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Resumo

O estudo do comportamento assintético de um aparticula marcada comega com o trabalho
de Einstein de 1905 sobre o movimento Browniano. No trabalho de Einstein, a particula
marcada é diferente das outras, e é assumido que ela nao influi na evolucao das outras
particulas. Esta hipdtese corresponde a supor que o sistema estd em equilibrio. No caso
em que a particula marcada é igual as outras particulas, também é possivel provar que o
comportamento assintético da particula marcada é dado por um movimento Browniano.
A variadncia do movimento Browniano limite depende da densidade de particulas, e da
natureza da interagao. No processo de exclusao simples na rede infinita, a interacao das
particulas é dada pelo principio de exclusao: a evoluicao das particulas é dada por um
passeio aleatorio simples, condicionado a nao ter mais de uma particula por sitio.

No caso especial em dimensao um, no qual os saltos sao simétricos e a vizinhos
préximos, a posigao relativa das particulas nao é alterada pela dinamica. Em conseqiiéncia,
a variancia do movimento Browniano limite para uma particula marcada neste caso se
anula, independentemente da densidade de particulas. Para obter um comportamento
assintético nao trivial, uma escala sub-difusiva é introduzida. O limite de escala neste
caso é dado por um moviemnto Browniano fracionario.

Este trabalho é composto de duas partes. Na primeira parte, é considerado o modelo
de exclusao simples no caso em que o limite de escala para a particula marcada é dado por
um movimento Browniano nao degenerado. Provaremos que o coeficiente de difusao do
processo em volume infinito pode ser aproximado pelo coeficiente de difusao do processo
de exclusao simples em volume finito, quando o volume é arbitrariamente grande.

Na segunda parte deste trabalho, consideraremos o caso especial em que o limite de
escal sub-difusivo. Obteremos o limite de escala da particula marcada para o processo
fora de equilibrio. Neste caso, a posicao assintdtica da particula marcada é dada pela
equacao diferencial de transporte associada & equagao do calor, e as flutuagées da posicao
da particula marcada sao dadas por um movimento Browniano fraciondrio nao-homogéneo
de parametros calculados em termos das flutuagoes da densidade empirica de particulas
com respeito ao limite hidrodinamico do modelo.



Chapter 1

Finite approximations of the
diffusion coeflicient

In [KV], Kipnis and Varadhan proved an invariance principle for the position of a marked
particle in a symmetric simple exclusion process in equilibrium. Their proof relies on
a central limit theorem for additive functionals of a Markov process. Later, this result
was generalized to mean zero simple exclusion process (see [V]), and asymmetric simple
exclusion process in dimension d > 3 in [SVY].

The diffusion matrix of the limiting Brownian process is a function D(«) of the density
of particles, and is given by a variational formula.

The method of proof used by Kipnis and Varadhan works directly in infinite systems,
and it raises naturally the question about the stability of the diffusion coefficient under
finite-dimensional approximations. More precisely, consider a finite-dimensional version
of the simple exclusion process on the torus {—N,...,0,..., N} In order to obtain an
ergodic process, fix the total number K of particles. When N is large enough, the motion
of a tagged particle on this finite system has a unique canonical lifting to Z¢. We obtain
in this manner a process Xy (t) with values in Z%. Let D ~,k the variance of the limiting
Brownian motion of the scaled process e X y(t/e?) when e — 0. We prove that

lim DN,K = D(Oz)
N —o0
K/(2N)!—a
for mean zero simple exclusion process, and for asymmetric simple exclusion process in
dimension d > 3.

This limit was first considered in [LOV2] for symmetric simple exclusion process, and
the proof presented there follows from a variational formula for the diffusion coefficient
that depends on the Sobolev dual norm associated to the generator of the process, and
from a convergence result for the Sobolev dual norms of the finite-dimensional approxima-
tions. Let h, g be local functions with mean zero with respect to all the Bernoulli product
measures [iy, that assign density « to each coordinate. Denote by ( , ), the inner product
in £2(p). Let un, x be the uniform measure over the configurations with K particles on
the torus {—N,...,0,...,N}? and (, )., , the inner product in £2(yun, k). Let L (resp.
L) be the generator of the process in Z? (resp. the torus). Suppose for a moment that
(—L)™'g exists and is local. Then,

J\}i—r>noo <h7(_LN)_lg>N,K = <h= (_L)_lg>0u
K/(2N)%—a
because (—L)7!g is local and the equivalence of ensembles. The desired result will be
consequence of a generalization of this result for a larger class of functions h, g.
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1.1 Notation and Results

Consider a probability measure p(-) of finite range on Z%: p(z) = 0 if || is large enough.
Suppose that p(0) = 0 and that the random walk with transition rate p(-) is irreducible,
that is, the (finite) set {2;p(2) > 0} generates the group Z9. The simple exclusion process
associated to p(-) corresponds to the Markov process defined on X = {0, 1}Zd, whose
generator Ly acting on local functions f is given by

Lof(m)= > ply—x)n)(d—n@)fe™n) - fn),

z,y€L?

Here 17 € X denotes a configuration of particles in Z?. In particular, n(z) = 1 if there
is a particle at the site z, and n(z) = 0 otherwise, and c®¥7 is the configuration obtained
from 7 exchanging the occupation numbers at x and y:

n(y), ifz=ux
o™n(z) = 4 n(x), ifz=y
n(z), otherwise.

If p(z) = p(—=) for all z, the process will be called symmetric; if Y zp(z) = 0, it will be
called of mean zero, and if ) __,. 2p(2) = m # 0, the process will be called asymmetric.

For each « € [0, 1], let v, be the Bernoulli product measure in X, that is, the product
measure such that v,[n(z) = 1] = « for each x € Z¢. Tt is not hard to prove that v, is an
invariant measure for the process generated by L.

In this model, particles are indistinguishable. In order to study the time evolution of
a single particle, we proceed in the next way: let n € X be an initial state with a particle
at the origin (that is, n(0) = 1). Tag this particle, and let 7, resp. X;, be the time
evolution of the exclusion process starting from 7 and the tagged particle starting from
x = 0. Let &(z) = m+(x + X4) be the process as seen by the tagged particle. We call &
the environment process.

It is clear that X, is not a Markov process, due to the interaction between the tagged
particle and the environment, but (n;, X;) and &; are Markov processes, the last one defined
in the state space X, = {0,1}%, where Z¢ = Z9\{0}. The generator of the process &,
acting on local functions f, is given by L = Ly + L., where

Lof(§) = > ply—2)&@)(1 = EW))f(a™E) — F(E),

x,y€nd

L f(§) =Y p(2)1 = &(2))[f(m=6) — £(9)].

2€Z4

The first part of the generator, Lg, takes into account the jumps of the environment
(that is, all the particles but the tagged one), while the second part takes into account the
jumps of the tagged particle.

In this formula, 7,¢ is the configuration obtained making the tagged particle (at the
origin) jump to site z, and then bringing it back to the origin with a translation:

0, ifz=-2
m:4(@) = {f(x +2z2), ifz#-—z

For the process &, we have a one-parameter family of invariant ergodic measures
{ka}aecpo,), Wwhere po is the Bernoulli product measure defined in X, of density o
palé(r) = 1] = a for all x € Z¢, independently for each site (see [S]).
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Note that the position of the tagged particle can be calculated in terms of jump pro-
cesses associated to &. Define N7 as the number of translations by z of &, that is,
Nf=Nf +1 < & =7&—. Then, X; =3, 2N/.

