2<p < oo
and
(4.21) A= /\hHWﬂH/p,p’(pk) < chlluollzp for 2<p < oco.

Proof of (4.19): From Remark 2.1 if p = 2, or from the Sobolev embedding theorem
if p > 2, we have

(422) ||A||W010*1/Pwp(l—xk) < CHuOHZ,p-
In order to prove inequality (4.19) observe that
||/\ - Ah”wglg—l/r—up(lﬂk) S ”)\”Wolo_l/p’p(rk) + ||)\h||W010_1/p’p(Fk)’

and

PUR
I, = sup 20
W, r

1 .
.

Since A" € Y{, then (A", ¢) = (M, Py r¢), and using (4.16) we obtain

h
(4.23) P, < osup X P0,49)

1
Woo ¥ (T) ¢6W71+%"’I(Fk) ||P0,k¢||w—1+%,p/

(Tk)

Now we recall the discrete extension operator, Ej, : Y — V(Q) defined by (5.5)
in [40], which satisfies

HEhg”Lp/ < C”Q”Wl*l/p’,p’(ag)

for g € Y. Hence if g € Yolfk and §" denotes the extension of g by zero to 9Q \ T
it follows

~h h
(4.24) 1Erg 10 < cllg ||W()1(;1/P,vp,(rk)'

Let Py ¢ denote the discrete extension of Py ¢ to dQ\ I'y by zero. From the
definition of A\* and inequalities (4.24) and (4.1), we obtain

(N, Poxod) = (A, Pore) + a(ug — o, EnPo ko)
< ”/\Hwolofl/z)wp(lﬂk)||P0,k¢||wfl+1/p,p’(rk) + ChHuO||2,p||730,k¢||w01[;1/p’m’(Fk)

(4.25) <ec (||)\||W010—1/p,p(Fk) + c||uo||2,p) |Po,k®ll w1410 (-

Here we used the inverse estimate (4.8) applied to Py k¢ to obtain (4.25) . Inequality
(4.19) follows from (4.25), (4.23) and (4.22).
Proof of (4.21): We observe that

h
h <A - A a¢>
— W—141/p.p" (') = T TE—
[A =AMl TR = sup
1-1p ||¢|| 1-1p
¢€W00 P (Fk) Woo P (Fk)
A= ¢ — Py ) (A=A P ko)
4.26 <c sup < ’ d +c sup L
(4.26) N S Y . M TPordll s
¢ Woo P (Fk) Woo P (Fk) ¢€Woo P (Fk) Woo P (Fk)
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In order to estimate the second term on the right hand side of (4.26) we use the
definition of A and A", and the inequality (4.24) to obtain

(A = X" Po ko) = aluly — o, EpPo i)
< chlluoll2pl[Po.xdllyysroror o,
(4.27) < chlluollzp|Pokdlly-1rv () since p > P
For estimating the first term on the right hand side of (4.26) we note that
(¢ —Po,kgsv — Poxv)

- P 14l = su
||¢ O,kqb”W 1+p,:D (Fk) 1751) ||'U|| 171@
vEWy P (Tw) Woo P (Tk)
< sup ¢ — Pox¢ll2r)llv — Porvlrzry)

veWag 7 (T4) ollyz2me

(4.28) < chlléll /e, -

In the last inequality we used (4.14) and the fact that Wolofl/pm(ljk) — Héf(rk) for
p > 2. Hence,

(A=A —Poro) < [IA— )\h||W01(;1/p,p(pk)||¢ = Pok®llw 14100 (0,
(4.29) < ch||uo||27p||¢||ngg_l/;,,p(m)7 by (4.19) and (4.28),
and the inequality (4.21) follows from (4.26), (4.27) and (4.29).
Proof of (4.20):
Case 2 < p < oco: We have

A— Aha - P A — Ah, P
(430) A= Mgy < sup DT XLOTPokd) o AN Pokd)
perr'ry 19l verr@my N8l oy

The first term on the right hand side of (4.30) is bounded as follows:

A=Al —P bl
V=N g 6= Posdl g

00

A=A g —
sup < 7¢ PO,k¢> < sup
peLr'(Ty) ||¢||Lp/(rk) peLr'(T'y) ||¢||LP/(Fk)
(4.31) < ch' v ug|l2,p-
Here we have used (4.15) and (4.19) to arrive in (4.31). In order to estimate the

second term on the right hand side of (4.30) we use the definition of A and A" to
obtain

-\ 10 —uMd,;(ELP d
sup MS sup Jy ij0i(uo — ug)0; (EnPokd)dy
serrmy 19l peL?’ (Ty) Po.k®ll Lo’ (1)
lluoll2,pll Pox@ll -1 .
1%.% P
<ch sup 00

¢eLP' (T') ||P0,k¢||Lp’(Pk)

_1
< ¢h' 77 Jug|l2,p, by (4.10).
15



Case p = oo: Let z € T'y, then
(4.32) IA(2) = N (2)] < [A(2) = PogA(2)] + [N*(2) = PosA(2)]-

For the first term of (4.32), by Theorem 3.1 in [44] there exists a positive constant ¢
such that

(4.33) [A(2) — PosA(2)| < A = v"||o.cor,, + ¢ exp(—ch)|A = v"|lo1 1., Vol € Yor.

The use of Q; elements to approximate ug implies AVul - nx|r, € Yok, therefore we
can take v" = AVul - n; in (4.33) and use (4.1) to obtain

(4.34) A = Pox 0,00 < chl[uoll2,00-

When P; elements are used AVug -y is piecewise constant, hence AVug “Ni|r, & Yo, k-
We then consider a rectangular mesh Th (©) such that the approximation 118 using
bilinear elements on 7"(Q) for ug satisfies AVal - nplr, € Yor. Hence we take
vh = AVal - my in (4.33) and use (4.1) to obtain (4.34).

