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ABSTRACT. We prove existence of finitely many ergodic equilibrium states for
a large class of non-uniformly expanding local diffeomorphisms on compact
manifolds and Hélder continuous potentials with not very large oscillation.
No Markov structure is assumed. If the transformation is topologically mixing
there is a unique equilibrium state, it is exact and satisfies a non-uniform
Gibbs property. Under mild additional assumptions we also prove that the
equilibrium states vary continuously with the dynamics and the potentials
(statistical stability) and are also stable under stochastic perturbations of the
transformation.
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1. INTRODUCTION

The theory of equilibrium states of smooth dynamical systems was initiated
by the pioneer works of Sinai, Ruelle, Bowen [Sin72, BR75, Bow75, Rue76]. For
uniformly hyperbolic diffeomorphisms and flows they proved that equilibrium states
exist and are unique for every Holder continuous potential, restricted to every basic
piece of the non-wandering set. The basic strategy to prove this remarkable fact
was to (semi)conjugate the dynamics to a subshift of finite type, via a Markov
partition.

Several important difficulties arise when trying to extend this theory beyond the
uniformly hyperbolic setting and, despite significant progress by several authors, a
global picture is still very far from complete. For one thing, existence of generating
Markov partitions is known only in a few cases and, often, such partitions can
not be finite. Moreover, equilibrium states may actually fail to exist if the system
exhibits critical points or singularities (see Buzzi [Buz01]).

A natural starting point is to try and develop the theory first for smooth sys-
tems which are hyperbolic in the sense of Pesin theory: Lyapunov exponents are
non-zero “almost everywhere”. This approach was advocated in Alves, Bonatti,
Viana [ABV00] where the authors assume non-uniform hyperbolicity at Lebesgue
almost every point and deduce existence and finiteness of physical (Sinai-Ruelle-
Bowen) measures. In this setting, physical measures are absolutely continuous with
respect to Lebesgue measure, along expanding directions. However, it was not im-
mediately clear how this kind of hypothesis may be useful in general, since one
expects most equilibrium states to be singular with respect to Lebesgue measure.

Nevertheless, in a series of recent works, Oliveira, Viana [OV07] managed to
push this idea ahead and prove existence and prove existence and uniqueness of
equilibrium states for a fairly large class of smooth transformations on compact
manifolds, inspired by [ABV00]. Roughly speaking, they assume the transforma-
tion is expands on most of the phase space, possibly with some mild contracting
behavior on the complement. Moreover, they assume the potential is Holder con-
tinuous and its oscillation sup ¢ — inf ¢ is not too big. However, their approach is
limited by a number of additional conditions that do not seem natural, including
the existence of a Markov partition. In a similar context, Arbieto, Matheus [AM]
prove the equilibrium states exhibit exponential decay of correlations for all Hélder
continuous observables. More recently, Pinheiro [Pin07] constructed general in-
ducing schemes for a large class of non-invertible transformations that contain the
setting of [ABV00] and every measure satisfying very weak expanding conditions.

Other important contributions outside of the uniformly hyperbolic setting in-
clude works by Leplaideur, Rios [LR06] on horsehoes with tangencies at the bound-
ary of hyperbolic systems, Bruin, Keller, Todd [BK98, BT06, BT07], Pesin, Senti
[PS05, PS06, PSZ07], Denker, Przytycki, Urbanski [DU91a, DU91b, DPU96] on
one-dimensional maps, inducing schemes and rational functions on the Riemann
sphere, Buzzi, Maume, Paccaut, Sarig, Schmitt [Buz99, BPS01, BMD02, BS03,
Sar99, Sar03] and Yuri [Yur99, Yur03] on piecewise expanding maps in higher di-
mensions, countable Markov shifts and maps with indifferent periodic points, just
to refer to some of the most recent advances.

In this work we build a unified and rather complete theory of existence and finite-
ness of equilibrium states for the class of non-uniformly expanding transformations
originally proposed in [ABV00, Appendix], that strictly contains the setting of
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[OV07] and includes, for instance, transformations derived from expanding ones
via deformation by isotopy.

One important point is that we completely remove the need for a Markov par-
tition (generating or not). In fact, one of the technical novelties with respect to
previous recent works in this area is that we prove, in an abstract way inspired
by Ledrappier [Led84], that every equilibrium state must be absolutely continuous
with respect to a certain conformal measure. When the map is topologically mix-
ing, the equilibrium state is unique, and a non-lacunary Gibbs measure. We also
prove stability of the equilibrium states under random noise (stochastic stability)
and continuity under variations of the dynamics (statistical stability).

Our strategy to prove these results combines notions from the qualitative theory
of non-uniformly hyperbolic dynamical systems (e.g. Pesin’s local unstable leaves)
with the quantitative notion of hyperbolic times introduced in [Alv00, ABV00] and
goes as follows. First we construct an expanding conformal measure v as a special
eigenmeasure of the dual of the Ruelle-Perron-Frobenius operator. Then we show
that every accumulation point p of the Cesaro sum of the push-forwards fl'v is an
invariant probability measure that is absolutely continuous with respect to v with
density bounded away from infinity, and that there are finitely many distinct such
ergodic measures. In addition, we prove that these absolutely continuous invariant
measures are equilibrium states, and that any equilibrium state is necessarily an
expanding measure. Finally, we establish an abstract version of Ledrappier’s the-
orem [Led84] and characterize equilibrium states as invariant measures absolutely
continuous with respect to v.

This paper is organized as follows. The precise statement of our results is given
in Section 2. We included in Section 3 preparatory material that will be necessary
for the proofs. Following the approach described above, we construct an expanding
conformal measure and prove that there are finitely many invariant and ergodic
measures absolutely continuous with respect it through Sections 4 and 5. In Sec-
tion 6 we prove Theorems A and B. In Section 7 we prove the stochastic and
statistical stability results stated in Theorems C and D. Some examples are pre-
sented in Section 8. Finally, in Section 9 we discuss our assumptions, interesting
problems and some perspectives.

2. STATEMENT OF THE RESULTS

2.1. Hypotheses. We consider M to be a connected, compact Riemannian mani-
fold of dimension m without boundary and d be the distance induced by the Rie-
mann metric. For all our results we assume that f and ¢ satisfy conditions (H1),
(H2), and (P) stated in what follows.

Let f: M — M denote a C*** local diffeomorphism, for some o € (0,1), and
assume that there exist constants ¢ > 1 and L > 0, and an open region A C M
such that

(H1) ||[Df(z)7Y| < L for every z € A and ||Df(z)7 ]| < o~} for all z € M\ A,
and L is close to 1: the precise conditions are given in (3.2) and (3.3) below.

(H2) There exists ko > 1 and a covering P = { Py, ..., Py, } of M by domains of
injectivity for f such that A can be covered by ¢ < deg(f) elements of P.

The first condition means that we allow expanding and contracting behavior to
coexist in M: f is uniformly expanding outside .4 and not too contracting inside
6



A. The second one requires that every point has at least one preimage in the
expanding region.

In addition we assume that ¢ : M — R is Holder continuous and that its variation
is not too big. More precisely, assume that:

(P) sup ¢ < inf ¢ + logdeg(f) — loggq.

Notice this is an open condition on the potential, relative to the uniform norm, and
it is satisfied by constant functions. It can be weakened somewhat. For one thing,
all we need for our estimates is the supremum of ¢ over the union of the elements
of P that intersect A. With some extra effort (replacing the g elements of P that
intersect A by the same number of smaller domains), one may even consider the
supremum over A. However, we do not use nor prove this fact here.

Let us comment on this hypothesis. A related condition, Piop(f, @) > sup ¢,
was introduced by Denker, Urbariski [DU91a] in the context of rational maps on
the sphere. Another related condition, P(f,¢$,0Z) < P(f,¢), is used by Buzzi,
Paccaut, Schmitt [BPS01], in the context of piecewise expanding multidimensional
maps, to control the map’s behavior at the boundary 0Z of the domains of smooth-
ness: without such a control, equilibrium states may fail to exist [Buz01]. Condition
(P) seems to play a similar role in our setting.

2.2. Existence of equilibrium states. We say that f is topologically mizing if,
for each open set U there is a positive integer N so that f¥(U) = M. Let B denote
the Borel g-algebra of M. An f-invariant probability measure 7 is ezact if the
o-algebra Bog = Ny>0f "B is n-trivial, meaning that it contains only zero and full
n-measure sets. Given a continuous map f : M — M and a potential ¢ : M — R,
the variational principle for the pressure asserts that

Piop(f, ) = sup {hu(f) + / o dy:pis f—invariant}

where Piop(f, ¢) denotes the topological pressure of f with respect to ¢ and h,(f)
denotes the metric entropy. An equilibrium state for f with respect to ¢ is an
invariant measure that attains the supremum in the right hand side above.

Theorem A. Let f: M — M be a local diffeomorphism and ¢ : M — R a Hoélder
continuous potential satisfying (H1), (H2), and (P). Then, there is a finite number
of ergodic equilibrium states pi, s, ..., 1 for f with respect to ¢ such that any
equilibrium state | is a convex linear combination of p1, ta, - . ., k. In addition, if
the map [ is topologically mizing then the equilibrium state is unique and exact.

Our strategy for the construction of equilibrium states is, first to construct a
certain conformal measure v which is expanding and a non-lacunary Gibbs mea-
sure. Then we construct the equilibrium states, which are absolutely continuous
with respect to this reference measure v. Both steps explore a weak hyperbolicity
property of the system. In what follows we give precise definitions of the notions
involved.

A probability measure v, not necessarily invariant, is conformal if there exists
some function ¢ : M — R such that

() = [ e vav

for every measurable set A such that f | A is injective.
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Let Sp¢ = Z;:Ol ¢ o f7 denote the nth Birkhoff sum of a function ¢. The
dynamical ball of center x € M, radius § > 0, and length n > 1 is defined by
B(a,n,8) = {y € M : d(f’(y), f(x)) <4, V0 < j < n}.
An integer sequence (ng)g>1 is non-lacunary if it is increasing and ny11/ng — 1

when k — oo.

Definition 2.1. A probability measure v is a non-lacunary Gibbs measure if there
exist uniform constants K > 0, P € R and 0 > 0 so that, for v-almost every x € M
there exists some non-lacunary sequence (ny)x>1 such that

-1 V(B(x7nk’5))
oS ST Pt Sudl) =

for every y € B(xz,ng,0) and every k > 1.

The weak hyperbolicity property of f is expressed through the notion of hyper-
bolic times, which was introduced in [Alv00, ABV00]. We say that n is a c-hyperbolic
time for x € M if

n—1
I IDf(f (@) < e for every 1 < k < n. (2.1)
j=n—k
Often we just call them hyperbolic times, since the constant ¢ will be fixed, as in
(3.2). We denote by H the set of points x € M with infinitely many hyperbolic
times and by H; the set of points having j > 1 as hyperbolic time. A probability
measure v, not necessarily invariant, is ezxpanding if v(H) = 1.

The basin of attraction of an f-invariant probability measure p is the set B(u)

of points x € M such that

1 n—1
Z dpi(x) converges weakly to p when n — oo.
j=0

Theorem B. Let f : M — M be a local diffeomorphism and ¢ : M — R be a
Hélder continuous potential satisfying (H1), (H2), and (P). Let uy,pa,. .., pr be
the ergodic equilibrium states of f for ¢. Then every p; is absolutely continuous
with respect to some conformal, erpanding, non-lacunary Gibbs measure v. The
union of all basins of attraction B(u;) contains v-almost every point x € M. If, in
addition, f is topologically mixing then the unique absolutely continuous invariant
measure p is a non-lacunary Gibbs measure.

n

As a byproduct of the previous results we can obtain the existence of equilibrium
states for continuous potentials satisfying (P). Without some extra condition no
finitude of equilibrium states is expected to hold.

Corollary 1. Let f : M — M be a local diffeomorphism satisfying (H1) and
(H2). If ¢ : M — R is a continuous potential satisfying (P) then there exists an
equilibrium state for f with respect to ¢.

2.3. Stability of equilibrium states. Let F be a family of local diffeomorphisms

and W be some family of continuous potentials ¢. A pair (f,¢) € F x W is

statistically stable (relative to F x W) if, for any sequences f,, € F converging to f

in the C'T-topology and ¢,, € W converging to ¢ in the uniform topology, and for

any choice of an equilibrium state u,, of f, for ¢,, every weak* accumulation point
8



of the sequence (n)n>1 is an equilibrium state of f for ¢. In particular, when the
equilibrium state is unique, statistical stability means that it depends continuously
on the data (f, ).

Theorem C. Suppose every (f,¢) € F x W satisfies (H1), (H2), and (P), with
uniform constants (including the Holder constants of ¢). Assume that the topologi-
cal pressure Pyop(f, @) varies continuously in the parameters (f,¢) € F x W. Then
every pair (f,¢) € F x W is statistically stable relative to F x W.

The assumption on continuous variation of the topological pressure might hold
in great generality in this setting. See the comment at the end of Subsection 7.1
for a discussion.

Now let F be a family of local diffeomorphisms satisfying (H1) and (H2) with
uniform constants. A random perturbation of f € F is a family 0., 0 < ¢ <1
of probability measures in F such that there exists a family V.(f), 0 < e < 1 of
neighborhoods of f, depending monotonically on € and satisfying

supp6. C Vo(f) and () Vi(f) ={f}.

0<e<1
Consider the skew product map
F:FNxM — FxM
(tz) — (o(b), /1i(2))

where f = (f1, f2,...) and o : F~ — FN is the shift to the left. For each ¢ > 0, a
measure p® on M is stationary (respectively, ergodic) for the random perturbation
if the measure 0 x 1 on FN x M is invariant (respectively, ergodic) for F.

We assume the random-perturbation to be non-degenerate, meaning that, for
every € > 0, the push-forward of the measure 6. under any map

F 39— g(x)

is absolutely continuous with respect to some probability measure v, with density
uniformly (on z) bounded from above, and its support contains a ball around f(x)
with radius uniformly (on x) bounded from below. The first condition implies that
any stationary measure is absolutely continuous with respect to v. In Theorem 7.3
we shall use also the second condition to conclude that, assuming v is expanding and
conformal, for any £ > 0 there exists a finite number of ergodic stationary measures
uS, 15, ..., puf. We say that f is stochastically stable under random perturbation
if every accumulation point, as ¢ — 0, of stationary measures (u°).~o absolutely
continuous with respect to v is a convex combination of the ergodic equilibrium
states p1, po, ..., pug of f for ¢.

