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Abstract

In this work we deal with two Cauchy problems associated to the Brinkman
Flow, which models fluid viscosity in certain types of porous media. In
the first of them, we study the local and global well-posedness in Sobolev
Spaces Hs(Rn), s > n

2
+ 1; using Kato’s Theory for Quasilinear Equations

and Parabolic Regularization.

Moreover, we study the same problem with Bore-Like initial conditions, and
we establish local solutions in Hs(R), s > 3

2
, and a L2-global estimate of that

solution.

Key words: Brinkman Flow, Kato’s Quasilinear Theory, Parabolic Regu-
larization, Comparison Principle and Bore-Like initial condition.

iii



iv ABSTRACT



Resumo

Neste trabalho trataremos dois problemas de Cauchy associados ao Fluxo
de Brinkman, que modela o fluxo viscoso em certos tipo de meios porosos.
No primeiro deles, estudamos a boa colocação, tanto local quanto global nos
espaços de Sobolev usuais, com s > n

2
+ 1, usando a Teoria de Kato para as

equações Quasilineares e o Método de Regularização Parabólica.

Além disso, estudaremos o mesmo problema com condições iniciais tipo Bore-
Like, estabelecemos soluções locais em Hs(R), s > 3

2
e estimativa global da

solução obtida em L2(R).

Palavras Chave: Fluxo de Brinkman, Teoria Quasilinear de Kato, Regu-
larização Parabólica, Principio de Comparação e condições iniciais tipo Bore-
Like.
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paciencia, y mostrarme la belleza y sentido de un analista.

• A mis Coorientadores Eduardo Arbieto Alarcón y Jorge Passamani
Zubelli, por su apoyo y dedicación, dándome los medios necesarios para
el desarrollo de esta tesis.

• A la Familia Valeria-Iorio por haberme acogido como un hijo en su
hogar.

vii



viii ACKNOWLEDGEMENTS

• A mi Orientadora en Cuba, Lućıa Arguelles Cortés, cuyas enseñanzas
permitieron mi aceptación en el IMPA.
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Chapter 1

Introduction.

1.1 The Brinkman Flow equation (BFE)

In most problems of slow incompressible fluid flow in porous media, it is
assumed that the macroscopic velocity and pressure are related by Darcy’s
law:

∇P (ρ) = −
(µ
k

)
v⃗ (1.1)

where µ, k and ρ are respectively, the fluid’s viscosity, the porous medium’s
permeability and the fluid’s density.

The Brinkman Flow equation involves modifying the usual Darcy’s law by
the addition of a standard viscosity term whose coefficient is usually identi-
fied with the pure fluid viscosity ([38]). Specifically, Brinkman modified (1.1)
to the form

∇P (ρ) = −
(µ
k

)
v⃗ + µeff∆v⃗ (1.2)

Combining the continuity equation or conservation equation of the flow, i.e.,

ϕ∂tρ+ div (ρ v⃗) = 0 (1.3)

and the Brinkman’s law (1.2), we obtain the Brinkman Flow equation

ϕ∂tρ = div

(
ρ
(µ
k
− µeff∆

)−1

∇P (ρ)

)
(1.4)

where ϕ is the porosity of the medium.

1



2 CHAPTER 1. INTRODUCTION.

In this work we are interested in the properties of the real valued solutions to
the Cauchy Problem associated to the Brinkman Flow ([13],[42]). Namely,ϕ∂tρ = div

(
ρ
(µ
k
− µeff∆

)−1

∇P (ρ)

)
+ F (t, ρ), x ∈ Rn, t ∈ (0, T0]

ρ(0) = ρ0
(1.5)

This models fluid flows in certain types of porous media. Here µ , k, and
µeff denote the fluid viscosity, the porous media permeability and the pure
fluid viscosity, respectively, while ρ is the fluid’s density, v its velocity, P is
the pressure, F is an external mass flow rate, and ϕ is the porosity of the
medium.

In what follows, to simplify the notation, we will choose all the coefficients
in (1.5) to be equal to 1. At the moment we want to consider only the
mathematical structure of the system. At a later stage, the constants should
be put back in, and various limiting cases should be studied. Thus our
problem becomes:{

∂tρ = div
(
ρ (1−∆)−1∇P (ρ)

)
+ F (t, ρ) , t ∈ (0, T0]

ρ (0) = ρ0.
(1.6)

Then we solve (1.6), and compute v⃗ using the simplified Brinkman’s condi-
tion v⃗ = − (1−∆)−1 ∇P (ρ). Of course, the following compatibility condi-
tion must be satisfied:

v⃗0 = − (1−∆)−1 ∇P (ρ0) . (1.7)

This work is organized as follows:

In Chapter 2, we analyze the local well-posedness of (1.6) with Kato’s Quasi-
linear Theory ([18], [20], [26], [28]). We will prove that (1.6) is locally well-
posed in the sense described if s > n

2
+ 1.

In ([2]) the authors proved that the problem is well-posed in the one dimen-
sional case. As immediately consequence of Kato’s Method they obtained
continuous dependence of the solution with respect to the initial conditions.
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Chapter 3, is dedicated to the study of the the same problem in the con-
text of parabolic regularization in order to obtain global well-posedness . We
will prove global estimates (in the cases of case F (t, ρ) = 0, P (ρ) = ρ2k, k =
1, 2, ...) using the Comparison Principle mentioned in Section 3.2.