In this context, Kipnis and Varadhan proved a central limit theorem for the position
of the tagged particle when the environment process is in equilibrium, with distribution
Ho- They proved that e X;/.» converges, when € goes to zero, to a Brownian motion with
diffusion coefficient D(«), which can be described in terms of the Sobolev norms associated
to the operator L in L(uq,).

This result has been generalized by Varadhan to the mean zero case (in any dimension),
and by Sethuraman, Varadhan and Yau for the asymmetric case in dimension d > 3, in
which case it is proved that e[X; /.2 —mt(1 — &) /e?] converges to a Brownian motion with
diffusion coefficient D(a), given by

a'D(a)a = (1 —a) Z (z-a)*p(2) — 2(wa, (L) g )a, (L.1)

z€Z4

where a € R%, (| ), is the inner product in £2(j4), and the functions v,, w, are local
functions defined by

ve= 3 (- ap(a)la - (=)
z€7Z4

wo= Y (z- ap(=)[a = n(~2)].

ZzE€Z4

In general, L is not an invertible operator, and the meaning of this expression must be
clarified. This will be done in sections 1.2 and 1.3.

Let N be a positive integer and define T¢ = {—N,...,0,..., N}¢, the d-dimensional
discrete torus of (2N)?¢ points, with —N and N identified. Using the same probability
measure p(-), we can define a simple exclusion process evolving in Tf\l,. The space state

now will be Xy = {0, I}TJGé , and the generator £y acting on any function f will be given
by

Lyf€) = Y ply—=)n) (1 —n)f(e*n) - fn)].

z,yeTg

In the same way, it is possible to define the environment process in the torus Tj\i,y* =
T¢\{0}. In this case, the environment as seen by the tagged particle is a Markov process
evolving in the space Xn . = {0, I}Tﬁ’w* and generated by the operator Ly = Lo, n + L+ N,
where

Lonf(€) = Y ply—a)é@)(1—Ew)f(e™e) - F()),

m,yeTﬁ,y*

L.nf(©) = Y p(z)(1 = @) (=€) — f()].

2€Tg

It is clear, by conservation of the number of particles, that for 0 < K < (2N)4,
the probability measure py g, uniform over the set Xy x = {£ € XNMZmeTg &(x) =

K — 1} of configurations with K particles, is an invariant ergodic measure for the jprocess
generated by L.

For N large enough it is possible to lift the motion of the tagged particle to Z<. Let
X} the position of the tagged particle in Z?. Tt is not hard to prove an invariance principle
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for XN: E[xt]\}sg — mt(1 — an k)/e%] converges to a Brownian motion of variance Dy, x
given by

atDNJ(a =(1-ank) Z (a- Z)Qp(z)
z€Z4 (12)

— 2(wq — (Wa) N,k Ly (Vo — <UG>N7K)>N,K'

In this formula, ( , Yy x (vesp. { ) k) stands for the inner product in L(un, i)
(resp. the mean with respect to un k), and

L K-
MR Ny Z T
Note that, for f: Xn x — R with (f)n. = 0, Ly f is well defined. In fact, for f we
have that

Dy x(f)={f,—Lnf)nk
1Y -0+ pe =) [1fenm) - )P duy .

x,yETﬁ,y*

In particular, Ly f = 0 if and only if f is constant, and Ly is an invertible operator
in Con, i = {f; (f)nx = 0}

For the symmetric simple exclusion process, Landim, Olla and Varadhan [LOV2] proved
that Dy g — D(a) if an g — a. We extend this result to the asymmetric case:

Theorem 1.1.1. Dy x — D(«) if an x — «, for mean zero simple exclusion process (in
any dimension), and for asymmetric simple exclusion process in dimension d > 3.

1.2 The Sobolev Spaces Hi, H

In this section we prove the stability of the H_; norm under finite approximations. We
discuss it in the more general context of functional analysis, since our results can in
principle be applied to a broad range of models of interacting particle systems, and we
will used repeatedly in the sequel.
Let H be a real Hilbert space with inner product (, ). An operator (not necessarily
bounded) L : D(L) C H — H is called positive if (g, Lg) > 0 for all g € D(L)\{0}.
Given a positive closed operator L, we define, for f € D(L),

IfIE =: (£, Lf).

It is easy to see that || ||1 defines a norm in D(L) that satisfies the parallelogram rule.
Therefore, || - ||1 can be extended to an inner product in D(L). Define H; = H1(L), the
Sobolev space associated to the operator L, as the completion of D(L) under || - ||;.

In the same way, we see that

lgll?y =: sup {2(g,f)—(f, Lf)}
feD(L)

defines a norm in the set {g € H;||g||-1 < oo}, that can be extended to a inner product.
Define H_; as the completion of this set under || -||_.
In the next proposition, some well known properties of the spaces H1, H_1 are listed:
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Proposition 1.2.1. For f € HN'Hy, g € HNH_1, we have

: h.g
Dol = sy )
esiino) Tl

i) [{f 9l < N flllgll -
i) | fl < (L]l

Proof. For 4):

sup {2(g,h) — (h,Lh)} = sup sup{2a{g,h) — o’}

heD(L) l[hlli=1 a€R
= sup <g7h>2.
[[R][1=1

For i):

(g, | < (g, )

lgll-1 = sup

nepngoy 1Pl = IIfll

For 4ii):

ILf[I?, = sup {2(Lf,h)—(h,Lh)} > (f,Lf).
heD(L)
O

From property i) can be concluded that H_; is the dual of H; with respect to H.
Thanks to property i), the inner product (, ) can be extended to continuous a bilinear
form (, ) : H_1 x H; — R. Property iii) assures that the operator L= : Im(L)NH_1 —
‘H; is bounded, from which it can be continuously extended to an operator defined in the
closure of Im(L)NH_y under ||-||-1.

If the operator L is symmetric, that is, if (f, Lg) = (Lf,g) for f,g € D(L), then the
inequality in #i7) becomes equality, and L can be extended to an isometry from H; to H_;
(not necessarily surjective).

Let {H,}, be an increasing sequence of finite-dimensional subspaces of H and define
Loc = Loc(H) =: Up,H,. Suppose that Loc is a kernel for L, that is, the closure of the
operator L restricted to Loc is the operator L itself. Suppose also that Loc is a kernel for
the adjoint L* of L. Consider on each subspace H,, an inner product {, ), such that for
all f,g € Loc,

Jim (f,g9)n = (. 9),

where (f, g),, is well defined for n large enough.
A sequence {L,}, of operators is called a finite approximation of L if:

Z)L : H, — H,

16)(f, Lnf)n > 0 for f € H,\{0}

)For all f € Loc there exist ng € N such that L, f = Lf for n > ng.
)

iw)If L is a symmetric operator, then L,, is also a symmetric operator.