To estimate the second term on the right hand side of (4.32) we follow ideas from
[44]. Let E, C Ty denote an edge of an element K, € 7"(Q) such that z € E,, and
define §, as the polynomial of degree 1 on E, such that

5. (s)v(s)ds = v(z), for any v polynomial of degree 1.
E,

Regard 8, as extended by zero to 'y \ E. and denote by 6" € V"(Q) the extension
by zero of Po 6, to 2. Then we have

MNi(2) = PosAz) = | Por(A\' = N)d.ds = / (A" — X\)Py x0.ds
Fk Fk
Q

where we have used the definition of A" to obtain (4.35). From (4.1) and (4.35) follows
IN"(2) = PosiA(2)] < chlluolz,00ll0%|1,1-

Using an inverse estimate followed by a Poincare inequality we have
18211,1 < eh™ |62 lo,1 < el Pokdzllo,1,ry-

Finally, we use the fact that ||Pordz|lo1,r, < ¢, see Lemma 3.5 in [44], and (4.20)
follows. O
Proposition 4.1 estimates the error between Vug and its proposed numerical ap-
proximation W”. This Proposition is required in the proof of Proposition 4.2.
Proposition 4.1. Let ug and ¥" be defined by Equations (2.4) and (3.2), re-
spectively. Assume ug € W2P(Q) and that linear or bilinear finite elements are used
to approximate ug. Then for 2 < p < oo we have

(4.36) [(Vug — U™ v, < chlluollzp, Vv eR? with [v] =1
16



and
(4.37) [(Vug — ") vl pn < clluollzp, Vv eR? with |v] = 1.

Proof of (4.36): From the triangular inequality we have

(4.38)  [[(Vug —¥*) - v]lop < [[(Vuo — Vug) - v]lop + [[(Vug — ") - vl

Use (4.1) to estimate the first term on the right hand side of (4.38). For the second
term, by the definition of U", we have

(Vg =¥") - vlop<e Y IERE" = Vug - 1")llop-
ke{e,w,n,s}

Consider k£ = e and that bilinear elements are used to approximate ug; the other

cases, k € {w,n,s} or when P; elements are used, follow in a similar way. From
h

definition, the function E” (uh — %11) is linear in the z; direction and equal to zero

in z1 <1 — h, hence

VB~ Tl 7)o < BP0yl — ] p o i 2<p < 00

or
||E£L(:uh - vug ' 77k)||0,oo S Hamug - ’uhHO7oo7]__‘e ’ lf b = 0.
Case 2 < p < co: The triangular inequality gives
(4.39) || Oayug — "], p. < [|Owstg = Oayuo], p, + [|0wsi0 — 1" (|, p -

In order to estimate the first term on the right hand side of (4.39), let K € 7,(12)
containing an edge F C I'y. Applying a Trace Theorem we have

H811ug _811 <

U'OHO,;D,E -

_ p _ 1/p
(4.40) ¢ (00l = Oyl o + 00y — Dy wollF )

From (4.1), (4.6) and (4.40) we obtain

(4.41) |0z, ulf — Ox, < ch VP Jug)|2,p-

uOHO,p,I‘(3

For second term on the right hand side of (4.39), we apply the definition of A and A"
to obtain ||8$1u0 — ,uhHO oT. = Aiq ||)\ — )\hHO oL and therefore from (4.20) we have

(4.42) [02rt0 = 1"l p. < eh P o 2,p-
From (4.39), (4.41) and (4.42) we obtain
”Ee(ﬂh - Vug 1) lo.p < chlluoll2,p,

and hence estimate (4.36) holds for p < co.
17



Case 2 = oco: We have
102, = 1] o, < 1021l = aytiollo,oo,r. + [|9uytio = 1" llo,00,1.

and applying (4.20) and (4.1) we have

|0z, u0 — 1 < chlluoll2,00,

h||0,oo,11(3

and hence estimate (4.36) follows for p = oo.
Proof of (4.37): We have

[(Vuf = ") - v]op < el (Vug — ¥") - vy + [[(Vuo = Vug) - vop
(4.43) < chlluollzp, by (4.1) and (4.36)

and from an inverse inequality, see Lemma 4.5.3 from [10], follows that

1(Vug = ") - vl pn < clluol

2,p-

Since
1(Vug = U") - vl pn < e ([(Vuf — Vo) - vl pn + 1(Vug —¥") - vll1pn)

we obtain (4.37) from (4.6). O

The following proposition estimates the error between u; and uf. These estimates
are required in the proof of Theorems 4.1 and 4.2.

Proposition 4.2. Let uy and u? be defined by (2.5) and (3.3), respectively.
Assume that ug € WP(Q) and x* € WA(Y), for 1/p+1/q < 1/2. Then there exists
a constant ¢ independent of € and h such that

h2 1/2
(1.49) =l < ezl (5 +1)
and
(4.45) l[ur — ulllo < chlluoll2pllxlligy,

where |[x[l1,qy = 32 IX'll1,0,y-
Proof of (4.44): We have

(4.46) Jus —uffi), <

Z D (Bniu0 = Uz, X (/€))% + (X' (-/€) - Dy (9, u0 — W) d.
K

K;eTn(o) ' Kijer2
For the first term on the right hand side of (4.46) we have

Z / 8%“’0 - \Ijil)a%xl(/e))2dx < |a$iu0 - \Ijill(g),pnaﬁxl(/e)”(?),q
K;

KeTn () Y 5Ki je1,2

(4.47) < € 2|0,u0 — VP[5 HlIXIIE gy < ce*R? ol

XH%,q,Y7

where we have used (4.36) to obtain (4.47).
18



The second term on the right hand side of (4.46) is bounded by a Cauchy inequal-
ity, [[x'9;(0iuo — OM)1F < [IXII3,4105u0 — WL, -

Proof of (4.45): Tt follows from a direct application of Cauchy inequality and the
approximation error estimate (4.1). O

The following proposition estimates the error between ¢ZE and QNSQ This Proposi-
tion is required in the proof of Theorems 4.1 and 4.2.