Parabolic Regularization is also applied in the study of other equations such
as The Benjamin-Ono and the Korteweg-de Vries ([16]),[17]). This leads to
local and global results. The global estimates are obtained with the help of
the conserved quantities associated to these equations (note that these equa-
tions are Hamiltonian Systems ([22],[39]).

In ([2]), such global results for the Brinkman Equation are obtained without
using additional information of the equation, because for n = 1, (1 − ∆)−1

has a bounded Kernel. In our case we need to use a Comparison Principle
for the solutions to obtain the global estimates in Hs(Rn), n > 1.

Since the Brinkman equation is not invariant under translations, we obtain
continuity of the solution from the right. However, combining this method
with Kato’s Theory we are able to guarantee the continuity of the unique
solution that we constructed.

Finally, in Chapter 4, we study the (BFE) with F (t, ρ) = 0, P (ρ) = ρ2

with Bore-Like Initial conditions on the real line. We proved that (1.6) has
a unique local(in time) solution in C+([0, T̃s], H

s(R)), s > 3
2
. We also obtain

a global L2-estimate for the solution.

The real reason for introducing Bore-Like initial conditions is that they model
certain travelling waves that occur in nature. Such a wave is formed when
a large river, like the Amazon, flows into the sea at times of exceptionally
high tide. The wave moves upstream two or three times as fast as the normal
tidal current, with a shape which corresponds roughly to the one described
by the conditions that characterize the Bore-Like initial datum.The problem
with bores is that they have a infinite mass, and Sobolev Spaces Methods,
in principle, cannot be applied.

The Brinkman Equation can also be used, for example, to study the vis-
cous fluid between two parallels plates packed with regular square arrays of
cylinders ([40], [50]).
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Other problems with this type of initial condition were studied in ([19], [21]).
In this articles global results were determined with the help of the associa-
ted conserved quantities which allows one to obtain global estimates Hs(this
typically makes use of the fact that the equation in question are Hamiltonian
Systems).

We conclude this chapter with preliminaries and notations.

1.2 Some Preliminaries

The initial value problem associated to the Brinkman Flow equation (1.6),
corresponds to general problems of the form:{

∂tu = G(t, u) ∈ X

u(0) = u0 ∈ Y
(1.8)

Here X and Y are Banach spaces and G : (0, T0] × Y → X is continuous
with respect to the relevant topologies. In practice one often takes X and Y
to be Sobolev Spaces type L2.
We will say that (1.8) is locally well-posed or, that the solutions of (1.8) define
a dynamical system, if the following conditions are satisfied:

• (LWP-I) Existence and Persistence: There exists T > 0 and a function
u ∈ C([0, T ], Y ) satisfying the differential equation in (1.8), with the
time derivative computed with respect to the norm of X and such that
u(0) = u0, i.e.

lim
h→0

∥∥∥u(t+ h)− u(t)

h
−G(t, u(t))

∥∥∥
X
= 0 (1.9)

• (LWP-II) Uniqueness : There is at most one solution to the problem at
hand

• (LWP-III) Continuous dependence: The map u0 → u(t) is continuous
with respect to the appropriate topologies. More precisely, if (u0)n →
u0 in Y , then for any T ′ ∈ [0, T ), un, the solution corresponding to
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(u0)n, can be extended (if necessary) to [0, T ′] for all n sufficiently
large and

lim
n→∞

sup
[0,T ′]

∥un(t)− u(t)∥Y = 0 (1.10)

In the case that T can be taken arbitrarily large, we will say that (1.8) is
globally well-posed. If any of those conditions is not satisfied, then (1.8) is
ill-posed. It deserves remark that any of the above conditions can fail, in-
cluding persistence.

Finally, we will introduce some notations and definitions that we will be
used throughout this work.
Let s ∈ R, the Sobolev Space type L2, denoted as Hs(Rn) is determined as

Hs(Rn) = {f ∈ S ′(Rn) : (1 + ξ2)
s
2 f̂(ξ) ∈ L2(Rn)}

where S ′(Rn) represents the set of temperate distributions, and f̂ is the
Fourier Transform of f , defined as

f̂(ξ) =
( 1

2π

)n
2

∫
Rn

f(x)e−ixξ dx

The space Hs(Rn), is a Hilbert Space with respect to the inner product

⟨f, g⟩s =
∫
Rn

(1 + ξ2)
s
2 f̂(ξ)ĝ(ξ) dξ

It is easy to see that if s ≥ r then Hs(Rn) ↪→ Hr(Rn) where the inclusion is
continuous and dense. In particular, if s ≥ 0 we are dealing with L2 func-
tions. As s increases things get better and better: if k ≥ 0 is an integer,
f ∈ Hk(Rn) if and only if ∂αf ∈ L2 for all multi-indexes α such that |α| ≤ k.

