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ABSTRACT. Let Fol (k;n) be the space of codimension one holomorphic foliations of
degree k on P". In this work we prove that, if n > 3, then the set of foliations F of
P" which can be written as F = f*(G), where G is a foliation in P? of degree d > 2
with three invariant lines in general position and f : P"-->P2 deg (f) = v > 2, f =

F§ - Flﬁ : F;), (o, B,7) € N? such that 1 < a < 8 < v and g.c.d (8.7, .y, a.f8) = 1, is

an irreducible component of the following space:

o (v -0+ 2o 2 2] -20)).



RAMIFIED PULL-BACK COMPONENTS OF THE SPACE OF CODIMENSION ONE FOLIATIONS 7

S TR WD
— —

7.

7.1.
7.2.
7.3.

CONTENTS

Notations
Introduction
The Present Work
Rational Maps
Branched Rational Maps
Foliations with 3 invariant lines
A Jouanoulou’s type theorem for foliations inside Il3(d, 2)
Ramified Pull-Back Components - Generic Conditions -
Description of generic pull-back foliations on P™
The Kupka-Reeb Phenomenon
Codimension 2 part and the Kupka set of F = f*(G)
Quasi-homogeneous singularities

7.3.1.  Generalized Kupka and quasi-homogeneous singularities

7.4.
7.5.
7.6.
7.7.
8.

8.1.
8.2.
8.3.
8.4.
8.5.
8.6.
8.7.
8.8.
8.9.

Quasi-homogeneous singularities of F = f*(G)
Quasi-Homogeneous Foliations and Weighted Projective Spaces
Deformations of the singular set of Fy = f;(Go) - Auxiliary Lemmas
End of the Proof of Theorem B

APPENDIX
Complete Intersections
Orbifolds and Foliations - A glimpse into the theory
Foliations on weighted projective spaces
Weighted Blowing-up
Recovering the original foliation from the blowing-up process
Push-Forward
Proof that the curves V,(t) are fibers of f;.
Solving the indeterminacy of f;
Extension Theorem

References

12
14
15
16
17
25
26
26
28
30
30
32
36
36
41
47
47
47
48
50
54
95
o7
61
62
63



AUTHOR: WANDERSON COSTA E SILVA IMPA MARCH, 2013

1. Notations

(1) 11, : C"*\ {0} — P"— The canonical projection which defines P". If p €
C"\ {0} then II,(p) = [p]= line in C"*! joining 0 to p.

(2) deg (f) — the algebraic degree of f.

(3) Il5(d,2) — Subset of Fol (d, 2) corresponding to the foliations with three invariant
straight lines in general position.

(4) BRM (n,v,«,3,7) ={f : P* --- P?} of degree v which are given by f = (Foa : Flﬁ : F;),

where deg (Fy) .o = deg (Fy) .8 = deg (Fy) .y = v,v > 2,(a, B,7) € N? such that
l<a<f<yandgcd (B.y,av,a.0) =1. (Branched Rational Mappings)

(5) Gen (n,v,a, fB,7) — The Zariski open subset corresponding to those f € BRM (n,v,a, B,7)
such that for all p € f~(0)\ {0} we have dFy (p) A dFy (p) A dF; (p) # 0, here we
are denoting by f the lifting of f.

(6) Sing (F)— Singular set of F.
(7) I1(f)— The indeterminacy set of f.
(8) Z (Fy, ..., F,,) — Common zero set of the polynomials Fy, ..., Fy,.
(9) P (f)— Critical set of f:P" — P2
(10) V(f) — The set V (f) =P"\I (f).
(11) C (f) — The image of the critical set of f: P"---P2 C (f) = f(P(f)).

(12) H (d,2) = Subset of Fol(d,2) corresponding to the foliations such that all their
singularities are of Hyperbolic-type.

(13) Submanifold — A smooth complex subvariety in P".

(14) P2 the weighted projective plane with weights (r, s, ).

[rs,t]
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2. Introduction

Let F be a holomorphic singular foliation on P" of codimension 1, IT, : C**1\ {0} — P"
be the natural projection and F* = II’ (F). It is known that F* can be defined by an
integrable 1—form €2 = Z?:o Ajdzj, where the A’s are homogeneous polynomials of the
same degree, satisfying the so called Euler condition:

7=0

and codim(S (2)) > 2, where S () is the singular set of Q, S () = {4y = ... = A, = 0}.

Let us give an idea of the proof of this fact. Since H' (C"*!\ {0}, 0*) = 0 and F* can be
defined locally by an integrable 1-forms, it follows that F* can be defined by an integrable
holomorphic 1-form 1 in C"™'\ {0}. Hartog’s Theorem implies that 1 can be extended to
C"*!, so that we can consider its Taylor series 1 = 1 + Mp41 + ..., where the coefficients
of n; are homogeneous polynomials of degree j and 7 is integrable. On the other hand,
since the fibers of II,, are contained in the leaves of F*, we get that F* is invariant by the
homotheties of C**1. This implies that F* can be represented by € = 7, and that the
coefficients of €2 satisfy (1). The singular set of F, S (F), is 1L, (S (2)) = 1L, (S (F*)).
Recall that the integrability condition is given by

(2) QAdQ=0.

The leaves of F are of the form I1,(L), where L is a leaf of F*, that is, a codimension-1
solution of the differential equation 2 = 0. The form €2 will be called a homogeneous
expression of F. The degree of F is, by definition, the number of tangencies (counted
with multiplicities) of a generic linearly embedded P! with F. If we denote it by deg(F)
then deg (F) = d — 1, where d = deg (Ap) = ... = deg (A,,) . We will denote the space of
foliations of a fixed degree, say k, in P" by Fol (k,n) . If we consider relation (2), and the
fact that S (F) has codimension > 2, then we see that Fol (k,n) can be identified with
a Zariski’s open set in the variety obtained by projectivizing the space of forms €2 which
satisfy (1) and (2). It is in fact an intersection of quadrics. Hence we have the following:

Problem: Describe and classify the irreducible components of Fol (k;n) k>3
on P", n > 3.

Before stating the precise results, let us describe some known results and examples. We
recall that this list is not complete.

(1) Ezample 0. In the case n = 2 condition (1) implies condition (2), so that Fol(k, 2)
is a Zariski open set of a linear variety.

(2) Ezample 1. A foliation of degree 0 in P™ has meromorphic first integral of the form
f/g, where f,g: C"™! — C are homogeneous polynomials of degree 1. The form
2, which describes the foliation, is in this case €2 = fdg — gdf. As a consequence,
all foliations of degree 0 are linearly equivalent.
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Ezample 2. A foliation of degree 1 in P" can be described by a 1-form in C**!

which has an integrating factor. We say that a meromorphic function ¢ is an

integrating factor of Q, if the form €2/¢ is closed. In the case of degree 1, the form
Q) can be of three types:

(a) Q= fifafs 25:1 )\j%, where f1, f and f3 are homogeneous polynomials of

degree 1 and A; + Ao+ A3 = 0. In this case the integrating factor is ¢ = fi fo f5.

(b) Q = f3dfi — f1 (f2+ f3) dfa + fifodfs, where fi, fo and f3 are homogeneous
polynomials of degree 1. The integrating factor is ¢ = fif2. As is shown in
[C.Ln] this case can be considered as a limit case of (3a).

(c) Q = fodfy — 2f1dfs, where deg(f1) = 2 and deg(fz) = 1. The proof of the
above result can be found in [Jou]. As a consequence, Fol(1,n), for n > 3, has
two irreducible components, where a generic point of the first (resp. second)
component is given by a form of the type (3a) (resp.(3c)).

Next we will describe some known irreducible components of Fol (k,n), n > 3.

Example 3. Linear Pull-back foliations. Let F be a foliation of degree k in P? and
f:P"---P2 n >3, be a linear submersion f : C**' — C3. Then F* = f*(F)is a
foliation in Fol (k, n) . We denote the space of foliations of this type by PBL (k;n).
It can be proved, by using the techniques developed in [Ca.Ln], that PBL (k;n)
is an irreducible component of Fol(k, n) for all £ > 2 and n > 3.

FExample 4. Rational Components. Given [,m € N such that [ +m —2 =k, let f
and g be homogeneous polynomials in C**! such that:

(a) deg (f) =1,deg(g) =m, and [/m = r/s, where g.c.d (r,s) = 1.

(b) If z € {f =g =0} — {0}, then df (2) Adg (z) # 0.

(¢) The hypersurface 7 (f = 0) C P" is smooth.
Let F be the foliation in P", n > 3, whose leaves are the level surfaces
of ¢ = f"/g°, considered as a meromorphic function on P". In homoge-
neous coordinates F can be defined by the form Q = rgdf — sfdg, where
codim(S (2)) > 2,. Therefore F € Fol (k,n) for k = [+ m — 2. We denote by
R (I,m;n) the set of foliations in Fol (k, n) of this type. The following result
is a direct consequence of [G.Ln] and [C.Lnl].

Theorem 2.1. R (I, m;n) is a irreducible component of Fol (k,n), if n > 3.

In the case k = 2 we have two possibilities: [ =m =2 and [ =1,m = 3.
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(6) Ezxample 5. Logarithmic components. Let fi, ..., f,, be homogeneous polynomials
in C", where m > 3, and A, ..., \,, € C* be such that 27:1 Ajd; = 0 where
d; = deg(f;). The form

0= fl...fmZ)\j%,
=1 7

is integrable. The condition » 7", A\;d; = 0 implies that ( satisfies (1), so that it
defines a foliation F = F(Q2) € P". A 1-form as in (3) will be called a logarithmic
form, and the foliation it induces in P" a logarithmic foliation.

When fy, ..., f,, are irreducibles and relatively prime we will denote F by

]:(fla "'7fm7 Ah ceey )‘m)

The set of the foliations of this type will be denoted by L(dy, ..., d,,) C Fol(k,n),
where k =dy + ... + d,,, — 2.

The following is a known result:

Theorem 2.2. I[fn>3,m>3 and k =dy + ... +d,, — 2, then L(dy,...,dy,) is an
irreducible component of Fol (k,n) .

The proof of this theorem is done in [C.A].

In the case k = 2 we have two possibilities: m = 4,d; = dy = d3 = dy = 1 and
m = 3,dy = dy = 1,d3 = 2. We have so far described five types of irreducible
components of Fol(k,n);n > 3.

To obtain a satisfactory description of Fol (d;n) (for example, to talk about deformations)
it would be reasonable to know the decomposition of Fol (d; n) in irreducible components.

In the paper [C.Ln], the authors have proved that the space of holomorphic codimen-
sion one foliations of degree 2 on P", n > 3, has six irreducible components, which can
be described by geometric and dynamic properties of a generic element. Five of these
components are

R(2,2;n),R(1,3;n),L(1,1,1,1;n),L(1,1,2;n); PBL(2;n).

The sixth component is called exceptional, in particular, because two generic elements in
it are equivalent by an automorphism of P". We refer the curious reader to [C.Ln], [Ln]
for a detailed discussion and for the explanation about the notation.

A consequence of their classification is that we have two possibilities for a degree two
foliation F on P" n > 3: either F is defined by a meromorphic closed 1-form on P", or
F = f*(G), where f : P"---P? is a linear map and G is a degree two foliation of P?. A
foliation defined by a meromorphic closed 1-form admits a special transverse projective
structure with poles, namely a translation structure [Sc|. On the other hand, a foliation of
the form F = f*(G) admits such a structure, if and only if, G admits [C.Ln.L.P.T], which
is not always the case: a foliation of P? which admits a projective or affine transverse
structure has always algebraic leaves, whereas for any k& > 2, the generic foliations on P?
of degree k > 2 has no algebraic invariant curves.
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On the other hand there are known irreducible components in which the typical element
is a pull-back of a foliation on P? by a rational map, like the following result associated
to "Non Linear (generic) Pull-Backs” [C.Ln.E],[Ln].

Let us introduce the objects needed to give the precise statement: Given a generic ratio-
nal map f : P?--- P2 of degree v > 1, it can be written in homogeneous coordinates as
f = (Fy, F1, Fy) where Fyy, F} and F; are homogeneous polynomials of degree v. Also con-
sider foliation G on P? of degree d > 2. We can associate to the pair (f,G) the pull-back
foliation F = f*G. The degree of the foliation F is v(d + 2) — 2 as proved in [C.Ln.E].
Denote by PB(d,v;n) the closure in Fol (v(d + 2) — 2,n), n > 3 of the set of foliations F
of the form f*G, where f has degree v and G € Fol (d, 2). Since the map (f,G) — f*G is
an algebraic parametrization of PB(d,v;n), it follows that PB(d,v;n) is an irreducible
algebraic subset of Fol (v(d + 2) — 2,n), n > 3.

The main result contained in [C.Ln.E] is as follows:

Theorem PB(d,v;n) is a unirational irreducible component of Fol (v(d+ 2) —2,n);
n>3,v>1andd> 2.

We remind that the previous result contains the result of [Ca.Ln].

This motivates the following conjecture which is attributed to different authors (Brunella,
Lins-Neto among others.)

Main Conjecture: Any codimension one holomorphic foliation on P", n > 3
is either a pull-back of a foliation G on P? by a Rational Map f : P"---> P?
or admits a transverse projective structure with poles, in a codimension 1 algebraic
submansfold.

A particular case of this conjecture was proved in [C.Ln.L.P.T|. Recently, in a paper
to appear, Cerveau and Lins-Neto [C.Ln2] proved that this conjecture is also true for
foliations of degree 3.

3. The Present Work

Two distinct families of irreducible components of ”Pull-Back type” are known:

(1) ”Linear Pull-Backs” [Ca.Ln],[C.Ln],[Ln].

(2) ”"Non Linear (Generic) Pull-Backs” [C.Ln.E],[Ln].

In the present work, we will see a generalization of case (2).

What we will do is described as follows:

(1) Describe some irreducible subvariety A(k;n) C Fol (k;n).
(2) Study a neighborhood U C Fol (k;n) of a generic member of the family A(k;n).
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In some cases, one can show that all such foliations on the neighborhood U C Fol (k; n),
also belong to the family A(k;n). In this case, the closure A(k;n) will be an irreducible
component of the space Fol (k;n) .

Without details, let us state some results that we will prove in this thesis:

Denote by H(d,2) the subset of foliations on P? of degree d with all singularities of
Hyperbolic-Type and Il3(d,2) the set of foliations on P? of degree d having 3 invariant
lines in general position (later we will discuss in detail this set).

Set also A (d) = Il3(d,2) N H (d,2). Our first result is the following:

Theorem A. Let d > 2. There exists an open and dense subset My (d) C A(d), such
that if G € My (d) then the only algebraic invariant curves of G are the three lines.

Let us describe the type of pull-back foliation that we will consider.
Let G be a foliation on P? with three invariant straight lines in general position, say fo, £;
and /5.
Consider coordinates (X,Y,Z) € C? such that
go = HQ(X = O>,€1 = HQ(Y = O) and 162 = HQ(Z = O)
The foliation G can be represented in these coordinates by a polynomial 1-form of the

type
Q= YZA(X,Y,Z)dX+XZB (X,Y,Z)dY—i—XYC(X,Y,Z)dZ

where A+ B+ C =0 by (1).
Let f:P"---P2 be a rational map represented in homogeneous coordinates W € Ccrtt
and (XY, Z) € C3 by f = (Fo, FP, F)), where Fy, F; and F, € C[W] are homogeneous
polynomials without common factors satisfying

a.dg(Fy) = B.dg(F1) = v.dg(Fy) = v.
The pull back foliation f*(G) is then defined in homogeneous coordinates W by 7js.g (W),
where

FQ = d(F).FPF). (Ao F)+ Fod (Ff) FJ.(BoF)+ Fo.Fl.d(F)).(CoF)
= BT e V).
Note that,
ﬁ[f’g] (W) = [Oé.Fl.Fg. (A e} F) dFO —+ BF(]FQ (B o F) dFl + ’}/F()Fl (C e} F) dFQ] y

and if there are no more common terms to simplify we have that the degree of the 1— form
7.0 (W) is equal to the degree of any term. And the value of the degree is I'(d, v, a, 3, 7)
is the degree’s sum of one of the terms of the above expression, since £*(2 is a homogeneous
polynomial 1-form, that is, where the coefficients of 77 g (W) are homogeneous of degree

1 1 1
'=v|{d-1)+—+-+—-| -1
=N+ +5+7
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Remark 1. The crucial point here is that the mapping f sends the three hypersurfaces
(F; = 0) contained in its critical set over the three G invariant lines.

Let PB(I' — 1,v,a, 8,7) be the closure in Fol (I' — 1,n) of the following set:

{[7.¢)] , where 7jjsg) is as before} .

