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ABSTRACT. We show that Lyapunov exponents of typical Holder continuous
fiber bunched linear cocycles over Lorenz attractors have multiplicity one: the
exceptional set has infinite codimension. It is described in terms of rather ex-
plicit geometric conditions on sufficient simplicity criterion exhibited by Avila
and Viana in [5].
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CHAPTER 1

Introduction

A linear cocycle over a flow ft: A — Ais a flow F': A x C? = A x C? of the
form

F'(z,v) = (f'(z), A(2)v)

where each Af(x): C?* — C? is a linear isomorphism. The Lyapunov exponents are
the exponential rates

) 1
Az, v) = tilgrnoo n log || A" (z)v]], v # 0.

By Oseledets [14] this limit exists for every v € C? on a full measure set of
x € A, relative to any invariant probability measure m. There are at most d
Lyapunov exponents; they are constant on orbits and vary measurably with the
base point. Thus Lyapunov exponents are constant if m is ergodic.

One problem is to characterize when these exponents are different from zero.
Another main problem is to know when all exponents have multiplicity one meaning
that the subspace of vectors v € C that share the same value of A(z, v) has dimension
one. In this case we say that the Lyapunov spectrum is simple.

There has been much recent progress on these problems, specially when the
base dynamics is hyperbolic. See [7,18,4] for the first question and [8,5] for the
second one.

Here, we extend the theory to the case when the base dynamics is a geometric
Lorenz attractor. This class of systems was introduced in [19,11] as a geomet-
ric model for the behavior of the famous Lorenz equations [12]. Recently, it was
shown by Tucker [15] that these equations have all main features predicted by the
geometric models, as we recall next.

A geometric Loyrenz flow in 3-dimensions admits a cross section S and a
Poincaré transformation P : S\I' = S defined outside a curve I" which is contained
in the intersection of S with the stable manifold of some hyperbolic equilibrium.
Trajectories through I' just converge to the equilibrium and the other trajectories
through S eventually return to .S. Their accumulation set is the so-called geometric
Lorenz attractor. Moreover, there is an invariant splitting

ES @ EC’LL

of the tangent bundle where the uniformly contracting bundle E* has dimension
1, and the volume-expanding bundle E*, which contains the flow direction has
dimension 2. Another important feature is that the Poincaré transformation admits
an invariant contracting foliation F through which the dynamics can be reduced to
that of a map on the interval (leaf space of F).
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1. Linear cocycles

A linear cocycle over a bijection f : N — N is a transformation F : N x C% —
N x C? satisfying f o m = m o F which acts by linear isomorphisms A(z) on fibers.
So, the cocycle has the form

where
A: N — GL(d,C).

Conversely, any A : N — GL(d,C) defines a linear cocycle over f. Note that
F"(z,v) = (f"(x), A"(x)v), where

A(x) = A(f"H (@) - A(f(2))Alw),
A7) = (A"(f7 (@) 7

for any n > 1, and A%(z) = id.
Let i be a probability measure invariant by f. If z — max{0,log || A(x) ||} is
p-integrable then Oseledets [14] states that there exist a Lyapunov splitting

Ei(2)® ... 0 Ep(x), 1 <k=k()<d,

and Lyapunov exponents Ai(z) > ... > \x(z),

. 1 n .
Ai(z) = ngrfooﬁbg | A% (x)v; ||, vi € Ei(z), 1 <i<k,
at p-almost every point. Lyapunov exponents are invariant, uniquely defined at
almost every x and vary measurably with the base point x. Thus, Lyapunov expo-
nents are constant when p is ergodic.
We recall that, in a differentiable structure, for any r € NU{0} and 0 < p <1,
the C™* topology is defined by

1A

Ir.p = J08xX sup |D*A(z)|| + sup

(for p = 0 omit the last term) and then
C"”(N,d,C) ={A: N — GL(d,C) : [|A]|,, < 400}
is a Banach space. We assume that r + p > 0 which implies n—Holder continuity:
I A(z) = Ay) 1]l A llo,n d(z, )",

_Jp r=0
77{ 1 r>1

2. Fiber bunching condition

with

In general, suppose that N is endowed with a metric d for which
(i) d(f(y), f(2)) < 8(x)d(y, 2), for all y,z € W _(x),
(i) d(F~1(y), F1(2)) < 6(@)d(y, 2), for all y, = € W2 (a),
where 0 < 0(x) <6 < 1, for all z € N.

Let A be an n-Hdélder continuous linear cocycle over f.
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Definition 1.1. A is fiber bunched if there exists some constant 7 € (0,1) such
that
1A@)I] [|Az) 7 [|6@)" < T,

for any x € N.

Remark 1.1. Fiber bunching is an open condition in C™P(N,d,C): if A is a fiber
bunched linear cocycle then any linear cocycle B sufficiently C° close to A is also
fiber bunched, by definition.