According to the Sobolev’s Lemma, if f ∈ Hs(Rn) with s > n
2
, then f ∈

C∞(Rn), the set of all continuous functions that tend to zero at infinity, and
f satisfies

∥f∥L∞ ≤ Cs(s, n)∥f∥s (1.11)

In this case Hs(Rn) is a Banach Algebra with respect to the usual multipli-
cation of functions. In particular,

∥fg∥s ≤ Cs(s, n)∥f∥s∥g∥s (1.12)
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where C(s, n) is a constant depending only s and n.

Other notations that we will be used are:

R - the real number
∥ • ∥X - the norm in a Banach Space X
B(X, Y ) - the space of all bounded linear operators from X to Y
∥ • ∥B(X,Y ) - the operator norm in B(X, Y )
∂x =

∂
∂x
, ∂t =

∂
∂t

D(A) - the domain of an operator A
R(A) - the range of an operator A
S(Rn) - the Schwartz space of rapidly decreasing C∞ functions
Lp = Lp(Rn), 1 ≤ p ≤ ∞
Lps = Lps(Rn) = J−sLp(Rn) with norm ∥ • ∥Lp

s
= ∥ • ∥s,p

C(I,X) - the space of continuous functions on an interval I into a Banach
Space X. If I is compact, it is a Banach Spaces with a supremum norm.
C+(I,X) - the space of functions on an interval I, such that there all con-
tinuous on the right side.
C1

+(I,X) - the space of functions defined on an interval I, with derivative
belonging to C+(I,X)
Cw(I,X) - the space of all weakly continuous functions from I to X
A . B - there exist a constant c > 0 such that A ≤ cB
→ - strong convergence
⇀ - weak convergence



Chapter 2

Local Theory

This chapter will make use of Kato’s Theory in order to obtain local existence
results to problem in question.

2.1 Kato’s Theory for Quasilinear Partial Differen-

tial Equations.

We consider the Cauchy Problem for the quasi-linear equation, that is:{
∂tu = G(t, u) = −A(u)u+ F (t, u) ∈ X, t ∈ (0, T0]

u(0) = u0 ∈ Y
(2.1)

Here A(u) is a linear operator depending of u, and u0 is the initial value.

We will need the following assumptions.

(K1 ) X is a reflexive Banach space. There is another reflexive space Y ↪→ X
and there exists an isomorphism S from Y onto X such that ∥Sφ∥X =
∥φ∥Y ,∀ϕ ∈ Y.
(K2 ) The linear operator A(u) ∈ G(X, 1, β) for u ∈ W ⊂ Y , where W is
an open ball in Y and β is the real number. In other words, for each u ∈ W ,
−A(u) generates a C0 semigroup such that

∥e−sA(u)∥B(X) ≤ eβs, s ∈ [0,∞), u ∈ W (2.2)

7
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(K3 ) For each u ∈ W we have

SA(u)S−1 = A(u) +B(u) (2.3)

where B(u) = [S,A(u)]S−1 ∈ B(X) is uniformly bounded ,that is, there is a
constant µB such that

∥B(u)∥B(X) ≤ µB (2.4)

(K4 ) Y ⊂ D(A(u)) (so that A(u)|Y ∈ B(Y,X) by the Closed Graph Theo-
rem).
The maps u ∈ W 7→ A(u) is Lipschitz continuous in the sense:

∥A(u)− A(v)∥B(Y,X) ≤ µA∥u− v∥X (2.5)

(K5 ) The function F satisfies:

a) For each u ∈ W , the maps t ∈ (0, T0] → F (t, u) ∈ X is continuous.

b) For each t ∈ (0, T0], the maps u ∈ W → F (t, u) ∈ X is Lipschitz conti-
nuous in this topology, that is, there is a constant µF such that:

∥F (t, u)− F (t, v)∥X ≤ µF∥u− v∥X (2.6)

Remarks about K2. In many cases A(u) is defined for all u ∈ Y , so that, W
may be chosen as an arbitrary ball centered in zero.
It is well known that given a C0 semigroup U(s), there are constants M > 0
and β ∈ R and a unique closed operator A (satisfying the conditions of
the Hille-Yosida-Philips Theorem, see [43, Vol.II]) such that U(s) is genera-
ted by −A, i.e. ,U(s) = e−sA. Moreover ∥U(s)∥B(X) ≤ Me−sβ. Conversely,
given a closed operator A satisfying the conditions of the Hille-Yosida-Philips
Theorem, there are M > 0, β ∈ R and a C0 semigroup U(s) satisfying
∥U(s)∥B(X) ≤ Me−sβ. The collection of all such A’s will be denoted by
G(X,M, β).
If A ∈ G(X, 1, 0), that is, if (−A) generates a contraction semigroup, we
say that A is maximally accretive(or m-accretive). If A ∈ G(X, 1, β), that
is, ∥U(s)∥B(X) ≤ Me−sβ,A is said to be quasi maximally accretive(or quasi
m-accretive).

