Non-Periodic Bifurcations of One-Dimensional Maps

Vanderlei Horita, Nivaldo Muniz and Paulo Rogério Sabini^∗

Abstract

We prove that a “positive probability” subset of the boundary of “{uniformly expanding circle transformations}” consists of Kupka- Smale maps. More precisely, we construct an open class of 2-parameter families of circle maps (f_{a,θ})_{a,θ} such that for a positive Lebesgue measure subset of values of a, the family (f_{a,θ})_θ leaves the uniformly expanding domain at a map for which all periodic points are hyperbolic (expanding) and no critical point is pre-periodic. Furthermore, these maps admit an absolutely continuous invariant measure. We also provide information about the geometry of the boundary of the set of hyperbolic maps.

1 Introduction

We begin by formulating the fundamental problem motivating this work and stating our main results.

1.1 Non-periodic bifurcation

A great deal of understanding of those dynamical systems lying beyond the hyperbolic (Axiom A [24]) domain has been achieved through the following strategy: One considers parameterized families (Φ_θ)_{θ∈[−1,1]} of systems (diffeomorphisms or flows) such that Φ_θ is hyperbolic for initial θ = −1, but crosses the boundary of hyperbolic systems at some parameter, say θ = 0. Then one tries to understand the typical behavior of Φ_θ, for small θ > 0.

∗Work partially supported by CAPES, FAPESP, IM/AGIMB Brazil and PRONEX.

This problem is probably not realistic without some further assumptions about the dynamics at θ = 0. In a series of papers that appeared in the seventies and the early eighties, Newhouse, Palis and Takens were able to develop a detailed theory of the case when the limit set (forward and backward accumulation points of all orbits) of Φ_0 is finite. See [14, 15, 16, 17]. In this case, for a generic (Baire second category) set of arcs of diffeomorphisms, the first bifurcation corresponds to one of the following two situations:

(NH) there exists a unique periodic orbit that is non-hyperbolic, and it is either a saddle-node (one eigenvalue equal to 1), a period-doubling (one eigenvalue equal to −1), or a Hopf orbit (two complex conjugate eigenvalues with norm 1);

(NT) all the periodic orbits are hyperbolic, but there exists a unique nontransverse intersection between some stable and some unstable manifold of periodic orbits; this intersection is quasi-transverse (codimension 1).

These two bifurcation mechanisms (NH) and (NT) may be responsible for drastic changes of the global dynamics, which have been extensively studied by many authors, both for finite and infinite limit set. See [5, 6, 12, 18, 19, 20, 21, 22, 25], among many other works. Moreover, Newhouse, Palis [15] conjectured that the fist bifurcation of generic families starting from a Morse- Smale system (i.e., with no assumption on the limit set at the bifurcation parameter) is either (NH) or (NT). However, to the best of our knowledge there has been no progress in the direction of this conjecture.

In fact, our results in this work provide a negative answer to a natural probabilistic reformulation of the conjecture for 1-dimensional maps. That is, we prove that there exist large (in a measure theoretical sense) subsets of the boundary of the hyperbolic domain constituted by maps whose periodic orbits are all hyperbolic and whose critical points are not pre-periodic. Let us point out that pre-periodic critical points play the role of homoclinic tangencies in the context of 1-dimensional maps. The reason hyperbolicity breaks down for our maps is the presence of some non-periodic cubic critical point.

More precisely, our main result is

Theorem A. There exists an open set U of 2-parameters families (f_{a,θ})_{a,θ} of maps of the circle such that for a positive Lebesgue measure set A of parameters a there exists θ_∗ = θ_∗(a) for which

1. f_{a,θ} is uniformly expanding for all θ < θ_∗;

2. f_{a,θ∗} has a (cubic) critical point (and so can not be uniformly expanding); and

3. all periodic points of f_{a,θ∗} are hyperbolic (expanding), and no critical point is pre-periodic.

In other words, a “positive probability” subset of the boundary of hyperbolic systems consists of Kupka-Smale maps.

For dimension 2, Sabini, in [23], exhibits dissipative diffeomorphisms with non-periodic bifurcation: all periodic orbits are hyperbolic, their stable and unstable manifolds intersect transversally, but there is a large (in a measure theoretical sense) set of diffeomorphisms with cubic tangencies between stable and unstable manifolds, one of them associated to a non-periodic orbit.

1.2 Absolutely continuous invariant measures

Having proved abundance of non-periodic bifurcations, in Theorem A, one would like to say more about these systems, namely, one would like to describe their dynamics at (and, at a second stage, beyond) the bifurcation.

Our next result is a contribution in this direction: we prove that the maps f_{a,θ∗} have well-defined asymptotics at the statistical level. More precisely,

Theorem B. For every family (f_{a,θ})_{a,θ} ∈ U with a ∈ A there exists a unique absolutely continuous invariant measure for f_{a,θ∗} . This measure μ is supported in all S^1 and is, in fact, a physical (SRB) measure: the time average n^{−1}

∑_{n−1}

j=0 φ(f^j_{a,θ}(x)) converges to the space average ∫ φ dμ for Lebesgue almost every x ∈ S^1 and every continuous function φ.

This statement should be related to the remarkable work of Jakobson [8], where he showed that the quadratic family has an absolutely continuous invariant measure for a positive measure set of parameters, see also [2, 4]. More recently, Lyubich [10] and Avila, Moreira [1] have shown that for generic families of unimodal maps, for almost every parameter either there exists an absolutely continuous invariant measure or the map is hyperbolic (the critical point is in the basin of a periodic attractor). Moreover, the second alternative corresponds to an open and dense set of parameters, by Lyubich [9] and Graczyk-Swiatek [7]. Motived by these results, we propose

Problem 1. Does (NH) ∪ (NT) contain an open and dense subset of the boundary of expanding maps of the circle ?

Problem 2. Has (NH) ∪ (NT) ∪ {maps with a unique critical (cubic) point} full probability in the boundary ?

1.3 On the boundary of hyperbolic maps

Our construction gives one parameter families (f_{a,θ})_θ crossing the boundary of hyperbolic maps at θ = θ_∗ as its first bifurcation, that is, all members of this families with θ < θ_∗ are hyperbolic maps.

A natural question is: Are there 1-parameter families (f_{a,θ})_θ as above crossing the boundary of hyperbolic maps before θ = θ_∗ ? The next theorem gives a positive answer for this question.

Theorem C. For every family (f_{a,θ})_{a,θ} ∈ U there exists a sequence {a_k} of a-parameters accumulating in some a such that (f_{ak,θ})_θ crosses the boundary of hyperbolic maps for some θ = θ(a_k) strictly less than θ_∗.

In fact, we prove that each f_{ak,θ} has a periodic hyperbolic attracting point for some θ̃(a_k) < θ_∗. Since these points are robust we have an open set of parameters presenting this phenomena inside our family. The fact that f_{ak,−1} is uniformly expanding permits concluding that f_{ak,θ} cross the boundary of the set of expanding maps for some θ(a_k) < θ̃(a_k) < θ_∗.

Our results suggest a mental picture of the shape of a piece of the border of hyperbolic maps which is reinforced by computational simulations as in Figure 1. It concerns to Arnold-like family of circle maps

f_{a,θ}(x) = kx + a + θ sin 2πx mod 1,

with k = 3, −2.5 ≤ a ≤ 2.5 and −0.3 ≤ θ ≤ 1.6. The parameters a and θ are in vertical and horizontal directions, respectively. The dark region corresponds to positive Lyapunov exponent and the light region to negative Lyapunov exponent.

1.4 Cubic critical bifurcation

Let us describe an example of an open set where our theorems hold. We say a C^r-map φ : S^1 → S^1 has a cubic critical point at x = a if φ^′(a) = 0, φ^{′′}(a) = 0 and φ^{′′′}(a) ≠ 0. An 1-parameter C^r-family φ_θ : S^1 → S^1 starting inside the set of expanding maps presents a generic cubic criticality at (θ, x) = (θ_∗, a) if

Figure 1: Boundary of hyperbolic maps

• φ^′_θ(x) > 0 for every θ < θ_∗ .

• φ_{θ∗} has a cubic critical point at x = a which is its unique critical point.

• ∂_θφ_θ(a) < 0.

The parameter θ can be thought as the angle between the graph of φ_θ and the horizontal direction.

We construct 2-parameters families with one parameter having the same hole of θ and another one pointing out for the location of critical points. Let us give the precise definition of the families (f_{a,θ})_{a,θ}.

Let f : S^1 → S^1 be a preserving orientation C^r-expanding map, r ≥ 3 with a fixed point p with a distinct pre-image a. We consider a 2-parameter C^r-family f̃_{a,θ} : S^1 → S^1, θ ∈ [θ_0, θ_1] and a in some small open interval containing a as follows.

(H_1) For every a, f̃_{a,θ0} is uniformly expanding and there is an open interval I_0 ⊂ S^1 containing a such that f̃_{a,θ} and f are C^3-close outside I_0.

(H_2) We deform f̃_{a,θ0} inside an open interval I_a ⊂ I_0 containing a in such a way that each family (f̃_{a,θ})_θ presents a generic cubic criticality at (θ, x) = (θ_∗, a).

(H_3) For every θ, f̃_{a,θ}(a) = p and |∂_af̃_{a,θ}(x)| > 0 for every x ∈ S^1. Moreover, f̃ ′′′_{a,0}(a) ≫ 0 and |f̃ ′_{a,θ}(x)| > 1 for every x outside I_a.

See examples in the next section for this construction. Note that the hypothesis (H_1)–(H_2) are satisfied for an open set of families. Our results apply to every family (f_{a,θ}) in a small C^3-neighborhood U of (f̃_{a,θ}).

Up to reparametrization we can take [θ_0, θ_1] = [−1, 1] and θ_∗(a) = 0 for every a. Thus, a cubic tangency between the graph of f_{a,θ} and the horizontal direction is created on (a, f_{a,θ}(a)) at θ = 0.

1.5 Examples

The examples introduced in this section can be though as the family satisfying (H_1)–(H_3).

Example 1. Let f : S^1 → S^1 be defined by

f(x) = 2x mod 1.

Let ā = 1/2 and p = 0. Then ā is a pre-image of the fixed point p. Let I_0 = (x^0_−, x^0_+) be a small interval centered on 1/2. Given a close to 1/2, let I_a = (x^a_−, x^a_+) be a proper subinterval of I_0 containing a.

We can define a 2-parameter family satisfying (H_1)–(H_3) in such a way that f̃_{a,θ}(x) = 2a − θ(x − a) + A(x − a)^3 mod 1,

for every x ∈ I_a.