This set is an irreducible algebraic subset of Fol (I"' — 1,n). We will return to this point
in section 6.

Let us state our main theorem.

Theorem B. PB(I'—1,v,a, ,7) is a unirational irreducible component of Fol (I" — 1, n)
for all n > 3, deg(Fy).a = deg(Fy).0 = deg(Fy).y = v > 2, (o, 3,7) € N? such that
I1<a<pf<7, ged (By,ay,ap)=1and d> 2.

In order to state and prove precisely our results we have to go through several concepts.

4. Rational Maps

As we know from projective geometry the concept of regular maps is very restrictive, since
points of indeterminacy are quite natural. This leads to the concept of rational maps,
which are regular on a dense Zariski-open set and need not be defined outside.

More precisely, let X C P" and Y C P™ be irreducible algebraic varieties. Then a rational
map f : X ---Y is an equivalence class of regular maps fiy : U — Y defined on some
dense Zariski-open U C X, where fy and fi, are equivalent if fy = fiy on UNV. In
particular, if X = P there are homogeneous polynomials Fy, ..., F,,, € C [Ty, ..., T,,] of the
same degree such that U := P"\V (Fy, ..., F,,,) # 0 and f (z) = (Fo (z), ..., F, (z)) € Y
for every x € U. Obviously, there is a maximal open set Def (f) C P™, where f is regular,
which is called the domain of definition. The closed set I (f) := P™\ Def (f) is called the
indeterminacy set. A rational map f is regular iff Def (f) = P", that is I (f) = 0.

It is important to note that when we are working in algebraic geometry we have two
natural topologies: the Zariski topology and the Strong topology.

When we are working with the Zariski topology we use the term Regular and when we are
using the Strong topology we use the term Holomorphic. In many situations, the strong
topology will be more useful.
We will use the following interpretation of a rational map. Let f:P"--- P? be a rational
map and f : C"*! — C? a lifting of f, that is a homogeneous polynomial map such that
the diagram below commutes:

cF ) o e\ (0}

m, | . |

P\IL, ( F (0)> SERN
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The indeterminacy locus of f is by definition the set I (f) = I, (f_l (0)> Observe that

the restriction f|pn\;(s) is holomorphic.
4.1. Branched Rational Maps

Definition 4.1. Denote by BRM (n,v,«, 3,7) the set of maps {f : P* -->P?} of degree
v given by f = (F{f‘ : Flﬁ . F)') where Fy, Fy and Fy are homogeneous polynomials without

common factors, with deg (Fy) .a=deg (Fy) .B= deg (Fy) .y=v, v > 2, (o, 3,7) € N3 such
that 1 < a < <~ and g.c.d (8.7, a.y,a.f) = 1.

Let us fix some coordinates (zo,...,2,) on C"™' and (X,Y,Z) on C?® and denote by
<F0a, F' F} ) the components of f relative to these coordinates.

We recall that the indeterminacy locus I(f) is the intersection of the 3 hypersurfaces

(FO = 0), (Fl = 0) and (FQ = O)

Definition 4.2. We say that f € BRM (n,v,«, B,7) is generic if for allp € ft (0)\ {0}
we have dFy (p) A dFy (p) A dF; (p) # 0.

This is equivalent to say that f € BRM (n,v, a, 3,7) is generic if I(f) is the transverse
intersection of the 3 hypersurfaces (Fy = 0), (F; = 0) and (F» = 0) i.e. the three hyper-
surfaces intersect transversely at each point of I(f), or equivalently, dFy (p) A dF} (p) A
dFs (p) # 0 for each p € I(f).

This implies that the set I(f) is smooth.

For instance, if n = 3, f is generic and deg(f) = v, then by Bezout's theorem I (f)
1/3

consists of o5 distinct points with multiplicity afy. If n = 4, then I (f) is a smooth
1/3

connected algebraic curve in P* of degree o In general, for n > 4, I (f) is a smooth

connected algebraic submanifold of P of degree ay_;y and codimension 3.
The critical set of f is given by the points of C**\{0} where the rank of the following
derivative matrix is smaller than 3

(0% Félil) VFO
3 Ff_1> VE
Y (Fz%l) \

OF; JF)
where VFk = (B_Z(Ij’ ey yj)

Note that the critical set is the union of two sets. The first is given by the set of
{Z € C"*1\ 0} = X, such that the rank of the following matrix

VE,
VF;
VE,

is smaller than 3. And the second is the subset
Xy = {Z e C™\ {0} (Fg-l.Ff—l.F;—1> (2) = o} .

Denote P (f) = II,, (X1 U X3) where X; and X, are the first and the second sets described
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previously.

The set of generic maps will be denoted by Gen (n,v, a, 3,7).
Let us prove the following proposition,

Proposition 4.3. Gen (n,v,«, 3,7) is a Zariski dense subset of BRM (n,v, «, 3,7).

Proof. Consider the following set

X =A{(f.p);p € I(f) and dFq (p) AdFy (p) N dF (p) = 0},

Note that X is an algebraic subset of BRM (n,v,a, 3,7) x P*. If we consider the first
projection

m : BRM(n,v,a, B,7) x P* = BRM (n, v, «, B,7),
since P™ is a projective variety, m (X) is closed in BRM (n, v, «, 3,7). Then if its com-
plement is not empty it is an open and dense Zariski’s subset of BRM (n,v,«, 5,7) .

To conclude that the set Gen(n, v, «, 5,7) is non-empty we take three smooth projective
hypersurfaces of degree £, % and ?/ that intersect transverselly two by two. The existence
of hypersufaces that satisfy these properties is a well known fact from differential topology
[Hi].

The corresponding homogeneous polynomials that define each one of them we call Fy, F}
and F,. Hence we define lots of branched generic rational mappings. ([l

Remark 2. Let us observe that inside the set of all rational maps f : P --» P? with
degree v, BRM (n,v,a, 3,7) is a small subset. This is because irreducible polynomials
are generic.

5. Foliations with 3 invariant lines

Denote by I(d,2) the set of the holomorphic foliations on P? of degree d > 2 that leaves
the lines X =0, Y = 0 and Z = 0 invariant. An element of this set can be represented
by the following homogeneous polynomial 1—form

O =YZA(X,Y,Z)dX + XZB(X,Y, Z)dY + XYC(X,Y, Z)dZ,

where the polynomials A, B and C' are homogeneous of degree d — 1. The condition
1g€) = 0, where R is the radial vector field,

0 0 0
R(X,Y, Z) _X(?X +Y6Y +Z@Z’

implies that A + B 4+ C' = 0. Moreover, any foliation which has 3 invariant straight lines
in general position can be carried to one of these by a linear automorphism of P2. And
what we do now is to let the group of linear automorphisms of P? act on I(d,2). After
this procedure we obtain a set of foliations of degree d that we denote by Il3(d,2).

The relation

A+B+C=0
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enables to parametrize I(d,2) as follows

HO(P2, O (d — 1))*% — H(P2, O (d — 1))
(A,B) > (A, B,—A — B)

We are interested in making deformations of foliations and for our purposes we need a sub-
set of Il3(d,2) with good properties (foliations having few algebraic invariant curves and
only hyperbolic singularities). These properties will be explained in the next subsection.

5.1. A Jouanoulou’s type theorem for foliations inside /i3(d,2)

Let ¢ € U be an isolated singularity of a foliation G defined on an open subset of U C C2.
We say that ¢ is nondegenerate if there exists a holomorphic vector field X tangent to
G in a neighborhood of ¢, such that DX (q) is nonsingular. In particular ¢ is an isolated
singularity of X.

Let ¢ be a nondegenerate singularity of G. The characteristic numbers of q are the
quotients A and A™! of the eingenvalues of DX (q), which do not depend on the vector
field X chosen as above. If A ¢ Q4 then G exhibits exactly two (smooth and transverse)
local separatrices at q, say, S;“ and S, which are tangent to the characteristic directions
of a vector field X as above, and with eigenvalues /\; and A, respectively.

The Camacho-Sad index, for short, characteristic numbers, of these local separatrices are
given by

N N
I(Q,Sq):)\—+ and [(Q,Sq):F,

q q
respectively.

The singularity is hyperbolic if the characteristic numbers are nonreal. We introduce the
following spaces of foliations:

(1) ND(d,2) ={G € Fol(d, 2) such that the singularities of G are nondegenerate},

(2) H(d,2) = {G € ND(d,2) such that any characteristic number \ of G satisfies
A € C\R}.

It is a well-known fact that H(d,2) contains an open and dense subset of Fol(d,2), see
[Lnl]. Denote by A(d) = Il3(d,2) NH(d,2). Observe that A(d) is a Zariski dense subset
of 1l3(d,2).
For the reader’s convenience let us remember Theorem A.

Theorem A. Let d > 2. There exists an open and dense subset M (d) C A(d), such
that if G € M (d) then the only algebraic invariant curves of G are the three lines.

We begin with a preliminary result:
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Proposition 5.1. Let Gy € ND(d,2). Then #sing(Go) = d> +d+ 1 = N(d). Moreover
if sing(Go) = {pY,...,p%} where p # p? if i # j, then there are connected neighborhoods
U, 3 p;, pairwise disjoint, and holomorphic maps ¢; : U C ND(d,2) — U;, where U 3 Gy
is an open neighborhood, such that for G € U, (sing(G) NU;) = ¢;(G) is a nondegenerate
singularity. In particular, ND(d,2) is open in Fol(2,d).

Moreover, if Gy € H(d,2) then the two local separatrices as well as their associated
eigenvalues depend analytically on G.

This result was proved in [Lnl] as a consequence of the Implicit Function Theorem for
holomorphic mappings.

Regarding the position of the singularities of an element G € A(d) we have the next
proposition.

Proposition 5.2. Let G be in A(d), the localization of its singular set is:
(1) On the intersection of two of these lines we have one singularity.

(2) Ower each line excluding the singularities which are in the intersection of two of
them we have (d — 1) singularities.

(3) We have (d — 1)* singularities outside of these 3 lines.

We will use the intersection formulas of line bundles with curves. Let G be as above and
consider its normal line bundle. When C' is an invariant compact curve under G we have
that:

Ng.C = C.C+GSV(G,C)

where

GSV(G,C) =) GSV(G,C.p)

peC

and GSV (G, C,p) is the Gomez-Mont-Seade-Verjovsky Index.

Let us prove the proposition 5.2:

Proof. Let C be an invariant straight line. It is known that index GSV (G, C,p) = 1. This
is due to the fact that our singularities are of the Hyperbolic-type [Bru] and the straight
line has only one branch through p. As we know our foliation G has a normal bundle
given by Ng = Opz(d + 2) where d is the foliation’s degree. Applying the intersection
formula to the straight line we have that

(d+2)-1=1+ (#sing(g)c)
SO
#sing(G)ic = d+ 1.

Excluding the singular points that are at the corners we have (d — 1) singularities on each
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straight line. This implies that the three lines contain 3(d — 1) + 3 = 3d singularities.
Therefore, by Darboux’s Theorem, outside the three lines we have

(d®+d+1)—-3-3(d—1)=(d—1)*
singularities. O

Let us fix a coordinate system on P? and denote by £, ¢, and /5 the straight lines that
corresponds to the planes X =0, Y = 0 and Z = 0 in C3, respectively.

Taking out the separatrices of the singularities of a foliation G € A(d) that are at the
corners, we will divide the subset of the remaining singularities and separatrices in 4 new
subsets as follows,

(1) Sw(G) = {pi;1 <i < (d— 1)}, that correspond to the singularities of G outside
of the three invariant straight lines,

(2) 8¢, (G) = {prj;0<r<2,1<j<(d—1)} that correspond to the singularities of
G over the straight line ¢, different from the vertices,

(3) We also have [0:0:1],[0:1:0] and [1:0: 0] that correspond to the intersection
two by two of those invariant lines.

We enumerate the separatrices of the singularity p; by S;" and S; for {1 <4 < (d — 1)?}.
The separatrix of the singularity p,;, 0 < r < 2,1 < j < (d — 1) that is transverse to
(, we will denote by S7. We denote by I(G,S;") and I(G,S;") the characteristic numbers
associated to the local separatrices S;" and S;”, and by I(G, SY), I(G, Sj) and I(G, S7) the

characteristic numbers associated to the local separatrices S]Q, S jl and S]2 respectively.

Let us choose a neighborhood U of G inside A(d) as described previously, in such a way
that

(1) U>G —1(G,S),
(2) U > G — I(G, 57,
(3) UG — I(G, S5,

are holomorphic maps. We denote by S(G) = {S; , S}, Sf} where i, j, k are as before.
Definition 5.3. A configuration is a subset C' C S(G). Given a configuration C' we define
1(G,C)= Y I(G,S7)+ > IG.SH+ > I1(G,S)).
S;eC sfec sreC
Let C be a configuration. Then we can split C' in three parts
C=LUMUN,
where

(1) L ={S° 8!, S2 € C},

J27I07)
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(2) M ={S7 €ClS; ¢ CU{Sy €IS ¢ C},
(3) N={S}eC|S; e CYu{S; € C|S € C}.

We define [ = #L, m = #M and n = #N.

If C = then I(G,C) = 0. If S C P? is an invariant irreducible algebraic curve then we
define the configuration of S as the configuration ¢ (S) defined by the local separatrices
of G. Denote by k the degree of S.

Proposition 5.4. Let G be as above, and let S be an irreducible algebraic curve which is
different from the 3 invariant straight lines. Write C(S) = LU M U N as above. Then
C(S) satisfies the following properties:

(1) I = #L = 3k, where 1 < k < (d — 1).

(2) 1(G,0(8)) = 25
where | = 3deg(S) and n = 2(#nodes).

Proof. Part (1) follows from Bezout’s Theorem. Note that the number of intersection
points between S and anyone of the invariant straight lines is the same (it coincides with
the degree of the curve). In order to prove (2) we recall [Lnl] where it is shown that

0<1(G,8) =1-x(5)
where x(S) is the Euler characteristic of the normalization S of the curve S. Since S
has only nodal singularities, which correspond to local separatrices in N which meet
transversely, it follows from Hurwitz formula that

N L_ 1L _9 _9]2 _
X(S>:2_2(3 )(3 )_ln: 21 +18l In

2 2 18
so that 1(G,S) = 29,

O

Definition 5.5. Let d > 2 € N, we define the subset M;(d) consisting of those foliations
G € A(d) such that for all configurations C' C S(G), with [(C') = 3k, where 1 < k < (d—1)
we have I1(G,C(S)) # %EQ"(C).

REMARKS.

(1) If G € M;(d) then G admits no irreducible algebraic invariant curve except for the
3 invariant straight lines.

(2) A(d)\M;(d) is an analytic subset of A(d), because it is defined (locally) by a finite
number of equations of the form I(G,C(S)) = %EQ”(C).

(3) M;(d) is open in A(d).

Now we will prove Theorem A
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Proof. Since A(d)\M;(d) is an analytic subset of A(d), it suffices to prove that M (d) # 0
(see also [Lnl]).

Let Uy = {C?,(z,y)}, Uy = {C? (u,v)} and Uy = {C?, (s, s)} be a covering of P? by
affine coordinate systems such that:

1 v
T=—- Yy=—,

u u

s 1

xr = — y ey —’

S S

u 1

g = — S = —

\ v v

Consider the polynomial vector field Xy(x,y) on Uy = {C?, (z,y)} given by:

i = z(cx®! +ay™ + N),
g =ybz®" +ey™ ! + p).

We demand that the constants a,b, c,e, A and p are all nonzero and a # e, b # c.
In the coordinates U; = {C?, (u,v)} this differential equation turns into X (u, v) which is
given by

i = u( M + av®t 4 ¢),

v =v[(b—c)+ (u—Nu" + (e — a)v*]
In the coordinates Uy = {C?, (s, s)} this differential equation turns into X»(s, s) which is
given by

¢ = le—a) + (b= )™+ (u— N)s',

§ = s(e+pus™t + b’
Observe that this foliation can be seen on homogeneous coordinates of C? by the following
homogeneous polynomial 1—form:

Q=YZAX,Y,2)dX + XZB(X,Y,Z)dY + XYC(X,Y,Z)dZ,
where:
(1) A(X,Y, Z) = bX a1 4 eyd-1 4 ,uZd’l,

(2) B(X,Y,Z) = —(cX¥ !t +aY ¥t 4 N2,

(3) C(X,Y,Z)=(c—b) X 1+ (a—e) YL+ (N—p) 29t

The singular set of the previous foliation is decomposed in 7 orbits by the action of the
following finite automorphism group of PZ,

K 0 0 X kX
0 & 0 Y| =|dy
0 0 | |~Z oz
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where § is a (d — 1)="" root of 1 and 1 < k,j,l < d — 1.

