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RESUMO. Estamos interassados em reacoes quimicas exotérmicas que
ocorrem no ar em uma pequena regiao de um meio poroso so6lido
condutor. O ar é injetado no centro da esfera. O calor é gerado
perto do centro e conduzido através da parede da esfera. O objetivo é
determinar quando havera ignicao ou extincao, dependendo do equi-
librio entre reacao e conducao. Simplificamos a descricao matemética
do sistema, imaginando que a reagao ocorre somente na regiao pro-
xima ao centro da esfera com temperatura uniforme, enquanto que a
condugao do calor ocorre no resto da esfera, uma casca esférica. O
sistema de equacoes de reacao-difusao reduz-se & equacao do calor
na casca, acoplada na fronteira interior com uma equacao diferencial
ordinaria para a regiao de reacao. Esta EDO pode ser considerada
como uma condi¢ao de contorno nao-linear para a equagao do calor
na casca.

Esta simplificacao permite uma analise completa para a evolucao
temporal do sistema. Mostramos que, dependendo dos parametros
fisicos, o sistema admite um ou trés equilibrios. Este tltimo caso tem
importancga fisica: dois dos equilibrios representam atratores (“ex-
tingao” ou “igni¢ao”) com bacias de atracao separadas pela variedade
estavel da terceira singularidade. Utilizamos teoria de operadores
para a andlise da estabilidade linear e teoria de ponto fixo em uma
equacao de Volterra nao-linear para provar a existéncia e unicidade
de solucgoes para todos os tempos. Aplicamos uma decomposicao es-
pectral para descrever a evolugao por meio de um sistema infinito de
equacoes diferenciais ordinarias acopladas, provando a regularidade
de solugoes para dados de Cauchy gerais, assim como o comporta-
mento assintotico para tempos grandes.

Uma conclusao pratica de interesse é que para esferas de dimensoes
maiores as chances de extin¢cao sao maiores. Outra conclusao é que
o sistema completo é muito bem aproximado por uma tnica EDO, a
qual provém de um tipo de modelo “reduzido” para o reator.

PALAVRAS CHAVE. Reator quimico, meios porosos, perdas de calor,
combustao in-situ, condicao de contorno nao-linear, sistema infinito

de EDOs.
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ABSTRACT. We are interested in an exothermic chemical reaction
occurring in air within a small region of a conductive spherical solid
porous medium. The air is injected at the center of the sphere. Heat
is generated near the center, and conducted to the wall of the sphere.
The issue is to determine if there is ignition or extinction, depend-
ing on the predominance of reaction or conduction. We simplify the
mathematical description of the system by imagining that the reac-
tion occurs only in a region with uniform temperature located around
the center of the sphere, while conduction occurs in the rest of the
sphere, a surrounding shell. The system of reaction-diffusion equa-
tions reduces to a linear heat equation in the shell, coupled at the
internal boundary to a nonlinear ordinary differential equation in the
reaction region. This ODE can be regarded as a (nonlinear) boundary
condition for the heat equation in the shell.

This simplification allows making a complete analysis of the time
evolution of the system. We show that, depending on physical pa-
rameters, the system admits one or three equilibria. The latter case
has physical interest: the two equilibria represent attractors (“extinc-
tion” or “ignition”) with basins of attraction separated by the stable
manifold for the third equilibrium. We utilize operator theory for the
linear stability analysis, as well as fixed point theory of a nonlinear
Volterra equation for the existence and uniqueness of solutions for all
times. We also use a spectral decomposition to describe the evolu-
tion by means of an infinite number of coupled nonlinear ordinary
differential equations, providing regularity of the solutions for general
Cauchy data, as well as the nonlinear asymptotic behavior for long
times.

One interesting practical conclusion is that higher dimensionality of
the sphere increases the probability of extinction. Another interesting
conclusion is that the whole system is quite well described by a single
ODE, which is a kind of “reduced” model for the reactor.

KEYWORDS. Chemical reactor, porous media, heat losses, in-situ
combustion, nonlinear boundary value problem, infinite ODE system.
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Introduction

TIf oxygen is in intimate contact with fuel Arrhenius law says that reaction will occur,
even at low temperatures. However, in a porous medium heat losses can equalize the
small reaction heat generated, so that the system remains trapped in a very slow reaction
mode. Such a mode is indistinguishable from extinction. On the other hand, if heat losses
initially remain smaller than the heat generated by the reaction, temperature increases
and spontaneous ignition occurs. Heat losses are strongly dependent on the geometry
of the heat dissipating region. Therefore we distinguish three idealized geometries, viz.
linear, cylindrical and spherical. We analyze a basic heat diffusion equation model, which
incorporates an Arrhenius heat generation term.

Our goal is to establish under which conditions either the heat losses or the heat
reaction govern the global behavior in a chemical reactor. The reactor is idealized as a
sphere or an infinitely long cylinder, with a surrounding heat dissipating region. It will
be useful to study first an idealized situation where the reactor is planar and bounded
between two infinite planes, one thermally isolated and the other one in thermal contact
with a heat conducting medium.

The first attempts to solve the problem of “extinction” or “combustion” in porous
media are contained in the article [6], where earlier references can be found such as the
pioneering work of Tadema and Weijdema, see [35].

We idealize the reactor by assuming that it is in a time dependent spatially homoge-
neous state in the reaction region. For the conductive region we assume that it is in a time
dependent state with symmetry induced by the geometry considered. It is assumed that
in the reaction region we can control the amounts of fuel and oxygen so as to keep them
constant. This is the case when we inject fresh reactants at a fixed rate in the porous
reactor and expel the combustion products. Thus, we study only the dependence of the
reaction rate on the temperature.

Chemical engineers assume that this setup can only lead to extinction or ignition. We
prove that this is indeed true for most practical cases. Depending on physical parameters,
the system admits one or three equilibria. The latter case has physical interest: the
two equilibria represent attractors (“extinction” or “ignition”) with basins of attraction
separated by the stable manifold for the third equilibrium.

We find out that the nature of the solutions for the reactor problem with heat losses is
determined in each geometry by two parameters, namely, the temperature of the external
boundary and the Damkdhler number that relates the physico-chemical magnitudes.
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X Introduction

The mathematical analysis of the system is greatly simplified by the assumption that
the reaction occurs only in a region with uniform temperature located around the injection
area, while conduction occurs in the surrounding region. The system of reaction-diffusion
equations reduces to a linear heat equation in the shell with boundary condition governed
by a nonlinear ordinary differential equation.

Such boundary conditions are treated by Goldstein et al. in [11] and [17], and by
Vitillaro in [38]. Nonetheless, both groups are interested in regularity, existence and
uniqueness. We only consider a specific boundary condition; therefore, we are able to
determine the global behavior of the solution.

One interesting practical conclusion is that higher dimensionality of the domain in-
creases the probability of extinction. Another interesting conclusion is that the whole
system is quite well approximated by a single ODE provided by a reduced model for the
reactor, which possesses kind of “quasi-steady state solution”.

In classical reaction-diffusion systems the idea of quasi-steady state solutions is well
known. If it is assumed that the diffusion term acts in a slower fashion than the reaction
term then a simplified system can be analyzed. However, this simplification does not
always lead to nice approximations of the whole reaction-diffusion equation, see [12]. Tt
is inappropriate for our case.

Quite contrary, we take advantage that the reaction governs one region while the
diffusion governs in the other region. Then, the growth of the exothermic reaction is
bounded by the heat flux at the interfase, so essentially every solution converges to one
of the two stable equilibria. This is the core of the reduced model.

Reaction-diffusion equations have been studied for a long time. Applications include
chemical reactions, physics, biology. Problems related to combustion can be attacked
naturally as reaction-diffusion systems, as it has been done by Matkowsky et al., see for
example [26] and [28]. However, the complexity of the equations restricts the results; and
a complete description of the solution is not easy to obtain. For the study of reaction-
diffusion systems, we recommend the classical book of Smoller (1994) and the celebrated
essay from Fife (1979), which has biological applications.

We explain briefly how this work is organized. In Chapter 1 we construct the physical
model that can be used for different reaction heats, reactor geometries and sizes. We
nondimensionalize the equations, giving rise to the Damkdhler number v, which includes
most of the chemical phenomena, as pointed out to us by J. Bruining.

In Chapter 2 we identify the stationary solutions of the problem. Here we give the
first glimpse of a very simple model, called the reduced model, which provides a simplified
picture of the behavior of the full nonlinear system.

In Chapter 3 we ensure that there exist three equilibria; linear analysis shows that
two of them behave as attractors. The third one behaves as a repeller that separates the
attracting basins of the two stable equilibria, verifying the Chemical Engineering picture.
Appendix A contains the technical part for Chapter 3, namely, the explicit solutions of
the linearized model around each one of the equilibria.

In Chapter 4 we prove the existence, uniqueness and regularity for all times of solutions
of the nonlinear Cauchy problem for the reactor. As Appendix B contains technical
material for Chapter 4, we recommend to skip it initially. Nevertheless, the last section
consists of a brief self-contained summary of the whole Appendix B.
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In Chapter 5 we rewrite the complete problem as a system with an infinite number
of ODE’s. This system provides a complete and intuitive picture of the global dynamics,
which agrees with the simplified picture obtained earlier; the repeller is actually analogous
to a saddle, with a stable manifold separating the attracting basins of the two attractors.
Our proofs, however, require technical restrictions on the initial data.

Finally, in Chapter 6 we present conclusions and mention applications to physical
reality.

We close this work with six appendices containing material that can be skipped in a
first reading. In Appendix A we obtain bases of eigenvectors for the linearized models
near the equilibria. Appendix C contains the Bessel function theory used to handle the
cylindrical case studied in Appendices A and B. Appendix D explains why the boundary
conditions chosen are the interesting ones. In Appendix E we describe the numerical
methods used for our simulations. In our problem, simulations were fundamental to gain
intuition. In Appendix F, we present the physico-chemical background, and we show how
to estimate the Damkdhler number ~.
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Chapter 1
The reactor model for heat flow

This chapter describes the class of models to be solved. First we construct the physical
model. Then, we reduce the complexity of the model equation by taking advantage
of geometrical symmetries. Finally, we nondimensionalize the equations for A spatial
dimensions.

1.1 Physical model: equation for conservation of energy

We derive a set of equations that describe the conservation of energy in a medium where
heat generation and thermal flow occurs. Fick’s law describes the transport of energy by
conduction, and Arrhenius’ law describes the rate of energy generated by the exothermic
reaction between oxygen and the fuel.

Then the rate of change of the heat energy in each domain is equal to the reaction
rate, which is governed by Arrhenius’ law inside the domain, plus Fick’s law that governs
the heat flow at the boundary of the domain. For a general domain €2 we have:

d E
Ll oav = | AHe,c A ~ 2y T . #ds, 1.1
dt/QQV /Q CoC exp( RT) v+/mnv nds (1.1)

where Q = Q(x, t) is the thermal energy density and 7" = T(x, t) the temperature
distribution in Kelvin (here x means position in RN with N = 1, 2, 3, dV and dS the
respective elements of volume and area with n the normal vector to the surface 092), the
constant AH denotes the reaction enthalpy per unit mass of oxygen consumed, ¢, and ¢,
are the concentrations of the reacting oxygen and fuel, A is the pre-exponential factor, F
is the activation energy of the reaction, R is the universal constant of ideal gases and « is
the homogeneous thermal conductivity in the porous medium. The Table 1 in Appendix
F contains notations, definitions and typical physical values for these and other quantities.

Given that the focus of the study is to evaluate the three geometric domains (namely
linear, cylindrical and spherical), the general case is formulated irrespectively of dimen-
sion. Radial symmetry is of primary importance; therefore, the entire domain will be
studied as the N-dimensional solid sphere By := B[0; L], centered on the origin with ra-
dius L. The domain By is further divided in two parts. Part 1 is the internal subdomain,
namely the N -dimensional solid sphere B, := B[0; a] representing the subregion where
the reaction occurs. Typically B, will be a 3D solid sphere, a cylindrical column or a top
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2 The reactor model for heat flow

layer. Part two is the external subregion, namely an interval, a ring or the generic N-
dimensional solid shell S := By \B, (open at r = a and closed at r = L), which represents
the subregion where no reaction occurs but the heat is dissipated.

The region of interest must be described prior to defining the boundary and initial
conditions for (1.1). The reactor is shown schematically in Fig. 1.1, and consists of a
solid porous medium, both in the reaction region B, and the conduction region S. We
consider two scenarios for our reactor: the petroleum reservoir and the catalytic heater.

Injected Os
+ Fuel

medium {B,)

Conduction
medium (S)

Figure 1.1: Schematic reactor. The temperature outside the ball By is fixed.
The arrows represent the direction in which the injected gas moves.

The model discussed as part of this work was originally conceived as an oil reservoir,
however, the application of our model is illustrated better in the catalytic heater, which
we will describe later in this report.

The petroleum reservoir. Air injection into the reservoir is accomplished through a bore
hole (drill hole or well); air (oxygen) injected into the well will initially displaces in all
directions, generating an expanding sphere centered at the injection point. The injected
air will be forced upward by buoyancy forces, thereby changing its geometry into a cylinder
around the well, ultimately spreading into a horizontal layer neat the cap rock. Each of
the three transient conditions described above will have a corresponding idealized domain.
The well is shown on Fig. 1.1 by the inner region of radius b, which is assumed to be
small as compared to the radii ¢ and L. However a is also small as compared with L, this
ratio is fundamental for the analysis. The reaction occurs as a result of the injected air in
the presence of coke contained within the porous medium. The coke results from previous
chemical processes and typically it is a solid chain of carbons trapped in the porous
medium. We assume that concentrations of coke and oxygen are kept constant because it
is expected that an ignition in the reaction occurs very fast, so these concentrations are
important as initial data. (This assumption is invalid for long times in an oil reservoir.)
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The catalytic heater. We assume that a fixed proportion mixture of air or Oy and gaseous
hydrocarbon (the “fuel”) is injected at a constant rate. We assume that the gas reacts
with oxygen only in the presence of a catalytic converter (located only within the porous
medium B, ), so that no reaction occurs either in the injection region or in the conduction
region. The arrows leaving the reactor in Fig. 1.1 show the direction in which the residual
gases are expelled. In this scenario, all radii a, b and L are comparable. However, since
b can be accounted for through small modifications of the equations coefficients (and the
conclusions are similar), we use the assumption b = 0 to simplify the formulae.

Therefore, for the analysis of this work we consider the scenario of the catalytic heater.
However, we have to keep in mind that under certain restrictions our conclusions are still
valid for the petroleum reservoir.

In the next subsections we construct the physical equations for the reaction region B,
and the conduction region S assuming radial symmetry in the entire domain By.

1.1.1 Balance of energy in the internal region

We explain our motivation for taking a homogeneous temperature in the internal region.
Recall that we have assumed that there is radial symmetry in the whole domain.

We will also assume that in the interior region B, the thermal conductivity is much
larger than the conductivity in the external region S. We will now explain why we assume
that the temperature is homogeneous in B,,.

Indeed, notice that if we assume that ) remains finite when x — oo, then for any
domain (2 in B,

o1
nlggog{/QAHCOCCAeXp< RT) V——/QdV}—O (1.2)

so, dividing Eq. (1.1) by &, in a region 2 C B,, and taking the limit as kK — 0o, we obtain
that

VT - i ds, (1.3)
o

must vanish. But using Gauss formula in (1.3) this is the same as

/ ATV = 0. (1.4)

This holds for all regions € inside B,; therefore the Laplace equation AT = 0 holds in B,
pointwise for smooth temperature spatial distributions.
For the 1D case we have that 9*T/0x? = 0, i.e., the temperature profile is

T(x,t) = a(t)x + B(t), z €0, a],t>0, (1.5)

where a(t) and ((t) vary with time. Because x is a radial variable we have the symmetry
condition T,(0, t) = 0, which implies that «(t) = 0, so that the temperature remains ho-
mogeneous in the interval. Therefore the temperature will be determined by continuity on
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the right boundary, i.e., T'(z, t) = T'(a, t) for all z € [0, a). At any rate, the temperature
is homogeneous.

For the N dimensional cases with A/ > 2, the interior region B, has the (N — 1)-
sphere surface as its boundary 0B,. For radially symmetric temperature distributions the
argument is natural, because

T — ft),  x€OBst>0 (1.6)

{AT = 0, X € B, t>0
for an homogeneous temperature f(¢) on the sphere surface, which implies T'(x, t) =
f(t) for all x € B,. Therefore, the temperature will be determined by continuity at
the boundary, i.e., T'(x,t) = T(a, t) for all x € B, and where a € dB,. Again, the
temperature is homogeneous in B,,.

From now on, we will assume that the temperature is homogeneous in B,, and that
in S it depends only on the distance from the origin. We notice that the volume V), of
B, and the area Sy of 9B, are given by

Vv =CynaV, Sy =NCyaV' where C;=1,Cy=mand C;= 2n/3.  (1.7)

Notice that we take k — oo in the internal region, where V1 = 0, so the last term in
(1.1) gives no information when the 2 domain is strictly inside the region B,. In order to
understand the contribution of this term, we integrate (1.1) on B[0; a + €] and take the
limit when € — 0+; in this way VT - n is computed immediately outside of B,. We get

E
VN@ =VvAHc,c. Aexp (— —) + SNH(VT . ﬁ)

ot RT ’ (18)

0Ba+

where 0B,+ stands for the “outside” boundary of B,.
The thermal energy density () is related to the temperature 7" by the heat capacity
per unit mass (pc); (the subindex i represents the internal region B,) through

8Q dQoT 9T

ot dT ot (PC)iE- (1-9)

and therefore () is also homogeneous in B,.

In the domains we study (linear, cylindrical and spherical), we have that at the bound-
ary 0B, the normal derivative VT - 1 is equal to the radial derivative 0T /Or always; so
using this identity in (1.8), and the relationship (1.9), we get

or

i , (1.10)

Viv (pe) :VNAHcOccAexp(——

which is the final form of the equation of conservation of energy in B,. We will analyze
how the thermal flow in the external region with no reaction S affects the reaction in By,
for each geometry.
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1.1.2 Heat transport in the external region

For the external sub-domain S, using the divergence theorem in any subregion €2 of S, we
derive analogously to Eq. (1.1):

i/de = / kVT-ndS = /div (kVT)dV. (1.11)
dt Q o0 Q

This is valid for all sub-domains of S, therefore it is valid locally. With x constant and the
heat capacity per unit mass (pc). also constant (the subindex e represents the external
region S), this leads to

(pc)e%—f =k AT. (1.12)

1.1.3 The reactor model for the complete domain
We summarize Eqgs. (1.10) and (1.12) for T'= T'(x, t):
oT

(pC)eE = kAT X € S, t 2 0
oT E T (1.13)
Viv (pe); 5 Vv AH ¢, c. Aexp < RT) + Syk O o x€ B, t>0

The second equation matches the heat flux between the exterior and the interior regions.
We will work only with external limits of derivatives on the boundary 0B,+ of the interior
region B,, since the temperature 7" is homogeneous in B, (spatial derivatives within B,
vanish and convey no information, as we explained in the derivation of (1.8)).

We have formulated the equations for conservation of energy. In the following sec-
tion we introduce the radially symmetric version of Eq. (1.13) and we construct the
corresponding nondimensional equations that are the object of this work.

1.2 The complete nondimensional equations

The radial domain stretches in r from 0 to L. The reaction takes place inside B,, centered
at the origin with a fixed radius a < L. The reactor zone stretches radially from r = 0 to
r=a.

Noticing from Eq. (1.7) that the ratio Sy/Vi = N /a, the radially symmetric equa-
tions (1.13) for the temperature in the A'-dimensional ball in RV with radius L:

oT 1 8/ . ,0T
(pe)e A aow (r ar) rela, L), t>0 (1.14)
oT E Nk oT
i = AH A S — — >0 (1.1
(pe)i—, _ coCc A exp ( RT) ey = €0, a], t >0. (1.15)

In Egs. (1.14)-(1.15) we took advantage of the radial symmetry to drop the angular terms
in the Laplacian.
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Remark 1.1 In Eq. (1.14) we implicitly define the spatial first and second derivatives
at the boundaries r = a, L in the following sense, the limits im, .y O"T/Or™ for r = a
and lim,_,;,_ O"T/Or™ for r = L ezist for n = 1, 2. We will look for solutions that are
“reqular” at the boundaries of S in this sense.

In order to close the system, we will need boundary and initial conditions, namely,

T(r,t) = Ty, r=L,1t>0 (1.16)
T(r,0) = Ti(r), r € la, L], (1.17)
where T, stands for the reactor temperature at the exterior surface, which is kept fixed,
and T;(r) the initial temperature profile in the reactor. Notice that the radially symmetric
initial profile must be extended for the whole domain, i.e., T; : [0, L] — R, with T;(r) =
Ti(a) for r € [0, al.
We nondimensionalize the physical magnitudes with

ri=az, L:=alL, tg := (pc)ia®/k, t = tpt,

6 :=TR/E, 0 :=T,R/E and 0;(z) :=Ty(r)R/E,
obtaining for (1.14) and (1.15)

(pc)ea? 06 1 0 [ 100 - =
A z >0 (1.
Y i\ T 5z zell, L], t >0 (1.18)
a2 2
M@_@ — MGXP (_ l) +/\/8_‘? Zel0,1],t>0,1.19)
Ktr Ot |;_, kE F=1 O |3y,
and for (1.16) and (1.17)
0z, t) = 0y, t>0 =1L (1.20)
0(7,0) = 0,(%), iell, L) (1.21)

Introducing the ratio £ of heat capacities per unit mass and the number + (the
Damkdéhler group IV, see [4])

(pc)e AHc,c. Ad’R
€= d _ 1.22
o, M "z : (1.22)
and dropping the tildes, we rewrite the system (1.18)-(1.21) in the form:
(
a0 1 0 [ p_,00
— = — — 1, L|, t > 1.2
g@t le&x(x 8:6) vell, Ll 120 (1.23)
00 1 00
i = - — =1,t> 1.24
at =1 TP < 9) x=1 +Nax =1+ : 7 0 ( )
0L, 1) = oy t>0 (1.25)
O(z,0) = 6;i(x) z el L] (1.26)
Oz, t) = 0(1,1) rel0,1],t>0 (1.27)
\
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We assume continuity of the initial/boundary conditions, which means that 6;(L) = 6,
related to (1.25) at the outside boundary, as well as 6;(1) = 6(1, 0) related to (1.27).
(This is called compatibility condition.)

