Ministério de Ciência e Tecnologia Instituto Nacional de Matemática Pura e Aplicada

The Lyapunov exponents of conservative continuous-time dynamical systems

Mário Bessa^1

Tese apresentada para a obtenção do título de Doutor em Ciências

Orientador: Marcelo Viana

Rio de Janeiro - Brasil

2005

1Supported by Fundação para a Ciência e a Tecnologia (FCT-FSE).

. À memória do meu Pai . À minha Mãe . À minha Marisa...

Agradecimentos:

Antes de mais agradeço à minha familia pela força, pelo apoio moral e pelo Amor...as minhas desculpas pela longa ausência, prometo recompensar em dobro!

Aos meus amigos Lusitanos que sempre torceram por mim, quando estavam em Portugal, quando eu estava em Portugal e principalmente quando estavamos todos no Rio!

Ao Jorge Rocha, por me ter sugerido e incentivado a vir para o IMPA, pelos ensinamentos e pela amizade.

Ao Marcelo Viana, pelo encorajamento constante, pelas inúmeras sugestões, por me ter proposto o problema e fundamentalmente pelo abraço amigo nos momentos mais complicados.

Ao Jairo Bochi, pela disponibilidade constante, esclarecimento total e sugestões úteis.

Ao Alexei Mailybaev, ao Alexander Arbieto e ao Carlos Matheus pelas muitas conversas e sugestões.

Aos Professores e Alunos do IMPA, massa crítica formidável, que propiciam um aprendizado excelente e o desenvolvimento da pesquisa em condições ímpares. Aos funcionários do IMPA que sempre me trataram bem e sempre encontravam o jeito certo de fazer as coisas funcionar.

À Fundação para a Ciência e a Tecnologia pelo apoio financeiro de 01/01 a 12/04 e ao IMPA pelo apoio financeiro de 01/05 a 04/05.

Aos meus queridos Amigos Brasileiros, Portugueses, Equatorianos e Venezuelanos, que embora eu não nomeie, sei que ao lerem este agradecimento, esboçarão um leve sorriso, uma lembrança carinhosa, um aperto no coração e acima de tudo a esperança de que o futuro nos una novamente e a certeza de que o passado ninguém nos tira!

À Cidade Maravilhosa que me aconchegou, foi fonte de inspiração e de equilibrio emocional, factores tão importantes na realização deste trabalho. Novamente ao IMPA...

“Provavelmente a melhor Escola de Sistemas Dinâmicos do Mundo!...”

Finalmente a ti Marisa por me teres dito um dia que isto ia começar, e começou! Por me teres dito que isto ia acabar, e acabou! e principalmente pelos 1577 dias em que durou! UFFFFFFF! se não fosses tu...

Abstract

We prove that for a C^1-generic (dense G_δ) subset of all the conservative vector fields on 3-dimensional compact manifolds without singularities, we have for μ-a.e. point p ∈ M that either the Lyapunov exponents at p are zero or X is an Anosov vector field where μ is the Lebesgue measure. We also prove a similar version of the previous result in the setting of conservative nonautonomous linear differential systems in the C^0 topology. Finally we prove that for a C^1-dense subset of all the conservative vector fields on 3-dimensional compact manifolds with singularities, we have for μ-a.e. p ∈ M that either the Lyapunov exponents at p are zero or p belongs to a compact invariant set with (m_p-)dominated splitting for the linear Poincaré flow.

Contents

1 Introduction and statement of the results 3

2 Preliminaries 5 2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Oseledets’s Theorem for 3-flows . . . . . . . . . . . . . . . . . . 5 2.3 The linear Poincaré flow . . . . . . . . . . . . . . . . . . . . . . 6 2.4 Dominated Splitting for the Linear Poincaré flow . . . . . . . . 8 2.5 Ergodicity of sets with dominated splitting for vector fields in X^2_μ(M)^∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.6 Strategy for the proof of Theorem 1 . . . . . . . . . . . . . . . . 13

3 Perturbation of vector fields 16 3.1 Auxiliary lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1.1 A conservative straightening-out lemma . . . . . . . . . . 16 3.1.2 More notation, definitions and lemmas . . . . . . . . . . 18 3.2 Realizable linear flows . . . . . . . . . . . . . . . . . . . . . . . 22 3.2.1 Small rotations . . . . . . . . . . . . . . . . . . . . . . . 24 3.2.2 Large rotations . . . . . . . . . . . . . . . . . . . . . . . 30

4 Exchange of the Oseledets directions along an orbit segment 35

5 Lowering the norm - Local procedure 39 5.1 Realizing vector fields . . . . . . . . . . . . . . . . . . . . . . . . 43

6 Lowering the norm - Global procedure 45 6.1 Sections of flows and special flows . . . . . . . . . . . . . . . . . 45 6.2 The construction of an adequate section . . . . . . . . . . . . . 47 6.3 The zero divergence vector field Y ϵ-C^1-close to X . . . . . . . . 48 6.4 Computing LE(Y ) . . . . . . . . . . . . . . . . . . . . . . . . . 50

7 Dichotomy for generic conservative linear differential systems in C^0 topology 55 7.1 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 7.2 Topology and conservative perturbations . . . . . . . . . . . . . 56

7.3 Oseledets’s Theorem and the entropy function . . . . . . . . . . 56 7.4 Hyperbolic structures . . . . . . . . . . . . . . . . . . . . . . . . 57 7.5 Disregarding periodic points in O^+(A) . . . . . . . . . . . . . . 58 7.6 Perturbations of linear differential systems . . . . . . . . . . . . 59 7.6.1 Small rotations by time-1 perturbation . . . . . . . . . . 59 7.6.2 Large rotations by time-m perturbation . . . . . . . . . . 61 7.7 Lowering the norm - Local procedure . . . . . . . . . . . . . . . 63 7.8 Lowering the norm - Global procedure . . . . . . . . . . . . . . 65 7.9 End of the proof of Theorem 2 . . . . . . . . . . . . . . . . . . . 68 7.10 Some consequences of Theorem 2 - Ergodic flows . . . . . . . . . 70

8 Dichotomy for vector fields with singularities 72 8.1 Global dichotomy under additional hypothesis . . . . . . . . . . 72 8.2 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . 73 8.2.1 Adapting the proof of Theorem 1 . . . . . . . . . . . . . 73 8.2.2 End of the proof of Theorem 3 . . . . . . . . . . . . . . . 74

Chapter 1

Introduction and statement of the results

Lyapunov exponents measure the exponential behavior of the tangent map of a dynamical system and if they are non-null together with Hölder regularity and the Pesin Theory of non-uniformly hyperbolic systems we get a rich information about geometric properties of the system, namely stable/unstable manifold theory for μ-a.e. point in M and this geometric tools are the base of most of the central results on dynamical systems nowadays. So it is of utmost importance detect when do Lyapunov exponents vanish.

A central result in this direction for discrete systems is the Mañé-Bochi theorem, which provides a C^1-residual set of area-preserving diffeomorphisms on surfaces where either we have Anosov systems or for μ-a.e. point zero Lyapunov exponents. This theorem was announced in the beginning of the 1980’s by Mañé (1948-1995) in [10] but there was only available a sketch of a proof, see [11], the complete proof due to Bochi appeared in [3].

Motivated by these results, Bochi-Viana in [4] extend this result to a large class of discrete systems: volume preserving diffeomorphisms with arbitrary dimension, symplectic maps and also linear cocycles. For a survey of the theory see [5].

Highly inspired by their results we explore here the continuous-time case by following closely the strategy for the proof of discrete case doing the natural adaptations and developing the required techniques for perturbations of vector fields. Our first result is the analogous to the Mañé-Bochi theorem for volume-preserving vector fields in 3-dimensional compact manifolds without singularities;

Theorem 1 There is a residual R ⊆ X^1_μ(M)^∗ such that if X ∈ R then we have:

(a) X is Anosov or

(b) Zero Lyapunov exponents for μ-a.e. p ∈ M.

Then we treat the more general setting of linear differential systems over continuous flows in compact Hausdorff spaces. For that we consider a dynamics in the base given by a C^0 flow φ^t : X → X and a dynamics in the 2-dimensional fiber bundles given by a continuous-time C^0 cocycle Φ^t : X → GL(2, R). For the area-preserving case, say when Φ^t(p) ∈ SL(2, R), we induce the flow A(φ^t(p)) =^d_{ds} Φ^s(p)|_{s=t} ∘ [Φ^t(p)]^{−1} which is traceless. We denote by Φ^t_A the cocycle associated to A. Analogously we also consider the setting of modified area-preserving cocycles Φ^t(p) ∈ GL(2, R) satisfying for p /∈ Fix(φ^t), detΦ^t(p) =^{a(p)}_{a(φt(p))} for some non-null sub-exponential continuous function a : X → R and for p ∈ Fix(φ^t) we have detΦ^t(p) = 1 for all t ∈ R. This set mimics the volume preserving flows in 3-dimensional manifolds eventually with fixed points. In both settings we have:

Theorem 2 There is a residual R such that if A ∈ R then for μ-a.e. p ∈ X:

(a) Φ^t_A(p) has a dominated splitting or

(b) the Lyapunov exponents are zero.

Finally using the ideas we developed to prove the previous Theorems, jointly with some simple observations and again in the 3-dimensional setting we are able to prove the following:

Theorem 3 There is a dense D ⊆ X^1_μ(M) such that if X ∈ D, then there exists X^t-invariant sets D and O satisfying μ(D ∪ O) = 1 and

(a) For p ∈ O we have zero Lyapunov exponents.

(b) D is a countable increasing union of compact invariant sets Λ_{mn} admitting a m_n-dominated splitting for the linear Poincaré flow.

Chapter 2

Preliminaries

2.1 Notation

We denote by X^1_μ(M) the set of all vector fields X : M −→ T M defined on a 3- dimensional compact, connected, without boundary C^∞ Riemannian manifold M. We assume that X^1_μ(M) is endowed with the C^1 topology. The measure μ, associated to the volume form ω, will be called Lebesgue measure. We have an associated flow X^t which is the infinitesimal generator of X, that is

dX^t

dt |_{t=s}(p) = X(X^s(p)). This flow has a tangent map DX^t_p which is the solution of the non-autonomous linear differential equation u̇(t) = DX_Xt_{(p)} · u(t) called the linear variational equation. The subset of X^1_μ(M) formed by the vector fields without singularities will be denoted by X^1_μ(M)^∗.

2.2 Oseledets’s Theorem for 3-flows

The Oseledets’s Theorem [14] is valid in the setting of discrete-time cocycles (for a prove see [12]). It holds in particular for any dynamical cocycle over a diffeomorphism f : M → M defined by a continuous map F (p, v) = (f(p), Df_p· v) which verifies Π ∘ F = f ∘ Π where Π : T M → M is the canonical projection and F (p, ·) is linear on the fiber T_pM. Oseledets’s Theorem asserts that we have for μ-a.e. point p ∈ M a splitting T_pM = E^1_p ⊕ ... ⊕ E^{k(p)}p (Oseledets splitting) and real numbers λ_1(p) > ... > λ_{k(p)}(p) (Lyapunov exponents) such that Df_p(E^i_p) = E^i_{f(p)} and lim n→±∞ 1 n log ‖Df^n_p · v^i‖ = λ_i(p)

for any v^i ∈ E^i_p − {0} and i = 1, ..., k(p). Consider X ∈ X^1_μ(M) and the associated flow X^t : M → M. Since Oseledets’s Theorem is an asymptotic result and DX^r_{(·)}, for fixed r, is an uniformly bounded operator we may replace the tangent map DX^t_p = DX^r_Xn_{(p)} ∘ DX^n_p by the least integer time-n map,

DX^n_p , and reformulate Oseledets’s Theorem. Oseledets’s Theorem allow us to conclude also that:

lim_{t→±∞} 1 t log |det(DX^t_p)| =

k(p)�

i=1 λ_i(p).dim(E^i_p) (2.1)

which is related to the sub-exponential decrease of the angle between any subspaces of the Oseledets splitting along μ-a.e. orbits. Since we have DX^t_p(X(p)) = X(X^t(p)), we already know one of the Oseledets subspaces, RX(p), and also that its associated Lyapunov exponent is zero. For the other two, in the conservative setting on 3-manifolds we have |det(DX^t_p)| = 1, so by (2.1) we have λ_1(p) + λ_3(p) = 0, hence either λ_1(p) = −λ_3(p) > 0 or both are zero. The former case gives for μ-a.e. p ∈ M two directions E^u_p and E^s_p respectively associated to the positive Lyapunov exponent and the negative one with asymptotic exponential behavior. We denote by O(X) the Oseledets points, O^+(X) ⊆ O(X) the points with positive Lyapunov exponent and O^0(X) ⊆ O(X) the points with all Lyapunov exponents zero. We note that O^+(X) = O(X) − O^0(X). When there is no ambiguity we denote O(X) by O omitting the vector field.

2.3 The linear Poincaré flow

Let R be the set of non-singular points for the vector field X. X induces a decomposition of the tangent bundle in a way that each fiber T_pM has a splitting N_p ⊕ RX(p) where N_p = (RX(p))^⊥ is the normal sub-bundle for p ∈ R. Consider the automorphism of vector bundles:

DX^t : T_RM −→ T_RM (p, v) −→ (X^t(p), DX^t(p) · v)

In spite of R being X^t-invariant and RX(p) being DX^t-invariant, there is no reason for the sub-bundle N_R to be DX^t-invariant. So consider the quotient space ~N_R = T_RM/RX(R) of equivalence classes which is isometrically isomorphic to N_R via ϕ : N_R −→ ~N_R. The restriction map DX^t |_{eNR} is DX^tinvariant. There exists an unique map P^t_X (p) : N_R −→ N_R such that the diagram commutes:

N_R^{P tX}−→ N_R ϕ ↓ ϕ ↓ ~N_R^{DXt}−→ ~N_R

The linear map P^t_X (p) : N_p −→ N_Xt_{(p)} is defined by

P^t_X (p) · v = Π_Xt_{(p)} ∘ DX^t(p) · v, where Π_Xt_{(p)} denotes the canonical projection on N_Xt_{(p)}. The linear map is also a flow since P^{t+s}_X (p) = P^t_X (X^s(p)) ∘ P^s_X (p).

We call {P^t_X (p)}_{t∈R} the linear Poincaré flow at p associated to the vector field X and this notion was first introduced by Doering in [7] to prove the hyperbolicity of robustly transitive 3-dimensional flows.

In our setting, if we have an Oseledets point p with X(p) ≠ 0 and p ∈ O^+, the Oseledets splitting on T_pM induces a P^t_X (p)-invariant splitting on N_p, say Π_p(E^σ_p ) = N^σ_p for σ = u, s. If p ∈ O^0, then the P^t_X -invariant splitting will be trivial, that is, it is just the normal sub-bundle.

The next lemma shows that the dynamics remains the same.

Lemma 2.3.1 The Lyapunov exponents of P^t_X (p) associated to the subspaces N^u_p and N^s_p are respectively 0 ≤ λ_u(p) and λ_s(p) ≤ 0.

Proof: Consider a vector n^u ∈ N^u_p and denote by θ_t = ∠(X(X^t(p)), E^u_Xt_{(p)}). Then

lim_{t→±∞} 1 t log ‖P^t_X (p) · n^u‖ = lim_{t→±∞} 1 t log ‖Π_Xt_{(p)} ∘ DX^t_p · (α.X(p) + v^u)‖

for some α ∈ R and v^u ∈ E^u_p . But then

lim_{t→±∞} 1 t log ‖α.Π_Xt_{(p)} ∘ DX^t_p · (X(p)) + Π_Xt_{(p)} ∘ DX^t_p · v^u)‖ =

= lim_{t→±∞} 1 t log ‖α.Π_Xt_{(p)} ∘ X(X^t(p)) + Π_Xt_{(p)} ∘ DX^t_p · v^u)‖ =

= lim_{t→±∞} 1 t log(sin(θ_t).‖DX^t_p · v^u‖) =

= lim_{t→±∞}[ 1 t log sin(θ_t) + 1 t log ‖DX^t_p · v^u‖] = λ_u(p),

and analogously for N^s_p . ⊔⊓

Therefore to decrease the Lyapunov exponents associated to the tangent flow we decrease the Lyapunov exponents associated to the linear Poincaré flow.

In this conservative context we may restate the Oseledets’s Theorem for the linear Poincaré flow as;

Theorem 2.3.2 Let X ∈ X^1_μ(M). For μ-a.e. p ∈ M there exists the upper Lyapunov exponent λ^+(X, p) defined by the limit lim_{t→+∞}^1_t log‖P^t_X (p)‖ that is a non-negative measurable function of p. For μ-a.e. point p ∈ O^+ there is a splitting of the normal bundle N_p = N^u_p ⊕ N^s_p which varies measurably with p such that:

If^→0 ≠ v ∈ N^u_p , then lim_{t→±∞}^1_t log‖P^t_X (p) · v‖ = λ^+(X, p).

If^→0 ≠ v ∈ N^s_p , then lim_{t→±∞}^1_t log‖P^t_X (p) · v‖ = −λ^+(X, p).

If^→0 ≠ v /∈ N^u_p , N^s_p , then

lim_{t→+∞}^1_t log‖P^t_X (p) · v‖ = λ^+(X, p) and lim_{t→−∞}^1_t log‖P^t_X (p) · v‖ = −λ^+(X, p).

Next we recall a Lemma due to Doering [7] that relates the hyperbolicity of the linear Poincaré flow with the hyperbolicity of the tangent flow. Here the compactness of Λ plays an important role.

Lemma 2.3.3 Let Λ be a X^t-invariant and compact set. Then Λ is hyperbolic for the flow if and only if the linear Poincaré flow is hyperbolic on Λ.

2.4 Dominated Splitting for the Linear Poincaré flow Let Λ be a X^t-invariant subset of M. A splitting of the normal bundle N = N^1 ⊕ N^2 has m-dominated structure for the linear Poincaré flow if it is P^t_X - invariant and we may find an uniform m ∈ N such that for any point p ∈ Λ the following inequality holds:

Δ(p, m) =

‖P^m_X (p)|N^1_p ‖ ‖P^m_X (p)|N^2_p ‖ ≤ 1 2 (2.2)

In this case we say that we have a m-dominated splitting. A few words about this definition; If we take p ∈ O^+(X) an Oseledets regular point for X^t, with a non-trivial splitting (i.e. not all Lyapunov exponents zero) positive Lyapunov exponents only guarantee that we will see expansion for large iterates, say for P^{m(p)}_X (p), but this function m(·) varies from point to point, and possibly is not bounded along the orbit of p. So the information given by the Oseledets’s Theorem is blind to uniformity.

If Λ has a dominated splitting, then it varies continuously from point to point and we may extend the splitting to the closure. Moreover, the decomposition is unique and the angle between the two subspaces is bounded away from zero on Λ.

Next we define a X^t-invariant set Λ_m(X) has

{p ∈ O^+(X) : p has m-dominated splitting for the linear Poincaré flow}

Let Γ_m(X) := O^+(X) − Λ_m(X).

The set of points in O^+(X) that do not have m-dominated splitting, i.e. (2.2) does not hold we denote by Δ_m(X). Then for some p ∈ Δ_m(X) maybe there exists some iterate X^t(p) that has m-dominated splitting, so we consider the saturated set ∪_{t∈R}X^t(Δ_m(X)) that is equal to Γ_m(X).

2.5 Ergodicity of sets with dominated splitting for vector fields in X^2_μ(M)^∗

First we present a result which is a version of a classical theorem of Bowen. Our result says that any hyperbolic set, not necessarily a basic piece, of a non-Anosov conservative C^2 3-flow without fixed points has zero measure. For that we adapt Theorem 14 in [5] to our context.

Proposition 2.5.1 Let X ∈ X^2_μ(M)^∗ and Λ_m be a X^t-invariant set with mdominated splitting for the linear Poincaré flow. Then μ(Λ_m) = 0 or X is Anosov.

For the proof we will need the following lemma which says that dominated splitting on the conservative setting without singularities is tantamount to hyperbolicity.

Lemma 2.5.2 For X ∈ X^1_μ(M)^∗, if Λ_m ≠ ∅ then Λ_m is a hyperbolic set.

Proof: Any p ∈ Λ_m has m-dominated splitting for the linear Poincaré flow. Since we do not have singularities and we have constant dimensions of the sub-bundles this splitting extends to the closure and we get Δ(p, m) ≤^1_2 for every p ∈ Λ_m. Of course for any i ∈ N we have Δ(p, i.m) ≤^1_{2i} . For every t ∈ R we may write t = i.m + r and since ‖P^r_X ‖ is bounded, say by M, we take C = 2^rm .M^2 and σ = 2^{− 1}m to get Δ(p, t) ≤ C.σ^t for every p ∈ Λ_m and t ∈ R. We denote by α_t the angle ∠(N^u_Xt_{(p)}, N^s_Xt_{(p)}).

Claim 2.5.1 If Λ_m has m-dominated splitting, then for all p ∈ Λ_m we have α_t ≥ β > 0.

Since P^m_X (p) is a linear isomorphism its co-norm

m(P^m_X (p)) := inf_{‖v‖=1}‖P^m_X (p) · v‖

is given by ‖[P^m_X (p)]^{−1}‖^{−1}. Let u ∈ N^u_p and s ∈ N^s_p be unit vectors. Since sin(^{α0}_2 ) =^{‖u−s‖}_2 , we prove that ‖u − s‖ is bounded away from zero. By dominated splitting we have 2‖P^m_X (p) · s‖ ≤ ‖P^m_X (p) · u‖ so

2‖P^m_X (p) · s‖ ≤ ‖P^m_X (p) · (u − s + s)‖ ≤ ‖P^m_X (p) · (u − s)‖ + ‖P^m_X (p) · (s)‖ and we get ‖P^m_X (p) · s‖ ≤ ‖P^m_X (p)‖‖(u − s)‖.

Since ‖[P^m_X (p)]^{−1}‖^{−1} ≤ ‖P^m_X (p) · s‖ we obtain

‖[P^m_X (p)]^{−1}‖^{−1} ≤ ‖P^m_X (p)‖‖(u − s)‖

and therefore, ‖[P^m_X (p)]^{−1}‖^{−1}‖P^m_X (p)‖^{−1} ≤ ‖u − s‖.

Now we just note that P^m_X (p) is continuous and M is compact and the claim is proved.

Since we do not have singularities there exists K > 1 such that for all p ∈ M, K^{−1} ≤ ‖X(p)‖ ≤ K. Since the flow is conservative we have:

sin(α_0) = ‖P^t_X (p)|_N u_p ‖.‖P^t_X (p)|_N s_p ‖.sin(α_t).

‖X(X^t(p))‖ ‖X(p)‖ . So; ‖P^t_X (p)|_N s_p ‖^2 = sin(α_0) sin(α_t) . ‖X(p)‖ ‖X(X^t(p))‖

.Δ(p, t) ≤

≤ Δ(p, i.m + r).sin(β)^{−1}.K^2 ≤ σ^t.C.sin(β)^{−1}.K^2

Analogously we get

‖P^{−t}_X (p)|_N u_p ‖^2 = sin(α_t) sin(α_0) . ‖X(X^t(p))‖ ‖X(p))‖

.Δ(p, t) ≤

≤ Δ(p, i.m + r).sin(β)^{−1}.K^2 ≤ σ^t.C.sin(β)^{−1}.K^2,

and we have Λ_m hyperbolic for the linear Poincaré flow. Now by Lemma 2.3.3 we conclude that Λ_m is hyperbolic for the flow. ⊔⊓ Now we use standard smooth ergodic and hyperbolic dynamics theory to prove Proposition 2.5.1.

Denote by μ_u the 1-dimensional Lebesgue measure on the unstable manifold. Suppose that the norm is adapted to get the hyperbolicity constants C = 1 and σ ∈ (0, 1). In what follows we assume that μ(Λ) > 0.