In local coordinates, for example in chart Uy = {C?, (x,y)} the foliation is invariant by
the finite group generated by the two linear automorphisms of C?, T'(x,y) = (dz,y) and
H(z,y) = (x,0y) where § a (d — 1)™ root of unity. For the other local coordinate charts
is analogous.

Let G be the foliation which is defined by the 1—form 2 of the previous example. The
action under this group enables to divide the singular set of G into 7 distinct orbits:

(1) Each corner ¢; N {;,i # j is a fixed point of H and 7.

(2) The set of (d — 1) singularities over the straight line ¢,,0 < r < 2, (which are not
corners) is an orbit of G.

(3) The set of (d — 1)? singularities outside the 3 invariant straight lines constitute
another orbit of G.

In our example we fixa = (1—14),b=1,c=4,e=1, u=1dand A = 1.
Let us analyze the singular set of G.

The singularities of G in U, are given by:
(1) (0,0) which has characteristic numbers % = 1 and & =i which implies that this
singularity is hyperbolic.

(2) the characteristic numbers of the singularities outside the 2 axes are obtained from
the matrix

_( ed=Dzit a(d = Dy
DX()(xky y]) - ( b(d — 1)iji—2 €(d — 1)y;l_1

where 1 < j < (d—1)and 1 <k < (d— 1), that is, these characteristic numbers
are roots of
(Tr)>  —i

49— = —
o+o "+ D 7

where (7'r) is the trace and D is the determinant of the matrix DXy (zy, y;). There-
fore solving this equation we obtain

g =

[—(4+¢) —i(0+1)]

1 =

{(_4 B +8z’)] -

A



RAMIFIED PULL-BACK COMPONENTS OF THE SPACE OF CODIMENSION ONE FOLIATIONS 23

and

where

—1++/65 4
(= —ir v and 0 = —.
2 ¢
Again we get hyperbolic singularities.
(3) The singularities over the line x = 0, excluding the origin are obtained solving the

following equations

z=0
0= (ey™" +p).

The linear part on the singularities is given by

d—1
ay;  + A 0
DXO(anj) = ( / 0 €(d— 1)yd—1 )
J

where 1 < j < (d — 1), and the characteristic value is

e(d—1yd™"  (d—1) N 2i(d — 1)

ayd™" 4+ A o b
Because d > 2 these singularities are hyperbolic.
(4) By an analogous argument the characteristic value of the singularities over the
line y =0 is

cd—Daft  —2(d-1) N i(d—1)
br N b 5
Again we get hyperbolic singularities.
The singularities of G in Uy are given by:
(1) (0,0) which has characteristic numbers ¢ = —1 —i and ;- = —— which implies
that this singularity is hyperbolic.

(2) the singularities over the line u = 0, excluding the origin are obtained solving the
following equations

u=20
0=[b—rc)+ (e —a)® .
The linear part on the singularities is given by

a4 ¢ 0
) — J
DXy (0,v;) ( 0 (b—c)+d(e—a)i? )

J
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as before we calculate the (characteristic number) corresponding to the transversal sepa-
ratrix passing through the singularity. And we have
(b—@+d@—aﬁfl_(d—m_%&w—l)

cw;-i_l +c 5 5

The singularity of G in Us is given by:

(1) (0,0) which has characteristic numbers =% = ¢ and - = + which implies that
this singularity is hyperbolic.

Since d > 2 this already shows that all the singularities of G are hyperbolic.

To finish the proof, it remains to prove that G has no other invariant algebraic curve.
This will be done using the Lins Neto’s version of Camacho-Sad Index Theorem.

In fact we will sum (to combine) all the possible configurations.

The possible values for the Camacho-Sad Index are the following :

(x4 0)+ic+ D)+
(3 [(~4+6) +i(~C+ D)+
\ Ba -

where k = deg(S) < (d —1). We also have that 0 <t < (d—1)? and 0 < s < (d — 1),
Now we divide the previous sum in its real and imaginary parts.

(1) Imaginary Part:

7= (6d — 6)

Ot I

[(C+Dr+s(1-0]+

A~ =

(2) Real Part

R— }1 (=6 — d)r + 5(6 — 4)

Since R € Z and 0 ¢ Q we have r=s and R = —2r < 0. This is a contradiction because
_2U(C)2+9n(C)
1(G,C(S5)) = = >0.

Hence, for this foliation, there is no possibility to have an algebraic invariant curve

different from those three invariant straight lines. This finishes the proof of the theorem.
O
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Sw Go Sy

FIGURE 1. A singular hyperbolic holomorphic foliation on P2 leaving 3
invariant lines.

6. Ramified Pull-Back Components - Generic Conditions -
Once we have a good set of foliations, that is, M; (d) and a good set of rational maps,

Gen (n,v, «, 8,7), we will join these objects in the next definition.

Let us fix a coordinate system on P? and denote by ¢, ¢; and ¢, the straight lines that
correspond to the planes X =0, Y =0 and Z =0 in C3, respectively. Let us denote by
M (d) the subset M (d) N 1(d,?2).

Definition 6.1. Let f € Gen (n,v,a, 3,7). We say that G € M (d) is in generic position
with respect to f if [Sing (G) NY3] = 0, where:

Yo(f) = Vs =1L, [f{w € C"YdFy (w) A dF; (w) A dFy (w) = o}}
and by, 1 and 5 are G-invariant.

In this case we say that (f,G) is a generic pair.
In particular when we fix a map f € Gen(n,v, «, 3,7) the set

A ={G € M (d)|Sing (G) N Ya(f) = 0}
is an open and dense subset in M, (d) see[Ln.Sc]|, because VC( f) is an algebraic curve in P2

The set
Uy :={(f,G) € Gen(n,v,a, 8,7) x M, (d)|Sing (G) N Ya(f) = 0}

is an open and dense subset in Gen(n, v, o, 8,7) x My (d).
Hence the set

W = {ijal (f,6) € U1}
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is an open and dense subset of PB (I' — 1,v,a, 3,7) .

As we will see later, if (f, G) is a generic pair then the foliation f* (G) has degree (I' — 1).
(Section 7.)

Denote by BRM (n,v,«, 3,7) the set of maps {f : P"---P?} of degree v given by
f= <F§“ : Flﬂ Y ) where Fy, F7 and F5 are homogeneous polynomials without common

factors, with deg (Fy) .a=deg (F}) .0= deg (Fy) v=v, v > 2, (a,3,7) € N® such that
l<a<f<vyandgcd (B, ay,ap) =1

Consider the set of foliations Il3 (d,2), d > 2, and the following map:

®: BRM (n,v,a, B,7) x Il3(d,2) — Fol(I'—1,n)
(f,6) — f(G)=2(f.9).

The image of the mapping ® can be written as:

d (f, g) = [Oz.Fl.FQ. (A e} F) dFO -+ ﬁF()FQ (B o F) dF1 + ’}/F()Fl (C O F) dFQ] .

Remember that @ (f,G) = 71,g)-
More precisely, let PB(I' — 1, v, «, 3,7) be the closure in Fol (I' — 1,n) of the set of folia-
tions F of the form f*(G), where f € BRM (n,v,«,3,7) and G € Il3(2,d).

Since BRM (n,v, a, 3,7) and Il3(2,d) are irreducible algebraic sets and the map (f,G) —
f*(G) € Fol (T' — 1,n) is an algebraic parametrization of PB(I' — 1, v, a, 3,7). It follows
that PB(I'—1, v, «, 3,7) is an irreducible algebraic subset of Fol (I' — 1, n), which contains
the set of generic pull-backs foliations

{F; F = f*(G), where (f,G) is a generic pair} C PB(I' — 1,v,a, 3,7) as an open(not
Zariski) and dense subset of PB(I' — 1,v,a,3,7) for v > 2, (o, 3,7) € N3 such that
I<a<pf<y, ged (B, ap)=1and d > 2.

Once we have described all the ingredients let us recall Theorem B.

Theorem B. PB(I'—1,v,«, 8,7) is a unirational irreducible component of Fol (I' — 1,n)
for all n > 3, deg(Fy).ac = deg(F1).08 = deg(Fy).y = v > 2, (o, 3,7) € N® such that
1<a<f<vyand g.cd (Bry,ay,a.8)=1andd > 2.

7. Description of generic pull-back foliations on P"
7.1. The Kupka-Reeb Phenomenon

In this section we will consider an important class of singularities, which have stability

properties under deformations. Moreover, these singularities appear in a Zariski’s open
subset of Fol(k;n).
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Definition 7.1. Let Q € Fol(k;n). The Kupka singular set of the foliation Q0 consists of
the points
Ky ={p € P"|Q(p) = 0;d2(p) # 0}.

Remark 3. This condition does not depends of the holomorphic 1-form that expresses the
foliation F.

The main properties of the Kupka set, are summarized in the following result.

Theorem 7.2. Let Q) and Kx be as above, then:

(1) F has a local product structure along Kz: For every connected component K C Kz
there exist a holomorphic 1-form, & = A(z,y)dx + B(x,y)dy called the transversal
type at K, defined on a neighborhood V of 0 € C? and vanishing only at 0, an open
cover U, of a neighborhood of K in P™ and a family of submersions ¢, : U, — C?
such that

[a] 71(0) = KNU, and
[b] Q4 = ¢E@ defines F in U,

(2) K is persistent under perturbatwns of F. More preczsely, let K C Kx be a con-
nected component and K C K be a compact subset. Then K is stable under small
deformations of F. Let (Fi)icco) be an analytic deformation of F in Fol(k;n).

Then (K7, )ie(c0) contains a compact subset (f(t)te((C,O) such that:
(a) (Kt)te(C,O) is a holomorphic deformation of K in P,

(b) There exists a unique 1-form (@)ie(c,0) in a neighborhood of C* such that for
all p € (Ky)iec,o) there exists a holomorphic submersion ¢, : V, — C*, V, a
neighborhood of p, such that (Fi)ieco)lv, is represented by (¢rwy)ie(c,0)-

Let X be the dual vector field of @, since dQ2 # 0, we have that tr(DX(0)) # 0, thus the
linear part D = DX (0) which is well defined up to linear conjugation and multiplication
by scalars, has at least one non-zero eigenvalue. We will say that D is the linear type of
K. Normalizing, we may assume that the eigenvalues are 1 and p. We will distinguish
four possible types of Kupka type singularities:

(1) Sadle-node: If = 0, in this case, the transversal type has the normal form
w(w,y) = (2(1+ M) +yR(z,y))dy — y"* de,
where A € C and p € N.
(2) Semisimple: If y # 0 and D is semisimple.
(3) Non-semisimple: This is the case when p =1 and D is not semisimple.
(3) Hyperbolic: If u ¢ R.
A consequence of the previous theorem is the following:
Proposition 7.3. Let F be a holomorphic foliation on a complex manifold M of dimen-

sion n > 3 such that cod(sing(F)) > 2. Let Ky = Uje K; be the decomposition of Kr in
its connected components. If p,q € K; then the transversal type of F at p and q coincide.

We also note that K (F) = Sing(F) — W(F) where W(F) = UpecaW,, where
={p € Uy|wa(p) = 0, dw,(p) = 0}. Observe that W (F) is an analytic subset of M.
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7.2. Codimension 2 part and the Kupka set of F = f*(G)

Let 7 be a singularity of G and V, = f~1(r). We will show that if (f,G) is a generic pair
then V.\I(f) is contained in the Kupka set of F.

Consider coordinates (X, Y, Z) such that ¢, = (X =0), {; = (Y =0) and l, = (Z = 0).
The singular set of G consists of the points: a = [0 : 0 1], b= [0 1:0,c=[1:0:0],
Sw(F), S.(G), 0 < r < 2. We know that #Sw(G) = (d — 1), #85.,(9) = (d — 1),

0<r<2 (Seeb.l)

Fix p € V;\I(f). We have three possibilities:

(1) The case where 7 is a corner, for instance a = [0: 0 : 1].

In this case f is not a submersion at p, but there exist analytic coordinate
systems (U, (z,y,2)), (z,y) : U — C%,z : U — C" 2 and (V,(u,v)), at p and
a = f(p), respectively, such that u(a) = v(a) = 0, f(z,y,2) = (2*,y°) = (u,v).
Suppose that G is represented by the 1-form

w= P(u,v)dv — Q(u,v)du
in a neighborhood of a. Then F is represented by
&= @) = P,y ") - Q" o)),
Moreover, the hypothesis of G be of Hyperbolic-type implies that we can suppose

w(u,v) = Mu(l 4+ R(u,v))dv — Avdu,
where :\\—f € C\R.
We obtain w(z,y) = (z
w,y) = Mr(l+ R(a®, y")dy — adsydr,
and so dw(p) # 0.

Therefore p is in the Kupka-set of F.
For the other corners the argumentation is analogous.

a—1

P (2, y) where

(2) At the points 7 € Sy (G):
In this case f is a submersion at p and there exist analytic coordinate systems
(U, (z,9,2)),(x,y) : U = C?2z:U — C"2 and (V,(u,v)), at p and 7 = f(p)
respectively, such that, u(7) = v(7) = 0 and f(x,y,2) = (z,y). In this case G
can be represented in a neighborhood of 0 by a 1-form w such that dw # 0. Since
f is a submersion in a neighborhood of p, F is represented by f*w on U and so
d(f*(w))(p) # 0. Therefore p is in the Kupka-set of F.

Remark 4. In this case the transversal type of F at p is the same of the germ of
g at 7.

(3) At the points 7 € S, 0 < r < 2. For instance when 7 € Sy, .
In this case f is not a submersion at p, but there exist analytic coordinate
systems (U, (z,y,2)), (x,y) : U — C*> 2 : U — C" 2 and (V,(u,v)), at p and
T = f(p) respectively, such that, u(7) = v(7) = 0 and f(z,y, z) = (z*,y). Suppose
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that G is represented by the 1-form
w= P(u,v)dv — Q(u,v)du

in a neighborhood of 7.
Then F is represented by

W= f"(w) = Pz y)dy — Q(z%, y)d(z*).
Moreover, the hypothesis of G be of Hyperbolic-type implies that we can suppose

w(u,v) = Mu(l + R(u,v))dv — Avdu,
where :\\—f e C\R.
We obtain @(z,y) = (z* Y@ (z,y) where
w(z,y) = Mz(l 4+ R(z%,y)dy — alydz,

and so dw(p) # 0.
Therefore p is in the Kupka-set of F.
The other cases are similar.

FIGURE 2. A typical singular set of a generic pull-back foliation in P3.
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7.3. Quasi-homogeneous singularities

In this part we will study some special type of singularities: quasi-homogeneous singu-
larities. They appear in the indeterminacy set of f. Remember that the indeterminacy
set of f is contained in the singular set of F. And they will play a central role in great
part of the proof of Theorem B.

7.3.1. Generalized Kupka and quasi-homogeneous singularities. The next lines have been
extracted from [C.CA.G.LN]. We refer the reader also to [Ln0].

Definition 7.4. The affine Lie Algebra, aff(C), is the Lie Algebra of dimension 2 gener-
ated by the vectors {eq, ey, [ea, €1] = €2}
A representation
p: aff(C) = x(C?)
can be defined by a pair of two holomorphic vector fields in C3, namely S and X that
satisfies an equality of the following type [S, X] = (X for some { € C*.

Definition 7.5. Let w be an holomorphic integrable 1-form defined in a neighborhood of
p € C3. We say that p is a Generalized Kupka(GK) singularity of w if w(p) = 0 and
either dw(p) # 0 or p is an isolated zero of dw.

When p is an isolated singularity of dw, the singularity is logarithmic, degenerate or
quasi-homogeneous. These singularities will be explained in the next lines.
Let pg > p1 > p2 > 0 be relatively prime integers and S be the semi-simple vector-field
on C3 given by
g 0 0 0
= poxoﬁ_xo +p1$18—x1 +P2$28—x2-
We say that a vector-field X holomorphic in a neighborhood of 0 € C3, is S-quasi-
homogeneous of weight ¢, if we have the following Lie-Bracket identity [S,X] = (X.
Notice that necessarily £+ py is a non-negative integer and & is a polynomial vector field.

In fact, if 5 5 5

81’0 * Pl 81‘1 + P2 (9:102’

the condition that X is S quasi-homogeneous of weight ¢ is equivalent to the fact that,

after giving weights pg, p; and p, to the variables xg,z; and x5, the polynomials F,, P

and P, are weighted homogeneous of degrees ¢ + pg, £ + p; and £ + py respectively.
Moreover, S and X give a representation of the affine Lie algebra on the algebra of

polynomial vector-fields. If we suppose that S and X are linearly independent at generic

points, then these vector fields generate an algebraic foliation on C3, which is given by

the integrable 1-form

X =F

n =isix(dze A dxy A dxsg).