PSfrag replacements

Figure 2: Cubic critical point

Since f̃_{a,θ} coincides with f outside I_0, we have |f̃^′_{a,θ}(x^0_±)| = 2. On the other hand, if A is taken large enough, |f̃^′_{a,θ}(x^a_±)| = −θ + 3A(x^a_± − a)^2 > 7/4.

Thus, it is possible define f̃_{a,θ} in I_0 \ I_a such that |f̃^′_{a,θ}(x)| ≥ σ_0 > 1, for all x ∈ I_0 \ I_a.

The next two examples are easier for computational implementation than the previous one and they satisfy conditions (H_1)–(H_3) up to parametrization. In fact, the later example is a C^∞-map defined on the circle, except on a single point.

Example 2 (Arnold-like family). Let k ≥ 2 be a positive integer. For a close to 0 and θ close to k/(2π), we define f̃_{a,θ}(x) = kx + a + θ sin 2πx mod 1.

Figure 3: Arnold-like family, k = 3, a = 0, θ = 3/(2π).

Example 3 (Polynomial family). For a positive integer k we define f̃_{a,θ}(x) = 1 + 2k(x^3 + a − θx + θx^5) mod 2, where a and θ belong to a neighborhood of 0.

Figure 4: Polynomial family, k = 1, a = 0, θ = 0.

1.6 Ideas of the proof of Theorem A

We stress that the main difficulty is to prove that our maps in Theorem A are approximated by expanding ones. Next, we give an idea why the proof works.

The proof is by induction based on a Benedicks-Carleson type of argument, see [2, 3, 11]. This construction provides hyperbolicity for elements of the family for certain values of parameters: it can be carried out for a positive Lebesgue measure set of a values. More specifically, uniformly on θ < 0, we get a positive Lebesgue measure set of a values for which f_{a,θ} is hyperbolic.

Note that, for θ < 0, the map f_{a,θ}(x) has non-zero derivative for every x in S^1, furthermore the least expansion of the derivative of f_{a,θ} occurs for x = a. This motivates us to call x = a the critical point of f_{a,θ}. We want to prove hyperbolicity (i.e., expansion) along the critical orbit, that is, the orbit of a. Therefore, an induction process as done in [2] for the critical orbit is what we have in mind.

More specifically, we fix a parameter θ and use a parameter exclusion type of argument to obtain a positive Lebesgue measure set Ω_θ of parameters a such that f_{a,θ} is a uniformly expanding (hyperbolic) map. The measure of Ω_θ is uniform on θ and so, we get a positive Lebesgue measure subset A constituted by limit points of the sets Ω_θ as θ goes to zero. Therefore, in this sense, the set of maps f_{a,θ} such that a belongs to A is a large subset of the boundary of the expanding maps.

Now we recall basic concepts and issues in [2] we need to deal with. See also [13] for a careful detailed presentation of these ideas.

First of all, let ξ_n(a) = f^n_{a,θ}(a) stands for the critical orbit. We need to estimate the expansion along this orbit – later we see that expansion for it implies (almost surely) hyperbolicity of f_{a,θ}.

Fixed δ > 0 small, we say that a positive integer n is a return time for f_{a,θ} if |ξ_n(a) − ξ_0(a)| < δ. In this case, as we make precise later, during a certain amount of time called bound period the iterates ξ_{n+1}(a), ξ_{n+2}(a), . . . follow closely the critical orbit (see Section 3). An induction argument can be applied to transport expansion of f_{a,θ} from ξ_j(a) to ξ_{n+j}(a) in order to recover the possible loss of expansion due to the approximation to the critical point at time n.

After a bound period and before the next return situation there is a period of time called free period. The total amount of free periods before n is denoted by F_n(a).

Remark that if ξ_n(a) becomes too much close of ξ_0(a) then a large bound period is required and the induction no longer works. Furthermore, the bound period is intended merely to recover the loss of expansion at time n and so the final expansion is primarily obtained by the total amount F_n(a) of free times. This gives us an idea why the two assumptions below are required for our purpose of induction.

• (BA_n) A recurrence control: the returns are not too close to the critical point.

• (F A_n) A statistical restriction: a bound of the total amount of time required to recover the loss of derivative at this time and all past times.

At each time n we force (BA_n) and (F A_n) assumptions above to be satisfied by, if necessary, excluding parameters a. The remaining set is denoted by Ω_{θ,n} and the intersection for all values of n is Ω_θ.

Exponential growth of derivatives along the critical orbit for those parameters in Ω_θ will be a consequence of the controls inductively imposed.

2 Preliminary results

Here we give some results necessary to prove our theorems.

In what follows we will be working with a fixed θ ≤ 0 and so we will write f_a(x) and ξ_n(a, x) instead of f_{a,θ}(x) and f^n_{a,θ}(x) whenever possible. Since f_a is C^1 and from the compactness of S^1 we have |∂_af_a| ≤ B for some constant B > 0.

Lemma 2.1. Let Q_n =

∂_aξ_n(a, x) ∂_xξ_n(a, x)

. Assume that i) For each x ∈ S^1 and each positive integer n there exists a positive number M_n(x) such that |∂_xξ_n(a, x)| ≥ M_n(x) > 0.

ii) For some positive integer N, 2B ∞∑ n=N M^{−1}_n ≤ |Q_N |.

Let Q = max{2|Q_N |^{−1}, 3/2 |Q_N |}. Then, Q^{−1} ≤ |Q_{n+1}| ≤ Q, for every n ≥ N.

Proof. By the chain rule we have

∂_xξ_n(a, x) = ∂_x[ξ_1(a, ξ_{n−1}(a, x))] = ∂_xξ_1(a, ξ_{n−1}(a, x))∂_xξ_{n−1}(a, x) and ∂_aξ_n(a, x) = ∂_a[ξ_1(a, ξ_{n−1}(a, x))] = ∂_xξ_1(a, ξ_{n−1}(a, x))∂_aξ_{n−1}(a, x) + ∂_aξ_1(a, ξ_{n−1}(a, x)).

Thus,

Q_n =

∂_aξ_n(a, x) ∂_xξ_n(a, x) = ∂_aξ_{n−1}(a, x) ∂_xξ_{n−1}(a, x) + ∂_aξ_1(a, ξ_{n−1}(a, x)) ∂_xξ_n(a, x) . Therefore, Q_n − Q_{n−1} =

∂_aξ_1(a, ξ_{n−1}(a, x)) ∂_xξ_n(a, x) . Using (i) and ξ_1(a, x) = f_a(x), we can write |Q_n − Q_{n−1}| ≤ B |∂_xξ_n(a, x)|

≤ B M^{−1}_n (x).

By recurrence and assumption (ii), for every n > N, we have

|Q_n − Q_N | ≤ B n∑ k=N M^{−1}_n (x) ≤

|Q_N | 2 . Therefore,

Q^{−1} ≤ 1 2 |Q_N | = |Q_N | −

|Q_N | 2 ≤ |Q_{n+1}| ≤ |Q_N | +

|Q_N | 2 = 3 2 |Q_N | ≤ Q.

Remark 2.2. If the interval I_a in (H_2) is taken sufficiently small, then for every a close to ā, there exist positive constants A_1 < A_2 ≪ A_3 < A_4, with A_2 < 2A_1 and A_4 < 2A_3, such that for every x ∈ I_a we have −A_1θ|x−a|+A_3|x−a|^3 ≤ |f_{a,θ}(x)−f_{a,θ}(a)| ≤ −A_2θ|x−a|+A_4|x−a|^3 , (1) where the sum is in the circle S^1; and

−A_1θ + 3A_3(x − a)^2 ≤ f^′_{a,θ}(x) ≤ −A_2θ + 3A_4(x − a)^2. (2) Moreover, from (H_3), there exists σ_0 > 1 such that, for every f_{a,θ} close to f̃_{a,θ} |f^′_{a,θ}(x)| > σ_0 , for all x ∈ S^1 \ I_a. (3) To the end of this section we consider a fixed parameter θ ≤ 0 and so let us write f_a = f_{a,θ}.

Proposition 2.3. Given δ > 0 sufficiently small there exists η > 0 and a constant c > 0 such that, if

a) |f^j_a (x) − a| ≥ δ for 0 ≤ j < k; and b) |f^k_a (x) − a| < δ then, |(f^k_a )^′(x)| ≥ e^{ck}, whenever |a − a| ≤ η and −δ^2 < θ ≤ 0.

Proof. Since outside I_a the derivatives are uniformly expanding we can assume x ∈ I_a.

For some interval J centered in p, we denote σ_m = inf_{x∈J} |f^′_a(x)| and σ_M = sup_{x∈J} |f^′_a(x)|. One fix J such that |J| < 1/4 and l_0 = log σ_m log σ_M

> 2/3.

By choosing η small we get f(I_a) ⊂ J for all a in (a − η, a + η).

Since f_a(x) is close to p, during a certain amount of time the orbit of x remains in J. If k_0 is the first iterate of x that escapes from J we must have σ^{k0}_M |f_a(x) − p| ≥ |J|. (4) At this moment we have |(f^{k0+1}_a )^′(x)| = |(f^{k0}_a )^′(f_a(x))||f^′_a(x)| ≥ σ^{k0}_m |f^′_a(x)|. (5) In order to estimate the term σ^{k0}_m we observe from (4) that k_0 ≥ log(|J|/|f_a(x) − p|) log σ_M and so

log σ^{k0}_m ≥ log(|J|/|f_a(x) − p|)

log σ_M log σ_m = log(|J|/|f_a(x) − p|)^{l0} . (6) On the other hand, the derivative in the right side of (5) can be estimated, using (2), as |f^′_a(x)| ≥ −A_1θ + 3A_3|x − a|^2 ≥ 3A_3|x − a|^2. (7) Therefore, replacing (7) and (6) in (5), we have |(f^{k0+1}_a )^′(x)| ≥ |J|^{l0}

3A_3|x − a|^2 |f_a(x) − p|^{l0}

. (8) First, we estimate |f_a(x) − p| ≤ |f_a(x) − f_a(a)| + |f_a(a) − p|. (9)

If f_a is taken close to f̃_a (see (H3)) and η is sufficiently small, then |f_a(a) − p| ≤ |f_a(a) − f̃_a(a)| + |f̃_a(a) − f̃_a(ā)| + |f̃_a(ā) − f̃_ā(ā)| ≤ δ^3. (10) From (1),(9) and (10) and assuming |x − a| > δ and δ^2 > −θ, we get |f_a(x) − p| ≤ −A_2θ|x − a| + A_4|x − a|^3 + δ^3 ≤ (A_2 + A_4 + 1)|x − a|^3 = 3A_3|x − a|^3 .

