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RESUMO

Propomos um modelo para a previsao em baixa resolucao da evolucao de escoa-
mentos na grande escala. O modelo representa um levantamento estatistico das
equagoes de Fuler em um mecanismo de equilibrio local que satisfaz o principio
da conservacao da energia total e é fenomenologicamente estendido para capturar
efeitos viscosos de massa.

Propomos um modelo para a previsao em baixa resolugao da evolucao de escoa-
mentos na grande escala. O modelo representa um levantamento estatistico das
equagoes de Euler em um mecanismo de equilibrio local que satisfaz o principio da
conservacao da energia total e é fenomenologicamente estendido para descrever pro-
cessos irreversiveis nas transformagoes de tempo finito de grandes massas de fluido.
Testamos a descrigao qualitativa unidimensional que o modelo faz dos escoamentos
planares de Couette e Poiseuille, e dos escoamentos de Ekman.

Palavras-chave: dinamica dos fluidos, multi-escalas, levantamento estatistico



Aos meus pais,
eximios em paciéencia, disposicao e simpatia.
A minha esposa,

especialista em forca, coragem e alegria.



FRICTIONAL AIR FLOWS

P. KRAUSE
CONTENTS

1. Introduction 4
2. Reynolds modelling 6
2.1.  The open Upscaled Euler model 6
2.2.  The closed Upscaled Euler model 9
2.3. The Extended Upscaled Euler model 11
3. Energy laws in the upscaled description 13
3.1. The total energy law in the upscaled description 14
3.2.  The entropy law in the upscaled description 15
4. Frictional air flows 16
4.1. The planar Couette flows 19
4.2. The planar Poiseuille flows 28
5. Conclusion 37
Appendix A. The Ekman flows 38
Appendix B. Derivation of the stationary one-dimensional EUE solution for

planar Couette and planar Poiseuille flows 45
Appendix C. Derivation of the stationary one-dimensional EUE solution for

Ekman flows 50
References 56

1. INTRODUCTION

Due to incompleteness of initial data or to limitations in storage space and pro-
cessing time, the smallest scales cannot be resolved in computer simulations of real
flows. Since all involved scales interact, underresolved simulations of real flows fre-
quently have poor predictive value. This is the case with frictional flows.

We are looking for a model that yields fair predictions of the large scale evolution
of flows without the need to resolve the smallest scales, that is, a model for underre-
solved predictions of the large scale evolution of flows. Our approach is to “Reynolds

This work was supported by: CNPq under Grant 143210/97-1 and IM-AGIMB, FAPERJ under
Grant E-26/151.893/2000.
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average” the Euler equations. Currently, “Reynolds averaging” is regarded as a mod-
elling approach to describe the statistical mean values of the flow variables together
with a finite subset of their joint central moments conveniently chosen in each prob-
lem. Here, instead, we regard it as a modelling approach to describe local balances
of (p)(¢) and of (p'¢’), for any flow variable ¢ built upon the fluid density p, so
as to provide a statistical upscaling of p¢ into (p@) = (p)(¢) + (p'¢’). Therefore,
we split each “Reynolds averaged” Euler equation into a pair of local statistical
balance equations. By doing so we obtain two coupled mechanisms: a reversible
“bulk” mechanism of large scales and an irreversible “turbulence” mechanism for
the small scales effects on the large scales. Then, we close the turbulence mechanism
so as to satisfy the total energy conservation principle in the upscaled description.
Finally, we extend the reversible bulk mechanism to an irreversible bulk mechanism
by means of molecular viscosities, following the linear thermodynamic phenomeno-
logical approach for irreversible processes ([7, 10]). This gives rise to the Extended
Upscaled Euler model (EUE).

Among the features of EUE, we mention: it is an extension of the compressible
Navier-Stokes model (see Eqs. (2.70)—(2.76) and Remark 6); it can be derived from
the Euler equations either in material derivative or flux form (see Remark 1); the
closure assumptions apply to both the enthalpy and the internal energy representa-
tions of heat balance (see Remark 2); its total energy is governed by a conservation
law (see Eq. 3.18); the pressure gradient arises as an affinity ([7, 11]) of the entropy
source term in the upscaled description (see Eq. (3.22)); the turbulence mecha-
nism has a curl formulation (see Eq. 2.64); the model can be readily extended to
comprise a compressible turbulent mixing mechanism for passive species (see Egs.

(5.1)-(5.2)).

Based on experimental studies of transition to turbulence in pipe flows, Reynolds
(1883) proposed to describe such flows by superposing mean and perturbation fields.
Considering the perturbation fields as unpredictable, he time-averaged the Navier-
Stokes equations and arrived at the so called Reynolds averaged Navier-Stokes
(RANS) equations. This view of turbulence encouraged further observations of
flows under various averagings, leading to significant development in instrumenta-
tion (hot-wire anemometry, laser-Doppler velocimetry etc). Because the statistical
average is appropriate, this view of turbulence is bolstered by the success of the
statistical approach in several fields of theoretical physics, especially the statistical
mechanics approach to the kinetic theory of gases. There is an extensive body of
literature on turbulence within the statistical framework. The works of Taylor, von
Karman, Heisenberg, Kolmogoroff, Loitsianskii and Kraichnan must be mentioned.
The books of McComb ([14]) and Frisch ([9]) summarize the legacy of these works.
We refer to [2, 15] for several current practical issues and models, to [20, 12] for sev-
eral current physical issues and models, to [4, 5, 6] for current stochastic methods
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in underresolved predictions.

The Large Eddy Simulation (LES), introduced by Deardorff, uses space or time-
filtering to compute flow features down to a certain space or time scale. For an
overview on LES, we refer to [18].

In Chapter 2 we derive the EUE model. In Chapter 3 we find the evolution laws
for the total energy and the entropy in the upscaled description resulting from EUE.
In Chapter 4, regarding p’ as a thermodynamical quantity that vanishes identically
only in a static state, we test the energy transfer mechanism of EUE in the context of
stationary one-dimensional solutions for the Couette and Poiseuille frictional flows
between planar plates, by checking the qualitative behavior of the resulting profiles
and the qualitative behavior of the entropy source term in the upscaled description.
The Ekman frictional flows are examined briefly in Appendix A. In Chapter 5 we
draw the conclusions.

2. REYNOLDS MODELLING

2.1. The open Upscaled Euler model. Under a gravitational field gy and in a
coordinate system rotating with constant angular velocity €2, the Euler model reads:

enthalpy: pdih = d;p, (2.1)
momentum: pdya = pu x 2Q + pg — Vp, (2.2)
mass: dip = —pV - u, (2.3)
state: kph = p, (2.4)

where h is the enthalpy per unit mass, u x 2§ is the Coriolis acceleration, g =
g0+ Q2 x (2 x x) is the apparent gravitational field and d; = 0; + (u- V) is the ma-
terial derivative. We adopt the ideal gas state equation with constant ¢, therefore
h =c,T ([21]). In (2.4), k denotes R/c, = (¢p — ¢y) /ey =1 —1/7.

We remind that the statistical average ( - ) of random functions is a linear trans-
formation possessing the properties:

(1) =1, (2.5)
(0sf) = 05(f) for s=u,y,z,t, 2.6
(fi(f2)) = (f1)(f2)-

The following relations follow from (2.5)—(2.7) together with linearity:

(=), (2.8)
(f") =0, 2.9
(fuf2) = (fu(f2) + (fifa), (2.10)
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where
"= f— (f) is the deviation of f with respect to its bulk value (f). (2.11)

Here, (2.8) comes from (2.5) and (2.7); (2.9) comes from (2.8), the definition of f’
and the linearity of ( - ); (2.10) comes from (2.5), (2.7), (2.8), (2.9) and the linearity
of (-).

In the following sections, we split each statistically averaged Euler equation into
a pair of local statistical balance equations.

2.1.1. The local statistical balance equations of enthalpy. Applying ( - ) on Eq. (2.1),
we use the linearity of this operator to write (pd;h) as (pd;(h)) + (pd;h") and (d;p)
as (di(p)) + (dp'). Then, we split the statistically averaged enthalpy equation into
the following two local balance equations:

(pdi(h)) = (de(p)), (2.12)
(pdil') = (dip'). (2.13)

Next, we use the mass conservation equation (2.3) and the properties of { - ) to
transform Eqs. (2.12)—(2.13) into evolution laws. The flux version of (2.3) yields

(M) (Gp +V - (up))) =0, (2.14)
(W (Op+ V- (up))) = 0. (2.15)
Adding (2.14) to (2.12) and (2.15) to (2.13), we use the linearity of ( - ) to write:
(pde(h)) = (pdi(h)) + ((R)(Orp + V- (up))) = (Du(p(h)) + V - (up(h))),
(pdilt") = (pd;h) + (W(ip + V - (up))) = (Ou(ph') + V- (uph’)).

Then, by applying properties (2.5)—(2.10) on each right hand side we obtain the
identities:

(pdi(h)) = 0:({p)(R)) + V - ((w){p) (h) + (p"u’)(R)), (2.16)
(pdih’) = Oi(p'h') + V- (()(p'h') + (pu'l')). (2.17)
Properties (2.5)—(2.10) also yield the identities:
(dip)) = Oe(p) + (u) - V(p), (2.18)
(dip') = (u'- V). (2.19)

Therefore, taking (2.16)—(2.19) into account, Eqgs. (2.12)—(2.13) read:

A ((p)(h) — (p)) + V- ((u)({p)(h) — (p)) + (p'W)(h)) = —(p)V - (u),  (2.20)
O (p'N) + V- ((u){p'h') + (pu'h)) = (u’ - V). (2.21)
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2.1.2. The local statistical balance equations of momentum. Applying ( - ) on Eq.
(2.2), we write (pdyu) as (pd;(u)) + (pd;u’), expand (pu x 2Q) into (p)(u) x 2Q +
(p'u’) x 2€2 and expand (pg — Vp) into (p)g — V(p). Then, we split the statistically
averaged momentum equation into the following two local balance equations:

(pdi(u)) = (p)(u) x 22 + (p)g — V(p), (2.22)
(pdp’) = (p'u’) x 290, (2.23)

Next, by using the mass conservation equation (2.3) and the properties of { - ) we
transform Eqs. (2.22)-(2.23) into evolution laws:

A({p)(u)) + 0;((u;){p)(u) + {p'uj) () = (p)(u) x 22 + (p)g — V(p),  (2.24)

AU/} + 0y (ug) () + (pul’)) = (') x 260 (2.25)

2.1.3. The local statistical mass conservation equations. Applying ( - ) on Eq. (2.3),

we write (dip) as (di(p))+(dip') and expand (pV-u) into (p)V-(u)+(p'V-u’). Then,

we split the statistically averaged mass conservation equation into the following two
local balance equations:

{di(p)) = =(p)V - (), (2.26)
(dip) =—('V - 1) (2.27)
Next, we expand (d;(p)) and (d;p’) to obtain:
Oi(p) + V- ((w){p))
V- {p) =

2.1.4. The open Upscaled Euler model. Collecting Eqgs. (2.20)—(2.21), (2.24)—(2.25)
and (2.28)—(2.29), we are led to the open Upscaled Euler model:

0, (2.28)
0. (2.29)

bulk mechanism

d(ph —p) +V - (u(ph — p) + xph) = —pV - u, (2.30)
d(pu) + 9j(uzpu + x;pu) = pu x 2Q + pg — Vp, (2.31)
Op+ V- (up) =0; (2.32)

turbulence mechanism

(pQ) + V- (up + (pu'h)) = (u’" - V'), (2.33)
A (px) + 0;(ujpx + (puju’)) = px x 292, (2.34)
V- (xp) =0; (2.35)

state equation

kp(h+ () = p. (2.36)
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where
¢ = (') p), (2.37)
= (p'u)/{p), (2.38)
(-) is omitted from (h), (u), (p), (p). (2.39)

Remark 1. The open Upscaled Euler model can also be derived from the Euler
equations in flux form: one uses the linearity of { - ) to write

(O(ph) +V - (aph)) as (D(p(h)) +V - (up(h))) + (Di(ph') + V - (uph')),
(0(pa) + 0;(ujpu)) as (O(p(u >)+3 (ujp(u))) + (De(pu’) + 0;(u;pu’)),
and (Op + V- (up)) as (D(p) + V- (u(p))) + (0ip" + V - (up'))
before splitting the averaged equations.

2.2. The closed Upscaled Euler model. The terms (u’-Vp'), (pu'h’) and (puju’)
in the turbulence mechanism (2.33)—(2.35) require closure.