A Jacobian of f with respect to a probability measure 7 is a measurable function
Jpf such that

n(f(A))=/AJnfdn (2.2)

for every measurable set A (in some full measure subset) such that f | A is injective.
A Jacobian may fail to exist, in general, and it is essentially unique when it exists.
If f is at most countable-to-one and the measure 7 is invariant, then Jacobians do
exist (see [Par69]).

Theorem D. Let (0:): be a non-degenerate random perturbation of f € F and
v be the reference measure in Theorem B. Assume v admits a Jacobian for every
9



g € F, and the Jacobian varies continuously with g in the uniform norm. Then f
is stochastically stable under the random perturbation (0.)..

The conditions on the Jacobian are automatically satisfied in some interesting
cases, for instance when v is the Riemannian volume or f is an expanding map. This
is usually associated to the potential ¢ = —log|det(Df)|. Example 8.1 describes
a situation where this potential satisfies the condition (P).

3. PRELIMINARY RESULTS

Here, we give a few preparatory results needed for the proof of the main results.
The content of this section may be omitted in a first reading and the reader may
choose to return here only when necessary.

3.1. Combinatorics of orbits. Since the region A is contained in ¢ elements of the
partition P we can assume without any loss of generality that A is contained in the
first g elements of P. Given v € (0,1) and n > 1, let us consider the set I(~y,n) of all
itineraries (ig,...,%n—1) € {1,...,ko}"™ such that #{0 < j <n-—1:4; <q} > yn.
Then let

¢y = limsup % log #I1(v,n). (3.1)

n—oo
Lemma 3.1. Given ¢ > 0 there exists o € (0,1) such that ¢, < logq+¢ for every
v e (70’ 1)'
Proof. Tt is clear that

#I(v,n) < Y ( I )p”_"'q’“ < ) ( Y )p(l_”)”q”,

k=[yn] k=[yn]

where p = kg — ¢ denotes the number of elements in P that do not intersect A.
Assume that v > 1/2. A standard computation using Stirling’s formula implies

that
- n E n 2t(1—vy)n
2 (5)<5( )0

k=[yn]

for some uniform constants C; > 0 and ¢ > 0. Hence ¢, < loggq + ¢ provided that
~ is sufficiently close to 1, which proves the lemma. O

We are in a position to state our precise condition on the constant L in assump-
tion (H1) and the constant ¢ in the definition of hyperbolic time. By (P), we may
find ¢ > 0 small such that sup ¢ — inf ¢ + ¢¢ < logdeg(f) — logg. By Lemma 3.1,
we may find v < 1 such that ¢, < loggq + /4. Assume L is close enough to 1 and
c is close enough to zero so that

o I <em* <1 (3.2)
and

sup ¢ — inf ¢ < logdeg(f) —logg —eg — mlog L (3.3)
10



3.2. Hyperbolic times. The next lemma, whose proof is based on a lemma due
to Pliss (see e.g. [Man87]), asserts that, for points satisfying a certain condition of
asymptotic expansion, there are infinitely many hyperbolic times: even more, the
set of hyperbolic times has positive density at infinity.

Lemma 3.2 ([ABV00] Corollary 3.2). Let x € M and n > 1 be such that
1 & o
~ D _log|[DF(fI ()|l < —2¢ < 0.
j=1

Then, there is 0 > 0, depending only on f and c, and a sequence of hyperbolic times
1<ni(z) <ng(z) <--- <my(z) <n forz, withl>6On .

Corollary 3.3. Let n be a probability measure relative to which

l — ,
lim sup — log |Df(F3(2))7| < =2¢ <0
msup > log |Df(() 7 <

j=1

holds almost everywhere. If A is a positive measure set then

.1
lim inf —
n—oo N 4

J

Z n(ANH;) _ 6
— n(4) 2

Proof. By Lemma 3.2, for n-almost every point & € M there is N(z) € N so that
n~t Z;:Ol xu,; () > 0 for every n > N(z). Fix an integer N > 1 and choose

A C Aso that n(A) > n(A)/2 and N(z) > N for every z € A. If we integrate the
expression above with respect to n on A we obtain that

1 0
> n(H; N A) > 0n(A) > 5

Jj=0

n(A)

for every integer n larger than N, completing the proof of the lemma. (Il

Lemma 3.4 ([ABVO00] Lemma 2.7). There ezists § = d(c, f) > 0 such that, when-
ever n is a hyperbolic time for a point x, the dynamical ball V,,(z) = B(x,n,d) is
mapped diffeomorphically by f™ onto the ball B(f™(x),d), with

d(f" 7 (y), [7(2) < e (" (y), f7(2))
for every 1 < j < n and every y,z € V,,(z).
If n is a hyperbolic time for a point x € M, the neighborhood V,,(z) given by the

lemma above is called hyperbolic pre-ball. As a consequence of the previous lemma,
we obtain the following property of bounded distortion on pre-balls.

Corollary 3.5. Assume J,,f = eV for some Hélder continuous function 1. There
exist a constant Ky > 0 so that, if n is a hyperbolic time for x then

Ko—l < Inf (y) < K,

= T )
for every y, z € Vy,(x).
11



Proof. Let n a hyperbolic time for a point « in M and (C, ) be the Holder constants
of ¢. Then

150(y) — Sut(2)] < 3P ) — B(F ()] < C S d(fi (), (2))"
=0 j=0

for any given y, 2z € V,,(x). Using Lemma 3.4 we deduce that

+oo Foo
St (y) = Sut(2)] < C Y e /Pd(f™ (@), f*(y))* < O3 eI/,
Jj=0 j=0

Choosing K as the exponential of this last term and noting J, f" is the exponential
of S,,1, the result follows immediately. O

3.3. Non-lacunary sequences. The set H of points with infinitely many hyper-
bolic times plays a central role in our strategy. We are going to see that for such a
point the sequence of hyperbolic times has some special properties. The first one
is described in the following remark:

Remark 3.6. If n is a hyperbolic time for x then, clearly, n — s is a hyperbolic
time for f*(z), for any 1 < s < n. The following converse is a simple consequence
of (2.1): if k < m is a hyperbolic time for z and there exists 1 < s < k such that
n — s is a hyperbolic time for f*(z) then n is a hyperbolic time for x. Thus, if
nj(z), 7 > 1 denotes the sequence of values of n for which x belongs to H,, then,
for every j and [

nj(@) + i (f" 9 (2)) = njpa(x)
We will refer to this property as concatenation of hyperbolic times. Moreover, if

n is a hyperbolic time for x and k is a hyperbolic time for f™(z), the intersection
Vo (z) N f7¥(Vi(f*¥(x))) coincides with the hyperbolic pre-ball V,, ;4 (x).

The next lemma, that is borrowed from [OV07], provides an abstract criterium
for non-lacunarity at almost every point of certain sequences of functions.

Lemma 3.7. LetT: M — N andT; : M — N , i € N be measurable functions and
n be a probability measure such that

T(fTO (2)) = Tiva(2) - Ti(w)

at n-almost every x € M. Assume n is invariant under f and T is integrable for 7.
Then (T;(x)); is non-lacunary for n-almost every x.

Proof. Fix x € M. By definition, (7;(z)); is non-lacunary if and only if for every
positive rational number § there exists ig > 1 such that T;y;(x) — T;(x) < BT;(x)
for every i > ig:

{o: {T@)} is lacwnary } = | {o: Ty (2) = Ti(e) = BTi(x) i.0.}
BeQ+
(i.o. stands for ‘infinitely often’). By hypothesis, this set is contained in
U {z: T(fT® (z)) > BTi(z) i.0.} C U {z:T(f"(z)) > pnio.}

BeQ+ BeQ+
12



and so it suffices to show that the last set has zero measure for any 3 € Q. This
follows directly from Borel-Cantelli, together with the observation that, since 7 is
f-invariant,

Y oz : T(f"(@) = pn}) =D _n({z: T(x) > fn})

and this is bounded above by >~ in({T = j}) = [ T'dn < oo. O

The application we have in mind is when T; = n; is the sequence of hyperbolic
times, with T" = n;. In this case the assumption of the lemma follows from the
concatenation property in Remark 3.6. In this way we obtain

Corollary 3.8. If n is an invariant expanding measure and ni(-) is n-integrable
then the sequence n;(-) is non-lacunary at n-almost every point.

3.4. Relative pressure. We recall the notion of topological pressure on non neces-
sarily compact invariant sets, and quote some useful properties. In fact, we present
two alternative characterizations of the relative pressure, both from a dimensional
point of view. See Chapter 4 §11 and Appendix II of [Pes97] for proofs and more
details.

Let M be a compact metric space, f : M — M be a continuous transformation,
¢ : M — R be a continuous function, and A be an f-invariant set.

Relative pressure using partitions: Given any finite open covering U of A, denote
by Z,, the space of all n-strings i = {(Uo,...,Un—1) : U; € U} and put n(i) = n.
For a given string i set

U=U@i)={zeM: fi(x) €U, for j=0...n(i)}

to be the cylinder associated to i and n(U) = n to be its depth. Furthermore, for
every integer N > 1, let SyU be the space of all cylinders of depth at least N.
Given a € R define

o(fr AU N) =i f{ —cm<!>+sn<g>¢@>}7
ma(fs ¢ ) in I;ge

where the infimum is taken over all families G C SyU that cover A and we write

$n6(U) = sup, ey Snd(). Let
ma(f,6.0,U) = lim ma(f, 6, AU, N)
(the sequence is monotone increasing) and
Pa(f.6.U) = inf {or - ma(f.6, A U) = 0},
Definition 3.9. The pressure of (f,¢) relative to A is
Pa(f,9) lim  Py(f,¢,U).

- diam (i) —0

Theorem 11.1 in [Pes97] states that the limit does exist, that is, given any se-
quence of coverings Uy, of L with diameter going to zero, Pr(f, ¢,Ux) converges and
the limit does not depend on the choice of the sequence.

Relative pressure using dynamical balls:
13



Fix e > 0. Set Z,, = M x {n} and Z = M x N. For every « € R and N > 1,
define
mo(f, ¢, A, e, N) = igf{ Z e~ an+Snd(B(z,n.e) }, (3.4)
(z,n)€gG
where the infimum is taken over all finite or countable families G C U,>nZ,, such
that the collection of sets {B(z,n,¢) : (z,n) € G} cover A. Then let

malf, 6. A,2) = Jim ma(f, ¢, AU, N)

(once more, the sequence is monotone increasing) and

Pa(f,¢,¢) = inf {a: mqa(f, ¢, A, e) = 0}.

According to Remark 1 in [Pes97, Page 74] there is a limit when ¢ — 0 and it
coincides with the relative pressure:

PA(f7¢) :;LH%PA(f7¢7€)'

Remark 3.10. Since ¢ is uniformly continuous, the definition of the relative pressure
is not affected if one replaces, in (3.4), the supremum S, ¢(B(x,n,e)) by the value
Sp¢(x) at the center point.

The following properties on relative pressure, will be very useful later. See
Theorem 11.2 and Theorem A2.1 in [Pes97], and also [Wal82, Theorem 9.10].

Proposition 3.11. Let M be a compact metric space, f : M — M be a continuous
transformation, ¢ : M — R be a continuous function, and A be an f-invariant set.
Then
(1) Pa(f,¢) > sup {hﬂ(f) + fgbdu} where the supremum is over all invariant
measures p such that u(A) = 1. If A is compact, the equality holds.

(2) Ptop(f7 (b) = Sup{PA(f7 ¢>7 PM\A(fa ¢)}

The proof of the next proposition, which is probably well-known but that we
could not find in the literature, was obtained jointly with Marcelo Viana.

Proposition 3.12. Let M be a compact metric space, f : M — M be a continuous
transformation, ¢ : M — R be a continuous function, and A be an f-invariant set.
Then Pa(f¢, Sep) = LPx(f, ) for every £ > 1.

Proof. Fix £ > 1. By uniform continuity of f, given any p > 0 there exists € > 0
such that d(x,y) < e implies d(f?(x), f/(y)) < p for all 0 < j < £. Tt follows that
By(x,¢n,e) C Bye(x,n,€) C By(z,In,p), (3.5)

where By(z,n,e) denotes the dynamical ball for a map g. This is the crucial
observation for the proof.

First, we prove the > inequality. Given N > 1 and any family G, C U,>nZ,
such that the balls By (x, j,¢) with (z,7) € Gy cover A, denote

g= {(ZE,]E) : (JL‘,]) € gé}

The second inclusion in (3.5) ensures that the balls B¢ (x, k, p) with (z, k) € G cover
A. Clearly,

T et S0 ) o F ekt I 6 @),

(z,5)€G¢ (z,k)EG
14



Since Gy is arbitrary, and recalling Remark 3.10, this proves that
maé(fe7 SZ¢, A7 57 N) Z ma(fa (ba A7 p7 NE)

Therefore, ma[(fza SZ¢; A7 5) > moz(fa (7257 Aa ,0) Then PA(fea Sg(,b, 5) > EPA(fa (,25, p)
Since € — 0 when p — 0, it follows that Py (f*, Se¢) > £PA(f, ®).

For the < inequality, we observe that the definition of the relative pressure is not
affected if one restricts the infimum in (3.4) to families G of pairs (z, k) such that k
is always a multiple of £. More precisely, let m’,(f, ¢, A, e, N) be the infimum over
this subclass of families, and let m% (f, #, A, €) be its limit as N — oco.

Lemma 3.13. We have m(f, ¢,A,€) < ma—_,(f, ¢, A, ) for every p > 0.

Proof. We only have to show that, given any p > 0,
mﬁ(f)¢7A7E7N) S mafp(f)¢?A7E7N) (36)

for every large N. Let p be fixed and N be large enough so that Np > ¢(a+sup|d|).
Given any G C U,>nZ, such that the balls B¢(z,k,¢) with (z,k) € G cover A,
define G’ to be the family of all (z, k'), k' = £[k/{] such that (x, k) € G. Notice that

—ak’ + Spo(z) < —ak + al + Spp(x) + Lsup |¢| < (—a+ p)k + Spp(x)
given that £ > N. The claim follows immediately. 0
Let G’ be any family of pairs (z,k) with & > N/ and such that every k is a
multiple of ¢. Define Gy to be the family of pairs (x,j) such that (z,j¢) € G’. The

first inclusion in (3.5) ensures that if the balls By(x,k, ) with (z,k) € G’ cover A
then so do the balls By (x, j,€) with (z,j) € Go. Clearly,

3 e ORI 50 ¢ (@) — 3 eIty Sed(f (@)
(z,k)€g’ (z,5)€Ge
Since Gy is arbitrary, and recalling Remark 3.10, this proves that
mb(f, 6, A8, NO) > mes(f*, Sed, e, N).