From this later estimate and (8), we get |(f^{k0+1}_a )^′(x)| ≥ |J|^{l0}

3A_3|x − a|^2 (3A_3|x − a|^3)^{l0} . Since l_0 > 2/3, by taking A_3 sufficiently large, we can suppose that (3A_3)^{1−l0} |x − a|^{2−l0} ≥ C|J|^{−l0} , for some constante C > 1. Hence, we get |(f^{k0+1}_a )^′(x)| ≥ C.

Furthermore, since |x − a| > δ we have a uniform bound for k_0 in this last equation which enables us to rewrite it as |(f^{k0+1}_a )^′(x)| ≥ e^{c(k0+1)} , (11) for some positive constant c.

Note that we can choose the neighborhood J of p in such a way that f^{k0+1}(x) ∉ I_a. To finish the proof we observe that for all 0 ≤ j < k such that f^j_a (x) belongs to I_a we can use the same arguments before since due to hypothesis (b) we know that j + k_0 < k.

Remark 2.4. Without assuming (b) in the preceding lemma we can easily obtain an estimate for the expanding behavior of f_a like |(f^k_a )^′(x)| ≥ δ^2e^{ck}.

Remark 2.5. Note that in the preceding proof we can make k_0 large by shrinking I_a. From this fact we can obtain an estimate for the rate of expansion as, say, c = 1/10.

3 The Bound Period

Whenever an iterate of x gets close to a, we have some loss on the expansion of the derivative. On the other hand, by continuity, during some few iterates the orbits of x and a will remain close. Taking into account this basic fact and assuming as an inductive hypothesis that the orbit of a is expanding (at least during these iterates) we end up with the trajectory of x recovering its eventual loss on the expansion of its derivative.

In order to present more details about these reasonings, we are going to introduce some terminology.

Fix δ = e^{−(Δ+1)}, for some Δ ∈ N, in such a way that all the results in the previous sections concerning to δ are satisfied.

Given a trajectory f^n_a (x), we can split it using the following approach:

• Return times. Those iterates when f^n_a (x) gets close to a. More precisely, we state that n is a return time for the orbit of x if we have |f^n_a (x) − a| < δ.

• Bound period. The piece of orbit of x that remains close to the orbit of a. This is accomplished by fixing β > 0 small and defining

p(x, a) = max{k : |f^{n+j}_a (x) − f^j_a (a)| ≤ e^{−βj}, 0 ≤ j ≤ k}.

The bound period associated to the return n of x is the set of times n + 1, . . . , n + p, p = p(x, a).

• Free period. Those iterates after a return and its correspondent bound period and before the next return time.

Note that we define these notions for a single orbit. On the other hand, we will need to consider groups of orbits which behave similarly during a certain amount of time. We will use in several places the idea of partitioning the phase space around a critical point in order to achieve this control. We introduce now a model of this type of partitioning which will be slightly reviewed in future sections.

Let a be a parameter under consideration. We can think of a also as a point in the phase space and define a partition of a neighborhood of a by disjoint intervals I_m given by

I_m = [a + e^{−(m+1)}, a + e^{−m}), m ≥ Δ.

We extend this definition to negative indexes imposing that I_{−m} and I_m be symmetrical with respect to a. Additionally we write

U_m = (a − e^{−m}, a + e^{−m}), m ≥ Δ.

In this partitioning whenever make sense we write

U^+_m(a) = I_{−(m−1)} ∪ U_m ∪ I_{m−1} and I^+_m(a) = I_{m−1} ∪ I_m ∪ I_{m+1} .

As a refinement of this procedure, we divide each interval I_m in m^2 subintervals of equal length which will be denoted by I_{m,k}, k = 1, . . . , m^2.

After all we have,

U_Δ(a) = ⋃ {I_{m,k} : m ≥ Δ − 1, 1 ≥ k ≥ m^2} ∪ {a}. (12)

For special reasons we join to that collection of intervals these two additional ones:

I_{Δ−1,1} = [a + e^{−Δ}, a + e^{−Δ} + τ) and I_{−(Δ−1),1} = (a − e^{−Δ} − τ, a − e^{−Δ}],

where τ = | e^{−(Δ−1)} − e^{−Δ} | /(Δ − 1)^2.

Again, taking into account this refinement, we reserve the plus sign (+) to indicate, e.g. by I^+_{m,k}, the enlargement of an interval with its two adjacent ones.

At this point let us extend the previous definition of bound period writing

p(m, a) = min_{x∈U +m} p(x, a).

Note that for some points in U^+_m we can end up with a shorter bound period than before. Since we need to recover completely the loss of derivatives at return times, we would like to state that this modification does not affect the essential properties of the bound period (see the next proposition). At this point we need to make precise the notion of recurrence control: we are assuming

|ξ_n(a) − a| ≥ e^{−αn}, (BA_n)

for some small positive constant α satisfying α ≪ β.

Proposition 3.1. Let a close to a, θ negative close to 0, |m| ≥ Δ and p = p(m, a). Then, there is a constant C_1 = C_1(β − α) such that:

a) 1 C_1 ≤ |(f^j_{a,θ})^′(f_{a,θ}(x))| |(f^j_{a,θ})^′(f_{a,θ}(a))|

≤ C_1 , for j = 1, . . . , p and every x ∈ U^+_m,

b) p < 30|m|,

c) |(f^{p+1}_{a,θ} )^′(x)| ≥ e^{(1−30β)|m|} for every x ∈ I^+_m.

Proof of 3.1(a). Let x_i = f^i_{a,θ}(x) and a_i = f^i_{a,θ}(a). Then

|(f^j_{a,θ})^′(f_{a,θ}(x))| |(f^j_{a,θ})^′(f_{a,θ}(a))| = j∏ i=1 |f^′_{a,θ}(f^i_{a,θ}(x))| |f^′_{a,θ}(f^i_{a,θ}(a))| = j∏ i=1 | | | 1 + f^′_{a,θ}(x_i) − f^′_{a,θ}(a_i) f^′_{a,θ}(a_i) | | | . (13)

While the orbit of the critical point avoid the perturbation region I_a, the derivative f^′_{a,θ}(a_i) is uniformly bounded away from zero. The same is true for the derivative of any point between a_i and x_i at least during the bound period (we are assuming x ∈ U^+_m). Thus, if a_i does not belong to the perturbation region, there exists a constant K > 0 such that | | | f^′_{a,θ}(x_i) − f^′_{a,θ}(a_i) f^′_{a,θ}(a_i) | | | ≤ Ke^{−βi}.

Otherwise, using Taylor’s Formula we get, for some positive constant K^′ | f^′_{a,θ}(x_i) − f^′_{a,θ}(a_i) | ≤ | f^{′′}_{a,θ}(a)(x_i − a_i) | + | f^{′′′}_{a,θ}(a)[(x_i − a)^2 − (a_i − a)^2] | ≤ K^′ | x_i − a_i | . From local form (2), supposing the recurrence control BA_n and the fact that i ≤ j ≤ p, we get | | | f^′_{a,θ}(x_i) − f^′_{a,θ}(a_i) f^′_{a,θ}(a_i) | | | ≤ K^′ | x_i − a_i | −A_1θ + 3A_3(a_i − a)^2 ≤ K^′e^{−βi} e^{−2αi}

≤ K^′e^{−(β−2α)i}.

Hence, from (13), we have j∏ i=1 ( 1 − | | | f^′_{a,θ}(x_i) − f^′_{a,θ}(a_i) f^′_{a,θ}(a_i) | | | ) ≤ |(f^j_{a,θ})^′(f_{a,θ}(x))| |(f^j_{a,θ})^′(f_{a,θ}(a))| ≤ j∏ i=1 ( 1 + | | | f^′_{a,θ}(x_i) − f^′_{a,θ}(a_i) f^′_{a,θ}(a_i) | | | ) .

Therefore, as β > 2α there is a constant C_1 > 0 such that 1 C_1 ≤ |(f^j_{a,θ})^′(f_{a,θ}(x))| |(f^j_{a,θ})^′(f_{a,θ}(a))|

≤ C_1.

Proof of 3.1(b). For simplicity of notation let us suppose m > 0 (the other case is analogous). Let x_m = a + e^{−m} be in the boundary of I_m ⊂ (U^+_m) and let j = min{n, p} − 1, where n is a return time for x_m. Then, there exists y ∈ (f_{a,θ}(a), f_{a,θ}(x_m)) such that

|f_{a,θ}(x_m) − f_{a,θ}(a)| |(f^j_{a,θ})^′(y)| = |f^{j+1}_{a,θ} (x_m) − f^{j+1}_{a,θ} (a)| < e^{−β(j+1)}. (14) From the local form (1), we have |f_{a,θ}(x_m) − f_{a,θ}(a)| ≥ −A_1θ|x_m − a| + A_3|x_m − a|^3 ≥ A_3|x_m − a|^3 ≥ A_3e^{−3m}. (15) By Proposition 2.3 and part (a) we have |(f^j_{a,θ})^′(y)| ≥ C^{−1}_1 e^{cj}.

Hence, from inequalities (14) and (15) we have C^{−1}_1 e^{cj}A_3e^{−3m} ≤ e^{−β(j+1)}.

Then, log C^{−1}_1 A_3 − 3m + cj ≤ −β(j + 1).

Thus, as C^{−1}_1 A_3 > 1 (A_3 ≫ 0), we have j < 3m − β c + β

. (16) The condition (BA_n) besides the fact that n is a return time for x gives e^{−αn} ≤ |f^n_{a,θ}(x_m) − a|. (17) On the other hand, if f^n_{a,θ}(x_m) belongs to I_m then |f^n_{a,θ}(x_m) − a| < e^{−m}. (18)

Therefore, from (17) and (18), it follows that

e^{−αn} < e^{−m} < e^{−Δ}.

Thus, Δ < m < αn.

Hence, from (16), we obtain j < 3αn − β c + β

≪ n.

This implies that j = p − 1. Thus, from Remark 2.5 p ≤ 3m − β c + β

+ 1 ≤ 30m.

Proof of 3.1(c). Again, without loss of generality, we suppose m > 0. It follows from Mean Value Theorem that there exists y ∈ U^+_m such that

|(f^{p+1}_{a,θ} )(U^+_m)| = |(f^{p+1}_{a,θ} )^′(y)| |U^+_m| = |(f^p_{a,θ})^′(f_{a,θ}(y))| |f^′_{a,θ}(y)| |U^+_m|.