117
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In H,, define the || - ||1,n, || - ||=1,» norms associated to L, as before:

IS = (f, Lufhn
||f||2—1,n = Ssup {2<f7g>n - <gaLng>n}'
9g€H

Observe that Ker(L,,) = {0}, from which L, is invertible. The purpose of this section

is to establish sufficient conditions to ensure that
Jim (W, L hyn = (B, L7 (%)

for h,h' € Loc NH_1 with h in the closure of Im(L) NH_

While L. 'h is always well defined, h might not be in the image of L, and the left
side of this equality would not be well defined. However, when A is in the closure of
Im(L)N'H_1 under || - ||—1, the product (h/, L~'h) can be defined by continuity. Remind
that the product (b, L, 'h),, is well defined for n large enough, because h,h’ € Loc, and
each time a limit like the one appearing in (x) is considered, this comment must be taken
into account.

The next theorem is a perturbative result that asserts that if (x) is satisfied for an

operator Sy (and a suitable finite approximation {Sp ,}n of Sp), then it is also satisfied
for a class of perturbations of Sy:

Theorem 1.2.2. Let L be a positive closed operator. Let So : D(So) C H — H be a
symmetric positive operator such that Loc is a kernel for Sy and (g, Sog) < {g,Lg). Let
{So,n}n be a finite approzimation of So such that (f,Sonf)n < {f,Lnf)n for all f € Hy,.
Define the norms || |lo,15 1| 1lo,=1 (1| - llo,1,n: 1] - [lo,=1,n Tesp.) associated to Sy (So,n resp.)
as before. Consider h,h' € Loc N H_1, with h in the closure of Im(L) NH_1.

Assume that

A) For each & > 0 exists g. € Loc such that

|h = Lgello,-1 <&

B) . ! !
lim |[A/[|o,—1,» = [I7[[0,~15
n—oo
and for ue = h — Lge,
lim |[ue|lo,—1,n = [|uelo,—1-
n—oo

Then,
lim (W', L, h), = (b, L™ h).

n—oo

Proof. First, we observe that the operator Sy (S, resp.) is dominated by Lo (Lo » resp.),
from which we have, for all f, the inequalities

I[f1l-1 < 1 f]lo,—1

[ f1lo,1 < [1fl1
=1 < 1f1lo,~1.n
[ 1o,1m < [1f]]1,n-

Fix ¢ > 0, and let u. = h — Lg. be chosen according to Assumption A. Then,
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Lg. = L,g. for n large enough, from which Lg. belongs to H, and

<h/7 LT_Llh>n = <h/, Lr_zl(us + Lge))n
= <hlag€>n + <h/7 L;1u8>n'

Since h' and g. are in Loc,

<h/7g€>’n« —_— <hlvg€>'

n—oo

We also have that

|<h/,L;1u5>n| < ||h/||0,71,n ’ ||L;1us||0,1,n
< 1B Mo,~1,n - 113, e,
< |1A'Mlo,~1,n - [luell-1,n

< ||A'fo,=1,n - [[uello,—1,n-

Therefore,

limsup (7, Ly ue)n| < [ [lo,<1 - [Jue|lo.~1 < € - [[7]o,1-

In the other hand, (h', L=th) = (b/, L= u.) + (I, g-) and
(R, L™ )| < B [lo,—1 - (1L uellon < & - [[R[]o,-1-
In consequence,

limsup [(h', L™ h) — (B, L, h)n| < 2¢||[|o,—1.

n—oo

1.3 Proof of Theorem 1.1.1

This section is organized as follows. First, we show in which sense the sequence { Ly} is
a finite approximation of the operator L. Once this has been done, the proof of Theorem
1.1.1 is reduced to the verification of the hypothesis of Theorem 1.2.2, as we will see. Then,
we verify these hypothesis separately for symmetric, mean zero and asymmetric simple
exclusion process.

1.3.1 Finite Approximations for the generator L

Let « € [0,1] be fixed. Let { K'n}n a sequence such that, as N goes to infinity, an, xy — @,
Ky — oo and (2N)? — K — oo. From now on, we drop out the index K if there is no
risk of confusion. Let f,g be in £2(u,). First, we take care of irrelevant constants. We
say that f ~ g if [(f — g)dpua = 0. Define H = L?(pq)/ ~. It is easy to see that H is
isomorphic to the set of functions with mean zero in £2(puq). Let Loc = Loc(H) be the
set of local functions in H. We define Hy = Cy, N,k as follows: consider the canonical
projection 7y : Xy — Xy .. For f € Co N Ky, define 7r;,1f € Loc by

7T71 (77) — f(7TN77), 1f 7TN77 S XN,KN
N 0, if mnn & Anky
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Then, Hy = w&l(CO,N,KN)/ ~. It is not hard to see that Loc = UyHpy. In fact,
for a local function f, denote by supp(f) the support of f. Then, if supp(f) C T]‘\i,ﬁ*7
#supp(f) < min{Ky, (2N)? — Ky}, then f € Hy, and clearly Hy C Loc. In Hy we
define the inner product (, )n induced by the measure iy iy -

It is clear that for f,g € Loc and N large enough (note that f, g are not in Co N,k

necessarily),
(fro)n = / (f—/fduN,KN) (9—/gduN,KN)duN,KN

:/fngN,KN _/fd:u’N,KN/ngN,KNu

We have already seen that the operator — L is positive, and it is clear that — Ly f = Lf
for f € Loc and N large enough. From the ergodicity of p, with respect the process
generated by L and the fact that L is a generator of a Markov process, we deduce that
Duo(f) = {f,—Lf)a > 01if f # 0, from which we see that —L is a positive operator.
In consequence, {Ly}x is a finite approximation of —L, if it were not for the fact that
Hy € Hyyq, because Ky, (2N)d — K n are not necessarily increasing sequences. However,
what is true is that Hy C Hjs for M large enough, depending both in the range of
the transition probability p(-) and in the sequence Ky (here we use that Ky — oo
and (2N)? — Ky — oo). Of course, Theorem 1.1.1 applies in this situation, by taking
subsequences or slightly modifying it to fit this case. Anyway, we will say that {Ly}x is
a finite approximation of L.

Observe that the inner product ( , )y is exactly the product appearing in the equation
1.2. Comparing equations 1.1 and 1.2, it is clear that Theorem 1.1.1 follows from Theorem
1.2.2 applied to the operators —L and —L . So, it only rest to find suitable operators Sy,
{So,n} to compare with L and {Ly} and to check the hypothesis of Theorem 1.2.2 for
them.

1.3.2 Symmetric case

Suppose that the transition probability p(-) is symmetric, that is, p(x) = p(—=x) for all
x € Z%. This case has been considered in [LOV2], but in order to make the exposition
clear, we outline here the proof in our setting.

Choose Sy = —Lg and So,y = —Lo,~, the part of the generator corresponding to
jumps of the environment. It is clear that {So n} is a finite approximation of Sy, and that
(f,S0f)a < {f,—Lf)a, {9, So.ng)n < {(g,—Lng)n. Conditions A and B of Theorem 1.2.2
are consequence, on this case, of the next results, that we state as lemmas:

Lemma 1.3.1. wg,v, € Ho —1, and for all g € Loc, Lg € Hy, 1.