The ideal gas state equation (2.4) ylelds (W'kph) = (u'p). Applying the properties
of (-}, this equation becomes k((h)(p'u’) + (pu’h’)) = (W'p’). Therefore, we have:

(pu'h’) = =(p')(h) + (u'p') /~. (2.40)

The flux terms (pu'h’) and (pu'u}) refer to enthalpy and momentum transfers by
the turbulence mechanism. According to (2.40), this transfer mechanism involves
(p'u’). Therefore, we write

(') = — (') (ug) + P, (2.41)

for some tensor P = (p;;).
According to the statistical identity (p@) = (p){(¢) + (p'¢’), the variables in the
upscaled description are obtained by superposing corresponding bulk and turbulence

variables. Then, taking into account (2.40)—(2.41), the evolution law for the total
energy in the upscaled description resulting from Eqs. (2.30)—(2.36) is

0i(p3V® + pe+ pd) + V - (u(p3v® + pw) + v(pg) + Pv + (u'p) /k) = (0’ - Vp') = & — x - Vp,
where the definitions (2.37)—(2.39) are employed, and

v=u+t+x,w=h+(, e=w—p/p, V(—¢) =g, (2.42)

& = (1Y) - V(i + xi). (2.43)

We omit the derivation of this equation because the steps are analogous to those in
Section 3.1 to derive the evolution law for the total energy in the upscaled descrip-
tion resulting from the final model.
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We want the total energy conservation principle to be satisfied in the upscaled
description. Therefore, we take:

(u-Vp)=d+x-Vp. (2.44)

Now we consider the turbulent flux terms (u'p’) /x and P; appearing in Egs. (2.40)
and (2.41). Assuming that the turbulence mechanism (2.33)—(2.35) is dissipative,
we take:

(u'p) k= -A\.VO, (2.45)
P, =—u.Vy, (2.46)
where
O = ('T")/(p). (2.47)
After closure, Egs. (2.33)—(2.34) become:
D (pC) + V - (up¢ — xph — A.VO) = & + x - Vp, (2.48)
d(px) + 0j(ujpx — xjpu — pedix) = px x 262 (2.49)

Substituting Eqs. (2.33)—(2.34) by Eqs. (2.48)—(2.49), we are led to the closed
Upscaled Euler (UE) model:

bulk mechanism

d(ph —p) +V - (u(ph — p) + xph) = —pV - u, (2.50)
d(pu) + 9j(uzpu + x;pu) = pu x 2Q + pg — Vp, (2.51)
Op+ V- (up) =0; (2.52)

turbulence mechanism

3(pC) + V - (up¢ — xph — AVO) = & + x - Vp, (2.53)
A (px) + 9;(uipx — x;jpa — pe0;x) = px x 292, (2.54)
V- (xp) =0; (2.55)

state equation

kp(h+C) = p, (2.56)
where the definitions (2.37)—(2.39), (2.43) and (2.47) are employed.
Remark 2. The internal energy versions of Egs. (2.50) and (2.53) are:
Oi(pe) + V - (upe + xpe) = —pV - u, (2.57)
Oy(pe) + V - (upe — xpe — A.VO) = & + x - Vp. (2.58)
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Here, ¢ = (p'e’)/{p) (where e is the internal energy per unit mass) and { - ) is
omitted from (e). Indeed, after applying ( - ) on the internal energy balance equation

pdie = —pV -u, we split the resulting statistically averaged internal energy equation
into the following two local balance equations:
(pdi(e)) = =(P)V - (u), (2.59)
(pdie’) = —(p'V -u'). (2.60)

Then, by using the mass conservation equation (2.3) and the properties of { - ) we
transform Eqgs. (2.59)—(2.60) into the evolution laws:

ai({p)(e)) + V- ((w)(p)(e) + (pu'){e)) = =(p)V - (u), (2.61)

Op'e’) + V- ((u)(p'e’) + (pu'e’)) = —(p'V - u'). (2.62)

Given that k = R/c, = (¢p — )y = 1 =1/, h = ¢, T and e = ¢, T, one
has p = kph = (v — 1)pe. Consequently (u'p) = (u (7 1)pe), that is (u'p') =
(= D(()) + {pwe)). Then (pule’y = —(e) () + (W) (1~ 1). Substituting

(pu'e’) and (p'V -u') =V - (W'p) — (0 - Vp') in Eq. (2.62), we obtain
O(p'e’) + V- ((u){p'e’) — (p'u'){e) + (u'p)/k) = (u"- V). (2.63)

Under the closure assumptions used for Eq. (2.33), equation (2.63) becomes (2.58).

Remark 3. Using the vector identity 0;(ujpx — x;pu) =V x (px X u), Eq. (2.54)
also reads:

d(px) + V x (px x u) = px X 2Q + 9;(pc05x)- (2.64)

Remark 4. For x = 0 and © = 0 identically, the Upscaled Euler model (2.50)-
(2.56) reduces to the Euler model (2.1)-(2.4).

Remark 5. Landau’s words ([13], §33) on L. Richardson’s description (1922) of

the energy transfer process in frictional flows are:

“The energy passes from large eddies to smaller ones, practically no dissipation oc-
curring in this process. (...) This flow of energy is dissipated in the smallest eddies,
where the kinetic energy is transformed into heat.”

In the Upscaled Euler model (2.50)—(2.56), we interpret that the opposite sign terms
+xph and —xph appearing in Eqs. (2.50) and (2.53) as well as +x;pu and —x;pu
appearing in Egs. (2.51) and (2.54) model the enthalpy and the momentum transfers
between bulk and fluctuation scales; we interpret that the terms (—A.VO), (—u.Vx;)
and ® model mizing and dissipation at fluctuation scales.

2.3. The Extended Upscaled Euler model. We follow the linear thermody-
namic phenomenological approach for irreversible processes ([7, 10]) to extend the
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reversible bulk mechanism (2.50)—(2.52) to describing irreversible processes in finite-
time transformations of bulk elements of fluid. Thus, we model the molecular con-
duction of bulk heat and bulk momentum by introducing the flux term J, = —AVT
in Eq. (2.50) and the flux term J,, = —uVu; in Eq. (2.51); we model the molecular
dissipation of bulk kinetic energy into bulk heat by introducing a source term ® in
Eq. (2.50). In the phenomenological approach, the dissipation term is modelled in
such a way that the total energy is conserved. Here, we take ® in such a way that
the total energy is conserved in the upscaled description.

Extending Eqs. (2.50)—(2.51) to

di(ph —p) + V - (u(ph — p) + xph — AVT) = & — pV - u, (2.65)
O (pu) + 0 (uzpu + x;jpu — poju) = pu x 2Q + pg — Vp, (2.66)

the evolution law for the total energy in the upscaled description resulting from Egs.
(2.65)—(2.66) together with Eqgs. (2.52)—(2.56) is:

O (p3v2 + pe + pd) + V- (u(piv? + pw) + v(pp) + Pv — AVT —A\.VO) = & + & — D,

where the definitions (2.37)—(2.39), (2.42)—(2.43) and (2.47) are employed, and

P = (pji) = —p0ju; — pedixi, (2.67)
O = (uVu; + p1Vxi) - V(ug + xi)- (2.68)

We omit the derivation of this equation because the steps are analogous to those in
Section 3.1 to derive the evolution law for the total energy in the upscaled descrip-
tion resulting from the final model.

Thus, we take

O=P— &= (uVu,) - V(u; + xi), (2.69)

so that the total energy conservation principle is satisfied in the upscaled description.



FRICTIONAL AIR FLOWS 13

Substituting Egs. (2.50)—(2.51) by Egs. (2.65)—(2.66), we are led to the Extended
Upscaled Euler (EUE) model:

extended bulk mechanism

di(ph —p) + V - (u(ph — p) + xph — A\VT) = & — pV - u, (2.70)
d(pu) + 0j(uzpu + x;jpu — poju) = pu x 2Q + pg — Vp, (2.71)
Op+ V- (up) =0; (2.72)

turbulence mechanism

0i(pC) + V- (up¢ — xph = AVO) = & + x - Vp, (2.73)
I (px) + 95(ujpx — xjpu — pedjx) = px % 292, (2.74)
V- (xp) =0; (2.75)

state equation

kp(h+C) =p, (2.76)
where the definitions (2.37)—(2.39), (2.43), (2.47) and (2.69) are employed.

Remark 6. For x = 0 and © = 0, identically, EUE reduces to the compressible
Navier-Stokes model.

3. ENERGY LAWS IN THE UPSCALED DESCRIPTION

Let e = ¢, T be the internal energy per unit mass and ¢ = (p'e’)/(p). We call
“upscaled variables” the following variables of the upscaled description:

p mass per unit volume, (3.1)
D pressure, (3.2)
7 =T+0 temperature, (3.3)
vV =u+x linear momentum per unit mass, (3.4)
w =h+(=c¢7 enthalpy per unit mass, (3.5)
€ =e+ec=c¢,/7 internal energy per unit mass, (3.6)
V(i-¢)=g apparent grav. potential energy per unit mass, (3.7)

where ( - ) is omitted from (p), (p), (T), (u), (h), {e).

Here, by applying (-) on the thermodynamic relation ph = pe + p one obtains
(p)(h) + (p'R') = (p)(e) + (p'¢’) + (p), and the following relation between upscaled
variables is found:

w=e€e+p/p, (3.8)
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where ( - ) is omitted from (p), (p).

In the following sections, we find the evolution laws for the total energy (3vZ+e+¢)
and the entropy in the upscaled description resulting from EUE. Before doing so,
let us write for future use the evolution laws for the upscaled enthalpy w and the
upscaled momentum v: we add Eq. (2.70) to Eq. (2.73) and Eq. (2.71) to Eq.
(2.74), to obtain

O(pw—p)+ V- (u(pw —p) = AVT = AVO) =P+ x-Vp—pV -u, (3.9)

9 (pv) + 0;(ujpv — pdju — pedjx) = pv x 2Q + pg — Vp, (3.10)
or else, by using the mass conservation equation (2.72),
pdi(w —p/p) =P+ x-Vp—pV-u+V.-(AVIT+ A VO), (3.11)
pdyv = pv X 2Q + pg — Vp + 0;(nd;u + p0;x), (3.12)
where
di = 0y + (u-V) is the upscaled material derivative. (3.13)

Here, ( - ) is omitted from (u).

Remark 7. The evolution laws for the upscaled enthalpy and the upscaled momen-
tum can be written in either flux or material derivative form.

Remark 8. The evolution law for the upscaled internal energy € can be obtained in
either flur or material derivative form, by substituting (3.8) in Fq. (3.9) or in Ejq.
(3.11).

Remark 9. Equation (2.72) may be written pd,(1/p) = V -u, for d; as in (3.13).
Then, we have pdi(p/p) = p(dip (1/p) +pdi(1/p)) = dip + pV -u. Thus (3.11) may
be written as:

pdw —dip =P+ x-Vp+ V- (AVT + A VO). (3.14)

3.1. The total energy law in the upscaled description. Because the potential
energy ¢ is time-independent, we have

Oi(p3v? + pe + pg) = (5V°)0up + pdy(5v?) + Oi(pe) + ¢ip. (3.15)

Let us obtain 9;(pe) and 8;(3v?). Substituting (3.8) in the time-derivative term of
Eq. (3.9) and expanding V - (up), one readily obtains:

Oi(pe) = =V - (upw — AVT — A\.VO) + v - Vp + P. (3.16)
Taking the inner product of v with each member of Eq. (3.12), one has:
vepdv=v - (pv X 2Q + pg — Vp + 0;(udju + pdix)), or
pv - (Ov + (u-V)v) = v - (pg — Vp + 9;(udju + pc0;x)), or
pOi(5v?) = —pv - (0 V)v) +v - (pg — Vp + 0;(ndju + 110;x)),
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where
i) —pv-((u-V)v)

(ii) v 9;(udju + pcdix)

—pv;(ui0ivy) = —pui(v;0:v;)

—pu;0;(5v°) = —pu - V(3v?),

vi0; (10jui + pediX:)

0; (n0jui + p1c0;xi)vi) — (n0ui + 11c0;x:)0;vi
—V - (Pv) — @ (see the definitions (2.67)(2.68)),

(ii) v-(pg) = —pv-Vo.
Thus, we obtain:
pd(3v?) = —pu-V(3v?) —pv -V —v-Vp—-V . (Pv) — . (3.17)

Finally, we substitute Eqgs. (3.16)—(3.17) in (3.15) and use Eq. (2.72) and Eq. (2.75)
to obtain the evolution law for the total energy in the upscaled description resulting
from EUE:

O (piv? + pe + pg) + V - (u(p5v? + pw) + v(pp) + Pv — AVT — A\.VO) =0.  (3.18)

Remark 10. The total energy in the upscaled description is governed by a conser-
vation law.

3.2. The entropy law in the upscaled description. In Gas Dynamics, the
flow domain is supposed to be continuously covered at unobserved scales by near-
equilibrium mass elements undergoing finite-time transformations of their state (the
slower transformations the closer to equilibrium mass elements are). This is the
“local equilibrium assumption”, which accounts for intensive thermodynamic vari-
ables and densities of extensive variables to be well defined smooth functions of
space and time in non-equilibrium flows, and thus for the ideal gas state equation
(2.4) as well as for the Gibbs relation T'ds = de + pd(1/p) — >, udcy to apply to
non-equilibrium flows ([7, 11]). We assume that EUE describes transformations of
mass element ensembles, making up larger particles, that are subject to the state
equation (2.76) (which reads kpw = p). That is, we assume that EUE stands for a
local equilibrium mechanism at larger scales. Therefore, we define the entropy rate
of change per unit mass in the upscaled description by:

Tdo = de+pd(1/p), (3.19)

where d represents the upscaled material derivative d; and ( - ) is omitted from (p)
and (p).

Applying d; on Eq. (3.8), the identity die+pdi(1/p) = dw — (1/p)d;p follows. Thus,
the upscaled enthalpy version of Eq. (3.19) is:
Tdo = dw— (1/p)dp. (3.20)

We substitute Eq. (3.8) in Eq. (3.11), apply Eq. (3.19) and use the mass conser-
vation equation pdi(1/p) = V - u, or else we substitute Eq. (3.20) in Eq. (3.14), to
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obtain:
Tpdioc =P+ x-Vp+V-(AVT + A VO). (3.21)

Then, we use the vector identity fV -G =V - (Gf) — G- Vf in Eq. (3.21), with
f=1/T and G = A\VT 4+ A\ VO, to obtain the evolution law for the entropy in the
upscaled description:

d Vp Y AVT + A\ VO
pdtU:?—i—X'?—Fﬁ—FV'(#), (3.22)
where
U= (A\VT+\VO)-VT. (3.23)

For future reference, we indicate by II the entropy source term in the upscaled
description:

= (®/p)/T + (x/p) - (VP/T)+(T/p)/T*. (3.24)
Remark 11. The pressure gradient arises as an affinity ([7, 11]) of the entropy
source term in the upscaled description.