Let x be an arbitrary point of I^+_m. Then, by part (a),

|(f^{p+1}_{a,θ} )^′(x)| = |(f^p_{a,θ})^′(f_{a,θ}(x))| |f^′_{a,θ}(x)| ≥ 1 C_1

|(f^p_{a,θ})^′(f_{a,θ}(y))| |f^′_{a,θ}(x)|.

The fact that |f^{p+1}_{a,θ} (U^+_m)| ≥ e^{−β(p+1)} and |U^+_m| < 2e^{−m+1} implies that

|(f^{p+1}_{a,θ} )^′(x)| ≥ 1 C_1

|f^{p+1}_{a,θ} (U^+_m)| |U^+_m|

|f^′_{a,θ}(x)| |f^′_{a,θ}(y)| ≥ 1 2C_1 e^{−β(p+1)} e^{−m+1}

|f^′_{a,θ}(x)| |f^′_{a,θ}(y)|

. (19)

From the local form (2), we have

f^′_{a,θ}(x) f^′_{a,θ}(y) ≥ −A_1θ + 3A_3(x − a)^2 −A_2θ + 3A_4(y − a)^2 ≥ −A_1θ + 3A_3e^{−2m} −A_2θ + 3A_4e^{−2m+2} . For θ = 0, we have f^′_{a,0}(x) f^′_{a,0}(y) ≥ A_3 A_4 e^{−2}.

By continuity of f^′_{a,θ} and by reducing θ_0 if necessary, we have, for every negative θ close to 0, f^′_{a,θ}(x) f^′_{a,θ}(y) ≥ A_3 A_4 e^{−3}. (20)

Finally, it follows from (19), (20) and part(b),

|(f^{p+1}_{a,θ} )^′(x)| ≥

A_3e^{−3} 2A_4C_1 e^{−β(p+1)} e^{−m+1}

≥ e^{(1−30β)m}.

4 The induction process

Since we follow classical technics we just outline the proof when it is analogous to the quadratic case. Emphasis is put on those steps where we deal with the specific cubic setting.

In all what follows, consider θ ≤ 0 fixed and so let us write f_a = f_{a,θ}. Recall we have an initial interval of parameters Ω_0 = [ā−η, ā+η] (where η satisfies Proposition 2.3 and Proposition 3.1) from which we want to extract a positive Lebesgue measure subset of parameters satisfying the conclusions of Theorem A. In order to obtain such a subset we make some inductive parameter exclusion. For these reason we have to consider the dynamics of interval of parameters instead of a single parameter. Thus, we have to get similar results of previous sections for whole intervals of parameters.

Let us adapt some definitions to get the necessary results. First of all, we put P_0 = {Ω_0}. Now suppose that P_0, P_1, · · · , P_{n−1} are defined and we will describe how to refine P_{n−1} in order to construct P_n. For future references we write Ω_k = ⋃ ω∈P_k ω. Given ω = [ω_−, ω_+] ∈ P_{n−1}, we define a partition of the neighborhood of radius δ of ω exactly in the same way as we did before for a single parameter a (see Section 3, specially (12)). For example, we write,

U_m(ω) = (ω_− − e^{−m}, ω_+ + e^{−m}) and I_m(ω) = [ω_+ + e^{−(m+1)}, ω_+ + e^{−m}).

Following the referred section the meanings of I_{m,k}(ω), I^+_{m,k}(ω) and so on must be clear.

From now on, we omit ω from notation whenever the context permits. In order to describe the construction of P_n we have to discuss the fate of such an interval ω in P_{n−1} when we pass from time n − 1 to time n. The dynamics of ω will be given by

ξ(ω) = ⋃ a∈ω {f_a(a)}

and, more generally, ξ_j(ω) = ⋃ a∈ω {f^j_a (a)}.

At time n, if ξ_n(ω) does not intersect U_Δ we put ω ∈ P_n, otherwise we distinguish two cases. In the first one, if ξ_n(ω) does not cover completely any I_{m,k} we say that n is an inessential return time for ω with host interval I_{m̄,}¯_k where ξ_n(ω) ⊂ I^+_{m̄,k̄}. In the remaining case, we say that n is an essencial return time for ω and we have a natural way of inducing a partition of it by considering those sub-intervals of ω whose iterates are intervals I_{m,k} defined early. We write ω = ⋃ ω^′_{m,k} , (21)

where each ω^′_{m,k} is an interval mapped by ξ_n into I_{m,k}. In the case where the extremal intervals of ω do not cover completely an interval I_{m,k} we join them to its adjacent ones. After all, each ω^′_{m,k} is put in P_n and assigned to the host interval I_{m,k}.

Finally, if n is a return time then each subinterval ω^′ of ω in the case of an essential return and ω itself in the case of an inessential one will be included in P_n if, and only if, it satisfies a recurrence control and a statistical restriction to be explained in a little while.

Hence, when time goes on, successive exclusions are performed in the initial interval Ω_0. Carefully estimating the measure of the excluded set at each stage n we are able to show that these measures decrease exponentially fast and so we obtain a positive measure set of parameters with the desired properties.

We want to describe this process in a more precise way. One already have defined the concept of return times for intervals ω. The notion of bound period for ω with a host interval I_{m,k} is defined by

p(m, ω) = min_{a∈ω} p(m, a). (22)

The free periods are the complement of return times and bound periods.

Let us make precise the concepts of recurrence control (BA_n) and statistical restriction (F A_n) for the interval of parameters ω:

• (BA_n): ξ_n(ω) ∩ U_{[αn]}(ω) = ∅.

• (F A_n): F_a(n) ≥ (1 − α)n, for all a ∈ ω,

where F_a(n) stands for the amount of free iterates up to time n. More precisely, each ω_n ∈ P_n has a sequence of ancestors,

ω_1 ⊃ ω_2 ⊃ . . . ⊃ ω_n ,

with ω_i ∈ P_i and the concept of free iterates refers to the dynamics of these intervals.

Additionally, let us write

• (EG_n): |(f^j_a )^′(a)| ≥ e^{cj}, for 1 ≤ j ≤ n and for all a ∈ ω.

Once we have established that (22) is in fact an appropriated definition of bound period for all parameter a in ω ∈ P_{n−1} (that is to say, the content of Proposition 3.1 remains valid when we think of ω instead of a single parameter a) then we can use methods of Benedicks-Carleson in [2, 3, 11]: we suppose at time n − 1 that all ω in P_{n−1} satisfy (BA_{n−1}), (F A_{n−1}) and (EG_{n−1}) then one choose for P_n only the subintervals ω^′ of ω as in (21) satisfying (BA_n) and (F A_n). From that argument, we have

(BA_n) + (F A_n) =⇒ (EG_n).

Remark 4.1. It is important to stress now that the classical arguments guarantee that the exponential growth of the derivative until the time n − 1 supposed by inductive hypothesis can be extend to the time n imposing the recurrence control and the statistical restriction. Hence, after pass n of our induction, whenever we refer to ω ∈ P_k, with k ≤ n, the reader must be aware that this implies |(f^j_a )^′(a)| ≥ e^{cj} for all j up to time k and for all a ∈ ω.

This strategy yields a parameter set

Ω = Ω_θ = ⋂ n∈N Ω_n , whose associated maps are all expanding along its critical orbit. Moreover, after we have estimated the total measure of parameter intervals excluded we will be able to conclude that Leb(Ω_θ) > 0.

Now we have to prove an analogous of Proposition 3.1 for p(ω, m) as given in (22). A simple analysis show us that items (a) and (b) remains valid but (c) must be reestablished. A trouble raising in this context refers to steps of the proof that deals with estimates for |U^+_m| (see (19)). Note that, in this new setting |U^+_m| = 2e^{−m} + |ω|. (23)

Thus, it is necessary that |ω| be very small with respect to e^{−m} in order to we can use the same arguments as before. That will be a consequence of the inductive construction (which enforces (BA_n)) and the next lemma.

Lemma 4.2. If ω ∈ P_n then |ω| ≤ Qe^{−cn}.

Proof. We have, for some a ∈ ω

deg(f) ≥ |ξ_n(ω)| = |ξ^′_n(a)| |ω|.

Since we are taking a in ω ∈ P_n, we know, from our inductive construction, that |(f^j_a )^′(a)| ≥ e^{cj}, for 1 ≤ j ≤ n. This enables us to use Lemma 2.1 and so |ξ^′_n(a)| ≥ Q^{−1}|(f^n_a )^′(a)|.

Therefore, |ω| ≤ deg(f)Qe^{−cn}.

Just in order to simplify notations, we take c > 0 slightly small or modify the constant Q to have the statement.

From the previous lemma and (23) we can state that

|U^+_m| ≤ 4e^{−m}

and so the reasonings in the proof of Proposition 3.1 which rely on the size of U^+_m can be reproduced in this new context.

In order to state that item (c) holds in this new general setting we begin by noting that p(ω, m) = p(a, m) for some a ∈ ω. Therefore, writing p = p(ω, m), we have |(f^{p+1}_a )^′(x)| ≥ e^{(1−30β)|m|}.

We have to prove that a similar estimate still holds with another arbitrary parameter b in place of a. To accomplish this, we need to prove that derivatives during the bound period are comparable in space parameter.

Let b ∈ ω be arbitrary. Then

(f^{p+1}_a )^′(x) (f^{p+1}_b )^′(y) = p+1∏ j=1 f^′_a(f^j_a (x)) f^′_b(f^j_b (y)) = p+1∏ j=1 ( 1 + f^′_a(f^j_a (x)) − f^′_b(f^j_b (y)) f^′_b(f^j_b (y)) ) . We write x_{a,j} = f^j_a (a) and y_{b,j} = f^j_b (b). And taking into account that the maps f_a and f_b are C^2 we can choose z_j between x_{a,j} and y_{b,j}, t ∈ [a, b] ⊂ ω and a positive constant K such that

|f^′_a(x_{a,j}) − f^′_b(y_{b,j})| |f^′_b(y_{b,j})| = |f^′_a(x_{a,j}) − f^′_a(y_{b,j}) + f^′_a(y_{b,j}) − f^′_b(y_{b,j})| |f^′_b(y_{b,j})| ≤ |f^{′′}_a (z_j)| |x_{a,j} − y_{b,j}| + |∂_af^′_t (y_{b,j})| |a − b| |f^′_b(y_{b,j})| ≤ K(|x_{a,j} − y_{b,j}| + |a − b|)

|f^′_b(y_{b,j})| . We have |f^′_b(y_{b,j})| ≥ C|y_{b,j} − b|^2 and |y_{b,j} − b| ≥ |f^j_b (b) − b + y_{b,j} − f^j_b (b)| ≥ e^{−αj} − e^{−βj} ≥ (1 − e^{−(β−α)j})e^{−αj}.

