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Introduction

It is classically known in the 2-dimensional setting the correspondence that exists be-
tween conformal geometry and complex analysis on a surface, i.e. there is a well estab-
lished ‘dictionary’ between both theories. In attempting a higher dimensional analogue,
we consider over an oriented Riemannian 4-manifold M the bundle of compatible com-
plex structures, the so called Twistor Space of M denoted by Z. It is a 6-dimensional
manifold which comes endowed with a canonical almost-complex structure. Twistor
Theory concerns with transforming questions about the differential geometry of M into
questions about the complex geometry of Z. The fundamental example of this theory

is given by the following theorem, due to Penrose:

Theorem 1 ([Pen], [AHS]) Let M be an oriented Riemannian 4-manifold and Z its
twistor space. Then the almost-complex structure on Z is integrable (i.e. Z becomes a
complex manifold) if and only if the Weyl curvature tensor W of the metric on M is

anti-self-dual with respect to the Hodge-star operator, i.e. *W = —W.

Metrics satisfying the property above stated are called Anti-Self-Dual metrics. Extra
information about the geometry of M provides us extra information about the holo-
morphic structure of Z and viceversa. The most important feature about the twistor
space Z is that it supports a real analytic family of projective lines (the fibres of the
projection Z — M), known as the twistor lines.

The link between 4-dimensional Riemannian geometry and 3-dimensional complex
geometry given by the theorem above is called the Penrose Transform. It has several and
remarkable applications. Recall that every finitely presentable group is the fundamental
group of a compact smooth 4-manifold. Theorem 1, combined with a result of Taubes

[Tau] about the existence of anti-self-dual metrics, has as consequence that such a group



is also the fundamental group of a compact complex 3-manifold (a twistor space). There
is no known proof of this fact using complex geometry techniques. Since the fundamental
groups of complex algebraic manifolds satisfy highly non-trivial constraints, twistor
spaces open up a new world of complex transcendental manifolds. In fact, a theorem
of Hitchin [Hit2] asserts that the only compact anti-self-dual manifolds with Kéhlerian
twistor spaces are the round sphere S* (in which Z = CP?) and the reverse-oriented
projective plane CP?2 with the Fubini-Study metric (where Z is given by the flag manifold
F3). On the other hand, in the context of Mathematical Physics, the solutions of many
field equations on an anti-self-dual manifold, notably the Yang-Mills equations, can be
translated into holomorphic data on the twistor space. Also, in Four-manifold Topology,
the Donaldson’s polynomial invariants of a 4-manifold M, in the anti-self-dual case,
give no more information than is already contained in the holomorphic structure of Z.
Motivated by these variety of results involving anti-self-dual manifolds, we are interested

in the following problem:

Problem 1 7o find explicit anti-self-dual metrics on 4-manifolds, i.e. to solve the anti-

self-dual equation xW = —W.

The results of Taubes and others about the existence of anti-self-dual metrics are based
on deep results of the qualitative theory of non-linear elliptic PDEs, as the outcome of
a large and very difficult theory. Thus, it will be of great interest finding anti-self-dual
metrics by using alternative methods. When the geometric structure of M is invariant
by a free action of the group SU,, the lifted action of SUy on Z induces a family of
meromorphic connections on the twistor lines [Hit1]. The connection varies as the lines
vary, but the monodromy remains the same. A family of connections with constant
monodromy is called an isomonodromic deformation. The differential equation that

determines the behaviour of an isomonodromic deformation is the Painlevé VI equation:
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where «, 3,7, 0 are parameters. It turns out that, by using twistor methods, we can go

from complex analysis back to differential geometry and obtain explicit anti-self-dual



metrics from explicit solutions of Painlevé VI equation. In analogy with the work of

Hitchin [Hit1], in this work we obtain the following result:

Theorem 2 For A € R\{0} given, let y be a real solution of the Painlevé VI equation
with parameters (o, B, 7, 0) = (%(1 —2))2, —=2)% 2)\?] %(1 — 4)\2)) , defined on the in-
terval (a,b). Then, for {u1, po, i3} an orthonormal basis of SUs, the metric
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is an ASD metric on SUy X (a,b), where
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Hitchin’s list of Einstein anti-self-dual metrics founded in [Hit1] corresponds to solu-
tions of the Painlevé VI equation above with A = i . Thus, in the search of new explicit
examples of anti-self dual metrics we must consider other values for A. As part of this

work we obtain a couple of new explicit examples:



Theorem 3 The solutions of

—?(2y —3) £ 2y(y — DVyly— 1) = =,

satisfies the Painlevé VI equation with parameters («, (3, v, §) = (%, —%, %, g), i.€.

A= é . They generate anti-self-dual metrics which are not Einstein.

The first part of this work is devoted to the theory of connections over fiber bundles
(the so called Gauge Theory) and to the self-duality phenomena that arises in this
context when the base space is a Riemannian 4-manifold. We develop here all the
rudiments necessaries for the study of twistor spaces to be realized in the subsequent
chapters. Standard references for Gauge Theory are [KoNo| and [DFN]. Self-duality
theory can be found in [DoKr] and [FrMo]. However, there is some full-detailed accounts
here (which are useful in other parts of this work) that are not present in these references.

The second part deals with the theory of twistor spaces and their properties. Classical
proofs of Theorem 1 involves rather sophisticated concepts and details, like projective
spinors and group representations in tensorial algebras, to give an example. Thus, we
consider that it is worth to provide a more elementary (though more extensive) proof.
This is done here. This part concludes by describing a procedure for retrieve the anti-
self-dual structure on a 4-manifold in terms of its twistor space. This procedure is
known as the Reverse Penrose Transform. It is of fundamental importance for finding
anti-self-dual metrics in the last part of this work.

The last part of this work establishes the link before mentioned between anti-self-dual
metrics and solutions of Painlevé VI equation. The study of SUs-invariant anti-self-dual
metrics is developed here (based in the reference [Hit1]) and full details are given. This

part finishes with the proof of Theorem 2 and Theorem 3.



Chapter 1

Gauge Theory and Self-Duality

1.1 Connections

1.1.1 Definitions and Fundamental Facts

Let G be a Lie group with identity element e and Lie algebra G. Denote by Ad the
adjoint representation of G in Aut G: Ad(g).X = g.X.g~'. Denote by wy, the Maurer-
Cartan form of GG, i.e. the only left-invariant 1-form on GG with values in G such that
(ware)e is the identity linear map Id : T.G — G (in other words, (wyc),X = g~ 1. X).
Let M be a smooth manifold and let 7 : P — M (or simply P) be a smooth principal
G-bundle over M. As usual, T),P denotes the tangent space of P at p, T)P denotes
the vertical tangent space of P at p (i.e. the tangent space of the fibre 7~ !(7(p)) at
the point p) and Q¥ (FE) denotes the space of the k-forms on M with values in a vector

bundle E (the case k = 0 is just the space of sections of E).

A connection A on P can be defined in three equivalent ways:

(1) As a distribution of ‘horizontal’ subspaces H, C TP transverse to the fibres of
7 (i.e. for each p € P we have a decomposition T,P = TP @ (H.,),) which is
preserved by the right-action of G on P.

(2) As a ‘connection form’ on P, i.e. a 1-form w, on P with values in G satisfying the

following properties:



(a) For any p € P the embedding L, : G — P given by L,(g) = p.g is such that

* —
prA = Wyo-

(b) The right-multiplication by G transforms the 1-form w, in the same way that
it transforms the Maurer-Cartan form w,,¢, i.e. via the adjoint representation:
(Bjwa)pX = Ad(g™).((@),X) = g7V (), X.g.

(3) As a covariant derivative V, on a vector bundle 7, : E — M associated to
P and to a linear (locally faithful) representation G £ AutV for some vector
space V. In other words, E is the vector bundle with fibre V' whose transition
functions are the same as those of P after composing with p and V, is a linear map
Vi Q% (E) — QL (E) satisfying the Leibniz rule V,(f.s) = f.Vus + df.s, Vf €
C>(M), s € Q%(E). This covariant derivative must be compatible with the
induced ‘G-structure’ on E in the following sense: the action G x V' — V induces
in a natural way an application P x V' — FE. By considering this application
P xV — FE as an ‘action’ itself, the G-compatibility condition of V, means
that the induced ‘orbits’ O, := {p.v, p € P} must be preserved by the parallel
transport of V,.

We see the equivalence of these three viewpoints as follows:

To go from (1) to (2) we define (w,), : T,P — G as the composition

-1
TpP&T:PMQ,

where the application m, is the vertical projection corresponding to the decomposition
T,P =T)P ® (H.), of (1). The verification for w, of properties (a) and (b) of (2) is a
straightforward computation.

To go from (2) to (1) we consider w, € QL(G) as in (2) and for any p € P we
define (H,), = Ker(wa),. Since Liw, = wyec, the restriction of (w,), to TP is an
isomorphism on G, therefore T, P = TP & (H.,),. From the naturality of the pull-back
it follows that R, takes Ker(w,), on Ker(Rjw,)y. On the other hand, property (b)
gives us Ker(Rywa)py = Ker(Ad(g).(wa)pg) = Ker(wa)pg. So, Ry takes (H.4), on (Ha)pg

and therefore H, is a connection in the sense of (1).



It is not hard to see that the process (2) — (1) is the inverse process of (1) — (2) and

vice versa.

In order to establish the identification (2) <> (3), we shall see what happens at the
particular case of the trivial bundle P = M x G-

Let wy € Q) .(G) be a connection on M x G in the sense of (2) and let p = (z, h)

MxG

be any point of M x G.
Applying the property (a) in p we have for any g € G and 7 € T,G,

(Wire)g(T) = (Lywa)g(T) = (Wa) . (0, dLn(T)) -

In particular, taking p = (z, e), we obtain

(Wa) e (0,7) = (Warc)g(7) - (1.1)
Applying the property (b) in p we have for any g € G and X € T,,(M x G),
(Riwa)pX =g " (wa)pX.g -

In particular, taking p = (7,¢), X = (v,0), v € T, M and observing that (R;w.) .. (v,0) =
(Wa) (o) (v,0), we obtain (W)@ (v,0) = g7 (wa)@e (v,0).9. Consider the inclusion
i: M — MxG,i(z) = (z,e) and define A € Q},(G) as A :=i*w, . The last expression
can thus be written as

(Wa) () (v,0) = g1 Ay (0).g . (1.2)

Putting (1.1) and (1.2) together, we obtain for any p = (z,9) € M x G and (v, 7) €
Ti.0)(M x G) the formula

(Wa) o) (0, 7) = (Warc)g(7) + 97 Aa(v).g - (1.3)

Thus, all the data of the connection w, on M x G is determined by the 1-form A on

M. So we get an identification

{Connection forms on M x G} «— Q! (G) (1.4)



by taking w, on i*w, = A in one direction and by noticing, in the other direction, that
for any A € Q1,(G) the 1-form (w4) (0, 7) = (Wae)g(T) + g1 Ax(v).g on M x G is

actually a connection form.

On the other hand, for a given linear locally faithful representation G 2> Aut V, the
vector bundle E associated to M x G and to this representation is the trivial bundle
M x V. This representation also induces the Lie algebra inclusion G e, End V', and
from now on we shall identify G with its image in End V' via dp.. From this inclusion, we
can construct for each A € Q! (G) a covariant derivative V, on M x V as V, :=d + A,
where A is considered as an element of Q! (End V), d is the usual differential operator
and a section s € QU (M x V) is considered as a vector-valued function s : M — V|
so Vus = ds + A.s. It is straightforward to verify that V, is linear and satisfies the
Leibniz rule, so V, is in fact a covariant derivative. It can be proved by means of parallel
transport arguments that for A € Q! (End V'), the more restrictive condition A € Q! (G)
is equivalent to V, = d + A be compatible with the G-structure on M x V. Also, it is
not hard to see by using the Leibniz rule that for a covariant derivative V. on M x V
and for f € C°°(M) we have (V —d)(f.s) = f.(V—d)(s),so (V—d): Q% (V) — QL (V)
actually defines a 1-form A € Q! (End V) by setting for any (xg,vo) € TM and sy € V,
Ao (09).80 := (V8)a, (Vo) — dsy,(v0), where s is any section such that s(zg) = s¢. If the
G-compatibility condition is imposed on V, we have already noticed that this implies
A e 0(G).

We have therefore obtained an identification
M, (G) «— {G-compatible covariant derivatives on M x V'} (1.5)
taking A on V, = d + A in one direction and V on A =V — d in the other direction.
Everything we have done above allows us to establish the correspondence (2) < (3)
for the case of the trivial bundle P = M x G and will enable us to establish the corre-

spondence (2) < (3) for the general case:

To go from definition (2) to (3), we take w, € QL(G) as in (2), a given linear locally

faithful representation G 2 Aut V and the respective associated vector bundle E. Define

10



the covariant derivative V, on E locally: for any local trivialization ¢, : U, x G — P
defined on an open set U, C M, the 1-form p*w, € O

the trivial bundle U, x G. On behalf of the identification (1.4) above we can consider

the 1-form A" € Q] (G) associated to ¢iw, and define the covariant derivative V, on

(G) is a connection form on

E in the associated trivialization p_ : U, x V — F as
Vie =d+ A" . (1.6)

In order to prove that the covariant derivative V, : Q% (E) — Q! (F) is a globally well-
defined operator, we shall consider the two local trivializations ¢, : U, x G — P and
s 1 Uyx G — P and prove that V,, and V, ; actually define the same operator V, by
finding the relationship between A" and A" inU,N Us:

According to formula (1.3), for the connection forms ¢*w, and ¢%w, we have the

expressions
(Prwa) (v, T) = (Ware)g(T) + 971 AL (v).9
for any p = (x,9) €e U, x G, (v,7) € T\, ,,(U, x G), and

(SO;&JA)@M(U, U) = (WMc)h(U) + h_l.AZ<u),h ,

for any ¢ = (y,h) € Usx G, (u,0) € T, (Usx G).
Thus, in U,N U, we have

A (1) = (504) o (1, 0) = ((0705)* (97004) ) ey (1, 0)

where the application ¢ 'y, : (U,NU,)xG — (U,NU,)x G is of the form (¢ ps)(y, h) =
(Y, sa(y).h) for some @4, : U,NU; — G. So,

AZ (u) = ((90;1906)*(902WA))(11,6) (u’ O) = (SOZWA)(y,tp@a(y))(uv d(gpﬁa)y(u»
= (Ware) () (A Psa)y (1) + @aa(y) 1AL (1) 050 (y)
= ©ua(y) T d(Psa)y (1) + oa(y) A, (1) 0sa(y) -

Hence

8 _ 1 e
A = gpﬁal.dgoﬁa + cpﬁal.A Psa - (1.7)

11



Formula (1.7) is known as change of gauge formula. We say that A” was obtained from
A" after performing a ‘change of gauge’.

Now it only remains to prove that for a given covariant derivative V : Q% (E) —
0, (E) and for the associated trivializations @, : U,x V — E and g, : U;x V — E,
the relationship in U, N U, between the 1-forms A* € Q) (G) and A” € Qéﬁ(g), the
1-forms associated by the identification (1.5) to the local representations V, and V, of
Vin U, x V and U, x V, is the same as in formula (1.7):

In U, x V we have for s € Q) (U, x V),

(Vas)z(v) =0, (V(2,5)2(v)) -

In U, x V we have for r € QY (U, x V),

(Var)y(u) =2, (V(@,1)y (1)) -

It follows that in (U,NU,) x V,

Vior = (9, P.)-(Va(@.'9,)r) -

Therefore
Vr = @Ej-Va(%a-T) )

with s : U,NU; — G 5 AutV. From V, = d + A" with A" € Q) (EndV) and
V,=d+ A" with A” € QlUB(End V), the last equation becomes

) _ _ o
dr+ A .r = Vyr = gpﬁal.va(gp@a.r) = goﬁal.(d.(goﬁa.r) + A (Ppa.T))
= go;al.(dapﬁa.r + Ppo.dr + Au.goﬁa.r) = gpgj.dgpﬂa.r +dr + cp;j.Aa.cpﬁa.T )

So
A" = 03l s + 050 A s
as in (1.7).
Thus, in the process (2) — (3) the local covariant derivatives V, , match to form the
global covariant derivative V,. This covariant derivative V, is in fact a G-compatible
one because the property of G-compatibility is a local property and we have already

noticed in the local case that this property is equivalent to the condition A" € Q, (G),

12



which is the case.

Conversely, to go from (3) to (2), for a covariant derivative V, on E we can define a

1-form w, on P with values in End V' locally (according to (1.3)) as

(Waa) oo (7)) 1= (Ware)g(T) + g7 AL(v).g

for p = (2,9) € U,x G and (v,7) € T\, ,, (U, x G), where A" :=V,, — d.

