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"#$%&''() *+ &$+ '##,-./ 0#$ & 1-23'&4+%+.5 6+'1 F : R2 → R2
2748 58&5 F(λj) =

c
j
) F(xk) = 0) &.1 DF(xk) = 0) *8+$+ λj ∈ Λb ∪ Λk,xk ∈ F b, cj = ωj − λj

 !" ωj ∈ Ωb ∪ Ωk
# $%& '&()'*+)*,!( ,! )%& - +,.* ! DF  ) )%& .,/!" '0 1,*!)(

x
k
&!2,'+& C1

3+,!)*!/*)0 ,2 )%& *!)&'1,4 )&" 5&4"  ) )%& .,/!" '0 ,2 )%& '&6*,! ,2

*!)&'&()7 ,/)(*"& ,2 8%*+% )%& 5&4" *( (/11,(&" ), .& 9&',# :,)*+& )% ) )%& (&)( {xk}
 !" {λj}  '& "*(;,*!)# $%&(& +,!()' *!)(  '*(& ! )/' 440 *! ,/' +,!)&<)  !" 4& "

),  ! *!() !+& ,2 =>/4)*? '* )&  !" /!()'/+)/'&"@ A&'>*)&BC*'D%,E *!)&'1,4 )*,!7

8%*+%7 /!4*D& A&'>*)& *!)&'1,4 )*,!7 ",&( !,) '&F/*'&  44 "&'*? )*?& *!2,'> )*,!  )

&?&'0 ( >14&#

G&!&' 4*9&" *!)&'1,4 )*,! 1',.4&> + ! .& +,>1/) )*,! 440 (,4?&" .0 >& !( ,2

' "* 4 . (*( 2/!+)*,!( )&+%!*F/&(# H*'()7 !,)*+& )% ) )%&(& +,!()' *!)( ", !,) '&F/*'&

+,/14*!6 .&)8&&! )%& +,>1,!&!) 5&4"( F1, F2 : R
2 → R2

8%*+% "&5!& F = (F1, F2)#
$%*( '&"/+&( )%& ?&+),' 1',.4&> ), )8, (+ 4 ' 1',.4&>( "&5!&" .0 Fl(λ

j) = cj,l7
Fl(x

k) = dk,l  !" ∇Fl(x
k) = 07 l = 1, 2# I>14,0*!6 )%& 6&!&' 4*9&" *!)&'1,4 )*,!

2' >&8,'D JKL7 MN7 OLP7 8& "&"/+&  11',1'* )& 2,'>( ,2 4*!& '403 /6>&!)&" QCH3

. (&" *!)&'1,4 !)( 2,' .,)% F1  !" F2R

Fl(x) =
∑

k

{
αkψ(x− x

k)− 〈βk,∇ψ(x− x
k)〉

}

+
∑

j

γjψ(x− λj) + 〈a,x〉+ b

8%&'& ψ(x) = φ(‖x‖) 2,'  (/*) .4& ' "* 4 . (*( 2/!+)*,! φ : R+ → R  !" αk, γj, b ∈
R  !" βk, a ∈ R2

 '& )%& 5))*!6 +,&S+*&!)( /!*F/&40 "&)&'>*!&" .0 )%&  2,'&>&!3

)*,!&" *!)&'1,4 )*,! +,!()' *!)(  4,!6 8*)% )%&  ""*)*,! 4 (*"&3+,!"*)*,!(R

∑

k

{
αkx

k + βk
}
+

∑

j

γjλ
j = 0

∑

k

αk +
∑

j

γj = 0.
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T/' *>14&>&!) )*,! &>14,0(  ! LDLT
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1 +D&" LDLT
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8& (&&D  φ *!"/+*!6  ψ  ) 4& () C2
7 (*!+& )%& *!)&'1,4 !) +,!) *!( 5'()3,'"&'

"*E&'&!)* 4( ,2 ψ# U& &>14,0&" )%& 64,. 4403(/11,')&" . (*( 2/!+)*,! φ(r) = r37
8%*+% % ( *!)&'&()*!6 ? '* )*,! 4 1',1&')*&(7  ( ()/"*&" .0 Y/+%,! *! %*( (&>*! 4
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"# $% &'#()'*#+, #+-#. /0( #' #+( 0%( '1 203+'&4% 5-%$% 10&3#$'&. )( &((/ #+(

6'7,&'8$-7 6-*# $& #+( $&#(*6'7-&# #' (&%0*( %'79-5$7$#, '1 #+( *(%07#$&: 7$&(-* %,%#(8;

<7#+'0:+ )( 3'07/ /*'6 #+$% -=&( #(*8 $1 )( 0%(/ >(&/7-&/4% 10&3#$'&% ?!@A. )(
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10&3#$'&% -*( 3'86-3#7,C%066'*#(/. #+( *(%07#$&: %,%#(8 )'07/ %#$77 5( /(&%( 5(3-0%(

#+( -%%'3$-#(/ *-/$0% 6-*-8(#(* )'07/ &((/ #' 5( 7-*:( /0( #' #+( %6-*%$#, '1 '0*

%-867(%;

D0* 9(3#'* B(7/ $&#(*6'7-#$'& *(3'&%#*03#(/ - /$%67-3(8(&# B(7/ F; E*'8 $#. )(

'5#-$& - )-*6$&: W : Λ → Ω. W(x) = x + F(x). )+$3+ $% 0%(/ 1'* /(1'*8-#$'& $&

#+( &(F# %(3#$'&;
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$& #+( LD" 0%$&: #+( (%#$8-#(/ 7$:+# QE$:0*( I; HQ(RR -&/ 3'86'%( $# )$#+ #+( *(%# '1

#+( '*$:$&-7 %+-/(/ $8-:( QE$:0*( I; HQ1RR; N+( )-*6$&: B(7/ $% 50$7# 0%$&: K(*8$#(X

M$*J+'S *-/$-7 5-%$% 10&3#$'&% QKMLMER. *(%07#$&: $& - %8''#+ B(7/ &(3(%%-*, 1'*
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533&$9, A# 3*))#$+ $5'(20+("2@ 15 0&B5 75B5'#)57 & %5+0#7 +# 35&%'533'9 758#$%
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.#%)'5G 758#$%&+(#"3 1(+0 2##7 .#"+$#' *3("2 851 .*$B53,
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0.>&:%# *--!'*+(%&/ :04&"&+%-$ 1/26 ?*',-& :0-0" 8(",*+5 #%"&%:4&# %4& 0"*5*+(-
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%/*0'&)%R %A)"&# 3'%). $!")*0'&)%R '!. %/*0'&) *)&-!%"*/&"$-! ")&#!$F/)% 0*-1 (-$!"%

'!. !-*1'2%9

S'*2> '((*-'&#)% 0-* (*-H$.$!5 $!")*'&"$H) $1(2$&$" 1-.)2$!5 '!. H$%/'2$?'"$-!

$!H-2H). &*)'"$!5 ' %)('*'") (-2>5-!$?'"$-! 0-* )'&# 1-.)2 (*$1$"$H) 6T)%3*/! )" '29

J:LM;9 7/*"#)* ,-*A )O(2-*). 2)H)24-04.)"'$2 6U<T; $1(2$&$" %/*0'&) *)(*)%)!"'"$-!%

E:



   !"#$%& '( )*%$ !+,- +.#/+ +$ )0&1" %)

!"#$$%&'()*# *'+ ,-./## 01123 "*45/&4 &( *#6 07286 9: ;&## *: ()& <:& $= >*4(/?#&
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@&'&4*#/X&+ /'(&4>$#*(/$' =4*%&;$4B3 *'+ &])/5/(: /'?4&*:&+ 4$5<:('&:: =$4 ?$*4:&

*'+ '$'T<'/=$4% :*%>#/'@:3 *: ;&## *: ($ ?#$:&T:)&&(: ;/()$<( ()& '&&+ $= *4(/I?/*#

$P:&(:6 Q)& B&- /'@4&+/&'( ($ ()/: %&()$+ /: ()& (4&*(%&'( $= '$4%*#: *: )*4+ ?$'T

:(4*/'(: $' ()& @4*+/&'( I&#+ $= ()& I((&+ /%>#/?/( =<'?(/$'6 N*?`+$ &( *#6 0KM3 KK2

/'(4$+<?& * 4&>4&:&'(*(/$' :</(*5#& =$4 U"N $= /%>#/?/( :<4=*?&: 5</#( <>$' ()& ;$4B

$= _<?)$' 0 G26 Q)/: 4&>4&:&'(*(/$' ?$%5/'&: ()& *+.*'(*@&: $= C&4%/(& 4&?$':(4<?T

(/$' $= :<4=*?&: ;/() ()& .*4/*(/$'*# ?)*4*?(&4/:(/? $= ()$:& 4&>4&:&'(*(/$': 5*:&+ $'

_<?)$'R: ;$4B3 %$:( '$(*5#-3 ()& *5/#/(- ($ &](4*>$#*(& ()& :<4=*?&: ;&## $' &%>(-

4&@/$':3 ()<: I##/'@ <':*%>#&+ *4&*:6

 !" #$%&$'&()$* +,-. /01*&2&'3

S&?&'(#- /'(4$+<?&+ 5- N*?`+$ &( *#6 0KM3 KK23 C&4%/(& S*+/*# "*:& J<'?(/$' !CS"J8

V%>#/?/(: >4$./+& * >$;&4=<# ($$# ($ 4&?$':(4<?( /%>#/?/(#-T+&I'&+ :<4=*?&: =4$%

>$/'(: *'+ '$4%*#:6 Q)&:& >*>&4: >4&:&'( * ()&$4&(/?*# =4*%&;$4B =$4 @&'&4*#/X&+

/'(&4>$#*(/$' ;/() 4*+/*# 5*:/: =<'?(/$':6 Q)&- :>&?/*#/X& ()&/4 4&:<#(: ($ I4:(T$4+&4

C&4%/(& /'(&4>$#*(/$' ()*( *4& &%>#$-&+ ($ 4&?$.&4 /%>#/?/( :<4=*?&:6

,& +&?/+&+ ($ /'.&:(/@*(& ()& <:& $= ()&/4 (&?)'/F<& /' U"N :-:(&%: =$4 /%>#/?T

/(: :<4=*?&:6 ,& ;&4& %$(/.*(&+ 5- ()& F<*#/(- 4&?$':(4<?(/$': ()&- $5(*/' =4$%

?$*4:& *'+ '$'<'/=$4% :*%>#/'@:6 Q)/: /: &:>&?/*##- /%>$4(*'( ;)&' ?$%>*4&+ ($

()& $P:&(T5*:&+ %&()$+: $=(&' &%>#$-&+ /' :B&(?)T5*:&+ /%>#/?/( %$+&#/'@ :-:(&%:
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"# $ !%&' ()*+,-.+ /0 ,1*23405 .,,5 607-)*7 34 ,-6 089063:04*7$ *+0 792673*; 245