Moreover, from our definition of bound period, and since x, y ∈ I^+_m and a, b ∈ ω, we have

|x_{a,j} − y_{b,j}| + |a − b| ≤ C̃(e^{−βj} + e^{−cn}) < 2C̃e^{−βj} j = 1, . . . , p , for some C̃ > 0.

From these last two estimates we have |f^′_a(x_{a,j}) − f^′_b(y_{b,j})| |f^′_b(y_{b,j})|

≤ 4KC^{−1}C̃e^{−(β−2α)j}

and so_∞ ∑ j=1 |f^′_a(x_{a,j}) − f^′_b(y_{b,j})|

|f^′_b(y_{b,j})|

< ∞,

what it is suffices to get bounded distortion as announced.

For future references let us state what we have just proved.

Proposition 4.3. Let ω ⊂ P_n , |m| ≥ Δ and p = p(m, ω). Then, there are constants C_1 = C_1(β − α) and C_3 > 0 such that for all a ∈ ω we have a) 1 C_1 ≤ |(f^j_{a,θ})^′(f_{a,θ}(x))| |(f^j_{a,θ})^′(f_{a,θ}(a))|

≤ C_1, for j = 1, . . . , p and every x ∈ U^+_m(ω),

b) p < 30|m|, c) |(f^{p+1}_{a,θ} )^′(x)| ≥ e^{(1−30β)|m|} for every x ∈ I^+_m(ω).

Remark 4.4. Note that item (b) and (c) above imply that there exists a constant σ_1 > 1 such that |(f^{p+1}_{a,θ} )^′(x)| ≥ σ^{p+1}_1 , for all x ∈ I^+_m(ω).

Another useful information about the dynamics of parameter intervals is a comparison between the sizes of its iterates in different moments. This is the content of the next lemma.

Lemma 4.5. Let ω ∈ P_n and i < j ≤ n where |ξ_n(ω)| < 1. Then, for some t ∈ ξ_i(ω), we have 1 Q^2

|(f^{j−i}_t )^′(t)| ≤

|ξ_j(ω)| |ξ_i(ω)|

≤ Q^2|(f^{j−i}_t )^′(t)|.

Proof. We choose arbitrarily a, b ∈ ω and write a_j = f^j_a (a) and b_j = f^j_b (b). Since by induction hypothesis we have expansion up to n and ξ_n(ω) does not cover S^1 then ξ_i : ω → ξ_i(ω) and ξ_j : ω → ξ_j(ω) are diffeomorphisms. Thus, |a_j − b_j| = |ξ_j ∘ ξ^{−1}_i (a_i) − ξ_j ∘ ξ^{−1}_i (b_i)|.

By the Mean Value Theorem, there exists t between a and b such that

|a_j − b_j| = |(ξ_j ∘ ξ^{−1}_i )^′(t)| |a_i − b_i| =

|ξ^′_j(t)| |ξ^′_i(t)|

|a_i − b_i|.

Since a, b ∈ ω are taken arbitrarily the claim follows from Lemma 2.1.

5 Parameter exclusions

In order to estimate the measure of the subset of excluded parameters we have to deal with the size of the iterates of the intervals we are following as well as the frequency for which these returns are well sized.

This is accomplished by considering the components of intervals ω that are mapped to extremes of the critical region. More precisely, consider ω ∈ P_{n−1} and its associated partition {I_{m,k}}_{m,k}. Suppose that n is a return time for ω. If ω^′ ⊂ ω has a host interval satisfying m = Δ − 1 then we call n an escape time for all a ∈ ω^′ and the interval ω^′ itself will be referred to as an escape component.

The next lemma state that an escape component will return large. This implies that with high probability new escape components will be created.

Lemma 5.1. Let ω ∈ P_n an escape component and μ its next return time. Then, for some ρ > 0 |ξ_μ(ω)| ≥ e^{−ρΔ}.

Proof. We can suppose |ξ_n(ω)| < 1 since otherwise the claim is obvious.

Recall that Δ + 1 = − log δ and note δ̃ = ω_+ + δ or δ̃ = ω_− − δ belongs to ξ_n(ω). In order to simplify our proof let us consider the first case since the other is similar.

Let p_a be the fixed point of f_a which is the analytical continuation of p. Let a ∈ P_n be a parameter for which ξ_n(a) = δ̃. Then, using the local form (1), we have

|f_a(δ̃) − f_a(a)| ≤ −A_2θ(δ + |ω|) + A_4(δ + |ω|)^3 .

From (10) and from the fact that p_a ≈ p we have

|f_a(δ̃) − p_a| ≤ |f_a(δ̃) − f_a(a)| + |f_a(a) − p| + |p − p_a| ≤ −2A_2θδ + 2A_4δ^3 + 2δ^3.

Since −θ ≤ δ^2, |f_a(δ̃) − p_a| ≤ C_0δ^3,

for some constant C_0 > 0.

Hence, if M = sup{f^′_a(x)}, then

|f^k_a (δ̃) − f^k_a (p_a)| ≤ M^{k−1}|f_a(δ̃) − p_a| ≤ C_0M^{k−1}δ^3.

Therefore, taking C = C_0M^{−1}, |f^{μ−n}_a (δ̃) − p_a| ≤ CM^{μ−n}δ^3.

If we suppose that the next return μ occurs while

CM^{μ−n}δ^3 < 1 4 , then ξ_μ(ω) has an extremal point, f^{μ−n}_a (δ̃), far from the return region, and contains some point inside the return region. Otherwise,

CM^{μ−n}δ^3 ≥ 1 4 (24) implies μ − n ≥

− log(4Cδ^3) log M . Moreover, by Proposition 4.3 and Lemma 4.5, we have

|ξ_μ(ω)| |ξ_n(ω)|

≥ Q^{−2}|(f^{μ−n}_a )^′(ξ_n(a))| ≥ Q^{−2}C_1|(f^{μ−n}_a )^′(ξ_n(δ̃))|.

Since n is an escape time for ω, we have ξ_n(ω) outside (a − δ, a + δ) and so, by Proposition 2.3, all orbits starting at ξ_n(ω) expand uniformly from a return situation to the next one. Using Lemma 2.1 the same holds on parameter space. Thus, |ξ_μ(ω)| |ξ_n(ω)|

≥ C_1Q^{−2}e^{c(μ−n)}. (25)

By hypothesis, n is an escape time for ω. Then

|ξ_n(ω)| ≥ e^{−Δ} Δ^2 . Therefore from (24) and (25), there exists a constant ρ > 0 such that (recall e^{−(Δ+1)} = δ)

|ξ_μ(ω)| ≥ C_1Q^{−2}e^{−c log(4Cδ} 3) log M |ξn(ω)| ≥ C1Q−2e−c log(4Cδ3) log M e −Δ Δ^2 ≥ C̃e^{3c(Δ+1)log M} e^{−Δ} Δ^2 ≥ C̃ e^{3c−1log M Δ} Δ^2

≥ e^{−ρΔ}, where C̃ is a positive constant.

The next lemma points toward an exponentially fast growth of the intervals of the partition P_n. In fact, it provides the essential estimates that enable us conclude that.

Lemma 5.2. Let μ be a return for ω ∈ P_n with host interval I_{m,k} and p its binding period. Then, if μ^′ ≤ n is the next return after μ and q = μ^′−μ−p−1, we have (a) |ξ_μ′ (ω)| ≥ e^{cq}e^{(1−50β)|m|)}|ξ_μ(ω)| ≥ 2|ξ_μ(ω)|; (b) |ξ_μ′ (ω)| ≥ e^{cq}e^{−50β|m|}, if μ is an essential return;

Proof. Write |ξ_μ′ (ω)| |ξ_μ(ω)| = |ξ_μ′ (ω)| |ξ_{μ+p+1}(ω)|

|ξ_{μ+p+1}(ω)| |ξ_μ(ω)| . Then, from Lemma 4.5 and Proposition 4.3, we get |ξ_μ′ (ω)| |ξ_μ(ω)|

≥ Q^{−4}|(f^q_t )^′(ξ_{μ+p+1}(t))| |(f^{p+1}_t′ )^′(ξ_μ(t^′))| ≥ Q^{−4}|(f^q_t )^′(ξ_{μ+p+1}(t))|e^{(1−30β)|m|}.

Part (a) follows from |(f^q_t )^′(ξ_{μ+p+1}(t))| ≥ e^{cq}.

Furthermore, if μ is an essential return then part (b) is a consequence of

|ξ_μ(ω)| ≥ e^{−|m|} m^2 .

Remark 5.3. It follows from the preceding lemma and the induction hypothesis (F A_n) that if μ is a return time for ω ∈ P_n then |ξ_μ(ω)| ≥ e^{c(1−α)μ} |ω| .

On returns we prove |ξ_μ(ω)| is very large when compared with |U_{[αn]}| which is an important result to estimate exclusions due to (BA_n) condition.

Lemma 5.4. Suppose n is a return time for ω ∈ P_{n−1}. Then

|ξ_n(ω)| ≥ e^{− 12 αn}.

Proof. Take the first μ ≤ n − 1 satisfying ω_μ = ω. Then ξ_μ(ω) contains some host interval I_{m,k} by construction. If we suppose that μ is an escape time, that is, |m| = Δ − 1 then, from Lemma 5.1, |ξ_n(ω)| ≥ e^{−ρΔ} ≥ e^{− 1}2^{αn} if n is large enough.

Otherwise, due to the (BA_n) condition, |αn − 1| ≥ |m| ≥ Δ. Let μ_0 = μ, μ_{s+1} = n and μ_i the returns of ω after μ then, from Lemma 5.2, we have

|ξ_n(ω)| ≥ |ξ_{μ1} (ω)| s−1∏ 1 |ξ_{μi+1} (ω)| |ξ_{μi} (ω)|

|ξ_{μs+1} (ω)| |ξ_{μs} (ω)|

≥ e^{−50β|m|}2^{s−1}.

Therefore, |ξ_n(ω)| ≥ e^{−50β(αn)} ≥ e^{− 12 αn}.

Proposition 5.5. There exists a constant C depending only on α and β such that if ω ∈ P_{n−1} and n is a return time for ω then for all a, b ∈ ω we have

|(f^n_a )^′(a)| |(f^n_b )^′(b)|

≤ C and

|ξ^′_n(a)| |ξ^′_n(b)|

≤ C.

Proof. By Lemma 2.1 it is suffices to prove the left inequality.

