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Abstract

We prove that any two C? critical circle maps with the same irrational rota-
tion number of bounded type and the same odd criticality are conjugate to
each other by a C'*@ circle diffeomorphism, for some universal o > 0. The
proof is based on the existence of a C*“-compact set of real-analytic critical
commuting pairs with the following property: given a C® critical circle map f
with any irrational rotation number there exists a sequence { fn}, contained
in that compact set, such that R"(f) is C%exponentially close to f, at a
universal rate, and both have the same rotation number. Here R denotes
the renormalization operator for critical commuting pairs.

Keywords: Critical circle maps, rigidity, renormalization, commuting
pairs.
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Resumo

Provamos que quaisquer dois mapas criticos do circulo de classe C® com
o mesmo numero de rotacao irracional do tipo limitado e a mesma ordem
no ponto critico sao conjugados por um difeomorfismo de classe C1T%, para
um « > 0 universal. A prova estd baseada na existéncia de um conjunto
C“-compacto de pares criticos comutantes reais-analiticos com a seguinte
propriedade: dado um mapa critico do circulo f de classe C* com qualquer
nimero de rotagao irracional existe uma sequéncia {f,}, contida nesse con-
junto compacto, tal que R"(f) e f, estao C-exponencialmente perto, e tém
o mesmo numero de rotagao. Aqui R denota o operador de renormalizacao
para pares criticos comutantes.

Palavras-chave: Mapas criticos do circulo, rigidez, renormalizacao, pares
comutantes.
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Introduction

0.1 Ciritical Circle Maps

0.1.1 Rigidity in dynamics

In the theory of real one-dimensional dynamics there exist many levels of
equivalence between two systems: combinatorial, topological, quasi-symmetric
and smooth equivalence are major examples.

In the circle case, a classical result of Poincaré [45, Chapter 1, Theorem
1.1] states that circle homeomorphisms with the same irrational rotation
number are combinatorially equivalent: for each n € N the first n elements
of an orbit are ordered in the same way for any homeomorphism with a given
rotation number. This implies that circle homeomorphisms with irrational
rotation number are semi-conjugate to the corresponding rigid rotation and,
therefore, they admit a unique invariant Borel probability measure.

By Denjoy’s theorem [7], any two C? circle diffeomorphisms with the
same irrational rotation number are conjugate to each other by a C° home-
omorphism (actually we just need C* maps such that the logarithm of the
modulus of the derivative has bounded variation). This implies that C? dif-
feomorphisms with irrational rotation number are minimal, and therefore,
the support of its unique invariant probability measure is the whole circle.

By a fundamental result of Herman [20], improved by Yoccoz [62], any
two C?**¢ circle diffeomorphisms whose common rotation number p satisfies
the Diophantine condition:

(0.1.1)

—_
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for some § € [0,1) and C' > 0, and for every positive coprime integers p and
q, are conjugate to each other by a circle diffeomorphism. More precisely, if
0<d<e<1lande—9+# 1, any such diffeomorphism is conjugate to the
corresponding rigid rotation by a C1*¢ diffeomorphism [27]. This implies
that its invariant probability measure is absolutely continuous with respect to
Lebesgue, with Holder continuous density with exponent e —§. Moreover, any
two C circle diffeomorphisms with the same Diophantine rotation number
are C>°-conjugate to each other, and real-analytic diffeomorphisms with the
same Diophantine rotation number are conjugate to each other by a real-
analytic diffeomorphism [45, Chapter I, Section 3].

These are examples of rigidity results: lower regularity of conjugacy im-
plies higher regularity under certain conditions.

Since rigidity is totally understood in the setting of circle diffeomorphisms
we continue in this thesis the study of rigidity problems for critical circle maps
developed by de Faria, de Melo, Yampolsky, Khanin and Teplinsky among
others.

By a critical circle map we mean an orientation preserving C® circle
homeomorphism with exactly one non-flat critical point of odd type (for
simplicity, and for being the generic case, we will assume in this thesis that
the critical point is of cubic type). Asusual, a critical point ¢ is called non-flat

if in a neighbourhood of ¢ the map f can be written as f(t) = =+|¢(t) ‘d+f(c),
where ¢ is a C? local diffeomorphism with ¢(c) = 0, and d € N with d > 2.
The criticality (or type, or order) of the critical point ¢ is d.

The main reference for background in real one-dimensional dynamics is
the book of de Melo and van Strien [45].

0.1.2 The Arnold family

Classical examples of critical circle maps are obtained from the two-parameter
family f,, : C — C of entire maps in the complex plane:

f;b(z) =z4+a— (;) sin(2rz) for a € [0,1) and b > 0. (0.1.2)

™

Since each ]};,b commutes with unitary horizontal translation, it is the lift
of a holomorphic map of the punctured plane f,;, : C\ {0} — C\ {0} via
the holomorphic universal cover z — 2™, Since J?;,b preserves the real axis,
fap preserves the unit circle S* = {z eC: |z = 1} and therefore induces a
two-parameter family of real-analytic maps of the unit circle. This classical

family was introduced by Arnold in [3], and is called the Arnold family.
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For b = 0 the family f,;, : S' — S' is the family of rigid rotations
z +— e?™az and for b € (0,1) the family is still contained in the space of
real-analytic circle diffeomorphisms.

For b = 1 each f, still restricts to an increasing real-analytic homeomor-
phism of the real line, that projects to an orientation-preserving real-analytic
circle homeomorphism, presenting one critical point of cubic type at 1, the
projection of the integers. Denote by p(a) the rotation number of the circle
homeomorphism f, ;. It is well-known that a — p(a) is continuous, non-
decreasing, maps [0, 1) onto itself and is such that the interval p=*(6) C [0,1)
degenerates to a point whenever 6 € [0,1) \ Q (see [20]). Moreover the set
{a €0,1) : p(a) € R\Q} has zero Lebesgue measure, see [56]. For 0 < p < ¢
coprime integers we know that p‘l({%’}) is always a non-degenerate closed
interval. In the interior of this interval we find critical circle maps with two
periodic orbits (of period ¢), one attracting and one repelling, which collapse
to a single parabolic orbit in the boundary of the interval, see [9].

For b > 1 the maps f,p : S* — S! are not invertible any more (they
present two critical points of even degree). These examples show how criti-
cal circle maps arise as bifurcations from circle diffeomorphisms to endomor-
phisms, and in particular, from zero to positive topological entropy (compare
with infinitely renormalizable unimodal maps [45, Chapter VI]). This is one
of the main reasons why critical circle maps attracted the attention of physi-
cists and mathematicians interested in understanding the boundary of chaos
([8], [15], [23], [30], [31], [34] [35], [46], [49], [50], [51], [54]).

0.1.3 Further examples

Another important class of critical circle maps is provided by the one-parameter
family f, : C — C of Blaschke products in the complex plane:

z—3
1—3z

f,y<2) — e27ri'yz2 (

Every map in this family leaves invariant the unit circle (Blaschke prod-
ucts are the rational maps leaving invariant the unit circle), and its restric-
tion to S! is a real-analytic homeomorphism with a unique critical point at
1, which is of cubic type (see Figure 1). Furthermore, for each irrational
number 6 in [0,1) there exists a unique « in [0,1) such that the rotation
number of f,|g is #. With this family at hand, the developments on rigidity
of critical circle maps were very useful in the study of local connectivity and
Lebesgue measure of Julia sets associated to generic quadratic polynomials
with Siegel disks ([47], [40], [58], [48]).

) for v € [0,1). (0.1.3)
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el

A///

Dl

Figure 1: Topological behaviour of the Blaschke product f, (0.1.3) around
the unit circle, for v approximately equal to 1/8. At the left of Figure 1
we see the preimage under f., of the annulus around the unit circle drawn
at the right (in both planes, the unit circle is dashed). The complement of
the annulus A U B in the complex plane has two connected components, C
and D. The preimage of C' is the union C’ U C”, where the notation C’
means that f, : C' — C has topological degree 1 (equivalently f, : C" — C
has topological degree 2). In the same way, the preimage of D is the union
D"U D", the preimage of B is B} U B}, U B} and the preimage of A is A”.

0.2 Statement of the results

Since our goal is to study smoothness of conjugacies we will focus on critical
circle maps without periodic orbits, that is, the ones with irrational rotation
number. In [63] Yoccoz proved that the rotation number is the unique invari-
ant of the topological classes. More precisely, any C® orientation preserving
circle homeomorphism presenting only non-flat critical points (maybe more
than one) and with irrational rotation number is topologically conjugate to
the corresponding rigid rotation. For the sake of completeness we present
Yoccoz’s proof in Appendix A (Theorem A.4.2), where we also state and
prove Denjoy’s result (Theorem A.2.9) as an introduction to the techniques.

From the topological rigidity we get that any C? critical circle map with
irrational rotation number is minimal and therefore the support of its unique
invariant Borel probability measure is the whole circle. However let us point
out that this invariant measure is always singular with respect to Lebesgue
measure (see [25, Theorem 4, page 182] or [17, Proposition 1, page 219]). We
remark also that the condition of non-flatness on the critical points cannot
be removed: in [19] Hall was able to construct C'*° homeomorphisms of the
circle with no periodic points and no dense orbits.

Instituto de Matematica Pura e Aplicada 4 March, 2012
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Recall that an irrational number is of bounded type if it satisfies the Dio-
phantine condition (0.1.1) for § = 0, that is, 6 in [0, 1] is of bounded type if
there exists C' > 0 such that:

C

p

q

LS

for any integers p and ¢ # 0. On one hand this is a respectable class: the
set of numbers of bounded type is dense in [0, 1], with Hausdorff dimension
equal to one. On the other hand, from the metrical viewpoint, this is a
rather restricted class: while Diophantine numbers have full Lebesgue mea-
sure in [0, 1] (see Lemma A.1.8), the set of numbers of bounded type has zero
Lebesgue measure (see Lemma A.1.3).

Since a critical circle map cannot be smoothly conjugate to a rigid rota-
tion, in order to study smooth-rigidity problems we must restrict to the class
of critical circle maps. Numerical observations ([15], [46], [54]) suggested
in the early eighties that smooth critical circle maps with rotation number
of bounded type are geometrically rigid. This was posed as a conjecture in
several works by Lanford ([30], [31]), Rand ([49], [50] and [51], see also [46])
and Shenker ([54], see also [15]) among others:

Rigidity Conjecture. Any two C? critical circle maps with the same ir-
rational rotation number of bounded type and the same odd criticality are
conjugate to each other by a CYT* circle diffeomorphism, for some o > 0.

The conjecture has been proved by de Faria and de Melo for real-analytic
critical circle maps [13] and nowadays (after the work of Yampolsky, Khanin
and Teplinsky) it is understood without any assumption on the irrational
rotation number: inside each topological class of real-analytic critical cir-
cle maps the degree of the critical point is the unique invariant of the C*-
conjugacy classes. In the following result we summarize many contributions
of the authors quoted above:

Theorem A (de Faria-de Melo, Khmelev-Yampolsky, Khanin-Teplinsky).
Let f and g be two real-analytic circle homeomorphisms with the same irra-
tional rotation number and with a unique critical point of the same odd type.
Let h be the conjugacy between f and g (given by Yoccoz’s result) that maps
the critical point of f to the critical point of g (note that this determines h).
Then:

1. his a C diffeomorphism.

2. h is O at the critical point of f for a universal o > 0.

Instituto de Matematica Pura e Aplicada 15) March, 2012
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3. For a full Lebesque measure set of rotation numbers (that contains all
bounded type numbers) h is globally C1+.

On one hand, the presence of the critical point gives us more rigidity
than in the case of diffeomorphisms: smooth conjugacy is obtained for all
irrational rotation numbers, with no Diophantine conditions. On the other
hand, there exist examples ([4], [12]) showing that h may not be globally
C' in general, even for real-analytic dynamics.

Item (1) of Theorem A was proved by Khanin and Teplinsky in [26],
building on earlier work of de Faria, de Melo and Yampolsky ([10], [11], [12],
[13], [58], [59], [60], [61]). Item (2) was proved in [29] and Item (3) is obtained
combining [12] with [61]. The proof of Theorem A relies on methods coming
from complex analysis and complex dynamics ([39], [41]), and that is why
rigidity is well understood for real-analytic critical circle maps, but nothing
was known yet for smooth ones (even in the C*° setting). In this thesis we
take the final step and solve positively the Rigidity Conjecture:

Theorem B (Main result). Any two C? critical circle maps with the same
wrrational rotation number of bounded type and the same odd criticality are
conjugate to each other by a CY** circle diffeomorphism, for some universal
a > 0.

The novelties of this thesis in order to transfer rigidity from real-analytic
dynamics to (finitely) smooth ones are two: the first one is a bidimensional
version of the glueing procedure (first introduced by Lanford [30], [31]) de-
veloped in Chapter 5, and the second one is the notion of asymptotically
holomorphic maps, to be defined in Chapter 4 (Definition 4.1.2). Asymptot-
ically holomorphic maps were already used in one-dimensional dynamics by
Graczyk, Sands and Swiatek in [16], but as far as we know never for critical
circle maps.

Let us discuss the main ideas of the proof of Theorem B: a C? critical
circle map f with irrational rotation number generates a sequence {R"(f) =
(M, §n)}n oy Of commuting pairs of interval maps, each one being the renor-
malization of the previous one (see Definition 1.4.1). To prove Theorem B
we need to prove the exponential convergence of the orbits generated by two
critical circle maps with a given combinatorics of bounded type (see Theorem
0.3.1).

Our main task (see Theorem D in Chapter 2) is to show the existence of
a sequence { frn = (1, En)}neN that belongs to a universal C*-compact set of
real-analytic critical commuting pairs, such that R"(f) is C°-exponentially
close to f, at a universal rate, and both have the same rotation number. In
Chapter 2, using the exponential contraction of the renormalization operator

Instituto de Matematica Pura e Aplicada 6 March, 2012
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on the space of real-analytic critical commuting pairs (see Theorem 0.3.3),
we conclude the exponential contraction of the renormalization operator in
the space of C® critical commuting pairs with bounded combinatorics (see
Theorem C in Section 0.3), and therefore the C'™* rigidity as stated in
Theorem B.

To realize the main task we extend the initial commuting pair to a pair of
C?3 maps in an open complex neighbourhood of each original interval (the so-
called extended lift, see Definition 4.1.4), that are asymptotically holomorphic
(see Definition 4.1.2), each having a unique cubic critical point at the origin.

Using the real bounds (see Theorem 1.1.1), the Almost Schwarz inclusion
(see Proposition 4.2.1) and the asymptotic holomorphic property we prove
that for all n € N, greater or equal than some ng, both 7, and &, extend to a
definite neighbourhood of their interval domains in the complex plane, giving
rise to maps with a unique cubic critical point at the origin, and with ex-
ponentially small conformal distortion (see Theorem 4.0.4). Theorem 4.0.4
gives us also some geometric control that will imply the desired compact-
ness (we wont study the dynamics of these extensions, just their geometric
behaviour).

Using Ahlfors-Bers theorem (see Proposition 3.3.2) we construct for each
n > ngy a C? diffeomorphism ®,,, exponentially close to the identity in definite
domains around the dynamical intervals, that conjugates (n,,&,) to a C?
critical commuting pair (7, gn) exponentially close to (9,,&,), and such that
n.to En is an holomorphic diffeomorphism between complex neighbourhoods
of the endpoints of the union of the dynamical intervals (see Section 5.1).
Using this holomorphic diffeomorphism to glue the ends of a band around
the union of the dynamical intervals we obtain a Riemann surface conformally
equivalent to a rounds annulus Ag, around the unit circle. This identification
gives rise to a holomorphic local diffeomorphism P, mapping the band onto
the annulus and such that, via P,, the pair (7,, &,) induces a C® map G,, from
an annulus in Ap, to Ag,, having exponentially small conformal distortion,
that restricts to a critical circle map on S' (see Proposition 5.1.7). The
commuting condition of each pair (7,, En) is equivalent to the continuity of
the corresponding G,,, and that is why we project to the annulus Ag . The
topological behaviour of each G,, on its annular domain is the same as the
restriction of the Blaschke product f, (0.1.3) to the annulus A” U Bj, as
depicted in Figure 1.

Using again Ahlfors-Bers theorem we construct a holomorphic map H,,
on a smaller but definite annulus around the unit circle, that is exponentially
close to G,, and restricts to a real-analytic critical circle map with the same
combinatorics as the restriction of G,, to S' (see Proposition 5.2.1 for much
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more properties).

Finally, using the projection F,, we lift each H, to a real-analytic criti-
cal commuting pair f,, = (7,,&,) exponentially close to (7,,&,), having the
same combinatorics and with complex extensions C°-exponentially close to
the ones of R™(f) produced in Theorem 4.0.4 (see Proposition 5.3.1). Com-
pactness follows then from the geometric properties obtained in Theorem
4.0.4 (see Lemma 5.3.2).

0.2.1 Some geometric consequences of the main result

For a C? critical circle map f with irrational rotation number 6 and critical
point ¢ in S!, define the n-th scaling ratio as:

_ d(fq”+1(c), c)
d(fa(c),c)

where {¢y, }nen is the sequence of return times given by the continued fraction
expansion of  (see Chapter 1 and Appendix A) and d denote the standard
distance in S*.

The smoothness of the conjugacy leads to a geometric classification since,
being essentially affine at small scales, the conjugacy preserves the small-scale
properties of the dynamics. Some examples of these geometric properties are
the following:

sn(f)

Corollary 0.2.1. If f and g are C? critical circle maps with the same irra-
tional rotation number of bounded type and the same odd degree at the critical
point, we have asymptotic geometric rigidity:

Jim (s(f) = sa(9)) =0
For real-analytic critical circle maps, Corollary 0.2.1 was first obtained
by de Faria in his PhD thesis (see [10] and [11]).

Corollary 0.2.2. Let pu be the unique invariant Borel probability of a C?
critical circle map with rotation number of bounded type 6, and let HD(u)
denote the Hausdorff dimension of p (the infimum of the dimensions of full
measure sets). Then HD(u) only depends on 0 and the degree at the critical
point.

See [17] for some estimates.

Instituto de Matematica Pura e Aplicada 8 March, 2012
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0.3 A first reduction of the main result

As in the case of unimodal maps, the main tool in order to obtain smooth
conjugacy between critical circle maps is the use of remormalization group
methods [42]. As it was already clear in the early eighties ([15], [46]) it is
convenient to construct a renormalization operator R (see Definition 1.4.1)
acting not on the space of critical circle maps but on a suitable space of
critical commuting pairs (see Definition 1.2.1).

Just as in the case of unimodal maps (see for instance [45, Chapter VI,
Theorem 9.4]), the principle that exponential convergence of the renormaliza-
tion operator is equivalent to smooth conjugacy also holds for critical circle
maps. The following result is due to de Faria and de Melo [12, First Main
Theorem, page 341]. For any 0 < r < oo denote by d, the C" metric in the
space of critical commuting pairs (see Definition 1.3.1):

Theorem 0.3.1 (de Faria-de Melo 1999). There ezists a set A in [0,1],
having full Lebesgue measure and containing all irrational numbers of bounded
type, for which the following holds: let f and g be two C? critical circle maps
with the same irrational rotation number in the set A and with the same odd
type at the critical point. If dy (R”( 1), R”(g)) converge to zero exponentially
fast when n goes to infinity, then f and g are CY*® conjugate to each other
for some a > 0.

Roughly speaking, the full Lebesgue measure set A is composed by irra-
tional numbers in [0, 1] whose coefficients in the continued fraction expansion
may be unbounded, but their growth is less than quadratic (see Chapter 6
or [12, Appendix C] for the precise definition). In sharp contrast with the
case of diffeomorphisms, let us point out that A does not contain all Dio-
phantine numbers, and contains some Liouville numbers (again see Chapter
6). The remaining cases were more recently solved by Khanin and Teplinsky
[26, Theorem 2, page 198]:

Theorem 0.3.2 (Khanin-Teplinsky 2007). Let f and g be two C® critical
circle maps with the same wrrational rotation number and the same odd type
at the critical point. If dy(R™(f), R™(g)) converge to zero exponentially fast
when n goes to infinity, then f and g are C'-conjugate to each other.

To obtain the smooth conjugacy (Item (1) of Theorem A), Khanin and
Teplinsky combined Theorem 0.3.2 with the following fundamental resut:

Theorem 0.3.3 (de Faria-de Melo 2000, Yampolsky 2003). There exists a
universal constant X in (0,1) with the following property: given two real-
analytic critical commuting pairs (1 and (o with the same irrational rotation

Instituto de Matematica Pura e Aplicada 9 March, 2012
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number and the same odd type at the critical point, there exists a constant
C > 0 such that:
d.(R*(G1), R™(¢2)) < CA”

for all n € N and for any 0 < r < co. Moreover given a C*-compact set K
of real-analytic critical commuting pairs, the constant C' can be chosen the
same for any ¢ and (3 in K.

Theorem 0.3.3 was proved by de Faria and de Melo [13] for rotation num-
bers of bounded type, and extended by Yampolsky [61] to cover all irrational
rotation numbers.

With Theorem 0.3.1 at hand, our main result (Theorem B) reduces to
the following one:

Theorem C. There exists X € (0,1) such that given f and g two C? critical
circle maps with the same irrational rotation number of bounded type and the
same criticality, there exists C' > 0 such that for all n € N:

where dy is the C° distance in the space of critical commuting pairs.

This thesis is devoted to proving Theorem C. Of course it would be
desirable to obtain Theorem C for C? critical circle maps with any irrational
rotation number, but we have not been able to do this yet (see Chapter 6 for
more comments).

Let us fix some notation that we will use along this thesis: N, Z, Q, R and
C denotes respectively the set of natural, integer, rational, real and complex
numbers. The real part of a complex number z will be denoted by R(z), and
its imaginary part by $(z). B(z,r) denotes the Euclidean open ball of radius
r > 0 around a complex number z. H and C denotes respectively the upper-
half plane and the Riemann sphere. D = B(0, 1) denotes the unit disk in the
complex plane, and S' = 9D denotes its boundary, that is, the unit circle.
Diff? (S') denotes the group (under composition) of orientation-preserving
C? diffeomorphisms of the unit circle. Leb(A) denotes the Lebesgue measure
of a Borel set A in the plane, and diam(A) denotes its Euclidean diameter.
Given a bounded interval [ in the real line we denote its Euclidean length
by |I|. Moreover, for any a > 0, let:

N.(I)={z€C:d(z,1) < alll},

where d denotes the Euclidean distance in the complex plane.
The organization of this thesis is the following: in Section above 0.2 we
stated some geometric consequences of the main result, while in Section 0.3
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we reduced Theorem B to Theorem C, which states the exponential conver-
gence of the renormalization orbits of C® critical circle maps with the same
bounded combinatorics. In Chapter 1 below we introduce the renormaliza-
tion operator in the space of critical commuting pairs, and review its basic
properties. In Chapter 2 we reduce Theorem C to Theorem D, which states
the existence of a C*-compact piece of real-analytic critical commuting pairs
such that for a given C?3 critical circle map f, with any irrational rotation
number, there exists a sequence { fn}, contained in that compact piece, such
that R"(f) is CY-exponentially close to f, at a universal rate, and both have
the same rotation number. In Chapter 3 we state a corollary of Ahlfors-Bers
theorem (Proposition 3.3.2) that will be fundamental in Chapter 5 (its proof
will be given in Appendix D). In Chapter 4 we construct the extended lift of
a C? critical circle map (see Definition 4.1.4), and then we state and prove
Theorem 4.0.4 as described above. In Chapter 5 we develop a bidimensional
glueing procedure in order to prove Theorem D. Finally in Chapter 6 we
review further questions and open problems in the area.

This thesis has four appendices: in Appendix A we briefly review one of
the main tools in real one-dimensional dynamics, namely the distortion of
the cross-ratio, and then we apply it in order to prove topological rigidity
of critical circle maps (Yoccoz’s theorem). In Appendix B we give the proof
of Theorem 1.5.1, stated at the end of Chapter 1 and used in Chapter 2, in
Appendix C we review some basic fact about Riemann surfaces used along
the text, while in Appendix D we apply Ahlfors-Bers theorem in order to
prove Proposition 3.3.2.
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CHAPTER 1

Renormalization of critical commuting pairs

In this chapter we define the space of C? critical commuting pairs (Definition
1.2.1), and we endow it with the C*® metric (Definition 1.3.1). This metric
space, which is neither compact nor locally-compact, contains the phase space
of the renormalization operator (Definition 1.4.1). Each C? critical circle
map with irrational rotation number gives rise to an infinite renormalization
orbit in this phase space, and the asymptotic behaviour of these orbits is the
subject of this thesis.

We remark that, since there is no canonical differentiable structure (like
a Banach manifold structure) in the space of C? critical commuting pairs
endowed with the C® metric, we cannot apply the standard machinery from
hyperbolic dynamics (see for instance [24, Chapters 6, 18 and 19]) in order
to obtain exponential convergence as stated in Theorem C.

As we said in the introduction, a critical circle map is an orientation-
preserving C? circle homeomorphism f, with exactly one critical point ¢ € S*
of odd type. For simplicity, and for being the generic case, we will assume in
this thesis that the critical point is of cubic type. Suppose that the rotation
number p(f) = 6 in [0,1) is irrational, and let [ao, A1y eeey Gy Ay 1, ] be its
continued fraction expansion (see Definition A.1.1):

0= lm 1

ag +

12
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We define recursively the return times of 6 by:
q =1, g1 =ap and @ui1 = anqp + g1 for n>1.

Recall that the numbers ¢,, are also obtained as the denominators of the
truncated expansion of order n of 6:
Dn 1
— = [ap, a1, ag, ..., @y 1] = 1
Qn ag + -
ai +

1
a3 + ———

Ap—1

Let Ry be the rigid rotation of angle 276 in the unit circle. The arithmeti-
cal properties of the continued fraction expansion (see Section A.1.1) imply
that the iterates {Rg"(c)tnen are the closest returns of the orbit of ¢ under
the rotation Ry:

d(c, Rg"(c)) < d(c, Rg(c)) forany j€{1,....,q, — 1}

where d denote the standard distance in S*. The sequence of return times
{qn} increase at least exponentially fast as n — oo, and the sequence of
return distances {d(c, R§"(c))} decrease to zero at least exponentially fast as
n — oo. Moreover the sequence { R{"(c) }nen approach the point ¢ alternating
the order:

Rl'(c) < RP(c) < .. < RZ*''(c) < ... < c< .. < RP*(c) < ... < RE(c) < R (c)

By Poincaré’s result quoted at the beginning of the introduction, this
information remains true at the combinatorial level for f: for any n € N the
interval [c, f%(c)] contains no other iterates f7(c) for j € {1,...,q, — 1}, and
if we denote by u the unique invariant Borel probability of f we can say that
1([e, f7(c)]) < pu([e, fi(c)]) for any j € {1,...,¢, — 1}. A priori we cannot
say anything about the usual distance in S*.