Bonatti and Viana [8] showed that generic dominated linear cocycles over any
hyperbolic transformation have simple spectrum. Avila and Viana [5] proved a suf-
ficient condition for simplicity of Lyapunov spectrum over any shift structure when
the corresponding invariant measure has product structure. Assuming an induced
smooth structure on complete shift space we prove that

Theorem 1. Lyapunov exponents of typical Holder continuous fiber bunched
linear cocycle over complete shift map have multiplicity one: the set of exceptional
cocycles has infinite codimention, i.e. it is locally contained in finite unions of closed
submanifolds with arbitrarily high codimension.

3. Suspension flows

Consider a suspension flow f¢ : A =+ Aof f: N = Nandlet T: N — R be
the corresponding return time to N. Assume that A® : A — GL(d,C) is a linear
cocycle over f*, and define

Ag() = AT (@),
for any x € N. Note that Ay : N — GL(d, C) is a linear cocycle over f.

Then we define, for any r € NU {0} and 0 < p < 1 with r + p > 0, the Banach

space

C""(A,d,C) = {A": A — GL(d,C) : ||Af||,, < +00}.
It turns out that, A? is n-Holder continuous if the corresponding discrete time linear
cocycle Ay is Holder.

Let A* be an n-Hélder continuous linear cocycle over f*.

Definition 1.2. A’ is fiber bunched if the corresponding linear cocycle Ay is a fiber
bunched linear cocycle over f.

Note that fiber bunching is an open condition in C™?(A, d, C), by definition.

Theorem 2. Lyapunov exponents of typical Hélder continuous fiber bunched
linear cocycles over a Lorenz attractor have multiplicity one.






CHAPTER 2

Lorenz Attractors

Attractors of flows present important features with respect to the discrete time
case when they involve singularities interacting with regular orbits.

The geometric model of a Lorenz attractor is historically the first example of
a O robust singular attractor as a rigorous model for the behavior of the Lorenz
attractor. An attractor for a smooth flow f* on a manifold M is a compact invariant
transitive set A admitting an open neighborhood U such that f*(U) C U, for all
t >0, and

A=) f).
>0
The attractor is singular if it contains some singularity of the vector field.

From measure theoretic view point, a Lorenz flow provides a robust class of
expansive attractors that are not hyperbolic sets but exhibit some non-uniformly
hyperbolic behavior: the attractor supports a unique physical probability measure
m for which the tangent bundle splits into three 1-dimensional invariant subspaces

E3 D EX ey Eu’
at m-almost every point depending measurably on the base point, where E? is the
stable direction, EX is the direction of the Lorenz flow f*, and

o1 "
t_l>1+mooglog\|Df |gu|| > 0.

1. Lorenz equations
The system of equations

I.:Cl(yf.f),
z =2y — cx,

proposed by Lorenz [12] loosely related to fluid convection and weather prediction.
W. Tucker [15] showed that the system (1) exhibits a robust attractor A, for classical
parameters a = 10, b =28, ¢ = 8/3.

The system of equations (1) is symmetric with respect to the z—axis. The
singularity 0 has real eigenvalues g5 < a5 < 0 < —ags < @ With as + ay > 0.
There are also two symmetric saddles o1, o5 with a real negative and two conjugate
complex eigenvalues where the complex eigenvalues have positive real parts. The
character of this flow is strongly dissipative, in particular, any maximally positively
invariant subset has zero volume.

Numerical simulations show that there exists an open set U homeomorphic to a
2-torus where [,. o f*(U) is an attracting set and the origin is the only singularity
contained in U. Indeed, a very general view of the orbit of a generic point in
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U is that the trajectory starts spiraling around one of the singularities, say oo,
and suddenly jumps to the other singularity, o1, and starts spiraling around the
other. This process repeats endlessly and then implies the “butterfly” appearance
of Lorenz attractor.

2. Geometric model

To construct a geometric Lorenz attractor, we should analyze the dynamics in
a neighborhood of 0 imitating the effect of the pair of saddles. By construction,
there is a cross section S intersecting the stable manifold of 0 along a curve I' that
separates S into 2 connected components. We denote the corresponding Poincaré
transformation

P:S\I' = S.
Note that the future trajectories of points in I' do not came back to S.

\
l Si
\

r

FIGURE 2.1. Poincaré transformation

We consider the smooth foliation F of S into curves having I' as a leaf which
are invariant and uniformly contracted by forward iterates of P. Indeed, every leaf
F(z,y) is mapped by P completely inside the leaf Fp(, ,), and P|}-(w> is a uniform
contraction. Henceforth, P must have the form

P(z,y) = (9(z), h(z,y))

which by effect of saddles and singularity, we can assume that h is a contraction
along its second coordinate. The map g is uniformly expanding with derivative
tending to infinity as one approaches to I'. We assume that |¢g'| > 0~ > /2 and
since the rate of contraction of h on the second coordinate should be much higher
than the expansion of g, we can take |0,h| < 6 < 1.

