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1 Introduction

In the 60s and 70s a good statistical and topological description was given of hyper-
bolic dynamics, giving examples of structurally stable chaotic systems. The defintion
of hyperbolicity involves contracting and expanding directions in the tangent space.
Relaxing the definition gives rise to partial hyperbolicity and systems with dominated
decomposition. Conversely, robust dynamical phenomena lead to conditions on the tan-
gent space, aumenting the importance of studying such systems [12|. However, many
questions remain in the open regarding how do the known theorems for hyperbolic dy-
namics adapt to the case of partial hyperbolicity. For example, hyperbolic dynamical
systems can be broken down into a finite number of dynamically indecomposable sets
(spectral decomposition), but it is uknown if this holds at least in a dense subset of
partially hyperbolic systems.

Probably the simplest way to create a partially hyperbolic system out of a hyper-
bolic one is to form a direct product of a hyperbolic one with the identity map. That
is a map of the form F x Idy on the manifold M x N where F' has a hyperbolic
set in M. It is a natural question to ask what are the dynamics for diffeomorphisms
nearby. This question was adressed in many works from the topological and ergodic
perspectives, see for example [6], [1], [5], [14], [11].

In [1] it was shown that nearby F x Idy there exist robustly transitive non-
hyperbolic diffeomorphisms. For the proof the notion of a blender was used. Blenders
are hyperbolic sets with the extra property that a projection of the stable set of the
blender has a larger topological dimension then that of the stable sub-bundle. Blenders
appear in a variety of settings such as in producing robust heterodimensional cycles [2],
robustly transitivite sets in symplectic dynamics [9] and as criteria for stable ergodicity
[13].

The main property of the blender can be related to the study of iterated function
systems [3]. An iterated function system (IFS) with respect to a set of diffeomorphisms
on a manifold is the set of all their finite forward compositions. Important notions in
dynamics like minimality, transitivity, and spectral decomposition can be extended to
IFS (see the next section).

By the theorems of [6], diffeomorphisms nearby F' x Idy are conjugated to skew-
products of the form (z,y) — (F(z),G.(y)) where F' is again the hyperbolic map.
As dynamics on hyperbolic sets are conjugated to a shift map on a symbolic space, it
makes sense to work with symbolic skew-products of the form (0,y) — (7(6), Gy(y))
acting on the space A x N where A is a symbolic space of a finite number of symbols
and N is the manifold.

The symbolic skew-products with the maps Gy contractions were explored in |9]
where symbolic blenders were defined and were used to create robustly transitive sets in
the Hamiltonian setting. The interplay between dynamics of iterated function sytems
and the symbolic skew-products was an important tool. Symbolic blenders become
minimal sets with non-empty interior in the language of IFS.

The work of [5] studied iterated function systems of diffeomorphisms on the circle,
and there was given an example of a robustly minimal IFS in the topology of IF'S. The

4



robust properties in the IFS topology were then translated to robust properties in the
topology of symbolic skew-products. But for this, the space of symbolic skew-products
required the additional assumption that the fibers Gy(y) have a-Holder dependence
with respect to the sequence. That is

d(Gy, Gy) < C - d(6,0)".

The constant o had a relationship with how close the fiber maps Gy are to the identity.
This Holder constraint does not create a problem in going from symbolic skew-products
back to diffeomorphisms on an actual manifold. Diffeomorphisms nearby F' x Idy are
actually conjugated to skew-products with Holder dependence on the fibers [4].

The above discussion motivates the study of dynamics of IF'S on its own right, the
connections with symbolic skew-products and partially hyperbolic sets. In this work
firstly are studied iterated function systems on the circle. We searched for minimal
sets with non-empty interior in the IFS context, as this will translate to sets with the
blender property for the symbolic skew-products.

Next will be given a brief description of the results. Consider an IFS given by a
generic pair of diffeomorphisms on the circle. The extra assumption is that the maps
are close to the identity in the C? topology. With respect to this pair the following is
proven.

e Existence of minimal sets with non-empty interior (see theorems 2.1 and 2.4).

e Simple criteria based on the combinatorics of periodic points under which the
minimal set is the whole circle, thus giving new examples of robustly minimal
IFS on the circle (theorem 2.6).

e When the pair has hyperbolic fixed points we give a complete description of
the dynamics, in particular spectral decomposition and specification of mini-
mal/transitive sets (theorem 2.8).

It is interesting to note that minimal Cantor sets for these maps do not exist. This
mimics the classical Denjoy theory for the dynamics of a single diffeomorphism on the
circle where the Cantor sets are excluded in the C? topology.

In the context of symbolic skew-products we

e Define symbolic blender-like sets which are sets carrying the key topological
property of the symbolic blender but are not necessarily hyperbolic (definition
2.9).

e Give sufficient conditions on IFS for existence of symbolic blender-like in the
topology of Holder skew-products (theorem 2.10).

e Prove that these sufficient conditions are satisfied for the generic pair of IFS
on the circle, C? close to the identity. This shows the abundace of symbolic
blender-like sets (theorem 2.11 and corollary 2.12).
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The next section states the definitions and the main theorems. The following sec-
tions deal separetely with the proofs of each of the theorems.

This work was done in collaboration with Pablo Barrientos under the orientation
of Enrique Pujals.



2 Definitions and Main Results

Let fi1,..., f, be maps of a manifold M, possibly with boundary. We will be mainly
concerned when M is the closed interval or the circle S'. In particular denote by
Dif f1(S') the set of orientation-preserving diffeomorphisms of the circle.

An iterated function system < f; ... f,, > is the set of all finite forward compositions
of the maps f;. That is

<fiofa>={hih=fro--ofil jie{l,....,n}}
An orbit of a point z is
Orb(x) ={h(z);he< fi... fn >}

The next set of definitions generalizes for IF'S the usual notions of dynamical systems.

A set A is minimal for < f,...,f, > if for all x € A, A C Orbd(z). This is
equivalent to saying that for all x € A and open set U C A, there exists h in
< fi...fn> with h(z) € U.

A set A with the induced topology is called transitive if for any two open sets
U,V in A, there exists h in < fi...f, > with h(U) NV # 0. A transitive set A is
maximal if for any transitive set = ¢ A, A UZ is not transitive.

Observe that the notions of minimality and transitivity as defined above do not
require the set to be closed or invariant under the IFS. It can happen that
A g UL, fi(A), see for example the K** set defined below. This is one of the difficulties,
when the manifold is the circle, in applying methods from the well-developed theory
of group actions of diffeomorphisms on S* [10], since they depend on the invariance of
the minimal sets.

Observe that if A is minimal for < fy,..., f, >, then it is transitive for
< fit ..., f7'> .The< fi...f, > is called minimal when the whole circle or interval
is minimal. It is called robustly minimal if there exists neighborhoods U; of f; in
the relevant topology such that for all ¢; € U;, < ¢; ... ¢, > is minimal.

Minimal sets of uniformly contracting iterated function systems were studied in |7|
and [9]. Examples of robustly minimal IFS of diffeomorphisms on the circle are given
in [5]. A similar question on surfaces for volume-preserving IFS was adressed in [8].

N

Given a possibly infinite sequence 6 = {6,} € {1,...,n}" we will use the notation

f3(@) = fo,_ 00 fa ().
The forward or w-limit of a point  with respect to a sequence 0 is defined as
wy(x) = {y | there exists jj such that fJ*(z) — y}.
The forward limit of < f; ... f,, > is defined by

w=w(< fi...fa>)= Uwg(ac).

7



Similarly we define the backward or a-limit of < f;... f, > as
a=a(< fi... fo>)=w(< i1 7 >).

On a compact manifold the system < f; ... f,, > has spectral decomposition if
the limit set, L = a Uw, can be written as a finite union of maximal transitive sets.

A diffeomorphism f on the circle is called Morse-Smale if the set of periodic points
is non-empty and all the periodic points are hyperbolic. Morse-Smale maps form an
open and dense set in Dif f"(S').

From the motivation in the introduction our main objective is to search for minimal
sets with non-empty interior in the simplest setting under iteration of just two maps
on the circle. These sets will play the role similar to that of symoblic blenders for the
skew-products.

First lets describe geometrically the sets that will be proven to be minimal, have
non-empty interior and will make up the pieces of the spectral decomposition.

Let f,g € Diff*(S') and we will define the following sets of type K**, where
x* = S8, su, or uu. Apriori lets suppose that there are no periodic points of f or g in
the interior of K** sets. For now the periodic points do not have to be hyperbolic and so
they can attract from one side and repel from the other (semi-attractor, semi-repeller).
For simplicity assume that p is a fixed point of f, ¢ is a fixed point of g.

e A K type set is the interval [p, ¢] where p is a (semi) attractor for f and ¢ is
in the basin of attraction of p. Similarly ¢ is a (semi) attractor for g and p is in
the basin of attraction of q.

e A K" type set is the interval [p, | where where p is a (semi) repeller for f and
q is in the basin of repulsion of p. Similarly ¢ is a (semi) repeller for g and p is
in the basin of repulsion of q.



e The K*“ type is the semi-open interval [p, ¢) where p is a (semi) attractor (resp.
(semi) repeller) for the map f, ¢ is a (semi) repeller (resp. (semi) attractor) for

the same map, and g((p,q)) N (p,q) # 0.

If the maps g, f are periodic with periods m,n, the K** sets are defined as above with
n

respect to the maps ™, g".

The first theorem that will be proved gives sufficient conditions under which K**
sets are minimal.

Theorem 2.1. There exists an € > 0 (e > 0.14) such that if f and g are e-close to
the identity in the C? topology, then K* and K** sets are minimal for < f,g > and
K" 4s minimal for < = g~ >. Moreover K** C (Per(< f,g >).

This theorem actually forms part of the proof of a theorem of Duminy from the 70s
which has to do with the dynamics of groups of diffeomorphisms on the circle [10]. The
orbit of a point under the action of a group is related to the study of co-dimension one
foliations. For group actions the inverses of the functions can enter in the compositions.
For example compositions like fJ o fo ¥ o f! are possible whereas for IFS (or semi-group
actions) no.

Therefore, it is natural to expect a stronger result for group actions, which for our
purposes can be written in the following manner.

Theorem 2.2. (Duminy) There exists an € > 0 such that if f and g are e-close to
the identity in the C? topology, and one of the maps has a finite number of periodic
points, then or S' is minimal for the group action or there is a finite orbit.

We will not prove Duminys theorem but to go from theorem 2.1 to the second the-
orem 2.2 basically one can create the geometry of a K** set by making the necessary
compositions using the inverses of the functions. Then appling theorem 2.1 gives mini-
mality of K**. For group actions minimality of an interval actually implies minimality
of the whole circle [10].

The proof of theorem 2.1 that we will give is similar to the original proof of Duminy
in the main ideias but somewhat different in the organization. It is organized as to
help the reader see the parallels with the proof of the more difficult result that follows.

A few words about the proof. It is based on finding an expanding return map for
backward iterations. The harder part is to estimate the derivative. The C? condition
is necessary for the bounded distortion, and the maps being close to the identity
garantees that the derivative of the return map is greater than one. After this to prove
minimality, it is enough to pre-iterate any interval by the return map so it grows
enough to capture an attractor. This last argument was already used in [9] and will
permute several of the results.

Observe that theorem 2.1 does not require the points to be hyperbolic. One of
the applications of this, which will not be persued here, is related to bifurcation of
transitive sets as indicated in the next figure. Here f is a fixed map and g, t € [0, 1],
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is a one-parameter family such that all of the maps satisfy the hypothesis of theorem
2.1.

A minimal set for < f, g > with non-empty interior will be called blender-like.
The name comes from the connections with skew-products and symbolic blenders.
Then we can restate theorem 2.1.

Theorem 2.3. There exists an € > 0 (e > 0.14) such that if f and g are e-close to

the identity in the C? topology and there is a K or K set then < f,g > has a
blender-like.

As the following example shows, not necessarily with f, g Morse-Smale with fixed
points there is a K** set for < f, g >.

Example 1. Let f,g be as in the figure. Then there is no K* or K** sets because
there is no attractor-attractor or repeller-repeller pairs of fixed points. We also ask
that I; is contained in a fundamental domain of g, J; is contained in a fundamental
domain of f. Then there is also no K*" type sets for the following reason. There exists
a K* type set with an attractor ¢ for the map ¢ if and only if f(q) N B,(¢) # 0
where B, denotes the basin of attraction. The previous conditions on the fundamental
domains prevents this from happening.