Proof. For a criteria of Sethuraman and Xu ( [SX]), a sufficient condition for a local
function v to be in Hy 1 is that (v), = 0 for all @ € [0,1]. Therefore, it is enough to
observe that for all « € [0,1], (wg)a = (Va)a = (Lg)a = 0. O

Lemma 1.3.2. If g € Loc and {g)q = 0 for all o« € [0,1], then
i {lgllo,—1,x = flgllo,-1-

Proof. This is just a consequence of Corollaries 2.2 and 2.4 of [LOV2], that are based in
the so called Liouville D property of the lattice Z¢ O

The following lemma is just Theorem 4.2 of [LOV2]:
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Lemma 1.3.3. If v € Loc and (v)q = 0 for all a € [0, 1], then for all € > 0 there exists
ge € Loc such that
llv = Lgello,—1 <.

Once these three lemmas are stated, by Theorem 1.2.2 we have the following result:

Theorem 1.3.4. For all v € Loc such that (v), =0 for all « € [0,1],

Jim (ol = ol

1.3.3 Mean zero case

Now suppose that the transition probability has mean zero, that is, ) zp(z) = 0. Define
S=—(L+L*)/2, Sy = —(Ly + L%)/2, the symmetric part of the generator. A simple
computation shows that

SFE) = Y sly—a)E@)(1—EW)If(a™E) — f(&)]

x,y€nd

+ Z s(2)(1 = &(2))[f (7€) — f(&)],

z€Z4

SNFE) = Y sly—2)(@)(1 - EW)[F(a7E) - f(©)]

x,yETﬁ,y*

+ Z s(2)(1 = &(2))[f (=€) — f(E)],

zeTg |

where s(z) = (p(z) + p(—x))/2, the symmetrization of p(-). It is clear that s(-) is a
symmetric, finite range, irreducible transition probability, from which S (resp. Sy) is the
generator of a symmetric exclusion process in Z¢ (resp. Tj\i,y*). We choose Sy = S and
So,y = Sy. Like in the symmetric case, So n is a finite approximation of Sy, and by
definition, (f, Sof) = (f, —Lf) and (f, So.nf)n = (f, —Ln f)n. Observe that in this case,
So and —L generates the same Sobolev norms.

Like in the symmetric case, we need to verify Assumptions A and B of Theorem 1.2.2.
First, we need to prove that w,,v, € H_1 and for g € Loc, Lg € H_,. But this is true
because (Vg)o = (We)a = (Lg)o = 0 for all a € [0, 1], H_1 € Hy,—1 (in the notation of the
previous subsection) and by the criteria of [SX], vy, we, Lg € Ho 1.

After this, Assumption B of Theorem 1.2.2 follows from Theorem 1.3.4. Therefore, in
order to apply Theorem 1.2.2 to prove Theorem 1.1.1, it only remains to prove Assumption
A. We state it as a lemma:

Lemma 1.3.5. For all v € Loc such that (v)o = 0 for all a € [0,1] and for all € > 0,
there exists g € Loc such that
[lv — Lge||-1 < e.

Proof. In [V], Varadhan proved a sector condition for the mean zero exclusion process,
which roughly states that the asymmetric part of the operator can be bounded by the
symmetric part. More precisely, there exists a constant C' = C(p(-)) such that for all
f,9 € Loc,

(f,Lg)a < C(f.=Lf)alg: —Lg)a-

In particular, ||Lg||%2; < C||g||?, from which L is a bounded and densely defined
operator from H; to H_1. So, it is enough to prove that v € L(H;). To this end, we use
the resolvent method. Let h be in H_1 N Loc. For each A > 0, let u) be the solution of
the resolvent equation

/\u,\ — Lu,\ = h.



Chapter 1: Finite approximations of the diffusion coefficient 10

This is always possible because L is a negative operator in £2(y,), and uy € D(L),
from which uy € H;y. The idea is to prove that uy (or at least a subsequence) converges
in some sense to a certain u, that satisfies Lu = —h. In fact, in [LOV1] it is proven that
there exists such u € Hy such that uy — w strongly in H; and Luy — —h weakly in H_;.
Since L is a continuous operator, by unicity of the limit, —Lu = h. Approximating u by
local functions, the lemma follows. ([

1.3.4 Asymmetric case for d > 3

In dimension d > 3, a necessary and sufficient condition for a local function v to be in
Hy 1, is (v)oq = 0 [SX]. In particular, wg, v, € Ho,—1 and for g € Loc, Lg € Hy,_1. As for
the mean zero case, we choose So = —(L + L*)/2, So.n = —(Ln + L})/2, and we apply
Theorem 1.2.2. The difference here is that for o’ # «, (vy)o # 0, and we can not invoke
Theorem 1.3.4 in order to prove Assumption B. The next lemma says that condition B
is true for this case. The proof of this lemma will be presented in the next section.

Lemma 1.3.6. In dimension d > 3, for a local function h with {(h), =0,

A}P@Hh—/hduN,KH—LN = [|A][-1.

A proof of Assumption A for this case can be found in [SVY]. Once Assumptions A
and B are verified, Theorem 1.1.1 follows from Theorem 1.2.2.

1.4 Proof of Lemma 1.3.6

First note that Lemma 1.3.6 is just the generalization, in dimension d > 3, of Theorem
1.3.4 to the case in which (v), = 0 just for the fixed o € [0,1]. In consequence, in
order to prove Lemma 1.3.6 it is enough to prove the corresponding generalizations of
Lemmas 1.3.1, 1.3.2 and 1.3.3 to this case. Note that the || - || -1 norm depends only on
the symmetric part S of the generator L. Define the operators Sy = (Lo + L§)/2 and
So.n = (Lon + LaN)/2, the symmetric part of the jumps of the environment:

Sof(€) =Y sly—2)é)(1 = EW)[f(@™E) - £(€)]

z,y€Ld

Sonf&) = Y sly—2)&@) (1 —EW)If(@™E) — f(E)].

z,yGTﬁ,,*

The generalizations of Lemmas 1.3.1 and 1.3.3 are proven in [SX] and [LOV2]:
Lemma 1.4.1. In dimension d > 3, if v € Loc satisfies (v)o =0, then v € Hy _1.

Lemma 1.4.2. In dimension d > 3, if v € Loc and (v), = 0, then for all € > 0 there
exists g € Loc such that
llv = Sgello,-1 <e.