Equation (1.19) was divided into Eqs. (1.24) and (1.27), the former is the matching
equation between the heat generated by reaction in the interior region and the heat
conducted through the exterior region, and the latter expresses that 6 is independent of
x in [0, 1]. Taking this fact into account, we can perform the analysis either in [0, L] or
in [1, L]. In Chapter 2, for example, it will be useful to use the domain [0, L]. On the
other hand, for the study of the nonlinear PDE, it is helpful to use the restricted domain
[1, L] and omit Eq. (1.27). We will always look for solutions of (1.23) that are regular in
the sense of Remark 1.1.

If the internal radius b were not neglected, actually Vjy in Eq. (1.7) should have
been replaced by Cy(aV — V), so the term Nk/a in (1.15) would be multiplied by
aV /(@ — V) > 1. Thus, the last term in Eq. (1.19) would also be multiplied by
aV' /(@ — V), which would be lead in Eq. (1.24) to the same modification. Notice that
such a change in Eq. (1.24) gives rise to a similar qualitative behavior for the solution.
Therefore, we do not discuss it.

Notice that it is not possible to perform a nondimensionalization that reduces £ to 1,
without changing properties in space x. As we will see, there are two types of solutions for
(1.23)-(1.27) as far as £ is concerned. The first type corresponds to €& = 0 and the second
one to £ > 0. The first one corresponds to (pc). < (pc); and is used only in Chapter 2; in
the second type, the precise value of £ is irrelevant, thus from Chapter 3 through the end
of this work we will set £ = 1 by assuming that the interior and exterior heat capacities
for unit mass are close enough.

We will see that for any dimension N/ = 1, 2, 3, the behavior of the solutions of
the reactor problem is governed by 6, and ~, the scaled prevailing temperature and the
Damkohler number. Typical sizes of L, 6, and ~ are discussed in Remark 2.1.

Remark 1.2 The standard notation for the Damkohler group IV is Dayy, see [4], we
have used ~ given in Eq. (1.22.b) instead of Dayy as a short notation. The physical
meaning for this number is the ratio between the “liberated heat” by the reaction and the
“conductive heat transfer”. Usually the temperature used for calculating this number is a
characteristic temperature, but here the characteristic temperature is E /R, which is known
as the activation temperature. Fven though this ratio is large and appears dividing v given

in Eq. (1.22.b), we will see that v is also very large; the consequences are discussed in
Appendiz E.1.2.



Chapter 2

Steady-state and quasi-steady solutions
for the reactor model

This is a new world, fundamentally different
from that of real objects and real events

— the world of mental constructs,

wnternally ruled by laws formally stated,

the world of mathematics.

INTUITION IN SCIENCE AND MATHEMATICS,
EFRAIN FISCHBEIN.

The stationary equations for the reactor model (2.1)-(2.3) are the object of Sec. 2.1. In
Sec. 2.2 the stationary solutions are studied in a general manner for any dimension N;
thus the solution formulation can be considered as a whole for further treatment.

The steady-states solutions in a semi-infinite domain, or for a finite domain with
Neumann condition lead only to trivial solutions in 1D and 2D. (This is shown only for
the 1D case, in Appendix D.) We will provide a unified study of solutions in a finite
spherical domain in 1D, 2D and 3D.

In Sec. 2.3 we will study a reduced model, which will be proven along the work to be
a nice approximation for long time behavior of the whole nonlinear problem for a wide
class of initial conditions.

2.1 The stationary equations

Steady-states o(x) are time-independent solutions of system (1.23)-(1.24); they satisfy

1 d N—1 dQ
_ — = 1, L 2.1
:(,’N_ldqj(x d:E) 0 xE[ ) ] ( )
1 d
’yexp(——) + N2 =0 r <1, (2.2)
0 =1 dl’ =1+

where the derivatives of p(z) are “regular” in the sense discussed in Sec. 1.2.

8
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From Eq. (1.25), we impose the boundary condition at the right

o(L) =0y, (2.3)

where 6 is a non-negative temperature. Then, because of (1.27), we can impose a similar
boundary condition at the left, say

o(1) =0, (2.4)

where 0, needs to be determined so that o(z) is indeed a solution of (2.1)-(2.2). (Notice
that as a matter of fact o(x) = 0, for x € [0, 1].)

2.2 Finding the equilibria
First we solve Eq. (2.1), leading to
o(x) =ar(x)+0, with a, b constant, (2.5)

where, up to a normalization, r(x) is the fundamental solution for Laplace equation or
Green function:

L—x
d

N
r(x) = nz N
%

T WL’

L (Ljx)N =2

L
2, for zell, L], with d:=L-1, (2.6)
7 3.

Vv

Notice that (1) = 1 and (L) = 0 for any N > 1.

The constants a and b in (2.5) are determined by the Dirichlet boundary condition
(2.3)-(2.4). Substituting solution (2.5), (2.6) in (2.3)-(2.4) leads to a = 0, — 01, and to
b = 0, yielding the solution

0o, r <1
o(z) = { 0, — 0,)r(@) + 0., w1, L. (2.7)

Equation (2.2) will determine conditions for the existence of stationary solutions. We
define sy := —[N7'(1)]7!, which satisfies Ng,(1) = (61 — 0,)/sn as follows

d, N=1
sy =4 3InL, N =2 (2.8)
=, N 23,
From Eq. (2.2), vexp(—1/0(1)) + No.(1) = 0 and from the boundary condition (2.4),
o(1) = 6,, we have 0, — 0,
T e (-1/8,)

which expresses the fact that the heat generated in the combustion region balances the
heat dissipated in the conduction region. Therefore L, 0,, 01, v and N are intimately

(2.9)



10 Steady-state and quasi-steady solutions for the reactor model

correlated for the stationary solutions. To facilitate writing the heat balance Eq. (2.9)
for each given reactor temperature 6, it is useful to define the function

0— 0y
exp(—1/6)’

We are interested in the values 6, in (2.4) that satisfy Eq. (2.9), i.e., Z(0,; 01) = vSn;
this is the same expression found in [6]. We will describe soon how = depends upon 6.
However, after this discussion we will set ; as a fixed parameter and we will use the
simplified notation

=(0) :=Z(0; 0,), (2.11)
where Z(0; 01) is defined in (2.10).

E(&, HL)

Figure 2.1: Some plots of Z(0; 01) versus 6. Here 0, = 0.17 for the solid curve,
0, = 0.15, 0.19, 0.21, 0.23 for the dotted curves (from left to right), 6, = 0.25
for the dotted-dashed curve. Notice that when 6, is smaller, the peak becomes
higher. All curves are asymptotic to § — 6, when 6 tends to infinity. Notice
that the intersection of each curve with the 6 axis occurs for the respective
temperature 6.

Notice that ysy > 0 and 6 > 6, is such that Z(0; 0.) in Eq. (2.10) is positive too.
Thus the roots of Eq. (2.9) are always larger than #;. Looking for the extrema of the
function =(-; 1), we see that

d_ . d 1 0> —0+6, 1

Then d=(0; 01,)/d6 = 0 at

9M20N1<9L> = 1—%\/1—4¢9L and szﬁm(ﬁL) = %—i—% 1—49L, (213)

[\]
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s0) T
1
> E(0n) =
4l _
3
,
2 (0m) ]
1
\ 0 !
0 HﬂM O 1 2

I II 9 IT1

Figure 2.2: The solid curve is Z(0) in (2.11) with 6, = 0.17. At the left of
vertical axis we show the regions where we have one or three solutions, marked
with ‘1’ or ‘3’ on the vertical axis. On the horizontal axis, we mark also the
regions I, II, IIT where the corresponding 6;, 8;;, 0;;; are located.

where m stands for minimum and M for maximum, see Fig. 2.2.

Inspecting Fig. 2.1, we notice that (2.9) has always at least one root, which means
that there is always a steady-state solution. (There exists one value for 6, € [0, 0]
identified with I in the horizontal axis of Fig. 2.2 for ysy < Z(0,,,), and for ysy > Z(6)
there exists one value for 0, € [0,,, 0o) related to III in Fig. 2.2 that satisfies (2.9).)
For Z(0y) < vsy < Z(0,,), there are three different roots, which define three different
stationary solutions. Let us call these roots 0;, 077, 0777. Notice that

QL <(91<(9M <(9H<9m <9[[[.

Recall that 0y, = 0),(01) and 6,, = 0,,(0). So we have that 07, ;7 and 0777 depend on
01, v and sy.

Remark 2.1 The standard environment temperatures are of order 300 K, which is equiv-
alent to 0, =~ 0.016, for the activation energy E in Table 1 (page 87), appropriate for
coke. Moreover, the system has a unique stationary solution when 6; > 0.25, which is
approximately 4753 K; so for physically reasonable conditions, the model has three station-
ary solutions. (These conversions are made always with the ratio E/R ~ 2 x 10, known
as the activation temperature, see Appendiz F.)

We have 0 = 0.016, then using (2.13) we see that 0y ~ 0.0163 and 6, ~ 0.9837.
Introducing these values in (2.10) leads to the mazimum Z(0yr; 0.016) ~ 1.3317 x 10
and the to the minimum Z(0,,; 0.016) ~ 2.6744. In Appendiz F, we provide an example
calculation, which gives v = 7.0 x 108. For the existence of three steady-state solutions,
the condition (2.9) has to be satisfied, so sy must be in the range [Z(6,,)/v, Z(0n) /7],
see Eq. (2.8), i.e., sy € [3.8206 x 1072, 1.9025 x 10%4].
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10° I i i
0.15 0.5 2 1

Figure 2.3: Some plots of Z(0; 0;) wversus 6 on a log-log plot. The
dashed curve corresponds to 6; = 0 and, the dotted-dashed curve to
0, = 0.25. Notice the dependence of 6);, and 6,, on 60 defined in
(2.13). The dark curve is the plot of 8, — (6,,(L), 2(0,,(61); 1)) and
of 0 — (01\/1<0L); E(GM(QL), 9[)), both for 6; € {O, 025] Notice that
6]%(9L> S 0.5 and 0.5 S Hm(GL)

Now we rescale this condition to actual physical length; recall that a = 0.1 m for porous
media gives rise to the characteristic length. (This value is appropriate for the 2D case.)
Thus, using the values of Eq. (2.8) we see that the 1D case has three equilibria if the
dimensional radius L is larger than 0.14+3.8206x 1071° m and smaller than 1.9025x 10" m.
For the 2D case, we need L between approzimately 0.1 m and exp(3.805x 10™) m. Finally,
notice that for the 3D case sy € [0, 1/3) for nondimensional L > 1, so the restriction
is always satisfied when the dimensional L is larger that 0.1 + 1078 m, so that there are
always three equilibria in practice.

2.3 The reduced model: quasi-steady solutions

The idea of studying a reduced model is based on two facts. First, stationary solutions
always have specific profiles for x in [0, L] given by the functions o(x), Eq. (2.7), where the
function r(x) depends upon each dimension. Second, numerical simulations, in Appendix
E, show that any solution profile of the nonlinear model will quickly approach such profiles
with time-dependent values at x = 1. This fact also follows from analysis presented later.
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Thus, in order to study solutions that have such profiles both in the initial condition
and during the evolution of the solution, we make a specific kind of simplification in the
original nonlinear model: we will keep (1.24), but we enforce fundamental solutions of the
Laplace equation by taking £ = 0 in (1.22.a). This is the same as considering the limit
of the solution when (pc)./(pc); — 0.

Thus we are led to consider R(z, t), the solution of the system of equations (1.23)-
(1.24) with £ =0, for x € [1, L] and ¢t > 0. It satisfies the reduced model:

1 0 ([ y,0R
0 o (x 8:17) zell, L, t>0 (2.14)
R, = ~vexp(—1/R) +N—g]j r=11t>0, (2.15)

with the initial/boundary conditions (1.25)-(1.26), given by

{ R(L,t) = 0f t>0 (2.16)
R(x,0) = (0, —0)r(z)+0, x€]l, L], '
with a fixed reactor temperature 6, and where r(x) depends upon the dimension N,
given in Eq. (2.6). Notice that R(1, 0) = 0, in (2.16) is the initial temperature at z = 1.
Notice that condition (1.27) extending the solution to [0, 1] can be imposed separately.
Of course, the initial condition (2.16.b) must be related to the fundamental solution of
the Laplace equation for x € [1, L], see (2.6).

T

i
08; Or1 n Oriz

Figure 2.4: Schematic plot of the RHS of (2.18.a). The arrows denote the
tendency of any condition 7(¢) based on the sign of its derivative.

Inspecting Eq. (2.14) shows that the solution for any time is, in fact, a fundamental
solution of Laplace equation; by analogy with Eq. (2.16.b) we see that we can write the
solution as

R(z, t) = (n(t) — 0p)r(z) + 0r, (2.17)

which clearly satisfies the initial and boundary conditions (2.16) provided 7(0) := 6,.
Substituting (2.17) into (2.15), we see that 7(t) has to satisfy

n'(t) = vexp (— U(lt)> — 77(2;[ QL, with  7(0) = 6,. (2.18)
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Solutions of the form (2.17) such that 7(t) satisfies Eq. (2.18) are called quasi-steady. See

Fig. 2.4.
At equilibria, notice that " = 0. Setting ' = 0 in (2.18), we see that stationary values
n must satisty, for = given in (2.11)

vsnv = E(n), (2.19)

by recalling that now 6, is a fixed value.

Compare (2.19) with (2.9) and notice that both are the same expression. Therefore,
we see that the stationary solutions of system (2.14)-(2.16.b) and of system (1.23)-(1.25)
are the same. We recall the solution (2.7), and we write the stationary solutions as

. 69], T € [(), 1]
orle) = {(91 — () + 0, w e[l L), (2.20)

analogously for o;;(x) with o;7(1) = 077 and orr7(x) with or77(1) = 0777, In Fig. 2.5
we plot the different profiles for the 1D and 2D cases; the 3D case is very similar to the
2D case. Notice that the value of 0;;; for N' = 2 is smaller than the value for N' = 1.
Inspecting Fig. 2.1 we see that this is expected from relation (2.19) and from sy < sy
(this relationship follows easily from (2.8)).

Or11

Orrr

b Orr
0[ 91
eL' HL'
o 1 L o 1 L

Figure 2.5: The typical plots for the stationary solutions. In the left figure,
we have the profile for the 1D case, at the right for the 2D case. The solid
curves are for o;(x) (at the bottom) and orr7(x) (at the top), the dashed are

for orr(x).

Because 7/(t) > 0 in (2.18) only if 7(t) € (—oo, 0;) U (011, 0111), and 1'(t) < 0 only if
n(t) € (01,0r1)J(0111, 00), see Fig. 2.4, it follows that o;(x) is an attractor for any solution
of system (2.14)-(2.16) with initial condition such that R(1, 0) < 6;, so R(z, t) — or(z)
as t — 0o. We have an analogous result for o;r/(z) if R(1, 0) > 607, because R(x, t) —
orrr(x) as t — oo. Clearly the steady solution g;(x) related to ;; is an unstable solution
of (2.14)-(2.16), i.e., a repeller.

Inspecting the plot in Figures 2.2 or 2.3 we see that the unstable equilibrium solution
exists if, and only if,

0, < 0.25 and Vsn € (E(0m(01); 01), E(0m(61); 01)). (2.21)
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In this case all three roots of Z(-; ;) = sy exist, and we have 0; < 0y < 0;; <
O < Or17. If at least one of the conditions (2.21) fails to be satisfied, we have a unique
equilibrium, which is an attractor.

Notice that in this reduced model, the solutions form a one dimensional set of functions.
We have two heteroclinic orbits in this space: one from p;;(x) to or(x) and another one
from o;;(x) to orrr(x). We will show that for the nonlinear problem (1.23)-(1.27) the
function space is infinite dimensional. Nevertheless, two analogous heteroclinic orbits
remain, as shown in Chapter 5.

Moreover, we will be able to show that the reduced model is a very nice approximation
of the complete nonlinear problem: the reduced solution captures most of the long time
behavior of the nonlinear solution.



Chapter 3

Linear stability analysis around
equilibria

Archangel Gabriel — Study your Math...
key to the Universe!
THE PROPHECY, 1995.

In this Chapter, we derive the linear equations satisfied by perturbations around any of
the three equilibria found in Chapter 2. Linear analysis around each stationary solution,
performed in Sec. 3.1, reveals the nature of the steady-states in Sec. 3.3.

In Sec. 3.2 a rigorous analysis is performed which shows that the evolutionary solution
found in Sec. 3.3 actually describes the entire linear models of Sec. 3.1.

Recall that from this Chapter through the end of this work we will work with £ = 1.
In the Concluding Remarks, Chapter 6, we discuss the relevance of £ # 1. Also, from
now on the temperature 6, is considered as a fixed parameter for the reactor.

3.1 Linear models around equilibria

We use o(x) to mean any of the three equilibrium temperature distributions found in
Chapter 2, namely, o;(z), orr(x) or orrr(z). Notice that for 8 ~ g, using Taylor’s formula,
we can write

exp (—1/0) ~exp (—1/0) (1 + (0 — 0)/0%). (3.1)

Now using (3.1) on the first term of the RHS of (1.24), adding and subtracting o, and o,
recalling that o, = 0 and p(x = 1) satisfies Eq. (2.2), we have that (1.24) becomes

a0 — o) 9(0 — o)
EAAREA B ar—o 2
| o0 — o) . TN o (3:2)
where, with o(1) = 6,, we have defined
o=0(0,) :=yexp(—1/6,)/6>. (3.3)

16
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We now examine how the solution of the evolution problem behaves when we perturb
the solution around the stationary solution o. To do so, we define

Wz, t) = 0(x, t) — o(x). (3.4)

Since we have assumed constant reactor temperature at the right boundary, we write the
linear model for the perturbation from Eq. (3.2) and from the heat equation (1.23) as

10 00
ﬁt = :L-N—l %(.T %) S [1, L], t>0 (35)
v, B Vo z<1,t>0 (3.6)
z=1 z=1 O le=1+

(where the spatial derivatives of ¥(z, t) are “regular” in the sense discussed in Sec. 1.2,)
with homogeneous Dirichlet boundary and initial conditions

YL, t)=0, t>0 and Uz, 0) =9,(x), Vael0, L] (3.7)

Notice that the initial data must be constant in the inner interval, i.e., ¥,(z) = ¥,(1) for
x € [0, 1] needs to be satisfied.

Equation (3.5) is a version of the heat equation, and a classical approach to find its
solution is separation of variables. Substituting

Wz, t) :=T(t)X(x) (3.8)

into (3.5) and dividing by X (x)T'(t) shows that

e () T

X0) ) (39)

The constant A arises because the first equality in (3.9) must be satisfied for all z € [1, L]
and t > 0. Thus each of these fractions cannot depend explicitly on x neither on t.
Equating the second and the last term in Eq. (3.9), we obtain, for any A:

T'(t) = \T(t), with solution T(t) = Aexp(At), (3.10)

where the constant A must be determined.
Equating the first and the last term in Eq. (3.9), we obtain

lel % (mN—ld);;x)> X (z) =0, (3.11)

Introducing (3.8) in the boundary conditions (3.6) and (3.7.a), leads to
o X(1)+ NX'(14) = AX (1) and  X(L)=0; (3.12)

these are the boundary conditions for (3.11). Equations (3.11) and (3.12) can be re-
garded as a nonclassical Sturm-TLiouville problem. (Classical Sturm-Liouville problems
have boundary conditions that do not involve A, which is not the case of Eq. (3.12.a).)
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In other words, the problem (3.5)-(3.7) for the ansatz ¥(z, t) = T'(t) X (z) leads to the
solution (3.10.b) and to the following eigenvalue problem:

Ij_lé(wld);—f)) — AX(2) v e[l L] (3.13)
oX(1)+ NX'(14) = AX(1) (3.14)
X(L) = 0 (3.15)

X(z) = X(1) z €0, 1). (3.16)

In Appendix A we solve (3.13)-(3.15) for N' = 1, 2 and 3; (3.16) can be imposed separately.
We notice that the solution X (z) is not necessarily unique; as a matter of fact, we will
prove in Appendix A that typically there exists an unbounded countable discrete set of
real eigenvalues \,,, with associated eigenfunctions X,,(z) that solve (3.11)-(3.12). In Sec.
3.2 we establish that in each dimension, the eigenfunctions form complete orthogonal
bases of certain Hilbert spaces, see Appendix A.

Then, we have constructed the particular solutions

Uz, t) == A, exp(At) Xy (2), (3.17)

which satisfy the boundary conditions (3.14)-(3.15) of Eq. (3.13), for the eigenvalues \,.
The same is true for any finite linear combination of solutions of the type (3.17). We
will attempt to represent the solution ¥(z, ¢) of (3.5)-(3.7) as an infinite series on the

functions 9, (z, t): 9z, ) = ZA" exp(Mt) X (). (3.18)

Then, the constants A, must be chosen in order to satisfy the initial condition (3.7.b).
This construction is completed in Sec. 3.3.

3.2 Self-adjointness of the linear operator

We will see in Sec. 3.3 that J(x, t) in Eq. (3.18) form
a one-parameter semigroup. To prove that the operator
that generates the semigroup is self-adjoint and thus its
spectrum lies in the real axis, it is actually simpler to
analyze v(x, t) as the heat equation in the whole solid ball
By := B[0; L] in RV instead of ¥(x, t) in the interval for
x € [0, L]. We preserve the spherical symmetry requiring

v(x, t) = 9(||x]|, t), for all x € By.

However, we will not use explicitly spherical coordinates.

By,

Thus, we preserve the reaction domain as the unit ball B := BJ0; 1], but we will
explicitly write the full Laplacian operator outside, in the solid shell S := B\ B. Notice
that the angular derivatives simplify leading to the operator appearing in Eq. (3.5). This
fact was the reason to study ¥(z, t), because we are only interested in functions with
radial symmetry. Thus, let us define the symmetric continuous functions in By, that are
constant in B as

Cs[Be] = {6 € CIBL] | 6(x) = o(y) if [xI| = iy || and 6(x) = 6(x/|xI]) for [lz] < 1}.
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Let us define the characteristic function on B as

]IB . BL — R (319)

Ly(x) {O, x eSS

1, x€B. (3:20)

Thus, the nondimensionalization and linearization of equations (1.13), for the unit N/-
dimensional ball B, the interior region, and the N -dimensional shell S, the exterior region,
lead to the problem

vy = Av xe S, t>0

0
v = |:O'U—|—N—U:| 1p xXE€B, t>0,
or | opy

(3.21)

where the spatial derivatives of v(x, t) are “regular” in the sense of Remark 1.1 and where
we notice that v(x, t) has a time-dependent constant value inside B, because T'(x, t) is
also homogeneous in B, see (1.13). Nonetheless, recall that for B we work with external
limits of derivatives calculated in S and evaluated on the boundary dB+. The exterior
boundary condition is

v(x, t) =0, |x|| =L, t>0, (3.22)

as we can infer from (3.7.a). (Of course, if the initial data is constant on B and radially
symmetric, the solution v(x, t) is also constant on B and radially symmetric.)