Let m be the canonical projection of section S into F, i.e. 7 assigns to each
point of S the leaf that contained it. By invariance of F, one dimensional Lorenz
map

g: (F\I') = F
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is uniquely defined so that
S\ —2— §

wl lﬂ

F\[ —— F
g

commutes, i.e. gom =7 o P on S\I.
One may identify quotient space S/F with a compact interval as I = [—1,1],
and so
g9+ [=LIN{0} — [-1,1]
is smooth on I\{0} with a discontinuity and infinite left and right derivatives at 0.
Note that the symmetry of the Lorenz equations implies g(—z) = —g(z).

FIGURE 2.2. Lorenz 1-dimensioanl map

2.1. The attractor. The geometric Lorenz attractor A is characterized as
follows. Note that the restriction of ¢ to both {# < 0} and {x > 0} admits
continuous extensions to the point 0. Hence, g may be considered as an extension to
a 2-valued map at 0 and continuous on both {z < 0} and {x > 0}. Correspondingly,
the restriction of the Poincaré transformation to each of the connected components
of S\I" admits a continuous extension to the closure, each one collapsing the curve
I" to a single point. Thus, P may also be considered as a 2-valued transformation
defined on the whole cross section and continuous on the closure of each of the
connected components. Let

Ap =[] P"(S)CS.
n>0
We define A to be the saturation of Ap by the Lorenz flow, that is, the orbits of
its points. Therefore, orbits in A intersect the cross section infinitely often, both
forward and backward.

This attractor has a complicated fractal structure that can be described as “a
cantor book with uncountably many pages” joined along a spine corresponding to
the unstable manifold of the singularity point 0 (see figure 4). Notice that the
unstable manifold accumulates on itself, and so the geometry of A is indeed very
complex.

13



Dynamical properties of A may be deduced from corresponding properties for
the quotient map h. More important, a quotient map with similar properties exists
for all nearby vector fields, and so such properties are robust for these flows.

3. Physical probability measure

The existence of a unique absolutely continuous invariant probability ;14 which

is ergodic and 0 < % < 400 for Lorenz one-dimensional map g is well-known.
One may construct an invariant probability measure pup on Ap, as the lifting

of pg. Indeed, we may think of 1, as a probability measure on Borel subsets of F.

Since P is uniformly contracting on leaves of F, one concludes that the sequence

(P:LMQ)YLZM

of push-forwards is weak*-Cauchy: given any continuous ¢ : S — R,

/sﬂ d(P}'pg) = /(tpoP”) dpg, n>1,

is a Cauchy sequence in R. Define the probability measure pup as the weak*-limit
of this sequence that is

/w dpp = ngrfoo/so d(P} pg),

for each continuous function . Thus pp is invariant under P, and it is a physical
probability measure on Borel subsets of Ap which is ergodic.

Later, as the Poincaré transformation maybe extended to the Lorenz flow
through a suspension construction, the invariant probability up corresponds to
an ergodic physical probability measure px on A: Denote by R : S\I' — (0, +00)
the first return time to S defined by

P(z) = [ (x).

The first return time R is Lebesgue integrable, since P(x) =~ |log(d(z,T"))|, for =
close to I'. This follows that

/R d,up < +o00.

Let ~ be an equivalence relation on S x R defined as (z, R(x)) ~ (P(z),0). Set

S = (S x R)/ ~ and define the finite measure
fi = m(pp x dt)

where m: S X R — S is the quotient map and dt is Lebesgue measure in R. Define
¢:S — M as ¢(x,t) = fi(x), and let

m = Qufi.
One may check also that
1 (7
o[ ey o [oan
T Jo

as T' — +o0, for any continuous function ¢ : M — R, and Lebesgue almost every
x € ¢(95).
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CHAPTER 3

Symbolic Structure

Suppose that N = NZ, the full shift space with countably many symbols, and
f+ N — N the shift map

f((@n)nez) = (Tnt1)nez

A cylinder of N is any subset
lak,..;a0;.,q] ={z: zj =1, j=k, .. 1}

of N. We endowed N with topology generated by cylinders. The local stable and
local unstable sets of any = € N are defined as

Wlf)c(x) = {y DTy =Yn, N2 0}

and

VVIZC(J;) = {y DTy =Yn, < O}

Let N, = N{"=0} and N, = N{"<0} The map
x> (T, Ty)

is a homeomorphism form N onto N x N,, where s = 74(z) and z,, = 7, (), for
natural projections 75 : N — Ny and 7, : N — N,. We also consider the maps
fs : Ng — Ng and f, : N, — N, defined by

fuoﬂ-u:']ruofv

fsoﬂ-s:ﬂ-sof_l'

Assume that pf is an ergodic probability measure for f. Let 1, = (7). 1y and
py = (my) <ty be the images of py under the natural projections. It is easy to see
that us and p, are ergodic probabilities for fs and f,, respectively. Notice that
and p,, are positive on cylinders, by definition.