Then the question is if for f, g C%-close to the identity generically there exists a
blender-like. This is answered affirmatively by the next theorem, which can be thought
of as the parallel of Duminys theorem in the context of IFS or semi-groups.

Theorem 2.4. Let f, g be C?, orientation-preserving, Morse-Smale diffeomorphisms
of the circle with no periodic points in common. There exists an € > 0 (e > 0.14) such
that if f, g are e-close to the identity in the C? topology, then there is a blender-like
set for < f, g >. Moreover the blender-like contains a fundamental domain of f (or g)
and is contained in (Per(< f, g >).
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The proof uses the main ideas of theorem 2.1. The key new step is supposing that
there is no K*° type set permits one to create a global expanding return map by going
around the whole circle inductively through the basins of attraction of f or g. One of
the difficulties is that the derivative of the return map also has to be computed in an
inductive manner.

When the maps f, g are not necessarily orientation-preserving consider f2, g2, which
become orientation-preserving. Then result is the same at the cost of making e smaller.

Corollary 2.5. Let f, g be C* Morse-Smale diffeomorphisms of the circle with no
periodic points in common. There exists an € > 0 (e > 0.06) such that if f,g are e-
close to the identity in the C? topology, then there is a blender-like set for < f, g >.
Moreover the blender-like is contained in (Per(< f,g >).

It turns out that having a K*° set is the only obstruction to the whole circle being
minimal.

Theorem 2.6. Let f, g be C?, orientation-preserving, Morse-Smale diffeomorphisms
of the circle with no periodic points in common. There exists an € > 0 (¢ > 0.38) such
that if f,g are e-close to the identity in the C? topology and there is no K*° set, then
the system < f,g > is robustly minimal.

Supposing that f, g have fixed points, the existence of a K*® set implies < f,g >
is not minimal. This is because for any =z € K*°, Orb(z) C K** and therefore it
is impossible to visit the whole circle. With this observation we obtain a complete
characterization of minimal IF'S in our setting.

Corollary 2.7. Let f, g be C?, orientation-preserving, Morse-Smale diffeomorphisms
of the circle both having fixed points which are not in common. There exists an € > 0
(e > 0.38) such that if f,g are e-close to the identity in the C* topology, then < f,g >
1s robustly minimal if and only if there is no K*° set.
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Observe that the dichotomy in the theorem only depends on the combinatorics of
the periodic points. In the case the periodic points of f, g are fixed, we can completely
describe the global toplogical dynamics of the TFS.

Theorem 2.8. Let f,g be orientation-preserving, Morse-Smale diffeomorphisms of
the circle, both with fized points which are not in common. There exists an € > 0
(e > 0.14) such that if f, g are e-close to the identity in the C? topology then < f,g >
has spectral decomposition.

Specifically if S' is not minimal, L(< g1, g2 >) = U, B;, where each B; is either
a K*°, K5, or K" set or is a single fixed point of f or g.

The next diagram gives an example of how spectral decomposition of an IFS may
look like. Here the circle is the interval [0, 1] with the endpoints identified.

’
Z-°

K5 KU Kuu
Now lets move on to symbolic skew-products. Consider a skew-product of the form
U x M — 3, x M, ¥(0,2) = (1(0),y(x))
where M is a Riemannian manifold with a metric d,;, 7 is the shift over a space of k

symbols ¥, = {1,..., k}2,
T Ek — Ek

(9:(...,8_1,90;81,...>H (...,9_1,60,91;...>
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and ¥;, = {1,...,k}% has the metric

91‘ — 0;
d(0,0)s, =Y %

1EL

The metric d in ¥ x M is the product metric. The functions v, are taken to be
diffeomorphisms of the manifold M. The local and global unstable manifolds of the
shift with respect to a sequence 6 are

Wise(0:7) = {(04); Vi < 0505 = 6;},
W0, 7) = (Wi (r(0);7) = {(03); 3k, Vi < k, 07 = 6;}.
i>0

The unstable manifold for a point (6, p) with repect to ¥ is
w(0,p) = {(o,q);d(¥"(0,p), ¥"(0,q)) — 0 as n — —oco}.

The stable manifolds are defined in a similar manner for 7!, ¥ ~!. Observe that

U0, p) = (7"(0), Yrn-19y 0 === 0 Pg(p)) }

and similarly for ",

We will make the following additional assumption. Suppose also that the fiber maps
only depend on the local unstable manifold of the shift, W}%.(0, 7). That is ¢p = ¢¢ if
0; = & for all i < 0. This implies that the local unstable manifold of (6, p), W.(6,p),
contains the set W} (0; 7) x {p}. Define the local and global strong unstable manifold
to be

Wige (0, p) = Wi (0:7) x {p},

loc

W (0,p) = Upso U™ (Wpee (¥7"(0,p))).

loc

Denote by H"(M) the set of C" locally constant skew-products that only depend
on the zeroth coordinate of the sequence. That is for U € H"(M), 1y = 1bg,. We will
write U as 7X < ¥y, ..., Y, >.

To connect the dynamics of IFS with symbolic skew-products consider
¥ = 7K <w1,...,wk >€HT(M)

and the relevant IFS given by < 1q,..., 1, >. Let (6, p) be a fixed point of ¥ and let
o€ WE(0;71). As

U(7(0), 1) © - - 0 Yy (p))) = (0, p) € (Wi (), p)

and (0, p) is a fixed point,

d(v" (V" (0, p)), U"(0,p)) = d((o,p), (6,p))-

And so for all n,
(T~ (" (0, p)), ¥ (0,p)) = 0,k — oo
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Therefore we obtain V" (o, p) € W**(d,p). Let mp; be the projection onto M ,then

(V" (o,p)) € Orb(p)

where the orbit of p, Orb(p), is with respect to the IFS. In conclusion, the relation
between IFS and skew-products is given by

Orb(p) = T (W (0,p)) C mar(W*(0, p)).

The above notation and commentaries are taken from section 2.3 of [9].

Next we will give a definition of a symbolic-blender like but for a restricted set
of skew-products S;”" (M) which will be described afterwards. The definition is the
same as that of symbolic blender in [9] and preserves the main topoligical property
of blenders (see (ii) in the definition). The difference being that in that paper the
authors worked with uniformely contracting IF'S and with hyperbolic sets. By definition
blenders are hyperbolic sets [3]. As here there is no assumptions on hyperbolicity, we
use the name blender-like.

Given a periodic point (fr, pr) of I' with period n. Denote by O(fr, pr) the orbit
of the point, U?:_()l I"(fr, pr), and let

n—1

W*(O(0r,pr)) = U W (T (0, pr))-

=0

Definition 2.9. Symbolic Blender-like

Let B be an open set in M. The set B = ¥ x B is a symbolic cs-blender-like of
I' € S (M) if there exists a neighborhood €2 of T' and a periodic point of T', (6r, pr),
such that

(i) For any W € ), there exists the continuation (Oy,py) of (fr,pr)

(i1) Given a sequence & and an open set U C B,

W(OOw, pu)) N (Wie(§,7) x U) # 0.
A symbolic cu-blender-like for T is a cs-blender-like for T—1.

Observe that the symbolic blender-like is robust by definition. To give examples
of existence of these sets in the symbolic skew-products we would need the additional
assumption that the inverses of the fiber maps have Holder dependence on the se-
quences.

Denote by S;"" (M) the set of the above skew-products that satisfies the following.

1. U1 has a-Holder dependence on the the fibers. There exists a (minimal) constant
Cy such that for all sequences #, & with 6y = &

deo (g ¥ ') < Cuds, (0,6)* < Cy(1/EN)”
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2. Each fiber map is C"-diffeomorphism of the manifold M and
supges, {D71bg} < oo for 0 < j < r.

A distance in this space is given by

d(®, V) sorary = maz{| Co — Cy |, suppes, {dar(do, Vo)o }}

where Cg, C'y are the constants from the Holder dependence.

The set H"(M) is contained in S, (M) for all o and the distance with respect to
the set H"(M) is
d(®, V)yrary = maxj—1,.. p{dr (05, 0;)cr }

The next theorem states sufficient conditions for obtaining symbolic blender-like
sets. The two properties that appear in the hypothesis of the theorem, covering and
minimality, are similar to the ones used in [9] where symbolic blenders were obtained
for locally constant skew-products. The Holder topology and the additional hypothesis
of the fiber maps close to the identity allows the existence of blenders in the bigger

set S (M).

Theorem 2.10. Let ¢ be such that (1—c)k® =1 and B(Id,c)ser ) be a ball of radius
¢ about the identity map Id = (7,1d) in S (M), r > 1. Consider

T c HT(M) N B([d, C)S;:’T(M)?

where I' = 17X < 7y, ...,7 >. Suppose there exists a bounded open set B C M, a finite
number of bounded closed sets U; and the respective maps H; €< ~;", ... ,7,;1 > such
that

(1) Covering property:
k
B c|Jint(Uy),
i=1

with H;(U;) C B and DH; > 1 in Uj.

(i1) Periodic point with minimal orbit: there exists a hyperbolic periodic point
pr € B of < 1,...,7 > such that B C Orb(pr).

Then B is a cs-symbolic blender-like set in S;”" (M) for T.

The condition on ¢ also appears in [5] where the authors had a similar objective in
mind: to transfer properties of IF'S to robust properties in the space of symbolic skew-
products. Some of the steps that appear in our proof have resembling counterparts in
the technical lemmas of that paper.

The expanding return maps used in the proofs of theorems 2.1 and 2.4 have an
infinite number of branches and this creates the problem for perturbations in " (S').
But we can perform a reduction on the number of branches for a generic pair, thus
achieving the required hypothesis of theorem 2.10.

15



Theorem 2.11. There exists a generic set G in Dif f*(S*),r > 2, such that for
fig € GN B(1d,0.06) the following conditions are satisfied.

(i) There exists an open minimal set B such that B C Per < f, g >.

(ii) There is a finite set of closed intervals U; such that B C Ui~ int(U;). To
each U; there is an associated map H; €< f~',g7' > such that DH; > 1 in U; and
H;(U;) C B.

A combination of theorems 2.10 and 2.11 will yield the last result.

Corollary 2.12. Consider B(Id, A)yr(sty to be a ball of radius X about the identity
map Id = (7,1d) in H"(S). For a given « let ¢ be such that (1 — ¢)k® = 1, and
A = min{c,0.06}.

There exists a generic set A C H"(S) for r > 2 such that for
I'e B(Id,\)yr NA

I has cs-symbolic blender-like in Sy°"(S'), r > 1.

This ends the statement of the results. The theorems are proven in order in each
of the following sections.
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3 Minimality of K**

Let fo, fi be C? diffeomorphisms of the circle. Suppose that there exists a K** or K**
set for the IFS < fi'°, fI"* > (where n; are the periods). We want to show the following.

Theorem 3.1. There exists an € > 0 (¢ > 0.14) such that if fo and f1 are e-close

ni

to the identity in the C* topology, then K** is minimal for < fJ°, fi'* >. Moreover
K™ C (P€T<< fo, f1 >)

Proof. We first deal with the case when f; have fixed points. For simplicity we assume
that I = [0,1], fo(0) = 0, fo < Id, fi > Id in (0,1). In the K** case we can suppose
that the overlap condition holds, that is fo(I)Nfi(I) # 0. This is true if Dfo+Df; > 1
or | fi—1d |01< 0.5.

Step 1: Creating a Return Map

We will create a return map in the fundamental domain of fj,

D = (f1(0), f " (f1(0))].

Here enters the overlap condition, since it is necessary to be able to take the inverse
for fo. Let [ be such that f/(0) € D, fI71(0) ¢ D. We can write D as

l
D=H
k=1

where Ji = (f£(0), f{ 1 (0)] for k <1, Ji = (f1(0), f5 (f1(0))]
Consider then f;*(J) = (0, ¢x], for some ¢ with ¢, < f1(0). Then there exists my,
the first time that f7™(f1(0)) is in the interior of f;*(J;.) = (0, cx]. Let
T = (F T (f1(0)), fo T (A1(0))]i > 0

Jro = (fo* (f1(0)), cx]-
Then (0, ¢] = W2, Jri and D = fy " (1) for i > 0, f3 ™) (o) € D for i = 0.