Remark 12. The viscous dissipation functions in the upscaled description are sums
of quadratic forms:

O = (uVu; + pVxa) - V(s + xi) = (V) + (1 + p1e) Vi - Vxi + pe(Vxa)?,
U=AVT+AVO) - V(T+0)=ANVT)?+ A+ A)VT - VO + A\ (VO)>

For0 <A< A and 0 < pu < pe, they satisfy:

U>0 if 9T/9;0 ¢ (=AJA\—1) j=1,2,3 (3.26)

4. FRICTIONAL AIR FLOWS

We consider frictional air flows between two planar parallel plates, and describe
them as stationary flows in the upscaled description that depend only on the direc-
tion z orthogonal to the plate. This includes describing the exact (that is, in all
scales) stationary states of these flows, which occur in laminar regimes, given by the
corresponding Navier-Stokes description.

When © = 0, we have g = gy. In a sufficiently thin domain of fluid and for small
gradients of temperature, one can assume that p is constant and gravitation effects
are negligible. We employ the constant p thermodynamical limit, where p is treated
as a dynamic pressure through the substitution of the state equation by V -u = 0.
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For solutions that vary only in the direction z orthogonal to the boundary, the EUE
model (2.70)—(2.76) reads:

d.(us(h —p/p) + xsh —v d,T) = (vdu;)d,(u; + xi), (4.1)
d:(uzu1 + xsu1 — v dyur) = —0:(p/p), (4.2)
d.(uzug + x3uz — v d,uz) = =0, (p/p), (4.3)
d.(usus + x3uz — v d.uz) = —0.(p/p), (4.4)
d.uz =0, (4~5)
d.(u3¢ — x3h — ve d.O) = (ved.xi)d. (ui + xi) + X10:(p/p) + x30:-(p/p),  (4.6)
d(uzx1 — x3u1 — ve d.x1) = 0, (4.7)
d.(usx2 — X3uz — Ve d.Xx2) = 0, (4.8)
d.(—v. d.x3) =0, (4.9)
d,x3 =0, (4.10)

where d, stands for the derivative of a function that depends only on z, and we
define

v=p/p, V=P Ve=pe/p, Ve = A/p- (4.11)

Notice that we have applied V- u = 0 in Eq. (2.70) to obtain Eq. (4.1), and aban-
doned the state equation (2.76).

From Eq. (4.5), us is constant. Hence, ug = 0 for an impermeable boundary. In this
case, Eq. (4.4) reduces to 0.(p/p) = 0. Consequently 0,0.(p/p) = 0.0.(p/p) = 0
and 0,0,(p/p) = 0,0,(p/p) = 0, that is 0,(p/p) and 9,(p/p) must be constant. From
Eq. (4.10), x3 is constant. With uz = 0 and x3 constant, Eq. (4.3) and Eq. (4.8)
become linear. Thus, for d,(p/p) = 0 and for homogeneous boundary conditions on
up and y2 we obtain us = 0 and yo = 0. Therefore, the system (4.1)—(4.10) reduces
to:

vT" = ey T = —(vuy)(uy + X3), (4.12)
vy — §uy =1, (4.13)
0O + T = —(vexi) (uy + X1) — X1, (4.14)
vexy + &uy =0, (4.15)
where we substituted h = ¢,T" and ¢ = ¢,0, and we define
f=d.f, (4.16)

m = 0z(p/p). (4.18)
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The definition (4.16) is not to be confused with the definition (2.11) employed in
Chapters 2 and 3.

Remark 13. For £ = 0, the solution of Eqs. (4.14)—(4.15) with the homogeneous
boundary conditions x1 =0 and © =0 at 2z = —L and z = +L is zero. This means
that the turbulence mechanism (2.73)—(2.75) does not take place in one-dimensional
frictional flows. Thus, the strictly one-dimensional approximation of EUE is inad-
equate to describe frictional flows. Therefore, in this study our goal will be limited
to finding the EUE qualitative description of planar Couette and planar Poiseuille
flows by providing some scaling for &.

We show in Appendix B that the general solution of the system of ordinary dif-
ferential equations (4.12)—(4.15) is given by polynomials in z and exp(z).

Remark 14. In order to help exploring the role of © in the model (4.12)—(4.15),
we examine the temperature profiles produced when © is neglected. In this case, the
equation (2.73) reduces to:

V- (—xph) =+ x - Vp. (4.19)

According to this equation, the flux term (—xph) balances the source terms ® and
X - Vp when © = 0. Substituting V - (xph) in (2.70), we obtain

Oy(ph) + V- (u(ph — p) = AVT) =® + x - Vp — pV - u, (4.20)

where @ is defined in (2.68). The state equation (2.76) reduces to kph = p when
© = 0. However, we are interested in the constant p thermodynamic limit, therefore
we substitute this equation by V -u = 0. Thus, for stationary one-dimensional
solutions, Eq. (4.20) reads:

vT" = —(vuy + vexy) (uy +X1) — xam. (4.21)

Notice that neither c,,, nor v., appear in this formulation. Taking into account that
uy and x1 are given by (B.10) and (B.12), we obtain:

= (1/(12vew))(méa/2 — £%a®) 2* + (1/(6v)) (&AL /ve — ?7131)

+((va = A1 +veBy)(€a/ve) + ala — §A Jue + By))) 2°

— (1/(2v))((va — €A1 + veBi)(a — €A1 /ve + Br) + mBo) 2° + By 2 + By
(

+ (((€a/v)(Aara — €A /1) + (€a/ (vev)) (v Asry — EA9)) (215 — 1/13)
— (1/r3)((€a/v)(Asry — EAzfve) + (Ea/ (vev)) (vAars — EA2))
+m&As/(verqv) — (va — AL + veBr)(Agry — EAz/ve) [ (vr5)

o (VAQT2 5A2)(a - fAl/Vc + Bl)/(vrz)) e’2*
— (1/(4vr3)) (v Aory — EAs)(Aory — EAs 1) €777, 4.22)
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where K1 and Ey stand for the constants to be determined by the boundary conditions.
For the boundary conditions

T(L) =T, (4.23)
T'(0) = 0, (4.24)
we obtain:
By = (—méal’r) — 26a*L*rSv, — 12L°rSva’v, — 2¢a* L*riy — 24TyversvL
+36a%6%ry L — €2 LPrs + 60L2a*E*r2 — 24Lr2v.Ea® — 24 Lriva*E
— 12L3r§§a2yc +20L°r5¢%a® 12L‘37’21/a2§ — 367’§L2a21/uc — 24r3L*a*v¢
— 24r3L*a*€v, + 8méary LP 4 24 L% Ears + (48a*Evri L + 24a° ¢ L)
+dméars P 4+ 4LPr3¢%a* + 24a*véry + 24a*v.Ery — 12002, L
+ 48a*vérs L — 24m Eary L + 48a”rivy. L — 48a%¢?) et + (6a*vérs L
+ 6a%EvriL — 18a*E%ro L — 6a*rivv L — 24avéry — 24a’v.Ery + 48a%E?) e*2h)
/ (—24r5 Lv.v), (4.25)
By = (2méryL — 3rivav, L — arsév.L?* + 2&%ars L? — 2aryév,. + 4€%a — arivé L
— 2aryvé — arivéL — ariév L + 5&%ary L + (2aryév. — 4€%a + 2aryv€) emh)
/ (2raLv.v/a). (4.26)

4.1. The planar Couette flows. We consider Couette flows between two planar
parallel plates. These flows are driven by relative motion of the plates; no pressure
gradient is imposed. We place the frame of reference at mid-distance between the
plates.

+Ul

_Ul
< — - =

F1GURE 4.1. The planar Couette flows.

Because of symmetry (gravity is neglected), 7' must be an even function of z and
u; must be an odd function of z. We assume that the turbulence field vanishes
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at the plates and at mid-distance between them. Therefore, we take for boundary
conditions:

w (L) =Uy, x1(L)=0, T(L)="1T,, O(L)=0, (4.27)

u1(0) =0, x1(0)=0, 7°(0) = 0, ©O(0)=0. (4.28)
We show in Appendix B that the solution of the system of ordinary differential
equations (4.12)—(4.15) with the boundary conditions (4.27)—(4.28) is given by poly-
nomials in z and exp(z). See Egs. (B.29)-(B.32) and (B.33)-(B.40) for the case
= 0.
Remark 15. The compressible Navier-Stokes equations may be written as:

O (ph —p)+ V- (u(ph —p) = AVT) = @,

d(pu) + 0;(ujpu — pdju) = pu x 2Q + pg — Vp,
where h = ¢, T and ® = (uVu;) - Vu; = u(Vu;)?. For stationary one-dimensional
planar Couette flows, these equations reduce to:

oT" + v =0, (4.29)

u! =0, (4.30)

where f'=d.f, v=p/p, v=\p. For the boundary conditions

w (L) =U;, T(L)="Ty, (4.31)
u(0) = 0, T'(0)= 0, (4.32)

we obtain:
T = WU/(20))(1 - (/1)%) + Th, (4.33)

Notice that (4.33)—(4.34) is also the solution of (4.29)—(4.30) for the boundary con-
ditions

U1(+L> = +U1, T(+L) = T(),

ul(—L) = _U17 T(—L) = To.

Next, we discuss the planar Couette profiles resulting from Eqs. (4.12)—(4.15)
with 71 = 0, the boundary conditions (4.27)—(4.28) and the scaling s|U;| of £ for
some constant s. The constants in these profiles are s, v ~ 1.5- 107> m?/s, v,
cp ~ 103 J/(kg-K),v ~20-10"2 J-m?/(kg-s-K), v., L, Uy and Ty. The values of
s, V. and v, are determined to obtain the best qualitative fit with the experimental
profiles of Reichardt ([17]) shown in Fig. 4.2.
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FIGURE 4.2. Experimental profiles of momentum in planar Couette
flows, by Reichardt [17].

For comparison, Fig. 4.3.(a) shows the planar Couette momentum profiles given by
Navier-Stokes, that is, the profiles of u;/U; resulting from (4.34). We immediatly
see that

u1 /Uy = fi(z/L), (4.35)

so the profiles are independent of any parameter, in particular of the Reynolds
number

Re = [U1](2L) /v. (4.36)

Let us consider now the planar Couette momentum profiles given by EUE, that is,
the profiles of (u; + x1)/U; resulting from Eqgs. (4.13) and (4.15) with n; = 0, the
boundary conditions (4.27)—(4.28) on u; and X1, and the scaling s|U;| of £ for some
constant s. The constants in these profiles are s, v ~ 1.5-107° m?/s, v., L and Uj.
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ul/u1 (ul+chi1) / UL

1 I

0.8 0.8

0.6 0.6

0.4 0.4

02 0.2

(a) Navier-Stokes profiles: independent of Re. (b) EUE profiles: Re=5.0 - 102 or lower values, 3.0 -

103, 7.0 - 103, 1.4 - 10%, 1.8 - 10* (curves from top to
bottom); s = 1-1073; M; = 4.

FI1GURE 4.3. Navier-Stokes and EUE profiles of momentum for planar
Couette flows.

One sees from (B.30), (B.32) and (B.33)—(B.36) that

uy /Uy = fo(z/L, sRe), (4.37)
x1/Ur = (1/My) f3(z/L, sRe), (4.38)
where
M, = v /v, (4.39)
thus
(u1 + x1)/Uy = fa(z/L, sRe,My). (4.40)

When plotting the results of our calculations, it is observed that a Re-profile family
(that is, a family of profiles parameterized by Re) of the analytical extension of
(ur+x1)/U; to z/L € [—1,+41] agrees qualitatively with experimental data provided
the following conditions on s and M; are satisfied, regardless the sign of U;:

s=+4s9>0, Vz/Le (0,+1], (4.41)
s=—50<0, Vz/Le[-1,0), (4.42)
M, > 1. (4.43)

Remark 16. The conditions (4.41)—(4.42) on s imply that a Re-profile family of the
analytical extension of (u1 + x1)/Ur to z/L € [—1,+1] agrees qualitatively with ex-
perimental data only if the following conditions on & = s|Uy| are satisfied (regardless
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the sign of Uy):
£€>0, Vz/Le(0,+1], (4.44)
£<0, Vz/Lel[-1,0). (4.45)

Neither the vorticity nor the shear of u have these properties: both these quantities
are single-signed throughout the layer and switch their signs when the sign of Uy is
switched.

In particular, the analytical extension of (uy + x1)/Uy to z/L € [—1,+1] is an odd
function when the conditions (4.41)—(4.43) are satisfied. Therefore, we discuss its
restriction to z/L € [0,+1]. For this purpose, we write:

(u1 4+ x1)/Us = fa(z/L,Re*, My), (4.46)
where
Re* = spRe, 59 > 0. (4.47)

In plots, Re* controls the boundary layer width of (u; +x1)/U; at z/L =1 (or else,
the profile slope at z/L = 1), while M; controls the shear of (u; +x1)/Uy at z/L =0
(that is, the profile slope at z/L = 0). Indeed, the boundary layer width at z/L = 1
decreases (the profile slope at z/L = 1 steepens) for increasing values of Re*, the
shear at z/L = 0 decreases for increasing values of M;. For sg = 0 or My = 1, the
profiles collapse into the Navier-Stokes straight line profile (the case M; = 1 can be
derived by adding Eqs. (4.13) and (4.15)). The Re-profile family of (uy + x1)/Us
that fits best qualitatively the experimental profiles of Reichardt ([17]) is obtained
for sp ~ 1-107% and M; ~ 4. Fig. 4.3.(b) shows some members of this Re-profile
family of (u; + x1)/Us.

Remark 17. Notice from (4.46)—(4.47) that sq is an amplification factor for the span
of a Re-profile family of (uy + x1)/Uy. Therefore, it fizes the critical value of Re for
the laminar-turbulent threshold occurring in each Re-profile family of (uy + x1)/Us.
Notice from Fig. 4.3.(b) that for so = 1-1073 the Re-profile family of (uy + x1)/U1
starts deviating from the laminar straight line at Re ~ 1-103. According to Reichardt
(117]), the experimental critical value of Re is 1.5 - 10°.