Denote by μ_i, i = 1, . . . , s, the returns of ω up to time n with corresponding bound periods of length p_i, host intervals I_{m1,k1} , . . . , I_{ms,ks} and σ_i = ξ_{μi} (ω). Let μ_0 = 1, p_0 = −1.

We have

(f^n_a )^′(a) (f^n_b )^′(b) = n−1∏ j=0 f^′_a(f^j_a (a)) f^′_b(f^j_b (b)) = n−1∏ j=0 ( 1 + f^′_a(f^j_a (a)) − f^′_b(f^j_b (b)) f^′_b(f^j_b (b)) ) . Hence, it is sufficient to show that ∞∑ j=0 f^′_a(f^j_a (a)) − f^′_b(f^j_b (b)) f^′_b(f^j_b (b))

< ∞. (26)

Let us write a_j = f^j_a (a) and b_j = f^j_b (b). The fact that f_a(x) is a C^2-map implies that there exist t ∈ [a, b] ⊂ ω and z_j between a_j and b_j such that

S_j =

|f^′_a(a_j) − f^′_b(b_j)| |f^′_b(b_j)| = |f^′_a(a_j) − f^′_a(b_j) + f^′_a(b_j) − f^′_b(b_j)| |f^′_b(b_j)| ≤ |f^{′′}_a (z_j)| |a_j − b_j| + |∂_af^′_t (b_j)| |a − b| |f^′_b(b_j)| . For estimating ∑ S_j on return times, assuming that j = μ_i for some i = 1, . . . , s then b_j ∈ I_{mi,ki} and so the derivative |f^′_b(b_j)| ≥ (e^{−|mi|})^2 ≥ |I_{mi} |^2. On the other hand, the factors |f^{′′}_a (z_j)| and |∂_af^′_t (b_j)| are bounded simultaneously by C|I_{mi} | for some constant C. Furthermore by Lemma 5.2 the size of ξ_j(ω) gets expanded between returns and so |a − b| < |a_j − b_j| for all j. Hence we can write S_{μi} ≤

C|I_{mi} ||a_j − b_j| |I_{mi} |^2 ≤ Cσ_i |I_{mi} | . We group the remaining terms of ∑ S_j taking into account the bound periods and free times. One consider the partial sums for i = 0, . . . , s − 1

S^b_i =

μ_i+p_i∑

j=μ_i+1

S_j and S^f_i =

μ_{i+1}−1∑

j=μ_i+p_i+1

S_j.

Let us estimate S^f_i for i = 0, . . . s − 1 and μ_i + p_i + 1 ≤ j ≤ μ_{i+1}. Again by Lemma 5.2 we have |a − b| < |a_j − b_j| for all such index j. Additionally we have a uniform bound K for |f^{′′}_a (z_j)| + |∂_af^′_t (b_j)| and so

S_j ≤ K

|a_j − b_j| |f^′_b(b_j)|

. (27)

From Lemma 4.5 there exists t_j ∈ ω such that

|a_{μi+1} − b_{μi+1}| |a_j − b_j| ≥ 1 Q^2

|(f^{μi+1−j)}

t_j )

′(ξ_j(t_j))| ≥ Q^{−2}e^{c(μi+1−j)},

where the last inequality is due to the fact that j is a free time. Therefore, since j is a free time (and then |f^′_b(b_j)| ≥ Mδ^2), we have

|a_j − b_j| |f^′_b(b_j)| ≤ Q^2 Mδ^2 e^{−c(μi+1−j)} |σ_{i+1}|.

Hence, there exists a positive constant C̃_0 such that

S^f_i ≤ K

Q^2 δ^2

|σ_{i+1}|

μ_{i+1}−1∑

j=μ_i+p_i+1

e^{c(j−μi+1)} ≤ C̃_0|I_{mi+1} |

|σ_{i+1}| |I_{mi+1} |

≤ c_f

|σ_{i+1}| |I_{mi+1} | , for some positive constant c_f .

In order to estimate S^b_i we first observe that if μ_i + 1 ≤ j ≤ μ_i + p_i then we can estimate using Remarks 2.4 and 5.3 we get

|a_j − b_j| ≥ δ^2e^{−2(μi+1)} |a_{μi} − b_{μi} | ≥ δ^2e^{−2(μi+1)}e^{c(1−α)μi} |a − b| . Hence |a_j − b_j| ≥ |a − b| and we have the same bound for S_j as given in (27).

We write |a_j − b_j| |f^′_b(b_j)| = |a_j − b_j| |b_j − b_{j−μi} |

|b_j − b_{j−μi} | |f^′_b(b_j)|

. (28) From the definition of bound period we have |b_j − b_{j−μi} | ≤ e^{−β(j−μi)}.

Moreover, as |f^′_b(b_j)| ≥ M|b_j − b|^2 and

|b_j − b| ≥ |b_{j−μi} − b + b_j − b_{j−μi} | ≥ |b_{j−μi} − b| − e^{−β(j−μi)} ≥ e^{−α(j−μi)} − e^{−β(j−μi)} ≥ (1 − e^{−(β−α)})e^{−α(j−μi)}.

Hence, if M_1 = (M(1 − e^{−(β−α)})^2)^{−1}, then |b_j − b_{j−μi} |

|f^′_b(b_j)|

≤ M_1 e^{−(β−2α)(j−μi)}.

In order to bound the other factor in (28), we use Lemma 4.5 to get, for some t ∈ ω, |a_j − b_j| |a_{μi} − b_{μi} |

≤ Q^2|(f^{j−μi−1} t )^′(f_t(t_{μi} ))| |f^′_t (t_{μi} )|. (29) There exists x ∈ U^+_m such that |b_j − b_{j−μi} | = |(f^{j−μi−1}_b )^′(f_b(x))| |f_b(b_{μi} ) − f_b(b)|. (30) From the local form (1), we have |f^′_t (t_{μi} )| ≤ −θA_2 + 3A_4(t_{μi} − t)^2 and |f_b(b_{μi} ) − f_b(b)| ≥ −θA_1 |b_{μi} − b| + A_3 |b_{μi} − b|^3 = |b_{μi} − b| (−θA_1 + A_3(b_{μi} − b)^2).

Thus, for θ ≤ 0, we have

|f^′_t (t_{μi} )| |f_b(b_{μi} ) − f_b(b)| ≤ 1 |b_{μi} − b|

−θA_1 + 3A_3(t_{μi} − t)^2 −θA_2 + A_4(b_{μi} − b)^2 = 1 |b_{μi} − b| ( −θA_1 −θA_2 + A_4(b_{μi} − b)^2 + 3A_3(t_{μi} − t)^2 −θA_2 + A_4(b_{μi} − b)^2 )

≤ 1 |b_{μi} − b| ( A_1 A_2 + 4A_3|t_{μi} − t|^2 A_4|b_{μi} − b|^2 ) , whenever θ is sufficiently small. Since μ_i is a return time for ω, b_{μi} and t_{μi} belongs to the same host interval I_{mi,k}. The distance from I_{mi,k} to ω is greater than e^{−m+1} and less than e^{−m} + |ω|. Hence, there is a positive constant A such that |f^′_t (t_{μi} )| |f_b(b_{μi} ) − f_b(b)| ≤ A |b_{μi} − b|

. (31)

Thus, from (29) and (31) we have

|a_j − b_j| |f_b(b_{μi} ) − f_b(b)|

≤ AQ^2|(f^{j−μi−1}_t )^′(f_t(t_{μi} ))|

|a_{μi} − b_{μi} | |b_{μi} − b|

. (32)

Therefore, from using (30) and (32) we obtain

|a_j − b_j| |b_j − b_{j−μi} |

≤ AQ^2

|(f^{j−μi−1} t )^′(f_t(t_{μi} ))| |(f^{j−μi−1})^′(f_b(x))|

|a_{μi} − b_{μi} | |b_{μi} − b| . Since f_t(t_{μi} ) and f_b(x) are far from the perturbation region, we conclude that there is a positive constant A_0 such that

|a_j − b_j| |b_j − b_{j−μi} |

≤ A_0

|a_{μi} − b_{μi} | |b_{μi} − b| . Hence, S^b_i ≤ c_b

|σ_i| |I_{mi} | , for some positive constant c_b.

Thus, there exists a positive constant C, such that

S^f_{i−1} + S_{μi} + S^b_i ≤ C

|σ_i| |I_{mi} | . The fact that |σ_{j+1}| ≥ 2|σ_j | implies that, for each fixed m the sequence of all |σ_{mi} |, σ_{mi} ⊂ I_m, is geometrically increasing. Hence, the sum of |σ_{mi} |/|I_m| over the corresponding values of i is bounded by a multiple of the last term: s∑ i=1 |σ_i| |I_{mi} | = ∑ m>0 ∑ i:m_i=m

|σ_i| |I_m| ≤ ∑ m>0 |σ_{i(m)}| |I_m| , where, by definition, i(m) is the largest value of i for which m_i = m. By construction, σ_i belongs to some I^+_{m,k}. Then, there is a positive constant C_0 such that |σ_{i(m)}| |I_m| ≤ |I^+_{m,k}| |I_m| ≤ C_0 m^2 . Therefore, S = s∑ j=1 S^f_{i−1} + S_{μi} + S^b_i ≤ C s∑ i=1 |σ_i| |I_{mi} |

≤ C_0 ∑ m>0 1 m^2

< ∞.

and the proof is complete.

6 Estimating parameter exclusions

Recall that Ω_n is the set of the remaining parameters at stage n. Let us write Ω^′_{n+1} for the set of parameters just obtained by imposing the (BA_n) condition to Ω_n as described before. Lemma 6.1. For n sufficiently large it holds

Leb(Ω_n \ Ω^′_{n+1}) ≤ e^{−ϵn} Leb(Ω_n).

for some fixed ϵ > 0.

Proof. Suppose n is a return time for ω where we exclude an interval ω̄ imposing the (BA_n) restriction. Then |ξ_n(ω̄)| ≤ 2e^{−αn+1}.

Therefore |ω̄| |ω| ≤ |ξ^′_n(t)| |ξ_n(ω̄)| |ξ^′_n(t̄)| |ξ_n(ω)| , for some t ∈ ω and t̄ ∈ ω̄.

Using the bounded distortion given by Proposition 5.5 and Lemma 5.4, we have |ω̄| |ω| ≤ 2Ce^{1−αn} e^{− 1}2^{αn}

= 2Ce^{1− 12 αn} ≤ e^{− 13 αn},

whenever n is sufficiently large. This implies the statement.