Taking the limit when N — oo and using Lemma 3.13,

Map(f, 0,0, €) 2 Mg (f,0, A, €) 2 mae(F*, Seb, A €).
It follows that ¢(Px(f, ¢,€) +p) > Pa(f%, Sed, ). Since p is arbitrary, we conclude
that £Px(f, d,¢) > Pa(f*, Se¢,€) and so Pa(f*, Sed) > LPA(f,¢). O

The next lemma will be used later to reduce some estimates for the relative
pressure to the case when ¢ = 0. Denote hp(f) = PA(f,0) for any invariant set A.

Lemma 3.14. Py(f,¢) < ha(f) + sup ¢.

Proof. Let U be any open covering of M and N > 1. By definition,
malf, 6, AU N) =inf { 37 emon@+Snawet ],
g
Ueg
where the infimum is taken over all families G C SyU that cover A. Therefore,
ma(£,6, MU N) <inf { 37 eCormOn@h — o (£,0,AUN),
Ueg

Since N and U are arbitrary, this gives that Py (f, ®) < ha(f)+sup ¢, as we wanted
to prove. (Il
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3.5. Natural extension and Pesin’s theory. Here we present the natural ex-
tension associated to a non-invertible transformation and recall some results on the
existence of (local) stable and unstable manifolds in the context of non-uniform
hyperbolicity.

Let (M, B,n) be a probability space and let f denote a measurable non-invertible
transformation. Consider the space

M = {(...71'2,.’)3‘17.’170) S MN : f($i+1) =x;, Vi > O},

endowed with the metric (Z(g, V) =Y is02 Mz, yi), X,y € M and with the sigma-
algebra B that we now describe. Let ; : M — M denote the projection in the ith
coordinate. Note also that f~*(B) C B for every i > 0, because f* is a measurable

transformation. Let By be the smallest sigma-algebra that contain the elements
77 '(f7*(B)). The measure 7 defined on the algebra | J;2, ;' (f~'B) by

0(Ei) = n(mi(E;))  for every E; € m ' (f7'(B)),

admits an extension to the sigma-algebra Bo. Let B denote the completion of By
with respect to 7. The natural extension of f is the transformation

f:M_)Ma f("'7$27$17x0) = (...,.Z'Q,.’L']_,l'o,f(xo)),

on the probability space (M B, 7). The measure 7 is the unique f—invariant prob-
ability measure such that 7.7 = n. Furthermore, 7 is ergodic if and only if 7 is
ergodic, and its entropy hy(f) coincides with h, (f). We refer the reader to [Rok64]
for more details and proofs. For simplicity reasons, when no confusion is possible
we denote by 7 the projection in the zeroth coordinate and by xg the point 7(&).

If the transformation f is C'-differentiable then the dynamical cocycle Df on
the tangent bundle T'M induces a cocycle A: &€ — & over f defined on the fiber
bundle & such that & = T,,M for every & € M. In fact, the action of the cocycle
in each fiber &; is given by the map fl(:i') & — Sf(f)’ where

A = Df(r(@)) v
for every & € M and every v € &. Given n > 1 and & € M, set A”(a@) =

A(f"_l( )) o A(2) and A="(z) := [A"(f~"(#))]"'. Oseledets’ Theorem (see
g. [Ose68] nd [KSSG Appendix 2]) asserts the following:

Proposition 3.15. Assume log || A, 10g||A Y € LY(A). There exists a full 7-
measure set R such that, for any & € R there is an invariant decomposition

T, M=E&. & E®,

and real numbers \' (&) > --- > \*@) (%) (Lyapunov exponents) satisfying
N(z) = lirin — log |A™ (2)v||, for everyv € EL \ {0}
n—+oo n

and

lim log‘ <(E" =0

J
n—too N fn( )’Ef"(fi))
for every i # j. Moreover, s(%), \(2) and E*(£) are invariant and vary measurably
with £.
16



In the presence of positive Lyapunov exponents, Pesin’s theory guarantees the
existence of local unstable mar}ifolds passing through almost every point and vary-
ing measurably. Given & € R, consider the subbundles E} = @, ;)>o F; and
Eg = @yi<o Ei. Set also \“(2) = inf{\"(2) : \¥(2) > 0} and consider the set
By ={% € R:\“(2) > \}.

Proposition 3.16. Given 0 < o’ < a, € > 0 and 2¢ < A\; < A\ — ¢ there are
measurable functions d. and . from By to R, and, for every & € By, there exists
a Lipschitz transformation 3 from the ball B*(&,6.(%)), of radius §.(&) in EY, to
E$* such that
(1) vz varies measurably with &, W, (%) = exp, (graphz) is a C't" embed-
ded manifold of dimension dim EY in M tangent to Ef al xo, and

Lipaf(eXpr ¥z) < 7:(2);
(2) For every yo € W (%) there is a unique §j € M such that 7(§j) = yo and

7)\177,

d(T—p,y—n) <7e(2) e

for every n > 0;

(3) If 2 € M and for every n. > 0 it holds
d(x0,20) < 65(:%)/75(f_1(§3)) and  d(x_p,z2_p) < e_’\”‘é,s(fc)

then zo € W}k (&);
(4) There is a sequence of embedded disks (W_,,(Z))n>0 of dimension dim EY

in M satisfying Wo(2) = Wi (&), fW_n(2)) D W_pn11(&) and such that

w(@) = |J 1 (Won(@)));
n>0

is an immersed manifold and coincides with the set of points yo € M for
which there exists § € M for which yo = 7(y) such that

1
limsup — logd(x_,,,y—n) < 0;
n

(5) If d* denotes the restriction of the Riemannian metric to the disks W_,,(Z)
the7} d“(yo, 20) < v2(2) d(yo, 20) forA every yo, 20 € WE.(2);
(6) If W}t (&) is the set of points § € M given by (2) above then it holds that

d“(y—n,2-n) < Ye (&) e M"
for every g, 2 € W (&) and every n > 0; and
(7) e (f™(2)) < 7e(2)ef"l and 6.(f™(2)) < 6-(2)es"! for every n € Z.

In view of the this proposition, the global unstable manifold of & in M is defined
as the set

T ~ ~ 9 T 1 U T
W (&) = {y eM: hmn_ﬂx,% log d“(Y—n,T—pn) < —A (x)}

The proof of this result in the endomorphism case follows the original one due
to Pesin for invertible transformations. We refer the reader to [FHYS83, KS86,
LQ95, QZ02] for detailed presentations and proofs. A presentation of the unstable
manifold theorem for non-uniformly hyperbolic endomorphisms can be found in
[Zhu98g].
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We shall omit the dependence of W (&) on A; and ¢ for notational simplicity.
Since local unstable leaves vary measurably with the point then there are compact
sets of arbitrary large measure, referred as hyperbolic blocks, restricted to which
the local unstable leaves passing through those points vary continuously. More
precisely,

Corollary 3.17. There are countably many compact sets (Ai)iEN whose union s
a 7j-full measure set and such that the following holds: for every i > 1 there are
positive numbers €; < 1, A\;, m;, , 7i and R; such that for every & € AZ there exists
an embedded submanifold W} (&) in M of dimension dim E*(Z), tangent to E*(&)
at T and

(1) If yo € Wi.(Z) then there is a unique § € M such that for every n > 1

£in —in.
)

d(x—nvy—n) <re" and d(x_n,y_n) < e

(2) For every 0 <r <r; the set W (§) N B(zo,T) is connected and the map
B(#,eir) MAi 3 § = Wik, (§) N Blxo, )

is continuous (in the Hausdorff topology);

(3) If g and 2 belong to A; then either W ()N B(xo,r) and W} ()N B(xo,7)
cpincide or are disjoint; if these sets are disjoint and, in addition, § €
W (2) then d"(yo, z0) > 2r4;

(4) If g € Ay N B(&,¢;r) then W} (9) contains the ball of d*-radius R; around
Wi, (5) 1 Blao, ).

Zo
VVI?)C(@) N B(.’EQ, T)

F1GURE 1. Continuous dependence of local unstable leaves in M.

4. CONFORMAL MEASURES

The Ruelle-Perron-Frébenius transfer operator L4 : C(M) — C(M) associated
to f: M — M and ¢ : M — R is the linear operator defined on the space C(M) of
continuous functions g : M — R by

Loglx) = > e?Wy(y).
f(y)==
Notice that L4g is indeed continuous if g is continuous, because f is a local homeo-

morphism. It is also easy to see that L4 is a bounded operator,relative to the norm
of uniform convergence in C(M):

1£4]l < deg(f)e ™17,
18



The dual operator L3 acts on the Borel measures of M by Consider the dual
operator L} : M(M) — M(M) acting on the space M(M) of Borel measures in
M by

[odiesn = [(cogyan

for every g € C(M). Let A\g = r(Ly) be the spectral radius of L£4. In this section
we prove the following:

Theorem 4.1. There exists k > 1, 1(Ly) = Ao > A1 > -+ > X > deg(f)e™f®

real numbers and expanding conformal probability measures vy, vy, ..., v such that
k
Lovi=Nvi, VO<i<k, and U supp(v;) = H.
i=0

Moreover, each v; is a non-lacunary Gibbs measure and has a Jacobian with respect
to f given by J,,f = Nie=?. If f is topologically mizing then v is an expanding
conformal measure such that suppryg = H = M.

4.1. Eigenmeasures of the transfer operator.

Lemma 4.2. Suppose v is a Borel probability such that Liv = Av for some A > 0.
Then the Jacobian of v with respect to f exists and is given by J,f = e ?.

Proof. We will sketch the proof of this standard lemma for completeness. Let A be
any measurable set such that f | A is injective. Take a sequence (g, ) of continuous
functions on M such that g, — x4 at v-almost every point and sup |g,| < 2 for all
n. Then,

£¢(67¢gn)(1‘) = Z e?W ei(b(y)gn(y) = Z In(Yy)-
fy)=z fy)=z
The last expression converges to X r(4)(x) at v-almost every point, because f | A is
injective. Hence, by the dominated convergence theorem,

//\e’¢’gn dv = /e*%,n d(Lyv) = /£¢(e*¢gn) dv — v(f(A)).

Since the left hand side also converges to [ A Xe~?dv, we conclude that

V() = [ e
A
which proves the lemma. ([

Lemma 4.3. The spectral radius Ao of the operator Ly is at least deg(f) e and
it is an eigenvalue for the dual operator L7.

Proof. Observe that, for every positive integer n and every x € M,

Lil(x) = Z e“n?W) > deg(f)" eninto,
fr(y)==
So, the spectral radius is at least deg(f)e™ %, as claimed in the first part of the
lemma. The second part follows from general results in functional analysis. Let
C™ be the open convex cone of positive continuous functions on M and consider
the linear subspace
N={Lyg—Xog:9€C(M)}.
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Notice that these sets are disjoint. Indeed, assuming otherwise then there exists
some continuous function g € C(M) such that L4g — Aog is a strictly positive
continuous function. By compactness and continuity, there is € > 0 such that
Log > (Ao +€)g. Since Ly is a positive operator, it is clear that

Lig > (Ao +e)"g  for every n > 1.

This shows that the spectral radius of L4 is at least Ag + €, contradicting the
definition of \g. This contradiction proves that CT NN = (), as we claimed. Then,
by Masur’s theorem (see [Dei85, Proposition 7.2]), there exists some continuous
linear functional vy : C(M) — R such that

/gduo > 0 for every g € CT and /gduonfor every g € N.

The first property means that 1 is a measure and so, up to normalization, we may
suppose it is a probability. The second property means that

/gd(ﬁ:;l/o) = /£¢gduo = Ao /gdl/o for every g € C(M),
that is, £2‘51/ = Agvg. Thus, A\q is indeed an eigenvalue for the dual operator E;. O

Throughout, let \ denote a fixed eigenvalue of Ej; larger than deg(f)e™ ¢,
let v be any eigenmeasure of Ej) associated to A and set P = log\. The
only property of A that we shall use is that A > elogtswpé+eo  From Lemma 4.2
we get that

J,f(x) = Ae™?@) > elogateo » ¢ for all x € M. (4.1)

This property will allow us to prove that v-almost every point spends at most a
fraction 7 of time inside the domain A where f may fail to be expanding. As we
will see later, in Lemma 6.5, logA = Piop(f,¢). This determines completely the
spectral radius of £, as the unique eigenvalue of £} larger than the lower bound
above. Consequently all the eigenvalues \; given by Theorem 4.1 are equal and
coincide with A\g = 7(Ly) and + Z?:o v; is an expanding conformal measure whose
support coincides with the closure of the set H. The later is the conformal measure
referred at Theorem B.

4.2. Expanding structure. Here we prove that any eigenmeasure v as above is
expanding and has integrable first hyperbolic time. Given n > 1, let B(n) denote
the set of points x € M whose frequency of visits to A up to time n is at least ~,
that is,

B(n):{xeM:%#{Ogjgn—lzfj(w)éA}Z'y}.

Proposition 4.4. The measure v(B(n)) decreases exponentially fast as n goes to
infinity. Consequently, v-almost every point belongs to B(n) for at most finitely
many values of n.

Proof. The strategy is to cover B(n) by elements of the covering P(™) = \/;L;g P
which, for convenience, will be referred to as cylinders. Then, the estimate relies
on an upper bound for the measure of each cylinder, together with an upper bound
on the number of cylinders corresponding to large frequency of visits to A.
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Since f™ is injective on every P € P(™) then we may use (4.1) to conclude that
n—1
1> V(fn(P)) — / Jufn dy = / H(Juf ° fj)dV > e(logfl-l-so)ny(P)_
P P
7=0

This proves that v(P) < e~(084+20)" for every P € P™. Since B(n) is contained in
the union of cylinders P € P™ associated to itineraries in I(7y,n), we deduce from
our choice of v after Lemma 3.1 that

V(B(n)) < # 1(y,n)e~osareon < g=son/2

for every large n. This proves the first statement in the lemma. The second one is
a direct consequence, using the Borel-Cantelli lemma. ([

Corollary 4.5. The measure v is expanding and satisfies [ ni dv < oc.
Proof. By Proposition 4.4, almost every point x is outside B(n) for all but finitely
many values of n. Then, in view of our choice (3.2),

n—1

> log [Df(f (@)~ || < vlog L+ (1 —7)logo™" < —2¢

§=0
if n is large enough. In view of Lemma 3.2, this proves that v-almost every point
has infinitely many hyperbolic times (positive density at infinity). In other words,
v is expanding. Moreover, using Proposition 4.4 once more,

/nldu = Z v({z :ni(z) >n}) <1+ Z v(B(n)) < oo,
n=0 n=1
as we claimed. O

4.3. Gibbs property. Now we prove that v satisfies a Gibbs property at hyper-
bolic times. Later we shall see that hyperbolic times form a non-lacunary sequence,
almost everywhere, and then it will follow that v is a non-lacunary Gibbs measure.