The geometrical description of the foliation induced by 7 is as follows: the singular set
of F(n), denoted by sing(F(n)), is invariant under the flow of S, exp(tS) := S;. This
follows from the relation

Ls(n) = mn, where m = £+ tr(S) =+ po + p1 + po,

as the reader can check. The relation before also implies that if ¢ € sing(F(n))\{0},
then F(n) is in a neighborhood of ¢, equivalent to the product of a foliation in dimension
two by a one-dimensional disk.

In the affine chart C*, where S is as before, the leaves of F(n) are ”S-cones” with
vertex at 0 € C?, that is, immersed surfaces invariant by the flow of S. If sing(F(n))
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has codimension two, then each of its components is the closure of an orbit of S. Now we
impose a condition which implies the local stability of this kind of singularity by small
perturbations of the form defining the foliation.

Let w be an integrable 1-form in a neighborhood of p € C* and (u=volume form) be
a holomorphic 3-form such that p(p) # 0. Then dw = iz(u) where Z is a holomorphic
vector field. The integrability of w is equivalent to iz(w) = 0. It is not difficult to see that
if p is a GK singularity of w, then we have two possibilities as follows.

(1) Z(p) # 0. In this case we have a singularity of Kupka type.

(2) Z(p) =0 and p is an isolated singularity of Z. In this case, there exists a neigh-
borhood U of p such that the singularities of w in U\{p} are of the Kupka type.
Let L := DZ(p) be the linear part of Z at p and Ay, A1, Ay be the eigenvalues of
L. Note that \g + A1 + A9 = 0. This implies that we have three sub-cases.

(2.a) Ao, A1, A2 # 0. In this case, if we take p = 0, the second jet of w at p is
of the form
72 (w)o = amwodzg + broredr, + croridTy = $0$1I2(a% + b% + c@),
Zo T T2
where \g = ¢ —b, A\ =a — ¢, Ay =b—a. When a,b,c # 0 it is proven in [C.Ln3|,
that there exists a germ of vector field X" at p such that [X, Z] = 0 and

ixviz(dro A dry A\ drg) = fw

where f(p) # 0, so that the foliation is locally generated by an action of C2
It is also proven in [C.Ln3] that if the triple (a, b, ¢) satisfies some conditions of
non-resonance, then there exists a local coordinate system (xg, z1, x5) such that

w= xoxle(a@ + b% + c@),
Lo T T2

for this reason we say that the singularity is of the logarithmic type (even if w is
not equivalent to its 2-jet).

(2.b) One of the eigenvalues, say A is zero and the other two satisfy \g =
—)\1 # 0. We call this type of singularity degenerate. An example of this situation
is

w = rox1drs + 25 (axodry + bridxy),

where a - b- (a —b) # 0 and n > 2. In this case, if we take p = dzg A dxy A dxsg
then we get dw = izp where

o1y O no1y O . 0
Z = xo(1 — bnal 1)(9_1’0 —z1(1 — anx} l)a—gg1 +(b— a)xZa—IQ.
Note that 0 € C? is an isolated singularity of Z with multiplicity mult(Z,0) = n
and the eigenvalues of DZ(0) are 1,—1,0.
(2.c) Ao = A1 = Ay = 0. In this case, the germ of X at p is nilpotent (as a
derivation in the local ring of formal power series at p.)

Definition 7.6. We say that p is a quasi-homogeneous singularity of w if p is an isolated
singularity of Z and the germ of Z at p s nilpotent.

This definition is justified by the following result that can be found in [Ln0] or [C.CA.G.LN]:

Theorem 7.7. Let p be a quasi-homogeneous singularity of an holomorphic integrable
1-form w. Then there exists two holomorphic vector fields S and Z and a local chart
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U := (wg, 21, 72) around p such that xo(p) = x1(p) = x2(p) = 0 € (C3,0); and germs of
holomorphic vector fields S, Z € (C3,0) such that:

(a) w = Aigiz(dxg A dxy Adxg), X € Qy dw = iz(dzo A dry Adzs) and Z = (rot(w)),

(b) S = poxoa%o + plxla%l + pgacga%Q, where, py, p1, p2 are positive integers with
g'c'd(p07p17p2) = 17

(c) p is an isolated singularity for Z, Z is polynomial in the chart U := (xq, 1, x2)
and [S, Z] = (Z, where { > 1

Definition 7.8. Let p be a quasi-homogeneous singularity of w. We say that it is of the
type (po : p1 : p2; b)), if for some local chart and vector fields S and Z the properties (a), (b)
and (c) of the previous theorem are satisfied.

Remark 5. Let p € C? be a quasi-homogeneous singularity of w. If S and Z are as in the
previous theorem, then the multiplicity of Z at the singularity p, mult(Z,p), (also called
Milnor’s number), is given by

mult(Z,p) = (£ 4 po) (€ + p1)(¢ +p2)'

Pop1P2
In particular, pop;p must divide (£ + po) (£ + p1)(¢ + pa).

The proof of this fact can be found in [Ln0]. We can now state the stability result:

Proposition 7.9. Let (ws)ses be a holomorphic family of integrable 1 — forms defined
in a neighborhood of a compact ball B = {z € C3;|z| < p}, where ¥ is a neighborhood of
0 € C*. Suppose that all singularities of wy in B are GK and that sing(dwy) C int(B).
Then there exists € > 0 such that if s € B(0,e) C X, then all singularities of ws in B
are GK. Moreover, if 0 € B is a logarithmic or quasi-homogeneous singularity of type
(po : p1 : pa; £) then there exists a holomorphic map B(0,€) > s — z(s), such that z(0) =0
and z(s) is a GK singularity of ws of the same type (logarithmic or quasi-homogeneous
of the type (po : p1 : p2; €), according to the case).

The proof can be found in [C.CA.G.LN].

Remark 6. Let p be a quasi-homogeneous singularity of w. Since the singular set of w is
formed by a finite number of solutions of the vector field .S, which is of the Poincaré-type,
there exists an ¢y > 0 such that every component of Sing(w) is transversal to the 5-sphere
of radius € < ¢, S?.

7.4. Quasi-homogeneous singularities of F = f*(G)

Let (f,G) be a generic pair. As before, let us fix a homogeneous coordinate system
in P? and denote by f, ¢;, and ¢, the G-invariant straight lines that correspond to the
planes X =0, Y =0 and Z = 0 in C?, respectively.

In this coordinate system, G is written as

O =YZAX,Y,Z)dX + XZB(X,Y, Z)dY + XYC(X,Y, Z)dZ.
Let us describe F = f*(G) in a neighborhood of a point p € I(f).

Lemma 7.10. There ezists a local chart (U, (zg,x1,22,y) € C3 x C"2) around p such

that the lifting f of f is of the form fly = (3,27, x]) : U — C3. In particular Floug) is
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represented by the 1-form
n(wo, 1, T2, y) = a-xl.xz.A(xS,xf,xZ)dxo
+ Bxoxs.B(xd, 2t x])dx,

+ ’y.xo,ml.C(:vg‘,xf,asg)dxg.

Proof. We will consider only the case n = 3. We can suppose p = [0:0:0: 1] € I(f),
so that p = (0,0,0) in the affine plane ¥ = {23 = 1}. Note that we can write the lifting
of f, f: C*— C? as the composition of two mappings: f = go f where f : C* — C3
is given by f(Z) = (Fy(Z),F\(Z), Fy(Z)) and g : C* — C® is given by g(zo,21,72) =
(22,27 2]). Since Fy, Fy, Fy are homogeneous, it follows that p = (0,0,0,1) € (f)~1(0)
and dFo(p) NdFy(p) NdF»(p) # 0, and so dFy|s(p) AdF|s(p) AdFs|s(p) # 0. In particular,
f|x is a biholomorphism in a neighborhood of  in ¥. This implies that there exists a
coordinate system ¢ = (2o, 71,72) : U(p) — C? such that f|s o) = (20,71, 72). After
composing with the mapping g we obtain the local expression of f:
flao, z1,25) = go fls ot = (x0, 21, 22) = (2§, 2, 23).
Remark 7. For the case n > 4 the argument is similar.

Now, F = f*(G) is represented in U by the 1-form:

f*(Q)(xO’Ihx?) = JZ?:E;A(ZES‘,JZ?,I;)d(ZL‘S‘)
+ af.al.B(af, ], 23)d(x])
+ af.a].C(xf, ), 23)d(x])
P (o, 21, 22) = (25 2] 2d ) (2o, 21, 22))]

a—1 _pB-1 ~—

. . . 1 .
Extracting the codimension one term (zg~ .z} .z ) we obtain

a B
a.xy.xe Alxy, o, x])dxg

7](370, Z1, xQ)
+ B.xowe.B(xd, ¥ a])dx,
+ yaoxy.Cal, 2l a))dxs.

U

And there are no other common factors to extract. Let us give a proof of this fact. We
will divide the proof in two cases.

(1) First: We can suppose without loss of generality that we can write n(zg, x1, ) =
xg*n(zo, x1,x2) where 1 < m < (d — 1). This would imply that A(X,Y,Z) =
X"A(X,Y,Z). Which would imply that codim(sing(Q2)) = 1, contradiction.

(2) Second: In fact, if for instance we could extract from 7 a polynomial h(x$, z}, z3),
that we can suppose without loss of generality that h is irreducible, this would
imply that the polynomial h(X,Y,Z) would have to divide A, B and C but this also
would imply that codim(sing(€2)) = 1, contradiction. In both cases as we know

this is impossible because we are working with G satisfying codim(sing(G)) > 2.

The previous discussion give us the following:
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Corollary 7.11. If F comes from a generic pair, then the degree of F is

11 1
vid=1)+—+ -+ —| —2.
(d=1)+— 575

Remark 8. This corollary can be obtained also using the proposition 2.1 contained in
[Fa.Pe].

Let us now obtain the vector field S as in Theorem 7.7.

Consider the radial vector field R = X aix + Yaiy +Z a% and observe that

1 0 1 0 1 0
R=— — X —— + —Ty—.
(go flzow) L P L - +7~T2ax2
Since the eigenvalues of S have to be integers, multiplying (g o f|x 0 9) * R by afy we
obtain 5

0 0
S = (By)rom— + (CW)xlaxl (aﬁ)%a s

8I0
Let us describe the orbits of the vector field S.
In fact the closure of the orbits of the vector field S can be parametrized as follows:

C > s — (js"7, ns* ks*?)
where (j,n,k) € C3.
Let us concentrate in the case n = 3.

Lemma 7.12. If p € I(f) then p is a quasi-homogeneous singularity of 7.

Proof. First of all note that ign = 0. Let us calculate Lgn. By standard computations
with the Lie derivative we have

Lsn = mn, where m = [(By + af + af) + (af7y)(d —1)]. This implies that the singular
set of n is invariant under the flow of S.

The vector field Z such that n = igiz(dxg A dxq A dzs) is given by

Z = Z()(l‘o, Xy, xg)aixo + Zl(flf(),l‘l, (L’Q)aixl + Zg(ﬁo,xl,l‘g)%
where:
(a) ZO<x07x17x2) (I%,l”f,&: )
(b) Zi(zg, 21, 22) = 271. (ﬁgaxﬁ%)
(¢) Za(xo, 71, 72) = 70 ( 0 5E1,952)

Where the polynomials A(X, Y, Z), B(X, Y, Z) and C’(X, Y, Z) are homogeneous of de-
gree (d — 1) and they are not unique!

We have to show that 0 is an isolated singularity of Z and all eigenvalues of DZ(0)
are 0. It is not difficult to show that the Jacobian matrix DZ(0) is the null matrix(by
standard computations) which implies that it has null eigenvalues. To conclude that the
0 is an isolated singularity of Z if follows from the fact that all singular curves of F in
a neighborhood (U, (¢, 1, z2)) of 0 are of Kupka type, as we have proved in section 7.2.
Note that the unique singularities of 7 in the neighborhood (U, (¢, x1, x2)) of 0 come from
f*Sing(G), this follows from the fact that {Sing (G) N VC(f)\ly Uy Uty = B} . On the
other hand we have seen that (g o f|g o ¢) " (sing(G))\I(f) is contained in the Kupka
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set of . Hence the point p is an isolated singularity of dn and hence it is an isolated
singularity of Z. 0

Therefore, in the case n = 3 any p € I(f) is a quasi-homogeneous singularity of type
[67 : ay ]

From any of components of the vector Z we can find the value of £. For instance, it follows
from the expression in the item (a) that

C+po=py+apy(d-1),
since py = B the value of £ is
afy(d—1).
We can use Remark 5. to calculate the Milnor’s number of the quasi-homogeneous singu-
larity. This is the content of the next corollary.

Corollary 7.13. Let 0 € C3 be a quasi-homogeneous singularity of n. If S and Z are as
in the previous discussion, then the multiplicity of Z at 0 is:

(a(d=1)+1)(B(d—=1)+1)(v(d—1)+1).
Proof. The multiplicity of Z at 0 is given by

Pop1P2
where
(a) bo = ﬁ77
(b) P11 = a7,
(c) p2 = af.
Since

t=(d—1)(afy)
it follows that
mult(Z,q=0)=(a(d—1)+1)(B(d—1)+ 1)(y(d — 1)+ 1).
O
In the case n > 4 the explanation is analogous. In fact, in this case we will have a local

structure product near any point p € I(f).
The local product structure follows from the next theorem:

Theorem 7.14. If n has a simple singularity at 0 € C",n > 4 then rk(n,0) < 3. In
particular, F(n) is equivalent to the product of a foliation of codimension one in (C3,0)
by a reqular foliation of codimension 3.

Remark 9. By rk(n,0) we mean the minimum number of variables that we can write 7 in
a neighborhood of 0 € C".

The proof of this theorem and the definition of simple singularity can be found in [Ln] pp
43-44.

In fact in the case n > 4 we have:
Corollary 7.15. Let (f,G) be a generic pair. Let p € I(f) andn an 1-form defining F in
a neighborhood of p. Then there exists a 3-plane II C C" such that d(n)|n has an isolated
singularity at 0 € 11.

Proof. Immediate from the local product structure. 0J
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7.5. Quasi-Homogeneous Foliations and Weighted Projective Spaces

If we observe the quasi-homogeneous 1-form 7 in detail, we see that each one of its
components has a different degree. Let us write the quasi-homogeneous 1-form 7 in its
simplified form:

n(xo, 1, x9) = wo(To, 1, T2)dxg + Wi (o, T1, T2)dx1 + W (o, 1, T2)dXs.
Let us calculate the degree of each one of its terms with respect to the weights (87, ay, af3).
By standard computations we have:
(1) wo(zo, 1, x2) is a quasi-homogeneous polynomial of degree
afy(d—1) +ay+ap,
(2) w1(wo, x1,x2) is a quasi-homogeneous polynomial of degree

(3) wa(xg,x1,x2) is a quasi-homogeneous polynomial of degree

aBy(d—1)+ By +ar,

and following the discussion of [So.Cor]. Since

is?’/ =0

we have that the quasi-homogeneous 1-form 7 defines naturally a holomorphic foliation
on the weighted projective plane P[Qﬂ%a%aﬂ}' Here the vector field S is what the authors
in [So.Cor]| call a Radial adapted vector field.

In the case n = 3, the previous discussions means that the germ (f*G,p) of f*G at
p € I(f) is almost equivalent to the germ IT5(G), 0. More precisely, if we make a weighted
blow-up with weights (87, avy,af) at the point p € P3, p € I(f), say 7, : P3 — P3,
then the strict transform of 7 (F) of f*G is transversal to the exceptional divisor £ =
P[Zﬁv,a'y,a g- Moreover, using that P[Q[g%a%a g 18 isomorphic to the standard projective plane

P? (see for instance [B.R]), we can use the isomorphism between them to obtain up to
automorphism, the foliation G. We will come back to this topic later.

7.6. Deformations of the singular set of 7y, = fi(Gy) - Auxiliary Lemmas

As done in [C.Ln.E], to prove the main theorem we have to use the following result from
Complex Analytic Geometry.

Lemma 7.16. Let X1 C Xy be irreducible analytic subsets of a complex manifold M.
Suppose that there exists an open subset U # () of X such that U is also an open subset
of Xo. Then X, = Xs.

Remark 10. For more details we refer the reader to [Seb], or [Ln| where it appears as
Lemma 2.2.1 on page 75.