So, it only rests to prove the generalization of Lemma 1.3.2 to this case:

Lemma 1.4.3. Let v be a local function such that (v)o = 0. Define (v)y = [vdun K -
In dimension d > 3,

lim |[v — (v)n|lo,—1,8 = |[v]]0,~1-
N —o0
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Proof. Using the variational formula for ||v||o,—1, it is not hard to prove that
liminf ||v — (W) N]lo,—1,5 > [|v]]0,—1-
N—o00

In fact, by definition, for all £ > 0 there exists a local function f. such that

||’U||3171 < 2<'U; f€>o¢ - <fau _SOfa‘)oz +e
= ]\}ii[lm{2<v — <’U>N7fs>N - <f57 _SO,Nfs>N} +e€
< l}giiglofst;p{Q(v — ()N, f)n = (f,=Sonf)N}+e

= liminf [Jv — (V) N||5 _1 § + &
N —o0 7

The converse inequality is harder to prove. The idea is to approximate v in Hy 1 by
local functions with mean zero for all densities « € [0, 1]. The proof requires two auxiliary
lemmas. The first one is just a version of Lemma 3.6 of [LOV2]:

Lemma 1.4.4. Let w be a local function with (w)e = 0 for all o € [0,1]. Let {fn}n be
a sequence of functions defined in Ho 1 n such that

(fn,—Sonfn)n <1,
Jm o fn =

Then, there exist f € Ho1 and subsequence N’ such that (w, f)a = A, {f,—Sof)a <1,
and for all local functions h with (h)o =0 for each a € [0, 1],

i (fns b = (f P)a

Before state the second auxiliary lemma, we need to introduce some notation. Let
Ay = {=N+1,..,N}*\ {0} be the cube of radius N. Note that Ay # Tx ,, because
Ax has no periodic conditions. For each x € Z4, define 6,.(¢) =: £(z), and for each [ > 0,
define @i (§) = >, cp, §(). Let Fa, be the o-algebra generated by ¢; and {0,;z € AL}
For [ > 0 such that supp(v) C Ay, define v; = E[v|Fa,]. Note that there is a natural way
to define v; that does not depend on the particular value of a. The next lemma is an easy
consequence of the equivalence of ensembles:

Lemma 1.4.5. Fiz positive integers l,q such that supp(v) C A; and q¢ > 2. Define
gn = vign. There is a finite constant k such that

i) ((gn = gn-1)*)a < K(lg")

i) {(gn — gn-1)*)n < K(lg") "7

The proof follows in the next way: for each NN there exist a function fy € Hin
such that (fn, —Sonfy)n < 1 and |[v — (v)n]|lo,—1,8n = {fn,v — (v)n)n. Consider a
subsequence N such that

lim v — (V) 5llo,_1 x = limsup|lv — (V) n|lo,-1,8 =t A.
N—o00 N—o00
By Lemma 1.4.4, there are function f € H; and sub-subsequence N’ such that
(fnr,hYne — (f,h)q for all local functions h with mean zero for each p,. In particu-
lar,

i (fyr v —v)ne = (f,v = v)a.

Let I,q > 2 be fixed. Define, as in Lemma 1.4.4, g, = vjg». Just to make notation

simpler, suppose that N’ = l¢™, and denote N’ simply by N. The changes needed if it is
not the case are straightforward. Then, we have that
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(fv,v—=()n)N = (fn,v—v)N + (fv, o — (V)N) N

= Z<fNagk71 - gk>N + <fN,’U — UZ>N
k=1

Define Ly, as the generator of a exclusion process in A;,». Notice that, due to the boundary
effects, Ligx # Sp 145 We see that (v—v1)o = 0, (gr—1—9gr)a = 0 for all a € [0, 1]. By linear
algebra, there exists a local function Gy, defined in {0, I}Alq’“ such that gx—1 — g = L1Gk.
Therefore,

Z INs -1 — gr)N Z IN, LkGr) N Z Z (Vofn, VoGr)n
k=1 k=1

where } 7, means sum over all bonds b = (ry) such that z,y € Ajpp and Vg =

s(y — 2)"2[g(a™¥n) — g(n)].
Choose aj, = €2*. By Cauchy’s inequality with weights ax, we have

1> (fnoge1 — g < Z Z (Vo fN)*) N + au((VoGr)*) N
k=1

k1 bery &
<> Z ~(Vofn) I D D al(VoGe))
bel'y, k: bEFk k=1beTy
< S Uiy + D ok — g~ gk — g
< bel',, k=1
1 . _
< 2wy —Lafn)n +e > 2% gk — gro1,— Ly gk — ge-1))w
k=1
1 n
< 2w, =Sougn ) +e > 2kC - 25(16M) (gk-1 — 91)*) v,
k=1

where in the last line we have used the spectral gap inequality for the exclusion process [Q].
Using Lemma 1.4.5 and minimizing in €,

n 1 n
|Z<fNagk71 —ge)n| < - +€ZOH -2k (1g")*
k=1

k=1
1 Ckl2—d

§8+€[1_2q2—d}
Ckl2—d

<24 —m—— Cl

= \/1—2q2d— !

By the law of large numbers, as [ — oo, v; — 0 pi, — a.s. and in £2(u,). We also have
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that

gk — gre-11l6. 1 = (g — gr—1. (=50) "' (gx — Gr—1))ar
<{gk — Go—1, (—Lis1) " gk — gr—1))a
< CU" ) ((gr — gk-1)%)a
< Crg?(lg")* 7.

Therefore, the sequence {gi — gx—1}x is absolutely summable, and there exists g € Hy _1
such that

nllrgo(vl - vlqn) = ng —9k-1=G.
k=1

In the other hand, we know that v — 0 in £2(ua), from which (F,vgn)a goes to
zero for all F € L2(uy), and vygn — v; — g in Ho,_1, from which (F,vign)o — (Fyv, — g)a
for all F € Ho1. Since D(Sy) C L£%(p1a) N Ho,—1 and D(Sp) is dense in Hp 1, we have
g = vy.

As before, by using part ¢) of Lemma 1.4.5, we can prove that there exists a constant
(5 such that

(fyo)a] < Co- 177"

Combining both inequalities, we see that

limsup |[v — (V)N Jo,—1,~ = limsup(fx,v — (V)N )N

—00 N—oo

= limsup{<fN,v —v)n + {(fn, o — <U>N>N}

N —oo
<(fo—v)at+C 172
< (C1+ C)I'Z" + (f,0)a.

Since d > 3 and [ is arbitrary,

limsup [|[v — (V)N llo,—1,8 < (f;v)a < || fllo1 - [|]]o,—1 < [|v]]0,—1-

N —o0



Chapter 2

The sub-diffusive CLT for the
tagged particle

Consider the one-dimensional nearest neighbor symmetric situation. In this context, as
already observed by Arratia [A] and differently from the previous sections, the scaling
changes dramatically since to displace the tagged particle from the origin to a site N > 0,
all particles between the origin and N need to move to the right of N. This observation
relates the asymptotic behavior of the tagged particle to the hydrodynamic behavior of
the system. The correct scaling for the law of large numbers should therefore be X;nz/N
and we expect (X;n2 — E[X;n2])/VN to converge to a Gaussian variable.

The central limit theorem in equilibrium was obtained by Rost and Vares [RV] for a
slightly different model. They proved that for each fixed ¢ > 0, X2/ VN converges to a
fractional Brownian motion W; with variance given by E[W2] = at’/2. We extend their
result to the nonequilibrium case.

The idea of the proof is to relate the position of the tagged particle to the well known
hydrodynamic behavior of the symmetric exclusion process. Since particles cannot jump
over other particles, the position of the tagged particle is determined by the current over
one bond and the density profile of particles. Therefore, a nonequilibrium central limit
theorem for the position of the tagged particle follows from a joint central limit theorem
for the current and the density profile. Since the current over a bond can itself, at least
formally, be written as the difference between the mass at the right of the bond at time
t and the mass at time 0, a central limit theorem for the position of the tagged particle
should follow from a nonequilibrium central limit theorem for the density field. This is
the content of the article.