Lemma 4.6. The support of v is an f-invariant set contained in the closure of H.
For any p > 0 there exists £ > 0 such that v(B(x, p)) > £ for every x € supp(v).

Proof. Since v is expanding, it is clear supp(v) C H. Let x € M. Since f is a local
homeomorphism, the relation V' = f(W) is a one-to-one correspondence between
small neighborhoods W of = and small neighborhood V' of f(x). Moreover,

(V) = /W o f dv.

is positive if and only if v(W) > 0, because the Jacobian is bounded away from
zero and infinity. This proves that the support is invariant by f. The second claim
in the lemma is standard. Assume, by contradiction, that there exists p > 0 and a
sequence (,)p>1 in supp(v) such that v(B(z,,p)) — 0 as n — oco. Since supp(v)
is compact set, the sequence must accumulate at some point z € supp(v). Then

v(B(z,p)) < liminfv(B(z,, p)) = 0,

which contradicts z € supp(v). This completes the proof of the lemma. O
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Lemma 4.7. There exists K > 0 such that, if n is a hyperbolic time for x € supp(v)

then (B( 5)
_1 _ v(B(x,n,

K < e*Pn‘i’Snﬁb(y) < K7

for every y € B(x,n,d).

Proof. Since f™ | B(xz,n,0) is injective, we get from the previous lemma that

€O <vBE@.) = [ ariv<
B(z,n,0)
for every x € supp(v). Then, the bounded distortion property in Corollary 3.5
applied to the Holder continuous function .J, f = Ae ™% gives that

K '€(8) < v(B(w,n,8))A"e S5m0 < [

for every y € B(x,n,d). Recalling that P = log A, this gives the claim with K =
Ko £(0)L. |

Remark 4.8. The same proof gives a somewhat stronger result: for v-almost every
x and any 0 < € < ¢, there exists K(g) > 0 such that

. v(B(x,n,e))
K (E) S m S K(E).

if n is a hyperbolic time for z. It suffices to take K(g) = Ko&(e)™ .

We proceed with the proof of Theorem 4.1. We have proven that any eigenmea-
sure v for L4 associated to an eigenvalue A > deg(f )elf ¢ is necessarily expanding,
satisfies the Gibbs property at hyperbolic times and has a Jacobian .J, f = Ae™®.
Furthermore, Lemma 4.3 guarantees that the spectral radius Ao is an eigenvalue of
the operator L4. Let 1y denote any such eigenmeasure. If f is topologically mixing
then suppvy = H = M. Indeed, given an open set U there exists N > 1 such that
fN(U) = M. Since J,, f is bounded from zero and infinity then clearly vo(U) > 0,
which proves our claim. Hence, to prove Theorem 4.1 we are left to show that there
are finitely many eigenmeasures of Ej; associated to eigenvalues greater or equal to

deg(f)e™® whose union of their supports coincide with H. Given an f-invariant
compact set A we denote by L : C(A) — C(A) the restriction of the operator L
to the space of continuous functions C'(A).

Lemma 4.9. There are finitely many Ao > Ay > --- > N\, > deg(f)e™? and
probability measures vy, vy, ...,V such that ;CZI/Z' = \iv;, for every 0 < i < k, and
that the union of their supports coincides with the closure of the set H.

Proof. We obtain the desired finite sequence of conformal measures using the ideas
involved in the proof of Lemma 4.3 recursively. Indeed, Lemma 4.3, Corollary 4.5
and Lemma 4.7 assert that there exists an expanding conformal measure v such
that L3vo = Aovp and satisfies the Gibbs property at hyperbolic times. Clearly
supp(1p) is an invariant set contained in H.

If supp(vo) = H then we are done. Otherwise we proceed as follows. As we
shall see in Lemma 5.3, the interior of the support of any expanding conformal
measure v is non-empty and contains almost every point in a ball of radius
(depending only on f and ¢). Consider the non-empty compact invariant set K; =
M \ interior(supp(vp)) and set A\ = r(Lg,) < Ao. It is easy to check that A; >
deg(f)e™®. Then we may argue as in the proof of Lemma 4.3: the cone of strictly
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positive functions in K, is disjoint from the subspace {L49 — A\g : ¢ € C(K1)}
and so there exists a probability measure v; such that ﬁ;yl = A\1v1 whose support
supp(v) is contained in K. Since A\; > deg(f)e™ ¢ then v is also expanding and
its support must also contain a ball of radius ¢ in its interior.

Since M is compact this procedure will finish after a finite number of times.

Hence there are finitely many compact sets Ko, ..., Kj and expanding measures
0, . - .,V such that supp(v;) C K; and H = J, supp(v;). This completes the proof
of the lemma. O

For any conformal measure v; as above, we prove in Proposition 5.1) that there
are finitely many invariant ergodic measures that are absolutely continuous with
respect to v;, that their densities are bounded from above and that their basins
cover v;-almost every point. Hence, the non-lacunarity of the sequence of hyperbolic
times will be a consequence of Lemma 3.7. So, up to the proof of Proposition 5.1,
this shows that each v; is a non-lacunary Gibbs measure and completes the proof
of Theorem 4.1.

5. ABSOLUTELY CONTINUOUS INVARIANT MEASURES
In this section we analyze carefully the Cesaro averages

n—1

1 .
Vp = — E fil/7
n <
Jj=0

and prove that every weak® accumulation point is absolutely continuous with re-
spect to v. It is well known, and easy to check, that the accumulation points
are invariant probabilities. In the topologically mixing setting we also prove that
there is a unique absolutely continuous invariant measure and that it satisfies the
non-lacunar Gibbs property. The precise statement is

Proposition 5.1. There are finitely many invariant, ergodic probability measures
W1, fhe, ..., ke that are absolutely continuous with respect to v and such any abso-
lutely continuous invariant measure is a convex linear combination of py, pa, . . ., fg-
In addition, the measures u; are expanding and the densities du;/dv are bounded
away from infinity. Moreover, the union of the basins B(u;) cover v-almost every
point in M. If f is topologically mixing then there is a unique absolutely continuous
invariant measure and it is a non-lacunary Gibbs measure.

5.1. Existence and finitude. First we prove that every accumulation point of
(Vn)n>1 is absolutely continuous invariant measure with bounded density. For every
n € N it holds that

n—1

;< {m > nfU[U Hen s m) > n =)

In particular, we can use the inclusion above to write

1 n—1
7=0
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where

n—1 oo
n= S AW H) ad g = 3 (] H) > 1)),
§=0 1=0
Lemma 5.2. There exists Cy > 0 such that for every positive integer n the measures
(v | Hyp), in and v, are absolutely continuous with respect to v with densities
bounded from above by Cs. Moreover, the same holds for every weak® accumulation
point i of (Vn)n>1-

Proof. Let A be any measurable set of small diameter, say diam(A) < 6/2, and
such that v(A4) > 0. First we claim that there is C3 > 0 such that

frv| Hy)(A) < Cyv(A), Vn>1.

Observe that either fI*(v|H,)(A) =0, or A is contained in a ball B = B(f™(x),0)
of radius ¢ for some x € H,,. In the first case we are done. In the later situation
we compute

Fv | Ho)(A) = v(f ™ (A) N Hy) = Y v(f7"(AN B)),
where the sum is over all hyperbolic inverse branches f; " : B — V; for f™. Recall
that the v-measure of any positive measure ball of radius § is at least £(§) > 0 by
Lemma 4.6. Thus, by bounded distortion

n v(4)
which proves our claim with Cy = Ky &(5)™!. It follows from the arbitrariness of
A that both f2(v | Hy,) and p, are absolutely continuous with respect to v with
density bounded from above by Cs.

Similar estimates on the density of 1, hold using that {ny > n} C B(n), there
are at most e“" cylinders in B(n), and that J, f* > e(°84+<0)" on each of one of
them. Indeed,

(Fi)Hm >N < Y v(f (AN P) < #B() e (sl (4)

pep®
PNB(1)#£0

for every [ > 1 and every measurable set A. Using that df*(v | H,,)/dv < Ko £(5) 1
and summing up the previous terms one concludes that

v(V;) < Ko&(8) ' v(A),

n;(A) < Ko &(d ZeT ), Vj > 1.

This shows that (up to replace Cy by a larger constant) the measures v, are also
absolutely continuous with respect to v and that duv, /dv is bounded from above
by Cs. The second assertion in the lemma is an immediate consequence by weak*
convergence. O

The following lemma, whose proof explores the generating property of hyperbolic
pre-balls, plays a key role in proving finitude of equilibrium states.

Lemma 5.3. If G is an f-invariant set such that v(G) > 0 then there is a disk A
of radius §/4 so that v(A\G) = 0.
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Proof. In the case that v coincides with the Lebesgue measure this corresponds to
[ABV00, Lemma 5.6]. Since the argument will be used later on we give a brief
sketch of the proof.

Let € > 0 be small. Take a compact K and an open set O such that K C
GNHCO and v(O\ K) < ev(K). Set ng € N such that B(z,n,d) C O for any
x € KN H,. If n(z) denotes the first hyperbolic time of = larger than ng then

K C U B(z,n(x),d/4) C O.

zeK
Set V(z) = B(z,n(x),0) and W(x) = B(z,n(z),d/4). Since K is compact it is
covered by finite open sets (W (x))yex for some family X = {z1,...,z;}. Now we

proceed recursively and define
ny =inf{n(z) :z € X} and X; ={zre X :n(z)=n}

and, assuming that n; and X; are well defined for 1 <i < m — 1, set

Ny = 1nf{n(z) ;2 € X\ (X1 U---UX;n-1)} and X, ={zx € X :n(x)=nn}
up to some finite positive integer s. Let X, C X, be ‘a maximal family of points
with pairwise disjoint W(-) elements. Moreover, given X; C X; for 1 <7 <m—1let
X C X, maximal such that every W(z), z € X,,,, does not intersect any element
W (y) for some y € X1 U... X,,. If X = U{X, : 1 <i < s} then the dynamical balls
W(zx), z € X, are pairwise disjoint (by construction). It is also easy to see that for
every y € X there exists x € X such that W(y) C V(z). Hence

u( U W) \K) <v(0\ K) < ev(K)

zeX
and, by the bounded distortion property,

V( U W(Jc)) > 7'1/( U V(x))

zeX zeX
for some 7 > 0. We conclude immediately that there exists 2 € X such that
W@\ G) _ W@\ K) _

v(W(x)) v(W(x))
Using the bounded distortion of f™ restricted to the dynamical ball W(z) once
more it follows that

v(B\ f"(Q)) < 7' Koe,
where B is a ball of radius §/4 around f"(x). Since ¢ was arbitrary and G is
invariant then there exists a sequence A,, of balls of radius §/4 such that v(A, \
G) — 0 as n — co. By compactness, the sequence (A,), accumulate on a ball A
that satisfies the requirements of the lemma. (I

We are now in a position to show that there are finitely many distinct ergodic
measures i, {2, ..., absolutely continuous with respect to v. Indeed, let p
be any invariant measure that is absolutely continuous. Then, either u is er-
godic or there are disjoint invariant sets I; and Is of positive v-measure such that
w() = arp(- NI /u(ly) + asp(- N 1) /p(lz), where a; = p(I;). In the later case
it is also clear that each of the measures involved in the sum is absolutely contin-
uous with respect to v. Repeating the process one obtains that p can be written
as linear convex combination of ergodic absolutely continuous invariant measures
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1, 2, - -, tk. Indeed, since M is compact the previous lemma implies that this
process will stop after a finite number of steps (depending only on §) with each p;
ergodic. It is also clear from the construction that each p; is expanding and that
their basins cover almost every point.

5.2. Invariant non-lacunary Gibbs measure. Through the rest of this section
assume that f is topologically mixing. Here we prove that there is a unique invariant
measure p absolutely continuous with respect to v and that it is a non-lacunary
Gibbs measure. This will complete the proof of Proposition 5.1. We begin with a
couple of auxiliary lemmas. Let 8 > 0 and § > 0 be given by Lemmas 3.2 and 3.4.

Lemma 5.4. f*(H,) =M for everyn > 1.

Proof. Fix any z € M. By (H2) there exists a preimage y € M of the point = by
f that y does not belong to A. In consequence, |Df(y)~!|| < o~! < e~¢ which
proves that y € Hy and x € f(H;). The full statement of the lemma is obtained by
repeating this argument recursively. Indeed, for any given z € M and n > 1 there
are yi,Y2,...,Yyn € M such that f(y1) = x, f(y;4+1) = y; and y; ¢ A for every
1 < j <n. Hence,

n—1

H IDf(F (yn)) M| <ot <e ™ foreveryl <i<mn,

j=n—1i

which proves that y,, € H,, and z € f"(H,,) and finishes the proof of the lemma. [

Lemma 5.5. There ezists a constant 19 > 0, and for any n there is a finite subset
H,, of H, such that the dynamical balls B(x,n,d8/4), © € H,,, are pairwise disjoint
and their union W, satisfies v(W,,) > mov(H,,).

Proof. This lemma is a direct consequence of Lemma 3.4 in [ABV00]. Indeed, if
w=fr'v|U{B(n,zd/4):x € H,}), Q= f"(H,) = M and r = § in that lemma
then there exists a finite set I C f"(H,) such that the pairwise disjoint union A,
of balls of radius 6/4 around points in I satisfies

(An OV F7(H) > o w( ().

Set H,, = H,Nf~"(I). Since the restriction of f" to any dynamical ball B(z, n, §/4),
e H,isa bijection it is easy to see that these dynamical balls are pairwise dis-
joint. Furthermore, their union W, satisfies I/(Wn) > 1ov(H,). This completes
the proof of the lemma. O

In the remaining of the section, let u be an arbitrary accumulation point of the
sequence (vp,), and (ng)r be a subsequence of the integers such that

pw= lim v,,.
k—oo )

In the next lemmas we prove that the density du/dv is bounded away from zero in
some small disk and use this to deduce the uniqueness of the equilibrium state and
the non-lacunar Gibbs property.