Define I;; = fF(Ji), then D = |4 Iy;. Setting hy; = fF o 5”’““, obtain that
hi!(Iy;) = D for i > 0, h;!(I;) C D for i = 0. See the figure for the geometry
of the construction.

Now we can define a return map in D with an infinite number of branches by
H:D— D H= h,;l in I;;. There is a finite number of accumulation points of the
branches, given by the set {fF(0)}1<x<i-

Step 2: Bounded Distortion

In order to estimate the derivative of the maps h,;l, firstly we would need a bounded
distortion estimate.

Let ¢y, be the distortion constants of f; and ¢ = maxz{cy,}, where

D?fi(x)
Dfi(z)

I3

¢, = max{
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f —m-1

then e ¢ < DBJ]Z EIS < €“. Since for difeomorphisms there is always a point with
i\Y
derivative 1, e™%i < Df;(x) < ei.

Lemma 3.2. For x,y € Ij;,

Call Uj = fi7(I1;),0 < j < k and Uy = fo7 o fi¥(Ii),1 < j < my +i. By

the construction, these intervals are all disjoint. The proof of the lemma is then the
classical bounded distortion argument.

Proof.
f loggzz—igg = log(Dhy;' (x)) — log(Dh;;! (y))
. log[miﬁzl DI G () ﬁfol(ffj(x))]—
zog[miﬁll DI U () ﬁfol(ffj(y))]
< mz | log[D A (5 (74 @) — log DA (7 (£ )|
+Z | log D7 (7 (@) — Log DA (T ()] |
<el mz | R @) = f G ) | e Z @) - 10w

18



mk+z’—1 k‘
—c Y Uk l+e- Y |UjI<c
j=1 =0
where the last inequality is a consequence of the disjointess of the intervals. Since this

holds for all x,y € I;;, we can invert the fraction to obtain the bounded constant from
below. O

For J C I;;, by the mean value theorem, there exists x € J and y € [}; such that
\hiH(J)| = Dhy!(x) - |J] and |k, (Ir;)| = Dhy(y) - |Iki]. Therefore from the bounded
distortion lemma,

i (DI o e Pt ()|

>e
|| | T

Step 3: Estimation of the Derivative for the Return Map

—3c
We will show that DH—' > (1—¢)3-—— where | fi—Id |c1< €. Let k = min{Df;}.
€

Then the bounds for the return map, H, calculated above appear as

3 —3c —6¢c
DHZk—€_3026—6_3C:e—
3(1—k) 3(1—e©) 3(1 —e©)
—6e
el+e
> —
3(1 —et+)

In particular, DH > 1 if e < 0.17.

Given z € Iy;, consider the ball of radius r, B,.(x), then by the previous calculation

- N (Be@)] e lhi (k)
Dhml(ﬂf) = llmrﬁow =~ € k|I—k|

hi (L)

Therefore we have to estimate . This is easier to do first for the case when

i > 0 because then h;'(I;) = D.

The whole idea behind the estimations is to move the two intervals in question
(and so appear the bounded distorion constants) as to get in the situation of comparing
| fole) — ¢

c
Lemma 3.3. Fori > 0,

for some c. This on the other hand is greater than 1/e where | f;—Id |1 < €.

hit )| e
|I]m| €

6_2C

and therefore Dh,:i1 >

, where | f; — Id |cn< €

Proof. As Jj, is contained in a fundamental domain of f; and I; C Ji, we have that

LI |
T |

19
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Since i > 0,J, C D = hl;il(]ki) and so

\ht (1) S | k| S 6_c|f1_k(Jk)|
Tl 7 1l = 7))
Writing ff (Ji) = (0, cg], remember that ff’“([ki) =( m’““(fl( ), m’““ 1(f1(0))]
with £ (f1(0)) < ¢ (since i > 0). Obtain then
i (i) > e |ck]
Ll —C RO) = (A (0)]
. £ A 0) ol
> —
= T RO) = RO T —d

By the mean value theorem, fo(c) = D fo( )c for some z and so

e 1 - e ¢
=¢ ‘e .
| 1 —Dfo(2) | €

O

For the case i = 0 we dont have necessarilly that J; C D = hiy (I1o), what creates
the difficulty in the estimate.

6730

Lemma 3.4. Fori=0, Dhy > (1—¢)*- 3
€

Proof. We will distinguish two cases.

Case 1: hyy (Ixg) N Ixo # 0. In this case (Jx — Iro) C Ay (Iro), then we can proceed

as before
Mo (ki) o k= Trol o e—c|ffk(Jk — Iio)|
ol = |kl |7 (Iro) |
_ e RO o | [ (f1(0))]
lew = SO R CAOD] T L THA0) = £ R((0))]
_ LSl e e (1—¢)e*
= e n@ T e T

Case 2: hiy (Iro) N Ixo = 0. First note that hy = fo o hy] and so

Dhyg (@) = D fo(hy! (2)) Dhyi! () > (1 = €) Dhy ()
where x € I,5. We will estimate Dh,:l1 but in .
The intervals defined previously U; = fil(I),1 < 1 < k and Ukj = fol o
fi¥(Iw),1 < j < my are disjoint. The hypothesis h g (Ir) N Iy = O implies Uy;

are disjoint for 7 < my. Then the bounded distortion argument can be applied to the
function h,;ll =fi Lo h,;ol on the interval Iy. We obtain that for x,y € I

6c > Dhl:ll(x) > e
B Dhlﬁl(?/) N

20



Let I = Iyo U Ipy. If both x,y are in Iy or both are in [, then the bounded
distortion estimate above holds. If « € I}y and y € I letting z = fi"*(f1(0)),

Dhyy (x) _ Dhy'(x) Dhyy(2) o s
Dhiii(y)  Dhil'(2) Dhil(y) ~
Then as before,

1 I
| Dhlzll |Z 6—20’ hl|cl[(|) ’

Now as Jy C D C h;'(I) and I C J;, we have

Bt (D] el o oS )

L N ]
Using that T = (f7™(£1(0)), cx]
- o | 5 g £ (1(0)) |
lex = S AN T [ THA0) = ST (1(0))]
1B
| f3(e) — ¢

As f¢(c) = D f3(z)c for some z, then

—e_|IDf3(2) | o (A—¢? (-2

DRE-17° @+ar-1 " 3
In conclusion, Dh;' > (1 —¢€)?- _:C and so Dhyy > (1 —¢)?®- 6;6 O

Step 4: End of Proof (for maps with fixed points)

Lemma 3.5. To show minimality of the interval I = (0, 1), it is enough to prove that
for any open interval J C I, there exists hy, hy €< fo, fi > such that hy(0) € hi*(J).

Proof. Take any point « € I and an open interval J C I. To show minimality it
is sufficient to prove that there exists h €< fy, fi > with h(z) € J. By hypothesis
there exists hy, hy €< fo, fi > such that hy(0) € h;*(J). Since 0 is a global attractor
in I, there exists hsy with hs(z) so close to 0 such that hs o ho(z) € hy'(J). Then
hlohgth(I)EJ. ]

No given J C I it is not hard to see that there exists h €< fo, fi > with h=1(J) N
D # (. We can suppose h; '(J) C D. Now there are two options or hy'(J) C I; for
some Iy, or hy'(J) contains a point of the form f7™*(f1(0)). In the second case we
are done (by the above lemma), in the first case we can iterate by the return map H
and consider H o hy'(J).

Now repeating the argument or H o hi'(J) C I ; for some Iyj, or H o h'(J)

contains f7"**(f1(0)) and here we are done. Continuing in this manner we will obtain
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that H"ohy'(J) C D and as | H"ohy'(J) |> A" | h{'(J) |, A > 1, then at some point
H o hy*(J) will contain a point of the form f7™*"(f,(0)).

Observe that this in particular shows that the orbit under < fy, f; > of the attractor
at 0 is dense in 1.

Finally to show that I C (Per(< fy, fi >), we will use that the orbit of the attracto
0 is dense. So given J C I, open, there exists h €< fy, fi > with h(0) € J. As 0 is the
attractor, there exists a k such that f¥oh(J) C J and D(ffoh) < 1in J. Then there
exists a fixed point in J for the map f§oh €< fo, fi >.

Step 5: Bounds for Periodic f;

When there are periodic points we are led to consider the system < fj°, fi"* >

where n; are the periods. But the distortion constant of f" is n; - cy,, and if we apply

€—6nc

the above estimates obtain that DH > 30— where n = max{n;}, that is
— e nc

depends on the period. This is bad if we are looking for a uniform neighborhood of
the Id.

The objective of this section is to show that actually DH > 3(1:—826), indepen-
dent of the periods n;. With respect to f; being e-close to the identity, we have
D > eTre _
3(1 —em+)

If € <0.14, then DH > 1.

To extend Duminys lemma for periodic Morse-Smale we will need the following
properties of Morse-Smale dynamics on the circle.

Lemma 3.6. Let f be a periodic Morse-Smale with period j, and as above C' =
D f(x) : :

. Then (i) e=¢ < Dfi(x) < e“.
DF(z) } (1) (z) | | |
(ii) Suppose I is a fundamental domain of f7, I = (f¥(x), f’(x)), = is not a one of
the periodic points. Then f™(I) N f*"(I) = (0 for all m # n (not necessarily multiples
of j)

max{

Proof. Let J = (p,q) where p, q is an attractor-repeller pair, fixed for f7. Then f*(J)N
fYJ) =0 for all 0 < k,I < j. On the contrary, f*=(J) N .J # 0 and therefore p or
o _ Dfila)

~ Dfi(y)

Since there is always a point of derivative one in J, we have that e=¢ < Df7(x) < e°.

q € J. The disjointness of the intervals implies e~ < e% for all z,y € J.

In a similar manner for the second part, suppose f™(I)N f™(I) = 0, then f™™(I)N
I # 0. As j is the minimal period m —n = ij for some i. So f%(I) NI # 0, a
contradiction since I is a fundamental domain for f7. O

We will indicate the modifications required in estimating the return map derivative
in steps 2 and 3. The return maps hy; are with respect to the system < f°, f{'* >=<
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90,91 >. Let ¢, (¢ = max{cy,}) be the distortion constants of the original maps f; and
not f;".

The statement of the bounded distortion lemma takes form as

Lemma 3.7. For x,y € Ij;,

p2 < Dh,;.l(x) < o2
N Dh/;il(y) N

Let U; = f,7(I1),0 < j < kny and Uyp; = fo7 o 7 (Iu), 1 < j < (my + i)no.
As I, is contamed in a fundamental domain of f; and f;° km(lki) is contained in a
fundamental domain of f;. Then lemma3.6 says that U; are disjoint with respect to
each other and Uy; are disjoint with respect to each other.

Proof.
Dh_.l (m) my+i—1
log—+H=—- = log Dgy (907 (97 Dy -
thzl(y) [ jHO 0 (0 1 H 1
mg+i—1
log| H Dgy (90 g HDgl 9’
7=0
no(mg+i)— n1(k—1)
= log] H Dfo S (e H Dfi(fi (@)~
no(mg+i)— ni(k—1)
log| H Df0 (o (™ H DfH (i ()]
no(mp+i)—1 4 4
< > gDy (M @))] = Log[Dfs M (fo (f ™ (w)] |
§=0
ni(k—1) ' .
+ D [ogIDfT (7 (@)))] = logID (7 (9)))] |
§=0
no(mk+i) 1 ) nl(klfl) ) )
<co Y LRIUT@) = f T W) e Y @) = 7 W) |
5=0 §=0
ng(mg+i)—1 nik
=c- Z ]Ukj|+c-Z|Uj|§20
j=1 §=0
where the last inequality is a consequence of the disjointess of U; and Uy;. n

The following is the analogue of lemma 3.3 of part 3,
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Lemma 3.8. Fori > 0,

B )| e
|[kz’ €

6730

and therefore Dh, ;! > , where | fi'" — Id |c1< €

€

Proof. As Jj is contained in a fundamental domain of fi"* and Iy; C Ji, using lemma
3.6 we still have that i
Dl o L)

>e — )
| Tk | | fT (ki) |

The rest of the proof is the same, and using the bounded distortion estimate from

above we obtain the result. O

Finally we will make the necessary changes when ¢ = 0 in lemma 3.4

6—50

Lmnma39.ﬂw¢:0,pm3>(1—@3-3
€

Proof. For the case h,;ol([ko) N Iy # (), we can proceed as in 3.4 with the same obser-
vations that were made in the last lemma 3.8, to obtain

hig ()| (1= e
|Ik0| €

When hiy (Ixo) N Iro # 0, using the new bounded distortione estimate with the
same notation as before to obtain for x,y € I = Ij;g U I

Dh;lf ()

Z 6_46.
Dh;?f (y)

As J, C D C h,;ll(l) and I C J, and J, is contained in a fundamental domain of
1"t by lemma 3.6 we have as in the original inequality

ORI e

> >e — .
1] 1] ()]
The rest of the proof is the same giving the result. O]

Letting k = min{Df;}, the bounds for the return map become
kS —5c —8c

DH> " g%~ _ % ,8c__ ¢
“31—k) ° T31—e9 ¢ T31—e

The proof of minimality of K** for periodic f; is the same as for f; with fixed
points. This ends the proof of Duminys lemma. ]
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4 Blender-like Sets

Theorem 4.1. Let f, g be C?,orientation-preserving, Morse-Smale diffeomorphisms
of the circle with no periodic points in common. There exists an € > 0 (e > 0.14) such
that if f,g are e-close to the identity in the C* topology, then there is a blender-like set
for < f,g >. Moreover the blender-like contains a fundamental domain of f (or g)
and is contained in (Per(< f,g >).