On behalf of we have done above, the local connection forms w, , actually define a
global 1-form w, on P with values in End V' which satisfies conditions (a) and (b) of (2).
Moreover, from the G-compatibility condition for V, we have already observed that the
local forms A" actually have values in G, so w, also has values in G and therefore w, is

in fact a connection form on P.

There is a fourth approach for a connection, which is an extension of our first ap-

proach:

(4) Given a vector bundle 7 : E — M associated to P and to a linear representa-
tion G % AutV, a connection A can be thought as a distribution of horizontal
subspaces Hi C TFE transverse to the fibres of m,. This distribution Hf must
be compatible with the G-structure on E in such a way integral curves of Hf are

always contained in orbits of P x V' — FE.

It will be important later to establish how we arrive to this definition of a connection
from definition (1) and definition (3):

In order to obtain this definition from definition (1), let sg € E be fixed and let
po € P and vg € V be such that P x V' — FE maps (pg,vo) to so. Consider the

application
Ry, :P—FE
p—DP Y,

E

and define (H,),, := d(Ry,)p,(H4). It is readily seen that the definition of (H))s, is
independent of the choice of py and vy. Also, since the image of integral curves of H,

are integral curves of Hf, clearly Hf satisfies the required conditions.

13



Now, to obtain such a connection from definition (3), consider V, a G-covariant
derivative on E, sy € E and o := m4(s0). Define (H,),, as the set of tangent vectors at
sg of curves in E obtained by parallel transport of sy along curves in M passing through
xo. In a local trivialization @, : U,x V — E| the equation of the curve s: (—g,6) - V
with 5(0) = 5 (S0 such that B_ (sq) = (x0,50)) obtained by parallel transport along
v (=&8) = Us, (7(0),7'(0)) = (20, v0) , i

(VaaB)o (Y (1) = 5'(t) + Aj» (4'(1)) 3() = 0 .

Therefore, the tangent vector (7/(0),5(0)) € T(wy50)(Uax V) = T, U, x V is of the form
(vo, —A;, (v9)-50). Thus, in this local trivialization, (H?), can be expressed as

E [e

(HA,Q)(mf),gO) = {<U= _A:Jco (U)’EO) ;U E Tona} ) (18)

i.e. as the graphic of the linear application

T,,U,— V

It is easy to see from this expression that the distribution (M) satisfies the required

conditions.

1.1.2 The Space of Connections and the Action of the Gauge
Group

Let us begin by modelling the space of connections of a bundle on a manifold. Once
the equivalence between the given definitions of a connection was already established,

we shall use the most convenient one depending on the situation.

Notice that so far we have not yet shown that connections exist at all, however it
can be easily proved by considering a connection according to definition (2): the iden-
tification (1.4) gives us a lot of connection forms on the trivial bundle M x G, as many
as the space Q! (G). A connection form w, on an arbitrary principal bundle P can be
obtained by choosing arbitrarily local connection forms w, , on each of the local trivi-

alizations ¢, : U, x G — P and by gluing all of them together via a partition of unity

14



{A\.} subordinate to the covering {U,} of M: w, = Z/\aw*‘"" It is not hard to see that

the 1-form w, satisfies properties (a) and (b) of (2), so w, is in fact a connection form
on P.

In order to model the space of connections, we shall consider a connection according
to definition (3), i.e. we suppose given a vector bundle E associated to a principal
bundle P on M and to a linear (locally faithful) representation G 2 AutV, and a
connection will be a G-covariant derivative V, on E. Denote by Ad P (or by Ad E)
the adjoint bundle of P, i.e. the Lie algebra bundle associated to P and the adjoint
representation Ad of G in Aut G. Observe that this bundle can be seen as a subbundle
of End E because the Lie algebra inclusion G e, End V induces in a natural way a Lie
algebra bundle inclusion Ad £ — End F.

Once connections do in fact exist, let V, be a fixed G-covariant derivative on FE.

Considering another G-covariant derivative V, on E, we observe by using the Leibniz
rule that the difference (V, — V) : Q% (F) — Q! (F) satisfies

(Vi =V (f.8) = f.(Va—V,)(s) forany feC®(M).

Hence (V,—V,) actually defines a 1-form a € Q) (End E) by setting for any (¢, v) €
TM and sy € E,, (the fibre of E on x), az,(v0)-50 := (Va8)z,(v0) — (Vo8)a, (vo), where
s is any section of E such that s(xg) = so.

In local coordinates we have
Vie = Voo =(d+ A7) = (d+A)) =A" - A =0,
so since A", Ay € Q) (G) we have a® € O (G), therefore a actually lies in Q}, (Ad E)
aIld VA - V() + a.
Conversely, for each a € Q! (Ad F) we can define a linear operator V, : Q% (E) —
Q! (E) on E by setting V, := V,+a. It is straightforward to verify that V, is a covariant
derivative on E and since in local coordinates we have A” = Aj 4 a then A" € Q, (G),

therefore V, is compatible with the G-structure on E.

Thus, for a G-covariant derivative V, on F fixed we have obtained an identification

{G-covariant derivatives on E} «— QL (AdE) (1.9)

15



taking V, on a = V, — V, in one direction and a on V, = V] 4 a in the other direction.
In particular, the space of GG-connections on E is an affine space whose underlying vector

space is the infinite-dimensional space Q! (Ad F).

Next we shall describe the action of the group of bundle automorphisms on the
space of connections. Observe that Q% (Aut E), the set of vector bundle automorphisms
u: F — E, is a group and acts on the space of covariant derivatives on E (which will

be denoted by C(FE)) via the pull-back transformation:

QY (Aut E) x C(E) — C(E)

(U’ ) vA) — u(A)

where V, s :=u.V,(u"Ls), Vs € QY (F).

It is readily seen that V,.,, is in fact a covariant derivative. However, if V, is a
G-covariant derivative we cannot say the same about V, 4, for any u in general. In order
to preserve the space of G-covariant derivatives, u must preserve the G-structure on F
first, i.e. it must leave fixed the ‘orbits’ O, = {p.v, p € P} of the ‘action’ P x V — E.
From now on we shall restrict our attention to this type of automorphisms on E. To
accomplish this, consider the adjoint representation ad of G in Aut G: ad(g).h = g.h.g~*.
Denote by ad P (or by ad E) the group bundle with fibre G associated to P and to this
representation, its space of sections QY (ad E) is called the gauge group of E. The
homomorphism G 2 AutV induces in a natural way a group bundle map ad E —
Aut E (which is also denoted by p). By considering the homomorphism Q9,(ad E) —
00 (Aut E) (still denoted by p) we can see the elements of the gauge group Q9,(ad E) as
elements of Q% (Aut E). According to this point of view, it can be proved passing to local
coordinates that the elements of Q2,(ad F) preserve the G-structure on E. In particular,
noting that the action of Q% (Aut F) on C(F) preserves the parallel transport operation
(i.e. denoting by 77 : E,, — E,, the parallel transport of V, along 7 : [0,1] — M,
for any u € Q9 (Aut E) we have T ,,.u = u.T7), it follows easily according to definition

(3) that the elements of the gauge group 9 (ad E) preserve the space of G-covariant
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derivatives on E (which will be denoted by Cs(E)). So we have an action
0}, (ad E) x Co(E) — Co(E)
(u, Vi) 7 Vuw

where the elements of 9, (ad E) are seen as elements of Q%,(Aut E).

The expression V,.)s = u.VA(u_l.s) is not an explicit expression for V,,, in terms
of V, and u. In order to obtain such an expression, passing to local coordinates we have
Vaiiyas = w.Vio(u™ls) = u.(d(uts) + A" .uls)
=u.(utds +du) s+ A" uls) =ds +u.du).s +u A" uls
=ds —duuts+uA" uts=ds— (du—u.A")u"ls
= Vius— A" s — (du —u.A")u's
=Vias — (A" u+du—uA")uts =V, .5 — (du+[A" u))uts,
SO
Viaya = Vo — (du+[A" u))u™" . (1.10)
On the other hand, since E is the vector bundle associated to P and to the representation
G L Aut V, it follows easily that End E is the vector bundle associated to P and to the
representation of G in Aut(End V') given by the composition
G2 AutV 24 Aut(End V)
T+ (S T.8T71h .
It also follows easily that the Lie algebra homomorphism induced by this representation

is the composition

G <% End v 2 grd(End V)

T — (S—I[T,9]) .

Thus, according the equivalence between the given definitions of a connection, we obtain
a G-covariant derivative on End E (still denoted by V,) which is locally expressed in
function of the local forms A" € Q} (G) of V, on E as

Vie:=d+[A",.]. (1.11)

17



In particular, since QY (Aut F) C Q%,(End E), for sections in E we obtain from equation
(1.10) that
Vowra = Vaa — (du+[A" u))u™ =V, — Viou.u™"t .

Therefore, we have globally the formula

Vow = Vi —Vauu™. (1.12)

1.2 Curvature

In this section we shall define another fundamental concept in gauge theory: the curva-
ture of a connection.
For a covariant derivative V, : Q% (E) — Q1 (E), we shall extend the ordinary de
Rham complex
00 4ot 4 A4 4, k+l
M M e M M te
to a complex of the form

Q0 (E) %ol (B) & 30 (B) & b (B .

where the operators d, are uniquely determined by the properties:

(2) da(wrl) = (daw) 10+ (=1)fwdh, Yw € QF (E), 0 € Q.
(The wedge product » : QF, x Q! — QFH extends in a natural way to » : QF (E) x
0l — k().

We proceed to define the operators d, as follows: consider the trivialization @ :
U,xV — E, achart ¢, : U, — R", the local basis {ej, e, ..., e,} of tangent vectors for
U, which comes from the canonical basis of R™ via the chart ¢, and {dz;, dxs, ..., dz,}
the dual basis of {ej,es,...,¢e,}. Define d, : Q% (E) — Q¥'(E) in the trivialization
P, U XV = FEasdy.(sdrn...rdzy) = Va,Srdrynr...ndr; and extend linearly.
It is readily seen that the local operators d,, : QF (V) — QEt1(V) satisfy property

(2) and (using this fact) that these operators commute with the pull-back operation, so
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the definition of d, ., does not depend on the chart ¢, : U, — R"™ chosen and the local
operators d, , match to form the global operator d, which obviously satisfy properties
(1) and (2). The unicity of the family of operators d, : Q% (E) — QFFY(E) satisfying
(1) and (2) can be proved by induction on k.

Unlike the case of the de Rham complex, it is not necessarily true that the operators
d, satisfy d,d, = 0. Instead the Leibniz rule for d, tell us that the operator d,d, :
0% (E) — Q2,(F) in fact can be seen as a tensor: for f € C®(M) and s € Q% (F) we

have

dada(f.s) = da(df.s + f.Vas) = da(df rs+ frVas)
=ddf ns+ (=1)df \Vus+df AV s+ frdsV,s
= f.d,d,s .

Thus, d,d, : Q°,(E) — Q% (F) actually defines a 2-form F, € 92, (End F) by setting
for any xg € M, vo,wy € T, )M and sy € E,, (Fa)z(vo, wo)-50 := (dadas)a,(vo, wo),
where s is any section of E such that s(xzg) = so (more briefly, d,d,s = Fj4.s). This
2-form F, is called the curvature of the connection V,. Recalling that the inclusion
g & End V induces the vector bundle inclusion Ad E <— End E, we shall see later that
in fact F, € Q% (Ad E).

Now we shall obtain the expression of the curvature with respect to local coordi-
nates for £ and for M: let g, : U, xV — E, 9, : U, — R™ {ej,ey,...,e,} and
{dxy1,dzs,...,dx,} be as before. For a local section s € an (V) denote by Vs the
covariant derivative of s in the direction e;, Vs := (V,.s)(¢;), thus V, ,s = ZVis dx;.

In these local coordinates we have
dA,adA,aS = dA,avA,aS = dA,a(Z szde) = Z vA,a(v’is) A dxz

=Y O Vi(Vis)da)) ndx; = Y V,Visda; nd;
i i ©,]
=Y (ViVys = V,Vis) dainday = Y [V, V]sda; ndz; . (1.13)

1<j 1<j
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On the other hand, from V, , = d+A" we have V, = ;2-+ A" (¢;), and denoting A" (e;)

by A we can obtain an expression for [V;, V,] in terms of the ‘connection matrices’ A; :

0 oy, O0s o 0 oy, 0s o

V.. Vs = (Vs = VVis) = (5 :
0%s o 0s  O(Ajs) o o
2 «@
0°s e Os  0(4A;s) L ATAs
81']‘ J

. . A . "
Os Os 04 o D5 i A

_E)xj(?xi e @(L‘Z

LR S L - 95
Z@x] 8$Z ]8:151 J@xz 8:16] Z@x]
0A" 0A; a La
= 1 g2 g4 [AT, AT
al’i S ax] S+[ 7 ]] S
0A;  0A;] o o
= J % A A1),
(aa?i 5$j+[ v ]]> .
SO 94° .
;04 A7, AT (1.14)

Combining everything we have done above with the equality d,d,s = F,.s, we obtain

the local expression of the curvature F),:
OA;  9AS a Lo

Foo=> [V, V]dz;rdr;=> ( o o T AT A)) i da

i j

i<j

i<j
In particular, since the connection matrices A; € G, we have F,, € Q2 (G), so in
fact F, € Q%,(AdE).

Next, we shall see how the curvature varies with the connection. Let V, be a G-
covariant derivative on E. According to (1.9), any other G-covariant derivative can be

written in the form V,,, := V, + a for some a € Q! (Ad F). In order to obtain F,,, in

function of F, and a, passing to local coordinates we have

FA+a,a = Z[(VAJFG)»; 5 (VA+a)j] dxz A dl'] ,

i<j
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and in this setting we write a* = Za?dmi. Then, according to (1.14),

i

0, a 0

[(Vara)ir (Vasa),] = 8—%(14]' +aj) — 8_%(A: +af) + [A] +af , A] + af]
0AS  9A° o
iy e R R
(63:1- 8xj+[ A
dai  dag

J . «@
+(a$2 (9:10]) [Az7a]] [ 7%

daj  dag o

= (9 (V) + (G2 = 5oy (4] 5] = (4] + [ ]
So,
daj  day
FA+a,a - FA,Q + Z( J )dl‘l/\dl’j
= oxr; Oz
Z i 5 03] drindry — Z[Aj,aZ dszdxj+Z ai, aj] dr; dz;
1<j 1<j 1<j
=F,,+da" —1—2 ;005 deAdx]+Z i a5 *ldw; ndz;
1<j 1>]
Z ai,aj]dr; ndr; + 5 Z ai, af] d; ndx;
1<j i>7
=F,,+da" —1—2 ;005 *ldw; ndz; + = Z a;, aj *ldz; ndz;
i.j

Combining the Lie algebra multiplication [,] : AdE x AdE — Ad E with the wedge
product » : QF x Q! — QF we obtain the product [,] : QF (AdE) x QL,(AdE) —
QFF(AdA E). So, considering this product we have

Frioo = Fao+da® —1—2 ZA dx;,aj] rdzj + Z adxz,Za“dx]
=F,.+ Zda Adxj—i—z | ndz; + 3[a”, a”]
:FA,Q—I—Z (daj + | [A” ,aj]) dz; + 3[a®, a”]

J

= FA,Q + Z VA’QG; Ad!L’j + %[a(” aa] = FA’Q + dA@CLa + %[aa7 aa] .

J
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Therefore globally we obtain the formula
FA+EIFA+dAa/+%[O/’a] . (115)

As an application of this formula, we can derive the Second Bianchi Identity for
the curvature: d,F, = 0. We proceed as follows: consider the local covariant derivatives
V.. and d, use (1.15) to obtain

FA,a = Fd+AO‘ = Fd+dAa + %[AQ,AQ]
=dd+dA"+ 3[A", A"

=dA"+ 1[A" A7) . (1.16)
Thus,
daoFao =dF, . +[A" F,,] =d(dA"+ 1[A", A"]) +[A",dA" + L[A", A"]]
— LA([A", AT]) + [A", dA"] + LA7, [A7, A"]]
= %([dAO"AO‘] + (_1)[A°‘7dAO‘D + [Aa7dAa] + %[Aav [AO"AD‘H
= %([dAa,Aa] + [dA”, A"]) — [dA", A"] + %[Aa, (A", A"]]
— A4, A
Finally,

A A" AT = (30 AT [ Y0 Aoy, Y Ao )]

= NIALL AT, AL ] dag n da; o day
4,5,k

= > (AT AT AR+ (AT (A AT ]+ (A 147, A7)
i<j<k

—[ A7 (A%, A7 1] = [A7 (A7 AL Y] — (A (47, A7) davi o daj o day

Then, from the Jacobi identity for the Lie multiplication, [A",[A", A"]] = 0.