Proposition 4.3. Let ¢. and ¢ be defined by (2.13) and (3.4), respectively.
Assume that ug € W2P(Q) and vy, € WH4(Gy,), for 1/p+1/q < 1/2. Then

I 52 1/2
(4.48) o=dtha<e(%+1) maxlodiac ulk
and
(4.49) 16— 3o < chms ok ~ xillo i ol

Proof. From definition of ¢, and (;NSQ we have

(G =0l < D 168 — o |,

ke{e,w,n,s}

and the proposition follows from arguments similar to the ones given in the proof of
Proposition 4.2. 1

Finally, we prove the last proposition used in the proof of Theorems 4.1 and 4.2.
Proposition 4.4 estimates the error between ¢ and ¢".

Proposition 4.4. Let ¢ be defined by Equation (2.14), ¢" be the finite element
approzimation to the Equation (3.5), and assume that ug € H*(Q)). Then we have

(4.50) 16— "1 < clluoll2
and
(4.51) 16 — "o < chljug|2.

Proof of (4.50): We note that x*u € H'/2(92), see Remark 3.1, hence we define
¥ € HY(Q) as the solution of

(4.52) V-AVY)p =0 in Q ¥ =x"u" on 90
From regularity theory and (4.19) we have

(4.53) 9]l < ZCIIX*uhHH;f(pk) < clluollz,
k

and from triangular inequality

16— ¢"llx < 16 — ¥l + (16" — ]l

Since x*u" € V"(£2), the problem of finding ¢ reduces to a conforming finite element
problem, hence standard finite element analysis and (4.53) gives

" — )1 < clluoll2.
19



Finally, from regularity theory and Lemma 4.3 we obtain
|6 =¥l < 1" = X" Ouoll /200

<> et - X Onuoll gz i,y < clluoll2.
k

Proof of (4.51): From the triangular inequality

16 =" llo < ellé = llo + 16" — o,

and from standard finite element analysis and (4.53) we obtain
16" = ¥llo < chllvll < chlluolla-
Theorem 6.1 from [37] states
16— llo < (32 I Bytio = x* 121y )
k

S ChHUQHQ by (421)

5. Numerical Results. As in [26] we consider the case

[ 2+ 1.8sin(27ay Je)
a(z) = (2 + 1.8cos(2mxa/€)

2 4 sin(2mxa/€)
2 + 1.8sin(27mx /€

)>ng2, and  f(z)=—1.

We compare the solution obtained by our method with the solution obtained by a

second order accurate finite element method on a fine mesh with size hy, which we
call uf. Table 5.1 provide absolute errors estimates for u? — u/7. We have used
T =2, h =1/128, hy = 1/2048, and a triangular mesh with continuous piecewise

. . B J h,p
linear functions to approximate X;, and v),".

TABLE 5.1
ur — u?’h’T error
| - I]o error
el h—|1/8 1/16 1/32 1/64
1/16 2.7085e-04 | 7.7993e-05
1/32 2.6300e-04 | 6.6246e-05 | 1.7773e-05
1/64 2.5388e-04 | 5.8069e-05 | 1.6020e-05 | 1.2137e-05
| - |1,n error
1/16 0.0097 0.0067
1/32 0.0086 0.0051 0.0036
1/64 0.0086 0.0044 0.0025 0.0018

From Table 5.1, we see that for ¢ << h we have errors of order O(h?) and O(h)
for the L? norm and H' semi norm , respectively. We observe that when we fix h
and decrease € the errors almost do not change. This is evidence that in this case the
dominant error term is O(h). Also looking at the diagonal values in this table we see
clearly that the numerical error agrees with the theoretical rates from Theorems 4.1
and 4.2.

20



TABLE 5.2

€=1/64, h=1/32, hy =1/1024

_ Il llo |- J1n
ur —up" 0.0287 0.0215
uf —up” — eul” 0.0213 0.0026
wr —ult — eyt b 5.0450e-05 | 0.0026
wt —ulh — eut — (P 4 GihTy | 5.1865¢-05 | 0.0025

Table 5.2 shows the improvement obtained in the final approximation when the
term @7 is taken into account. It can be appreciated from this table that a better
improvement on the || - |0 norm rather than on | - |1, semi norm is clearly seen. The
improvement on the L? norm is an evidence that we were able to obtain, through the
proper calculation of x*, the asymptotic L? behavior of the boundary corrector 6.
in the interior of the domain (2. We also note that the term ¢. primarily forces the
final approximation u"/™ to satisfy the zero Dirichlet boundary condition, and since
it has support only in a thin boundary layer of 02, then no much error improvement
is obtained on the | - |1 5 semi norm.

We also consider the following example:

[ 2 i#2/5<y1 <3/bor2/b<ys<3/5 _
aly) = { 1 otherwise. and f=—1
TABLE 5.3
u; — u?’h"r error
|| - ||o error, hy = 1/2000

el h—|1/10 1/20 1/40
1/20 4.8318e-04 | 1.3043e-04
1/40 4.7578e-04 | 1.1954e-04 | 3.0805e-05
1/64 2.5388e-04 | 5.9446e-05 | 1.4414e-05
TABLE 5.4
ul — L —

| - |1, error, hy = 1/2000

el h— [1/10 |1/20 | 1/40
1/20 0.0180 | 0.0092

1/40 0.0179 | 0.0090 | 0.0046
1/64 0.0086 | 0.0045 | 0.0026

We compare the solution obtained by our method with the solution obtained by a
second order accurate finite element method in a fine mesh of size h s, which we call .
Tables 5.3 and 5.4 provide absolute errors estimates for u} — u@i”, on the || -||o norm
and |- |15 semi norm for different values of h and e. We have used 7 = 2, h = 1/128,

and a triangular mesh with continuous piecewise linear functions to approximate X%
and v7.
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Although the convergence analysis presented here are not intended for the quasi
periodic case ai;(x,x/€) the numerical approximation presented here can be gen-
eralized for this case. This would be done by approximating matrix a(x,x/e) by
> a’(z/€)Ik, (), where I, is the characteristic function for K; € 7;,(€2), and then
solving a cell problem in each sub-domain Kj;.