Observation: From step 4 of the proof of the theorem, one can see that the
blender-like set is of the form B = [p;, g~"¢(p;)] where p; is an attractor for f and n,
is the period of g. If n; is the period of f then f™(B) N B # () and g"¢(B) N B # 0.
This will become important in the next section.

When the diffeomorphisms are not necessarily orientation-preserving, the result
becomes

Corollary 4.2. Let f, g be C? Morse-Smale diffeomorphisms of the circle with no
periodic points in common. There exists an € > 0 (e > 0.06) such that if f,g are e-
close to the identity in the C? topology, then there is a blender-like set for < f, g >.
Moreover the blender-like is contained in (Per(< f,g >).

Proof. The proof will be similar to that of Duminys lemma (a local case) when the
blender-like set (K**) was obtained from the local geometries of the two functions.
Here the expanding return map will be of global character. From the beginning we will
assume that there is no K*° blender-like set for < f,g > and will obtain a different
type of blender-like.

Lets suppose that the periodic points of f and g are actually fixed points. To find
the candidate for the return map we will define a cycle.

Definition 4.3. Denote by p; the attractors of f, q; the attractors of g. Define a partial
order on the attracting points by p; < q; < p; € By(q;), where B, denotes the basin of
attraction for g, with similar definitions for ¢; < p;. A sequence of attractors forms a
cycle when we have p;, < ¢y < piy--* < G, _, < i, and p;, = Di, -

Since f,g are Morse-Smale with no fixed points in common and have a finite number
of attractors, there always exists at least one cycle, and renumbering the points we
can suppose we have a sequence of the form p; < ¢ < p3-++ < ¢ < Pny1 = p1-

Step 1: Creating a Return Map

The return map will be created in a fundamental domain of g, D = (p1, 9~ (p1)],
by going inductively around the circle through the cycle.

Lemma 4.4. D can be written as

D= [ I .

15eyin>0

where each I . ;

stn

15 a right-closed interval such that:
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(i) To each interval, I;, ;, , there is an associated map hy ;. €< f,g > with
(Li,..5,) C I when i, =0 and h; ', (I, ;) = I fori, > 0.

11...0n

—1
iy i
(ii) If a point ¢ # g~ '(p1) is the endpoint of I, ;. , then it is on the orbit of the
attracting points of the cycle. That is, there exists h €< f,g > and p; (or q;) of the

cycle such that h(p;) = c.

Proof. Denote by pi, pi, the repelling points of f closest to py, p; < p1 < p{ (here we
are looking at the lifts of f,g on the real line, with a small abuse of notation). We can
suppose, without losing generality, that ¢, € (p1, p;). If there is no K* blender-like set
from the geometry of the functions, we cannot have an attractor-attractor pair for the
system < f, g >. Therefore, the fixed point of g in (py,p;) closest to p; is a repeller,
which implies that the fundamental domain for g, [py, g7*(p1)], is in [p1, p{].

v~
-i -k M
f g
To create the expanding return map we will divide I = [py, g~ '(p1)] inductively.
If j; is the first time that f7'(q,) € (p1,¢9 ' (p1)), then D = (p1,g  (p1)] = Wiy Ik,

where ' ' '
Io=(f"(qn), 9 "(p1)], L = (F" 7 (gn), 77 gn)], k > 0.
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Letting hy = f/'** we have that h;l(]k) = (qn, ci] for ¢, = f~(q,) when k > 0 and
co= [T og (p1) € [gn, [ (gn)].

Now consider ¢, and as before let ¢, ¢ be the repelling points of g closest to gy,
¢, < g, < q. Since g has to have a repeller as the fixed point closest to p; (not
to create a K* set), ¢, € (p1,p7). As pu_1 € By(qn), then p,—1 € (qn, ). Observe
that [gn,ck] is contained in a fundamental domain of f on the basin of p;, and so
p1 < ¢k < pf < pn_1. In conclusion, for all k there is the following order on the real
line: g, < cx < pn—1 < g

This completes the first step of the induction and now we proceed with the inductive
hypothesis:

(i) Suppose that D = Lﬂil,...,ikzo I .., where I, ; are right-closed intervals and

there exist the corresponding functions h;, ;. The functions satisfy h;llk(fn%) =

(Gn—k+1, Ciy..ip,] (@n—k+1 can be substituted for p,_xi1 depending on k), with ¢;, ;, =
f_l(Qn—k—i-l) for i, >0 and ¢;y 4,0 € [Gn—k+1, f_l(%—kﬂ)]-

(ii) If a point, ¢ # g~!(p;) is the endpoint of I;, ;. , then there exists h €< f, g >
and p; (or g;) of the cycle such that h(p;) = c.

(iii) There is the following order on the real line: ¢,—g11 < ¢y 4, < Pnk < q:_kﬂ.

For each h;lzk(I“Zk) = (Gu_k+11, Ciy...i,) there exists a j;, _,;, such that g7~ (p, )

is the first time that f7i-i (p, ) € (¢n_r+1,¢i .., ). Then
oo
(Gn—kt1, Ciy i) = L‘lj Jir.ipl
=0

where J;, i 0 = (g7 (pn_t), ¢y ] and

Jiroipl = (gj”'”iﬁl(pn—k%gj”‘“i’“Hl_l)(pn—k)],l > 0.

Define I;, .0 C Liy.ip, by hiy iy (Jiy.ip0). Then D = |4
[ >0,

I; When

i1y 120 et

Ly iyg = (hiy_y © gj”'”i"‘H(pn—k); hi, iy, © gjil”'i’“Jr(l_l)(pn—k)]
and so the endpoints of the interval are images of the attracting points of the cycle.
When [ = 0,
Liv.ipo = (hiy.i © 91, gy (D), iy iy (Ciriy )]

By the inductive hypothesis h;, ;, (¢, 4,) is the endpoint of I; and therefore

iy i (Ciy i) = B(pi), h(g;), or g~ *(p1) for some h €< f,g >.

Let hi, iy0 = hiy.i, © g/t we have by construction that hi_l.l..ik+1(ji
(Pn—k» Ciy..in,,) for some ¢;,_4, .

10k

1,~-ik+1) -

This shows the first three parts of the the inductive step and to complete the
induction we have to show the order of points on the real line satisfies p,_r < ¢;;..4,,, <

Gn—k—1 < Dt}
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Since gn—x—1 € By(pn_t), then ¢, k1 € [P 1y Pnk) OF Gnt-1 € [Pn_k, D, 1] As
there is no K** (no attractor-attractor pairs) and p,—i € [¢n—k+1,¢,_4,q], then p,_, €
[ankJrla qyJLr_]H_l]a and so n—k—1 € [pnfkap;:—k]' Observing that

hz—111k ([’llk) C [Qn—k—&-l?qu;kJrl]v

we have

Therefore p,_r < ¢y, < q:[_kﬂ < Qnop < pf{_k, which ends the inductive
process.

Going through the n steps of the cycle we conclude the lemma. O

Step 2: Bounded Distortion

We can write the maps h; ', as
1..u0n
1 _ ki ok, —ki —ki
hi s =g of co.g M2o fTRR
Fixing the indexes iy ... %,, set

Jivima = fHog Rmo L gTRa o fTR(L, )= fTo bt (1)

with [ < k;, ., form <n—1and ! < k;,., when m = n — 1. Observe that when
m=0,J, = f‘l(Iilmin). By construction J;, ;.. is contained in a fundamental domain
of f (or g). Thus for a fixed set {iy,...,in}, the intervals J;, ;. ;= f~'(Ji,. i) are
disjoint.

Let ¢y, ¢, be the distortion constants of f, g, and ¢ = max{cy, c,}.

Lemma 4.5. For xz,y € I;

1euln ?

= Dhy )
Proof. X
Dh;, ;. _ _
o B3 = loa(Dl L, (1) gD L, ()
ki, —1 ki,_,—1
=log[ [[ Dg (g7 ohi's (@) ][] Df'(fehil, ()
=0 =0
kiy —1
LI Dt @)
=0
kip,—1 ki,_,—1
—log[ [T Dg~"(g7 o hits ) [ Df'(fohis ()
=0 1=0



o | 2 )

ki, —1
| log[Dg~ " (g7 o hi' ;. (2)] —log[Dg~ (g7 o bt ()] ]
=0
ki, —1
+ > NlogDf N (f oyt (@) = log[Df N (f o bty L (@))] |
=0

4t Z | Log[Df~H(f ()] = log[Df~*(f ()] |

in—1
Hee > et @) = fleht, L(w) ]
1=0
ki —1
tote Y @) - W) |
1=0
kinfl kin71_1 kil_l
<c- Z | Jivoin 11 | - Z | Jiroin od | - +c- Z | J; < ne
1=0 1=0 1=0

where the last inequality is a consequence of the disjointess of the intervals J;, _;, ;.
Since this holds for all x,y € I;, ;. , we can invert the fraction to obtain the bounded
constant from below. O

For J C I;,. ;,, by the mean value theorem, there exists x € J and y € I;, ;, such
that |h; ', (J)| = Dh;',; (z)-|J| and |h;"; (Iiy..0,)] = Dhi"; (y)-|Ii..s,|. Therefore

11...tn i1...0n
from the bounded distortion lemma,

|h11 zn( >| >€ ‘hu zn( .. 7«n>|
I L3y ..

Step 3: Estimation of the Derivative for the Return Map
The objective is to prove that

Dh ' () > ef(1 —€) - (e73(1 —€)/e)™,

i1...0n

where | f; — Id |c1< € and n is the length of the cycle. This will be greater than 1, if

1 — 2
e*?’cu > 1, the importance being that this is independent of the length of the
€
cycle n. Letting k = min{D f, Dg}, then the bounds for the return map become
—3c (1 — 6)2 k? —3c e > —3c e o
> . > . —
C e TIok S Tioee© Ti—ec
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—5¢
e 1+e

T 1—eTi
In particular, Dh;', > 1if € < 0.38.
As in the proof of Duminys lemma, we have to estimate 1"|'I" | "~ as then
i1.in
, |, i, (Br(2))] |y (L)
th—l ; (x) — l@mr 0 11...0n > e—nc 21...9n n ]
e 7 B(2)] | L3, ..i|

Many of the estimates that follow, apart from induction on the length of the cycle, are
analogous to lemmas 3.3 and 3.4 in the proof of Duminys proposition.