We say that p(f) is of bounded type if there exists a constant M € N
such that a, < M for any n € N (it is not difficult to see that this definition
is equivalent with the one given in the introduction, see [28, Chapter II,
Theorem 23]). As we said in the introduction, the set of numbers of bounded
type has zero Lebesgue measure in [0, 1] (see Lemma A.1.3).
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1.1 Dynamical partitions

Denote by I, the interval [c, f?(c)] and define P, as:

Pn - {]m f(]n)7 SaS) fanrl 1 } U {ITL-H? n+1 fqn_l([n-‘rl)}

A crucial combinatorial fact is that P, is a partition (modulo boundary
points) of the circle for every n € N. We call it the n-th dynamical partition
of f associated with the point ¢. Note that the partition P, is determined
by the piece of orbit:

{fj(c):OSjSQn_l'qn—I—l_l}

The transitions from P, to P,.1 can be described in the following easy
way: the interval I, = [c, f%(c)] is subdivided by the points f/%+17 (c) with
1 <7 < apyq into a,y1 + 1 subintervals. This sub-partition is spreaded by
the iterates of f to all the f7(I,) = f([c, fi(c)]) with 0 < j < gny1. The
other elements of the partition P,, which are the f7(I,,,1) with 0 < j < ¢y,
remain unchanged.

As we are working with critical circle maps, our partitions in this thesis
are always determined by the critical orbit. A major result for critical circle
maps is the following:

Theorem 1.1.1 (real bounds). There exists K > 1 such that given a C?
critical circle map f with irrational rotation number there exists ng = no(f)
such that for all n > ny and for every pair I,J of adjacent atoms of P, we

have:
K7 < |J] < K.

Moreover, if Df denotes the first derivative of f, we have:

|peo)
- < K fO’f’ all T,y € f([n+1) and fOT’ all n > No, and:
|Df=1(y)]
’qunu Y(z) ‘ <K 11 I d n >
—’qun+11y’— for all x,y € f(I,) and for all n > ny.

Theorem 1.1.1 was proved by Swiatek and Herman (see [21], [56], [18] and
[12]). The control on the distortion of the return maps follows from Koebe
distortion principle (see [12, Section 3]). Note that for a rigid rotation we
have |I,,| = ans1|lns1] + [Lns2|- If @y is big, then I, is much larger than
I,+1. Thus, even for rigid rotations, real bounds do not hold in general.
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1.2 Critical commuting pairs

The first return map of the union of adjacent intervals [, U I,y is given
respectively by f9+1 and f. This pair of interval maps:

(fqn+1 ’In’ fqn‘-[n-',-l)
motivates the following definition:

Definition 1.2.1. A critical commuting pair ( = (n,£) consists of two
smooth orientation-preserving interval homeomorphisms 7 : I, — (1)) and
€ : Ie — &(I¢) where:

1. I, =1[0,£(0)] and I = [(0),0];

2. There exists a neighbourhood of the origin where both n and £ have
homeomorphic extensions (with the same degree of smoothness) which
commute, that is, no & =& on;

3. (n0¢)(0) = (§0n)(0) #0;
4. 1/'(0) = £'(0) = 0;
5. n'(x) #0 for all x € I,,\ {0} and &'(x) # 0 for all z € I \ {0}.

Any critical circle map f with irrational rotation number ¢ induces a
sequence of critical commuting pair in a natural way: let f be the lift of f
to the real line (for the canonical covering ¢t — €*™) satisfying f’(0) = 0 and
0< f(O) < 1. For each n > 1 let I, be the closed interval in the real line,
adjacent to the origin, that projects to I,. Let T': R — R be the translation
r+— x4+ 1and definen: I, > Rand £:1,,1 — R as:

n="TP o fqn+l and £=T"o fqn

Then the pair (1|7, {|;—,) form a critical commuting pair that we denote
by (fi+'1,, fi|r1,,,) to simplify notation.

A converse of this construction was introduced by Lanford ([30], [31]) and
it is known as glueing procedure: the map n~! o€ is a diffeomorphism from a
small neighbourhood of 7(0) onto a neighbourhood of £(0). Identifying 7(0)
and £(0) in this way we obtain from the interval [5(0),£(0)] a smooth com-
pact boundaryless one-dimensional manifold M. The discontinuous piecewise

smooth map:
n(0), Of
0,£(0)

&(t) forte
felt) = { n(t) forte
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Figure 1.1: A commuting pair.

projects to a smooth homeomorphism on the quotient manifold M. By choos-
ing a diffeomorphism 1) : M — S! we obtain a critical circle map in S*, just
by conjugating with ¢. Although there is no canonical choice for the dif-
feomorphism v, any two different choices give rise to smoothly-conjugate
critical circle maps in S*. Therefore any critical commuting pair induces a
whole smooth conjugacy class of critical circle maps. In Chapter 5 we pro-
pose a bidimensional extension of this procedure, in order to prove our main
result (Theorem B).

1.3 The C" metric

We endow the space of C? critical commuting pairs with the C? metric.
Given two critical commuting pairs ¢; = (11,&1) and (o = (12,&2) let A; and
Ay be the Mobius transformations such that for i = 1, 2:
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Figure 1.2: Scheme of a commuting pair.

Definition 1.3.1. For any 0 < r < oo define the C" metric on the space of
C" critical commuting pairs in the following way:

a0) &0
m(0) ~ m(0)

where || - ||, is the C"-norm for maps in [—1, 1] with one discontinuity at the
origin, and (; is the piecewise map defined by n; and &;:

0,(C1y ) = max{

‘7HA10C10A1_1—AzogzoAz_lHr}

G 1, UL, = I, UL, such that Ci’Igi =& and Q]Ini =

Note that d, is a pseudo-metric since it is invariant under conjugacy by
homotheties: if ais a positive real number, H,(t) = at and {; = H,0(0H!
then d,.(¢1,(2) = 0. In order to have a metric we need to restrict to normalized
critical commuting pairs: for a commuting pair { = (n,£) denote by E the

pair (7|7, ¢| i ) where tilde means rescaling by the linear factor A = \I_lgl Note

that |f§] =1 and ]'; has length equal to the ratio between the lengths of I,

and I;. Equivalently 7(0) = —1 and £(0) = % = £(0)/|n(0)|.

When we are dealing with real-analytic critical commuting pairs, we con-
sider the C*-topology defined in the usual way: we say that (nn, £n) — (77, 5)
if there exist two open sets U, D I, and Us D I¢ in the complex plane and
ng € N such that n and 7, for n > ny extend continuously to 777, are holo-

morphic in U, and we have Hnn - 17” ooy 0, and such that & and &,
_ n

for n > ny extend continuously to Ug, are holomorphic in Us and we have

an — & H oo 0. We say that a set C of real-analytic critical commuting

pairs is closed if every time we have {(,} C C and {(,} — ¢, we have ( € C.
This defines a Hausdorff topology, stronger than the C"-topology for any
0<r<oo.
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1.4 The renormalization operator

Let ¢ = (n,€) be a C? critical commuting pair according to Definition 1.2.1,
and recall that (no&)(0) = (£0n)(0) # 0. Let us suppose that (£0n)(0) € I,
(just as in both Figure 1.1 and Figure 1.2 above) and define the height x(()
of the commuting pair ( = (n,§) as r if:

N (€(0)) <0 < 7"(£(0))

and x(¢) = oo if no such r exists (note that in this case the map 7|;, has a
fixed point, so when we are dealing with commuting pairs induced by critical
circle maps with irrational rotation number we have finite height). Note
also that the height of the pair (f+|;, , f%|;,,,) induced by a critical circle
maps [ is exactly a,1, where p(f) = [ao, a1, ag, ..., Gp, Gpy1, -..| (because the
combinatorics of f are the same as for the rigid rotation R,y)).

For a pair ¢ = (n,€) with (£ 0n)(0) € I, and x(¢) = r < oo we see that
the pair:

(o ceconr> m” © €lre)

is again a commuting pair, and if ( = (n,&) is induced by a critical circle
map:

C - (7775) - (fqnﬂlfnqunhnﬂ)

we have that:

(T]‘[O,n 77 o §|15) = (fqn+1|ln+27 f‘]n+2|[n+1)

This motivates the following definition (the definition in the case (£ o
1)(0) € I is analogue):

Definition 1.4.1. Let ¢ = (n,&) be a critical commuting pair with (5 o
1)(0) € I,. We say that ¢ is renormalizable if x(¢) = r < oco. In this case we
define the renormalization of { as the critical commuting pair:

R(Q) = (g miayy 7 ©E17)

A critical commuting pair is a special case of a generalized interval ex-
change map of two intervals, and the renormalization operator defined above
is just the restriction of the Zorich accelerated version of the Rauzy-Veech
renormalization for interval exchange maps (see for instance [64]). However
we will keep in this thesis the classical terminology for critical commuting
pairs.
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fant1tan (0) ﬂfq" (0)

Figure 1.3: Two consecutive renormalizations of f, without rescaling (recall
that f? means TP o f9). In this example a, 1 = 4.

Definition 1.4.2. Let ¢ be a critical commuting pair. If x(R?({)) < oo for
J €10,1,...,n—1} we say that ( is n-times renormalizable, and if x(R’({)) <
oo for all 7 € N we say that ( is infinitely renormalizable. In this case the
irrational number 6 whose continued fraction expansion is equal to:

(€)X (R(O) - X (RM(C))s X (R™(C)), -]

is called the rotation number of the critical commuting pair ¢, and denoted
by p(¢) = 0.

The rotation number of a critical commuting pair can also be defined
with the help of the glueing procedure described above, just as the rotation
number of any representative of the conjugacy class obtained after glueing
and uniformizing.

An immediate but very important remark is that when ( is induced by a
critical circle map with irrational rotation number, the pair ( is automatically
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infinitely renormalizable (and both notions of rotation number coincide): any
C? critical circle map f with irrational rotation number gives rise to a well
defined orbit {R”( f )}n>1 of infinitely renormalizable C? critical commuting
pairs defined by: -

R"(f):(j/"\q;h:l,fq\n—/ﬂfn) forall n > 1.

For any positive number 6 denote by |#] the integer part of 6, that is, |0] € N
and [0] <6 < |0]+1. Recall that the Gauss map G : [0,1] — [0, 1] is defined
by (see Section A.1.1):

1 1
and note that p semi-conjugates the renormalization operator with the Gauss
map:

p(R™(C)) = G™(p(f))

for any ( at least n-times renormalizable. In particular the renormalization
operator acts as a left shift on the continued fraction expansion of the rotation
number: if p(¢) = [ao, a1, ...] then p(R™(C)) = [an, Gnt1, ..)-

1.5 Lipschitz continuity along the orbits

For K > 1 and r € {0,1,...,00,w} denote by P"(K) the space of C" critical
commuting pairs ¢ = (1, &) such that n(0) = —1 (they are normalized) and
£(0) € [K~!, K]. Recall also that T denotes the translation ¢ +— ¢ + 1 in the
real line. Let Ky > 1 be the universal constant given by the real bounds. In
the next chapter we will use the following:

Lemma 1.5.1. Given M > 0 and K > K, there exists L > 1 with the
following property: let f be a C® critical circle map with irrational rotation
number p(f) = lag,a1,...] satisfying a, < M for all n € N. There exists
no = no(f) € N such that for any n > ny and any renormalizable critical
commuting pair ¢ = (n,&) satisfying:

1. ¢, R(¢) € P*(K),
2.

Instituto de Matematica Pura e Aplicada 20 March, 2012



Pablo Guarino Rigidity Conjecture for C3 Critical Circle Maps

3. If (T~Pr+1 o f1)(0) < 0 < (TP o fa)(0) then:

\ (%) (+55)

Otherwise, if (T~ o fq”)(O) <0< (TPr1o fq"+1)(0), then:
1 K+1
‘ —5<0>‘ < (7) (—Kfl)’ and

4. (n0&)(0) and (T—Pr+17Pn o fan*qn)(O) have the same sign,

(T—pn o ]Eqn) (0)
(T—pn+1 o fqn+1)(0)

—£(0)

(T—pn+1 o f:Qn+1)(O)
(100 F)0)

then we have that:

do (R™(f),R(Q)) < L-do (R"(f),0),

where dy is the C° distance in the space of critical commuting pairs.

We postpone the proof of Lemma 1.5.1 until Appendix B.
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CHAPTER 2

Reduction of Theorem C

In this chapter we reduce Theorem C to the following:

Theorem D. There exist a C*-compact set K of real-analytic critical com-
muting pairs and a constant A € (0,1) with the following property: given a
C? critical circle map f with any irrational rotation number there exist C' > 0
and a sequence { fn}nen contained in K such that:

do(R™(f), f.) <CX*  for alln €N,

and such that the pair f, has the same rotation number as the pair R™(f)

for alln € N.

Note that K is C"-compact for any 0 < r < oo (see Section 1.3). Note
also that Theorem D is true for any combinatorics. The following argument
was inspired by [43]:

Proof that Theorem D implies Theorem C. Let K be the C*-compact set of
real-analytic critical commuting pairs given by Theorem D. By the real
bounds there exists a uniform constant ny € N such that R"(¢) € P (Ky)
for all ( € K and all n > ng. Therefore there exists K > K, such that
R™(() € P¥(K) for all ¢ € K and all n > 1. Let M > max,en{a,} where
p(f) = p(g) = [ap,ai,...], and let L > 1 given by Lemma 1.5.1.

By Theorem D there exist constants Ay € (0,1), Ci(f),Ci(g9) > 0 and
two sequences { f, }nen and {g, }nen contained in K such that for all n € N

we have p(f,) = p(gn) = [an, Gni1,...] and:
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do(R™(f), fa) < C1(N)A} and  do(R"(9),9s) < Ci(g)AT.  (2.0.1)

Let no(f),no(g) € N given by Lemma 1.5.1, and consider ng = max {no(f), no(g) }
and also Cy = max {C1(f),Ci(g)}. Fix a € (0,1) such that o > %,
and for all n > (1/a)ng let m = |an]. By the choice of K > K, and since
fm,gm € K for all m € N, we have that R7(f,,) € P3(K) for all j € N. By

the real bounds:

(T—Pns1Pn o J’f:qn+1+qn) (0)
(T*Pnﬂ o fqn+1)(()>

1
€ {E,K} for all n > ng,

and by (2.0.1) we have Item (3) and Item (4) of Lemma 1.5.1 for ¢ = f,,, by
taking ng big enough. Applying Lemma 1.5.1 we obtain:

do(R™(f), R"™™(fm)) < L™ - do(R™(f); fm)
< O LA

and by the same reasons:

do(R™(9), R""™(gm)) < L"™ - do(R™(9), gm)
< C LA

Let Ay = L'"*)\¢, and note that Ay € (0,1) by the choice of a. Consider also
Cy =2C1(1/\)L > 0. Since f,, and g, are real-analytic and they have the
same combinatorics, we know by Yampolsky’s result (Theorem 0.3.3) that
there exist constants A3 € (0,1) and C5 > 0 (uniform in ) such that:

do(R"™™(fim), R" "™ (gm)) < C3X5~™ for all n € N.

Finally consider C' = Cy 4+ C3 > 0 and A\ = max{\y, A3~} € (0,1). By the
triangle inequality:

do(R™(f),R"(g)) < CA" forallneN.

]

Even that Theorem D is true for any irrational rotation number, we have
been able to prove that it implies Theorem C only for bounded type rotation
number (see Chapter 6 for more comments).
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CHAPTER 3

Approximation by holomorphic maps.

3.1 The Beltrami equation

Until now we were working on the real line, now we start to work on the
complex plane. We assume that the reader is familiar with the notion of
quasiconformality (the book of Ahlfors [1] and the one of Lehto and Virtanen
[32] are classical references of the subject).

If we interpret the formulas z = x + 1y and Z = x — iy as a change of
variables in the complex plane, and we apply the chain rule (as if z and z
were independent variables) we obtain the two basic differential operators of
complex calculus:

O _(N(2_,2Y sa 2_(H\ (2,9
0z \2 Jdr 0Oy 0z \2 oxr 0Oy

The second one, the a% derivative, is the most important for our purposes.
By the Cauchy-Riemann equations it vanish precisely at the holomorphic

maps, and in this case the % derivative is the usual one. The kernel of the

% derivative is the set of antiholomorphic maps: %—5 = 0 if and only if F is
holomorphic.
Instead of %—I; and %—g we will use the more compact notation 0F and

OF respectively. To be more explicit, let Q € C be a domain and let F :
Q — F(Q) be a C! diffeomorphism. The isomorphism between C? and the
vector space of real linear transformations in the complex plane Lg(C,C)
that identify the pair (a,b) with the linear map z +— az + bz can be used
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to define (9F(w),dF (w)) at any w € (2 as the preimage of the derivative of
F at w, that is, (DF(w))(2) = 0F (w)z 4+ OF (w)z for any w € Q and any
z e C.

3.2 Quasiconformal homeomorphisms

We introduce first quasiconformal diffeomorphisms (Definition 3.2.2 below)
and later quasiconformal homeomorphisms (Definition 3.2.3 below). Let Q C
C be a domain and let G : Q@ — G(Q) and F : G(Q) = F(G(Q)) be two
orientation-preserving C'! diffeomorphisms (since both preserve orientation
we have OF # 0 and 0G # 0 everywhere). The complex derivatives satisfy
the following chain rules:

I(F o G)(2) = 0F (G(2))0G(2) + OF (G(2))9G(=). (3.2.1)
O(F o G)(z) = OF (G(2))0G(2) + OF (G(2))0G(2). (3.2.2)
If G is holomorphic, equations (3.2.1) and (3.2.2) become:
O(F o G)(z) = OF (G(2))G'(z). (3.2.3)
I(FoG)(2) = OF (G(2))G'(z). (3.2.4)
In particular:
IFo0)e) (PG (TE) P(F ()| |aF(G()
I(F oG)(z) G(2) G'(2) I(FoG)(z) OF (G(2))
If F is holomorphic, equations (3.2.1) and (3.2.2) become:
I(FoG)(z) = ( (2))0G(2). (3.2.5)
O(F o G)(z) = F'(G(2))9G(z). (3.2.6)

In particular: _ _
I(FoG)(z) 0G(z)
O(FoG)(z) 0G(2)°
This motivates the following definition:
Definition 3.2.1. Let Q C C be a domain and let F' : Q@ — F(Q) be an
orientation-preserving C! diffeomorphism. The Beltrami coefficient of F in
(2 is the continuous function up : 2 — C defined by:

for any z € Q.
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Note that F'is conformal in € if and only if up = 0 in 2. From:
det (DF(2)) = |0F (2)]* — |0F ()|
and the fact that I preserves orientation we see at once that pup(2) C D.

Definition 3.2.2. Let Q C C be a domain and let F' : Q — F(Q) be an
orientation-preserving C! diffeomorphism. If there exists k € [0, 1) such that
‘,up(z)‘ < k < 1 for every z € Q we say that F'is K-quasiconformal in €,
where K € [1,+00) is defined by K = 1,

In particular F' is conformal if and only if it is 1-quasiconformal (since
we are still taking about diffeomorphisms, this is just the Cauchy-Riemann
equations). The constant K > 1 measures how near a map is to being
conformal: the closer K is to 1, the more nearly conformal the map is. The
geometric meaning of this is the following: the differential of F' at any point
z € ) maps circles centred at the origin into similar ellipses. The ratio of
the major to the minor axis (the eccentricity of the ellipse) is given by:

OF ()| +[IF(E)| 1+ |ur()]
OF() — [0F(2)] ~ 1= |ur(2)]

Therefore a K-quasiconformal C* diffeomorphism is an orientation-preserving
diffeomorphism whose derivative at any point maps circles centred at the ori-
gin into similar ellipses with eccentricity at most K.

Note that K (k) = I is an orientation-preserving real-analytic diffeo-
morphism between [0,1) and [1, +00), with inverse given by k(K) = g—;}

Of course when restricted to a compactly contained open set in €2, every
C! diffeomorphism is K-quasiconformal for some K > 1.

As we saw above pp.q = pg if F' is holomorphic, and |,uFoG = ‘,uF o
G | if G is holomorphic. In particular, if G is holomorphic and F' is K-
quasiconformal, both F'o G and G o F' are K-quasiconformal. More general,
if F'is Ki-quasiconformal and G is Ks-quasiconformal, the composition F oG
is K1 Ks-quasiconformal. Note also that:

| = | o P,

In particular, F' and F~! are simultaneously K-quasiconformal diffeomor-
phisms.

Now we define quasiconformal homeomorphisms. Recall that a continuous
real function h : R — R is absolutely continuous if it has derivative at
Lebesgue almost every point, its derivative is integrable and h(b) — h(a) =
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f R (t)dt. A continuous function F' : Q@ C C — C is absolutely continuous
on lmes in Q if its real and imaginary parts are absolutely continuous on
Lebesgue almost every horizontal line, and Lebesgue almost every vertical
line.

Definition 3.2.3. Let 2 C C be a domain and let X > 1. An orientation-
preserving homeomorphism F': Q — F(€) is K-quasiconformal (from now
on K-q.c.) if F is absolutely continuous on lines and:

‘3F ‘ < (K—|—1> ‘8F ‘ a.e. in €.

This is the analytic definition of quasiconformal homeomorphisms, see
Definition C.2.5 in Appendix C for the geometric definition.

Most of the properties quoted above for quasiconformal diffeomorphisms
are still true for quasiconformal homeomorphisms. For instance a K-q.c.
homeomorphism is conformal if and only if K = 1, F and F~! are simulta-
neously K-q.c., the composition of a Ki-q.c. and a Ks-q.c. homeomorphism
is a K1 Ky-q.c. homeomorphism (again we refer the reader to [1] and [32]).

Given a K-q.c. homeomorphism F : Q — F(Q) we define its Beltrami
coefficient as the measurable function pp : 2 — D given by:

OF (z)

pr(z) = () for a.e. z € Q.

Note that pp belongs to L>(2) and satisty ||pup|lec < (K —1)/(K +1) < L.
Conversely any measurable function from 2 to C with L*> norm less than
one is the Beltrami coefficient of a quasiconformal homeomorphism:

Theorem 3.2.4 (Morrey 1938). Given any measurable function p: Q — D
such that |u(z)| < (K —1)/(K 4+ 1) < 1 almost everywhere in Q@ for some
K > 1, there exists a K-q.c. homeomorphism F : Q — F () which is a
solution of the Beltrami equation:

The solution is unique up to post-composition with conformal diffeomor-
phisms. In particular, if Q) is the entire Riemann sphere, there is a unique
solution (called the normalized solution) that fiz 0, 1 and occ.

See [1, Chapter V, Section B] or [32, Chapter V] for the proof. Note that
Theorem 3.2.4 not only states the existence of a solution of the Beltrami
equation, but also the fact that any solution is an homeomorphism.
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Proposition 3.2.5. If u, — 0 in the unit ball of L*>, the normalized
quasiconformal homeomorphisms f** converge to the identity uniformly on
compact sets of C. In general if p, — p almost everywhere in C and
ltinlloo < k < 1 for all n € N, then the normalized quasiconformal homeo-
morphisms ft converge to f* uniformly on compact sets of C.

See [1, Chapter V, Section C].

3.3 Ahlfors-Bers theorem

The Beltrami equation induces therefore a one-to-one correspondence be-
tween the space of quasiconformal homeomorphisms of C that fix 0, 1 and
0o, and the space of Borel measurable complex-valued functions 1 on C for
which ||u|lc < 1. The following classical result expresses the analytic depen-
dence of the solution of the Beltrami equation with respect to u:

Theorem 3.3.1 (Ahlfors-Bers 1960). Let A be an open subset of some com-
plex Banach space and consider a map AXC — D), denoted by (X, z) — pr(2),
satisfying the following properties:

1. For every A the function C — D given by z — px(2) is measurable, and
lpialloo < Kk for some fized k < 1.

2. For Lebesgue almost every z € C, the function A — D given by A —
wx(2) is holomorphic.

For each X let Fy be the unique quasiconformal homeomorphism of the
Riemann sphere that fix 0, 1 and oo, and whose Beltrami coefficient is iy
(F\ is given by Theorem 3.2.4). Then A — F\(z) is holomorphic for all
z e C.

See [2] or [1, Chapter V, Section C] for the proof. In Chapter 5 we will
make repeated use of the following corollary of Ahlfors-Bers theorem:

Proposition 3.3.2. For any bounded domain U in the complex plane there
exists a number C(U) > 0, with C(U) < C(W) if U C W, such that the
following holds: let {Gn U — G"<U)}neN be a sequence of quasiconformal
homeomorphisms such that:

e The domains G,,(U) are uniformly bounded: there exists R > 0 such
that G, (U) C B(0, R) for all n € N.
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® (i, — 0 in the unit ball of L>°, where u, is the Beltrami coefficient of
G, mU.

Then given any domain V such that V C U there exist no € N and a
sequence {H,, : V — H"(V)}n>n0 of biholomorphisms such that:

R
| Hp — Gyllcory < C(U) ( )> ttnlloo  for all n > ny,

d(0V,oU

where d(aV, 8U) denote the Fuclidean distance between the boundaries of
U and V' (which are disjoint compact sets in the complex plane, since V is
compactly contained in the bounded domain U ).

We postpone the proof of Proposition 3.3.2 until Appendix D. In the
next chapter we will also use the following extension of the classical Koebe’s
one-quarter theorem [6, Theorem 1.3]:

Proposition 3.3.3. Given € > 0 there exists K > 1 for which the follow-
ing holds: let f : D — f(D) C C be a K-quasiconformal homeomorphism
such that f(0) = 0, f((—=1,1)) C R and f(D) C B(0,1/¢). Suppose that
fl=1/2,1/2) is differentiable and that | f'(t)| > ¢ for all t € (=1/2,1/2), where
f' denotes the real one-dimensional derivative of the restriction of f to the
interval (—1/2,1/2). Then:

B(0,£/16) C f(D).

Proof. Suppose, by contradiction, that there exist ¢ > 0 and a sequence
{fo :D— f.(D) C (C}neN of quasiconformal homeomorphisms with the
following properties:

1. Each f, is K,-q.c. with K,, — 1 as n goes to infinity.
2. f2(0)=0and f,((—1,1)) C R for all n € N.
3. fu(D) C B(0,1/¢) for all n € N.

4. ful(=1/2,1/2) is differentiable and | f/(t)| > € for all ¢ € (—=1/2,1/2) and
for all n € N.