There are three main ingredients in the proof. In Section 2.2 we present a nonequi-
librium central limit theorem for the current over a bond and show how it relates to
the fluctuations of the density field. In section 2.4 we obtain a formula which relates
the position of the tagged particle to the current over one bond and the density field.
Finally, in Section 2.5 we present a sharp estimate on the difference of the solution of
the hydrodynamic equation and the solution of a discretized version of the hydrodynamic
equation.

2.1 Notation and Results

The nearest neighbor one-dimensional symmetric exclusion process is the simple exclusion
process defined on {0, 1}Z for which p(1) = p(—1) = 1/2 and p(z) = 0 if z # —1,1.
In order to make the exposition clear, we slightly modify the notation of the previous

14
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section. Denote byL y the generator of the process speeded up by N2:

(Lnf)(m) = N> [f(@™"F ) = f(n)].

TEZL

For each configuration 7, denote by 7(n) the positive measure on R obtained by as-
signing mass N ! to each particle:

m(n) = N7'Y n(@)d,n

TEZL

and let my = w(n).
Fix a profile pg : R — [0,1] with the first four derivatives bounded. Denote by Vl])\é o
the product measure on X associated to pg:

V,];\Z)(.){m??(x) =1} = po(z/N)

for z in Z. For each Ng.1 and each measure ;1 on X, denote by IP,, the probability on the
path space D(R4, X) induced by the measure p and the exclusion process with generator
Ly. Expectation with respect to P, is denoted by E,. Note that we have omitted the
dependence of the probability P, on N to keep notation simple. This convention is adopted
below for several other quantities which also depend on N. The hydrodynamic behavior
of the symmetric simple exclusion process is trivial and described by the heat equation.

Theorem 2.1.1. Fix a profile po : R — [0,1]. Then, for all time t > 0, under P~

Po ()
the sequence of random measures w¢ converges in probability to the absolutely continuous

measure p(t, u)du whose density p is the solution of the heat equation with initial condition

- Bip = A
tp = Ap
{ p(0.) = po(). @1)

Here and below, A stands for the Laplacian.

This theorem establishes a law of large numbers for the empirical measure. To state
the central limit theorem some notation is required. For kg.0, denote by Hj the Hilbert
space induced by smooth rapidly decreasing functions and the scalar product < -, >
defined by

<fg>p=<[(@®=A)lg>,
where < -,- > stands for the usual scalar product in R%. Notice that Ho = L?(R¢) and
denote by H_j the dual of Hj.

Let pN(z) = Eylz)\[z)(.) [n:(z)]. A trivial computation shows that p (z) is the solution of

the discrete heat equation:

dpy (x) = Anpp (z),
{ Py () = po(z/N) , (2.2)

where (Ayh)(z) = N? 2y ly—z|=1M(Y) — h(@)].
Fix kg4 and denote by {Y,V,tg-0} the so called density field, a H_j-valued process
given by

YN (G) = %N S Gla/N) () — o (1))

TEZ
for G in Hy. Denote by Qn the probability measure on the path space D(Ry, H_j)
induced by the process Y} and the measure Vf)\g )" Next result is due to Galves, Kipnis
and Spohn in dimension d = 1 and to Ravishankar [R1] in dimension dg.2.
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Theorem 2.1.2. The sequence Qn converges to @, the probability measure concentrated
on C(Ry,H_j) corresponding to the Orsntein-Uhlenbeck process Y; with mean zero and
covariance given by

E[Y(H)Y.(G)] = / (T\—H) G yo — / Cdr / (To—s H) (Toey G) {Orxr — DX}

for 0 < s <t and G,H € Hy. In this formula, {T} : tg-0} stands for the semigroup
associated to the Laplacian and xs for the function x(s,u) = p(s,u)[1 — p(s,u)].

Note that in the case of the heat equation, d,x, — Ax, = 2(d.p)%. Also, in the
equilibrium case, x is constant in space and time so that the second term vanishes and
we recover the equilibrium covariances. Finally, integrating by parts twice the expression
with Ay,., we rewrite the limiting covariances as

E[Y;(H)Y.(C)] = / (LH) (1.G) xo + 2 / Cdr / (VT H) (VTonG)xr s (2.3)

where V f is the space derivative of f.

We will examine nonequilibrium central limit theorems for the current through a bond
and the position of a tagged particle. For a bond (z,z+1), denote by J; 511 (¢) the current
over this bond. This is the total number of jumps from site x to site  + 1 in the time
interval [0,¢] minus the total number of jumps from site z + 1 to site = in the same time
interval.

Theorem 2.1.3. Fiz u in R and let
1

zY = \/—N{wa,wﬂ(t) - V%(.)[JiN@N'f‘l(t)]} ;
where xn = [ulN]. Then, for every kg.1 and every 0 < t; < -+ < ty, (thf,...,Zt]Z)
converges in law to a Gaussian vector (Zy,, ..., 2, ) with covariance given by
0
E[Z.Z,) = / dx P[Bs < x] P[B; < x] xo()

n / dx P[B.g.a] P[Big-a] xo(z)
0
—+ 2/ dT/ dmpt—r(oam)pS—T(oﬂ‘r) XT(:E)
0 —00

provided s < t and uw = 0. In this formula, B; is a standard Brownian motion starting
from the origin and p(z,y) is the Gaussian kernel.

By translation invariance, in the case u # 0, we just need to translate y by —u in the
covariance.

Let Hy = 1{[0,00)}. The covariance appearing in the previous theorem is easy to
understand. Formally the current N~'/2J_; o(t) centered by its mean corresponds to
YN (Hy) —Y{¥ (Hp) since both processes increase (resp. decrease) by N~/2 whenever a
particle jumps from —1 to 0 (resp. 0 to —1). The limiting covariance E[Z4Z;] corresponds
to the formal covariance

E[{Yi(Hy) = Yo(Ho) }{Yi (Ho) — Yo(Ho)}] -

Denote by V;\[])’(f) the measure V,])\g ) conditioned to have a particle at the origin.

Remark 2.1.4. The law of large numbers and the central limit theorem for the empirical

measure and for the current starting from VpNoﬁ(f) follow from the law of large numbers
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and the central limit theorem for the empirical measure and the current starting from the

measure I/,J)\g(, since we may couple both processes in such a way that they differ at most

at one site at any given time.

Fix a profile py with the first four derivatives limited, and consider the product measure
V[J)\g’(f). Denote by X; the position at time tg.0 of the particle initially at the origin. A law
of large numbers for X; follows from the hydrodynamic behavior of the process:

Theorem 2.1.5. Fiz tg.0. X;/N converges in P .. -probability to u, the solution of
Po ()
(aup)(t7ut) .
p(ta ut)

Note that the solution of the previous equation is given by

U = —

/0 " dup(tu) = — /O s (0u0)(5,0)

Theorem 2.1.6. Assume that py has a bounded fourth derivative. Let W, = N~/2
(Xt = Nug). Under P ~.. , For every kg:1 and every 0 < t; < --- <y, (Wtzlv, ce, Wt]:)

po(+)

converges in law to a Gaussian vector (Wy,, ..., Wy, ) with covariance given by
0
pls.uplt ) EW.W = [ doP,[B. <] P IBy < ] xolo)

+ / dx Pus [Bsgax] Put [Btgsx] XQ(.T)
0
+ 2 / dr/ dftpt_r ('U/ta :E) ps—r(usu :E) Xr (‘T) .
0 — o0

In this formula, P, stands for the probability corresponding to a standard Brownian motion
starting from u.