Using the separation of variables v(x, t) = exp(At)®(x) in Egs. (3.21) and (3.22) leads
to the eigenvalue problem (which is equivalent to (3.13)-(3.16))

AD = )\ xXeSsS

d®
[afbjtj\/—} I = X\ X € B,
dr OB+

(3.23)

where the radial derivatives of ®(x) are “regular” in the sense of Remark 1.1 and with
¢ (x) = P(y) for all x € B and any y € 0B+; we also set ¢(x) = 0 for ||x]| = L.

Notice that closing Cs[By] with the L?*[B;] norm defines the space L%[By] of functions
L?[By] with spherical symmetry, defined in the closed A-ball By in RV such that they
are constant almost everywhere in the inner A-ball B. For two functions ®, ¥ € L%(By)
we split the L% inner product into

(B, W) 1= (B, W) + (D, V), (3.24)

where the subscript means the region for the unit ball B or the shell S where the standard
L? inner product in RV is taken, i.e.,

(D, W)B:/BCID(X)\I/(X)CZX and (@, \I/)sz/SCI)(X)\I/(X)dx. (3.25)
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Lemma 3.1 The operator in the eigenvalue problem (3.23) can be expressed as

Ad(x) x€eS

S[@](x) :={ P N] h(x)  xeB (3.26)

where ® is “reqular” in the sense of Remark 1.1, i.e., the radial derivatives of ®(x) have
certain lateral limits at r = 1, L on the dense subset D(S) of the Hilbert space L%(Byr) of
radially symmetric functions, namely

D(S) = {gzﬁ € Cs|BL] ﬂCZ(S)’(b(X) =0if ||x|| = L and ¢ “regular” at 85}

with the L%[By] inner product (5.24). On D(S) the linear operator S is a symmetric
and upper bounded operator, with bound o. (Notice from the very definition that S|®] is
radially symmetric in By, and constant in B.)

Proof. The proof uses the notation for the case with NV = 3, but the proofs for other
dimensions are analogous. Let ®, U be any two functions in D(S). The normal vectors
from S and B have opposite directions, so from Gauss Theorem and recalling that ®(x) =
0 for ||x|| = L, we obtain (using ds as the area element to avoid the notation conflict with
the shell S)

(®, AT)s + (VO, VI)g — / o) M) 4o / oM™ 4o (307)
as dr OB+ dr
A dv dv
{ ‘h"}aB+/QB ’ B dr | opy dr aB+< 5)s

where |B] is the volume of the unit ball, and because in view of relation (1.7), which
implies that the surface |0B] is equal to N|B|. Therefore, recalling the inner product
(3.24) and that U is constant in B, using (3.26) and (3.27) lead to

(®, S[U]) = {U\Djt/\/'@} (®, 15)p + (@, AV)g

dr | op4
A dW
— (B, Vg + N—]| (&, ]13>B+/ @(x)ﬂds—w@, V)
d?” 9B+ as dT
= (D, U)p — (VD, VI)g. (3.28)

Now, note that Eq. (3.28) is symmetric in ® and ¥, so that it implies
(@, S[V]) = (S[®], ¥). (3.29)

We conclude that S is a symmetric operator. As to the upper bound, note from the
relations (3.28) and (3.29) that

o (@, ) — (S[®], @) = o||®|]* — o|| @[5 + [V = of| 2[5 + VL[5 > 0. (3.30)
So, we conclude that S satisfies the bound
(S[2], @) < a(®, ), (3.31)

and the operator has upper bound o, which completes the proof. (Of course, S does not
have finite norm.) O
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Now we use a renowned theorem of Friedrichs applied to the operator A := ol — S
to prove the main result of this section, namely, that under these conditions, & can be
extended to a self-adjoint operator, see [29)].

Theorem 3.2 (Friedrichs extension theorem) Let A be a positive symmetric operator
and let q(p, V) == (Ap, V) for ¢, b € D(A). Then q is a closable quadratic form and
its closure q is the quadratic form of a unique self-adjoint operator A. A is a positive extension
of A, and the lower bound of its spectrum is the lower bound of q. Further, A is the only
self-adjoint extension of A whose domain is contained in the form domain of q.

Remark 3.3 Friedrichs’ theorem gives additional information: the domain of the exten-
sion of A is a subset of the form domain §, therefore D(q) C L%(By), because the closure
of q was taken in D(S) C L%(By) with the L*-norm. In Appendiz A we work on this
space and show that the spectrum s actually discrete.

The most important result in this section shows that (3.23) describes the spectral
problem for a self-adjoint operator, therefore the spectrum of the operator lies in the real
axis. In Appendix A we see that there is only point spectrum {\,}, so the eigenfunctions
®,,(x) related to the eigenvalues A, are orthogonal to each other under the inner product
(3.24).

It is important to keep in mind that we extend ®,, as constant in B by ®,,(x) = ®,(y)
for every x € B and any y € S such that ||y|| = 1. So the eigenfunctions X,, in Appendix
A are related to ®,, via @, (x) = X,,(||x]||) for every x € By.

Corollary 3.4 The first conclusion that we can extract from Theorem 3.2 is that the
spectrum of S is restricted to the real azis in (—oo, o], for any o, L and N

Moreover, we can verify that the parameter o defined in (3.3) is bounded because

do(9) 1-20 1
7 R exp(—e) (3.32)

which is zero only when 6 = 1/2, so
o) <o(1/2) =4ve? <4y, VOcRT. (3.33)

Remark 3.5 Friedrichs’ theorem gives additional information: the domain of the exten-
sion of A is a subset of the form domain q, therefore D(q) C L%(Br), because the closure
of ¢ was taken in D(S) C L%(By) with the L*>-norm. In Appendiz A we work in this space
and show that the spectrum is actually discrete.

3.3 Evolution of the linearized models
We have split the solution ¥(z, t) by separation of variables in Eq. (3.8). We wish to find

the eigenvalues A\ for the modes of the solution, because we will proceed differently for
eigenvalues A < 0 and A\ > 0.
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In Appendix A we will show that there exists an eigenvalue A > 0, and only one, when
the initial temperature 6, in the reaction region B satisfies 0, € (0, 0,,), with 6y, 60,
given by (2.13).

When it exists, let us identify the positive eigenvalue as \,, and its associated eigen-
function by X,(x). In Appendix A we will also verify that there exists an infinite discrete
set of negative eigenvalues, say —\,, with associated eigenfunctions X, (z), for all n € N.
This set of eigenvalues satisfies —\,, — —o0 as n tends to oo.

Let us define L2/[0, L] as the regular L?[0, L] space with weight 2V 7!, i.e.,

Ly[0, L] == {f € L*[0, L] [{f. flw < oo}, for (f, g)x ::/0 N f(2)g(x)dz,

(3.34)
so L2[0, L] = L0, L]. The need for the weight ¥~' on the N dimensional domain
arises from the radial symmetry. Indeed, let f be a radially symmetric function defined
in L?(By) (for By, € RV), ||f|| the standard L? norm, thus (with some abuse of notation)

L
1112 = | Pegav = ey / NPy dr = N fI2

because the area of the A/ dimensional sphere S(r) with radius r is given by NCyrV-1,
see (1.7). Therefore, the standard L? norm is equal to the norm || f||» up to the constant
VN Cl, see the expression given in (1.7).

We must solve the boundary problem (3.5)-(3.7.a) for initial condition J(z, 0) = J,(x)
in L3/[0, L] given in (3.7.b). We do this by superposition of the solutions X,(x) and
Xn(z), Vn e N, i.e

Do) = AXo(x) + > ApXy(x), (3.35)
neN
where the first term exists when X,(x) exists. The coefficients A, and A, (with n € N)
need to be determined from the initial condition. Let us assume that we have normalized
the X, and X, eigenfunctions.

Now, by defining the semigroup operator 7 : [0, co) — L(L/Q\/[O, L]), the set of
bounded linear operators from L3/[0, L] into itself. The semigroup operator then maps ¢
into 7 (t) defined as

T(£)0(x) = (X0, O)ar exp(Aot) Xo() + 3 (X D)ar exp(—Ant) X () (3.36)

neN

for all ¥ € L3/[0, L]. Notice that 7 is a strongly continuous one-parameter semigroup,
see for example [10], since

TOW=9 and  TO[T(s)9] = T(t+ s)0, (3.37)

because (X, T(s)9)n
we have (X,, T(s)V)n

= (Xp, W)y exp(—A,s), ¥n € N and in an analogous manner
= b
Xy, ... . Therefore, 7(0)

(Xo, V) nrexp(Nos), because of the orthonormality of X,, Xj,
=land T(t+s)=T(t)7(s) for all ¢, s > 0.
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Therefore, following the results of the Hille-Yosida theorem, we interpret the solution
(3.36) of the linearized model as

v(z, t) = [e%,](z), (3.38)
when S is defined in (3.26) or, more explicitly, we rewrite Eq. (3.36) as

Iz, t) = Ay exp(Aot) Xo(x) + > Ay exp(—At) X, (), (3.39)

neN

where the coefficients are given by
A, = (X,, U)n and A, = (X, Io)a, Vn € N (3.40)

due the completeness and orthonormality of the eigenfunctions defined in L3/[0, L].

In this Chapter we completed the linear stability analysis of the reactor problem near
the equilibria. This is the local analysis. The Chapters that follow are concerned with
the global analysis of the full reactor problem.



Chapter 4

Existence and uniqueness of solution
for the nonlinear model

The nonlinear evolution problem can be written as a superposition of simpler auxiliary
problems, as shown in Sec. 4.2. First we discuss these auxiliary problems. One of them
is the reduced model of Sec. 2.3. The other is the complementary model; their solution
is presented in 4.1. Once we understand the solution of these subproblems, we show how
to construct the solution of the complete nonlinear problem in Sec. 4.2 as an initial data
fixed point problem. This problem will be proven to have a unique solution for each initial
data in Sec. 4.3.

4.1 Auxiliary linear models in A/ dimensions

To solve the nonlinear problem (1.23)-(1.27), it is useful to solve the following linear
initial-boundary problem. Let n € C'[0, co) and let §(x, t) be a function with at least
two continuous derivatives in x € [1, L] and one continuous derivative in ¢ > 0, satisfying

( % _ %%(M—l%) vell, L], t>0 (4.1)
61, 6) = n(t) £>0 (4.2)
0L, 1) — 6, £>0 (4.3)
O(z, 0) = 6;(x) ze[l, L. (4.4)

\

Here we assume continuity of the initial /boundary condition, i.e.,

Notice that condition 0(1, t) = n(t) replaces the original nonlinear condition (1.24) by
means of the auziliary function n(t), so it must be a C'[0, oo) function. Thus 1 becomes
another variable in the problem. The main advantage is that the original problem (1.23)-
(1.27) is nonlinear, and since system (4.1)-(4.4) is linear we can split this problem as the
sum of simpler linear problems, see e.g. [7]. So even if 7(t) is actually unknown, here we
treat the auxiliary function as known; we will return to this issue later.

24
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We can decompose the initial data 6;(x) in (4.4) into two parts. The first one is
R(z, 0), the initial profile for the reduced model studied in Sec. 2.3; which is the Laplace
solution for nonhomogeneous Dirichlet conditions. The second part is 0;(z) — R(x, 0),
which expresses the perturbation around the stationary-like profile r(x); the second part
gives rise to U(z, t) in the relationship (4.6).

We claim that any solution of (4.1)-(4.4) can be written as a sum of two solutions

O(x,t) = Uz, t)+ R(z, t). (4.6)

where U(x, t) is the solution of the complementary model, to be studied in Sec. 4.1.1 and
R(z, t) is the solution (2.17) of the reduced problem (2.14)-(2.16), already studied in Sec.
2.3. This claim is proven in Sec. 4.1.2.

4.1.1 The complementary model

The study of a complementary model is important in order to understand the behavior of
perturbations around the quasi-steady profile, which cannot be captured by the reduced
model. Let U(x, t) be a function with at least two continuous derivatives in z € [1, L]
and one continuous derivative in ¢t > 0, satisfying the complementary model:

( U = J}A}_l (% (leg—Z> —n'()r(z) xe€[l,L],t>0 (4.7)
U1, t) = 0 £>0 (4.8)
UL, 1) = 0 t>0 (4.9)
U(x,0) = U,(x) x €1, L]. (4.10)

Here we have continuity of the initial/boundary conditions by defining
Uy(z) := b;(x) — R(x, 0) (4.11)

and recalling that R(1, 0) = n(0) and R(L, 0) = 0y, see (2.16) and compare to (4.5).

We will use the spectral method to solve (4.7)-(4.10), see [18]. Recall the definition of
L3/[1, L] given in (3.34); recall also the nomenclature L#[1, L] = L?[1, L]. Let {X,, },en be
a complete orthonormal basis of L3,[1, L] satisfying the homogeneous Dirichlet conditions
Xn(1) = X,,(L) =0 for all n € N. The eigenvalues are

An = nw/d, VYneN, for N =1, 3, (4.12)
A — nm/d, as n — 0o, for N = 2. (4.13)

The eigenvalues for N' = 2 are given in Eq. (B.24), see Appendix B.1.2. For these
eigenvalues X, satisfy the ODE

1 a NilaXn(fE) 32

In Appendix B we construct the eigenfunction bases for N =1, 2, 3.
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Therefore we assume that U( -, t) € L3/[1, L] for all times ¢ > 0, a fact that will be
proved soon in Claim 5.2. Thus the solution of (4.7)-(4.10) can be written as

Uz, t) = Au(t)X,(2), (4.15)

neN

where X,,(z) are the eigenfunctions satisfying Eqs. (4.14) for N' = 1, 2, 3. Then, the
boundary conditions in (4.8)-(4.9) are formally satisfied; X,,(z) =0 for z =1, L.
Substituting (4.15) into (4.7), we get formally

> A0 = 5 ) g (P ). (a0

neN neN

Claim 4.1 For every X, (x) satisfying (4.14) and for r(z) given in Eq. (2.6), we have
that (X, r)x = C /N, is satisfied for N =1, 3 and (X, r)y = Cp/ N\, for N =2. (The
normalizing constant is C' = \/2/d, see Eq. (B.9); C, are given in Eq. (C.50).)

Proof. Set k as a fixed natural number and fix also A/ = 1, 2 or 3. Recall the definition
of r(z) given in (2.6) and notice that this satisfies

N -1

X

r(z) + r'(z) = 0. (4.17)

Expanding the LHS of (4.14) we notice that
N -1
x

X(x) + X! (z) = =N\ X, () (4.18)

is also satisfied. Then, multiplying Eq. (4.17) by 2V 7' X,,(z) and Eq. (4.18) by 2V~ 1r(z),
and subtracting the results, we obtain

N THX (@)1 (2) = X (2)r(2)) + (N = D)2V 2 (X, (2)r (2) — XL (2)r(2)) = A2V 71X, (),
(4.19)
or equivalently

d _ -

E[x/\/ X () (z) — X, (2)r(2))] = AN (). (4.20)
Thus, integrating the LHS from = = 1 to « = L leads to X/ (1)r(1) = CA, for N =1, 3
and X! (1)r(1) = C,\, for N'= 2, see Eqs. (B.41). The integration of the RHS gives rise
to A2 times the inner product (X, r)x, which proves the claim. O

Moreover, from Claim 4.1 and the orthonormality of {X,, }.en, applying the L3/[1, L]
inner product with the eigenfunction Xy (x) on Eq. (4.16), we obtain for N'=1, 3
Cr'(t)

Ak

Al () = =P A1) — ,  VkeN. (4.21)
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Applying the L3/[1, L] inner product of X (z) on both sides of the initial data (4.10),
U(z, 0) = Uy(z), we see that it is necessary that

Ar(0) = (X, Us)wr, Vk e N. (4.22)
Sometimes we use the notation
B, = A,(0), Vn € N. (4.23)

Assuming that the coefficients A, (¢) are differentiable, Eq. (4.21) implies that they
must satisfy

[An(t) exp(Ath)]/ = [AL(t) + A2 A, ()] exp(Aot) = —C’n:\(t) exp(A\2t), Vn €N. (4.24)

Renaming ¢ as s in (4.24), integrating from time 0 to time ¢ and using the initial condition
(4.23), we see that (4.21) and (4.22) are equivalent to

A, (t) = Bpexp(—A2t) — C’/Ot n’)\(s) exp(—AX(t—s))ds, Vné€eN. (4.25)

n

Let us assume that we know 7(¢) for ¢ > 0. Therefore the solution of the complementary
model, Eqgs. (4.7)-(4.10), is given by (4.15) with A, (¢) furnished in (4.25), provided the
series in (4.15) makes sense. Notice that A% exp (— A2 (t — 5)) decays exponentially as n
tends to oo, so we will be able to verify that the series (4.15) converges under very weak
hypotheses.

In further calculations, it will be useful to have a general expression for the derivative
of U(z, t) at the left boundary. This requires that the expression A, (t) given in Eq. (4.25)
is substituted in Eq. (4.15). We differentiate in space and evaluate at = = 1, leading to

NU(1,t)=U(t) + /t n'(s)R(t — s) ds, (4.26)

where we have defined, for A, given in Eq. (4.12) and B, given in Eq. (4.23)

Ut) =NC Z Bo\nexp(=XA2t) and R(t) = -NC? Z exp(—A2t). (4.27)

neN neN

For N = 2, we can easily obtain formulae analogous to (4.25), (4.27), with C,, instead of
C, sometimes appearing in different locations in the formulae.

Remark 4.2 Notice that for U,(z) € L3[1, L], the corresponding Fourier coefficients B,
in (4.23) belong to I*(R), i.e., >. _ B? < oo.

neN



28 Existence and uniqueness of solution for the nonlinear model

4.1.2 Solution of the auxiliary linear model

The initial /boundary conditions of problem (4.1)-(4.4) are trivially satisfied, as we can
see from the corresponding conditions for system U(z, t), namely (4.8)-(4.10), and the
expression (2.17) for R(z, t).

Now we prove that the claim given by Eq. (4.6) is in fact valid. The boundary
conditions (4.2)-(4.3) for 6(z, t) are exactly the same as those for the reduced model
(2.16.a) for R(L,t) = 01, and (2.17) satisfying R(1, t) = n(t); the complementary model
has homogeneous Dirichlet boundary conditions, so indeed (4.2)-(4.3) are satisfied by the
sum (4.6). The initial condition (4.4) is trivially satisfied too: from Eq. (4.10) we have
that U(z, 0) + R(x, 0) = 6;(z). Finally, for the PDE (4.1), using (4.6), (4.7), the time
derivative of R(x, t) given in (2.17) (and again (4.7)), we see that

b t) = Ui, 8+ R, 0) = g (D) o) + 0 (0)

_ Lo <IN1%“;”>, (4.28)

aN-10x 0

because W_dx( N= 1d:l(f)) = 0 by noticing that r(x) satisfies Eq. (2.1). Therefore, the
claim given in (4.6) is indeed satisfied, the initial/boundary problem (4.1)-(4.4) is satisfied
by the sum of the reduced and complementary models.

Therefore, the solution of auxiliary problem for x € [1, L] and t > 0, is given by the
sum (4.6) of the solution of complementary model given in (4.15) by means of Eqs. (4.25),

and the solution (2.17) of the reduced model:

= Y Buexp(—A2) /Z” (=A2(t — 8)) X (2) ds

neN neN

+ (n(t) — QL)r(x) + 0r, (4.29)

as long as the series involved make sense (as we will soon see). For N' = 2, a formula
analogous to (4.29) can be easily derived.

4.2 Formulation of the nonlinear solution

We are ready to formulate the full nonlinear problem. Let us first define the C*°(R)
function (which depends on N)

— 0 1
n L—’yexp(——), n>0
s
Gn) =9, 2%, 1 (4.30)
; n <0,
SN

with sy given in (2.8).
Notice that G(n) has physical meaning only for positive n; we have extended G to the
real line just for convenience of notation ahead. It is easy to prove that the derivative of
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(4.30) is bounded by the quantity

d 1
;>€%Q\< Lig ws (4.31)

g* = su <
SN

ner

because d—nv exp(—1/n) = o(n), which is always smaller than 4, see Eq. (3.33).
Notice from definition (4.30) that the expression (2.18) is equivalent to 1/’ (t) = —G(n(t))
for n > 0. In Fig. 2.4 —G(n) is plotted versus n. The sign is chosen in Eq. (4.30) for
convenience of notation ahead.
Notice that if we set (1, t) = n(t), Eq. (4.2), it follows that 6,(1, t) = n'(¢). Then,
a straightforward calculation shows that differentiating (4.29) and substituting it in the
nonlinear boundary condition (1.24), we obtain the integro-differential equation for 7

WO=An%W@—$%+WU—ﬂmm, (4.32)

with the aid of definitions in (4.27) and (4.30). Directly from Eq. (4.32) for t = 0 we
obtain that
t

'(0) =lim [ 7/(s)R(t = s)ds + U(0) = G(n(0)) = U(0) - G(6:(1)) (4.33)
[— O
must be satisfied.

Notice that solving (4.32) and substituting the resulting 7'(¢) into (4.25) for each
A, (t), and thus introducing these values in (4.29) provides the solution of the nonlinear
problem (1.23)-(1.27).

In Eq. (4.12) we stated that the eigenvalues A, were exactly nw/d for all n € N
for N = 1, 3. Therefore recalling the definition (4.27.b) and using that —n? < —z? for
x € [n—1,n) for all n € N, we have

)dxds

/|R Jds = NCQ/ Zexp s)ds < /\/02// exp(
R+
= OvVt, (4.34)

neN

ds
0o Vv 47s

where the constant Cy := 2N C?d/v/4x = 2N /\/7 depends only on the dimension N

For N' = 2, the assymptotic behavior of the ), given in Eq. (4.13) and also that
C, — C as n — o0, see Claim C.2, we see that a bound similar to (4.34) is valid.

Therefore, from the bound (4.34), we claim that the time integral in Eq. (4.32) is
absolutely and uniformly convergent in closed time intervals starting at zero. Thus the
RHS of (4.32) will be well defined. In fact, since by assumption 7’ is continuous, for every
t > 0 there exists M = M (t) such that |/(s)| < M for s € [0, t], and using the change of
variables s — t — 7, we obtain

= NC%d

/ 7 (s)R(t = s)| ds < M/t}R(T)!dT < CyMVt. (4.35)

so, the integral in (4.35) is absolutely and uniformly convergent for ¢ > 0, which tends to
zero when ¢t — 0, as claimed.
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4.3 Existence and uniqueness of the nonlinear solution

We will show that for any two constants 7,, ¢, there exists a unique n(t) € C'[0, o) that
satisfies Eq. (4.29). First, we define implicitly ((¢) in terms of n(t) as

t) =1+ /Ot C(s)ds, with €(0) := ¢, t > 0; (4.36)

sometimes it is useful to extend (4.36) to negative values of ¢, in such a way that 7(¢) and
n'(t) are continuous. The extension can be defined as

n(t) =1 +Gt, <0 (4.37)

Notice that the continuity assumptions in (4.5) will be employed by the requirement
1o = 6;(1) so, we also need to set ¢, := U(0) — G(6;(1)), as we remarked after Eq. (4.33).
Thus, for our case the two initial conditions 7,, {, are well defined.