Remark about K3,K4. The relation (2.3) should be satisfied in the strict
sense, including the domain relation. Thus x ∈ X is in D(A(u)) if and only
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if S−1x ∈ D(A(u)) with A(u)S−1x ∈ Y
This strict equality is not as restrictive as it looks: in some sense S−1x is
“better behaved” than an arbitrary element of D(A(u)). Consider KdV for
example, and let A(u) = ∂3x+u∂x, Y = D(A(u)) = Hs(R), s > 3

2
, X = L2(R)

and S = (1− ∂2x)
s
2 . Then if ϕ ∈ D(A(u)), it follows that S−1ϕ ∈ H2s(R) ↪→

Hs(R) = D(A(u)).
This results where extended to G(X,M, β) in [31],[32] and [33] . The

non-Reflexive Spaces case is treated in [35],[37] and [45].

Theorem 2.1.1. (Abstract Local Theory for Quasilinear Equations).
Assume that K1 − K5 are satisfied. Then there exist T ∈ (0, T0] and a
unique u ∈ C([0, T ];Y ) such that (2.1) is satisfied with the derivative taken
with respect to the norm of X.

This theory is studied in [18],[20],[26],[27] and [35]

2.2 Existence and Uniqueness of the BFE

In this section we will apply Kato’s Theory for the Brinkman Flow equation
(BFE).

Theorem 2.2.1. (Existence and Uniqueness)

Let Θ⃗(ρ) = J−2∇P (ρ), J = (1−∆)
1
2 . Define

A(ρ)f = − div (f J−2∇P (ρ)) = − div (fΘ⃗(ρ)), (2.7)

so that the PDE in (1.6) can be written as

∂tρ+ A(ρ)ρ = F (t, ρ). (2.8)

Let ρ0 ∈ Hs(Rn), s > n
2
+ 1 and assume that P and F satisfy the following

assumptions:

a) P maps Hs(Rn) into itself, P (0) = 0 and is Lipschitz in the following
senses:

∥P (ρ)− P (ρ̃)∥s ≤ Ls(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s (2.9)

∥P (ρ)− P (ρ̃)∥ ≤ L̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥ (2.10)

where Ls, L̃s : [0,∞) × [0,∞) → [0,∞) are continuous and monotone
non-decreasing with respect to each of its arguments
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b) F : (0, T0] ×Hs(Rn) −→ Hs(Rn), F (t, 0) = 0 and satisfies the following
Lipschitz conditions:

∥F (t, ρ)− F (t, ρ̃)∥s ≤Ms(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s (2.11)

∥F (t, ρ)− F (t, ρ̃)∥ ≤ M̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥ (2.12)

where Ms, M̃s : [0,∞)× [0,∞) → [0,∞) are continuous and monotone
non-decreasing with respect to each of its arguments

c) For each ρ ∈ W , the map t ∈ (0, T0] → F (t, ρ) is continuous respect to
the topology of X.

Then there exists T ∈ (0, T0] and unique ρ ∈ C([0, T ], Hs) such that (1.6) is
satisfied with the derivative taken with respect to the norm of Hs−1.

Proof. We will verify the assumptions according of abstract theory.

(K1 ) We take the basic spaces X = L2(Rn), Y = Hs(Rn) and we prove
that S = (1−∆)

s
2 = Js is an isomorphism from Y to X.

Let f ∈ Y , applying Parseval Identity we have:

∥S(f)∥ = ∥Js(f)∥ = ∥(1 + ξ2)
s
2 f̂(ξ)∥ = ∥f∥s (2.13)

(K2 ) Since X is a Hilbert space, it is sufficient to prove that A(ρ) is maxi-
mally accretive in X. (See [27],[41] and [43, Vol. II]).⟨

A(ρ)f, f
⟩
≥ −β∥f∥2, ∀f ∈ D(A(ρ)) = Y ; ρ ∈ W ⊂ Y (2.14)

Integrating by parts and Sobolev Lemma, implies⟨
A(ρ)f, f

⟩
=

⟨
− div (f Θ⃗(ρ)), f

⟩
= −

n∑
i=1

∫
f∂xi(f Θi(ρ)) dx (2.15)

=
n∑
i=1

∫
f∂xif Θi(ρ) dx =

1

2

n∑
i=1

∫
∂xi(f

2)Θi(ρ) dx

= −1

2

n∑
i=1

∫
f 2∂xiΘi(ρ) dx = −1

2

∫
(div Θ⃗(ρ))f 2 dx

≥ − ∥div Θ⃗(ρ)∥L∞

2︸ ︷︷ ︸
β

∥f∥2
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Rg(A(ρ) + λ) = X = L2(Rn),∀λ > β

The fact that A(ρ) is a closed operator combined with the inequality (2.14)
shows that (A(ρ) + λ) has closed range for all λ > β
Thus it suffices to show that (A(ρ)+λ) has dense range for λ > β. For this, is
sufficient to prove that R(A(ρ)+λ)⊥ = {0}, because A(ρ) is a linear operator.