We say that py has product structure if there exists a measurable density
function w : N — (0, +00) such that

prf = w(@)(ps X fhu).

Notation 3.1. For simplicity, we omit uw in the notation of f., Ty, Ny and fi,,
and represent these objects by f, #, N and [i.

15



1. Markov structure in dimension 1
Now consider the Lorenz map g : I\{0} — I.

Theorem 3.1. [D06] There exists a return map §, an interval I= (=4,0), 0 <
0 < 1, and a partition {f(l) : 1 € N} to subintervals of I, Lebesque mod 0, for
which § maps any f(l) diffeomorphically onto f, and the return time 7 is Lebesgue
integrable. Moreover, there exists a constant 0 < ¢ < 1 such that, for all z,y in any
1),
log |£:7/(33)| < @)
19" ()]
where n(z,y) = min{n : §™(z) € I(l;), §"(y) € I(I;), i # j}.

Remark 3.1. Note that, as Lorenz map g is uniformely expanding, the intesection
of (7™(J(1,,))) over all n > 0 consists of exactly one point.

Therefore § maybe seen as the shift map on 3: there exists a conjugation be-
tween f and § presented by the next commutting diagram

N

-
~ —
~ — M
o

N
g

where the bijection QAS maybe defined as

(ZAS: (ln)nzo — ﬂ an(f(ln))

n>0

2. Markov structure in dimension 2

Now, we consider the bi-dimensional domain S = 7—1(I) C S and correspond-
ing to the Markov partition of I define a Markov partition {S(l) = 7= 1(I(l)): | €
N} of §. The return time is defined as

r(x) = #(m(x)).

Hence, there exists a return map Pto S as

P(x) = Pr@(x),

for any z € S. Moreover

Let

So Ap is homeomorphically equal to N. Indeed, since (1,5, P="(5(1,,)) consists of
exactly one point, one may define a bijection ¢ : N — Az as

¢ (In)nez = [} P7"(5(1n))
nez

16



which implies the commuting diagram

N - o N

4l |o

Ap —— Ap.
P

3. Lifting the probability measure

The normalized restriction [ of 114 to the domain of § is an absolutely continuous
ergodic probability for g and then for f , by conjugacy.

As the natural extension of f realized as the complete shift map f on N, the
lift 1 of fi is the unique f-invariant probability measure on N such that

Tt = [1.
Indeed, let w(E) = p(a(E)), for any cylinder E C N. Using properties of [
and applying Approximation Theorem, one may define p on any Borelian subset
of N. Finally, Extension Theorem for probabilities concludes a unique extended

probability p on Borelians of N for which, by construction, 7, = . Then p is an
absolutely continuous ergodic probability for f.

Proposition 3.1. The lift probability i has product structure. Moreover, the den-
sity function w is continuous and, bounded from zero and infinity

ProOOF. Note that by Theorem 3.1, for all Z, 4 in the same cylinder

1 Jf( ) n(:r,'t/)
7 (y)

The rest of proof is based on 4 main steps stated with more details in [5] Step 1. If
&,y € N then for any x € W (&) and y € Wi _(z) N W (), the limit

J n(sn
Ji)@(.’li) = lim f ( ),
where & = 7 (f~"(z)), 9" = #(f"(y)), exists uniformly on &, ¢, x. Moreover,

(jvg’z) = Ji,@(aj)

is continuous and uniformly bounded from zero and infinity.
Indeed, we observe that

10 an n i (E
i=1

Since 2" and ¢’ are in the same cylinder, the series is uniformly bounded by
Do ¢#59°)  But n(2%,9") is strictly increasing that implies uniform convergence of
the series.
Step 2. If {uz : & € N} be an integration of u then, for u-almost every & € N,

1
pi(&n) = W’
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for every cylinder &, = [T_p,...,z—_1], n > 1, and any x € &, x {Z}.
Step 3. Given any disintegration, by the last step, one may find a disintegration
{ps : & € N} of p so that
py = Jagh-
Step 4. Fixing any o € N, one may define

L:J(Z‘s, xu) = Ja&o,xu (x87xu)7

for every x = (zs,2,) € N. By Step 2, ., = @(xs,x,,), for any x, € N.
The lift measure p projects to 1 = i, but the projection ps to Ny is given by

Hs = Hiq /A (s, vy) dfi.
N

Therefore
H = W(xsaxu)ﬂs X
where
1
fN w(xm .’L‘u) dﬂ
As conditional probabilities in the proof of the last proposition vary contin-
uously with the base point so the density function w is continuous. Also, w is
bounded from zero and infinity. |

w(xs, xy) = W(xs, Ty)-

4. Suspending the bi-lateral shift by the flow

The saturation of N by the Lorenz flow f!, by ergodicity of y, has full measure
in A since it is invariant and has positive measure. Now on, by A we mean this full
measure subset. Henceforth a return time to IV is defined as

T:N—R

r(z)—1
T(z)= Y R(P/(x)),
§=0
for any z € N.
Lemma 3.1. T is integrable with respect to .