Here we are thinking in X, as being the irreducible component of Fol (I' — 1;7n) and
X, = PB(I' — 1,v,a,B,7). We have constructed an open and dense subset W inside
PB(I' — 1,v,a, B,7) containing the generic pull-back foliations. We will show that for
any rational foliation Fy € W and any germ of a holomorphic family of foliations (F):e(c,0)
such that Fy = F,, we have F, € PB(I' — 1,v,«, 3,7) for all t € (C,0).
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As before, let us fix a coordinate system on P2 and denote by £y, ¢1, and ¢ the G-invariant
straight lines that correspond to the planes X =0, Y = 0 and Z = 0 in C3?, respectively.

Let G € A and suppose that G is given in homogeneous coordinates by a 1—form
O=YZAX,Y,Z)dX + XZB(X,Y,Z)dY + XYC(X,Y, Z)dZ.

Let us describe the singular set of the foliation & = f*G in a neighborhood of a point
p € I(f). First, let us consider the case n = 3. Let f be a lift of f. Let C* ~ E ¢ C*
be an affine plane (0 ¢ E) such that E cuts transversely the line IT;'(p) at ¢ € E.
Since f(q) = 0 and dFy(¢q) A dFy(¢) A dFy(q) # 0 by hypothesis, we have seen before
that there exists a local coordinate system around ¢, (W,z € C3) such that z(q) = 0
and flwe) = (2§, 29, 27). In particular, in this coordinate system F is described by the
1-form 1 and it has a quasi-homogeneous singularity of the type [37 : oy : a3]. Assuming
n = 3, we also have (d?> + d + 1) special analytic curves passing through the point p
in this neighborhood. These curves are common orbits of the two vector fields S and
Z. Moreover, we know that in C3\{0} they are singularities of Kupka-type having local
product structure with a constant transversal type. In an analogous way, for the case
n =r—+3 > 3, the foliation F is locally the product of a regular foliation and the foliation
defined by the 1—form 7 (see Thm 7.14).

Now let us fix Fy = f;(Go) in W and a germ of a holomorphic family (F;):ccoy of
foliations such that F, = Fy.

Lemma 7.17. There exists a germ of isotopy of class C*, (1(t))ie(c,0) having the following
properties:
(I) 1(0) = I(fo) and I(t) is algebraic and smooth of codimension 3 for allt € (C,0).
(IT) For all p € I(t), there exists a neighborhood U(p,t) = U of p such that F; is
equivalent to the product of a reqular foliation of codimension 3 and a singular
foliation F,, of codimension one given by the I-form n,,. The family of 1-forms
Npt, Tepresents the quasi-homogeneous foliation given by the Lins Neto’s stability
theorem of quasi-homogeneous singularities [Ln0] and [C.CA.G.LN].

Remark 11. For the definition and properties of isotopies we refer the reader to [Hi].

Let us denote Z = (x,y) where = (21, ..., 2,_3) € C" 2 and y = (2,2, 2n_1, 2,) € C>.

Proof. In the case n = 3 it follows from Proposition 7.9 since I( fy) is finite. Let us concen-
trate on the case n > 4. We can consider a smooth tubular neighborhood 7 : U — I(fy),
of I(fo) with fibers By := m~1(Z) ~ B3, where B? is a complex ball of dimension 3. This
is possible because the variety I(fy) is smooth of codimension three [Hi]. The main idea
is to construct a smooth germ of the mapping, ¢ : (C,0) x I(fy) — U, such that for all
t € (C,0) we have ¥(t,Z) € Byz. We will work with a representative of the germ (F;)q,
defined on a disk D, = (|t| <€) C C.

Fix p € I(fo) and a holomorphic local chart at p, ® = (x,y) : V — C"3 x C3, such that
Vi=VnlI(fy)=(y=0),P(p)=(0,0)and V C U. Take Zy = (20,0) € VN I(fy), and
consider Fz, = (Z = wg) C {xo} x C3. For Z = (z,0) € V fixed, we know that (Fy)|Bz
has a quasi-homogeneous singularity of type [37 : a7y : af]. By the Proposition 7.9, there
exists 0 < €; < e and a holomorphic mapping 17 : (|t| < €1) — Fz such that (F;)|r, has
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a quasi-homogeneous singularity of the type [57y : ay : af] in z(t).

We can write ¢z (t) = (z,Y (t,z)), where t — Y (¢,z) € C? is holomorphic. The holomor-
phic local product structure for F; at the point (x, Y (¢, 2)) implies that the germ (¢,z) —
Y (¢, x) is holomorphic. We can define Y as a holomorphic function in a neighborhood C
of {0} x V. For fixed ¢, the graph gry; of the mapping x € C'N ({t} x C"3) = Y (¢, ) is
a holomorphic submanifold of U.

Consider now the fibration given by the tubular neighborhood = : U — I(fy). Since
the fibers are transverse to I(fy), for small |t| the fiber By intersects gry, exactly in
one point(by proposition 7.9), which we will denote by ¢(¢t,1W). For t = 0, we have
Y (0,2) = 0, so that (0, w) = w, which implies that ¢ is defined on a neighborhood of
{0} x Vi. Note that the map 1 is smooth on its domain of definition.

To finish the proof, let us observe that the map ¢ does not depend on the choice of local
coordinates (®, V) about the point p, since the point (¢, W) can be considered as the
unique quasi-homogeneous singularity of type [5y : @y : af] on By of F;. If we take a
covering of I(fy) by local charts as above, we can extend v to a germ of the mapping
¥ (C,0) x I(fo) = U such that ¢ (t, W) on By is the unique quasi-homogeneous singu-
larity of F; in By for all t € (C,0). Since I(fy) is compact, this germ has a representative,
which we denote again by ¢ : (|t| < d)xI(fo) = U, > 0. Putting I(t) = ¢ (({t} x I(fo)),
we have the desired isotopy.

The assertion (II) is a consequence of Thm.(7.14), since the foliation is regular of rank 3.
This theorem also implies that I(t) is a holomorphic submanifold of codimension 3. O

Remark 12. In the case n > 3, the variety I(t) is connected since I(fy) is connected

(Lefschetz’s Theorem). The local product structure in I(¢) implies that the transversal

type of F; is constant. In particular, F,;, does not depends on p € I(t). In the case n = 3,

I(t) = pi(t), ..., p;(2), ...,p%(t) and we can not guarantee a priori that F,, , = Fp ;, if
aBy

1 7.
Consider coordinate system on P? and denote by £, /1, and / the G-invariant straight
lines that correspond to the planes X =0, Y = 0 and Z = 0 in C3, respectively.

The singular set of Gy consists of the points: a =[0:0:1],b=[0:1:0],c=[1:0:0],
Sw(go), Sgr(go), 0 S T S 2. We know that #Sw(go) = (d — 1)2, #Sgr(go) = (d — 1),
0 <r <2 Let 7€ sing(Go) and K(Fo) = Uresinggo)Vr\I(fo) where V; = fi'(7). As in
the previous lemma, let us consider a representative of the germ (F;);, defined in a disc

Ds = (|t| < 9).
Lemma 7.18. There exists ¢ > 0 and smooth isotopies ¢, : D, x V. — P" 1 € Sing(Gy)
such that V. (t) = ¢.({t} x V) satisfies:

(a) V.(t) is an algebraic subvariety of codimension two of P* and V,(0) = V, for all
T € Sing(Go) and for all t € D..

(b) I(t) C Vi(t) for all T € Sing(Gy) and for all t € D.. Moreover, if T # 7', and
7,7 € Sing(Go), we have V.(t) NV (t) = I(t) for all t € D, and the intersection
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18 transversal.

(¢) Va(O\I(t) is contained in the Kupka-set of F; for all T € Sing(Gy) and for all
t € D.. In particular, the transversal type of F; is constant along V. (t)\1(t).

Proof. We consider only the case n > 4, the proof in the case n = 3 is analogous (the
only difference being that I(t) consists of discrete points and so is not connected). Here
we can consider the same smooth tubular neighborhood 7 : U — I(fy) of I(fy) as before.
This tubular neighborhood has the following properties:

(1) The boundary 0U is a smooth submanifold of real dimension 2n — 1.

(2) For each 7 € Sing(Gy), V- intersects QU transversely in a real codimension 4 sub-
manifold S; =90U NV,.

Fix 7 € Sw(Gy). Since V:\U is compact and smooth of codimension 2, there exists
a smooth tubular neighborhood 7, : A, — V;\U such that the fiber F; = 7;'(Z)
is diffeomorphic to the complex ball B? of complex dimension 2. The argument now
proceeds as in the proof of the previous lemma. We will construct a germ of the smooth
mapping,
¢o:((C,0)x V) — A,
such that ¢(t, Z) € Fy for all t. Since V, is compact, ¢ has a representative
¢o:D.xV, = A,

and we define V,.(t) = ¢({t} x V).

Let us fix Zy € V;\U. We claim that there exists a germ of the mapping ¢z, : (C,0) —
Fz, such that ¢z,(t) is a Kupka-singularity of JF; for all ¢ (where it is defined). Indeed,
let (w)¢ be a holomorphic family of integrable 1-forms such that (w;) represents F; on a
fixed neighborhood Uy, of Z; in P".

Since dwy(Zy) # 0, we can take Uy, in such a way that dwy(p) # 0 for all p € Uy,. Take
€(Zy) such that if || < €(Zy), then dw;(p) # 0 for all p € Uy,. Hence, if p € sing(F;)NUz,,
p is a Kupka-singularity for F; when |t| < €(Zy). Let us now use the local transversal
product structure for Fy. Since Fy, is transversal to V,\U and Fy has a Kupka-singularity
in Zy, wol Fz, has a Kupka-singularity of multiplicity one in Zy € Fy, =~ B2,

Since these singularities are stable under small perturbations, there exists a smooth
mapping ¢z, : (C,0) — Fz,, such that ¢z,(t) is a singularity of multiplicity one of wy|r,,
for all ¢. Since the point ¢z, (t) is a singularity of F; for all ¢ such that ¢, (t) € Ug,, it is
Kupka. Then we have constructed a germ of mapping

¢ ((C,0) x (V:\U)) = A,

such that ¢(t,Z) € Fy and ¢(t, Z) is a Kupka singularity of F; for all ¢. Let us now
extend the germ ¢ to the points ((C,0) x (V. NU)).

Fix Zy € I(f). As we have seen before, there exists a neighborhood Uy, of Z; and a
change of coordinates g : Uz, — C? such that Fy|Uy, is represented by 79. Moreover, the
Lins Neto’s Stability Theorem [Ln0] guarantees that there exists a holomorphic family of
integrable holomorphic 1-forms 7, such that 79 = n and 7, represents JF;|U, for all |¢t| < 4.
By the construction in the previous lemma, v (t, Zy) is a quasi-homogeneous singularity
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of type [B7 : ay : af] of | By, for all t € D,. In some holomorphic coordinate system in
W(t, Zy), the 1-form n;| Bz, represents a foliation

JT';5|UZ0 =T
where 7, defines a holomorphic family of foliations on IP’[QB%Q af)-

This implies that Sing(n:)|B., has a smooth irreducible component S, (t) of codimen-
sion two that corresponds to the singularity r,(t) € Pfﬁv’a%aﬁ], where S;(0) = V; N By,.
Since for each Kupka component the transversal type is constant, it follows that the
d? + d + 1 algebraic subvarieties extend to the interior of the tubular neighborhood and,
by continuity, connect to I(t). The family (S.(¢))iep, is an analytic deformation of the
germ V: N By, in Z.

Let us now use the compatibility condition. Since S.(0) = V. N By, for all Z € V, N By,,
S;(0) is transversal to F; C By, in Bz,. Hence there exists a neighborhood C' of Z; in
S;(0) and €; > 0 such that S, (t) is transversal to F; for all Z € C' and t € D,,. If we fix
Z € C and let |t| be sufficiently small, S, () N Fz has a unique point ((¢) and the germ
of function ¢ : (C x C') — B,, is smooth. Note that the germs ¢ and { coincide along
{0} x (C\{Zy}), since if Z € (C\{Zy}) and |¢| is sufficiently small, then ¢(¢, Z) € F; and
((t,Z) € Fz are Kupka singularities of F; and there exists only one singularity in Fj.
Since Zy € I(F) is arbitrary, we get a smooth extension of the germ ¢ along {0} x V.. O

FiGure 3. Global deformation of the singular set of a generic pull-back
foliation, case n = 3.
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7.7. End of the Proof of Theorem B

We now want to prove that the subvarieties V,(), V;(t) and V.(t) are fibers of (f¢):ep,,
are fibers of a rational map f; : P"---P2 f, € Gen(n,v,a,3,7), in such a way that
(f)iep. is a deformation of fy. We also want to prove that there exists a family of
foliations (Gi)iep.,G: € A (see section 6 pp.25) such that F; = f;(G;) for all t € D..
In fact, we will prove that every fiber V,(t) is a fiber of (f;)iep. at Appendix section 8.7.
We consider the case n = 3, then show how the general case n > 4 reduces to this case in
the end.

For convenience we remind the reader the description of the quasi-homogenous singular
set of Fy:

(1) In the case n = 3, I(t) consists of ;5= distinct points p;(t), and for each j €

1,..., there is an € > 0 and an analymc coordinate system around p;(t), say
aﬁ J
Uj, Z1), such that Zj Di =0 e (C30) and F|(U/, Z)) can be represented by
t J t

Mp;(t)s & holomorphlc famlly of integrable 1-forms such that:
(a) Sing(dnp,) = p;(t) for all [t] <e

(b) p;(t) is quasi-homogeneous singularity of type

By ay:af]
of np, (t) for all [t] < e.

(2) If n > 4, I(t) is a codimension-three smooth and connected submanifold of P",
and F; has a local product structure near all points of I(¢). Namely, it is given
by the previous homogeneous foliation times a regular foliation of codimension 3.
The family of integrable 1-forms 7, ;) naturally defines a holomorphic family of
foliations on the weighted projective plane ]P’[QB%Q%Q 8-

Let us define the family of candidates that will be a deformation of the mapping fy.
SetV—fO()Vb—fo()V—fo_l(c),wherea:[O:O:1],b:[0:1:0]and
c=[1:0:0] and denote by V- = f; }(7*), where 7* € Sing(Go)\{a, b, c}.

Proposition 7.19. Let (Fi)wep, be a deformation of Fo = f;(Go), where (fo,Go) is a
generic pair, with Gy € A, fo € Gen (n,v,«, 3,7) and deg(fo) = v > 2. Then there exists
a deformation (fi)iep. of fo in the set Gen (n,v,a, B,7) such that:

(i) Va(t), Vo(t) and Ve(t) are fibers of (fi)iep, -
(i) I(t) = I(f,),Vt € D..

In the Appendix section 8.7 we will prove that the others curves V() where 7 is
different of a,b and c are also fibers of the mapping f; for fixed ¢ (See Lemma 8.4 and
Lemma 8.5).

Proof. Let fo = (F¢, FP Fy) : C™ — C3? be the homogencous expression of fo. Then
V., Vi, and V, appear as the complete intersections (Fy; = F, = 0), (Fy = F» = 0),
and (Fy = F; = 0) respectively, so I(fo) = V.NV, =V, NV, =V, NV,. With this in
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mind, it follows from [Serl] (see section 4.6 pp 235-236) that V,(¢) is a complete inter-
section, say V,(t) = (Fo(t) = Fi(t) = 0) in homogeneous coordinates, where (Fy(t))ep,,
and (F1(t))ep,, are deformations of Fyy and F} respectively, and D, is a possibly smaller
neighborhood of 0. Moreover, Fy(t) = 0 and Fi(t) = 0 meet transversely along V,(t).
In the same way, it is possible to define V_.(¢) and V,(¢) as the complete intersections,
say (Fi(t) = F3(t) = 0) and (Fy(t) = Fo(t) = 0), where (F;(t))iep,, and (Fj(t))ep,, are
deformations of F};, 0 < 7 < 2. We will use these families of polynomials to define a family
of rational maps that satisfy the required properties.

We are going to prove that we can find polynomials Fy(t), P;(t) and P,(t) in such a way
that V.(t) = (Pi(t) = Py(t) = 0), Vi(t) = (Po(t) = Py(t) = 0) and V,(t) = (FP(t) =
Pi(t) = 0). Observe first that since Fy(t), F1(t) and Fy(t) are near Fy, Fy and Fy respec-
tively, they meet as a regular complete intersection at:

J(t) = (Fo(t) = Fi(t) = Fa(t) = 0)
= (Fo(t) = Fi(t) = 0) N (F(t) = 0)
= Va(t) N (F2(t) = 0),
so that J(t) N (Fy(t) = 0) = V.(t) N V,(t) = I(t), which implies that I(¢) C J(t). Since
I(t) and J(t) have a”—; points, we have that I(t) = J(¢) for all t € D,.