Lemma 2.5.3 There exists a segment of orbit (x_t)_{t>0} on Λ such that μ_u(W^u_ϵ (x_t)− Λ) → 0_{t→∞}.

Proof: There exists x ∈ Λ such that μ_u(W^u_ϵ (x) ∩ Λ) > 0, otherwise ∀x ∈ Λ μ_u(W^u_ϵ (x) ∩ Λ) = 0 and since X^t is twice differentiable we get absolute continuity along unstable manifolds and by a Fubinni disintegration argument we contradict μ(Λ) > 0. We take this point x and since μ_u(W^u_ϵ (x) ∩ Λ) > 0 there exists y ∈ Λ with density one on W^u_ϵ (x) ∩ Λ. We define x_n = X^n(y) and we get μ_u(X^{−n}(W^u_ϵ (x_n))) →_{n→+∞} 0. Therefore,

μ_u(X^{−n}(W^u_ϵ (x_n)) − Λ) μ_u(W^u_ϵ (x_n))

→_{t→∞} 0

Claim 2.5.2 Let x_1, x_2 ∈ W^u_ϵ (x_n) such that d_u(x_1, x_2) < D. There exists K > 0 such that for all t ≥ 0 we have^{‖DX} −t x1 |_Eu_{x2} ‖ ‖DX^{−t}_{x1} |_Eu_{x2} ‖ ≤ K.

To prove the claim we use a standard application of the bounded distortion properties. The sub-bundle E^u is ν-Hölder so we can define a (C, ν)-Hölder function on Λ as φ(x) = log‖DX^{−1}_x |_Eu_x ‖. Since max_{x∈Λ} ‖DX^{−r}_x |E^u_x ‖ is bounded and our result is asymptotic we consider time-1 maps, log ‖DX^{−n}_{x1} |_Eu_{x1} ‖ ‖DX^{−n}_{x2} |_Eu_{x2} ‖ ≤

≤ log n−1� i=0 ‖DX^{−1}_{X−i(x1)}|_Eu_{X−i(x1)} ‖ − log n−1� i=0 ‖DX^{−1}_{X−i(x2)}|_Eu_{X−i(x2)} ‖ =

= n−1� i=0 (φ(X^{−i}(x_1)) − φ(X^{−i}(x_2))) ≤ n−1� i=0 C.d_u(X^{−i}(x_1), X^{−i}(x_2))^ν ≤

≤ n−1� i=0 C.σ^id_u(x_1, x_2)^ν ≤ CD^ν n−1� i=0 σ^{iν} ≤ CD^ν ∞� i=0 σ^{iν} ≤ CD^ν S,

where S is sum of the geometric series. We take K^′ = CD^ν S and K = e^{K′} and the claim is proved.

Now we have:

μ_u(W^u_ϵ (x_t) − Λ) μ_u(W^u_ϵ (x_t)) ≤ K μ_u(X^{−t}(W^u_ϵ (x_t) − Λ)) μ_u(W^u_ϵ (x_t))

→_{t→∞} 0

therefore μ_u(W^u_ϵ (x_t) − Λ) → 0_{t→∞}. ⊔⊓

Claim 2.5.3 There exists x_0 ∈ Λ such that W^u_ϵ (x_0) ⊆ Λ.

Let (x_t)_{t>0} be the orbit given by Lemma 2.5.3. Since Λ is closed and x_t ∈ Λ we define x_0 = lim_{t→∞}x_t ∈ Λ. By continuity of the unstable manifolds we get W^u_ϵ (x_t) → W^u_ϵ (x_0) and by Lemma 2.5.3, μ_u(W^u_ϵ (x_t) − Λ) → 0_{t→∞} so we conclude that μ_u(W^u_ϵ (x_0) − Λ) = 0. But Λ is closed and W^u_ϵ (x_0) is open on W^u(x_0) so W^u_ϵ (x_0) − Λ is an open set on W^u(x_0) with zero measure, therefore empty and W^u_ϵ (x_0) ⊆ Λ. The claim is proved.

Lemma 2.5.4 There exists a hyperbolic periodic orbit X^t(p) ∈ Λ such that W^u(p) ⊆ Λ.

Proof: By continuation of hyperbolic sets we may define the maximal invariant set Λ̃ = ∩_{t∈R}X^t(U_β) for any neighborhood U_β of Λ such that d_H (Λ, U_β) < β. Consider a point x_0 given by Claim 2.5.3 and a small transversal section Σ_0 to {X^t(x_0)}_{t∈R} at t = 0. Since we can always suppose that the measure is supported on Λ, the induced measure, μ̃, defined on transversal sections (see section 3.1.2) verifies μ̃(Σ_0 ∩ Λ) > 0 so by Poincaré recurrence we have for μ̃-a.e. x ∈ Σ_0 ∩ Λ a time s such that X^s(x) ∈ Σ_0. If all points in Σ_0 are α-close to x_0 we get a α-pseudo periodic orbit. By the shadowing lemma we know that given any β > 0, there exists α > 0 such that any α-pseudo orbit in Λ is β-shadowed by an orbit in M. Take an adequate β so we obtain an orbit, ∪_{t∈R}X^t(p), in Λ̃, that shadows the α-pseudo periodic orbit. Since, by expansiveness, this orbit is unique and X^s(p) also shadows, we get X^s(p) = p and this orbit is periodic. p ∈ Λ̃ is hyperbolic because it belong to Λ̃, therefore have stable/unstable manifolds that are close to the stable/unstable manifolds of x_0, we may suppose transversality between W^u_ϵ (x_0) and W^s_ϵ (p). Claim 2.5.3 guarantees that W^u_ϵ (x_0) ⊆ Λ and by Palis λ-lemma it converges to W^u(p). Since Λ is closed we get W^u(p) ⊆ Λ. ⊔⊓

Abbreviate Λ_p = W^u(p) and define W^s_ϵ (Λ_p) := ∪_{z∈Λp}W^s_ϵ (z).

Lemma 2.5.5 W^s_ϵ (Λ_p) is X^t-invariant and it is an open neighborhood of Λ_p.

Proof: For t > 0 take δ ∈ (σ^tϵ, ϵ), so:

X^t(W^s_δ (Λ_p)) ⊆ X^t(W^s_δ (Λ_p)) ⊆ X^t(W^s_ϵ (Λ_p)) ⊆ W^s_σt_ϵ(Λ_p)) ⊆ W^s_δ (Λ_p)).

By the volume preserving property we get:

μ[W^s_δ (Λ_p) − X^t(W^s_δ (Λ_p))] = 0.

Since μ[W^s_δ (Λ_p) − X^t(W^s_δ (Λ_p))] ≥ μ[W^s_δ (Λ_p) − X^t(W^s_δ (Λ_p))] we conclude that:

μ[W^s_δ (Λ_p) − X^t(W^s_δ (Λ_p))] = 0.

Since W^s_δ (Λ_p) is open, X^t(W^s_δ (Λ_p)) is close and μ is Lebesgue we get that the open set W^s_δ (Λ_p) − X^t(W^s_δ (Λ_p)) is an empty set, and since it contains W^s_δ (Λ_p) − X^t(W^s_ϵ (Λ_p)) we get W^s_δ (Λ_p) − X^t(W^s_ϵ (Λ_p)) = ∅.

Since this is true for all δ < ϵ we conclude W^s_ϵ (Λ_p) − X^t(W^s_ϵ (Λ_p)) = ∅ so:

W^s_ϵ (Λ_p) = X^t(W^s_ϵ (Λ_p)). (2.3)

And we have the X^t invariance.

For the second part of the lemma, we prove that Λ_p ∩ W^u(z) = W^u(z) for any z ∈ Λ_p. We note that Λ_p∩W^u(z) is closed on W^u(z), let us see that it is also open; Take z ∈ Λ_p, by definition of Λ_p there exists {z_n}_{n∈N} ∈ W^u(p) such that z_n →_{n→∞} z. W^u_ϵ (z_n) ⊆ W^u(p) ⊆ Λ_p and this local unstable manifolds verifies W^u_ϵ (z_n) →_{n→∞} W^u_ϵ (z). Now, since W^u_ϵ (z_n) ⊆ Λ_p and Λ_p is a close set, this imply that z belongs to the interior of Λ_p ∩ W^u(z). Therefore Λ_p ∩ W^u(z) = W^u(z) so the union of all unstable manifolds of points of Λ_p is Λ_p itself. Since the local stable manifolds vary continuously with the point we get that W^s_ϵ (Λ_p) has an open neighborhood of Λ_p. ⊔⊓ Proof: (Proposition 2.5.1) Consider a set Λ_m with m-dominated splitting, by Lemma 2.5.2 we get Λ_m hyperbolic. We take Λ = Λ_m and we follow previous lemmas assuming μ(Λ) > 0.

By (2.3) we get W^s_ϵ (Λ_p) = ∩_{t>0}X^t(W^s_ϵ (Λ_p)) but ∩_{t>0}X^t(W^s_ϵ (Λ_p)) = Λ_p, therefore W^s_ϵ (Λ_p) = Λ_p. Again by Lemma 2.5.5, we have W^s_ϵ (Λ_p) open so Λ_p is open and is also closed, therefore Λ_p = M, but Λ_p ⊆ Λ, finally Λ = M and X is Anosov. ⊔⊓

The conservative flow X^t is called aperiodic if μ(P er(X^t)) = 0.

Lemma 2.5.6 There exists D ⊆ X^1_μ(M)^∗ such that D is C^1-dense and if X ∈ D, X^t is aperiodic, X is of class C^2 and all its sets with dominated splitting for the linear Poincaré flow have zero or full measure.

Proof: We take the C^2-residual given by Robinson version of Kupka-Smale theorem, see [15]. This residual set of vector fields is of class C^2 and the associated flows have countable periodic points. Since X^2_μ(M) is a Baire space, it follows that we have a C^2-dense set D, therefore C^1-dense, of vector fields with countable periodic orbits on X^2_μ(M). By Zuppa theorem, see [16], X^2_μ(M) is C^1-dense on X^1_μ(M), so D is C^1-dense on X^1_μ(M) and all vector fields in D are C^2. Since, by Proposition 2.5.1, hyperbolic sets have zero or full measure and X^t is aperiodic the lemma is proved. ⊔⊓

2.6 Strategy for the proof of Theorem 1

Given X ∈ X^1_μ(M), let λ^+(X, p) = lim_{t→+∞}^1_t log‖P^t_X (p)‖ be the upper Lyapunov exponent which exists μ-a.e. p ∈ M by Oseledets’s Theorem. When there is no ambiguity we denote λ^+(X, p) by λ^+(p).

We define the “entropy function” by the integration over M of the upper Lyapunov exponent:

LE : X^1_μ(M) −→ [0, +∞) X −→ � M λ^+(p)dμ(p)

Remark 2.6.1 Let f : W −→ R where W is a topological space. f is upper semicontinuous iff for every δ the set {x : f(x) < δ} is open. Moreover, the infimum of continuous functions is an upper semicontinuous function.

Lemma 2.6.1 LE(X) = inf_{n≥1}^1_n � M log‖P^n_X (p)‖dμ(p), therefore it is upper semicontinuous.

Proof:

LE(X) = � M λ^+(p)dμ(p) = lim_{t→+∞} 1 t � M log‖P^t_X (p)‖dμ(p) =

= lim_{n→+∞} 1 n � M log‖P^n_X (p)‖dμ(p).

Now the sequence x_n(X) = � M log‖P^n_X (x)‖dμ(p) is sub-additive, therefore satisfies lim n→+∞

x_n(X) n = inf_{n≥1} x_n(X) n . Thus LE(X) = inf_{n≥1}^{xn(X)}_n , and since each x_n(X) is a continuous function, by remark 2.6.1, LE(X) is upper semicontinuous. ⊔⊓

Formally we will prove the following;

Proposition 2.6.2 Let X ∈ X^1_μ(M)^∗ be of class C^2, aperiodic and with hyperbolic sets of zero measure. Let ϵ, δ > 0 be given. Then there exists a conservative vector field Y ϵ − C^1-close to X, such that LE(Y ) < δ.

We assume Proposition 2.6.2 and prove Theorem 1:

Proof: (of Theorem 1)

By Lemma 2.5.6 we have a dense set such that every X is C^2, aperiodic and with hyperbolic sets having full or zero measure.

The set of conservative Anosov vector fields, denoted by A, is open. For all k ∈ N the set A_k = {X ∈ X^1_μ(M)^∗ : LE(X) < k^{−1}} is open by Lemma 2.6.1 and Remark 2.6.1. By Proposition 2.6.2 with δ = k^{−1} we get A_k dense in A^c, so the set: R = � k∈N A ∪ A_k is a C^1-residual set. But R = A ∪ � k∈N A_k = A ∪ {X ∈ X^1_μ(M)^∗ : LE(X) = 0},

therefore for X ∈ R we have either that X is an Anosov vector field or LE(X) = � M λ^+dμ(p) = 0. This last equality implies that μ-a.e. p ∈ M has zero Lyapunov exponents. ⊔⊓

In the next four Chapters we prove Proposition 2.6.2. The maint steps are as follows. First, we take advantage of the lack of domination behavior to mix the Oseledets directions along one orbit, and this causes a decay on the norm of P^t_Y (p) for Y C^1-close to X. Being a C^1 perturbation allows us to shrink its support, which is crucial to our proof. Then we make this strategy global by almost covering M with self-disjoint flow boxes, which control most of the orbits. We estimate LE(Y ) = � M λ^+(p)dμ(p) considering a finite time t by Lemma 2.6.1. Then we split M into two sets, the one satisfying ‖P^t_Y (p)‖ < e^{tδ} and the other negligible with respect to μ.

Chapter 3

Perturbation of vector fields

3.1 Auxiliary lemmas

3.1.1 A conservative straightening-out lemma

The following theorem, due to Dacorogna and Moser [6], will be used to obtain a conservative local change of coordinates which trivialize a vector field.

Theorem 3.1.1 (Dacorogna-Moser) Let Ω be a bounded open subset of R^n with C^5 boundary ∂Ω and g, f : Ω → R positive functions of class C^s (s ≥ 2). Then there exists a diffeomorphism φ : Ω → φ(Ω) ⊆ R^n with φ of class C^s and satisfying the partial differential equation:

detDφ_qg(φ(q)) = λf(q), (3.1)

for all q ∈ Ω where λ = � g/ � f. We also have φ = Id at ∂Ω.

Denote by X^{[0,t]}(p) = {X^s(p) : s ∈ [0, t]}. We say that the a segment of an orbit X^{[0,m]}(p) is straightened-out if X^{[0,m]}(p) ⊆ {(x, 0, 0) : x ∈ R}. Denote by N_Xt_{(p)} the normal plane at X(X^t(p)). Denote by B(X^t(p), r) the ball with radius r centered at X^t(p) inside X(X^t(p))^⊥ = N_Xt_{(p)}. Let T : R^3 → R^3 be the constant vector field defined by T (x, y, z) = (c, 0, 0) for some c > 0 and F, C be the flowboxes F := X^{[0,1]}(B(p, r)) and C := T^{[0,1]}(B(p, r)).

Lemma 3.1.2 (Conservative flowbox theorem) Given a vector field X ∈ X^s_μ(M) (for s ≥ 2) and a non-singular point p ∈ M (eventually periodic with period τ > 1), there exists a conservative C^s diffeomorphism Ψ : C → F such that X = Ψ_∗T .

Proof: Assume that p = (0, 0, 0) and X(p) ⊆ {(x, 0, 0) : x ∈ R}. Let X_1(x, y, z) be the projection into the first coordinate of X(x, y, z). We define a function g : B(p, r) → R such that g(y, z) := X_1(0, y, z) for (0, y, z) ∈ B(p, r)

(see Figure 3.1). Since g ∈ C^s we apply Theorem 3.1.1 to Ω = B(p, r) ⊆ R^2 so there exists a diffeomorphism φ : Ω → φ(Ω) ⊆ R^2 with φ, φ^{−1} of class C^s and satisfying the partial differential equation g(φ(y, z))detDφ_{y,z} = λ, for all (y, z) ∈ Ω where λ = � g/ � 1, and φ|_{∂Ω} = Id. Now we define the C^s change

Figure 3.1: Construction of a conservative change of coordinates straighteningout all orbits.

of coordinates by:

Ψ̂ : R × Ω −→ M (x, y, z) −→ X^{λ−1x}((0, φ(y, z))

First we claim that:

detDΨ̂_{(0,y,z)} = 1 for all (0, y, z) ∈ R × Ω. (3.2)

Let Π_i denote the projection into the i^{th}-coordinate, for i = 1, 2, 3. Note that,^{∂X01}_{∂y} (0, φ(y, z)) =^∂_{∂y} Π_1(0, φ(y, z)) = 0 and for i = 2, 3 we have that,

∂X^0_i

∂y (0, φ(y, z)) =^∂_{∂y} Π_i(0, φ(y, z)) =^∂_{∂y} (φ_i(y, z))). For z we proceed analogously. Now we use these computations to derive,

DΨ̂_{(0,y,z)} = � � 1 λ X_1(X^0(0, y, z)) 0 0 1 λ X_2(X^0(0, y, z))^{∂φ1}_{∂y} |_{(y,z)}^{∂φ1}_{∂z} |_{(y,z)} 1 λ X_3(X^0(0, y, z))^{∂φ2}_{∂y} |_{(y,z)}^{∂φ2}_{∂z} |_{(y,z)}

� �

and we get detDΨ̂_{(0,y,z)} =^1_λ X_1((0, y, z))detDφ_{(y,z)} =^{g(y,z)}_λ detDφ_{(y,z)} = 1 by using (3.1) of Theorem 3.1.1. Therefore (3.2) is proved. Now we will see that: detDΨ̂_{(x0,y0,z0)} = 1 for all (x_0, y_0, z_0) ∈ R × Ω.

We have:

Ψ̂(x, y, z) = X^{λ−1x}0 [X^{λ−1(x−x}0^)((0, φ(y, z)))] = X^{λ−1x}0 [Ψ̂(x − x_0, y, z)], so DΨ̂_{(x,y,z)} = DX^{λ−1x0}_{Ψ(x−x0,y,z)}DΨ̂_{(x−x0,y,z)}.

Evaluated at x = x_0 we get:

DΨ̂_{(x0,y,z)} = DX^{λ−1x0}_{Ψ(0,y,z)}DΨ̂_{(0,y,z)}.

We use (3.2) and the fact that the flow X^t is volume preserving to conclude that:

detDΨ̂_{(x0,y0,z0)} = 1.

Finally take c := λ and consider the constant vector field T := (λ, 0, 0). Let (x, y, z) = Ψ̂(x, y, z). We have:

Ψ̂_∗T (x, y, z) = DΨ̂_{(x,y,z)}T (x, y, z)) = = � � 1 λ X1 (Xλ −1x (0, y, z)) ∂Xλ −1 x 1 ∂y (0, φ(y, z)) ∂Xλ −1 x 1 ∂z (0, φ(y, z)) 1 λ X2 (Xλ −1x (0, y, z)) ∂Xλ −1 x 2 ∂y (0, φ(y, z)) ∂Xλ −1 x 2 ∂z (0, φ(y, z)) 1 λ X3 (Xλ −1x (0, y, z)) ∂Xλ −1 x 3 ∂y (0, φ(y, z)) ∂Xλ −1 x 3 ∂z (0, φ(y, z))

� � � � λ 0 0

� � = = (X_1(X^{λ−1x}(0, y, z)), X_2(X^{λ−1x}(0, y, z)), X_3(X^{λ−1x}(0, y, z))) = = X(Ψ̂(x, y, z))

therefore X = Ψ̂_∗T . ⊔⊓

3.1.2 More notation, definitions and lemmas

Coordinates: For technical reasons, given by previous section, it is useful to take X of class C^2, therefore we consider the vector field X in Proposition 2.6.2 of class C^2. Given p ∈ M and a small r > 0 let q ∈ X^{[0,m]}(B(p, r)). We will use the conservative flowbox theorem to get a C^2 change of coordinates Ψ := Ψ̂^{−1}, hence, a C^1 vector field which has all orbits straight-out, i.e., X^{[0,1]}(B(q, r^′)) is sent into T^{[0,1]}(B(q, r^′)) by Ψ. Since for these change of coordinates we fix t ∈ [0, 1], M is compact and Ψ ∈ C^2 we conclude that exists Θ_1 := max{‖DΨ_p‖, ‖DΨ^{−1}_p ‖ : p ∈ M}. We take Θ_2 := max{‖D^2Ψ^{−1}_p ‖ : p ∈ M} and also Θ := max{Θ_1, Θ_2}.

Perturbations and metrics: All the perturbations in this paper will be developed using the trivial coordinates given by Ψ. Θ will be useful to control the size of the perturbation. Therefore if ϵ > 0, X := Ψ_∗T and Z := T + P is a perturbation such that ‖P ‖_C1 ≤^ϵ_Θ , then ‖Y − X‖_C1 = ‖Ψ_∗P ‖_C1 ≤ ϵ. According to Moser’s Theorem, (see [13] Lemma 2), given a volume form ω there exists an atlas A = {α_i : U_i → R^3}, such that (α_i)_∗ω = dx ∧ dy ∧ dz, moreover by compactness of M we can take A finite. The Riemannian norm at T_xM will not be used, instead we consider the norm ‖v‖_x := ‖(Dα_i)_x · v‖. Given two linear maps A(t) : T_pM → T_Xt_{(p)}M and B(t) : T_qM → T_Xt_{(q)}M we estimate the distance between them by using the atlas A and translating the base points to (0, 0, 0) ∈ R^3. Therefore

‖A(t) − B(t)‖ = ‖(Dα_Xt_{(p)})_Xt_{(p)}A(t)(Dα_p)^{−1}_p − (Dα_Xt_{(q)})_Xt_{(q)}B(t)(Dα_q)^{−1}_q ‖.

Analogously we estimate the distance between the linear Poincaré flows based at different points.

Holonomy of linear flows: Assume that p = (0, 0, 0) and also that the segment of orbit X^{[0,T ]}(p) is straight-out. In this case the tangent flow at p has the following simple form:

DX^t_p = � � � ∂X^t_1 ∂x ∂X^t_1 ∂y ∂X^t_1 ∂z 0^{∂Xt2}_{∂y}^{∂Xt2}_{∂z} 0^{∂Xt3}_{∂y}^{∂Xt3}_{∂z}

� � � p = � � x(t) y(t) z(t) 0 a(t) b(t) 0 c(t) d(t)

� � , (3.3)

where x(t) = ‖X(X^t(p))‖‖X(p)‖^{−1}. Hence we have the following action,

P^t_X : N_p −→ N_Xt_{(p)}

(y, z) −→ � a(t) b(t) c(t) d(t) � � y z � . Let q = (0, y, z) ∈ N_p and t ∈ [0, T ], then:

X^t(q) = X^t(p) + DX^t_p · q + O^{≥2}(q) =

= X^t(p) + (y(t)y + z(t)z, 0, 0) + (0, P^t_X (p) � y z � ) + O^{≥2}(q),

where O^{≥2}(q) is the remainder of the Taylor expansion. So for |y|, |z| small

X^t(0, y, z) is approximately X^t(0, 0, 0) + (0, P^t_X (0, 0, 0) · � y z � ).

Measures at transversal sections: In this context we may consider the time arrival function τ(p, t) : N_p → N_Xt_{(p)} which is a well defined continuous function, due to the implicit function theorem. For B ⊆ N_p denote by X^{τ (p,t)(B)}(B) the set,

{X^{τ (p,t)(q)}(q) : q ∈ B} ⊆ N_Xt_{(p)}.

Given δ > 0, there exists B sufficiently small such that X^{τ (p,t)(B)}(B) is the intersection of the self-disjoint flowbox X^{[0,t+δ]}(B) with N_Xt_{(p)}.