Since we construct Ω_{n+1} from Ω^′_{n+1} by imposing the (F A_n) condition, all that remains to be proved is that Leb(Ω^′_{n+1} \ Ω_{n+1}) decreases exponentially fast with n. We use a large deviation argument that can be carried out exactly in the same way as in [3, 11] as soon as we have some basic results. Among these facts, we already have established estimates for the growth of |ξ_n(ω)| between returns (see Lemma 5.2). Now we turn our attention to the frequency of returns. This is motivated by the following considerations: the assumption (F A_n) is related to the amount of time the orbits remain inside free periods. Good trajectories are those that spend a small proportion of time recovering losses of derivative. Among the iterates which contribute with real expansion, we have those pieces of orbits which are escape periods, that is to say, those iterates between successive escape times. In order to estimate the total amount of time spent in escape periods, we need to estimate the expected time between escape situations and this can be carried out if we can relate the length of orbit between successive returns to the distance of a return to the critical point. This is the content of the next lemma.

Lemma 6.2. Suppose n is an essential return for the interval ω ∈ P_n with I_{m,k} ⊂ |ξ_n(ω)|. Then the next return situation ν satisfies

ν < n + 50|m|.

Proof. In order to simplify notations we suppose m > 0. First of all, let n = μ_0 < μ_1 < . . . < μ_s < μ_{s+1} = ν be the intermediate inessential returns with host intervals I_{mi,ki} . Moreover, for all i = 0, . . . , s, we write p_i for the bound period and q_i = μ_{i+1} − (μ_i + p_i + 1) for the free period. Again, we write simply m_i instead of |m_i|.

By Lemma 5.2, we have |ξ_{μ1} (ω)| ≥ e^{−50βm}e^{cq0} . and |ξ_{i+1}(ω)| |ξ_i(ω)|

≥ e^{cqi} e^{(1−50β)mi} . Therefore,

|ξ_{μs+1} (ω)| = |ξ_{μ1} (ω)| s∏ i=1 |ξ_{μi+1} (ω)| |ξ_{μi} (ω)|

≥ e^{−50βm}e^{cq0} s∏ i=1 e^{cqi} e^{(1−50β)mi} .

Now, observe we have a natural bound |ξ_{μs+1} (ω)| ≤ deg(f).

By taking Δ sufficiently large we can suppose m ≫ deg(f) (m ≥ Δ). Taking logarithms above, we get s∑ i=0 cq_i + s∑ i=1 (1 − 50β)m_i ≤ log(deg(f)) + 50βm. (33)

Furthermore, from Remark 2.5 we have c > 1/25. Then,

ν − n = s∑ i=0 (p_i + q_i + 1) ≤ s∑ i=0 (p_i + 50cq_i).

But, from Proposition 4.3, we have p_i ≤ 30m_i ≤ 50(1 − 50β)m_i.

Therefore, from (33),

ν − n ≤ 40m + 50

(_s ∑ i=0 cq_i + s∑ i=1 (1 − 5β)m_i )

≤ 40m + 50(log(deg(f)) + 50βm) ≤ 50m.

After this result we can follow the same standard large deviation arguments present in [3] and finally get:

Leb({a ∈ Ω^′_{n+1} : F_n(a) ≤ (1 − α)n}) ≤ e^{−ϵn} Leb(Ω_0) for some fixed ϵ > 0.

7 Growth of derivatives

Let θ ≤ 0 and a ∈ Ω_θ be fixed and write f = f_{a,θ}. Given x ∈ S^1 we put x_0 = x and x_j = f(x_{j−1}), for all j ≥ 1. Let us introduce the following notation

D_{k,n}(x) = n∏ j=k |f^′(x_j)| , and D_n(x) = n∏ j=0 |f^′(x_j)|.

We can extend, in a natural way, to the orbit of x the notions of return time and bound period of the critical orbit.

For every x ∈ S^1 such that f^′(x_n) ≠ 0 for all n ≥ 0, let (n_k)_k be the sequence of return times of x by the map f with associated bound periods (p_k)_k. Since during the bound period the orbit of x inherits the same expanding behavior of the critical orbit (Proposition 4.3, part (a)), we have

D_{nk,nk+j}(x) ≥ |f^′(x_{nk} )| C_1σ^j_1 , 0 ≤ j < p_k ,

for some constante σ_1 > 1. At the end of the bound period, by adapting σ_1 > 1, if necessary, Remark 4.4 gives

D_{nk,nk+pk} (x) ≥ σ^{pk+1}_1 . (34)

Using Proposition 2.3 and Remark 2.4, we get

D_{nk,nk+pk+j}(x) ≥ σ^{pk+1}_1 δ^2σ^j_1 , for all 1 ≤ j < n_{k+1} − p_k − n_k, (35)

and also D_{nk,nk+1−1}(x) ≥ σ^{nk+1−nk}_1 .

Given n ≥ 0, let n_k ≤ n be the last return time of x. Then

D_n(x) = D(x)

(_{k−1} ∏ j=1 D_{nj ,nj+1−1}(x) ) D_{nk,n}(x), (36)

where if n_1 = 0 then D(x) = 1 otherwise D(x) = D_{n1−1}(x). In the later case, from (34) and (35), we have

D_j(x) ≥ δ^2σ^j_1 , for all 0 ≤ j < n_1, and also D_{n1} (x) ≥ σ^{n1}_1 .

When θ < 0, we have |f^′(x)| > Cθ, for all x ∈ S^1 and so, in view of all the previous estimates, we can state that there exists a constant c = c(θ) > 0 such that D_j(x) ≥ cσ^j_1, for all x ∈ S^1.

Therefore, f is a uniformly expanding map. We have proved the content of the next proposition.

Proposition 7.1. For each fixed negative θ close to 0 there exists c = c(θ) > 0 and σ_1 > 1 such that for all a ∈ Ω_θ and n ∈ N, we have for all x ∈ S^1

|(f^k_a )^′(x)| ≥ c σ^k_1 , for all k ≥ 1.

When θ = 0 we have D_n(a) = 0 for all n ≥ 0. In this case, we turn our attention to Lyapunov exponents of orbits by f_a. That is, we are interested in estimating λ_{inf} (x) = lim inf_{n→∞} 1 n + 1 log D_n(x) (37)

From (36) and estimates we carried out before, we only have to worry about the terms D_{nk} (x).

Since 1 n_k + 1 log D_{nk} (x) ≥ n_k n_k + 1 ( log σ_1 + 1 n_k log |f^′(x_{nk} )| ) , we realize that if x is not a pre-image of the critical point and

|f^′(x_{nk} )| > e^{−Cαnk} , for some constant C > 0, (38)

for all returns n_k occurring after a iterate N = N(x), then we will have

λ_{inf} (x) ≥ log σ_1 − 2α > 0.

In fact, we can prove there exists a full measure subset X of S^1 such that, for each point x ∈ X, we have N(x) well defined, that is to say, such points have orbits that fail to satisfy (38) only a finite number of times. Clearly X contains all periodic points of f.

We start by defining, for k ≥ 1,

X_k = {x ∈ S^1; | f^j(x) | ≥ e^{−Cβj}, for all j ≥ k}.

We also define

X_{k,n} = {x ∈ S^1; | f^j(x) | ≥ e^{−Cβj}, k ≤ j ≤ n} and X_{k,∞} = ∞⋃ n=k X_{k,n} .

Clearly, X = ∞⋃ k=0 X_k and X_{k,∞} ⊂ X_k, for all k ≥ 0.

Let us sketch the steps to be followed now. From the results obtained in the previous sections and using well known lines of reasoning we proceed by defining partitions in the phase space characterized by the sharing of indistinguishable dynamical evolution in finite pieces of orbits. We end up with global control of distortion of small intervals of S^1. Besides that, the defining condition of X_k is related to avoiding an interval whose length decreases exponentially fast. Altogether, it is not difficult to get, for some ε > 0 (at least for k sufficiently large),

Leb(X_{k,n} \ X_{k,n+1}) ≤ e^{−ε(n+1)} Leb(X_{k,n})

and so

Leb(X_{k,∞}) = ( ∏ n≥k (1 − e^{−ε(n+1)}) ) Leb(X_{k,k})

Since Leb(S \ X_{k,k}) tends to zero when k increases, we have

lim_{k→∞} Leb(X_{k,∞}) = 1.

This yields the desired result.

8 Proof of Theorem A

We proved in Section 6 that for every θ < 0 sufficiently small there exists a positive Lebesgue measure set Ω_θ such that each f_{a,θ}, a ∈ Ω_θ, presents expansion along its critical orbit. Furthermore, Proposition 7.1 proves the statement of part (1) of Theorem A. Part (2) is a direct consequence of definition of our families.

Since the measure of Ω_θ has a uniform lower bound (for negative θ close to 0) and the methods applied to get these sets imply that them vary continuously with θ we can define A^′ as the limit of Ω_θ as θ goes to 0. Naturally

A^′ has positive Lebesgue measure and f_{a,0} has a cubic critical point, by construction, for all a ∈ A^′.

The bifurcations constructed above are not of the (NH) type due to the recurrence control imposed while constructing Ω_θ: if the orbit of a critical point a returns too close to itself this parameter is excluded. Therefore, the critical point is non-periodic. Futhermore, from Section 7 we know that periodic points of f_{a,0}, a ∈ A^′, are hyperbolic since their Lyaponov exponents are positive.

Moreover, if we exclude a set of zero measure of A^′, the bifurcations are not of the (NT) type: fixed an interval I_n centered in the critical point of radius 1/n, for n large enough, the set of parameters B_n such that the critical orbit never goes into I_n has zero measure.

Therefore, the set of parameters A such that the critical orbit is preperiodic (NT) is contained in the countable union of the sets B_n has zero measure (recall if a orbit is non-wandering then it can not be pre-periodic). This proves part (3) and conclude the proof of the theorem.

9 Proof of Theorem B (Invariant measures)

From now on we fix θ ≤ 0 and a parameter a ∈ Ω_θ and we are going to show how to construct an invariant and absolutely continuous measure for such a map. For simplicity we consider f = f_{a,θ}.

We follows the strategy of inducing Lebesgue measures in small pieces of our phase space.

Taking into account how much of this subject is classical, we restrict ourselves in stating the realm of conditions which yields a point where getting such a measure is a matter of applying very known arguments.

First of all, let us reintroduce some terminology and notation in a slightly different way. We begin with a sequence of partitions in the phase space which will be denoted by (Q_n)_n and which resembles very closely the partition (P_n)_n in the parameter space introduced in Section 3. We define

Q_0 = {I_{m,k}; m ≥ Δ; 1 ≤ k ≤ m^2}.

where I_{m,k} is defined in exactly the same way as in section 3.