<,26704077 ,= *+0 7*6,>0 <-6?07 60450605 9,34*)077 *+0 -70 ,= <,:92<*);@7-99,6*05

=-4<*3,47 245 *+036 277,<32*05 6253-7 9262:0*06' A+0 :234 25?24*2.0 ,= -734. =-4<@

*3,47 /3*+ <,:92<* 7-99,6* )307 34 089),3*34. 792673*; ,= *+0 <,66079,4534. 34*069,@

)2*3,4 )34026 7;7*0: /+04 502)34. /3*+ )26.0 52*270*7' A+37 7*6-<*-60 <,-)5 4,* 10

089),3*05 734<0 *+0 6253-7 +25 *, 10 *2>04 )26.0 04,-.+ *, <,:90472*0 =,6 *+0 )26.0

26027 4,* <,?0605 1; *+0 792670 70* ,= 7*6,>07'

A+070 7+,6*<,:34.7 :,*3?2*05 -7 *, ),,> =,6 2)*0642*3?07 *+2* 10**06 089),3*05

*+0 7*6-<*-60 ,= ,-6 299)3<2*3,4B 792670);@562/4 7*6,>07 )02534. *, 7:2))@*, :053-:@

73C05 52*270*7 /3*+ )26.0 ?,35 26027' D0 =,-45 24 247/06 *, *+070 377-07 34 E-<+,4F7

70:342) 92906 " G&$ /+3<+ <,4*2347 5063?2*3,47 242),.,-7 *, *+,70 34 "HH& =,6 2 926@

*3<-)26 <)277 ,= =-4<*3,4 792<07' I* 37 4,*0/,6*+; *+2*$ 0?04 *+,-.+ *+0 <)2773<2)@

34*069,)2*3,4 926* ,= E-<+,4F7 /,6> +27 34J-04<05 *+0 ,K70*@12705 :0*+,57 -705

=,6 ?2632*3,42) 3:9)3<3* :,50)34. *,52;$ /0 =,<-7 ,4 +37 L06:3*0 34*069,)2*3,4 607-)*

245 34*6,5-<0 M2632*3,42) LNOP I:9)3<3*7'

I4 *+0 =,)),/34.$ /0 96,?350 2 1630= 507<639*3,4 ,= *+0 M2632*3,42) LNOP I:9)3<@

3*7 34*069,)24* 245 3*7 >0; 96,906*307 /+3<+ :,*3?2*05 3*7 -70 =,6 QOR ,= 3:9)3<3*

7-6=2<07'

 !"!# $%&'()*+),-

R2<S5, 0* 2)' "H!$ HH& 9,705 *+0 96,1)0: ,= 60<,47*6-<*34. 24 3:9)3<3* 7-6=2<0 =6,:

9,34*7 {xj}Nj=1 ⊂ R3
245 4,6:2)7 {nj}Nj=1 ⊂ S2

27 2 L06:3*0 34*069,)2*3,4 96,1)0:$

34 /+3<+ 2 =-4<*3,4 f : R3 → R /27 7,-.+* 7-<+ *+2* f(xj) = 0 245 ∇f(xj) = n
j
$

=,6 02<+ j = 1, . . . , N ' A+0 2-*+,67 960704*05 2 =62:0/,6> *+2* 2)),/05 *+0: *,

5063?0 2 <,4<60*0 =,6: =,6 7-<+ 24 34*069,)24*$ 50904534. ,4 *+0 790<3T<2*3,4 ,= 2

62532) 12737 =-4<*3,4 ψ : R3 → R$ /+3<+ *+0; 42:05  !"# $%&'()(*'

A+0 ?2632*3,42) L06:3*0 34*069,)24* 505-<05 1; E-<+,4 34 " G& +27 07704*32));

*+0 72:0 =,6: ,= 2 LNOP I:9)3<3* /3*+ ψ(x) = ‖x‖3$ 53K0634. ,4); 1; 24 2553*3,42)

),/@50.600 9,);4,:32) *06: /+3<+ <,:07 2<<,:924305 1; 2553*3,42) <,453*3,47 *,

047-60 /0))@9,7054077 ,= *+0 34*069,)2*3,4 96,1)0:' I* 7+,-)5 10 4,*05 *+2* *+37 NOP

5,07 4,* 72*37=; *+0 7-U<304* <,453*3,47 60V-3605 1; *+0 =62:0/,6> 960704*05 34 "HH&'

L,/0?06$ E-<+,4F7 607-)*7 27<06*234 *+0 7,)?213)3*; ,= *+0 34*069,)2*3,4 7;7*0:' P,6

*+37 6027,4$ /0 42:05 *+37 60960704*2*3,4 2 +,-(,*(./,'  !"# $%&'()(*'

A+0 <,4<60*0 =,6: ,= *+0 M2632*3,42) LNOP I:9)3<3* *+2* /0 7+2)) -70 37

f(x) =
N∑

j=1

{
αjψ(x− x

j)− 〈βj,∇ψ(x− x
j)〉

}
+ 〈a,x〉+ b. W!'#X

/3*+ <,0U<304*7 α1, . . . , αN , b ∈ R 245 β1, . . . ,βN , a ∈ R3
' A+070 <,0U<304*7 <24

10 -43V-0); 50*06:3405 1; 04=,6<34. *+0 L06:3*0 34*069,)2*3,4 <,453*3,47 21,?0

Wf(xj) = 0 245 ∇f(xj) = n
j
X 2),4. /3*+

N∑

j=1

αj = 0,
N∑

j=1

{
αjx

j + βj
}
= 0
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"# $%&' "# ()* #"+,$* ,%-&(# x
j
".* ,"-./-#*01-#(-&2( 3" +-$1 "&1 &"(4."$ "##4+,0

(-%&56 7)-# -+,$-*# ()"( /* 2"& 8&1 "& -+,$-2-($901*8&*1 #4.:"2* ,"##-&' ().%4')

'-;*& ,%-&(# /-() ,.*#2.-<*1 &%.+"$# "( "$$ ,%-&(# 3=-'4.* >6 5 ?4#( <9 #%$;-&' " #9+0

+*(.-2 -&1*8&-(* #9#(*+ %: $-&*". *@4"(-%&# :%. ()* 2%*A2-*&(# %: B".-"(-%&"$ CDE=

F+,$-2-(G#6 H* ,.%;-1* <*$%/ "$$ ()* :%.+4$"# &**1*1 (% "##*+<$* ()* -&(*.,%$"(-%&

#9#(*+ "&1 (% *;"$4"(* ()* -+,$-2-( :4&2(-%& "# /*$$ "# -(# '."1-*&(6

 !" #$%&' (!)!* +,$')- !'( ',./!0-1  2" 3/+0$4$) -5.6!4& .&4,'-).54)&(1

 !"#$% &'()  !"#$%&'(")!* %&)!"+ (!, -&$.('+/

F& %.1*. (% "##*+<$* ()* -&(*.,%$"(-%& #9#(*+I /* *+,$%9 " 1-.*2( -+,$*+*&("(-%&

%: ()* <$%2J +"(.-K 1*8&*1 <9 " #"+,$*/-#* '.%4,-&' %: ()* 2%&1-(-%&# f(xi) = 0
"&1 ∇f(xi) = n

i
I /)*.* f -# '-;*& -& 3>6L5I "&1 <9 ()* #-1*02%&1-(-%&# :%. 1*'.**0%&*

,%$9&%+-"$#6 7)-# .*#4$(# -& ()* :%$$%/-&' #*( %: *@4"(-%&#

[
0
n
i

]
=

N∑

j=1

[
ψ(xi − x

j) −∇ψ(xi − x
j)T

∇ψ(xi − x
j) −Hψ(xi − x

j)

] [
αj

βj

]
+

[
1 (xi)T

0 I3×3

] [
b
a

]

[
0
0

]
=

N∑

j=1

[
1 0

T

x
j I3×3

] [
αj

βj

]

/)*.* ()* 4&J&%/&#

{
αj,β

j
}N

j=1
I aI "&1 b ".* 2%+,4(*1 ":(*. "& LDLT

0:"2(%.-M"(-%&

%: ()* .*#4$(-&' #9++*(.-2 3-&1*8&-(*5 +"(.-K "&1 #4<#*@4*&( :%./".10 "&1 <"2J/".10

#4<#(-(4(-%&#I "# -+,$*+*&(*1 -& ()*  !"!# .%4(-&* :.%+ ()* $%&%'( $-<.".9 NLO6 7)*

2%&2.*(* :%.+4$"# :%. ()* :4&2(-%&# 4#*1 -& ()* #4<<$%2J# "<%;* ".*

ψ(x) = ‖x‖3, ∇ψ(x) = 3x‖x‖, Hψ(x) =
3

‖x‖

(
‖x‖2 I3×3 +xx

T

)

P*K(I /* 1-#24## #%+* 2%+,4("(-%&"$ "#,*2(# %: ()* &4+*.-2"$ #%$4(-%& %: %4.