5. B(0,&£/16) is not contained in f, (D) for any n € N.
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By compactness, since K,, — 1 and f,(0) = 0 for all n € N, we can
assume by taking a subsequence that there exists f : D — C holomorphic
such that f,, — f uniformly on compact sets of D as n goes to infinity (see for
instance [32, Chapter II, Section 5]). Of course f(0) = 0 and f((—1,1)) C R.
We claim that !D f (O)’ > ¢/2, where Df denotes the complex derivative of
the holomorphic map f. Indeed, note that Item (3) implies that:

_ -1 1
(_‘E,i) C f ({—, —}) for all n,m € N,
m’'m m’'m

and then by the uniform convergence we have:

<_—5,3)cf([_—1,lD for all m € N.
m m m m

Since f is holomorphic this implies the claim. From the claim we see that f is
univalent in D, since the uniform limit of quasiconformal homeomorphisms is
either constant or a quasiconformal homeomorphism (again see [32, Chapter
I1, Section 5]). Finally, by Koebe’s one-quarter theorem we have B(0,¢/8) C
f(D), but this contradicts that B(0,e/16) is not contained in f, (D) for any
n € N. O]
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CHAPTER 4

Complex extensions of R"(f)

For every C? critical circle map, with any irrational rotation number, we will
construct in this chapter a suitable extension to an annulus around the unit
circle in the complex plane, with the property that, after a finite number of
renormalizations, this extension have good geometric bounds and exponen-
tially small Beltrami coefficient. In the next chapter we will perturb this
extension in order to get a holomorphic map with the same combinatorics
and also good bounds.

Recall that given a bounded interval I in the real line we denote its
Euclidean length by |I|, and for any o« > 0 we denote by N,(I) the R-
symmetric topological disk:

N.(I)={z€C:d(z,1) < alll},

where d denotes the Euclidean distance in the complex plane. The goal of
this chapter is the following:

Theorem 4.0.4. There exist three universal constants A € (0,1), a > 0 and
B > 0 with the following property: let f be a C* critical circle map with any
wrrational rotation number. For all n > 1 denote by (nn,ﬁn) the components
of the critical commuting pair R"™(f). Then there exist two constants ng € N
and C' > 0 such that for eachn > ng both &, and n, extend (after normalized)
to R-symmetric orientation-preserving C3 maps defined in Na([—l,O]) and
Na([O,ﬁn(O)]) respectively, where we have the following seven properties:

1. Both &, and n, have a unique critical point at the origin, which is of
cubic type.
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2. The extensions 1, and &, commute in B(0,\), that is, both compositions
Ny 0 &, and &, om, are well defined in B(0,\), and they coincide.

3.

N (6al=1,0))) € &u(Na([=1,0])).
/.

Ns([=1, (0 £€)(0)]) C 7 (Na([0,£,(0)])).
.
N (Na ([0, 4(0)])) U & (N ([=1,0])) € B(0,A7Y).
i 7, (2)
9, (2) n

seNa (- LOD\(0) { |a§n(z)\} S

7.

. O] _ oy
2eNa (04 OD\O} | |01n(2)]

In this chapter we prove Theorem 4.0.4 (see Section 4.3), and in Chapter
5 we prove Theorem D.

4.1 Extended lifts of critical circle maps

In this section we lift a critical circle map to the real line, and then we extend
this lift in a suitable way to a neighbourhood of the real line in the complex
plane (see Definition 4.1.4 below).

Let f and g be two C? critical circle maps with cubic critical points ¢y and
cg, and critical values vy and v, respectively. Recall that Diffi(S 1) denotes
the group (under composition) of orientation-preserving C? diffeomorphisms
of the unit circle, endowed with the C* topology. Let A and B in Diff? (S?)
defined by:

A= {y e Diff’(S") : ¥(cy) =¢,} and B={¢ e Diff}(5"): ¢(vy) = vs}.
There is a canonical homeomorphism between A and B:
w'—>R91 owoR927

where Ry, is the rigid rotation that takes ¢, to vs, and Ry, is the rigid rotation
that takes v, to cy. We will be interested, however, in another identification

between A and B:
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Lemma 4.1.1. There exists a homeomorphism T : A — B such that for any
Y € A we have:
f=T)ogo.

The lemma is true precisely because the maps f and ¢ have the same
order at their respective critical points:

Proof. Let ¢ in Diff3 (S1) such that ¢(cf) = ¢,, and consider the orientation-
preserving circle homeomorphism:

T(y)=foy~log™

that maps the critical value of ¢ to the critical value of f. To see that T'(¢))
is in Diff% (S) note that when z # v, we have that T'(1) is smooth at z,
with non-vanishing derivative equal to:

Df((v'o g-l)<z>>>
Dg(g=(2)) '

(DT())(z) = Dy (g7(2)) (

In the limit we have:

limn [Dzz)—l(g—l(z)) (Df ((¢—109—1)<z))> = Du(ey) (M)

2 Dg (g—l(z)) (D39) (cg)

a well-defined number in (0,400). This proves that T'(¢)) is in B for every
1 € A. Moreover T is invertible with inverse T~ : B — A given by T71(¢) =

glogplof. O
Let A: S* — S* be the map corresponding to the parameters a = 0 and
b =1 in the Arnold family (0.1.2), defined in the introduction of this thesis,

and recall that the lift of A to the real line, by the covering 7 : R — St :
7(t) = exp(2mit), fixing the origin is given by:

Aty =t — (%) sin(27t).

(e

The critical point of A in the unit circle is at 1, and it is of cubic type
(the critical point is also a fixed point for A). Now let f be a C? critical
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circle map with a unique cubic critical point at 1, and let fbe the unique
lift of f to the real line under the covering 7 satisfying f'(0) = 0 and 0 <
f(O) < 1. By Lemma 4.1.1 we can consider two C? orientation preserving
circle diffeomorphisms hy and hy, with hy(1) = 1 and hs(1) = f(1), such
that the composition hy o Ao hy agrees with the map f, that is, the following
diagram commutes:

814f>51

514‘4,51

For each i € {1,2} let h; be the lift of h; to the real line under the covering
7 determined by h;(0) € [0,1). In Proposition 4.1.3 below we will extend both
hy and Eg to complex neighbourhoods of the real line in a suitable way. For
that purposes we recall the definition of asymptotically holomorphic maps:

Definition 4.1.2. Let I be a compact interval in the real line, let U be a
neighbourhood of I in R? and let H : U — C be a C'' map (not necessarily
a diffeomorphism). We say that H is asymptotically holomorphic of order
r > 1in [ if for every x € I:

0H(x,0) =0 and OH(z,y) — — 0
(d((2,y),1))

uniformly as (z,y) € U\ I converge to I. We say that H is R-asymptotically
holomorphic of order r if it is asymptotically holomorphic of order r in com-
pact sets of R.

The sum or product of R-asymptotically holomorphic maps is also R-
asymptotically holomorphic. The inverse of an asymptotically holomorphic
diffeomorphism of order r is asymptotically holomorphic map of order r.
Composition of asymptotically holomorphic maps is asymptotically holomor-
phic.

In the following proposition we suppose r > 1 even though we will apply
it for » > 3. In the proof we follow the exposition of Graczyk, Sands and
Swiatek in [16, Lemma 2.1, page 623).

Proposition 4.1.3. For i = 1,2 there exists H; : C — C of class C" such
that:

1. H; is an extension of f; Hi|lr = fAL;','
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2. H; commutes with unitary horizontal translation: H; o'T'=T o H;;
3. H; is asymptotically holomorphic in R of order r;
4. H; is R-symmetric: H;(Z) = H;(2).

Moreover there exist R > 0 and four domains Bgr, Ur, Vg and Wg in C,
symmetric about the real line, and such that:

e Bp={2€C:-R<S(2) < R};

e H, is an orientation preserving diffeomorphism between Br and Ug;
o A(Ug) = Va;

e H is an orientation preserving diffeomorphism between Vg and Wg.
e Both inf,cp, ‘GHl(z)‘ and inf ey, ‘0H2(z)‘ are positive numbers.

Proof. For z = x + 1y € C, with y # 0, let P,, be the degree r polynomial
map that coincide with h; in the r 4+ 1 real numbers:

e (7))
r G€{0,1,0r}

Recall that P,, can be given by the following linear combination (the
so-called Lagrange’s form of the interpolation polynomial):

& . = z— (z+(/r)y)
1 (z+ (G/r)y) — (x+ (1/r)y)

We define H;(z + i1y) = P, (v + iy), that is:

j=r l=r .

Hi(z +iy) = Poy(x+iy) = Y hi(z + (j/r)y) l:[ Z;__;

J=0

j=r (—1)j<§> -
1+i(j/r)

h (95 + (j/r)y)

After computation we obtain:

1
Hi(z +1iy) = Pyy(z +iy) = N

J

Il
o
—_
+
~.
—~
.
~
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where:

Note that Hj is as smooth as h;, and H,(x) = h;(z) for any real number
x (item (1)). Since h; is a lift we have for any j € {0,1,...,r} that h; (z+
1+ (j/r)y) = hi(x—l— (7/m)y) + 1, but then Pyy1,(z+ 1+ (j/r)y) = Puy(z+
(j/r)y) + 1 for any j € {0,1,...,r} and this implies P,y1, 0T =T o P, in
the whole complex plane. This proves item (2).

To prove that H; is asymptotically holomorphic of order r in R note that:

O i) = 3 SV () ftte + Grom)

and for any k € {0,...,r}:

k

2t = () (8 ()5 o

Now we claim that for any k € {0, ..., — 1} we have Z;ig(—l)ﬂjk (;) =

0. Indeed, for any j € {0, ..., 7} we have 2 (1—t)" = (~1)J ( ) (1—t)",
r
J

t = 1 we obtain the claim for £ = 0. Since t%(l —1)" = ?ig(—l)jﬂj (;)’

and this gives us the equality (1—1t)" = ; o(—1) ) tJ for r > 1. Putting

we obtain the claim for £ = 1 if we put t = 1. Puttingt = 1in t% [t%(l —t)"]
we obtain the claim for £ = 2, and so forth until £k =r — 1.
With the claim we obtain for any z € R that:

OH,(x) = (2;{) e )j:;(_l)a' (;) —0

and for any k € {0,...,r — 1}:

7ot = (55) () S () o
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By Taylor theorem:

uniformly on compact sets of the real line, and from this follows that H;
is asymptotically holomorphic of order r in R (item (3)). To obtain the

w, since this preserves all

symmetry as in item (4) we can take z —
the other properties. B

Finally note that the Jacobian of H; at a point  in R is equal to |hf(z)|* #
0. This gives us a complex neighbourhood of the real line where H; is an
orientation preserving diffeomorphism, and the positive constant R. Since
we also have ‘3HZ~| = |h;‘ at the real line, and each h; is the lift of a circle

diffeomorphism, we obtain the last item of Proposition 4.1.3. O
These are the extensions that we will consider:

Definition 4.1.4. The map F' : B — Wg defined by F' = Hjy o Ao H, is
called the extended lift of the critical circle map f.

Br ——~ Wg

Hy Hy

U34A>VR

We have the following properties:
e F'is C" in the horizontal band Bg;

e "ol =FoT in Bg;

F is R-symmetric (in particular F' preserves the real line), and F' re-
stricted to the real line is f;

e [ is asymptotically holomorphic in R of order 7;

The critical points of F' in Bg are the integers (the same as A), and
they are of cubic type.

We remark that the extended lift of a real-analytic critical circle map will
be C* in the corresponding horizontal strip, but not necessarily holomorphic.
The pre-image of the real axis under F' consists of R itself together with
two families of C" curves {v(k)}rez and {72(k)}rez arising as solutions of
S(F(x+iy)) = 0. Note that v, (k) and v2(k) meet at the critical point ¢, = k.
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Let v (k) = v(k) NH and ~; (k) = (k) NH™ for i = 1,2. We also
denote ;" (0) just by ~;".

Lemma 4.1.5. We can choose R small enough to have that v is contained
in T = {arg (6, 2)} N Bgr (that is, the open triangle with vertices 0,
iR and (/3 + i)R), vo is contained in —T, v, is contained in —T and 7y
is contained in T.

Proof. The derivative of H; at real points is conformal, so the angle between

71 and 7, with the real line at zero is Z. O]

4.2 Poincaré disks

Besides the notion of asymptotically holomorphic maps, the main tool in
order to prove Theorem 4.0.4 is the notion of Poincaré disk, introduced into
the subject by Sullivan in his seminal article [55].

Given an open interval / = (a,b) CRlet C; = (C\R)UI =C\ (R\ ).
For 6 € (0,7) let D be the open disk in the plane intersecting the real line
along I and for which the angle from R to 0D at the point b (measured
anticlockwise) is 6. Let D" = DN {z: 3(z) > 0} and let D~ be the image
of DT under complex conjugation.

Define the Poincaré disk of angle 6 based on I as Dy(a,b) = DYUIUD™,
that is, Dg(a,b) is the set of points in the complex plane that view [ under
an angle > 6 (see Figure 4.1). Note that for = 7 the Poincaré disk Dy(a, b)
is the Euclidean disk whose diameter is the interval (a,b).

We denote by diam (Dg(a,b)) the Euclidean diameter of Dy(a,b). For
0 € [%,7) the diameter of Dy(a,b) is always |[b — a|. When 6 € (0,%) we
have that:

diam (Dg(a, b))

|b—al

is an orientation-reversing diffeomorphism between (0, %) and
is real-analytic. Indeed, when 6 € (0 ’r) the center of DT is (
and its radius is 5% b 5, thus we obtain:

diam (Dg(a, b)) = 2 (th;na9> +2 <2b si_nae)
= <ta110 - 511119> 0=
_ <M) (b—a).

sin @

( 400 )Which
“42) +i (),
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Therefore we have:

diam (Dy(a, b)) ~ 14cosb
|b— al ~ sinf

for any 0 € (O, g) :

In particular when 6 goes to zero the ratio diam (Dg(a,b))/|b — a| goes
to infinity like 2/6.

0 e (n/2,m)

N
N

0 € (0,7/2)

Figure 4.1: Poincaré disks.

Poincaré disks have a geometrical meaning: C; is an open, connected and
simply connected set which is not the whole plane. By the Riemann mapping
theorem we can endow C; with a complete and conformal Riemannian metric
of constant curvature equal to —1, just by pulling back the Poincaré metric
of D by any conformal uniformization. Note that [ is always a hyperbolic
geodesic by symmetry.

For a given § € (0,m) consider £(f) = logtan (3 — %), which is an
orientation-reversing real-analytic diffeomorphism between (0, 7r) and (0, 4+00).
An elementary computation (see Lemma C.1.1) shows that the set of points
in C; whose hyperbolic distance to I is less than ¢ is precisely Dy(a,b).

In particular we can state Schwarz lemma in the following way: let I and
J be two intervals in the real line and let ¢ : C; — C; be a holomorphic map
such that ¢(I) C J. Then for any 6 € (0, 7) we have that ¢(Dy(I)) C Dy(J).

With this at hand (and a very clever inductive argument, see also [33]),
Yampolsky was able to obtain complex bounds for critical circle maps in the
FEpstein class [58, Theorem 1.1]. The reason why we chose asymptotically
holomorphic maps to extend our (finitely smooth) one-dimensional dynamics
(see Proposition 4.1.3 and Definition 4.1.4 above) is the following asymptotic
Schwarz lemma, obtained by Graczyk, Sands and Swi@tek in [16, Proposition
2, page 629] for asymptotically holomorphic maps:
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Proposition 4.2.1 (Almost Schwarz inclusion). Let h : [ — R be a C3
diffeomorphism from a compact interval I with non-empty interior into the
real line. Let H be any C?® extension of h to a complex neighbourhood of I,
which is asymptotically holomorphic of order 3 on I. Then there exist M > 0
and 6 > 0 such that if a,c € I are different, 6 € (0,7) and diam (Dg(a, c)) <
0 then:

H(De(a,c)) € Dj(h(a), h(c))

where § = 6 — M|c — a| diam (Dg(a,c)). Moreover, 6>0.
Let us point out that a predecessor of this almost Schwarz inclusion, for

real-analytic maps, already appeared in the work of de Faria and de Melo
[13, Lemma 3.3, page 350].

4.3 Proof of Theorem 4.0.4

With Proposition 4.2.1 at hand, we are ready to start the proof of Theorem
4.0.4. We will work with f+|; | the proof for fi|; . being the same.

n+1

Proposition 4.3.1. Let f be a C® critical circle map with irrational rotation
number, and let F be its extended lift (according to Definition 4.1.4). There
exists ng € N such that for any n > ng there exist two numbers K, > 1 and
0, > 0 satisfying K, — 1 and 6,, - 0 as n — +o0, and:

| diam (Do, x, (f(1,)))  diam (D, (fan+1(I,))
nee | ()] | far (1)

with the following property: let 0 > 6, 1 < j < g,41 and let J be an open
interval such that:

I,CJC (f(Infl_QTLJrl(O)? fqn—‘In+l(0)).

Then the inverse branch F~ mapping f1(J) back to f(J) is well defined
over Dy (fj(J)), and maps this neighbourhood diffeomorphically onto an open

set contained in Dosr, (f(J)).
To simplify notation we will prove Proposition 4.3.1 for the case J = I,
and j = gn41-

Proof. For each n € N and j € {1,...,¢n+1 — 1} we know by combinatorics
that f is a C® diffeomorphism from f7(1,) to f/*!(1,). Let M, > 0 and
djn > 0 given by Proposition 4.2.1 applied to the corresponding inverse
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77777

-----

maps given by:
An(t) = (1| (L)) (t = Fo+(0)) and Bo(t) = (1/|F(L)]) (¢ - F0)).
By the real bounds, the C* diffeomorphism T, : [0, 1] — [0, 1] given by:
T, = B, o f 1+l o A1
has universally bounded distortion, and therefore:

: /
ten[afl] {|T.(t)]} > 0.
n>no
In particular M = sup,,>, {Mp,} is finite, and § = inf,>,,{d,} is posi-
tive. Let d, = maxi<j<g,,, ‘ﬁ([n) , and recall that by the real bounds the
sequence {d, },>1 goes to zero exponentially fast when n goes to infinity. In
particular we can choose a sequence {O‘n}n>1 C (0 ”) also convergent to

)
zero but such that: p
lim (—n) =0.
n—-+oo (Ogn)B

Let ¢ : (0,7) — [1,+00) defined by:

P(0) = max{l, M}

Lot for 6 € (0,7%)
sin 0

1 for 0 € [%,W)

Note that 1 is an orientation-reversing real-analytic diffeomorphism be-
tween (0, %) and (1, +oo). As we said before, for any 6 € (0,7) and any real

numbers a < b, we have that diam (Dg(a, b)) = (6)|b — a|. Now define:

Q’n,+1_1

On = i + (0 (6M) D | L) > an > 0

J=0

and:

2 (ay) g = 2
Kn_a—n—1+( o )((5M) ; | L) > 1

By the choice of «,, we have:

lim (w(o‘")) d, =0,
n—-+4o0o (07%
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and since:
dn+1— 1

STFL)] < da
j=0

we have that 6, — 0 and K,, — 1 when n goes to infinity. We also have:

[0 (0./Kn) —¥(0,)] < max _ [¢/(0)] | |60 — 0./ K]
6€ [0,/ K0 00

= W/(Qn/Kn)Hen - en/KN|

_ (%) 60— 0,/K. |

(s?igl:))’@”za"' )
—) P

and this goes to zero by the choice of «,,. In particular:
- |diam (Do, (f(1,))) _ diam (Dy, (fqn+1(1n)))' _
nteo |f(L)] | far (1))

as stated. We choose ng € N such that for all n > ny we have (o, )d, < 6.
Define inductively {6;}/={"*" by ,,., = 6, and for 1 < j < g1 — 1 by:

dn+1
2

0, = 9j+1—M‘fj“(In)‘ diam (Dy, ,, (J?Jﬂ(fn))) = j+1—M¢(9j+1)‘J?jH([n)‘

We want to show that 0, > «a,, = 19(—2 for all 1 < 75 < @u41. For this we
claim that for any 1 < 5 < ¢,41 we have that:

<.
—_

0; > v + () (M) S [ YL > an.

0

e
Il

The claim follows by (reverse) induction in j (the case j = ¢,41 holds
by definition). If the claim is true for j + 1 we have (0;41) < (), this
implies 0; > 0,11 — w(an)@]\/[)‘fj“(fn)‘? and with this the claim is true for
j. It follows that:

diam (Dy, (f(1,))) = ©(0,)| F(I)| < ¥(an)d, <6 <85 forall 1< < gur.
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By Proposition 3.3.3 the inverse branch F~! mapping f]“( ») back to
f7(1,) is a well-defined diffeomorphism from the Poincaré disk Dy, ., FIY( I,,))
onto its image, and by Proposition 4.2.1 we know that:

Fﬁl(DHjJrl (L]?]Jrl([n))) < (ng (f]([n)))

The claim also gives us:
01 > v, + () (M| F(L)]* > an =

and this finish the proof. m

Corollary 4.3.2. There exist constants « > 0, C1,Cy > 0 and A € (0,1)
with the following property: let f be a C? critical circle map with irrational
rotation number, and let F be its extended lift. There exists ng € N such that
for each n > ng there exists an R-symmetric topological disk Y, with:

Na(f(1)) C Yy,

such that the composition Fi+1=1 .Y, — Fi+1=1(Y,) is a well defined C*
diffeomorphism and we have:

1.
. n 171
1 diam (NF(I + (Yn)) <Oy and
‘fQ7L+1([n)’
2.
Zsélg ‘aFQn-‘rl 1 z ‘ - 2 ’

Proof. For each n € N let:
e [, be the closed interval whose endpoints are 0 and (T"’” o fq")(O),
e J, be the open interval containing the origin that projects to:
(an+1(1)7f‘In—Qn+3<1))
under the covering 7(t) = €™ and
e /{,, be the open interval containing the origin that projects to

(fromr s (1), foo o (1)

under the covering 7.
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| |
T 1

—o— ® ® —o—© ——— >
fq,,L,1 —Qqn+1 (0) fqn+1 (0) 0 fqn, (0) fqn*Qn+3 (0) fqn —qn+1 (0)

| |
I 1

Figure 4.2: Relative positions of the relevant points in the proof of Corollary
4.3.2.

Note that I, U1, C J, C J, C K, (see Figure 4.2). By combinatorics,
the map f : f1(K,) — fItY(K,) is a diffeomorphism for all j € {1, ..., g1 —
1}, and therefore all restrictions f : f7(J,) — fi*1(J,) are diffeomorphisms
for any j € {1,...,¢u+1 — 1} (just as in the proof of Proposition 4.3.1).

Recall that the extended lift F': Br — Wk is given by the composition
F = Hy o Ao H; (see Definition 4.1.4). Let ny € N given by Proposition
4.3.1, and for each n > ng let K,, > 1 and 6,, > 0 also given by Proposition
4.3.1. Fix 6 € (0,7) such that 6 > 6, for all n > ny and such that:

) < (3) (a6 P0)

for any z € Dg/Kn(f/j(Jn)), any j € {1,...,qus1 — 1} and any i € {1,2}
(as before ppy, denotes the Beltrami coefficient of the quasiconformal home-
omorphism H;, and d denotes the Euclidean distance in the complex plane).
The existence of such 6 is guaranteed by Proposition 4.3.1, the fact that
both H; are asymptotically holomorphic in R of order 3, and the last item
in Proposition 4.1.3.