6. Appendix.
6.1. Proof of Theorem 2.1. By the triangular inequality we have
[ue —uo —ur — deli,n < Jue — up —u1 — Oy
+€|§€ - é'l + 6|66 - ¢6|17
and the theorem follows from Propositions 6.1, 6.2 and 6.3. O

We now prove the propositions used in the proof of Theorem 2.1. The following
proposition gives the same error estimate of Theorem 2.2 in [3], however here we
assume ug € W2P(Q) and x/ € WL(Q) for 1/p + 1/q < 1/2 while in Theorem 2.2

per )
in [3] it is assumed uo € W»*°(Q) and x/ € H},,.(Q). It also generalizes Proposition
2.1 from [34] where it is assumed a;; € CLI(Y), up € H*(Q) and Q C R?. We

note here that Theorem 1.1 from [32] gives conditions concerning the discontinuities
of the functions a;; such that y’ € W;é?O(Y). Finally, we observe that in the case
ai; € Cp2(Y) a error estimate similar to Proposition 6.1 can be obtained in the case
a zero Neumann boundary condition is used to define uc; see [35].

Proposition 6.1. Let Q C R?, d = 2,3 be a convex domain, u. be the solution
of Problem (1.1) and ug, u1, and 0. be defined by Equations (2.4), (2.5) and (2.6),
respectively. Assume a;j € L2 (Y), ug € W*P(Q), and x7 € W,4(Y) for 1/p+1/q <
1/2. Then there exists a constant ¢ independent of ug and €, such that

lue(-) —uo(-) — eur(+,-/€) — €0c(-)|l1 < celluoll2,p-

Proof. Define

(6.1) vo(x, ) = a(y)Vauo(z) + a(y) Vyur (z,y) = a(y)(Vyy; — Vyx’ (y))g—;f(x)

From the definition of x? we have
/Y (aly)(e; — Vyx (1) — Aej) Vyo(y)dy =0, ¥ ¢ € HY, (V).

Since the vector a(y)(e; — Vy,x?(y)) — Ae; is Y periodic and has zero average entries
over Y, by Lemma 6.1 there exists ¢;(y) € H,,,.(Y) with zero average over Y such
that

(6.2) a(y)(Vyy; — VX! () — Aej = —curlyd;(y).
Let
(6.3) 6= b (0) 22 (a)

axj
22



and define

ey = —curla(z,y)
1%}
B —¢; (y)wgij(l’)
- 82 .
05(y) e ()
In the case d = 2 we have |curly¢;lo.q = |¢jl1,4- Since x7 € W4 (Y) and ¢; has zero
average over Y, we apply a Poincare inequality to obtain

[9ll1,q,y < cleurlygjlo,q,y < C(HXlHl,q,Y + ||X2||1,q,Y)-

In the case d = 3 by the Remark 3.11 in [25] we also obtain that ¢; € Wd(Y)? if
X € Whi(Y). From hypothesis ug € W*P(Q) for 1/p+1/q < 1/2, hence vy (z, z/€) €
L*(Q) and [lviflo < e(lIx"[lq.x + [X*[1.q.v)l|uo]l2.p- Moreover, by Lemma 6.1,

(6.4) Vi -vi(z,y) =0,
and simple calculations give

vy - U1 ({E, y) = Vy “eurly (¢J (y)aa:JUO(ﬁ))
=—V, - curly (qu (y)amjuo(x))
(6.5) =~V vo(z,y) — f.

ze(x) = ue(z) — uo(x) — eur (z, x/€)

and
Ne(z) = a(z/e)Vue(x) — vo(z, x/€) — evi(x, x/€).
Then
a(x/€)Vze(x) — ne(z)
= a(x/e)Vue(x) — a(x/e)Viuo(x) — ea(x/€)Vui(x, x/¢€)
—a(z/e)Vyui(z,x/e) — a(x/e)Vue(z) + vo(z, z/€) + evi(z, z/€)

= e(vi(z,z/€) — a(x/e)Vui(x, x/€)),
and so
(6.6) la(-/€)Vze = nello < €llvi(-;-/€) — al-/€)Veua(:,-/€)llo-

Given g € L*(Q), let w. € H}(Q) be the solution of

(6.7) /Qa(;v/e)VwE(x)V@[J(x)dm:/g(x)w(ac)dac, Vz/)EH&(Q),

Q
hence
/Qg(z6 — €l )dx = /QCL(-/E)Vu/6 - V(ze — €0e)dx
= /QCL('/E)V@UE -Vzdx — e/ﬂa(-/e)Vu/6 - Vldx
(6.8) = /Qa(-/e)VwE-Vzde.
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Now observe that
(6.9) / a(-/€)Vwe - Vzedr = / a(-/e)Vwe - (Vze — ne)dx —|—/ Ne - Vwedz.
Q Q Q

In order to estimate the second term on the right hand side of (6.9) we apply the
definition of 7, to obtain

/ Ne - Vwedr = /(a(x/e)VuE(x) —wvo(x,x/€) — evi(x,x/€)) - Vwe(z)dx
Q Q

(6.10) = /waedx - /Q(vo(x,x/e) —evi(x,x/€)) - Vwe(z)dx

We note that

/Qvl(x,x/e) -Vwe(z)dr = / Vv (z, z/€)we(x)d

Q
= /Q(Vw +1/eVy) - v1(2,Y)|(y=z/e)we(x)dx

(6.11) - ! / (Vs -0 + fwede,
Q

€

where we have used (6.4) and (6.5) to obtain (6.11). Using the definition of vy we
have

Oug
| volaz/e) - Vuwas = [ atafelie; - Vo /) G ) - Tl

and by the chain rule we obtain

012) [ wioa/e) Twate = [ ate/ole = V0 af) - ¥ (Guio) ) do

- [ atafote; - Vpitafe)- (wevg—ﬁm) dz.