-&(*.,%$"(-%& #9#(*+#6 F& ()* :%$$%/-&'I /* 1-#24## ()* #"$-*&( ,.%,*.(-*# %: ()-#

.*,.*#*&("(-%& /)-2) ".* .*$*;"&( :%. #J*(2)0<"#*1 -+,$-2-( +%1*$-&'6

 !"!" #$%&$'&()$* +,-. /(% 012'345-$627 8(72*&)9

7)* B".-"(-%&"$ CDE= F+,$-2-(# .*,.*#*&("(-%& )"# " &4+<*. %: -&(*.*#(-&' ,.%,*.0

(-*# :%. ()* ",,$-2"(-%& -& #J*(2)0<"#*1 +%1*$-&'I *-()*. ;*.-8"<$* ().%4') ()*%.*(-2"$

".'4+*&(# %. -&1-2"(*1 <9 *K,*.-+*&("(-%&I +%#( &%("<$9Q

•  !"#$%&'(!('()(!$ *"#'(+" (!+"#,-./+(-!0 R42)%&G# 1*142(-%&#I /)-2)

.*#4$(*1 -& ()* ;".-"(-%&"$ C*.+-(* -&(*.,%$"&(I #%4')( " :4&2(-%& +-&-+-M-&'
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•  !"#$%#!&' (!)'$ *'+,'-$%& .%,%/#$%-%'.0 70$ ,(14,5,- )*%:"5$ %$5+/$%$.

") " ?"%,"-,+#"4 3@AB C(14,5,- ,) ,#/"%,"#- -+ &$+($-%,5 ),(,4"%,-' -%"#):+%8

("-,+#) *#.$% -0$ ,#1*- )"(14$)6 C#-*,-,/$4' -0,) ($"#) -0"- -0$ )0"1$ +: -0$

%$5+#)-%*5-$. )*%:"5$ ,) -0$ )"($< #+ ("--$% 0+2 2$ 5+#),)-$#-4' (+/$< %+-"-$<

%$D$5-< +% *#,:+%(4' )5"4$ -0$ ,#1*- )"(14$)6

• 1#$#,'-'$23$''0 70$ ?"%,"-,+#"4 3@AB C(14,5,- ,#-$%1+4"#- .+$) #+- .$8

1$#. +# "#' >,#. +: )*11+%-8%".,*) +% #+%("48+E)$- 1"%"($-$%) *)*"44' %$8

F*,%$. =' 5*%%$#- @AB8=")$. %$1%$)$#-"-,+#) GH"%% $- "46 IJ K< L"%1$#>+ $- "46

IMNKO6

• 4,++-5!'..0 C- ,) &*"%"#-$$. -0"- -0$ ,(14,5,- :*#5-,+# 5+(1*-$. ,) &4+="44'

C1
< ,) C∞

,# -0$ 20+4$ .+(",# =*- -0$ )"(14$ 1+),-,+#)< "#. 0") =+*#.$.

3$)),"# #$"% -0$ ,#-$%1+4"-$. 1+,#-)6 70,) 1%+1$%-' "44+2) )*,-"=4$ $)-,("-,+#

+: .,E$%$#-,"4 F*"#-,-,$) )*50 ") #+%("4)< 5*%/"-*%$)< "#. 1%,#5,1"4 .,%$5-,+#)

"- %$&*4"% 1+,#-)6

• 6+7(.-!'.. (!)'$ .8#$.' .#,8/%!*.0 P,#5$ -0$ %$5+/$%$. ,(14,5,- :*#58

-,+#;) &%".,$#- ,#-$%1+4"-$) -0$ *#,- #+%("4) 1%+/,.$. "4+#& 2,-0 -0$ ,#1*-

1+,#-)< ?"%,"-,+#"4 3@AB C(14,5,- =$0"/$) %+=*)-4' ,# -0$,% /,5,#,-' $/$# *#8

.$% #+#*#,:+%( "#. 5+"%)$ )"(14,#&)< 20,4$ $Q-%"1+4"-,#& -0$ %$5+#)-%*5-$.

)*%:"5$ 2$44 +/$% 4"%&$ *#)"(14$. %$&,+#)6 70,) 1%+1$%-' ,) +#$ +: -0$ (",#

%$")+#) ?"%,"-,+#"4 3@AB C(14,5,-) 1%+/,.$ " 1+2$%:*4 %$1%$)$#-"-,+# :+% PAR

+: ,(14,5,- )*%:"5$)6

• 9'//27'5#"%+$ !'#$ &/+.'2.5''-.0 A' .,%$5-4' ,#-$%1+4"-,#& #+%("4) 2,-0

-0$ ,(14,5,- :*#5-,+#;) &%".,$#-< -0$ 3@AB )*%:"5$ %$5+#)-%*5-,+# 5"# .$"4 2,-0

54+)$8)0$$-)< 20,50 *)*"44' 1+)$ " .,S5*4-' :+% +E)$-8=")$. )50$($) IJ < MNK6

• :%!'#$ ;--%!*0 7+ T- " ?"%,"-,+#"4 3@AB C(14,5,- :%+( &,/$# 1+,#-) "#.

#+%("4)< "44 -0"- ,) %$F*,%$. ,) -+ )+4/$ " )'(($-%,5 ,#.$T#,-$ 4,#$"% )')-$(

+# 4N + 4 *#>#+2#)6 U) 2$ .,)5*))$. =$:+%$< -0,) 5"# =$ "55+(14,)0$. ='

$(14+',#& +E8-0$8)0$4: 4,#$"% "4&$=%" 1"5>"&$)6
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"#. -0$ ,#/$%-,=,4,-' +: -0$ "))+5,"-$. 4,#$"% )')-$(< -0$ +#4' "#. (,4. %$F*,%$8

($#- +# -0$ ."-")$- ,) -0"- -0$ ,#1*- 1+,#-) #$$. -+ =$ 1",%2,)$ .,)-,#5-6

• :%!'#$ $'8$+)(&-%+!0 C: -0$ ."-" ,) )"(14$. :%+( "# "S#$ :*#5-,+# G.$T#,#&

" 0'1$%14"#$O< -0$ %$5+/$%' ,) $Q"5-6 C#-*,-,/$4'< -0$ ,#-$%1+4"#- "11%+Q,("-$)

-0$ ."-" ") 2$44 ") ,- 5"# =' "# "S#$ :*#5-,+#< "#. -0$# 5+%%$5-) -0$ $%%+%)

2,-0 -0$ 3@AB8$Q1"#),+#6
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"#$%& '%()&*+*,- ./& +0(*) (/&#0)% &%1&%(%,$0$*.,2 3% ,.3 1&.)%%' 3*$4 *$( 0)$/05

/(% *, ./& (6%$)47+0(%' *815*)*$ (/&#0)% 8.'%5*,- (9($%8:

 ! "#$%&'() *'+%&'(%

;/& 1*1%5*,% *( '*<*'%' *, $3. 80*, ($%1(: =*&($2 0( 1&%1&.)%((*,- ($%12 3% 40,'5%

$4% /(%& *,1/$ ($&.6%( 0,' 1&.)%(( $4%8 $. )&%0$% (0815%( >1.*,$( 0,' ,.&805(?

*, R3
: @4%,2 3% /(% 0 A%&8*$% BC= D$$%& $. .+$0*, ./& D,05 *815*)*$ (/&#0)%

>=*-/&% E:E?: F, $4% #.55.3*,- (/+(%)$*.,(2 3% '*()/(( $4%(% *((/%(2 0( 3%55 0( $4%

(6%$)4 1&%1&.)%((*,- 0,' $4% D$$%& /(%' *, ./& (9($%8:

 !"#$% &'&(  !"#$!%#& '() *+#, !%"*- +.#-/0#+1 '2) +(3"$#+ '"4!%-+ (%5 %4,3($+)1

'/) ",#6!#7 ,#%5#,!%8 5*,!%8 ( ",4-4-9"# 345#$!%8 +#++!4%1 /43"*-#5 (:-#, ",#",4;

/#++!%8 4< ",!3!-!6#+ !% (24*- 5 +#/4%5+1 '5) =%($ ,#%5#,!%8 7!-0 100< ",!3!-!6#+

",4/#++#5 !% (24*- 5 3!%*-#+> ?,##% /*,6# !+ -0# #@-#,%($ /4%-4*,1 3(8#%-( !+ -0#
!%-#,%($ /4%-4*,1 -0# 2$*# (,# -0# /,4++ #5!-!%8 /*,6#+ (%5 -0# 8,#9 (,# /*,6#+ %4-

*+#5 (:-#, -0# 46#,+.#-/0!%8 4"#,(-!4%+>

 ! !" #$%&'( )*%+*,'%--./0

@4% 1&.)%(( ($0&$( #&.8 0 +50,6 )0,<0(2 34%&% $4% /(%& (6%$)4%( $4% )/&<%( #.&

'%D,*,- $4% D,05 8.'%5: @4%(% )/&<%( 0&% 50+%5%' 0( .,% .# ./& (6%$)47+0(%' .17

%&0$.&( >G%)$*., E:H?: I%J$2 055 )/&<%( 0&% 1&.)%((%' ., $4% 150,% >$. D5$%& ,.*(%2

G%)$*.,  :K?2 0,' $&0,(1.&$%' $. 8.'%5 (10)%: I.&805( 0&% $4%, )&%0$%' #.& %0)4

)/&<% 1.*,$ 34*5% .+(%&<*,- $4% (1%)*D) &/5%( .# $4% 0((.)*0$%' .1%&0$.&: L% 0((/8%

055 )/&<%( 0&% 10&08%$&*M%' *, $4% *,$%&<05 [0, 1]:
@4% ,%J$ ($%1 *( $. )&%0$% $4% EN (0815%( >1.*,$( 0,' ,.&805(? 34*)4 3*55 +%

*,$%&1.50$%' +9 ./& *815*)*$ (/&#0)%: " (%$ .# GCO .1%&0$.&( 30( )&%0$%' #.& $%($*,-

./& *815*)*$ &%1&%(%,$0$*.,: @4%(% .1%&0$.&( 0&% -&./1%' *,$. $3. )50((%( #.& )&%0$7

*,-  !"#!$% 0,' &"'(#&!" )/&<%(: P.,$./& )/&<%( 40<% $4% (%80,$*)( .# 0, .+Q%)$

(*54./%$$%R *,S0$*., )/&<%( ).,$&.5 4.3 $4% (/&#0)% *( ./$(*'% $4% '&03*,- 150,%: F,

).,$&0($ $. *,S0$*., )/&<%(2 34*)4 0&% *88%&(%' *, R3
+/$ ,.$ ,%)%((0&*59 5*% *, 0

150,%2 3% 0&% 0((/8*,- $40$ ).,$./&( 0&% 150,0& )/&<%(: "55 ($&.6%( 0&% (6%$)4%' .,

.,% (08% 150,%R *, 10&$*)/50& 3% /(% $4% 150,% Πd : (z = 0):
G*,)% $4% ).,$./& )/&<%( 0&% '*&%)$59 $&0,(1.&$%' +9 0, 0T,% $&0,(#.&80$*., $.