Lemma 5.6. There exists C1 > 0 and a small disk D(x) around a point x in M
such that the density du/dv in the disk D(x) is bounded from below by Cj.
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Proof. Given a small € > 0 we construct a disk D(x) of radius smaller than € where
the assertion above holds. Let W; and H ; be given by the previous lemma and let
Wi CW; denote the preimages by f7 of the disks A; . of radius §/4 — ¢ around
points in f7(H;). Lemma 3.5 implies that

v(Wj.,e) > Ko_l V(Aj,s)’
v(W;) v(4;)
where the right hand side is larger than some uniform positive constant 71 that

depends only on the radius of the disks A; . (recall Lemma 4.6). Observe also that
Corollary 3.3 with A = M implies that

n—1

% S u(H;) > 6/2

Jj=0

for every large n. This shows that there is a positive constant 7o such that the
measures v5 satisfy v (M) > 1 for every large n, where

a _
15 pom

j=0
Thus, there exists a subsequence of (v, )x that converge to some measure v, and

supp(vs.) € () (1 4se)

n>1 j>n

3

Choose = € supp(vS,) and a disk D(z) of radius smaller than ¢ around 2 such
that v5,(0D(x)) = 0. By construction, D(x) is contained in every disk of A; such
that the corresponding disk of A;. intersects D(zx). Let Aj denote the pairwise
disjoint union of disks in A; that contain D(z) and Wj be defined accordingly as
the preimages of Aj. It is clear that v,, > v, where

Moreover, since d fI(v | W;)/dv is Hélder continuous, the bounded distortion
at Lemma 3.5 implies that it is bounded from below by its L' norm up to the
multiplicative constant K, *. So,

dv? 1 d f (v | W) 1= s [
T = > I ) LY [ S aene] 2 k5 Y wT)
7=0 7=0 fj(zz:y =0

zeW;

for every y € D(x). Furthermore, by construction the set W;. N f~7(D(x)) is
contained in W;. This guarantees that
dv? e Ve (D(x
Yo ty) > Ko™ 237 u) > K5 (D)) > i D)

dv £ 2
7=0

for every large n > 1 in the subsequence of (ny)i chosen above. By weak* conver-
gence it holds that du/dv > Cy in the disk D(z). O
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We finish this section by proving the uniqueness of the equilibrium state, which
completes the proof of Proposition 5.1.

Lemma 5.7. If f is topologically mizing there is a unique invariant measure [
absolutely continuous with respect to v. Moreover, the density du/dv is bounded
away from zero and infinity and the sequences of hyperbolic times {n;(x)} are non-
lacunary p-almost everywhere. Furthermore, p is a non-lacunary Gibbs measure.

Proof. We have proven that any accumulation point u of (v,), is absolutely con-
tinuous with respect to v and that the density h = du/dv is bounded from above
by C3 and is bounded from below by C; on some disk D(x). Since f is topolog-
ically mixing there is N > 1 be such that fV(D(z)) = M, that is, any point has
some preimage by & in D(z). It is not difficult to check that h € L'(v) satisfies
L4sh = Ah. Then

h(y) = AN Z esN¢>(z)h(z) > O A NeVinf o
N (2)=y
for almost every y € M, which allows to deduce that the measures p and v are
equivalent.

We claim that u is ergodic. Indeed, if G is any f-invariant set such that u(G) > 0
then it follows from Lemma 5.3 that there is a disk A of radius §/4 such that
v(A\ G) = 0. Furthermore, using that .J, f is bounded from above and from below,
the invariance of G' and that there is N > 1 such that fN(A) = M it follows that
v(M \ G) = 0, or equivalently, that u(G) = 1, proving our claim. So, if y; < v
is any f-invariant probability measure then p; < u. By invariance of dui/du
and ergodicity of p it follows that du;/dp is almost everywhere constant and that
11 = p. This proves the uniqueness of the absolutely continuous invariant measure.
Lemma 5.2 also implies that

Csv(B(z,n,0)) < u(B(x,n,d)) < Cov(B(z,n,d))

for v-almost every x and every n > 1, where C5 = Cy A" NeN ¢ In particular p
is expanding and, if n is a hyperbolic time for = and y € B(z,n,d) then

K7103 < ,LL(B(Z', n, 5))

nrso < KO

Corollary 4.5 implies that the first hyperbolic time map n; is p;-integrable. Hence,
the sequence of hyperbolic times is almost everywhere non-lacunary (see Corol-
lary 3.8) and both p and v are non-lacunary Gibbs measures. This completes the
proof of the lemma. O

6. PROOF oF THEOREMS A AND B

In this section we manage to estimate the topological entropy of f for the
potential ¢ using the characterizations of relative pressure given in Section 3.4:
Pre(f,¢) <logX and P (f,$) < logA. Then, using that the measure theoretical
pressure P, (f, ) = h,(f)+ [ ¢ du of every absolutely continuous invariant measure
given by Proposition 5.1 is at least log A, we deduce that Piop(f,¢) = log A and
that equilibrium states do exist. Finally, the variational property of equilibrium
states yields that they coincide with the absolutely continuous invariant measures.
This will complete the proofs of Theorems A and B.
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6.1. Existence of equilibrium states. We give two estimates on the relative
pressure and deduce the existence of equilibrium states for f with respect to ¢.
The following result was obtained jointly with Marcelo Viana and Krerley Oliveira.

Proposition 6.1. Pg<(f,¢) < logA.

Since we deal with a potential ¢ whose oscillation is not very large, the main
point in the proof of Proposition 6.1 is to control the relative pressure hge(f).
The key idea is that hge(f) can be bounded above using the maximal distortion
and growth rate of the inverse branches that cover H¢. We will begin with some
preparatory lemmas.

Lemma 6.2. Let M be a compact manifold of dimension m. There exists C' > 0
and a sequence of finite open coverings (Qx)r>1 of M such that diam(Qx) — 0 as
k — oo, and every set E C M satisfying diam(E) < D diam Qy, intersects at most
CD™ elements of Q.

Proof. First we construct a special family of triangulations in M. Choose a finite
triangulation 7y in M. Then, for any T € 7, there is a diffeomorphism ¢ from
a neighborhood of T' C M on R™ such that T is mapped diffeomorphically onto
the standard unitary m-dimensional simplex T, C R™. Given k£ > 1, denote by
T} the triangulation in Ty C R™ by regular m-simplices of size 27% and let 7
be the triangulation of M obtained by the pulling back the elements in T} by the
diffeomorphisms ¢r. Clearly, there exists C’ > 0 (depending only on the finite set
of diffeomorphisms) such that diam(7;) < C"27F for every k > 1.

Fix a sequence of positive numbers (ej)r>1 such that 0 < g < 27 for every
k > 1. Let Qi be the family of open neighborhoods of size 5 around elements of
Ty in R™ and Qf be the finite open cover obtained by diffeomorphic preimages of
elements in Q by the diffeomorphisms ¢7.

a

s
5N b
PSfrag replacements
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Qk

FI1GURE 2. Family of Coverings in R™.

We claim that the family of finite open coverings (Qy )y satisfies the requirements
of the lemma. Indeed, it is immediate that diam(Qy) < C’diam(Qx) — 0 as
k — oo. On the other hand, given & > 1 and a diffeomorphism ¢, if E C M
is such that diam(E) < Ddiam(Qj) then the diameter of its image ¢7(FE) C
R™ is at most C’' D (1 + &;/27%)27%. Thus ¢7(FE) can clearly intersect at most
[C" D (14 ,/27%)]™ elements of Tj. In addition, since £, < 27 then every point
in Tp is covered by at most C” elements of @y for some uniform constant C” > 0
(depending only on the dimension m). This shows that E can intersect at most
CD™ elements of Q) with C' = [2C"]"™ C" #7,, and completes the proof of the
lemma. O

The next result is the most technical lemma in the article and provides the key
estimate to prove Proposition 6.1.
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Lemma 6.3. Given any ¢ > 1 the following property holds:
hire(f) < (logq +mlog L + ¢¢/2) ¢ + log C.

Proof. Fix £ > 1 and let (Qy)x be the family of finite open coverings given by the
previous lemma. Since diam(Qy) — 0 as k — oo then

PH‘(f?QS) = kli_{I;oPHC(fvgba Qk)a

by Definition 3.9. Recall P is the finite covering given by (H2) and B(n,~) is the
set of points whose frequency of visits to A up to time n is at least . The starting
point is the next observation:

Claim 1: For every 0 < € < ~ there exists jo > 1 such that for every j > jo the
following holds:

B(n,v) C B(£j,y —¢) foreveryj€<n< (j+ 1)L

Proof of Claim 1: Given € > 0, let jo be a positive integer larger than (1 — ~)/e.
Given an arbitrary large n we can write n = £j 4+ r, where 0 < r < £ and j > jo.
Moreover, if 2 belongs to B(n,v) then #{0 <i <n—1: fi(z) € A} > yn and
consequently

1 . ; yr—r
— < < —1:f >
gj#{O_z_fj 1:fY(z) e A} >~ + 7

Our choice of jy implies that the right hand side above is bounded from below by
~ — €. This shows that x belongs to B(¢j,y — €) and proves the claim. (Il

We proceed with the proof of the lemma. Observe that the set H¢ is covered by
U U {P e P PN B(n,v) #@}
n>N pep(n)

for every N > 1. Let ¢ > 0 be small such that #1(n,y —¢) < exp(logq + £9/2)n
for every large n. Such an € do exist because ¢, varies monotonically on v (see the
proof of Lemma 3.1). Then, the previous claim allow us to cover H¢ using only
cylinders whose depth is a multiple of £: for any N > 1

Becl) U {PeP“ﬂ:PmB(ej,yfs)?é@}. (6.1)
j>L4 Pepi

Thus, from this moment on we will only consider iterates n = j £. Denote by R("™)
the collection of cylinders in P(™ that intersect B(n,y —¢). Our aim is now to
cover any element in R(™ by cylinders relatively to the transformation f¢. Given
k > 1, denote by Sy ;Qy the set of j-cylinders of f* by elements in Qy, that is

Spe jQr = {Qo NFQ) N N (Q-1): Qi € Qp,i=0,...,j — 1}-
Furthermore, let G, be the set of cylinders in Sy ;Qp that intersect any element
of R(™),

Claim 2: Let k > 1 be large and fixed. Then
#Gior < #Qp x [OL'™) x ellosateo/2)it

for every large j.
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Proof of Claim 2: Recall n = j¢ and fix P, € R, Since f is a local diffeo-
morphism then the inverse branch f=" : f"(P,) — P, extends to the union
of all Q € Qy so that Q@ N f*(P,) # 0, provided that k is large. Notice that
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FIGURE 3. Covering elements of R(").

diam(f~4(Q)) < L*diam(Q) for every Q € Qi because log||Df(z)~Y| < L for
every x € M. By Lemma 6.2, f~%(Q) intersects at most CL*™ elements of the
covering Qi. This proves that there are at most # Qx x [CL™)7 cylinders in
Sye ;Qk that intersect P,. The claim is a direct consequence of our choice of &
since #R(™ < ellogateo/2)n for large n. O

Finally we complete the proof of the lemma. Indeed, it is immediate from (6.1)
that

ma(f%,0,HS, Qp, N) < Z Z e~ = Z e—aﬂ'#gm
J>N/LUE Gej. J>N/¢

for every large k. Moreover, Claim 2 implies that the sum in the right hand side
above converges to zero as N — oo (independently of k) whenever o > (loggq +
£0/2+mlog L) £+log C. This shows that hge(f*) < (logg+mlog L+¢e¢/2) {+logC
and completes the proof of the lemma. O

Proof of Proposition 6.1. Recall that hge(f) = ¢hge(f), by Proposition 3.12.
Then, as a consequence of the previous lemma we obtain

log C

hie(f) <logq+ mlog L +¢eq/2+
for every £ > 1. Finally, it follows from (3.3) and Lemma 3.14 that

Pye(f,¢) <logq+mlogL+sup¢ + &g < logdeg f + inf ¢ < log A.
O

In the present lemma we give an upper bound on the relative pressure of ¢
relative to the set H. More precisely,

Lemma 6.4. Py(f,¢) <logA.

Proof. Recall the characterization of relative pressure using dynamical balls in Sub-
section 3.4. Pick o > log A. For any given N > 1, H is contained in the union of
the sets H, over n > N. Thus, given 0 < & < §

HC U U B(z,n,¢).
n>N z€H,
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Now we claim that there exists D > 0 (depending only on m = dim(M)) so that
for every n > N there is a family G, C H,, in such a way that every point in H,, is
covered by at most D dynamical balls B(z,n,e) with z € G,,. In fact, Besicovitch’s
covering lemma asserts that there is a constant D > 0 (depending on m) and an at
most countable family G,, C H,, such that every point of f™(H,) is contained in at
most D elements of the family {B(f™(z),¢) : € G,,}. Using that each dynamical
ball B(z,n,¢e), * € H,, is mapped diffeomorphically onto B(f™(z),¢), it follows
that every point in H,, is contained in at most D dynamical balls B(z,n,e) with
T € G, proving our claim. Given any positive integer N > 1, it follows by bounded
distortion and the Gibbs property of v at hyperbolic times that

ma(f, 6, H,e,N) S K() Y e =P 37 u(Ban.2) ).

n>N z€Gn

Consequently mq(f, ¢, H,e, N) < K(¢) % e~ (@=PIN which tends to zero as
N — oo independently of . This shows that Py (f,¢) < log A and completes the
proof of the lemma. O

We know that every ergodic component of an absolutely continuous invariant
measure is also absolutely continuous. Now we prove that the absolutely continuous
invariant measures are indeed an equilibrium states.

Lemma 6.5. If u is an ergodic measure absolutely continuous with respect to v
then P,(f,¢) > logA\. Moreover, p is an equilibrium state for f with respect to ¢
and the following equalities hold

Ptop(f7¢):PH(f7¢):log)"

Proof. The previous estimates and Proposition 3.11 guarantee that

PtOP(f7¢) = Sup{PH(f7¢)7PHC(f7¢)} S IOg)\

Using that du/dv < Cy, that v satisfies the Gibbs property at hyperbolic times and
p-almost every point  admits a sequence {ng(x)} of hyperbolic times then

w(B(z,ny,e)) < Cy K(g) e Pt Sni o)

for every 0 < & < 4, every k > 1 and every y € B(z,ng,¢). Thus, Brin-Katok’s
local entropy formula for ergodic measures and Birkhoff’s ergodic theorem (see e.g.
[Man87]) immediately imply that

1
hu(f) = lim limsup —— log u(B(x,n,€)) > P — /(ﬁdu,
e—=0 nooo n
where the first equality holds p-almost everywhere. In particular
083 2 Pagl1,0) 2 Pu(£.0) 2 s {m(f)+ [ oau} 2 1og
n(H)=1

which proves that p is an equilibrium state and that the three quantities in the
statement of the lemma do coincide. This completes the proof of the lemma. [
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6.2. Finitude of ergodic equilibrium states. In this subsection we will com-
plete the proof of Theorems A and B. First we combine that every equilibrium state
is an expanding measure with some ideas involved in the proof of the variational
properties of SRB measures in [Led84] to deduce that every equilibrium state is
absolutely continuous with respect to some conformal measure supported in the
closure of the set H, and to obtain finitude of ergodic equilibrium states. Finally,
we show that under the topologically mixing assumption there is a unique equilib-
rium state, and that it is exact and a non-lacunary Gibbs measure. We begin with
the following abstract result:

Theorem 6.6. Let f: M — M be a C*+* local diffeomorphism, ¢ : M — R be a
Hélder continuous potential and v be a conformal measure such that J,f = \e™?,
where A = exp(Piop(f, ¢)). Assume that n is an equilibrium state for f with respect
to ¢ gives full weight to supp(v) and such that all the Lyapunov exponents are
positive. Then n is absolutely continuous with respect to v.