Let g ∈ L2(Rn) :
⟨
(A(ρ) + λ)f, g

⟩
= 0, ∀f ∈ D(A(ρ)) = Hs(Rn)

Integrating by parts, yields

⟨
(A(ρ) + λ)f, g

⟩
= 0 ⇒

⟨
A(ρ)f, g

⟩
+
⟨
λf, g

⟩
= 0 (2.16)

⇒
⟨
f,∇g Θ⃗(ρ)

⟩
+
⟨
λf, g

⟩
= 0

⇒
⟨
f,∇g Θ⃗(ρ) + λg

⟩
= 0, ∀f ∈ D(A(ρ)) = Hs(Rn)

⇒ ∇g Θ⃗(ρ) + λg = 0

Therefore, multiplying by g, integrating by parts, and using (2.14) we have:

g∇g Θ⃗(ρ) + λg2 = 0 ⇒ 1

2

∫
∇(g2) Θ⃗(ρ) dx+ λ∥g∥2 = 0 (2.17)

⇒ −1

2

∫
g2div Θ⃗(ρ) dx︸ ︷︷ ︸

=
⟨
A(ρ)g,g

⟩ +λ∥g∥2 = 0

⇒
⟨
A(ρ)g, g

⟩
+ λ∥g∥2 = 0

⇒ 0 ≥ −β∥g∥2 + λ∥g∥2 = (λ− β)∥g∥2

⇒ g = 0

(K3 ) Let W = {ρ ∈ Hs(Rn) : ∥ρ∥s ≤ R}.

B(ρ) = [S,A(ρ)]S−1 ∈ B(L2) ⇔ [S,A(ρ)] ∈ B(Hs, L2), ∥[S,A(ρ)]∥B(Hs,L2) ≤ µB
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Let f ∈ Hs(Rn)

[S,A(ρ)]f = SA(ρ)f − A(ρ)Sf = −Jsdiv (fΘ⃗(ρ)) + div ((Jsf)Θ⃗(ρ))

= −Js
[ n∑
i=1

∂xi(fΘi(ρ))
]
+

n∑
i=1

∂xi((J
sf)Θi(ρ))

= −
n∑
i=1

[
Js(∂xiΘi(ρ)f)− ∂xiΘi(ρ)(J

sf)
]

−
n∑
i=1

[
Js(Θi(ρ)∂xif)−Θi(ρ)∂xi(J

sf)
]

= −
n∑
i=1

[
Js, ∂xiΘi(ρ)

]
f︸ ︷︷ ︸

A

−
n∑
i=1

[
Js,Θi(ρ)

]
∂xif︸ ︷︷ ︸

B

(2.18)

Using Lemma A.1.1 in Appendix,∥J−2∂xi∥B(Hs,Hs+1) ≤ 1 and (2.9)

∥A∥ ≤
n∑
i=1

∥∥[Js, ∂xiΘi(ρ)]f
∥∥ ≤ c

n∑
i=1

∥∇∂xiΘi(ρ)∥s−1∥f∥s−1 (2.19)

≤ c
√
n∥f∥s−1

n∑
i=1

∥∂xiΘi(ρ)∥s ≤ c
√
n∥f∥s

n∑
i=1

∥Θi(ρ)∥s+1

≤ c
√
n∥f∥s

n∑
i=1

∥J−2∂xi∥B(Hs,Hs+1)∥P (ρ)∥s ≤ c n
√
n∥f∥s∥P (ρ)− P (0)∥s

≤ c n
√
nLs(∥ρ∥s, 0)∥ρ∥s∥f∥s ≤ µ(R)∥f∥s

∥B∥ ≤
n∑
i=1

∥∥[Js,Θi(ρ)]∂xif
∥∥ ≤ c

n∑
i=1

∥∇Θi(ρ)∥s−1∥∂xif∥s−1 (2.20)

≤ c
√
n∥f∥s

n∑
i=1

∥Θi(ρ)∥s+1 ≤ ...... ≤ c n
√
nLs(∥ρ∥s, 0)∥ρ∥s∥f∥s

≤ µ(R)∥f∥s

Then

∥[S,A(ρ)]f∥ ≤ ∥A∥+∥B∥ ≤ 2µ(R)∥f∥ ⇒ ∥[S,A(ρ)]∥B(Hs,L2) ≤ 2µ(R) = µB(R)
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(K4 ) D(A(ρ)) = Hs(Rn); ∥A(ρ)− A(ρ̃)∥B(Hs,L2) 5 µA∥ρ− ρ̃∥L2

Let f ∈ Hs(Rn).

∥(A(ρ)− A(ρ̃))f∥ = ∥div (fΘ⃗(ρ̃))− div (fΘ⃗(ρ))∥ (2.21)

≤
n∑
i=1

∥∂xi [f(Θi(ρ)−Θi(ρ̃))]∥

=
n∑
i=1

∥(∂xif)(Θi(ρ)−Θi(ρ̃)) + f∂xi(Θi(ρ)−Θi(ρ̃))∥

≤
n∑
i=1

∥(∂xif)(Θi(ρ)−Θi(ρ̃))∥︸ ︷︷ ︸
C

+
n∑
i=1

∥f∂xi(Θi(ρ)−Θi(ρ̃))∥︸ ︷︷ ︸
D

Using Sobolev Lemma, ∥J−2∂xi∥B(L2,H1) ≤ 1 and (2.10).