Let Y, C F~ q”““(Dg(fq"H( ))) be the preimage of Dg(fq”“( ))
under F%+1~! given by Proposition 4.3.1, and note that:

e Y, is an R-symmetric topological disk,
Fl) € Yo,

.f( n+1)CY

e By Proposition 4.3.1, F7(Y;,) C Dy/k, (f”l( o)) forall j € {0,1, ..., g1 —
1}.
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Moreover:

diam (F+171(Y,,)) = diam (Dy (f4+1 (1)) = $(0)| fo+ (J

and by the real bounds ’fq"“((]n)’ and ‘fq”“(]n){ are comparable (with
universal constants independent of n > ng). Again the map 1 is the same
as in the proof of Proposition 4.3.1. This gives us Item (1), and now we
prove Item (2). For each n > ng let k, € [0,1) be the conformal distortion
of Fan+1=1 at Y, that is:

|5Fqn+1—1(z)|
k,=sup — ¢ .
ceva | [OF e +-1(z)]|
Moreover, for each j € {1,...,¢ut1 — 1} let K, ;, K, (1) and K, ;(2) in
[1,+00) be the quasiconformality of I at F/~'(Y,), of H; also at F/~(Y,),

and of Hy at (Ao H,)(F/=(Y,)) respectively. Since A is conformal we have
that:

n+1—1 n+1—1
K §10g< 1T Kw) = > logK,;
j=1 j=1

— nz (log K, (1) + log K, ;(2))

*Z M, (diam (F/='(v,)))*  (for some M, > 1)
ant+1—1 ~. 2

Z M, (diam (De/Kn(fj(Jn))))

j=1

IA

IN

qni+1—1

_ Z Mo (V(6/K))°| F ()| <M1<n+z | (s )

The last inequality follows from the fact that K, — 1 when n goes to
0o. By combinatorics the projection of the family { fj }q"“ " to the unit

mrcle has finite multiplicity of intersection (mdependent of n > ng), and

therefore:
qn+1—1

D

j=1

P £ ()