Let X^{τ (p,t)} : N_p → N_Xt_{(p)} be the Poincaré map between two sections. Given n_1, n_2 ∈ N_p and using the volume form ω we can define a pair of 2-forms by ω̂_p(n_1, n_2) := ω_p(X(p), n_1, n_2) and ω_p(n_1, n_2) = ω_p(X(p)‖X(p)‖^{−1}, n_1, n_2). The 2-form ω̂ is the interior product of the volume form ω by the vector field, i.e., ω̂_p := (i_X ω)_p. Denoting P_t(·) = X^{τ (p,t)(·)}(·) we have P^∗_t ω̂_p = ω̂_p. The measure μ induced by the 2-form ω is not necessarily P_t-invariant, however both measures are equivalent. We call μ the Lebesgue measure at normal sections or modified area. In fact we have for n_1, n_2 ∈ N_p:

P^∗_t ω_p(n_1, n_2) = ω_Xt_{(p)}((DP_t)_p · n_1, (DP_t)_p · n_2) =

= ω_Xt_{(p)}(

X(X^t(p)) ‖X(X^t(p))‖

, (DP_t)_p · n_1, (DP_t)_p · n_2) =

= ω_p(

X(p) ‖X(p)‖

‖X(p)‖ ‖X(X^t(p))‖

, n_1, n_2) =

= x(t)^{−1}ω_p(

X(p) ‖X(p)‖

, n_1, n_2) =

= x(t)^{−1}ω_p(n_1, n_2).

By conservativeness of the flow we have |detP^t_X (p)|.‖X(X^t(p))‖‖X(p)‖^{−1} = 1, so |detP^t_X (p)| = x(t)^{−1}. Therefore we can give an explicit expression for the infinitesimal distortion area factor of the linear Poincaré flow, which is expressed by the following lemma.

Lemma 3.1.3 Given ν > 0 and T > 0, there exists r > 0 such that for any measurable set K ⊆ B(p, r) ⊆ N_p we have |μ(K) − x(t).μ(X^{τ (p,t)(K)}(K))| < ν for all t ∈ [0, T ].

Proof: We choose r > 0 such that |detP^t_X (p)−det(DP_t)_q| < νx(t)^{−1} for every q ∈ N_p with ‖q − p‖ < r and t ∈ [0, T ]. Let P_t(q) = X^t(p) + P^t_X (p) · q + O^{≥2}(q).

Since μ(P_t(U)) = � P_t(U)

dμ = � U det(DP_t)_qdμ(q) and μ(P^t_X (p)(U)) = � P^t_X (p)(U)

dμ = � U detP^t_X (p)dμ(q)

we get:

|μ(P_t(U)) − μ(P^t_X (p)(U))| = | � U (detP^t_X (p) − det(DP_t)_q)dμ(q)| < νx(t)^{−1}.

Now we just have to note that

|x(t).μ(P_t(U)) − μ(U)| ≤ ≤ |x(t)μ(P_t(U)) − x(t)μ(P^t_X (p)(U))| + |x(t)μ(P^t_X (p)(U)) − μ(U)| ≤ ≤ ν + |x(t)μ_ω(P^t_X (p)(U)) − μ(U)| = ν + |x(t)μ_P t_{X (p)}∗_ω(U) − μ(U)| = = ν + |x(t) � U detP^t_X (p)dμ − μ(U)| = ν.

And the lemma is proved. ⊔⊓

Given an open set U ⊆ B(p, r) we are going to make perturbations supported on the flow box ∪_{t∈[0,n]}X^{τ (p,t)(U)}(U). We start with a ball B_r′ (p^′) centered in p^′ with radius r^′, such that B_r′ (p^′) ⊆ N_p, then we straight-out the orbit of p^′. However, B(p^′, r^′) ⊆ N_p′ is different from B_r′ (p^′) unless the vector field is horizontal. We define explicit perturbations with support contained in X^t(B(p^′, r^′)) for t ∈ [0, n]. Let η_1, η_2 > 0, we define a flow box:

F = ∪_{t∈[0,n−η2]}X^{τ (p,t)(B(Xη2 (p′),(1−η1 )r′))}(B(X^{η2} (p^′), (1 − η_1)r^′))

Figure 3.2: Considering a perpendicular section at X^{η2} (p^′).

The next lemma says that given any sufficient thin flow box ∪_{t∈[0,n]}X^{τ (p,t)}(B(p, r)) (where X^{[0,n]}(p) is a straightened-out orbit), a point p^′ ∈ B(p, r), a small ball B_r′ (p^′) ⊆ N_p and the flow box ∪_{t∈[0,n]}X^{τ (p,t)(Br′ (p′))}((B_r′ (p^′))), we can always take another flow box with right-angle sections contained in ∪_{t∈[0,n]}X^{τ (p,t)(Br′ (p′))}((B_r′ (p^′))) and very close to it. This can be done because r > 0 can be considered close to zero. We leave the proof to the reader (see Figure 3.2).

Lemma 3.1.4 Take n ∈ N. For every η_1, η_2 > 0 there exists r > 0 such that for all r^′ < r we have B(X^{η2} (p^′), (1 − η_1)r^′) ⊆ N_Xη2_{(p}′_) and

F ⊆ ∪_{t∈[0,n]}X^{τ (p,t)(Br′ (p′))}(B_r′ (p^′)).

3.2 Realizable linear flows

The next definition adapts the definition of realizable sequence given by Bochi in [3] and will also be central in the proof of our theorem, in broad terms we consider modified area-preserving linear flows acting in the normal bundle at p, L^t(p) : N_p → N_Xt_{(p)} that do exactly what we want, and ask whether they are (γ-almost C^1) realizable as the linear Poincaré flow of Y , ϵ-C^1-close to X, computed on small transversal neighborhoods of one point.

Definition 3.2.1 Given X ∈ X^1_μ(M), ϵ > 0, 0 < κ < 1 and a non-periodic point p, we say that the modified area-preserving sequence of linear flows:

N_p^{L0}−→ N_X1_{(p)}^{L1}−→ N_X2_{(p)}^{L2}−→ ...^{Ln−2}−→ N_Xn−1_{(p)}^{Ln−1}−→ N_Xn_{(p)}

is a (ϵ, κ)-realizable linear flow of length n at p if:

∀γ > 0, ∃r > 0 such that for any open set ∅ ≠ U ⊆ B(p, r) ⊆ N_p, there exists:

(a) A measurable set K ⊆ U,

(b) A zero divergence vector field Y , ϵ-C^1-close to X, such that:

(i) Y^t = X^t outside the self-disjoint flowbox ∪_{t∈[0,n]}X^{τ (p,n)(U)}(U) and

DX_q = DY_q for every q ∈ U, X^{τ (p,n)(U)}(U);

(ii) μ(K) > (1 − κ)μ(U);

(iii) If q ∈ K, then ‖P^1_Y (Y^j(q)) − L_j ‖ < γ for j ∈ {0, 1, ..., n − 1}.

Remark 3.2.1 In the definition of realizable flow we consider integer iterates, but there is no restriction if we consider any intermediate linear flow, like L_j : N_Xt_{j (p)} −→ N_Xt_{j+1 (p)} with t_j < t_{j+1} and

�_{n−1} j=0 t_j = n. The point p may also be periodic, but with period larger than n. The realizability is with respect to the C^1 topology.

Now we exhibit how to produce some elementary realizable linear flows, the linear Poincaré flow itself and also juxtaposition of realizable linear flows are realizable linear flows.

Lemma 3.2.1 Let X ∈ X^1_μ(M) and p ∈ M be a non-periodic point.

(1) Given any t ∈ R, P^t_X (p) (trivial linear flow) is (ϵ, κ)-realizable of length t for every ϵ and κ.

(2) Let {L_0, ..., L_{n−1}} be (ϵ, κ_1)-realizable of length n at p and {L_n, ..., L_{n+m−1}} be (ϵ, κ_2)-realizable of length m at X^n(p). For κ such that κ < κ_1 +κ_2 < 1 the linear flow {L_0, ..., L_{n+m−1}} is (ϵ, κ)-realizable.

Proof:

(1) Given γ > 0, by continuity of the linear Poincaré flow, there exists a sufficiently small r > 0 such that for all q ∈ B(p, r) we have the inequality ‖P^1_X (X^j(q)) − P^1_X (X^j(p))‖ < γ for j = {0, ..., n − 1}. Let r > 0 be also sufficiently small such that X^{[0,t]}(B(p, r)) is a self-disjoint flowbox. For any open set U ⊆ B(p, r), we choose K ⊆ U satisfying (ii) of Definition 3.2.1 and Y equal to X. So (i) of Definition 3.2.1 follows by choice of Y and r, (ii) follows by choice of K and (iii) is clearly true.

(2) Let r_1, r_2 be the radius according to Definition 3.2.1 related to realizable linear flows {L_0, ..., L_{n−1}} and {L_n, ..., L_{n+m−1}} respectively. We take any nonempty open set U ⊆ B(p, r_1), if we have X^{τ (B(p,r1),n)}(B(p, r_1)) ⊆ B(X^n(p), r_2) fine, otherwise we choose a smaller r < r_1. Given ν > 0, decrease r > 0 if necessary, by using Lemma 3.1.3, to get |μ(K) − x(t)μ(X^{τ (p,t)(K)})(K)| < ν for all t ∈ [0, n] and any measurable set K ⊆ B(p, r). By definition and choice of the radius r > 0, we have that the flowbox {X^{τ (p,t)(U)}(U) : t ∈ [0, n + m]} is self-disjoint, again by definition, given any U ⊆ B(p, r) we get a measurable K_1 ⊆ U and a vector field Y_1 satisfying (i), (ii) and (iii) of Definition 3.2.1. Also for any non-empty open subset of B(X^n(p), r_2), in particular for X^{τ (p,n)(U)}(U), we get a measurable K̂_2 ⊆ X^{τ (p,n)(U)}(U) =: Û and a vector field Y_2 satisfying (i), (ii) and (iii) of Definition 3.2.1.

Now define the vector field Y = Y_1 in the flowbox {X^{τ (p,t)(U)}(U) : t ∈ [0, n]}, Y = Y_2 in the flowbox {X^{τ (Xn(p),t+n)(U)}(U) : t ∈ [0, m]} and Y = X elsewhere. Y is C^1 because by definition (DY_1)_q = DX_q = (DY_2)_q for any q ∈ X^{τ (p,n)(U)}(U), so Y and U verifies (i). To check (ii) we define K := K_1 ∩ K_2 where K_2 is such that X^{τ (p,n)(K2)}(K_2) = K̂_2. By Lemma 3.1.3 we get x(n)μ(Û) < μ(U) + ν and also μ(U − K_2) < x(n)μ(Û − K̂_2) + ν. So we get:

μ(U − K) = μ(U − (K_1 ∩ K_2)) ≤ μ(U − K_1) + μ(U − K_2) < < κ_1μ(U) + x(n)μ(Û − K̂_2) + ν < < κ_1μ(U) + x(n)κ_2μ(Û) + ν < < κ_1μ(U) + κ_2μ(U) + κ_2ν + ν = = κμ(U) + (1 + κ_2)ν.

Therefore μ(K) = μ(U) − μ(U − K) > (1 − κ)μ(U) − (1 + κ_2)ν and the result follows considering a sufficient small ν. Finally (iii) follows by definition. ⊔⊓

The next lemma says that we only have to prove realizability on balls.

Lemma 3.2.2 We only have to prove the realizability of the sequence of linear flows {L_0, ..., L_{n−1}} for U = B(p^′, r^′) where B(p^′, r^′) ⊆ B(p, r).

Proof: We use Vitali’s covering lemma and we cover the open set U with a finite number of balls {B(p_i, r_i)}_{i=1,...,m} such that μ(U − ∪^m_{i=1}B(p_i, r_i)) is as small as we want. By hypothesis, for each B(p_i, r_i) there exists a measurable set K_i ⊆ B(p_i, r_i) and a zero divergence vector field Y_i, ϵ-C^1-close to X, such that:

(a) Y^t_i = X^t outside the flowbox {X^{τ (pi,t)(B(pi ,ri))}(B(p_i, r_i)) : t ∈ [0, n]} and DX_q = (DY_i)_q for every q ∈ B(p_i, r_i), X^{τ (p,n)(B(pi,ri))}(B(p_i, r_i));

(b) μ(K_i) > (1 − κ)μ(B(p_i, r_i));

(c) For every q ∈ K_i we have ‖P^1_{Yi} (Y^j_i ) − L_j ‖ < γ for j ∈ {0, 1, ..., n − 1}.

Then we may define the same objects in U by taking K = ∪_{i=1,..,n}K_i; and

Y = X outside the self-disjoint flowbox {X^{τ (p,t)(B(pi,ri))}(B(p_i, r_i)) : t ∈ [0, s]} and Y = Y_i inside it and the lemma is proved. ⊔⊓

3.2.1 Small rotations

Next we will construct realizable linear flows of time-1 length at p, which rotate by a small angle ξ the action of the linear Poincaré flow, i.e., L_0 := P^1_X (p) ∘ R_ξ where R_ξ is a rotation of angle ξ. We may expect that increasing the length will allow us to rotate by a larger angle but unfortunately this is not possible, because the size of the perturbation depends on the dynamics, on the angles between the bundles and also on the change of coordinates given by Lemma 3.1.2.

Denote the rotation matrix by:

R_θ := � � 1 0 0 0 cos(θ) −sin(θ) 0 sin(θ) cos(θ)

� � .

Given a 3×3 matrix A denote by Â the 2×2 matrix obtained after removing the first row and first column from A so:

R̂_θ := � cos(θ) −sin(θ) sin(θ) cos(θ) � . Lemma 3.2.3 Given X ∈ X^2_μ(M), a non-periodic point p ∈ M, ϵ > 0, 0 < κ < 1, γ > 0 and a fixed time T = 1. There exists r > 0 (depending on p), an angle ξ (not depending on p) and a zero divergence vector field Y , ϵ-C^1-close to X such that:

(a) Y − X is supported in the flowbox {X^{τ (p,t)(B(p,r))}(p)(B(p, r)) : t ∈ [0, 1]},

(b) For every q ∈ B(p, r √ 1 − κ) we have ‖P^1_Y (q) − P^1_X (p) ∘ R̂_ξ‖ < γ.

Proof: We take p ∈ M a non-periodic point. Let C := max{‖DX^1_p ‖ : p ∈ M} and suppose that this constant is valid for any vector field ϵ-C^1-close to X. Using Lemma 3.1.2 we obtain a C^2 conservative diffeomorphism Ψ : F → C. Consider the constant Θ defined at section 3.1.2 and suppose that this constant is also valid for any vector field ϵ-C^1- close to X.

Next we define two C^∞ bump-functions g and G. Note that for q ∈ B(p, r) the orbit X^{[0,1]}(q) in general crosses N_X1_{(p)}, nevertheless for all η > 0 exists a small r > 0 such that we have X^{[0,1−η/2]}(q) ∩ N_X1_{(p)} = ∅, for all q ∈ B(p, r). Let η > 0 be sufficiently small to get:

(i) ‖R_{ξα} − R_ξ‖ < γ/8C for α ∈ [1 − η, 1 − η/2] and also for all q ∈ B(p, r) we have X^{[0,α]}(q) ∩ N_X1_{(p)} = ∅.

Now let g : R → R be a C^∞ function such that g(t) = 0 for t < 0, g(t) = t for t ∈ [η, 1 − η] and g(t) = α for t ≥ 1 − η/2 where α ∈]1 − η, 1 − η/2[ is fixed. We take a sufficiently small r > 0 such that for all q ∈ B(p, r) we have:

(ii) ‖Π_Y 1_{(q)} −Π_X1_{(p)}‖ <^γ_{2C} for any vector field Y = X outside F and ϵ-C^1-close to X;

(iii) ‖DΨ_p − Id‖ <^γ_{16Θ} ;

(iv) For q ∈ B(p, r) and any vector field Z = T outside C and ϵ-C^1-close to X we have;

1. ‖DΨ^{−1}_{Z1(Ψ(q))} − DΨ^{−1}_{Z1(Ψ(p))}‖ <^γ_{24CΘ} ; 2. ‖DZ^1_{Ψ(q)} − DZ^1_{Ψ(p)}‖ <^γ_{24Θ2} and 3. ‖DΨ_q − DΨ_p‖ <^γ_{24CΘ} .

(v) |y|, |z| <^{cϵ}_{Θ2g̈(x)ξ} for any ξ such that 0 < ξ < 1;

(vi) |y|, |z| <^ϵ_Θ .

We take the angle ξ such that, ξ < ϵ(1 − � 1 −^κ_2 ) 2Θ^2 . For r > 0 satisfying the properties above let G : R → [0, 1] be a C^∞ function such that G(ρ) = 1 for ρ ≤ r � 1 −^κ_2 and G(ρ) = 0 for ρ ≥ r. Note that max|Ġ| ≤^2_{(1−}√_{1− κ2 )r} . Let ρ = � y^2 + z^2 and consider the rotation flow acting on N_p defined by:

R_{ξg(t)G(ρ)}(0, y, z) = � � 1 0 0 0 cos(ξg(t)G(ρ)) −sin(ξg(t)G(ρ)) 0 sin(ξg(t)G(ρ)) cos(ξg(t)G(ρ))

� � � � 0 y z

� �

Denote the time derivative by Ṙ_{ξg(t)G(ρ)} =^d_{dt} (R_{ξg(t)G(ρ)}). A simple computation shows that,

Ṙ_{ξg(t)G(ρ)}.R^{−1}_{ξg(t)G(ρ)} = ξġ(t)G(ρ) � � 0 0 0 0 0 −1 0 1 0

� � . (3.4)

Inducing the adequate vector field:

We consider the flow T^t associated to the vector field T and we define for q = (0, y, z) ∈ B(p, r), Υ(t, q) := T^t(R_{ξg(t)G(ρ)}(q)). We denote R_{ξg(t)G(ρ)}(q) by R_t(q). Let H(t, q) := (t, R_t(q)) and F (t, R_t(q)) := T^t(R_t(q)) so we obtain Υ(t, q) = F ∘ H(t, q). We take time derivatives at t = s: d dt Υ(t, q)|_{t=s} = d dt T^t(R_t(q))|_{t=s} = DF_{H(s,q)} · DH_s = = � ∂_1F ∂_2F � H(s,q) � ∂_1H ∂_2H � s = = � T (T^s(R_s)) DT^s_{Rs(q)}

� � 1 Ṙ_s(q) � , and we get d dt Υ(t, q)|_{t=s} = T (T^s ∘ R_s(q)) + DT^s_{Rs(q)} ∘ Ṙ_s(q).

So the C^1 vector field Z is defined in flowbox coordinates by:

Z(·) = T (·) + DT^s_{Rs(q)} ∘ Ṙ_s(R_{−s} ∘ T^{−s})(·)

Let T^s(R_s(q)) = (cs, y, z). Since T^{−s}(cs, y, z) = (0, y, z) and DT^s_{Rs(q)} = Id by (3.4) we obtain that the C^1-perturbation is defined by Z = T + P where:

P (x, y, z) = ξġ(x)G( � y^2 + z^2)(0, −z, y). (3.5)

Properties of Z = T + P : Z^t is volume preserving;

divZ(x, y, z) = divT (x, y, z) − ∂G ∂y ξġ(x) + ∂G ∂z ξġ(x) =

= ξġ(x)[−Ġ y � y^2 + z^2 z + Ġ z � y^2 + z^2 y] = 0.

We also have that the support of the perturbation P is B(p, r) × [0, cα].

Estimation of the C^1 norm of the perturbation P : By (vi) |y|, |z| < ϵ/Θ so ‖P ‖_C0 ≤ ϵ/Θ. To compute the C^1 norm we take derivatives:

DP_{(x,y,z)} = � � � 0 0 0 −ξg̈(x)G(ρ)zc^{−1} −ξġ(x)^{∂G}_{∂y} z −ξġ(x)[^{∂G}_{∂z} z + G(ρ)] ξg̈(x)G(ρ)yc^{−1} ξġ(x)[^{∂G}_{∂y} y + G(ρ)] ξġ(x)^{∂G}_{∂z} y

� � � (3.6)

For the first column we use (v), but we must verify also that the other terms are unaffected by the choice of r > 0 small. We take, for example,^{∂G}_{∂y} z and polar coordinates (y, z) = (ρcos(β), ρsin(β)) then we have, ∂G ∂y z = ∂G( � y^2 + z^2) ∂y z = Ġ yz � y^2 + z^2 ≤ Ġ 2ρ^2 ρ ≤ ≤ 2ρ (1 − � 1 −^κ_2 )r ≤ 2 (1 − � 1 −^κ_2 ) . For the other three terms,^{∂G}_{∂y} y,^{∂G}_{∂z} y and^{∂G}_{∂z} z we proceed analogously. Since

G and ġ are bounded and ξ <^{ϵ(1−}

√_{1− κ2 )}

2Θ^2 we get ‖DP ‖C^0 < ϵ/Θ

2. Note that we are allowed to take y, z close to zero without interfering with the size of the perturbation. This is a key property of the C^1 topology. Next we make use of this fact to get properties (a) and (b). The perturbation is defined, in the original coordinates, by P_1(·) = DΨ^{−1}_{Ψ(·)}P (Ψ(·)). We have ġ(x) = 0 for x ≥ 1 − η/2 and x ≤ 0. For t ∈ [0, 1 − η/2] and q ∈ B(p, r) we guarantee that X^t(q) does not intersect N_X1_{(p)}, so by (i) above we get that P_1 = Y − X is supported inside the flowbox ∪_{t∈[0,1]}X^{τ (p,t)(B(p,r))}(p)(B(p, r)) and (a) follows.

Now we are interested in κ’s close to zero and since Ψ|_{∂B(p,r)} = Id we have Ψ(B(p, r √ 1 − κ)) ⊆ B((0, 0, 0), r � 1 −^κ_2 ). Therefore for q ∈ B(p, r √ 1 − κ) we have Z^1(Ψ(q)) = (c, R_{ξα}(Ψ(q))), so:

DZ^1_{Ψ(q)} = R_{ξα}. (3.7)

We use (iii) and X = Ψ_∗T to get:

‖DX^1_p R_{ξα} − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_p‖ = = ‖DΨ^{−1}_{T 1(Ψ(p))}DT^1_{Ψ(p)}DΨ_pR_{ξα} − DΨ^{−1}_{T 1(Ψ(p))}DT^1_{Ψ(p)}R_{ξα}DΨ_p‖ ≤ ≤ ‖DΨ^{−1}_{T 1(Ψ(p))}‖‖DT^1_{Ψ(p)}‖‖DΨ_pR_{ξα} − R_{ξα}DΨ_p‖ ≤ ≤ Θ‖(DΨ_p − Id)R_{ξα} + R_{ξα}(Id − DΨ_p)‖ ≤ γ/8.