Like (uy + x1)/Us, the analytical extensions of w; /U; and x,/U; to z/L € [—1,+1]
are observed in plots to be odd functions when the conditions (4.41)-(4.43) are
satisfied. Therefore, we discuss their restrictions to z/L € [0, +1]. For this purpose,
we write:

Ul/Ul = fg(z/L,Re*), (448)
x1/Ur = (1/My) f3(z/ L, Re™). (4.49)

Fig. 4.4 shows the profiles of u;/U; and x;/U; that give rise to the profiles in figure
4.3.(b). Notice that x;/U; always reaches its maximum value in the buffer layer
of uy /Uy. Notice also that whenever there is a boundary layer the profile of uy/U;
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(a) Re = 5.0-10%,3.0-103, 7.0-103, 1.4-10%, 1.8- (b) Re = 1.8-10%, 1.4-10%, 7.0-103, 3.0-10%, 5.0-102
10% (curves from top to bottom); sg = 1-1073. (curves from top to bottom); so = 1-1073; M = 4.

FIGURE 4.4. EUE profiles of u;/U; and x1/U; for planar Couette flows.

is flat with zero slope in the core layer, while £ is non-zero: EUE predicts that
transverse molecular conduction is dominated by turbulent transfer in a core layer.
This is why the shear of (u; + x1)/U; at z/L = 0 decreases for increasing values of
M;: one sees from (4.49) that x;/U; tends to zero, identically, thus (u; + x1)/Us
tends to uy /U;. In plots, Re* controls the boundary layer width of u; /Uy at z/L =1
and the point z./L of maximum value of y;/U; as well as the maximum value of
x1/U;: for increasing values of Re*, the boundary layer width of u,/U; at z/L =1
decreases, z./L tends to 1 and the maximum value of x;/U; grows asymptotically
to 1/M;. For sy = 0, the profiles of u;/U; collapse into the Navier-Stokes straight
line profile and y;/U; vanishes identically.

For comparison, Fig. 4.5.(a) shows planar Couette temperature profiles given by
Navier-Stokes, that is, profiles of (T' — Ty)/(T'(0) — Tp) resulting from (4.33). We
immediatly see that

(T = T0)/(T(0) = To) = f5(2/L). (4.50)

Let us consider now planar Couette temperature profiles given by EUE. First,

we discuss the profiles of (T' — Ty)/(T'(0) — Tp) resulting from Eq. (4.21) with

n = 0 and the boundary conditions (4.23)—(4.24). The constants in these profiles

are s~ 11073 v~ 1.5-107° m?/s, v, ~4v, v ~2.0-1072 J - m?/(kg - s - K), L,
Uy and Ty. One sees from (4.22) and (4.25)—(4.26) that

(T —Ty)/(T(0) — To) = fe(z/L,Re*, My). (4.51)

In plots, it is observed that the analytical extension of (T' — T})/(T(0) — Tp) to
z/L € [—1,+1] is an even function (as expected, because of symmetry) when the
conditions (4.41)—(4.43) are satisfied. Therefore, we discuss its restriction to z/L €
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(a) Navier-Stokes profiles: in- (b) Eq. (4.21) profiles: Re = (C) EUE profiles: Re = 1.8 -

dependent of Re. 1.8-10%,1.4-10%,1.0-10%, 5.0 104, 1.4-10%, 1.0-10%, 5.0-102 or
102 or lower values (curves lower values (curves from top to
from top to bottom); sop = 1 - bottom); so = 1-1073; Pr = 0.7;
1073; M; = 4. M =4; My = 4.

FIGURE 4.5. Navier-Stokes and EUE profiles of temperature for pla-
nar Couette flows.

[0, +1]. Both Re* and M; control the boundary layer width of (T'—T})/(T(0) — Tp)
at z/L = 1: the width decreases for increasing values of Re* or M;. In addition,
when there is a boundary layer, Re* controls the profile slope of (T'—T})/(T'(0) —Tp)
in the core layer: the slope steepens for increasing values of Re*. Fig. 4.5.(b) shows
some members of the Re-profile family of (T —Ty)/(T(0) — Tp) for sp = 1-107% and
M1 - 4
Remark 18. One sees from (4.22) and (4.25)—(4.26) that for Re >> 1,

T(0) — Ty ~ (*/(8vL*))(1/M;) Re?. (4.52)
Notice that this expression is independent of sq.
Second, we discuss the profiles of (T'+0© —T})/(T'(0) —T}) resulting from Eqgs. (4.12)
and (4.14) with n; = 0, the boundary conditions (4.27)—(4.28) on T and ©, and the
scaling so|U| of € for sg = 1-1073. The constants in these profiles are sy ~ 1-1073,
v~ 15109 m?/s, ve ~4v, ¢y ~ 103 J/(kg- K), v ~2.0-1072 J-m?/(kg - s- K),
Ve, L, Uy and Ty. One sees from (B.29), (B.31) and (B.37)—(B.40) that

(T = To)/(T(0) = Tp) = fr(z/L,Re", Pr, M,), (4.53)

O/(T(0) — To) = (1/My) fu(=/L, Re*, Pr, My), (454)
where

Pr = c,pu/\ = ¢pv/v  is the Prandtl number, (4.55)

M, = v, /v, (4.56)
thus

(T +0 — Ty) /(T(0) — Ty) = fo(z/L, Re*, Pr, My, Ms,). (4.57)
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In plots, it is observed that the analytical extension of (T'+ © — Ty)/(T(0) — Tp)
to z/L € [—1,+1] is an even function (as expected, because of symmetry) when
the conditions (4.41)-(4.43) are satisfied. Therefore, we discuss its restriction to
z/L € [0,41]. The value of My was not determined from qualitative fitting with
experimental profiles, because we were unable to find appropriate data. Instead,
we assumed Pr. ~ Pr for Pr, = ¢,v./v, and took My = M;(Pr/Pr.) ~ M;. While
M; has little effect on these profiles, Re* and Pr control the boundary layer width
at z/L = 1, My controls the slope in the core layer. Indeed, the boundary layer
width at z/L = 1 decreases for increasing values of Re* or Pr, the slope in the core
layer decreases for increasing values of M. Fig. 4.5.(c) shows some members of the
Re-profile family of (T'+ © — Ty)/(T(0) — Tp) for sp = 1-1073, M; = 4, Pr = 0.7
(air) and My = 4.
Remark 19. One sees from (B.29), (B.31) and (B.37)—(B.40) that for Re >> 1,
T(0) — To ~ (v*/(8vL?))((My — 1)/M1)(1/(2 — Pr)) Re* if Pr<1, (4.58)
T(0) — To ~ (V*/(8vL2))(1/M;)(1/Pr)(1/(Pr — 1))(4/50) Re exp(soRe(Pr — 1)/2) if Pr>1. (4.59)

Thus, the one-dimensional EUE description of planar Couette flows predicts differ-
ent core flow temperature relationships with Re depending on whether Pr < 1 or
Pr > 1. Notice that Eq. (4.52), which is independent of Pr, agrees with Eq. (4.58).

(T-T0) / (T(0)-TO)

2L Teta/(T(0)-T0)

(a) Re = 1.8-10%, 1.4-10%, 1.0-10%, 5.0- 102 (curves (b) Re =5.0-10%, 1.0-10%, 1.4-10%, 1.8-10* (curves
from top to bottom); sg = 1-1073; Pr = 0.7; My = 4. from top to bottom); so = 1-1073; Pr = 0.7;
M1 =4; Ma = 4.

FIGURE 4.6. EUE profiles of (T'— 1) /(T(0) —Ty) and ©/(T(0) — Tp)
for planar Couette flows.

Like (T'+© —1Ty)/(T(0) —Tp), the analytical extensions of (T'—T})/(T(0) —T,) and
©/(T(0) — Tp) to z/L € [—1,+1] are observed in plots to be even functions when
the conditions (4.41)—(4.43) are satisfied. Therefore, we discuss their restrictions to
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z/L € [0,+1]. Fig. 4.6 shows the profiles of (T'—T})/(7'(0) —T,) and ©/(T(0) — Tp)
that give rise to the profiles of Fig. 4.5.(c). Notice that ©/(7(0) —T}) always reaches
its maximum absolute value in the buffer layer of (T'— Ty)/(T(0) — Tp). Notice also
that whenever there is a boundary layer the profile of (T' — T})/(T'(0) — Tp) is flat
with zero slope in the core layer, while £ is non-zero: EUE predicts that transverse
molecular conduction is dominated by turbulent transfer in a core layer. This is why
the profile slope of (T'+© —T)/(T'(0) — Tp) in the core layer decreases for increasing
values of My: one sees from (4.54) that ©/(7(0) —T}) tends to zero, identically, thus
(T+6—-T,)/(T(0)—1Tp) tends to (T'—Ty)/(T'(0) —Tp). While M; has little effect on
these profiles, Re* and Pr control the boundary layer width of (T'—1})/(T°(0) — Tp)
at z/L = 1 and the point z./L of maximum absolute value of ©/(T'(0) —T}) as well
as the maximum absolute value of ©/(7(0) — Tp). Indeed, for increasing values of
Re* or Pr, the boundary layer width of (7" — Tp)/(T(0) — Ty) at z/L = 1 decreases,
z./L tends to 1 and the maximum absolute value of ©/(T(0) — Tp) grows asymp-
totically to 1/Ms.
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(a) Re = 1.8-10% s = 1-1073; My = 4. (b) Re =1.8:10%; 59 = 1-1073; Pr = 0.7; My = 4;
M, = 4.
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Ficure 4.7. EUE profiles of u|/x} and 7"/©" for planar Couette flows.

Fig. 4.7 shows EUE profiles of u}/x} and T7"/©’ linked to the profiles in 4.4 and 4.6.
Notice that the conditions (3.25)—(3.26) are satisfied, therefore the entropy source
term (3.24) in the upscaled description is non-negative. The same is true for any
other value of Re.

Fig. 4.8 shows EUE profiles of the viscous dissipation functions in the upscaled
description and profiles of the entropy source term in the upscaled description, for
planar Couette flows. These quantities are defined in (2.68), (3.23) and (3.24).
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(a) Re = 5.0-102,3.0-103, 7.0 - (b) Re = 5.0-10%,3.0-103, 7.0 (¢) Re =5.0-102,3.0-103, 7.0

103, 1.4 - 104, 1.8 - 10* (curves 103, 1.4 - 10%, 1.8 - 10* (curves 103, 1.4 - 10%, 1.8 - 10% (curves

from top to bottom); sg = 1 - from top to bottom); sp = 1 - from top to bottom); sg = 1 -

1073; M; = 4. 1073; Pr = 0.7; My = 4; My = 1073; Pr = 0.7; My = 4; Mg =
4. 4.

FiGUuRrE 4.8. EUE profiles of the viscous dissipation functions in the
upscaled description and profiles of the entropy source term in the
upscaled description, for planar Couette flows.

Here, we have ®/p = (vu] + vexy)(w) + x4), V/p = (vI" + v.0")(T" + ©') and
= (®/p)/(T+0O)+ (¥/p)/(T + O)?. Notice that the three quantities are non-
negative (as their values at z/L = 1 can be shown to be non-negative) and that
non-equilibrium occurs mainly in the boundary layer (whenever the boundary layer
exists).

4.2. The planar Poiseuille flows. We consider Poiseuille flows between two pla-
nar parallel plates. These flows are driven by a constant pressure gradient imposed
parallel to the plates. We place the frame of reference at mid-distance between the

plates.

d,P<0 — 2L

FIGURE 4.9. The planar Poiseuille flows.
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Because of symmetry (gravity is neglected), 7" and u; must be even functions of
z. We assume that the turbulence field vanishes at the plates and at mid-distance
between them. Therefore, we take for boundary conditions:

u (L) =0, xi(L)=0, T(L) =Ty, O(L) =0, (4.60)
uy(0) =0, x1(0)=0, T'(0)= 0, ©(0)=0. (4.61)
We show in Appendix B that the solution of the system of ordinary differential

equations (4.12)—(4.15) with the boundary conditions (4.60)—(4.61) is given by poly-
nomials in z and exp(z). See Egs. (B.9)-(B.12) and (B.21)-(B.28).

Remark 20. The compressible Navier-Stokes equations may be written as:
O(ph —p) +V - (u(ph —p) = AVT) = @,
d(pu) + 9j(ujpu — pdju) = pu x 2Q + pg — Vp,

where h = ¢, T and ® = (uVu;) - Vu; = u(Vu;)?. For stationary one-dimensional
planar Poiseuille flows, these equations reduce to:

T + vu)® =0, (4.62)
vuy = m, (4.63)

where [ =d,f, v=u/p, v=Np and my = 0.(p/p). For the boundary conditions

wy (L) =0, T(L) =Ty, (4.64)
uy(0) = 0, 7°(0) =0, (4.65)
we obtain:
T = (m*L*/(12v0))(1 — (2/L)*) + Ty, (4.66)
ur = (mL?/(2v))((2/L)* - 1). (4.67)

Notice that (4.66)—(4.67) is also the solution of (4.62)—(4.63) for the boundary con-
ditions
u(+L) =0, T(+L) =Ty,

Next, we discuss the planar Poiseuille profiles resulting from Eqs. (4.12)—(4.15)
with the boundary conditions (4.60)—(4.61) and the scaling s(|n;|L?/(2v)) of £ for
some constant s. The constants in these profiles are s, v ~ 1.5 107° m?/s, v,
cp~ 103 J/(kg-K),v~20-10"2J-m?/(kg-s-K), v., L, 7, and Ty. The values of
s, v, and v, are determined to obtain the best qualitative fit with the experimental
profiles of Nikuradse [16] (taken from pipes, thus inadequate) shown in Fig. 4.10.
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FiGURE 4.10. Experimental profiles of momentum in cylindrical
Poiseuille flows, by Nikuradse [16] (permission to reproduce re-
quested). Here, @ is the cross-sectional mean value of u; in a pipe.