< M, ( max
je{1

~~~~~ qn+1—1}

) , (4.3.1)

where the constant My > 0 only depends on the multiplicity of intersection

of the projection of the family { ff }q”+1 " to the unit circle. By the real
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bounds, the right hand of (4.3.1) goes to zero exponentially fast at a universal
rate (independent of f), and therefore we obtain constants A € (0,1) and
C > 0 such that:

K, = PE“ | _ oan for all m >
n—félll/i m < or all n > nyg.

To finish the proof of Corollary 4.3.2 we need to obtain definite domains
around f(I,,) contained in Y,. As in the proof of Proposition 4.3.1, for each
n > ng let A, and B,, be the affine maps given by:

An(z) = (1| F(L)]) (= = f*2(0)) and Bu(z) = (1/]f(1)]) (= = F(0)),

and also let Z,, = A, (De (fq"“(Jn))). By the real bounds there exists a
universal constant oy > 0 such that:

N ([0,1]) € Z, for all n > ny.

The R-symmetric orientation preserving C* diffeomorphism T}, : Z, —
T,.(Z,) given by:
T, = ByoF "+Tlo At

induces a diffeomorphism in [0,1] which, again by the real bounds, has
universally bounded distortion. In particular there exists ¢ > 0 such that
|T7(t)| > € for all ¢ € [0,1] and for all n > ng. By Proposition 3.3.3 there
exists @« > 0 (only depending on oy and ¢) such that (by taking ny big
enough):

N, ([0,1]) C T(Z,) for all n > ny,

and therefore: B
Na(f([n)) cY, foralln>n,.

]
Proposition 4.3.3. There exist constants a > 0, C;,Cy > 0 and X € (0,1)
with the following property: let f be a C? critical circle map with irrational

rotation number, and let ' be its extended lift. There exists ng € N such that
for each n > nq there exists an R-symmetric topological disk X, with.:

No(l,) € X, where I, = [0,(TP" o f)(0)],

such that the composition F9+ is well defined in X,,, it has a unique critical
point at the origin, and we have:
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1.
1 qn+1
) < d1am~<F . (Xn)> < Cy, and
| fom(I,)|

2. ‘_ ‘

OFin+1 (Z)

T < CO\".

X (0) { [OF w1 (2)] } =

Proof. From the construction of the extended lift F' in Section 4.1 (see also
Lemma 4.1.5) there exists a complex neighbourhood €2 of the origin such
that the restriction F' : Q — F(Q) is of the form @ o ¢, where Q(z) =
A+ f(0),and ¢ : Q = Q! (F()) is an R-symmetric orientation preserving
C? diffeomorphism fixing the origin. In particular there exist € > 0 and
§ > 0 such that if ¢ € (—6,6) then [(»"!)'(t)| > e, where (¢!)" denotes the
one-dimensional derivative of the restriction of ¢! to Q! (F (Q)) N R. Let
K > 1 given by Proposition 3.3.3 applied to € > 0. Since ¢ is asymptotically
holomorphic of order 3 in €2, we can choose €2 small enough in order to have
that ¢ is K-quasiconformal. By taking ny € N big enough we can assume
that |¢(I,)| < 0 and Y, C F(Q) for all n > ng, where the topological disk
Y, is the one given by Corollary 4.3.2. By Corollary 4.3.2 and elementary
properties of the cube root map (see for instance [58, Lemma 2.2]) there
exists a universal constant oy > 0 such that for all n > ny we have that:

Noo (V(1n)) € Q7 (Ya). (4.3.2)

Define X,, C  as the preimage of Y,, under F, that is, X,, = F~}(Y,,) =

YH(Q7Y(Y,)). Item (1) follows directly from Item (1) in Corollary 4.3.2

since Fin+1(X,,) = Fi»+171(Y,,). By (4.3.2) and Proposition 3.3.3 there exists
a universal constant a > 0 such that:

No(I,) € X,, € Q for all n > ny.
To obtain Item (2) recall that by Item (2) in Corollary 4.3.2 we have:

zsélxg{‘ann+l1<z)’ < CN*.

Since () is a polynomial, it is conformal at its regular points, and since
H/WH < E=1 < 1in Q we have:

oo — K+1
2€X,\{0} ‘3Fq"+1 (Z)’

[]
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Theorem 4.0.4 follows directly from Proposition 4.3.3 and its analogue
statement for f|;, ...
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CHAPTER b

Proof of Theorem D

As its tittle indicates, this chapter is entirely devoted to the proof of Theorem
D, and recall that Theorem D implies our main theorem (Theorem B in the
introduction) as we saw in Chapter 2.

First let us fix some notation and terminology (see Appendix C for com-
plete proofs and much more information). By a topological disk we mean an
open, connected and simply connected set properly contained in the complex
plane. Let 7 : C — C\ {0} be the holomorphic covering z — exp(2miz), and
let T': C — C be the unitary horizontal translation z — z + 1 (which is a
generator of the group of automorphisms of the covering). For any R > 1
consider the band:

Br={z€C:—logR < 273(z) < log R},

which is the universal cover of the round annulus:
1
AR:{ZGCZE<|Z‘<R}

via the holomorphic covering 7. Since By is T-invariant, the translation
generates the group of automorphisms of the covering. The restriction 7 :
R — S = 0D is also a covering map, the automorphism 7" preserves the real
line, and again generates the group of automorphisms of the covering.

The map Ug : D — Bpg defined by:

- ()12
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is a biholomorphism sending (—1, 1) onto the real line, and preserving the
sign of the imaginary part. Here log denotes the principal branch of the
logarithm (for z = re with 0 < § < 27, we have log z = logr + i6).

In particular we can endow the band Bgr with the Riemannian metric
obtained by pushing the Poincaré metric from the unit disk, via the biholo-
morphism Ug. It is easy to check! that this metric is invariant under the
translation 7', and therefore we can project it to the annulus Ag with the
holomorphic covering 7. This hyperbolic metric in the annulus A induces a
complete distance (by computing the infimum among the hyperbolic lengths
of all piecewise smooth curves joining two points), that we denote by da,,.

More generally, an annulus is an open and connected set A in the complex
plane whose fundamental group is isomorphic to Z. By the Uniformization
Theorem such an annulus must be conformally equivalent either to the punc-
tured disk D\ {0}, to the punctured plane C\ {0}, or to some round annulus
Ap = {z eC:1/R< ‘z| < R}. In the last case the value of R > 1 is unique,
and there exists a holomorphic covering from D to A whose group of deck
transformations is infinite cyclic, and such that any generator is a Mobius
transformation having exactly two fixed points at the boundary of the unit
disk (for instance, Un' o T o Up, fixes the points —1 and 1).

Since the deck transformations are Mobius transformations, they are
isometries of the Poincaré metric on D and therefore there exists a unique
Riemannian metric on A such that the covering map provided by the Uni-
formization Theorem is a local isometry. This metric is complete, and in
particular, any two points can be joined by a minimizing geodesic. There
exists a unique simple closed geodesic in A, whose hyperbolic length is equal
to m2/log R. The length of this closed geodesic is therefore a conformal in-
variant (all these statements are reviewed in full detail in Appendix C of this
thesis).

We denote by © the antiholomorphic involution z + 1/Z in the punctured
plane C\ {0}, and we say that a map is S*-symmetric if it commutes with ©.
An annulus is S*-symmetric if it is invariant under © (for instance, the round
annulus Ag described above is S'-symmetric). In this case, the unit circle is
the core curve (the unique simple closed geodesic) for the hyperbolic metric in
A. In this chapter we will deal only with S'-symmetric annulus. In particular
any time that some annulus Ag is contained in some other annulus A;, we
have that A, separates the boundary components of A; (more technically,
the inclusion is essential in the sense that the fundamental group m(Ay)
injects into 7 (A;)).

!For instance by noting that (U 0T oUg)(2) = £=2 for all z € D, where a € (—1,0)
is equal to (e_’TQ/lOgR — 1)/(@‘772/10%3 +1).
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Besides Theorem 4.0.4 (stated and proved in Chapter 4), the main tool
in order to prove Theorem D is Proposition 3.3.2 (stated in Chapter 3, and
proved in Appendix D as a corollary of Ahlfors-Bers Theorem). The proof
of Theorem D will be divided in three sections. Along the proof, C' will
denote a positive constant (independent of n € N) and ny will denote a
positive (big enough) natural number. At first, let ng € N given by Theorem
4.0.4. Moreover let us use the following notation: Wy = N, ([—1,0]), W, =
Wa(n) = Nu([0,£,(0)]), Wo = B(0,)) and V = B(0,A™!), where a > 0 and
A € (0,1) are the universal constants given by Theorem 4.0.4. Recall that
7,(0) = —1 for all n > 1 after normalization.

5.1 A first perturbation and a bidimensional
glueing procedure

From Theorem 4.0.4 we have:

Lemma 5.1.1. There exists an R-symmetric topological disk U with:
—1eUcC W\ W,

such that for all n > ng the composition:

My 0 &1 U — (0, 0&,)(U)
is an R-symmetric orientation-preserving C* diffeomorphism.

For each n > ng denote by A, the diffeomorphism 7, ! o &,. Note that
ta,lloo < CA™ in U for all n > ng, and that the domains {A,(U)} are

) n>ng
uniformly bounded since they are contained in U;W3. Fix e > 0 and § > 0
such that the rectangle:

V=(-1-¢-14¢)x (—iid)

is compactly contained in U, and apply Proposition 3.3.2 to the sequence of
R-symmetric orientation-preserving C* diffeomorphisms:

{4, :U — A,(U)}

n>ng

to obtain a sequence of R-symmetric biholomorphisms:
{Bp:V = Bu(V)} o

such that:

HAn — B"HCO(V) < CN* for all n > ny.

From the commuting condition we obtain:

Instituto de Matematica Pura e Aplicada 51 March, 2012



Pablo Guarino Rigidity Conjecture for C3 Critical Circle Maps

Lemma 5.1.2. For each n > ng there exist three R-symmetric topological
disks Vi(n) fori € {1,2,3} with the following five properties:

e 0€Vi(n) C Wy,
(nn © fn) (0) = (fn © nn) (0) = gn(_l) € ‘/2(71) C Wy
&n(0) € Vi(n) C Wa;

o When restricted to Vi(n), both n, and &, are orientation-preserving
three-fold C® branched coverings onto V' and Vs(n) respectively, with a
unique critical point at the origin;

e Both restrictions &,|v and 1, |v,m) are orientation-preserving C* diffeo-
morphisms onto Va(n).

In particular the composition n,* o &, is an orientation-preserving C®
diffeomorphism from V' onto Vi(n) for all n > ny.

For each n > ng let Uy(n), Us(n) and Us(n) be three R-symmetric topo-
logical disks such that:

e Ui(n), Us(n) and Us(n) are pairwise disjoint;
e VNU;(n) =0 and Vi(n) N U;j(n) =0 for 7,5 € {1,2,3};

® Ul(n) C W1 and Ug(n) UUg(n) C Wg,
and such that:

U,, = interior

=3 j=3

vy (U Wn)) U (U Uj(n>>]
i=1 j=1

is an R-symmetric topological disk (see Figure 5.1). Note that:

I, ul, CU, CW, UW,y forall n > ng,

and that U, \ (V U Vi(n) U Va(n) U V3(n)) has three connected components,
which are precisely U;(n), Uz(n) and Us(n). By Theorem 4.0.4 we can choose
Ui(n), Us(n) and Us(n) in order to also have:

Ng([—l,O]) U N(;([O,Sn(O)]) Cc U, forall n> nyg,

for some universal constant 0 > 0, independent of n > ng. Note also that
each U,, is uniformly bounded since it is contained in N, ([—1, K]), where
a > 0 is given by Theorem 4.0.4, and K > 1 is the universal constant given
by the real bounds.

For each n > ng let 7,, be an R-symmetric topological disk such that:
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Figure 5.1: The domain U,,.

e V, Vi(n), Vao(n) and B, (V) are contained in 7T,
e 7.\ (VUB,(V)) is connected and simply connected,

e The Hausdorff distance between 7,, and U, is less or equal than:

4= Bengy < OX°

Lemma 5.1.3. For each n > ng there exists an orientation-preserving R-
symmetric C® diffeomorphism ®,, : U,, — T, such that:

o &, = Id in the interior of V U Ui(n) U Vi(n), in particular ®,,(0) = 0.

e B,=®,0(n,'0&,) 0@, inV, that is, ®,0 A, =B, 0P, in V.

H(I)n o IdHCO(un) < A"

|, ||oo < CA™ in U,.

Proof of Lemma 5.1.3. For each n > ny we have || A, — By||coqvy < CA" and
therefore:

1= (B A7) | o

< ",
co(va(m)) = CA
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If we define ®,|v,() = Bn o A" we also have ||, [loo = [|f14-1 s in Va(n),
which is equal to ||pa, |l in V. In particular ||pe, || < CA" in Vi(n), and
then we define ®,, in the whole U, by interpolating B, o A ! in V3(n) with
the identity in the interior of VU Uy (n) U Vi (n). O

Consider the seven topological disks:

Xi(n) = interior (V U U;(n) U Vi(n)) C WiNU,,

X, (n) = interior (Vi(n) U Us(n) U Va(n) U Us(n) U Vs(n)) C WaNUy,,
Xi(n) ={z € Xi(n) : &u(2) €Uy}, Xo(n) = {z € Xo(n) : mu(2) €Uy},
T = @u(X1(n) U@, (Xa(n)) € T,

(Xi(n)) and Yi(n) = Xy(n) N @, (Xs(n)).

~

Note that V', Vi(n) and B, (V) are contained in 7, for all n > ny. Moreover,
we have the following two corollaries of Theorem 4.0.4:

Lemma 5.1.4. There exists 0 > 0 such that for all n > ny we have:
N5([=1,0]) C Yi(n) and N5([0,£,(0)]) C Ya(n).
Lemma 5.1.5. Both:
{{d <Dfn<z>”} ond {{d <D""<Z>>}}
are finite, where det(-) denotes the determinant of a square matriz.

Let:

-~

& 00 (Xi(n) = (@0 &) (Xa(n)) defined by &, = @, 0, 0,7,
and:
ﬁn : (Pn ()?2(71)) — ((I)n © nn) (552(”)) defined by ﬁn = q)n ©17n © (I);l

Since each ®,, is an R-symmetric C? diffeomorphism, the pair (ﬁn, ,5]) re-
strict to a critical commuting pair with the same rotation number as (1, &,),
and the same criticality (that we are assuming to be cubic, in order to sim-
plify). Note also that 7,(0) = —1 for all n > ny. Moreover, from Lemma
5.1.5 and H(I>n — IdHCO(un) < C\" we have:

gn_gn

s O —7 < A" for all n > np.
CO(Yl(n))_O)\ and |9, 77n\|00(y2(n))_0)\ or all n > ng
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Therefore is enough to shadow the sequence (ﬁn, En) in the domains Y3 (n)
and Y3(n), instead of (1,,&,) (the shadowing sequence will be constructed
in Section 5.3 below). The main advantage of working with the sequence
(nn,én) is precisely the fact that 7,! o §n is univalent in V for all n > ng
(since it coincides with B,,). In particular we can choose each topological
disk U,, and 7T, defined above with the additional property that, identifying
V with B, (V) via the biholomorphism B,, we obtain from 7, an abstract
annular Riemann surface S, (with the complex structure induced by the
quotient).

Let us denote by p, : T, — S, the canonical projection (note that p, is
not a covering map, just a surjective local diffeomorphism). The projection
of the real line, p,(R N 7,), is real-analytic diffeomorphic to the unit circle
St We call it the equator of S,,.

Since complex conjugation leaves 7, invariant and commutes with B, it
induces an antiholomorphic involution F, : S,, — S, acting as the identity
on the equator p,(R N 7,). Note that F), has a continuous extension to 9§,
that switches the boundary components.

Since §,, is obviously not biholomorphic to D \ {0} neither to C \ {0}
we have mod(S,,) < oo for all n > ngy, where mod(-) denotes the conformal
modulus of an annular Riemann surface (see Definition C.2.4). For each
n > ng define a constant R, in (1,+00) by:

R, = exp (w) |

2

that is, S, is conformally equivalent to Ar, = {z € C : R;! < |z] <
Rn} (see Theorem C.2.3). Any biholomorphism between S,, and Ag, must
send the equator p, (R N 7;) onto the unit circle S' (because the equator
is invariant under the antiholomorphic involution F),, and the unit circle is
invariant under the antiholomorphic involution z +— 1/z in Ag , see Lemma
C.2.1). Let ¥, : S, — Ag, be the conformal uniformization determined by
\Pn(pn(O)) = 1 (again see Lemma C.2.1), and let P, : T, — Ag, be the
holomorphic surjective local diffeomorphism:

P,=Y,0p,.

See Figure 5.2. Note that P,(0) =1 and P,(7, NR) = S! for all n > ny.
Moreover P,(z)P,(Z) = 1 for all z € 7, and all n > ng. From now on we
forget about the abstract cylinder S,,.
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Lemma 5.1.6. There exist two_constants 0 > 0 and C' > 1 such that for all
n > ng and for all z € N5([—1,£,(0)]) we have z € T, C T, and:

1 /
G < |PL(2)] < C.

Proof of Lemma 5.1.6. By the real bounds there exists a universal constant
Cy > 1 such that for each n > ng there exists w,, € [ -1, §n(0)] such that:

1 /

To prove Lemma 5.1.6 we need to construct a definite complex domain
around [— 1, fn(O)] where P, has universally bounded distortion. Again by
the real bounds there exist 6 > 0 and [ € N with the following properties:
for each n > ng there exists 2y, 29, ..., 2, € [— 1,§n(0)] with &, < [ for all
n > ng such that:

o [~ 1,6,(0)] C U B(z,0).
o B(2,28) C T, C T, forallie{l,..k}
® P,|p(z,26) is univalent for all ¢ € {1,....k,}.

By convexity we have for all n > ny and for all ¢ € {1,..., k,} that:

sup —‘ P,;(v)‘ < exp sup —‘ P;L’(w)‘
v,WEB(z;,0) ‘PT/l(’LU)l - wEB(2;,0) ‘P,{L(w)‘ ’
and by Koebe distortion theorem (see for instance [6, Section I.1, Theorem
1.6]) we have:

[Prw)| | _ 2 |
sup < = foralln >mngand for all i € {1, ..., k,}.
weB o) | | Ph(w)] 0

]

Now we project each commuting pair (ﬁnfn) from 7?1 to the round an-
nulus Ag,, .

Proposition 5.1.7 (Glueing procedure). The pair:

~ ~

&n CIDn(Xl(n)) — T, and 0, : @n()?g(n)) — T,
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Figure 5.2: Bidimensional Glueing procedure.

projects under P, to a well-defined orientation-preserving C* map:
Gn: Po(Ty) C A, — Ag,.

For each n > ny, Pn(ﬁ) 15 a O-1nvariant annulus with positive and finite
modulus. Fach G, is S*-symmetric, in particular G,, preserves the unit circle.
When restricted to the unit circle, G, produce a C? critical circle map
gn = St — SY with cubic critical point at P,(0) = 1, and with rotation
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number p(g,) = p(R"(f)) € R\ Q

Moreover the unique critical point of G, in P, (’ﬁ) s the one in the unit
circle (at the point 1) and:

0G,.(2)| < CA"|0G,(2)|  for all 2 € P(T;) \ {1}, that is:
116, 1o < CX" in Po(T,).
Proof of Proposition 5.1.7. This follows from:

e The construction of U,, and 7T,,.

e The property B, = &, o (77;1 o £n) od tin V.

n

The commuting condition in V;(n).

The symmetry P,(z)P,(z) =1 for all z € 7, and all n > ny.

The fact that P, : 7, — Ag, is holomorphic, P,(0) = 1 and P, (7, N
R) = S! for all n > ny.

]

Note that each g, belongs to the smooth conjugacy class obtained with
the glueing procedure (described in Section 1.2) applied to the C? critical
commuting pair (ﬁnfn) As we said in the introduction, the topological
behaviour of each G,, on its annular domain is the same as the restriction of
the Blaschke product f, (0.1.3) to the annulus A” U B, as depicted in Figure
1. In the next section we will construct a sequence of real-analytic critical
circle maps, with the desired combinatorics, that extend to holomorphic maps
exponentially close to G, in a definite annulus around the unit circle (see
Proposition 5.2.1 below).
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5.2 Main perturbation

The goal of this section is to construct the following sequence of perturba-
tions:

Proposition 5.2.1 (Main perturbation). There exist a constant r > 1 and
a sequence of holomorphic maps defined in the annulus A,:

{H,: A, — C}

n>ng

such that for all n > ng the following holds:

~

o A. C P,(T,) C P.(T,) = Ag,.
e |H,— GnHCO(AT) < O\,

o Hy(A,)C (G,oP)(T,) CPuTy) = Ap,.

e H, preserves the unit circle and, when restricted to the unit circle, H,
produces a real-analytic critical circle map h,, : S* — S such that:

— The unique critical point of h, is at P,(0) = 1, and is of cubic
type.

— The critical value of h,, coincide with the one of g, that is, h,(1) =
gn(1) € P,(VNR).

— p(hy) = plgn) = p(R™(f)) € R\ Q.

o The unique critical point of H, in A, is the one in the unit circle.

The remainder of this section is devoted to proving Proposition 5.2.1. We
wont perturb the maps G,, directly (basically because they are non invert-
ible). Instead, we will decompose them (see Lemma 5.2.2 below), and then
we will perturb on their coefficients (see the definition after the statement
of Lemma 5.2.2). Those perturbations will be done, again, with the help of
Proposition 3.3.2 of Chapter 3.

Let A: C\ {0} — C\ {0} be the map corresponding to the parameters
a = 0and b = 1in the Arnold family (0.1.2), defined in the introduction. The
lift of A to the complex plane by the holomorphic covering z +— exp(27iz) is
the entire map A : C — C given by:

™

Az) =2 — (QL) sin(27z).
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Then A preserves the unit circle, and its restriction A : S' — S' is a
real-analytic critical circle map. The critical point of A in the unit circle is
at 1, and is of cubic type (the critical point is also a fixed point for A). The
following is a bidimensional version of Lemma 4.1.1 in Chapter 4:

Lemma 5.2.2. For each n > ng there exist:
o S, >1,

o an St-symmetric orientation-preserving C* diffeomorphism 1, : P, (’ﬁ)
Ag, and

e an S'-symmetric biholomorphism ¢, : A(Ag,) = (Gno P,) (7,.) such
that:

The diffeomorphisms 1, and ¢,, are called the coefficients of G, in P, (ﬁ)

G'IL

Po(T2) — (GuoP)(T2)

Yn $n

Ag, ——— A(Ag,)

Proof of Lemma 5.2.2. For each n > ng let S,, > 1 such that A(Ag,) is a
O-invariant annulus with:

mod (A(As,)) = mod ((G, o Pn)(ﬁ))

In particular there exists a biholomorphism ¢,, : A(A4s,) — (G,oF,) (ﬁ)
that commutes with ©. Each ¢,, preserves the unit circle and we can choose
it such that ¢, (1) = G, (1), that is, ¢, takes the critical value of A into the
critical value of G,,.

Since both G,, and A are three-fold branched coverings around their criti-
cal points and local diffeomorphisms away from them, the equation G, = ¢,,0
A o1, induces an orientation-preserving C? diffeomorphism v, : B, (7;) —
Ag,, that commutes with © and such that ¢, (1) = 1, that is, 1, takes the
critical point of GG, into the one of A. The fact that v, is smooth at 1 with
non-vanishing derivative follows from the fact that the critical points of G,
and A have the same degree (see Lemma 4.1.1 in Chapter 4). O
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Note that, at the beginning of the proof of Lemma 5.2.2, we have used
the fact that the image under the Arnold map A of a small round annulus
around the unit circle is also an annulus. This is true, even that A has a
critical point in the unit circle (placed at 1, and being also a fixed point
of A). Even more is true: the conformal modulus of the annulus A(A;)
depends continuously on s > 1 (and we also used this fact in the proof). The
topological behaviour of the restriction of A to each round annulus Ag, is
the same as the restriction of the Blaschke product f, (0.1.3) to the annulus
A"U By, as depicted in Figure 1 in the introduction of this thesis.

As we said, the idea in order to prove Proposition 5.2.1 is to perturb each
diffeomorphism 1), with Proposition 3.3.2. In order to control the C° size
of those perturbations we will need some geometric control, that we state
in four lemmas, before entering into the proof of Proposition 5.2.1. From
Lemma 5.1.6 we have:

Lemma 5.2.3.

1< igf {R,} and sup{R,} < +oc.
n>ng

n>ng

Lemma 5.2.4. For alln > ng both P,(7,,) and (GnoP, )(T) are ©-invariant
annulus with finite modulus. Moreover there exists a universal constant K >
1 such that:

1 ~
T < mod (P,(7,)) < K for all n > ny.

Proof of Lemma 5.2.4. By Lemma 5.2.3 we know that R = sup,s, {R.} is
finite, and since for all n > ng both P,(7,,) and (GnoP, )(T) are contained in
the corresponding Ag,, we obtain at once that both P, ( n) and (G,oP,) (7;)

~

have finite modulus, and also that sup,,s,, {mod (P (771))} is finite. Just

as in Lemma 5.2.3, the fact that inf,,>,, {mod ( ’7;))} is positive follows
from Lemma 5.1.4 and Lemma 5.1.6. ]

Lemma 5.2.5. There exists a constant rq > 1 such that A_TO Cc P, ('ﬁ) for
all n > ny.

Proof of Lemma 5.2.5. By the invariance with respect to the antiholomor-
phic involution z — 1/Zz, the unit circle is the core curve (the unique closed
geodesic for the hyperbolic metric) of each annulus P, (T) Since:

niggo{mod( 7\; )} >0,

the statement is well-known, see for instance [38, Chapter 2, Theorem 2.5].

[]
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Lemma 5.2.6. We have:

5= igf {S,} >1 and S = sup{S,} < +oo.
n-ngo TLZ”O
Proof of Lemma 5.2.6. Since ji, = [, in Pn(ﬁ), we have ||fiy, [|oo < CA”

in P, (ﬁ) for all n > ng. By the geometric definition of quasiconformal
homeomorphisms (see Definition C.2.5 in Appendix C, or [32, Chapter I,
Section 7]) we have:

1+CN

(1o ) mod (R(T) < 210s(s0) < (126

1+CA» ) mod (Pn(ﬁ))

for all n > ng, and we are done by Lemma 5.2.4. O

With this geometric control at hand, we are ready to prove Proposition
5.2.1:

Proof of Proposition 5.2.1. Let ry > 1 given by Lemma 5.2.5 (recall that

A, C Pn(’ﬁ) for all n > ng), and fix 7 € (1, (1 + ro)/2). How small r — 1

must be will be determined in the course of the argument (see Lemma 5.2.7

below). For any r € (1, (1+70)/2) consider r = ro—(r—1) € ((14r0)/2,70).
The sequence of S'-symmetric C? diffeomorphisms

{¢n P Ay, — ¢n(Aro)}

satisfy the hypothesis of Proposition 3.3.2 since:

n>ng

® iy, = g, in P, (7\;) and therefore ||fup, e < CA™ for all n > ng, and
e Y, (A,,) C Ag, C Ag for all n > ng (see Lemma 5.2.6 above).

Apply Proposition 3.3.2 to the bounded domain A,, compactly contained in
A,,, to obtain a sequence of S'-symmetric biholomorphisms

{Jn : Aﬂ — 7Zn(Aﬁ)}

n>ng

such that: R
|0 — YﬂnHCO(AT) < CA" for all n > ny.

Fix ng big enough to have &J\n(Aﬁ) C Ag,, and note that we can suppose that
each 1, fixes the point 1 (just as ¢,,) by considering:

1 ~
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Since |$n(z)‘ < S for all z € A, and for all n > ny (where S € (1, +00) is

given by Lemma 5.2.6) and since |1, (1) — 1‘ < CA™ for all n > ng, we know

that this new map (that we will still denote by {Z)\n to simplify) satisfy all the

properties that we want for 1,,, and also fixes the point z = 1.
For each n > ny consider the holomorphic map H,, : A, — C defined by

H,=¢,0A0 @/Zz\n We have:

o Hy(A,)C (GnoP,)(T,) C Ag,.
e H, is S'-symmetric and therefore it preserves the unit circle.

e When restricted to the unit circle, H, produces a real-analytic critical
circle map h, : St — S*.

e The unique critical point of H,, in A, is the one in the unit circle, which
is at P,(0) = 1, and is of cubic type.

e The critical value of H,, coincide with the one of G, that is, H,(1) =
G,(1) € P,(VNR).

We divide in three lemmas the rest of the proof of Proposition 5.2.1. We
need to prove first that, for a suitable » > 1, H,, is C° exponentially close
to G, in the annulus A, (Lemma 5.2.7 below), and then that we can choose
each H,, with the desired combinatorics for its restriction h,, to the unit circle
(Lemma 5.2.8 below). This last perturbation will change the critical value
of each H,, (it wont coincide any more with the one of G,). We will finish
the proof of Proposition 5.2.1 with Lemma 5.2.9, that allow us to keep the
critical point of H,, at the point P,(0) = 1, and to place the critical value of
H,, at the point g,(1) for all n > ny. This will be important in the following
section, the last one of this chapter.

Lemma 5.2.7. There exists r € (1,(1+70)/2) such that in the annulus A,
we have:
[Hn = Galloga,) < CX" - for alln > ng.

Proof of Lemma 5.2.7. The proof is divided in three claims:

First claim: There exists 3 > 1 such that A5 C A(Ag,) for all n > ny.

Indeed, by Lemma 5.2.6 the round annulus A, /2 is compactly con-
tained in Ag, for all n > mng, and therefore the annulus A(A(HS) /2) is
contained in A(Ag,) for all n > ng. Thus we just take § > 1 such that
A_g C A(A(1+3)/2) and the first claim is proved.

From now on we fix a € (1, 3).
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Second claim: There exists r € (1, (1 + 79)/2) close enough to one in
order to simultaneously have (A o Jn)(Ar) C A, and (Aoy,)(A,) C A, for
all n > ny. R R

Indeed, since A, C A,, 1, is holomorphic, and v,(4,) C As, C Ag for
all n > ng (where S € (1, +00) is given by Lemma 5.2.6), we have by Cauchy

derivative estimate that sup,,, {Wg(z)‘ 1z € AT} is finite. Since each 1,

preserves the unit circle, and since H{b\n — wnH co(A,) < CN\" for all n > ny,
the second claim is proved. -

Another way to prove the second claim is by noting that, since A, C Az C
Az C A(Ag,) for all n > nyg, the hyperbolic metric on any annulus A(Ag,)
and the Euclidean metric are comparable in A, with universal parameters,
that is, there exists a constant K > 1 such that:

1
(56) 1= ul < dacas ) < K1z -l

for all z,w € A, and for all n > ng, where d4(44 ) denote the hyperbolic
distance in the annulus A(Ag, ) (this is well-known, see for instance [6, Section
[.4, Theorem 4.3]). Since each Ao U - A, — A(Ag,) is holomorphic and
preserves the unit circle, we know by Schwarz lemma that for all z € A, and
for all n > ny we have:

dacasy (A0 D)), 81) < da, (257).

where d,, denote the hyperbolic distance in the annulus A,. Since all dis-
tances daag, ) are comparable with the Euclidean distance in As with uni-
versal parameters, we have for all z € A, and for all n > ng that:

d ((A o ) (2), 51) < Kdg, (2,5,

where d is just the Euclidean distance in the plane. Fix r € (1, (1 + rg)/2)
close enough to one (see Lemma C.2.2 in Appendix C for precise computa-
tions) in order to have that z € A, implies da, (z,5') < %= (and therefore
(Ao {b\n)(z) € A, for all n > ng). Again since | Pn — ¢n“CO(A,.) < CA" for all
n > ng, the second claim is proved. -

Third claim: There exists a positive number M such that |¢/,(z)| < M
for all z € A, and for all n > ny. R

Indeed, recall that gbn(A(ASn)) = (Gn o Pn) (7;) C Apg, for all n > ny.
By Lemma 5.2.3 there exists a (finite) number A such that ¢, (A(As,)) C
B(0,A) for all n > ng. Since A, C Ay C Ag C A(Ag,) for all n > ng, the
third claim follows from Cauchy derivative estimate.

With the three claims at hand, Lemma 5.2.7 follows. O
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To control the combinatorics after perturbation we use the monotonicity
of the rotation number:

Lemma 5.2.8. Let f be a C? critical circle map and let g be a real-analytic
critical circle map that extends holomorphically to the annulus:

1
AR:{ZGCZE<|Z‘<R} for some R > 1.

There exists a real-analytic critical circle map h, with p(h) = p(f), also
extending holomorphically to Ag, where we have:

|h— gHC’O(AR) < dcogs(f,9)-
In particular:

dershy(hy g) < deosny(f,9)  for any 0 <r < oc.
Proof of Lemma 5.2.8. Let F' and G be the corresponding lifts of f and g to

the real line satisfying:

p(f) = lim ) and p(g) = lim G”(O)'

n——+oo n n—-+oo n

Consider the band Bg = {z € C: —log R < 273(2) < log R}, which is
the universal cover of the annulus Ay via the holomorphic covering z 5 ™.
Let 0 = ||[F — G||co(r), and for any t in [-1,1] let G; : Br — C defined as
Gy = G+ td. Each G, preserves the real line, and its restriction is the lift of
a real-analytic critical circle map. Moreover, each GG; commutes with unitary
horizontal translation in Bp.

Note that |Gy — Gl|coy) = [t|0 < ||F — Gl|cow) for any ¢t € [-1,1].
Moreover for any x € R the family {Gt(x)}te[—m] is monotone in ¢, and we
have G_1(z) < F(z) < Gy(z). In particular there exists to € [—1, 1] such

that: ar (0)
lim ——= = p(F
Jim  —-—= = p(F),
and we define h as the projection of Gy, to the annulus Ap. O

After the perturbation given by Lemma 5.2.8 we still have the critical
point of h, placed at 1, but its critical value is no longer placed at g, (1)
(however they are exponentially close). To finish the proof of Proposition
5.2.1 we need to fix this, without changing the combinatorics of h, in S.
Until now each H, is S'-symmetric, in the sense that it commutes with
z + 1/Z in the annulus A,. We will loose this property in the following
perturbation, which turns out to be the last one.