Thus, combining everything we have

d,F, =0, (1.17)
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as asserted. In local coordinates, this identity becomes dF,, = [F,,,A"].

We finish this section by describing how the curvature transforms under bundle

automorphisms. Given u € 9, (ad F') we have

Fu<A).S — du(A)(du(A)S) — u.dA(uil.du(A)S)

= u.d(u " udy(uts)) = wdy(da(uts))

=uF,uls.

Therefore
Fu(A) = u.FA.uil y (118)

i.e. the curvature transforms as a tensor under bundle automorphisms. In particular the
space of connections with zero curvature, called flat connections, is preserved by the
gauge group. There is another class of connections, satisfying a weaker condition than
vanishing of the curvature, that are still preserved by the action of the gauge group.
Such connections are known as self-dual connections and they will be studied in the

next section.

1.3 Self-Duality and Hodge Theory

We need some preliminaries of linear algebra. Let V' be an oriented real vector space
of dimension n and (,) an inner product on V. Denote by A*V the space of k-forms on
V. It is already known that (,) induces an isomorphism between V' and its dual space
V*, and the inner product on V induces via this isomorphism an inner product on V*,
which is also denoted by ().

We can then obtain an inner product on all the spaces A*V (which is still denoted

by (,)) that satisfies and is uniquely determined by the property

<a1/\.../\ofk,ﬁ1/\.../\ﬂk> :det(<(l/i75j>)m. y Vai,ﬁj EAIV . (119)

We proceed to define this inner product as follows: considering {1, .., 3,} a basis for
V*, the k-forms
ﬁZIA/\ﬁZk with 1<y <ig< ... <z <n
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constitute a basis for A*V. Define then

(BivnoeonBig s Bjin - By ) o= det(( By, B ).

and extend bilinearly on A*V.

In order to prove that this definition does not depend on the basis {31, ..., 3,} cho-
sen, it suffices to prove that our definition of () satisfies (1.19). This last statement is
proved by observing that (1.19) holds when all the entries of this equality are consti-
tuted by elements of the basis {31,...,5,} and that equality (1.19) is preserved after
performing linear operations in each of its entries. The same kind of arguments allows
us to conclude that our definition of (,) is also symmetric. Finally, for the positivity
condition of (,), we observe that for an orthonormal basis {by,...,b,} of V its dual
basis {dby, . ..,db,} is an orthonormal basis of V* and more generally (using (1.19)) the
basis

{dbr:=dbj,n...rdb; I = (i1,...,0) with 1<i3 <is< ... <ip<n}

satisfies (dby,dby) = 677, so (,) is actually positive definite on AFV.

Next, for 0 < k < n we shall define the linear Hodge-star operator
% AV — ARV

which can be obtained by comparing the inner product on the forms with the wedge
product, i.e. (as before) the x-operator can be defined and is uniquely determined by

satisfying the property
anxf={a,B3)duy, Yo,B€c ANV, (1.20)

where dy is the (oriented) volume element of V.

We define then the x-operator in the following way: considering the orthonormal
basis {b,...,b,} of V, define for each element of the orthonormal basis {db;, ... db
1<iy<ig< ... <ip<n} of A*V the *-operator as

ik

*(dbil/\ C. /\dblk) = dble c. /\dbj

n—k
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(where the indices ji, . . ., j,—x are selected such that b;,,...,b is a positive
basis of V), and extend linearly on A*V.

Again, in order to prove that this definition does not depend on the orthonormal

ik7bj17 s 7b.jn7k

basis {b1, ..., b,} chosen, it suffices to prove that our definition of the *-operator satisfies

(1.20), because once it happens we have immediately that

*(dz_)il/\ R /\dl_)zk) = dgjﬂ\ R /\dgjn

—k

for any orthonormal basis {by,...,b,} of V. Since (1.20) holds for a, 3 elements of the
form db; ... db;, and equality (1.20) is preserved after performing linear operations in
each of its entries, then equality (1.20) holds for any o, 8 € A*V.

We remark that the composition
wk 0 AV — APV

consists simply of the multiplication by the factor (—1)*"=*) because they are needed
k(n—k) transpositions to pass from the ordering b;,, ..., b;,,b;,,...,b; _, to the ordering
bjr, -y bj, s bi, .., b

Also observe that * is actually a linear orthogonal transformation, because by the
property (1.20) for o, 3 € AV,

T

(xa,%B)dp = xansxf = (—1)""Pxa .8 =G xa=(F,a)du=(a,B)du,

so (xa,*0) = (a,F).

We shall need later to know how the x-operator is affected by a conformal change of
the metric (,) on V: let (,); and (, )2 = A?(, )1 be two conformal metrics on V, and let
x1 and *9 be their respective Hodge-star operators. Observe that if {by,...,b,} is a posi-
tive (,);-orthonormal basis of V' then { by, ..., $b,} is a positive (, )o-orthonormal basis
of V and {\dby, ..., Adb, } is a (, )y-orthonormal basis of A'V. Therefore, {\*db;, ... db;,,
1<i;<ipg<...<ip<n}is a (,)e-orthonormal basis for A*V and

o (Ndbin .. ndby) = X" Fdbjn. .. ndb;, = Nk (dbyn. .. adby) .

k

Hence in A*V,
ko = N2k (1.21)
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Now we shall consider the particular case when V' is a four-dimensional vector space.

In this case the *-operator on the space of the 2-forms,
x: NV — N’V

satisfies *? = Id, so we can consider the subspaces of the self-dual and anti-self-dual

forms in A’V
AV ={w e ARV;xw=w} and AV :i={wec ANV;xw=—w},

to be the 1 eigenspaces of *. Clearly any w € A2V can be expressed as

N =

w = 3(w+ *w) + 3 (w — *w)
with 2 (w + *w) € ATV and 3(w — *w) € A"V, so we have the decomposition

NV =ANVaeANV

which is invariant by *. This decomposition is indeed orthogonal because for o € ATV
and 0 € A"V we have

<Oé,ﬁ>:<*06,*ﬁ>:<06,—ﬁ>:—<Oé,ﬁ>,

so (a,p) =0.
Selecting a positive orthonormal basis {b1, bg, b3, by} for V', it is straightforward to

verify that

{\/%(dbmdbg by n dby), L (dby ndbs + dby  db), (dblAdb4+dbgAdbg)} (1.22)

Sl-

constitutes an orthonormal basis for ATV, and

7

)

{\/%(dbl by — dby ndby), L= (dby by — dby » dby), L= (dby ndby — dby » dbg)} (1.23)

constitutes an orthonormal basis for A~V

We conclude by remarking that if (,); and (,)s = A?*(,); are two conformal metrics
on V and *; : A2V — A2V, %5 : A2’V — A’V are their respective Hodge-star operators
then according to (1.21) we have #; = o, i.e. in the four-dimensional case the Hodge-

star operator on the 2-forms and therefore the self-dual and anti-self-dual spaces are
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conformally invariant objects.

Finally we can pass to the manifold situation. Here M™ is an oriented smooth
manifold with a Riemannian metric (,). In this context, for any 0 < k < n, all we have
done above can be carried to each of the fibres of the vector bundle A¥, of k-forms on M,
so (,) induces a metric on the vector bundles A¥, and we can consider the Hodge-star

operator as a vector bundle map
o Ny A

or as a linear operator defined on QF, (the space of sections of A¥)),
*: QF — Qnok

More generally, for a given vector bundle E on M we can extend the definition of the
Hodge-star operator to the bundle of k-forms on M with values in E to obtain a vector

bundle map
* 0 N, (B) — NTH(E)

which can be defined and is uniquely determined by satisfying the property

*(s.w) = s.*w , forall s € F and w € A¥,

(from a more technical viewpoint, since A* (E) = A, @ E, the Hodge-star operator in
this context is defined as * ® id). We also have the linear operator induced on QF (FE)

(the space of sections of At (E)),

Now, supposing that M is 4-dimensional, the decomposition of the 2-forms on M into

self-dual and anti-self-dual parts gives us the vector bundle decomposition
N, =N, &N, , (1.24)
and more generally, given E a vector bundle on M, the vector bundle decomposition

A2]\/I(E) = A—L(E) ® AX{(E) . (1'25)
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In particular, we have also the vector space decompositions 2, = Qf, @ Q;, and
0 (E) = QL (B) ® O, (E).

A connection A on E is said to be self-dual (resp. anti-self-dual) and called a SD
connection (resp. an ASD connection) if for the decomposition F, = F'7 + F; of the
curvature of A obtained from the splitting Q2,(Ad E) = Q,(Ad E) ®Q,,(Ad E) we have
F; =0 (resp. Ff =0).

This notion of self-duality, which a priori depends on the Riemannian metric ()
on M, is in fact a conformally invariant notion (i.e. it only depends on the conformal
class of (,)), as we have already noticed. Also, for u € Q9,(ad E) it is readily seen that

! = w.F u™! and F

. In particular Ff " = wF umh so the

*Fu(A) - U(*FA)Ui u(A)

spaces of SD and ASD connections are preserved by the action of the gauge group.
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Chapter 2

Twistor Spaces and the Penrose

Transform

It is classically known in the 2-dimensional setting the correspondence that exists be-
tween conformal geometry and complex analysis on a surface, i.e. there is a well estab-
lished ‘dictionary’ between both theories. The Penrose Transform is the 4-dimensional
analogous of this correspondence, where the conformal structure of a 4-manifold is en-
coded in the holomorphic structure of its ‘T'wistor space’. In this chapter we will develop

the rudiments of this theory.

2.1 A Glimpse of Riemannian Geometry. The Special

Four-Dimensional Case

Let us begin with some general considerations in the n-dimensional case, so for the
time being M is an oriented smooth n-manifold with a Riemannian metric (,). In this
setting, according to chapter 1 we can consider the tangent bundle T'M as a SO,, - vector
bundle on M, the Levi-Civita connection of M (which will be denoted simply by V)
as a SO, - covariant derivative on TM and the curvature tensor (which in this context
is denoted by R) as an element of Q2 (Ad TM).

Recall that the bundle Ad TM is the Lie algebra bundle (with fibre the Lie al-
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gebra SO,,) on M whose transition functions are the same as those of TM (seen as
a SO, - vector bundle) after composing with the adjoint representation Ad : SO,, —
Aut SO,,, and that there is a natural Lie algebra bundle inclusion Ad TM — End TM.
Since SO, is just the Lie algebra of skew-symmetric n x n matrices, it is readily seen
that the bundle Ad TM, considered as a sub-bundle of End TM, is simply the bundle
of skew-symmetric endomorphisms of TM.

A local trivialization ¢, : U, xR"™ — TM of the tangent bundle of M as a SO,, - vector
bundle consists of the choice of a local positive orthonormal frame field {b;,...,b,} of
tangent vectors on U,. Still denoting by V the local representation of the Levi-Civita
connection in ¢, and by A the associated local matrix connection, for a local vector

field s we have, according (1.6),

O0s
ob;

Vi, s = (Vs)(b;) = + A(b;).s .

In particular
Vi.b; = A(b;).b; ,

and defining
e = (V,bj, i) = (A(bi)-by, bi) (2.1)

we have

Vb = Z Tl bi
k

where A(b;) = (T}),, € SO, , so I, = =T}/, Notice that our ‘symbols’ I}, do not
agree with the usual Christoffel symbols of Riemannian Geometry. This justifies the
classical calculations presented below (of course adapted to our context).

Since we are dealing with the Levi-Civita connection, we have a local expression for

the Lie bracket of vector fields in M as a function of the coefficients T :
[bi, bj] = Vibj — Vb = > (T — T) by - (2.2)
k

Now, about the curvature tensor R, in a similar way to the computations carried out in
(1.13) we have
Rij = R(bz’a bj) = [Vbi 7Vbj] - v[bi,bj] .
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Thus, denoting a%- simply by 0; , we get
Rij(bk) = Vbi<vbjbk) - Vbj(vbibk) - v[bi’bj]bk
= V. ( Znﬁsb — Vi, ( ZF,:; - Z I, = T Vb
= Z Fk]svb bs + Z 0; Fk]s Z L Vi bs Z 0;T3s bs Z (T = L)V, b
= ZFkSVbib Zr,;sv by + Z — O;I}%,) by — Z(r: —T)V,.by .

s

Therefore

Rijir = (Rij(bi), br) = 0L — 031 + Z LLL) — LD = > (0L —LDhG . (23)

S

On the other hand, from a more global point of view, for an inner product vector

space (V, (,)) there is a natural isomorphism

{ Skew-symmetric endomorphisms of (V,{,))} «— NV (2.4)
taking S on wg := (S.,.). This isomorphism extends in a natural way to a vector
bundle isomorphism

AdTM 780 p2 (2.5)

These considerations enables us to see the curvature tensor R (or any other similar
tensor, as the Weyl tensor W) as a 2-form on M with values in the vector bundle of

2-forms on M or, more conveniently, as a vector bundle endomorphism
R: N, — N

M

which is completely determined by the relations
<R(dbl A dbj), dbk A dbl> - Rijkl .

We conclude from the Bianchi relations Riju = Ry (see [Be] §1.85¢) that R is actu-

ally a symmetric endomorphism.
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Now we can move to the four-dimensional situation. The special feature in dimension
four is the orthogonal decomposition (1.24) of the 2-forms on M in their self-dual and
anti-self-dual parts,

N, =N, ®A, .

This decomposition yields the decomposition

End A%, = End AT, ® Hom(AT,, A},) @ Hom(A,,, AT,) @ End A}, ,

Mo M>

such that (with respect to the subspaces AT, | A7,) atensor T = T1 & TodT3dTy € End A%,

T, | T
T= 2]
T | T}

The good news in four dimensions arise by noticing that in this setting the Weyl curva-

has the block matrix form

ture tensor W turns out to have a diagonal block matrix form,

W+l 0
W= ,
0 w=
where W and W~ correspond to the splitting Q2,(Ad TM) = QF,(Ad TM)®Q,, (Ad TM)

as in (1.25). The full curvature tensor R also has a simple block matrix form:

W+ S1d B
R= 12 ‘ S : (2.6)
B |w+gu

where $ is the usual scalar curvature and B is the traceless Ricci tensor (in an unusual
guise). See ([Be] §1.128) for further reference and details.

2.2 The Bundle of Orthogonal Complex Structures

Let (V,(,)) be an inner product vector space of dimension n = 2m. An orthogonal
complex structure on (V,(,)) is an endomorphism J € EndV that preserves the in-
ner product (,) and satisfies J> = —Id. It is clear that J automatically induces a
structure of complex vector space on V', where J acts as the multiplication by the

complex scalar i. The tensor J also induces an orientation on V' by choosing any
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complex basis {1, pio, ..., m} of V and by declaring as a positive basis the real basis
Ly, T, pioy Jptay oy fhny St} Since J? = —Id we have J~' = —J and since J is or-
thogonal we have J=! = J7. In particular J7 = —J, so an orthogonal complex structure
is always a skew-symmetric endomorphism.

Again, in the four-dimensional case, the self-duality phenomena gives us some special
features: it turns out that if (V) (,)) is an oriented inner product 4-dimensional vector
space, the correspondence (2.4) identifies in particular the set of orthogonal complex
structures on V' inducing the given orientation with the 2-sphere S z(ATV), the set of

the self-dual forms with v/2 norm. This fact is resumed in the following diagram:

{ Skew-symmetric endomorphisms of (V,(,))} S(S-.0) A2V

| [ e

{Orthogonal complex structures on (V, (, ))}

nducing the given orientation

We shall remain in the four-dimensional setting. Consider a positive orthonormal
basis {b1,bs, b3, by} for V. Skew-symmetric endomorphisms of V' will be considered as

skew-symmetric 4 x 4 matrices with respect to this basis. Define

Wi = dbl /\db2 + dbg /\db4 s
Wo (= dbl Adb3 + db4 Adb2 s (28)
W3 (= dbl /\db4 + dbg Adbg .

We have from (1.22) that {wj, wa, W3} constitutes an orthogonal vector basis for ATV
with |[w1||=|/w2||=||ws||= v/2. In this setting the identification (2.7) between orthogonal

complex structures and self-dual 2-forms becomes

0 -y —Y —ys
v 0 —ys oy
yo ys 0 —uy
ys —y2 vy O

> (Y1W1 + Y2 W2 + Y3W3) (2.9)

with y7 +y3 + y2 = 1.
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From now on, in virtue of (2.4), we shall consider skew-symmetric endomorphisms
and 2-forms as being the same. Observe that for an orthogonal complex structure J

and for a skew-symmetric endomorphism A we have
[A, J] = (d(Ad)1q.A)(J) € T;(Sz(ATV)) C ATV, (2.10)

because for any orthogonal automorphism 7 of V' the automorphism Ad7T.J = TJT~!
is an orthogonal complex structure, i.e. TJT ™1 € S 5(ATV).