For comparison, Fig. 4.11.(a) shows the planar Poiseuille momentum profiles given
by Navier-Stokes, that is, the profiles of u;/u;(0) resulting from (4.67). We imme-
diatly see that

u1/u1(0) = g1(z/L), (4.68)
so the profiles are independent of any parameter.
Let us consider now the planar Poiseuille momentum profiles given by EUE, that
is, the profiles of (u; + x1)/u1(0) resulting from Eqs. (4.13) and (4.15) with the
boundary conditions (4.60)—(4.61) on u; and x1, and the scaling s(|n;|L?/(2v)) of &

for some constant s. The constants in these profiles are s, v ~ 1.5 - 107° m?/s, v,
L and n;. One sees from (B.10), (B.12) and (B.21)—(B.24) that

u1/u1(0) = g2(2/L, sR), (4.69)
x1/u1(0) = (1/My)gs(z/L, sR), (4.70)
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ul/u1(0) (u+chi1) / u1(0)

1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

(a) Navier-Stokes profiles: independent of R. (b) EUE profiles: R [Re] = 6 -10% [1.3-107],5 -
105 [5.7 - 109],4 - 10° [2.5 - 106], 3 - 10 [1.1 - 10%], 2 -
10° [4.4 - 105], 2.2 - 103 [2.2 - 10%] or any lower value
(curves from top to bottom); so = 2-107%; My = 4.

FIGURE 4.11. Navier-Stokes and EUE profiles of momentum for pla-
nar Poiseuille flows.

where
R = |m|L?/1?, (4.71)

thus

(u1 + x1)/u1(0) = g4(z/L, sR, My). (4.72)
When plotting the results of our calculations, it is observed that a R-profile family
(that is, a family of profiles parameterized by R) of the analytical extension of (u; +
X1)/u1(0) to z/L € [—1,+1] agrees qualitatively with experimental data provided
the following conditions on s and M; are satisfied, regardless the sign of 7;:

s=+s9>0, Vz/Le(0,+1], (4.73)
s=—59<0, Vz/Lel-1,0), (4.74)
M > 1. (4.75)

Remark 21. The conditions (4.73)—~(4.74) on s imply that a R-profile family of the
analytical extension of (uy + x1)/u1(0) to z/L € [—1,+1] agrees qualitatively with
experimental data only if the following conditions on & = s(|n1|L?*/(2v)) are satisfied
(regardless the sign of n1):

£€>0, Vz/Le(0,+1], (4.76)

£<0, Vz/Le[-1,0). (4.77)
Neither the vorticity nor the shear of u have these properties: both these quantities
switch their signs when the sign of ny is switched.
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In particular, the analytical extension of (u; + x1)/u1(0) to z/L € [—1,+1] is an
even function when the conditions (4.73)—(4.75) are satisfied. Therefore, we discuss
its restriction to z/L € [0,+1]. For this purpose, we write:

(w1 + x1)/u1(0) = ga(2/L,R*, My), (4.78)
where
R* = SQR, S > 0. (479)

In plots, R* controls the boundary layer width of (u3+x1)/u1(0) at z/L =1 (or else,
the profile slope at z/L = 1), while M; controls the profile slope of (u; 4+ x1)/u1(0)
in the core layer. Indeed, the boundary layer width at z/L = 1 decreases (the profile
slope at z/L = 1 steepens) for increasing values of R*, the slope in the core layer
decreases for increasing values of M;. For sy5 = 0 or M; = 1, the profiles collapse into
the Navier-Stokes parabolic profile (the case M; = 1 can be derived by adding Eqs.
(4.13) and (4.15)). The R-profile family of (w1 +x1)/u1(0) that fits best qualitatively
the experimental profiles of Nikuradse ([16]) is obtained for sq ~ 21075 and M; ~ 4.
Fig. 4.11.(b) shows some members of this R-profile family of (u; + x1)/u1(0).

Remark 22. Notice from (4.78)—(4.79) that so is an amplification factor for the span
of a R-profile family of (u1 + x1)/u1(0). Therefore, it fixes the critical value of R for
the laminar-turbulent threshold occurring in each R-profile family of (uy+x1)/u1(0).
Notice from Fig. 4.11.(b) that for sy = 2-107° the R-profile family of (uy + x1)/Us
starts deviating from the laminar parabola at R ~ 2.2 - 103, which corresponds to
Re = |ui(0)|(2L)/v ~ 2.2 - 103. According to Nikuradse ([16]), the experimental
lower limit for the critical value of Re = |u1|(2L)/v, where uy is the cross-sectional
mean value of uy in a pipe, is 2.3 - 103.
Remark 23. One sees from (B.10), (B.12) and (B.21)-(B.24) that for R >> 1,
u1(0) ~ (v/L)(4/s2)(1/R) exp(soR/2). (4.80)
This core flow velocity relationship with pressure gradient (see the definition (4.71)
of R) is rather different from the experimental relationship for pipe flows, which
states that uy (the cross-sectional mean value of uy in a pipe) is proportional to
Im |2 in turbulent regimes ([19]).
Like (u1 + x1)/u1(0), the analytical extensions of u;/u1(0) and x1/u1(0) to z/L €
[—1,+1] are observed in plots to be even functions when the conditions (4.73)—

(4.75) are satisfied. Therefore, we discuss their restrictions to z/L € [0,+1]. For
this purpose, we write:

ul/ul(O) = gg(Z/L,R*>, (481)
x1/u1(0) = (1/My)gs(z/L, R"). (4.82)

Fig. 4.12 shows the profiles of u; /u;(0) and x3/u;(0) that give rise to the profiles in
figure 4.11.(b). Notice that x;/u1(0) always reaches its maximum absolute value in
the buffer layer of u; /u;(0). Notice also that whenever there is a boundary layer the
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(a) R [Re] = 6-10°% [1.3-107], 5-10° [5.7-106], 4. (b) R [Re] = 2.2-103 [2.2-105] (vanished curve), 2-
10% [2.5-109], 3-10° [1.1-109], 2-10° [4.4-10%], 2.2- 105 [4.4-10°],3-10° [1.1-10%],4-10% [2.5-10%], 5 -
103 [2.2 - 10%] (curves from top to bottom); so = 105 [5.7 - 10%], 6 - 105 [1.3 - 107] (curves from top to
2.1075. bottom); sop = 2-107°; My = 4.

Ficure 4.12. EUE profiles of wu;/uy(0) and xi/ui(0) for planar
Poiseuille flows.

profile of u; /uy(0) is flat with zero slope in the core layer, while £ is non-zero: EUE
predicts that transverse molecular conduction is dominated by turbulent transfer
in a core layer. This is why the profile slope of (u; + x1)/u1(0) in the core layer
decreases for increasing values of M;: one sees from (4.82) that x;/u1(0) tends to
zero, identically, thus (u; + x1)/u1(0) tends to uy/u1(0). In plots, R* controls the
boundary layer width of u;/uy(0) at z/L = 1 and the point z./L of maximum ab-
solute value of x;/u1(0) as well as the maximum absolute value of x;/uy(0): for
increasing values of R*, the boundary layer width of u;/u;(0) at z/L = 1 decreases,
2./ L tends to 1 and the maximum value of x;/u;(0) grows asymptotically to 1/M;.
For sy = 0, the profiles of u; /u;(0) collapse into the Navier-Stokes parabolic profile
and x1/u1(0) vanishes identically.

For comparison, Fig. 4.13.(a) shows planar Poiseuille temperature profiles given by
Navier-Stokes, that is, profiles of (1" — Ty)/(T(0) — Tp) resulting from (4.66). We
immediatly see that

(T' = To) /(T(0) — Tp) = g5(2/L). (4.83)

Let us consider now planar Poiseuille temperature profiles given by EUE. First,
we discuss the profiles of (" — Tp)/(T(0) — Tp) resulting from Eq. (4.21) with the
boundary conditions (4.23)-(4.24). The constants in these profiles are so ~ 2-107°,
v~ 1510 m?/s, vo ~4v, v ~2.0-1072 J-m?/(kg-s- K), L, n; and Ty. One
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(a) Navier-Stokes profiles: in- (b) Eq. (4.21) profiles: R (¢) EUE profiles: R [Re] = 6 -

dependent of R. [Re] = 6-10° [1.3-107),5 - 105 [1.3-107], 5-10° [5.7-10%], 4-
105 [5.7 - 105],4 - 105 [2.5 - 105 [2.5-106], 3-105 [1.1-10°], 2-
108], 3-10° [1.1-10%], 2-105 [4.4- 105 [4.4 - 10%], 2.2 - 103 [2.2 - 109]
105], 2.2 - 103 [2.2 - 10%] or any or any lower value (curves from
lower value (curves from top to top to bottom); sp = 2 - 105,
bottom); sp = 2-1075; M = 4. Pr=0.7; M1 = 4; Ms = 4.

FI1GURE 4.13. Navier-Stokes and EUE profiles of temperature for pla-
nar Poiseuille flows.

sees from (4.22) and (4.25)—(4.26) that
(T = To)/(T(0) = Tp) = ge(z/L,R", My). (4.84)

In plots, it is observed that the analytical extension of (7" — Tp)/(T'(0) — Tp) to
z/L € [—1,+1] is an even function (as expected, because of symmetry) when the
conditions (4.73)—(4.75) are satisfied. Therefore, we discuss its restriction to z/L €
[0, +1]. Both R* and M; control the boundary layer width of (7'—1})/(7°(0) —Tp) at
z/L = 1: the width decreases for increasing values of R* or M;. In addition, when
there is a boundary layer, R* controls the profile slope of (T"— Tp)/(T'(0) — Tp) in
the core layer: the slope steepens for increasing values of R*. Fig. 4.13.(b) shows
some members of the R-profile family of (T'— Ty)/(T(0) — Tp) for so = 2-107° and
Ml == 4

Remark 24. One sees from (4.22) and (4.25)—(4.26) that for R >> 1,
T(0) = To ~ (V*/(vL?))(1/M1)(8/s) (1/R*) exp(soR). (4.85)

Second, we discuss the profiles of (T'+0 —1T})/(T(0) —T}) resulting from Eqgs. (4.12)
and (4.14) with the boundary conditions (4.60)—(4.61) on 7" and ©, and the scaling
so(|m|L?/(2v)) of € for s = 2-1075. The constants in these profiles are so ~ 2-107°,
v~ 151009 m?/s, ve ~4v, ¢, ~ 10° J/(kg- K), v ~2.0-1072 J-m?/(kg - s- K),
Ve, L, 1 and Tp. One sees from (B.9), (B.11) and (B.25)-(B.28) that

(T = T15)/(T(0) = To) = gz(=/L,R", Pr, M), (4.86)
©/(T(0) — Tp) = (1/Ma2)gs(z/L, R*, Pr, M), (4.87)



FRICTIONAL AIR FLOWS 35

thus
(T+0© —Ty)/(T(0) —Ty) = go(z/L,R*, Pr, My, My). (4.88)

In plots, it is observed that the analytical extension of (T"+ © — T})/(T(0) — Tp)
to z/L € [—1,+1] is an even function (as expected, because of symmetry) when
the conditions (4.73)—(4.75) are satisfied. Therefore, we discuss its restriction to
z/L € [0,+1]. The value of My was not determined from qualitative fitting with
experimental profiles, because we were unable to find appropriate data. Instead,
we assumed Pr. ~ Pr for Pr. = ¢,v. /v, and took My = M;(Pr/Pr.) ~ M;. While
M; has little effect on these profiles, R* and Pr control the boundary layer width
at z/L = 1, My controls the slope in the core layer. Indeed, the boundary layer
width at z/L = 1 decreases for increasing values of R* or Pr, the slope in the core
layer decreases for increasing values of M. Fig. 4.13.(c) shows some members of
the R-profile family of (T'+© — Ty)/(T(0) — Tp) for so =2-107°, M; = 4, Pr = 0.7
(air) and My = 4.

Remark 25. One sees from (B.9), (B.11) and (B.25)—(B.28) that for R >> 1,

T(0) — To ~ (v /(0L?))((My — 1)/M1)(1/(2 — Pr))(8/s5) (1/R*) exp(soR) if Pr< 1, (4.89)
T(0) — To ~ (*/(vL?))(1/M1)(1/Pr®)(1/(Pr — 1))(32/s3) (1/R*) exp(soR(Pr+1)/2) if Pr >(Z 0)

Thus, the one-dimensional EUE description of planar Poiseuille flows predicts dif-
ferent core flow temperature relationships with R depending on whether Pr < 1 or
Pr > 1. Notice that FEq. (4.85), which is independent of Pr, agrees with Eq. (4.89).

(T-T0) / (T(0)-T0)

(a) R [Re] = 6-10° [1.3-107], 5-105 [5.7-106], 4 - (b) R [Re] = 2.2-10% [2.2-10%] (vanished curve), 2-
105 [2.5-10%], 3-105 [1.1-106], 2-10° [4.4-105], 2.2- 105 [4.4-105], 3-10° [1.1-106],4-10% [2.5-10%], 5-
103 [2.2 - 103] (curves from top to bottom); so = 105 [5.7-109], 6 - 10% [1.3 - 107] (curves from top to
2-107% Pr=0.7; M; = 4. bottom); s = 2-107%; Pr = 0.7; My = 4; My = 4.