The purpose of (4.36) is to ensure the equality 7'(t) = ((¢). Now we rewrite (4.32)
without derivatives, with the aid of Eq. (4.36), leading to the integral equation in ¢

/ C(s)R(t—s)ds+ Ul(t (770 / ((s ), with  ((0) :==(,. (4.38)

This is known as a Volterra integral equation of convolution type with a nonlinear forcing
function, see |27]. In order to show that Eq. (4.38) always has a solution, which is unique,
we proceed as in the proof of Picard’s Theorem, see [5].

Lemma 4.3 Consider a Volterra integral equation of convolution type with a nonlinear
forcing function given by Eq. (4.38), together with any real constants n,, (,. Assume that
there exist constants Cy and G* such that

a5(n)

t
/ IR(s)|ds < Carv/t and sup
0 dn

neR

o
then there exists a positive time T := T(Cyr, G*) such that (4.38) has a unique continuous

solution C(t) for all 0 < t < T. Such solution belongs C°[0, T).

Proof. Given the function ((t), the RHS of (4.38) maps it in another function of ¢, SC
(we should have written S(¢) and [S({)](¢) but we will write S¢ and [S¢](¢)). In other

words
/g R(t—s)ds + Ut (no /c ) (4.40)

We see that (4.38) is the same as the fixed-point equation

¢(t) = [SCI().

Our proof consists in showing that there exists a small enough T such that for 0 <t < T,
the nonlinear operator S¢ is a contraction, so it possesses a unique fixed point, which turns
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out to be the solution of (4.32). Define the T-norm for the Banach space C°([0, T, || - ||)
as

I¢llz = max [C(2)],

€[0, 7]

(4.41)

where T represents a fixed value that will be defined soon.
Take any two continuous functions ¢, z : [0, 7] — R. Recall the definition of n(t), Eq.
(4.36), and define similarly

y(t) :=n, +/0 2(s)ds, with 2(0) = . (4.42)

For0<t<T,

18¢)(t) - ‘ / )R — s)ds| +

50:(0) ~ 6| (119

We estimate the two terms on the RHS of (4.43) separately. We use (4.39.a) in the
first term and we see that it can be estimated by

max [((t) — z(t |/ IR(t—s)|ds < CvVT|¢C = 2|7 (4.44)

0<t<T

The second term requires some manipulation. Using the mean value theorem, the
expressions (4.36) relating 7(t) and ((t) together with (4.42), its counterpart for y(¢) and
z(t), the hypothesis (4.39.b) and the T-norm (4.41), we have

/Ot (g<s) - z(s)) ds

where G* was defined in Eq. (4.31) for all .
Using the inequalities (4.44), (4.45) in (4.43) we get

G(n(t)) = G(y(®)] < G"In(t) —y(t)| =G < G = 2|z, (4.45)

[[5¢1(t) = [S2(1)] < [CoVT + G TI¢ = =7, (4.46)

for all t € [0, T]. We take T such as o := Cy\v/T + G*T < 1, which can be done recalling
that Cyr and G* are constants, which depend at most on A. Finally, if we calculate the
maximum of the LHS of (4.46), we have

|S¢ - SZHT < a||¢ = 2|7, a<1. (4.47)

This means that the mapping S( is a contraction in the space of continuous real valued
functions in [0, 7] and so it has a unique fixed point, which is a continuous function. [J

Notice that the hypotheses of Lemma 4.3 are satisfied, see (4.31) and (4.34), so are
the conclusions. Therefore, using the fixed point solution, ¢.e., the continuous function
¢(t), t € [0, T], we construct the function 7(t), which can be extended as a function in
C'[0, T] by means of Eqs. (4.36)-(4.37). We easily verify 7/(t) = ((¢) for t € [0, T]. Notice
that by replacing n(¢) and 7'(t) into (4.29) we obtain the unique solution of the auxiliary
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linear problem (4.1)-(4.4) for all t € [0, T'], which, as a matter of fact, solves the nonlinear
problem (1.23)-(1.27).

Finally, notice that the interval [0, T'| has uniform size, therefore, we can restart the
argument for a new ((0) defined as the last ((7"), so we prove the existence and uniqueness
of n(t) for all 0 <t < oc.

Remark 4.4 From the discussion in the previous paragraphs we see that n' € C°[0, 00).
Then introducing it in the RHS of Eq. (4.38) we see that the derivative of ( is continuous
too fort > 0; from Egs. (4.27) and (4.30) we see that U(t), R(t) and G(n) are C*°(0, co).
We can proceed inductively to show that ((t) € C*(0, co). From Eq. (4.36) we verify that
n(t) € C*(0, c0).

From the properties of the heat equation (see e.g. [20]), we expect that 0(z, t) €
C>([1, L] x (0, 00)). Indeed, differentiability in time and space follows from Eq. (4.29).
However we cannot ensure that n has more than one continuous derivative at time t = 0
because R(t) given in Eq. (4.27) is discontinuous there, so the first derivative of the
integral in Eq. (4.32) is not continuous at time t = 0.

4.3.1 Some a priori bounds

Now we will prove that when the auxiliary function 7(t) is bounded for all times, its
derivative is also bounded for all times. The term 7(t)/sy in the definition (4.30) can be
replaced by [(0) + fg 1'(s)ds] /s, so we rewrite the Volterra equation (4.32) as

n'(t) = /0 n'(s)R(t — s)ds — % i n'(s)ds + U(t) — 77(01—}\7% + yexp (— %) (4.48)

for n(t) > 0; because of the definition of G(n) given in (4.30), the RHS of Eq. (4.48) does
not contain the term -y exp(—1/n(t)) for n(t) < 0. In any case, notice that

n(0) — 0
SN

IT:= sup ‘U(t) — + (4.49)

t€(0, 0o)

is finite because U(t) tends to zero as ¢ tends to infinity, as it can be inferred from definition
(4.27.a).

We perform the change of variables s +— t — 7, ds = —d7 in the two integral terms in
(4.48). Since the last three terms of the RHS of (4.48) are bounded by II, we have

n'(t) < /Ot n'(t—r) [R(T) — l/sN] dr + 1I. (4.50)

Multiplying Eq. (4.48) by —1 and using the previous change of variables, we also obtain

—n'(t) < /Ot ( —n'(t — T)) [R(T) — 1/31\[} dr +1I. (4.51)

These two inequalities will lead to a bound for /().
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Let us inspect the convolution term ((t) := R(t) — 1/sn. Notice that because R(¢)
is an increasing function, see (4.27.b), it is easy to verify the limits lim; o R(t) = —oo0,
lim; o, R(t) = 0 and the estimate R'(¢t) > 0 for all ¢ > 0. Moreover, because of (4.34)
notice that

= /Ot |B(s)|ds = /Ot |R(s)|ds + /Ot 1/spyds < CN\/E—Ft/SN; (4.52)

in particular 7(0) = 0. Therefore, we can choose 7 > 0 such that
I(7) = a < 1/2. (4.53)

Lemma 4.5 Consider n(t) satisfying (4.32). If there exists M such that |n(t)] < M for
all t > 0, then there exists M such that |/ (t)] < M for all t > 0.

Proof. By contradiction let us suppose that M does not exist, i.e., 1'(t) is not bounded.
Notice from (4.50) and (4.51) that |1(0)| < II and recall from Remark 4.4 that 7/(¢) is a
continuous function, so for every number a > II there exists ¢ > 0 such that |7/'(¢)| = a.
Therefore, let {¢,},>n be the sequence defined as follows. We define t,, as the first value
of t such that |n'(¢,)| = n for the natural number n > II and ¢, > 7 given in (4.53), so
In'(t)] < n for all 0 <t < t,. Notice that t,, < t,, for all natural numbers II <n < m.

Fix n > II (notice that t, > 7). Without loss of generality, let us assume that
n'(t,) = n, otherwise (for 7/(t,) = —n) the following arguments are valid for (4.51) in lieu
of (4.50). From (4.50) we have for ¢,, and for 7 given in (4.53)

n=n'(t,) < /OT n'(t, — s)B(s)ds + / n n'(t, — s)B(s)ds + 1. (4.54)

Let us inspect each of the integral terms of the RHS of (4.54) separately. The first one is
bounded by:

A%wwwwwwg\ﬁhwwa@m

because I(7) = a < 1/2.
For the second term, notice that by integration by parts we have

< max 1t —s\/ 3(s)lds < o (4.59)

sel0, T

in

T

[t sypns = —ntta ~ 56|+ [t - 9 as. 450

Moreover, |n(t)| < M for all t > 0 and because ¢, > 7 and '(t) > 0 for all ¢ > 0, we have
B(7) < B(tn) < —1/sn, s0

‘l%n@f—ﬂﬁ@Ms

if t,, < 7 would be satisfied, the second integral term of (4.54) does not appear. Therefore
from (4.56) and (4.57) we have that the second term of the RHS of (4.54) is bounded by

‘/ t—s s)ds

< [ (s = M[p(t) - BO] < MIBOE (457)

< |n(0) N(ta —7)B(7)| + M|B(7)| < 3BM|B(7)|. (4.58)
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Using the estimates (4.55) and (4.58) into (4.54), we have
n<n/243M|5(T)| + 11,
so subtracting n/2 in both sides and multiplying by 2, we obtain that
n < 2(3M|B(7)| +1I), (4.59)

which leads to a contradiction: the RHS of (4.59) is a finite constant, while n in the LHS
can be as large as we want. Therefore, there exists M = M(M, N, II) such that the
Lemma is satisfied. 0

This Chapter contains the basis for the analysis of the nonlinear mode as a sum of
auxiliary linear problems. In Chapter 5 we analyze the nonlinear behavior for long times.



Chapter 5

Long time behavior of the solution for
the nonlinear problem in A dimensions

Nothing fades as fast as the future,
nothing clings like the past.
Upr, PETER GABRIEL.

In this Chapter we analyze the long time behavior of the auxiliary function 7(t), which
represents the temperature history at the gas entrance point z = 1. Once 7(t) is known,
the solution of the nonlinear problem is determined by solving the auxiliary linear problem
studied in Sec. 4.1.

In Sec. 4.1.1 we introduce the spectral method for the resolution of the complementary
model. The spectral decomposition describes the evolution of the reactor by means of
an infinite number of coupled nonlinear ordinary differential equations. In Sec. 5.1 we
discuss the behavior of the nonlinear solution for the complete model. Thus, in Sec. 5.2
we restrict our study to a simple example of the long time behavior, and in Sec. 5.2.1 we
show evidence for the pattern of two attractor equilibria separated by a saddle point.

The notation in this Chapter is adequate for the spatial dimensions N = 1, 3. Small
modifications for the spatial dimension N/ = 2 would need: the normalizing constant
C must be replaced by ), and the location of C, in the expressions is not the same.
However, because C,, — C as n — oo as well because, for N' =2, X\, — nr/d as n — oo,
these modifications do not alter either the behavior of the solution or its analysis.

5.1 The system with an infinite number of ODE’s

Equations (4.21) form a system with infinite number of ODE’s that need to be satisfied
by any solution of the original nonlinear problem (1.23)-(1.26); however, we still need to
impose the boundary condition (1.24):

0:(1, t) = NO,(1+, t) + yexp < — 9(11 t))

Comparing the aforementioned condition with (4.2) we see that we can identify (1, ¢)
with 7(t) at the left boundary, so 0;(1, t) = 1/(t); therefore we need to evaluate 6,(1, t).

35
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Recall that X/ (1) = C\, for all n € N, see Eq. (B.41), then we have from (4.15) that
Up(1,t) = C Y cn MAn(t). Notice that R,(1,t) = (n(t) — 01)/sn, see Eqgs. (2.8) and
(2.17). Therefore, recalling the definition of G(n) in (4.30) and using (4.6) in (1.24) leads
to

77/(t) = NZ O)‘nAn(t) - g(77<t))a (5'1)

neN

which is the spectral formulation for the original boundary condition (1.24).

We have replaced the original problem by infinitely many ODE’s formed by Eq. (5.1)
with an arbitrary positive number 7(0) as initial datum together with Eqs. (4.21) with
initial data (4.23):

n'(t) = J\/Z CNeAi(t) — G(n(t)), with  n(0) := 6;(1) (5.2)
keN
Aﬂﬂ:—ﬁ&ﬁ%%ﬂgl with  A,(0)=B, VneN. (5.3)

These equations may be expected to define the solution of our nonlinear problem.
Now we analyze the ordinary differential equations (5.2)-(5.3), using some of the stan-
dard notation in this area, see e.g. [10]. First of all, we define the Banach space

An
Fom{p=(n A o) €Rx B ol <0}, where [l = ol + 3 21, (5.9

neN

recalling that A\, = nw/d for N' =1, 3 and A, — nn/d for N = 2, see Egs. (4.12)-(4.13),
and the Banach space

D= {p IS .7—"‘ Ipllp < oo}, where ||p||p = |n| + Z An|Apl. (5.5)

neN

We notice that if ||p||p < oo, then ||p|| < max{1l, A2}||p||p, so D is actually a dense
subspace of F.
We define the vector field X : D — F:

X(p) = (X(p), Xi(p), Xa(p), ...) (5.6)
with
Xo(p) = CN D NeAr —G(1) (5.7)

from (5.2). From (5.3), (5.7)

Xp) = o Xlp) XA, (5.8)
C
X

n

(g(ﬁ) - CNZ /\kAk> —\2A,, Vn € N. (5.9)

keN
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From (5.7) we observe that the following inequality holds for p € D:

,(p)| = \ONZ Aoy — gm' < ONpllp + 16| < oo. (5.10)

keN

Therefore, using the norm given in (5.4), the definition (5.9) of X, and A, given in Egs.
(4.12)-(4.13), for every p € D we have

X0 < 1200+ 3 {510+ AlAul] =160 (1465 3 5 ) + 3w

neN n neN
2

cd
<121+ 5 ) + vl < .11

because of the inequality (5.10) and because Y,en A2 is finite for N' = 1,2, 3. So
|X(p)|| < oo, Vp € D. Therefore, the vector field (5.7)-(5.9) is well defined in D.

For the vector field X', and a fixed p € D, we denote the orbit starting at p as ¢(t; p),
where ¢(0; p) = p. (Sometimes we use p(t) = ¢(t; p) and p(t) = (p(t)o, ©(t)1, ©(t)a,...)
for convenience.) In other words, ¢(t) is the solution of

S)=X(eH). V>0 and  9(0)=p. (5.12)
We observe that by the definitions (5.7)-(5.9), '(t) = X,(¢(t)) and A, (t) = X,.((t)).

Remark 5.1 In Sec. 4.8 we proved that the auziliary function n(t) that solves the non-
linear problem is in fact a C'[0, 0o) N C>®(0, oo) function. Then through Eqs. (5.3) we
verify that the degree of differentiability of the functions Al (t) is the same as that of the
Junctions A,(t). From Eq. (4.25) we notice that A,(t) € C°[0, 00) for alln € N, so an
inductive argument shows that A, (t) as a matter of fact belong C*[0, cc) N C>(0, cc) for
alln e N.

Claim 5.2 Given any initial datum n(0) € R for the initial condition of the reduced
model, see Eq. (2.17), and any initial condition U, € L3[1, L] for the complementary
model, given in Eq. (4.10), we construct the initial point as p :== (n(0), A1(0), A2(0), ...)
with A, (0) given in (4.22). So, the orbit o(t; p) lies in D for all t > 0.

Proof. From the Remark 4.4, we know that n/(t) € C°[0, o), so for every time 7 > 0 there
exists a constant M = M (1) such that |n'(t)| < M for all t € [0, 7]. Therefore, from Eq.
(4.25) we obtain

cCM
An®)] < 140 exp(—X21) + =

n

/Otexp(—)\i(t—s))ds

[1— exp(=A2t)]

CM
= 14, (0)] exp(=320) + <

CM
A3

n

< [An(0)] exp(=Ant) + (5.13)
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The first term in the RHS of (5.13) decays exponentially when ¢ > 0. Notice that
U, € L3/[1, L] implies that all its Fourier coefficients |A,,(0)| are bounded by a constant,
so we see that

D AR (0)| A exp(=A%t) < oo, for  t>0. (5.14)
neN
On the other hand, from the second term on the RHS of (5.13) we see that
CM 9
ZART = CM Y N7, (5.15)
neN n neN

converges. Therefore, we have verified that

le@)llp = ()] + Y Al Aa(t)] < 00, for t€ (0, 7], (5.16)

neN

is satisfied because 7(t) is continuous and the bounds (5.14) and (5.15) hold. Therefore
o(t) € D for all t € (0, 7|; however, noticing that D is a subspace of F we can repeat the
argument starting at any point in D for successive time intervals and show that the claim
is valid for all £ > 0. U

Remark 5.3 We showed in Claim 5.2 that the vector field X is well defined from D to
F. From Remark 5.1 we also have the differentiability of each of the components of the
vector field X, so analogously to Claim 5.2 we can prove that the orbits (with initial data
in D) are C°[0, o0) N C>(0, 0o). Notice that the existence and uniqueness for the orbits
of the vector field of the ODE’s is guaranteed by the existence and uniqueness of solutions

of the Cauchy problem (4.1)-(4.4) proved in Lemma 4.3.

Remark 5.4 From the proofs of Claim 5.2 and of Remark 5.3, we notice that actually
U(-, t) belongs to Li[1, L] for all times t > 0, because D is a dense subspace of I*(R).

We are interested in the equilibria of the system; they reveal an important part of the
global behavior. For a point p to be an equilibrium of the vector field X' it is necessary
that X,(p) = 0 and X,,(p) = 0 for all n € N. From the first equation in (5.9) we see that
such a point p must satisfy A, = 0 because X,(p) = 0, and so, from Eq. (5.7) we have
that G(n) = 0 must be satisfied.

Recalling the definition of G(n) in (4.30) and the condition 7'(t) = 0 in Eq. (2.18) we
notice that the three points satisfying X'(p) = 0 are

X[ = (9[, 0, 0, .. .), X[[] = ((9][[, 0, O, . ) (517)

and
X][ = (0]], 0, 07 e ) (518)

We will show that X; and X;;; are stable equilibria and that X;; is a saddle point.
Notice that these three equilibria correspond to the same equilibria discussed for the
reduced problem, see Sec. 2.3. Indeed, by the splitting in Eq. (4.6) and the spectral
decomposition (4.15) we see that X; corresponds to g;(z) = 0 + R(f;, 0). (Analogously
for X]] and X[[[.)
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5.2 Orbits from restricted initial data

A standard configuration for a reactor at starting time has stationary temperature in the
shell. The reactor may be pre-heated to a certain stationary temperature distribution
before the reaction starts. Thus, we study solutions such that the initial data U,(x)
vanishes, which from (4.16) is equivalent to 6;(x) be a fundamental solution of the Laplace
equation for z in [1, L].

In this section we construct the domain where the orbits for such initial data are
confined. This domain is a small but representative part of the Banach space D.

Let us define the set

B:= {p eF ‘ CND Ml Al < \g(n)\}; (5.19)

neN

notice that {p € F|X,(p) = 0} N B is part of the boundary of B. Figure 5.1 shows the
intersection of B with the linear hyperspace

For={p=000...,0,4,0 ...)|neR, A4, e R} C F, (5.20)

i.e., F, is a 2D subspace of F for each n € N.

01 011 77 oIII

Figure 5.1: The shaded region represents the intersection of the plane F,, with
B, see Eq. (5.20). The solid curves are CN\, A,, = G(n) where X,(p) = 0 and
CN)X A, =—-G(n).

The set B is a subset of subspace D, see (5.5). Indeed, each p € B satisfies

G(n)]
D Al < oV (5.21)
neN
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and therefore

G(n)]

Ipllo = ol + Y Anl Al < [n] + oN <o (5.22)
neN
Then p € D, so B is a subset of D. Notice that B is defined in terms of the norm on D,
see (5.5), so it is easy to see that it is a closed set (in the norm || - ||p).

Notice that the initial condition A, = 0, Eq. (5.3), leads in Egs. (5.9) to &, (p)
—X,(p) for all n € N at the beginning of each orbit, i.e., all these vector components
have the same sign. This motivates the definition of the following four subregions of B:

By = {pEB|n§91,An§0,Vn€N}, (5.23)
Bf = {p68|n€[01, 011], A, >0, VnEN}, (5.24)
B = {peB|n€lbu, 0], An <0,Vn e N}, (5.25)
Bfy; = {peB|n>0u, A, >0,¥neN}. (5.26)

Notice that the superscript £ in the name of the subregion agrees with the sign of all A,
and also with the sign of G(n) in the subregion; we will show that the subscript is related
with the long time behavior via the w-limit of orbits starting in the subregion. Sometimes
we use Bli’]H to denote any of the subregions in (5.23)-(5.26); we also use the definitions

B[ = BI_ U B?— and B][[ = B]_II U B?_]I (527)

Notice that in the Banach space F, the intersection between a hyperplane with fixed 7
and B}f 77 15 a simplex of infinite dimension. In order to visualize the subregions a graph
of G(n) is helpful. Figure 5.2 shows the intersection of Bljfnl with the linear hyperspace
F,. given in (5.20). The intersection is represented by the shaded region between the solid
curve and the horizontal axis.

We can regard B; and Bj;; as “infinite pyramids” with an edge contained in the 7
axis, and X; and X7 in Eq. (5.17) as the respective apices. The subregions B} and
Bj;; have two apices each: X or Xy respectively, in Eq. (5.17), and X, in (5.18).

Let us examine Bj;;: it is a region where A,, > 0 for every n € N. Its boundary B},
is formed by the apex X;;;, Eq. (5.17.b), the boundary faces P(B}r]])n, Vn € N and the
upper boundary Uj;;, where

P(B;rn)n = {p € Bf;|n> 01, A, =0, C'NZ)\kAk < Q(n)}, (5.28)
k#n
U = {P € Biir|n > 0w, CNZ MeAg = Q(T])}. (5.29)

keN

In Fig. 5.2 notice that B}, is bounded “below” by the boundary faces and it is bounded
“above” by the upper boundary. Notice that any point in B}, is such that A4, > 0 for
n € N. For n > 677 the points p = (1, 0, 0, ...) are in B}, as a matter of fact, they are
also included in every boundary face P(BEI)H. We also remark that for every p in the
upper boundary U}, there exists at least one A, > 0, because G(n) > 0 in this boundary.
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|
0y Orr fr, Orrr

Figure 5.2: The shaded region is the intersection of plane F,, with Bli,HI‘
On the solid curve we have X,(p) = 0. The vector field X(p) is plotted
schematically, showing only directions; e.g., on the curve X,(p) = 0 the flux is
always vertical, although it is entering in the regions Bfi, I

Notice that the phase boundaries P(B}“H)n and the upper boundary U};, have inter-
sections. For example, a point p in P(B}LH)n N U}, must satisfy A, =0 and X,(p) = 0.
For p in P(B{;;) (P(Bf;),, the equality A, = A, = 0 is satisfied. Notice also that
multiple intersection of three or more boundary faces can occur.