In this paragraph we evaluate the first term on the right hand side of (6.12).
Let (%Yi)i:l,...,im be a finite set of translated cells of £V, recovermg Q, and consider
a partition of unity p;, such that suppp; C Yl, Where 5Y; denotes the cell 26Y
centered in §Y¢. We note that

(6.13) supp(p;w.) C %Yl NQcCeY;
hence
‘ 0
[ atele)e; =, /o) - V(G a))de =
j

010 X [ e/l - V0 6/)- Vg

J

we(x))dx = 0.

=10,

Here to obtain (6.14) we first note that ug has a stable extension to WP (R?), which
we also denote ug applying (6.13) we obtain that the function p;0,, uowe is defined
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uniquely as zero outside of € and since 1/p + 1/¢ < 1/2 we obtain p;0,, upwe €
W17q:(R2) for 1/¢" = 1 —1/q. We then observe that x/ € WLi(Y), H).,.(Y) —
WL (V) and (2.2) implies

per

/Y 01 (1) O — ) By = 0, ¥ € WL (V).

Finally, since p;0, ,Uuowe has a compact support contained in the interior of €Y;, see
(6.13), then p;0,, upw. € WL (eY;) and (6.14) follows.

per
For the second term on the right hand side of equation (6.12), we use the definition
of vg and it follows that

~ [ ata/ote; ~ Vid(a/e) (wevg—gm) o= [ Vo voase /@)

a
Q
Hence
(6.15) / vo(z,z/€) - Vwe(z)dx = —/ V- vo(x, z/€)we(x)dr.
Q Q

From Equations (6.10), (6.11) and (6.15) we obtain

/ Ne - Vwedzr = 0,

Q

and from (6.9)

(6.16) /QCL(-/G)VUJ6 -Vzedr = / a(-/€)(Vze —ne) - Vwe)dx.

Q

From Equations (6.8) and (6.16) we have

/ 9(ze — €be)dx
Q

< clla(-/€)Vze = nellol[wellx

< ellor(s-/€) —al-/)Vaui(-/e)llollgl -1 by (6.6).

Dividing by ||g||—1 and taking the supremum for g # 0 we get

[ze(2) — €0cll < cellvr(-,-/€) — al-/€)Vaur(:,-/€)llo
< ce(llx gy + X1,y )lluoll2,p-

The following remark is used in the proof of Proposition 6.5.
REMARK 6.1. Let f € HY(Q), g € HY/?(0Q) and define u. € H'(Q) as the
weak solution of the following problem

Luc=f in Q, u.=g on 0.

It is easy to see that Proposition 6.1 extends immediately to this case if ug, defined as
the solution of

—V.AVug=f in Q, wug=g on 09,
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belongs to W2P(Q).

The following corollary follows from Proposition 6.1 and is used in the proof of
Proposition 6.5.

Corollary 6.1. Let Q C R%, d = 2,3, be a convex domain, u. and uy be defined
by Equations (1.1) and (2.4), respectively. Assume a;j € Lye, (Y), ug € W™P(2) and

X' € WLa(Y) for (m —1)p > 2 and 1/p+1/q < 1/2. Then there exists a constant ¢

per
independent of ug and € such that

lue — uollo < celluo|lm,p-

Proof. The hypothesis ug € W™P?(€2), (m — 1)p > d implies 0,,u¢ € C(Q2), and
x} € C(Y) see Remark 2.1, therefore |lu1|lo < c||uo|lm,p. From the maximum principle
10cll0.00 < [|02,10ll0.00,00]1 X ||0,00,00, and hence the corollary follows from Proposition
6.1. 0

The following proposition estimates the H' norm of 6, — QNSE, and is used in the
proof of Theorem 6.1. R ~

Proposition 6.2. Let ug, 0. and ¢. be defined by Equations (2.4), (2.9) and
(2.13), respectively, and the functions vy be defined as in Subsection 2.2.1. Assume
up € W2P(Q), and ve and V(ve —x:)exp(—yy1) € L*(G.) fors > 2 and 1/s+3/p < 1.
We also assume similar hypothesis for the other functions vi. Then there exists
positive constants 0 < 6(p,s) < 1/2, and ¢(8,v) independent of € such that

16 = Gellr < e(8,7)e’ lallo,oo lluolly,, masx (1Y (vr — xi)ezp(—vy - 1) 0.5,
+ ok = Xlls.60) -

In addition, when p,s — oo then & — 1/2 with ¢(0,7) bounded independent of 6.
Proof. By definition

10c = ellv < > (168 =

kef{e,w,n,s}

Consider the case k = e, the other cases are treated in a similar way. We denote
vi(z) = ve(B=L, 22) and a(z) = a(z/e), and let g € H{ (). Then applying the
definition of ¢¢ we obtain

[ av: - d0)9gds = [ a9 (0 - xp 5 ) Vs
Q Q 8951

= aUO € € _ 4 F _ € _ ¥\ ,€ %
(6.17) = /Q (gpe 3x1a V(vg Xe)) Vydz /Q <(U8 X5)aV <<pe 83:1>) Vgdz.