$4% D,05 1.(*$*., *, (10)%2 3% )0, ).,(*'%& $4% ).,$./& 1.*,$( 0( *, Πd: L% 05(.
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'&?&'&,K& <N-+& $/ '&K/,($')K$ <$(  G (%-C&1 I/' $%& '%<,/K&')( %&-. YI<+)'&  1[Z;

[[ ($'/M&( *&'& (M&$K%&.; '&()#$<,+ <, !^: (-NC#&(; S$$&. <, #&(( $%-, [ (&K/,.1 L%&

/Q&'-## N/.&#<,+ $//M ^ N<,)$&(1 I/' $%& ')==&' .)KM N/.&# YI<+)'&  1[]Z; $%&

)(&' (M&$K%&. [^ ($'/M&(; '&()#$<,+ <, ^J^ (-NC#&(; S$$&. <, #&(( $%-,  (&K/,.(1 L%&

/Q&'-## N/.&#<,+ $//M -'/),. [! N<,)$&(1 I<+)'&  1[J (%/*( $%& '&()#$ /? N/.&#<,+ -

$&''-<, <, 00 ($'/M&(; J J (-NC#&(; S$$&. <, #&(( $%-,  (&K/,.(1 L%& /Q&'-## N/.&#<,+

$//M -=/)$ [2 N<,)$&(1

 !"#$% &'()*  !"#$%&' ( )*++#) "*,-. /(0 )#1#)#&,# 23!4!')(235 /+0 %&2*4 64)!-#6

6-#4,3#" "%)#,4$7 !8#) 43# 23!4!')(235 /,0 9: ,!&64)*,4%!& ,*)8#6 ;%43 &!)<($6

(&" /"0 64%22$# )#&"#)%&' !1 43# =&($ <!"#$>

 !" #$%&'()*$% +%, -(.(/0 1$/2

6, $%<( K%-C$&'; *& <,$'/.)K&. - '&C'&(&,$-$</, ?/' Q-'<-$</,-# <NC#<K<$ ()'?-K&( ()<$T

-=#& ?/' (M&$K%T=-(&. N/.&#<,+1 L%<( '&C'&(&,$-$</, '&$-<,( $%& +//. C'/C&'$<&( /?

$%& K)''&,$#> )(&. $&K%,<P)&( ?/' Q-'<-$</,-# <NC#<K<$( *%<#& -..<$</,-##> =&<,+ N/'&

'/=)($ $/ $%& (C-'(& -,. K/-'(& (-NC#<,+( '&()#$<,+ ?'/N (M&$K% N/.&#<,+ (&((</,(
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 !"#$% &'()*  !"#$%&' ( )#**(%&+ ,!&-)*.,)%!& ,.*/#-0 -%$1!.#))#- (&" -)%22$%&'3

"#"$ %$ &'" ()"*"$+" ,- +.,*"/*'""&*0 1,)",#")2 &'" )"()"*"$&3&%,$ 4,"* $,& 4"("$4

,$ 3)&%5+%3. (3)36"&")* +,66,$.7 -,8$4 %$ ,&'") 9:;/<3*"4 6"&',4*2 "0=0 ,>*"&*

3$4 *8((,)& )34%%0

?" "6(.,7 &'%* )"()"*"$&3&%,$ 3* &'" <3*%* -,) *@"&+'/<3*"4 6,4".%$= *7*&"6 -,)

A'%+' A" %$&),48+" 3 *63..2 3.<"%& (,A")-8.2 *"& ,- *%6(." 6,4".%$= ,(")3&,)* -,)

+,$&,8)%$=2 +),**/"4%&%$=2 @$"34%$=2 ,#")*@"&+'%$= 3$4 3.*, 6")=%$= 4%>")"$& (3)&*

,- 3 6,4".0

B'")" 3)" *&%.. 63$7 3#"$8"* -,) %6(),#"6"$& 3$4 -8)&'") %$#"*&%=3&%,$0 C$

&'" 6,4".%$= *%4"2 A" (.3$ &, "D&"$4 &'" .3$=83=" 3$4 ,(")3&,)* &, *8((,)& 6,)"

+,6(."D "4%&%,$ &3*@* 3* A".. 3* *("+%5+ 3((.%+3&%,$/4,63%$*0 E.*,2 &'")" %* &'" $""4

-,) 3 *7*&"63&%+ 8*3<%.%&7 "#3.83&%,$ %$ ,)4") &, 3**"** &'" .3$=83=" 3$4 ,(")3&,)*

3$4 (,%$& 4%)"+&%,$* &, "$'3$+" &'"6 3* A".. 3* ,8) *7*&"6F* 8*") %$&")-3+"0
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 !"#$%& '

( )*&+",% -%#&%.%/$"$01/ +1&

)2%$,!34".%5 )*&+",% 615%70/8

 ! "#$% &#'(")* +) (*)%)!" ' !,-). +'/ ", "#$!0 "#) %0)"&#12'%)3 %4*5'&) 6,3).$!7

5*'6)+,*08 9!"$. !,+ +) #'-) ' %()&$:& 6'"#)6'"$&'. *)(*)%)!"'"$,! 5,* ,4* :!'.

,2;)&" '!3 +) %4$" "#) 6,3).$!7 (*,&)%% ", "#$% *)(*)%)!"'"$,!8 <()&$:&'../= $!

>#'(")* ? "#) *)(*)%)!"'"$,! &,!%$%")3 ,5 %'6(.)% $!")*(,.'")3 +$"# '! @)*6$")1

A$*0#,B CAD= +#$.) "#) ,2;)&" 2)$!7 6,3).)3 +'% +'*($!7 :).3%E $! >#'(")* F +)

4%) "#) @)*6$") CAD $!")*(,.'!" ", 6,3). $6(.$&$" %4*5'&)%8 G,+ +) (*,(,%) ' 6,*)

7)!)*'. 6'"#)6'"$&'. *)(*)%)!"'"$,! 5,* %4*5'&)%= &,!&)$-)3 5,* %()&$:& %0)"&#12'%)3

%4*5'&) 6,3).$!7 (*,&)%%)%8 H) &,!&)$-)3 "#$% *)(*)%)!"'"$,! +$"# "+, 6'$! 7,'.% $!

6$!3I 7,,3 &,!"*,. 5,* 7.,2'. '!3 .,&'. "*'!%5,*6'"$,!% '!3 J)K$2$.$"/ ", 2) '((.$)3

$! 3$B)*)!" 0$!3% ,5 %0)"&#12'%)3 6,3).$!7 %/%")6%8 H) '.%, 3)%$*) "+, %)&,!3'*/

L4'.$"$)%I "#) '2$.$"/ ", %'-) '!3 )3$" 6,3).$!7 %"'7)%= '!3 '..,+$!7 ")6(.'")%8

M#)*) '*) 6'!/ +'/% ", *)(*)%)!" %4*5'&)% $! R3
= "#) 6,%" &,66,! '!3 7)!1

)*'. '*) $6(.$&$" '!3 ('*'6)"*$& *)(*)%)!"'"$,!%8 @,+)-)*= ", 2) 4%)3 $! &,6(4")*

7*'(#$&% '((.$&'"$,!%= "#)%) *)(*)%)!"'"$,!% %#,4.3 2) 6,*) %()&$:& '!3 #'-) (*'&1

"$&'. L4'.$"$)%8 N% )K'6(.)% +) &'! &$") "#)I A.,2M*)) OH/-$.. )" '.8 PQRST= ($)&)1

+$%) '.7)2*'$& %4*5'&) ('"&#)% O<)3)*2)*7 PUVST= &,!-,.4"$,! %4*5'&)% OA.,,6)!"#'.

'!3 <#,)6'0) PWXST= 7)!)*'.$Y)3 &/.$!3)*%= (,./7,!'. 6)%#)%= %423$-$%$,! %4*5'&)%=

'6,!7 ,"#)*%8 Z$B)*)!" *)(*)%)!"'"$,!% 5,* %0)"&#12'%)3 6,3).$!7 #'-) 2))! )K1

(.,*)3 %$!&) "#) %)6$!'. +,*0 ,5  7'*'%#$ )" '.8 PFXS8 G,"'2./ (,./7,!'. 6)%# *)(*)1

%)!"'"$,! +'% 4%)3 2/  7'*'%#$ )" '.8 PFXS '!3 G)'.)! )" '.8 PRVS= $6(.$&$" CAD 4%)3

2/ ['*()!0, )" '.8 PFQS '!3 \$"'. A*'Y$. )" '.8 P]VS= A)*!#'*3" )" '.8 PQS 4%) &,!-,.41

"$,! %4*5'&)= <&#6$3" )" '.8 PUQS &*)'") ' %/%")6 ", 6,3). A.,2M*))%= ^$!7,.3 )" '.8

P?]S 4%) 7)!)*'.$Y)3 &/.$!3)*%= '6,!7 ,"#)*% OD$74*) R8WT8 _!) !'"4*'. L4)%"$,! $%

`H#$&# $% "#) 2)%" %4*5'&) *)(*)%)!"'"$,! 5,* "#) (*,2.)6 ,5 <Aabc8 M#$% $% &)*1

"'$!./ '! ,()! L4)%"$,!= '!3 (*,2'2./ 3,)% !," #'-) ,!./ ,!) '!%+)*8 H) 2).$)-)

"#'" ' 7,,3 %4*5'&) *)(*)%)!"'"$,! 5,* %0)"&#12'%)3 6,3).$!7 %#,4.3 2) "'$.,*)3 ",

)'&# %()&$:& '((.$&'"$,!8 M'0) "#) &'%) ,5 6,3).$!7 ")**'$!% +#)*) +) +'!" ,*7'!$&

5,*6%= '!3 %/66)"*/ '!3 ()*5)&" %#'*( )37)% (*,2'2./ '*) !," 3)%$*)38 _! "#) ,"#)*