For the upper boundary and two or more boundary faces there are also intersections.
We say that a point p in U}, is an interior point of the upper boundary if and only if
p € U}y and p ¢ P(B;}I)n for all n € N. This mean that p = (n, Ay, Ay, ...) is such
that X,(p) = 0 with A, >0 for alln € N.

5.2.1 Primary results

In this subsection we prove some results which identify parts of the attraction basins of
the nonlinear equilibria X7, X;; and X7, Egs. (5.17)-(5.18).

Definition 5.5 A positively invariant set B for a vector field X is defined as a set
such that:

i) The vector field points to the interior of B at its boundary 0B.

ii) For all p € B we have that o(t; p) belongs to B for all t > 0.
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Lemma 5.6 Consider an orbit such that p(0) = p, with p in the boundary OB;; of BIH
(respectively OBy, OB} or dBj;;), then o(t) € By, for any t > 0 (resp. By, Bf or
Bj;;). In other words, the subregions BIiJH are positively invariant sets.

Proof. We present the analysis only for Bj;;, because the other cases are analogous. As
a first case, notice that p = Xy presents no challenge, we have X,(p) = 0 and X,(p) =0
for all n € N, so Xj;; is a critical point and (t) = X for all £ > 0.

Let us consider the other boundary points by cases, noticing that for p € U};, and
p € P(Bf;;)n, ¥n € N the inequality G(n) > 0 is satisfied. (G(n) =0 for p = X;;;.)

Second case. Let p € Uj;; with A,, # 0 for all n € N, 80 p is an interior point of the upper
boundary. From (5.29) we have X,(p) = 0, then
C

Xo(p) = =3 Xo(p) = \pAn = =04, <0, VneEN. (5.30)

So, for interior p of Uj;;, we have that X (p) points to the interior of Bjj;.

Third case. Let p be a any point of U};;. So we know that there exists at least one k € N
such that A;, > 0, and then X, (p) < 0. So X(p) does not point out of Bf;;.

However, we have to notice that if for one (or several values of) [ € N we have A; = 0,
then p is also a point of P(Bj;;); and from an equation analogous to (5.30) we have that
X,(p) = 0, so the vector field is tangent to P(Bj;;);. We have to make sure that the orbit
does not enter the boundary face P(Bj;;);, rather that it enters B},;.

Notice that the derivative of the vector field component X;(p) (given in (5.8)) along
an orbit is

d/'Vz(dgi(t)) _ _%d%;s:(t)) Al = iw —2,(p(8). (5.31)

Now, using (5.7) and recalling that X,(p) = 0, we have
M—CNZAA'@)—Q'()'@)—CN MeXe(0(0)) = G ()X (0(t)), (5.32
= R AL ' () = CN Y Mei(0(1) — G/ (n)Xo( (1)), (5.32)
keN keN

so, recalling the equivalence p = p(0) and X,(p) = 0 for p € U};;, we have

dXo (o (1))
dt

= CN Y MXi(p) (5.33)

t=0 keN

Thus, at a point p € U}, for the case A;, > 0 and A; = 0 (so X;(p) = 0 too), substituting
(5.33) into (5.31) for t = 0 we have that

dXi(p) _ CdX(p) s CW 3
e W — XN X(p) Z)\ Ay > (5.34)

keN

Therefore X (p) points to the interior of the phase boundary P(BIH) but the orbit ¢(t)
will enter into the interior of B},;.
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Fourth case. Let p be in a boundary face P(Bj;;), minus the upper boundary U;;;: we
have A, = 0, Ay > 0,Vk € N\{n} and X,(p) < 0, because G(n) > 0 for n > 0Oy,
therefore from (5.9)

C
Xa(p) = == Xo(p) - A2A, = — o) > 0. (5.35)

Notice that all other field components are unimportant; neighboring points of p with small
changes of Ay keeping A, = 0 fixed are still points in the boundary face P(B};;)n, so the
field X (p) will point to the interior of B},;.

Notice that when more than one of the components A,, are zero, the orbit also enters
Bj;; because the respective field coordinates satisfy X, (p) > 0.

Thus, from the first to the fourth case, we have covered the entire boundary of Bj;. So,
we have shown that for p € 9B};;\{ X111}, the vector field points to the interior of B}y,
Therefore ¢(t) € B}, for all ¢ > 0. O

Lemma 5.7 For —oco <n~ <n" < oo define the set Bln~, n*]:={p e Blne[n, nt]}.
Then its closure K := cl(Bn~, nt]) in F is a compact set in F.

Before proving Lemma 5.7, let us recall the following

Definition 5.8 If the set A has the property that from every open covering, one can select
a finite subcovering, A is said to be compact. (From Definition 5.4 of [3].)

Moreover, a classical result shows that it is enough to take the open covering of A as
the set of all open balls with a fixed radius centered at every point of the set.

Proof. Recall the definition of G given in (4.30), then take

M= 5 1900 539
and the definition (5.19) implies that for all p € Blp~, n*] and all k € N
| Ag| < % (5.37)
Define .
So= Y A (5.38)
k=n

using A, given in Eqgs. (4.12)-(4.13) we notice that S, is a decreasing sequence with S
finite and S,, — 0 as n — oo. So, for every € > 0 there exists an integer n* depending on
€ such that

eCN

Sy < ——,
2M

Vn >n". (5.39)
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It is easy to see that F* := {p € F| A, =0, ¥n > n*} is isomorphic to R™" with the
norm

n*—1

1|« = |20 + Z ‘i—k|, where X 1= (To, T, ..., Tpey) ER™ . (5.40)
k
k=1

Because K* := K N F* is closed and bounded, its natural embedding in R™" shows
that K" is compact. Then for every e > 0 one can define the infinite covering for K* given
by the balls B(p; €/2) for every p € K*; thus there exists a finite subcovering { B},
with m € N, where

By = B(p'; ¢/2) :={pc F*||lp— vl <¢/2}, I=1,2,...,m.
The subcovering is such that

K*c| B (5.41)
=1

Here we are using the Definition 5.4 of [3] for compactness repeated in Definition 5.8.
Thus, for K and the fixed value ¢ > 0 we can define the infinite covering given by the
balls B(p; €) for every p € K; now we will verify that exists a finite subcovering, by using
the points p' above.
For any p := (n, Ay, Ay, ...) € K set

pri=(n A, ..., Ap_1,0,...) EF*CF.
Because p* € K* we notice from (5.41) that there exists [ € {1, ..., m} such that
lp* =2l = llp" = p'll < €/2, (5.42)

therefore using Minkowski inequality, the bound in (5.37) for all £ € N, the estimate in
(5.39) and the expression (5.42), we have

) ) — A \
lp—nl < llp—pll+Ip" =2l = ZTk+\|p —1'|l (5.43)
k=n*

M & . € M eCN ¢

Therefore {B(p'; €)}7, is a finite cover for K. Thus the latter is a compact set. O

A classical result shows that any compact set is sequentially compact, see [3],
which means that from every sequence in a compact set A, one can select a convergent
subsequence with limit in A. Notice that B[n~, n*] is only pre-compact in F, so the limit
of any convergent subsequence lies in K, not necessarily in B.

We define, in the usual manner, the w-limit of a point p € F as the set

w(p) = {q eF ‘ Htr }ren such as 0 < ¢, — oo as k — oo and tlim o(ty; p) = q}.
k—00
(5.45)
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Now we are able to discuss the difference between the dynamics of ODE systems in finite
dimensions as compared to the dynamics of ODE systems in Banach or Hilbert spaces.
Notice that in finite dimensions an invariant set always contains its w-limit (if w(p) exists).
For our case, we proved in Claim 5.2 that the orbits ¢(¢; p) belong to D for all ¢ > 0;
however inspecting the definition of the w-limit given in (5.45) we see that w(p) is given
by a convergent sequence. So, the orbits belong to D, which is a dense subspace of F.
Thus, the w-limit belongs to the whole space F, not necessarily to D.
The following definition is borrowed from ideas in [2].

Definition 5.9 A strictly invariant set B for a vector field X is defined as a positively
invariant set, see Definition 5.5, such that for p € B all w(p) belong to B.

Hence, from Lemmas 4.5 and 5.6 and the definition of B[np~, 7] in Lemma 5.7 we
have the following.

Corollary 5.10 The set E := B[n~, 7] ﬂBfHI is strictly invariant for all fized n=, n™.

Proof. Notice from Lemma 5.7 that E is pre-compact and so it is bounded, then from
Lemma 4.5 we know that exists M such that |7/(¢)] < M for all ¢t > 0.

Let p be any point in E. Assume that w(p) is not empty. Let us take ¢ € w(p). (Notice
that if w(p) = ) C E is satisfied, then the Lemma is trivially satisfied.)

There exists a sequence {t;}ren satisfying (5.45), so the components of ¢ are

Go = lim o(ty; p)o  and g, = lim @(ty; p)n, Vn € N. (5.46)
Thus from (5.46) we obtain that
ol = lim [o(tsc p)o] = Jim [y/(8)] < M,
and, since Eq. (5.13) is valid with M = M, we also obtain

. CM
(ol = lim [@(t; plal < —5=,  VneN.

Therefore, from definition (5.5) and recalling that S; given by Eq. (5.38) is finite, we
notice that
lglp < M+CMY A2 = (14+S)M <
neN
is satisfied. Then, w(p) belongs to D, but from Lemma 5.6, E' is positively invariant, so,
w(p) actually belongs to E and the result is proven. U

We have the following proposition, which is the infinite dimensional extension of a
classical result in dynamical systems, see for example [33].

Proposition 5.11 If a compact set K C F is positively invariant under the vector field
X, i.e., X(p) points to the interior of K, then for every py € K we have:
i) The w-limit w(po) is a nonempty of K.
ii) The w-limit w(po) is a compact subset in F.
iii) The w-limit w(po) is positively invariant under the vector field X, i.e., if ¢ € w(po)
the integral curve of X through q belongs to w(po)-
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Proof. i) We have from the hypotheses that the orbit ¢(t; pg) through a point py € K
will remain in K for all ¢ > 0.

Let t, = k for all £ € N and define ¢y := ¢(ty; po) for all £ € N. Since the set K is
compact, there exists a subsequence of {¢y }ren, we call it {¢;},en, such that

lim ¢; =g, with g€ K, (5.47)
j—00

thus, from the definition in (5.45), ¢ € w(po). Therefore, the w-limit is a nonempty subset
of K.

i) Since K is a compact set, we only need to prove that the subset w(pg) is closed. Let
qn — q, with ¢, € w(py), we will show that then ¢ € w(pg). Since ¢, € w(py), then for
each ¢, there H{t,(:)}keN such as t,(:) — oo and cp(tgg”); Do) — Gn, a8 k — 00.

For every € > 0 there exists a natural number n* > 2/e such that ||¢, —¢|| < €/2 for all
n > n*. Now, we choose for each sequence {t,g")}keN, n > n* an element 7, = t,;gn) >n

such that ||¢(7n; po) — @nl| < 1/n. Then for all n > n*

1 €
I 7o) = all < llp(rai o) = aull + laa —all < S + 5 < e (549)

Therefore ¢(7,; po) — ¢, and because 7, — oo when n — oo, we have that ¢ € w(po), so
the w-limit is a closed set, and therefore a compact subset of K.

iii) Since ¢ € w(poy), there exists a sequence {¢;};en such as t; — oo and ¢; — ¢ when
j — oo. Let ¢° := ¢(s; q), for fixed s > 0. We will show that ¢° € w(pg). Because ¢
depends continuously on the initial condition, we have

¢ = (s; q) = @(ssjligg SOj) = lim o(s; ¢;) = lim o(s; @t po)) = lim (s + 153 po).

so, the sequence {s;};en for s; := s +¢; is such that s; — oo and ¢(s;; po) — ¢° when
j — oo. Therefore ¢° € w(po)- O

Because of our intention to maintain the original structure of the proof by Sotomayor
of the Proposition 5.11 (in [33]), we assumed that K is a compact set, which is the only
modification relative to the original proof in finite dimensions. Moreover, notice that we
obtain same result of Proposition 5.11 for a set K that is strictly invariant instead of
compact and positively invariant, see Definition 5.9.

5.2.2 The long time behavior from restricted initial data

In this Section we present the asymptotic behavior for orbits restricted to the initial data
described previously.

Theorem 5.12 The w-limit for any orbit starting at a point in By is X;. The w-limit
for any orbit starting at a point in Brrr is Xyyy.
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Proof. We prove the theorem only for orbits starting in Bj,;, the other cases are analogous.
The geometrical idea is simple, see Fig. 5.2: if p € B};;, then X,(p) < 0; if X,(p) = 0
then p is on the upper boundary U};,, so we expect that the other components of the
vector field X'(p) drive the orbit towards the interior of Bj;;, where the strict inequality
X,(p) < 0 holds, so that the first component of the orbit () always decreases. Therefore
it is expected that the “pyramidal” shape of Bj,; implies the convergence to Xpy;.

Take p. = (1., a1, ag, ...) € Bj;; and define the set

B* = B?_[[[QIID 77*] = {p S B}i_[[ ‘ ne [01117 T/*]}? (549)

which is pre-compact in F, because B, is a subset of the pre-compact set B[f;r, .|, see
Lemma 5.7. We will prove that the w-limit of the orbit ¢(t) through p, is X;;;.

First of all, we exclude the case p, = X ;7 because the proposition is true in this case.
We know from Lemma 5.6 that at any p € dB};; the vector field X (p) points into Bj};.
The only part of the boundary of B, that remains to be analyzed is the boundary at
n = n.. In this case notice that p lies also in the interior of Bj;;, where X,(p) < 0, so
the vector field points inside B, for every p € 0B,. Therefore the orbit ¢(t; p) through a
point p € B, will remain in B, for all t > 0. Thus B, is positively invariant.

First step: For every py € B, we have that the w-limit w(py) is a nonempty, positively
invariant compact subset of B,.

From Proposition 5.11 we know that the w-limit set is a compact subset of the compact
set K := cl(B,). From Corollary 5.10 we have that B, is strictly invariant, see Definition
5.9, so w(po) belongs to B..

Second step: The w-limit of py € B, is a subset of the upper boundary U};;.

From Proposition 5.11 and the first step we know that w(pg) is a positively invariant
subset of the pre-compact set B,. We will show that if ¢ € w(pg) then X,(q) = 0, which
implies ¢ € U};;, see (5.29).

Assume that ¢ ¢ Uj;;. Then X,(q) = —c < 0 for a positive real number c. Because
of the continuity of ¢(¢; ¢) and of X,, we know that for every e € (0, ¢) there exists
6 > 0 such that X,(¢(t; q)) < —c+¢/2 < —¢/2 for all t € [0, §]. Then, by defining the
projection

To: D —R by Top =1, where p:= (9, Ay, As, ...), (5.50)
we have that for ¢° := ¢(J; q) the relation 0 (0; q) < Toq — d¢/2 is satisfied, so

o€
g — @°|| > |7oq — Toip(s; q)| > — (5.51)

2
Notice that a t > 0 such that ¢(t; ¢°) = q does not exist, because X, (p) < 0 for all p € B,.
In particular for s < t, we have m,0(t; q) < mo©(s; q), so if ©(s; po) is close to ¢°, there is
no ¢t > s such that ¢(t; po) is close to gq.
Clearly, ¢° lies in the orbit of ¢, i.e., it is part of w(py), so there exists an increasing
sequence {s; };en such that ¢; := ¢(s;; po) — ¢° when | — oco. Moreover, ¢ € w(py) means
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that there exists an increasing sequence {¢;},ey such that ¢; := p(t;; po) — ¢ as j — oo.
We see that there exist J,, L € N such that

de , oe
H(pj - QH < Za Vj > Jo and H(pl - q(sH < Za Vi > L7 (552)

which means that there exist two balls of radii de/4 centered at q and ¢° that are disjoint,
and this fact will be show to lead to a contradiction.

From the second equation in (5.52) and the distance between ¢ and ¢°, we have that
for every t > sp:
de de
4 4’
but t; — oo when j — oo, then there exists J; € N such that ¢; > s; for all j > J;.
So, for J := max{J,, J1}, we have ¢; > s;, Vj > J and then (5.52.a) and (5.53.b) can
not be satisfied simultaneously, which is clearly a contradiction. Therefore ¢ € U};; and
w(po) C Ufy;.

lo(t; po) — ¢’ < and — [l¢(t; po) —qll > (5.53)

Third step: From second step we conclude that the first coordinate of ¢ € w(pp) is a
certain value 7, because X,(q) = 0. If we assume that 77 # 6;;; we get a contradiction as
follows: from Property (iii) of Proposition 5.11 we have that ¢(t; ¢) € w(pp) for all times
t, and the second step guarantees that ¢(¢; ¢) C Uj;, but on this upper boundary the
vector field points inside Bf;; and the orbit ¢(t; ¢) escapes from Uj;!

Otherwise, if 7 = 0;;7, then X,(¢) = 0 and X,,(q) =0 for all n € N and all claims are
true, therefore w(py) = X7 is the unique global attractor for py € Bjj;. O

Using Lemma 5.6 and Proposition 5.12 we note that X; and X;;; are (for restricted
initial data) the only two attractors of the nonlinear problem (1.23)-(1.27). Indeed, if n(0)
and U,(x) are such that p = (n(0), A;(0), A3(0), ...) belongs to BIiJH we have proved
that By and Byjy lie in the attractor basins of X; and X;;;. Noticing also that X (resp.
Xir) is related with o7 (z) (resp. or17()), we see that the long time behavior is dermined
by the relative position of the initial condition 7(0) with respect to the equilibrium 6;;.

The previous statements can be rephrased in terms of PDE language using Eq. (4.29).
We can compare the initial Cauchy data 6;(x) directly with the unstable steady-state
orr(x). In particular, if 0;(z) = R(z, 0) we observe that the spectral solution U(z, t)
given in Eq. (4.15) has initial data A,,(0) = 0, Vn € N. Therefore using Eq. (4.21), we
note that any orbit with such initial condition enters into a region where all the signs of
the A, are the same; the common sign is determined by the sign of G(7(0)). Thus, the
orbit enters into one of the Bf 77- In summary, we see that the value of 7(0) determines
which equilibrium will be the limiting solution. Indeed, we recover the same conclusions
found for the reduced model in Sec. 2.3.

Remark 5.13 As a conjecture, we expect that for the dynamics on whole domain D there
exists a manifold ST of codimension 1, the stable manifold of X;;. This manifold splits
the space into two regions; each region is the basin of attraction of X; or Xr;. However,
every point p € ST has Xy as its w-limit. The basin of attraction of these three points is
the whole infinite dimensional space.



Chapter 6

Concluding remarks

If knowledge s always the product of an active mind,
one has to find in the mind itself the criteria

through which certain truth may be distinguished

for uncertain appearances.

RENEE DESCARTES.

The solution of the nonlinear problem can be written as the superposition of two parts,
one that is very persistent while the other is ephemeral. The persistent part is a time-
dependent multiple of the stationary solution in the heat conducting reactor, which solves
the reduced model; this multiplier represents the history of the injection temperature.
The other one consists of modes that decay linearly very fast.

Thus, we have shown that the evolution of the whole nonlinear system for a given
initial state is governed essentially by the persistent solution. We are able to calculate in
a very simple way the dynamics of the persistent solution by analyzing the corresponding
“reduced model”. In this model, depending on parameters there are either one or three
equilibria. In the latter case, two of them corespond to “extinction” and “combustion”,
while the other equilibrium separates the two attraction domains. This picture for the
solution was obtained initially by numerical simulations.

A linear stability analysis near the equilibria was performed rigorously for the complete
model; they behave exactly as could be expected from the reduced model. Indeed, the
reduced model is a very useful global approximation for the complete model for large
times.

We were able to prove the existence and uniqueness for all times for the initial value
problem through a nonlinear Volterra integral equation in time, whose unknown is the
history of the injection temperature. Smoothness properties of the solution were estab-
lished.

We used a spectral decomposition to rewrite the Cauchy problem as a nonlinear system
with an infinite number of ODE’s. We were able to prove rigorously that the complete
system has the same asymptotic behavior as the reduced model, at least for a set of initial
data that had to be restricted for technical reasons.

49
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We were able to show that the two situations that lead to combustion as a final state
are: initial conditions with large v within a single steady-state equilibrium model, which
is related to combustion or, for the three steady-state model, temperatures at the reaction
region higher than the middle equilibrium. In summary, we require

=(0h), 01, t) < O
sy > E((t), 0(1, 1) € [Oar, O]
=0,), 01, 1) > O,

By examining Fig. 6.1 we notice that for initial states (Z, 0) in the shaded region time
evolution leads to ignition.

Figure 6.1: The =Z(0) function in Eq. (2.11) and its extrema define the global
behavior; initial states in the shaded region are led to ignition, initial states
in the white region are led to extinction.



Appendix A

Eigenvalues and eigenvectors
for the linearized models

In this Appendix we study the eigenvalues and eigenfunction of system (3.13)-(3.16) for
each geometry. From the analysis in Chapter 3, Sec. 3.2, we know that the eigenproblem
(3.13)-(3.16) (for N =1, 2, 3) has a self-adjoint operator associated, so the spectrum lies
in the real axis. Because we work in a finite domain [0, L], we assume that the spectrum
reduces to (countable) isolated eigenvalues, however, we do not prove this fact. (This fact
may be proven using Sturm-Liouville theory, see e.g. [14].)

We work only in the interval z € [1, L] neglecting Eq. (3.16), because the eigenfunc-
tions are constant in [0, 1]; its value in this interval originates from the value given by
continuity at x = 1+. However, the orthogonality holds in [0, L] and we write down the
solution explicitly for x in [0, L].

In the end, we will have found the eigenfunctions for AV = 1, 2, 3 for linear perturba-
tions around each of the steady-state solutions o;(x), ors(x), orrr(x) defined in Eq. (2.20).
All the eigenvalues are negative except for a positive one corresponding to the g7 () equi-
librium. Moreover, the case of a unique stationary solution is related to o;(x) or orr(x)
because all of the eigenvalues are negative. We do not discuss this case explicitly.