Remark 13. In the case n > 4, both sets are codimension-three smooth and connected
submanifolds of P", implying again that [(t) = J(¢). In particular, we obtain that

A

I(t) = (Fo(t) = Fi(t) = F5(t) = 0) C (F;(t) = 0),0 < j < 2.
Let us now use Noether’s Theorem, which can be stated as follows:

Lemma 7.20. (Noether’s Theorem) Let Gy, ...,Gy € C|z1,..., zm] be homogeneous poly-
nomials where 0 < k <m andm > 2, and X = (Gy = ... = G, = 0). Suppose that the set
Y :i={p € X|dGo(p) A ... NdG(p) =0} =0 or (. If G € Clzy, ..., 2] satisfies G|x =0,
then G € < Gy, ..., Gy >, the ideal generated by Gy, ..., Gg.

Remark 14. We have taken the above lemma in this form from [Ln] (pp. 86).

Back to the proof of Proposition 7.19.

Take k =2, Go = Fy(t), G; = Fi(t) and Gy = Fy(t). In this case, we have Y = {0}, and
we can use the Noether’s Theorem. Using the fact that all polynomials involved are ho-
mogeneous, we have F(t) € < Fy(t), Fi(t), F5(t) >, and since deg(Fy(t)) > deg(Fi(t)) >
deg(Fy(t)), we conclude that Fy(t) = Fi(t) + g(t)Fy(t), where g(t) is a homogeneous
polynomial of degree deg(Fy(t)) —deg(Fs(t)). Observe also that V,(t) = V(F1(t), F3(t)) =
V(Fi(t), F»(t)), where V/(H;, Hy) denotes the projective algebraic variety defined by (H; =
H, = 0)! Similarly for Vj(t) we have that Fy(t) € < Fy(t), Fi(t), Fy(t) >. On the
other hand, since F5(t) has the lowest degree, we can assume that Fy(t) = Fy(t). In an
analogous way we have that Fy(t) = Fy(t) + m(t)Fi(t) + n(t)Fy(t) for the polynomial
Fy(t). Now observe that V(Fy(t), Fy(t)) = V(Fy(t) + m(t)Fi(t), Fy(t)). Hence we can
define f, = (Pg(t), P2(t), P)(t)) where Py(t) = Fy(t) + m(t)Fy(t), Py(t) = Fi(t) and
Py(t) = F(t). This defines a family of mappings (fi)icp, : P?--= P2, and V,(t), Vi(t)
and V,(t) are fibers of f; for fixed ¢. Observe that, for ¢ sufficiently small, (f;)iep,, is
generic in the sense of definition 4.2, and its indeterminacy locus I(f;) is precisely I(t).
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Moreover, since Gen(3,v,a, 3,7) is open, we can suppose that this family (f;)iep,, is in
Gen (3,v,«, B,7). This concludes the proof of proposition 7.19. O

Let us now define a family of foliations (G;)iep,,G: € A (see section 6 pp.25) such
that F;, = f(G;) for all t € D.. We consider first the case n = 3.

Let Mgy aq,a5(t) be the family of “complex algebraic threefolds” obtained from P? by
weighted blowing-up with weights (57, av,af) (see Appendix section 8.4) at the a”—;y
points p;(t),...,p;(t),...,p .3 (t) corresponding to I(t) of F;; and denote by

aBy

T (t) © Migy.ay.ag (t) = P’
the blowing-up map. The exceptional divisor of m,(t) consists of a”—% orbifolds E;(t) =

() Hpi(t), 1 < j < a”—l;, that are weighted projective planes of the type P[zm a0
Each of them has three lines of singular points of M{gy a-,ag)(t), all isomorphic to weighted

projective lines, but these singularities will not disturb our arguments. (See [Ma-Mor]| ex.
3.6 pp 21.)

More precisely, if we blow-up F; at the point p;(t), then the restriction of the strict trans-
form of 7 F; to the exceptional divisor E;(t) = P?B%a%a g) is the same quasi-homogeneous
1-form that defines F; at the point p;(t) (see Appendix sections 8.4, 8.5 and 8.6 for compu-
tations for case t = 0). Using the isomorphism between E;(t) and P? we can push-forward
the foliation to P2. With this process we produce a family of holomorphic foliations in A.
This family is the “holomorphic path” of candidates to be a deformation of Gy. In fact,
since A is an open set we can suppose that this family is inside A (see Appendix section
8.6 for computations for case t = 0). Let us denote this family of candidates by (G)iep. ,
and choose the exceptional divisor Fy(t) to work with. Observe that with this process we
are producing foliations in A up to a linear automorphism of P2

Consider the family of mappings f; : P?---P?%, ¢ € D. defined in the proposition 7.19.

We wish to consider the family (f)iep, as a family of rational maps f; : P?--- E;(t). We
can decrease € if necessary. Note that the map

fromu(t) : Migyamap(t)\ U; E;(t) = Ei(t) ~P?
extends holomorphically, that is, as an orbifold mapping, to
Jo + Migy v (t) = Pl 0y 0 = Er(t) ~ P?

This is due to the fact that each orbit of the vector field S; in the coordinate system
where it is linear, determines an equivalence class in IED[ZM and the orbits are fibers
of the map

ay,af]

(2o(t), 21(t), wa(1)) — (25 (1), 27 (1), 23(1)).
The mapping f; can be interpreted as follows. Each fiber of f; meets p;(t) once, which
implies that each fiber of f, cuts E4(t) once outside of the three singular curves in
[Migy.0m,08 (t) N E1(t)]. Since Mgy ay.a5(t)\ U; E;(t) is biholomorphic to P*\I(¢), then

after identifying F(t) with ]P[Qﬁ%a%aﬁ], we can imagine that if ¢ € Mgy ay.ag(t)\ U; (1),
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then f,(g) is the intersection point of the fiber f;'(fi(¢)) with Ei(¢). Using the isomor-
phism between P[QB’Y and P2, we obtain a mapping

fe: Migyay.ap/(t) = P2,

It can be extended over the singular set of Mgy a4,a5)(t) using Riemann’s Extension The-
orem because the orbifold Mg, ay.ap)(t) has singular set of codimension 2 and theses
singularities are of the quotient type and therefore it is a normal complex space. We shall
denote this extension also by ft to simplify the exposition. In the appendix section 8.8
we show that the weighted blowing-up with weights (57, -y, a3) can solve completely the
indeterminacy set of f; for each t. With all these ingredients we can define the foliation:
F; = f#(G,) € PB(I' — 1,v,a, 3,7). This foliation is a deformation of Fy. Based on the
previous discussion let us denote Fy(t) = m,(¢)*(F;) and Fi(t) = mu(t)*(F,).

ay,af]

We will prove the following

Lemma 7.21. If Fi(t) and F (t) are the foliations defined previously, we have that
Fi(t)| gy (1)~p? = G =F ()] (1)2

[By,av,a8 [Bv,av,ap]

where G, is the foliation induced on Eq(t) ~ IP[Z

Bry.07,0] by the quasi-homogeneous 1-form
M1 (t) -

Proof. The first equality, that is, F;(¢)] Ex (0P, 0= G, follows from the fact that F,
R A1

is represented in a neighborhood of p;(t) € I(t) by the quasi-homogeneous 1-form 1, ),
that satisfies ig,7,,(1) = 0 and therefore it defines naturally a foliation on the weighted
projective space Fi(t) ~ IP’[zﬁ7 - In the appendix, section 8.4 and 8.5 we show that

Fi (t)’El(t):P[QB%a%aﬁl :Agt is up to a linear alitomorphism of P?ﬁw,amaﬁ] the 1-form 7, ().
The second equality Fi(t)|, ()2 = G;, follows from the geometrical interpretation

Bysay,ap]

of the mapping f; : Migy.av,08 (t) — P[Qﬁ% ~ P2, O

ay,af]

So now we use the fact that ]P’%B = P2 to obtain the equality

v,a7,08
Gi = Fi1(t)| gy )~p2 = F1(t)| B, (1)~p2,

where G, is obtained from G, by push-forward by the mapping f, : P[zﬁ%ama 5= P2, (See
Appendix section 8.6). Observe that if after this procedure we do not obtain yet the
equality we just have to compose with a linear automorphism of P? and in the we will
obtain the required equality. We remind that this equality we be fundamental to the next
argument.

Now let 71(¢) be a singularity of G, outside the three invariant straight lines. Since the
map ¢t — 71(t) € P? is holomorphic, there exists a holomorphic family of automorphisms
of P2, t — H(t) such that 7(t) = [a : b : ] € Ei(t) ~P? is kept fixed. Observe
that such a singularity has non algebraic separatrices at this point. Fix a local analytic
coordinate system (x, y;) at 71 (t) such that the local separatrices are (x; = 0) and (y; = 0),
respectively. Observe that the local smooth hypersurfaces along V;, ) = f7Y(ri(t)) defined
by X, := (z;0 f = 0) and Y, := (y; o f, = 0) are invariant for F(¢). Furthermore, they
meet transversely along f/ﬁ(t). On the other hand, ‘A/Tl(t) is also contained in the Kupka
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set of Fi(t). Therefore there are two local smooth hypersurfaces say X; := (z; o fi = 0)
and Y; := (y; o f; = 0) are invariant for F;(t), such that:

(1) X, and Y; meet transversely along V;, ;).

(2) Xe N (@) (i (1) = (20 = 0) = Xy Ny () (pa(2)) and Yy N7y (8) 7 (pa () =
(yr = 0) =Y, Ny (t) " (p1(¢)) (because Fi(t) and Fy(t)) coincide on Fy(t) ~ P?).

(3) X; and Y; are deformations of Xy = Xy and Yy = Y, respectively.

Lemma 7.22. X, = Xt for small t.

Proof. Let us consider the projection f; : Mgy amap(t) — ]P’[Z/B%a%am ~ P? on a neigh-
borhood of the regular fibre \A/Tl(t), and fix local coordinates x;,y; on P? such that X, :=
(x40 ft =0). Let H. = (y; 0 ft =€), € small, so that 3. = X, N H, are (vertical) compact
curves, deformations of 3y = ‘A/Tl(t). Set ¥, = X, N H,. Like the s also ¥s are compact
curves (for ¢ and e small), because X; and Xt are both deformations of the same X, and
so X, is close to Xt, for ¢ small. It follows that ft(Ee) is an analytic curve contained in a
small neighborhood of 7(t), for small e. By the maximum principle, we must have that
fi(2o) is a point, so that fi(X;) = fi(U.S.) is a curve C, ie., X, = f7(C). But X, and
X, intersects along the exceptional divisor F;(t) ~ P? along the separatrix (z, = 0) of G,
through 71 (¢). This implies that X, = f,(C) = f; ' (z; = 0) = X,. O

We have prooved that the foliations F; and J:"t have a common local leaf: the leaf
that contains 7, () <Xt\f/ﬁ(t)> which is not algebraic. Let D(t) := Tang(F(t), F(t)) be

the set of tangencies between F(t) and F(t). This set can be defined by D(t) = {Z €
C4Q(t) AQ(t) = 0}, where Q(t) and Q(t) define F(t) and F(t), respectively. Hence it
is an algebraic set. Since this set contains a immersed non-algebraic surface X;, we have
necessarily that D(t) = P3. This proves the Theorem in the case n = 3.

Suppose now that n > 4. The previous argument implies that if T is a generic 3—plane
in P*, we have F(t)y = F (t)r. In fact, such planes cut transversely every strata of
the singular set, and I(t) consists of a”—;{ points. This implies that f; is generic for |t
sufficiently small. We can then apply the previous argument again, finishing the proof of
the lemma and also that of Theorem B.

Using the same techniques used in the proof of the previous theorem and lemma, we
can prove the following result:

Theorem C. Let f: P"---P? be a generic rational map of degree v given by f = (F§* :
FP . F}), where deg(Fy).a=deg(Fy).f=deg(Fy)y=v, v > 2, (o, 8,7) € N* such that
1 <a<pf <vyandgced (Bry,ayapB) =1, I(f) its indeterminacy locus and F a
foliation on P, n > 3.

Suppose that the following conditions hold:

(1) At any point p; € I(f), F has the following local structure: In the case n = 3,
there exists an analytic coordinate system around p;, say (UP7,ZP7), such that
ZPi(p;) = 0 € (C,0) and F|yrs z7iy can be represented by n,, a quasihomoge-
neous 1-form, as described in the lemma 7.10 p.32 and 33, such that:
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(a) sing(dny,) =0,

(b) 0 is a quasi-homogeneous singularity of the type
By ay:af
of My,

In the case, n > 4, F has a local structure product, given as before, times a reqular
foliation in C"=3.

(2) There exists a fibre f~*(q) = V(q) such that V(q) = f~(¢)\I(f) is contained
in the Kupka-Set of F and V(q) is not contained inside of the 3 hypersurfaces,

UiZo(F: = 0).

(3) V(q) has a transversal type X, where X is a germ of vector field on (C?,0), with a
non-degenerated singularity at 0 € C2, having eigenvalues \; and Xy, where i—f ¢R
and with a non-algebraic separatrix.

Then F is a pull back foliation, F = f*(G), where G is of degree d > 2 on P* with
three invariant lines in general position.

Proof. The proof of this theorem is essentially the previous lemma. 0J

Remark 15. Note that when G does not have invariant algebraic curves and we make the
pull-back by a map as above, the indeterminacy set of f does not satisfy the hypothesis
of the theorem. Take G for example as being the Jouanoulou’s foliation and make the
pull-back by f as above. In the case n = 3 the indeterminancy set of f is not a quasi-
homogenious singularity of F = f*(G).

FIGURE 4. Weighted Blow-up and Tang Argument related to lemmas 7.21
and 7.22.
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8. APPENDIX
8.1. Complete Intersections

In 1958 Kodaira and Spencer showed, that any smooth projective hypersurface which is
not a K3 surface remains projective algebraic under small deformations. This same type
result has been done in the case of complete intersections of dimension > 2 (see [Ser] and
[Weh]), and later extended to the case when the complete intersection is an algebraic curve
(see [Serl]). We say that a k-dimensonal algebraic variety V' C P™ is a global complete
intersection if its homogeneous ideal I(V') C C[Zy, ..., Z,] is generated by n — k elements,
say, f1,..., [n—k of degrees di,...d,_j respectively. We will always order the d;, so that
di <djt1,j=1,...,n—k,and call d = (dy, ..., d,_) the multidegree of V.

We now state the stability theorem for complete intersections:

Theorem 8.1. (Sernesi-Wehler) Let V' be a global complete intersection in P of multi-
degree d, possibly with singularities, and assume dimcV > 1. If V is not a K3 surface,
then all sufficiently small deformations of V' are again global complete intersections of
multidegree d.

A complete proof of this theorem can be found in [Serl] Deformation of Algebraic Schemes,
Section 4.6 - Examples and Applications pages 235 and 236.

Another important result is

Proposition 8.2. Let V' be a complete intersection on P", we have the following:

(1) If dimcV > 2, then V' is simply-connected,

(2) If dimcV =1, then V is connected.

8.2. Orbifolds and Foliations - A glimpse into the theory

This section is motivated by some of the techniques used to justify arguments in the proof
of the main theorem (Theorem B). As we have seen, we needed to blow-up the points of
the indeterminacy set of f. During this process there appears a new category of algebraic
variety, that we call an orbifold, and the exceptional divisors obtained are Weighted
Projective Spaces, which are singular spaces in general.

Primary examples of orbifolds are quotient spaces of smooth manifolds by a smooth finite
group action. Here we consider that the quotient space is uniformized (or modeled) by a
manifold with the finite group action. Hence a notion of smoothness for the quotient space
is inherited from the manifold through those objects which are invariant under the group
action. We require that any element of the group either acts trivially or has fixed-point
set of codimension at least two.This requirement has the consequence that the non-fixed-
point set is locally connected. Indeed, the first known examples of these objects where
obtained as quotients of manifolds under the action of finite groups of automorphisms.
Analogous to the definition of manifold, a complex orbifold atlas is locally modeled on
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open subsets of C™ modulo finite groups of biholomorphisms acting on it, such that a
suitable condition of compatibility is satisfied in the intersection of any pair of “charts.”
There is a well defined notion of “map” between orbifolds, fiber bundle theory (Orbibun-
dles) and Chern-Weil theory, and much more.