Proor. For almost every z,

r(z)—1

/ T(x) dm = / r(w)[r(lz) S R(PI(x)] dm

j=0

converges to
/r(x)(/R dm) dm < 400

which implies
/ T dm < +o0.

The proof is now completed by absolute continuity.

18



Now, corresponding to any linear cocycle A? over A we take the linear cocycle
Ay on N by
Af(z) = ATO)(a),
for any z € N.
Proposition 3.2. Lyapunov spectrum of Al is simple if and only if Lyapunov

spectrum of Ay is simple.

Proor. The Lyapunov exponents of Ay are obtained by multiplying those of
A? by the average return time

n—1
sn(x) =Y _T(P/(z)), = € N.
j=0
Indeed, given any non zero vector v,
1 1
lim —logl|A% = lim =log|lAs"(®)
Jim = log[[Af(z)o]| = lim —logl| (@)vl|
which, for u-almost every z, this is equal to
1 1
lim —s, li — log ||A™ .
Jm —sa(z) lm —log||A™ ()]

But 1s,(z) converges to [T du < ~+oo. The proof is now completed.
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CHAPTER 4

Fiber Bunched Linear Cocycles

Note that if A? is a Holder continuous fiber bunched linear cocycle over A then,
by definition,
145 @) |As(z)"H]0"O" < 7,
for any 2 € N where 0 < 0(z) = 67*) <0 < 1.
In general, assume an induced differentiable structure on N and let A be an
n-Holder linear cocycle over f. We notice that all of the following results hold, up to

appropriate adjustments, under weaker condition that the last definition expressed
for some power > 1.

Notation 4.1. Set
0™ (x) = 0(f" () ... O(z), n> 1.
Lemma 4.1. If A is fiber bunched then there exists some constant C > 0 such that
FA™() [l A (=)~ [ 0" (2)" < O™,
for any y,z € W (), and alln > 1.
PROOF. Sub-multiplicativity of norms implies that
n—1
1A () 1A )< T HAG @) A @) -
j=0
By regularity of cocycle A, there is C; > 0 such that
LA W) 1|/ A (2)) ([ exp(Crd(f7 (), £ (y))") < exp(Cré (a)"d(x,y)").

It is similar for || A(f7(2))71 || / || A(f%(z))~* ||. So, the right hand side in
lemma is bounded above by

xplCr 3 00 (2)"(d (o) + 2] [T A @) |1 AP ) ] 6

Since f(x) < 6 < 1, the first factor is bounded by some uniform constant C' > 0,
and fiber bunching implies that the second one is bounded by 7". The proof is now

completed.
O

1. Holonomy maps
Set H}', = A™(y) ' A™(x).
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Definition 4.1. A cocycle A admits s-holonomy if
H;,= lim Hp,

n—-+4oo

exists for any pair of points x,y in the same local stable set. u-holonomy is defined
in a similar way, when n — —oo, for pairs of points in the same local unstable set.

Proposition 4.1. If A is fiber bunched then, for all x and any y € W (z), s-
holonomy H3 , exists, where

(a) H; , = H; .H ,, for any z € Wi (z), and Hy ,.H; = id,

(D)H3; (4 gi(y) = A (y) 0 HE o Al ()71, for all j > 1.

PrOOF. We have
I H 5t =y I A™ @)™ A (@) TP AG™ () —id U] I A™ () |l -
By regularity of A, there is Cy > 0 such that the middle factor is bounded by
Cod(f"™ (), f"(y))" < Co0™(z)"d(,y)",
and hence, by the last lemma
(2) | HS = H < COard(a,y)".

As 7 < 1, this implies that H,(x,y) is a Cauchy sequence, uniformly on z,y,
and therefore, it is uniformly convergent. This proves the first part of proposition.
(a) follows immediately from definition, and

(3) A" (f7(y) THA(f (2)) = AT (y) A" ()7L AT () AT ()7

proves (b). The proof is now completed.
t

Remark 4.1. The s-holonomy Hj , vary continuously on (x,y) in the sense that
the map
(z,y) = HZ ,

is continuous on W2 = {(z,y) : f™(y) € W.(x)}, for every n > 0. It is, in fact,
a direct consequence of the uniform limit on (3) when (x,y) € Wg, for instance.
The general case n > 0 follows immediately, by (b) of the last proposition .

Indeed, as the constants C, C may be taken uniformly onU, the Cauchy estimate
in (3) is also locally uniform on A. Therefore, one may consider this notion of
dependence:

(A7 €L, y) - Hil,x,y

is continuous on C™P(M,d,C) x W2, for alln > 0.

There exist dual expressions of last results for u-holonomies, for points in
qucl)c (JC)

2. Dependence of holonomies

Notice that C™?(N,d,C) is the Banach space of all C™” maps from N to the
space of all d x d invertible matrices, and so the tangent space at each point A €
C™P(N,d,C) is naturally identified with that Banach space.