A.1 Eigenvalues and eigenvectors in 1D

Let us rewrite the eigenvalue problem (3.13)-(3.16) for N =1, in [0, L]:

(

dzjxg“") — AX(2) vell, I (A1)

oX(1)+ X'(1+) = AX(1) (A.2)
X(L) = 0 (A.3)

\ X(@) = x(1) reo, 1. (A4)

o1



52 Eigenvalues and eigenvectors for the linearized models

A.1.1 The growing mode

Take A = (3%. Because 3 or —(3 give rise to the same solution, for convenience we take
B € R*. Solving Eq. (A.1), we have for 5 > 0

X(z) = Aexp(Bz) + Bexp(—pPx), (A.5)

where A and B depend on (. Substituting Eq. (A.5) in Eq. (A.3) we get B =
—Aexp(28L). Substituting this expression in Eq. (A.2), we obtain

(% — o exp(f) — exp(28L — )
0 exp(B) + exp(26L = f)
We want to determine whether there is a 3 € R* that satisfies (A.6). We multiply

the numerator and denominator of (A.6) by exp(—fL); using d = L — 1, see Eq. (2.6),
we obtain

~1. (A.6)

o — (3% sinh(fd)

5 cosh(3d) =1. (A.7)
Let us define, for 3 > 0
o— [
F(B) = tanh(Gd). (A.8)
So Eq. (A.7) is the same as
F(pB) =1 (A.9)
Notice that
éiiI(l) F(B) =od (A.10)

so that F(3) is well defined from the right at g = 0.
Let us examine the derivative of F'((3),

_ pd
32 cosh?(6d)

sinh(3d)

F(5) 0= - o+ AT o). )
Because sinh(5d)/(6d) > 1, cosh(fd) > 1 and o(6,) > 0, see Eq. (3.3), the term in the

brackets satisfies
sinh(4d)

3d cosh(fd) < (04 3% — (o + 52)Smh<5d)

Bd
B 9 sinh(d)
= (oc+p )(1 T ad cosh(ﬁd)) < 0,

o—3*—(c+3) cosh(fd)(A.12)

therefore, F'(5) < 0 for 5 > 0. So, taking into account (A.10), F() is monotone
decreasing for 5 € [0, 00) and takes values from od to —oo. Moreover, it is clear from
(A.8) that F(8) — —oo as f — oo. Hence, for a root of F/(3) =1 to exist, it is necessary
and sufficient that od > 1.

Notice that if od = 1, then § = 0 and so A = 0, therefore the associated eigenfunction
that satisfies Eq. (A.1) is X,(z) = ar(xz) with constant a, see Eq. (2.6). Notice that
the right boundary condition (A.2) is trivially satisfied. However, in order to satisfy the



Eigenvalues and eigenvectors in 1D 53

left boundary condition (A.3) we must take a = 0. The reason why this “eigenfunction”

vanishes identically is because this mode was originally removed from the initial condition
for ¥(z, t) in Eq. (3.4).
Using the definition of ¢ in (3.3) and s(1) = d from Eq. (2.8), we obtain that if

o(0,)d > 1, then ~dexp(—1/6,) > 6. (A.13)
Manipulating (2.9) for s(1) = d leads to
ydexp(—1/6,) =0, — 0. (A.14)
Comparing (A.13) and (A.14), a common root [ exists if and only if
0>0>—0,+0; (A.15)

is satisfied. This requires that 0, € (0, 6,,), given in Egs. (2.13). In the plot of Eq.
(2.11) shown in Fig. 2.1 and Fig. 2.3, we see that when we have only one stationary
solution, 6, will be either 6; or 6;;;; these two values lie always outside of (6,, 6,,), so
they do not satisfy (A.15), therefore the unstable mode does not exists. Thus, we have
proved the following claim.

Claim A.1 In the context of the eigenproblem given in Eqs. (A.1)-(A.3), the equilibria
associated to 0r and Or;; have no unstable mode, while the equilibrium associated to Oy
has always an unstable mode.

We use the equality

exp(fz) — exp (B(2L — z)) = —2exp(BL)sinh (8(L — z)) (A.16)

in Eq. (A.5) to compute the eigenfunction associated with the eigenvalue [ satisfying
(A.9) as

| C,sinh (Bd), z €0, 1],
Xol2) = {C’O sinh (B(L —z)), =z €1, L], (A-17)

where C, is a suitable positive constant to normalize this eigenfunction in the space

L?0, L]. Tt is computed in Remark A.2 at the end of the section that follows.

A.1.2 Decaying modes

We now look for negative eigenvalues. Take A = —a? and notice that o and —a« give rise
to the same solution, so for convenience we take o« € R™. From Eq. (A.1), we have

X"+a’X =0.

It follows that X (x) is a linear combination of sines and cosines with argument ax. From
Eq. (A.3) we have X (L) = 0, so it is better to write

X(z) = Asin(a(L — x)), (A.18)
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where A = A(«) is a constant. Using (A.18) into Eq. (A.2), we get
(0 4 o) sin(ad) = o cos(ad).
This can be rewritten as

2
F(a) = 2 —;a tan(ad) = 1, a < 0. (A.19)

It will be shown soon that it can be extended smoothly to F(0) = ad for a = 0.

Notice that F(a) is not defined for a = —nn/d, Vn € N, because of the tangent
function asymptotes. Yet, we claim that F'(«) is a monotone decreasing function in each
interval « € (—(n + 1)7/d, —nnw/d) for alln =0, 1, 2, ---. Indeed

ad
a? cos?(ad)

sin(ad)
ad

F'(a) = {(oﬂ +0)+ (a® — o) cos(ad)] ; (A.20)

because the first fraction on the RHS of (A.20) is negative and the expression within
brackets remains positive, so F'(a) < 0 wherever it is defined; in fact, recalling that
o > 0 from (3.3)

(0? — o) sin(ad)

sin(ad)

| cos(ad)| < o? + o, (A.21)

Cos(ad)‘ < (a*+0)

«

from the classical result that |sin(z)/z| < 1 and also | cos(z)| < 1 for all z € R. Therefore,
inspecting F”(a) in (A.20), we notice that is negative whenever cos(ad) # 0.

Therefore, comparing F(a) = 1, both sides of (A.19), we see that there is exactly
one root «, in each interval (—(n + 1)7/d, —nm/d) with n € N and when the unstable
mode does not exist, there is another root in the interval (—m/d, 0). The roots form a
countable decreasing sequence of eigenvalues tending to —oo. Each of these eigenvalues
has an associated eigenfunction

) Cysin (and), x €0, 1],
Xn() = {Cn sin (an(L — x)), x e |[l, L], (4.22)

where (), are suitable positive constants for normalizing the eigenfunctions in the space
L?0, L], see Remark A.2 that follows.

Remark A.2 In Chapter 3 we showed that the eigenfunctions of the eigenproblem (3.13)-
(3.16) form a complete set in L*[0, L|. However, here we found the eigenfunctions in the
domain x € [1, L]. It is interesting to see that the problem “remembers” its physical
origins; for the eigenfunctions to be orthogonal it is necessary to extend the eigenfunction
as (5.16), and the extended eigenfunctions are orthogonal in the domain x € [0, L].
Furthermore, we normalize the eigenfunctions in the space L*[0, L] by multiplying

X,(x) in (A.17) by C, := (sinh®(8d) +sinh(26d)/(28) —d/2) "> and X, (x) in (A.22) by
Cp = (sin®(a,d) — sin(2a,d) /(20,) + d/2) ",
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A.1.3 The eigenvalue finder

We have used the negative sign for o just to emphasize that the positive eigenvalue (3
corresponds to the unstable mode, while the negative eigenvalues «,, correspond to the
stable modes; as shown in Secs. A.1.1 and A.1.2. This arrangement is convenient because
it allows us to plot all the eigenvalues in a single graph.

We can redefine the function in (A.8), (A.19) as F(y) below, using positive y for
and negative y for «, as follows:

tan (yd) y <0
F(y) =< od y=0 (A.23)
tanh (yd) y > 0.

Now the roots of F'(y) = 1 define all the eigenvalues; positive y correspond to the eigenval-
ues A = y? analyzed in Sec. A.1.1, and negative y correspond to the eigenvalues A = —y>
analyzed in Sec. A.1.2. Notice that A = (signy)y®. Moreover, F(y) is a monotone de-
creasing function whenever it is defined, so the eigenvalues form a sequence that tends to
—00.
The plot of F(y) is shown in Fig. A.1. From the limit (A.10) and

2

. +vy B
yli%l_ y tan (yd) =ad,

we see that F(y) is a continuous function at y = 0, for any ¢ or L. If we let o and L
change continuously so that od becomes less than 1, then the positive eigenvalue ceases to
exist, because it becomes a negative eigenvalue. This is a very nice property, as it explains
the change in nature of the spectrum of the equilibria, ¢.e., the bifurcation properties of
the equilibria.

It is possible also to show even more, the function F(y) € C*°(R) and is monotone
decreasing except for y = —nnw/d, n € N, where is not defined, and at y = 0.

Taylor expansion shows that F(y) is also C! close to y = 0.

A.2 Eigenvalues and eigenvectors in 2D

Let us rewrite the eigenvalue problem (3.13)-(3.16) for N/ = 2 in [0, L:

p

id%(xd);f)) — AX(2) vell, I (A.24)
eX (1) +2X/(14) = AX(1) (A.25)
X(L) = 0 (A.26)
X(@) = X(1) ve o1, (A.27)

\

We need the theory of Bessel functions, which is summarized in Appendix C.



56 Eigenvalues and eigenvectors for the linearized models

F(y1)°:

Figure A.1: Plot of the eigenvalue finder F(y) for N' = 1. The positive and
negative eigenvalues are determined by F(y) = 1. The dotted line corresponds
to the constant function equal to 1. Along the positive axis we represent the
condition for the existence of a positive eigenvalue 3. Along the negative axis
we represent the conditions that define the negative eigenvalues. Here we note
that there exists at most one positive eigenvalue.

A.2.1 The growing mode

We are looking for positive eigenvalues A, so we set A = 5% and notice that 3 or —f give
the same solution, so for convenience we take 3 € RT. We solve the ordinary differential
equation (A.24) for this value, i.e.,

1
X"+ EX/ — X =0. (A.28)

It is known that one of the two independent solutions of (A.28) is the modified Bessel
function of the third kind with parameter p = 0, Io(5z), see Eq. (C.23). The other solution
is given by the Macdonald function with parameter n = 0, Ko(8z), see Eq. (C.24). Then,
the solution of equation (A.28) is given by

Xy(z) = Aly(Br) + BKo(Bx),  fora € [1, L. (A.29)

Here A and B are constants to be determined from the boundary conditions. From Eq.
(A.26), we see that Xg(L) =0, so

BEy(BL) = —AL(5L), (A.30)

and we can write

Xy(x) = Co[1o(B)Ko(BL) — Io(BL)Ko(3)], z € [0, 1], (A.31)
’ C, [Io(B2)Ko(BL) — L(BL)Ko(Bx)], z €1, L],
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for a suitable constant C, that normalizes the eigenfunction in the weighted space L3[0, L]
defined in (3.34).
Now we use the left boundary condition, Eq. (A.25), obtaining that the values of 3

must be roots of
52 — 0 [o(ﬁ)Ko(ﬁL) - L)(ﬁL)Ko(ﬁ) —1
268 L(B)Ko(BL) + L(BL) K (B)

because [[(z) = [1(z) and K{(z) = —Ki(z), see Property (5) in Appendix C and the
identity (C.22).

(A.32)

A.2.2 Decaying modes

Now we take A = —a? and notice that o and —a give rise to the same solution, so
for convenience we take € R™. From Eq. (A.24) we obtain the ordinary differential
equation

1
X"+ =X+ a*X =0, (A.33)
x

which is known as the Bessel equation with parameter p = 0 (sometimes, order p =
0). It has two independent solutions, the Bessel functions of first- and second-kind with
parameter p = 0, Jo and Yy, respectively, see Eqgs. (C.2) and (C.3). Therefore the solution
X, (z) is written as

Xao(z) = Ady(ax) + BYy(ax), for x € [1, L. (A.34)

Here A and B are constants to be determined by the boundary conditions. From Eq.
(A.26), we see that X, (L) =0, so, as in (A.31) we obtain

) Caldo(a)Yo(aL) — Jo(aL)Yo()], z € [0, 1],
Xal@) = {ca [Jo(ax)Yo(aL) — Jo(aL)Yo(ax)], = €1, L], (A.35)

for suitable constants C,, which normalize the eigenfunctions in the L3[0, L] space.
From the left boundary condition (A.25), 2X/ (1) + (a® + 0)X,(1) = 0, so we search
for values of o that satisfy

_a2 +o  Jy(@)Yo(al) — Jo(aL)Yy(a)
20~ Jo(a)Yolal) — Jo(al)Yola) (4.36)

Since J{(x) = —Ji(x) and Yj(x) = —Yi(z), see Property (1) in Appendix C, we simply
need to find the roots o of Eq. (A.36) rewritten as:

a? + o Jo()Yo(aL) — Jo(aL)Yy(a)
2a Ji(a)Yo(aLl) — Jo(aL)Yi(a)

=1. (A.37)

Given a value of « satisfying (A.37), we have found an eigenvalue; its corresponding
eigenvector is given by (A.35).
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A.2.3 The eigenvalue finder

We can construct a function that helps in finding the eigenvalues (just as we did for the
1D case in Sec. A.1.3); from the equalities (A.32) and (A.37) we write

(y*+ 0 Jo(y)Yo(yL) — Jo(yL)Yo(y)
2y Ji(y)Yo(yL) — Jo(yL)Y1(y)

ocln L

Fly) = y=0 (A.38)

P o L) KolyL) — LiyL)Ko(y)
{2y L(y)Ko(yL) + Io(yL)Ki(y)

The value F(y) for y = 0 is obtained by continuity of the function F'(y), which will be
proved soon. Now the roots of F(y) = 1 are all the eigenvalues; positive values of y
correspond to the eigenvalues A\ = y?, analyzed in Sec. A.2.1, and negative values of y
correspond to the eigenvalues A = —y? analyzed in Sec. A.2.2. Notice that A = (signy)y>.
The plot of this function is shown in Fig. A.2.

= F(y), y<0

F+(y)7 y>0

5 | \ |
-20 -15 -10 -5 y o 8 1o

Figure A.2: Plot of the eigenvalue finder F(y) for N' = 2. The positive and
negative eigenvalues are determined by F'(y) = 1. The dotted line corresponds
to the constant function equal to 1. Along the positive axis we represent the
condition for the existence of a positive eigenvalue 3. Along the negative axis
we represent the conditions that define the negative eigenvalues. Here we note
that there exists at most one positive eigenvalue.

We have to verify certain properties of F'(y) in order to guarantee that we will find all
of the eigenvalues in this way. First of all, it is easy to see that the fractions without Bessel
functions, (y* +0)/(2y), in (A.38) are antisymmetric in y. Similarly, it is not hard to see
that the quotients of Bessel functions are also antisymmetric in y, because Iy, Jy, Ko, Yo
are even functions, but for the parameter p = 1, the Bessel functions Iy, Ji, K;, Y are odd
functions, see Property (1) in Appendix C. So, by plotting F_ and F in the appropriate
half lines, we are capturing all relevant roots.

Lemma A.3 The eigenvalue finder F(y) given in Eq. (A.38) is continuous at y = 0.
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Proof. First, we check that the lower limit of (A.38.a) is given by (A.38.b). The Bessel
functions involved are given by their asymptotic representations around y = 0, see the
complete calculations in Appendix C.2, obtaining

y? + o Jo(y)Yo(yL) — Jo(yL)Yo(y

= ()
W = 5 T tD) — D)%) (A.39)
(o)L W20 LD EOWY)
: 2(1 = (y/2)*(L* = 2LIn L) + O(y")) : .
and therefore -
tim F(5) = =5~ (A.41)

Thus, we see that (A.38.a) tends to (A.38.b) as y — 0—.

Second, we verify that the full function F(y) is continuous at y = 0. Let w be a
complex number: from definition (C.22), notice that Iy(w) = Jy(iw), Ko(w) = Yy(iw),
and I (w) = —iJ; (iw), K1(w) = iY1(iw), so by introducing these equalities into (A.38.a),
we obtain

—w?*+o  Ip(w)Ko(wL) — In(wL) Ko(w)
2iw LI (w)Ko(wL) — Iy(wL): Ky (w)
w? — o Iy(w)Ko(wL) — Th(wL)Ko(w)
2w I (w)Ko(wl) + Iy(wL) K (w)

F_(iw) =

= Fi(w), (A.42)

so the limit of the analytic functions F_ and F, is the same for any w — 0, so F(y) is a
continuous function. O

From the asymptotic behavior of the Bessel functions when y tends to —oo, we can
describe the relative size of the eigenvalues. Using Property (6) of Appendix C, when
y < —1, it follows that

y*> + o cos(y — w/4)sin(yL — 7 /4) — cos(yL — m/4) sin(y — 7/4)

F_(y) 2y sin(y — w/4)sin(yL — w/4) + cos(yL — 7 /4) cos(y — 7 /4)
y? +osin(y(L—-1)) Pro )
W cs(Lo1)) 2y CtWE-) (A.43)

In this way, the behavior of the large negative eigenvalues is very similar to the one we
found for the 1D case, in Sec. A.1.2. For the behavior of the small negative eigenvalues
we rely on the Bessel tools of MATLAB, see Fig. A.2, and we notice that they are very
close to the eigenvalues obtained for the 1D case.

All these facts imply that the eigenvalue set is countable and it can be written as

.<yn<...<y2<y1<0,

with the property that each root y,, for n > 1 lies in the interval (—(n + 1)7/d, —nx/d).
We denote each negative eigenvalue by o, := vy, forming a decreasing sequence.
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Similarly, we can verify that for y > 1

Fo(y) ~ Y 2; 7 coth (y(L — 1)), (A.44)

which is analogous to the result shown for the positive eigenvalue case in 1D. Then, with
the MATLAB calculation for y > 0 close to origin and the behavior for large y derived

analytically, we can conjecture that there is at most one positive eigenvalue. Taking into
account (A.41), we see that there exists a positive eigenvalue only when

clnL

5 > 1. (A.45)

We claim that for y # 0 that F'(y) < 0 is satisfied wherever it is defined. The
verification is based on the following: (i) the analysis of F(y) for y < —1, see (A.43),
(ii) the analysis of F(y) for y > 1, see (A.44) and (iii) numerical evaluation done with
MATLAB close to the origin.

We have found the eigenvalues that belong to the real axis. In Sec. 3.2, we used the
Friedrichs extension theorem to prove that they form a complete set (so there are no other
eigenvalues).

A.3 Eigenvalues and eigenvectors in 3D

Let us rewrite the eigenvalue problem (3.13)-(3.16) for A = 3 in [0, L]:

%difv (xz%;x)) = AX(z) rell, L] (A.46)
oX(1)+3X'(1+) = XX(1) (A.47)
X(L) =0 (A.48)

\ X(z) = X(1) z €10, 1]. (A.49)

Due to the similarities with two previous sections, we will be terse.

A.3.1 The growing mode
Take A = 32, again with 3 € RT to recover the eigenvalue. Solving Eq. (A.46), we have

exp(Bn) | pesp(—)
T x ’

X(z)= A (A.50)

with A, B dependent on (. Substituting Eq. (A.50) in Eq. (A.48) we get B =
—Aexp(28L). Substituting this expression in Eq. (A.47), we obtain

o — 3 — (3* sinh(3d)

30 cosh(8d)

= 1. (A.51)
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Thus, we define
tanh(3d), 6> 0. (A.52)

So Eq. (A.51) is the same as
F(B) =1. (A.53)

The eigenfunction associated to the eigenvalue (3 is

o C, s.inh (Bd), v € [0, 1], (A54)
o) = C’Osmh (ﬁi:L — :L’))’ rell I :

where C, is a suitable constant to normalize the eigenfunction on the weighted space
L3[0, L] defined in (3.34).

A.3.2 Decaying modes

We now look for negative eigenvalues. Take A = —a? and notice that o and —a« give rise
to the same solution, so for convenience we take a € R™. From Eq. (A.46), we have

N Bsin(aaz’) |
T T

X(z) = Acos(ax)

but from Eq. (A.48), we have X (L) = 0, so it is better to choose

X, (z) = oSRL =) (A.55)

i

where the constant C' depends on a. Using (A.55) into Eq. (A.47), we get

_ 2
03# tan(ad) = 1. (A.56)

Thus we define )
F(a):= J_?’# tan(ad), a < 0. (A.57)

The eigenvalues are the roots of F'(a) = 1, by comparison with Eq. (A.56).

Inspecting F'(«) = 1 we see that there is a unique root a,, for n € N in each interval
(—(n + 1)w/d, —nm/d). The roots form a countable decreasing sequence of eigenvalues
for our model. Each of these eigenvalues has an associated eigenfunction

p - C, s'in (and), x €0, 1], (A58)
n(T) 1= Onsm <an($L — :1:))’ rell L) i

where (), are suitable positive normalizing constants for the eigenfunctions in the space
L0, L].
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A.3.3 The eigenvalue finder

We have used the negative sign for a because it allows us to plot all the conditions in a
single graph. We can redefine the function in (A.52), (A.57) as F(y) below, using positive
y for 0 and negative y for «, in this way:

4 _3 2
Y
c—3
Fly) = 5 d y=0 (A.59)
o—3—y?
——— tanh (yd > (.
\ 3 anh (yd) vy

Now the roots of F'(y) = 1 are all the eigenvalues; positive y correspond to the eigenvalues
A = 92, analyzed in Sec. A.3.1, and negative y correspond to the eigenvalues A = —y>
analyzed in Sec. A.3.2. Notice that A\ = (signy)y>.

Notice that 3 x F(y) in Eq. (A.59) is the same as F(y) in Eq. (A.23) for o — 3 in lieu
of 0. Thus, it is easy to verify that F'(y) in (A.52) is monotone decreasing for y € (0, c0)
taking values from (o — 3)d/3 to —oo. Thus, a rescaled plot of this function is shown in
Fig. A.1.

Notice the similarities between Eqgs. (A.59) and (A.23). All the statements in Sec.
A.1.3 are also true for the 3D case, changing the inner product. We remark that for y # 0,
F'(y) < 0 wherever is defined, so the eigenvalue finder has a unique root F(y) = 1 in each
interval (—(n + 1)7/d, —nm/d) for all n € N and there is at most a single eigenvalue for
y > 0, because there is one root in the interval (—7/d, o). (Notice that F'(y) < 0 for
0#y € (—n/d, o) and that the limits lim,,_.,4. F(y) = 400 and lim,_, ;o F(y) = —o0
are satisfied.)