Lemma 4.6.
|h21 Zk:( 1. Zlc)| 1_6

| hzl zk( 1. 1k+1) | €

where f,q are e Ct-close to the identity.
C J; where

U1l

Proof. We have that h™'(1;,i,) = (Gn-k+1, Cir...ix,) and B (L, i)

Jir gy = (gt (p, ), gl =t (p, O] 1> 0,

Jirigo = (¢ (P, iy iy )-
In the case of ix, 1 > 0, we obtain

’ h’Ll zk( .. Uc) |

| hzl zk( 1. Zk+1) |

| Ciy..iy, — Qn—k+1 |
) _ g]i1.4.ik+1k+1*1(pn_k) |

- | gji1.4.ik+7:k+1 (pn—k

’ gjil.uik""ik+1_1<pn,k) — Gn—k+1 ‘
) — gt (g ) |

- |gji1...ik+ik+1 (pn—k
_ | ¢ — Gnk+1 | 4
[glc) —c| ~ €
The last inequality follows from the fact that
| g(c) —cl=lle—aql—19(c) = @nrr1 [[=] ¢ = Gusr | (| 1 = Dg(2) |)
as | 9(¢) — qu-rs1 |=| 9(¢) — 9(Gn-r+1) |= Dg(2) | ¢ = ¢u—g+1 | for some z. And so
| g(c) —c|>€lc—gnrs -
In the case i;1; = 0, we obtain
| h’Ll Zk( 741 Zk) | — | Cll’lk - qn—k+1 |
‘ hzl zk( i1.. l/mo) | | gl (pn*k) - Cilu-ik) ‘

| gjilmik (pn—k) — Qn—k+1 |
- ‘ gl (pnfk) _ g]il'“ik_l(pnfk) ’

_ 19(6) = dnrn | Z|c_q'n—k+1| _€|C_Qn—k+1| —€
R PP RO s sy R S A T i
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Lemma 4.7. For 1 <k < (n-—1),

‘ ;IZk 1( ll lk) | C| 21 Zk( 1/1 ’lk) |
| iy (L) \ | i (L) |
Proof. We may assume h; ', =g /117" oh !~ and that b, (L;.,) as well
as hu1 i, (1iy..i,) are contained in a fundamental domain of g. Then the lemma follows
from the classical bounded distortion argument. O
Lemma 4.8.
| bt (L) | _ I het Ty a) |
11...1n n > (e C(l _ 6)/6)n 21.. ’Ln n
‘ Ii1~--in ‘ | Ill |
Proof.
| P i i) | Vi i) || Iy |
| L | | 1, | | L |
Which by lemma 4.7 is
el iy Taan) | 0y (1) |
- | 1y | T |
Multiplying by % and repeating the argument gives
1112
o hipeiy i) | 10 (L) | T hi, (Taa,) |
N | '[11 | ‘ h ( .. Zn) ’ ‘ hllzg( 11 ip— 1) ‘
Again repeating everything inductively in total (n-1) times obtain
> e*C(n 1)| 1. Zn(‘[ll 7Jn> | | h_ ( ) | | hzllg( 74122> | .
| 1y | R L) | 1Rt (i) |
| hz:1 i 1(1—7:1“-7:7171) |
’ hzl gy — 1([7/1271) |
Now apply lemma 4.6 to conclude that
Ly i
> ( 70(1 - €>/€)n 1| i1.. zn< 1--- n) |
| Ly |
O

| bt (L) |

’[l'1|

Now we have to estimate

Lemma 4.9. When i, >0
| hit o (i) | 1 —e

010k

| I;

. €
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Proof. When i, > 0, h; ! (Iiy.i,) = D = (p1,9 ' (p1)],

110k

Io = (f""(gn), 9~ " (p1)], Ly, = (ST (gn), [T (gn)], i1 > 0.
So the calculations as in the above lemma 4.6 hold to obtain

| bt (Ta) | 1=
>
| ]il | €

Thus when 7,, > 0, putting all the calculations together,

1—c¢
€

Dhi !

i1...0n

() >e ™ (e7(1—¢€)/e)" . =e- (e (1 —e)/e)™

When i, =0,

hiil‘l..in,l,o([ilmin—ho) = (pla Cil,-..,in—ho] C (phgil(pl)]

and not necessarily equal. There are two options, depending if
it olliin10) N Ly #0

or
-1
hz'l...in,l,O(Iil...in_l,ﬂ) N [il =

Lemma 4.10. When 7, = 0 and

it o a0) N1 #0

then 1
‘h;l...infl,o([ilmin—l,o)| 1—c¢
>
|]Zl| €
Thus
Dhit i ol@) > et (e7*(1 —e)/e)".

Proof. In this case f'7(q,) € I;, and

fjl—Hl(CIn) € hi:.l..infl»o(Iil"'i"_l’o)

Then
|h;.l..infl,O(Iilnﬂ:n—lyo)| . |Ci1...in,17o —P1|
|1, B |2,
)~ 1-e
T (ge) — [N )] T e

by the same calculation as in lemma 4.6.

32



Now lets proceed to the second case when
h;.l..in_l,o(‘[il...in7170) m ]Zl e @

Since g~ ' o h; ! ht

1. tn—1,0 7 Y101,

and || f — Id ||c1< €, we have
Dhi_l.l..in_l,o(x) = Dg(hi_l.l..in_l,l(x)) : Dhi_l.l..in_l,l(x) > (1 - 6) : Dhi_l.l..in_l,1<x)‘

We will estimate Dh;'; () but in I = I,
is that

oin_1.0Y L i, 1. The usefulness of this

hito ) Dhit s (Lyinin) = (p1,97 ' (p)] =D

The bounded distortion argument of step 2 and lemmas 4.7, and 4.8 would have to be
repeated with respect to the interval I.

Lemma 4.11. When
hitiny0Uinin10) NV iy = 0
and for x,y € 1
—1
Dhil...in_l,l(x) S -2

‘Dh’;l’bnfhl(y) N

Proof. Firstly lets remember the notation used:

hl_llln = g_kin o f_ki" . .g_ki2 o f_kﬁ,

Jivimg = o g Fim o g7 o fTR(L ),
= ftoh!, (I.i,) withl <k form<n—1landl <k

The intervals J;, ;. were proven to be disjoint.

When hiz.l..in,l,o([il...in_l,o) NI i, 0 =0, this implies J;
whenm <n—1andforl <k

imsr When m =n — 1.

; are disjoint for | <

1--~i7’m

k when m = n— 1. Then the bounded distortion

im+17 i'm+1
argument can be applied to the function g=* o h;lln_l o on the interval I;, ; 0.
. 1 -1 -1 .
Since g~ ' o hil.‘.z'n,l,o = hz‘l...z‘n,l,la we obtain for z,y € I;; i, 0
-1
enc 21 Zn_l,l(x) > e,nc

N Dhi_l.l..in_l,l (y) B

If both z,y are in I;, ; o or both are in I;, ; 1, then the bounded distortion
estimates hold as above. If x € [, ; ,oand y € I, ; .1, take z € I;; , oM
]iln_infl’l.Then

th‘_l.l..z'n,l,l(m) _ Dhi_l.l..in,l,l(m) _ Dhi_l.l..z‘n,l,1<z) S p2ne
Dh’i_l.l‘.in_l,l(y) Dhi_l.l.‘in_l,l(z) Dh’i_l.l‘.in_l,l(y) N
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Lemma 4.6 does not have to be modified. Lemma 4.7 will hold for I in the sense
that for 1 <k < (n—1)

’ h;lllk—l ([’1%) ’ > 6_C| hz_llzk(llllk) |
| it (D~ | iyt (D) ]

21...1‘]@,1 11...ik

i1in_, (I) is contained inside the

This is because by construction of the return map h
fundamental domain of g (or f) for 1 <k < (n—1).

As a consequence lemma 4.8 holds:

| Pt i a () |

| 1]

| bt ()]
| 1;

> (e (1 —€)/e)"t

.

As I;, C [f7*T(qy,), f17071(q,)] and h;l.l“infl,l(f) D D = (p1, 9 (p1)], by the same
calculations as in the previous steps,

hit. I “1(p) — _
741~~-Zn—171( ) > |g (pl) b1 | > 1 €

I; — () = T () | €

Therefore now we can estimate the derivative of Dh;'; | (x) forall z € I,

| iy a (D) |

Dhil.  (z) > e e

91 etn—1,1 - | _[ |
—2nc —c n—1 1—e c —3c n
> e (e (1L —e)/e)" - =e“-(e(1—€)/e)".
€
Finally,
Dhi_l.l..in,l,0<x) >ef(l—e)-(e(1—e)fe)"

and so this estimate holds for all the return maps

Dhi !

i1...0n

(z) >e(1—¢)-(e7(1 —€)/e)"

Step 4: Minimality of the Interval and Density of Periodic Points

This is very similar to the end of proof of Duminys lemma.

Lemma 4.12. To prove minimality of the interval (py, g~ (p1)), it is sufficient to show
that for any open interval J C (p1,9 *(p1)), there exists q; (or p;), the attractor of the
minimal cycle, and maps hy, hy €< f,g > such that hi(g;) € hy'(J).

Proof. Let x,J € (p1,9 *(p1)), where J is open, and z a point. As ¢; is part of the
cycle there exists a map hy €< f,g > such that hs(p;) is arbitrary close to ¢;, and
in particular hy o hs(p1) € hy'(J). Since p; is a global attractor in [py, g~ !(p1)], there
exists a j such that f7 o hy o hs(z) N hy*(J) # o and so hy o f7 o hy o hy(z) N J # o.
Since the point x and the interval J were arbitrary, this shows minimality. O]
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To end the proof, we will show that last the lemma holds. Let A be the set of
endpoints of the intervals I;, ; . Remember that if ¢ € A, then there exists h €< f, g >
and a point ¢;(p;) of the cycle, such that h(g;) = c. Take J C [p1, ¢ (p1)] and we can
assume J C I;, ;. for some iy,...7,. On the contrary J N A # o and we are done.
Since | Dh;',; (z) |[> A > 1then | h;', (J) |>/\ J. Now or h', (J)NA # o
(and we are done) or h“1 i (J) C I, for some ji...j,. In the second case we have

| hJ1 g 0 it (J) |> X% J. Proceeding in this manner, as A" — oo, the pre-images

of J will have to swallow ¢ € A at some point.
Observe that as p; can be attracted arbitrary close to any of the points in the set

A, we actually have that the orbit of p; is dense in (pi, ¢~ '(p1)) and so the closed
interval [py, ¢~ '(p1)] is minimal.

To show that [p1,g '(p1)] C (Per(< f,g >), we will use that the orbit of the
attractor p; is dense. Given J C [p1, ¢ '(p1)], open, there exists h €< f,g > with
h(p1) € J. As p; is the attractor, there exists a k such that f*¥ o h(J) C J and
D(f*¥oh) < 1in J. Then there exists a fixed point in J for the map ffoh €< f,g >.

Step 5: Bounds for Periodic f,g

Let f, g be periodic with periods p, ¢. Then the return maps h; ' ; are found with

i1...0n

respect to < fP,g? >. Let S = fP,T" = g%. The bounds on the derivatives will actually
be the same as for maps with fixed points,

DR (2) > e“(1—€) - (e73(1 — €) Je)"

11...0n
where ¢ is max{cy,c,}.

Lemma 4.13. Forz,y € I;

1enln?
—1
—nc < Dh’ll 1n<x) nc

11...0n

Proof.

ki —1

< > HogDT N T o by, (2))] = logIDT T o b, (y)] |

=0

Dh;,. ., ()

“Dh,, ()

11...0n,

log

k.

*n—1

+ Y |log[DSTH (ST o bt L (2))] = log[DSTH (ST ot (2))] |

01 bpn—2
=0

-1

kiy —1

+oot > | log[DSTH(S ! (2))] — log[DS (S (y))] |

=0
q(ki,)—1

> Z | log[Dg (g™ oyt ()] = log[Dg (g™ o byt ()] |
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p(kln 1

+ Z | log[Df(f ™ o byl ()] = log[Df M (f "o byl (2))] |

p(ki;)—1

IS Z | log[Df_l(f_l(f))] - log[Df_l(f_l(y))] |

q(kip,)—1
>c Y Jgtohgt, (x)—gTtohl ()]
1=0
p(k;infl)_l
teo Y I oh, @) = flohl, (@)
1=0
p(kip)—1
+ote > @ =) |
1=0
<c- Z | Jiln-inflyl | +c- Z | Jil-ninf%l ‘ +oFc Z | ‘]l
1=0 1=0 1=0
where J;, ;1 is defined as before to be f~'o hnl i, (Liy..i,). Since h“1 i (Liy.iy) 18
contained in a fundamental domain of f (or g), lemma 3.6 implies that the intervals
Jir..im, are disjoint, and so the last inequality is again as before less then nc. O

The other lemma that used the bounded distortion constant was lemma 4.7

Lemma 4.14. For 1 <k <(n-—1),

|h1/1 A 1( .. Zk) | ‘ hll ’Lk( .. 'Lk) |
|

> e
|h11 Af— 1( 1. Zn) | |h21 'Lk:( 1. 'ln)

Proof. As before
h'fl _T]zl Zkllkohl

Z1...7,k 21.. lk 1

_ =1 =q(iy i —ik) 1
=y, =9 Oh“ Ak—1

and h; ! (1;,..i,) as well as h; ! (1;,..i,) are contained in a fundamental domain

11 lg—1 i1 dk—1
of g. So again lemma 3.6 will imply the disjointness of the intervals ¢~ o h“1 i, for
0 <1 < q(Jiy.ip_, + ). Then the classical bounded distortion argument ends the
proof. O

The rest of the proof goes on exactly as in the case of fixed points to give the
same bounds on the return map derivative. Combining this with lemma 3.6 that e™¢ <

—b¢
DfP(z) < e (same for g), obtain that Dh; ", > 1if 1 c — > 1ore<0.38.
—e c

This completes the proof of the theorem O
Next we will prove corollary 4.2
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Proof. If f, g are not necessarily orientation-preserving, consider f o f and go g which
are orientation-preserving. Then the return maps are created with respect to the IFS
< f?,¢? >. If the maximum distortion of f,g is ¢, the maximum distortion of f2, g2
is 2c. The worst estimation on the derivative of the return map from the proofs of
theorems 2.1 and 2.4 is given in step 5 in the proof of theorem 2.1. Substituting 2c it

becomes
e~ 16¢

DH> ————.