Recall fiber bunching is an open condition and the constants in Lemma 4.1 and
Proposition 4.1 may be taken uniform on some neighborhood U of A when A is
fiber bunched.
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Proposition 4.2. If A is fiber bunched then the map
B~ Hg , .,
is of class C* on U, for any y € Wi (x), and

B(f') "' BUF W) Hp, fiay. i () B (2)-
PRrROOF. First, we show that the expression of 83H§7I7p is well-defined. Let
1> 0.
(4) H} pigey.piyBU @) B(f () = B ) BUFW)HS fia s
may be written as
(HE fi(a),pity) — Id)B(f ()" B(f () + B(f*(y)) "' B(f*(y))(1d — HE i), fity)
+B(f' ()T B(f () = B(f'(y) "' B(f'(y))-

By last proposition and Remark , there is some uniform C > o such that the
first term is bounded by

CA(f' (@), f )" | BU @)™ I I B (@) || -

It is the same for second term. The third one is equal to

B(f' =) B (@) = B @)+ [BU @)™ = B W) ™B( (v)),
and since B~! and B are H'i&%lder continuous, using (3), it is bounded by
1B~ lo.on(B)+n(B~")Bllo0Jd(f (), f'(y))" <[ B g d(fH (@), f1 ()"

Hence (5) is bounded by

(2C +1)Cs || B lloy A(f*(2), [/ (1))" < (2C + 1)Cs || B [lo,y 6 (x)"d(, y)"
where C3 = sup{|| B™' |0, B € U}. So, the ith term in the expression of
53h%7y7z(3) is bounded by
(5) Ca |l B lloy 0" (x)"d(z, )"||B*(p) " '[|[| B'(2)|| < Car'd(z,y)

by fiber bunching hypothesis where Cy = (2C + 1)C3. Therefore, as 7 < 1, the
series (5) does converge, uniformly.
Now, we derivate Hp, , . By definition, Hj is the uniform limit of Hp

B"(y)~'B"(z) when n —> oo Indeed, H} , ,

B,x y
is a differentiable function of B with

derivative 3BHB,z,y(B) equal to

ZB’ THE o), BU @) T BU (@) =B )™ BU W) HE ) 1| B (@),

for all B € TpC™(N,d,C) and any n > 1.
It suffices to show that dpHE ,  converges uniformly to dpHp , , as n — oc.
By (2), for any 9 € (7, 1),

|| H]SB,:c,y - Hg,m,y HS CCQ ZTid({L', y)’fl

§ C5Tnd(f£, y)n
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S 057'67'(1(3?7 y)na
for some uniform constant C5 > 0. Then, for all 0 < i < n,
| H3 pioy. g = H ooy i 1< C5m" A (@), 11 ()

< Csmy" 0 (@) d(, y)".
It follows, by Lemma 4.1, that the difference between the ith terms in the
expressions of OpHy, ,  and OpHp , , is bounded by

2C3C575 0" (2)"d(, )" || B' () ||| B (2)|| < 2C5C55 ' r'd(x, )"
Combining with , || OpHp ., — OHE ., || is bounded by

n—1 —+o00
{20505 S (r )T+ Co Y 73, )" || B oy -
1=0 i=n

Since 7,79 and (75 17) are strictly less that 1, therefore the series tends uni-
formly to 0 as n — oo. The proof is now completed.
O

There exists the dual of the last proposition

Proposition 4.3. If A is fiber bunched then
U>Bw Hg, .,
is of class C*, and, for any y € W!_(x),

400
OpH . (B) = =) B~ (y) ' Hp pi(a) g1 BUF () B (@)
i=1

=B W) BU T W) HE 0,51 ()BT ()
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CHAPTER 5

Perturbation Tools

Consider the ergodic complete shift system ( f, 1) where u has product structure
and let A be a linear cocycle over f. Suppose that p is a periodic point of f, and ¢
a homoclinc point of p, i.e. ¢ € W (p) and there is some multiple m > 1 of per(p)
such that f™(q) € W (p). We define the transition map

.rd d
\I/A’p’q : (Cp — (Cp

by

Vapg=Hing ,A" (@ H,, € GL(d,C).

(9),p

Definition 5.1. A is pinching at p if all eigenvalues of AP**®)(p) have distinct
absolute values. A is twisting at p, q if, for any pair of invariant subspaces E1, Eo
of APer(®)(p) with dim Ey + dim E, = d,

VA p.q(Er) N E; ={0}.

A cocycle A is simple if there exist some periodic point p and some homoclinic point
q of p such that A is both pinching at p and twisting at p, q.

Theorem 5.1. [5] If A is simple then the Lyapunov spectrum of A is simple.

/N
/ \
/ \
i \
| |

- .
\ / A,p.q
\ /
\_/
|
|
l
l W*(p)
|
p
fm™(q)
W*(p) !