Therefore:

‖DX^1_p R_{ξα} − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_p‖ ≤ γ 8 . (3.8)

Since Y = Ψ_∗Z we get DY^1_q = DΨ^{−1}_{Z1(Ψ(q))}DZ^1_{Ψ(q)}DΨ_q so using (iv) we get:

‖DY^1_q − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_p‖ = = ‖DΨ^{−1}_{Z1(Ψ(q))}DZ^1_{Ψ(q)}DΨ_q − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_p‖ ≤ ≤ ‖DΨ^{−1}_{Z1(Ψ(q))}DZ^1_{Ψ(q)}DΨ_q − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(q)}DΨ_q‖+ + ‖DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(q)}DΨ_q − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_q‖ + + ‖DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_q − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_p‖ = = ‖(DΨ^{−1}_{Z1(Ψ(q))} − DΨ^{−1}_{Z1(Ψ(p))})DZ^1_{Ψ(q)}DΨ_q‖ + + ‖DΨ^{−1}_{Z1(Ψ(p))}(DZ^1_{Ψ(q)} − DZ^1_{Ψ(p)})DΨ_q‖ + + ‖DΨ^{−1}_{Z1(Ψ(q))}DZ^1_{Ψ(p)}(DΨ_q − DΨ_p)‖ ≤ ≤ ‖DΨ^{−1}_{Z1(Ψ(q))} − DΨ^{−1}_{Z1(Ψ(p))}‖‖DZ^1_{Ψ(q)}‖‖DΨ_q‖ + + ‖DΨ^{−1}_{Z1(Ψ(p))}‖‖DZ^1_{Ψ(q)} − DZ^1_{Ψ(p)}‖‖DΨ_q‖ + + ‖DΨ^{−1}_{Z1(Ψ(q))}‖‖DZ^1_{Ψ(p)}‖‖DΨ_q − DΨ_p‖ ≤ ≤ ‖DZ^1‖‖DΨ‖ γ 24CΘ

+ ‖DΨ‖‖DΨ^{−1}‖ γ 24Θ^2

+ ‖DΨ^{−1}‖‖DZ^1‖ γ 24CΘ ≤ ≤ γ 8 . Therefore:

‖DY^1_q − DΨ^{−1}_{Z1(Ψ(p))}DZ^1_{Ψ(p)}DΨ_p‖ ≤ γ 8 (3.9) and (3.8) and (3.9) imply ‖DY^1_q − DX^1_p R_{ξα}‖ ≤^γ_4 . Jointly with (i) above we get:

‖DY^1_q − DX^1_p R_ξ‖ ≤ ‖DY^1_q − DX^1_p R_{ξα}‖ + ‖DX^1_p R_{ξα} − DX^1_p R_ξ‖ ≤ ≤ γ/4 + ‖DX^1_p ‖‖R_{ξα} − R_ξ‖ ≤ ≤ γ/2.

Finally we use (ii) and we obtain:

‖P^1_Y (q) − P^1_X (p) ∘ R̂_ξ‖ = ‖Π_Y 1_{(q)} ∘ DY^1_q − Π_X1_{(p)} ∘ DX^1_p R_ξ‖ = = ‖Π_Y 1_{(q)} ∘ DY^1_q − Π_Y 1_{(q)} ∘ DX^1_p R_ξ‖ + + ‖Π_Y 1_{(q)} ∘ DX^1_p R_ξ − Π_X1_{(p)} ∘ DX^1_p R_ξ‖ ≤ ≤ ‖Π_Y 1_{(q)}‖‖DY^1_q − DX^1_p R_ξ‖ + + ‖Π_Y 1_{(q)} − Π_X1_{(p)}‖‖DX^1_p R_ξ‖ ≤ ≤ γ.

Estimation of the C^1 norm of P_1:

Above in (vi) we consider |y|, |z| < ϵ/Θ and we choose ξ <^{ϵ(1−}

√_{1− κ2 )}

2Θ^2 and

we obtain ‖DP ‖_C0 < ϵ/Θ^2. Now since P_1(q) = DΨ^{−1}_{Ψ(q)}P (Ψ(q)) and we have

(DP_1)_q = D^2Ψ^{−1}_{Ψ(q)}DP_{Ψ(q)}DΨ_q we obtain that ‖P_1‖_C0 ≤ Θ‖P ‖_C0 ≤ ϵ and also that ‖DP_1‖_C0 ≤ ‖D^2Ψ^{−1}‖‖DP ‖‖DΨ‖ ≤ Θ^2‖DP ‖ ≤ ϵ. We conclude that,

‖Y − X‖_C1 = ‖P_1‖_C1 ≤ ϵ,

and the lemma is proved. ⊔⊓

Lemma 3.2.4 Given X ∈ X^2_μ(M), a non-periodic point p ∈ M, ϵ > 0, 0 < κ < 1, γ > 0 and a fixed time T = 1. There exists r > 0 (depending on p), an angle ξ (not depending on p) and a zero divergence vector field Y , ϵ-C^1-close to X such that:

(a) Y − X is supported in the flowbox ∪_{t∈[0,1]}X^{τ (p,−t)(B(p,r))}(B(p, r)),

(b) For every q ∈ X^{τ (p,−1)(B(p,√1−κr))}(B(p, (1 − κ)r)) we have the following inequality ‖P^1_Y (q) − R̂_ξ ∘ P^1_X (X^{−1}(p))‖ < γ.

Proof: We proceed like in Lemma 3.2.3, this time for X^{−t} finding a change of coordinates Ψ̂(x, y, z) = X^{−λ−1x}(0, φ(y, z)). Then we consider R^{−1}_{ξg(t)G(ρ)}, t > 0 and we find Z. We define Y = Ψ_∗Z and we get:

P^1_Y (q) = [P^{−1}_Y (Y^1(q))]^{−1} ≈ [P^{−1}_X (p) ∘ R̂^{−1}_ξ ]^{−1} =

= R̂_ξ ∘ [P^{−1}_X (p)]^{−1} = R̂_ξ ∘ P^1_X (X^1(p)),

and the arguments are equal to the ones used in the proof of Lemma 3.2.3. ⊔⊓

Now we use the two previous lemmas to build some realizable linear flows.

Lemma 3.2.5 Given X ∈ X^2_μ(M), ϵ > 0, 0 < κ < 1, a non-periodic point p and a fixed time T = 1. Then there exists an angle ξ (not depending on p) such that L_0 = P^1_X (p)∘R̂_ξ and L_0 = R̂_ξ ∘P^1_X (p) are (ϵ, κ)-realizable linear flows of length 1 at p.

Proof: We prove that L_0 = P^1_X (p) ∘ R̂_ξ is (ϵ, κ)-realizable. Let γ > 0. By Lemma 3.2.2 we may choose the open set U to be a ball, say B(p^′, r^′) ⊆ B(p, r). Now we apply Lemma 3.2.3 and we get a zero divergence vector field Y , ϵ- C^1-close to X such that Y − X is supported inside the flowbox defined by {X^{τ (p′,t)(B(p′,r′))}(B(p^′, r^′)) : t ∈ [0, 1]} and for every q ∈ B(p^′, r^′ √ 1 − κ) we have ‖P^1_Y (q) − P^1_X (p^′) ∘ R̂_ξ‖ < γ. Note that since r > 0 is small the arrival time for points at B(p, r) is almost 1.

The support of the perturbation is contained in the flowbox. For the perturbation P defined in Lemma 3.2.3 we have DP_{Ψ(q)} = [0] for Ψ(q) ∈ B(0, r^′), T^t(B(0, r^′)) and for t ≥ 1 − η/2 so DX_q = DY_q for any q belonging to B(p^′, r^′) and also to X^{τ (p,1)(B(p′ ,r′))}(B(p^′, r^′)). Therefore (i) on Definition 3.2.1 is true.

We take K ⊆ U equal to B(p^′, r^′ √ 1 − κ) and we get^{μ(K)}_{μ(U)} =^{π(1−κ)r′2}_{π.r′2} = 1 − κ and (ii) follows. Finally (iii) follows from (b) of Lemma 3.2.3 and the continuity of the linear Poincaré flow.

For L_0 = R̂_ξ∘P^1_X (p) we proceed analogously now using Lemma 3.2.4. Given any open set Û ⊆ N_X−1_{(p)} we take U = X^{τ (X−1(p),1)(Û )}(Û) ⊆ N_p, then we measure theoretically fill up this open set U by taking a finite union of balls {B_i}_{i=1,...,m}. We denoted this covering by C. Let Ĉ ⊆ Û be such that X^{τ (X−1(p),1)(Ĉ)}(Ĉ) = C. Of course μ(Û − Ĉ) can be made as small as we want, and the realizability follows. ⊔⊓

We continue to produce realizable linear flows.

Lemma 3.2.6 Given X ∈ X^2_μ(M), ϵ > 0, 0 < κ < 1 and a non-periodic point p, there exists an angle ξ such that for |ξ_i| < ξ, i = 1, 2;

N_p^{P 1X (p)∘R̂ξ1}

−→ N_X1_{(p)}^{P rX (p)}−→ N_X1+r_{(p)}^{R̂ξ2 ∘P 1X (Xr+2(p))}−→ N_Xr+2_{(p)}

is a (ϵ, κ)-realizable linear flow of length r + 2 at p.

Proof: Take γ > 0. By Lemma 3.2.5 for κ_1 < κ we get ξ such that P^1_X (p)∘R̂_{ξ1} and R̂_{ξ2} ∘ P^1_X (X^{r+2}(p)) are (ϵ, κ_1)-realizable. By Lemma 3.2.1 (1) the trivial flow P^r_X is (ϵ, κ_1)-realizable. Now if κ_1 < κ/3 then we use Lemma 3.2.1 (2) and obtain the (ϵ, κ)-realizability. ⊔⊓

3.2.2 Large rotations

Now we find conditions under which we can rotate by large angles. In the previous section we were able to rotate by time-1, so what happens if we increase time? We want to rotate by an angle 2π, thus we take a time m such that ξm = 2π. But ξ is in general very small, so m must be very large. Note that the choice of m may affect the norm of the perturbation because ‖Ψ‖, for Ψ given by Lemma 3.1.2, depends on m and in general increases with m. Furthermore the dynamics along the orbit may also obstruct the construction of a small norm perturbation. Let us consider a situation for which this last problem is minimized, say when we have simultaneously:

(a) No domination conditions for each bundle, i.e. P^t_X (p) is “almost conformal” for all t ∈ [0, m].

(b) The angle between N^u_Xt (p) and N^s_Xt (p) is larger than a fixed ξ for all t ∈ [0, m].

Even if we have properties (a) and (b) our perturbations may not have a small C^1-norm, because as we already said, the entries y(t) and z(t) of DX^t_p

(see (3.3)) may obstruct the construction of a vector field Y − X with small norm. So we will concatenate several small rotations, however this concatenation worsens κ. In [3] this problem is bypassed by using a nested rotation lemma (Lemma 3.7 in [3]) and here we will adapt this procedure. Note that if we had y(t), z(t) bounded, then under conditions (a) and (b) we could perform large rotations with just one single perturbation. In fact this is what we did when we carry out the development of perturbations for linear differential systems, see section 7.6.2.

Since we will juxtapose several rotations beginning with a ball it turns out that after the first time-1 iteration, by the linear Poincaré flow, it will became an ellipse. We consider vector fields which induce elliptical rotations over normal sections, so take the elliptical rotation flow defined by:

E_{ξg(t)G(ρ)} := � � 1 0 0 0 acos(ξg(t)G(ρ)) −asin(ξg(t)G(ρ)) 0 dsin(ξg(t)G(ρ)) dcos(ξg(t)G(ρ))

� � ,

where d ≥ a are the axis of the ellipse. Let E =

�_d a . As in [3] we call E the eccentricity of the ellipse, so eccentricity close to one is equivalent to be almost conformal. A simple computation shows that:

Ė_{ξg(t)G(ρ)}.E^{−1}_{ξg(t)G(ρ)} = ξġ(t)G(ρ) � � 0 0 0 0 0 −E^{−2} 0 E^2 0

� � . (3.10)

The number E measures how large is the norm of a modified area-preserving linear map that sends a ball into the ellipse. The ball B(p, 1) is mapped into an ellipse denoted by B(p) ⊆ N_p. Let 0 < ζ < 1 and we denote by B(p, ζ) the ellipse B(p) after a shrinking by a factor of ζ.

Lemma 3.2.7 Given X ∈ X^2_μ(M), a non-periodic point p ∈ M, ϵ > 0, 0 < κ < 1, γ > 0 a fixed time T = 1 and E ≥ 1, then there exists r > 0 and ϵ̂ > 0 such that if B(p, r) is an ellipse with eccentricity less than E, diam(B(p, r)) < ϵ and ‖P^1_X (p)Ê_ξ − P^1_X (p)‖ < ϵ̂ for ξ > 0, we may find a C^1 zero divergence vector field Y , ϵ-C^1-close to X such that:

(a) Y − X is supported in the flowbox ∪_{t∈[0,1]}X^{τ (p,t)(B(p,r))}(B(p, r)),

(b) For every q ∈ B(p, r √ 1 − κ) we have ‖P^1_Y (q) − P^1_X (p) ∘ Ê_ξ‖ < γ.

Proof: The proof is the same of Lemma 3.2.3, but the angle ξ depends also on E, because rotations of ellipses with large E imply large perturbations. By (3.10) we get ‖Ė_{ξg(t)G(ρ)}.E^{−1}_{ξg(t)G(ρ)}‖ ≤ E^2ξ. Let ϵ̂ > 0 be sufficiently small.

So we have ‖P^1_X (p)Ê_ξ − P^1_X (p)‖ < ϵ̂, therefore a, d ≈ 1. Consequently E^2 ≈ 1 and we rotate approximately ξ. ⊔⊓

The next lemma says that if we fix a small ellipse in a small ball B(p, r) ⊆ N_p and consider its arrival into N_X1_{(p)}, then this set is almost the image by the linear Poincaré flow at p of the same ellipse modulo translations. A similar statement is proved in Lemma 3.6 of [3] (see Figure 3.3).

Figure 3.3: For small r > 0, X^{τ (p,1)(B(q))}(B(q)) is almost an ellipse.

Lemma 3.2.8 Let X^t : M −→ M be a C^1-flow, ζ ∈]0, 1[ (near 1), E ≥ 1. There exists r > 0 such that, for all ellipses B(q) ⊆ B(p, r) ⊆ N_p with eccentricity less or equal than E we have:

(A) P^1_X (p)(B(q, ζ) − q) + X^{τ (p,1)(q)}(q) ⊆ X^{τ (p,1)(B(q))}(B(q))

(B) X^{τ (p,1)(B(q))}(B(q)) ⊆ P^1_X (p)(B(q, 2 − ζ) − q) + X^{τ (p,1)(q)}(q).

Since P^t_X (p) is modified area-preserving, we measure the non-conformality using its norm ‖P^t_X (p)‖ in the following way. Suppose that P^t_X (p) has a matrix

representation � a 0 0 d � with d ≥ a. Then the eccentricity of P^t_X (p)(B(p, 1)) is E = �_d

a . Since ‖P^t_X (p)‖ = d, and by volume-preserving we have a^{−1} = d.x(t)

we conclude that E =

�_d a = � d^2x(t) = d � x(t) = ‖P^t_X (p)‖ � x(t).

In next lemma we adapt Lemma 3.3 of [3].

Lemma 3.2.9 Given X ∈ X^2_μ(M), a non-periodic point p ∈ M, ϵ > 0, 0 < κ < 1, γ > 0 and E ≥ 1, suppose that for a fixed n ∈ N we have ‖P^j_X (p)‖ ≤ E � x^{−1}(j) for j = 0, 1, ..., n − 1. Then there exists ϵ̂ > 0 such that if:

N_p^{L0}−→ N_X1_{(p)}^{L1}−→ ...^{Ln−1}−→ N_Xn_{(p)}

is a sequence of linear flows satisfying:

(a) L_{j−1} ∘ ... ∘ L_0(B(p, 1)) = P^j_X (p)(B(p, 1)) for j = 0, 1, ..., n − 1;

(b) ‖P^1_X (X^j(p)) − L_j ‖ < ϵ̂ for j = 0, 1, ..., n − 1, then {L_0, L_1, ..., L_{n−1}} is a (ϵ, κ)-realizable linear flow.

Proof: Let γ > 0 be given. Take ϵ̂ given by Lemma 3.2.7 and depending on X, ϵ, κ, E and γ/3.

Choice of r:

We choose r_0 > 0 such that: (1) ‖P^j_X (q)‖ < 2E � x^{−1}(j) for all q ∈ B(p, r_0 √ 1 − κ) and for j = 0, 1, ..., n − 1; (2) For all q ∈ X^{τ (p,j)(B(p,r0))}(B(p, r_0)) we have ‖P^1_X (q) − P^1_X (X^j (p))‖ <^γ_{3E} ;

(3) Any vector field Y ϵ-C^1-close to X and also such that X = Y outside X^{[0,n]}(B(p, r_0)) satisfy: ‖P^1_Y (Y^j(q)) − P^1_Y (x_j )‖ <^γ_3 , for any q ∈ B(p, r_0) and x_j ∈ N_Xj_{(p)}.

By hypothesis ‖P^j_X (p)‖ ≤ E � x^{−1}(j) and also we have by (a) L_{j−1} ∘ ... ∘ L_0(B(p, 1)) = P^j_X (p)(B(p, 1)) for j = 0, 1, ..., n − 1, then we take E_j the elliptical rotation with eccentricity less or equal than E and define, L_j := P^1_X (X^j(p)) ∘ Ê_j .

Now we choose κ_0 < κ by taking λ ∈]0, 1[ near 1 satisfying λ^{4n}(1−κ_0) > 1−κ. We take ζ ∈]0, 1[, such that ζ ∈]λ, 1[ and 2−ζ ∈]1, λ^{−1}[. By Lemma 3.2.8 there exists r_1 > 0 such that for all ellipses B(q) ⊆ B(p, r_1) ⊆ N_p with eccentricity less or equal than E we have:

(A) P^1_X (p)(B(q, ζ) − q) + X^{τ (p,1)(q)}(q) ⊆ X^{τ (p,1)(B(q))}(B(q))

(B) X^{τ (p,1)(B(q))}(B(q)) ⊆ P^1_X (p)(B(q, 2 − ζ) − q) + X^{τ (p,1)(q)}(q). Again by Lemma 3.2.8 we have for all j ∈ {1, ..., n−1} that there exists r_{j+1} > 0 such that for any ellipse B(q) ⊆ B(X^j (p), r_{j+1}) ⊆ N_Xj_{(p)} with eccentricity less or equal than E we have:

X^{τ (Xj (p),1)(B(q))}(B(q)) ⊇ P^1_X (X^j(p))(B(q, ζ) − q) + X^{τ (Xj (p),1)(q)}(q). After applying Lemma 3.2.8 n times, we choose r_{n+1} > 0 such that:

X^{τ (p,j)(B(p,rn+1))(B(p,rn+1 ))} ⊆ B(X^j(p), r_{j+1}) for j ∈ {1, ..., n − 1}. We define the value of r > 0 in Definition 3.2.1 by:

r := min{r_i � x(j)}^{n+1}_{i=0} 3E . Defining Y and K:

By Lemma 3.2.2 we consider U = B(p^′, r^′) ⊆ B(p, r). We define a sequence of ellipses B^j_s ⊆ N_Xj_{(p)} for j ∈ {0, 1, ..., n − 1} all of eccentricity ≤ E by:

B^0_s = B(p^′, sr^′) for s ∈]0, 1];

B^j_s = P^j_X (p^′)(B(p^′, sr^′) − p^′) + X^{τ (p,j)(p′)}(p^′) for j ∈ {1, ..., n − 1}. Denote X^{τ (p,j)(p′)}(p^′) = p^′_j. It follows from P^j_X (B(p, r)) ⊆ B(X^j (p), E � x^{−1}(j)r), X^{τ (p,j)(B(p,r))}(B(p, r)) ⊆ B(X^j (p), 2E � x^{−1}(j)r) and from the choice of r that,

B^j_s ⊆ B(X^j(p), 3E � x^{−1}(j)r) ⊆ B(X^j(p), r_{j+1}) for all j = {0, ..., n − 1}.

These ellipses are in the conditions of Lemma 3.2.8 so for all j ∈ {0, 1, ..., n−1} we have:

B^{j+1}_{sλ−1} ⊇ B^{j+1}_{s(2−ζ)} ⊇ X^{τ (Xj (p),1)(Bjs )}(B^j_s) ⊇ B^{j+1}_{sζ} ⊇ B^{j+1}_{sλ} .

We apply Lemma 3.2.7 to p^′_j , κ_0, B^j_s and E_j, with s = λ^n. So there exists an angle ξ(ϵ̂) and a vector field Y_j ∈ U such that:

(a) Y_j − X is supported in the flowbox ∪_{t∈[0,1]}X^{τ (p′j ,t)(Bjλn )}(B^j_λn );

(b) For every q_j ∈ B^j_{λn}^√_{1−κ0} we have ‖P^1_Y (q_j ) − P^1_X (p^′_j) ∘ Ê_ξ‖ < γ/3.

We get Y_j for j = 0, ..., n − 1 with disjoint supports and define Y :=

�_{n−1} j=0 Y_j.

Defining K := B^0_λ2n^√_{1−κ0} = B(p^′, λ^{2n} √ 1 − κ_0) we get,

μ(K) μ(U) = π(λ^{2n} √ 1 − κ_0r^′)^2 πr^{′2}

= λ^{4n}(1 − κ_0) > 1 − κ.

Let us see that when we iterate we have a nested sequence, i.e., for all q ∈ K, we have Y^j(q) ∈ B^j_{λn}^√_{1−κ0} for all j ∈ {0, 1, ..., n − 1}.

We have Y^{τ (p′,1)(B0s)}(B^0_s) ⊆ B^1_{s(2−ζ)} ⊆ B^1_{sλ}−1 , so for every j = {1, 2, ..., n − 1} we obtain Y^{τ (p′,j)(B0s)}(B^0_s) ⊆ B^j_{sλ}−j ⊆ B^j_{sλ}−n . Hence for s = λ^{2n} √ 1 − κ_0 we get Y^{τ (p′,1)(K)}(K) ⊆ B^j_λn^√_{1−κ0} , and the orbit of q will be always inside the domain of the rotations.

Finally we prove that for all q ∈ K we have ‖P^1_Y (Y^j (q)) − L_j ‖ < γ by using (3), (b) and (2),

‖P^1_Y (Y^j (q)) − L_j ‖ = ‖P^1_Y (Y^j(q)) − P^1_X (X^j(p)) ∘ Ê_j ‖ ≤ ≤ ‖P^1_Y (Y^j(q)) − P^1_Y (q_j )‖ + ‖P^1_Y (q_j ) − P^1_X (p^′_j) ∘ Ê_j ‖ + + ‖P^1_X (p^′_j ) ∘ Ê_j − P^1_X (X^j (p)) ∘ Ê_j‖ ≤ ≤ γ/3 + γ/3 + ‖P^1_X (p^′_j) − P^1_X (X^j(p))‖‖Ê_j‖ ≤ γ

and the lemma is proved. ⊔⊓

Chapter 4

Exchange of the Oseledets directions along an orbit segment

When we have an orbit without dominated splitting, along an orbit segment X^{[0,m]}(p) of this orbit it may occur an “exchange on the dominance” during a period of time r, i.e. for c > 1,

Δ(X^t(p), r) =

‖P^r_X (X^t(p))|N^s_Xt_{(p)}‖ ‖P^r_X (X^t(p))|N^u_{Xt(p)}‖

≥ c.

Therefore the dynamics sends vectors near N^u_Xr_{(p)} into vectors near N^s_{Xt+r(p)} during that period. The next simple lemma, whose prove may be found in [3], explicit this behavior. Denote by n^σ_t ∈ N^σ_Xt_{(p)} two unit vectors, for σ = u, s.

Lemma 4.0.10 Given an angle ξ, there exists c > 1, such that if we have Δ(X^t(p), r) > c then there exists a non-zero vector v ∈ N_Xt_{(p)} such that ∠(v, n^u_t ) < ξ and ∠(P^r_X (X^t(p)).v, n^s_{t+r}) < ξ.

The next lemma gives us sufficient conditions under which we may apply Lemma 3.2.9.

Lemma 4.0.11 Let ξ > 0 and d > 1 be given, there exists E > 1 such that: If for all t ∈ [0, m]: ∠(N^u_Xt_{(p)}, N^s_Xt_{(p)}) > ξ and d^{−1} ≤^{‖P tX (p)|Nsp ‖}_{‖P} t_{X (p)|Nup ‖} ≤ d then ‖P^t_X (p)‖ ≤ E � x(t)^{−1} for all t ∈ [0, m].