The assumption made on the smoothness of py appears because in the proof of Theorem
2.1.6 we need a sharp estimate on the difference of the discrete approximation of the heat
equation (2.2) and the heat equation (2.1). In section 2.5 we show that there exists a finite
constant Cy for which |p (z) — p(t,z/N)| < CotN~2 for all Ng.1, x in Z and tg.0 under
the assumption that py has a bounded fourth derivative.

2.2 Nonequilibrium fluctuations of the current

Suppose for a moment that the profile py has a compact support. Then, 79 is almost
surely a configuration with a finite number of particles, and it is easy to see that we have
a simple formula for the current J_q o(¢):

J_1,0(t) = Z ne(x) — no(x) . (2.4)
x>0

In particular, we can write J_1 ¢(¢) in terms of the fluctuation field:

= {00 = By 0]} = ¥ () =Y (o )

where H, is the indicator function of the interval [a, 00):

Ha(u) = 1{[a,00)}(u) .
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Since the profile has compact support, it is possible to define Y;(Hj) as the limit Y;(G,,)
for some sequence G,, of compact supported function converging to Hy on compact subsets
of R and to prove that Y,Y (Hp), defined in a similar way, converges to Y;(Hy).

In the general case, however, when py is an arbitrary profile, neither formula (2.4)
makes sense, nor the fluctuation field Y,V (Hp) is well defined. Nevertheless, there is a way
to calculate the fluctuations of the current by appropriated approximations of the function
G, as made by Rost and Vares [RV] in the equilibrium case.

Define the sequence {G,, : ng.1} of approximating functions of Hy by

Gn(u) = {1 — (u/n)}"1{ug0} .

From here we use the next convention: if X is a random variable, we denote by X the
centered variable X — EVN( ) [X].
po (-

Proposition 2.2.1. For every tg.0,

_ 2
Tim By [NTVET () = Y (Ga) + Y (Ga)] = 0

uniformly in N.
Proof. Clearly,
t
Mz zi1(t) = Joat1(t) — NQ/ ds {ns(x) —ns(x + 1)}
0
is a martingale with quadratic variation given by

t
< Myois >t = N2/ ds {ns(z) — no(z + 1)}2 .
0

The goal is to express the difference Y,V (G,) — Y{¥(G,) in terms of the martingales
M »+1(t) and to notice that these martingales are orthogonal, since they have no common
jumps.
Since
Jo—1,2(t) = Joat1(t) = ne(@) —mo(2)

for all x in Z¢, tg.0,
YN (G) =Y (Gn) = NTV2Y 0 Gula/N){Too10(t) = Towra(t)} -
z€Z
A summation by parts and the explicit form of GG,, permits to rewrite this expression as
_ Ny
N7YET Ly o(t) = N7V2 Y — e 1a(t) -

=1
Representing the currents J; ;41(t) in terms of the martingales M, ,41(t), we obtain that
N_1/270(t) - [Y;N(Gn) - YON(Gn)]
nN +
1 1 1 N
= — — My 1.(t) + — ds — [7,(0) = 74(nN)] .

We claim that the martingale and the integral term converge to 0 in L2(PUN( )). In
po (-

fact, since the martingales are orthogonal, estimating their quadratic variations by tN?2,



19 2.2 Nonequilibrium fluctuations of the current

an elementary computation shows that

S|

1 niN 1 2
E [— M, 1. t} <
Yo0() ./N;nN ()] =

The integral term is more demanding, because in non-equilibrium the two-point cor-
relations are not easy to estimate. Expanding the square we have that

oo |7 [ A0~
= 2,'1_];] ds ) dr Evé\;(.) [(775(0) - ﬁs(nN)) (777‘(0) - ﬁr(nN)):| .
0 0

By Lemma 2.2.2 the previous expression is less than or equal to Cot®/?n~2 for some finite
constant Cy depending only on pg. This concludes the proof of the proposition. [l

A central limit theorem for the current 7_170(t) is a consequence of this proposition.
Proof of Theorem 2.1.3. Fix tg.0 and ng.1. By approximating G,, in L?(R)NL'(R) by
a sequence {H, i : kg-1} of smooth functions with compact support, recalling Theorem
2.1.2, we show that Y,V(G,,) converges in law to a Gaussian variable denoted by Y;(G.,).

By Proposition 2.2.1, {V,N(G,) — Y{¥(G,) : ng-1} is a Cauchy sequence uniformly in
N. In particular, Y;(G,) — Yo(Gy) is a Cauchy sequence and converges to a Gaussian limit
denoted by Y;(Ho) — Yo(Hy). Therefore, by Proposition 2.2.1, J_1 o(t) converges in law
to }/t(HO) —Yo(Ho) _ _

The same argument show that any vector (J_1,0(t1),...,J_1,0(tx)) converges in law
to (Y3, (Ho) — Yo(Ho), ..., Ys, (Ho) — Yo(Hop)). The covariances can be computed since by
(2.3)

E[{Yt(Ho) — Yo(Ho) }{Ys(Ho) — YO(HO)}]
= 1im B[{Y(Gn) ~ Yo(G)HY:(Gn) = Yo(Gu)} ]

~ lim {/{(Ttan)(TanHGi—(Tth)Gn—(TSGn)Gn}XO
R

+9 / dr / (VT2 Gr) (VTG }
0 R

A long but elementary computation permits to recover the expression presented in the
statement of the theorem. This concludes the proof. O

We conclude this section with some elementary estimates on two points correlation
functions. For 0 < s <t and z # y in Z, let

ptizy) = Ex [m(@):m)l . elstzy) =By lns@)in(y)] -

In this formula and below, E,[f; g] stands for the covariance of f and g with respect to p.

Lemma 2.2.2. There exists a finite constant Co = Co(po) depending only on the initial
profile pg such that

Cov't
sup |p(t;z,y)| <

Co 1
, sup s, t;x, < —{\/E—I— } .
Sup, N Sup, oo Il =

Vi—s

The first statement is a particular case of an estimate proved in [FPSV]. In sake of
completeness, we present an elementary proof of this lemma.
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Proof. Let Ly be the generator of 2 nearest-neighbor symmetric simple exclusion processes
on Z. An elementary computation shows that (¢; z,y) satisfies the difference equation

{ (Brp)(t; ,y) = N?(Law)(t; 2, y) — |z — y| = LIN?[pN (t,2) — pV (t,9)]?,
¢(0;2,y) =0.

This equation has an explicit solution which is (negative and) absolutely bounded by

t
Colp) [ dsPuy[IX. ~ Vil =1]
0

for Co = ||0pol/%,. In this formula, (X,Ys) represent the position of the symmetric
exclusion process speeded up by N? and starting from {z,y}. A coupling argument shows
that Py, [| X, — Y| = 1] < PY [ X, — Y| = 1] where in the second probability particles
are evolving independently. Since PY [| X, — Y,| = 1] < C(sN?)~1/2, the first part of the
lemma is proved.

To prove the second statement, recall that we denote by Ay the discrete Laplacian in
Z. o(t;y) = (s, t;x,y) satisfies the difference equation

(o)t y) = (Any)(t;y)
o(s59) = p(s;z,y) if y # =,
p(s;y) = pN (s,2)[1 = pN(s,2)] for y = .