Let us stress out that this theorem holds in a more general setting. Since this
fact will not be used here, we will postpone the discussion to Remark 6.15 near the
end of the section. The finitude of equilibrium states is a direct consequence of the
previous result. Indeed,

Corollary 6.7. Let f be a C'T local diffeomorphism and let ¢ be a Hélder contin-
uous potential satisfying (H1), (H2) and (P). There ezists an expanding conformal
probability measure v such that every equilibrium state for f with respect to ¢ is
absolutely continuous with respect to v with density bounded from above. If, in ad-
dition, f is topologically mizing then there is unique equilibrium state and it is a
non-lacunary Gibbs measure.

Proof. Let v be the expanding conformal measure given by Theorem 4.1 and 7
be an ergodic equilibrium state for f with respect to ¢. We claim that n is an
expanding measure. Indeed, assume by contradiction that one can decompose 7 as
a linear convex combination of two measures n = tn; + (1 — )92 with no(H¢) =1
for some 0 < t < 1. But Lemma 6.5, the first part of Proposition 3.11 and the
convexity of the pressure yield

P’?(f7¢) = tPWl(f7¢)+(17t)P772(f7¢) S tPtop(f7¢)+(17t) PHC(f7¢) < Ptop(f7¢)a

which contradicts that n is an equilibrium state and proves our claim. Moreover,
n(supp(v)) = 1 because the support of v coincides with the closure of H. Finally,
using that

n—oo

n—1
1 4
lim sup — E log || Df(f7(x))7 Y < —2¢ <0
ni=

at n-almost every point (Corollary 6.7) and || Df"™(z)v| > H?;OI |Df(f7(x)~ 7t
for every vector v such that ||v]| = 1, every x € M and n > 1, it follows that

1
liminfﬁ log || Df"(x)v|| > 2¢ >0

for n-almost every x € M and every v € T, M. This shows that 1 has only posi-

tive Lyapunov exponents and that all the assumptions of Theorem 6.6 are verified.

Therefore, this result is a direct consequence of the previous theorem and Proposi-

tion 5.1. (]
33



In the sequel we prove Theorem 6.6. Since f is a non-invertible transformation
we use the natural extension, introduced in Subsection 3.5, to deal with unstable
manifolds.

Proof of Theorem 6.6. 1t is easy to check, using the variational principle, that al-
most every ergodic component of an equilibrium state is an equilibrium state. Thus,
by ergodic decomposition it is enough to prove the result for ergodic measures.

Let n be an ergodic equilibrium state and ( f ,7) be the natural extension of 7
introduced in Subsection 3.5. Recall that 7 is an f—invariant probability measure
in M such that m7) = n and that the Lyapunov exponents of the induced cocycle
A with respect to the measure 7 coincide with the Lyapunov exponents of f with
respect to 7 (see Proposition 3.15). Hence, 7 has only positive Lyapunov exponents.

We proceed with the construction of a special partition Q of M that is closely
related with Ledrappier’s geometric construction in Proposition 3.1 of [Led84] and
provides a key ingredient for the proof of Theorem 6.6. The main differences from
the original result due to Ledrappier are that the natural extension M is not in
general a manifold and that there is no well defined unstable foliation in M. The
arguments involved in the construction of a partition satisfying the properties above
follow well known ideas that can be traced back to [Led84, LS86]. See also [QZ02]
for a construction in a related context. First we set some notations. Given a
partition O denote by Q(@) the element of O that contains # € M. We say that Q
is an increasing partition if (f~1Q)(2) C Q(#) for f-almost every . In this case,
we write f‘lQ — Q

Proposition 6.8. There exists an invariant and full n-measure set Sc M, and a
measurable partition Q of S such that:

(1) f'e=9,

(2) j:g F=3Q is the partition into points,

(3) The sigma-algebras M,, generated by the partitions f’"Q, n > 1, generate
the o-algebra in S, and

(4) For almost every & the element Q(&) C W*(&) contains a neighborhood of
& in W¥(2) and the projection w(Q(&)) contains a neighborhood of xq in
M.

Proof. Since 7 is an hyperbolic measure, Pesin’s theory applied to the natural
extension f guarantees the existence of local unstable manifolds at almost every

point. Take ¢ > 1 such that 7(A;) > 0 and let r;, €;, 7; and R; be given by
Corollary 3.17. Fix also 0 < r < r; and & € supp(7} |5, ). Recall that §

W () N B(xg, r) is a continuous function on B(&,e;r) N A;. Consider the sets

V(Q,T) = {2 € VAVlgc(?)) 120 € B($07T)}a

defined for any § € B(&,e;r) N A;. Define also

S(@,r) = V(@) : 9 € B(@,eir)n A}
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and the partition Q(r) of M whose elements are the connected components V (3, 7)
of unstable manifolds just constructed and their complement M \ S(&, ). Further-
more, consider the set S, and the partition Q(r) given by

,«—Uf“ 7)) and Q(r \/f”Qo

Then, the partition 9 coincides with the partition Q( ) and the set S is given by
Nj>o f79(S,) for a particular choice of the parameter r. In what follows, for nota-
tional convenience and when no confusion is possible we shall omit the dependence
of the partition Qonr.

It is clear from the construction that every partition Q(r) is increasing, that is
the content of (1). In addition, since 7 is ergodic and 7(S(Z,7)) > 0 then the set of
points that return infinitely often to S (Z,r), which we called Sr, is a full measure set
by Poincaré’s Recurrence Theorem. In other words, if a point g belongs to S, there
are positive integers (n;); such that " () € V(f™(9),r). Hence, the backward
distance contraction along unstable leaves guarantees that the d“-diameter of the
partition \/"'_, f~7Q tend to zero as n — oo, proving (2). By construction, there is
a full measure set such that any two distinct points ¢ and Z lie in different elements
of f’”Q for some n € N. Indeed, if f~"Q(j) = f~"Q(2) for every n > 0 then f(j)
and f"( ) lie infinitely often in the same local unstable manifold. But (2) implies
that § and Z should coincide, which is a contradiction and proves our claim. In
particular, the decreasing family of o-algebras M,,, n > 1, generate the o-algebra
in S, which proves (3).

We proceed to show that the partition O(r) satisfies (4) for Lebesgue almost
every parameter r. Given 0 < r < r; and g € S, define

N . T ‘n
ﬁT(y) = inf {Rza ;a 27-(2)\1 d(y_n,aB($077'))},

n>0
that it clearly non-negative. It is enough to obtain the following:
(a) Tf zo € W (9) and d“(yo, 20) < B3,(§j) then there exists 2 € Q(f) such that
7T( ) = 205
(b) There exists a full Lebesgue measure set of parameters 0 < r < r; such that
the function §,(-) is strictly positive almost everywhere and 7(9Q(r)) = 0.
Take § € S, and assume that zy € W (9) is such that d“(yo, 20) < B-(9). If
g € S(&,r) then there exists w € B(&,e;r) such that § € W, (). Furthermore,
since d“(yo,20) < (,(§) < R; then there exists 2 € Wi () such that 7(2) = z.
Hence

d*(Y—ns2—n) < vie”"d"(yo,20), Yn €N,
which implies that d“(y_y,2—p) < r and d“(Yy_n, 2—n) < 1/2d(y_n,0B(xg,r)) for
every n € N. Together with Corollary 3.17, this shows that y_, and z_,, belong
to the same element of the partition Qg for every n > 1 and, assuming (b) for
the moment, that W(Q(y)) contains a neighborhood of yg in VVIOC( ). On the other

hand, if § € S, \ S(&,r) then there exists k > 1 such that f~%(j) € S(z,r) and
consequently the projection of the set

Q) = MU (@)
(4

contains an open neighborhood of o in W%,
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The proof of (b) is slightly more involving. We begin with the following remark
from measure theory: if ro > 0, ¥ is a Borel measure in [0,79] and 0 < a < 1 then
Lebesgue almost every r € [0, 7] satisfies

Zﬁ([r—ak,r—i—ak]) < o0. (6.2)
Indeed, the set

Bax = {r € [0,70] : 9([r — a*, 7 +a*]) > w}

can be covered by a family I of balls of radius a* centered at points of By in
such a way that any point is contained in at most two intervals of Ij. Since

o
s, Y0 T0)) TO < 3" 0(1) < 29([0, o))

Iely,

then #I; < 2k* and it is clear that Leb(Bg ) < 2aF#1I;, is summable. Borel-
Cantelli’s lemma implies that Lebesgue almost every r € [0, 7] belongs to finitely
many sets B, i, which proves the summability condition in (6.2).

Back to the proof of (b), let ¢ be the measure of the interval [0,r;] defined by
I(E) =n(g € M : d(zo,y0) € E). The previous assertion guarantees that for
Lebesgue almost every r € [0,7;] it holds

o0

> i€ M |d(zo,yo) — 7 < e™F) < oo, (6.3)
k=0

On the other hand, there exists D > 0 such that |d(z0,z0) — r| < D7 whenever
d(z9,0B(xg,7)) < 7 and 0 < 7 < r < r;. Therefore

oo

Zﬁ(g € M: |d(y—naaB(-T0,7”))| < D_le_)‘ik) <
k=0

oo
< Zﬁ(@ € M :|d(zo,y—n) — 1| < e k),
k=0
which is finite because of the invariance of 7 and the former condition (6.3). Using
Borel-Cantelli’s lemma once more it follows that 5-almost every g satisfies

|d(y—n, 0B (xo,7))| < D~ le ik

for at most finitely many positive integers k, proving that 5,.(¢) > 0. Furthermore,
since n(Up>0f"(0B(z0,7))) = 0 for all but a countable set of parameters 0 < r < r;
then Q(g]) contains a neighborhood of ¢ in Wféc(gj) for f-almost every ¢ € M. This
shows that (b) holds and, in consequence, for Lebesgue almost every r € [0, r;] the
partition Q(r) satisfies the requirements of the proposition. O

Let (7i;), be the disintegration of the measure # on the measurable partition Q,
given by Rokhlin’s theorem. Recall that for 7-almost every & the map m |W“ (@)

Wit (%) — W (&) is a bijection. For any such & let 7, be the measure on Wy, (i)
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obtained as the pull-back of v \Wu (@) by the bijection 7w |Wu (@) Let 7 denote the
measure defined on M by the disintegration (9 )z, that is to say that

o) = [ 0:(B) di(a)
for every measurable set Ein M. As a byproduct of the previous result we obtain
Corollary 6.9. 0 < 0:(Q(2)) < o0, for f-almost every &.
Proof. For every & in a full 7-measure set one has that
7(Q(#)) = v(m(Q(2)) N Wige(3))-

Since 7 is an expanding measure then W (#) is a neighborhood # and W (i) N
7(Q(#)) contains a neighborhood of xo in M. In addition, since n(suppv) = 1, for
every & in a full 7-measure set it holds that z¢ € supp(r). Then it is clear that
0< Dx(Q(ﬁ)) < 00, -almost everywhere, which proves the corollary. O

The next preparatory lemma shows that 7 has a Jacobian with respect to f and
establishes Rokhlin’s formula for the natural extension.

Lemma 6.10. The measure U has a Jacobian pr = J, f om with respect to f In
addition,

ha(f) = / log J, f di

s positive and finite.

Proof. Since the sigma-algebra B is the completion of the sigma-algebra generated
by the cylinders 7, Y(f~'B), i > 1, then the first claim in the lemma is a consequence
from the fact that

iy (f(B)) = T, f o di; 6.4
D) (F(E)) /Eﬂ(m)@) 7 di (6.4)

for almost every & and every small cylinder £ = 7 1(E). Indeed, if E is a small
cylinder then it is clear that

W) = [odEnane = [ [ sperdndi@). 65

Let 7; denote the restriction of the measure 75 to the set (f~1Q)(#) € O(#). Then
 has a disintegration 7 = [ 3 d) with respect to the measurable partition f 19.
Together with (6.5) this gives

// f o ding di(#) = / fomdp,

which proves that © has a Jacobian and J[,f = J,f om. Hence, to prove the first
assertion in the lemma we are reduced to prove (6.4) above. If f | E is injective
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and E = 7~ (E) then

Dy (F(E) = 0y (FIEN(JT1 Q@) = v(F(ENT((f1Q)(@))

z/ o Jyde:/ o Jy fomdis,
Enn((f-1Q)(#) ENn(f-1Q)(#)

which proves (6.4). On the other hand, h,(f) = [ J, f dn because 7 is an equilib-
rium state, Pyop(f, @) = log A and J, f = Ae=?. So, using 7.7 = n we obtain

hf,(f):hn(f):/logJyfdn:/1og(Jufo7r)dﬁ:/long,fdﬁ,

which proves the second assertion in the lemma. Finally, the Holder continuity of
the Jacobian J,;f = J,f o, the fact that Q is subordinated to unstable leaves and
the backward distance contraction for points in the same unstable leaf yield that
the product

oo s VDN
£, 9) Jof(f 77 (&
e = [T 209 Jof ()
i1 Jof (79 ()
is convergent for almost every & and every gy € Q( ). The proof of the lemma is
now complete. ([

The last main ingredient to the proof of Theorem 6.6 is the following generating
property of the partition Q.

Proposition 6.11. h;(f) = Hqy(f1Q | Q).

The proof of this result involves two preliminary lemmas. Let ¢ > 1 and A,
be given as in the proof of Proposition 6.8 and r; given by Corollary 3.17. The
following lemma gives a dynamical characterization of the local unstable manifolds.