Proof: We define ∠(N^u_Xt_{(p)}, N^s_Xt_{(p)}) =: ξ_t > ξ for all t ∈ [0, m]. By volume preserving we get

‖P^t_X (p)|_N s_p ‖ = x(t)^{−1}‖P^t_X (p)|_N u_p ‖^{−1} sinξ_0 sinξ_t , therefore

‖P^t_X (p)|_N s_p ‖^2 = x(t)^{−1}

‖P^t_X (p)|_N s_p ‖ ‖P^t_X (p)|_N u_p ‖ sin^{−1}ξ_t ≤ x(t)^{−1}d.sin^{−1}ξ

and we obtain ‖P^t_X (p)|_N s_p ‖ ≤ � x(t)^{−1}d.sin^{−1}ξ.

Analogously:

‖P^t_X (p)|_N u_p ‖^2 ≤ x(t)^{−1}

‖P^t_X (p)|_N u_p ‖ ‖P^t_X (p)|_N s_p ‖ sin^{−1}ξ_t ≤ x(t)^{−1}d.sin^{−1}ξ

and we also obtain ‖P^t_X (p)|_N u_p ‖ ≤ � x(t)^{−1}d.sin^{−1}ξ.

We conclude that ‖P^t_X (p)‖ ≤ � 2x(t)^{−1}d.sin^{−1}ξ, for all t ∈ [0, m], so the statement holds taking E = � 2d.sin^{−1}ξ. ⊔⊓

Now we are able to mix the Oseledets subspaces by small perturbations along orbits with lack of hyperbolicity.

Lemma 4.0.12 Let X ∈ X^2_μ(M), ϵ > 0 and κ ∈ (0, 1). There exists m ∈ N, such that for every p ∈ Δ_m(X) there exists a (ϵ, κ)-realizable linear flow such that:

L^m(N^u_p ) = N^s_Xm_{(p)}.

Proof: First we set up the constants. Take ξ > 0 the minimum of the angles satisfying simultaneously Lemma 3.2.5 and Lemma 3.2.6 and depending on X, ϵ and κ/2. Take C := max{‖DX^{±1}‖ : p ∈ M} and c given by Lemma 4.0.10 depending on the angle ξ. It also will be useful to take c > C^2. Lemma 4.0.11 gives us E > 1 depending on ξ and d = 2c^2. Let ϵ̂ > 0 depending on X, ϵ, κ and E given by Lemma 3.2.9. Let β > 0 be such that for ξ_0 < β, ‖R_{ξ0} − Id‖ ≤ C^{−1}E^{−2}ϵ̂. Finally we take a very large m ∈ N satisfying m ≥^{2π}_β . I - Angle between Oseledets subspaces small:

If along the orbit segment there is a time r such that the angle between N^u_Xr_{(p)} and N^s_Xr_{(p)} is less than ξ say:

For some r ∈ [0, T ] we have ∠(N^u_Xr_{(p)}, N^s_Xr_{(p)}) < ξ. (4.1)

We take advantage of this fact and define a realizable linear flow of length 1 in the following way; If r < m−1 the linear flow is based at X^r(p) and defined by L_0 := P^1_X (X^r(p)) ∘ R_ξ and if r > m − 1 the linear flow is based at X^{r−1}(p) and defined by L_0 := R_ξ ∘ P^1_X (X^{r−1}(p)). Now we use Lemma 3.2.5 and concatenate from right and left, if necessary, with trivial realizable linear flows by using (1) of Lemma 3.2.1. We obtain L^m(N^u_p ) = N^s_Xm_{(p)}. II - Locally N^s dominates N^u: Now we suppose that:

For some 0 ≤ r + t ≤ m we have Δ(X^t, r) > c. (4.2)

We use Lemma 4.0.10 and there exists a vector v ∈ N_Xt_{(p)} such that ∠(v, n^u_t ) < ξ and ∠(P^r_X (X^t(p)) · v, n^s_{t+r}) < ξ. Since ξ is small we apply Lemma 3.2.5 to both extremes at X^t(p) and at X^{t+r}(p). By choice of c we get r > 2 and so we have disjoint perturbations. Therefore our first rotation allow us to send N^u_Xt_{(p)} onto v.R, the dynamics help us and maps this direction into P^r_X (X^t(p)) · v in time r, finally and another rotation sends P^r_X (X^t(p)) · v.R onto N^s_Xt+r_{(p)}. Now we use Lemma 3.2.1 and concatenate the three realizable linear flows, say rotation-trivial-rotation, by using Lemma 3.2.6 and we get L^m(N^u_p ) = N^s_Xm_{(p)}. III - Lack of dominance behavior:

We suppose that we do not have both (4.1) and (4.2). We set up the conditions of Lemma 4.0.11. Since Δ(p, m) ≥^1_2 and (4.2) is false we conclude that,

Δ(X^r(p), t) = Δ(X^{t+r}(p), m − t − r)^{−1}Δ(p, m)Δ(p, r)^{−1} ≥ (2c^2)^{−1},

therefore since d = 2c^2 and we get:

d^{−1} ≤

‖P^t_X (p)|_N s_{Xr(p)} ‖ ‖P^t_X (p)|_N u_{Xr(p)} ‖

≤ d for all r, t such that 0 ≤ r + t ≤ m.

In particular for r = 0 we have ∀t ∈ [0, m]: ∠(N^u_Xt_{(p)}, N^s_Xt_{(p)}) > ξ we use Lemma 4.0.11 and conclude that ‖P^t_X (p)‖ ≤ E � x(t)^{−1} for all t ∈ [0, m].

Take ξ_1, ξ_2, ..., ξ_{m−1} such that each ξ_j is less than β and also take

�_{m−1} j=0 ξ_j = ∠(N^u_p , N^s_p ). We define:

L_j : N_Xj_{(p)} −→ N_Xj+1_{(p)} v −→ P^{j+1}_X (p) ∘ R_{ξj} ∘ [P^j_X (p)]^{−1} · v

Let us see that we are in the hypotheses of Lemma 3.2.9: Since by definition L_{j−1} ∘ ... ∘ L_0 = P^j_X (p) ∘ R^Pm−1_{j=0 ξj} we have

L_{j−1} ∘ ... ∘ L_0(B(p, 1)) = P^j_X (p)(B(p, 1))

and it verifies (a). Now we have:

‖P^1_X (X^j(p)) − L_j ‖ ≤ ‖P^1_X (X^j(p)) − P^{j+1}_X (p) ∘ R_{ξj} ∘ [P^j_X (p)]^{−1}‖ = = ‖P^1_X (X^j(p))[Id − P^j_X (p) ∘ R_{ξj} ∘ [P^j_X (p)]^{−1}]‖ ≤ ≤ ‖P^1_X (X^j(p))‖‖P^j_X (p)[Id − R_{ξj} ][P^j_X (p)]^{−1}]‖ ≤ ≤ ‖P^1_X (X^j(p))‖‖P^j_X (p)‖‖[P^j_X (p)]^{−1}‖‖Id − R_{ξj} ‖ ≤ ≤ CE � x^{−1}(j)E � x(j)‖Id − R_{ξj} ‖.

In last inequality we use ‖P^{−t}_X ‖ ≤ E � x(t). Therefore we have:

‖P^1_X (X^j(p)) − L_j ‖ ≤ CE^2‖Id − R_{ξj} ‖ ≤ ϵ̂ and (b) is true, so by Lemma 3.2.9 we have the realizability of our linear flow therefore:

L^m(N^u_p ) = L_{m−1} ∘ ... ∘ L_0(N^u_p ) = P^m_X (p) ∘ R^Pm−1_{j=0 ξj} (N^u_p ) = P^m_X (p).N^s_p = N^s_Xm_{(p)}, which proves the lemma. ⊔⊓

Chapter 5

Lowering the norm - Local procedure

Now we consider two lemmas, the first one we adapt Lemma 3.12 from [3], to the continuous-time case. This lemma gives us information about when we have a recurrence to a positive measure set. The second lemma is an elementary result and it relates the original norm with a new norm which is better when we do the computations.

Lemma 5.0.13 Let X^t : M → M be a measurable μ-invariant flow, Δ ⊆ M a positive measure set, its saturate Γ = ∪_{t∈R}X^t(Δ) and γ > 0. There exists a measurable function T : Γ → R such that for μ-a.e. p ∈ Γ, all t ≥ T (p) and every τ ∈ [0, 1] there exists some s ∈ [0, t] satisfying |^s_t − τ| < γ and X^s(p) ∈ Δ.

Proof: We denote the characteristic function on the set Δ by χ_Δ. Let B(t) =

�_t 0 χ_Δ(X^r(p))dr. We claim that for μ-a.e. p ∈ Γ we have lim_{t→∞}^1_t B(t) = a > 0. The existence of the limit follows from Birkhoff’s ergodic theorem, the positivity follows from the diffeomorphism version [3], where we have

lim_{n→∞} 1 n n−1� j=0 χ_Δ(f^j(p)) = a > 0.

Note that φ(p) =

�_1 0 χ_Δ(X^t(p))dt is integrable, then:

lim_{t→∞} 1 t �_t 0 χ_Δ(X^r(p))dr = lim_{n→∞} 1 n �_n 0 χ_Δ(X^r(p))dr =

= lim_{n→∞} 1 n n−1� j=0 �_{j+1} j χ_Δ(X^r(p))dr =

= lim_{n→∞} 1 n n−1� j=0 �_1 0 χ_Δ(X^{r̃+j}(p))dr̃ =

= �_1 0 [ lim_{n→∞} 1 n n−1� j=0 χ_Δ((X^1)^j(X^{r̃}(p)))]dr̃ =

= �_1 0 adr̃ = a > 0.

Let p ∈ Γ and ϵ ∈ (0, a) satisfying (a + ϵ)/(1 + γ) < a − ϵ. Since we have lim_{t→∞}^1_t B(t) = a > 0 we choose t_0 such that |B(t)/t − a| < ϵ for all t ≥ t_0 and take T (p) such that^{t0}_{γ(a−ϵ)} < T (p). The proof follows by contradiction, suppose that:

∃t ≥ T (p), ∃τ ∈ [0, 1] : ∀s ∈ [t(τ − γ), t(τ + γ)], X^s(p) /∈ Δ. Take [α, β] = [t(τ − γ), t(τ + γ)] ∩ [0, t], β > tγ + α.

If α > t_0, then:

a − ϵ <

B(β) β = B(α) β ≤ B(α) α + tγ = B(α) α(1 + tγ/α) < a + ϵ 1 + γ^t_α

< a − ϵ,

which is a contradiction, so α ≤ t_0 and in this case;

a − ϵ <

B(β) β < α α + tγ < t_0 γt < a − ϵ

we obtain again a contradiction. ⊔⊓

Consider p, q := X^t(p) ∈ Γ and the map P : N_p → N_q with matrix written relative to the Oseledets basis (given by {n^u_p , n^s_p} and {n^u_q , n^s_q}) as: P = � a^{uu} a^{us} a^{su} a^{ss} � . Let ‖P ‖_{max} = max{|a^{uu}|, |a^{us}|, |a^{su}|, |a^{ss}|}.

Lemma 5.0.14 (a) ‖P ‖ ≤ 4^1_{sin∠(N up ,N sp )} ‖P ‖_{max}, (b) ‖P ‖_{max} ≤^1_{sin∠(N uq ,N sq )} ‖P ‖

Proof: See [4], Lemma 4.5. ⊔⊓

Lemma 5.0.15 Let X ∈ X^3_μ(M), with X^t aperiodic and the measure of hyperbolic sets zero. Let ϵ, δ > 0, 0 < κ < 1. There exists a measurable function T : M → R such that for μ-a.e. p ∈ M and every t ≥ T (p), there exists a (ϵ, κ)-realizable linear flow at p with length t such that ‖L^t(p)‖ ≤ e^{tδ}.

Proof: First we take m ∈ R large enough given by Lemma 4.0.12 depending on X, ϵ, κ/2, abbreviate Γ = Γ^+_m(X) and Δ = Δ_m(X). The union of Γ with the Oseledets points with zero Lyapunov exponents is a full measure set, otherwise we could get a positive measure set with m-dominated splitting and by Proposition 2.5.1 X is Anosov and this contradicts the hypothesis of hyperbolic sets have zero measure. We suppose μ(Γ) > 0 because if μ(Γ) = 0 then for μ-a.e. point p ∈ M we have λ^+(p) = 0 and the proof is over because a trivial linear flow does the work. Remember that Γ = ∪_{t∈R}X^t(Δ). For μ-a.e. p ∈ Γ the Oseledets’s Theorem gives us Q(p) such that ∀t ≥ Q(p) we have:

(1)^1_t log‖P^t_X (p) · n^u‖ < λ^+(p) + δ for all n^u ∈ N^u_p − {0};

(2)^1_t log‖P^t_X (p) · n^s‖ < −λ^+(p) + δ for all n^u ∈ N^s_p − {0};

(3) log^1

sin∠(N^u_{Xt(p)},N^s_{Xt(p)}) < tδ.

By using Lemma 5.0.13 with τ = 1/2 we get recurrence to Δ approximately in the middle of the orbit segment, but to get good estimates to the norm of the linear flow L^t, points in the orbit after this time, must also satisfy (1) and (2), that is why we consider the following sets; We define B_n := {p ∈ Γ : Q(p) ≤ n} for n ∈ N, of course that B_n ⊆ B_{n+1} and μ(Γ − B_n) →_{n→∞} 0. Consider a family of sets defined by:

C_0 := ∅, C_1 := ∪_{t∈R}X^t(Δ ∩ X^{−m}(B_1)), ..., C_n := ∪_{t∈R}X^t(Δ ∩ X^{−m}(B_n)), ...

Clearly C_n →_{n→∞} Γ, so the measurable function T : Γ → R will be μ-a.e. defined on each C_n − C_{n−1} for n ∈ N. Taking c > 2max{‖DX^1_p ‖ : p ∈ M} yields the Lyapunov exponents of any p ∈ O less than c. For p we have nonnull Lyapunov exponents so we have the Oseledets 1-dimensional subspaces N^u_p and N^s_p . Let γ = min{1/6, δ/c}. Now we use Lemma 5.0.13 substituting Δ by Δ∩X^{−m}(B_n) and Γ by ∪_{t∈R}X^t(Δ∩X^{−m}(B_n)), so by this lemma for each n there exists a measurable function T_n : C_n → R such that for μ-a.e p ∈ C_n, and for all t ≥ T_n(p), there exists some s ∈ [0, t] satisfying X^s(p) ∈ Δ ∩ X^{−m}(B_n) and |^s_t −^1_2 | < γ. Now we define a sufficiently large T (p) for p ∈ C_n − C_{n−1};

T (p) ≥ max{T_n(p), m γ , 6Q(p), 1 δ log 4 sin∠(N^u_p , N^s_p )

} (5.1)

Let p ∈ C_n − C_{n−1} and t ≥ T (p), since t ≥ T (p) ≥ T_n(p) by (a) above X^s(p) ∈ Δ, so by Lemma 4.0.12 we may define a (ϵ, κ/2)-realizable linear flow L_1 : N_Xs_{(p)} −→ N_Xs+m_{(p)}, sending N^u_Xs_{(p)} into N^s_{Xs+m(p)}. Now we concatenate from right and left with trivial linear flows and by Lemma 3.2.1 we obtain a (ϵ, κ)-realizable linear flow defined by:

N_p^{L0}−→ N_Xs_{(p)}^{L1}−→ N_Xs+m_{(p)}^{L2}−→ N_Xt_{(p)}

with L_0 = P^s_X (p) and L_2 = P^{t−m−s}_X (X^{s+m}(p)). Now we estimate ‖L^t(p)‖, and for that we consider the linear maps relatively to a suitable unitary basis {n^u_Xr_{(p)}, n^s_Xr_{(p)}} for r ∈ [0, t] that is invariant for the linear Poincaré flow, so they have the form:

L_2 = � c^{uu} 0 0 c^{ss} � , L_1 = � b^{uu} b^{us} b^{su} b^{ss} � , L_0 = � a^{uu} 0 0 a^{ss} � . The key observation is that b^{uu} = 0, and this is the reason why we send N^u_Xs_{(p)} into N^s_{Xs+m(p)}. Hence we will be able to get all entries of the product matrix small, whereas if b^{uu} ≠ 0 this could not be done. So consider the product matrix: L^t(p) = � 0 a^{uu}b^{us}c^{ss} a^{ss}b^{su}c^{uu} a^{ss}b^{ss}c^{ss} � . Claim 5.0.1 For p ∈ C_n − C_{n−1} and t ≥ T (p) we have:

(a) log|a^{uu}| <^1_2 t(λ^+(p) + 4δ);

(b) log|a^{ss}| <^1_2 t(−λ^+(p) + 4δ);

(c) log|c^{uu}| <^1_2 t(λ^+(p) + 4δ);

(d) log|c^{ss}| <^1_2 t(−λ^+(p) + 4δ).

Proof: (of the claim) For (a) we have s > t(1/2 − γ) > t/3 > T (p)/3 ≥ Q(p) so by Oseledets’s Theorem we have log|a^{uu}| = log|P^s_X (p) · n^u_p | < s(λ^+(p) + δ) and also log|a^{ss}| = log|P^s_X (p) · n^s_p| < s(−λ^+(p) + δ). Since γλ^+(p) < γc < δ and γ < 1/2 we obtain;

s(λ^+(p) + δ) < t(1/2 + γ)(λ^+(p) + δ) < t(λ^+(p)/2 + δ/2 + λ^+(p)γ + γδ) <

< t(λ^+(p)/2 + δ/2 + δ + δ/2) < 1 2 t(λ^+(p) + 4δ)

and (a) follows. We note that (b) is analogous to (a) by taking −λ^+(p) instead. For (c) we make use of the fact that X^s(p) ∈ X^{−m}(B_n), therefore X^{s+m}(p) ∈ B_n and by definition of B_n, Q(X^{s+m}(p)) ≤ n, so we will have the approximation rate given by Oseledets’s Theorem if t−m−s > n. By (5.1) for t ≥ T (p) we have −m/t ≥ −γ, −s/t > −^1_2 − γ and we know that −γ ≥ −1/6 so: t − m − s = t(1 − m t − s t ) > t( 1 2 − 2γ) > t 6 > Q(p) ≥ n.

Now:

log|c^{uu}| = log|P^{t−m−s}_X (X^{s+m}(p)) · n^u_Xs+m_{(p)}| < (t − m − s)(λ^+(p) + δ) < < t(1 − m/t − s/t)(λ^+(p) + δ) < t(γ + 1/2)(λ^+(p) + δ) = = t(γλ^+(p) + γδ + λ^+(p)/2 + δ/2) < < t(δ + δ/2 + λ^+(p)/2 + δ/2) = 1 2 t(λ^+(p) + 4δ).

Again (d) is analogous to (c) by taking −λ^+(p) instead and the claim is proved. ⊔⊓ Now we estimate ‖L_1‖_{max}. First note that;

s + m > t(1/2 − γ + m/t) > t(1/2 − γ) > t/6 > Q(p) ≥ n,

so again by Oseledets’s Theorem (3) we have an estimate for the angle, i.e.,

sin^{−1}∠(N^u_Xs+m_{(p)}, N^s_Xs+m_{(p)}) < e^{(s+m)δ} < e^{tδ}.

Since L_1 is (ϵ, κ)-realizable we conclude that ‖L_1 −P^m_X (X^s(p))‖ is small, therefore since t > T (p) ≥ m/γ and γc < δ we have ‖L_1‖ < e^{mc} < e^{tγc} < e^{tδ}. By Lemma 5.0.14 (b) we get:

‖L_1‖_{max} ≤ sin^{−1}∠(N^u_Xs+m_{(p)}, N^s_Xs+m_{(p)})‖L_1‖ ≤ e^{2tδ} .

Now we give estimates for each of the entries of the product matrix:

|a^{uu}b^{us}c^{ss}| ≤ e^{12 t(λ+(p)+4δ)+2tδ+ 12 t(−λ+(p)+4δ)} = e^{6tδ} . |a^{ss}b^{su}c^{uu}| ≤ e^{12 t(−λ+(p)+4δ)+2tδ+ 12 t(λ+(p)+4δ)} = e^{6tδ} . |a^{ss}b^{ss}c^{ss}| ≤ e^{12 t(−λ+(p)+4δ)+2tδ+ 12 t(−λ+(p)+4δ)} ≤ e^{−tλ+(p)+6tδ} ≤ e^{6tδ} .

This implies the inequality ‖L^t(p)‖_{max} < e^{6tδ}. Again by Lemma 5.0.14 (a) we have:

‖L^t(p)‖ ≤ 4 1 sin∠(N^u_p , N^s_p )

‖L^t(p)‖_{max}.

But t ≥ T (p) ≥^1_δ log^4_{sin∠(N up ,N sp )} so^4_{sin∠(N up ,N sp )} ≤ e^{tδ} and we get ‖L^t(p)‖ ≤ e^{7tδ} . Replacing δ by δ/7 we conclude that ‖L^t(p)‖ ≤ e^{tδ} and the lemma is proved. ⊔⊓

5.1 Realizing vector fields

Let X ∈ X^2_μ(M)^∗, with X^t aperiodic and also with all hyperbolic sets with zero Lebesgue measure. Given ϵ, δ > 0 and 0 < κ < 1, we suppose that

Figure 5.1: Realizing vector fields given a linear flow L^t.

m is large enough to satisfy Lemma 4.0.12. By Lemma 5.0.15 there exists a measurable function T : M → R such that for μ-a.e. p ∈ M, for every t ≥ T (p), there exists a (ϵ, κ)-realizable linear flow at p with length t such that ‖L^t(p)‖ ≤ e^{tδ} . By Definition 3.2.1 ∀γ > 0, ∃r(p, t) > 0 such that for all open set ∅ ≠ U ⊆ B(p, r), there exist:

(a) A measurable set K ⊆ U,

(b) A zero divergence C^1 vector field Y , ϵ-C^1-close to X, such that:

(i) Y = X outside the self-disjoint flowbox {X^{τ (p,s)(U)}(U) : s ∈ [0, t]} and for every q ∈ U, X^{τ (p,t)(U)}(U) we have DX_q = DY_q;

(ii) μ(K) > (1 − κ)μ(U);

(iii) If q ∈ K, then ‖P^t_Y (q) − L^t‖ < γ.

By (iii) and ‖L^t(p)‖ ≤ e^{tδ} we conclude that ‖P^t_Y (q)‖ ≤ e^{δt} + γ for all q ∈ K, and we note that γ is very small. So the vector field Y is the one who realizes the property of having small norm for the orbit of p, and this property is shared by large percentage of points inside any open set inside N_p near p (see Figure 5.1). This property is crucial because after we perturb X the point p may no longer be in O(Y ), however most points (relatively to Lebesgue measure) near p have norm close to the norm of p, therefore small norm.

Chapter 6

Lowering the norm - Global procedure

6.1 Sections of flows and special flows

Now we use the local construction of realizable linear flows with small norm to get a conservative vector field Y near X with LE(Y ) small.

First we define a special flow built under a ceiling function h. Consider:

(a) A measure space Σ;

(b) A map R : Σ → Σ;

(c) A measure μ̃ defined in Σ;

(d) An integrable function h : Σ → R^+, with h(x) ≥ α > 0 for all x ∈ Σ and � Σ h(x)dμ̃(x) = 1.

Consider the flow on the product space M_h ⊆ Σ × R where M_h is the set below the graph of h(x), on which the dynamics is defined by:

S^s : Σ × R −→ Σ × R (x, r) −→ (R^n(x), r + s −

�_{n−1} i=0 h(R^i(x))) and n ∈ Z is uniquely defined by:

n−1� i=0 h(R^i(x)) ≤ r + s < n� i=0 h(R^i(x)).