FIGURE 4.14. EUE profiles of (T'—T5)/(T(0)—1}) and ©/(T(0)—Tp)
for planar Poiseuille flows.
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Like (T'+0© —1Ty)/(T(0) —Tp), the analytical extensions of (T'—Tp)/(T(0) —Tp) and
©/(T(0) — Tpy) to z/L € [—1,41] are observed in plots to be even functions when
the conditions (4.73)-(4.75) are satisfied. Therefore, we discuss their restrictions to
z/L € [0,+1]. Fig. 4.14 shows the profiles of (1T'—T})/(T(0) —T},) and ©/(T(0) —Tp)
that give rise to the profiles of Fig. 4.13.(c). Notice that ©/(7(0)—T}) always reaches
its maximum absolute value in the buffer layer of (T'—Ty)/(7°(0) — Tp). Notice also
that whenever there is a boundary layer the profile of (7" — Tp)/(T(0) — Tp) is flat
with zero slope in the core layer, while £ is non-zero: EUE predicts that transverse
molecular conduction is dominated by turbulent transfer in a core layer. This is why
the profile slope of (T'+ 0 —1T5)/(T(0) —Tp) in the core layer decreases for increasing
values of My: one sees from (4.87) that ©/(7(0) —T}) tends to zero, identically, thus
(T+6©—T,)/(T(0)—1Tp) tends to (T'—Tp)/(T'(0) —Tp). While M; has little effect on
these profiles, R* and Pr control the boundary layer width of (T'—T})/(T'(0) —Tp) at
z/L =1 and the point z./L of maximum absolute value of ©/(T(0) — T}) as well as
the maximum absolute value of ©/(T'(0) — Tp). Indeed, for increasing values of R*
or Pr, the boundary layer width of (T —Tp)/(T(0) — Ty) at z/L = 1 decreases, z./L
tends to 1 and the maximum absolute value of ©/(7T'(0) — T}) grows asymptotically
to 1/M2
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(a) R [Re] = 6-10° [1.3-107]; sp = 2-1075; (b) R [Re] = 6-10° [1.3-107]; so = 2-1075;
M; = 4. Pr=0.7; My = 4; Mg = 4.
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F1cure 4.15. EUE profiles of u}/x} and T"/©’ for planar Poiseuille flows.

Fig. 4.15 shows EUE profiles of u}/x} and 7”/©’ linked to the profiles in 4.12 and
4.14. Notice that the conditions (3.25)—(3.26) are satisfied, therefore the entropy
source term (3.24) in the upscaled description is non-negative. The same is true for
any other value of R.
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(a) R [Re] = 2.2-10% [2.2:10%], 2- (b) R [Re] = 2.2-10% [2.2- (¢) R [Re] = 2.2 103 [2.2-

10° [4.4-10%], 3-10°% [1.1-109], 4- 103], 2-10° [4.4-105], 3-10° [1.1- 103], 2-10° [4.4-10%], 3-10° [1.1-

105 [2.5-106], 5-10° [5.7-109], 6- 108], 4-105 [2.5-10%], 5-10% [5.7- 108], 4-10% [2.5-10], 5-105 [5.7-

10° [1.3-107] (curves from top to 108],6 - 10° [1.3 - 107] (curves 108], 6 - 10° [1.3 - 107] (curves

bottom); so = 2-107°%; M; = 4. from top to bottom); sg = 2 - from top to bottom); sg = 2 -
1075, Pr = 0.7; My = 4; My = 1075, Pr = 0.7; My = 4; My =
4. 4.

FiGure 4.16. EUE profiles of the viscous dissipation functions in
the upscaled description and profiles of the entropy source term in the
upscaled description, for planar Poiseuille flows.

Fig. 4.16 shows EUE profiles of the viscous dissipation functions in the upscaled
description and profiles of the entropy source term in the upscaled description, for
planar Poiseuille flows. These quantities are defined in (2.68), (3.23) and (3.24).
Here, we have ®/p = (vu] + vex))(uw) + x4), V/p = (vI" 4+ v.0")(T" + ©') and
II = (®/p)/(T + O)+ (xam)/(T + ©) + (¥/p)/(T + ©)?. Notice that the three
quantities are non-negative (as their values at z/L = 1 can be shown to be non-
negative) and that non-equilibrium occurs mainly in the boundary layer (whenever
the boundary layer exists).

5. CONCLUSION

We propose a model for underresolved predictions of the large scale evolution of
flows, the Extended Upscaled Euler model (EUE). The model stands for a statistical
upscaling of the Euler equations onto a local equilibrium mechanism that satisfies
the total energy conservation principle and is phenomenologically extended to de-
scribe irreversible processes in finite-time transformations of bulk elements of fluid.
The closure assumptions apply to both the enthalpy and the internal energy rep-
resentations of heat balance. The pressure gradient arises as an affinity ([7, 11]) of
the entropy source term in the upscaled description. The turbulence mechanism has
a curl formulation. The model can be readily extended to comprise a compressible
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turbulent mixing mechanism for passive species, namely:

O(pci) + V- (upe; + xpe; — kVe;) =0, (5.1)
0 (p=) + V - (up= — xpc; — k.VZ) =0,

where

= = (4 /{p). (5.3)

We tested the one-dimensional EUE qualitative description of planar Couette,
planar Poiseuille and Ekman flows. This was done by scaling the variable x3, a
procedure that does not fully validate the model for these flows. The main results
are the following. The viscous dissipation functions and the entropy source term
have non-negative values in the upscaled description of planar Couette and planar
Poiseuille flows. The viscous dissipation function ® has non-negative values in the
upscaled description of Ekman flows (the enthalpy equation was not solved for these
flows, therefore the viscous dissipation function ¥ and the entropy source term were
not discussed). Qualitative agreement with experimental profiles is found for a wide
range of the Reynolds number, including the transition ranges to turbulence. This
agreement occurs for strongly underresolved solutions (stationary one-dimensional
solutions) despite using constant values of p. and A. (this constancy reflects scale-
independence) and, remarkably, the same values for the three case studies. For un-
dercritical values of the Reynolds number, EUE profiles overlap with Navier-Stokes
profiles. In the supercritical solutions of EUE, molecular conduction is dominated
by turbulent transfer in the core layers, the variables of turbulence reach their max-
imum values in the buffer layers and non-equilibrium occurs mainly in the boundary
layers. The supercritical solutions of EUE for planar Poiseuille flows exhibit a much
higher frictional heating than the corresponding Navier-Stokes solutions, especially
for values of the Prandtl number larger than one. The same is true for planar Cou-
ette flows provided the Prandtl number is larger than one. When © is replaced
by zero, these effects of the Prandtl number are lost. The core flow velocity rela-
tionship with pressure gradient obtained in the supercritical solutions of EUE for
planar Poiseuille flows is rather different from the experimental relationship for tur-
bulent pipe flows. Therefore, we expect the same to be true about the core flow
temperature relationship with pressure gradient.

APPENDIX A. THE EKMAN FLOWS

We consider frictional flows driven by a geostrophic core flow and a planar differ-
entially rotating plate ([1]), and describe them as stationary flows in the upscaled
description that depend only on the direction z orthogonal to the plate. This in-
cludes describing the exact (that is, in all scales) stationary states of these flows,
that occur in laminar regimes, given by the corresponding Navier-Stokes description.
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We employ the constant p thermodynamic limit, where p is treated as a dynamic
pressure through the substitution of the state equation by V -u = 0, and disregard
the balances of enthalpy. Therefore, the EUE model (2.70)(2.76) becomes:

dj(uju+ x;u—vou) =ux2Q—V(p/p+ ), (A.1)
V-u=0, (A.2)
0j(ujx — xju — v.0;x) = x % 2, (A.3)
V-x=0, (A.4)
where
V(i-¢)=g, v=u/p, ve=p/p. (A5)

We take Q2 = |€2] sufficiently small for centrifugal effects to be negligible, therefore
g = go. We assume that gy is constant and orthogonal to the plate (as it is in a
tank experiment). Under these conditions and for solutions that depend only on the
direction z orthogonal to the boundary, Eqs. (A.1)-(A.4) read:

d,(usuy + xsu1 — v dyuq) = +2Qus — 0.(p/p), (A.6)
d,(ugug + xsus — v dyug) = —2Quy — 9y (p/p), (A.7)
d,(usug + xsus — v dyuz) = —go — 0.(p/p), (A.8)
d,uz =0, (A.9)
d.(usx1 — X3u1 — Ve dox1) = +28x2, (A.10)
d.(usx2 — X3u2 — Ve d.X2) = =201, (A.11)
d.(— ved.x3) =0, (A.12)
d,x3 =0, (A.13)

where d, stands for the derivative of a function that depends only on z.

From (A.9), ug is constant. Hence, uz3 = 0 for an impermeable boundary. In this
case, Eq. (A.8) reduces to 0.(p/p) = —go. Consequently 0,0,(p/p) = 0.0.(p/p) =0
and 0,0,(p/p) = 0,0,(p/p) = 0, that is 0,(p/p) and 9,(p/p) must be constant. From
Eq. (A.13), x3 is constant. With ug = 0 and y3 constant, Eq. (A.7) and Eq. (A.11)
become linear. Thus, for d,(p/p) = 0 and for homogeneous boundary conditions on
ug and y2 we obtain us = 0 and yo = 0. Therefore, the system (A.6)—(A.13) reduces
to:

vuy — &u 4 2Quy = ny, ( )
vuy — Euy — 2Quy = 19, ( )
veX] + &up + 2Qx2 = 0, (A.16)
VeXy +&uy — 2Qx1 =0, (A.17)
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where
f=d.f, (A.18)
£ = X3, (A.19)
m = 0:(p/p), (A.20)
n2 = 0y(p/p). (A.21)

Remark 26. For £ = 0, the solution of Fqs. (A.16)—(A.17) with the homogeneous
boundary conditions x1 = 0 and xo2 = 0 at z = 0 and z = L s zero. This means
that the turbulence mechanism (2.73)—(2.75) does not take place in one-dimensional
frictional flows. Thus, the strictly one-dimensional approximation of EUE is inad-
equate to describe frictional flows. Therefore, in this study our goal will be limited
to finding the EUE qualitative description of Ekman flows by providing some scaling

of €.
We assume that the turbulence field vanishes at the plate and at some fixed height

z = L where the flow is geostrophic ([1]). Therefore, we take for boundary condi-
tions:

U1(0> =0 s X1<0) = 0, UQ(O) =0 s XQ(O) = 0, (A22)
Ul(L) = Ul, Xl(L) = O, 'LLQ(L) = UQ, X?(L) = 0, (A23)

where
Uz = +m/(29). (A.25)

We show in Appendix C that the solution of the linear system of ordinary differential
equations (A.14)—(A.17) with the boundary conditions (A.22)—(A.23) is given by
polynomials in cos(z) and exp(z). See Egs. (C.9)—(C.12) and (C.29)—(C.36).

Remark 27. The compressible Navier-Stokes equations may be written as:
O(ph —p) + V- (u(ph —p) = AVT) = @,
d(pu) + 0;(ujpu — pdju) = pu x 2Q + pg — Vp,

where h = ¢, T and ® = (uVu;) - Vu; = p(Vu,)?. For Ekman flows, these equations
reduce to:

vuy + 2Qug = 11, (A.26)
vuy — 2Quy = 1o, (A.27

~—
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where f" = d.f, v = p/p, m = 0.(p/p) and ne = 0,(p/p). With the boundary
conditions

UI(L) == U17 UQ(L) = 0, (A29)
we obtain:
wy, = Uy (1 — cos(z/0g) e=*/°F), (A.30)
uy = Uy sen(z/0g) e /%8, (A.31)
where
op = (v/Q)Y2 (A.32)
U A
I R,
.6 - fﬁ’é"
0.4 g
O..‘l o.2 ZHL

F1GURE A.1. Experimental profiles of momentum in Ekman flows, by
Caldwell and van Atta [3] (permission to reproduce requested). Here,
Re is defined by U;/(vQ)"/2. This number is 10 times smaller than
the Reynolds number |U;|L/v we employ in EUE figures, where €2 ~
v/(0.1L)%

Next, we show the Ekman profiles resulting from Eqs. (A.14)-(A.17) with the
boundary conditions (A.22)—(A.23) and the scaling s|U;| of £ for some constant
s. Without loss of generality, we take Uy = 0. One sees from (C.13), (C.15) and
(C.27) that r ~ +(Q/v)Y? and ry ~ —(Q/v)Y/? for €2 <« 8. Hence, from
(C.9), the boundary layer width of u; is § ~ (v/Q)Y/? = §p. Therefore we take
Q ~v/(0.1L)2 so that § ~ 0.1L (where L is a fixed height where we want the flow
to be geostrophic). The constants in these profiles are s, v ~ 1.5- 107> m?/s, v, L
and Uy. The family of (u; + x1)/U; profiles parameterized by the Reynolds number
Re = |Uy|L/v that fit best qualitatively the experimental profiles of Caldwell and
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van Atta ([3]), shown in Fig. A.l, is obtained for s ~ —2- 1072 and v, ~ 4v.
The conditions £2/(8v)) < 1 and Ro < 1, where Ro = |U;|/(2QL) is the Rossby
number (which must be small for the core flows to be geostrophic [1]), imply the
conditions Re < (L/|s])(8Q2/v)/? and Re < L%(2Q/v). For Q ~ v/(0.1L)? and
s ~ —2-1073, they become Re < 1-10* and Re <« 2 - 10? respectively. In the
Ekman profiles soon to be shown and resulting from Eqs. (A.14)—(A.17), we explore
Re values that strongly violate the second of these conditions. Therefore, we expect
the profiles for these Re values to be non-physical. According to Caldwell, van Atta
([3]) and Faller ([8]), the onset of fluctuations in the flow velocity is observed for
Ui/(v)Y? ~ 1-10% for Q ~ v/(0.1L)?, this value corresponds to Re ~ 1 - 10°.
Notice from Fig. A.6.(b) that the sufficient condition (3.25) is violated; this occurs
for any value of the Reynolds number. Still, one sees from Fig. A.7 that the viscous
dissipation function ® is non-negative.

ul/ul (ul+chi1) / UL

1 I
08 0.8
0.6 0.6
0.4 04

0.2 0.2

0 01 02 03 0.4 0 0.1 02 03 0.4
z/L z/L

(a) Navier-Stokes profiles: independent of Re; (b) EUE profiles: Re = 1.0 - 102, 6.5 - 102, 1.3 -

Q~v/(0.10)2. 103, 2.0-103, 3.0-103, 4.0-103, 6.6-10%, 1.0-10%, 1.5-
10%,2.0-10%, 2.5 10* (curves from top to bottom
at z/L = 0.2); s = —2-1073; vo = 4v; Q ~
v/(0.1L)2.