#'!3= +#)! 6,3).$!7 ' &#'$* +) 3)%$*) "#) ,((,%$")8  " $% ' #'*3 (*,2.)6 ", :!3

' %4*5'&) *)(*)%)!"'"$,! "#'" #'% '.. "#)%) 3$B)*)!" (*,()*"$)%8 @,+)-)*= "#)*) '*)

FQ



 !  !"#$%& '( " )*&+" % &%#&%)%,$"$-., +.& )/)0

 !" #$!%!&'( )* !+, -./0  1" 2)!+)3 )* !+, -450  6" 7!%8)39: )* !+, -.;0

 <" =)%3'!%<* )* !+, -;0  )" >6'?(<* )* !+, -@;0  A" B(3$:+< )* !+, -CD0

 !"#$% &'()  !"#$#%& '(#&)*+,-'#. /0.#1!%2 '3'&#/' 4'#' .!"#$#%& $#5$#'#%&-+

&!0%'6 701320%-1 /#'* $#5$#'#%&-&!0% 8-9 -%. 8,9: !/51!)!& ;<= 8)9: )0%>014&!0%

'4$?-)# 8.9: <10,@$##' 8#9: -%. 2#%#$-1!A#. )31!%.#$' 8?96

"#$#%&' &()#*+( +,&+ &%# -#(.%#- .$ &'' (/#+*,01&(#- (2%3&*# 45-#'.$" &))'.*&+.5$(6

7,#%#35%# 8# 8.'' -.(*2(( +,#(# )%5)#%+.#( &$- )%#(#$+ &$ &1(+%&*+ %#)%#(#$+&+.5$

+,&+ .( (2.+&1'# 35% -.9#%#$+ &))'.*&+.5$(6

:$ +,# $#;+ (#*+.5$ 8# )%#(#$+ 52% &1(+%&*+ %#)%#(#$+&+.5$ &$- -.(*2(( .+( )%5)#%0

+.#(6 :$ <#*+.5$ =6> 8# (,58 & )%&*+.*&' #;&4)'# 53 &))'.*&+.5$ 53 +,.( %#)%#(#$+&+.5$

8.+, & (.4)'# .4)'#4#$+&+.5$ +,&+ #;)'5.+( .+( 4&.$ *,&%&*+#%.(+.*(6

 !" # $%&'%()*+ ,-./01+ 2+'.+(+3*0*)%3

7,# 4&.$ .-#& +,&+ 8# &%# )%5)5(.$" .( +5 (#)&%&+# +,# (2%3&*# %#)%#(#$+&+.5$ .$+5

'#?#'( 53 -#+&.' &$- )%5)#%+.#(6 7,.( .( $5+ & $#8 $5+.5$ .$ *54)2+#% "%&),.*(@ 4&$A

85%/( ,&?# -#?#'5)#- +,.( *5$*#)+ 35% ()#*.B* -54&.$( &$- &))'.*&+.5$(6 C'.$$

D!E .$+%5-2*#( +,# .-#& 53 124)04&)).$" +,&+ (+5%#( "#54#+%.* .$35%4&+.5$ &+ +85

'#?#'(F +,# 1&(# "#54#+%A &$- & -.()'&*#4#$+ 4&) +,&+ .( 2(#- +5 *%#&+# %#$-#%.$"

#9#*+(6 7,# (&4# *5$*#)+ .( 352$- .$ G%.(,$&42%+,A &$- H#?5A D !E &$- H## #+ &'6

D=IE@ ,58#?#%F .$ +,#(# +85 85%/( +,# &2+,5%( (2""#(+ 5+,#% &))'.*&+.5$( 1#(.-#(

%#$-#%.$"F (2*, &( &$.4&+.5$ &$- *54)%#((.5$6 :$().%#- .$ +,#(# 85%/(F J#%#.%& DKLF

M,&)+#% =E )%#(#$+( & %#)%#(#$+&+.5$ +,&+ 2(#( & (455+, 1&(# "#54#+%A &$- & 4&)

53 $5%4&'( +5 ,&$-'# -#+&.'( 5?#% +,# (2%3&*#6 N'' +,#(# 85%/( ,&?# +85 -.9#%#$+

+A)#( 53 -&+&F +,# B%(+ 5$# -#B$#( +,# (455+, "#54#+%A &$- +,# (#*5$- 8,.*, 4&)(

+,# B%(+ 5$# .$ & )&%&4#+%.* ()&*# +,&+ (+5%#( -#+&.'(F (.4.'&% +5 & +#;+2%# 4&)).$"6

7,# 4&.$ "5&' 53 52% (+2-A .( +5 1# &1'# +5 *5$+%5' '5*&' #-.+.$" 8.+,52+ *,&$".$"

)&%+( 53 +,# 45-#' 52+ 53 +,# %#".5$ 53 .$+#%#(+F &$- 8,#$ 1." -#35%4&+.5$( &%#

.$+%5-2*#-F -#+&.'( &%# /#)+ *5,#%#$+'A6 O#$*#F 8# 1#'.#?# +,&+ -#*54)5(.$" +,#

45-#' %#)%#(#$+&+.5$ .$+5 & 1&(# (2%3&*# +,&+ (2))5%+( -.9#%#$+ +A)#( 53 )%5)#%+.#( .(

& )58#%32' +55' 35% (/#+*,01&(#- (2%3&*# 45-#'.$"6 P58 8# 8.'' -#(*%.1# &$ &1(+%&*+



 !"! # $%&'%()*+ (,-.#$+ -+'-+(+/*#*)%/  !

"#$"#%#&'(')*& (&+ )&'"*+,-# %*.# &*'(')*&/

0#' '1# .*+#2 S 3# ( .(&)4*2+ S ⊂ Rd
(&+ ( %#' *4 $"*$#"')#% P ⊂ Rk

5 )/#/5

S ⊂ Rd ×P 5 (&+ 2#' D : S → Rd ×P 3# ( '"(&%4*".(')*& .($ *4 S/ 6# +#7&# *,"

&#8 .*+#2 (%9

S̃ = S ⊕D(S). :;/<=

>?$)-(22? d = 35 S )% '1# 2*8 4"#@,#&-? )&4*".(')*& *4 %,"4(-# S5 81)2#5 D(S)
$#"4*".% 2*-(2 -1(&A#%/ >1# $"*$#"')#% P -(& 3# A#*.#'")-5 %,-1 (% '1# &*".(2 ('

( $*)&'5 *" A#&#"(25 %,-1 (% -*2*"5 *" .(&? (''")3,'#% '*A#'1#"/ >1# 3)&("? *$#"('*"

⊕ :
(
Rd × P

)2
→ Rd × P +#7&#% 1*8 '* -*.$*%# S (&+ D(S)/

B %).$2# #C(.$2# *4 1*8 '* '"(&%2('# '1)% "#$"#%#&'(')*& 4*" ( -*&-"#'# ,%# )%

3,.$D.($$)&A EFG/ H& '1)% -(%#5 S )% ( %.**'1 %,"4(-# 8)'1 P ⊂ S2×R5 4*" )&%'(&-#

Pp = (Np, hp)5 '1,% S ⊂ R3 ×S2 ×R 5 D(p) = (hp ·Np, 0, 0) 81#"# Np )% '1# &*".(2

(' $*)&' p (&+5 hp )% '1# 1)A1' *4 )'% +)%$2(-#.#&' )& '1# &*".(2 +)"#-')*&/ I)&(22?

⊕ )% '1# ,%,(2 J#-'*" %,. )& R3+3+1
5 '1#& S̃ = S + D(S)/ B&*'1#" #C(.$2# )%

'1# KLMN ).(A# ,%#+ )& '1# O1($'#" P5 81#"# S )% '1# ).(A# %,$$*"'5 P )% -*2*"5

&*".(2%5 (&+ 8("$)&A 7#2+5 (&+ 7&(22? D ($$2)#% '1# 8("$)&A 7#2+/ H4 8# 1(J# (&

(2$1(D-1(&&#2 '1#& ⊕ )% '1# -*.$*%)'# *$#"('*" *4 ).(A#% ,%)&A (2$1(D-1(&&#2/

I*" .(&? -(%#% 8# 8)22 &##+ ( .*"# %'",-',"#+ 4,&-')*& D/ >1# &(',"(2 8(? '*

-*&%'",-' D )% 3? ,%)&A (& ('2(% A *4 S (&+ (& (,C)2)("? $("(.#'")- %$(-# P ′
4*"

$"*$#"')#%5 (&+ '8* (,C)2)("? 4,&-')*&% '* +#7&# D9

Ψ: S → A× P ′

Φ: A× P ′ → Rd × P
:;/P=

%* '1('

D = Φ ◦Ψ. :;/ =

6# 8)22 -(22 Ψ '1#  !"!#$%"&'$" *4 S (&+ Φ '1# ($)*"#!%&*+ 4,&-')*&/

H' )% ).$*"'(&' '* &*'# '1(' 8# +* &*' "#%'")-' S '* (&? $("')-,2(" Q)&+ *4 %,"D

4(-#/ L#&#"(22? '1# ($$2)-(')*& *&2? "#@,)"#% %*.# $"*$#"')#% *4 S5 #/A/5 %.**'1&#%%5

&*".(2%5 -,"J(',"#%5 *" 1*8 '* $"*R#-' ( $*)&' *&'* S/ >1#%# (''")3,'#% %1*,2+ 3#

+#7&#+ 4*" #(-1 %$#-)7- ,%#/

>1)% 4*".,2(')*& (22*8% ,% '* +#7&# ( -*.$*%)')*& $"*-#%% '1(' 8# -(& +#7&#

,%)&A +)S#"#&' &*'(')*&%/ >1# 7"%' *&# )% ( %).$2# )+#( *4 4,&-')*& -*.$*%)')*&T 8#

"#$2(-# #@,(')*& :;/<= 3?9

S̃ = S ⊕1 D1 ⊕2 D2 · · · ⊕n Dn,

81#"# Dj = Dj

(
S̃j−1

)
5 S̃j−1 = S ⊕1 D1 · · · ⊕j−1 Dj−1 (&+ S0 = S/ H& $("')-,2("

(22 Dj (&+ ⊕j 1(J# '1# %(.# 3#1(J)*" *4 D (&+ ⊕ *4 #@,(')*& :;/<=/ H4 8# %,$$*%#

'1(' S̃ 1(% '1# %(.# $"*$#"')#% *4 S5 )/#/5 S̃ )% ( .(&)4*2+5 8# -(& -*&%)+#" S̃ (% S
(&+ 1(J# '1# %#@,#&-#9 Sm+1 = Sm ⊕m Dm(S

m). >1)% %#@,#&-# 1(% '1# %#.(&')-%

*4 .*+#2)&A %'(A#%9 (4'#" n .*+#2)&A %'(A#% *," 7&(2 %,"4(-# )% Sn
/ >1# -*&-#$'

*4 2(?#"% -(& 3# ($$2)#+ '*A#'1#" 8)'1 '1# #@,(')*& :;/ = (&+ $("(.#'#" %$(-# *4



 !  !"#$%& '( " )*&+" % &%#&%)%,$"$-., +.& )/)0

" #$%& '()*+,-. * /0'*/ '01203,+,0-& ,#)#& +4) 5)60(1*+,0- 67-'+,0- Φj 06 Dj 8,+4 *

'01203,+,0- 02)(*+0( ⊗j +4*+ *9)'+3 )*'4 '4*(+ 06 A 3)2*(*+)/:# ;(,+,-.