We note that due to the Sobolev embedding Theorem 5.4 from [1], the integrals above
are well defined. For the first term on the right hand side of Equation (6.17) we have

8“’0 € € * _
/Q <<pe—8mla V(v¢ xe)> Vgdx =
8’LLQ

8’11,0
.1 € € _ * . — _ € € _ * . o — .
(6.18) /Qa V(vs — x5V (gp 95, g) dx /Qa V(vs —x3) - gV <<p 52101) dx
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We now estimate the first term of the right hand side of (6.18). Let I; = {(i —
1)e/6—€/6 < xa < ie/6+€/6,}, im = 1+sup;en(i3/€ < 1), and consider a partition of
unity p; of Q, subject to (0,1) x I;. Let If be the interval centered in I; with |If| = e.
Since supp(p;g) C [0, 1] x If we have

(6.19) / aV(ve — x5V <<pe%g) dz =
Q O0x1

1 8u0
Z / / aV(ve — x5V <picpea—g) dzadx = 0,
i=0:i,, 7O JIE 1
where to arrive in (6.19) we have used the definition of v, and arguments similar to
the ones used to obtain (6.14).

For the second term on the right hand side of Equation (6.18), we apply a Cauchy
inequality to obtain

020 | [ ¥t =3 (0,52 ) ade] <
Q 8331
. r1—1 e\ 1 —1
l[allsele Vuol1,p || Vosexp(—y 16 ) (;) (v/e)Y exp(y——")g|| .
0,s 0,l

where 1/l =1—1/p—1/s. Taking y1 = (1 — 1)/€ and y2 = x2/¢, and exploring the
[0, 1)-periodicity of ve(y1,-) we have

¢ % 1 — 1 s 1 0 ! s 2—g
Vs -0 < Ean [ [ 9
€ 0,5 € ~1/eJo
(6.21) < e | Vyveexp(—yy1) 1§ ..
Let gn € C5°(Q), gn — g in H! and I, = (0,1) N |gn| > 0, then integrating by parts
in T
x 1 ! y x 1 i
1— 1—
H(v/ €)' 'exp(y Jgn|| = (/ / coely )|g"|ldx1dx2)
0,l 0o Ji, € €

1/1

1 1 xr1 — 1 8|gn|l
(6.22) = <_/0 /In 7exp <l’y . ) 8—xldx1dx2)

1 9 1/1
T — -1 In
(623) S Cc < exp <l'}/ P > . ||g7l||0)sl(l_1) ‘8—!%1 0)
1 -0/ _€ e 2
(6:24) @@= ()

To obtain (6.23) we have used a Cauchy inequality with 1/r' +1/s’ = 1/2. In order
to obtain (6.24), we note that the last inequality in the proof of Lemma 5.10 in [1]
states

_ 2t —t
lonlle-n < 277 (=1 g

2t —t
< oUt=1)/t (2—t> vol(Q)/#=1/2)||g,.|l1, by Theorem 2.8 in [1]

14, for 2t/(2—t)=5'(1-1), 1<t <2

2t —t
< () (ﬁ) |gnl1, by a Poincare inequality.
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Hence (6.24) follows from (6.23). Taking the limit n — oo we obtain inequality (6.24)
for g.

Since 1/s+ 3/p < 1, there exists ' > 2 such that 1/lr' +1/l+1/s—1 > 0, and
hence from (6.18), (6.19), (6.20), (6.21), and (6.24) it follows

8UQ

| e G = x0) Vade < el ) (1= 1) ol Tuah,

(6.25) IV (ve = xe)exp(—=vy1)llo,s.6.

where &' = 1/Ir' +1/1+1/s — 1.
For estimating the second term on the right hand side of (6.17), we apply a Cauchy
inequality with 1/r + 1/p = 1/2 to obtain

g|1a

C e du du e VT
\ / <ve—xe>av<%—°)-wdm < llafloe | 0o 240 ( JR dy) gl
Q 8x1 6951 1,p G.
s au € *
(6.26) < e o o 22| ot~ X lah
1 1,p

where we have used the Sobolev embedding Theorem 5.4 in [1] to obtain the last
inequality. R R
Taking g = 6¢ — ¢¢ and using the ellipticity of a

10 = 6@ < va ! /Q(aev(éi —00)) - V(0 — ¢9)da
c(r)

< Teéllallo,mlweVuOll,p IV (e = xe)exp(=ry1)llo.s.c.

a

+ IV (ve = xDl6.) 19 = 6l g o,

where § = min{d’,1/r}.

Observe that s, p — oo implies I — 1. Choosing s’ = 1/(I—1) in Inequality (6.24)
we have that (s'(1— 1))/ (e/('1y) Y'Y = €1/2/(24). In inequality (6.26) p — oo
implies 1/r — 1/2 and ¢(r)e'/" — ce'/2. 0

Finally, we prove the last proposition used in the proof of Theorem 6.1. Proposi-
tion 6.3 estimates the H' norm of ¢ — 6.,

Proposition 6.3. Let Q be a convex polygon, and the functions ug, 0. and ¢ be
defined by Equations (2.4), (2.10) and (2.14), respectively. Assume that ug € H*(S),
then there exists a positive constant ¢ independent of € and ug such that

- = a 0,00,Y
16—, < c%nuonz.

a

_ Proof. Consider the notation a“(z) = a(z/¢), the same will be used for a;;. Since
(¢ —6.) =0 on 9N we have

/ € 8(&’ B ée) 8((;5_ ée)dl‘ — / € 8&’ 8((;5_ ée)
Q Q

aij aCCl aCCj Ei 8:& &fj du

1/2 1/2
< llallosoy (/Q |w>|2dx) (/Q |V(¢—0e>|2da:) ,
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and from the ellipticity of a we obtain

_ _ a v, -
|¢_0€|1 S || ||0>007 |¢|1
Ya

The regularity theory gives that |¢|; < c||x*0yuo| H1/2(90), and since ) is a convex
polygon by Remark 2.1

|6 — bc|1 < cfuol|2.
The proposition follows from a Poincare inequality. O

6.2. Proof of Theorem 2.2. Use a triangular inequality similar to the one used
in the proof of Theorem 2.1 and Propositions 6.4, 6.2 and 6.5. [

We now prove the propositions used in the proof of Theorem 2.2. The following
proposition generalizes Proposition 2.3 from [34], where it is assumed a;; € CL2(Y),

up € H3(Q2) and Q C R2. We note here that Theorem 1.1 from [32] gives conditions

concerning the discontinuities of the functions a;; such that x7 and x¥ € W;é?o (Y).