F1GURE A.2. Navier-Stokes and EUE profiles of the first component
of momentum for Ekman flows.
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ul/uL

(a) Re =1.0-10%, 6.5-102, 1.3-10, 2.0-103, 3.0-
103, 4.0 - 103, 6.6 - 103, 1.0 - 10%, 1.5 - 104, 2.0 -
104, 2.5-10% (curves from top to bottom at z/L =
0.2); s = —2-1073; Q ~ v/(0.1L)2.

—0.002 4

~0.004 -

—0.006 1

—0.008 1

chil /UL

(b) Re = 1.0-102, 6.5-102, 1.3-10%, 2.0-103, 3.0-
103, 4.0 - 103, 6.6 - 103, 1.0 - 10%, 1.5 - 10%, 2.0 -
104, 2.5 - 10% (curves from top to bottom); s =
—2-1073; ve = 4v; Q ~ v/(0.1L)2.

FI1GURE A.3. EUE profiles of u;/U; and x;/U; for Ekman flows.

u2/Ul

0.32

0.28
0.26
0.24
0.22

0.18
0.16
0.14
0.12
0.1

0.08
0.06
0.04
0.02

-0.02

(a) Navier-Stokes profiles: independent of Re;
Q ~v/(0.1L)3.

(u2+chi2) / UL

(b) EUE profiles: 1.0 - 102, 6.5 - 102, 1.3 - 103, 2.0 -
103, 3.0-103, 4.0-103, 6.6-103, 1.0-10%, 1.5-10%, 2.0-
104, 2.5 - 10* (curves from top to bottom at z/L =
0.1); s = —2-1073; ve = 4v; Q ~ v/(0.1L)2.

F1GURE A.4. Navier-Stokes and EUE profiles of the second compo-
nent of momentum for Ekman flows.
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u2/uUL
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(a) Re = 1.0-102, 6.5-102, 1.3-103, 2.0- 103, 3.0-
102, 4.0 - 103, 6.6 - 103, 1.0 - 10%, 1.5 - 10%,2.0 -
104, 2.5-10% (curves from top to bottom at z/L =
0.1); s=—2-1073; Q ~ v/(0.1L)2.

chi2 /UL

0.0006

0.0005

0.0004

0.0003

0.0002

0.0001

(b) Re = 1.0-102, 6.5-102, 1.3-103, 2.0-103, 3.0-
102, 4.0 - 103, 6.6 - 103, 1.0 - 10%, 1.5 - 10%,2.0 -
104, 2.5 - 10* (curves with amplitudes ~ vanish.,
1-1075,5-1075,1-107%,2-107%,3-107%,5 -
1074,6.6-107%,6.4-1074,5.5- 1074, 4.7-10~4);
s=-2-1073; ve = 4v; Q ~ v/(0.1L)2.

FIGURE A.5. EUE profiles of uy/U; and yo/U; for Ekman flows.
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(a) Re = 25-10% s = —2-1073; v, = 4u;

Q~v/(0.1L)2.
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(b) Re = 25-10% s = —2-1073; ve = 4v;

Q~v/(0.1L)2.

FI1cURE A.6. EUE profiles of u)/x} and u}/x} for Ekman flows.
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Phi/ rho

FIGURE A.7. EUE profiles of the viscous dissipation function ®/p: re
=2.5-10%,2.0-10%, 1.5-10%, 1.0- 104, 6.6 - 103, 4.0- 103, 3.0- 103, 2.0- 102, 1.3 - 103 (curves from
top to bottom); s = —2-1073; v, = 4v.

APPENDIX B. DERIVATION OF THE STATIONARY ONE-DIMENSIONAL EUE
SOLUTION FOR PLANAR COUETTE AND PLANAR POISEUILLE
FLOWS

The non-linear system (4.12)—(4.15) has a general solution: following the order
(4.13), (4.15), (4.12) and (4.14), the equations can be solved one by one as linear
equations with constant coefficients. Here, we derive this general solution.

Rearranged, the system reads:

vuy — &ul = ny,
VCXII/ + £U/1 = 07
T =&, T = —(vuy) (uy + X))

!/

00" + e, T = —(vexy) (uy + X1) — X171

W w ™

(B.1
(B.2
(B.3
(B.4
The linear equation with constant coefficients (B.1) is non-homogeneous for n; # 0,
in which case uy, = az is a particular solution of this equation for a = —n; /§. A,e™ is
anon-trivial solution of vuf —&u} = O only if vr?—ér =0 i.e. r =0, {/v. Hence,
the general solution of the homogeneous part of (B.1) reads uy;, = A1+ Ay 2%, with
ro = &/v. As u; = uyp + uyp, we obtain:

Uy = az + Al + AQ e, (B5)
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Taking into account (B.5), the linear equation with constant coefficients (B.2) is
equivalent to

X = —(€/vu + B = —(€/v)(az + Ay + Ay ) + B,

or else, to

X1 = —(&/ve)(a)2)2* — (€/ve) Az — (§/ve)(Aa/ra) €% + Biz + By. (B.6)

Taking into account (B.5) and (B.6), Eq. (B.3) is non-homogeneous linear with
constant coefficients, where —(vu})(u} + x}) is the source term. T), = c22* + ¢12 +
(diz + dy) €"* + d €*?% is a particular solution of this equation if, and only if:

c1 = va(va — avec, — Bivee, + EArcy) / (—50123%),

co = va* | (—2c,v),

do = (VAs/v.)(—2arsv.v + 2av.Eep — val + rafAjv — 52Alcp
— roBivev + Bivfey) | (025 — 2uraée, + 52(%),

di = (vaAf/v.) | (vra —€cp),

d = (VA3 /v.) (€ — rove)/ (dury — 2Ec,).

A,e®* is a non-trivial solution of vT"” — &c,T" = 0 only if vs? —€cps =0 d.e. s=
0, &cp/v. Hence, the general solution of the homogeneous part of (B.3) reads
T, = Ey + By €%, with sy = ¢, /v. As T =T, + T}, we obtain:

T = co2* + c1z+ (diz + do) €% + d € + B + E, e, (B.7)
Taking into account (B.5), (B.6) and (B.7), Eq. (B.4) reads

0" = ((24r3€%a®sy — 12r3€asyn )2 + (24r3som By, — 24r3somEA;
— 487"%32&1311/0 + 487“38250101/502 — 247"%32a21/c£ + 48r§’32§2aA1)z
+ (24735262 AT + 2413 s9av? By + 2473 s9m Bov,. + 241589 BiV?
+ 2415 89l cprecy — 4875526 Ay Bive — 2473 spav.EAy) + (24€cpvesary o) €5°
+ ((2482§r§cpycd1 — 2455673 Agva 4 4859E%r9aAs) (1 + roz) + 4859132 AL Ay
— 48527"3614231% — 2432§cpycr§d1 + 2432§cp1/c7“§’d0 — 24321427“;’%5141
+ 245y Agriv? By + 248or5av.E Ay — 2455rom €Ay — 96592620 Ay) €7
+ (24€rs sacpred + 12621589 A5 — 1267559 ASv,) €272%) | (—24s2151.0,).
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thus we obtain:

O = ((2r3&%a®sy — rafasym )zt + (4r3som Biv, — 4risymEA,
— 87’332§aBluc + 87’%’325%%02 — 47“%82a21/c§ + 87’33252(1141)23
+ (12755982 A3 + 1273 s9a1> By + 1215 sym1 Bov,. + 12135, Biv?
+ 127“3325013%01 — 2473506 A1 Biv, — 1273 s0av,£ A1) 2% 4 (12F 5973 2
+ 12Fysors + (24€cpvers By) 2% + ((24s9€r5cpredy — 2489675 Agvea
+ 485262100 Ag) 2 + 48591982 Ay Ay — 488919E A9 By, — 2489€cprerady
+ 2452§cpycr§do — 2432A2r§VC§A1 + 24521427’%1/8231 + 24sor9ar.£ Ay
— 245om1EAy — 9659620 Ay) € + (12§T§SQCchd + 6&%rg5, A3
— 6Er3 sy Adu,) €272%) [ (—24s9mi10,). (B.8)

Therefore, the general one-dimensional EUE solution for planar Poiseuille flows is:

T = cy2® +c1z + (diz + do) € +d e*** + By + By %27, (B.9)
up = az + A + Ay €7, (B.10)
O = ((2r3€%a’sy — racasym )zt + (4r3son Biv, — 4risym A,

— 8r§’szfaBll/c + 8T§’$g§cpyccz — 47“;’52&2%{ + 87’:2)’32§2aA1)z3

+ (12035262 A3 + 12r3s9a12 By + 1213 s9m Bov,. + 121559 Bi?

+ 1275896 cpvecy — 24r389E Ay By, — 12r3sqav £ A1) 2% + (12F s975) 2

+ 12Fysors + (24€cprers o) €527 + ((24s96r5cpred; — 2489673 Asvea

+ 4859E%r9a Ag)z + 488922 Ay Ay — 485919€ Ay Biv, — 2489€cprerady

+ 2432§cpycr§d0 — 24321427“%%5/11 + 24821427"31/331 + 24sor9av.£ As

— 2459 EAy — 9652620 Ay) €7 + (12§r3320p1/cd + 6&%ry59 A3

— 6Er3sy Ad,) €227 | (—24s9r3v.0,), (B.11)
1= —(&/ve)(a)2)2* — (€)ve) A1z — (€/ve)(Az/rs) €% + Byz + By, (B.12)
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where

ro =&/v, (B.13)
sg = &cp /v, (B.14)
o =-m/t, (B.15)
c1 = va(va — aveep, — Biveey + §Aicy) / (—{cgyc), (B.16)
ca =va® | (—2cpve), (B.17)
do = (VA2/ve)(—2aravev + 2avcley — val + rofAjv — §2A1cp — roBivev + Biveéep)

/ (V13 — 2uraée, + 52012)), (B.18)
di = (vaAs8/ve) | (vra — &cp), (B.19)
d = (VA3 /v.) (€ — rave) [ (dvrg — 2cy) (B.20)

and Ay, A, By, By, F1, Fy, Fy, Fi are the constants to be determined by the
boundary conditions.

From «(0) = 0 and u(L) = 0, we obtain:

Ay = (—a/ry)(roL — e™h), (B.21)
A2 = (—CL/T'Q). (B22)

From x;(0) = 0 and x;(L) = 0, we obtain:

By = §As/(vera), (B.23)
By = £(2A, Ly + 2A0e™" + aL’ry — 2A5) /(2Lvery). (B.24)

From 77(0) = 0 and T'(L) = T, we obtain:

By = (=1/s3)(c1Lsy + caL?sy — Tosy — (¢ + dy + dory + 2dry) e
+ (doSQ + d1L82> €r2L + (dSQ) €2T2L), (B25)
Ey = (=1/s9)(c1 + dy + dorg + 2drs). (B.26)
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From ©(0) = 0 and ©(L) = 0, we obtain:

Fo = (—4€cyvers By — 8591982 Ay Ay + 85919E Ay By + 4spfcyerad,

- 452£cpuc7"§do + 452A27€V€§A1 — 432A2r§VfBl — 4dsoroav.£As

+ 45y €Ay + 1652620 Ay — 25T§820pvcd — 527‘232143 + fT%SQA%I/C)

/ (2513), (B.27)

Fy = (4859136 Ao By, + 24558 cpverady — 48591962 A1 Ay — 24§cpl/cr§E2

+ 6£r§sgA§yc — 12§r§520p1/cd — 24s9r9a1.£ Ay + 2452A2r§yC§A1

- 2432£cpycr§do - 2432A2r§u6231 + 9652620 Ay + 24551 E Ay — 6527“252143

— 2473?59 Ay Byv, — 12r5 L syav. £ A + 127’SL252£CPVCCI +12r5 L?sy Biv?

+ 123 L?syav? By + 1213 L?sym Bov, + 1205 L2 5,62 AT + 813 L3s06%aA,

- 47’3L332a2yc§ - r%{aL432n1 - 47"§L332771§A1 + 47’;’[/33277131%

— 8r3L3sobaBv, + 2r3ca® Ltsy + 815 L solcprecay + (24€cyvers Ey) es2l

+ (2452 Aor32 By — 248y Agriv £ AL — 965962 Ay — 2459mE Ay

+ 24sor9av.EAs + 2432§T§chucd1 — 248257"%[/1421/6& + 48556%r, LaA,

— 24s58cpverady + 48591962 A1 Ay + 24325013%7’%0[0 — 4859196 Ay B1,) €™t

+ (12673 s9cpved 4 6E%r959 A3 — 667559 A20,) €228 [ (—12Lsy13). (B.28)

The case n; = 0 implies a = ¢; = ¢ = d; = 0 in (B.13)-(B.20), therefore (B.9)-
(B.12) simplifies to:

T =dy e +d e’ + B, + B, e, (B.29)
up = Ay + Ay €77, (B.30)
O = —((12r55282 A3 + 12155y Biv? — 247389 Ay By ) 2% + (12F)s975) 2

+ (12Fysar3) + (24€cprers By) €% + (48s9r962 Ay Ay — 485919€ Ag By,

+ 2432§cpyc7’§d0 — 2455 AgT2VE AL + 245, AgrVE By) €7

+ (12673 s9cpved + 6621959 A5 — 6€7550A50,) €272%) | (24s9151.0,), (B.31)
X1 = —(§/ve)Arz — (§/ve)(Az/ra) €™ + Biz + B, (B.32)
where
re =§/v,
59 = Eep /v,

do = (VAs/ve)(re€Arv — §2A1cp —reBivev + Bivebep) / (v*r3 — 2urabep + §2c§),
d = —(vA3/ve)(rave — €) | (durg — 26cp)
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and Ay, Ay, By, By, F1, F5, Fy, Fy are the constants to be determined by the
boundary conditions. This is the general one-dimensional EUE solution for planar
Couette flows.