C ≤ ∥∂xif∥L∞∥Θi(ρ)−Θi(ρ̃)∥ (2.22)

. ∥∂xif∥s−1∥Θi(ρ)−Θi(ρ̃)∥1

. ∥f∥s∥J−2∂xi∥B(L2;H1)∥∥P (ρ)− P (ρ̃)∥

. ∥f∥s L̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥

D ≤ ∥f∥L∞∥∂xi(Θi(ρ)−Θi(ρ̃))∥ (2.23)

. ∥f∥s∥(Θi(ρ)−Θi(ρ̃))∥1

. ∥f∥s∥J−2∂xi∥B(L2;H1)∥∥P (ρ)− P (ρ̃)∥

. ∥f∥s L̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥
Then

∥(A(ρ)− A(ρ̃))f∥ . 2∥f∥s L̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥ (2.24)

. µA(R)∥ρ− ρ̃∥∥f∥s
⇒ ∥A(ρ)− A(ρ̃)∥B(Hs,L2) ≤ µA(R)∥ρ− ρ̃∥

(K5 ) This assumptions is satisfied due to the conditions about F in Theorem
2.2.1 b).

2.3 Continuous Dependence of the initial data

To formulate the continuous dependence of the solution u on the data, we
consider the sequence of value initial problems for n ∈ N ∪ {∞}:
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{
∂tu

n + An(un)un = F n(t, un) ∈ X, t ∈ (0, T0]

un(0) = un0 ∈ Y
(2.25)

Theorem 2.3.1. Assume that K1 − K5 hold for all equations in the se-
quence, with the same X,Y, S,W , and that the corresponding constants µB, µA, µF
can be chosen independently of n.
Assume also that:

a) The maps u ∈ W → B(u) = [S,A(u)]S−1 ∈ B(X) is Lipschitz continuous
in the sense:

∥B(u)−B(v)∥B(X) ≤ λB∥u− v∥Y (2.26)

b) The function F : [0, T0]×W → Y is bounded,i.e.,there exists a constant
λF ≥ 0 such that:

∥F (t, u)∥Y ≤ λF (2.27)

c) For each t ∈ (0, T0], the maps u ∈ W → F (t, u) ∈ Y is Lipschitz conti-
nuous in this topology,i.e, there is a constant λFF such that:

∥F (t, u)− F (t, v)∥Y ≤ λFF∥u− v∥Y (2.28)

d) An(u) → A(u) strongly in B(Y,X)

e) Bn(u) → B(u) strongly in B(X)

f) F n(t, u) → F (t, u) strongly in Y.

If u0, u
n
0 ∈ W and un0 → u0 in the topology of Y, then there is 0 < T ′′ ≤ T0,

such that there are unique solutions un ∈ C([0, T ′′],W ) ∩C1([0, T ′′], X) with
un(0) = un0 to (2.25) and a unique solution u in the same class. Moreover,
we have: un(t) → u(t) in Y, uniformly in t ∈ [0, T ′′].

See [18],[26] and [35].

Consider the following sequence of initial value problems for the BFE.

{
∂tρ

n − div [ρn(1−∆)−1∇P n(ρ)] = F n(t, ρn), x ∈ Rn, 0 < t ≤ T

ρn(0) = (ρ0)
n (2.29)

Consider the same basic spaces X = L2(Rn), Y = Hs(Rn),W ⊂ Y, S =
(1−∆)

s
2 = Js
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Theorem 2.3.2. (Continuous Dependence). In addition to the assump-
tions in Theorem 2.2.1, assume that:
The sequences P n and F n satisfies

a) P n(ρ)
Hs︷︸︸︷−→ P (ρ), n→ ∞, ρ ∈ W

b) F n(t, ρ)
Hs︷︸︸︷−→ F (t, ρ), n→ ∞, (t, ρ) ∈ (0, T0]×W

If ρ0, ρ
n
0 ∈ W and ρn0 → ρ0 in the topology of Y, then there is 0 < T ′′ ≤ T0,

such that there are unique solutions ρn ∈ C([0, T ′′];W ) ∩ C1([0, T ′′];Hs−1)
with ρn(0) = ρn0 to (2.29) and a unique solution ρ(t) in the same class.
Moreover, we have: ρn(t) → ρ(t) in Y, uniformly in t ∈ [0, T ′′].

Proof. We will verify the assumptions of abstract theorem. The assump-
tions about F , are satisfied immediately, by conditions imposed in Theorem
2.2.1(b) and this Theorem (2.3.2 (b)).

a) B(ρ) is Lipschitz continuous in the sense:

∥B(ρ)−B(ρ̃)∥B(L2) ≤ λB∥ρ− ρ̃∥s (2.30)

Firstly, we prove that: ∥A(ρ)−A(ρ̃)∥B(Hs,L2) ≤ nLs(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s
Let f ∈ Hs(Rn) ⊆ L2(Rn).