— 3(1 —e2)
Then DH > 1if f, g are 0.06-close to the identity in the C? topology. The rest of the
proof of the corollary is the same as in theorems 2.1 and 2.4 applied to the system

< f% 9% >. O

37



5 Robustly Minimal IFS in S!

Theorem 5.1. Let f,g be C? Morse-Smale diffeomorphisms of the circle with no
periodic points in common. There ezists an € > 0 (¢ > 0.38) such that if f,g are e-
close to the identity in the C? topology, then if there is no K*° set the system < f,g >
15 robustly minimal.

To prove the theorem we would need the following proposition which is based on
the combinatorics of periodic points on the circle.

Proposition 5.2. There is an interval K*° for the iterated function system IFS(fy, f1)
if and only if there is an interval K" for IFS(fo, f1).

Proof. Suppose there exists a K" set but no K*°. Let R;, A; denote the repellers and
attractors of fi and K“* = [R, R;] where R is a repeller of fy. Then we can subdivide
the circle in the following manner,

S'= [R, Ri] U [Ry, A1) U [A1, Ro] U [Ra, As] - -- U [ Ay, R].

We will show that in the interior of each of this closed intervals f, has an even
number of fixed points. Denote this set by F. Then #F is even and the total number
of fixed points of fy is §F U {R} is odd. This will contradict the fact that for any
Morse-Smale on the circle the number of fixed points is even.

The interval [R, R;] does not have any fixed points of f; in its interior by definition.
Let [R, R"] denote an repeller-attractor interval for fo. If R belongs to the interval
of the form (A;, R;+1) then [A;, RT] form an attractor-attractor pair for the system
IFS(fo, f1), and a K*¢ set. Therefore Rt € (R;, A;). The hypothesis of f, and f;

having no fixed points in common is used here to guarantee R™ # R; or A;.

Again since there is no K** set there has to be a repeller Rof fyin (R;, A;) closest to
A;. Consider [RT, R] C (R;, A;). Then in [RT, R], fo has an even number of fixed points
and therefore the same holds for (R;, A;). For j < i the intervals [R;, A;], [A;, Rj11] do

not contain any fixed points of fj.

In this manner we proceed inductively now considering [R, R*| as the repeller-
attractor pair, where RT € (Ry, Ax) with k& > i. The same reasoning applies and this
ends the proof. |

Proposition 5.3. Suppose that there is no K*° (or K**) set for the system I FS(fy, f1)
and there exists an interval I such that f;(I) N1 # 0. Then for all x € S* there exists
hi € IFS(fo, fi) and hyt € IFS(fy", ;1) with hy(z) € I and hy*(x) € I.

Proof. As before let p; the attractors of f, ¢; the attractors of g. In theorem 2.4 we
defined a partial order relation on the attracting points by p; < ¢; < p; € By(g;),
where B, denotes the basin of attraction for g, with similar definitions for ¢; < p;. The
no existence of K*° sets was important in the inductive creation of the return map,
in particular the order of points on the real line p,_p < ¢y i, < qnr-1 < p:{_k was
crucial. Here we need a similar order.
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Suppose that © € By(p;). From now on we will work with the lifts of f, g, which
we will denote by the same letters. Looking at the lifts on the real line with the same
partial order relation as was defined on the circle, we can form an arbitrary long chain
on the real line starting from py,

P1<=<Qq < <Py < ...

We may assume p; < g9 on the real line

Lemma 5.4. There is the following order on the real line

P <@ <: - <pp<...

Proof. The proof is by induction. Supposing that ¢, 1 < p,, lets show that p, < g,11.
By hypothesis p, € By(¢nt1), then p, € [g,41,@nr1] O Pn € [¢41, Gunr] I p €
(g} 15 Gni1], as there is no K*° (no attractor-attractor pairs) then necessarily p,, €
@} 15 Gnia], and so [py,pa] C (@511, @ny1). As by the inductve hypothesis g,—1 < py,
then ¢,—1 € [p,,Pn) C (¢t 1, Gnt1), a contradiction. Therefore p, € [g,, 1, ¢nt1] and
DPn < Qn41- []

Lemma 5.5. There exists a sequence hy €< f,g > such that hi(x) — oo (here we
are looking at the lifts on the real line) hy1(x) > hi(z), and hyr1 = f o hg(or go hy).

Proof. Since the order pr < qri1 < pryo holds for all k, we can attract x inductively
to p; then to ¢o, etc... In this manner given k there exists hy €< f,g > such that
hi € By(pr). As pr € By(qrt1), then g™ o hy(zx) is arbitrary close to gx41 and since
e < Qry1 we have that g™ tohy(z) < g™ohy(z). Let hyyy = gtohy, for [ < m. Because
of the increasing order of the attractors px < ¢, < pry1, pr — 00, the same holds for

From the lemma we can assume there exists a sequence of functions hy(z) — oo.
If hy(x) ¢ I for any k, there exists a k such that hg(z) < I and hyyq(x) > I. Suppose
that hyy1(x) = fohy(x). Then I C (hy(z), fohg(x)) and as f is an increasing function
on the real line f(I) > I contradicting that f(I)N1I # (. Therefore there exists k such
that hy € 1.

Observing that f(I)NI # 0 if and only if f~'(I) N1 # () and there exists a K** set
if and only there exists K“*, repeating the argument we obtain hy with hy'(z) € I. O

Corollary 5.6. If under the above hypothesis I is minimal, then < f,g > is minimal
(as well as < f~1 g71 >).

Proof. Take any x,y € S'. It is enough to show that given ¢ > 0 there exists h €<
f,g > such that h(z) € B.(y). By the proposition there exists h; with hi(x) € I, and
hy with hy ' (Bc(y))NI # (). Since I is minimal, take hs such that hs(z) € hy ' (Bc(y))N1.
Then hy o hz o hi(x) € B(y). O
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To prove theorem 5.1 it is enough to observe that by theorem 4.1 and the obser-
vation that follows there exists a blender-like set satisfying the hypothesis of the last
corollary. That ¢ > 0.38 again comes from step 3 of theorem 4.1 and the fact that
we are not actually worried about the minimality of K*° (theorem 2.1). The robustez
comes from the fact that not having a K*° set is a robust property under the condition
that that fixed points are not in common. This ends the proof.
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6 Spectral Decomposition

First we will deal with spectral decomposition on the real line, and afterwards pass on
the circle considering the lifts to the real line. For now let g1, g be diffeomorphisms of
the real line. We say g; is Morse-Smale if the set of fixed points of both ¢g; and g, is
not empty and all the fixed points are hyperbolic.

Definition 6.1. Spectral Decomposition for IFS on the real line The IFS < gy, go >
has spectral decompostion if the limit set

L(< g1,92 >) = U2 B; U {F00}
where B; transitive sets, and given any compact set K C R
L(< g1,92 >) N K = Uj_(B;, N K) (a finite union)

To state the theorem we have to enlarge the set of different types of K™**. Now x
can also be s or v where considering I = [a,00), K* is defined as

gi,(a) = a,g;, < Idin (a,00) and g;, > Id in I.

Symmetrically denote as well by K*¥ I = (—o0,a] where the relevant definition be-
comes

gi,(a) =a,g;, > Idin (—o0,al and g¢;, < Id in I.

The fixed point a is an attractor of g;,. A K* set is a K° set for < g;', g5 " >.

The proof of Duminys lemma is exactly the same for K* sets and so these are
minimal if | g; — Id |2< 0.14.

Theorem 6.2. Let g1, go be Morse-Smale diffeomorphisms of the real line with no fived
points in common. There exists an € > 0 (e > 0.14) such that if g; are e-close to the
identity in the C? topology then < g1, > > has spectral decomposition.

Specifically L(< g1, g2 >) = U2, B; U {£o00}, where each B; is either a K** set or
18 a single fived point of g;.

Proof. By Duminys lemma for (e < 0.14) K*, K*° sets are minimal, and K**, K" K"*
sets are transitive.

If z is in the w-limit of < ¢, 9> >, then 2z can be approximated by points of the
form y; = limy_,; o ¢7%(7;). It enough to show that if y = limy_, . ¢/*(x) then y is in
some K** a fixed point of the maps g;, or is {£oo}. Let {p; }icz be the ordered set of
fixed points of both g; and go, which by hypothesis is not empty.

If y # {+oo}, we can assume that y € (p;, p;+1) where by abuse of notation p;, pii1
can take on the values of —oo, +00 respectively. Also suppose that I = [p;, pi11] is not
a K** type and that p; is an attractor for g; (the other cases are handled similar).
Then there are three options:
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(1) pis1 is a repeller for g

(2) piy1 = {oo}
(3) pit1 is repeller for go.

The following lemma says that for I = [p;, p;41], if a point leaves it, then it can
never come back.

Lemma 6.3. Let v € I = [p;, piy1] but gi(x) ¢ I (1=1 or2). Then g’ o g/(x) ¢ I for
all o, 7.

Proof. The point p; is a fixed attractor of g; and suppose that g;(x) < p; (the proof
for the other case is the same). Necessarily g; = g2 because if y > p; then g;(y) > p;.
As well by the assumptions go < Id in [p1,p2). Let ¢ be the closest attractor of go
to the left of p; and if it does not exist,let ¢ = oo. If y < ¢, then go(y) < ¢ and if
y € [c,pi) then go(y) < y. Putting the above observations together conclude that for
Yy < pi, qi(y) < pi, 1 = 1,2, and this proves the lemma. O

To take care of the first case, p;1; is a repeller for g, implies that both ¢g; and g are
below the identity line. Therefore if y = limy_, o g% () and g5" ' (z) is in (ps, piga), it
follows that g; 0 go* ' (z) < go* () for [ = 1,2.

The interval [p;,y] only contains a finite number of fundamental domains of g¢s.
So if the map g, appears an infinite number of times in the sequence ¢ then at some
point ¢*(x) < p;. But then by lemma 6.3 g, o g2*(x) < p; for [ = 1,2 and therefore
gir(x) & (pi, piv1 for n > k, a contradiction with that y = limy_, o ¢?*(z) € (pi, pis1)

Then for the sequence o = {0}, there exists an m such that o, = 1 for [ > m.
So we may assume that y = lim;_, o ¢! o g/*(z) where g/*(z) € (p;, piy1). As p; is the
attractor for g, in I, consequently y = p;, a contradiction as y is in the interior of I.

For case (2), piy1 = oo, since (p;,piy1) is not a K* set, this implies go < Id in
(pi, pir1)- As in the first case if go* () is in (p;, pir1), then g o gt ' (x) < goF ' (x) for
[ = 1,2 and the rest of the proof goes on as for the first case.

If p;41 is a repeller for g; (case 3) there are two sub-cases, g2(1) < Id or go(I) > Id.
When ¢,(/) < Id the argument is again the same as in case (1). If go(I) > Id since [
is not a K*“ set, then ga2((ps, pis1)) N (pi, pir1) = 0.

Remembering that y = limy_, o g% (z) and take g*(z) in (p;, piy1). Suppose that
in the sequence o the function g, appears after the index j, and will arrive at a
contradiction.