Informally speaking this flow S^t moves any point (y, r) ∈ M_h to (y, r + s) at time-one speed until hits the graph of h after that the point returns to the base Σ and proceed its journey, see Figure 6.1.

The following lemma, see [1], gives a representation of an aperiodic flow by a flow build from a ceiling function h.

Figure 6.1: A Kakutani castle or a special representation of a flow.

Lemma 6.1.1 (Ambrose-Kakutani) Any aperiodic flow X^t : M → M is isomorphic to some special flow.

The isomorphism is given by a measure preserving transformation W : M → M_h. The measure μ^∗ = W^∗μ is decomposed into the product of Lebesgue measure in R and an R-invariant measure μ̃ in Σ, i.e.: � M_h

f(x, s)dμ^∗ = � Σ �_{h(x)} 0 f(x, s)DDSμ̃(x). (6.1)

So we have a simplified representation of our flow X^s(p). In what follows we consider that our flow have this representation. Given a special flow over a section Σ the set Q = � t∈R X^t(Σ) is called Kakutani castle and the tower of

height i, denoted by T_i, is the set below the graph of h(B_i) where B_i = {x ∈ Σ : h(x) = i} so T_i = ∪_{t∈[0,i]}X^t(B_i).

Next we consider lemma which is a time-continuous version of Lemma 4.1 of [3]:

Lemma 6.1.2 Let X^t : M → M be μ-preserving aperiodic flow. For every positive measure set U ⊆ M and every h ∈ R, there exists a μ̃-positive measure section B ⊆ U such that:

(a) X^{[0,h]}(B) is a self-disjoint flow box;

(b) B is maximal (i.e. no set containing B and with larger measure has the same properties as B).

Proof: Suppose that for all B_1 ⊆ U with μ̃ positive measure, we have μ̃(X^{[0,n[}(B_1)ΔX^{]0,n]}(B_1)) = 0, therefore μ̃-a.e. x ∈ B_1 is fixed for X^t or periodic with period less then n but X^t is aperiodic, so there exists B_1 ⊆ U with μ̃(B_1) > 0, such that X^{[0,n]}(B_1) is a self-disjoint flow box.

If μ(U − X^{[−n,n]}(B_1)) = 0 there is no chance of getting a set B_1 with larger measure. If μ(U − X^{[−n,n]}(B_1)) > 0, then we extract B_2 ⊆ {U − X^{[−n,n]}(B_1)} such that X^{[0,n]}(B_2) is a self-disjoint flow box and repeat by method of exhaustion. ⊔⊓

For μ-generic point p, Lemma 5.0.15 gives us T (p), which, in general is very large. Hence Lemma 6.1.2 will be very useful to avoid overlapping of perturbations.

6.2 The construction of an adequate section

Now we prove Proposition 2.6.2 and for that purpose the next step is the construction of a special flow over a section. Consider X ∈ X^1_μ(M), of class C^2, aperiodic, with hyperbolic sets measuring zero, ϵ and δ given by Proposition 2.6.2.

For all Y ϵ − C^1 close to X we define C := max_{p∈M} ‖P^1_Y (p)‖.

We take κ = δ^2. Using the measurable function given by Lemma 5.0.15 we define:

Z_h = {p ∈ M : T (p) ≤ h}. (6.2)

Of course that μ(M − Z_h) →_{h→∞} 0 so taking h sufficiently large guarantees

μ(M − Z_h) < δ^2. (6.3)

We intend to build a special flow with ceiling function with height not less than h and section inside Z_h. Since Z_h has almost full measure by Lemma 6.1.2 we get a μ̃-positive measure set B ⊆ Z_h. The function h(x) satisfy h(x) ≥ h and since x ∈ B ⊆ Z_h we have h ≥ T (x) so we are in the conditions of Lemma 5.0.15. Let Q̂ be the castle with base B, i.e. Q̂ = ∪_{t∈R}X^t(B).

We have Q̂ ⊃ Z_h in measure theoretical sense, this follows because if by contradiction there exists U_1 ⊆ Z_h with μ(U_1) > 0 and U_1 ∩ Q̂ = ∅, then by Lemma 6.1.2 we could extract a section B_1 ⊆ U_1 with μ̃(B_1) > 0 and X^{[0,h]}(B_1) would be a self-disjoint flow box. But since Q̂ = ∪_{t∈R}X^t(B) and ∪_{t∈R}X^t(B) ∩ U_1 = ∅ we contradict the maximality of B. So by (6.3) we get the inequality:

μ(Q̂^c) ≤ δ^2. (6.4)

Define the subcastle Q ⊆ Q̂ by excluding the towers of Q̂ with height bigger than 3h and we (like in [3] Lemma 4.2) obtain:

Lemma 6.2.1 μ(Q̂ − Q) < 3δ^2.

Proof: Let B_i = {x ∈ B : h(x) = i}, T_i = ∪_{t∈[0,i]}X^t(B_i) and Q̂ = ∪_{i≥h}T_i. Take i, j ∈ R with i ≥ 2h and j ∈ [h, i − h]. We have, by definition of tower, that ∪_{j∈[h,i−h]}X^j(B_i) is self-disjoint, furthermore is disjoint from ∪_{t∈[0,h[}X^t(B), by choice of i and j. ∪ j∈[h,i−h]

X^j(B_i) ⊆ Z^c_h in measure theoretical sense, otherwise since the set ∪ j∈[h,i−h]

X^j (B_i) is disjoint from ∪_{t∈[0,h]}X^t(B) we extend B with more elements and obtain μ( ∪_{j∈[h,i−h]}X^j(B_i) ∩ Z_h) ≠ 0.

Each T_i for i ≥ 2h decomposes into three floors T^1_i , T^2_i and T^3_i where: T^1_i ⊆ ∪_{t∈[0,h[}X^t(B) with length h;

T^2_i ⊆ ∪_{t∈[h,i−h[}X^t(B) with length ≥ i − 2h;

T^3_i ⊆ ∪_{t∈[i−h,i]}X^t(B) with length h.

So if i ≥ 3h, then the length of T^2_i is bigger or equal than h, hence by (6.3) we have:

μ( ∪_{i≥3h}T_i) ≤ 3μ( ∪_{i≥3h}T^2_i ) ≤ 3μ(Z^c_h) ≤ 3δ^2. ⊔⊓ 6.3 The zero divergence vector field Y ϵ-C^1- close to X

Now we make use of the realizability of vector fields and the properties of special flows to construct a conservative vector field Y inside the subcastle Q by gluing a finite number of local perturbations supported on self-disjoint flow boxes.

Next we follow Lemma 4.14 of [4].

Lemma 6.3.1 Given γ > 0, there exists Y , ϵ-C^1-close to X, a castle U for Y^t and a subcastle K for Y^t such that: (a) The castle U is open;

(b) μ(U − Q) < γ and μ(Q − U) < 2γ; (c) μ(U − K) < κ(1 + γ);

(d) Y^t(U) = X^t(U) and Y^t = X^t outside the castle U;

Figure 6.2: The subcastle Q support all perturbations.

(e) If q is in the base of K and h(q) is the height of the tower of K that contains q, then ‖P^{h(q)}_Y (q)‖ ≤ e^{δh(q)} + γ.

Proof: The castle Q is a measurable set and since μ is Borel regular, there exists a compact J ⊆ Q with:

μ(Q − J) < γμ(Q̂). (6.5)

We choose this compact such that it is a X^t-castle with the same structure as Q (i.e. preserving the same dynamics of bases and towers as the castle Q do). Now we choose an open castle V such that J ⊆ V with:

μ(V − J) < γμ(Q̂), (6.6)

and also with the same structure of Q and J.

For every point p_1 in J ∩B, we have p_1 ∈ B and so it follows that h(p_1) ≥ h. Since (J ∩B) ⊆ Z_h we have T (p_1) ≤ h, therefore T (p_1) ≤ h ≤ h(p_1). So we are able to construct a conservative vector field which realizes a linear flow who has the property of having small norm, i.e., for all t_1 ≥ T (p_1), and for γ fixed, there exists a radius r_1(p_1, t_1) (take a smaller one if we leave the open castle V ) such that for almost (related with κ = δ^2) all point in U_1 = B(p_1, r_1) ⊆ N_{p1} , more precisely for all point q ∈ K_1 ⊆ U_1, we have a vector field Y_1 supported in a small tubular neighborhood of the orbit segment X^{[0,t1]}(p_1) such that:

‖P^{t1}_{Y1} (q)‖ ≤ e^{δt1} + γ.

Now we continue by choosing p^′_is and by Vitali’s arguments we fill up the base of J, denoted by B_J , by finite pairwise self-disjoint balls U^′_i s satisfying μ̃(B_J − U_i) ≤ γμ̃(B_J ) so,

μ(J − U) ≤ γμ(J). (6.7) U is a X^t-castle with section the union of the U^′_i s. So we get a vector field Y_i supported in a small tubular neighborhood of the orbit segment X^{[0,ti]}(p_i), ϵ-C^1-close to X and such that for all q ∈ K_i ⊆ U_i:

‖P^{ti}_{Yi} (q)‖ ≤ e^{δti} + γ.

Now we define Y = Y_i inside the flow box ∪_{t∈[0,ti]}X^t(U_i) and Y = X outside. Since these flow boxes are pairwise disjoint, the vector field is well defined and it is ϵ-C^1-close to X. Note that V is also a castle for Y^t, U is also a Y^t-subcastle of the Y^t-castle V and have for base the union of all U^′_i s. We take K the Y^t-subcastle with section (base of the castle) the union of K^′_is. By construction of U we get (a), (d) and (e).

Now we prove (b). By (6.7) and since by (ii) of Definition 3.2.1 μ(K_i) > (1−κ)μ(U_i), we obtain μ(U −K) < κμ(U). By (6.6) and recalling that V ⊃ U and J ⊆ K we get:

μ(U − Q) < μ(V − J) < γμ(Q̂) ≤ γ.

To prove that μ(Q − U) < 2γ we use (6.5) and (6.7) so: μ(Q − U) ≤ μ(Q − J) + μ(J − U) < 2γμ(Q̂) < 2γ.

Finally for (c) since (b) implies: μ(U) < μ(Q) + μ(U − Q) < 1 + γ, we use the inequality μ(U − K) < κμ(U) and get: μ(U − K) < κ(1 + γ). ⊔⊓ 6.4 Computing LE(Y )

By Lemma 2.6.1 we have:

LE(Y ) = inf_{n≥1} � M 1 n log‖P^n_Y (p)‖dμ(p).

The next inequality is valid for any positive integer in particular for t = hδ^{−1} (we may assume that this is an integer),

LE(Y ) ≤ � M 1 t log‖P^t_Y (p)‖dμ(p).

By what we did above for orbit segments inside the castle K and starting in the base, we guarantee small upper Lyapunov exponent, so we define the set of points whose orbit stay for a long time in K by, G = {p ∈ M : Y^s(p) ∈ K ∀s ∈ [0, t]}.

Its complementary set is:

G^c = {p ∈ M : ∃s ∈ [0, t] : p ∈ Y^{−s}(K^c)}.

Lemma 6.4.1 For p ∈ G we have ‖P^t_Y (p)‖ < e^{t(1+6logC)δ}.

Proof: Let p ∈ G. We split the orbit segment X^{[0,t]}(p) by return-times at B_K (the section of the castle K), say t = b + r_n + ... + r_2 + r_1 + a where all X^a(p), X^{r1+a}(p), X^{r2+r1+a}(p), ..., X^{Pni=1 ri+a}(p) are in the base B_K . By restriction of height a, b, r_i ∈]0, 3h] except when p ∈ B_K , where a = 0, and X^t(p) ∈ B_K , where b = 0 (see Figure 6.3).

Note that,

‖P^t_Y (p)‖ = ‖P^{b+}

P_n i=1 r_i+a

Y (p)‖ ≤ ≤ ‖P^b_Y (X^{Pni=1 ri+a}(p)))‖ × ‖P^{rn}_Y (X^{Pn−1i=1 ri+a}(p)))‖ × ... ... ×‖P^{r1}_Y (X^a(p))‖ × ‖P^a_Y (p)‖.

But these maps are based at points in B_K so we recall Lemma 5.0.15 and get: ‖P^t_Y (p)‖ ≤ C^{3h}e^{Pni=1 riδ}C^{3h} ≤ e^{(b+Pni=1 ri+a)δ} C^{6h} ≤ ≤ e^{tδ}C^{6h} ≤ e^{tδ} C^{6δt} ≤ e^{t(1+6logC)δ}. ⊔⊓ We conclude that points in G are controllable, i.e. the norm ‖P^t_Y (p)‖ is small, but we still do not know what happens outside G, however next lemma says that G^c has small measure.

Lemma 6.4.2 Let γ < δ^2h^{−1} then μ(G^c) < 9δ.

Figure 6.3: The global procedure at G.

Proof: Assuming the following inequality we prove the lemma: μ(Q̂ − G) ≤ 8δ. (6.8) We have:

μ(G^c) ≤ μ(Q̂^c) + μ(Q̂ − G).

By definition of Q̂, see (6.4), we have μ(Q̂^c) < δ^2 and together with (6.8) we get:

μ(G^c) ≤ δ^2 + 8δ ≤ 9δ.

So let us prove inequality (6.8): We have:

Q̂ − G = Q̂ ∩ {p ∈ M : ∃s ∈ [0, t] : p ∈ Y^{−s}(K^c)}. Since:

K^c ⊆ (U − K) ∪ (Q − U) ∪ (Q̂ − Q) ∪ (M − Q̂) we have Q̂ − G contained in the union of the following sets:

A={p ∈ M : ∃s ∈ [0, t] : p ∈ Y^{−s}(U − K)}; B={p ∈ M : ∃s ∈ [0, t] : p ∈ Y^{−s}(Q − U)}; C={p ∈ M : ∃s ∈ [0, t] : p ∈ Y^{−s}(Q̂ − Q)}; D={p ∈ M : ∃s ∈ [0, t] : p ∈ Y^{−s}(Q̂^c)}.

Now we prove that each one of the four sets above have small measure: A: We have μ(A) ≤ tμ̃(B_{U−K} ) and since U − K is a Y^t-castle with towers larger than h:

μ(U − K) = � B_{U−K}

�_{h(x)} 0 dsdμ̃(x) ≥ � B_{U−K}

hdμ̃(x) = μ̃(B_{U−K} )h.

We recall that κ = δ^2, γ = δ^2h^{−1} and t = hδ^{−1} and by Lemma 6.3.1 (c) we obtain:

μ(A) ≤ t h μ(U − K) ≤ t h κ(1 + γ) = hδ^{−1} h δ^2(1 + δ^2 h ) ≤ 2δ. B: By Lemma 6.3.1 (b) we get:

μ(Q − U) ≤ 2γ ≤ 2δ^2h^{−1} = 2δ^2t^{−1}δ^{−1} = 2δt^{−1},

so we have tμ(Q − U) < 2δ, it follows that:

μ(B) ≤ tμ(Q − U) < 2δ. C: We have μ(C) ≤ tμ̃(B_{Q̂−Q}).

For the X^t-castle Q̂ − Q the towers are large by definition, so the area of its bases are small, we denote the bases of this castle by B^X_{Q̂−Q}, so:

μ̃(B^X_{Q̂−Q}) ≤ 1 3h μ(Q̂ − Q). (6.9)

By Lemma 6.3.1 (b), μ(U − Q) < γ so we use this inequality, Lemma 6.2.1, (6.9) and estimate:

μ̃(B_{Q̂−Q}) ≤ μ(Q̂ − Q) 3h + γ ≤ δ^2 h + γ.

Therefore: μ(C) ≤ t( δ^2 h + γ) = hδ^{−1}( δ^2 h + δ^2 h ) = 2δ. D: We have Y^s(Q̂^c) − Q̂^c ⊆ Y^s(U − Q). By definition of Q̂ we get μ(Q̂^c) < δ^2 and by Lemma 6.3.1 (b) we have μ(U − Q) < γ so,

μ(D) ≤ μ(Q̂^c) + (t − s)μ(Y^s(Q̂^c) − Q̂^c) ≤ μ(Q̂^c) + (t − s)μ(Y^s(U − Q)) = = μ(Q̂^c) + (t − s)μ(U − Q) < δ^2 + tγ = δ^2 + δ < 2δ.

Finally we estimate μ(Q̂ − G):

μ(Q̂ − G) ≤ μ(A) + μ(B) + μ(C) + μ(D) ≤ 2δ + 2δ + 2δ + 2δ = 8δ and (6.8) is proved. ⊔⊓

Proof of Theorem 1:

Now we finish the proof of Proposition 2.6.2, therefore Theorem 1:

LE(Y ) = inf_{n≥1} � M 1 n log‖P^n_Y (p)‖dμ(p) ≤ � M 1 t log‖P^t_Y (p)‖dμ(p) ≤ ≤ � G 1 t log‖P^t_Y (p)‖dμ(p) + � G^c 1 t log‖P^t_Y (p)‖dμ(p) ≤ ≤ (1 + 6logC)δμ(G) + logCμ(G^c).

Now we use Lemma 6.4.2 and conclude that, LE(Y ) ≤ (1 + 6logC)δ + 9δlogC = (1 + 15logC)δ.

And the Theorem 1 is proved by substitution of δ by^δ_{(1+15logC)} along the proof.

Chapter 7

Dichotomy for generic conservative linear differential systems in C0 topology

7.1 Basic definitions

Let X be a compact Hausdorff space, μ a Borel regular measure and φ^t : X → X a one-parameter family of continuous maps for which μ is φ^t-invariant.

A cocycle based on φ^t is defined by a flow Φ^t(p) differentiable on the time-parameter t ∈ R and continuous on space-parameter p ∈ X, acting on GL(2, R). Together they form the linear skew-product flow:

Ψ^t : X × R^2 −→ X × R^2 (p, v) −→ (φ^t(p), Φ^t(p) · v) The flow Φ^t verifies the cocycle identity:

Φ^{t+s}(p) = Φ^s(φ^t(p)) ∘ Φ^t(p),

for all t, s ∈ R and p ∈ X.

If we define a map A : X → GL(2, R) in a point p ∈ X by:

A(p) = d ds Φ^s(p)|_{s=0}

and along the orbit φ^t(p) by:

A(φ^t(p)) = d ds Φ^s(p)|_{s=t} ∘ [Φ^t(p)]^{−1}, (7.1)

then Φ^t(p) will be the solution of the linear variational equation: d ds u(s)_{|s=t} = A(φ^t(p)) · u(t), (7.2) and Φ^t(p) is also called the fundamental matrix. Given a cocycle Φ^t we can induce the associated A by using (7.1) and given A we can recover the cocycle by solving the linear variational equation (7.2), from which we get Φ^t_A. We are interested in two kind of systems, the ones with detΦ^t = 1 which we call area-preserving or traceless, denoted by GL(2, R, Tr = 0), and the modified area-preserving, denoted by GL(2, R, φ^t), by establishing a link to the flow φ^t. To define this setting we need to consider a continuous non-negative subexponential function a : X → R which is positive outside F ix(φ^t) and we say that A is modified area-preserving if:

detΦ^t_A(p) = a(p) a(φ^t(p)) for all p /∈ F ix(φ^t) and t ∈ R,

detΦ^t_A(p) = 1 for all p ∈ F ix(φ^t).

By Liouville formula we get: e^{R t0 TrA(φs(p))ds} = detΦ^t(p), so,

e^{R t0 TrA(φs(p))ds} = a(p) a(φ^t(p)) . 7.2 Topology and conservative perturbations

Consider the set of linear differential systems A which are continuous and denote it by C^0(X, GL(2, R)). We endow C^0(X, GL(2, R)) with the uniform convergence topology defined by ‖A − B‖_0 = max_{p∈X} ‖A(p) − B(p)‖. We also define a L^∞-topology, this time on the set of measurable and μ-a.e. bounded maps L^∞(X, GL(2, R)), such that ‖A − B‖_∞ = esssup‖A(p) − B(p)‖. Therefore we may speak about conservative C^0(or L^∞)-perturbations of systems A ∈ C^0(X, GL(2, R)) (or A ∈ L^∞(X, GL(2, R))) along the orbit φ^t(p) as A+H where H ∈ C^0(X, GL(2, R)) (or H ∈ L^∞(X, GL(2, R))) and TrH(φ^t(p)) = 0. This follows by direct application of Liouville formula, because,

e^{R t0 TrA(φs(p))+TrH(φs(p))ds} = e^{R t0 TrA(φs(p))ds} = detΦ^t(p).

Given a conservative perturbation of A, say A + H, we denote by Φ^t_{A+H} (p) the solution of the related linear variational equation (7.2), i.e., of

v̇(t) = [A(t) + H(t)] · v(t).

7.3 Oseledets’s Theorem and the entropy function

The Oseledets’s Theorem, see [14], has also an analogous version for linear differential systems, (see [8] for a simple proof). Moreover, for our particular

2-dimensional conservative linear differential systems we have the following version;

Theorem 7.3.1 Let Φ^t be as above. For μ-a.e. p ∈ X there exists the upper Lyapunov exponent λ^+(p) defined by the limit lim_{t→+∞}^1_t log‖Φ^t(p)‖ that is a nonnegative measurable function of p. For μ-a.e. point p ∈ O^+ there is a splitting of R^2 = N^u_p ⊕ N^s_p which varies measurably with p such that:

If^→0 ≠ v ∈ N^u_p , then lim_{t→±∞}^1_t log‖Φ^t(p) · v‖ = λ^+(p);

If^→0 ≠ v ∈ N^s_p , then lim_{t→±∞}^1_t log‖Φ^t(p) · v‖ = −λ^+(p);

If^→0 ≠ v /∈ N^u_p , N^s_p , then

lim_{t→+∞}^1_t log‖Φ^t(p) · v‖ = λ^+(p) and lim_{t→−∞}^1_t log‖Φ^t(p) · v‖ = −λ^+(p).

Let O^+ := O^+(A) denote the set of points with non-zero Lyapunov exponents and let O^0(A) denote the set of points with both Lyapunov exponents zero.

Note that the symmetry of the Lyapunov exponents follows from (2.1). Consequently, for the area-preserving case we have λ^+(p) = −λ^−(p). For the modified area-preserving case we have the equality, detΦ^t(p) =^{a(p)}_{a(φt(p))} and since a(·) is sub-exponential and positive along non-fixed orbits we get λ^+(p) = −λ^−(p). For fixed points the former equality follows directly from detΦ^t_A = 1.

We also define the entropy function of the system A, this time over any measurable, φ^t-invariant set Γ ⊆ X by:

LE(·, Γ) : GL(2, R) −→ [0, +∞) A −→ � Γ λ^+(p)dμ(p)

using the subadditivity of the norm we obtain:

LE(A, Γ) = inf_{n≥1} 1 n � Γ log‖Φ^n(p)‖dμ(p).

Since LE(·, Γ) is the infimum of continuous functions it is upper semicontinuous.

7.4 Hyperbolic structures

Let A be a linear differential system over a flow φ^t, the set Λ ⊆ X is said to be uniformly hyperbolic set if there exists uniform constants C > 0 and σ ∈ (0, 1) such that for μ-a.e. p ∈ Λ there is a Φ^t_A(p)-invariant decomposition R^2 = N^u_p ⊕N^s_p varying measurably with p and satisfying for t > 0 the following equalities: ‖Φ^{−t}_A (p)|_N u_p ‖ ≤ Cσ^t and ‖Φ^t_A(p)|_N s_p ‖ ≤ Cσ^t. If Λ = X, then we say that A is uniformly hyperbolic.