∥(A(ρ)− A(ρ̃))f∥ = ∥div (f.Θ⃗(ρ̃))− div (f.Θ⃗(ρ))∥ (2.31)

≤
n∑
i=1

∥∂xi [f(Θi(ρ)−Θi(ρ̃))]∥

≤
n∑
i=1

∥f [Θi(ρ)−Θi(ρ̃)]∥1 ≤
n∑
i=1

∥f [Θi(ρ)−Θi(ρ̃)]∥s

≤ ∥f∥s
n∑
i=1

∥Θi(ρ)−Θi(ρ̃)∥s+1

≤ ∥f∥s
n∑
i=1

∥J−2∂xi∥B(Hs,Hs+1)∥P (ρ)− P (ρ̃)∥s

≤ nLs(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s∥f∥s

Therefore, we have

∥A(ρ)− A(ρ̃)∥B(Hs,L2) ≤ nLs(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s (2.32)
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The result follows of the assumptions of A(ρ) and the domain conditions
described in Remark about K3,K4, in Section 2.1

d) Let f ∈ Hs(Rn)

An(ρ)f = −div [f.J−2∇P n(ρ)] (2.33)

= −
n∑
i=1

∂xi [fJ
−2∂xiP

n(ρ)]

Hs−1︷ ︸︸ ︷−→ ..... −→−
n∑
i=1

∂xi [fJ
−2∂xiP (ρ)]

= −div [fJ−2∇P (ρ)]
= A(ρ)f

=⇒ An(ρ) −→︸︷︷︸
B(Hs,Hs−1)

A(ρ)

e) Let f ∈ L2(Rn)

Bn(ρ)f = [S,An(ρ)]S−1f (2.34)

L2︷ ︸︸ ︷−→ ... −→[S,A(ρ)]S−1f

= B(ρ)f

=⇒ Bn(ρ) −→︸︷︷︸
B(L2)

B(ρ)

Therefore, continuous dependence follows.

Remark. Note that although we took X = L2(Rn), in the sections 2.2
and 2.3, the differential equation in (2.8) implies that ∂tρ ∈ Hs−1.



Chapter 3

Global Theory

This Chapter will make use of Parabolic Regularization technique and Com-
parison Principle, to obtain the Hs (s > n

2
+ 1) global estimate for solutions

of BFE.

3.1 Parabolic Regularization of the BFE

3.1.1 Existence and uniqueness of Regularized BFE

In this section we begin the analysis of the problem:

{
∂tρµ = µ∆ρµ + div [ρµJ

−2∇P (ρµ)] + F (t, ρµ) ∈ Hs−2(Rn), t ∈ I = (0, T0]

ρµ(0) = ρ0 ∈ Hs(Rn)

(3.1)

where µ > 0 and the time derivative is computed in the norm of Hs−2.
The nonlinearity F̃ (t, ρ) = div [ρJ−2∇P (ρ)] + F (t, ρ) has the following pro-
perties:

Lemma 3.1.1. Let s > n
2
+1 be fixed, P, F satisfy (2.9)-(2.12) as in Theorem

2.2.1. Then F̃ (t, ρ) is a continuous map from I ×Hs to Hs−1 and satisfies
the estimates

∥F̃ (t, ρ)− F̃ (t, ρ̃)∥s−1 ≤ γ(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s (3.2)⟨
ρ− ρ̃, F̃ (t, ρ)− F̃ (t, ρ̃)

⟩
≤ L0(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2 (3.3)

17
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for all ρ, ρ̃ ∈ Hs, where γ, L0 : R+ × R+ −→ R+ are continuous functions,
monotone nondecreasing with respect to each of their arguments.

Proof. ∥∥F̃ (t, ρ)− F̃ (t, ρ̃)
∥∥
s−1

=
∥∥div (ρ Θ⃗(ρ))− div (ρ̃ Θ⃗(ρ̃)) + F (t, ρ)− F (t, ρ̃)

∥∥
s−1

≤
∥∥div [ρ Θ⃗(ρ)− ρ̃ Θ⃗(ρ̃)

]∥∥
s−1

+
∥∥F (t, ρ)− F (t, ρ̃)

∥∥
s−1

≤
∥∥div [ρ(Θ⃗(ρ)− Θ⃗(ρ̃))

]∥∥
s−1︸ ︷︷ ︸

=F1

+
∥∥div [(ρ− ρ̃)Θ⃗(ρ̃)

]∥∥
s−1︸ ︷︷ ︸

=F2

+
∥∥F (t, ρ)− F (t, ρ̃)

∥∥
s−1

(3.4)

Applying the fact thatHs(Rn), s > n
2
is a Banach Algebra, ∥J−2∂xi∥B(Hs,Hs+1) ≤

1, ∀i and (2.9) we have:

F1 =
∥∥ n∑
i=1

∂xi
[
ρ(Θi(ρ)−Θi(ρ̃))

]∥∥
s−1

≤
n∑
i=1

∥∥ρ[Θi(ρ)−Θi(ρ̃)
]∥∥

s
(3.5)

. ∥ρ∥s
n∑
i=1

∥∥Θi(ρ)−Θi(ρ̃)
∥∥
s
. ∥ρ∥s

n∑
i=1

∥∥Θi(ρ)−Θi(ρ̃)
∥∥
s+1

. ∥ρ∥s
n∑
i=1

∥∥P (ρ)− P (ρ̃)
∥∥
s
. n∥ρ∥sLs(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s

F2 =
∥∥∥ n∑
i=1

∂xi
[
(ρ− ρ̃)Θi(ρ̃)