Consider the matrix form of the skew-symmetric endomorphism A,

0 —ai2 —ai3 —aus
a12 0 —ags Q42
A= ,
a3 Qg3 0 —asz
A4 —Q42 Q34 0

and J = ;w1 +1yaWa+ysws asin (2.9). After some calculation, we obtain the expression
of [A, J] as a 2-form:

[A, J] = ((a13 + as2)ys — (a14 + as)y2) w1 (2.11)
+((a1a + az3)yr — (a12 + ass)ys)wWa + ((a12 + asa)ys — (a13 + as2)y1)Ws .

Since T;(Sz(ATV)) = {7 € ATV (1, J) =0}, we have ([A,J],J)=0.

As a final observation, note that the spaces of skew-symmetric endomorphisms of V'
and orthogonal complex structures on V' are conformally invariant objects, i.e. they
do not change when considering the metrics (,); and (,)s = A*(,); on V. However,

the isomorphism (2.4) is not conformally invariant.

All we have done above can be carried to the manifold setting, working simultane-
ously on each tangent space. So let M be an oriented smooth Riemannian 4-manifold.
The bundle of orthogonal complex structures on the tangent spaces of M inducing the
given orientation is called the Twistor Space of M and is denoted by Z,, or simply
Z. We have already remarked that the bundle Z (as well as Ad TM, AT, and A},) only
depends on the conformal structure of M and that for each prefered choice of a metric

in the conformal class we have, extending (2.7), a bundle isomorphism between Z and
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the 2-sphere bundle S (A7)

AdTM 28 2
L L (2.12)
J—{(J.,.
zZ Pl S a(A)

In particular, Z is a 6-dimensional manifold.

We know that, unlike the 2-dimensional case, an oriented 4-manifold M do not need
to have any globally defined almost-complex structures at all. However, its twistor space
Z carries a natural almost-complex structure which only depends on the conformal
structure of M, and the integrability condition for this almost-complex structure is
encoded in the conformal part of the curvature of M. An explanation of all of this will

be done in the next section.

2.3 The Penrose Construction

In this section we shall proceed with the construction, due to R. Penrose (see [Pen]), of
a natural almost-complex structure on the twistor space Z,, of an oriented Riemannian
4-manifold M. It turns out that the obstruction to the integrability of this complex
structure lies in W+, the self-dual part of the Weyl curvature tensor of M.

The starting point for this construction is to consider the horizontal distribution
H C T(Ad TM) induced by the Levi-Civita connection V of M on the vector bundle
Ad TM, according (4) in pg. 13. Recall that there is a natural inclusion Z — Ad TM
and notice that for J € Z we have H, C T, Z (in other words, H preserves Z), because
the parallel transport in End TM preserves both orthogonal linear transformations and
skew-symmetric endomorphisms. Thus, H can be also seen as the horizontal distribution
induced by V on the bundle Z.

The next step consists in to identify Z with the sphere bundle S 5(Af,) according
(2.12). It is not hard to see that the diagram (2.12) preserves the parallel transport on
each bundle involved. Therefore the horizontal distribution on the bundle A%, induced

by V can be identified with H and, as before, it preserves A, , S 5(Af,) and can be
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also seen as the horizontal distribution induced on these bundles. In this way, given
J, a point in Z (i.e. J, is an orthogonal complex structure on T, M), we have the

decomposition

1,,2=1,, (S\/i(AL)) = TJE(S\/E(A—L)x) ©H,, (2.13)

where S 5(AT,), is the fibre of S 5(Af,) on x.

The final step of the construction consists in to observe that the subspaces of T, Z
arising in the decomposition (2.13) admit natural complex structures:

The projection 7 : Z — M induces an isomorphism 7, : H, — T, M . Therefore, we
can carry the complex structure J, on T, M through m, to obtain a complex structure
on H,_ . On the other hand, choosing {by, b, b3, b4} a positive orthonormal basis of T,, M
and declaring the basis {w1, w2, w3} (defined in (2.8)) a positive basis for (Af,), makes

At an oriented vector bundle. Therefore the sphere S 5(AT)) | seen as an orientable

€T

surface in the 3-dimensional euclidean vector space (Af,) , carries an almost-complex

x )
structure which is given in each tangent space by the vector cross product in (Af,)  with
the outward unit normal vector to the sphere. In other words, for J, € S 5(Af,), and
7 €T, (Ss(Af,),), the almost-complex structure is given by \%Jx X T.

Thus, the almost-complex structure on Z is defined as an endomorphism J of T'Z

whose restriction to the subspaces 77, (S,s(A%,),) and H,, is given as above.

At this point is good to remark that the almost-complex structure J defined on Z
is actually conformally invariant, though the distribution H is not. This fact will be
proved in the next section. In particular, the obstruction to the integrability of J can

be encoded in the conformal structure of M, as is described in the following theorem:

Theorem 2.3.1 (Penrose [Pen], [AHS]) Let M be an oriented Riemannian 4-manifold
and Z its twistor space. Then the almost-complex structure J on Z is integrable (i.e. Z

becomes a complex manifold) if and only if the Weyl curvature tensor W of M satisfies
W+ =0.

Classical proofs of Theorem (2.3.1) (like [AHS] or [Be]§13.46) involves rather so-
phisticated concepts and details. Thus, we consider that it is worth to provide a more

elementary (though more extensive) proof. This will be done in the next section.
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An oriented Riemannian 4-manifold (M, (,)) whose Weyl tensor W satisfies W+ =0
is called an anti-self-dual manifold. The metric (,) is called an ASD metric, and its
conformal equivalence class is called an ASD conformal structure. Since the Weyl tensor
W € A2,(Ad TM) and the decomposition A%, (Ad TM) = AT,(Ad TM) & A,,(Ad TM)
are conformally invariants, any metric within an ASD conformal structure is clearly an
ASD metric. From now on, we shall consider the twistor space Z of an anti-self-dual 4-
manifold M as a complex 3-manifold. The twistor space, as a complex manifold, carries

an extra structure which is settled in the next theorem:

Theorem 2.3.2 ([Be] § 13.63) The twistor space Z of an anti-self-dual 4-manifold M

satisfies the following properties:

(1) The fibres of m : Z — M are holomorphic curves in Z . Each is a rational curve
CP' whose normal bundle in Z is isomorphic to O(1) & O(1) .

(2) Z possesses a free antiholomorphic involution (real structure) i : Z — Z which
in each fibre corresponds to the classical antiholomorphic involution z — —1/Z on

the Riemann sphere CP! ~ C.

The fibres of 7 : Z — M are called the twistor lines of Z. The antiholomorphic
involution ¢ : Z — Z in the preceding theorem restricted to the fibre corresponding to
x € M is nothing but the antipodal map on the sphere S 5(A%,) . The proof that this
involution is in fact antiholomorphic readily follows from a direct computation in local
coordinates using formula (2.14) of section (2.4) below. A proof of property (1) will be
given in section (2.5).

It turns out that the properties of Theorem (2.3.2) completely characterize Z as a

twistor space. This is provided by the following converse to Theorem (2.3.1):
Theorem 2.3.3 (Penrose [Pen]) Let Z be a complex 3-manifold such that
(1) Z is fibred by projective lines whose normal bundles are isomorphic to O(1)&O(1) .

(2) Z possesses a free antiholomorphic involution i which transforms each fibre to

itself.

Then Z 1s the twistor space of some anti-self-dual 4-manifold M .
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The manifold M in the preceding theorem is nothing but the space of fibres of Z.
We shall describe in section (2.5) how to obtain the ASD conformal structure on M
which inverts the Penrose construction above.

Putting Theorems (2.3.1) and (2.3.3) together, we see that there is a well-defined
correspondence between ASD 4-manifolds M up to conformal diffeomorphisms and com-
plex 3-manifolds Z as in Theorem (2.3.3) up to structure-preserving biholomorphisms.
This correspondence is known as the Penrose Transform.

Finally, we have already commented that natural geometrical properties of the 4-
manifold M are often reflected in equally natural holomorphic properties of the twistor
space Z. Some relevant cases of this correspondence are illustrated in the theorem

below:

Theorem 2.3.4 ([Hitl]) Let Z be the twistor space of an anti-self-dual 4-manifold M.
Then:

(1) An Einstein metric in the conformal class of M is defined by a holomorphic section

0 of Q.°(K™"*) which is compatible with i and restricts to a non-zero form on

each fibre of Z .

(2) An scalar-flat Kdhler metric in the conformal class of M is defined by a holomor-

phic section s of K2 compatible with i and non-zero on each fibre of Z .

(3) A hypercomplex structure in the conformal class of M is defined by a holomorphic
projection p : Z — CPY compatible with i and for which p is an isomorphism on

each fibre of Z .

Here K% is a distinguished square root of the anticanonical bundle K=t of Z .

2.4 Proof of Penrose Theorem

2.4.1 Computation of the Nijenhuis Tensor

Our proof of Theorem (2.3.1) relies on the computation of the Nijenhuis tensor N of

the almost-complex manifold (Z,J):
N(X,Y) = [3x,3v] —J[IXx, Y] - J[x,0v] — [Xx, V],
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where [,] denotes the Lie bracket for vector fields (the notation is slightly different of
the matrix Lie bracket [,]). By the Newlander-Niremberg Theorem [NeNi|, the vanish-
ing of the tensor N implies that the almost-complex structure J on Z is induced by a

(unique) honest complex structure.

In accomplishing this, consider a local trivialization ¢, : U, x R* — TM of the

tangent bundle of M as a SOy -vector bundle, i.e. choose a local positive orthonormal
frame field {by, by, b3, by} of tangent vectors on U, . This trivialization induces the local
trivialization p, : U, x ATR* — A%, of the bundle of self-dual forms, which takes
the local positive orthonormal frame {\%Wl, \/Liwz, %W3} of AT, (defined in (2.8)) on
the standard orthonormal basis of self-dual forms of R*. Since Z C Af, and 3, is a
diffeomorphism of U, x ATR?* on an open set in AT, we can carry the calculus of the
Nijenhuis tensor to the manifold U, x ATR*:
For x € U, and J = y1wq + y2W2 + ysws € S5(Al,), a complex structure in T,U,, ,
the point p = (z,J) € S5(AT)) has coordinates (z1, T2, 3, T4, Y1, Y2, y3) in U, x ATR?.
Observe that {by, by, b3, by, W1, Wa, W3 }, via the identification @, constitutes an orthog-
onal vector basis of T,U, & ATR* = T, ,,(U, x ATR?*). Notice also that [b;, w;] =0
and [Wi,Wj] =0.

Adopting the notation of section (2.1) and considering skew-symmetric endomor-
phisms and 2-forms as being the same, the horizontal distribution H on Ad TM = A?,

can be expressed in this local trivialization, according (1.8) and (1.11), as
Heeny = {(v, =[A(v), J]); v € T,U.} .
In this way, a vector v + 7 € T,U, & ATR* = T}, ,, (U, x ATR*) decomposes as
(v—[A(),J]) + ([A(v),J] + 7) € H(ppy ® AR =T, (U, x ATR?),

because according (2.10) we have [A(v), J] € ATR*. We also have from (2.10) that
([A(v),J],J)=0,80(7,J) =0« ([A(v),J ]|+ 7,J) = 0. Therefore

Tiory(Us x S5(ATRY)) = T,U, @ Ty(Ss(ATRY) = Hesy @ Ty (Sys(ATRY) .

Thus, we finally arrive to a local formula for the complex structure J:
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For v + 71 € T,U, ® T;(S 5(ATR*)) we have

Jw+7)=J0w-[AW),J])+ I([A(v), J] + 7)
= (Jv— [A(JU),J])—l—\%Jx([A(U),J]—{—T) (2.14)
= Ju+ (~[A(0), J] + I x [A@), T+ BT x7)

in T,U, ® T;(Ss(ATRY)).

In order to determine the tensor N, we only need to compute the values of N(b;, b;)
and N(b;, 7), where 7 is a tangent vector field in S 5(ATR?). In fact, by re-ordering the
terms of the basis {by, by, b3, by}, we only need to compute the values of N(by,bs) and
N(by, 7).

So consider the matrix form of A(b;) and J in the basis {by, by, b3, by} (see (2.9)),

0 —Iy _FliS _F1i4 0 =y —y2 —us
A(b) = F1%2 O‘ _F2i3 szz = Y1 0 —ys Y2
Iy I3y 0 Iy Y2 ys 0 -y
Yy -Lh Ti 0 ys —y¥2  y1 0

We have already seen in (2.11) that the expression of [A(b;), J] as a 2-form is
[A(b:), T ] = (s + D )ys — (T + Iog)ya)wa
H((TYy + Ty — (0 + Ty )ys)wa + (T + Ty)ye — (s + Di)y)ws
Thus, after some calculation, the vector cross product \%J x [A(b;), J ] has the expression
Ix [A(b:), T] = (T + T3p) (3 +93) — (T + Din)yiye — (I + Ig)yiys) wa

+<(F113 + F4i2)<y% + 3132>> - (F1i2 + F3f4)?/ly2 - (F1i4 + F2is)?J2y3)W2
(Y, + T3) (s +93) — (0 + T uays — (T + L) yays ) ws

Sl

Therefore, according formula (2.14),

Jby = Jby + (—=[A(Jb1), J] + 55T x [A(by), T ])

"o
= Y1bs + yobs + ysbs + (=i [A(b2), J] — 4ol A(b3), J] = ys[A(ba), I ] + 5T x [A(b1), T ])
= y1by + yabs + y3bs + C1iwy + Crowy + Cizwsg . (2.15)

40



Where the explicit expressions for Ciq, Cia, Ci3 are
Cri=(Tyh+ 0+ 13 y3 +(Dh T, — 15— 08 )y3 (T3 I3~ T~ Db )y y2 — (D4 s+ 03 +03 ) vy + (D + 05— 15— 03 )y2ys
012:(F113+F412fI‘li71“2%)y§+(F1g+F412+F1‘§+I‘3i)y§f(F112+F3£1+F11+F2%)y1y2+(F122+I‘3ifI‘1‘ifFQ‘é)y1y3+(F132+F3i7F1h7F2§)y2y3

013:(1—‘1%14'1—‘2134'1—‘1% +1"422)y%+(1"1£1+f‘2§—1"1% —FS?jl)yS—i-(l"l%—&-Fé _F122 _Fsi)yl y2+(1"1‘§+1"4‘§—1"112 _FS%I)yl Y3— (F1%3+F412+F14§+F3i)9293

In the same way,

Iby = Jby + (=[A(Jbs), J | + 55T x [A(b2), J ])
= —y1by + ysbs — yobs + (Y1 [A(b1), J] — y3[A(bs), T ] + y2[A(bs), ] + J5 T x [A(b2), ] ])
= —y1b1 + ysbs — y2by + Coywq + Coawy + CosWs .

Where the explicit expressions for Cy1, Co, Cyz are
Cor=(03+03 1% 158 y3 +(D3 4T3~ 15— 03 )y — (D4 + s+ 03 +03) y1y2 T+ 0L — 1 — 13y ys + (03 + T3+ 15+, ) y2ys
C22 :(F1£1+F2%3+F123+F422 )y% Jr(11123 Jr11422 JrF132 +F3%1 )yg +(F1%1+F2% *F122 *F:si)yl Y2— (F112 +F3£1+F1§1 +F2%)y1 Ys— (F124 +F2% +F1% +F3i)y2 Y3

023:(1—‘1%14'1—‘223_1—‘1{3 —I‘412)y§+(1"li+f‘2%+1"1‘§ +I‘3‘i)y§+(1“112+1"3£1—1"1‘§—1"4‘§)y1 92+(F1?§+F4?§_F122 _Fsi)yl Y3— (F123+F422+F132+F3§1)9293

For a tangent vector field 7(y) = 71 (y)w1 + 2(y)wa + 73(y)ws in S 5(ATR?Y), ie. 7
satisfies 7141 + Toys + T3y3 = 0, we have according (2.14),

Jr = \%Jx T
= (11w + 1aWa + y3Ws) x (TW1 + oWz + T3W3)

= (T3y2 — Toy3)W1 + (T1Ys — T3y1 ) W2 + (T2 — TiY2)Ws . (2.16)

Now, in order to compute the Lie bracket [Jb;, bs], recall that we have [b;, Wj] =0,
[wi, w;] = 0 and there exists the following formula (cf. [dCa] pg. 27):

_ g of
[fX,9Y] = fg[X,Y] e Y —0a X
Thus, denoting 0; := a% , we have

[Jb1>b2] = [y1b2752] + [y2b3,b2] + [ygb4,b2] + [Cqu,bQ] + [mez,bﬂ + [013W3,b2]
= o Lbs, bo] + y3 [by, bo] — BoC11Wy — DoClowWs — O5C3W3 .