Successive refinements on Q_0 will be made by taking into account the dynamic of f.

Let λ denote the Lebesgue measure normalized in U_Δ and consider the pull-back of λ given by

f^j_∗ (λ)(A) = λ(f^{−j}(A)) = Leb(f^{−j}(A) ∩ U_Δ)/ Leb(U_Δ).

We define

μ_n = 1 n n−1∑ 0 f^j_∗ (λ). (39)

For each n we have that μ_n is a finite measure, absolutely continuous with respect to Lebesgue. Putting μ as any limit point of this sequence in the weak*-topology, it is easy to see that such a measure is invariant under f.

In order to establish that μ is absolutely continuous with respect to Lebesgue, we follows the strategy in [4]: analyzing (39) we divide the dynamics of each ω taking into account the concepts of returns, bound periods and free iterates. We consider four sequences of measures (X_n), (Y_n), (Z_n) and (W_n) such that

μ_n ≤ 1 n n−1∑ j=0 (X_n + Y_n + Z_n + W_n).

The proof then relies on the statement that these four measures are uniformly bounded in L^1-norm. To accomplish this we need two main results. The first one is a complete control of the distortion while iterating the intervals ω (Lemma 1.5 in [4]). Its contents is present in the next lemma.

Lemma 9.1. Let ω be an interval on S^1 whose points have the same dynamical evolution up to time n: the same returns, host intervals and bound and free periods. Then we have: | |(f^n)^′(x) (f^n)^′(y) | | ≤ C for some constant C independent of n and ω.

The proof of this lemma relies on the same estimates we have already established in the preceding sections an so we will omit it. (See lemma 5.1 and [4]).

The second auxiliary result we need is also classical and can be stated as follows: the probability of an orbit to avoid a fixed region around the criticality decreases exponentially fast. More precisely:

Lemma 9.2. Let ϵ > 0 be sufficiently small. Then there is a constant C > 0 and η_1 > 0 such that

Leb{x : f^j(x) /∈ (a − ϵ, a + ϵ), j = 1, . . . , k} ≤ Cη^k_1 .

For the proof, see [4, Sublemma 3.6].

10 Proof of Theorem C

For each pair (a, θ) let us denote by p_{a,θ} the analytical continuation of the fixed point p of f. The next lemma asserts that it is possible to extract from each 2-parameter family (f_{a,θ}) an 1-parameter family whose members have their critical point mapped onto its fixed point p_{a,θ}.

Lemma 10.1. There exists an 1-parameter family f_{ā(θ),θ}(x) such that ā(·) is a C^2-map defined for θ ≤ 0 and such that f_{ā(θ),θ}(ā(θ)) = p_{ā(θ),θ}. Moreover, there exists ϵ > 0 such that f_{a,θ}(a) ≠ p_{a,θ} for every 0 < |a − ā(θ)| < ϵ.

Proof. Let us define

H(a, θ) = f_{a,θ}(f_{a,θ}(a)) − f_{a,θ}(a).

For a = ā and θ = −1 we have H(a, θ) = 0. Moreover,

∂_aH(a, θ) = ∂_a ( f_{a,θ}(f(a, θ, a)) − f_{a,θ}(a) ) = ∂_af_{a,θ}(f_{a,θ}(a)) + ∂_xf_{a,θ}(f_{a,θ}(a))[∂_af_{a,θ}(a) + ∂_xf_{a,θ}(a)]− − ∂_af_{a,θ}(a) − ∂_xf_{a,θ}(a) = ∂_af_{a,θ}(f_{a,θ}(a)) + [∂_xf_{a,θ}(f_{a,θ}(a)) − 1][∂_xf_{a,θ}(a) + ∂_af_{a,θ}(a)].

By assumption (H_3), for every family (f_{a,θ}) sufficiently close to (f̃_{a,θ}), we have ∂_af_{a,θ}(f_{a,θ}(a)) > 0. From the local form (2), for all θ ≤ 0, we have ∂_xf_{a,θ}(a) + ∂_af_{a,θ}(a) > 0. Assumption (H_1) implies ∂_xf_{a,θ}(f_{a,θ}(a)) − 1 > 0. Therefore, ∂_aH(a, θ) > 0, for every (a, θ).

By Implicit Function Theorem there exists a function ā(θ) such that for all θ close to −1 we have H(ā(θ), θ) = 0. It is not difficult to see that we can extend ā(θ) for every θ ≤ 0. Moreover, the elements of this family are unique with this property in a neighborhood of ā(θ). This proves the lemma.

Proof of Theorem C. By a reparametrization, we can suppose that our central family satisfies f_{ā,θ}(ā) = p_{ā,θ},

for every θ ≤ 0.

The points a and p_{a,θ} determine a split of S^1 in two open arcs I_+ and I_−. By construction the critical point a is mapped close to p_{a,θ}. From Lemma 10.1, f_{a,θ}(a) ≠ p_{a,θ}, for all θ ≤ 0 and a close to ā. Let us suppose that f_{a,θ}(a) belongs to I_+ (otherwise the proof is similar).

Fixed θ ≤ 0, for N = N(a, θ) sufficiently large and a close to ā, a ≠ ā, we define

I_θ(N) = {a : ξ_j(a) ∈ I_+, j = 1, . . . N − 1 and f^N_{a,θ}(a) ∈ I_−}.

These intervals are well defined and their extremal points are not mapped onto p_ā because ā is the unique point in a neighborhood of itself going onto a fixed point of (f_{a,θ}). Moreover, ξ_N (I_θ(N)) = I_−. In particular ξ_N (I_θ(N)) covers I_θ(N).

By continuity, ξ has a periodic point a_N of period N, that is, f^N_{a,θ}(a) = a. By construction, the orbit of a_N has a unique iterate inside the perturbation region I_0. Since the orbit of a_N is not modified by f_{aN ,θ}, if θ is sufficiently small, a_N is a periodic sink. This proves Theorem C.

Acknowledgements. We are grateful to M. Viana for suggesting us this subject and for several useful conversations and incentives. Besides our institutions we are grateful to the hospitality of IMPA where a great part of this work was done.

References

[1] A. Avila and C.G. Moreira. Statistical properties of unimodal maps:

smooth families with negative Schwarzian derivative. Annals of Math. To appear.

[2] M. Benedicks and L. Carleson. On iterations of 1 − ax^2 on (−1, 1).

Annals of Math., 122:1–25, 1985.

[3] M. Benedicks and L. Carleson. The dynamics of the Hénon map. Annals of Math., 133:73–169, 1991.

[4] M. Benedicks and L.-S. Young. Absolutely continuous invariant measures and random perturbations for certain one-dimensional maps. Ergod. Th. & Dynam. Sys., 12:13–37, 1992.

[5] Ch. Bonatti, L. J. Díaz, and F. Vuillemin. Cubic tangencies and hyperbolic diffeomorphisms. Bol. Soc. Brasil. Mat. (N.S.), 29(1):99–144, 1998.

[6] M. J. Costa. Saddle-node horseshoes giving rise to global hénon-like attractors. Anais Acad. Bras. Ciências, 70:393–400, 1998.

[7] J. Graczyk and G. Swiatek. Generic hyperbolicity in the logistic family.

Annals of Math., 146:1–52, 1997.

[8] M. Jakobson. Absolutely continuous invariant measures for oneparameter families of one-dimensional maps. Comm. Math. Phys., 81:39–88, 1981.

[9] M. Lyubich. Dynamics of quadratic polynomials. I, II. Acta Math., 178(2):185–247, 247–297, 1997.

[10] M. Lyubich. Almost every real quadratic map is either regular or stochastic. Ann. of Math. (2), 156(1):1–78, 2002.

[11] L. Mora and M. Viana. Abundance of strange attractors. Acta Math., 171(1):1–71, 1993.

[12] C. G. Moreira and J.-C. Yoccoz. Stable intersections of regular Cantor sets with large Hausdorff dimension. Preprint, 1998.

[13] F. J. Moreira. Cahotic dynamics of quadratic maps. Master’s thesis, Univ. Porto, 1992.

[14] S. Newhouse and J. Palis. Bifurcations of Morse-Smale dynamical systems. pages 303–366, 1973.

[15] S. Newhouse and J. Palis. Cycles and bifurcation theory. Astérisque, 31:44–140, 1976.

[16] S. Newhouse, J. Palis, and F. Takens. Stable arcs of diffeomorphisms.

Bull. Amer. Math. Soc., 82(3):499–502, 1976.

[17] S. Newhouse, J. Palis, and F. Takens. Bifurcations and stability of families of diffeomorphisms. Publ. Math. I.H.E.S., 57:5–71, 1983.

[18] J. Palis and F. Takens. Cycles and measure of bifurcation sets for twodimensional diffeomorphisms. Invent. Math., 82:397–422, 1985.

[19] J. Palis and F. Takens. Hyperbolicity and the creation of homoclinic orbits. Annals of Math., 125:337–374, 1987.

[20] J. Palis and M. Viana. High dimension diffeomorphisms displaying infinitely many periodic attractors. Ann. of Math., 140(1):207–250, 1994.

[21] J. Palis and J.-C. Yoccoz. Homoclinic tangencies for hyperbolic sets of large Hausdorff dimension. Acta Math., 172:91–136, 1994.

[22] I. L. Rios. Unfolding homoclinic tangencies inside horseshoes: hyperbolicity, fractal dimensions and persistent tangencies. Nonlinearity, 14(3):431–462, 2001.

[23] P. R. Sabini. Non-periodic bifrucations at the boundary of hyperbolic maps. PhD thesis, IMPA, 2001.

[24] S. Smale. Differentiable dynamical systems. Bull. Am. Math. Soc., 73:747–817, 1967.

[25] J. Sotomayor. Generic bifurcations of dynamical systems. In Dynamical systems (Proc. Sympos., Univ. Bahia, Salvador, 1971), pages 561–582. Academic Press, New York, 1973.

Vanderlei Horita (vander@mat.ibilce.unesp.br) Departamento de Matemática, IBILCE/UNESP Rua Cristóvão Colombo 2265 15054-000 S. J. Rio Preto, SP, Brazil

Nivaldo Muniz (nmuniz@demat.ufma.br) Departamento de Matemática, UFMA Avenida dos Portugueses, S/N 65000-000 São Luís, MA, Brazil

Paulo Rogério Sabini (progerio@ime.uerj.br) Instituto de Matemática e Estatística, UERJ Rua São Francisco Xavier, 524 20.550-900 Rio de Janeiro, RJ, Brazil