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Lemma 5.2.9. For each n > ng consider the (unique) Mébius transforma-
tion M, which maps the unit disk D onto itself fixing the basepoint z = 1,
and which maps H,(1) to G,(1). Then there exists p € (1,7) such that
A_p C M,(A,) for all n > ng. Moreover for each n > ny we have:

[Myy 0 Hyyo My — G| oy ) < CA™

Note that, when restricted to the unit circle, each M, gives rise to an
orientation-preserving real-analytic diffeomorphism which is, as Lemma 5.2.9
indicates, C'*°-exponentially close to the identity.

Proof of Lemma 5.2.9. Consider the biholomorphism v : H — D given by
P(z) = 2%, whose inverse ¢~ : D — H is given by ¢~(2) =i (1£2). Note
that 1 maps the vertical geodesic {z € H : R(z) = 0} onto the interval
(—1,1) in D. Since ¥ and ¢! are Mdbius transformations, both extend
uniquely to corresponding biholomorphisms of the entire Riemann sphere.
The extension of ¢ is a real-analytic diffeomorphism between the compacti-
fication of the real line and the unit circle, which maps the point at infinity

to the point z = 1. For each n > ng consider the real number ¢,, defined by:

(1) — Hu(1) )
Gn(1) (1 = Ha(1)) )

tn =71 (Ga(1)) =97 (Ha(1)) = 2 ((1 -

Each t,, is finite since for all n > ng both G, (1) and H,(1) are not equal to
one. Moreover we claim that:
nf {|Gn(1) = 1]} >0 and nf {|H.(1) = 1|} > 0.

Indeed, since we have |H,(1) — G,(1)| < CA" for all n > ny, is enough to
prove that inf,>,, {|Gn(1) — 1|} > 0, and this follows by Lemma 5.1.6 since
1 = P,(0) and G,(1) = P,(—1) for all n > ng. In particular, again using
|H,(1) — G, (1)| < CA™ for all n > ng, we see that [t,| < CA™ for all n > ny.
From the explicit formula:

tn
20 —tn)z +ty Z—<n_i> 2 —t,
M(z) = ( Z )2t = e Z for all n > ny,
(20 +t,) — t,2 1_( tn )z 2i +t,,
tnt2i

we see that the pole of each M, is at the point z, = 1+ i(2/t,), and since
[t,| < CX* for all n > ng, we can take ng big enough to have that z, €

Instituto de Matematica Pura e Aplicada 66 March, 2012



Pablo Guarino Rigidity Conjecture for C3 Critical Circle Maps

C\ B(0,2R), where R = sup,,>,,{R,} < +oc is given by Lemma 5.2.3. A
straightforward computation gives:
tn(z —1)2

M, — Id)(z) = for all 7 > no,
(V=100 = gy Dy iz

and therefore:

| My, — Id|| oy, < CA* for all n > ng.

(Ar)
In particular for any fixed p € (1,7) we can choose ngy big enough in order to
have A, C M,(A,) for all n > ny. Moreover given any z € A, we have:
(M, 0 H, o M," = G,)(2) = (M, — Id) (H, o M, " )(2)) + (H, — Gn)(2)
+ (H, (M, '(2)) — Hu(2)).

In particular:

30,0 80 37" = Golnga < 100, = Tl ) + 10 = Gl

Ha(A))
+ HHTLHCl(AT) HMEI - IdHCO(A,,) :

Since H,,(A,) C Agand A, C A, C Ag, the three terms || M,, — [d”co (.40

1Hy = Gullooga,y and [[M; " = Id||cog4,) are less or equal than CA™ for all
n > ng.

Finally, since each H,, is holomorphic and we have A, C A, and H,,(4,) C
(Gn o Pn) (ﬁ) C Apg, C Ap for all n > ny, we obtain from Cauchy derivative

estimate that:
sup {1l ora }

is finite, and therefore:
[My 0 Hyo M7t = Gal| oy ) < CX" for all n > ng.
P
O

With Lemma 5.2.9 at hand we are done since (M,0H,0M,*)(1) = G,(1).
We have finished the proof of Proposition 5.2.1. O
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5.3 The shadowing sequence

This is the final section of Chapter 5, which is devoted to proving Theorem D.
Let us recall what we have done: in Section 5.1 we constructed a suitable se-
quence {G,, }p>n, of S'-symmetric C?® extensions of C? critical circle maps g,
to some annulus P, (ﬁ) When lifted with the corresponding projection P,
(also constructed in Section 5.1) each g, gives rise to a C? critical commuting
pair (7, En) exponentially close to R"(f) and having the same combinatorics
at each step (moreover, with complex extensions C%-exponentially close to
the ones of R"(f) produced in Theorem 4.0.4, see Proposition 5.1.7 above
for more properties).

In Section 5.2 we perturbed each GG, in a definite annulus A,, in order to
obtain a sequence of real-analytic critical circle maps, each of them having the
same combinatorics as the corresponding R"(f), that extend to holomorphic
maps H, exponentially close to G,, in A, (see Proposition 5.2.1 above for
more properties). Both the critical point and the critical value of each H,
coincide with the ones of the corresponding (,,, more precisely, the critical
point of each H, is at P,(0) = 1 € P,(Vi(n)) NS, and its critical value
is at H,(1) = Gu(1) € P (V)N S = P,(B,(V)) N S*. Recall also that
H,(A,) C P,(T,) for all n > ny.

In this section we lift each H,, : A, — Ag, via the holomorphic projection
P, : T, = Ag, in the canonical way: let o > 0 such that for all n > ny we
have that:

Na([=1,01) UN.([0,£,(0)]) € T

and that P, (N, ([—1,0]) U N, ([0, @(O)])) is an annulus contained in A, and
containing the unit circle (the existence of such « is guaranteed by Lemma
5.1.4 and Lemma 5.1.6). Let us use the more compact notation Z;(n) =
N, ([-1,0]) and Zs(n) = Na<[0,gn(0)]). For each n > ng let 1, : Za(n) — Ty
be the R-preserving holomorphic map defined by the two conditions:

H, o P, = P,on, in Zy(n), and n,(0) = —1.

In the same way let &, : Z, (n) — 7T, be the R-preserving holomorphic map
defined by the two conditions:

H,oP,=P,o0 'En in Z1(n), and gn(()) = En(o) )
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P P

Hp

A, C Ap, Ap

n

In the next proposition we summarize the main properties of this lift, which
are all straightforward:

Proposition 5.3.1 (The shadowing sequence). For each n > ng the pair
fr = (M, &) restricts to a real-analytic critical commuting pair with domains

[(gn) = [(0),0] = [=1,0] and I(7,) = [O,EL(O)} = LO,@L(O)], and such

that p(f,) = p(ﬁn,gn) = p(R"(f)) € R\ Q. Moreover &, and 7, extend to
holomorphic maps in Zy(n) and Zy(n) respectively where we have:

° En has a unique critical point in Z1(n), which is at the origin and of
cubic type.

e 1, has a unique critical point in Zy(n), which is at the origin and of
cubic type.
o fn - gn

< CA".

co (21 (MNP (X (n)))

. Hnn _77"”0°(Zg(n)ﬂ<1>"()?2(n))) S C>\ .

With Proposition 5.3.1 at hand, Theorem D follows directly from the
following consequence of Montel’s theorem:

Lemma 5.3.2. Let a be a constant in (0,1) and let V be an R-symmetric
bounded topological disk such that [—1,a~'] C V. Let Wy and Wy be topo-
logical disks whose closure is contained in V and such that [—1,0] C Wy and
[0,a7 Y] C Ws. Denote by K the set of all normalized real-analytic critical
commuting pairs ¢ = (n,&) satisfying the following three conditions:

e 1(0) =—1 and £(0) € [o, a7,
e a|n([0,£0)])] < [£([=1,00)] < an([0,£(0)])

e Both & and n extend to holomorphic maps (with a unique cubic critical
point at the origin) defined in Wy and Wy respectively, where we have:

1. Na(£([~1,0])) € €(Wh);

)
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2. Na(n([0,£(0)])) € n(W2);
3. EW) un(Wy) C V.

Then K is C*-compact.
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CHAPTER 6

Concluding remarks

The set A C [0, 1] of de Faria and de Melo (see Theorem 0.3.1) is the set of
rotation numbers p = [ag, a1, ...| satisfying the following three properties:

n—oo

1 n
lim sup — loga; <
im upnjz1 ga; < 0o

1
lim —loga, =0
n—oo N,

1 <= n

nj:%;rlloga] = <k>
for all 0 < n < k, where w,(t) is a positive function (that depends on the
rotation number) defined for ¢t > 0 such that tw,(t) = 0 ast — 0 (for instante
we can take w,(t) = C,(1 —logt) where C, > 0 depends on the number).

The set A obviously contains all rotation numbers of bounded type, and
it has full Lebesgue measure in [0, 1] (see Corollary A.1.6 in Section A.1.1
and [12, Appendix C]).

It is natural to ask: is there a condition on the rotation number equivalent
to the C1* rigidity? This is not clear even in the real-analytic setting. We
remark that C'T rigidity fails for some Diophantine rotation numbers (for
instance with p = [2,22,2%°,...,2%" ], see [12]).

As we said at the begining, it would be desirable to obtain Theorem B for
C? critical circle maps with any irrational rotation number, but we have not
been able to do this yet. The main difficulty is to control the distance of the
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successive renormalizations of two critical commuting pairs with a common
unbounded type rotation number (compare Lemma 1.5.1). That is why we
were able to prove that Theorem D implies Theorem C only for bounded
type rotation numbers.

If we can prove Theorem C for any irrational rotation number, then (by
Theorem 0.3.1) we can extend Theorem B to the full Lebesgue measure set
A, and using Theorem 0.3.2 (with essentially the same arguments as in [5] to
obtain exponential convergence in the C* metric) we would be able to obtain
Cl-rigidity for all rotation numbers.

Another difficult problem is the following: what can be said, in terms of
smooth rigidity, for maps with finitely many non-flat critical points? More
precisely, let f and g be two orientation preserving C® circle homeomor-
phisms with the same irrational rotation number, and with & > 1 non-
flat critical points of odd type. Denote by Sy = {ci,...,cx} the critical
set of f, by S, = {c},....c,} the critical set of g, and by p; and p, their
corresponding unique invariant measures. Beside the quantity and type of
the critical points, new smooth conjugacy invariants appear: the condition
1s([cis civ1]) = pg([c}, ¢j4y]) for all i € {1, ...,k — 1} is necessary (and suffi-
cient) in order to have a conjugacy that sends the critical points of f to the
critical points of g (the only one that can be smooth). Are those the unique
smooth conjugacy invariants?
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APPENDIX A

Topological Rigidity of Critical Circle Maps

A.1 Introduction

In this appendix we present a proof due to Jean-Christophe Yoccoz [63]
of the fact that any C? orientation preserving circle homeomorphism, with
irrational rotation number and such that all its critical points are non-flat,
is topologically conjugate to the corresponding rigid rotation. This is an
extension of the classical Denjoy’s theorem that we state and prove before as
an introduction to the techniques.

Let f be an orientation preserving circle homeomorphism, and assume
that f has irrational rotation number 6. Recall that this is equivalent with
the assumption that f has no periodic orbits, and this implies that the non-
wandering set of f is minimal, being a Cantor set or the whole circle. As
Poincaré showed f is semi-conjugate to the rigid rotation of angle 6 (denoted
by Rp): there exists a continuous surjective map h : S' — S! such that
ho f = Ryoh. We can see this by taking a non-wandering point z in S* and
considering its orbit Of(x) = {f"(x)}nez. The map h, (f"(z)) = exp(2mind)
sends the point x to the point 1, and conjugates f with Ry along the orbit
of z.

A crucial point here is that f and Ry are combinatorially equivalent, in
the sense that for each n € N the first n elements of the orbit of x under
f are ordered in the same way as the first n elements of the orbit of 1
under the rotation Ry (otherwise f has a periodic orbit). The combinatorial
equivalence between f and Ry implies that the map h, extends continuously
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to the closure of Oy(x). This extension is surjective because any orbit of Ry
is dense in S', so we can extend h, as a constant function in any connected
component of the complement of O(z). This gives us a semi-conjugacy h,
between f and Ry that sends the point x to the point 1 (given any other
point z € S* we have h, = Rgo h, with exp(27i) = 1/h,(z)). Note that for

every y € S* the set hy'({y}) is either a closed interval or a single point.

If we know that f is minimal in the whole circle it follows that O (x) = S*,
so h, is an homeomorphism and then f is topologically conjugate to the
rotation Ry.

In any case f is uniquely ergodic: there exists a unique Borel probability
measure p in S' such that p(A) = p(f~'(A)) for every Borel set A C S*.
Recall that the property of unique ergodicity is equivalent to the property
that for every continuous function 1 : S — R the sequence of functions:

1n—l .
E;Qﬂof]

converge uniformly to a constant [36, Chapter I, Section 9], that must be
J % dp. The measure 4 is obtained by the pull-back of the normalized circular
Lebesgue measure with any semi-conjugacy: (1(A) = Leb (h,(A)), where Leb
denote the Lebesgue measure (the Haar measure if we consider S* as the
multiplicative group of complex numbers of modulus 1), and z is any point
in the circle. Conversely, given any € S* we can obtain the semi-conjugacy
h, from the measure p defining:

huty) = exp (2rip(fo, ) = [ di (amod ).

x

Since p is f-invariant and f has no periodic orbits, x4 has no points of
positive measure and this implies that h, is continuous and surjective (of
course we have h, o f = Ryo h,).

If we also know that f is minimal it follows that any open interval has
positive p-measure (since the support of p is an f-invariant compact set it
must be the whole circle), so h, is an homeomorphism and f is topologically
conjugate to the rotation Ry.

Summarizing, an orientation preserving circle homeomorphism f with
irrational rotation number 6 is always semi-conjugate to the rigid rotation
Ry by a continuous surjective map h. If h is not a conjugacy there exists a
point y € S! such that J = h~! ({y}) is a non-degenerate closed interval. We
call J a wandering interval since f™(J)N f™(J) = 0 if n # m € Z, and since
J is not contained in the basin of a periodic attractor.
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The purpose of this appendix is to show some obstructions to the existence
of wandering intervals, in terms of smoothness of the dynamics and non-
flatness of the critical points. The organization is the following: in Section
A.1.1 we recall the basic properties of the continued fraction expansion of
an irrational number. In particular we prove that the coefficients of the
continued fraction expansion of Lebesgue almost every real number in [0, 1]
are unbounded, but their growth is less than quadratic. In Section A.1.2
we introduce the cross-ratio and prove that around a wandering interval
the distortion of cross-ratio is arbitrary small as we iterate the dynamics
(Lemma A.2.1). In Section A.2 we present a proof of the celebrated Denjoy’s
theorem stating that C? diffeomorphisms have no wandering intervals. In
general C! circle diffeomorphisms may have wandering intervals, as we will
see at the end of Section A.2. In Section A.3 we briefly recall the Schwarzian
derivative, and in Section A.4 we prove Yoccoz’s theorem and obtain the main
result of his article [63] and this appendix: any C® orientation preserving
circle homeomorphism, with irrational rotation number and such that all its
critical points are non-flat, is topologically conjugate to the corresponding
rigid rotation.

A.1.1 Continued fractions and return times

We briefly review in this section some classical facts about approximations
of irrational numbers by continued fractions, and how this applies to circle
dynamics. For any positive number 6 denote by |6| the integer part of 6:

0] e N and [0] <0< |0]+1

Define the Gauss map G : [0,1] — [0, 1] by:

G(G):%—BJ for 640 and G(0)=0

For £ > 1 consider [ = (k%l, %) Then G is an expanding orientation-
reversing real-analytic diffeomorphism between each [ and (0,1), and the
union | J,-, Ix is a Markov partition for G. After a well-known folklore theo-
rem in one-dimensional dynamics (see [36, Chapter I1I, Theorem 1.2] or [45,
Chapter V, Theorem 2.2]) the map G has a unique! invariant ergodic Borel
probability v (called the Gauss measure) which is equivalent to Lebesgue

!The map G has infinitely many invariant ergodic Borel probabilities since it has in-
finitely many periodic orbits (dense in [0, 1]). Uniqueness comes from the equivalence with
respect to Lebesgue measure.
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measure (they share the same null sets). A straightforward computation
shows that for any Borel set A C [0, 1] we have:

y(A) = (1o;2> /A (ﬁ)dLeb

and from this explicit formula one can prove ergodicity (and even the mixing
property) by hand.

Note that both QN [0, 1] and [0, 1] \ Q are G-invariant. Under the action
of G, all rational numbers in [0, 1] eventually land on the fix point at the
origin, while the irrationals remain forever in the union (J,~, Ix.

Definition A.1.1. The continued fraction expansion of an irrational num-
ber in [0, 1] is the sequence given by its itinerary under G according to the
partition | J,; I

More precisely, to any irrational number € in [0, 1] we associate the se-
quence {ay, }nen defined by G"(0) € 1,, for all n € N, that is:

a, = {G”l(H)J forall neN

Since G is expanding on the Markov partition | J,~, I, the map h from
[0,1]\ Q to N¥ (endowed with the product topology) that associates any ir-
rational number to its itinerary is a well-defined homeomorphism, and there-
fore the action of G on [0, 1] \ Q is topologically conjugate to the left shift
o : NN — NN that sends {a, }nen t0 {@ni1 bnen:

0,1]\Q —~ [0,1]\ Q
NN NN

We will use the classical notation 6 = [ao, A1y ey Gy Qi ] . The natural
numbers a,, are called the partial quotients of 6.

Definition A.1.2. We say that 6 is of bounded type if there exists a constant
M > 0 such that a,, < M for all n € N.

Since periodic orbits of o are dense in NV (endowed with the product
topology), irrational numbers with periodic continued fraction expansion are
dense in [0,1], and therefore bounded type numbers are dense in [0,1] as
we said in the introduction of this thesis. We also mentioned, however, the
following;:
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Lemma A.1.3. The set of numbers of bounded type has zero Lebesgue mea-
sure in [0, 1].

For a direct proof of Lemma A.1.3, with no ergodic arguments, see [28,
Chapter III, Theorem 29].

Proof. Consider the increasing sequence {K,,}men of Cantor sets in [0, 1]
defined by:

Kn,={0€0,1]\Q:0=[ap,ai,..] with a,<m forall neN}

It is enough to prove that Leb (Km) = 0 for each m € N, and since Gauss
measure is equivalent with Lebesgue, it is enough to prove that V(Km) =0
for each m € N. This is just the ergodicity of v under G since each K,, is
G-invariant and contained in (%, 1). O

The Birkhoff Ergodic Theorem [36, Chapter II, Theorem 1.1] gives us a
much more precise statement:

Theorem A.1.4. For Lebesgue almost every 0 in [0,1] we have that every
integer k > 1 must appear infinitely many times in the continued fraction
expansion of 0 = [ag, ai, } . Moreover if we define:

7a(0,k) = (%) #{0<j<n:a;=k},

converges to the positive value:

we have that {Tn(ev /f)}neN

(ez) = (i)

Proof. By definition of the continued fraction expansion:

that only depends on k.

(0, k) = (%) #{0<j<n:G(0) € I}

and by the Birkhoff Ergodic Theorem:

lim 7,(6, k) = (1) = (@) log (,Ef,:—j;)

n—-+oo

for v almost every € in [0,1]. Again by equivalence this is true for Lebesgue
almost every 6 in [0, 1]. O
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Since the asymptotic frequency is strictly decreasing in k£ one should ex-
pect that typical numbers, even having unbounded partial quotients, have
slow growth:

Lemma A.1.5. Let {b,}nen be any increasing sequence of positive real num-
bers such that ", . 1/b, < co. For Lebesgue almost every § = [ao, ar, } in
[0, 1] we have a, < b, for all n large enough.

Proof. For each n € N let:
Un:{ﬁzan>bn} and Vn:{ﬁza0>bn}
We want to prove that:
Leb (ﬂ U Un> =0
keN n>k

Since G™"(V,,) = U, and V,, C <0, b%) we get:

v(U,) < v (0%> = (1022) log (1 + %) = (1022) (%)

for all n large enough. In particular:

Z v(Uy,) < o0

neN

and therefore the claim follows by Borel-Cantelli Lemma and the equivalence
between Gauss and Lebesgue measures. O]

Corollary A.1.6. For Lebesque almost every 6 = [ao,al, veey Gy Q11 } mn
[0, 1] we have:

1 1
lim —loga, =0 and lim sup —Zlogaj < 0.

n—oo 7 n—oo 1 =
We also have:
1 k+n n
il Z loga; < C’(é’) [1 — log <%)] forall 0<n <k,
n
Jj=k+1

where 0(9) > 0 depends on 0.
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Note that these are the three conditions in the definition of the set A C
[0, 1] introduced by de Faria and de Melo (defined in Chapter 6). The first
and second condition follow straightforward from Lemma A.1.5 by taking,
say, b, = n'*¢ for any € > 0. The fact that the third condition holds Lebesgue
almost everywhere also follows from Lemma A.1.5, but with more involved
arguments [12, Proposition C.2, page 390].

Definition A.1.7. An irrational number in [0, 1] is said to be Diophantine
if there exist constants C' > 0 and ¢ > 0 such that:
C

g_g' > (A.1.1)

for any natural numbers p and ¢ # 0. Irrational numbers which are not
Diophantine are called Liouville numbers.

As we said in the introduction of this thesis, an irrational number is of
bounded type if it satisfies condition (A.1.1) for 6 = 0, that is, § in [0,1] is
of bounded type if there exists C' > 0 such that:

C

P
")“’Zq—w

q
for any natural numbers p and ¢ # 0 (for the equivalence between this def-
inition and the one above see [28, Chapter II, Theorem 23]). As we saw in
Lemma A.1.3 the set of numbers of bounded type has zero Lebesgue mea-
sure. However for any small § > 0 in condition (A.1.1) we capture Lebesgue
almost every real number in [0, 1]:

Lemma A.1.8. Given any 0 > 0 the set:
Ds = {06 [0,1): 3 C >0 such that ‘H—B‘

C
. ZW VP>QGN}

has full Lebesgue measure in [0,1]. In particular the set of Diophantine num-
bers in [0, 1] has full Lebesque measure.

Proof. Fix some decreasing sequence {Cy}nen C (0,1) such that C,, — 0
when n — 400, and consider:

UnZ{HE[O,l]:Elp,QEN such that ‘9—2‘< g—té}
q q

Note that {U, },en is a decreasing sequence and:

(U =1[0,1]\ Ds.

neN
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Therefore is enough to prove that lim,, ., Leb(U,) = 0. For that fix
n € N and consider for any ¢ € N\ {0}:

Ch
Un(q):{66[0,1]:Elpe{(),l,...,q—l,q} such that ‘9_§)<F}.

Since: 2C
Un= U Uale) and Leb(Ua(9) = 75

qeN\{0}

we obtain:

1
Leb(Un) <26, [ Y 5
+4

gemoy

and this goes to zero when n goes to infinity by the choice of {C,, },en and
the fact that 0 > 0. m

Incidentally we have proved that [0,1] \ Ds is a residual set, in the Baire
sense, since each U, is open and dense in [0, 1]. This proves, with the obvious
adaptations, that the set of Liouville numbers is a residual set in [0, 1], and
in particular is uncountable and dense in [0, 1].

Now we recall without proofs the basic arithmetical properties of the
continued fraction expansion (a classical reference is the monograph [28]) and
its consequences in the dynamics of circle homeomorphisms with irrational
rotation number.

Definition A.1.9. We define recursively the return times of an irrational
number 6 in [0, 1] by:

1
w=1 qg=a= bJ and  Gny1 = AnGn + G-y for n > 1.

The numbers g, are also obtained as the denominators of the truncated
expansion of order n of 6:
Dn 1
— = [ao,al,(zg,...,an,l] = 1
in Qo +

a+ ————
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Pn

The sequence {q

n

and 13 in [28, Chapter IJ):

} converge to 0 exponentially fast (see Theorem 9
neN

1

- _Pn
Qn(Qn + Qn—I—l)

an

<
qndn+1

<‘ forall n e N,

and that is why the rational numbers p, /g, are called the convergents of the
irrational 6. Moreover each p, /g, is the best possible approximation to 6 by
fractions with denominator at most ¢, [28, Chapter II, Theorem 15]:

If 0 < ¢ < g, then ‘0 —pn/qn‘ < ‘6 —p/q‘ for any p € N.

Now fix any point € S'. The arithmetical properties of the continued
fraction expansion described above imply that the iterates {Rp" (z)}nen are
the closest returns of the orbit of  under the rigid rotation Ry:

d(z, R§"(z)) < d(a:,Ré(a:)) for any je{l,...,¢,—1}

where d denote the standard distance in S*. The sequence of return times
{¢,} increase at least exponentially fast as n — oo (since ¢n 11 = @nGn+qn_1 >
2¢,-1), and the sequence of return distances {d(x, Rg"(x))} decrease to zero
at least exponentially fast as n — oo. Moreover the sequence {R§"(z)}nen
approach the point x alternating the order:

Ri'(x) < RF(r) < ... < Ry (2) < ... <2 < ... < RP*(z) < ... < R*(z) < R (w)

By Poincaré’s result this information remains true at the combinatorial
level for any circle homeomorphism f with rotation number 6: for any z € S*
the interval [x, f%(z)] contains no other iterates f7(z) for j € {1,...,q, — 1},
and if we denote by p the unique invariant Borel probability of f we can say
that p([z, f7(z)]) < p(lz, fi(x)]) for any j € {1,...,q, — 1}. A priori we
cannot say anything about the usual distance in S*.

A.1.2 Cross-ratio distortion

Let a < b < ¢ < d be four distinct points in the real line. Let S; be the
Mébius transformation determined by Si(a) = 0, Si(¢) = 1 and S;(d) = oc.
Note that S; has real coefficients since it preserves the real line. Define
Cri(a,b,c,d) € (0,1) as Cry(a, b, c,d) = Si(b), that is:

d—c b—a
Cri(a,b,c,d) = (c—a) (d—b)'
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If we denote by T' = (a,d) and by M = (b, c) we have that:

N R
Cna,b.c,d) = <|L| mIACERRDA

where L and R are the components of 7"\ M, and |I| denote the length of
an interval /.

The choice of the Mobius transformation S; is quite arbitrary. We can
consider, for instance, the Mobius transformation Sy determined by Ss(a) =
—1, Sy(b) = 0 and Sy(d) = oo, and define Cry(a,b,c,d) € (0,+00) as
Cra(a, b, c,d) = Sy(c), that is:

Cra(a, b, c,d) = (Z:Z) (2:[;) .

As before, if we denote by T' = (a,d) and by M = (b, ¢) we have that:

M||T
Cry(a,b,c,d) = %

Several different definitions of cross-ratio can be found in the literature,
depending on the purposes of the authors. The first definition given here
is the one used in [56], while the second definition is the one chosen in [37]
and [12]. Of course both definitions are related by a Mobius transformation.
Indeed, consider the orientation reversing real-analytic diffeomorphism S :
(0,1) — (0,+00) given by S(z) = =%, whose inverse is given by S~!(z) =
H%. Then we have S(Crl(mb, ¢, d)) = Cry(a,b,c,d) for alla < b < c < din
R. Note that both Cry(a, b, ¢, d) and Cry(a, b, ¢, d) are invariant under Mobius
transformations, that is, if .S is any Mo6bius transformation and a < b <
¢ < d are four distinct real numbers, we have Cr; (S(a), S(b), S(c), S(d)) =
Cr;(a,b,c,d) for i = 1,2. In this appendix we will work with the second
definition given above. More precisely:

Definition A.1.10. Given intervals M C T C S* we define the cross-ratio
of M in T as:

| M]IT|

Cr[M,T] = ,
|L|| R]
where L and R are the components of 7"\ M, and |I| denote the length of
an interval I. Suppose now that f is an homeomorphism in 7', we define the
distortion of cross-ratio of f in M and T as:
Cr[f(M), f(T)]
Cr(f,M,T) = :
r(f? ? ) CI"[M, T]

We have that f preserve cross-ratio if and only if any lift to the real line f
is a real Mobius transformation: there exist real numbers a, b, ¢, d such that

f(t) = (at +b)/(ct +d).
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A.2 Denjoy’s theory for smooth diffeomor-
phisms

In his classical article of 1932 [7], Denjoy proved the following well-known
rigidity result: any C? circle diffeomorphism with irrational rotation number
is topologically conjugate to the corresponding rigid rotation.

Actually the original result of Denjoy (see Theorem A.2.9 below) is for
C' diffeomorphisms such that log Df has bounded variation: there exists
a positive constant V(f) € R such that given any ordered finite partition
{zg,x1,...,x,} of the circle we have that:

> |log Df(xi1) —log Df (2:)| < V(f) = var(log Df).
=0

In this case we say that f is C'** or that f € Diff: ™" (SY). If f €
Diff? (S) we see at once that f € Diff\"*"(S') by taking;

maXgegt |f”(x)|

min,eg1 |f’(l’)

f//(’x)
iy | ™

In this section we give a proof of Denjoy’s result. The proof wont be
the easiest one, but it has the flavour of Yoccoz’s proof in Section A.4. The
following result tells us that in order to prove that f € Difffb“(Sl) with
irrational rotation number is conjugate to the corresponding rigid rotation,
we need to obtain a lower bound for the distortion of the cross-ratio of high
iterates.

V(f) >

, or even better V(f) > /

Sl

Lemma A.2.1. Let f € Diff. ™" (SY) with irrational rotation number. Sup-
pose that f is not conjugate to the corresponding rigid rotation, and let J be
a mazximal wandering interval. There exists a decreasing sequence {T), }nen
of open intervals such that:

°« J= mneN 1y,

e The family {Tn, f(), ..., fq"“*l(Tn)} has multiplicity of intersection
2 for allm € N, and:

o lim, .., Cr(f™+ J T,)=0.

The sequence {qn }nen is the sequence of return times given by the rotation
number of f (see Section A.1.1).
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As usual, we say that a family of intervals has multiplicity of intersection
k € N if the maximum number of intervals from the family that has non-
empty intersection is k. Before entering into the proof of Lemma A.2.1 let
us point out three technical results:

Lemma A.2.2 (Denjoy-Koksma inequality). Let f € Hom, (S') with p(f) =
0 € R\ Q, and let p be its unique invariant Borel probability measure. Let
{@n}nen be the sequence of return times given by 0, the rotation number of f.
For any v : S* — R (non necessarily continuous) with finite total variation
var(v) we have:

gn—1

> 0(P@) —an [ v

Proof of Lemma A.2.2. Fix x € S! and n € N. By combinatorics there exist
¢» pairwise disjoint open intervals {Io, I1, ..., I,, 1 } in the unit circle such that
R)(1) = €*™% ¢ T; and Leb(I;) = 1/g, for all j € {0,1,...,q, — 1} (just take
the intervals determined by the ¢,-roots of unity, and label them in order to
have e>™% € T, for all j € {0,1,...,¢,—1}). Let h = h, be the semi-conjugacy
between f and Ry that maps the point x to the point 1 (see the introduction
of this appendix), and for each j € {0, 1, ...,g,—1} let J; = h='(I;). Note that
fi(x) € J; and p(J;) = 1/q, for all j € {0,1, ..., q, — 1}. Moreover {Tj}jlgl
is a partition of the unit circle (modulo boundary points, whose p-measure
is zero since pu is f-invariant and f has no periodic orbits). Therefore:

5 (¢(fj<x>) —qn[]jwdu)‘

Jj=0

<var(¢) for allz € S* and alln € N.

Qn_l

> o(Pe) —a [ v

O(f1@) ~a. [ b

Jj

/J (6(F(x)) — ) dp

J

gn—1

Sqn;/]_ (7 () — | du

gn—1

<Y sup [U(f(2) = dly)| < var(y).

=0 yeJ;

[]
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Lemma A.2.3. Let f € Diff} (S?) with irrational rotation number, and let
i be its unique invariant Borel probability measure. Then:

/ logDfdu=0.
S1

Proof of Lemma A.2.3. If f € Diffi(Sl) the function ¢ : S' — R defined by
1 =log Df is a continuous function and therefore, by the unique ergodicity
of f, the sequence of functions:

1n—1 ‘
ﬁjz()?/}of]

converge uniformly to a constant [36, Chapter I, Section 9], that must be
fsl log D f du. By the chain rule:

Z¢ o f7 =log(Df"). (A.2.1)

Therefore the sequence of continuous functions log(D f™)/n converge to
the constant |, g1 1og D f dp uniformly in S 1. Since f" is a diffeomorphism for
all n € N, this constant must be zero. O

If f € Diff' ™" (S') we can put together Lemma A.2.2 and Lemma A.2.3
to obtain that the sequence of iterates { f? },cn is uniformly Lipschitz (and
in particular equicontinuous) on the whole circle:

Corollary A24. If f e Difff“bU(Sl) with irrational rotation number, then
e V) < (Dfn)(z) < YY) for all x € S* and all n € N, where {gn tnen i
the sequence of return times given by the rotation number of f.

Proof of Corollary A.2.4. Apply Lemma A.2.2 with ¢ = log Df, and use