In this thesis, we use the following fundamental concepts:

e Foliations on Weighted Projective Spaces
e Weighted Blow-ups

e Mappings between Orbifolds

e Weighted Projective Spaces

e Chern-Weill Theory

8.3. Foliations on weighted projective spaces

Foliations on weighted projective spaces often appears in higher dimensional questions
related to the resolution of singularities, for example [Pan]. They are also similar to
foliations on Hopf surfaces. A polynomial P in n variables (z1, ..., x,) is said to be quasi-
homogeneous with weights (kq, ..., k,) and degree d if for every A € C* one has

P\fray, o Nomg) = MNP (2, .0, a).

For example, in C|x,y, 2| the polynomial P(x,y,2) = xz + y? is not only quadratic (i.e.
homogeneous of degree 2) but also quasi-homogeneous of degree 4 relative to the weights
(1,2,3).

Given a set of weights (ky, ..., k,), we have a natural action of C* on C"\{0} given by
MN(xy, o wn) = (Wi, Nomg).

Consider the quotient space C"\{0}, where two points are identified if and only if they
belong to the same orbit of C*. The resulting space is a compact manifold with singular-
ities called a weighted projective space, whose dimension is obviously equal to (n — 1).

Whether it has singularities or not, this type of manifold can be given an algebraic struc-
ture since it can be realized as a Zariski-closed set of a complex projective space with
sufficiently high dimension. The existence of this embedding can be shown by means of
Pliicker coordinates. Alternatively, the quotient of this C*-action can also be realized as
the quotient of the projective space of dimension (n — 1) by some finite group of auto-
morphisms.

A polynomial vector field in C"

0 0
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is said to be quasi- homogeneous with weights (k1, ..., k,) and degree d if for every A € C*,
one has A*X = A4 DX, where A stands for the map

(21, xn) — (N, Nemg).

An example of a quasi-homogeneous vector field with weights (1,2,3) and degree 4 in
Clz,y, 2] is

(zz + yQ)% + (22y + 3x5)% + (vy’z — y* + 222)%.
If X is quasi-homogeneous with weights (ky, ..., k), then the definition above implies that
X defines a complex direction at each point of the projective space with the same weights
(k1, ..., k). Being of complex dimension 1, these directions can naturally be integrated
to form a singular holomorphic foliation. Therefore, quasi-homogeneous vector fields give
rise to singular holomorphic foliations on weighted projective spaces.
Henceforth, we will concentrate on the case of weighted projective planes. Let w :=
(wo, w1, ws) € N2, Consider the action of the multiplicative group C* on C*\{0} given by

(Io, X1, SL’Q) — (twOQIo, twlxl, tw2$2).
The set of orbits C3\{0} under this action is the weighted projective plane of type w,
P P,.

[2w0:w1:w2] =
The class of a non-zero element (g, 71, 2) € C3 is denoted by [z : @1 : 3], and the weight
vector is omitted if no ambiguity seems likely to arise. When w := (wg, wy, wq) = (1,1,1)
one obtains the usual projective plane and the weight vector is always omitted. For
Z € C*\{0}, the closure of [Z],, € C? is obtained by adding the origin and it is an alge-
braic curve.

Definition 8.3. We say that P, is well-formed if g.c.d(w;,w;) =1 fori # j.

In the paper [So.Cor]|, the authors include hypotheses regarding the weights. In a private
communication, Mauricio Corréa Junior noted that the hypothesis g.c.d(w;, w;) = 1 is
not necessary for the proof of the following statements:

According to [Mann E.], we have a natural orbifold map
fo:P? = P,
(ot @1t xo) — [xg® 2l ay?],
which allows us to show that there exists a unique (up to isomorphism) rank 1 complex
Q-bundle Op, (1) over P,, such that

fuOr,, (1) = Op(1).

The Euler sequence carries over to the weighted case and we have the exact sequence of
Q-bundles over P,:

0— Q — O]p,w (wo) S7) Opw (’LUl) D O]pw (wg) — TP, =0
where C is the trivial orbifold bundle and TP, is the orbifold tangent bundle of P,,.
Additionally, from [Mann E.], the Chern-Weil theory of Chern classes holds in P, as it

does in projective spaces, and denoting ¢ = ¢1(Op,, (1)) from the previous exact sequence,
we have:
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o(TP,) = (14 weC) (1 +wi¢)(1 + wsC).
Hence ,
¢i(TP,,) = o;(wo, wy, wy)C"
where o; is the i-th elementary symmetric function. Now let X be a quasi-homogeneous
vector field of type (wg,w;, ws) and degree d in C*. Writing X = Z?:o Pi(xo, lL‘l,ZEQ)%,
we have that
Pi()\woﬁo, )\wll‘l, )\w2$2) = )\d+wi_1pi(l‘0, Xy, ZL’Q),

which descend to P,,. In fact, tensorizing the first exact sequence by Op, (d — 1) we get

2
0— Op,(d—1) = @ Op, (d+w; — 1) = TP, @ Op, (d — 1) — 0.
i=0
It follows that a quasi-homogeneous vector field X induces a foliation F of P, and that
gR, + X define the same foliation as X, where R, is the adapted radial vector field

R, = worg=— + w11 = + weTo—,
0 g g 22 e
with ¢ a quasi-homogeneous polynomial of type (wp,w;,ws) and degree d — 1. Dually,
noting |w| = wy + w; + we, we have the exact sequence

2
0— Qb ®0s,(d+ |w| - 1) = @ O, (d + |w]| — w; — 1) = Op,(d+ |w] — w; — 1) — 0.
i=0
Hence, a foliation F of P, is also induced by a 1-form
n = Aodxy + Ardry + Asdzs,
with A; a quasi-homogeneous polynomial of type (wp, wy, ws), degree d + |w| —w; — 1 and
iR, = WoxoAp + w11 A1 + wareAs = 0. In the situation that are interested in, we take
the weight vector
w = (wo, w1, ws) = (B, ay,ap)
where (o, 8,7) € N3 such that 1 <o < <~ and g.c.d (8.7, a.y,a.8) = 1.

Following [A.M.O-G] and [B.R], our wighted projective plane is not well-formed, thus we
have another natural orbifold map between ]I”[%%a%a 4] and P? as follows:

. P2 2
fu: Povaras — P
(o 1 x1 1 20), — [178‘ sl x;] :

In fact, this map defines an isomorphism between them, as explained in [B.R]| Proposition
3.C.5 page 128.

8.4. Weighted Blowing-up

In Singularity Theory, resolution of a singularity is one of the most important tools. In
the embedded case (standard procedure), the starting point is a singular hypersurface.
After a sequence of suitable blow-ups this hypersurface is replaced by a long list of smooth
hypersurfaces (the strict transform and the exceptional divisors) which intersect in the



RAMIFIED PULL-BACK COMPONENTS OF THE SPACE OF CODIMENSION ONE FOLIATIONS 51

simplest way (coordinate hyperplanes in general position for suitable local coordinates).
This process can be very expensive from the computational point of view and, moreover,
little of the data obtained is used for understanding the singularity.

Experimental work shows that most of these data can be recovered if one allows some
mild singularities to survive in the process (the quotient singularities). These partial
resolutions, called embedded Q-resolutions, can be obtained as a sequence of weighted
blow-ups and their computational complexity is much lower compared with standard res-
olutions. Moreover, the process is optimal in the sense that only useful data is obtained.
For more details about weighted blow-up we refer the reader to [Ma-Mor] [A.M.O-G] and
[A.M.O-G1] and for the application to the study of foliations we refer [Pan].

Let us fix a type of quasi-homogeneity, i.e, a set of exponents k;. We are interested
in blow-up points on P3. In this way we can proceed locally, that is, on C3. As before
we are assuming that (o, 3,7) € N® with the conditions 1 < a < 8 < ~ and g.c.d
(8.7, .y, a.8) = 1. In blowing-up C? at p with weights (5.7, a.y, a.3), the idea is to leave
C3 unaltered except at the point p, which is replaced by the set of “algebraic curves”
through p, a copy of P[zﬁ%a%aﬁ]. To make this precise, let us choose a suitable coordinate

system for C? so that the point p may be assumed to be the “origin”. Consider (C3,0)

with coordinates (xg, z1,x2) and denote by (C3,0) the closure of the graph of
3 2 3 2
(C%,0) = ]P)[B%a%aﬁf] C (C,0) x P[ﬁ%a%ozﬁl‘

—~—

We have that the exceptional divisor is ]P’fﬁ .. - This (C3,0) is a singular variety, that is,

ay,af

—_——

an orbifold. In general, (C3,0) has three lines (cyclic quotient) of singular points located
at the 3 axes of the exceptional divisor (the fixed points of the action).
As in the standard blow-up procedure, we also have a birational map

7 1 (C3,0) = (C2,0),

and orbifold charts covering (C3,0) as follows:
(1) Uo =7y ({0 # 0});
Orbifold chart: (Uy, Zg,, m,) where:

Zg- is the finite group of order 37, U, = C3. The action is given by

(Yo, Y1, 42) — (§p4Y0, 557;!73/1, f;va'gyz)
where £g., is a S~-th root of 1.

The exceptional divisor is given by yy = 0. The expression of m,, o ma, is:
(a) zo = y§7
(b) 1 =5y

(c) my = y35y2
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(2) Ur =75, ({w1 # 0});
Orbifold chart: (U}, Zgy, Tay) where:

Za~ is the finite group of order ary, U, = C3. The action is given by

(Yo, Y1, Y2) — (f;fyyoa 5a7y1,50}a6y2)
where &, is a ay-th root of 1.

The exceptional divisor is given by y; = 0. The expression of m,, o 7, is:
(2) w0 = 41 o
(b) @1 ="
(c) w2 =47y
(3) Uz = my,' ({2 # 0});
Orbifold chart: (U~2,Za5,7ra/3) where:

Zqp is the finite group of order a3, U, = C3. The action is given by

(y07 Y1, y2> — (S;Bﬂ’yy(]a é-;ﬁa’yylv 5a5y2)
where &3 is a af-th root of 1.

The exceptional divisor is given by y = 0. The expression of m,, o T, is:
(2) 2o = 45 o
(b) 1 =y
(c) za =y ’
In this part we will make the weighted blow-up with weights (57, av,af) at

0 € C® of the quasi-homogeneous 1-form 7 and we will restrict 77 to the
exceptional divisor 7'(0) = P2.

We know that
n(zo, x1,22) = a.xl,xQ.A(mg,xf g)d%
+ ﬁ.xo_xg.B@S‘,xf,xg)dxl

+ yaoxy.Ol, 2 x])dxs.

, L

Let us make the weighted blow-up of the 1-form 7 at the point 0 € C? with weights
(87, av, af].
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On the first chart:

(1)
d(zo) = d(yy") = (B7)ys" " dyo
(2) »
d(z1) = d(ys v1) = [yo dyr + (ay)yhye” dyo)
) 8 8 51
d(w2) = d(yo"y2) = o dy2 + (aB)y2ye” dyo
(1)
vy Ay Pyl ye P yd) P yad(yl ) = (BY)awiye AL, yY )y TP eI gy
(2)
By 2By eyl ue ™ u3) v Pye (s dyy + ()l dyo)
— [yoPrPrrer @0l (g, B(1, yl,y2)yody1 + ayy1dyo)
= yoByaB(1,90 , y])dy + aByyr1y2 B(1, 45, yd)dyo
(3)

—1
Yy Byd™ vyl us® (5P dys + (aB)ys”  yauo)

a ay—1+(d—1)a
[y06+67+ Y—1+(d-1) /5’7][7y10(17y157y;’)(y0dy2 + aBy2dyo)]

= [ C(1, yf, y9) (yody2 + aBy2dyp)].

af+By+ay—14(d—1) aﬁv]

Extracting [y, from the prior expressions and then adding them up we

obtain:
aByyy2 ALy 3 )dyo + yoBy2B(L w1 y3 )dyr + aByyrya B(L w1 y3)dyo
+yor C (L y!, y3)dye + aByyiyaC(1, 3, y3 )dyo

Using the fact that

aByyy AL, y) yd)dyo + aByyiye B(1, ), 43 ) dyo + aByynysC (1,47 y3)dyo = 0,

we can simplify (extract the yy from the two remaining expressions) to obtain the expres-
sion of 7 n restricit to the exceptional divisor 7 ,!(0) = P2.

Tonllo=o = By2B(L, 41, y3)dys + v C(1, 97, 43 ) dys.
This is the local expression of the foliation in the first coordinate chart of the weighted

projective plane ]P’[QB o] In the second and third coordinate systems the computations
are similar. Summarized as follows:

(1) In the second chart:
Using the previous coordinates we have:
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d(zo) = d(yoyl") = (B7)yoy!" dy: + 1 dyo
d(z1) = d(y") = (ay)y?" dy
d(zs) = d(y{"y2) = [yt dys + (aB)yayy” " dyn).

Making the pull-back we obtain:
Tonlyi=o) = a2 AWE, 1y )dy2 + vy B(yG, 1, y3 ) dys

and the exceptional divisor corresponds to y; = 0.

(2) In the third chart:

Using the previous coordinates we have:
d(x0) = d(yoys”) = (B)yoys ™~ dys + 5 dyo
d(z1) = d(y5"y1) = (en)yys” ™ dys + y5 " dyr
d(w2) = d(ygﬂ) = (aﬁ)ygﬁildyz

Making the pull-back we obtain:

W;kun“yz:()} = OéyOA(yg? yf? ]-)dyl + Ble(yga ylﬂa 1)dy0
and the exceptional divisor is given by 1 = 0.

Remark 16. Observe that this blow-up is being done at time ¢t = 0.
’()3
afy
Each divisor contains have three lines (each

After blowing-up P? in a”—l; points, the new space that appears has exceptional divisors,

each of which is isomorphic to P[Qﬁﬂ/,a'y,a,@’}'
of which is isomorphic to P!), which are in fact weighted projective lines of singular
points. Note that although the quotient spaces are written in their normalized form,
the exceptional divisors can be simplified. This is due to the fact that each weighted

projective plane that appears is not well-formed. In the next section we will use the

orbifold charts of IP’EB v af) 1O conclude that this procedure is the correct way to recover

the quasi-homogeneous 1-form 7 up to automorphisms.

8.5. Recovering the original foliation from the blowing-up process

2

Let us give an orbifold structure of the weighted projective plane P[ﬂv,a%aﬁ

for a
7 (
detailed description see [Mann E.1] pp 51). We can consider the sets

Vi={lzo: 21 22w € Plyy a0 i # 0} C Pl 0y 0

and the bijective maps ¢; from V; to C?/G;, where G; is a finite group of biholomorphisms
of C2. For the orbifold chart Vj, we have coordinates

(1) (1,y1,y2),

x1
(%) RE)

where y; = and y, = . For the chart V; we have coordinates
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(1) (90717?/2);

x x
where yo = (Z) and yy = (z) . For V5, we have coordinates
" xy"
(1) (yOa Y1, 1)
x x
where y, = (—2) and y; = 71) Let us examine the restriction to
P[Zﬁmm af] of the foliation obtained via the weighted blow-up in coordinates (zg,x1, z2)

in C3. For this purpose we only need to analyze one case:
Let us take the 1-form

S0 = Tonly=o = B2 B(L, 47, y3)dyy + v C (1,47, 43 )dys
that defines the foliation in V4. Consider the mapping 7, : C* — V} and the 1-form 7*3.
In the coordinates on V{, we have

aq a
dy) = d T B zy  dry — §Tizg dzo
)= (2) - 25+1
zy” Ty
and
B, 2
A = d To B x, dxe — T2 dz
Y2) = @ |~ 2541
Lo Lo

By standard computations and using the relation ign = 0, we obtain that

1
)n<$07 Z1, x?)y

T %0) (o, X1, X9) = ———
( 0)( 0 ! 2> p(l’OVIEhJ;Q

d—1)+2+241
where p(zg, Ty, 1) = ygfh( ETI Now we extract the factor

the 1-form 7 as we wanted.

1

p(x0,21,T2

] and recover

Remark 17. If we make the same procedure using another coordinate chart we obtain the
same thing.

8.6. Push-Forward

Following [A.M.O-G], since our weighted projective plane is not well-formed we have an

another natural orbifold map between IP’[ZB%M’Q&] and P2 as follows:

. P2 2
fo  Playarag = P
(z0: @1 T2)w — (25:20:2)) = (XY, 2).