From u,(0) = 0 and w, (L) = Uy, we obtain:

A1 == +U1/(]_ — 6T2L), (B33)
Ay = —U /(1 —e™t). (B.34)

From x;(0) = 0 and x;(L) = 0, we obtain:

B() = 5142/(1/57’2)7 (B35)
Bl = 5(141[47”2 + AQ €r2L - AQ)/(LI/CTQ). (B36)

From 77(0) = 0 and T'(L) = Ty, we obtain:

E1 = (1/82)(T082 — doSQ STQL — d82 €2T2L + (ngo + 27”2d> GSQL), (B37)
E2 = (-7’2/82)(610 + Qd) (B38)

From ©(0) = 0 and O(L) = 0, we obtain:

Fo = (—4€cyvers By — 8591982 Ay Ay + 889196 Ay Bive — dsyfcyverady

+ 48y Aoriv £ AL — 459 Agrav2 By — 2§r3320pucd — %59 A%+ Er3sa AdL,)

/ (25012), (B.39)
Fy = (=24€cyvers By + 12r5 L5062 A2 + 12r5 L sy Biv? — 2413 L?s,€ Ay By v,

— 125r§320pl/cd — 245250131/07’%0[0 + 2452A27’SVC§A1 — 2452/427'%1/0231

+ 4859796 Ay Biv, — 48591962 A1 As + 657“3521431/0 - 6527"252143

+ (24§cp1/c7’gEg) et 4 (2432§cpvc7“§d0 — 485919E Ay By, + 48591962 A1 Ay

+ 2450 Aprav? By — 248, Agrav £ AL) el - (12£T§320pucd — 6Er2sy Alv,

+ 6627y A2) €221 | (—12Lsyr3). (B.40)

APPENDIX C. DERIVATION OF THE STATIONARY ONE-DIMENSIONAL EUE
SOLUTION FOR EKMAN FLOWS

We derive the general solution of the linear system with constant coefficients
(A.14)—(A.17).
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In terms of the deviation 1 = u—U from the geostrophic field U = (-3, +25.,0),
the system reads:

Vit — £t + 20, = 0, (C.1)
Vil — €l — 200, = 0, (C.2)
veX] +&uy + 202 =0, (C.3)
VeXy + &y — 2Qx1 = 0. (C4)

Egs. (C.1) and (C.2) give an homogeneous linear system with constant coefficients.
e’ is a non-trivial solution of this system only if vk? — £k +2Q1i= 0 (in which
case ao = +i 1) or vk —Ek—2Q1 =0 (in which case ags = —1 ag1). That is,
only if:

k= (5 + (52 —i 8VQ)1/2) / (21/) _ (f + (64 + (8VQ)2)1/4 e—iarc tan(8uﬂ/€2)/2) / (21/)
or

k= (f + (52 +i 8VQ)1/2> / (2]/) — (5 + (54 + (81/9)2)1/4 e+i arc tan(SuQ/gQ)/2) / (2]/)
Let

k= (5 + (54 + (81/(2)2)1/4 e iarc tan(sm/g?)/z) /(20) = 1 +1m,
ky = (§ + (54 + (8VQ)2>1/4 eHarc tan(8uQ/§2)/2) / <2y) — 1 —imy,
ks = (5 _ (54 + (81/9)2)1/4 o iarc tan(8uQ/£2)/2) /(20) =15 + 1 ma,
ky = (5 _ (54 + (8uQ)2)1/4 e Hare tan(8u9/52)/2) / (21/) — o — i my,

where

Here, one has ky = k; and ky = k3. These numbers are distinct (v,Q, ¢ # 0), thus
the functions e; = e are linearly independent, and therefore a;, €% + oy, e*?* +
ay, e’ + ay, e’ is the general solution of (C.1)—(C.2). Taking into account that
eo = €; and e4; = e3, one has that u = akleklz + aer’”Z + akSekSZ + ak4ek4z is
real only if oy, = &y, and oy, = ay,. Therefore, we write oy, 1 = (a1 —1 01)/2,
Qg1 = (a2 —1b2)/2, and use oy, 2 = +1 g, 1, Qg2 = +i Quy 1, to Obtain:

@y = (ay cos(myz) + by sen(mqz2)) €% + (ag cos(maz) + by sen(msz)) €%, (C.5)

Uy = (by cos(myz) — ay sen(myz)) € + (by cos(maz) — ag sen(mqz)) e?*.  (C.6)
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Taking into account (C.5) and (C.6), Egs. (C.3) and (C.4) give a non-homogeneous
linear system with constant coefficients. We write

— &y = (¢ cos(myz) + dy sen(my2)) €™ + (¢ cos(maz) + dy sen(mgz)) €7,

— &y = (dy cos(myz) — ¢q sen(myz)) €™ + (dg cos(maz) — g sen(myz)) €%,
with ¢; = —&(a;r; + bym;) and d; = —£(byr; — a;m;), and use that
(e cos(mz) + f sen(mz))e™,
(f cos(mz) — e sen(mz))e™,
is a particular solution of the system

rz

veX| + 2Qx2 = (¢ cos(mz) + d sen(mz))e’?,

VeXs — 2Qx1 = (d cos(mz) — ¢ sen(mz))e’?,
if, and only if,
e = (cvr? = 2mdver — m*cv, — 2dSY) | (V2r* + 2v2m*r? + 4Q% + SvrmQ) + v2m?),
f=(2¢Q — vem?d + 2cverm + vr?d) | (V2rt + 202m*r? + 4Q% + SvarmQ + v2m?),
to obtain that

X1p = (€1 cos(mqz) + f1 sen(mqz)) €% + (e2 cos(maz) + fo sen(mqz)) e,

X2p = (f1 cos(myz) — ey sen(myz)) €% + (fa cos(maz) — ez sen(maz)) €2,

is a particular solution of (C.3)—(C.4) if, and only if,
e; = (civer? — 2mydivery — micive — 2diQ) | (V2rd 4 202mir? + 492 + SvrimQ + vimy),
fi = (2¢,Q — vem?2d; + 2civersmy + verids) | (V2rd 4 202m2r? + 407 + vy + vimy).
aie™ is a non-trivial solution of the homogeneous part of the system (C.3)—(C.4)
only if v.k* +2Q 1 = 0 (in which case ag = +i ag1) or v.k* — 221 = 0 (in which
case ag o = —i ay1), that is, only if

k= 4(—12Q/v)"? = £(2Q/1,)Y/? e7im/4
or

k= 4(+12Q/v,)Y? = £(2Q/v)V/? et /4,

One proceeds as for u to obtain that the general solution of the homogeneous part
of (C.3)—(C.4) reads:

X1n = (g1 cos(nyz) + hy sen(nyz)) €** + (go cos(nez) + hy sen(ngz)) €2

Xon = (h1 cos(niz) — g1 sen(nyz)) €% + (hg cos(nqz) — go sen(nqz)) €2,
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where

s1= +(2Q/v)Y? cos(m/4) = +(4Q /v, )22,
ny = —(2Q/v.)Y? sen(r/4) = —(4Q/v,.)/? /2,
59 = —(2Q/ve)'/? cos(n/4) = —(4Q/v.)'? /2,
ny = +(2Q/v:)? sen(n/4) = +(4Q/v,)Y? /2.

As x; = Xip + Xin, We obtain:

X1 = (e1 cos(myz) + f1 sen(myz)) €% + (e cos(maz) + f2 sen(maz)) e
+ (g1 cos(niz) + hy sen(nyz)) €** + (ga cos(ngz) + hy sen(nqz)) e2*,  (C.7)
X2 = (f1 cos(myz) — eg sen(myz)) €% + (fa cos(maz) — ey sen(mygz)) €
(

+ (hy cos(niz) — g1 sen(nyz)) €°'* + (hg cos(naz) — ga sen(nqgz)) €. (C.8)

Therefore, the general one-dimensional EUE solution for Ekman flows is:

uy = Uy 4 (aicos(myz) + bisen(mz))e™ + (agcos(mez) + basen(moz))e™*, (C.9)
uy = Uy + (bycos(myz) — asen(myz))e™ + (bacos(maz) — agsen(maz))e’??,
(C.10)

X1 = (e1 cos(myz) + f1 sen(myz)) ™% + (e cos(maz) + f2 sen(maz)) e
+ (g1 cos(nyz) + hy sen(nyz)) €% 4 (ga cos(ngz) + he sen(ngz)) €27, (C.11)
X2 = (f1 cos(
+ (hy cos(

myz) — ey sen(myz)) €% + (fo cos(maz) — €3 sen(maz)) €?

niz) — g1 sen(nyz)) e + (hy cos(ngz) — go sen(nyz)) €%, (C.12)
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where

ri = (E4 (& + (8vQ)%)* cos(arc tan(8vQ/€?)/2)) / (2v), (C.13)
my = —(& 4 (8vQ)H)Y* sen(arc tan(8vQ/€2)/2) / (2v), (C.14)
ro = (£ — (&4 + (8vQ)*)* cos(arc tan(8v2/€2)/2)) / (2v), (C.15)
me = +(E* 4 (8v2)%)V* sen(arc tan(8vQ/€%)/2) / (2v), (C.16)
c; = —&(agr; + bymy), (C.17)
d; = —&(byry — aym;), (C.18)
e; = (CZVC — 2m,dvr; — miciv, — 2d;Q)
/ (WV2rf + 202 mir? 4+ 4Q% + SvrimiQ + v2my), (C.19)
fi= (2019 vem?Zd; + 2civerim; + verid;)
/ (Vi 4 202mir? + 402 + SvrimQ + vim)), (C.20)
s1 =+ (4Q/Vc)1/2/2 (C.21)
ny = —(4Q/v.)?/2, (C.22)
2 = —(4Q/v,)1? )2, (C.23)
2 = +(4Q/v,)Y?/2 (C.24)

and ay, by, as, ba, g1, h1, g2, ho are the constants to be determined by the boundary
conditions. Here, we remind that

cos(arc tan(z)) = 1/(1 + x2)Y/2, (C.25)
sen(arc tan(z)) = /(1 + )2, (C.26)

and that
cos(arc tan(z)/2) = ((1 + cos(arc tan(x)))/2)"?, (C.27)

sen(arc tan(z)/2) = sen(arc tan(z))/(2cos(arc tan(z)/2)). (C.28)
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From u;(0) = 0, us(0) =0, uy(L) = Uy and us(L) = Us, we obtain:
=+(Uy eHmFm2) _ (U tan(maL)? — 2Uy tan(msoL)) e“"1472) — Uy (tan(maL)? + 1) eQTQL)

/ (2(tan(maL)? — 1) “1472) 4 (tan(mgL)? + 1)(e2F 4 2721)), (C.29)
by = +(U2 ellritra) _ (Ugtan(mgL)2 + 2U;tan(meoL)) elritra) Ug(tan(mgL)2 +1) eQT?L)

/ (2(tan(maL)? — 1) 1772) 4 (tan(moL)? + 1)(2F 4 e2721)), (C.30)
ag = —(Ul(taun(mgL)2 + 1) e 4+ (U tan(maL)? + 2U, tan(moL) — Uy) e’"QL) ek

/ (2(tan(maL)? — 1) 1772) 4 (tan(moL)? + 1)(2F 4 e2721)), (C.31)
by = —(Us(tan(msL)? + 1) "X + (Uy tan(moL)? — 2U7 tan(maL) — Us) €F) eF

/ (2(tan(maL)? — 1) 1772) 4 (tan(moL)? + 1)(2F 4 e2721)), (C.32)

where r1 +ry = £/v.

From x1(0) =0, x2(0) =0, x1(L) = 0 and x2(L) = 0, we obtain:

g1 = (e1 4 ea — 2(ey + ex)cos(nL)? — 2(f1 + fo)cos(nL)sen(nL) + (e; + ex) e~ 2L

+ (ercos((m —n)L) — fisen((m —n)L)) e+ 4 (fisen((m 4+ n)L) — eqcos((m +n)L)) e=r1=*)

+ (egcos((m 4+ n)L) + fasen((m +n)L)) eXF72) — (eycos((m — n)L) + fasen((m — n)L)) eb(7273))e=25L
/ (=1 — e *E —2(1 — 2cos(nL)?) e=2L), (C.33)

= (f1 + f2 — 2(f1 + f2)cos(nL)? + 2(ey + ez)cos(nL)sen(nL) + (f1 + f2) e 2L

+ (elsen((m —n)L) + frcos((m —n)L)) e+7) — (eysen((m +n)L) + frcos((m +n)L)) eX(r1=*)
+ (facos((m +n)L) — easen((m +n)L)) eXF72) 4 (egsen((m — n)L) — facos((m —n)L)) eX(7273))e=2sL
/(=1 —e *E —2(1 — 2cos(nL)?) e 251, (C.34)
g2 = (e1 4+ ea + (e1 + ea + 2(f1 + fo)cos(nL)sen(nL) — 2(ey + ep)cos(nL)?) e~ 2L

+ (fisen((m — n)L) — ercos((m — n)L)) €717 4 (eycos((m + n)L) — fisen((m +n)L)) eX(r1=39)

— (eacos((m 4+ n)L) + fosen((m 4 n)L)) e*"27%) 4 (eycos((m — n)L) + fosen((m —n)L)) eX(72739))
/(=1 —e L —2(1 — 2cos(nL)?) e 25L), (C.35)
hy = (fi + fo + (fi + fo — 2(e1 + ex)cos(nL)sen(nL) — 2(f1 + f2)cos(nL)?) e~ 25
— (eysen((m —n)L) + ficos((m —n)L)) €173 4 (eysen((m + n)L) + ficos((m +n)L)) eX(r1=39)
+ (egsen((m +n)L) — facos((m +n)L)) e¥"27%) 4 (fycos((m — n)L) — egsen((m —n)L)) eX(r2=3%)
/(=1 —e %L —2(1 — 2cos(nL)?) e=2L), (C.36)

where m = msq, n = ny and s = s;.
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