Since N is a tensor, we only need to know his value at the point p = (z,J). Thus,

to simplify calculations, let us suppose that the frame {b, by, b3, by} is chosen to be
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geodesic at x, i.e. Vi,j we have V, b; (x) = 0. So, at the point z, formulas (2.1), (2.2)
and (2.3) reduce to

ka@) =0.
Riju(x) = 0 (x) — 9;Tj () . (2.17)

Therefore, at the point p we have

[th 52] (p) = —32011(]7)W1 - 32012(]7)‘”2 - @2013(]9)W3 .

It follows that

J[Jby, 2] (p) = \%JX (—0:C11(p)w1 — 02C12(p)Wa — 0C13(p)W3)
= (82012 ys — (3 yZ)(p)Wl
+(02C13 51 — 02C11 y3) (p)Wa + (02C11 Yo — B2C12y1) () W3 .

Analogously, we obtain
[Jby, b1] (p) = —01Ca1(p)W1 — 01Coa(p)Wa — 01Cas(p) w3 .
So,

J [Jb27 b1] (p) = \/Lijx (—81021 (p)Wl — 81022(p)vv2 — 81023(p)w3>
= (81022 ys — 01053 yz)(ﬁ)“ﬁ
+(01Ca3y1 — 01Ca1 y3) (p)Wa + (01Ca1 Yo — 1Cor 1) (p) W3 .

On the other hand,

[Jb1,Jb21(p) = [Criwy + Crows + Cisws , —y1by + ysbs — y2b4 1 (p)
— [ Cyywy + Coawa + Cosws , y1ba + y2bs + ysbs 1 (p)
= (01C11 1 — 93C11 Y3 + 04Cr1 Y2 + 02Co1 y1 + 03C21 Y2 + 04Co1 y3) (p) W1
+(01C12y1 — 03C12y3 + 01C12 Yo + 2020 Y1 + 03Ca Y2 + 0sC2 y3) (p) W2
+(01C13 91 — 03C13y3 + 04C13 Y2 + 02Co3 Y1 + 0303 Y2 + 1Co3 y3) (p) W -
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Finally, we have already done all the necessary computation for determine the Nijenhuis

tensor at p:

N(by, 7)(p) = 301,371 (p) = I L1, 71 (p) = I [0, 371 () — Lo, 7 ()
= [Ib, 371 (p) — I[Iby, 71 (p)

= Lunba - yobs + ysba, (msge = mays)Wa + (T = Tayn)Wa + (ot = 1i2)ws 1 (1)

—J Ly1ba + yobs + ys3by , W1 + ToWa + T3W3 ] (p)

= (—(73y2 — Tay3)ba — (Y3 — T3y1)bs — (7241 — T1y2)bs) (P)
—J(=71by — T2b3 — T3b4)(p)

= — (1392 — T2y3)ba + (T1y3 — T3y1)bs + (1291 — T1Y2)ba) (p)
+(11J(b2) + T2 (b3) + 13 (bs)) (p)

= — ((13y2 — 72y3)b2 + (T1y3 — T3y1)b3 + (T2y1 — T1Y2)ba) (D)

+(T1(=y1b1 + ysbs — y2ba) + To(—1y2br — ysba + y1bs) + T3(—ysb1 + y2b2 — y103))(P)

=0.

On the other hand,

N(bl, b2)(p> - [Jbl,JbQ:l (p) —-J [th 52] (p) —-J [bl,JbQJ (p) - [bh b2] (p)
= [Jb17~]b2] (p)—J [Jb1,b2] (p)+J [Jb2751] (p)

= ((01C114+02C21)y1+(04C11+03C21+02C13—01C23)y2+(—03C11+04C21 —02C12+01 C22)y3) (p) W1

+((01C124+02C22—02C134+01C23)y1+(04C12+03C22)y2+(—03C12+04C22+02C11 —01 C21)y3) (p) W2

+((01C134+02C23+02C12—01C22)y1+(04C13+03C23—02C11+01C21 ) y2+(—03C13+04C23)y3) (p) w3

= Ni(b1,b2)(p)W1 + Na(b1, b2)(p)W2 + N3(b1, b2)(p)ws

Since the quantities C), are expressed as a function of the symbols I}, and the
coordinates (y1, 2, y3), the calculation of the coefficients N;(by, by)(p) is straightforward

(but extensive): each of the coefficients N;(by, b2)(p) can be expressed in the form

Ni(b1,b2)(p) = Y Nijua(@) ylusvs -

J+k+1=3

At this point the special matrix form (2.6) of the curvature tensor R arises: a direct
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computation (re-ordering the terms after simplifying) and formula (2.17) gives:

Nizp0 = 0.
Ni210=10.
Nigo1 = 0.

Nioo = (011 — 05T0y) + (O — OuIy) + (015} — 9sLy) + (01 — D5173)
+(OuTy = Oa1Yy) + (1T — Oulip) + (Oulyy — Oolys) + (0oL — O5T)
= Ry314 + Risis + Risas + Razis + Razia + Rigae + Ry + Rozao
= 2(Ri314 + Rizes + Ra21a + Ry2o3)
= 2R(dby rndbs + dby » dby , dby » dby + dby ~ dbs)
= 2R(w2, w3) = 2W (w2, w3)
= 2W™(wa, w3).

Nijgz = (9511 — 01TV} + (0alYs — O1IVy) + (0315 — O1I%Y) + (05135 — DeIh)
+(0oTy — OuIy) + (OuLfy — O11) + (Oanh — OuIy) + (051 — Do)
— _R1314 - R1413 - R1323 - R2313 - R4214 - R1442 - R4223 - R2342

= —Nijig0 = —2w+(W2,W3)-

Nigar = (0115 — OoIYy) + (A1, — 0s17y) + (011 — 91h) + (0417 — 9u13h)
H(015 — OaTy3) + (OiL5, — DsTyy) + (85D — OuT3) + (a5 — DoTyy)
= Ry913 + Riz12 + Rioaa + Rao12 + Raqis + Rissa + Rsaao + Raosa
= 2(Ri213 + Ri242 + R3a13 + R3ua2)
= 2R(dby ndby + dbs »dby , dby » dbs + dby ~ dby)
= 2R(W1,Wa) = 2W (w1, wa)
= 2W*(wy, Wa).
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Nigog = (iIY; — 0oLyy) + (DT — 03Thh) + (01D — 9oLy) + (O — OoTi)
(053 — OaI3) + (Oi15) — O3T5y) + (9305 — uy) + (uTy — Dolyy)
= Ri213 + Ri312 + Ri242 + Raz12 + Raa13 + Risge + Raaao + Razsa
= Nigo1 = 2VVJF(WL Wz) .

Nigiz = (0213 — O11Y)) 4 (041} — O11Y5) + (9a10s — O1I3) + (95175 — O13h)
+(0uT1} — Os113) + (Oalsy — OL5;) + (OaTy — O5L3) + (015, — Boly))
= —Ri214 — Rimi2 — Ri2o3 — Ras12 — Raa1a — Riaza — R3a23 — Rassa
= —2(Ri214 + Ri223 + R3u1a + R3a23)
= —2R(dby ndby + dbs » dby , dby » dby + dby » db3)
= —2R(wy,w3) = —2W'(wy, w3).

Niggo = (9eIVy — 117} + (Ot — O1IY5) + (Oolyy — O1I3) + (05105 — Dol}h)
+(04TY, — OsTYy) + (OuTyy — 01T5y) + (Oal%h — Os1ny) + (0513, — Doly))
- _R1214 - R1412 - R1223 - R2312 - R3414 - R1434 - R3423 - R2334

= Nypi2 = —2WH(wy, w3).

Ninr = 2((0:17 — OalYy) + (911 — OuLis) + (0oI7 — O517%) + (9e15y — 05153)
+(0sTy — L) + (35D, — L) + (9o1ys — AuLY3) + (0l — Oal3))
= 2(Ry414 + Rigo3 + Ros1a + Rozos — Ri313 — Risao — Ras13 — Rasao)
2(R(dby ndby + dbs dbs , dby »dby + dby » dby)
—R(dby ndbs + dby dbs , dby »dbs + dby »dbs))
2(R(ws, w3) — R(Wa, w2)) = 2(W(ws, w3) — W(wz, wz))
= 2(W (w3, ws) — W (wa, wa)) .

In order to compute more easily the values of Nyjp, observe that N(by,bs)(p) €
T,(U, x S z(ATRY)) = T,U, & Ty (Sys(ATRY)), so (N(by,b2)(p),J) =0, ie.

Ni(bi,b2)(p) y1 + Na(br, ba)(p) y2 + Na(bi, b2)(p) y3 = 0. (2.18)
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The left side of (2.18) is a polynomial in the variables (y1, ¥z, y3), S0

Nag3o = 0, because the coefficient of y3 is Nogsg .
Nozgo = 0, because the coefficient of 43y, is Nia1g + Nozgo -
Naiog = 2WH(wyq, w3), because the coefficient of 4,3 is Nigzo + Najap -

Nagg = —2WT(wy, w3), because the coefficient of y?y3 is Nijag + Nogio -
Again, direct calculation gives:

N1 =0.

Nogz = (1Y) — 0uT1y) + (O11Yh — OuIyy) + (115 — Dols) + (0217} — O5113)
(0T — OuLy) + (OiT5y — Oulyy) + (O30 — uly) + (DeTyy — OsT))
= Ri914 + Ris12 + Riez + Raosi2 + Raana + Ruiaza + Raaos + Rogsa
= 2(Ri214 + Ri223 + R3s14 + R343)
= 2R(dby ndby + dbs » dby , dby » dby + dby ~ dbs)
= 2R(w1, w3) = 2W (w1, w3)
= 2W™(wy,w3).

Nooiz = (31 — OiIY) + (0aL)y — O11y5) + (05Lns — O115y) + (0517 — Do)
+H(0aIYy — OuT) + (94l — O T5) + (Bl — OaTig) + (85155 — DoT3)
= _R1314 - R1413 - R1323 - R2313 - R4214 - R1442 - R4223 - R2342
= —2(Ry314 + Ri3o3 + Rao1a + Ra23)
— —2R(dby »dbs + dby dby , dby dby + dbs » dbs)
= —2R(way,w3) = —2W (wa, W3)
= —2W™(wq, ws).
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Nosor = (OhIY; — 0313) + (91D — 3Ty + (OuIYs — Oulyy) + (0aTfy — OoTpy)
+H(0aTy — OiIYy) + (9alyy — Oilys) + (O31Y] — DoTyy) + (OsT; — Dolyy)
= Ri313 + Riza2 + Ra213 + Raoao — Ris14 — Riso3 — Rogia — Rosas
= R(dby ndbs + dby » dbsy , dby » dbs + dby  dby)
—R(dby ndby + dby » dbsz , dby A dby + dby A db3)
= R(wa,Wa) — R(wg, w3) = W(wa, wy) — W(ws, ws)

= W+(W2, W2) — W+(W3, W3) .

Nogz1 = (0117 — OuTYy) + (01T — Ouls) + (OoIY — OsIYY) + (OaI3 — O51%3)
H(0aly — OT5) + (9aly — AT, + (9aly — O5Th5) + (a3 — O5T3))
= Ris14 + Ria23 + Raosia + Rasos — Ri212 — Ri23q — Raaz — Raasa
= R(dby ndby + dby » dbs , dby » dby + dby A db3)
—R(dby »dby + dbz ndby , dby »dby + dbs » dby)
= R(ws, w3) — R(w1, w1) = W(ws, w3) — W(wq, W)

= W+(W3,W3) — W+(W1, Wl) .

Nogos = (I — OsI75) + (0L, — OsTh) + (041 — 9e145) + (041 — Do1y5)
(0L, — OT5) + (Balyy — 0T + (0alYy — OsThy) + (a3 — O5T3))
= Ry313 + Risao + Ryo13 + Raoas — Ri212 — Ri234 — R3g12 — Raysg
= R(dby ~dbs + dby ~dby , dby »dbs + dby » dbs)
—R(dby »dby + dbz ndby , dby »dby + dbs » dby)
= R(wa,Wa) — R(wy,wy) = W(wa, wy) — W(wq, wy)

= W+(W2,W2) - W+(W1, Wl) .
Finally, equation (2.18) gives us:
N3p03 = 0, because the coefficient of y§ is N3po3 -

N3300 = 0, because the coefficient of y3ys is Niagr + Nazop -

N3111 = O, because the coefficient of y1y2y§ 18 N1012 + Nglog + N3111 .
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N3igo = —2WT(wy, W), because the coefficient of y,y5 is Nigos + Nayoz -

N3jo0 = —2WT(wy, W), because the coefficient of y1y3ys is Nigo1 + No111 + Nsiap -

N3po1 = 2WH(wa, w3), because the coefficient of y3y3 is Nagia + N3ga1 -

N3g01 = 2WH(wa, w3), because the coefficient of y7y3 is Nijo2 + Nazo1 -

Nagz0 = WH(wq, wy) — WT(ws, ws), because the coefficient of y3ys is Nogai + N3oso -

Nasgig = WH(wa, wy) — WT(ws, ws), because the coefficient of y?y,ys is Nijp +
Nago1 + N3igp

Nsgro = WH(wq, wy) — WT(wq, wa), because the coefficient of yoys is Nogoz + N3o12 -

This ends the proof of Theorem (2.3.1).

2.4.2 The Conformal Invariance of J

The computations realized in section (2.4.1) enables us to prove the conformal invari-
ance of J: let (M, (,)) be an oriented Riemannian 4-manifold, (,), = A\?(,) a metric
conformal to (,) and J* the almost-complex structure on Z associated to (,), . Fixing
a point (z,J) € Z, observe that if {by, by, b3, bs} is a local positive (,)-orthonormal
basis of tangent vectors, then {b}, b3, b3, b} is a local positive (, ),-orthonormal basis of
tangent vectors and {wj, w3, w3} is a local positive (,),-orthonormal basis of self-dual
forms, where b} := $b; and w} 1= \’w;..

It is readily seen that if a self-dual form 7 € (Af,), has coordinates (i, 72, 73) with
respect to {w1, wa, ws} and coordinates (77, 73, 73) with respect to {w3, w3, w3}, then

; %Ti . However, the complex structure J on T,U,, seen as a self-dual form, has the

same coordinates (yi, ya,y3) with respect to the basis {wy, wa, w3} and {wy, w3, w3} .
It happens because the isomorphism between skew-symmetric endomorphism and 2-
forms changes with the metric according to A*. Thus, from formula (2.16) we obtain
JM7) = J(7). It only rests to prove the invariance of Jb;, by re-ordering the basis
{b1,b2,b3,bs} the result follows for the other indices. Observe that formula (2.15) ex-
presses Jb; as a function of the coordinates (yi,ys,y3) of J and the symbols jik. These
symbols depend intimately on the orthonormal frame {by, b9, b3, bs} and the Levi-Civita

connection of (,) according (2.1). Notice that in this formula is not assumed that the

frame {by, be, b3, by} is geodesic at x. In particular, if {b;,bs, b3, by} is geodesic at = we
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have Jb; = Jb; . Denote by E’k the symbols of the Levi-Civita connection of (), asso-

A
ciated to the (,),-orthonormal frame {b},3,03,b;}. Now, if we assume that the frame
{b1,ba, b3, b4} is geodesic at = with respect to (,), then we have according [Hit3] that
the values of fj’k at x are given by the formula

. 1

(@) = W(% DA (x) — 045 OpA(z)) (2.19)

where 0;; denotes the Kronecker symbol (6;; =1 if i = j, 6;; = 0 otherwise).

Thus, a direct calculation of formula (2.15) applied to the metric (,), (with the

symbols fjk as in (2.19)) and to the almost-complex structure J* gives us
J*by) = Jby .

In particular J*(by) = Jb; = Jby, so J is conformally invariant.

Let us conclude this section with a final remark which will be useful in the next chap-
ter. Let (M, (,)) be an oriented Riemannian 4-manifold and f : M — M a conformal
orientation-preserving diffeomorphism. Observe that for x € M and J, an orthogonal
complex structure on T,M, f(J,) := df, J, (df,)~! is an orthogonal complex structure
on Ty M. Thus, a conformal diffeomorphism f on M has a natural lifting to a dif-
feomorphism f : Z — Z on its twistor space. This diffeomorphism in fact preserves
the almost-complex structure J on Z. In order to prove this, observe that since f is a
conformal diffeomorphism we have already proved that J/ = J, where J/ is the almost-
complex structure on Z associated to the push-forward metric f.(,). On the other
hand, since f : (M, (,)) — (M, f.(,)) is clearly an isometry and all of the objects in
the Penrose construction (section (2.3)) are preserved by isometries, we conclude that
f takes J on J/: f*J — J/. Therefore f,J =17, ie. f preserves J.

In particular, if M is anti-self-dual then f . Z — Z is a biholomorphism that

preserves the twistor lines and the real structure ; on Z.