(A.2.1) and Lemma A.2.3. O

With this at hand we are ready to prove Lemma A.2.1:

Proof of Lemma A.2.1. Let J = (a,b) be a maximal wandering interval of f,
and let n € N. The complement of the union of J and £ (J) are two open
intervals. By combinatorics, the interval fo+1+i(.J) is contained in one of
them, and the interval fi+1(J) is contained in the other one. Since J is
maximal as a wandering interval both a and b are recurrent for the future,
and therefore the distance between J and f9(.J) goes to zero as n goes to
infinity. Let us suppose that for the fixed integer n we have that fin+i1tin(.])
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is contained in the small component (this depends if n is even or odd, and
the other case can be treated in the same way). Let L, = (f™(a),a),
R, = (b, f(a)) and:

T, =L,UJUR, = (f""(a), f"(a)).

By definition:

In+1( J 1
Cr(fq"“, J, Tn) = |Ln||Ranqn+l(TN)| ("Jii]nﬂ((Ln))") (’fq"“(Rn>HJHT"’> ‘

The key combinatorial point is that J C f%*+'(R,), and so we have
|f&+ (Ry,)| > |J|. Since we also have |T,,| > |J| and |f&"+ (T,)] < 1 we
obtain:

| L] 1
Cr(f™*, J,T,) < |R,||f™(J < . A22
( ) < Bl f* ()] (L)) \[77 (A.2.2)
Estimate (A.2.2) holds for any homeomorphism f with irrational rotation
number. Now we use the smoothness condition. By Corollary A.2.4 the

sequence:
| L]

| fanst (L)

is bounded from above. Since ), [f"(J)| <1 we have that |f?+(J)] — 0
as n goes to infinity, and since J is maximal (as a wandering interval) we
have that |R,| — 0 as n goes to infinity. This proves that:

lim Cr(f*,J,T,)=0.

n—o0

Since T,, is of the form (f~(a), fi(a)), we know by combinatorics that
the family:

{T., [(T,), ... fr 2 N(T) }

has multiplicity of intersection 2 for all n € N. O]

A.2.1 The weak version

Theorem A.2.5. Let f be a C' orientation preserving circle diffeomorphism
such that log D f is a Lipschitz function. If f has irrational rotation number
0 then f s topologically conjugate to the rigid rotation of angle 6.
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The proof of Theorem A.2.5 that we are giving below is based on Corollary
A.2.7, which is contained in the work of Schwartz [53] of 1963. As Denjoy,
Schwartz was interested in the dynamics of smooth flows on compact surfaces,
where one-dimensional dynamics appear when considering first-return maps
of local transverse sections.

Lemma A.2.6 (Bounded Distortion). Let f be a C! orientation preserving
circle diffeomorphism such that log Df is a Lipschitz function of constant
C > 0. Then:

exp(CZIf’ I r) %Sexp<c;|fi<x>—fi<y>|>

for any x,y € S* and for any n € N.

The proof of this lemma is an easy computation. What is important for
us is the following consequence:

Corollary A.2.7. Let f be a C* orientation preserving circle diffeomorphism
such that log Df is a Lipschitz function. Let J C S* be an interval such that:

ST < o0

neN

Then there exists an open interval T 2 J such that:

ST <

neN

Proof. We will construct an open interval T 2 J such that | f*(T)| < | "(J)]
for all n € N. Fix some § > 0 and take 7' 2 J such that |T'| < (14 0)|J].
We claim that it is enough to take:

0<0<exp (—202|f”(J)|> <1

neN

where C' > 0 is the Lipschitz constant of log D f. The proof goes by induction
on n (the case n = 0 is done since § < 1): fix some n € N and suppose that
|fA(T)| < 2|fi(J)]| for every i € {0,1,...,n—1}. By the Mean Value Theorem
S (TN )| < [Df*()|[T\ J| for some z € T'\ J, and |f"(J)| = [Df"(y)[|J]
for some y € J. With this we have:

DI £

PN IDF@ITN I = 5T
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By Lemma A.2.6 (Bounded Distortion Lemma):

7T >r<exp<cz|f <>|> R Ar
e <CZ\f ) o)
< Sexp OZIJ” )|f” J)|

< Jexp 2CZ|f >|f" T)|

<dexp (20 |f'(J )!f" Yl

ieN
< [f"(J)]
and so we have [f"(T)| = [f"(J)[ + [f*(T'\ J)| < 2[f"(J)]. O
From Lemma A.2.6 we also have the following easy corollary:

Corollary A.2.8 (Cross-ratio distortion principle). Let f be a C' orienta-
tion preserving circle diffeomorphism such that log D f is a Lipschitz function
of constant C > 0. Let J C T C S! intervals and let n € N. Then:

Cr(f™, J,T) > exp (—202 !fi(T)|>

Proof. By the Mean Value Theorem we have four points x € Jyy € T, z,w €
T\ J such that:
[Df"(@)|[Df" ()]
Cr(f",J,T) =
[Df"(2)||Df(w)]

Now we apply the Bounded Distortion Lemma to obtain:

Cr(f",J,T) >exp< CZIf I—CZU” £ \)
> exp (—202 rff<T>|)

[]
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We remark that these kind of estimates (and even better) hold under less
regularity conditions in the dynamics [45, Chapter IV, Section 2]. We are
ready to prove Theorem A.2.5:

Proof of Theorem A.2.5. Suppose that f is not conjugated to the rotation
and let J be a maximal wandering interval of f. In particular we have
Yonez | [T(J)] £1 < oo. Let {T}, }nen be any sequence such that: (), .y T =

= neN -1

J, and let T be the interval given by Corollary A.2.7 (note that we can
suppose that T,, C T for all n € N). By the corollary above:

qn+1—1
Cr(f™+,J,T,) > exp | =2C Y | fi(Tn)\>
=0
qn+171 )
>exp | —2C ) |f’(T)|)
=0

> exp | —2C ) \fi<T>|>

1€N

and this is a positive constant by Corollary A.2.7. This contradicts
Lemma A.2.1. O

Actually we do not need cross-ratio arguments to prove Theorem A.2.5:
let J = (a,b) be a maximal wandering interval of f, and note that a and
b are recurrent since the non-wandering set of f is minimal. Let T be the
interval given by Corollary A.2.7 and let n € N such that f"(a) € T. Since
we can take n as big as we want eventually we will have f*(7") C T and this
give us a contradiction since f has no periodic orbits.

A.2.2 The strong version

As we said before, the original result of Denjoy is for C'* diffeomorphisms such
that log D f has bounded variation. Note that if log D f is a Lipschitz function
of constant C' > 0, then log D f has bounded variation with constant V' = C.
A classical example of an homeomorphism of bounded variation which is not
Lipschitz is given by t ~ 1/t in [0, 1], so the following is a stronger result
than Theorem A.2.5:

Theorem A.2.9 (Denjoy, 1932). Let f be a C' orientation preserving circle
diffeomorphism such that log D f has bounded variation. If f has irrational
rotation number 6 then f is topologically conjugate to the rigid rotation of
angle 6.
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The proof is obtained combining Lemma A.2.1 with the following estimate
(compare with Lemma A.4.5 in Section A.4):

Lemma A.2.10. Let f be a C' orientation preserving circle diffeomorphism
with irrational rotation number and such that log D f has bounded variation
with constant V' > 0. There exists a positive constant 6 = 6(V) > 0 such
that given any interval J and any sequence {T),}nen of intervals containing
J such that for any n € N the first q,.1 — 1 iterates of T,, have multiplicity
of intersection 2, we have that:

Cr(f* J,T,) > 6 forany ke{0,.. ¢}
Proof. Fix n € N and k € {0, ..., ¢,11}, and note the following chain rule:

Cr (f*, 1. T,) = HCr(ff( ), f1(T)).

In particular:

Jlog (Cx(%, . T,))| < 3 [1os (Cr(f, (7). £

By the Mean Value Theorem for any ¢ € {0,...,k — 1} there exist four
points: z; € f1(J),yin € f{(T0), Zim, win € f1(T, )\fz( ) such that:

‘ . Df(z)||Df(yin
Cr (f, f'(J), f1(Tn)) = ||fo(; n))||||fo((?jU”)z|)| '

Therefore:

k-1
‘ log (Clr(fk7 J, Tn))‘ Z ‘ log Df(x;) +log Df(yin) —log Df(2in) — log Df(wm)|

i=
k—

)—‘O

|log D f(x;) —log Df (2in)| + |log D f (w;n) —log D f (yin)|

=0

Now consider the finite partition P = {xi,ym, Zin, w,n}itol Since the
family {T wy J(T0), -y fq"“*l(Tn)} has multiplicity of intersection 2, the last
term is less or equal than the double of the total variation of log Df in Py,
and so we are done by taking 6 = exp(—2V). O

In [7] Denjoy also proved that some assumptions on the first derivative are
needed: given any irrational number 6 there exists a C! circle diffeomorphism
with rotation number 6 and wandering intervals [45, Chapter I, Section 2].
We remark that there are counterexamples even if the derivative is Holder
continuous [20]. See also [22] for weaker conditions on the first derivative.
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A.2.3 The geometric classification

We finish Section A.2 with some remarks: let f be a circle homeomorphism
topologically conjugate to Ry for some # € R\ Q, and let p be the unique
Borel probability in S' invariant under f. One motivation to understand
the measure p is given by the Birkhoff Ergodic Theorem [36, Chapter II,
Theorem 1.1]: given any point z € S! and any interval A C S* we have that:

lim {(%)#{j:0§j<n and  f7(z) € A}| = p(A).

n—-+4oo

Note that if f is C'* we have the following dichotomy: either y is absolutely
continuous with respect to Lebesgue, or p is singular (otherwise we have a
decomposition pu = vy + 5, where vy is absolutely continuous with respect to
Lebesgue, v, is singular, and both are non-zero. Since f is C' it preserves
sets of Lebesgue measure zero, and therefore both v, and 1, are f-invariant,
which contradicts the unique ergodicity of f).

As we saw in the introduction of this appendix y1(A) = Leb (h(A)) for any
Borel set A C S', where h is a circle homeomorphism that conjugates f with
Ry. In particular x4 has no atoms (i.e. no points of positive measure) and gives
positive measure to any open set. If h is absolutely continuous? there exists a
Lebesgue integrable function b’ such that (A) = [, W'd Leb, but in general
this is not true: in 1961 Arnold gave examples ([3], see also [45, Chapter
I, Section 5]) of real-analytic circle diffecomorphisms that are minimal, but
where the invariant probability p is not absolutely continuous with respect
to Lebesgue measure. In these examples the rotation number is Liouville (see
Definition A.1.7), and any conjugacy with the corresponding rigid rotation
maps a set of zero Lebesgue measure in a set of positive Lebesgue measure.

In the same work Arnold showed (using KAM methods) that any real-
analytic diffeomorphism with Diophantine rotation number, which is a small
perturbation of a rigid rotation, is conjugate to the corresponding rigid ro-
tation by a real-analytic diffeomorphism, and therefore the conjugacy can
be taken holomorphic in a neighbourhood of the circle. He also conjectured
that no restriction on being close to a rotation is needed. As we said in the
introduction of this thesis, this was proved by Herman in 1979 [20] for a large
class of Diophantine numbers, and extended by Yoccoz in 1984 [62] for all
Diophantine numbers. Nowadays the picture is completely clear: any C**¢

2We say that h : I — R is absolutely continuous if for every £ > 0 there exists § > 0
such that Y1, [h(8;) — h(c;)| < € for any n € N and any disjoint collection of segments
(@1, 51), ..., (o, Bn) in I whose lengths satisfy > . (8; — ;) < 0. In our context this is
equivalent to the statement that A maps sets of Lebesgue measure zero to sets of Lebesgue
measure Zero.
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circle diffeomorphism with rotation number # satisfying:

-t
q| — ¢*
for every positive coprime integers p and ¢, with C' > 0 and § € [0, 1), is con-
jugated to the corresponding rigid rotation by a C! circle diffeomorphism.
Even more, if 0 < § < e < 1 and € —§ # 1, the conjugacy is C1*7° (see
also [27] and the references given there). This implies, in particular, that
its unique invariant probability is Lebesgue absolutely continuous, and its
density is Holder continuous with exponent € — §. Moreover C*° diffeomor-
phisms with the same Diophantine rotation number are C'*°-conjugate, and
real-analytic diffeomorphisms with the same Diophantine rotation number
are conjugate by a real-analytic diffecomorphism [45, Chapter I, Section 3].
Now for any z € S* and n € N consider the n-th scaling ratio of f and
Ry in x defined as:

A (a),)
d(fo (), z)
where d denote the standard distance in S* (note that for all n > 1 we have

Sp—1(0) = #L(@)) Herman’s result also implies the following asymptotic
geometric rigidity:

d(R§ (z), z)
d(Ry (), z)

sn(f) sn(0) =

lim (s,(f) — sa(6)) =0

n—-+o0o

provided that # is Diophantine. See Corollary 0.2.1 for the analogue result
in the context of critical circle maps.

A.3 Schwarzian derivative

In this section we briefly recall some basic definitions.

A.3.1 Non-flat critical points

Let I be a compact interval or the whole circle, and let f : I — I be a C*
map. As usually we say that ¢ € I is a critical point of f if Df(c) = 0. If for
every d € N we have that:

D
lim —f(c +t)
t—0 td—1
we say that c is a flat critical point of f. This implies that f is C* at
the critical point and (D?f)(c) = 0 for all d > 1, where D?f denote the

=0 (A.3.1)
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derivative of f of order d (in particular flat critical points do not exist for
non-constant real-analytic maps). A classical example of this phenomena is
given by f : R — R defined as:

Ft) = { SXp(—l/tQ) g i i%\{o}

Note that f is a C*° map with a flat critical point at the origin (the
holomorphic extension of exp(—1/t?) to the punctured plane C\ {0} presents
an essential singularity: in any neighbourhood of the origin the function takes
any complex value different from zero).

Otherwise we say that c is a non-flat critical point of order d, where d is
the minimum integer such that:

£0 (A.3.2)

Note that d is also the minimum integer such that:

/ (DF(t)) *dt < 0o
U\{c}

for some neighbourhood U of the critical point.
This implies that f is C¢ at the critical point where we have (D" f)(c) = 0

for all n € {1,...,d — 1} and (D?%f)(c) # 0. In this case the limit in A.3.2 is

equal to % and we can say more:

Lemma A.3.1. The critical point ¢ is non-flat of order d if and only if
for any C' > 1 there exists an open neighbourhood U of ¢ such that for any
to,t1 € U\ {c} we have:

d

to—C to—C

c1 <C

d f(to) — f(c)
= ‘f(ti) ~i0

tl—C tl—C

Proof. For any given C' > 1 consider:

(D] [C-1
5(0)_< d! )(C+1>

Since (D?f)(c) # 0 this is an orientation preserving real-analytic diffeo-

d c
morphism between (1, +00) and (O, M) with inverse given by:
d (&
o OHOL L e (D) ()| + dle
g) = - =
(D)@ . [(D2f)(c)| — dle
d!
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By Taylor theorem:

t—>c <‘f |t—c|d )‘> - |(D f)< )| 7&0

|(Def)(0)]
d!

Now for any given C' > 1 let £(C) in (0, as above, and for this

e let U be an open neighbourhood of ¢ in I such that for any t € U \ {c} we
have:

(@] _lw-rel _|oine)]
dl =Tt = d

Equivalently:

<|(D§!)(C)}_€) <1 L(’ f><>\+€)|t_c|d

Now for any to,t; in U \ {c} we have the desired estimates for the given
C. For the converse fix a neighbourhood U of ¢ such that for any ¢ in U:

) - )= 3 (%) (t = o)+ 11

with lim,_,. < ’fi)d) = 0. By hypothesis the ratio:

ft) = fle) _ [ (D"f)(c) n—d r(t)
W:Z(T>“‘C> ()

is bounded in U \ {c¢}. The fact that is not going to infinity implies that
(D"f)(c) = 0 for n € {1,...,d — 1}, and the fact that is not going to zero
implies that (D?f)(c) # 0. O

If the map is smooth enough (C” for r > d) we can go further (with
essentially the same computations as in the proof of Lemma 4.1.1 in Chapter
4):

Lemma A.3.2. The critical point c is non-flat of order d if and only if there
exist C" local diffeomorphisms ¢ and ¢ with ¢(c) = ¥(f(c)) = 0 such that
Yo foo ! is the map t — t¢ around zero.
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A.3.2 The Schwarzian derivative
Now suppose that » > 3 and define the Schwarzian derivative in every non-
critical point of f as:

2

(D*f)(z) 3 |(D*f)(@)
(Df)(x) 2| (Df)(=)

Maybe, the main motivation of Schwarz for consider this operator [52,
Chapter 1] was the following:

Sf(x) =

Lemma A.3.3. The kernel of the Schwarzian derivative is the group of
Moébius transformations, that is, Sf = 0 if and only if there exist real num-

bers a, b, c,d such that f(t) = (at +b)/(ct + d).

Proof of Lemma A.3.3. The fact that the Schwarzian derivative vanish at
Mobius transformations is a straightforward computation. Now, given a C?
map f without critical points on some interval I, consider the C? map g
defined by g = (Df)~/2. A straightforward computation gives the identity:

Sf:—Q(D—2g).
g

In particular Sf = 0 if and only if D?g = 0, and therefore there exist real
numbers a and b such that g(t) = at + b, that is, Df(t) = 1/(at + b)*>. By

integration we get:
-1 1
t) = —
r0= () (55) +e

for some real number c. O

Now we recall well-known properties of the Schwarzian derivative, for
proofs see [45, Chapter II, Section 6] and [45, Chapter IV, Section 1]:

e For k > 1 we have the following chain rule:

574 = 32 8P IDP WP = Y ST (P @) TLIDI () P

In particular Sf*(x) depends only on the values of Sf and Df along
the first k iterates of the point  under the map f.

e From the chain rule we see that if a map has negative Schwarzian
derivative, all its iterates also have negative Schwarzian derivative.
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e Trivial but important, any quadratic polynomial has negative Schwarzian
derivative.

e [f ¢ is a non-flat critical point of f, there exists an open neighbourhood
U of ¢ such that Sf(z) <0 for all z € U \ {c}.

e If f is monotone on an interval J C I, and Sf < 0 in J, then |Df|
does not have a positive local minimum on J. In particular, if f
have no critical points in J and < y < z are in J then |Df(y)| >

min{| D f(z)|, |Df(2)|}-

e From Lemma A.3.3 we see that a C? diffeomorphism f preserve cross-
ratio (see Section A.1.2) if and only if Sf = 0. The relation between
Schwarzian derivative and cross-ratio distortion is deeper: f increase

cross-ratio if and only if Sf < 0, and decrease cross-ratio if and only if
Sf>0.

A.4 Yoccoz’s proof

In terms of distortion estimates, the importance of the non-flatness condition
on the critical points become clear if we restate Lemma A.3.1 for critical circle
maps:

Corollary A.4.1 (Corollary of Lemma A.3.1). Let f be a C" critical circle
map, v > 3, with irrational rotation number, and let ¢ € S' be a non-flat
critical point of f of order d < r. For any C' > 1 there exists ng € N such
that for any n > ng:

_1 d {f(]n—i-l){ d
1 (s.(f))" < A C(su(f))

| A 00)
Il a(fan(o).c)
A.2.8), and the sequence {qy, }nen 1S the sequence of return times given by the
rotation number of f (see Section A.1.1).

where s,(f) = | is the n-th scaling ratio of f (see Section

In 1984 Yoccoz [63] extended Denjoy’s result to critical circle maps with
only non-flat critical points:

Theorem A.4.2. Let f be a C! orientation preserving circle homeomor-
phism with irrational rotation number 60 and with k > 1 critical points
C1,Ca, ..., Cp. Suppose that:
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1. log Df has bounded variation in any compact interval that contains no
critical points.

2. Gwen any j € {1,2,...,k} there exist constants €j,A;, B; > 0 and
s; € N such that:

e (Df)~Y2 is a conver® function in (c; —g;,¢;) and in (cj,¢; + €;).

o Given |t| < g; we have that A;|t|* < (Df)(c; +t) < B,|t]%.
Then f is topologically conjugate to the rigid rotation of angle 6.

Some remarks about the second condition:

o If fis O3 then g = (Df)~'/? is C? away from the critical points of f,
and D?g = (—1/2)gSf, where Sf denote the Schwarzian derivative of
f (see Lemma A.3.3). In particular g is a strictly convex function if
and only if Sf < 0, and this always happens in a neighbourhood of a
non-flat critical point, as we said in the previous section.

e As we also saw in the previous section, if f is C" and ¢; is a non-flat
critical point of order d for some j € {1,2,...,k} and some 2 < d <

r, then the numbers A; and B; can be chosen defining a small open

(Df)(c))
@1y
last derivative vanishing at the critical point).

neighbourhood of and the exponent s; is equal to d — 1 (the

With this we conclude the following:

Corollary A.4.3. Any C® orientation-preserving circle homeomorphism with
wrrational rotation number and only non-flat critical points is topologically
conjugate to the corresponding rigid rotation.

In particular any C? critical circle map (with irrational rotation number
and only non-flat critical points) is minimal and so the support of its unique
invariant Borel probability u is the whole circle. As we said in the introduc-
tion of this thesis, however, in the case of exactly one critical point it has been
proved that the measure p is always singular with respect to Lebesgue mea-
sure: there exists a Borel set A C S* such that u(A) = 1 and Leb(A) = 0 (see
[25, Theorem 4, page 182] or [18, Proposition 1, page 219]). We recall again
that the condition of non-flatness on the critical points cannot be removed:
in [19] Hall constructs C'*° homeomorphisms of the circle with no periodic

3We say that g : I — R is a conver function if for any a < b € I and any t € [a, b] we
have the inequality: g(t) — g(a) < (t —a) (W)
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points and no dense orbits (those examples present two critical points which
are flat).

Since flat critical points do not exist for non-constant real-analytic maps
we have:

Corollary A.4.4. Any real-analytic orientation preserving circle homeomor-
phism with irrational rotation number is topologically conjugate to the corre-
sponding rigid rotation.

A.4.1 Degenerated cross-ratio

Given an interval J C S! with boundary points a and b we define:

M(f, ) = 'ffT‘?'wf(a)Df(b))

—1/2

with the convention that M (f, J) = +oc if a or b are critical points of f.
Let € > 0 and let J. D J such that both components of J. \ J (call them

=

L. and R.) has length . Then:

r _ SIS ()]

where x. € L. and y. € R, are given by the Mean Value Theorem. Since f
is C* we have that lim._,o Cr(f, J, J.) = (M(/, J))2, and that is why we call
M the degenerated cross-ratio.

The main point in the proof of Theorem A.4.2 is the following estimate
on the distortion of the degenerated cross-ratio of high iterates: close to
the critical points log D f has unbounded variation, but still the map f does
not contract the degenerated cross-ratio too much, provided that the critical
points are non-flat.

Lemma A.4.5. Let f as in Theorem A.4.2. There exists a positive constant
§ > 0 such that for any n > 1, any p € {0,....,qus1}, any v € S' and
any interval J = (a,b) contained in the arc (f~%(z), fi"(z)) we have that:
M(f*,J) = 9.

Proof. Following Yoccoz we split the family {J, f(J),..., fP"}(J)} in four
disjoint families Fi, F, F3 and F; as follows:

e F; contains the intervals f*(J) that are disjoint of the intervals:

Ej Ej
-]

for any j € {1, ..., k}.

Instituto de Matematica Pura e Aplicada 98 March, 2012



Pablo Guarino Rigidity Conjecture for C3 Critical Circle Maps

e F, contains the intervals f(.J) that contain some interval of the form:

&j
Cj —Ej,Cj — 5

or some interval of the form:

&
[Cj 506+ 53‘]

2

Note that f*(.J) may contain the critical point ¢;.

e F; contains the intervals f(.J) that are contained on an interval (¢; —
£;,¢j +¢€;), intersects [¢; — €;/2,¢; + /2] but not contain the critical
point ¢;.

e F, contains the intervals f*(J) that are contained in some interval
(¢; —€j,¢j +¢;) and contain the critical point c;.

Note that:
p—1 4
My =1I™mE ) =111 1T M ro
1=0 =1 fl VEF

Note also that #F, < 4k and #F; < 2k since the family {J, f(.J), ..., f+7(J)}
has multiplicity of intersection 2.

e The intervals in the family F; are treated in the same way as in Lemma
A.2.10: by the Mean Value Theorem for each f(J) € JF; there exists
a point x; € f*(J) such that:

log M (f. f'(J)) = log Df () — 5log D (f'(a) ~ 3 loa DF(F'(5)

Let V' > 0 be the total variation of log D f in the compact set:

Then: '
[T M(£. () = exp(—2V)

fi(Nern
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e Let ¢ = min{ey,...,ex}, d = min,exg{Df(2)} > 0 with K as defined
above, and let D = max.cs1{Df(z)}. For any interval f'(J) in F, we
have |fi(J)| > £ and so |f(f(J))| > %. In particular M(f, fi(J)) >

(4) (5). Then

[T veroy=(8) ()"

fi(J)eF2

e Since (Df)™'/? is well defined and convex in any member of Fj3 we
easily obtain that M (f, f/(J)) > 1 for any f(J) € Fs: let g be the
affine map that coincide with (D f)~/2 in the boundary points f(a)
and f%(b), and note that:

g(Fi@)g(FoNN [ 5
u(rro) = (M )</ @ Df(t)dt)

Since (Df)~1/? is convex, Df > 5 50

Z g(f (@)g(F O (1O _at
M(££0) 2 ( Fi(b) — fi(a) ></<> ﬂt))

and this is equal to 1 since g is affine. Then:

H M(f. f'(J

Ji(J)EFs

In particular this prove the well-known fact that maps with negative
Schwarzian derivative expand cross-ratio.

e Now we claim that if f(J) € F, we have that:
A;
M(f, () = 3B.(s, 7 1)

where ¢; is the critical point that belongs to f(J). Indeed, let us
suppose that |f“(a) — ¢;| < |f%(b) — ¢;] and let T = [¢;, f*(b)]. Note
that:

Df(f'(a))Df(f (b)) < Bi|f'(a) — c;|"| f1(b) — ¢;]”
< BI|f(b) — ;7 = (By|1]7)*
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Also:

fi(v) Fi(b) .
fmi= [ prwaez A [ -

J

fzb — |5t A .
:Aj(| (i+i| - s;+1 [
J J

Combining these two estimates we obtain:

M(f, £1() = ’f‘fff l(f,f‘)' (DI @)D )™
> B st
> —AJ
- ZBj(Sj + 1)

In particular if:
‘ { }
a= min  ——"—
jefl,.k} | 2B;(s; + 1)

H M(f, f1(J

fUJ)eF

we have that:

We finish the proof taking § = exp(—2V') (& ) (2)4k ok, O

Note that the last estimates in the family F, are false if we allow flat crit-
ical points as in Hall’s examples. Since we are working with the degenerated
cross-ratio instead of the usual one (defined in Section A.1.2), we cannot use
Lemma A.2.1 and so we prove Theorem A.4.2 from Lemma A.4.5 directly:

Proof of Theorem A.4.2. Suppose that there exists a wandering interval I C
St ()N fm™(I) =0 for all n #m € Z.

Fix n > 1. By the Mean Value Theorem there exist a € f~9~+(]) and
be f~™+(I) such that:

(D) 1
D fan+1 = /0 T f—qnii( T\
f (a’) |f—qn—qn+1 (])| |f_q"+1 (I)l

Let J be the compact interval with boundary points a and b that contains
I, and let € I. By combinatorics we know that the intervals f~9(I),

and D fi"+1(bh) =
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fram (D), I, f=+1 (1) and f(I) are orderer in this way (or the opposite
depending if n is even or odd). In any case J C (f79(z), f%(x)), and so
Lemma A.4.5 give us M (f?+',.J) >4, or:

If""“(J)I>2|fq“q"“(l)llfq"“(f)l p
( 7] e C

Equivalently:

e 2 <|fqn|+{|u>|>2 <|f—%—|ﬂ+1<f>|> g

Since [ is a wandering interval there exists ng € N such that for all n > nyg
we have that: |f~ %™+ (I)| < |I[>§. Using that |fi&+(J)| < 1foralln € N

we obtain: ,
1 (] J
If_ ()IZ(|_|> -1
|f=e (1)) 7|
since [ is striclty contained in J. This contradicts the fact that the sequence
{|f7%(I)|}nen goes to zero when n goes to infinity. O

Yoccoz’s proof was the first time that estimates on cross-ratio distortion
were successfully applied in one-dimensional dynamics. In 1992 Martens, de
Melo and van Strien [37] went deeper with cross-ratio distortion techniques
and extended the theory to non-invertible dynamics: they proved that any
C? map of the circle or any compact interval with only non-flat critical points
has no wandering interval. In other words: any open interval for which all
positive iterates are mutually disjoint is contained in the basin of a periodic
(maybe one-sided) attractor (see also [44] and [45, Chapter IV]).
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Proof of Lemma 1.5.1

In this appendix we prove Lemma 1.5.1, stated at the end of Chapter 1 and
used in Chapter 2. For that we need the following fact:

Lemma B.0.6. Let fi,..., fn be C* maps with C' norm bounded by some
constant B > 0, and let g1, ..., g, be C° maps. Then:

ie{l,....n

n—1
|faoofi=gno..og < (Z Bj) oo {1 = gill o }
=0

whereas the compositions makes sense.

Proof. The proof goes by induction on n (when n = 1 we have nothing to
prove). Suppose that:

.....
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Then for any t:

[(fao o fi=gno.og)®)] < [fal(far 00 fi)(E) = fal(gn-10 - 0 1)(1))[+
Gn-10 -0 g1)(t)) = gu((gn-10 .. 0 g1)(1))]
< B‘(fnfl 0..0 fl —Ggn—-109 ... Ogl)<t)‘ + an - g"HCO

n—2
<B ( Bj> _ mafm(_l}{Hfi_giHco}+an_g”HCO

_l’_
i

.....

]

For K > 1 and r € {0,1,...,00,w} recall from Chapter 1 that we denote
by P7(K) the space of C” critical commuting pairs { = (1,£) such that
n(0) = —1 (they are normalized) and £(0) € [K~!, K].

Lemma B.0.7. Given M € N, B> 0 and K > 1 there exists L(M, B, K) >
1 with the following property: let ; = (n1,&1) and o = (n2,&2) be two renor-
malizable C® critical commuting pairs satisfying the following five conditions:

1. ¢, R(G1), & and R(() belong to P3(K).

2. The continued fraction expansion of both rotation numbers p((1) and
p(Ca) have the same first term, say ag, with ag < M. More precisely:

L)(lﬁ)J - {@J =ag € {1,.,M}.

3. max{HUl”Cla HleCl} <B.

4. (mo&)(0) and (n20&)(0) have the same sign.

' €(0) — (0)] < (Ki) (%) |

do (R(Q), R(CZ)) <L-: dO(Cla CQ) )

where dy is the C° distance in the space of critical commuting pairs (see
Section 1.3).

Then we have:
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Proof. Suppose that both (n; 0 & )(0) and (72 0 &)(0) are positive, and let
V C R be the interval [0, max { (1 0 £)(0), (12 0 &)(0) }]. For e > 0 denote
by T, the (unique) Mobius transformation that fixes —1 and 0, and maps «
to 1. Note that p, = o+ o (1£2) is the pole of T,,. If v > K/(K + 2) then
pa ¢ [1/K, K], and if a € [1/K, K/(K + 2)] then p, —a > (+) (££). By
Item (5) in the hypothesis, and since ¢; and ¢, belong to P3(K) by Item (1),
there exists Lo(K) > 1 such that:

”T&( < Ly,

0)”01(1/)
HT&(O) - TEQ(O)HCO(\/) < Lo{ﬁl(O) - 52(0)’ < Lgy- do(Ch CQ),

’77?0 (£1(0)) — 7m5° (& )‘ < Lo‘nl 1730(1)‘ and

< Lo||m < LB,

HmHCl ([0,1]) HCl ([0,£2(0)])

Whereﬁi:T&()omoT , for i € {1,2}. By Lemma B.0.6:

ap—1
p60) o €)= (32 ) 17~
7=0

Defining L, (M, B, K) = L2 (zjf‘i ! Bj) we obtain:

7 (£1(0)) — n5°(£2(0))| < Ly - do(Gr, Ga) -

Therefore:
| T, 0) (1°(€1(0))) = T 0) (15°(€2(0))) | < [T 0) (17°(€1(0))) — Ty (0 (115° (€2(0))) |
+ [ Te, 0) (77 (52(0))) Tey0 (772 (&(0 )))‘
< LO}’h ( (O)) — 15 ( )’ + Lo - do(C1, G2)
< (LoL1 + Lo) - do(C1, C2) -

Defining Lo(M, B, K) = LoLy + Lo we obtain:

|T€1(0)<n(110(§1(0>)) Te,0 (772 (&(0 )‘ < Ly - do(Cr,C2) - (B.0.1)

Moreover there exists Ls(M, B, K) > Ly with the following four properties:
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From Item (1) in the hypothesis, both M&bius transformations:

TTW (neo(ei0))

and also their inverses have C'* norm bounded by Ls in:
W = [0, max { T¢, o) (1°(£1(0)) ) Tea(0) (112° (€2(0))) }].

e Both Mobius transformations:

TTgi(o) (77?0 (fi(o)))

are at C%-distance less or equal than Ls - do((y, (o) in W (this follows
from (B.0.1) and Item (1) in the hypothesis).

e The same with their inverses, that is, both M&bius transformations:

T—l
T, (0) (77?0 (fi(o)))

are at C-distance less or equal than Ls - dy((1,¢2) in [0, 1] (again this
follows from (B.0.1) and Item (1) in the hypothesis).

e The maps:

Teomi®o&ioTy and T omo Ty,

have C' norm bounded by L3 in [—1,0] and [0, 1] respectively (this
follows from items (1), (2) and (3) in the hypothesis).

Note that for i = {1,2} we have:

a -1 _
Tnfo (c@) ° it oo Tnfo (&@)

—T . (T. @ g ¢ T*l) 7!
Tey o (120 0p) © \T&@ @77 0 &0 Teg) ) © T o) (170 (€(0)))

in [—1,0], and:

. -1
Lo () "™ ° Tnfo (e@)

-7 . (T, o T ) 7!
Tﬁi(o) (7710(51(0))) © €i(0) SRR €i(0) © TE,‘(O) (7750(51(0)))
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in [0,1]. By Lemma B.0.6 and the four properties quoted above there exists
Ly(M, B, K) > Ls such that:

a —1 o a —1
HT’)T‘J (o) ©M 8oL (e20) T (ea0) ©™7 0520 T oy (&) v <

ag
T

< Lymax { HTTsl(O) (71(110(51(0))) a Tey(0) (”;0(52(0))) HCO)
d |7t -7
(61, ¢2) H Tey 0y (70 (61(0))) Tey(o0) (150 (€2(0))) ”OO}