Lemma 6.12. Given e > 0 there is a measurable function D.: By — R, satisfying
log D. € LY(7) and such that, if d(z_pn,y—n) < D-(f~™(%)) Vn > 0 then § €
WE.(2) and d(xo,yo) < 275.

Proof. Since ﬁ(/&l) > 0 and 7 is assumed to be ergodic then some iterate of almost
every point will eventually belong to A; by Poincaré’s recurrence theorem. So,
the first hitting time R(Z) is well defined almost everywhere in A; and |} A Rdn =

1/7(A;), by Kac’s lemma. This proves that the logarithm of the function D, : M —
R given by

A~ ) - min {27’1 s 0; s (51/’}/1} 67()\+6)R(i’) ,lf T e Az
"] min {2ri , 05 4 (Si/’yi} , otherwise

is f-integrable. On the other hand, if & € A; then R(f_"(:%)) =n. Any j e M
such that d(z_,,y_n) < Do(f~"(2)) for every n > 0 clearly satisfies d(xq, yo) < 2r;
and, by Proposition 3.16(2), belongs to W% (Z). This concludes the proof of the
lemma. (]

This result allow us to construct an auxiliary measurable partition of finite en-
tropy that will be useful to compute the metric entropy hs;(f).
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Lemma 6.13. There exists a measurable partition P of S such that H; (75) < 00,
diam(P (%)) < De(2) at 1j-almost every &, and that the partition

A oo A A
P =\/ f*P
n=0

is finer than Q.

Proof. Let D, be the measurable function given by the previous lemma. By Lemma
2 in [Man81], there exists a measurable and countable partition Py such that
H;(Py) < oo and diamP(z) < D.(z) for a.e. & € M. Let P be the finite en-
tropy partition obtained as the refinement of Py and {M \ S(&,r), S(&,r)}. Notice
that there is a full measure set where any two points & and g belong to the same
element of f*P for every n > 0 if and only
d(x_p,y—n) < ﬁs(f*”i) for every n > 0.
In particular, Lemma 6.12 above implies that each element of Pisa piece of some
local unstable manifold. Hence, since P was chosen to refine {M \ S(Z,r),S(Z,r)}
then it is easy to see that
(/P () € Q).

n>0

for almost every #. So, the partition P just constructed satisfies the conclusions of
the lemma. O

Proof of Proposition 6.11. Let £ > 0 be arbitrary small. Up to a refinement of the
partition P we may assume without loss of generality that h;(f,P) > hs(f) — .
Since the partition P(*) is finer than Q then

ha(f, P) = ha(f, PO = hy(f, PO v Q) = hy(f, fr P v Q)
for every n > 1. Using that hﬁ(f, §) = H; (f1E,€) for every increasing partition

é, the right hand side term in the previous equalities coincides with the relative
entropy Hy(f"P) v Q | frH1P() v fQ) and, consequently,

ha(f,P) = Hy(Q| fQV frP)) + Hy(PO) | frQv fPO9)).
The second term in the right hand side above is bounded by Hj (P), which is finite.
Then Proposition 6.8(3) implies that it tends to zero as n — oo. On the other hand,
the diameter of almost every element in f —n+1Q tend to zero as n — 00, proving
that there exists a sequence of sets ([)n)n21 in M satisfying lim,, ﬁ(f)n) =1 and
such that fQ(2) c fP()(z) for every & € D,,. Then

Hy(Q| FOV FP) = [ ~1ogii o pupimsyo) Q) i) =

> [ —logige e Q@) i),

Dn(2)
where the measures 7 FOv frpieo) and 7) io denote respectively the conditional mea-

sures of n witpArespAectA to the partitions ]f Qv f”75(°°) and f Q. This proves that
lim,, Hy(Q | fOV frP)) > Hy(Q | fQ). Since the other inequality is always
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true we deduce that h;,(j':, P) = Hy(Q | fQ). Since £ > 0 was chosen arbitrary this
proves that h,,(f) = Hy(Q | fQ), as claimed. O

It follows from Lemma 6.10 and Proposition 6.11 that
Hy(f Q| Q) = [ 1oy f di (6.6)
With this in mind we obtain the following

Lemma 6.14. 7} admits a disintegration (fjz)z along the measurable partition o)
such that

B(B) = 5 [ MG dia(i). where 2)= [ A i) dis(0)
Z(2) Q(2)NB a(2)
(6.7)
for every measurable set B and 7j-almost every . In consequence 7jz is absolutely
continuous with respect to Uz for almost every .

Proof. Recall that A(z,9) is well defined for almost every & and every ¢ € Q(:%)
according to Lemma 6.10. In particular Corollary 6.9 implies that 0 < Z(&) < oo
almost everywhere. Let p; denote the measure in the right hand side of the first
equality in (6.7). Since f_IQ - 0 a simple computation involving a change of
coordinates gives that

P = 555

We claim that

A3, ) dig () = — 132
/<f1@><f> 0450 = 26 17@)

- / log pi ((F10) (2)) dif = / log J,  di.

Since p; is a probability measure then —log p;((f~1Q)(2)) is a positive function
and clearly the negative part of this function belongs to L!(#). Using that J, f is

bounded away from zero and infinity the same is obviously true also for log %
So, Birkhoff’s ergodic theorem yields that the limit
n—1 2
N | fniany — o Lo ZUT@E) Z o f(*(2))
w(8)i= Jim S log Z2(77(®) = Jim, Jlog ToT = lm 5 e m )

do exist (although possibly infinite) and that
g Z2(f(#)) ,. .
/w(x)dn(x) = /log 70 dn(z).

Since Z is almost everywhere positive and finite, the sequence 1/nlog Z( f”(:fc))
converge to zero in probability and, consequently, it is almost everywhere convergent
to zero along some subsequence (n;);. This shows that w(&) = 0 for 77-almost every
% and proves our claim. On the other hand using relation (6.6) and the equality

we obtain




Since the logarithm is a strictly concave function then

O:/log(illﬁzz NLE IOg(/igi r1gt) =0

and the equality holds if and only if the Radon-Nykodym derivative

dps
iz
to the sigma-algebra generated by f ~1Q is almost everywhere constant and equal to
one. Replacing f by any power f” in the previous computations it is not difficult to
check that 7z and p; coincide in the increasing family of sigma-algebras generated
by the partitions f*”(QA), n > 1. Proposition 6.8(3) readily implies that 7; = pz
at f-almost every &, which completes the proof of the lemma. O

restricted

We know from the previous lemma that 7; < 73 almost everywhere. Then,
using that W) (&) is a neighborhood of z¢ in M and the bijection

T |W1gc(j) VAVIZC(JA’) - quéc(‘%)

it follows that 7.7z < v for fj-almost every &. Since (7);z) is a disintegration of 7 and
w7 = n it is immediate that n < v. This completes proof of the Theorem 6.6. [

Remark 6.15. We point out that Theorem 6.6 holds for general endomorphisms that
admit critical or singular behavior. Let us comment on the necessary modifications
in the proof. Assume that f is a general endomorphism, ¢ is an Holder continuous
potential and v is an expanding conformal measure such that J, f = Ae™?, where
A = exp Pop(f,¢). This is the case e.g when ¢ = —log|det Df| and v is the
Lebesgue measure. Assume also that 7 is an equilibrium state for f with respect
to ¢ such that log|det Df| € L*(n) and n(suppv) = 1. The integrability condition
allows us to obtain Pesin’s local unstable leaves through almost every point (see e.g.
[QZ02] for a precise statement). Then, the construction of an increasing partition
as in Proposition 6.8 and the proof of the absolute continuity of 1 with respect
to v remains unaltered. In the case that ¢ = —log|det D f]| this corresponds to
the proof of the necessity condition in Pesin’s formula for the entropy, which is the
converse of the result in [QZ02].

Through the remaining of the section assume that f is topologically mixing.
Since equilibrium states coincide with the invariant measures that are absolutely
continuous with respect to v then there is only one equilibrium state p for f with
respect to ¢. Thus, Theorem B is a direct consequence of Proposition 5.1 and the
previous statement. To finish the proof of Theorem A it remains only to show
exactness of the equilibrium state:

Lemma 6.16. pu is exact.

Proof. Let E € By, be such that u(E) > 0 and let € > 0 be arbitrary. There are
measurable sets F,, € B such that £ = f~"(E,). On the other hand, since pu is
regular there exists a compact set K and an open set O such that K C ENH C O
and u(O\ K) < ep(K), where H denotes as before the set of points with infinitely
many hyperbolic times and € > 0 is small. The same argument used in the proof
of Lemma 5.3 shows that there exists 7 > 0n > 1 and x € H,, such that

/,L(B(l‘,n, 6/4) \E) < 7_—1

u(B(z,n,5/4))

e.



Since n is a hyperbolic time then f" |p(; ,,5) is a diffeomorphism that satisfies the
bounded distortion property. Hence

u(B(f"(x),6/4) \ ["(E))
w(B(f(x),6/4))

The topologically mixing assumption guarantees the existence of a uniform N > 1
(depending only on §) such that every ball of radius §/4 is mapped onto M by fV.
Furthermore, since ;1 < v with density h = Z—’; bounded away from zero and infinity
then J,f = J,f (ho f)/h satisfies C~! < J,f < C for some constant C > 1. In
particular, since d”V is an upper bound for the number of inverse branches of fv, C
bounds the maximal distortion of the Jacobian at each iterate and p is f-invariant
we obtain that

< K0T71€.

WM\ E) = u(M\ E,n) < KogdVON771e,
The arbitrariness of € > 0 shows that u(E) = 1. This proves that u is exact. O
We finish this section with the following:

Proof of Corollary 1. Let ¢ be any continuous potential satisfying (P). The exis-
tence of equilibrium states for f with respect to ¢ follows from upper semi-continuity
of the metric entropy. Consider a sequence {¢,} of Holder continuous potentials
satisfying (P) such that ||¢, — ¢|lo — 0 as n — oo. Let p be an accumulation point
of the sequence {u,}, where u, is an equilibrium state for f with respect to ¢y,
given by Theorem B. Note that the constants ¢ and § given by Lemma 3.4 are
uniform for every p,,. So, given a partition R of diameter smaller than ¢ such that
w(OR) = 0, it is generating with respect to u,, and satisfies that

:U/TL — hﬂn(f7 R)
is upper semi-continuous. It follows from the continuity of ¢ — Piop(f,¢) and
¢ +— f ¢ dp that

n— oo n— oo

hu(f,R) > limsup hy,, (f) = limsup [Ptop(f) ¢n) — /(bn dun}

=Ptop(f,¢>—/¢duzhu<f>.

This proves that p is an equilibrium state for f with respect to ¢ and completes
the proof of the corollary. (I

7. STABILITY OF EQUILIBRIUM STATES

7.1. Statistical stability. Here we prove upper semi-continuity of the metric en-
tropy and use the continuity assumption on the topological pressure to prove that
the equilibrium states vary continuously with respect to the data f and ¢.

Proof of Theorem C. Let W be the set of Holder continuous potentials and F the
set of C'*t2-local diffeomorphisms introduced in Subsection 2.3. The strategy is
to construct a generating partition for all maps in F. A similar argument was
considered in [Ara07]. Fix (f,¢) € F x W and arbitrary sequences F > f, — f
in the C'**-topology and W 3 ¢, — ¢ in the uniform topology, let u, be an
equilibrium state for f,, with respect to ¢,, and 1 be an f-invariant measure obtained
as an accumulation point of the sequence (g, ).
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We begin with the following observation. Since the constants ¢ and § given by
Lemma 3.4 are uniform in F, any partition R of diameter smaller than §/2 satisfying
n(OR) = 0 generates the Borel sigma-algebra for every g € F. Then, Kolmogorov-
Sinai theorem implies that hy, (fn) = hy, (fn, R) and hy(f) = hy(f, R), that is,

1 1
—nf L (k) — inf ~H, (R®)
h, (Jn) = Inf 2 Hy,, (Ry7) - and - hy(f) = jof 2 Hy (R,

where H,(R) = > zcr —1(R)logn(R) and we considered the dynamically defined
partitions

k—1 k—1
RP =\/f£,7(R) and R™ =\/ f7(R).
§=0 =0

Since 7 gives zero measure to the boundary of R then H, (Rslk)) converge to
Hn(R(k)) as n — oo by weak® convergence. Furthermore, for every € > 0 there is
N > 1 such that

1 1
by, (fn) < NHM(R%N)) < NHW(R(N)) +e < hy(f) +2e.

Recalling the continuity assumption of the topological pressure Piop(f,¢) on the
data (f,¢), that u, is an equilibrium state for f,with respect to ¢,, and that
J ¢ndpn, — [ ¢dn as n — oo, it follows that

ho(f) + / bdn > Py, 6).

This shows that 1 is an equilibrium state for f with respect to ¢. Since every
equilibrium state belongs to the convex hull of ergodic equilibrium states and these
coincide with finitely many ergodic measures absolutely continuous with respect to
v (recall Theorem B), this completes the proof of Theorem C. (]

We finish this subsection with some comments on the assumption involving the
continuity of the topological pressure. The map ¢ — P(f,¢) varies continuously,
provided that f is a continuous transformation (see for instance [Wal82, Theorem
9.5]). On the other hand, in this setting the topological pressure Pyop( f, ¢) coincides
with log Ay ¢, where Af 4 is the spectral radius of the transfer operator L; 4, for
every f € F and every ¢ € W. Moreover, the operators L, vary continuously
with the data (f, ¢). So, the continuous variation of the topological pressure should
be a consequence of the most likely spectral gap for the transfer operator Ly 4 in the
space of Hélder continuous observables. Such a spectral gap property was obtained
in [AMO6] in a related context.

7.2. Stochastic stability. The results in this section are inspired by some analo-
gous in [AA03]. First we introduce some definitions and notations. Given f € F~,
define f/ = fio...fao fi. Let (6:)o<e<1 be a family of probability measures in
F. Given a (not necessarily invariant) probability measure v, we say that (f,v) is
non-uniformly expanding along random orbits if there exists ¢ > 0 such that

1 & ;
I =3 log | DF(E ()| < —2¢ < 0
imsup — og [[Df(f(x)) || < —2¢c <

n—oo ]:1
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for (0 x v)-almost every (f,z) € FN x M. If this is the case, Pliss’s lemma
guarantees the existence of infinitely many hyperbolic times for almost every point
where, in this setting, n € N is a c-hyperbolic time for (f,z) € FN x M if

n—1

H |Df(H (x)) 7 | < e=* forevery 0 <k <n—1.

j=n—=k

We refer the reader to [AA03, Proposition 2.3] for the proof. Given £ > 0, let
n5 : FN x M — N denote the first hyperbolic time map. Set also H,,(f) = {z € M :
n is a c-hyperbolic time for (f,2)}. In the remaining of the section let f € F and v
be an expanding conformal measure such that suppr = H. The next result shows
that f has random non-uniform expansion. More precisely,

Lemma 7.1. Let (6:)o<e<1 be a family of probability measures in F such that
supp 0 is contained in a small neighborhood V.(f) of f and (. V:(f) = {f}. If
F 2 g — Jug is a continuous function and ¢ is small enough then (f,v) is non-
uniformly expanding along every random orbit of (f, 0:). Furthermore,

O x v)({(fz) € 7V x M :n5(f,x) > k})
decays exponentially fast and, consequently, [ ng (0Y x v) < .