2.5 Reversing the Penrose Construction

In this section we shall describe a procedure for retrieve the anti-self-dual conformal

structure on a 4-manifold in terms of its twistor space, inverting thus the Penrose con-
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struction of section (2.3).

Let us begin by considering M an oriented smooth 4-manifold with a fixed conformal
structure and 7 : Z — M its twistor space. For each point € M, denote by £, the
twistor line on x. Observe that from a vector v € T, M we can obtain in a natural way a
smooth section ¢ of N = T'Z|,, /T¥, (the normal bundle of ¢, in Z), whose value at each
point p € ¢, is given by the ‘inverse’ of the mapping 7, : T,Z — T, M evaluated at
v. In fact, since a metric ¢g in the conformal class of M induces a distribution H C T'Z
transverse to the twistor lines, this section ¥ can be realized as a section v9 of T'Z|,,,
where 54(p) = (m.pl,)(0):

When the conformal structure on M is anti-self-dual, it turns out that all of the
objects presented above have very special properties. It is described in the following

theorem:

Theorem 2.5.1 If the conformal structure on M is anti-self-dual (i.e Z is a complex

manifold), then we have

(1) The sections © are in fact holomorphic, i.e. © € H°({,, N). Furthermore, given a
metric g in the conformal class of M we have v9 € H*((,, TZ|,,). Thus, H|,, is
a holomorphic subbundle of T Z|,, isomorphic to N.

(2) The real structure i on Z induces a real structure (C-antilinear involution) i, on
H°(l,,N), which leaves the sections v invariant. Conversely, if a section o €

H°({,, N) is real invariant then o = v for some v € T, M.

(3) The complexification of the linear correspondence v — ¥ induces an isomorphism
TEM = HO({,, N) that preserves the respective real structures. Thus, T,M is a
real form of H°((,, N).

4) Every non-zero section o € H°(¢,, N) vanishes in at most one point of {,. Sections
Y

coming from T, M are nowhere vanishing.

(5) The metric g on T,M induces a quadratic form g on H°((,, N) whose null cone
C = {0 € H'((,,N), g(o,0) = 0} is constituted by the sections o € H°((,, N)

that vanishes at some point of .
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The proof of item (1) of Theorem (2.5.1) is much at the same spirit of Theorem
(2.3.1), working in local coordinates, using formulas (2.14) and (2.15), and considering
a geodesic frame at x to simplify the calculations. Each of items (2)-(5) can be proved
using the previous one.

As a corollary, let us prove item (1) of Theorem (2.3.2),i.e. N~ O(1)®O(1): by a
classical result of Grothendieck [Gro], every holomorphic bundle over CP! is isomorphic
to a direct sum of powers of the tautological line bundle. Thus, N ~ O(a) & O(b) for
some a,b € Z. From item (4) above we conclude that in fact a,b < 1 (otherwise, if
a > 2 say, the bundle O(a) admits non-zero holomorphic sections vanishing in at least
two points). On the other hand, from item (3) above we have dimcH(¢,, N) = 4, so
the only possibility left is a = b = 1, proving the result.

Now, with Theorem (2.5.1) in hand, we proceed to reverse the Penrose construction.
Let Z be a complex 3-manifold as in Theorem (2.3.3), i.e. it satisfies the following

properties:
(1) Zisfibred by projective lines whose normal bundles are isomorphic to O(1)@O(1).

(2) Z possesses a free antiholomorphic involution i which transforms each fibre to

itself.

Consider M the space of fibres of Z, so M is a smooth 4-manifold. For each x € M
denote by ¢, the fibre on = and for each v € T, M denote by v the section of N =
TZ|,, /T, associated to v (it is only smooth a priori). Observe from (1) that the normal
bundle N of ¢, has the property H'({,, N) = 0. Thus, by a theorem of Kodaira [Kod],
the space M of projective lines in Z having the above normal bundle is a non-singular
complex manifold whose tangent space at a point x ~ /, is canonically isomorphic to

the space of holomorphic sections of N. As consequence of this fact we have

(1) M has complex dimension 4.
(2) The sections @ are in fact holomorphic, i.e. © € H°({,, N).

(3) We have an inclusion M C M whose differential map at € M is given precisely

by the correspondence v +— 0.
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(4) The real structure on Z induces a real structure on M of which M is the fixed

point set.

(5) For a point € M, the complexification of the correspondence v — @ induces an
isomorphism T.°M = H°({,, N) that preserves the real structures. Thus, T, M is
a real form of H°((,, N).

(6) The ‘null cone’ C = {o € H({,,N), o(p) = 0 for some p € {,} is real (i.e.
C = O). Tt also has no real points (i.e. elements of 7,,M) other than 0.

Concluding our procedure, since by hypothesis N ~ O(1) @ O(1), a section o €
H°({,, N) consists of a pair of linear functions (az + b, cz + d) in an affine parameter z
on CP!. The vanishing of ¢ at some point is therefore given by the quadratic condition
ad — bc = 0. Thus, C defines a quadratic form on H°(¢,, N) up to a scalar multiple,
which restricts to a real quadratic form on 7, M because C is real according (6). Again,
according (6), C' has no real points, so this quadratic form on 7,M defined up to a
scalar multiple is in fact positive definite. This is the conformal structure on M that we

are looking for.

Proving that this conformal structure is anti-self-dual and inverts the Penrose con-
struction is by no means an easy task and it will not be done here (for a complete proof
see [Be] §13.69). Everything we have done above will suffice for the applications in the

next chapter.
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Chapter 3

ASD Metrics and the Painlevé VI

Equation

In this chapter we shall use the Penrose Transform to establish a link between ASD
conformal structures on 4-manifolds and solutions of the Painlevé VI equation in the

complex plane,

Py 1/1 1 1 dy\> (1 1 1\ dy
OV _ (s = ) I el 1
dx? 2<y+y—1+y—x) (dx) (x+x—1+y—x>dx (3:1)

yly — Dy —x) x z—1 z(z—1)
M E (“”yﬁ”(y—l)?”(y—x)?)’

where a, 3,7,0 are parameters. This is done with the purpose of obtaining explicit

ASD metrics on a 4-manifold from explicit solutions of the Painlevé VI equation. The
conformal structures on a 4-manifold which are amenable to this approach are those

which admit SUsy as a symmetry group, with certain generic properties.

3.1 The Twistor Approach to SUs-invariant ASD
Conformal Structures

The basic geometrical object we shall focus on is an oriented 4-manifold M with an

anti-self-dual conformal structure preserved by a (left) action of the Lie group SUs,

SUQXM—>M,
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all of the orbits being 3-dimensional. Since this group is compact, we can, if required,
take it to preserve a metric in the conformal equivalence class (which is of course an
ASD metric). Since SU, preserves the conformal structure on M, we have already seen
in the final remark of section (2.4.2) that the natural lift of this action to an action on

the twistor space Z,

SUQXZ — Z

l |

SUQXM — M

preserves the complex structure, the real structure i and the twistor lines. In particular,
each element of the Lie algebra SUs defines a holomorphic vector field on Z. Thus,
once the complexification of the Lie algebra SUs, is identified with SL3(C) (the Lie
algebra of the complex Lie group SLy(C)), we have a homomorphism of holomorphic
vector bundles:

a:SL(C)x 2 —T2Z.

This homomorphism « is compatible with the real structures on Z and SLy(C). If a(a)
denotes the vector field on Z defined by a € SL,(C) then

ixa(a) = a(a), (3.2)

where the complex conjugation on SL;(C) is induced from the identification SU5 =
SL5(C), i.e. @ := —a*. The homomorphism « is also compatible with the SUs-action

on Z in the following way:
geo(a) = a(gag™), (3:3)

for all @ € SL,5(C) and g € SU,. The trivial vector bundle S£5(C) x Z and the
tangent bundle T'Z are both 3-dimensional. If we fix {p1, 2, 3} a basis of SU;, the
determinant of the homomorphism a with respect to this basis and local holomorphic
basis of T'Z defines a holomorphic section det o of the line bundle det TZ = K~!, the
anticanonical bundle of Z. The homomorphism « fails to be an isomorphism in the set
Y where det @« = 0, which is a SUg-invariant set by (3.3). Again, det a is compatible
with the real structure on Z in the following sense: if p € Z and U is a neighborhood of

p then the value of det a at p with respect to the local basis induced by a holomorphic
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chart ¢ : U — C? is the complex conjugate value of det a at i(p) with respect to the
local basis induced by the holomorphic chart g o i : i(U) < C3. Therefore the zero set
Y is real invariant. Since the tangent bundle of a twistor line ¢ is isomorphic to O(2)
and its normal bundle N is isomorphic to O(1) @& O(1) (cf. Theorem (2.3.2)), we have

K ' =detTZ|,=det(T{® N) ~ O(4).

In particular, Y is always non-empty and has degree 4 on each twistor line. Thus from
the real invariance we have that det « is either identically zero on a twistor line, vanishes
with multiplicity 2 at a pair of antipodal points, or vanishes non-degenerately at four
points, forming antipodal pairs.

The (non-generic) case det & = 0 on Z has already been developed in [Hit1], so from
now on we shall restrict ourselves to the case where « is generically an isomorphism. In
particular, for a generic twistor line we have a non-trivial intersection with the divisor
Y. The (non-generic) case where Y meets a generic twistor line in two double points
has also been treated in [Hit1], so here we shall focus on the (generic) case where Y
meets a generic twistor line in four simple points. On the complement of Y, « is an

isomorphism. We set
A= —a 1 :T(2\Y) — SL3(C) x Z\Y .

Thus A is a holomorphic 1-form on Z\Y with values in S£5(C) and can therefore be
considered as a SLy(C)-connection on the trivial vector bundle C? x Z\Y. It is just this
connection which establishes the link we have mentioned above between ASD metrics
and the Painlevé VI equation. We shall see all of this with more detail in the next

sections.

Let us conclude this section with a final remark which will be useful later. Recall
that for a point p € Z\Y, the image of «,, is the whole tangent space 7,,Z. It is not true
anymore for a point p € Y. Since we have an action SUy x Z — Z with 3-dimensional
real orbits, for every point of Z the image of o contains at least three real independent
directions, so the rank of « is at least 2 in each point. In fact, since we are supposing that

Y is an analytic hypersurface of Z, we soon realize that for a point p in the smooth part

95



of Y, the image of o, is the tangent space T,,Y. It is because the orbit of a point p € YV’
is all contained in Y, so «, takes SUy (and hence SL,(C)) inside 7,Y. On the other
hand, dim¢ a,(SL3(C)) = dime 7,Y = 2. Therefore we conclude a,(S£L2(C)) = T,Y,

as asserted.

3.2 Isomonodromic Deformations along the Twistor

Lines

We shall proceed to describe the connection A defined in the last section more carefully.
The striking point about this connection is that it is in fact a flat connection. There is a
natural reason to arrive at this conclusion. If the SUs-action extends to a holomorphic
SLy(C)-action on Z, then Y is simply the union of lower-dimensional orbits and Z\Y
is an open orbit SLy(C)/T" for some discrete closed subgroup I' C SLy(C). So there is

an action-preserving isomorphism

SL,(C) x SLy(C)/T — SLy(C)/T

l |

SLy(C) x 2\Y —- Z\Y

from which we can obtain A looking at the action SLy(C) x SLy(C)/T" — SLo(C)/T".
Now, for a Lie group G and a discrete closed subgroup I the left action G x G/I' — G/T’
is such that the associated homomorphism « : G x G/I' — T(G/TI') is actually an iso-
morphism and A = —a™! : T(G/T) — G x G/T is of the form A(X) = —X.g~!, which is
simply the usual Maurer-Cartan form w,,(X) = ¢~ 1. X after a change of gauge. Since
the Maurer-Cartan form is classically known to be flat (the zero-curvature equation
dA + 3[A, A] = 0 for wye becomes the Maurer-Cartan equation, see [KoNo]), we are
done. In the general setting, though we have no more a holomorphic action on Z, we
soon realize that the calculations for the vanishing of the curvature tensor dA + %[A LAl

work the same as in the holomorphic case.

The connection A becomes singular on Y. In fact, since we are supposing that Y

meets generically the twistor lines in four simple points, A has a simple pole along (the
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smooth part of) Y. In order to proof this, observe that if « is represented in local

coordinates by the holomorphic 3 x 3 matrix B then locally A has the form

BY
= — -1 e —
A=—a«a B’ (3.4)

where BY denotes the transpose of the matrix of cofactors of B. Thus, since in a generic

twistor line det B has non-degenerate zeros only, A has a simple pole along Y.

We have therefore on the twistor space Z a meromorphic SLy(C)-connection with
a simple pole along Y. We can restrict it to a generic twistor line to obtain a flat
meromorphic connection on CP! with simple poles at {z1, 2, z3, 74}, the points z; being

the intersection with Y. In particular we have a holonomy (monodromy) representation
71 (CP"\{x1, 79, 73, 74}) — SLy(C)

of A restricted to each generic twistor line. In principle, any meromorphic connection
on Z with a pole along Y induces a flat meromorphic connection when restricted to a
generic twistor line, but the essential fact about A concerns its (global) flatness feature:
it turns out that for a connected family of twistor lines in Z, each of which meets Y
transversally, the monodromy representation of A restricted to each line of the family
is the same. This assertion is clearly true because since A is flat on Z\Y we have the

holonomy representation of A,
m(Z\Y) — SLy(C).
Thus, restricted to a generic twistor line the monodromy representation factors as
71 (CP\ {1, 79, 73, 24}) — T (Z\Y) — SLy(C) .

In a connected family of generic twistor lines, the homotopy class of the inclusion of
the punctured projective line in Z\Y is unchanged, so the first homomorphism is inde-
pendent of the twistor line in the family. Since the second homomorphism is fixed, the
monodromy representation in the family is therefore unchanged.

Such a family of connections with fixed monodromy is called an isomonodromic

deformation. In a more general setting, we consider a meromorphic GL,,(C)-connection
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on the vector bundle C™ x CP! with simple poles at {x1,zs, ..., T, }:

A:;z_xidz,

the A;’s being m xm matrices. An isomonodromic deformation

n

A ey ) = — 3.5
(1) = D A (35
for (z1,x9,...,2,) € U C C", is a family with constant monodromy. According to [Mal],
such a family necessarily satisfies the following set of equations known as the Schlesinger
equations: p p
dA+ S (A, A) T g, 1 <<, (3.6)
— Ty — T
J#i
We shall see in the next section that the Schlesinger equations (3.6) arise in our context

essentially as a restatement of the flatness property of A. We shall also see how the

Painlevé VI equation (3.1) can be readily derived from them.

3.3 Relation with Painlevé VI

3.3.1 Deformations of Connections with Logarithmic Poles

There is another special feature of the connection A that will be important for us: the
nature of its singularity along Y. In fact, A has a logarithmic singularity along Y. This
means that the connection A, seen as a meromorphic 1-form on Z, has a simple pole
along Y whose residue vanishes as a 1-form restricted to it. This is equivalent to say
that in a local coordinate system (z,w;, ws) of Z where Y is defined by {z = 0}, A has
the form

dz

A:M—+N1dw1+N2dw2,
z

with the matrices M, Ny, Ny being holomorphic through Y. We proceed to prove our

assertion. We consider then a local coordinate system (z, w;, ws) of Z where Y is defined
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by {z = 0} and let {u1, o, u3} be a basis of SU5. The matrix

b1 bia i3
B = 521 bz2 523 )
bs1 b3z bss

is the local matrix representation of a. We observe from the last remark of section (3.1)
that b1y, b1, b1z vanish non-degenerately along Y. According to equation (3.4), the

matrix

V Y Y
bll b21 b31

BY

_ - _ v v v

det B detB bi/z ba by f
bis by by

is the local matrix representation of A. Seeing A as a meromorphic 1-form on Z, it has
locally the expression
1
A= —m((bhﬂl + bispz + bisps)dz
+ (byy i + byt + byspiz)dwy + (byy pn + bippia + bizpiz)dws) .

Its residue along Y is, up to a non-vanishing function,
Resy A = (byy 1 +D{5pta+bi3403)dz+(byy pua +bao i+ iz ) dws + (bs 11 +bgy pta+baz s ) dws -

Since the quantities by, by,, bys, by, byy, by; vanish along Y (e.g. by; = bizbsa — biabss),

the restriction Resy A |y clearly vanishes, as asserted.

Next, we shall consider holomorphic deformations of a twistor line ¢ in Z, i.e.
parametrized families of lines

fiCP'xU— 2

that contain ¢ and with the property that all of the lines of the deformation meet Y
transversally. Since Y meets each line of such a deformation in four points, there exists
a cross-ratio x defined on each line. We choose now a deformation f in such a way this

cross-ratio x works as the deformation parameter, which varies in U C C. Performing
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a Mobius transformation on the lines if necessary, we can take f such that f(0), f(1),
f(z), f(oo) are the points of intersection with Y. Observe also that the cross-ratio of
four points forming antipodal pairs in S? ~ CP! is always real, so the twistor lines of
Z correspond to real points of U.