ℓ = ℓ1 ⊗2 ℓ2 ⊗3 · · · ⊗n ℓn, " # %

84)() ℓj : A × P ′ → A × P ′
# ;) 3)) ℓj *3 /*:)(3 0<)( +4) *+/*3 A& 60( )*'4 '4*(+

,- A +4): '*- 4*<) +4) 3*1) '0-')2+3 06 ,1*.) /*:)( '01203,+,0-# =-+(057',-. +4)

-0+*+,0- D∗(S) = S ⊙ ℓ(Ψ(S))& 84)() ⊙ : S × {A × P ′} → Rd × P 8) 4*<)>

S̃ = S ⊕D∗(S). " #?%

@4)3) 5)A-,+,0-3 4*<) 1*-: *5<*-+*.)3 84,'4 8) 8,// 5,3'733 ,- +4) -)B+ 2*(*C

.(*243& D7+ *- ,337) 3407/5 D) 0D3)(<)5# =+ ,3 <)(: 4*(5 +0 '0-3+(*,- S *-5 D +0 S̃
D) * 1*-,60/5 8,+407+ ()3+(,'+ +00 17'4 +4)1& ,-5))5& ,6 :07 +(: +0 60(') S̃ +0 D)

* 1*-,60/5E 2(0D*D/: +4) 3:3+)1 8,// D) <)(: /,1,+)5# F7+ ,+ ,3 -0+ * ()*/ 2(0D/)1

D)'*73) +4,3 ()2()3)-+*+,0- 8,// D) 73)5 ,- 3G)+'4CD*3)5 105)/,-.& *-5 +4) 73)( '*-

5)',5) ,6 +4) ()37/+ ,3 5)3,()5 0( -0+# H-) 3,12/) )B*12/) 06 ()3+(,'+,0- ,3 ,-32,()5

,- +4) )B*12/) 06 D712C1*22,-. IJKE ,6 8) ,- 6*'+ 5,32/*')5 +4) 20,-+3 73,-. h& ,+ ,3
)*3: +0 A-5 * 4),.4+ +4*+ ()37/+3 ,- * -0-C1*-,60/5 0DL)'+& 408)<)( ,6 8) '0-3+(*,-

h +0 D) /)33 +4*- +4) (*5,73 06 +4) +7D7/*( -),.4D0(4005 8) 50 4*<) * 1*-,60/5

"50 M*(10 INOK%#

 !"#$!%& '!()% × *%!+)%, =- 1*-: 105)/,-. 2,2)/,-)3 +4) 5,9)()-') D)+8))-

./0D*/ *-5 /0'*/ 105)/,-. 3+*.)3 *22)*(3 -*+7(*//:# @*G) +4) '*3) 06 '/*: 20++)( *3

5)3'(,D)5 D: ;005: IPQK> +4) *(+,3+ 3+*(+3 D: '()*+,-. *- 0<)(*// 20++)(: 34*2) 73,-.

* 84))/E +4*+ ,3 *- )B*12/) 06  !"#$! 105)/,-.# R*+)( +4) *(+,3+ ()A-)3 *-5 '/*(,A)3 *

60(1& (*+4)( +4*- +0+*//: '4*-.) ,+& 2*55/,-. +4) '/*: 8,+4 * 3/,.4+/: *D30(D)-+ +00/&

37'4 *3 * 8005 3200-& +4*+ 1)*-3 +4) 20++)( 5)3,()3 !"%$! )5,+,-. +00/3# S))2,-.

+4,3 )B*12/) ,- 1,-5& 6(01 -08 0-& +4) D*3) 37(6*') S0
,3 ,-+)(2()+)5 *3 +4) A(3+

*22(0B,1*+,0- 06 07( A-*/ 37(6*')& +0 27+ ,+ ,- *-0+4)( 8*:& +4) '0*(3) 34*2) 8,+4

+4) D*3,' *++(,D7+)3# TU7*//: ,120(+*-+& D 8,// 4*-5/) +4) 5)+*,/ ,-60(1*+,0-# V)-')

8) '*- .(072 +4) +00/3 +4*+ 1*-,27/*+) 07( 105)/ ,- +80 3)+3& 0-) +4*+ 80(G ./0D*//:

84,'4 '()*+)3 *-5 )5,+3 S0
*-5 *-0+4)( +4*+ 80(G3 /0'*//: 84,'4 '()*+)3 *-5 )5,+3 D#
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•  !"# $%&'( ) -#0* )#0 3+20 f $% %&,$) -0 /01*0H

L(vn) = L(f) : 7!;

• *+,# $%&'( ) -#0* )#0 0/=0 e $% %&,$) -0 /01*0H

L(vn) = L(e) : 7L;

-./%/0'('/1 2323 - #' %%). #/0!&,&#&12 #' $ /#&2" '3 $. ,&1/# ./% # 12 ) rk4
5 #3 M $.1!/* # M ′

'3)' &# ) rk45 #3 '116

7.11(6 M+%0 -0 %&,$) + 3+20 f -0 2'0+)0 N *0-% 3+20% :f1, f2, f3;C %$*20M $% + rk560%#

)#0 0?.+)$(*  7! $% -0,, /01*0/7 O('0(40' vn ∈ f1∩f2∩f3 )#0* )#09 #+40 +) ,0+%) vn
-$)# L(vn) = i 6= 07 P$*20 f $% + rk53+20 +,, v ∈ f C L(v) $% 0 (' iC +*/ 3(' j = {1, 2, 3}C
v ∈ fj ⇔ v = vn (' v ∈ f C -0 2(*2,./0 $3 v ∈ fj ⇒ L(v) = 0 (' L(v) = iC $70C fj $% +

rk53+207
"#0 0/=0 %&,$) 2'0+)0 3(.' *0- 3+20% fj, j = 1, 2, 3, 47 Q()0 )#+) )#0 (&0'+)(' 0/=0

%&,$) %.>/$4$/0% )-( 3+20%R ,0)% *+60 )#0%0 3+20% + #'4()* :fw
; +*/  )#'4()* :f e

;R

+*/ )#0$' (&&(%$)0 40')0J +% ve +*/ vw '0%&02)$40,97 $707C v∗ ∈ f ∗
+*/ v∗ 6∈ e7
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"# e $% &' $''()*(+,( -.(' #/) &- 0(&%- /'( /# $-% 1()-$2(% L(v) = i 6= 03 4$'2(

e $% $' fw
&'+ f e

5( .&1( L(fw) = L(f e) = i $- $670$(% -.&- $# v ∈ fw ∪ f e
-.('

L(v) = i /) L(v) = 03 8% & )(%90- 5.(' 5( %70$- & $''()*(+,( 5( .&1( L(vn) = i &'+
vn ∈

⋂
j fj &'+ v ∈ fj ⇒ v ∈ fw ∪ f e

/) v = vn: -.(' fj $% & rk*#&2(3
;.( #&2- /# e <($', & </9'+&)=*(+,( &'+ fw

&'+ f e
<( rk*#&2(% $670= L(ve) 6= 0

&'+ L(vw) 6= 03 4$'2( vw ∈ fj /) ve ∈ fj 5( .&1( &- 6/%- /'( v ∈ fj %92. -.&-

L(v) 6= 0 &'+ L(vn) = 0: -.(' 5( 2/'209+( -.&- fj $% rk*#&2(3

;.( %$670$>2&-$/' %-(7 /# &' &+&7-$1( 6(%. $% 1()= $67/)-&'- #/) /9) &770$2&-$/':

<(2&9%( 5.(' -.( 9%() 2.&',(% -.( %?(-2.(% -.( 6(%. $% +='&6$2&00= 97+&-(+ -.&-

$670$(% -.&- -.( -5/ %-(7% @)(>'(6('- &'+ %$670$>2&-$/'A &)( +/'(3 "# 5( %-&)-

5$-. & rk*6(%. @0(1(0 BA &'+ 7()#/)6 n )(>'(6('- %-(7% #/) &'= m ≤ n %-(7% /#

%$670$>2&-$/' 5( =(- .&1( & rk*6(%.3 ;.$% #&2- $% (&%= -/ %(( <(2&9%( 5.(' 5( +/ &

)(>'(6('- %-(7 5( +/ '/- 2.&',( -.( 1&09( /# -.( 1()-$2(% /# -.( 29))('- 0(1(0 j: -.9%
5.(' 5( +/ -.( $'1()%( /7()&-/) -/ %$670$#= /'0= 1()-$2(% /# 0(1(0 j + 1 &)( +(0(-(+

%/ -.(' -.( L #9'2-$/' /1() #&2(% $% 5(00 +(>'(+ $' 0(1(0 j3
;/ 2)(&-( & rk*6(%. 9%$', /9) <&%(*6(%.: $3(3: -/ 2)(&-( -.( M0: 5( 0&<(0 &00

1()-$2(% /# -.( <&%(*6(%. &% </9'+&)= @L(v) = 0A &'+ %70$- (&2. #&2(: -.( '(5

1()-(C &++(+ $% 0&<(0(+ 5$-. & '(5 1&09( '/- 03 8#-() -.&- (&2. #&2( /# -.( <&%(*

6(%. ,('()&-(% & '(5 2.&)- $'-/ -.( &-0&%: $3(3: $# -.( <&%( 6(%. .&+ k #&2(% -.( &-0&%

.&% k 2.&)-%3 "' D$,9)(  3! 5( $009%-)&-( -.( 7)/2(%% /# 2)(&-$', & 6(%. M0 -.&- $%

& r2*6(%. &'+ -.)(( )(>'(6('- %-(7%3

 !"#$% &'()  !"#$%&' # r2()"*+ #&, !"-&")"&$*. /"0$ $1 !%'+$2 $+" 3#*"()"*+4
M0 5+%6+ %* r2()"*+4 #&, #0$"! 7 !"-&")"&$ *$"8*2 M3. 9:#6; ":")"&$* #!"