Remark A.4 We mentioned that the functions F(y) in Eqs. (A.23), (A.38) and in Eq.
(A.59) are at least continuous around y = 0 and that for y # 0 it is monotone decreasing
in each interval where it is defined. Notice that the eigenvalue for the growing mode 1is
dependent of o and L. However, from (3.3), we notice that

o(0) = yexp(—1/0)/60* < 4y (A.60)

for all values of 0 > 0, and moreover, if ysyr > Z(0yr) the unstable mode does not exists,
see Eq. (2.9) and Fig. 2.1 or Fig. 2.2. Thus, when od grows to infinity the associated
etgenvalue B grows also to infinity! However, since o is bounded, the product od only
grows if d does, inspecting Fig. 2.1 we see that then the unstable equilibria 677 no longer
exists, which restrict the growing of the eigenvalue (3.

Therefore, the value of the growing mode is always bounded by the positive root of
F(y) =1 when o = 47 and v is taken as Z(0pr)/snr. In Sec. 3.2 we showed as a corollary
of Friedrichs’ Theorem that this limit is just 0 = 4. Thus the eigenvalue B and so the
rate of growth of the unstable mode is always bounded by 4~.



Appendix B

Eigenvalues and eigenvector
for the spectral decomposition

The basis for the spectral decomposition is constructed by means of the classical separation
of variables method. In Sec. B.1, we solve first a transient model because the similarities
between the separation of variables for this model and the spectral decomposition are the
guide for the construction of the orthonormal basis. In Sec. B.2 we summarize the results.
We proceed as follows. In each subsection of Sec. B.1 we focus on the spatial dimen-
sions V' =1, 2, 3; we study the solution of the transient model providing its solution.

B.1 Solution for the transient model

In order to find the solution of a transient model in a bounded domain it is convenient to
apply the method of separation of variables. The solution for a general case as a forced
model with a spectral decomposition will be found as a consequence.

B.1.1 Orthonormal basis for 1D

Let us write the transient problem for the heat equation for NV = 1:

Uy = Ugy xell, L, t>0 (B.1)
ul, t) = 0 t>0 (B.2)
uw(L,t) = 0 t>0 (B.3)
u(z, 0) = u,(z) xz € [l, L. (B.4)

Let us use separation of variables. We consider solutions of the form
u(z, t) =T(t)X(x). (B.5)
Introducing (B.5) in Eq. (B.1) and dividing by X (x)7T'(t) shows that

X'(x) _T'(W) _ s
Yo =~ =" (B.6)
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The constant —A? arises because the first equality in (B.6) must be satisfied for all ¢ > 0
and z € [1, L]. Thus each of these fractions cannot depend explicitly on = or ¢. The sign
of —A? is consistent with decay for the heat equation solution for long times, see [20].

Equating the first fraction and the last term in Eq. (B.6), we obtain the following
boundary eigenvalue problem with X (1) = X(L) =0

X"(z) + XX (z) =0, S0 X(z) = acos(Az) + Gsin(Ax), (B.7)

where «, 3 are constant. Introducing (B.7) in the boundary conditions (B.2)-(B.3) leads
to the boundary conditions for (B.7):

X(1)=0 and  X(L)=0. (B.8)
We see that the solution X (x) is not unique; the set of solutions X, (z) and A, given by
Xo(z) := Csin (A, (z — 1)), with A i=nm/d, n €N, (B.9)

solve (B.7), (B.8); here d = L — 1 as in (2.6). We have chosen the constant C' := /2/d
for convenience as we will show soon.
Equating the second fraction and the last term in Eq. (B.6), we obtain, for each \,:

T (t) = —\2Ty(t), or T, (t) = B, exp(—\2t) (B.10)

where B,, must be determined.
Thus, we have constructed the particular solutions

Un (2, t) = By exp(—A2t) X, (z), (B.11)

which satisfy all the homogeneous boundary conditions in (B.8). The same is true for
any finite linear combination of solutions of type (B.11). We attempt to represent the
solution u(z, t) of (B.1)-(B.4) as an infinite series in the functions u,(z, t):

u(z, t) = Z B, exp(—\2t) X, (z), with (B.12)
up(x) = Y BpX,(x), (B.13)
neN

under the assumption that u, belongs to L?[1, L]. The constant C' in X, (z), Eq. (B.9),
is chosen so { X, }nen satisfy the relation

<Xn7 Xk> = 571’;@, Vn, ke N, (B14)

in the L?[1, L] inner product. Therefore, calculating the L?[1, L] inner product with the
eigenfunction X (z) for both sides of (B.13), we see that the coeflicients By, must be taken
as

By = ( Xy, u,). (B.15)

Notice that {X,},en form a complete orthonormal set of eigenfunctions in the space
L?[1, L] for the operator —d?/dz?* with homogeneous Dirichlet boundary conditions; then
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there is a unique decomposition for every u, € L?[1, L] given by (B.13), with B,, given in
(B.15). Therefore, we write the solution of (B.1)-(B.4) in the form (B.12) with B,, given
by (B.15) and X,,(z) by (B.9).
On the other hand, from definition of X,,(z) in (B.9) and a simple calculation we have
that
X, (1) == Chycos (Mp(z— 1)) _, =CX,,  VneN, (B.16)

z=1

is satisfied.

B.1.2 Orthonormal basis for 2D

Let us write the transient problem for the heat equation for NV = 2:

( 10 ([ Ou
= | r=— > .
Uy % <x8x) xe(l, L, t>0 (B.17)
u(l,t) = 0 t>0 (B.18)
w(L,t) = 0 t>0 (B.19)
\ u(z, 0) = u(x) x € [l, L]. (B.20)
We use separation of variables obtaining

u(z, t) = exp(—\?t) X (). (B.21)

We use only negative eigenvalues —\2. The reason arise from the boundedness of the
Dirichlet boundary conditions at x = 1 and x = L, see Egs. (B.18) and (B.19). Indeed, if
we imagine the shell domain in R? and expect a positive mode \? we see a contradiction
by the maximum principle, see e.g. [20].

We obtain from (B.21) the boundary eigenvalue problem

1d dX
il IVl = —\2X 1, L
= el L)

xdx (B.22)
X(1) = X(L) = 0.

This ODE is the Bessel equation for parameter p = 0 with Dirichlet boundary conditions,

see [25]. As explained in Appendix C, we know that for each A the solution for the first

equation in (B.22) is

with constant A and B. From the boundary condition X (1) = 0, the solution must satisfy
A =Yy(N) and B = —Jy(A). Using the boundary condition X (L) = 0, A must be a root
of

Z(\) =0, where Z(N) == Yo(AN)Jo(AL) — Jo(A)Yo(AL). (B.24)

A plot of Z(\) is shown in Fig. B.1, from which we can find the roots by inspection;
we denote such roots by A, in increasing order. Because of the parity of the Bessel
function with parameter p = 0, we know that the negative roots would yield the same
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eigenvalues and eigenvectors, so they are unnecessary. Moreover, as shown in Property
(6) of Appendix C, we have that for A — oo

Yo(A) ~ \/gsin (A - %) and  Jy(\) ~ \/%cos ()\ - %) (B.25)

Z(\) =~ MQ\/Z sin (A(L — 1)), (B.26)

this fact is a partial justification for the asymptotic behavior A, ~ nw/d for n — oo.

SO

0.2
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Figure B.1: Plot of Z(\) for A > 0. This is a MATLAB plot using Bessel tools.

The eigenfunctions are
Xo(2) = En(Jo(Mn)Yo( M) — Yo(An) Jo(An)), (B.27)

where A, are roots of Z(A) = 0 and E, are constants. Using the weighted Hilbert
space L2[1, L] defined in (3.34), we show in Appendix C.3 that the eigenfunctions are
orthonormal for suitable normalizing constants F,, defined in Eq. (C.41). Recalling the
radial symmetry, it can also be proven that these eigenfunctions define a complete basis
for the space L3[1, L], but we will not do it here.

In Appendix C.3 we prove the orthonormality of the eigenfunctions X, given in (B.27).
In Appendix C.4, we show in Claim C.1 that X/ (1) = C,,\, for all n € N and in Claim
C.2 it is proved that C), tends to \/m as n tends to oo.
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B.1.3 Orthonormal basis for 3D

Let us write the transient problem for the heat equation for NV = 3:

(
1 0 [ ,0u
! u(l,t) = 0 t>0 (B.29)
u(L,t) = 0 t>0 (B.30)
\ u(z, 0) = u,(x) z € [l, L. (B.31)
As in the case for N = 1, we use separation of variables and obtain
u(z, t) = exp(—\?t) X (). (B.32)

We use again only negative eigenvalues —\?. The boundary eigenvalue problem

d( .d
%@@%) = —A2X ze(l, I (B.33)
xX(1) = x() = o

obtained from (B.32), (B.29)-(B.30), has solution
sin (A(z — 1
Cbm( (z — 1))

T

X(z) = (B.34)
satisfying the left boundary condition X (1) = 0. The (normalizing) constant C' in princi-
ple depends upon the value of \. In order to apply the right boundary condition X (L) =0
we must have \,, = nw/d, Vn € N. Therefore, we define
sin (An(z — 1)) nm
Xn = C 9 )\n =
() " y
By choosing C := /2/d for all n € N, the eigenfunctions {X,},en are orthonormal in
the weighted inner product of the space L2[1, L], see (3.34).
Moreover, from definition (B.35) we have
An Az —1 in (A, (z—1
xi1) i [enesnle =) psinQnlz =U)] o) 0y N (B

x 2

VneN. (B.35)

r=1

B.2 Summary for the bases in N/ dimensions

In order to summarize the results of this Appendix that are important for Chapters 4
and 5, we emphasize the similarities the results among N' = 1, 2, 3. From Eqgs. (B.9),
(B.27) and (B.35), we see that {X, ey form a complete orthonormal basis in L3/[1, L]
that satisfy Eqgs. (4.14), where we recall that L3[1, L] = L*[1, L].

Notice that X,,(x) are the eigenfunctions, defined in Eq. (B.9) for V' = 1:

X, (z) := Csin (A (z — 1)), An = nr/d, forn € N, (B.37)

where C' := /2/d.
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For N = 2 we notice that C,, := E,(Yo(An)1(An) — Jo(An)Yi(Nn)) for n € N, see Eq.
(C.50). Thus the elgenfunctlons given in Eq. (B.27) can be rewritten as:
Jo(An)Yo(An) = Yo(An) Jo(Ant)
Xn(z) :=C, , forne N, B.38
( Volh)h () — Joh) Vi () (%)

where \,, n € N are the roots of Z(\) = 0 given in Eq. (B.24). From Eq. (C.50) and
then from Claim C.2 and the approximations in Eq. (B.25) we notice that

X'(1)=Cy\,, ¥neN  and Gy, ~ c%”, for n>> 1. (B.39)

For N = 3, we defined in Eq. (B.35):

in (\u(z — 1
X, (2) = O (nz — 1) . M=nm/d, forneN. (B.40)
xr

Moreover, from Egs. (B.16), (B.36) and Eq. (B.39.a), we have

X/ (1) = Chy, Vn € N, for N =1, 3,



Appendix C

Properties of Bessel functions and bases

We compile here all the properties that are used in this work, especially in the Appendixes

A.2 and B.1.2. Some of them are classical, but is nice to list them all here. All the

information can be recovered from the books [39], [25] or from the book of Tolstov, [36].
First of all, we recall that Bessel functions arise from solving the ODE for z € C

22 X" (z) + X' (x) + (2* — p*) X (z) = 0, (C.1)

called the Bessel equation with parameter p.
Using some manipulations by change of variables and looking x € C for a solution in
the form of a series, we arrive at the solutions

=3 & V(w2 (C.2)

k:ork+1 (k+p+1)

Is easy to prove that J,(z) and J_,(z) are two linearly independent solutions of Eq. (C.1)
if, and only if, p ¢ Z . Otherwise we have a difficulty, because J_,(z) = (—1)"J,(x) for all
n € N. To obtain a second linearly independent solution for the situations where p € Z,

we define
‘]P(xx_l)p B J—P(x) (C?))

Y, =1
() pon sin(pm)

when n € N. To compute this limit we use the L'Hopital rule and some properties of the
Gamma function, and we conclude that

Vo) = ZJu(a )<ln§—|—C> 15 IMG) o (C.4)

)

2[5 ffﬁ?m(lif%;%ﬂ 03

where C is the Fuler’s constant, and we have

C = lim {x—F(l>] = lim [F(l/”>r("+1)”l+l/n _ } (C.6)

T—00 T n—0o0 [(1+n+1/n) n+1

or C = 0.577215664901532 - - -
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In particular, we have the expressions
2 x 2 (—1)F (2 \ 1 1 1
Y; - 2 In= _z Z R T T N e
o@) = 7 0<x)<n2+c> 2 T (2> T3t

2

T

- %Jg(x)<1n§+C)— S(), (C.7)

here X(x) is an auxiliary notation for the remainder series; 3(z) and () ahead are also
remainder series

(1) (/2%

T = 2[(k+ 1)!}2
SR
= %Jl(x) (lng + C) — % — %i(m) - %S(m) (C.8)

We compile some useful properties of Bessel functions; we write them down only for J,
functions, but they are also valid for Y, functions. All the calculations are found in [36].

1. By direct differentiation, for any p, we have

d%;[xp(]p(x)} = 2P J,1(x), %[x_pjp(x)] = —2 PJ,11(z), therefore:
wJ)(x) +ply(z) = xJp1(x), (C.9)
z)(x) = plp(z) = —xdp(x). (C.10)

2. Adding or subtracting (C.9) and (C.10), we obtain
/ 2p
2‘]p(x) = Jp—1<x) - Jp+1(x)7 ?Jp@) = Jp—l(x) + ‘]p+1(x)'
3. Tt is proven asymptotically in [36] (Eq. (9.17) in page 213) that for large = € R
B 2 . T 1 rp(T)
Hle) = Tz o (x 2( 2)) + /T’

V) = /= sin ($_g<p+%>) +Zp§¥a

where 7,(x) e p,(x) are bounded functions when z goes to +oc.

4. From (1), or even from (3), we see that the zeros of .J,(z) and Y,(x) are alternating,
moreover, they form a countable infinite set. Also we notice that, when x > 1 the
zeros are close to the zeros of a sine translated by 2 (p + 3).
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5. Other useful properties that arise from equality (C.10) are
Jy(z) = —Ji (), also Y (z) = —Yi(x).

Cos (x —
sin (x —

I,(z) Worss e”, (C.13)

/ [
% (& y (014)

when z > 1. The last two will be clear after Appendix C.1. (The argument is also
valid for z € C, when |z] > 1, see [39].)

6. From Property (3), we have for z € Rt

(1 +2p)), (C.11)

3T
&
Q
e N

(1+ 2p)), (C.12)

=3l 3

Q

<
=
Q

7. In |39], p. 31, it is stated that for x € R,
| Jo(x)| <1 and  |Ju(2)|<1/V2  for  n=1,2 ...

To see that Yy(x) and Y;(x) are bounded for > 1, notice that they are continuous
functions for # > 0. Then, from Property (6) they tend to zero as x — oo; the
boundedness is clear. As a matter of fact, these bounds are smaller that 1.

C.1 The Macdonald function and
the modified Bessel function of the third kind

In Appendix A.2.1 we need the solution for the equation
1
X"(z) 4+ =X'(z) — X (x) = 0. (C.15)
x

Using the traditional power series only one solution can be found; this could imply that
the other solution is not analytic at the origin.

We had the same problem with the Bessel equation, therefore, we take instead of
(C.15) the equation

1 2
X"(x)+ =X'(z) — <p_2 + 52>X(x) =0, (C.16)
x x
for any parameter p, imitating the construction of the solution for the Bessel equation.
We make the change of variables y := i3z, so that
d d?

Xy =isX'(y)  and -5 X(y) = (i8)°X"(y), (C.17)
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and substitute these two relations in equation (C.16), obtaining

~x) + D) - (G + )X = 0 ©19
o —ex - Txw) - (- 2 ) xm -0 (19

We multiply (C.19) by —y?/3?, obtaining
v X"(y) +yX'(y) + (v — ") X (y) =0, (C.20)

which is the Bessel equation with parameter p in Eq. (C.1): the solutions for this equation
were given in Eqs. (C.2) and (C.3)

Jp(y)> J—p(?/), with p g?_f 7,
{ L), Yoly), withpeZ, (C.21)

In this case, using the inverse change of variables = —iy /[ we have that the solutions
are Jo(ifx) and Yy(ifx); usually we denote Iy(Bz) = Jo(ifx) and Ko(Bz) = Yy (ifx), the
solutions we used before.

It is common to define the modified Bessel function of the third kind and Macdonald
function in the same way, just by multiplying by a convenient constant, as

L(z) :=iPJ,(ix) and Kpy(z):=1i"Y,(iz), (C.22)

respectively. Notice that applying Eq. (C.22) into (C.11) and (C.12), and after some
manipulation we recover (C.13) and (C.14) respectively. Therefore, we can write

20 (0 /9)2k
Iy(z) = kz_o( (2!2;2 : (C.23)

because the limit in Eq. (C.3) satisfies sin(pm) ~ p as p — 0. Hence, it is not difficult to
see that I,(x), K,(x) > 0 for all x > 0. The Macdonald function I,(x) is also known as
the modified Bessel function of the first kind; we follow the terminology in [25] and [39].

C.2 Behavior of the eigenvalue finder function near zero

We can express the Bessel functions as a truncated power series, in order to show that the
eigenfinder F_(z) is precisely the expression written in Eq. (A.40). Directly from (C.2),
(C.7) and (C.8) we write the approximations of order O(2?) for z € C, z near zero, as

z

Jo(z) =1 - <§)2 +OGEY,  Ji(z) = g - %(5)3 + 02, (C.25)
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N(z) = — (2)2 YO, B() = (g)g OGP, () = —2—13 (%)3 + o).
(C.26)
Using expression (C.7) for Yo, we notice that
Jo(2)Yo(2L) — % {Jo(z)Jo(zL) (m % + c) - Jo(z)z(zm}, (C.27)
Jo(2L)Yo(z) = % [JO(ZL)JO(z) (mg + c) _ JO(zL)E(z)} , (C.28)

so, using the approximations (C.25)-(C.26) for these products, we have

T(2) i= Jo(2)Yo(2L) — Jo(2L)Yo(2) = %[Jo(z)Jo(zL) InL — Jo(2)S(=L) + JO(zL)z(z)]

2 Kl 413 (g) ; o(z“)) L+ 1? (g) +O() - (%) ¥ O<Z4>]

:z[lnL (1+L*(nL —1) ) ] (C.29)

™

Analogously, using expressions (C.7) for Y, and (C.8) for Y7, we have

T(2)Yo(2L) — E{Jl(z)Jo(zL)

™

(m 7’3 + c) - Jl(z)Z(zL)] | (C.30)
WD) = [J()(zL)Jl(z) (m z c) _RED) s - Jo(zmi(z)] |
)-

so, using the approximations (C.25)-(C.26) for these products, we have

B(z) = 2z(Ji(2)Yo(z2L) — Jo(zL)Y1(2)) (C.31)
= % 2Ji(2)Jo(2L) In L — 2J1(2)2(2L) + Jo(2L) + 2Jo(2L) (2(z) + f](z))}
= % _(2L (g) + O(z4)) InL+0(Y4+1- <g) + 0" + (9(24)}
— % 2—-2(L*—-2LInL) (5)2 + 0(24)} : (C.32)

Therefore F_(y) in (A.40) satisfies

(22+0)T(2)  (+0)(InL—(2/2)*(1+L*)(InL — 1) + O(z"))

F (z)= = , (C.33
(2) B(z) 2(1—(2/2)%(L* — 2LIn L) + O(z4)) (€:33)
and taking the limit when z — 0, we obtain simply
InL
lim F(z) = 2= (C.34)

z—0 2 ’
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C.3 Orthonormality for the Bessel basis

We need to verify that {X,, },en given in (B.27) is an orthogonal basis in L3[1, L], defined
in (3.34). Take y(x) := Xi(z) and z(z) := X,,(z) for two natural numbers k, m, for X,
defined in Eq. (B.27). From Eq. (B.22.a) they satisfy:

vy’ +y = =Ny and 2 + 7 ==\ w2
Multiply the former equation by z(z) and the latter by y(z) and by subtraction, we obtain
w(zy" = 2"y)+ (2 = 2'y) = (Ao, = MNayz,  or  [a(zy = 2'y)) = (A, — N)ayz. (C.35)

Integrating from 1 to L and recalling that X (1) = Xi(L) = 0, for k as well as for m, we
get

(02, — 22) / ry(@)z(x) dr = [o(zyf — Zg)]y = 0. (C36)

Therefore if k # m we have A\} # A2, In the weighted space L3[1, L] we obtain that
{ X} }en form an orthogonal basis.

Let us calculate (X,,, X,)2. We cannot use directly Eq. (C.36) because the LHS also
vanish. Following [25], instead of X,,(x) we use X, (z) for 4 € R, which satisfies (B.22.a),
so notice that

(X, Xy = lim Al XulX(L) = X, (DX ()

lim i , (C.37)

where we have used the property X, (1) = X, (L) = 0. Notice that in the limit both
numerator and denominator vanish, so using L’Hopital leads to

= i MDD <A X, 00X,
n; n/2 — Jim A 2“ .

(C.38)

However, differentiating X, (L) = E, (Jo(1)Yo(pL) — Yo(p)Jo(pL)), see Eq. (B.27)

dX,(L)

T — B, (Y1(p) Jo(pL) — Ji(p)Yo(uL) + LYo () J1 (nL) — Jo(p)Y1(pL)]) # 0,

(C.39)
and dX,(1)/dp = 0. Then substituting (C.39) into (C.38) and taking the limit p — A,
we obtain
E2L
(Xn, Xn)o = 5 (Yo(An) (ML) — Jo(An)Yi( ML) (C.40)

Therefore, we have (X,,, X,,); =1 for all n € N, by defining E,, as

o (20000 L) = HA)Yo (ML) + LYo L (ML) = (Vi (ML)]) ) 2
n = ( L(Yo(An)/i(AnL) = Jo(An)Y1(AnL)) (0)4 .)
A1
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C.4 Estimates for constants in the Bessel basis

For n > 1 we can find nice estimates. In the following proofs, we will use the auxiliary
notation

a:= N\, — /4, ap := M\ L — /4, (C.42)
b:=M\,—3n/4, by =X\, L—31/4, and b, := N\ x—37/4, (C.43)

which depend on n, but for the sake of simplicity we will omit such dependence because
it does not lead to confusion.

Claim C.1 For n > 1 we have that E,, ~ 7,/ 2d.