Pulling back the connection A on Z, we obtain a SLy(C)-connection f*A on CP! x U

with a pole along the divisors z =0, z =1, 2z = z, 2 = 00. Define

Ai(x) = RGSU(f*A |(CP1><{:c}) )

(z) :
Ay(w) :== Res1(f"Alcpixiay) (3.7)
Az(7) := Res,(f"A |(CP1><{ac}> )
Ay(z) == Res o (A |cprngey) = —Ai(x) — Az(x) — A3(2) .

Because the singularity is logarithmic, it is readily seen that the meromorphic rest

z—1 z—x
is in fact holomorphic through z = 0, 2 = 1, 2 = x, z = 0o. Since every holomorphic
1-form on CP! x U necessarily has the form R(z)dz with R(x) holomorphic, then

d d dz —d
f*A:Al(x);+/12(x) Ty Ay(x) BT

Z — Z—X

+ R(z) dx, (3.8)

the matrices Ay, Az, A3 and R being in SL,(C).

Finally, we observe that a change of gauge
Q- 8081 —ds.s,

with S = S(x) € SLy(C), transforms f*A into

where A;(x) = S(z).A;(z).S~ (x) and R(z) = S(z).R(z).S (x) — S'(z).S~(x). Thus,
once the differential equation S'(x) = S(x).R(z) on U is solved, there exists a SLy(C)-

automorphism u on C? x (CP! x U) such that f*A assumes the canonical form

dz dz dz — dz

z—1 Z—x

(3.9)
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It is from this canonical expression for f*A that we obtain the Schlesinger equations
(3.6): the zero-curvature condition d(uf*A) + L{uf*A,uf*A] = 0 is readily seen to be

equivalent to the following system of equations

dA, 1

o g Aol

dA 1

Yo L jay. ). (3.10)
dAs 1 1

% - _E[AlaAS] - E[AZ;A?)]-

This system, according (3.5), is nothing but the Schlesinger system associated to the

isomonodromic deformation property of the family of connections
A A A
1() i 2(2) i 3($))dz.

z z—1 22—

Au(2)dz = ( (3.11)

The Schlesinger differential equations (3.10) are the analytical key to finding SU,-
invariant ASD conformal structures. We shall be able to write down ASD metrics in

terms of the matrices A, As, A3, as we shall see in section (3.4).

3.3.2 The Painlevé VI Equation as an Isomonodromic De-

formation Equation

Let us proceed to derive the Painlevé VI equation (3.1) from system (3.10). First, in

search of conserved quantities, we observe that the last equation of (3.10) is equivalent

to
A+ Ay + A3 = — Ay = const. (3.12)
We take advantage of this for remove A from system (3.10), obtaining thus the reduced
system
dA, 1
— =—[A1, A+ A 1
I $[17 2+ A, (3.13)
dA, 1
de ~ z-1 (A2, A+ Ad].
From (3.10) we also obtain
d _ dAy
E(det Al) =1tr (%Al > det A1

= l tr ([Al ,Ag].Al_l) det A1 = l tr (Al.Ag.Al_l - Ag) det A1 =0.
X T
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Thus det A;, and similarly det A; and det A3, are conserved quantities. Let £\;, o,

+)3 and +)4 be the eigenvalues of the matrices Ay, Ay, A3 and Ay respectively. Since

]

we have then that A\, Ay, A3 and )4 are constant parameters. So the

conserved quantities for the reduced system (3.13) are

det A, = —)\2,
det Ay = — )3, (3.14)
det (A1 + AQ + A4) = det (—Ag) = —)\§ .

Since the identity det (A4 B) = det A+det B—tr (AB) holds in SL£,(C), we can replace
the last equality of (3.14) by

tr AlAQ + tr A1A4 + tr A2A4 = /\g — /\% — /\g — /\Z s (315)

which will be more useful for our purposes.

From now on, let us suppose Ay # 0 and let us work in a basis of C? where the

constant matrix A, takes the diagonal form A f . In this basis, the component
A A A
(1,2) of the matrix A,(z) = 1) + 2(2) + 3(7) in (3.11) writes down as
z z—1 zZ—
w(x)(z —y(z
o)y~ PEE—y(@)
2(z—=1)(z — x)

where

w(z) = —xA1(x)12 — (x — 1) Az(x)12,
_ .TA1($)12
zAi(2)12 + (x — 1)Ag(x)12

The function y(z) is indeed the function on which we will focus our attention. The

y(x)

reason for this is resumed in the theorem below:
Theorem 3.3.1:

(1) Ay, Ag, A3z € SLy(C) satisfy Schlesinger equations (3.10)

)

y(x) satisfies Painlevé VI equation (3.1) with parameters
(047 57 Y, 6) = (%(1 - 2/\4)27 _2/\%7 2/\2 l(l - 4/\§>) :

27 9
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(2) The matrices Ay, As, Az can be retrieved as functions of y and the parameters
{)\17 )\27 )\37 /\4} .

The proof of Theorem (3.3.1) is not difficult, but requires several computations.
Some account can be founded in [JiMi]. In order to be able to perform our original task
of finding ASD metrics from solutions of Painlevé VI, we shall need explicit formulas
for the matrices A, Ay, A3 in terms of y. Thus, we consider that it is worth to provide
a proof of Theorem (3.3.1) and to do some calculations.

First, let us parametrize the matrices A;(z) and As(z) in the following way:

R e
vi()
Therefore we have
w = —zv; — (x — 1)vg, (3.16)
U1

- zv; + (x — vy

Another quantities that will appear naturally in the calculations are

= uy + us, (3.17)
v=—x(y—1u — (z — 1)yuy.

In these new variables, after some calculation the first integral (3.15) can be written as

2 A2 B A2 .
:c(:c—1)y(y_1)+(y—x)<(x_1)y x(y—l))+)\3 AL (3.18)

On the other hand, each matrix equation of the reduced system (3.13) provides us with

App=—

two scalar equations. Choosing the components (1, 1) and (1, 2) of both equations, after

some calculation we get the following system

% _ g (3.19)
% _ _x—i’ (3.20)
% (- 2A;)(i(gz)1) — (3.21)

_12_1: - (- 2A4)$§/x;_f€1)7 (3.22)
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where
1 1 v 2vp z(y—1) (x—1)y
Z = + ) + -\ + A3 3.23
o temm) it ARy ey 0
Now we differentiate both sides of (3.21) with respect to z, apply (3.17), (3.19) and
(3.20) to obtain the intermediate result

dy 2 dy
i R T o ((y —x)Z = 2up =2 y(y — Dp + <% — 1)y (3.24)

+ %(y — ) ((2>\4 — D2y = 1) + (22 - 1)> ji )

Finally, by using (3.23) for eliminate Z, (3.18) for eliminate p and (3.21) for eliminate
v from (3.24), we arrive to the differential equation satisfied by y(x):

Py 1/(1 1 1 dy\*> (1 1 1\ dy
#oa ) @) s o
yly-Dy—a2) (=222 o, o—1  1-4¢a(e—1)
—2)\] 2)5
TP —1p 2 LT T o)

it is the Painlevé VI equation (3.1).

Let us complete the proof of Theorem (3.3.1). Once y is known by integration of
(3.25), w is calculated by integrating (3.22) and v by using (3.21). Therefore we can
obtain v; and vy from (3.16). On the other hand, p is given by the first integral (3.18)
and once p and v are known, u; and ug are easily calculated from (3.17). Since the
matrices Aj, As and Az are directly obtained from {uy,v;} and {us, vo}, we are done.

Explicit formulas for A;, A; and A3 in terms of y are given below:

W= i
vi(z)
where
o — Y 6—(1 224) ﬁdx
x
py— Y= L (-2 PP
r—1
y—
V3= ———=¢€
’ x(r—1)
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1 a(z—1)2 (dy>2 x—1(1—2>\4 1>dy 1-2\ y(y—1)
Ul - - x

T AN (y- Dy —z) \dz y—z \ 2\ 27 ) da 2 y—=x
G | ey v (i ) )
N )\1433;9__%1) [(1 _EAN igz:g — _x)((w i%1)11 - rc(yA% 1)) - 8- AZ)] ’
e n (&)
+A14 [(1_?4)2 zgi_g - (y_x)<(w A%1)9 - fc(yA% 1)> _A‘g’] ‘

This completes the proof of Theorem (3.3.1).

3.4 Retrieving the ASD Conformal Structure

3.4.1 SUs-invariant Metrics in Diagonal Form

Finally, we are ready to obtain explicit ASD metrics from explicit solutions of Painlevé
VI equation. Coming back to our original setting, we have an oriented 4-manifold M
with an ASD conformal structure preserved by an action of SU; with 3-dimensional

orbits. The manifold M is therefore topologically locally a product
M ~ SUQ/F X ((l,b),

for some finite subgroup I' C SU,;. We may take the conformal structure to be defined
by an invariant metric ¢ and thus on each orbit it is a left invariant metric. Hence ¢ is
given by an inner product B; on the Lie algebra SU, for each ¢t € (a,b) parametrizing
the set of orbits. Furthermore, if the parametrization of the set of orbits is done via a

unit vector field normal to the orbits, then the metric on SUy/I" X (a,b) has the form

g = Bt+dt2
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Using a standard orthonormal basis {1, u2, s} of SUs , we have

3
B, = Z b (t) dp; ® dp; .
ij=1
If the basis {y1, pt2, 13} can be chosen such that the matrix (b;;(t)) is diagonal for all
t € (a,b), then we say that g can be put in diagonal form:

g = b3(t) dp? + 3(t) dpd + b2(t) dp + dt*. (3.26)

This is precisely the class of SUs-invariant ASD metrics that we shall be able to explicit
in this work. We can obtain extra information about the twistor space when the metric
can be put in diagonal form. However some preliminaries are needed. In the twistor
setting, we have the homomorphism « : SL£5(C) x Z — T'Z and the connection A =
—a ' T(Z\Y) — SL,5(C) x Z\Y introduced in section (3.1). Let £ be a twistor line
in Z. The choice of an identification ¢ ~ CP! allows us to write the restriction to ¢ of
the connection A under the form

A:( A A A A )dz, (3.27)

z — I Z — X9 zZ — T3 Z — Xy

where { NY = {x1, 29, x3,24}. Notice that the matrices A, As, A3, A4 do not depend
on the identification ¢ ~ CP! chosen since the residues are naturally invariant. So, each
x € M defines a 4-tuple A (x), As(x), Asz(x), A4(x) in accordance with (3.27) (the same
4-tuple already found in (3.7)). As seen in chapter 2, for z € M the corresponding
twistor line ¢, is given by the sphere S 5(AT,), . The real structure i on Z arises from
the antipodal map on ¢, . Recall that S 5(Af,), can be thought of as the 2-dimensional
sphere embedded in the 3-dimensional euclidean space (Af,) . If we now choose the
identification of ¢, with CP' ~ C given by the standard stereographic projection, the
antipodal map becomes z — —1/Z. Thus, when ¢, intersects Y transversally, the real
invariance of Y yields
lNY ={x,—1/T1, 29, —1/Ta}.

Hence the connection A restricted to ¢, can be written as

g (M) | M) | As(z) | Aafz)
( + + + )

Z— T Z‘i‘l/fl Z — X9 Z—Fl/fg
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Therefore, at a point z € CP\{zy, —1/Z, 9, —1/T2} ,

a(/ll(:c) N As(2) N As(z) N Ay(z)

z—x z4+1/T1  z—xzy 2z4+1/T

):—wm.

The compatibility of a with respect to i and to the conjugation @ = —a* on SLy(C)
imposes nontrivial relations on the matrices A;(x). It follows from identity (3.2) and

the equality above that
Ao(z) = —Aj(z),  Au(z) = —A5(2).
Because the matrices A;(z) are conjugate to the Schlesinger matrices A;(x) considered

in (3.9)-(3.10), it follows that they have the same eigenvalues. Thus,

2

M=), X=X, (3.28)

Also, A is a meromorphic differential on CP' so that the sum of the residues must be

zero. Therefore we obtain
Ay(z) — Aj(x) + Ag(x) — A3(x) =0

Finally, considering the SUs-action on the twistor space Z, it follows from equality (3.3)
that

Ai(gz) = gAi(x)g ™", (3.29)
for all z € M and g € SUy. In particular the eigenvalues \; are constant along the
orbits in M and therefore constant in M by the results of section (3.3.2).

The following result gives us an extra relation on the matrices A; when the conformal

structure can be put in diagonal form.

Theorem 3.4.1 ([Hitl]) Let M be a SUy-invariant anti-self-dual 4-manifold with 3-
dimensional orbits such that det « is non-degenerate. If the conformal structure can be

put in diagonal form, then the matrices Ay, Ay, A3, Ay are conjugate, i.e.

M=MN=MN=MN=)NcR.
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(Note that once the square of the eigenvalues are assumed to be equal, it follows from
(3.28) that they are real).

Observe that the statement above is of local nature so that, to prove it, we can
suppose that M = SU,/T'x (a,b). Actually we can indeed suppose that M = SUy X (a, b).
Identifyng SU, with the group of unit quaternions, and thanks to (3.29), it is enough
to prove the theorem at a point # € M of the form z = (1,¢). For these points we
proceed as follows. Suppose that the conformal structure has diagonal form for some
basis {1, pa, 3} of SUy (orthonormal with respect to the standard inner product).
Performing a conjugation on SUs if necessary, we can suppose {1, po, st = {4, 7, k}.
Now consider the action of Zy x Zs on M = SUs X (a,b) induced by the conjugation
action of the quaternion group {£1,+i,+j, +k}. It fixes x and, for example, i acts
on the Lie algebra by conjugation sending (i, j, k) to (i,—j, —k). This action clearly
preserves the metric (3.26), as do the corresponding actions of j and k. Taking the
orthonormal basis {b(t)i,ba(t)j,bs3(t)k,d/dt}, the group Zy x Zy acts on the tangent

space T, M via the diagonal matrices

1 0 0 0 1 0 0 0 -1 0 0 -1 0 0 0
01 0 0 0 -1 0 0 01 0 0 0 -1 0 0
o0 1 0] | o o-10] 0 0-1 0|’ 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

Therefore, as seen in section (1.3) of chapter 1, we conclude that Zs x Zs acts on the

3-dimensional space (Af,) via the diagonal matrices

1 0 O -1 0 0 -1 0 0 1 0 0
0o 1 01, 0 -1 01, o 1 01, 0 -1 0
0 0 1 0 0 1 0 0 -1 0 0 -1

with respect to the orthogonal basis

(wa,w W}_{ dindj  dkndt dindk  djndt djndk +dmdt}
pem bi(t)ba(t) ' bs(t) * bi(t)ba(t)  ba(t)  ba(t)ba(t) ' bi(t)

So, apart from the vectors +wy;, each orbit in S 5(A%,) = ¢, has lenght 4. The right

action of {£1, 4+, +7, £k} on M is isometric and commutes with the left multiplication,
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therefore preserving the twistor space and the SUs-action on it. Thus, this right action
preserves « as well as the divisor Y and the connection A. Since the divisor Y is
SUs-invariant, it is also preserved by Zs X Zs. In particular, the intersection ¢, N'Y
is preserved by this group, although the set £, NY is not pointwisely fixed by it. For
a generic x € M, the twistor line ¢, intrersects Y in four distinct points. The group
Zo X 75 acts transitively on these points unless some of the vectors +w; belongs to £,NY".
However, in this case, the only possibility is to have ¢, NY = {w;, w;, —w;, —w;}. In
particular, since these points form the vertices of a square, their cross-ratio is —1. We
shall be able to prove in the next section that the cross-ratio of the four points ¢, NY
is non-constant in M. So for x € M generic, the group Zs X Zsy acts transitively on
the four points ¢, NY. The left multiplication acts on the residues A; by conjugation
and the right action of {£1, +i, +j, £k} preserves the residues, thus Zs X Z, acts on the
residues by conjugation. Since the singularities of A in ¢, are fully permuted by this

action, we obtain the desired result.