Proposition 6.4. Let 2 C R?, d = 2,3 be a convex domain, u. be the solution
of Problem (1.1), and x’, ug, w1, 6. and x¥ be defined by Equations (2.2), (2.4),
(2.5), (2.6) and (2.7), respectively. Assume a;; € L2 (Y), ug € W3P(Q), x7 and

X7 € Wyd(Y), for p,q > d and 1/p+1/q < 1/2 . Then there exists a constant ¢
independent of uy and € such that

[ue(-) = uo(-) — ewr(:,-/€) = €be(:)ljo < CeQHUoII&p(m}X 17|

0, T H]lgx ||ij| 1,q):

Proof.
Define the field v; by
- 0%y ox¥  0%ug
2 = —ag; J A ,
620) () = (Y (@) + o) e
hence
(6.28) a(y)Vaur(z,y) + aly) Vyua(z,y) = v1(z, y).

Let q(y) = ¢(y), ¢ defined by Equation (6.3) and let ;; € Wg(’fé(Y) such that

j 1,5 1
—anx’ +audix’ —cy;

(%’)) 2

curlyprj =1y = [ —agix? +andix" — ¢ — i
, , )
—az1x? + az O x™ + ¢§» ) i

- . . 23
curlyha; = Poj = | —azex’! + andix*’ — ngj
D _ .3

—azaX’ 4+ azndix*’ — ¢; —c3;
and

y —a13x7 + aydix*’ — ¢’§'2) — ¢34
curlythrj =vs; = | —agzx? + andix>7 + qbgg»l) - c?),j

—azzx! + az x> — c3;
29
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where the constants cﬁj are chosen such that each entry of the vectors ;; has integral

zero over Y, e.g. c%j = fY —a11X? +ayudxtdy. Tt is easy to check that Vy- &kj =0,
what guarantees by Lemma 6.1 the existence of such functions vy;, and by Remark
3.11 in [25] we have

(6.29) [¥5111.q < ellIX[lo.g + 11X [11.q)-
Define

8211,0
and let

va(z,y) = —curlep(z,y),
and a simple calculation gives
(6.31) Vy-v2=—=Vy v, Vy-02=0
and
Joa(-/€)lo < elluoll max s 1.
(6.32) < cluollap (X llo.g + XM ]11.0) by (6.20).

Define

2

Ve(x) = ue(x) —uo(x) — eur(z, x/€) — e“ug(x, x/€)

and
¢(x) = alx/e)Vue(z) — vo(z, 2/€) — vy (z,2/€) — 621)2(95,95/6)7
where v is defined by (6.1). Then

a(z/e)Vipe — & (x) = a(z/e)Vue(z) — alx/e)Vug(x) — ea(z/€)Vuq (z,z/€)
—ea(x/e)Vua(z,z/€)
—a(z/€)Vuc(z) + vo(x, z/€) + evi(x,2/€) + 2va(x, 2 /€)
= —a(z/e)Vauo(z) — ea(z/e)Vyui(x, x/e) — alx/e)Vyui(z, z/e€)
—ea(z/€)V pus(w,z/€) — ea(z/€)Vyua(z, v /€)
+vg(z, 2/€) + evy (2, 2/€) 4+ 2vo(x, 2 /€)
= 2(va(z,z/€) — a(x/€)Vyua(z,z/€)), by (6.1), and (6.28).

From the definition of us and (6.32) we obtain

(6.33) la(z/€)Vipe — Ecllo < ce?|luollsp Hg;L.X(HXjHo,q + 11X [I1,q)-

Define . € H'(Q2) as the weak solution of

(6.34) —V-a(z/e)Vp. =0 in Q, and ¢.(z) = uz(z,z/€) on ON.
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We observe that the Sobolev embedding theorem and the hypothesis p, ¢ > d, implies
the function us is continuous. Therefore, we use the maximum principle to obtain

l@ello < cll@ello,oo
< Cmigtx lIx* ||0>007Y||81irj

(6.35) < emax || x"V
ij

Given g € L%(Q), let w. € H'(Q2) denotes the solution of

(6.36) /Qa(;v/e)VwE(x)V@[J(x)dm:/g(;v)w(ac)dac, Vz/)EH&(Q).

Q

Since v, + € + 2. € HE(Q) we obtain
/ (e + €0 + ¢ )dr = / a(x/€)(Vipe + €V, + €2V ) Vw,(z)dx
Q Q
(6.37) = / a(z/e)Vip.Vw,(x)dz
Q

where we have used the definition of 6, and ¢, to obtain (6.37). We observe that

(6.38) / a*Vi - Vwdr = / (Ve — &) - Vwdz + / & - Vwedr,
Q Q Q

and we estimate the second term on the right hand side of (6.38) as follows

/ & - Vwedr = /(a(m/e)Vue(x) —vo(z,z/€) — evi(z, x/€)
Q Q
—2vy(x, z/€)) - Vwe(z)dx
= /wag(x) + V.- vo(z, z/e)we(x)
(6.39) —evi(x,z/€) - Vwe(x) + €V vr (z, x/€)we(x)dx,

here we used the definition of u., (6.15), integration by parts and (6.31) to obtain
(6.39). Using (6.27) we have

[t/ Vo) = [ (~aiont oo

. OXY 9%y . Ow, (2)dx
Oy; O0x;0x; Oz, .