Proof. Recalling the formula (C.41) for E,,, using the Property (6) of this Appendix and
the auxiliary definitions (C.42)-(C.43), we have that for n — oo the eigenvalues satisfy
A\n & nw/d, see Eq. (B.26), so

L 4

E? =~ Em(sinacosbL — cosasinby) (C.44)

X [sin bcosay + Lsinacosby, —sinbcosay — L cosasin bL} (C.45)

— WQQA% sin(a — br) [sin(b — ar) + Lsin(a — by)] (C.46)

R e sin(7/2 — nr) [ sin(—7/2 — nw) + Lsin(r/2 — nr)] (C.47)

= WQQA% (=)™ (=) + (1)) = Wfi%. (C.48)

Therefore the claim is proved. O

A simple differentiation of the eigenfunctions X,,, given in (B.27), shows that
X0(1) = MEu(Yo(A) i) — Ho(A¥a(A)),  Vn N, (C.49)
with the normalizing constant E,, given in (C.41). So, let us define the constants C,, as
Cn = E,(Yo(An)J1(An) — Jo(An)Y1(An)), Vn € N. (C.50)
in order to express X/ (1) = \,C,,.

Claim C.2 For n > 1 we have that Yo(A,)J1(An) — Jo(An)Yi(An) = 2/(mA,). Also

C, =~ /2/d.
Proof. First notice, from differentiating Eq. (B.27), that

X1(2) = =M B (Jo(An) Vi (M) = Yo(Au) Sy (An) (C.51)

and that |Ji(z)| < 1forz € Rand £ =0,1,2,... and |Y,,(z)] < 1 for values = > 1
when m = 0, 1, see Property (7) in this Appendix; therefore | X/ (z)| < 2\, E,. However,
we can do better as follows.
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Using the expression (C.51) at x = 1, the Property (6) and the auxiliary numbers
(C.42)-(C.43), we have that for n > 1

2
Yo(An)J1(An) — Jo(An)Yi(\) = —E A\, (T) (sinbcosa — sina cos b)
T

n

2 s 2
p— —_— 1 _— p— R 2
7T)\ns,1n2 - (C.52)

Thus we have proved the first part of the claim. The second part follows from Claim C.1
by recalling that C,, := E, (Yo()\n)Jl()\n) — Jo()\n)Yl()\n)), in Eq. (C.50). O



Appendix D

Boundary conditions
and stationary solutions

In this Appendix we study all possible boundary conditions that can be used for problem
(2.1)-(2.2), for N = 1:

d?o
12 0 zell, L]
(D.1)
1 d
vexp(——) ‘l'_g =0 x =1,
0) |y dx|_,
namely, one of the boundary conditions at the right
Q;,;(ZL‘) = —q, if r=1L < o0
olx) — by, if z—L=oc. (D.2)

With ¢ > 0, —q is an outgoing flux, and 6, is a non-negative temperature.
We start by analyzing the case when L = oo. To define a solution for the system
(D.1), the solution

o(z) = ax + b, (with a, b constants) (D.3)

needs a = 0 and b = 0. In order to satisfy the right boundary condition (D.2.b), it is
necessary that o(1) = 6. Using the solution (D.3) in (D.1.b), we get

d 1
ce =0, then exp ( — —)
dz|,_, 0

=0. (D.4)
=1
This is only possible if —1/6,, — —oo, which means that ¢ = 0, thus for L = oo the only
solution is uninteresting.

Now we restrict to some finite L. Using a finite interval [1, L] for x allows for more
possibilities, depending on the boundary condition used at x = L. The two most common
boundary conditions are Dirichlet’s and Neumann’s. The first one, applied to this case,
fixes the temperature of the exterior of our domain, while the second one prescribes the
heat flux at the boundary of our domain.
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The stationary system for the Neumann conditions is very simple. We start again from
system (D.1), and impose a heat flux condition at the right boundary on = = L. This
situation does not correspond to what happens in the field: we never have an isolated
reservoir. However, it may be obtained in the laboratory, and it is a nice scenario to test
the model.

For the homogeneous Neumann problem, we have the stationary system (D.1) with
boundary condition (D.2)

0:(L) = 0. (D.5)

Again, the solution is given by o(z) = ax+b. Since we have g, = a, from the boundary
condition (D.5), we obtain that @ = 0. From the left boundary we have o(1) = b. Using
these values in the second equation of (D.1), we recover the limit in (D.4). Once again,
we only get a trivial and uninteresting solution. This fact is in agreement with intuition;
if at z = 1 we have a positive source of heat and the reservoir is isolated at z = L, then
the temperature never stabilizes.

However, if we specify a nonzero heat flow at x = L, i.e.

Qac(L) = —q, (DG)
then from solution (D.3)
Jd(x) = a or a = —q. (D.7)

Using this result in the second Eq. of (D.1), we get:

vow (- L) 0 = 0 (D.5)

—q+b
1

therefore b = ¢g— ——. D.9
log(q/7) (B-8)

In this case we have a stationary solution only if o(1) = —(log(q¢/7))~*. Note that when
g — 0+ we return to the case where the flux is zero; we recover the trivial solution.

For the case ¢ > 7, the resulting steady temperature is negative at x = 1, which does
not make physical sense, so we restrict the flux ¢ to the range [0, v); we disregard fluxes
such that energy goes out too fast and fluxes that inject energy into the system, as these
cases cannot yield stationary solutions.

However, this case gives rise to only one interesting situation, because

1

g(l):b—l—a:—m,

(D.10)

has to be satisfied. The linear analysis of stability is easy, and this steady-state solution
is stable.



Appendix E

Numerical simulations

We left for this Appendix all the numerical methods and simulations, and each section
describes facts specific to each dimension.

E.1 Numerical method for the 1D case

In this section we discuss the finite difference scheme we use for the nonlinear problem
(1.23)-(1.27) with spatial dimension one. This scheme and others can be found in [34].
We implement the Crank-Nicolson method (CN) for the heat equation (1.23), thus for

9,5 = Qm, T € [1, L],
the CN scheme withn=20,1,... and m=0,1, ..., M is:

By (et = Bortt = By = e+ B (E.1)
2 2 2 2

where v, = v(mh + 1, nk) is the discrete approximation solution (notice that we set
(mh + 1, nk) because it is convenient to represent vj = v(1, nk) as the first spatial point
for the domain starting at * = 1), p := k/h? h is the grid spacing and k is the time
interval. Here M := (L — 1)/h, so v}, = v(L, nk).

The CN method is of order O(h?, k%), and it is unconditionally stable for appropriate
discrete boundary conditions. However, in our original nonlinear problem, one of the
boundary conditions is nonlinear. There is no general theory for the stability of nonlinear
schemes. Nevertheless, we expect that for small parameters h and k£ the scheme have a
nice behavior.

The complete nonlinear problem (1.23)-(1.27), in the domain z € [1, L], for N/ =1
has for ¢ > 0 the boundary conditions:

6(1,6) = yexp(—1/6(1, ) +0u(1, t), (E.2)
(L. 1) = 0.
Then, the right boundary condition is governed by v}/ = v, where we set v}, = 0.

In order to discretize the left boundary (E.2), we recall that one way of deriving the
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discretization of CN method utilizes an auxiliary grid point between two step times,

namely (1 + mh, (n+ 1)k). For the sake of consistency we have to expand the time

derivatives at the boundary around the auxiliary point (1, (n + 3)k). Notice that
0(1, (n+1/2+1/2)k) = 0(1, (n+1/2)k) £+ 1/26,(1, (n+ 1/2)k)
+ (K*/8)0 (1, (n+1/2)k) + O(k%). (E.4)
By subtracting the (—) equation from the (+) equation in (E.4) and dividing by &k we find
0(1, (n+1)k) — 6(1, nk)
k

We do something similar for the spatial derivative, but in this case, we use spatial
average at two neighboring grid points by adding both the (—) and the (+) versions of
an equation similar to (E.4) for 6, instead of 0. Notice that 6,(1,-) = [0(1+ h, -) —
6(1, -)]/h+ O(h), then

0:(1, (n+1/2)k) = + O(k?). (E.5)

0.(1, (n+1/2)k) = %le(“rh, (n+ 1)12—9(1, (n+ 1)k)
L 00 th nk;})l —0(1, nk)] L O ), o)

Finally we can write

P (9(1, <n_+11/2>k)) = | (9(17 o 1>k>) o (g | £ 00 (87)

From these approximations, we get the final form for the boundary condition (E.2)

AN o0 A ky ~1 AN N ky ~1
(103 =gt = Fow () = (13 )b ot + Fow (). 9

here X stands for k/h.

Although this boundary scheme is of first order in space in comparison to the former
base scheme of second order, using it locally does not reduce the order of accuracy of the
overall scheme. Thus, the accuracy of the scheme is second order in space and time.

E.1.1 Implementation of the numerical method

Let h = (L —1)/M be the size of the spatial grid and M + 1 the number of spatial nodes

of the numerical domain. Let v" := (v}, o7, ..., v7,)T. We write the CN method as
n+1 n+1 n n n k7 1 ’
A" = U ") = Bu" + U(v"), where U(v") := 7exp<——n>,07...,0 (E.9)
Yo
and
1+5 -5 0 1-2 3 0
-5 1+p —§ 5 1-np §
A= " . ., B:= . '
-5 1+p =5 5 l—p §
0 0 1 0 0 1
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We want to solve each nonlinear step of the implementation of (E.9) by Newton’s
method. Let us define a vector w” := v"; we will iterate with w'*! := w! 4+ d', where d' is
a vector that corrects the previous prediction w!. Now we describe how v™*! is obtained
from W'

We are looking for d' such that w!*! instead of v™*! solves (E.9.a) approximately. Set
K := Bv" + U(v"); K will remain fixed for a given n. Assuming that d} is small, we use

Taylor’s formula to express

so, we have the iterative equation

n+1

dl
Ad —U(W)—% = K — A’ + U(W). (E.11)
(wp)?
To solve this equation, let M; := —Aw' + U(w') and
. -3 0
-5 1+pu =5
A(l) := ; (E.12)
-5 1+p =5
0 0 1

where ay = 1+ 3 — M exp (— =). Then, Eq. (E11) is d' = A™*(K + M,). At the
“o

2(wp)?
start of each iteration, we take w't! = w! 4+ d' and update M;. However, we need to solve
a linear system for A(l) in each iteration, which is somewhat expensive.

Notice that the matrices A and A(l) differ only in the first diagonal entry, which
changes at each step [ of the iterative solver. A Gaussian elimination can be implemented
from the bottom row upwards in (E.12), i.e., the opposite of the standard direction. In
this way, the U part of the decomposition is always the same and can be precomputed
once and for all. The L part is the same except for the first entry. This algorithm reduces
the operation count for the linear algebra by almost 50%.

E.1.2 Numerical results

In Appendix F we set a typical value of v = 7x10%. Using large values of v in the numerical
method leads to slow convergence: the nonlinear part in Eq. (E.8) and consequently the
oy coefficient in the solver increases and the solver requires a small step time parameter k
in order to guarantee convergence. Nevertheless, we are interested in simulating situations
with three steady-state solutions and in seeing the qualitative behavior of its solutions.
So, we use a small value v in the simulations to control the machine time by reasonable
parameter k, then we ensure the presence of the three steady-states through d, see the
Eq. (2.9).

Even using a coarse mesh, we obtain good convergence to both stable stationary
solutions. For k = 0.2 and h = 0.01 we get an error no larger than 1072 in comparison to
the actual 6; and 6777 values.
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A good example of this behavior is the following. We set v = 1/4, the reservoir
temperature 6;, = 0.2 and L = 10. For these parameters, the stationary left temperatures
are 0; ~ 0.22803135, 0;; ~ 0.47920158 and 0;;; ~ 1.12500985. Furthermore, we set the
grid numbers h = 0.05 and k£ = 0.2, and the initial condition

uo(@) = L—1

where 0; = 0.4792015876. The results of the simulation for the unstable stationary so-
lution agree with our intuition: the evolution of the numerical solution approaches the
unstable equilibria solution in a very short time, ¢ ~ 30. It remains close to that solution
for quite a long time: it diverges only for ¢ > 800, and approaches a stable stationary
solution around ¢ ~ 1850. Notice that using a bisection method we can find initial con-
ditions that remain close to the unstable solution for times as long as we please. The
profiles of this simulation are plotted at certain times on Fig. E.1 for CN. In this figure
we also show results for the Backward Euler method with central differentiation (BE).
Refining the grid numbers shows that the convergence is to g;(x) in both cases.

+0.4095 sin (0.6(L — z)) + 0.5905 sin (0.4(L — z)), (E.13)

t=0 t=30 t =800

Figure E.1: The initial condition, for time ¢t = 0, given in (E.13) is plotted on

the top left. We plot with dark circles the CN method and with light crosses

the BE method, the three “linear” plots are the three stationary solutions. For

times closer to ¢ = 30 the solution obtained by both methods approximate

the unstable solution. Both solutions remain close to it until ¢ = 800. The

bifurcation starts leading CN to o;(x) at t = 1600 and BE to g;(x) at
= 1850.

Several simulations show that the behavior of any solution of the nonlinear model
always has a fast convergence to an almost linear profile, from which the solution will be
driven to one of the stable stationary solutions. The separation between trajectories that
converge to or(z) from those converging to o;;;(z) appears to occur at a value (1, t)
comparable to 6;; in our simulations.
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In order to verify this convergence to the quasi-steady solutions of the reduced model,
we made several simulations for many values of 7. We observe that for small values of v the
convergence to quasi-steady solutions is slow, while for large values of v the convergence
is fast.

It would be interesting to analyze the dependence on ~ of the rate of convergence.

E.2 Numerical method for 2D and 3D cases

We implement the Crank-Nicolson scheme (CN), as for the 1D case, because we have seen
that is accurate and stable. The partial differential equation (1.23), for N'= 2 or 3, to be

solved 1is
1

oN-1

6, = (z"7'0,), well, L). (B.14)

Which has the CN scheme based on six points written as
—Oémv;l:i + (1 + Bm)vfn—i_l - 'vafn—:-ll = O‘mvgz—l + (1 - ﬁm)’U:z + fmeZz—H» (E15)

for x € (1, L), where p = k/h*, x =1+ mh and 0 < m < M := (L — 1)/h. Here for
N =2

O = (L4 (m — 1/2)h) /(1 +mh), ¥ := (1 + (m + 1/2)h) /(1 + mh)
and B, = m + Y = 2u. For N = 3:
U = [(1+ (m —1/2)h) /(1 +mh) P, Yo = [(1+ (m 4+ 1/2)R) /(1 +mh)]*u

and 0, := m + Vi

Note that (m 4 1/2)h appears in some terms: this is because even though the scheme
only uses grid points with n, m € N, for the construction of the scheme we used auxiliary
points at points with step time coordinate corresponding to n + 1/2, as in the standard
CN for the heat equation in 1D. Yet, there also appear points with spatial coordinate
corresponding to m £ 1/2 for controlling the two concatenated spatial derivative on the
RHS of equation (E.14).

Recall the boundary condition for N' = 2, 3:

0,(1,t) = ~exp(—1/6(1,¢t)) +N6O.(1, t), (E.16)
O(L,t) = 6. (E.17)

For the left boundary condition given in (E.16), we obtain a formula analogous to the one
for the 1D case in Eq. (E.8). The only real difference is a factor of A/ that appears in
front of A .= k/h:

NA N ky 1 N N kv 1
(TR P o SN S _ S I PR AN PY NIRRT NI .
( + 5 )vo 5 Ul 5 exp( o 1) ( 5 )Uo—l— 5 vy + 5 €XP "

(E.18)

As to the boundary condition on the right, we simply take v} ! = v7%,.
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Using the vector form, v™ := (v, ..., v%,)’, we write the scheme as
Av"™T — U (") = Bv" + U(v"), (E.19)

where o i
1+%5 =%

- 1+B %
—ay 1+03 -

A= (E.20)
—ay-1 14+ Py —u
1
The other matrix is very similar
1M NA
2 2
(631 -5 2
a 1—
B= ? , be s (E.21)

ap—1 1= Bv-1 Ym—1
1

Finally, we take U(v") := (& exp(—1/v3), 0, ..., O)T. Recall that the matrix A in (E.12)
arose from the Newton’s method, here it is the same, all the entries of A are exactly the
entries of A in (E.20) except for the first entry, which is:

N K~y 1

Therefore, we notice that the notation used in Sec. E.1.1 is analogous to the one
written down in Eq. (E.19), so we implement these schemes in a way very similar to that
for the 1D case.



Appendix F

Estimate of the dimensionless group -~

This Appendix presents the evaluation of the value of the chemical Damkdohler Number
~ that we use in the reactor model treated in this work. Actually the standard notation
for such number is Day (see [40, Table B, Serial No. D4, page F-331], in Table B the
Serial No. D4 of page F-331), we have used 7 as a short notation. This Appendix is
due to J. Bruining, the co-adviser of this work. His concern is combustion in-situ for oil
recovery. This is the reason why coke originating from pyrolysis of oil is used as fuel in
this evaluation.
We would like to obtain a realistic value for the

_AH coCcAa’R
N kE '
The models in this work accept any kind of fuel. So, we use c. for Coke concentration for
its applicability of chemical reactors as the beginning of combustion in porous media.
Notice that 7 is actually a Damkohler number of the group IV. Indeed, by defining
the “liberated heat” (); and the “conductive heat transfer” (), as
E
R’
we see that v = Q;/Q,. (We prove soon that the units of (c, A) are actually [s7!].) For
the dimensional analysis following the respective units from Table 1, page 87, we have

v (F.1)

Q, = AHcyc Ad® and Qi = ak (F.2)

[AHc(c,A)a’] = (J/mol) x (mol /m?) x s™' xm® = J/s (F.3)
and
{am%} :mx(J/(mxsxK))xﬁ:J/s. (F.4)

Notice that @; and @), can be taken as fluxes per unit area.

It is not trivial to obtain an approximate value for the reaction rate prefactor A, where
the reaction rate parameter k follows the usual Arrhenius form k = Aexp(—FE/RT). This
value is found for petroleum coke from the literature ([37]) as follows. The intrinsic
reactivity p; of petroleum coke at atmospheric air pressure, thus at a oxygen pressure for
21.3 kPa, can be written as

pi = 133 x 10%exp(—158 x 10*/RT). (F.5)
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The intrinsic reactivity is expressed in [g-Coke/(m?x min x bar-air)|. The reactive surface
area S, of coke depends on the particle size, i.e., is 0.9,1.0 and 1.6 m?/g for particle
diameters of 2.9,0.9 and 0.22 mm respectively. We assume that for the quoted equation
in Eq. (F.5) the surface area is 1 m?/g. This appears to be a reasonable average given
the fact that Eq. (F.5) is derived from plotting a large number of literature data from
various sources. Another source of inaccuracy is that the equation is found from a least
square fit of the logarithm of p; versus 1/T and thus we find the geometric average as
opposed to the arithmetic average, thus underestimating its value. We will disregard this
aspect in the following. Using that R = 8.31 [J/(mol x K)|, we can thus write

D = 2.22 x 10% exp(—19013/7T), (F.6)

where the intrinsic reactivity p; is now expressed in terms of [g-Coke/(g-Coke X s x bar-
air)| = [mol-Coke/(mol-Coke x s x bar-air)|. The value 19013 can be considered as the
activation temperature T%.

The intrinsic reactivity should include a term involving the oxygen concentration.
Assuming a linear relationship with pressure we would obtain

Po,
[0
O

pi = 2.22 x 10°

exp(—Tp/T), (F.7)

where Pp, is the pressure of oxygen and Pg, is the oxygen pressure in atmospheric air.
We will come back how p; can be converted to find A in Eq. (F.1).

The concentration of fuel requires an estimate of the coke saturation S¢ in the pore
and the porosity ¢ =~ 0.3. Following reference [1| we find that the value for Sc by using
that the fraction of coke to initial oil ranges between 11% and 17%. Assuming that the
initial oil saturation is 80% we arrive at S = 0.12. In the estimate that follows we will
assume that the molar weight of coke Mo ~ 0.012 [kg/mol] and that the density of coke
pc =~ 1000 [kg/m3|. The concentration of coke will then be c. = ppcSc = 36 |kg/m3|
= 3000.0 [mol/m3]. The enthalpy AH in Eq.. (F.1) will be expressed in terms of the
energy per mole of carbon and we take AH ~ 4 x 10° [J/mol—C].

We assume that the concentration of oxygen corresponds to the concentration of oxy-
gen in air of one bar. Let us now see which units we must assign to (Ac,) to make it
dimensionless. We find that

{AH(ACO)CCQQR] _ (J /mol) x [U] x (mol /m?®) x m? x(J /(mol x K)) _J [
<L (W /(m < K)) x (3 / mol W

ul,

meaning that the unit of (Ac,) must have units [s7!]. Considering the situation that the
coal is subjected to atmospheric oxygen in the atmosphere and considering Eq. (F.7), we
conclude that (Ac,) = 2.22 x 10%exp(—Tg/T) [s~!]. Hence we obtain for

~ AH (Ac,)cca®R 4 x 107 x 2.22 x 105 x 3000 x 0.01 x 8.31

.0 x 108,
iE 2 % 1.58 x 10° 7010

y

Other data may lead to values that are a factor of 100 smaller or larger. The main
uncertainty for estimating v is in the value for the intrinsic reactivity.
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The temperature elevation is defined as the temperature that would be attained if the
coke in place is burnt and heats up the rock in which it was deposited. This temperature
is given as
ccAH
(PC)

In the combustion process the temperature becomes always higher as the upstream part
of the heated zone is transported by convection of gases, whereas the downstream part
velocity is determined by the fuel consumption rate. Adding nitrogen to the injected
oxygen increases the velocity of the upstream heat wave, but leaves the combustion rate
unchanged. If the velocity of the heat wave and the combustion wave become close the
temperature can rise to very high values.

AT = = 600 [K].

’ Table 1. Typical field data for combustion ‘

Physical quantity Symbol | Value Unit
Atmospheric oxygen pressure | P3| 21300 [Pal
Oxygen pressure Po, | 21300 [Pal
Porosity © 0.3 -]
Coke saturation Sc 0.12 -]
Concentration coke Ce 3000 [mol-Coke /m?|
Gas constant R 8.31 [J/(mol x K)]|
Density coke pc 1000 [kg/m3]
Molecular weight of coke Me | 0.012 [kg /mol|
Pre-exponential factor (Ac,) |2.22 x 10° [s7
Heat of combustion AH | 4x10° [J/mol-Coke]
Radius heated zone a 0.1 |m]
Activation energy E 1.58 x 10° [J/mol]
Thermal conductivity K 2 [W/(m x K]
Initial temperature Tini 320 K]
Heat capacity rock (pc),, | 2x10° [J/(m3x K]
Heat generated AHe, | 1.2x10° | |J/(mol x K)]
Temperature elevation AT | 600 K]
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