FI1GURE 5.1. Pinching and twisting

We remember that a submersion S — S means that all elements of Sy are
regular values which implies that every non-empty pre-image of any element of Sy
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is a submanifold of §; with codimension equal to the dimension of S;. In a more
general case, the pre-image of any submanifold of S, is a submanifold of S; with
the same codimension.

1. Perturbation along periodic orbits

As we mentioned before, the tangent space at any B € C™*(N, d, C) is identified
naturally with the space of all C™” maps on N into the space of linear maps in
C?. Indeed, we may give the tangent vectors B as C™" maps which assign to every
point of N a linear map on CZ.

Proposition 5.1. Let p be a periodic point of f then the application
A AP (p) € GL(d,C),
is a submersion at any A € C™?(N,d,C), even restricted to tangent vectors sup-

ported in some neighborhood of p.

PRrROOF. Assume that p is a fixed point of f. It is easy to see that
04A(p)(A) = A(p)-

Fix a neighborhood U, of p such that p is the unique point of its orbit in U,.
Let o : N — [0,1] be a C™* function vanishing outside U,, and a(p) = 1. For any
A € GL(d,C), define A € TgC"?(N,d,C) as

A(z) = AA(p) () A(w)

Note that A is supported on U,, and A(p) = A. Hence daA(p)(A) = A, as we
have claimed. It is similar when per(p) > 1 where in this case

DA AP P (p)(A) = A(fPoP) 7N (p)) . Ap) + . + AP (D)) . Alp)

which, for tangent vectors supported on U,, reduces to

A(fPr@ 7N (p)) ... Alp).
The proof is now completed.

2. Perturbation along homoclinic orbits

Assume that p is a periodic point of f and ¢ some homoclinic point of p. The
S

derivative of ¥, 4 = Hfm(q),p.Bm(q).H;f,q at a vector B is given by

I H)S”" (9),p (B)-B™(q) 'H;q_‘_

(6) H;m(q),paBBm(Q)(B)H;’.L’q_F
H;’"(q)yme (q)aBHﬁq(B)
where

9pB™(q)(B) = B(f™'(q)) ... B(a) + ... +B(f™ '(a)) ... B(q),
by definition.

Proposition 5.2. The application
U>B+— \I’B,p,q

is a submersion, even restricted to tangent vectors B supported on a neighborhood
of q, for any periodic point p and each homoclinic pint q of p.
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PRrOOF. Without loose of generality, we assume that p is a fixed point of f,
and m = 1. Let U, be any neighborhood of ¢ which is disjoint from the orbit of p
and {f7(q) : j # 0}. So, the expression in (6) reduces to

H (Q)maBB(q)(B)Hg,q = HJS”(q),pB(q)H;q'

Thus, 0¥ p 4 is given by

B~ H;(quB(q)HU

P’
for any vector B supported on U,. We claim that
®(B) = Hy (), B(a)Hpq
is surjective on TpC™*(M,d, C).
Let 8 : N — [0,1] be a C™” function vanishing outside U,, where 5(q) = 1.
For any B € GL(d,C), define B € TgC"?(M,d,C) as
B(w) = (Hp 1), p)leB(Q)*lﬁ(W)B(W)(H}é,p,q)ﬂ~

Note that B(q) = Hy _1BH}§ pa ! and so ®(B) = B, as we have claimed.

The proof is now completed ([

3. The main perturbation

Now, we consider the main perturbation including both periodic and homoclinic
orbits.

Proposition 5.3. If A € C"?(N,d,C) is fiber bunched then the application
©:U — GL(d,C)?
@(B) = (B(p)7 WB,p,q)a

B € U, is a submersion, even restricted to the subspace of tangent vectors B sup-
ported on some neighborhoods of p, q.

PrROOF. Take U, such that U, Norb(p) = {p}, U, Norb(g) = 0, and similarly
U, so that U, Norb(q) = {q}, U, Norb(p) = 0.

First note that, if B is a tangent vector supported on U, U Uy, so, there exist
two tangent vectors B, supported on U, and B, supported on U, such that B=
Bi + B,. Indeed, we may assume that

31(37) :{ Béx) i;g}i

nd
) B(){B(az) z e U,
2= 0 =z¢U,

So

950(B)(B) = 950(B)(B1) + 950(B)(B,)

which is equal to
(0BB(p)(B1), 08V B p.q(B1)) + (05 B(B2), 08 B p.g(B2)) =
(B1(p), 0V B p,q(B1)) + (0,059 5 4(B2))
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By Propositions 5.1 and 5.2, for any (B, Bz) € GL(d, C)?, there exist tangent
vectors B; supported on U, and then By supported on U, such that

OBV p g(B2) = By — 0¥, .(B),

and therefore

95O(B)(B) = (B, B2)
where B = By + B, is supported on U, uU,.

4. Proof of Theorem 1

4.1. Pinching. Let Z be the subset of matrices A € GL(d,C) whose eigen-
values are not all distinct in norm. Z is closed and contained in a finite union of
closed submanifolds of GL(d, C) with codimention > 1.