A φ^t-invariant set Λ_m ⊆ X has m-dominated splitting for A if for μ-a.e. p ∈ Λ_m, there is a Φ^t_A(p)-invariant decomposition R^2 = N^u_p ⊕ N^s_p varying mea-

surably with p and satisfying,^{‖ΦmA (q)|Nsq ‖}_{‖ΦmA (q)|Nuq ‖} ≤^1_2 for any q = X^t(p). Another definition equivalent to this one is considering contants C > 0 and σ ∈ (0, 1) such that^{‖ΦtA(q)|Nsq ‖}

‖Φ^t_A(q)|_Nu_q ‖ ≤ Cσ

t. In this case we say that the φ^t-invariant set has (C, σ)-dominated splitting. Let Δ(p, m) :=^{‖ΦmA (p)|Nsp ‖}

‖Φ^m_A (p)|_Nu_p ‖ . We define the following sets:

Λ_m(A) = {p ∈ X : the orbit φ^t(p) has m-dominated splitting for Φ^t}; Γ_m(A) = X − Λ_m(A); Γ^+_m(A) = Γ_m(A) ∩ O^+(A);

Γ^∗_m(A) = {p ∈ Γ^+_m(A) : p /∈ P er(φ^t)}; Δ_m(A) = {p ∈ X : Δ(p, m) ≥^1_2 }.

Before moving on to the proof of Theorem 2 we would like to recall some facts. First of all note that if q ∈ Γ_m(A), then for some point in the orbit of q, say φ^t(q) = p, we have Δ(p, m) ≥ 1/2, and therefore p ∈ Δ_m(A). Moreover Γ_m = ∪_{t∈R}φ^t(Δ_m). The set Δ_m is again of utmost importance because that is where we will apply a perturbation to the original system, like we did for vector fields.

7.5 Disregarding periodic points in O^+(A)

Our main objective will be decay LE(B, Γ_m(A)) for a system B close to the original system A. We say that a flow is aperiodic if the measure of periodic points is zero, clearly φ^t : Γ^∗_m(A) → Γ^∗_m(A) is aperiodic. We will use Ambrose- Kakutani theorem, see [1], which gives us a special representation of φ^t|_Γ∗_{m(A)}. Next we perturb inside Γ^∗_m(A) to decrease LE(B, Γ^∗_m(A)). However we have no information about Γ_m(A) − Γ^∗_m(A). For our purposes, points in Γ_m(A) with zero Lyapunov exponents will not be a problem, whereas the set Γ^+_m(A)−Γ^∗_m(A) may cause some trouble. Lemma 7.5.1 says that μ(Γ^+_m(A) − Γ^∗_m(A)) is small (depending on m), therefore we will obtain LE(B, Γ^+_m(A) − Γ^∗_m(A)) also small. We note that for a fixed m ∈ N we have p ∈ Γ^+_m(A) − Γ^∗_m(A) if p is periodic, has positive Lyapunov exponent and belongs to Γ_m(A).

Lemma 7.5.1 For any δ > 0, there exists m ∈ N such that we have μ(Γ^+_m(A)− Γ^∗_m(A)) < δ.

Proof: Let P be the measure of all periodic points in O^+(A). If P = 0 then there is nothing to prove, so consider P > 0. Define

Per(n, λ) = {p ∈ O^+ : φ^t(p) = p for some t ≤ n and λ^+(p) > λ}.

So μ( ∪_{n∈N}Per(n, 0)) = P therefore for all δ > 0, there exists n_0, λ_0 such that μ(Per(n_0, λ_0)) > P − δ.

If p ∈ Per(n_0, λ_0), then p has m^′ dominated splitting for some m^′, therefore there exists a large m such that Per(n_0, λ_0) ⊆ ∪^m_{i=1}Λ_i and we get: Γ^+_m(A) − Γ^∗_m(A) ⊆ ∪_{n∈N}Per(n, 0) − ∪^m_{i=1}Λ_i so:

μ(Γ^+_m(A) − Γ^∗_m(A)) < μ( ∪_{n∈N}Per(n, 0) − ∪^m_{i=1}Λ_i) < < μ( ∪_{n∈N}Per(n, 0) − Per(n_0, λ_0)) = = μ( ∪_{n∈N}Per(n, 0)) − μ(Per(n_0, λ_0)) < δ. ⊔⊓ 7.6 Perturbations of linear differential systems

We begin by lowering ‖Φ^t_{A+H} (q)‖ along a segment of the orbit, this is valid in both settings GL(2, R, Tr = 0) and GL(2, R, φ^t). In order to achieve this goal we carry out some perturbations which we explains in the next section.

7.6.1 Small rotations by time-1 perturbation

Lemma 7.6.1 Given a conservative system A and ϵ > 0, there exists an angle ξ, such that for all p ∈ X (non-periodic or with period larger than 1), there exists a system B such that:

(a) ‖A − B‖ < ϵ;

(b) B is supported in φ^t(p) for t ∈ [0, 1]; (c) B is conservative and (d) Φ^1_B (p) = Φ^1_A(p) ∘ R_ξ, where R_ξ is a rotation of angle ξ.

Proof:

Let 0 < η < 1 and g : R → R the bump-function defined by g(t) = 0 for t < 0, g(t) = t for t ∈ [η, 1 − η] and g(t) = 1 for t ≥ 1. Define:

Φ^t(p) = � a(t) b(t) c(t) d(t) � and R_{ξg(t)} = � cos(ξg(t)) −sin(ξg(t)) sin(ξg(t)) cos(ξg(t)) � . We know that u(t) = Φ^t(p) is a solution of the linear variational equation (7.2). Take Φ^t(p) · R_{ξg(t)} and compute the time derivative:

(Φ^t(p) · R_{ξg(t)})˙ = (Φ^t(p))˙R_{ξg(t)} + Φ^t(p)Ṙ_{ξg(t)} = = A(φ^t(p))Φ^t(p)R_{ξg(t)} + Φ^t(p)Ṙ_{ξg(t)} = = A(φ^t(p))Φ^t(p)R_{ξg(t)} + + Φ^t(p)Ṙ_{ξg(t)}R_{−ξg(t)}[Φ^t(p)]^{−1}Φ^t(p)R_{ξg(t)} = = [A(φ^t(p)) + Φ^t(p)Ṙ_{ξg(t)}R_{−ξg(t)}[Φ^t(p)]^{−1}] · (Φ^t(p)R_{ξg(t)}).

Define B(φ^t(p)) = A(φ^t(p)) + H(φ^t(p)) where:

H(φ^t(p)) = H(ξ, t) = Φ^t(p)Ṙ_{ξg(t)}R_{−ξg(t)}[Φ^t(p)]^{−1}.

We conclude that v(t) = Φ^t(p)R_{ξg(t)} is solution of the linear variational equation: d ds v(s)_{|s=t} = [A(φ^t(p)) + H(ξ, t)] · v(t) (7.3)

Since, Ṙ_{ξg(t)} · R_{−ξg(t)} = ξġ(t) � 0 −1 1 0 � , we easily derive

H(ξ, t) = ξġ(t) detΦ^t(p) � b(t)d(t) + a(t)c(t) −b(t)^2 − a(t)^2 d(t)^2 + c(t)^2 −b(t)d(t) − a(t)c(t) � . Hence TrH(ξ, t) = 0 and the perturbation is conservative according to our definition, and so (c) follows. Moreover since ġ(t) = 0 for t /∈]0, 1[, its support is φ^t(p) for t ∈ [0, 1] and (b) is proved. Since t ∈ [0, 1] and all the terms in the definition of H(ξ, t) are uniformly bounded for all p ∈ X, given any size of perturbation allowed by ϵ > 0 we take ξ sufficiently small to guarantee that ‖H‖ < ϵ and obtain (a). Finally, for (d), we note that v(t) = Φ^t_A(p) · R_{ξg(t)} is solution of (7.3). So for t = 1 we obtain Φ^1_B (p) = Φ^1_A(p) · R_ξ and the lemma is proved. ⊔⊓ Lemma 7.6.2 Given a conservative system A and ϵ > 0, there exists an angle ξ, such that for all p ∈ X (non-periodic or with period larger than 1), there exists a system B such that:

(a) ‖A − B‖ < ϵ;

(b) B is supported in φ^t(p) for t ∈ [0, 1]; (c) B is conservative and (d) Φ^1_B (p) = R̃_ξ ∘ Φ^1_A(p), where R̃_ξ is an elliptical rotation of angle ξ.

Proof: We use the same notation of Lemma 7.6.1. Define the one parameter elliptical rotation by:

R̃_{ξg(t)} = Φ^t(p) · R_{ξg(t)} · Φ^{−t}(φ^t(p)) (7.4)

Now we consider R̃_{ξg(t)} · Φ^t(p) and take time derivatives:

(R̃_{ξg(t)} · Φ^t(p))˙ = (Φ^t(p) · R_{ξg(t)} · Φ^{−t}(φ^t(p)) · Φ^t(p))˙ = (Φ^t(p) · R_{ξg(t)})˙ = = [A(φ^t(p)) + H(φ^t(p))] · (Φ^t(p)R_{ξg(t)}) = = [A(φ^t(p)) + H(φ^t(p))] · (R̃_{ξg(t)} · Φ^t(p)),

and we reduce to the proof of Lemma 7.6.1. ⊔⊓

Remark 7.6.1 We will need Lemma 7.6.2 to perform some small rotations, and we point out that this lemma gives us an elliptical rotation. So after the change of coordinates the angle may decrease depending on how large the norm of this change of coordinates is. However we can always find ξ_0 < ξ depending on ‖Φ^t_A(p)‖ (for t ∈ [0, 1]) and conclude that the perturbation realizes Φ^1_{A+H} (p) = R_{ξ0} · Φ^1_A(p).

7.6.2 Large rotations by time-m perturbation

We recall Lemma 4.0.11 which give us a control of the norm of Φ^t(p). In the case of GL(2, R, Tr=0) we take

�_{a(p)}

a(φ^t(p)) = 1. Lemma 4.0.11 says that given

ξ > 0, p ∈ X and d > 1, there exists E > 1 such that if for all t ∈ [0, m], ∠(N^u_φt_{(p)}, N^s_φt_{(p)}) > ξ and d^{−1} ≤^{‖Φt(p)|Nsp ‖}_{‖Φt(p)|Nup ‖} ≤ d, then ‖Φ^t(p)‖ ≤ E

�_{a(p)}

a(φ^t(p)) for

all t ∈ [0, m].

In order to perform rotations of large angles we could try, under some particular conditions and like we did for vector fields, to concatenate smoothly several time-1 small rotations until obtain the desired angle. Otherwise, which is easier, we could induce a time-m perturbation to generate the rotations of a given large angle, however this cannot be done in general, because again some hyperbolicity in the dynamics obstruct the whole construction. Under the conditions of Lemma 4.0.11 it is possible to rotate large angles by time-m keeping the norm of H(ξ, t) for t ∈ [0, m] small. Since the explicit perturbation is given by,

B(φ^s(p)) = d dt [Φ^{t+s}_A (p) · R_{ξg(s+t)} · Φ^{−s}_A (φ^s(p))]_{|t=0} Φ^s_A(p) · R_{ξg(s)} · Φ^{−s}_A (φ^s(p)),

we expect that some control of ‖Φ^t_A‖ is needed, so Lemma 4.0.11 will play again an important role.

Lemma 7.6.3 Given a conservative system A and ϵ, d, ξ > 0, there exists m ∈ N, such that if the following conditions are satisfied for p ∈ X nonperiodic or with period larger than m namely,

(1) ∠(N^u_φt_{(p)}, N^s_φt_{(p)}) > ξ for all t ∈ [0, m]

(2) d^{−1} ≤^{‖Φt(p)|Nsp ‖}

‖Φ^t(p)|_Nu_p ‖ ≤ d,

then there exists a system B such that for all α ∈ [0, 2π], we have:

(a) ‖A − B‖ < ϵ;

(b) B is supported in φ^t(p) for t ∈ [0, m];

(c) B is conservative and

(d) Φ^1_B (p) = Φ^1_A(p) ∘ R_α.

Proof:

For any m ∈ N we consider η > 0 close to zero and g : R → R the bumpfunction such that g(t) = 0 for t < 0, g(t) = t for t ∈ [η, m−η] and g(t) = 1 for t ≥ m. We use then the same procedure of Lemma 7.6.1 by defining R_{θg(t)}. Let α ∈ [0, 2π]. Take θ <^{ϵsinξ}_{4d} and m =^α_θ . There is no restriction while considering m ∈ N, by taking a smaller θ. Now fix the function g depending on this m. Clearly we will obtain H such that (b), (c) and (d) are verified. We claim that (a) is also true. By hypothesis we have (1) and (2), so by Lemma 4.0.11 we conclude that ‖Φ^t(p)‖ < E

�_{a(p)}

a(φ^t(p)) and since E = � 2d.sin^{−1}ξ we get θ <^ϵ_{2E2} . Using the same notation of Lemma 7.6.1, the perturbation is defined, for t ∈ [0, m], by,

H(θ, t) = θġ(t) detΦ^t(p) � b(t)d(t) + a(t)c(t) −b(t)^2 − a(t)^2 d(t)^2 + c(t)^2 −b(t)d(t) − a(t)c(t) � . Let us see that ‖H‖ < ϵ (consider the norm of the maximum):

‖H(θ, t)‖ ≤

≤ θġ(t) |detΦ^t(p)| max t∈[0,m]

{±[b(t)d(t) + a(t)c(t)], −b(t)^2 − a(t)^2, d(t)^2 + c(t)^2} ≤ ≤ 2 θġ(t) |detΦ^t(p)|

‖Φ^t(p)‖^2.

Now, by Lemma 4.0.11 we obtain:

‖H(θ, t)‖ ≤ 2 θġ(t) |detΦ^t(p)|

2d.sin^{−1}ξ a(p) a(φ^t(p)) ≤ 2 θġ(t) |detΦ^t(p)|

E^2 a(p) a(φ^t(p))

≤ ϵ.

Which concludes the proof. ⊔⊓

7.7 Lowering the norm - Local procedure

The next lemma is analogous to Lemma 4.0.12.

Lemma 7.7.1 Let A be a continuous conservative system and ϵ > 0. There exists m ∈ N such that, given any p ∈ Γ^∗_m(A), there exists H satisfying ‖H‖ < ϵ and Φ^m_{A+H} (N^u_p ) = N^s_φm_{(p)}.

Proof: Let ξ > 0 be given by Lemmas 7.6.1 and 7.6.2 in order to guarantee time-1 ϵ-perturbations. Let c > 0 be given by Claim 4.0.10. Let E > 1 be given by Lemma 4.0.11 depending on ξ and d = 2c^2. Let m ∈ N be given by Lemma 7.6.3 and depending on E, hence depending on d and ξ. Consider p ∈ Γ^∗_m(A) and Φ^t(p) for t ∈ [0, m].

Small angle: If for some t ∈ [0, m] we have ∠(N^u_φt_{(p)}, N^s_φt_{(p)}) < ξ we use a small rotation by a time-1 perturbation and, if t + 1 ≤ m we get H such that Φ^1_{A+H} (N^u_φt_{(p)}) = N^s_{φt+1(p)}. If t + 1 > m we get H such that Φ^{−1}_{A+H} (N^s_φt_{(p)}) = N^u_{φt−1(p)} and in both cases ‖H‖ < ϵ. Consequently we obtain Φ^m_{A+H} (N^u_p ) = N^s_φm_{(p)}.

Now we consider the case when there exists r, t ∈ R with 0 ≤ r + t ≤ m such that Δ(φ^t(p), r) > c. We use Claim 4.0.10 in order to obtain a vector v ∈ N_φt_{(p)} such that ∠(v, N^u_φt_{(p)}) < ξ and ∠(Φ^r(φ^t(p)) · v, N^s_φt+r_{(p)}) < ξ. Now, since ξ is small we make two small rotations at both extremes φ^t(p) and φ^{t+r}(p). The choice of c sufficient large guarantees disjoint perturbations. Therefore, our first rotation Φ^1_{A+H1} (φ^t(p)) = Φ^1_A(φ^t(p))R_ξ, induced by the perturbation H_1, allows us to send N^u_φt_{(p)} into v · R, the dynamics of Φ^r_A help us and send this direction into Φ^r(φ^t(p)) · v in time r (see Figure 1) and another rotation, Φ^1_{A+H2} (φ^{t+r−1}(p)) = R_ξ ·Φ^1_A(φ^{t+r−1}(p)), induced by the perturbation H_2, maps Φ^r(φ^t(p)) · (v · R) into N^s_φt+r_{(p)}. Now we concatenate smoothly the five matrix transitions, say,

Φ^{m−(t+r)}

A (φ^{t+r}(p))Φ^{r−1}_{A+H2} (φ^{t+r−1}(p))Φ^{r−2}_A (φ^{t+1}(p))Φ^1_{A+H1} (φ^t(p))Φ^t_A(p), and we get Φ^m_{A+H} (N^u_p ) = N^s_φm_{(p)}. Note that H(p) = H_1(p) + H_2(p) and ‖H_i‖ < ϵ, for i = 1, 2.

Large angle: Finally, we have for all t ∈ [0, m], ∠(N^u_φt_{(p)}, N^s_φt_{(p)}) > ξ and since for all r, t ∈ R with 0 ≤ r + t ≤ m we have Δ(φ^t(p), r) < c. Since p ∈ Δ_m we also have Δ(p, m) ≥ 1/2. Therefore, we conclude that,

Δ(φ^t(p), r) = Δ(φ^{t+r}(p), m − t − r)Δ(p, m)Δ(p, t)^{−1} ≥ 1 2c^2

So for t = 0 and r ∈ [0, m] we have (2c^2)^{−1} ≤ Δ(p, r) ≤ c and since d = 2c^2 we obtain,

d^{−1} ≤

‖Φ^r(p)|_N s_p ‖ ‖Φ^r(p)|_N u_p ‖

≤ d,

for all r ∈ [0, m]. The conditions of Lemma 4.0.11 are now satisfied and by applying Lemma 7.6.3 we are able to use rotations by large angles and therefore Φ^m_{A+H} (N^u_p ) = N^s_φm_{(p)} which proves the lemma. ⊔⊓

In the next lemma we only give an outline of the proof and skip technical arguments already explained in Lemma 5.0.15.

Lemma 7.7.2 Let A be a continuous conservative system, ϵ > 0, and δ > 0. There exists m ∈ N and a measurable function T : Γ^∗_m(A) → R such that for μ-a.e. q ∈ Γ^∗_m and every t > T (q) there exist a traceless {H(φ^s(q))}_{s∈R}, varying smoothly with s and supported on the segment φ^{[0,t]}(p) such that:

(a) ‖H‖ < ϵ,

(b)^1_t log‖Φ^t_{A+H} (q)‖ < δ.

Proof: First, using Lemma 7.7.1, we choose a sufficiently large m in order to send N^u_p into N^s_φm_{(p)} under ϵ-small C^0-perturbation, for Osededets regular points p ∈ Δ_m. So, for our perturbation A + H we obtain Φ^m_{A+H} (p)(N^u_p ) = N^s_φm_{(p)}.

Given q in the saturated set Γ^∗_m(A) and using a qualitative recurrence result (see [3], lemma 3.12) for all t > T (q) we have to fall into Δ_m approximately in the middle of the journey, say φ^τ (q) = p, for τ ≈ t/2. We take t >> m. Now we perturb and we get Φ^t_{A+H} (q)(N^u_q ) = N^s_φt_{(q)}. The contribution of the exponential growth along the direction N^u_q in the first half, will be annihilated on the other half by an exponential decreasing bundle N^s_φs+m_{(q)} implying ‖Φ^t_{A+H} (q)‖ < e^{tδ} . That is the reason why we mix the two directions. ⊔⊓

7.8 Lowering the norm - Global procedure

For the global case we construct a special flow by using Ambrose-Kakutani theorem over the aperiodic flow φ^t : Γ^∗_m → Γ^∗_m, but first we use Lemma 7.5.1 to increase m ∈ N if necessary and obtain:

μ(Γ^+_m(A) − Γ^∗_m(A)) < δ. (7.5)

Using the measurable function given by Lemma 7.7.2 we define

Z_h = {p ∈ Γ^∗_m(A) : T (p) ≤ h}.

Of course that μ(Γ^∗_m(A) − Z_h) →_{h→∞} 0 so holds we take h sufficiently large such that:

μ(Γ^∗_m(A) − Z_h) < δ^2μ(Γ^∗_m(A)). (7.6)

Let us now increase h and use Oseledets’s Theorem, which is an asymptotic result, to get for points p ∈ O^0(A) the inequality:

‖Φ^t_A‖ < e^{tδ} for all t ≥ h. (7.7)

Suppose that we have a ceiling function over a section B ⊆ Z_h satisfying h(x) ≥ h. We denote by Q̂ the Kakutani castle with base B. Excluding all towers with height above 3h we define a subcastle which we denote by Q. We claim that μ(Q̂ − Q) < 3δ^2μ(Γ^∗_m(A)), as in [3] Lemma 4.2. Now we will decay the entropy function LE(·, Γ_m(A)) at A, by a small perturbation B = A + H of the system. We start with a L^∞-perturbation and the idea for the continuous ones comes from noting that H(·) is measurable and therefore, by Lusin’s theorem, we have that measurable functions are almost continuous and since we are only interested on almost all points in the base the same result will follow.

The next lemma give us a L^∞ perturbation.

Lemma 7.8.1 Let A be a conservative system and ϵ, δ > 0. Then, there exists m ∈ N and a traceless system H ∈ L^∞(X, GL(2, R)) such that:

(a) ‖H‖_∞ < ϵ;

(b) ‖H(p)‖ = 0 for any p /∈ Γ_m(A);

(c) LE(A + H, Γ_m(A)) < δ.

Proof: Suppose that μ(Γ_m(A)) > 0, otherwise, there is nothing to prove.

The equality:

LE(A + H, Γ_m(A)) = inf_{n∈N} 1 n � Γ_m(A)

log‖Φ^n_{A+H} (p)‖dμ(p) will allow us to prove that LE(A + H, Γ_m(A)) is small by proving that 1 t � Γ_m(A)

log‖Φ^t_{A+H} (p)‖dμ(p)

is small for a large fixed t = hδ^{−1}.

Note that those points that stay for a long time in Q will necessarily have low contribution for LE(A + H, Γ_m(A)). So we define G = {p ∈ Γ^∗_m(A) : φ^s(p) ∈ Q, ∀s ∈ [0, t[} and we claim that:

μ(Γ^∗_m(A) − G) < 15δ (7.8) which is a consequence of Lemma 6.4.2. Note that since t is large and the castle Q has height bounded towers and large measure, the orbit leaves Q often, but by (7.8), it is highly likely to enter Q again. So we split the orbit segment φ^{[0,t]}(p) for p ∈ G by return-times to B, say t = b + r_n + ... + r_2 + r_1 + a where all φ^a(p), φ^{r1+a}(p), φ^{r2+r1+a}(p), ..., φ^{Pni=1 ri+a}(p) are in the base B, and a, b, r_i ∈ [0, 3h[. Given q ∈ B the height of its tower h(q) verifies h(q) ≥ h, but B ⊆ Z_h so h(q) ≥ h ≥ T (q), therefore Lemma 7.7.2 says that for every t > T (q) there exists a traceless {H(φ^s(q))}_{s∈R}, varying smoothly with support on the segment φ^{[0,m]}(p) such that: (a) ‖H‖ < ϵ and (b)^1_t log‖Φ^t_{A+H} (q)‖ < δ.

Note that ‖Φ^t_{A+H} (p)‖ = ‖Φ^{b+}

P_n i=1 r_i+a

A+H (p)‖ ≤ ≤ ‖Φ^b_{A+H} (φ^{Pni=1 ri+a}(p)))‖ · (...) · ‖Φ^{r1}_{A+H} (φ^a(p))‖ · ‖Φ^a_{A+H} (p)‖.