The lifting of the map f,, can be seen as follows:
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ci\{0} L (o)

| |

fw
P[ﬁ%@c%@ﬁ] — P2

We are denoting by Il the quotient mapping.

fw:(C3 - C3
(Io,xl,xg) — (xg,xf,xg):(X,Y,Z)

The pushforward of the foliation in ]P’%ﬂ%a%a g to P2 is given as follows. We have that the

foliation on ]P[QB%M’O[ g 18 given by

n =igiz(drg A dry A dzs)

where 9 5 p
S = (5'7)%8—% + (Q-V)ﬁla—xl + (04‘5)1?28—x2
and Z is given by
0 0 0
Z = Zy(z, 1, 962)8_3:0 + Z1(xo, 21, xz)a—xl + Zz($0,$17$2)8—x2
where
(a) Zo($0,9017$2) = g 7)

Remark 18. The polynomials A(X,Y, Z), B(X,Y, Z) and C(X,Y, Z) are homogeneous of
degree (d — 1) and they are not unique!

Let us take the pushforward of the two vector fields S and Z under the mapping fo:

~ ~ -1 ~ -1

(fu)«($)(p) = (Dfu)(fu (0))S(fu (0))

where
R az§™! 0 0
(Df)fu (@2t 23)=| 0 pai™" 0
0 0 yal !

Hence

~ ~ —1 ~ -1

(fu)=(8)(p) = (Dfu)(fu (@))S(fu (1))

afyry
afyry |

afyr,

is the vector
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which is equivalent to
afyX
afvY
afvyZ

Hence, it is a multiple of the radial vector field.
Applying the same process to the vector field Z we obtain

w3 Al
(3) 2y B(ag, 2y, 23)
23O (af
which is equivalent to

XA(X,Y,Z)
(4) YB(X,Y,2)

ZC(X,Y,Z)
hence it is a homogeneous vector field. Now we can define a foliation on P? using these
two vectors obtained in the pushforward process.

In fact
L )e (9 (f)e ()X NAY NdZ

is equivalent to the determinant of the following matrix

dX Y Az
XAX,Y,Z) YB(X,Y,Z) ZC(X,Y,Z)
afyX afyY apfvZ

Hence we have the 1—form
YZ|B - C|(X,Y,Z)dX + XZ[C — A|(X,Y,Z)dY + XY[A - B|(X,Y, Z)dZ
of degree (d+ 1). Also note that
{(B-C]+[C—-A+[A-B]}X,Y,Z)=0,

and therefore it is in [l3(d, 2), moreover if we begin with G € M (d,2) we re-obtain up
to a linear automorphism of P? a foliation in M (d, 2). This also holds for a foliation G € A.

It follows from the previous discussions, that if we make a weighted punctual blow-up at a
indeterminacy point with weights (3, a7y, ) on the quasi-homogeneous 1-form defining
the holomorphic foliation on a neighborhood of a indeterminacy point of f. Then the
strict transform of the foliation restricted to the exceptional divisor is (up to a linear
automorphism of P? ~ P[Qﬁ'y,a'y,aﬁ]) the same foliation. Hence, if we begin with a foliation
G € M,(d,2) we re-obtain (again, up to a linear automorphism of P?) a foliation in
M (d,?2).

8.7. Proof that the curves V,(t) are fibers of f;.

We have seen in proposition 7.18 that we can define a family of rational mappings
(ft)tep,, : P?--=>P? in such a way that the singular curves V,(t), V;(t) and V.(t) of the
foliation J; are fibers of f; for fixed ¢. Observe that, for € sufficiently small, (f;)icp,, is
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generic in the sense of definition 4.2, and its indeterminacy locus I(f;) is precisely I(t).
Moreover, since Gen(3,v,a, 3,7) is open, we can suppose that this family (f;)iep,, is in
Gen (3,v,«, 8,7). In this section we will show that the remaining singular curves, that
we have denoted by V,(t) also are fibers of f; for fixed ¢. In fact, in the local coordinates
X(t) = (xo(t), z1(t), x2(t)) near some point of I(t), where the vector field S is diagonal
we have that the components of the map f; are written as follows:

(1) Po(t) = UOtI()(t) + Il(t)Ig(t)hOt
(2) Pl (t) = ultml(t) + .Q?o(t).ilﬁg(t)hlt
(3) Py(t) = ugxa(t) + xo(t)z1(t)hoy

where the functions u; € O*(C?,0) and hy € O(C3,0),0 < i < 2.

Observe that when the parameter ¢ goes to 0 the functions h;(t),0 < i < 2 also goes
to 0. We want to show that an orbit of the vector field S in the coordinate system X ()
that extends globally like a singular curve of the foliation F; is a fiber of f;.

Observe that the conditon o < 8 < « implies that ay < S(a+7v) and also aff < v(a+p).

We will prove first that if 8y < «(f + 7) then any generic orbit of the vector field S
that extends globally as singular curve of the foliations JF; is also a fiber of f; for fixed ¢.
On the other hand, if we have the situation Sy > «(f + «y) then we will prove that any
orbit of the vector field S that is contained in the coordinate planes that extends globally
as singular curve of the foliations F; are fibers of the mapping f;. Using this fact, we can
prove that any generic orbit of the vector field S that extends globally as singular curve
of the foliations F; is also a fiber of f; in this case.

Lemma 8.4. If 5y < a8 + ) then any generic orbit of the vector field S that extends
globally as singular curve of the foliations F; is also a fiber of f; for fized t.

To simplify, in the notation we will omit the index t.

Proof. Let us consider a generic orbit of the vector field S. We will denote it by d(s) (here
by a generic orbit we mean an orbit that is not contained in any coordinate plane). We
can parametrize the orbit as

s — (as”7, 057, cs?),a # 0,0 # 0,¢ # 0.
Without loss of generality we can suppose that a = b = ¢ = 1. We have
f:(6(s)) = [(SBVUQ + Sa(ﬁ+7)h0)a :(s%uy + Sﬂ(a-w)hl)ﬂ . (S(XB’LLQ + Sv(a+ﬁ)h2>7]

If we have the condition 3y < (8 + «) this implies that we can extract the factor s**7
from f;(0(s)) since we are considering projective coordinates.
Hence we obtain

ft(é(s)) = [(Uo + Skho)a . (Ul + Slhl)ﬁ . (UQ + Sth)'y](**)
where k = a(B+7) — 87, l = B(y+a) —ay and m = y(a+ 8) — af.
Observe that V; is a fiber and so fo(V;) = [d : e : f] € P?> where d # 0,e # 0, f # 0.
If we take a covering of I(f) = {p1,...,p .3 } by small open balls B;(p;), 1 <j < a”—f; the
apBy
set V:\ U; B;(p;) is compact. For a small deformation f; of fy then fi[V,(¢)\ U; B;(p;)(%)]
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stays near to f[V;\ U; B;(p;)], and hence for ¢ sufficiently small the components of the
previous expression (xx) does not vanish and when we are outside of the neighborhood
U,;B;(p;)(t) the components of f; also does not vanish.

This implies that the components of f; do not vanish along each generic fiber that
extends locally as a singular curve of the foliation F;. This is possible only if f; is
constant along this curves. In fact, f;(V;(t)) is either a curve or a point. If it is a curve
then it cuts all lines of P? and therefore the components should be zero somewhere.

Hence f;(V,(t)) is constant and we conclude that V,(t) is a fiber.

Observe also that when we make a blow-up with weights (57, vy, a3) at the points
of I(f;) we solve completely the indeterminacy points of the mappings f; in the case
By < a(B + ) for each t. O

When v > «a(f + 7) the situation is more difficult. Let us suppose that the orbits
that are contained in the coordinate planes that extends globally as singular curves of the
foliation JF; are fibers of f;. This fact will be proved at the Lemma 8.5.

To simplify the argumentation let us suppose also that the numbers g.c.d(«,5) = 1,
g.c.d(a,v) =1 and g.c.d(y, 8) = 1. The general case is similar.

We can assume without loss of generality that this orbit is contained in the coordinate
plane z(t) = 0 and we will use the hypothesis g.c.d(vy, 8) = 1.

In this case the orbit is of the form (zy = 2% — ca] = 0). Since we are assuming by
hypothesis that the previous curve is a fiber of the mapping f; we have that the germ of
fo. at the point belongs to the ideal generated by zo(t) and (¢ — cx])(t) hence we can
write the function hg; as follows:

hor = xo()hoe + (27 (t) — cx3 () hoo,

where hgys, hoor € O2. Hence we can repeat the argument at the first situation, and then
we can extract the factor s*?7. In fact, making the computations we have:

fi(0(s)) = [(s"uo + 5B (hgy 4 5487 (1 — S)hoa))® : 8% (ug 4 8'h1)? 1 5% (ug 4 s™hy)7]

where | = B(y + a) — ay and m = y(a + ) — af.

Hence we can extract from the previous expression the term s**7 obtaining the term
fi(8(5)) = ([uo + s+ (hoy + s*P7)(1 = )hoa])* : (wr + 5'M1)” = (ug + 5™ hs)7]

In this way we can proceed the argumentation as at the end of the first situation. We
conclude that V.(t) is also a fiber when we have gy > a(8 + 7).
OJ

Lemma 8.5. If By > a8 + ) then any orbit of the vector field S that is contained in
some coordinate plane at p;(t) where the vector field S is linear, that extends globally as
a singular curve of the foliations F; is a fiber of the mapping f, for fixed t.

Denote (fi)iep, : P?---> P by f, = [F{(t) : P2(t) + PJ(t)]. As previously, let us
consider an orbit of the vector field S on a small neighborhood of an indeterminacy point

of fi, Bj(p;(t)), 1 <j < a”—/; and denote by V,(t) the global extension of this orbit to

P3. Without loss of generality we can assume that the orbit is contained in the plane
(xo(t) = 0) and we can suppose that it can be parametrized as

s — (0,57, 5%).

To simplify in the notation we will omit the index ¢ in some expressions. After evaluating
the mapping f; on this orbit, on a neighborhood of p;(t) we obtain:
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fi(8(s)) = [s*FHVha - P18 - $P]].
This can be written as

(5) [s“BHDng = sP7uP - P07 = [X(s) - Y(s) : Z(s)]
and we will initially prove that f;(V,(¢)) is contained in a line of the form (Y — AZ = 0)
of P2. Let us consider the meromorphic function in B;(p;(t)) given by ¢(s) = 52‘3 = Z—f:.

When s — 0 this function goes to a constant A # 0, A # oo. Observe that for small ¢
5 5

the function %(t) : Vi (£)\ U;j B;(p;(t)) stays near %(0) : V2(0)\ U; B;(p;(0)) which also

does not vanish because V;(0) is a fiber. We conclude that f,(V;(t)) C (Y —=AZ =0) ~ P’

If By > a(B + ) we can write eq.(5) as
[ho(s) = s™ul : s™u)]

where m = By — a(8 + 7). i
Observe when s = 0 that the function hg(s) could vanish and in this case such a point
corresponds to a indeterminacy point p;(t) of f, for some j. At p;(t) we can write the
first component of eq.(5) as ho(s) = s”h;(s) where h;(s) € O*(C,0) or hyg = 0 but in this
case we are done, that is V,(t) is a fiber of f;.

At a point p;(t) we have two possibilities:

First case: if p; < m.
In this case we can write the expression in eq.(5) as:

(6) [hi(s) : s™ Pl - ™ Piy]]

and if s — 0 the image goes to [1 : 0 : 0] which implies that fi|v, ) (p;(t)) =[1:0:0].

Second case, if p; > m we can write the expression in eq.(6) as:
(7) (5% hy(s)  uf : ]

and if s — 0 the image goes to [a : A : 1] where a € C. This is because the image of such
a point belongs to the curve (Y — A\Z = 0) ~ P! and we can write it as [a : A : 1].

Indeed, let us suppose that f|y, () is not constant and consider the mapping f|v, ) :
Vo(t) = fi(Vo(t)) C (Y — AZ = 0) for fixed t.

Denote A = {j|p; < m} and observe that p € V.(t) and fi|v, s (p) = [1 : 0 : 0] implies
that p = p;(t) for some j € A; that is (fi|v, ) *[1:0:0] = {p;(t),7 € A}. Moreover, by
eq.(6) we have mult( fi|v, 4, p;(t)) = m — p;. In particular, the degree of fi|y. ) is

degree(filv.) = Y _(m — p))
J
On the other hand, if p € (fi|v, 1) [0 : A : 1] then (Pg(p) = 0) and so mult(fi|v, ), p) =
the intersection number of (F§(t) = 0) with V,(¢) at p. Hence

degree(filv.) = Vi ()5 (t) = deg(V; (1)) x deg(F§(1) = — = Y (m — p))
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But, (m — p;) <m = vy — «(f +~) and so

v 11 1
> m—py) S#Axm < X (By—a(B+7) == — - — = )
X (m=p) X (BB =0 - -
which implies that
1 1 1 1

a”a By
a contradiction. Therefore, A = and f;|y, ) is a constant and V,(¢) is a fiber of f;. O

8.8. Solving the indeterminacy of f;

We saw that in a neighborhood of a point of indeterminacy of the map f; : P3 --- P?
most of its fibers are locally the orbits of the vector field S. Moreover, many of these
orbits are singular with the exception of three. Due to this fact a standard punctual
blow-up does not solve the indeterminacy point of the map f;. Since the orbits are gener-
ally cusp an usual blow-up would produce tangencies between the strict transform of this
curves with exceptional divisor. We will proceed locally, that is at each point p;(¢). In
fact, in the local coordinates X (t) = (xo(t), z1(t), 22(t)) near some point of I(t), where the
vector field S is diagonal we have that the components of the map f; are written as follows:

(1) Po(t) = U()t$o(t) + $1(t)$2(t)h0t
(2) Pl (t) = ultazl(t) + l'o(t)l'g(t)hlt
(3) P2<t> = UQt.T2<t> + l’o(t)Il(t)th

where the functions u; € O*(C3,0) and hy € O(C3,0),0 < i < 2.
For each fixed ¢t we can write the mapping f; as
ft = [UQt$0<t) + $1<t>$2<t>h0t)a . (ultxl (t) + .To(t).flfg(t)hlt)’g . (UQtJZ'Q(t) + .Z'o(t)l'l (t)hzt)’y}

As we will see it is sufficient to do the blowing-up only in one chart. Let us take the first
one. In local coordinates as described in section 8.4 the weighted blow-up with weights
(Bv, ay, aff) can be written as:

(1) zo(t) = yo(t)™
(2) z1(t) = o ()1 (1)

(3) z2(t) = yo(t)*Pya(t)

To simplify the notation we will omit the parameter ¢ from the next expressions. Observe
that the condition o < 8 < v implies that ay < S(a+ ) and also aff < y(a + ().

We will prove first that if 5y < a(f + ) we can solve completely the indeterminacy
set of f;.

In fact, after standart computations we obtain

Tw(®) fr = 557 [(uo + 119202 h0)® = (uayy + ¥ y2h1)? = (uay + 3o y1ha) 7] (%)

If we have the condition Sy < a(f + ) this implies that we can extract the factor y5”"
from 7, (¢)* f; since we are considering projective coordinates. If we make this process at
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the a"—;y indeterminacy points of f; for each ¢ we can solve completely the indeterminacy
set of f;. And we are done.

When 8y > a8 + ) the situation is more difficult. In the previous section we have
seen that the orbits that are contained in the coordinate planes that extends globally as
singular curves of the foliation JF; are fibers of f;. This fact was proved at the Lemma
8.5.

To simplify the argumentation let us suppose also that the numbers g.c.d(«,5) = 1,
g.c.d(a,v) =1 and g.c.d(y,8) = 1. The general case is similar. We can assume without
loss of generality that this orbit is contained in the coordinate plane xy(¢) = 0 and we will
use the hypothesis g.c.d(y, ) = 1. In this case the orbit is of the form (zo = xf —cxg = 0).

Since we know that the previous curve is a fiber of the mapping f; we have that the
germ of fy, at the point belongs to the ideal generated by zo(t) and (zf — cx})(t) hence
we can write the function hg; as follows:

h()t =T (t)holt + (l‘f (t) — CI%(t))hOQt,

where hgys, hoor € Oo. Hence we can repeat the argument at the first situation, and then
we can extract the factor 45”7, In fact, making the computations we have:

Tw()* fr = 57 [(wo+11 9252 [yohor +u5™ (1) —cyay))® = (uign+us y2hn)? = (uaya -ty yihe)?] (+).

This implies that we can extract the factor y5”" from m,(t)* f; since we are considering

projective coordinates. If we make this process at the ay_ﬁw indeterminacy points of f; for

each t we can solve completely the indeterminacy set of f;. And we are done.

8.9. Extension Theorem

For complex spaces and orbifolds, holomorphic functions can often be extended to larger
open sets. This is the content of the Riemann Removable Singularity Theorem for orbifolds
and complex spaces.

Theorem 8.6. Let V be a normal complex space and A C V an analytic subset of
codimension at least 2 in every point. Then every holomorphic function in V\A has a
unique holomorphic extension to V.

This result can be found in [G.M1] page 126.
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