Proposition 5.1 follows that the subset of cocycles B € U for which BP'(P)(p) €
Z is closed and contained in a finite union of closed submanifolds with codimention
> 1.

For any [ > 1, consider periodic points p1,...,p;. We imply that the subset of
linear cocycles B € U where BP*'(Pi)(p;) € Z is closed and contained in a finite
union of closed submanifolds with codimention > [.

4.2. Twisting. The subset Y of all pairs of matrices (A, B) such that there
exist B-invariant subspaces F, Es with dim E; + dim Es = d where A(E1) N Ey #
{0}, is closed and contained in a finite union of closed submanifolds of positive
codimention. Indeed, Fixing E1, Es, the application

GL(d,C) 5 A — A(E,) € Grass(dim F1, d)
is a submersion. In the other hand,
{A: A(E,) do not intersect transversally Es}
is a submanifold with codimension> 1, since
{E € Grass(dim E1,d) : E do not intersect transversally Fs}

is a submanifold of positive codimension. Now, for any fixed matrix B, the set Y

is contained in a finite number of submanifolds of positive codimension. So, Y is

contained in a finite number of submanifolds of positive codimension in GL(C, d)2.
Therefore, by Proposition 5.3, the subset of cocycles B € U so that

(BP" P (p), Up,,) €Y

is closed and contained in a finite union of closed submanifolds with positive codi-
mension.

Given I > 1, if ¢, ..., q; are some homoclinic points of periodic points p1, ..., pi,
respectively, then the subset of cocycles B € U for which

(BP9 (), W, 4) €Y

is closed and contained in a finite union of closed submanifolds with codimension
> 1.
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4.3. Real valued cocycles. All results in [5] and Perturbation arguments of
this section are valid for cocycles with values in GL(d, R). But, in this case there is
the possibility of existence of pairs of complex conjugate eigenvalues. Indeed, the
subset of matrices whose eigenvalues are not all distinct in norm has non-empty
interior in GL(d, R).

The way to hypass this, is treated in [7] and [8]:

Excluding a codimension 1 subset of cocycles, one may assume that

(i) all the eigenvalues of BP*"(P)(p) are real and have distinct norms, except for
¢ > 0 pairs of complex conjugate eigenvalues,

(ii) U4,p4(E1) N Ey = {0}, for any direct sums E; and E; of eigenspaces of
Brer(®) (p) with dim E; + dim Ey < d.

Avoiding another subset of positive codimention, we can choose a new periodic
point p so that all the eigenvalues of BP*"(®)(j) are real and distinct.

Now, in this way, for any [ > 1, avoiding a codimension [ subset of cocycles,
one may suppose that periodic points py, ..., p; are defined.

The proof of Theorem 1 is now completed.

5. Proof of Theorem 2

Let A? be a linear cocycle over A. We define a neighborhood V of A? as the
subset of all cocycles B* over A for which By € U.

Proposition 5.4. The application
Vo>B'— Bfel
is a submersion.

PRrROOF. By definition, . )
Opt By (B;) = By.
Let B € C"P(N,d,C). Then the suspension Bt of B is defined by
BY(X*(z)) = (id,t+ ), 0 <t+s < T(z),

identifying (id, T'(z)) with (B(x),0), for any x € N, setting BY = id. B'is an
n-Hoélder linear cocycle over A for which By(x) = (B(x),0). This shows that the
derivative is surjective. The proof is now completed. O

The proof of Theorem 2 is now completed.
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CHAPTER 6

Final Remarks

1. Non-vanishing exponents

Bonatti, Gomez-Mont and Viana in [7] proved that typical Holder continuous
fiber bunched linear cocycles over any hyperbolic transformation have some nonzero
Lyapunov exponent. Viana in [18] improved the last result, in particular, removing
the fiber bunching condition. Therefore, by Proposition 5.4 we have also proved

Theorem 6.1. Typical Holder continuous linear cocycles over a Lorenz attractor
have non-zero Lyapunov exponents.

2. Singular-hyperbolic attractors

[13] introduce a notion of singular hyperbolic sets and flows that includes the
geometric Lorenz models as special cases. They prove that every robust attractor
for a flow in dimension 3 is singular hyperbolic.

Singular hyperbolicity has many important consequences, for instance, [3] prove
that singular hyperbolic flows admit convenient cross sections and invariant foli-
ations for the corresponding Poincaré transformation that allow us to reduce the
dynamics to dimension 1. Moreover, by [2] every singular hyperbolic attractor
admits a Markov structure.

It would be interesting to know whether our results extend to this class of
systems:

Problem 1. Typical Hélder continuous fiber bunched linear cocycles over a singular-
hyperbolic attractor are simple?

and then removing the fiber bunching condition

Problem 2. Typical Hélder continuous linear cocycles over a singular-hyperbolic
attractor have non-zero Lyapunov exponents?
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