3.4.2 The Cross-Ratio as Parameter for the Orbits

Consider the SUs-action on the twistor space Z. This action maps one twistor line ¢
biholomorphically to another ¢’ and, since the divisor Y is invariant, makes the intersec-
tions /NY and ¢’ NY correspond. If we take a point T € M such that the twistor line
(= meets Y transversally, the same holds in a neighboorhood of Z. Moreover, because
the SUg-invariance of Y, this property remains true in a neighborhood SU, /T X (a,b)
of the orbit of . Thus, for each T € SUy/T" x (a,b), the cross-ratio x of the four points
(zNY defines a function on SUy/I" X (a, b) which, by projective invariance, is constant
along the orbits. Recall that for a twistor line ¢ the points of £ N'Y occurs in antipo-
dal pairs, therefore the function z is in fact a real function. So the idea is to use this
cross-ratio x to parametrize the set of orbits in M (and hence the manifold M itself).
Thus, considering M as a real submanifold of M (where M is the deformation space
of lines introduced in section (2.5)), this would enable us to immediately relate the
parametrization in question with the deformation of lines discussed in section (3.3.1).
Since the cross-ratio x has a holomorphic extension to a neighborhood of SUs/I" X (a, b)

in M, it suffices that x is a non-constant function to allow us to obtain the desired
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parametrization.

Let us prove then that zx is, in fact, a non-constant function. Let ¢ be a twistor line
on Z that meets Y transversally. According to section (2.5), the tangent space of M at
{ is given by the space H°(¢, N), where N is the normal bundle T Z|,/T¢. Observe that
if a section o € HY(¢, N) is represented by a deformation f : CP' x U — Z of ¢ that
preserves the cross-ratio x, then we have (after reparametrizing the lines by a Mobius
transformation) that the intersection with Y is given by the horizontals f(0), f(1), f(z),
f(c0). Thus, the derivative f € H°(¢,TZ|,) is tangent to Y at £NY and o is therefore
realized by such a section. However, not every section o € H°(¢, N) possesses this
property. Indeed, if a section ¢ € H°(¢, N) can be realized as a section of H°(¢,TZ|,)
that is tangent to Y at £ NY, it can be proved that ¢ = a(a) for some a € SL,(C).
Thus, since dime SL2(C) = 3 and dime H°(¢, N) = 4, the cross-ratio z is non-constant
along directions not coming from S£y(C). Proving the characterization above demands
some effort. Begin by recalling that the homomorphism « : S£5(C) x 2 — TZ is an
isomorphism on the complement of Y. At a smooth point p € Y, the image of oy, is T,,Y,
as it was observed in the final remark of section (3.1). Since ¢ meets Y transversally,

this means that the composition § = 7 o a,
SLy(C) S TZ| = N,

is surjective. This surjection 3 allows us to define a natural cohomological obstruction
to the problem of finding a representant of o € HY(¢, N) as a section of H'(¢, T Z|,) that
is tangent to Y at £ NY. This obstruction lies in H'(¢,T¢ ® Zyny), where T @ Z;ny
is the sheaf of sections of the tangent bundle T/ that vanish at £ Y. Observe also
that the kernel of 3 is a line bundle of degree —deg N = —2, so we have a short exact

sequence of sheaves

0— O(=2) — SL,(C) S N — 0.

Moreover, o« maps the kernel O(—2) isomorphically to the sheaf T¢ ® Zyny. From the

long exact cohomology sequence we have

0 — SL,(C) L B0, N) & HY (¢, 0(~2)) — 0.
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But, under the isomorphism O(—2) ~ T¢ ® Zyny, it is readily seen that the boundary

map ¢ provides precisely the obstruction described above. It finishes the proof.

Let us close this section by deriving the mentioned parametrization. Consider a point
T € M and SU, /T x (a, b) a neighborhood of the orbit of Z. Recall from Theorem (2.5.1)
that the space HY({z, N) is spanned by the normal sections associated to the elements
of T.°M i.e. to the elements a of the Lie algebra SUs = SL5(C) and to the vector field
d/dt on (a,b). Moreover, the normal section associated to an element a € SL,(C) is
realized by the vector field «(a). Therefore, the cross-ratio is non-constant along d/dt.
So let ¥ C M be a local holomorphic disc tangent to d/dt at . Consider the inverse of

the cross-ratio z : ¥ — C,
f=z1:U=2(%)— M. (3.30)

It corresponds to the deformation of lines discussed in section (3.3.1). Observe that the
real points of U correspond to the intersection ¥ N M, which is transverse to the orbits
in M. Thus, we can use this transverse section > N M to obtain a local parametrization
M ~ SU,/T" x (a,b), where the parameter x € (a, b) represents the cross-ratio of fz NY

and possesses f as holomorphic extension.

3.4.3 The Explicit Expression of a SUs-invariant ASD Metric

The expression for the metric ¢ on M with respect to the local parametrization M ~
SUy/T" X (a, b) constructed above is

g:Bm+Tx®dx+c$dx2,

where for each = € (a,b), B, is an inner product and T, is a 1-form on the Lie algebra
SU,. In the twistor setting, recall that A = —a™' : T(Z\Y) — SLy(C) x Z\Y identifies
the tangent bundle T'Z with the trivial bundle S£2(C) x Z on Z\Y. So we shall use
this identification to describe tangent vectors and, according section (2.5), determine
the conformal class of g by only considering the generic sections of H°(¢, N) which does
not vanish at Y. Take f: CP!' x U — Z as in (3.30) and normalize the lines such that
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f(0), f(1), f(z), f(co) are the points of intersection with Y. Thus, according formula

(3.8),
dz dz dz — dz

A=A — 4+ 41 A
f 1(z) . + Q(x)z_l—l— 3(x) P + R(z) dx,
the tangent vector to a twistor line is identified with
A A A
fuldfdzy = ) Al@) | M@)o

z z—=1 z-x
The normal section associated to d/dx acquires the form

As(z)

Z—XT

f.(d)dz) = -

+ R(x),

and, of course, for a € SL,(C) the normal section «(a) is identified with —a. Thus, a
normal section o € H°(¢, N) has the form
A
o(z) = —a— T(Z?’T(g;) - R(x)), a€SL(C), reC.

The null cone g(o,0) = 0 is given by
B.(a,a) + Ty(a)r + c,m* = 0. (3.31)

Also, according Theorem (2.5.1), a section ¢ € H°(¢, N) is a null vector if exists z € CP!
such that
—a — 7“(/13—(33) - R(:r;)) = sA,(2), (3.32)
Z2—x
for some s € C.
Recall that the matrices A;(x) and the Schlesinger matrices A;(z) are conjugate, for
such a reason they will make their appearance later. For the time being, let us proceed
to evaluate B, and T,. Note that, for = € CP! fixed, the section o given by a = A,(z)

and r = 0 satisfies condition (3.32), so
By (A2(2), 42(2)) =0

for all z € CP!. But,

_ BH(.’L') T BQQ(I‘) ng(gc) +2 Blg(w) +2 Blg(x) +2 ng(x)

B (Ay(2), A4(2)) > (=12 (z—2)2 " “2z-1 “z2z—2) (z-1(z—2)’
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where B;;(x) = B,(A;(z), A;(z)). Thus, we obtain

B (Ay(x), A1 (2)) = Bu(As(), A5()) = Bi(A3(x), A3(x)) = 0, (3.33)

Bo((@), Ao(x)) = — Bu((2), Ay(x)) =~ Ba(Ao(a), As(x)

If B,(Ai(x),A;(z)) = 0 for all ¢,7, since B is non-degenerate, we must have A;(z),
As(z), As(x) null and proportional. But then the complex dimension of the null cone
is 2, which is a contradiction. So, since we are interested in the conformal class, we can

normalize g in order to have

Bx(/ll(x), AQ(ZE)) =1 s
B, (A (), A3(x)) = —x, (3.34)
B.(Ay(z), A3(x)) =2 — 1.

In particular, {A;(x), A5(z), A3(x)} constitutes a basis of SL2(C). Now, for r, s and z
fixed, take a defined by the equation (3.32) and substitute in the equation of the null
cone (3.31) to obtain

B, <r</13(:c) - R(ZB)) + s4.(2), T(A?’(x) - R(as)) + s/lx(z)>

Z—X

_Tx<r<A3(x) —R($)> +s/1x(z)>r—|—cx7“2 —0,

Z—x
for all 7, s and z. Since B,(A4(2), 4.(2)) = 0 and B,(A3(x), A3(x)) = 0, this equation
reduces to

zZ—XT

— 2B, (R(z), A(2)) — T (Ap(2)) )rs

Therefore,
By (R(z), R(z)) = —T,(R(x)) — ¢z, (3.35)
B,(R(z), A3(x)) = T$(A23(x)) 7 (3.36)
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and using (3.34), we obtain
x (x—1)

2(z — ) * (z—=1)(z — )
_ 2By(R(z), Ai(2)) + To(Ai(z)  2Bu(R(x), A2(x)) + Tu(Aa(x))

—2

z z—1 =0,
B, (R(x). Ay(x)) =1 — =) (3.37)
Bu(R(z), As(z)) = —1 — w . (3.38)

With these informations in hand, we can eliminate R(x) from the discussion by pro-

(
ceeding as follows. Observe that equations (3.35)-(3.38) are equivalent to
g(d/dx + R(z),d/dx + R(x)) =0, (3.39)

g(d/dx+R(z), Ay(x)) =1, g(d/de+R(z), Ay(x)) = -1, g(d/dx+R(z), A3(x)) =0.

Thus, . . ) .
x —
g/ll(@ + m/lz(f”) R

satisfies g(d/dx + I'(z), A;(z)) =0, i.e.

I'(x) = R(x) +

g(d/dz + I'(z),a) =0, for all a € SL5(C).

In particular, I'(z) is real (i.e. I'(z) € SU3) and the vector field d/dx + I'(x) is normal
to the orbits in M. On the other hand, from (3.39) we obtain

1

g(d/dx + I'(z),d/dx + I'(x)) = 1)

Thus, parametrizing the space of orbits in M via an integral curve of d/dz + I'(x), the

metric acquires the form
dx?

g
g 2e(x — 1)

where B, is conjugate to B,.
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Summarizing, the information so far collected about g consists of the above expres-
sion together with the fact that in a suitable basis {A;(z), Ay(z), A3(x)} of SL(C) we

have

0 1 —x
B,=| 1 0 z-1
—x x—1 0

Also we have the property that the matrices A (z), Ay(x), As(z) are conjugate to the
Schlesinger matrices A;(z), Ay(x), As(x) and, furthermore, the diagonalization of B,
depends only on the conjugacy class of A (x), Ay(z), A3(z) . Then for the case where the
metric can be put in diagonal form, an explicit expression for g can be obtained. This

can be carried out as follows: the diagonalization of B, is given by the roots of

det(B, —tI) =0,

where I(a,b) = —%tr ab is the inner product on SU,. Since we are supposing that g

can be put in diagonal form, Theorem (3.4.1) provides us
tr AT = tr A3 = tr A3 = 2)\°.

The expression of I in the basis {4 (z), Ay(x), As(x)} is therefore

1 2)\2 tr /Il /IQ tr /Il /Ig 1 2)\2 tr AlAg tr A1A3
I = —5 tr /Il /IQ 2)\2 tr /IQ/IE} == _5 tr AlAQ 2)\2 tr A2A3
tr /Il /Ig tr /12/13 2)\2 tr AlAg tr A2A3 2)\2

So a direct calculation of det(B, — tI), using identity (3.15)
tr Ay Ay +tr Ay As + tr Ay As = —2)2
leads us to
det(B,—tl) = 2(1 +t(A\* + 2tr A1 Ao)) (=2 + ¢(A* + Ltr A1 A3)) (2 — 1+ t(A\ + 2tr Ay 43)) .

Therefore B, is given by the formula

5 (z-1d v dyi3 du
TNt A N Ady At fr Ay

I0)



for some orthonormal basis {1, pe2, s} of SUs .

Thus, by using the explicit expressions for A;, Ay, Az obtained at the end of section
(3.3.2), we finally arrive to

Theorem 3.4.2 For A\ € R\{0} given, let y be a real solution of the Painlevé VI equa-
tion (3.1) with parameters (v, 3, v, §) = (3(1 — 2X)2, =2X2, 2X%, 1(1 —4)\?)), defined
on the interval (a,b). Then, for {1, 1o, 3} an orthonormal basis of S U5, the metric

(v — 1) dyi
9= x(y—1
A2 + UgUgz — 2$(y 1) ()\2 ) 2((§lj—$§ <>‘2 - U’%)
@ dyij
r—1
A+ ugus ey (A —ui) + g(y_zg()\? —u?)
du N dx?
z(y—1 z—1 _ ’
A2+ uquy — 2(%_1))@/ (A2 — u%) — 2(x(y_)f) (A2 — u%) 2z(z — 1)

is an ASD metric on SUy X (a,b), where

1 z(@z—12 [dy\? z—-1/1-2x 1 \dy
U= —~———"—"—|-—-] — ——Yy— =T | =
ANy —1)(y —z) \dz y—x 2\ 2 ) dx

1=y -1 Q-2 -1) | y-—=
2 y—x + 4\ x(y — ) )\;U(y—l)’
B 1x(x—1) dy\? x 1—-2X\ 1 dy
v2= AN y(y — ) (dm) +yx< 2\ (y_l)_2($_1)>d:6
1-2 yly—1) (A-2)0)° yl—-1)° | y—=
2 y-w A (z-Dy-z)  (z-1y’
Clax(@—1) fdy\? 1-2xdy  (1-2\)%yly—1) (y — x)2
T Ay —1) <daz> TN de 4\ x(a:—l)_Ax(m—l)y(y—l)_)\'

Let us point out that focusing attention on real solutions of the Painlevé VI equation
does not confine us to any specific ‘smaller’ group of them. In fact, when the paremeters
of the Painlevé VI equation are all real, the condition for a solution to be real depends
solely on the initial values (they all have to be real). Hence we are actually considering

solutions of the Painlevé VI equation in full generality.
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3.5 Some New Examples

Set

Py 1/1 1 1 dy\> (1 1 1\ dy
PVI(O&,ﬂ,’%(S)[y]—@—é(g—i‘ﬁ—i‘y_x)(%)+(E+x_1+y_x>%
yly— Dy — =) z—1 w($—1)>

x
- (e

Thus, the Painlevé VI equation can be denoted as PVI («, 3,7, d) [y] = 0. Let us consider
22 _ 6% 92 1—02>

the special case of PVI given by the parameters (a, 3, v, §) = (

2 0 2729 2
The interest in this case arises from the fact that, when 6 = 1—_1H, , we recover the same
equation obtained in our previous discussion of ASD metrics with A\ = - Also, for

2(1+r)
these values of the parameters, we have the following useful decomposition

PVI <T202 e 1—92> [y] = PVI(0,0,0,1) [y] (3.40)

Pyl -Dly—2) (» oz -1  z@-1)
2 a%(x—1)2 ( y2+(y—1)2 (y—x)z)'

. . . . . 202 02 92 1_92
In particular, we may search special explicit solutions of PVI (""T, — 55 ) that
happen to annihilate both summands on the right-hand side of the equation above. In
this direction we have the following result:

-1 -1
Theorem 3.5.1 Let C, be the curve given by r* — % + ’ 5 — 2z 2> =0.
vy =1 (y—x)

(1) Forr =1, the curve Cy has three irreducible components: y>*—x = 0, y*—2y+x =0
and y* — 2yx + x = 0. The respective solutions y = ++/x, y = 1 £ /1 -z and
y=x=* \/m are also solutions of PVI(0,0,0, %) Hence they are solutions
of PVI (02 S ﬁ) for every value of 6.

207 2720 T2
2) For r = 3, the curve C3 has two irreducible components: 3y* — 2y — 2yx +x = 0
( y =2y —2y

and 3y* — 4y® — 43z + 6y2x — 2% = 0. The first one leads us to solutions which
do not satisfy PVI(0,0,0, %) The second one leads us to the solutions

-2y —3) 29y —1)Vyly—1) ==,

which do satisfy PVI(0,0,0,1). Hence they are solutions of PVI (%, e e 1’92>

for every value of 6.
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Again, the proof of Theorem (3.5.1) amounts to straightforward computation. The
calculus for determine the irreducible components of C3 and verify if they are solutions
of PVI(0,0,0,3) is huge. In the ASD case, the solutions of (1) for § = § (ie. A = 1)
already appears in Hitchin’s work [Hit1] about ASD Einstein metrics. Nevertheless, the
solutions of (2) for # = 1 (i.e. A = %) yields ASD metrics that are not Einstein and
therefore are not captured by Hitchin’s list.

In order to obtain new explicit examples of ASD metrics, it would be useful to know
if Theorem (3.5.1) holds for other values of 7. So we would like to close this work by

posing the following question:

For what values of r, there is an irreducible component of the curve

-1 -1
r2_ L + z sz —1) 0 that satisfies PV1(0,0,0, %)9

2 y—12 (y-a2)?

The above question may sound slightly naive in the sense that the study of the left-hand

side of decomposition (3.40) seems more involved than the individual analysis of each
summand in the right-hand side. Yet, Theorem (3.5.1) provides a partial affirmative
answer to our question indicating that the mentioned decomposition might have more

subtle implications.
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