Let the index [ > ji be the first time that 2 appears in the sequence. Then

_ I—i ;
95(2) = g2 0 g5 '(x) = g2 0 g1 " 0 g3 (2)
Since p; is an attrctor for gi, g o g (x) € (pi,pis1). As go(I) NI = () this implies
g20g77 o gi(x) # I. By lemma 6.3 ¢"(x) # I for all n > I, contradiction with that
y = limg o g?*(z) € I

Therefore can conclude that the number 2 never appears in the sequence o for
o, with I > j,. Then ¢\ (z) = g% o g/*(x) as p; is a attractor for g; in I implies
y = lim;_, ;o ¢! 0 g7*(z) = p1, again a contradiction, and this ends the proof. O
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The theorem for IFS on the circle takes form as

Theorem 6.4. Let g1, go be Morse-Smale diffeomorphisms of the circle, both with fized
points but which are not in common. There exists an € > 0 (e > 0.14) such that if g; are
e-close to the identity in the C? topology then < gy, gs > has spectral decomposition.

Specifically L(< g1,92 >) = UL, B;, where each B; is either a K* K%, or K" set
or s a single fixed point of g;.

Proof. By corollary 2.7 there is no K*° type set if and only if < ¢;, g > is minimal
and in which case the spectral decomposition is the whole circle. Therefore we can
suppose that there is a K*° type set.

Considering G; as the lifts of g; to the real line, the system < G, Gy > satisfies
the hypothesis of the anterior theorem 6.2, and so there is the spectral decomposition

L(< Gl,GQ >) = ;.ile U {:l:OO}

The sets B; cannot be of type K*, K" as g; have fixed points. The lifts of the fixed
points to the real line will repeat periodically going to 4-o0c.

If B; is a K* type set then it is invariant in the sense that G;(B;) C B;. This
means that if B; = [a,b], By = [¢,d] are K** sets and a < z < d, then a < g*(z) < d.

The lift of a K*® type set on the circle will give and infinite number of K*° type
sets on the real line, call B;, , which go of to +o0. Therefore given x € R there exists
Bj, = [a,b] and Bj, = [c,d] of K** type such that a« < z < d. Then for any y with
y = limg_ 00 g% (), a < y < d. This shows that {+oco} is not part of the spectral
decomposition L(< Gy, Gy >).

From the above discussion we may conclude that L(< Gy, Gy >) = U2, B; where
B; is of type K®° K¢ or K" or is fixed point of G;. Projecting these sets on the
circle we obtain a finite number sets of sets each containing one of the fixed points of
g; and the same result for L(< g1, go >). ]
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7 Symbolic Blender-like

Theorem 7.1. Let ¢ be such that (1 —c)k® =1 and B(Id, c)ser gy be a ball of radius
¢ about the identity map Id = (7,1d) in 8" (M). Consider

I'e H'(M) N B(Id, ¢)sar(ary,

where I' = 7 < 7y, ..., >. Suppose there exists a bounded open set B C M, a finite
number of bounded closed sets U; and the respective maps H; €< ~7', ... Ve ! > such
that

(1) Covering property:
k

B c|Jint(Uy),
i=1

with H;(U;) C B and DH; > 1 in Uj.

(i1) Periodic point with minimal orbit: there exists a hyperbolic periodic point pr €
B of <~1,...,7 > such that B C Orb(pr).

Then B is a cs-symbolic blender-like set in S;”" (M) for T

First lets prepare the notation.

Denote by £(0,,,...,0:1) a sequence that satisfies {{ € ¥y;&_; = 60;,7 <n}. And by
€(0,6y,...,0,) that satisfies {& € Xy; & = 65, < n}. Sometimes instead of a single
index ¢; we will use blocks of a sequence.

The following notation will be handy, of'_;77i) = Yrn(e) 0+ - © Vr(e)
Each map H; can be written as 'ygjl o-- -075_11 and let v; denote the block {&;...&}

respective to each map. Then

_ vl =1
Hi = 030 Ymi ey

for all sequences &(v;).
As DH; > 1in U;, let o be the minimum over the expanding constants of H; in Uj.

Take a neighborhood €2 of I such that for all ¥ € €2 and all sequences of the form

f(vi)a o]
Vs —1
0521975 (g(wiy) (Us) € B
and oﬁ'lw;}j (¢(vs)) BTE expanding in U; with expansion at least o.

By hypothesis pr is a periodic point in B and may write

6, © -+ © 7, (pr) = pr.
Take the sequence 6 to be periodic with the block {6y, ..., 6,}. Then (6, pr) is a periodic
point for T.

Since pr is hyperbolic, we may assume that the neighborhood 2 is such that for
all ¥ € Q there is continuation of pr given by py € B such that (0, py) is a periodic
point of .
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Let L be the Lebesgue number of the open cover
l
i=1

By minimality of B for < 71,72 >, the orbit of pr is dense in B. Then there exists a
finite set of functions {h;} in < 71,72 > so that the set of points {h;(pr)} is L/8 dense
in B.

Each map h; can be written as i o - -0, Designating by w; the block {fj‘ L E
J
then

|wi| -1

hi =059 Vrigow)
for all sequences £(0, w;).

Also let Q be so that for ¥ € Q and an open interval V C B with | V' |> p > L/8
there exists a block w; for which

w;|—1
o‘j=(|) 2/)Tj(i(Oﬂvi))(p\I/) ev

for all sequences (0, w;).

Since I' € H", Cr = 0. As well there exists a cr,
I' € B(Id, cr)ser )
with (1 —cp)k® > 1.
Therefore we can assume that the neighborhood 2 of I" is contained in
B(1d,cr)ser )

and is small enough as to satisfy for all ¥ € 2

= 1
C\It;m < L/8.

Proposition 7.2. For ¥ € Q, given B(z,r) (a ball of radius r around x) in B there
is a sequence of blocks {vy,,...,vg, } and a block w; (depending on B(x,r)), such that

-----

for all sequences ((0,w;), §(vp,, ..., ve,) where B =737 | | vy, |

Proof.

Lemma 7.3. Consider two sequences ((0,,...,01) and £(0,,...,01) with the extra
assumption that W (C(0p,...,01)) = WS (£(On,...,01)). Then for 1 <i<mn,

1. = 1
(1 —cr)ke)!

----------



Proof. The proof is by induction, for ¢ = 1 by the Holder-continuity hypothesis we
have that

A(Pr-1(¢(01,00) (1), Yr 156,00 @))) < Cu (ka)n_l

Supposing that the formula is valid at step ¢ — 1 and lets show that it is also valid for
step 7. Applying the triangle inequality gives,

d(o] j= 1% I (¢(Onso.s

1
< d( = 11/’ =3 (C(On,.. (x)vwri(g(gm 1) J 1 wT i(¢(o

77777

))(x»

Now using that the inverses of the functions expand at most (1 — cr)~! and setting
y= OJ 1¢T ~3(&(On,..., ))(ZE) obtain

— i—1 -1
+d( T—i(c(en ..... o1) %i=1 Yr=i(¢(on,..., 91))( ), 9; Oj= 1% i(E(On,o..,

< (1—Cr)_1d(0§;11 (€Ot ) 02V 0,1 (7))

..........

+d(¢ 1:(4 )(y) "eff ~i(¢(6n )(y))

From the induction on the first term and the Holder-continuity on the second,

..........

< (1 — Cr) 10@(

which ends the proof of the lemma. O

Observe that for the case when i = n,

n—1

_ 1
o0 (@) 5 ooy () < C\DZW <L/8. (1)

=0

77777

To prove the proposition, if 7 > L/2 then by the initial assumptions there exists a
w; such that
w;|—1
o5 rie0.u (Pw) € Bl ),

which concludes the proposition. So let r < L/2 and then we have the following lemma.
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Lemma 7.4. Consider 0 <r < L/2 and x € B such that B(x,r) C B. There exists a
sequence of blocks {vy,,...,ve, } and a specific sequence ((vy,,...,vs,) such that

-1

1Y ooy B (@5 7))) > L2

diam(o’.
for this sequence. And for all sequences of the form (v, , . .., Ve, )
o, (B(z,7)) C B

where m, = > "

Proof. Observe that as r < L/2,
B(:L‘, 7’) C U91

for some ;. Consider |
vgl T, (€(vo, y(Blz,r)) C B.

Lets distinguish two cases

(i) Either for all sequences &(vy, )

diam(o"1 L (B(z,7))) < L/2

J=1 7777 (&(ve, )
(ii) Or there exists a sequence ((vg, ) such that

. lve, | , —
diam(o,”} T_lj(g(vel))(B(a:,T))) > L/2.

Assuming the first case call Z; the set of all sequences of the form &(vp, ) and let

= {0} v o (B(z,1):¢ € E}.

The next goal is to prove that diam(A;) < L and so A; C U,.
This follows from the fact that

|ve, |
diam(o;_ o le(g(vel))(B(x,T)))<L/2

combined with lemma 7.3 which states

‘Ugll_l
o0, 1 0,11 1
4051 Vs (c(wa ) (7): O3t Vs (uny ) (7)) < G ;o (= eyky ~L/8
for all sequences ((vg, ), (vg, ).
Suppose at step n we have constructed a sequence 6, ...,0; with the additional
hypothesis that
diam (o}, T__lj(g(vel 77777 vel))(B(x,r))) < L/2



for all sequences of the form £(vy,, ..., vy, ) with 1 <1 <n and m; = 22:1 | ve, |-

Define the sets =; the set of all sequences of the form &(vy, . .. vg,) and
A= {O?ZWT_}J'(C)(B(%T));C € 5}

where m; =30 | vp, |and 1 <1 <n
By induction assume A; C Uy, , for 1 <1 <n — 1.

Now lets produce a sequence of length n + 1 observing that diam(A,) < L. As in
the case of A, this follows from the inductive hypothesis and lemma 7.3 from which

mp—1

|
Mn /,—1 My o ,—1
ATV i) T e oy () < C D ey <L/

=0
for all sequences ((vg, ), &(vg, ).

Therefore A,, C U; for some Uj. Let 0,,; = j and assume again the hypothesis
that
diam (o™ ! (B(x,1))) < L/2 (2)

J=L Y rmi(E(ve,, eV )

for all sequences of the form &(vg, ,,, . .., vg,) with m, 1 = 315" | vy, |.

Lets prove that this process cannot go on forever. As A, C Uy ., for all n, and by
[vi| ;. —1

J=1F777(5(vi)

n+1
the initial conditions the maps o are expanding in U; with expansion at

least o, implies
om" —1_ (
.]:1 T (g(v9n+1 """ ’U91 ))

diam( B(z,r))) > o"r.

For a sequence of size n, big enough so that ¢”r > L/2 this would contradict the
hypothesis (eq. 2).

Therefore there exists a sequence of blocks {v,,...,v1} and a specific sequence
C(vp, ..., v1) such that

diam(o T__lj(c(ven ..... vel))(B(x,r))) > L/2.

]

Lemma 7.5. Consider the sequence of blocks {vy,,...,ve, } given by previous lemma
7.4. There ezists a point z € B and a ball B(z,L/4) so that

B(Z, L/4) C oMyt ))(B(LL',T)))

J=LTT73(E(vy, 51V,

for all sequences of the form &(ve, ..., vy, ).

Proof. Let 6 = vy, ...vg, be the concatenation of the block from lemma 7.4. Consider
the boundary of the set

Mmn . ,—1
Oj:1¢771(§(§))(3($7 T))
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with respect to a given sequence £(6). Since the fiber maps are diffeomorphisms the
boundary is a connected set given by

Fegy = {0/ o, W) 1y € 0(B(z.7))}-

With respect to the specific sequence of lemma 7.4, (), by lemma 7.3 and equation
1

for all sequences £(6). Thus
dmm((] Y ey (B@r)) = L/2 —2L/8 = L/A.
£(0)
Therefore there exists a point z such that

B(z,L/4) C !

.j 1 T J(E(WQn 7777 v91))(

B(x,r)))
for all sequences of the form £(vg,, ..., vy, ), which concludes the proof. n

To end the proof of the proposition, by the initial hypothesis there exists a block
w; such that

w, 1 —
‘ I wTJ Owl))(p\II)GB( Tl](C(Uen Ugl))(Z),L/4)C

.....

z 1¢7’ I( (&(vgyy >+ vgl))(B(I,’f’))

for all sequences ((0,w;), £(ve,, - - -, Vg, )- O
Now we are ready to prove theorem 2.10.