31<&,#!= >L(·) = 0?4 3:<" ":")"&$* #!" %&$1 6+#!$ c1 >L(·) = 1?4 #&, !", ":")"&$*
#!" %&$1 6+#!$ c2 >L(·) = 2?.

 !"#$%&' # (#&%)*+, -$!./$.!"

E/5 5( .&1( & 7&)-$-$/' /1() -.( %9)#&2( &'+ 5( ?'/5 ./5 -/ )(>'( &'+ %$670$#= -.(

6(%. )(%7(2-$', -.$% 7&)-$-$/'3 F/5(1() 5( +/ '/- .&1( =(- &00 (0(6('-% /# &' &-0&%

#/) -.( %9)#&2( S: $% 6$%%$', -/ +(>'( /7(' %(- Ωi ! ci &'+ ./6(/6/)7.$%6% φi3

D$)%- /# &00 0(- 9% <9$0- ci3 G( +(>'( -.( #9'2-$/'% φi : Ωi

∣∣
ci
→ S <&%(+ /' -.(

%-)92-9)( /# &+&7-$1( 0(1(0% /# -.(  *H 6(%. M 3 G( +(>'( ci = [0, 1]× [0, 1]: -.(' 5(

%(- -.( #/9) 1()-$2(% /# -.( <&%(*6(%. #&2( fi = {v1, v2, v3, v4} -/ <( -.( </9'+&)=

/# ci: $3(3: -.( 0/2&0 2//)+$'&-(% $' Ωi /# -.(%( 1()-$2(% &)(I vi1 = (0, 0): vi2 = (1, 0):
vi3 = (1, 1): vi4 = (0, 1)3 G( /1()0/&+ -.( '/-&-$/' #/) 2.&)-: 5.(' 5( )(#() & 2.&)-

/# /9) &-0&%: ci ∈ A: -.&- .&% -5/ 6(&'$',%: -.( >)%- $% & %(- /# #&2(%: (+,(% &'+

1()-$2(%: 9%(+ $' 7)(1$/9% %(2-$/'3 ;.( %(2/'+ $% -.( 7&)&6(-)$2 %7&2( [0, 1]2 ⊂ Ωi:



 !  !"#$%& '( " )*&+" % &%#&%)%,$"$-., +.& )/)0

"#$% &$%'()%*+ ,-%. ,% )/+ / &#(.0 #1 M 2%*#.3) 0# / '-/$0 ci (0 "%/.) (1 ,% '/.

,$(0% 0-() &#(.0) (. Ωi '##$4(./0%) 0-%. (0) '##$4(./0%) () (. [0, 1]25 60 0-() &#(.0

/** 7%$0('%) v #1 M -/7% /0 *%/)0 0,# 3%#"%0$('/* (.1#$"/0(#. (0) '##$4(./0%) (. R3

/.4 (0) '##$4(./0%) (. /0 *%/)0 #.% Ωi5 8% ,(** 9)% 0-% .#0/0(#. vi 0# 2% '*%/$ ,-%.

,% /$% 9)(.3 v (. '##$4(./0%) #1 Ωi: -#, 0# $%'#7%$ 0-() (.1#$"/0(#. ,% ,(** 4()'9))

*/0%$5

;(.'% M () /. /4/&0(7% "%)- /.4 .#, (0 -/) 0,# 3%#"%0$('/* /)&%'0): (0) '##$<

4(./0%) (. R3
/.4 (. A: ,% .%%4 $9*%) 0# 9&4/0% 0-() (.1#$"/0(#.5 8-%. ,% )&*(0

/. %43% e = {v1, v2} ,% 3%0 (0) "(44*% &#(.0 vm /.4 &$#=%'0 (0 #. S /.4 (1 e ∈ ci
0-%. vim = (vi1 + vi2)/25 >%)&(0% 0-% $9*%) 0# 2% )("&*% 0-%+ /'-(%7% 3##4) $%)9*0):

(. ;%'0(#.  5?5 ,% 4()'9)) "#$% /2#90 0-/0 $9*%)5 @#, ,% )9&&#)% 0-/0 0-% /&<

&$#A("/0(#. #1 0-% /4/&0(7% "%)- () *%)) 0-/. ε > 0: (5%5: 1#$ /** &#(.0) p #. M
("&*+ |p − ΠS(p)| ≤ ε ,-%$% ΠS(p) () 0-% &$#=%'0(#. #1 p #. 0-% )9$1/'% S5 8% /$%

/))9"(.3 0-/0 ΠS () ,%** 4%B.%4 1#$ Vε =
⋃

p∈S B(p, ε): ,-%$% B () 0-% #&%. 2/**

,(0- '%.0%$ p /.4 $/4(9) ε5 C-/0 () 0$9% ,-%. Vε ⊆ V 0-% 0929*/$ .%(3-2#$-##4

#1 S DE%*-# /.4 F#"%) GHHIJ5 K/$0('9*/$*+: 0-% 7%$0('%) #1 0-% 2/)% "%)- )0/$0 '*#)%

0# S 0-%. 0-%($ &$#=%'0(#. () ,%** 4%B.%4: 0-%$%1#$% ,% $%&*/'% 0-%($ )0/$0 &#)(0(#. v
2+ ΠS(v)5 8% ,(** /*)# 9)% 0-% ΠM(p): 0-% &$#=%'0(#. #1 p ∈ S #. M : /.4 /3/(. ,%

/$% )9&&#)(.3 0-/0 0-% "%)- /&&$#A("/0%) ,%** 0-% )9$1/'%5 8% )/+ 0-% '-/$0 ci ()
,%** 4%B.%4 /10%$ #.% $%B.%"%.0 )0%& DL(39$%  5MJ: 0-%$%9&#. (1 / &#(.0 pi ∈ ci 0-%.
0-%$% () / 1/'% f i = {vi1, v

i
2, v

i
3} )9'- 0-/0 pi () / '#.7%A '#"2(./0(#. #1 (0) 7%$0('%)5

N#$% &$%'()%*+ pi =
∑

3

k=1
αkv

i
k ,(0- αk > 0:

∑
3

k=1
αk = 15 ;# 0-%. ,% 4%B.%O

φi(p
i) = ΠS

(
3∑

k=1

αkφi(v
i
k)

)
.

;&%'(B'/**+ ,-%. ,% )&*(0 /. %43% e: ,-('- 2%*#.3) 0# ci: e
i = {vi1, v

i
2} ,% -/7%O

φi(v
i
n) = ΠS

(
φi(v

i
1) + φi(v

i
2)

2

)
. D 5!J

 !"#"$%&%"' ()*)  !" #$$ i, j #%& v ∈ V '()* +*#+ v ∈ ci #%& v ∈ cj *!$&' φi(v
i) =

φj(v
j),

-"!!., 8% &$##1 0-/0 &$#&#)(0(#. 2+ (.49'0(#. 1#$ /** *%7%*) #1 $%B.%"%.0 #1 M 5

8-%. ,% )0/$0 0-% '-/$0) ci /.4 cj /** %43%) 0-/0 /$% (. 0-%($ 2#9.4/$+ '#"% 4(<

$%'0*+ #1 0-% 2/)% "%)-: (1 v ∈ ci /.4 v ∈ cj 0-%. φi(v
i) = ΠS(v) = φj(v

j): 2+
'#.)0$9'0(#.5 @#, )9&&#)% 0-% K$#&#)(0(#.  5P () 0$9% 1#$ v ,(0- *%7%* *%)) #$ %Q9/*

0-% '9$$%.05 R2)%$7% 0-/0 2+ D 5HJ /.4 D 5MJ / 2#9.4/$+<7%$0%A v () '$%/0%4 #.*+

,-%. / 2#9.4/$+<%43% () )&*(0: '#.)%Q9%.0*+ 2+ D 5!J /.4 (.49'0(#. -+&#0-%)() -#*4)O

φi(v
i) = ΠS

(
φi(v

i
1) + φi(v

i
2)

2

)
= ΠS

(
φj(v

j
1) + φj(v

j
2)

2

)
= φj(v

j).



φi ΠM

Ωi ΠM(p) =
∑

3

k=1
αkvk αk > 0∑

3

k=1
αk = 1 f = {v1, v2, v3} L(f) = i

φ−1

i (p) =
3∑

k=1

αkv
i
j.