This equation has an explicit solution

o(siy) = Y pis(y,2)0(s:3,2) + pios(y, 2)p" (s,2)[1 = p" (s, 2)]
ZF#T

where ps(z, y) stands for the transition probability of a nearest neighbor symmetric random
walk speeded up by N2. The first part of the lemma together with well known estimates
on pg permit to conclude. O

2.3 Law of Large Numbers for the Tagged Particle
In this section we assume the initial measure to be V]\(:* , the product measure ul])\g )
conditioned to have a particle at the origin. Keep in mind Remark 2.1.4.

Fix a positive integer n. The tagged particle is at the right of n at time ¢ if and only
if the total number of particles in the interval {0,...,n — 1} is less than or equal to the
current J_q o(?):

n—1
{Xe>n} = {Joa0(t) =) m(2)}. (2.5)
x=0

This equation indicates that a law of large numbers and a central limit theorem for the
position of the tagged particle are intimately connected to the joint asymptotic behavior of
the current and the empirical measure. We prove in this section the law of large numbers.

Denote by [a] the smallest integer larger than or equal to a. Fix u > 0 and set
n = [uN] in (2.5) to obtain that

(X, >uN} = {N*lj,l,o(t) > <V, 1{[0,u]} > +O(N*1)}. (2.6)

By Theorem 2.1.1, < @Y, 1{[0,u]} > converges in probability to [ p(t, w)dw, where
p is the solution of the heat equation (2.1).
On the other hand, the law of large numbers for J_; ¢(¢) under ]P)VN( ) is an elementary
po (-

consequence of the central limit theorem proved in the last section and the convergence of
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the expectation of N=1J_; o(t). By the martingale decomposition of the current and by
Theorem 2.5.1,

By IV an] = [ dsN[(-1) - X 0]

Yoo () 0

—/t(?up(s,())ds + O(N7Y.
0

Hence, N™'J_4 o(t) converges in probability to — fot Oup(s,0)ds.
In view of (2.6) and the law of large numbers for the current and the empirical measure,

0 if — tau 0)d . t d
Iim P n~.« [N_lthEu] = 1 f(% p(87 ) s < fou p( 7’(1}) w
N —oo Vpo(-) 1 lf — fo 8up(570)d8 > fo p(t,w)dw .

By symmetry around the origin, a similar statement holds for u < 0. Thus, X}¥/N
converges to u; in probability, where u; is the solution of the implicit equation

Ut t
| ettwrte = = [ aup.(0)ds
0 0

2.4 Central Limit Theorem for the Tagged Particle

In this section we prove Theorem 2.1.6 developing the ideas of the previous section. Assume
first that u; > 0 and fix @ in R. By equation (2.5), the set {X;g. Nu; + av/N} is equal to
the set in which

Nuy

(t) =) (@) +
x=0

where pl¥ () is the solution of the discrete heat equation (2.2).

We claim that second term on the right hand side of (2.7) divided by V/N converges
to its mean in L2. Indeed, by Lemma 2.2.2, its variance is bounded by Cpa?N~! for some
finite constant Cy. Since by Theorem 2.5.1,

Nuy
(@ + Nug) — {Eyév(_ [J_10(t Zpt } (2.7)

i Mﬁ

avN—-1

1
> @t Nu)
x=1

VN

converges to ap(t,u;), the second term on the right hand side of (2.7) converges in proba-
bility to ap(t,ut).

An elementary computation based on the definition of u; and on Theorem 2.5.1 shows
that the third term on the right hand side of (2.7) divided by v/N vanishes as N 1 co.

Finally, by Proposition 2.2.1, for fixed ¢, N="/2{J_; o(t) — 2" 7,(x)} behaves as
YN(G) =YV (G) YN (1{[0,us]}), as N 1 0o, n T co. Repeating the arguments presented
at the beginning of the proof of Theorem 2.1.3, we show that this latter variable converges
in law to a centered Gaussian variable, denoted by W;, and which is formally equal to
Yi(Hu,) — Yo(Ho).

Up to this point we proved that

. Xt - ’U,tN
lim ]P)VN —_—
N—oo “ro() v N

provided u; > 0. The same arguments permit to prove the same statement in the case
u; = 0, a > 0. By symmetry around the origin, we can recover the other cases: u; < 0

gsa} = P[Wigeap(t,us)]
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and a in R, u; =0 and a < 0.

Putting all these facts together, we conclude that for each fixed t, (X; — Nu;)/VN con-
verges in distribution to the Gaussian Wy /p(t, u¢) = [Y2(Hy,) — Yo(Ho)]/p(t,ut). The same
arguments show that any vector (N~'/2[X;, — Nuy,],..., N"2[X;, — Nuy,]) converges
to the corresponding centered Gaussian vector.

It remains to compute the covariances, which is long but elementary.

2.5 Finite approximations for the heat equation

In sake of completeness, we present in this section a result on the approximation of the
heat equation by solutions of discrete heat equations.

Fix a profile pg : R — R with a bounded fourth derivative. Let p: Ry X R — R be the
solution of the heat equation with initial profile py:

{ dp(t,z) = 8§p(t, )
o(0,2) = pol’) .

Recall that we denote by Ay the discrete Laplacian. For each N € N, define pi¥ (z) as
the solution of the system of ordinary differential equations

(d/dt)p¥ (x) = (Anp})(2)
{ pd’ (x) = po(z/N) . (2.8)

The main result of this section asserts that p approximates p up to order N2

Theorem 2.5.1. Assume that po : R — [0, 1] is a function with a bounded fourth deriva-
tive. There exists a finite constant Cy such that

N
Pt (‘:C)_p(taﬁ) < N2
for all Ng.1,t >0, x € Z.

An easy way to prove this statement is to introduce a time discrete approximation of
the heat equation. For each N in N and each § > 0, we define p?’N(k:)7 kin Z,1 > 0 by
the recurrence formula

{ P (k) = o)™ (k) + ON2 (o)™ (ke + 1) + pN (k = 1) — 200 (k)] 2.9
= Po

Py (k) = po(k/N) .

We now recall two well known propositions whose combination leads to the proof of
Theorem 2.5.1. The first one states that the solution of (2.9) converges as 6 | 0 to the
solution of (2.8) uniformly on compact sets. The second one furnishes a bound on the
distance between the solution of the discrete equation (2.9) and the solution of the heat
equation.

For a in R, denote by |a] the largest integer smaller or equal to a.

Proposition 2.5.2. For each Ng.1,
. N,§ _ N
}IL%PU/(;J (k) = pp (k)
uniformly on compacts of Ry x Z.

Proposition 2.5.3. Suppose that SN? < 1/2. Then, there exist a finite constant Co =
Co(po) such that

PN (k) _p(az,k/N) ] < 00{52z+ %}
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foralll >0,k € Z.

Clearly, Theorem 2.5.1 is an immediate consequence of Propositions 2.5.2 and 2.5.3.
Proposition 2.5.2 is a consequence of Proposition 2.5.3 and the Cauchy-Peano existance
theorem for ordinary differential equations. Proposition 2.5.3 is a standard result on
numerical analysis (see [T] for instance).
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