Proof. To show that B is a symbolic blender-like, we have to show that for a given
sequence ¢ and an open set U C B,

W (0, pe) N (Wi.(€,7) x U) # 0.

For a fixed € U by proposition 7.2 there exists a sequence of blocks {v,,.,...,v,,}
and a block w; such that for any sequences of the form £(v,,,, ..., v,,) and (0, w;),

w;i|—1
O‘j:(l) Uri o)) (Pw) € Oj= 11/# I(E(Vpn %))(U»

.....

For a block sequence v; let v, ! represent the sequence written in reverse order. Rear-

ranging the last equation obtain that for any sequence of the form {(0, w;, v;nl, ce v;ll)

B4 w;|—1
%20 VricOwi vt v;f))(pq’) evU.

Define a sequence n by
n = { .. ,617 80, w;, U;nl, ey ﬂl 3 (€J>3>0}
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centered at &. Then n € W (&, 7) and is of the form (0, w;, U;nl, o ,v;ll). Therefore

w;|—1
O]@:(l) | Yy(pw) € U.

And so

It follows that
WA (g, ST (pe)) = (7PN, pa) € (Wit (6), p).

Therefore

Thus the set B is a cs-symbolic blender like and so the proof is complete. O
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8 Reduction on the Number of Branches of Return
Maps

Theorem 8.1. There exists a generic set G in Dif f*(S*),r > 2, such that for f,g €
G N B(Id,0.06) the following conditions are satisfied.

(i) There exists an open minimal set B such that B C Per < f, g >.

(ii) There is a finite set of closed intervals U; such that B C Uz, int(U;). To
each U; there is an associated map H; €< f~', g7 > such that DH; > 1 in U; and
H;(U;) C B.

Corollary 8.2. Consider B(Id, \)yrs1y to be a ball of radius A\ about the identity
map Id = (r,1d) in H"(S*). For a given « let ¢ be such that (1 — c)k® = 1, and
A = min{c, 0.06}.

There exists a generic set A C H"(S) for r > 2 such that for
T € B(Id, Ay N A

' has cs-symbolic blender-like in S, (S*), r > 1.
First lets obtain the corollary from the theorem.

Proof. (corollary 8.2) Let the set A C H"(S') be defined as
F=7x <7y,....,mn>ANify, €eGlori=1,... k.

As G is generic in Dif f7(S'), A is generic in H". As v; € B(Id,0.06) the previous
theorem may be applied to the system < 7y, 7, >. The corollary then follows by using
theorem 2.10. ]

The generic set G comes from the next proposition.

Definition 8.3. With respect to an IFS < fi, f» > a pair of functions (hi, hy) with
h; €< f1, fo > is said to be reducible to a pair (hl,_hg) if there exists a sequence of
functions fj,, ..., fj, such that hy = fj, o---o f; ohy and hy = fj, o---o0 f;, o hs.

Proposition 8.4. For fy, fo Morse-Smale in Dif f"(S*) denote by n; the period of f;
and by {p;} the set of periodic points of both f;.

There exists a generic set G in Dif fr(SY),r > 1, contained in Morse-Smale, such

that for f; € G and hy, ho €< f{", f3* > with hy(pr) = h2(p;) we have that (hy, hy) is
reducible to (fi"™,1d). Also p; = py is a fized point of the same function f".
Proof. The proof is by induction on the length | k |, where the length is the number
of compositions of functions f;". Let G} be the set such that the lemma holds for h of
length < [. We will show that G is open and dense in Dif f7(S') for all [ > 0, and so
NG, is generic.
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As Morse-Smale functions are open and dense in Dif f"(S'), we can suppose f; are
Morse-Smale and perturbing f; if necessary that f; have no periodic points in common.
As this last condition is open we obtain that f; are in G;.

By induction suppose f; are in G;; and there exists hi,hy €< fi™, f#2 > of length
[ + 1 with hy(px) = ha(pj). We can suppose that there are the following two cases

(i) hy = f{" o hy and hy = f{"" 0 hy o1
(ii) by = f" o hy and hy = f3* o hy
for some functions hq, hy of length [.

In case (i) the pair (hy,hs) is reducible to (hi, hs) and here we can apply the
induction hypothesis.

For case (ii) we may assume that or hy(px) is not a fixed point of fi'" or ha(p;)
is not a fixed point of f32. On the contrary hi(py) = ha(p;) gives fi" (px) = f32(p;)
contradicting that the two functions do not have fixed points in common.

So suppose that hj(py) is not a fixed point of f{"*. Then we can perturb f;, arbitrary
small around the point f;" " (h1(px)) such that f"* (px) # ha(p;) and without affecting
the periodic points of f;. The perturbation is the standard f. = f; 4+ €¢ where ¢ is a
bump function with support small enough as to not affect the rest of periodic points,
and e controlling the size of the perturbation.

After the perturbation and with abuse of notation we may assume that we are
working with maps f;" such that for the sequence of functions given by hq, hy, we have

hi(pi) # ha(p)).-

Since there are a finite number periodic points and a finite number of functions of
length [+1, then in a limited number of perturbations we will obtain maps f; arbitrary
close to the original maps and satisfying h(py) # ha(p;) for all h; of length [+ 1. Since
this conditions is open this completes the inductive step. O

Now we will prove theorem 8.1

Proof. Assume that f, g are in G N B(Id,0.06), G as above. By corollary 2.5 we may
assume that f, g are orientation preserving. By the theorems 2.1, 2.4 there is a funda-
mental domain D of f (or g) which is minimal and D C Per < f,g >. In D there was
constructed the backwards expanding return map with an infinite number of branches.

To reduce the return map to a finite number of branches the idea is to inductively
take out the accumulation points of the branches by throwing them into the interior
of D via some other map.

Lemma 8.5. We may assume that the domain of the return map is D = (p, g~ *(p)].
Then D = U;nzl L;, where L; are closed intervals, L; C int(D) for 2 <j<n—1. To
each interval there is an associated map H; €< f,g > such that H;(L;) C D, Hy(Ly)
and H,(L,) C int(D). Also DH; > 1 in Lj;.
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Proof. Lets deal with the more complicated case when there is no K* set and the
blender-like was constructed in theorem 2.4 inductively. The reader is referred to step
1 of the proof for the notation. We will proceed as well inductively, and as will become
clearer, the induction is done on the indexes i, of the intervals I;, ;. .

The domain of the return map H is D = (p1, g '(p1)] and since by theorem 2.6
< f71,¢g7! > is minimal there exists h™! €< f~1 g=! > such that h='(p;) € int(D).
Lets show h™!(p;) # ¢, where c¢ is a discontinuity point of the return map. By con-
struction of the return map there exists k and a periodic point of say ¢, g;, such that
¢ = h(g;). Then o h~*(p1) = q;, which contradicts that f,¢g € G and proposition
8.4.

Therefore h=!(p;) € int(I;, ;) for some i .. .14,. By the same reasons H™oh™!(p,)
never hits the endpoints of any interval of the form I;, ; . This means that the map
H™ o h™1(p,) is well defined for all m. There exists m big enough and [; such that
Ly = [p1, 1] satisfies H™ o h™'(L;) C int(D) and D(H™ o h™') > X\ > 1 in L.

There exists n; the first time that f/1%"1(q,) € int(L;). Then

E: Ll U [ilu-in'

0<i1<n1,12,...,in. >0
Define R; on these intervals, which may overlap by, by

Ri=Hmoh'in L, Rle:h;.lnln for 0 <i; <nq, and i9,...,7, > 0.

)

Suppose by the inductive hypothesis that at step k£ there is the following.
(i) Closed intervals Ly, ..., L, L; C int(D) for 2 < j and the associated maps
Hje< f~1¢7' > with DH; > A >11in L;.

(ii) We can write D as

where the last union is taken over indexes 1 .. .14, that satisfy 0 < i; < n; for j <k,
and g1, .., 0, > 0.

(iii) As a consequence of the first two points, there is the return map Ry defined in
the intervals L; and I;, ;, (which overlap) for the above indexes with DRy, > A > 1.
Ry =H;in Lj, R, =h;', for 0<i; <njforj <k, and ixy1,..., i, > 0.

(2

The objective now is to limit the index 4,1 superiorly. Consider the point ¢, ki1, by
theorem and minimality of St there exists h™* €< f~1, g~ > such that A (g, 1) €
int(D). Since f,g are in G, by proposition 8.4 and the same reasons as in the first
step of the induction 27!(g,_x41) is not one of the discontinuity points of the original
return map H. The same holds for the iterates H™ o h™(gn_g11)-

With respect to the intervals h;llk(lulk) = (Gn—k+1, Ciy .1, |, consider

c = infro<i;<n | Cirip — Gnks1 |}
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Define t to be
t= mf{OSz‘anj}{Dhi_l.l..z‘k (2); 2 € [gn—t+1: Gnr1 + ]}
Take the number m of iterates by H big enough so that
D(H™ o h™ ) (gnops1) > A"/t > X > 1.

Then there exists an interval [, g1, k1] such that the same is satisfied for all z in
the interval. We may suppose that {11 < ¢,_r+1 + ¢ and define

L1 = hiy iy ([@n—r+1, b))
and the corresponding map

Hipa=Hm"oh'oh !

210k "
Observe that Ly C int(D). The derivative of Hy,q is
DHyyy = D(H™oh™ ) - Dhit . > AN/t -t >\

110k

Let nj4q be the first time that g7 t+1(p, 1) belongs to (¢,_gy1,lks1). For i; < n;
for j < k and i1 > ngy1, the interval I; is contained in Lj,1. Then

1..%n

k+1

J=1

where the last union is taken over indexes 4, ... ¢, that satisfy 0 < ¢; < n; for j < k+1,
and g 9,...,%, > 0.

Define the return map Ry in these intervals that overlap as

H; for x € L; and ht. forx € I

i1...0n

with 0 <i4; <n; for 7 <k +1, and 4442,...,%, > 0.

1---in

This completes the induction. Going through the n steps of the cycle almost completes
the proof of the lemma in the case of blender-like when f, g have no K*° set. The last
step is to obtain that the final interval L,, is contained in int(D), which can be done
by repeating the same process as for L;.

For the case when the fundamental domain D, in which the return map is con-
structed, is part of a K*® set (see the proof of theorem 2.1), the set K*° is not necessarily
minimal for < f~' g~ > (it is transitive). In the above induction the minimality of
< f71 g~!' > was important for throwing points into the interior of D. In the K** case
we will use the geometry of the functions to accomplish this.

Lets suppose K** is of the form [a,b], where a is an attractor for f and b is
the attractor for g, f,g both with fixed points. The domain D is given by D =
(g(a), f~ (g(a))]. What is needed is to find h €< f, g > such that h~'(g(a)) € int(D).

Consider j such that g7/ o f~(g(a)) € [a,g(a)]. Since f,g are in G, proposition
8.4 implies g7/ o f~1(g(a)) is actually in the interior of f*(D) for some k. Therefore,
f*og9o fg(a)) is in the interior of D. The rest of the proof is similar as in the
case of the cycle. m
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To end the proof of the proposition, first extend the closed intervals L; and L,, to
closed intervals Uy, U, such that H,(U;), H,,(U,,) C int(D) and DHy, DH,;, > A > 1

in Uy, U,, respectively. Set
n—1
Dy =U | JUn | Ly
j=1

Then D is a closed connected interval and D C int(D;).

For 2 < j <m — 1 extend L; to closed intervals U; C int(D), such that H(U;) C
int(Dy) and DH; > A > 1 in Uj.

Consider for 2 < j<n-—1

Koy = Hi ' (Hj(U;) VU, Ky = HyH(H;(U;) N Ui

J

with the associated maps defined as
H,;=HyoHj Hy,j=H,oH,.
As Hy(Uy) and H,,(U,,) are in the interior of D obtain that
H;;(K;;) C int(D).

Let Vjj1, Vijo denote the two closed connected components of U; — int(k;;). Then

m

| int (Vi) | int(K3;) = | Jint(U:) > D

i:j:k iv] 1=1

and
Hj;(Viji) Cint(D), Hy(Ky;) Cint(D)

with DH; > 1 in Vjj;, DH;; > 1 in K;;. Reordering and renaming the intervals and
the return maps we obtain the theorem. O
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