M S φ φ−1

φi ◦ φ
−1

i (p) = p φ−1

i ◦ φi(p
i) = pi p ∈ S ∩ φi(ci) pi ∈ ci

ci Ωj ci cj
pi ∈ ci Ωj ci cj

pi pj

Ωi Ωj ci cj ci
cj

A

A
M

ci
pq ci cj

piqi

ci

pjqj

A
M A
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"# $%&'% ()% )%*+)( ,-. /% 01% ()% $*1(-'2% #3 - .#*'( *' ci (# ()% )%*+)(4

2056%7 8% 25%-(% ()*1 &%9$ 01*'+ ()% -..5#-2) .5%1%'(%$ :; <5*1=%' >? @7 A' ()*1

/#5= 1)% 01%1 - 6%2(#5 $*1(-'2% &%9$ /)*2) 5%.5%1%'( ()% $*1(-'2% -( -'; .#*'( -1 -

6%2(#5 6-90%7 ")-( &%9$ *1 01%$ 3#5 &((*'+ #'4()%4B; -' -'-9;(*2 2056% (# - 1%C0%'2%

#3 $*+*(*D%$ .#*'(17 <#5 1*,.9*2*(; /% $%&'% - )%*+)( h 3#5 -99 .#*'(1 #3 #'% 1-,%

)%*+)(42056% λE -'$ /% (%1(%$ -1 )%*+)( 30'2(*#' fλ(p
i) = h exp(−25d4/4r4) /)%5%

d *1 ()% $*1(-'2% #3 pi (# λ -'$ r *1 ()% 5-$*01 #3 *'B0%'2% #3 λ7
F3(%5 -99E /% )-6% - )%*+)(4,-. hiu 3#5 %-2) 2)-5( ci ()-( /-1 1=%(2)%$ :; ()%

01%57 G1*'+ ()% HC0-(*#' IJ7JK /% 2-' 2#,.#1% ()*1 )%*+)(4,-. /*() -'#()%5E 102)

-1 - +5-; $%.() *,-+% hidE 3#5 %L-,.9% (# #:(-*' - &'-9 )%*+)( -( p ∈M -$$*'+ ()%

)%*+)(1E hp = hid(p
i) + hiu(p

i)7 ")%' /% )-6% D∗(p) = hpNp /)%5% Np *1 *( '#5,-9

-( p7 ")01 /% 2#,.9%(% ()% 3#5,09-(*#' #3 ()% &'-9 1053-2%M S̃ = S + D∗(S) #5

1.%2*&2-99; 3#5 -99 p ∈M /% )-6% p̃ = p+ hpNp7

 !"!  #$ %&'(

")% J4N ,%1) M )-1 (/# ,-*' 5#9%1 *' #05 1;1(%,E ()% &51( #'% /-1 $%125*:%$ *'

()% 9-1( 1%2(*#'E /% 01% ()% ,%1) (# (5-'1.#5( .#*'(1 (# ()% -(9-17 O%1*$%1 ()-( /%

01% M (# 6*10-9*D% ()% -..5#L*,-(% &'-9 1053-2%7 8% 01% ()% 9*:5-5; $%6%9#.%$ :;

P%9)# >Q @7 ")*1 9*:5-5; *,.9%,%'(1 ()% J4N ,%1) /*() - +##$ 9%6%9 #3 -:1(5-2(*#'

()-( ,%-'1 /*() 9*((9% *,.9%,%'(-(*#' %R#5( /% 01% ()*1 9*:5-5; -1  !"#$  %& ()-(

.5#6*$% - J4N ,%1) 5%&'%$7 8% 1(-5( ()% ,%1) /*() ()% :-1% ,%1) (5*-'+09-(%$E *7%7E

- 3-2% f = {v1, v2, v3, v4} *1 1.9*( *' (/# 3-2%1 f1 = {v1, v2, v3} -'$ f2 = {v1, v3, v4}E
-'$ ()%' /% -..9; #'% 5%&'%,%'( 1(%. (# $%&'% ()% -(9-1 ()*1 *1 ()% ,%1) 9%6%9 0
I<*+05% J7 I-KK7 A' -$$*(*#' /% '%%$ .5#6*$% - 30'2(*#' ()-( 1-,.9%1 - %$+% 5%(05'*'+

- '%/ 6%5(%LE -'$ (/# %55#5 30'2(*#'17 S'% (# 29-11*3; ()% %$+%1 3#5 ()% 5%&'%,%'(

1(%. -'$ #'% (# 29-11*3; ()% 6%5(*2%1 3#5 1*,.9*&2-(*#' 1(%.7

"# $%&'% - '%/ 6%5(%L /% -$#.( ()% '-*6% -..5#-2) ()-( (-=%1 ()% ,*$$9% .#*'(

#3 -' %$+% -'$ .5#T%2( *( #' 1053-2%E *7%7E (# 1.9*( - %$+% e = {v1, v2}E /% 25%-(% -

'%/ 6%5(%L vn = ΠS ((v1 + v2)/2) -'$ -1 $%125*:%$ *' ()% 9-1( 1%2(*#' *3 vn ∈ ci *(
1-6%1 *(1 9#2-9 2##5$*'-(%1 (##7 A' 1.*(% #3 ()*1 -..5#-2) :%*'+ 1*,.9% *( -2)*%6%1

+##$ 5%109(1 3#5 #05 -..9*2-(*#'7

"# 2#,.9%(% ()% -$-.(*6% .5#2%11 #3 J4N ,%1) /% '%%$ (# 2)##1% /)*2) %$+%1 /*99

:% 1.9*(E *' #5$%5 (# 5%&'% ()% ,%1) -'$ /)*2) 6%5(*2%1 /*99 :% 5%,#6%$ (# 1*,.9*3;

()% ,%1)7 A' #05 *,.9%,%'(-(*#'E ()*1 29-11*&2-(*#' *1 $#'% .5#6*$*'+ (/# %55#5

30'2(*#'1 -'$ #'% .-5-,%(%57 "# $%&'% #05 %55#5 30'2(*#' /% '%%$ (# $%125*:% )#/

/% ,%-105% ()% $*1(-'2% :%(/%%' - .#*'( -'$ ()% 1053-2%7 <*51(E #:1%56% ()-( ΠS *1

()% .5#T%2(*#' #' S 6= S̃E ()%5%0.#' ()% ΠS *1 '#( %'#0+) (# $%&'% ()% $*1(-'2%7 "#

.5#T%2( - .#*'( p #' S̃E &51( /% .5#T%2( p #' S ()%' /% -..9; DE ,#5% .5%2*1%9;E

Π
S̃
(p) = ΠS(p)⊕D(ΠS(p)), IJ7U!K

()01 ()% $*1(-'2% :%(/%%' p (# S̃ *1 ()% 010-9

d
S̃
(p) = |p− Π

S̃
(p)|. IJ7UUK
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"#$ $% &'( )%*%+,-(% *.% %++#+ /0(&*-#(1 01-(2 *.% 1*#&.'1*-& '33+#'&. 3+%4

1%(*%) 56 )% 7#%1 %* '89 :!;<9 =%* 01 )%>(% *.% %++#+ #( /'&%1? $% +'()#,86 *'@%

n 3#-(*1 #( *.% /'&% '() &'8&08'*% *.% )-1*'(&% #/ *.% 3#-(* *# *.% 10+/'&% *.%( $%

10, '88 )-1*'(&% '() )-A-)% 56 n9 B.%+%/#+% *.% %++#+ /0(&*-#( /#+ %)2% -1 *.% %++#+

'A%+'2% #/ -*1 /'&%1? '() *.% A%+*%C %++#+ /0(&*-#( -1 *.% %++#+ 'A%+'2% #/ -*1 1*'+

(%-2.5#+.##)9 B# &#(*+#8 *.% ,%1. ')'3*'*-#( $% )%>(% '( %++#+ *.+%1.#8) ε > 0?
-/ *.% %)2% %++#+ -1 '5#A% *.'* *.+%1.#8) *.% %)2% -1 +%>(%)9 D51%+A% *.'*? *.% ε &#(4
*+#81 *.% 1-E% #/ #0+ >('8 ,%1.9 F/ *.% ε -1 1,'88 $% .'A% ' 2##) '33+#C-,'*-#( #/ *.%

10+/'&% *.#02. *.% ,%1. $-88 .'A% *## ,'(6 A%+*-&%1 $.-&. $-88 5% &#,30*'*-#('886

%C3%(1-A% *# %C%&0*% 1-,38% #3%+'*-#(1 10&. '1 3+#G%&* ' 8-(% HI-20+% J9KH&LL9 D(

*.% #*.%+ .'()? -/ *.% ε -1 5-2 *.% ,%1. $-88 5% &#,30*'*-#('886 &.%'3 .#$%A%+ *.%

,%1. $-88 (#* +%3+%1%(* *.% >('8 10+/'&% )%*'-81 HI-20+% J9KH5LL9

 !" #$%!&' ()$%*+, ε = 10−3
-  ." /&01'$ $2232 456*%&36, ε = 10−3

-

 *" /&01'$ $2232 456*%&36, ε = 10−4
-  7" 83*!' $2232 456*%&36, ε = 10−3

-

 !"#$% &'()  !"#$ %&&!& "!'(&!$)

F* -1 ('*0+'8 *# .'A% '( '33+#C-,'*-#( /#+ S 2%#,%*+6 &#'+1%+ *.'( /#+ S̃ 2%#,%*+6

5%&'01% $% '+% '110,-(2 *.'* S -1 #(86 *.% &#'+1% -(/#+,'*-#( -( &#(*+'1* *# S̃
*.'* .'1 '81# )%*'-81 HI-20+% J9KH'L '() H&LL9 M#$%A%+? 1-(&% 2%(%+'886 )%*'-81 '+%

+%1*+-&*%) *# 1,'88 10+/'&% '+%'1 -/ $% 01% S̃ *# &.##1% ε $% $-88 .'A% ' %C3%(1-A%

,%1. *.'* )# (#* 5+-(2 +%'8 5%(%>*19 N-(&% #0+ '338-&'*-#( $#+@1 $-*. *$# )-O%+%(*

8%A%81 #/ )%*'-81 1# *.%( -1 ('*0+'8 01% *.'* 1*+0&*0+% *# )%>(% *.% %++#+ /0(&*-#(1

*.'* )%3%() #( *.% )%*'-8 8%A%8 #/ ' 10+/'&% 3#-(*9 F( /'&*? $% '+% '))-(2 #(% ,#+%

3'+',%*%+ -( P ′
HJ9PLQ *.% )%*'-8 8%A%8 E(p)9 F( #0+ +%3+%1%(*'*-#( *.% )%*'-81 '+%

%(&#)%) -( D .#$%A%+ (#* '88 3'+',%*%+1 #/ S $-88 -(R0%(&% *.% >('8 ,%1.? *.01

$% -(*+#)0&% *.% (#*'*-#( Dg /#+ *.%1% 3'+',%*%+1 *.'* 'O%&* *.% +%>(%,%(*9 S1 '
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