Proof. Given g € F, let A; C M be the region described in (H1) and (H2). Denote
by A the enlarged set obtained as the union of the regions A, taken over all g €
supp .. If € > 0 is small enough then we can assume that A is contained in the
same g elements of the covering P as the set A;.

Now we claim that, if v is chosen as before and f € 7" the measure of the set

B(mf):{xEM:%#{Ogjgn—lzfj(x)EA}ZV}

decays exponentially fast. Indeed, the same proof of Lemma 3.1 yields that B(n,{) is
covered by at most e(1°89+¢0/2)% elements of P (f) = \/;L:_o1 £77(P), for every large
n. On the other hand, since supp(f.) is compact the function supp . 3 g — J,g is
uniformly continuous: for every ¢ > 0 there exists a(¢) > 0 (that tends to zero as
e — 0) such that

—a(e) < Ju f(x) < eale)

= Jug(x) T
for every g € supp(f.) and every € M. As in the proof of Proposition 4.4, this
implies that

e

n—1
1> v(f"(P)) = / [[7fiof dv>e e / J, [ dy > elleg ateo—al@n ,(p)
Pl P

and, consequently, v(P) < e~(oga+o—ale)n for every P € P (f) and every large
n. Hence

v(B(n,f)) < #{P e PM™(f): PN B(n,f) # 0} x e~ (osateo—ale)n
which decays exponentially fast and proves the claim. Then, the set
1 , -
B(n) = {(t.7) € 7" XM:—#{0<j<n—1:0() € A} =7}

is such that (6. x v)(B(n)) = [v(B(n,f)) d8(f) also decays exponentially fast.
Borel-Cantelli guarantee that the frequency of visits of the random orbit {f’(z)}
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to A is smaller than ~ for 0 x v-almost every (f, ). Moreover, since every g € F
satisfy (H1) and (H2) with uniform constants this proves that f is non-uniformly
expanding along random orbits. Moreover, the first hyperbolic time map n§ is
integrable because

/n1 AN x v) = 3705 x ) ({m > n}) < SO x ) (B(n)) < oo.

n>0 n>0

This completes the proof of the lemma. O

Remark 7.2. Before proceeding with the proof, let us discuss briefly the continuity
assumption on F 3 g — J,g. First notice that in our setting this is automatically
satisfied when v coincides with the Lebesgue measure since it reduces to the con-
tinuity of g — log|det Dg|. Given g € F, let v, denote the expanding conformal
measure and set Py, = Piop(f,¢). Observe that if k is a c-hyperbolic time for x
with respect to f then it is a ¢/2-hyperbolic time for z with respect to every g
sufficiently close to f. Consequently

“o |P;—Pyk  Vo(B(z,k,0))
K(c/2,6) e < U (B(a.k,9))
which proves that the conformal measures v and v, are comparable at hyperbolic
times and that J,g = d(g;'v)/dv is a well defined object in the domain of each
inverse branch g~!. So, in general, the relation above indicates that the continuity
of the topological pressure should play a crucial role to obtain the continuity of the
Jacobian F 3 g — J,g.

Given n > 1 define f7 : FN — M given by f7(g) := g"(x). Since f is non-
uniformly expanding and non-uniformly expanding along random orbits then there
are finitely many ergodic stationary measures absolutely continuous with respect
to v. More precisely,

< K(c/2,68)%elPr=Falk,

Theorem 7.3. Let (6.): be a non-degenerate random perturbation of f € F.

Given € > 0 there are finitely many ergodic stationary measures ui, i3, ..., uj that
are absolutely continuous with respect to the conformal measure v and
1 n—1 )
i =l =S [ Aw1B) do) (71)
n—oo 1 —
i=

for every 1 < i <. In addition, | > 1 can be taken constant for every sufficiently
small €.

Proof. This proof follows closely the one of Theorem C in [AA03]. For that reason
we give a brief sketch of the proof and refer the reader to [AA03] for details. It
is easy to check that any accumulation point u® of the sequence of probability
measures

n—1
LN, (72)
=0

on M is a stationary measure. Moreover, any stationary measure p° is absolutely
continuous with respect to v because of the non-degeneracy of the random pertur-
bation and

4 (E) = / 1 (g™ (E)) db.(g) = / 1p(g(c)) db.(g) dpc (x) = / ((£2) 62 (B) dye

45



for every measurable set F.

On the other hand, by the ergodic decomposition of the F-invariant probability
measure Y x p° there are ergodic stationary measures. We prove that there can be
at most finitely many of them. Indeed, a point z belongs to the basin of attraction
B(uf) of an ergodic stationary measure p if and only if

LS ey - v (7.3)

for every 1 € C(M) and f-almost every f € FN. In addition, if z € B(u®) then
g(x) € B(u®) for every g € supp(f.). Furthermore, the non-degeneracy of the ran-
dom perturbation implies that B(u®) contains the ball of radius 7. centered at f(x).
Then, the compactness of M implies that there are finitely many ergodic absolutely
continuous stationary measures uf,...,u;, with 1 <1 <lI(e). Since v(B(ug)) > 0,
integrating (7.3) with respect to v and using the dominated convergence theorem
one obtains

n—1 n—1
1 , 1 ,
€ _ iy j — T o - e
/ﬂfdui = lim ~ E /B( ot dv=lim— 5 /wdf*(V\B(ul))
7=0 /”Li) 7=0

for every ¢ € C(M) and 6Y-almost every f € F. This proves the first statement of
the theorem.

It remains to show that ! = [(¢) can be chosen constant for every sufficiently
small . The support of each stationary measure p5 is an invariant set with non-
empty interior (see [AA03]). Since f is non-uniformly expanding then supp(us)
contains some hyperbolic pre-ball V,,(x) associated to f and, by invariance, a ball
of radius 0. This proves that I(e) < Iy for every small € > 0. On the other direction,
since the set supp(p$) has positive v-measure and is forward invariant by f it must
be contained in the support of some ergodic stationary measure ufl for every ¢’
smaller than ¢. This proves the [ can be taken constant for small € and completes
sketch of the proof of the theorem. O

Now we are in a position to prove that the equilibrium states constructed in
Theorem A are stochastically stable.

Proof of Theorem D. Let (uf)c>0 be a sequence of stationary measures absolutely
continuous with respect to v and let 7 be any weak® accumulation point. Theo-
rem 7.3 implies that there is [ > 1 such that there are exactly [ ergodic stationary
measures pf,...,u; that are absolutely continuous with respect to v, for every
sufficiently small . Furthermore,

1 n—1 )
i = Jim v where i =3 [ B0 | B del0)
j=0

n—oo

Proceed as in the beginning of Subsection 5.1 and write v < & + % Z;:(} n; with

n—1
1 .
P o / £ (v | H(6)) do (£)
nj:() B(uf)

and
# (1B | Hy@) | (1507 (©) > k}) ol 0.
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The arguments from Section 5 and the uniform integrability of & — n§ € L*(0Y x v)
yield that each measure vy, ; is absolutely continuous with respect to v with density
bounded from above by a constant depending only on €. By weak™ convergence it
follows that 7 is also absolutely continuous with respect to v and, consequently,
belongs to the convex hull of finitely many ergodic equilibrium states pq, . .., uy for
f with respect to ¢. This completes the proof of the theorem. (I

8. SOME EXAMPLES

It is worthwhile including some remarks on the role of the hypotheses (H1),(H2)
and (P), specially in connection with the supports of the measures we construct,
the existence and finitude of equilibrium states.

Example 8.1. Let fo : T* — T be a linear expanding map. Fix some covering P
for fo and some P; € P containing a fixed (or periodic) point p. Then deform fy on
a small neighborhood of p inside P; by a pitchfork bifurcation in such a way that
p becomes a saddle for the perturbed local diffeomorphism f. By construction, f
coincides with fj in the complement of P;, where uniform expansion holds. Observe
that we may take the deformation in such a way that f is never too contracting
in P;, which guarantees that (H1) holds, and that f is still topologically mixing.
Condition (P) is clearly satisfied by ¢ = 0. Hence, Theorems A and B imply that
there exists a unique measure of maximal entropy, it is supported in the whole
manifold T¢ and it is a non-lacunary Gibbs measure.

Now, we give an example where the union of the supports of the equilibrium
states does not coincide with the whole manifold.

Example 8.2. Let fy be an expanding map in T? and assume that f; has a periodic
point p with two complex conjugate eigenvalues Ge'®, with & > 3 and kw ¢ 277
for every 1 < k < 4. It is possible to perturb fy through an Hopf bifurcation at p to
obtain a local diffeomorphism f, C®-close to fy and such that p becomes a periodic
attractor for f (see e.g. [HV05] for details). Moreover, if the perturbation is small
then (H1) and (H2) hold for f. Thus, there are finitely many ergodic measures of
maximal entropy for f. Since these measures are expanding their support do not
intersect the basin of attraction the periodic attractor p.

An interesting question concerns the restrictions on f imposed by (P). For in-
stance, if ¢ = —log|det D f| satisfies (P) then there can be no periodic attractors.
In fact, if this is the case then the expanding conformal measure v coincides with
the Lebesgue measure. Since v is an expanding measure and positive on open
sets there can not exist periodic attractors. There are examples where the poten-
tial ¢ = —log|det Df| does satisfy (P). In fact, if f is as in Example 8.1 above,
condition (P) can be rewritten as

sup, e | det D f(z)]
ianEGTZ |det Df(x)| < deg(f)7 (81)

which is clearly satisfied if the perturbation is small enough.

The next example shows that some control on the potential ¢ is needed to have
uniqueness of the equilibrium state: in absence of the hypothesis (P), uniqueness
may fail even if we assume (H1) and (H2). Recall the following well known example
of intermittency.
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Ezample 8.3. (Manneville-Pomeau map) If o € (0,1), let f :[0,1] — [0,1] be the
local diffeomorphism given by
z(142%%) f0<z<3

f“(f”)_{ (23:—1 ! iflcr<i
Observe that conditions (H1) and (H2) are satisfied. It is well known that f has a fi-
nite invariant probability measure p absolutely continuous with respect to Lebesgue.
It is not difficult to see using by Pesin formula and Ruelle inequality, that p is an
equilibrium state for the potential ¢ = —log|det Df|. On the other hand, since
hs,(f) = 0 and Df(0) = 1, the Dirac mass dy is also an equilibrium measure for
¢. Thus, uniqueness fails in this topologically mixing context. For the sake of
completeness, let us mention that in this example f is not a local diffeomorphism,
but one can modify it to a local diffeomorphisms in S! = [0,1]/ ~ by

[ w1420 if0<a <]
for(z)—{ x_2a(1_x)1+a if%<$§17

where ~ means that the extremal points in the interval are identified. Note that
the potential ¢ is not (Holder) continuous.

The previous phenomenon concerning the lack of uniqueness of equilibrium states
can appear near the boundary of the class of maps and potentials satisfying (H1)
and (H2) and (P).

Ezample 8.4. Let f, be the map given by the previous example and let (¢g)s>0 be
the family of Holder continuous potentials given by ¢z = —log(det |Df| 4+ 3). On
the one hand, observe that ¢ converge to ¢ = —log(|det Df|) as 8 — 0. On the
other hand, similarly to (8.1), one can write condition (P) as

fra2va _,
B+1
For every a > 0, since f, is topologically mixing and satisfies (H1),(H2) and ¢,
satisfies (P) for every o > 0 there is a unique equilibrium state u, for f, with
respect to ¢on. Moreover, ¢o, approaches ¢, which seems to indicate that the
condition (P) on the potential should be close to optimal in order to get uniqueness
of equilibrium states.

or (3> a.

9. QUESTIONS AND PERSPECTIVES

In this final section we will discuss several open questions, comment our assump-
tions and discuss possible future perspectives.

Weak Gibbs property: Recall that in the topologically mixing case the unique equi-
librium state is a non-lacunary Gibbs measure. This holds because this measure is
equivalent to the expanding conformal measure v. A natural question is wether the
equilibrium states also enjoy this weak Gibbs property in general. To obtain this
it would be enough to show that the density of any absolutely continuous invariant
measure is bounded away from zero in its support.

Decay of correlations and Limit Theorems: Other question is to analyze the velocity
of mixing or, in other words, the rate of decay of correlations. It would also be
interesting to establish some other statistical properties and limit theorems as the
Central Limit Theorem (CLT) and the Local Limit Theorem (LLT) in a suitable
Banach subspace of the space of Holder continuous potentials.
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Regularity of the transformation and potentials: It is well known that C! generic
maps are not C'*® failing to satisfy bounded distortion properties. In gen-
eral, there exists an expanding conformal measure vy and a positive real number
Ag = 1(Ly) such that Livy = Ayvy for every continuous covering map f and po-
tential ¢. We point out that the C1T® assumption was only used to obtain Pesin’s
local unstable leaves in the proof of the uniqueness of the equilibrium state. For
some applications this regularity is often necessary: e.g. in order to apply the re-
sults to the family of potentials ¢, = —tlog|det Df|. Nevertheless, it would be
interesting to obtain a direct proof of the uniqueness in the context of C'! transfor-
mations. We note that in the presence of Markov partitions, which is the setting
of [OV07], Oliveira and Viana prove the uniqueness of equilibrium states using a
different method that does not require the Holder regularity of the derivative of the
transformation.

Random transformations: A question inspired by [AMOO04] and our stochastic sta-
bility result is to prove the existence and uniqueness of equilibrium states for
some open classes of non-uniformly expanding random maps including the ones
in [AMOO04]. Indeed, it seams reasonable to construct an invariant measure which
is absolutely continuous with respect to vp in the same spirit of [AA03]. Moreover,
following [AMOO04] it might be that such measure is an equilibrium state. An im-
portant step and possible difficulty in that direction lies in obtain a random version
of Brin-Katok’s local entropy formula.
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