< LsLy - do(Ch, Ga) -
in [—1,0], and:

ooy © 2 T (6@) " (@) ° ™ (o) leo <

< Ly maX{HTT

£1(0) (77‘110 (61(0))) Tey(0) (nSO (62(0))) HCO’

d T -7t
o OLIT ocon) ™ T (oo o)

< L3Ly - do(Gr, G2) -
in [0, 1]. Therefore we are done by taking L > L3Ly. O

Proof of Lemma 1.5.1. Let f be a C? critical circle map with irrational rota-
tion number p(f) = [ag, a1, ..., an, any1, ...], and recall that we are assuming
that a, < M for all n € N. Let ny(f) € N given by the real bounds, and
note that R"(f) € P*(K) for all n > ng since K > K, by hypothesis and
therefore P3(K) D P3(Ky). As a well-known corollary of the real bounds
(see for instance [12, Theorem 3.1]) there exists a constant B > 0 such that
the sequence {R"(f)}nen is bounded in the C' metric by B, and we are done
by taking L > 1 given by Lemma B.0.7. [
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Annular Riemann Surfaces

In this appendix we briefly review some classical facts about Riemann sur-
faces (the book [14] is a major reference for the whole subject), we revisit the
notion of Poincaré disk (that we have used in Chapter 4) and finally we study
in some detail annular Riemann surfaces (in particular we give the precise
definition of the modulus of an annular Riemann surface, that we have used
extensively in Chapter 5).

C.1 Riemann surfaces

By a Riemann surface we mean a (connected) one-dimensional complex-
analytic manifold.

Theorem (Uniformization Theorem). Any simply connected Riemann sur-
face is conformally equivalent either to D, to C or to C.

For a complete proof of this deep result, obtained independently by Klein,
Poincaré and Koebe between 1882 and 1907, see [14, Chapter IV] (see also
[52] for an historical account).

Given a Riemann surface S, denote by 7(9) its fundamental group, and
by Aut(S) the group (under composition) of biholomorphisms of S. Since
the field of meromorphic functions of C is isomorphic to the field of rational
functions in the complex plane, we have that Aut(C) is isomorphic to the
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normalized Mobius group:

az+b
cz+d

Aut(@)%{zH ca,b,c,d e C and ad—bc—l}.

Let SL(2,C) be the group of 2 x 2 complex matrices of determinant equal
to 1 (the complex special linear group), and let PSL(2,C) the quotient of
SL(2,C) modulo the subgroup {+/d}. Both SL(2,C) and PSL(2,C) are 3-

dimensional complex Lie groups, and Aut(C) is isomorphic to PSL(2,C).
The groups Aut(C) and Aut(D) are formed by the elements of Aut(C)
that preserve C and D respectively (in particular both are Lie subgroups

~

of Aut(C)). It is easy to see that Aut(C) is the affine group:
Aut(C) ={z+az+b:aeC\{0},becC},

and therefore, Aut(C) is a 2-dimensional complex Lie group.
A straightforward application of Schwarz Lemma gives the identity:

Aut(D) = {z»—)ew (ﬂ) :aGD,HER},

1—az

that is, Aut(DD) is diffeomorphic to the solid torus D x S*, which is isomorphic
to PSL(2,R), a 3-dimensional real Lie group.

Using the general theory of covering spaces we obtain from the Uni-
formization Theorem a complete classification of Riemann surfaces (again
see [14, Chapter IV] for a detailed proof):

Theorem (Uniformization of arbitrary Riemann surfaces). Any Riemann
surface S s conformally equivalent to §/F where S is D, C or @, and I' =
m1(S) is a subgroup of Aut(g) acting discontinuously and without fixed points
(the conformal structure 0f§/F 15 the one induced by S via the covering map).

No other Riemann surface rather than C itself is covered by C. The
plane C, the punctured plane C\ {0} (equivalently the cylinder C/Z) and
any torus (that is, any surface diffeomorphic to C/Z?) are covered by the
plane. Any other Riemann surface not conformally equivalent with one of
the above is covered by the unit disk D. In particular any Riemann surface
which is not homeomorphic to the sphere or torus (in the compact case), or
homeomorphic to the plane or the punctured plane (in the noncompact case)
is covered by the unit disk. This includes, for instance, compact Riemann
surfaces with negative Euler characteristic (genus g > 2), and open sets in
the Riemann sphere whose complement contains at least three points.
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C.1.1 Riemannian metrics on surfaces

Let g1 and g, be two Riemannian metrics on an orientable surface S. A
smooth diffeomorphism f : (S, g1) — (5, ¢2) is said to be conformal if there
exists a smooth function A : S — (0,400) such that given z € S and
v,w € T,S we have:

9:(f(2)) (Df(2)v, Df(z)w) = A(2)* - g1(2) (v, w)

Equivalently, a conformal diffeomorphism is an angle-preserving diffeo-
morphism. In the complex plane the description of the group of conformal
diffeomorphisms (for the Euclidean metric) is well-known: the orientation-
preserving ones are the biholomorphisms, and the orientation-reversing ones
are the antiholomorphic diffeomorphisms. An isometry between Riemannian
metrics is a conformal diffeomorphism with A = 1. The group (under compo-
sition) of the isometries of a Riemannian metric ¢ in S is denoted by Iso(S, g),
or simply by Iso(S) if no confusion is possible. For instance, any element of
Iso(C) is a translation composed with an orthogonal transformation, that is,
a map of the form z — A(z +b) for A € O(2) = {A € GL(2,R) : A'A =
AA! = Id}, and b any complex number. Hence Iso(C) is a 3-dimensional real
Lie group, with two (non-compact) connected components.

A Riemannian metric g on a Riemann surface S is said to be conformal if
local charts are conformal with respect to the Euclidean metric in the plane,
that is, given a local chart U in the complex plane there exists a smooth
function A\ : U — (0, +00) such that g(z)(v,w) = \(2)? (v,w) for any z € U
and any v,w € T,U, where (-) denote the Euclidean inner product in the
complex plane. The smooth function A is called the coefficient of conformality
of the metric g. By Gauss isothermal coordinates any Riemannian metric
on an oriented surface is locally conformally equivalent to the Euclidean
metric in the plane [57, Section 2.5, Theorem 2.5.14]. One may think on
Morrey’s theorem (stated as Theorem 3.2.4 in Chapter 3, see also Ahlfors-
Bers theorem, stated as Theorem 3.3.1) as the measurable generalization of
Gauss coordinates.

In the sequel the word curvature means Gauss curvature. There is a
special Riemannian metric in the unit disk [14, Section IV.8.4]:

Theorem (Poincaré metric). Up to multiplication by positive scalars, there
erists a unique Riemannian metric in D whose group of isometries is the
group of conformal diffeomorphisms of D. Such a metric is complete (any
two points in D are joined by a minimizing geodesic), conformal and has con-
stant negative curvature. By mormalization we can choose it with curvature
—1. The geodesics of this metric are the circles which are orthogonal to the
boundary of D.
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Note that C and C also admit a Riemannian metric of constant curvature
(zero and positive respectively). In the planar case this metric is of course
the Euclidean metric, and since it is invariant under translations projects to
any quotient. In particular any Riemann surface admits, by projecting from
the holomorphic universal covering, a complete and conformal Riemannian
metric with constant curvature. The coefficients of conformality in the simply
connected models are:

o \Mz)=—2,inC;

1+[=[2
e \z)=1inC;

o \z) = ﬁ in D.

In the case of the sphere the definition is valid away from the point at
infinity, where we extend the definition with the local chart w = 1/z. Still in
this case, if we identify C with the unit sphere S? in R3, we obtain that Iso(@)
is a 3-dimensional real compact Lie group, isomorphic to the orthogonal group
0(3).

In the three simply connected models, the group of isometries of the
Riemannian metric of constant curvature acts transitively: given any two
points there exists an isometry taking one into the other. We will see in
Lemma C.2.1 that this is no longer true for typical annular Riemann surfaces.

C.1.2 The upper half-plane

Another model for the Poincaré metric which is often very useful is the upper
half-plane H = {z € C : &(z) > 0}. This model is conformally equivalent
to the unit disk via the Mobius transformation z +— ;:—j, with inverse given
by z — i (L‘Lj) (see also the proof of Lemma 5.2.9 in Chapter 5). The group
Aut(H) is the group of Mdbius transformations of the Riemann sphere that
preserve the upper half-plane. In particular they preserve the real line and

so they have real coefficients:

az+b
cz+d

Aut(H) = {z»—> ta,b,e,d e R and ad—bc:l} =~ PSL(2,R).

Note that Aut(H) already acts transitively in H. Moreover, given 2, zo €
H, v; € T,,H and vy € T, H, with ||v1]|,, = |lv2ll., = 1, there exists ¢ €
Aut(H) such that 1(z1) = 2o and D(z1)v; = vy. From this follows that
Aut(H) is also diffeomorphic to T'H, the unit tangent bundle of H for the
hyperbolic metric. This is very useful in some other contexts, for instance
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when proving that the geodesic flow for the hyperbolic metric on compact
surfaces with negative Euler characteristic is an Anosov flow [24, Section
17.5).

A straightforward computation shows that in the upper half-plane the
Poincaré metric’s coefficient of conformality is given by A(z) = %Z) The
geodesics in the upper half-plane are the circles and lines orthogonals to the
real axis. The group of isometries Iso(H) is generated by Aut(H) together
with the symmetry around the imaginary axis z — —Zz, which is an antiholo-

morphic involution.

C.1.3 The C; spaces

A third model for the Poincaré metric, crucial in this thesis, is the following;:
given an open interval I = (a,b) C Rlet C; = (C\R)UI = C\ (R\I). Note
that C; is an open, connected and simply connected set which is not the whole
plane. By the Riemann mapping theorem we can endow C; with a complete
and conformal Riemannian metric of constant curvature equal to —1, just
by pulling back the Poincaré metric of D by any conformal uniformization.
Note that I is always a hyperbolic geodesic by symmetry.

We revisit in this section the notion of Poincaré disk, introduced into
the subject by Sullivan in his seminal article [55]: for 6 € (0,7) let D be
the open disk in the plane intersecting the real line along I and for which
the angle from R to 0D at the point b (measured anticlockwise) is 6. Let
DT =Dn{z:3(z) >0} and let D~ be the image of D' under complex
conjugation.

Define the Poincaré disk of angle 6 based on I as Dy(a,b) = DYUITUD™,
that is, Dg(a,b) is the set of points in the complex plane that view I under
an angle > ¢ (see Figure C.1). Note that for § = 7 the Poincaré disk Dy(a, )
is the Euclidean disk whose diameter is the interval (a,b).

In Chapter 4 we mentioned the following:

Lemma C.1.1. Let I = (a,b) fized. For a given 6 € (0,7) let £(0) =

log tan (% — %). The set of points in C; whose hyperbolic distance to I is less

than € is the Poincaré disk Dy(a,b).

Proof. We work first in the upper half-plane. Fix some ¢ > 0 and denote by
U. the set of points in H whose hyperbolic distance to the imaginary axis is
less than €. We claim that U, is the cone:

{zGH:%<tana},

Instituto de Matematica Pura e Aplicada 112 March, 2012



Pablo Guarino Rigidity Conjecture for C3 Critical Circle Maps

0 € (n/2,m)

N
N

0 € (0,7/2)

Figure C.1: Poincaré disk.

where the Euclidean angle « is related to € by the formula:

1 | 1+ sina
e=(=]log|——).
5 ) %\ 1 sina

Indeed, the geodesics orthogonal to the vertical axis are the (upper half
part of the) circles centred at zero. Since the homotheties are isometries of
the hyperbolic metric in H, U, is a cone whose boundary is composed by
two straight lines meeting the vertical geodesic {R(z) = 0} at the origin and
with the same Euclidean angle o € (O, %) We will focus on the right sector,
that is, the complex numbers with positive imaginary part and argument in
(g - a, g) All arcs of circles centred at the origin inside this part of the
cone have the same length (again because the homotheties are isometries).
We want to compute the angle « in terms of this length. Let v : (O, g) — H
such that (t) = €. The distance between (t) and i is:

A (101) = [ 17Oyt = [T s s

R
_/Eds_/o dv (-1 /0 dx+/0 dx
B t sins_ costh_l_ 2 cost1+x costl_w
-1 | 1 —cost 1 | 1+ cost
=—)log| ——— ) == )]log| ————— | .
2 & 1+ cost 2 & 1 —cost
Since a = § — ¢, we have cost = sina and then:
1 | 1+ sino
e=|~=|log | —
2) % \1 "sina )’

as was claimed. Now we translate this information to the new model C;.
Note that is enough to prove the lemma for the case I = (—1,1) (given a < b
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in R, the map z — (1/2)((b—a)z+a+b) is an isometry between C(_ 1) and
C(a,p) that also preserve Euclidean angles).

We need an explicit uniformization from the upper half-plane onto C;.
In this case we cannot expect a Mobius transformation: any biholomorphism
from H to C; must have two (simple) critical points in OH whose images
must be the points —1 and 1 (otherwise C(~1,1) would contain a complex
neighbourhood of —1 and 1). We want a uniformization sending the vertical
geodesic {R(z) = 0} onto (—1,1), so 0 and oo will be its critical points.
Consider the five rational maps on the Riemann sphere C defined by:

o P(z)=2z%

o I(2)=1/z
o Tipp(2) =2+1/2;
o My(z) =2z.

The first map is a quadratic polynomial, and the others four are Mdobius
transformations. Then ® : H — C; defined by:

2241
22 -1

®(z) = (MaoTijpoloT 0P)(z) =

is a biholomorphism that sends the imaginary axis (the part contained in H)
onto the interval I = (—1,1). As we said ® has two simple critical points at
0 and oo (the ones of P) whose images are, respectively, the points —1 and
1. Numbers with positive real part goes to numbers with negative imaginary
part and viceversa. Points in H symmetric about the imaginary axis are
mapped by ® to conjugate points in Cj.

Now we prove that ®(U.) is a Poincaré disk, and compute its angle in
terms of €: since P sends lines passing through the origin to lines passing
through the origin, and since we will apply the involution I to lines not
containing the origin (the pole of I) we already know that the boundary of
the cone in H is transformed by ® onto the arc of a circle bounded by —1
and 1. By the symmetry of ® we have that ®(U.) is a Poincaré disk. We
only need to compute its angle. Given « € (0, %) define c(c) by:

1 —1
(@) = tan(m — 2a) - tan(2a)

Instituto de Matematica Pura e Aplicada 114 March, 2012



Pablo Guarino Rigidity Conjecture for C3 Critical Circle Maps

The map a — ¢(«) is an orientation preserving real-analytic diffeomor-
phism between (O7 g) and the whole real line. Now we apply our composition
® to the cone U.: since P double the angle between lines meeting at the ori-
gin (this is the only moment during the composition that angles are changed,
since the other four maps involved are conformal diffeomorphisms), we need
to apply the involution [ to the straight line:

l={2€C:R(z)=cla)d—1,3(z) =X for A€ (0,400)}.

The angle at —1 between [ and the interval (—1,0) is 7 — 2a. Since I is
conformal and —1 is a fix point, the angle at —1 between /(l) and (— 00, —1)
is also m — 2a.. This give us § = m — 2, now we want to relate 6 directly
with €. The identities:

1+ sina 1+sina\’ o (T« o f(m 0
. = = tan (——i——)ztan —— =,
1 —sino cos v 4 2 2 4

give us:
11 1+sina loe t T 0
= \2) %1 "sina statlly ~ 4 )

and this finishes the proof. O]

C.2 Annular Riemann surfaces

We say that a Riemann surface S is annular if its fundamental group m(5) is
isomorphic to Z. For instance, any open and connected set in the Riemann
sphere C whose complement has exactly two connected components is an
annular Riemann surface. Besides C\ {0} and D\ {0}, the canonical models
are the following:

Lemma C.2.1. Let R > 1 and let A = {z € C: R™' <|z| < R} endowed
with the conformal structure induced by the complex plane.

e The group Aut(Ag) is generated by the rigid rotations and the confor-
mal involution around the unit circle z — 1/z. In particular Aut(Ag)
is isomorphic to O(2), and so is a non-abelian 1-dimensional real com-
pact Lie group with two connected components.

o The group of isometries of the hyperbolic metric in Ag is generated
by Aut(Ag) together with the antiholomorphic involution z — Zz. In
particular the action of Iso(Ag) is non-transitive, since the orbit of a
point zg € Agr under the action is the union of the two circles {z €

Ag |zl = |z0|} and {z € Agr : |z| = 1/|20|}.
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It follows that any biholomorphism or antiholomorphic diffeomorphism of
Apr preserves the unit circle.

Proof. Let m: H — Ag be the holomorphic universal covering map given by:

= (L) o [ (257 ]

where log z denote the principal branch of the logarithm (for z = re with
0 < 0 < 2w, we have log z = logr + i6). Since the fundamental group of Ag
is isomorphic to the integers, the group of automorphisms of the covering
is generated by a single conformal diffeomorphism of the upper-half plane,
which in this case is the homothety 7" : H — H such that 7'(z) = Az, where

A > 11is given by:s
A ™
~ P \logR )

Any biholomorphism (or antiholomorphic diffeomorphism) of Ar must
lift to a biholomorphism (antiholomorphic diffeomorphism) of H, so it must
be a finite composition of the following four models:

Parabolic: z — z + b with b € R (no fixed points and no invariant
geodesics);

Hyperbolic: z + az with a > 0 (no fixed points, a unique invariant
geodesic at the imaginary axis);

Elliptic: z — —1/z (with a single fixed point at 7);

Orientation-reversing: z — —Z (symmetry around the imaginary axis).

Note that horizontal translations (parabolic model) do not project to the
annulus Ag (they do not belong to the normalizer of the group generated by T'
in Aut(H)). The homotheties (hyperbolic model) project to rigid rotations
(z — €Y% with § = (—=2/7)log Rloga) and the elliptic model z + —1/z
projects to z — 1/z. Finally, the orientation-reversing model projects to
z+ 1/Z in Ag (geometric inversion around the unit circle).

Summarizing, if G : Agr — Ap is a biholomorphism or an antiholomorphic
diffeomorphism in the annulus Ag it must be a finite composition of the
geometric involution around the unit circle z — 1/Z, rigid rotations and
the conformal involution around the unit circle z +— é Finally, to see that
Aut(Ag) = O(2), consider the isomorphism that send the involution z — 1/z
to the matrix:
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(0 5)

and any rotation z — €z to the matrix:
cosf) —siné
sinf  cos@ '

The unit circle is the unique simple closed geodesic for the hyperbolic
metric in Ag, and that is why any isometry must preserve it. Since [, Ai] is
a fundamental domain for the covering of the unit circle by 7, the hyperbolic
length of S! in Ap is equal to the hyperbolic distance between i and i in H,
which is precisely log A = 10”?% (consider the parametrization by arc-length
of the imaginary axis v : R — H given by ~(t) = ie'). In particular, log \ is
a conformal invariant of Ag, and so it is R. In Chapter 5 we mentioned the
following estimate:

[]

Lemma C.2.2. Given 1 < r < R consider a = a(r,R) € (0,Z) and ¢ =
e(r, R) > 0 defined by:

B <7T) log r PR 1 o 1+sina
=\ \ogr) ™ °7\2) %\ 1 sina /-
Then A, = {z € Agp : day(2,5) < 5}, where da, is the hyperbolic
distance in the annulus Ag.

Proof. As in the proof of Lemma C.2.1 above consider the holomorphic cov-
ering 7 : H — Apg given by:

r(z) = (%) exp KQIEER) log z} |

The lift of the unit circle by 7 is the vertical geodesic of equation {?R(z) =
0}, and the restriction of 7 to the cone {z € H : R(z) < tan(a) S(z)} covers
the annulus A,. In the proof of Lemma C.1.1 we have shown that this cone
is precisely the set of points in H at hyperbolic distance at most ¢ from the
vertical geodesic {R(z) = 0}. O

From the Uniformization Theorem we are able to classify all annular
Riemann surfaces:
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Theorem C.2.3 (Uniformization of annular Riemann surfaces). Any annu-
lar Riemann surface is conformally equivalent either to C\ {0}, D\ {0} or
to an annulus Ap = {z € C: R™' < |z| < R}. In the last case the value of
R > 1 s unique.

Proof. Let S be an annular Riemann surface, and suppose that S is not
biholomorphic to the punctured plane C\ {0}. By the Uniformization The-
orem S is conformally equivalent to a quotient H/I" where I' = 71(S) is a
subgroup of the group of Mobius transformations of H acting discontinuously
and without fixed points. Since m;(S) = Z the group I' is generated by a
single Mobius transformation v : H — H, and since ¥ has no fixed points in
H and has at most two in H, we have two cases to consider:

1. If 4 has only one fix point in H we can conjugate 1 with a suitable
Mobius transformation ¢ : H — H taking this fix point to oo to ob-
tain for all z € H that ¢(¢(z)) = @(z) + 1. Then ¢ projects to a
biholomorphism ¢ from S to the quotient of H by the group generated
with the horizontal translation z — 2z + 1, and this quotient is con-
formally equivalent to D\ {0}, via the holomorphic universal covering
map 7 : H — D\ {0} defined by z — exp(2miz).

2. If 4 has two fixed points in H we can conjugate ¢ with a suitable
Mobius transformation ¢ : H — H taking these fixed points to 0 and
0o to obtain for all z € H that ¢(¢(z)) = A¢(z) for some A > 1.

Then (; projects to a biholomorphism ¢ from S to the quotient of H
by the group generated with the homothety 2 +— Az, and this quotient
is conformally equivalent to Ag if (and only if) R = exp (%), as we
saw in Lemma C.2.1.

O

Any Riemann surface whose universal covering is H, not conformally
equivalent to H itself, to D\ {0} or to some annulus Ag, has a non-abelian
fundamental group (if S = H and m,(S) is abelian, it must be cyclic. See [14,
Section IV.6.8]). Conversely any Riemann surface with non-abelian funda-
mental group is covered by H (see the discussion after the statement of the
Uniformization Theorem for arbitrary Riemann surfaces).

Let S be an annular Riemann surface not conformally equivalent to D\ {0}
neither to C\ {0}, and let R > 1 such that S = Ar. While the hyperbolic
metric in D\ {0} has no closed geodesics, there exists a unique simple closed
geodesic for the hyperbolic metric in S whose length, equal to 72/ log R, is a
conformal invariant of S. This motivates the following definition:
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Definition C.2.4. Let S be an annular Riemann surface not conformally
equivalent to D\ {0} neither to C\ {0}. Define the conformal modulus of S
by mod(S) = 2log R, where the constant R > 1 is given by Theorem C.2.3.

With this definition the length of the unique simple closed geodesic of
S is equal to 272/ mod(S). In Chapter 3 we gave the analytic definition
of quasiconformal homeomorphisms (see Definition 3.2.3). We give now the
geometric definition:

Definition C.2.5. Let K > 1, and let U and V be two open and connected
sets in the complex plane. An orientation-preserving homeomorphism f :
U — V is K-quasiconformal if for any annulus A compactly contained in U

we have: ]
7 mod(A) < mod (f(A)) < K mod(A).

We wont prove here that both definitions are equivalent, see [32, Chapter
I, Section 7]. To compute the modulus of an annulus is a very hard problem,
a classical approach is by using extremal length methods: for R > 1 let
Ap ={z € C: R™! <|z| < R} be a round annulus symmetric around the
unit circle. Let I'; be the family of connected piecewise C'! arcs contained
in the annulus A which join the boundary circles of Ag, and let I'y be the
family of connected piecewise C! closed curves contained in the annulus Ag
which separate the boundary circles (they have non-zero winding number
about the origin).

For any given measurable function p : C — [0, +00) denote by A(p) the
area of the conformal metric p|dz|, that is:

Alp) = / /C (p(x + iy)) dudy .

We consider only those p such that A(p) € (0,+00). For any + : (a,b) - C
denote by L, (p) its length with respect to p|dz|, that is:

b
Lip) = [ slazl = [ o)y (o)de

if ¢ — p(y(t)) is measurable, and L,(p) = +oco otherwise. Finally, for
i€ {1,2} let:
Li(p) = inf {L,(p)}.

RIS¥
We claim that for any conformal metric p|dz| we have:
Li(p) _ mod(Ar) _ Alp)
Alp) = 2r T L3(p)

(C.2.1)
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Indeed, fix § € [0,27) and let v € 'y be the ray given by v(r) = re? for
r € (1/R, R). Then we have:

o) < 1) = [ slic| = [ " ofreydr

R

for all # € [0,27). By Cauchy-Schwarz inequality we get:

(27Li(p))* < ( / " /1 ' p(?‘@”)drd9>2
(/ / p(re? rdrd@) (/ / —d9>
:(/AR@@+nmcm@>mnmaAm

< A(p)27 mod(Ag).
Therefore: )
mod(Ar) _ Li(p)
2r 7 Alp)
as was claimed. On the other hand, for any circle v centered at the origin
with radius r € (1/R, R) we have:

Lo(p) < Ly(p) = r / " p(re)d6

since parametrizing with v(6) = re’ gives |7/(6)| = r. Then we have:

L 27 ] R d R 2 )
%p) §/ p(re®®)d, and then Lg(p)/ 7’/’ §/ / p(re®)dbdr .
0 + % J0

Again by Cauchy-Schwarz inequality we get that:

12(p)(mod(Ap)) ( / / T e d9dr>

(// p(re” rd@dr) (/ /%ldedr>
(// z+iy) dl‘dy) 2 mod(Ap)

p)2m mod(Ag).
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Therefore:
mod(Az) _ Alp)

2 T L3(p)”

as was claimed. This proves inequalities (C.2.1).
A conformal metric p®*|dz| is said to be an eztremal metric of the families
[’y and I’y in the annulus Ag if both inequalities in (C.2.1) are equalities.
The shortest curves in I'y for such a metric must be the circles around the
origin, which must have all the same length. Moreover p®’ must be an
scalar multiple of |z|~! (to have equality when applying Cauchy-Schwarz).
In particular p®' must be constant when restricted to circles around the
origin. If we normalize with the condition that those circles have length
equal to one, we obtain the conformal metric in the complex plane p®**|dz|
defined by p®'(z) = 277‘ | for any z € Ag, and p®* = 0 in C\ Ag. Let us
show that indeed both inequalities in (C.2.1) are equalities for p°*|dz|. Note

first that:
A(p™) = / /A (0! (z + iy)) *ddy

RR 2 ) 9
_ / / (o= (re®)) 2 dBdr
/ / QW T dbdr

mod AR
2T

From the definition of p** we see at once that the shortest curves joining the
boundary circles of Ap are the rays v(r) = re? for r € (1/R, R) and fixed
6 € [0,2r). For any such ray v we have:

L) = [ il = [ o retyar = & [0 med(Aa)
R R

v R

and therefore:
L3(p*™™")  mod(Ag)

A<pemt) o 1T )

as was claimed. On the other hand, for any v € I's we have:
o o 1 |dz| 1 dz 1 dz
b = oo =5 | 52 5 [ S =l [ S
gl g g g
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since curves in I's have non-zero winding number about the origin. But for
any circle v centered at the origin with radius r € (1/R, R) we have the
equality L. (p®") = 1, and then Ly(p*) = 1, and then:

A(p™) mod(Ag)
=A ert\ __
By~ AT =

Therefore the conformal metric p®*|dz| is the extremal metric (unique up to
multiplication by a constant) for both families I'; and T's in the annulus Ag
as was claimed. For more about extremal length methods we refer the reader
to the books [1, Chapter I, Section D] and [32, Chapter I, Section 6].
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APPENDIX D

Proof of Proposition 3.3.2

In this appendix we give the proof of Proposition 3.3.2 of Chapter 3:

Proof of Proposition 3.3.2. Assume that each p, is defined in the whole com-
plex plane, just by extending as zero in the complement of the domain U,
that is:

fin(2) 0G,(2) = 0G,.(2) for a.e. z € U, and p,(2) =0 for all z € C\ U.

Fix n € N. If p, = 0 we take H,, = G,|v, so assume that ||in|e > 0
and fix some small € € (0,1 — ||t ]|s0). Denote by A the open disk B(0, (1 —
€)/||ptnlls0) centred at the origin and with radius (1—¢)/|| ]| in the complex

plane (note that D C A). Consider the one-parameter family of Beltrami
coefficients {y,(t)},_, defined by:

teA
fin(t) = tpin.

Note that for all ¢ € A we have H,un(t)Hoo < 1—¢ < 1. Denote by f#»() the
solution of the Beltrami equation with coefficient p,(t), given by Theorem
3.2.4, normalized to fix 0, 1 and co. Note that f#*(©) is the identity and that,
by uniqueness, there exists a biholomorphism H,, : f*()(U) — G,,(U) such
that:

G, = H, o f*M in U.

By Ahlfors-Bers theorem (Theorem 3.3.1) we know that for any z € C the
curve { f*()(z) : t € [0,1]} is smooth, that is, the derivative of f#»() with
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respect to the parameter ¢ exists at any z € C and any s € [0,1]. Following
Ahlfors [1, Chapter V, Section C], we use the notation:

fn(z,s) = lim freiz) = () )

t—0 t

The limit exists for every z € C and every s € [0,1] (actually for every
s € A), and the convergence is uniform on compact sets of C. Then we have:

1
Hf“"(l) — IdHCo(U) = sup{‘f”n(l)(z) — z‘} < sup {/ ‘fn(275)‘d3} .
zeU zeU 0

Moreover, f, has the following integral representation (see [1, Chapter V,
Section C, Theorem 5| for the explicit computation):

fulz5) (: )b//"un S(P O w), 70 (2)) (0 (w))* didy

for every z € C and every s € [0, 1], where w = = + iy and:

1z z—1 z2(z—1)
S<w’z)_w—z w—l+ w w(w—1)(w—2)°

Since each p,, is supported in U we have:

oz, 9) ( :)b//" S(P) w), [00(2) (05 (1) didy

From the formula:

|afun<s>(w)|2 = (1 yE 1 2) det (Dfun(s)(w))

2] (w)|
we obtain:
s < L [ (0 in(3) ()} | § () (1), Fn5) (5
he] = 2 [ (T ) et () (740 ), 429 (2)) iy
l ||Mn||oo ) kn(s kn(s) Hn S) T
<3 (=t //@tﬂf )IS(F 2 w), fo5(e)) dwdy
1

w , frn(s) dxdy .
(=) )l

Therefore the length of the curve { f“"(t)(z) :t €[0,1]} is less or equal than:

I/IK s )//
— w , frn(s) dxdy| ds <
S AT EETR ) )]

March, 2012
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< (2) (i) [ U tote e an] as

If we define:

)= (Dap{ [ [[] . 180 ) o] s},

we get:

(1) Il £2n ] oo
T e Hunuzo) A

We have two remarks:

First remark: since p,, — 0 in the unit ball of L>, we know by Proposition
3.2.5 that for any s € [0, 1] the normalized quasiconformal homeomorphisms
() converge to the identity uniformly on compact sets of C, in particular
on U. Therefore the sequence M, (U) converge to:

(&)l tsteapaeant < (5) s f st <

For fixed z € C we have that S(w, z) is in L'(C) since it has simple poles
at 0, 1 and z, and is O(|w|™®) near co. The finiteness follows then from the
compactness of U.

Second remark: z — x/(1 — ?) is an orientation-preserving real-analytic
diffeomorphism between (—1,1) and the real line, which is tangent to the
identity at the origin. In fact /(1 — 2?) = x + o(2?) in (—1,1).

With this two remarks we obtain n; € N such that for all n > n; we have:

7420 = 1] oy < MU 120lloo,

M(U) = (i) sup{/ |5 (w, 2 \da:dy}

Since V' is compactly contained in the bounded domain U, the boundaries
0V and OU are disjoint compact sets. Let § > 0 be its Euclidean distance,
that is, 0 = d(0V,0U) = min{|z —w| : z € OV,w € OU}. Again by
Proposition 3.2.5 we know, since u,, — 0, that there exists ny > n; in N such
that for all n > ng we have V C f#()(U) and moreover:

fﬂn(l)(U) D B(z,0/2) forall ze V.

where:

If we consider the restriction of H,, to the domain V' we have:
(1
||H’ﬂ - GnHCO(V) S ||H;L||CO(V) Hfﬂ W IdHCO(U)
< [[Hpll ooy M (U)o
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By Cauchy’s derivative estimate we know that for all z € V:

1 H,
me = |os [ 2
21 Jop(z5/2) (W — 2)
< 2|[Hn|| o pun )
- )
_ 2||Gullcow)
1)
2
< TR for all n > ny.
That is: R
|H,, for all n > ny,

leow, = d(oV,0U)

and we obtain that for all n > ng:

= () (] e e}

Therefore is enough to consider:

CU) = ( )325{// |5 (w, z) \dxdy}
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