(6.40) + ay,

Consider the partition of unit p; defined in the proof of Proposition 6.1, then

/ . X9 D%up Ow,

UGy By Doy D =

lzm / 0%uy Ow. de
o @i 8yl 83,‘]83:1 Oz
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i/ e OX ,%w (z)) — a 8Xijw (x)i DPuy de
- i oy, 65% plaxjaxi € kil oy 7 Oxy, pzax]ﬁxi
i _ ox? 0%ug
— 1 € _ g6 ZXe - Y
- ; /en ‘ <a” ik Ay, " A”) P Ox;0x; e

: 0 82U0 0? uo Ow.
€ J _ Y
+a’k1Xe <8 (pl 833]8331 (x)) wﬁ(x) + Pig—a— 8%‘]8331 (x) 8rk (x)> dz

T
x4 0 9?uyg

(6.41) - /Qakl o we(x)axk (8xj8xi> dx

2

- [ (Vo <x>—f) welw)ds
jOLq
- %uyg 8w6

6.42 /a X /Vm v1dz.
( ) k ox axz - 1

Here we used the definition of x% to arrive in (6.41), and from (6.39), (6.40) and

(6.42) we obtain
/56 vwe =0,

and hence from (6.33) and (6.38)

< ||GEV’§/J€ - ge)HOHwEHl

/ g('@[]e + b + 62906)6155
Q

v)llgll-1-

21X Nlo.q.y + X

Dividing by ¢ and taking the supremum over g, we have

(X7 llo.q + X" [11.0)-

lte — uog — €uy — €l — >uy — €2pc|| < ce 1
J

Observe that uz(z,z/€) and p.(z) are bounded in L?(2) by |luol|3,p maxy; [|[x* (1,4,
independent of ¢, see (6.35). Hence

lue — o — eur — ebe|| < ce?||u| 3.p(max [x7[lo,q + max 1" [11,4)-
a

The following proposition estimates the L2 norm of ¢ — 0, and it is used in the
proof of Theorem 2.2

Proposition 6.5. Let ug, x7, 0. and ¢ be defined by (2.4), (2.2), (2.10) and
(2.14), respectively. Assume that ug € W32(Q), ¢ € W2P(Q) and x7 € Wjd(Y), for
1/p+1/q <1/2. Then we have

19 — @llo < celluols p-

Proof. Observe that ¢ € W2P(Q) and p > 2, hence from Corollary 6.1 and
Remark 6.1 we obtain

10 — dllo < celldll2.p-
32



Since

Ploa =D erxiVuo - nklog,
¥

by regularity theory, see Theorems 4.3.1.4 and 4.3.2.4 [24], || }]|2,p < ¢(x*)|luo||3,p, and
the proposition follows. [

6.3. Proof of Theorem 2.3. Use a triangular inequality similar to the one
used in the Proof of Theorem 2.1 and Propositions 6.6, 6.2 and 6.5. Observe that
if a;; € C;;ﬁ(Y),ﬂ > 0, by regularity theory y’/ € C;;ﬁ, ve € OV and V(ve —
x5)exp(—yy1) € L*(G.); see Theorem 15.1 in [30] and Remark 6.4 in [34]. By the
Sobolev embedding theorem ug € W2°°(Q), hence Proposition 6.2 holds for § = 1/2.

O

The following proposition is used in the proof of Theorem 2.3. Proposition 6.6
generalizes Proposition 2.3 from [34] to the case Q C R3.

Proposition 6.6. Let Q@ C R?, d = 2,3 be a convex domain, u. be the solution
of Problem (1.1), and ug, w1, and 0. be defined by Equations (2.4), (2.5) and (2.6),
respectively. Assume a;; € CYP(Y),8 > 0 and ug € H3(Q). Then there exists a
constant ¢ independent of ug and €, such that

[ue() = uo() = eur(:,-/e) — ebe(-) o < Ce*[luo]ls.

Proof. Since a;; € CYP(Y) by regularity theory x* € C*#(Y), ¥ € C1(Y) and
by Theorem 3 in [7] we obtain

leello < cllua(-, -/€)llooe < clluollsllx'sllo,s

where the function ¢, is defined by (6.34) and we have used the trace theorem in the
last inequality. The rest of the proof of follows exactly as the proof of Proposition
6.4. 0

6.4. Auxiliary Result . The following lemma is used in the proof of Proposi-
tions 6.1 and 6.4.
Lemma 6.1. A function v € L2, (Y)?, (v € L2, (Y)?) satisfies

per per
(6.43) V-v=0,
and [, vidy = 0 iff there exists a function ¢ € H),.(Y) (¢ € H,,,.(Y)?) such that:
(6.44) v = curlp.

Proof. Similar to the proof of Theorem 3.4 from [25] using discrete Fourier trans-
forms rather than continuous Fourier transforms, see [41]. O

7. Conclusions. We perform the convergence analysis for the proposed numer-
ical method for approximating the solution of Equation (1.1). The error estimates
obtained in the numerical experiments agree with the theoretical errors estimates from
Theorems 4.1 and 4.2. The method presented here is strongly based on the periodicity
of the coefficients a;;, and for this reason it has relative low computational cost with
optimal error convergence rate.
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We generalize results found in the literature for estimating the error between wu.
and its first order asymptotic expansion ug + €u; approximation plus the boundary
corrector term .. Such generalization permit us to develop sharp finite element error
estimates with very weak assumptions on the regularity of a(y), including composite
materials applications.
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