Take C = sup_{p∈M}‖Φ^1_{A+H} (p)‖. By (b) and the fact that the towers are smaller than 3h we conclude that:

‖Φ^t_{A+H} (p)‖ ≤ C^{3h}.e^{Pni=1 riδ}.C^{3h} ≤ e^{(b+Pni=1 riδ+a)δ} C^{6h} ≤ e^{tδ}.C^{6h} and we get^1_t log‖Φ^t_{A+H} (p)‖ ≤ δ(1 + 6logC). Therefore, since Γ_m(A) ⊃ Γ^+_m(A) ⊃ Γ^∗_m(A) ⊃ G, we obtain:

LE(A + H, Γ_m(A)) = � Γ_m(A)−Γ^+_m(A) 1 t log‖Φ^t_{A+H} (p)‖dμ(p) + + � Γ^+_m(A)−Γ^∗_m(A) 1 t log‖Φ^t_{A+H} (p)‖dμ(p) + + � Γ^∗_m(A)−G 1 t log‖Φ^t_{A+H} (p)‖dμ(p) + + � G 1 t log‖Φ^t_{A+H} (p)‖dμ(p).

Now we use (7.7), (7.5), (7.8) and the fact that^1_t log‖Φ^t_{A+H} (p)‖ ≤ δ(1 + 6logC) in order to get:

LE(A + H, Γ_m(A)) ≤ δ + δlogC + 15δlogC + (1 + 6logC)δ. Substituting δ by^δ_{(2+22logC)} along the proof we cause a decay on LE(·, Γ_m(A)) by a ϵ-small perturbation of the original system. ⊔⊓ In the next lemma we will construct a C^0 perturbation.

Lemma 7.8.2 Given a continuous conservative system A and ϵ, δ > 0 there exists m ∈ N and a continuous traceless system H_0 such that B = A + H_0 verifies:

(a) ‖A − B‖_∞ < ϵ;

(b) A(p) = B(p) for any p /∈ Γ_m(A); (c) LE(B, Γ_m(A)) < δ.

Proof: By Lemma 7.8.1 we obtain m ∈ N and a traceless H ∈ L^∞(X, GL(2, R)) such that for t = hδ^{−1} we have:

LE(A + H, Γ_m(A)) ≤ � Γ_m(A) 1 t log‖Φ^t_{A+H} (p)‖dμ(p) < δ.

We now use Lusin’s theorem which states that for any measurable function, for instance H, there is H_1 ∈ C^0(X, GL(2, R)), such that: (a) H_1(p) = H(p) for any p /∈ Γ_m(A); (b) ‖H_1‖_∞ < ϵ;

(c) μ(E) = μ({p ∈ M : H_1(p) ≠ H(p)}) < δt^{−1}.

Since for points p ∈ E we do not necessarily have TrH_1(p) = 0 we change, say the entry 1 − 1 of the matrix, obtaining a new matrix H_0 this time with TrH_0(p) = 0. We define the C^0 perturbation B = A + H_0 which verifies TrA = TrB.

Now we define the sets L = {p ∈ X : H_0(p) = H(p)} and G_L = {p ∈ X : φ^s(p) ∈ Γ_m(A) ∩ L, ∀s ∈ [0, t]}.

Clearly G_L ⊆ Γ_m(A) and we have:

μ(Γ_m(A) − G_L) ≤ tμ(E) ≤ δ. (7.9) Therefore we conclude that,

LE(B, Γ_m(A)) = inf_{n∈N} � Γ_m(A) 1 n log‖Φ^t_B (p)‖dμ(p) ≤ ≤ � Γ_m(A) 1 t log‖Φ^t_B (p)‖dμ(p) = = � Γ_m(A)−G_L 1 t log‖Φ^t_B (p)‖dμ(p) + � G_L 1 t log‖Φ^t_B (p)‖dμ(p) = = � Γ_m(A)−G_L 1 t log‖Φ^t_B (p)‖dμ(p) + � G_L 1 t log‖Φ^t_{A+H} (p)‖dμ(p).

Let C = max_{p∈X} ‖Φ^1_B(p)‖ and since G_L ⊆ Γ_m(A) we get:

LE(B, Γ_m(A)) ≤ μ(Γ_m(A) − G_L)logC + � Γ_m(A) 1 t log‖Φ^t_{A+H} (p)‖dμ(p).

Now by (7.9) and Lemma 7.8.1 we obtain: LE(B, Γ_m(A)) ≤ δlogC + δ.

We then reconstruct the proof replacing δ by^δ_{(1+logC)} . ⊔⊓ 7.9 End of the proof of Theorem 2

Denote by Γ_∞(A) the set ∩_{m∈N}Γ_m(A). The following lemma will be useful to prove Theorem 2.

Lemma 7.9.1 Given a continuous conservative system A and ϵ, δ > 0, there exists B, ϵ-close to A such that:

LE(B, X) < LE(A, X) − � Γ_∞(A)

λ^+(A, p)dμ(p) + δ.

Proof: By Lemma 7.8.2 there exists m ∈ N and a continuous conservative system B such that: (a) ‖A − B‖_∞ < ϵ;

(b) A(p) = B(p) for any p /∈ Γ_m(A); (c) LE(B, Γ_m(A)) < δ. So, we have:

LE(B, X) = LE(B, Γ_m(A)) + LE(B, X − Γ_m(A)) = = LE(B, Γ_m(A)) + LE(A, X − Γ_m(A)) ≤ ≤ δ + LE(A, X − Γ_∞(A)) = δ + LE(A, X) − LE(A, Γ_∞(A)). ⊔⊓ Theorem 7.9.2 Given A in the set of continuous conservative systems, we have that if A is a continuity point of the entropy function LE(·), then for μ-a.e. p ∈ X the following dichotomy holds: (a) Either the Oseledets splitting is dominated (b) or Lyapunov exponents are zero.

Proof: Take A a continuous linear differential system (area-preserving or modified area-preserving). Suppose that A is a continuity point for LE(·). Suppose μ(X − ∪_{m∈N}Λ_m(A)) > 0, otherwise the statement is proved.

So μ(X ∩ ∩_{m∈N}(Γ_m(A))) = μ( ∩_{m∈N}Γ_m(A)) > 0, and therefore, μ(Γ_∞(A)) > 0. Consequently we must have that LE(A, Γ_∞(A)) = 0, otherwise by Lemma 7.9.1 we break the continuity and get a contradiction. So, for any p ∈ O(A) we have zero Lyapunov exponents or if it has positive ones, then p /∈ Γ_∞(A) and therefore it has m-dominated splitting for some m ∈ N. ⊔⊓ The conclusions of Theorem 7.9.2 are sufficient to guarantee that A is a continuity point of the entropy function. By hypothesis, X = D ∪ O(mod 0), where D are points with dominated splitting and O are points with null exponents. Since LE(A, O) = 0 and LE is upper semicontinuous we conclude that LE(B, O) is close to LE(A, O), for B close to A. Moreover, D has also dominated splitting for B with rates of dominated splitting close to the ones belonging to A.

Proof of Theorem 2:

Theorem 2 now follows by using the fact that the set of points of continuity of upper semicontinuous functions is a residual set, see [9].

7.10 Some consequences of Theorem 2 - Ergodic flows

Corollary 7.10.1 If μ is ergodic, then there is a residual subset R of areapreserving systems such that for every A ∈ R we have Φ^t_A uniformly hyperbolic or Lyapunov exponents are zero for μ-a.e. point p ∈ X.

Proof: Take the residual R given by Theorem 2 and A ∈ R. If μ(Λ_m) = 0 for all m, then the theorem follows, otherwise if μ(Λ_m) > 0 for some m, we have a full measure set Λ_m with m-dominated splitting, because Λ_m is φ^t-invariant and μ is ergodic.

Conservativeness yields detΦ^t(p) = 1 for all t ∈ R and p ∈ M. Given a μ-generic point p ∈ M we have:

sin(∠(N^u_p , N^s_p )) = ‖Φ^t(p)|_N u_p ‖.‖Φ^t(p)|_N s_p ‖sin(∠(N^u_φt_{(p)}, N^s_φt_{(p)})). (7.10)

Claim 2.5.1 and (7.10) implies that:

‖Φ^t(p)|_N u_p ‖.‖Φ^t(p)|_N s_p ‖ ≥ sin^{−1}α.

Again by dominated splitting, there exists constants C > 0 and σ ∈ (0, 1) such that:

Cσ^t ≥

‖Φ^t(p)|_N s_p ‖ ‖Φ^t(p)|_N u_p ‖

≥ sin^{−1}α‖Φ^{−t}(p)|_N u_p ‖^2,

and consequently ‖Φ^{−t}(p)|_N u_p ‖ ≤ � Csin^{−1}α(σ^{t/2}).

Now it suffices to take the constants of uniform hyperbolicity C^′ = √ Csin^{−1}α and σ^′ = √ σ and to proceed analogously for N^s in order to prove the corollary. ⊔⊓ Corollary 7.10.2 If μ is ergodic and F ix(φ^t) = ∅, then there is a residual subset R of modified area-preserving systems such that for every A ∈ R either Φ^t_A is uniformly hyperbolic or LE(A) = 0.

Proof: Since a(·) is a non-null continuous function on a compact set X, the quotient^{a(·)}_{a(φt(·))} has an upperbound K and a lowerbound K^{−1}. Conservativeness, dominated splitting and the nonexistence of fixed points for the flow φ^t guarantees that:

Cσ^t ≥

‖Φ^t(p)|_N s_p ‖ ‖Φ^t(p)|_N u_p ‖

≥ sin^{−1}αK^2‖Φ^{−t}(p)|_N u_p ‖^2,

and we proceed as in Corollary 7.10.1. ⊔⊓

Chapter 8

Dichotomy for vector fields with singularities

8.1 Global dichotomy under additional hypothesis

Consider the following hypothesis again in the 3-dimensional context:

Hypothesis 8.1.1 Let X^2_μ(M) and Λ_m be a X^t-invariant set with m-dominated splitting for the linear Poincaré flow. Then μ(Λ_m) = 0 or X is Anosov.

Under this hypothesis we prove an analogous to Proposition 2.6.2. The measure of singularities may be neglected by using Lemma 7.5.1, so we do not need to make any perturbations on singularities. Moreover, when we estimate the C^1 norm of the perturbation P , defined in (3.5), the first column of the matrix was given by,

(0, −ξg̈(x)G( � y^2 + z^2)c^{−1}z, ξg̈(x)G( � y^2 + z^2)c^{−1}y).

Note that near singularities c^{−1} is very large, however since the radius depends on the point p we can decrease the radius r(p) and control the C^1 norm. So the perturbations we developed work equally on this setting.

Theorem 8.1.2 Under Hypothesis 8.1.1 there exists a residual R ⊆ X^1_μ(M) such that if X ∈ R then we have:

(a) X is Anosov or

(b) Zero Lyapunov exponents for μ-a.e. p ∈ M.

8.2 Proof of Theorem 3

8.2.1 Adapting the proof of Theorem 1

If in Theorem 3.1.1 we take Ω with C^∞ boundary and g, f also C^∞, the diffeomorphism φ, provided by Dacorogna-Moser, is also C^∞. So our conservative flowbox theorem guarantee a conservative change of coordinates Ψ ∈ C^∞. Note that the perturbation P , defined in (3.5), is also C^∞, moreover we know by [16] (for other proof see Theorem 3.1 of [2]) that X^∞_μ (M) is C^1-dense in X^1_μ(M). The following Proposition is similar to Proposition 2.6.2. The main difference is where the computation of the entropy function is done.

Proposition 8.2.1 Let X ∈ X^∞_μ (M) and ϵ, δ > 0. There exists m ∈ N and a zero divergence C^∞ vector field Y , ϵ-C^1-close to X that equals X outside the open set Γ_m(X) and such that LE(Y, Γ_m(X)) < δ.

Proof: We note that for a fixed m ∈ N we have p ∈ Γ^+_m(X) − Γ^∗_m(X) if p is periodic, has positive Lyapunov exponent and belongs to Γ_m(X). We consider again the following simple claim proved in Lemma 7.5.1.

Claim 8.2.1 For any δ > 0, there exists m ∈ N such that we have μ(Γ^+_m(X)− Γ^∗_m(X)) < δ.

To find m ∈ N we first proceed like in Lemma 4.0.12, then we take m ∈ N sufficiently large to satisfy also Claim 8.2.1. Now we consider the measurable function T : Γ^∗_m(X) → R similar to the function of Lemma 5.0.15. We define Z_h = {p ∈ Γ^∗_m(X) : T (p) ≤ h}. Of course that μ(Γ^∗_m(X) − Z_h) →_{h→∞} 0 so we take h sufficiently large to satisfy μ(Γ^∗_m(X) − Z_h) < δ^2μ(Γ^∗_m(X)). Now we increase h, if necessary, and use Oseledets’s Theorem, which is an asymptotic result, to get for p ∈ O^0(X) the inequality:

‖P^t_X (p)‖ < e^{tδ} for all t ≥ h. (8.1)

Clearly X^t : Γ^∗_m(X) → Γ^∗_m(X) is an aperiodic flow. Now we follow the construction of section 6.3 and finally we compute LE(Y, Γ^∗_m(X)). We define again the set of “good” points, G := {p ∈ Γ^∗_m(X) : Y^s(p) ∈ K, ∀s ∈ [0, t]}. By Lemma 6.4.2 μ(U ∪ Γ^∗_m(X) − G) < 12δ. Define A = A(p, t, Y ) :=^1_t log‖P^t_Y (p)‖.

LE(Y, Γ_m(X)) ≤ � Γ_m(X)

Adμ(p) ≤ ≤ � Γ_m(X)−(U∪Γ^+_m (X))

Adμ(p) + � U∪Γ^+_m(X)−G

Adμ(p) + � G Adμ(p).

By (8.1) and since Y = X outside U we obtain, � Γ_m(X)−(U∪Γ^+_m (X))

A(p, t, Y )dμ(p) ≤ � Γ_m(X)−Γ^+_m (X)

A(p, t, X)dμ(p) ≤ δ.

Since C := max{‖P^1_X (p)‖ : p ∈ M} we use Claim 8.2.1 and Lemma 6.4.2 to conclude that, � U∪Γ^+_m(X)−G Adμ(p) ≤ 13δ. Finally at G our construction allow

us to obtain � G Adμ(p) ≤ δ and the proposition is proved. ⊔⊓

8.2.2 End of the proof of Theorem 3

Let X̃ ∈ X^1_μ(M) and ϵ̃ > 0 be given. We will prove that exists Y ∈ X^1_μ(M), ϵ̃-C^1-close to X satisfying the conclusions of Theorem 3. For ϵ = ϵ̃/2, there exists X ∈ X^∞_μ (M) ϵ-C^1-close to X̃. It suffices to prove Theorem 3 for the vector field X and ϵ > 0.

Proof: (of Theorem 3) Let X ∈ X^∞_μ (M) and ϵ > 0. We will find Y ϵ-C^1-close to X and a partition M = D ∪ O into Y^t-invariant sets such that: (a) For p ∈ O we have zero Lyapunov exponents.

(b) D is a countable increasing union of compact invariant sets Λ_{mn} admitting a m_n-dominated splitting for the Linear Poincaré flow. We define the sequence {X_n}_{n≥0} ∈ X^∞_μ (M), m_n ∈ N and eventually ϵ_n > 0 for n ≥ 0. Take X_0 = X, θ > 1 (near 1) and δ_n →_{n→0} 0. If � Γ_m(X) λ

+(X)dμ = 0 for some m ∈ N, then we are finished by taking Y = X, D = Λ_m(X) and O a full measure subset of Γ_m(X). Otherwise for some m = m_0 we have � Γ_{m0} (X) λ

+(X)dμ > 0. Let ϵ_0 ∈ (0, ϵ/2) be sufficiently small such that: �

Γ_{m0} (X_0)

λ^+(Z)dμ ≤ θ � Γ_{m0} (X_0)

λ^+(X_0)dμ,

for all Z 2ϵ_0-C^1-close of X_0 and Z = X_0 outside Γ_{m0} (X_0). ϵ_0 always exists because LE(·, Γ_{m0} (X_0)) is upper semicontinuous and Γ_{m0} (X_0) is simultaneously invariant for X^t_0 and Z^t.

Knowing X_0, m_0 and ϵ_0 we are going to define X_1 ∈ X^∞_μ (M), m_1 ∈ N and eventually ϵ_1 > 0.

By Proposition 8.2.1, there exists m_1 ∈ N and X_1 ∈ X^∞_μ (M) a perturbation of X_0 ϵ_0-C^1-close, with X_1 = X_0 outside Γ_{m1} (X_0) and such that: � Γ_{m1} (X_0)

λ^+(X_1) < δ_1.

Suppose that m_1 ≥ m_0. Note that Γ_{m1} (X_1) ⊆ Γ_{m0} (X_1) ⊆ Γ_{m0} (X_0). If � Γ_{m1} (X_1) λ

+(X_1) = 0, then we are finished by taking Y = X_1, D = Λ_{m1} (X_1) and O a full measure subset of Γ_{m1} (X_1). Otherwise if � Γ_{m1} (X_1) λ

+(X_1) > 0 we choose ϵ_1 ∈ (0, ϵ_0/2) such that B(X_1, 2ϵ_1) ⊆ B(X_0, ϵ_0) and also � Γ_{m1} (X_1)

λ^+(Z)dμ ≤ θ � Γ_{m1} (X_1)

λ^+(X_1)dμ, for all Z 2ϵ_1-C^1-close of X_1 and Z = X_1 outside Γ_{m1} (X_1).

Recursively knowing X_{n−1}, m_{n−1} and ϵ_{n−1} ∈ (0, ϵ2^{−n}) we are going to define X_n ∈ X^∞_μ (M), m_n ∈ N and eventually ϵ_n > 0.

Again by Proposition 8.2.1, there exists m_n ∈ N and X_n ∈ X^∞_μ (M) a perturbation of X_{n−1} ϵ_{n−1}-C^1-close, with X_n = X_{n−1} outside Γ_{mn−1} (X_{n−1}) and such that: �

Γ_{mn} (X_{n−1} )

λ^+(X_n) < δ_n.

Suppose that m_n ≥ m_{n−1}. Now Γ_{mn} (X_n) ⊆ Γ_{mn−1} (X_n) ⊆ Γ_{mn−1} (X_{n−1}). If � Γ_{mn} (X_n) λ

+(X_n) = 0, then we are finished by taking Y = X_n, D = Λ_{mn} (Y ) and O a full measure subset of Γ_{mn} (Y ). Otherwise if � Γ_{mn} (X_n) λ

+(X_n) > 0 we choose ϵ_n ∈ (0, ϵ_{n−1}/2) so that B(X_n, 2ϵ_n) ⊆ B(X_{n−1}, ϵ_{n−1}) and also � Γ_{mn} (X_n)

λ^+(Z)dμ ≤ θ � Γ_{mn} (X_n)

λ^+(X_n)dμ,

for all Z 2ϵ_n-C^1-close of X_n and Z = X_n outside Γ_{mn} (X_n). We continue this procedure and if for some n ∈ N we obtain � Γ_{mn} (X_n) λ

+(X_n) = 0 we are over, otherwise the sequence {X_n}_{n≥0} converges C^1 to some Y ∈ X^1_μ(M), moreover since ϵ_n < ϵ/2^n we have Y ϵ-C^1-close to X. Let D = ∪_{n∈N}Λ_{mn} (X_n). Since Λ_{mn} (X_n) ⊇ Λ_{mn−1} (X_{n−1}) and Y = X_n at Λ_{mn} (X_n), Y^t has m_n-dominated splitting at Λ_{mn} (X_n).

Let Γ := [ ∪_{n∈N}Λ_{mn} (X_n)]^c = ∩_{n∈N}Γ_{mn} (X_n), clearly Γ ⊆ Γ_{mn} (X_n). To finish the

proof of Theorem 3 we must see if � Γ λ^+(Y )dμ = 0.

Note that Y ∈ B(X_n, 2ϵ_n) for all n ∈ N. So we have � Γ λ^+(Y )dμ < � Γ_{mn} (X_n)

λ^+(Y )dμ ≤ θ � Γ_{mn} (X_n)

λ^+(X_n)dμ = θδ_n →_{n→∞} 0.

We conclude that we have zero Lyapunov exponents in a full measure subset O of Γ and Theorem 3 is proved. ⊔⊓

Finally we consider the reason why Theorem 3 is stated for dense subset instead of a residual subset? In [4], we find a strategy developed to obtain a residual subset, unfortunately this are not applied to our case, let us see why. They start with a C^1 system which is a continuity point X of the function LE(·, X). Then they define the “jump” of the function at X by LE(X, Γ_∞(X)) where Γ_∞(X) := ∩_{m∈N}Γ_m(X). Of course that being a continuity point implies that the “jump” is zero. So μ(Γ_∞(X)) = 0 or λ^+(p) = 0 for μ-a.e. point p ∈ Γ_∞(X) and the statements of Theorem 3 are verified. Note that to estimate a lower bound for the “jump” we perturb the original vector field X like we did to prove Theorem 3. But our conservative flowbox theorem may not be applied to X, unless X is of class C^2, so this argument only works for X ∈ X^2_μ(M).

However this set equipped with C^1 topology is not a Baire space, so in general residual sets are meaningless.

Bibliography

[1] Ambrose, W., Kakutani, S. Structure and continuity of measure preserving transformations . Duke Math. J., 9:25-42, 1942

[2] Arbieto,A., Matheus,C. A Pasting Lemma I: the case of vector fields, Preprint IMPA 2003.

[3] Bochi,J. Genericity of zero Lyapunov exponents. Ergod. Th. & Dynam.

Sys., 22:1667-1696, 2002

[4] Bochi,J., Viana, M. The lyapunov exponents of generic volume preserving and symplectic maps. to appear Ann. Math

[5] Bochi,J., Viana, M. Lyapunov exponents: How often are dynamical systems hyperbolic? Advances in Dynamical Systems. Cambridge Univ. Press, to appear

[6] Dacorogna, B., Moser, J. On a partial differential equation involving the Jacobian determinant. Ann. Inst. Henri Poincaré, vol. 7, n1, pp-1- 26, 1990

[7] Doering, C.I. Persistently transitive vector fields on three-dimensional manifolds. Proceedings on Dynamical Systems and Bifurcation Theory, vol. 160, pp. 59-89. Pitman, 1987

[8] Johnson, R., Palmer, K., Sell, G. Ergodic properties of linear dynamical systems. SIAM J. Math. Anal. 18, 1-33, 1987

[9] Kuratowski, K. Topology, vol. 1. Academic Press, 1966

[10] Mañé, R. Oseledec’s theorem from generic viewpoint. Proceedings of the international Congress of Mathematicians, Warszawa, vol. 2, pp. 1259-1276, 1983

[11] Mañé, R. The Lyapunov exponents of generic area preserving diffeomorphisms. International Conference on Dynamical Systems (Montevideo, 1995), Pitman Res. Notes Math. Ser., 362, pp. 110-119, 1996

[12] Mañé, R. Ergodic theory and differentiable dynamics. Springer Verlag, 1987

[13] Moser, J. On the volume elements on a manifold. Trans. Amer. Math.

Soc., 120, pp.286-294, 1965

[14] Oseledets, V.I. A multiplicative ergodic theorem: Lyapunov characteristic numbers for dynamical systems. Trans. Moscow Math. Soc., 19, pp. 197-231, 1968

[15] Robinson, C. Generic properties of conservative systems. Amer. J.

Math., 92, pp.562-603, 1970

[16] Zuppa, C. Regularisation C^∞ des champs vectoriels qui préservent l’elément de volume. Bol. Soc. Bras. Mat., vol. 10, n 2, pp.51-56, 1979

Mário Bessa (bessa@impa.br) IMPA, Estr. D. Castorina, 110 2460-320 Rio de Janeiro Brazil