]∥∥∥
s−1

≤
n∑
i=1

∥∥∂xi[(ρ− ρ̃)Θi(ρ̃)
]∥∥

s−1
(3.6)

. ∥ρ− ρ̃∥s
n∑
i=1

∥Θi(ρ̃)∥s+1 . ∥ρ− ρ̃∥s
n∑
i=1

∥∥P (ρ̃)∥∥
s

. nLs(∥ρ̃∥s, 0)∥ρ− ρ̃∥s∥ρ̃∥s (3.7)

Finally, using (2.11), we have∥∥F̃ (t, ρ)− F̃ (t, ρ̃)
∥∥
s−1

≤ γ(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥s (3.8)

with

γ(∥ρ∥s, ∥ρ̃∥s) = n
[
∥ρ∥sLs(∥ρ∥s, ∥ρ̃∥s) + ∥ρ̃∥sLs(∥ρ̃∥s, 0)

]
+Ms(∥ρ∥s, ∥ρ̃∥s)

(3.9)
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The continuity of F̃ is a consequence of (3.8). As I ×Hs(Rn) is complete,we
prove that F̃ is sequentially continuous. Let tn → t, ρn → ρ in Hs ⇒
∃τ > 0, M > 0 : ∥tn∥ ≤ τ ; ∥ρn∥ ≤ N for large n. Then∥∥F̃ (tn, ρn)− F̃ (t, ρ)

∥∥
s−1

≤ γ(∥ρn∥s, ∥ρ∥s)∥ρn − ρ∥s (3.10)

≤ C(N)∥ρn − ρ∥s −→ 0 as n→ ∞
where C(N) is a constant depending of N .
On the other hand, estimating (3.3)⟨

ρ− ρ̃, F̃ (t, ρ)− F̃ (t, ρ̃)
⟩

=
⟨
ρ− ρ̃, div

[
ρ Θ⃗(ρ)− ρ̃ Θ⃗(ρ̃)

]⟩︸ ︷︷ ︸
=C1

+
⟨
ρ− ρ̃, F (t, ρ)− F (t, ρ̃)

⟩
︸ ︷︷ ︸

=C2

(3.11)

Integrating by parts

C1 =
n∑
i=1

⟨
ρ− ρ̃, ∂xi

[
ρΘi(ρ)− ρ̃Θi(ρ̃)

]⟩
(3.12)

= −
n∑
i=1

⟨
∂xi(ρ− ρ̃), ρΘi(ρ)− ρ̃Θi(ρ̃)

⟩
= −

n∑
i=1

⟨
∂xi(ρ− ρ̃), ρ(Θi(ρ)−Θi(ρ̃))

⟩
︸ ︷︷ ︸

=C11

−
n∑
i=1

⟨
∂xi(ρ− ρ̃), (ρ− ρ̃)Θi(ρ̃)

⟩
︸ ︷︷ ︸

=C12

C11 = −
n∑
i=1

⟨
∂xi(ρ− ρ̃), ρJ−2∂xi(P (ρ)− P (ρ̃))

⟩
(3.13)

=
n∑
i=1

⟨
(ρ− ρ̃), ∂xi

[
ρJ−2∂xi(P (ρ)− P (ρ̃))

]⟩
=

n∑
i=1

⟨
(ρ− ρ̃), (∂xiρ)J

−2∂xi(P (ρ)− P (ρ̃))
⟩

︸ ︷︷ ︸
=C111

+
n∑
i=1

⟨
(ρ− ρ̃), ρJ−2∂2xi(P (ρ)− P (ρ̃))

⟩
︸ ︷︷ ︸

C112
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Applying Cauchy-Schwartz inequality, Sobolev’s Lemma, (2.10)and the in-
equalities ∥J−2∂xi∥B(L2,H1) ≤ 1, ∥J−2∂2xi∥B(L2) ≤ 1,

C111 ≤
n∑
i=1

∥∥ρ− ρ̃
∥∥∥∥(∂xiρ)J−2∂xi(P (ρ)− P (ρ̃))

∥∥ (3.14)

≤
n∑
i=1

∥∥ρ− ρ̃
∥∥∥∥(∂xiρ)∥∥L∞

∥∥J−2∂xi
∥∥
B(L2,H1)

∥∥P (ρ)− P (ρ̃)
∥∥

.
n∑
i=1

∥∥ρ− ρ̃
∥∥∥∥ρ∥∥

s

∥∥J−2∂xi
∥∥
B(L2,H1)

L̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥

. n∥ρ∥sL̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2

C112 ≤
n∑
i=1

∥∥ρ− ρ̃
∥∥∥∥ρJ−2∂2xi(P (ρ)− P (ρ̃))

∥∥ (3.15)

≤
n∑
i=1

∥∥ρ− ρ̃
∥∥∥∥ρ∥∥

L∞

∥∥J−2∂2xi
∥∥
B(L2)

∥∥P (ρ)− P (ρ̃)
∥∥

.
n∑
i=1

∥∥ρ− ρ̃
∥∥∥∥ρ∥∥

s

∥∥J−2∂2xi
∥∥
B(L2)

L̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥

. n∥ρ∥sL̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2

Integrating by parts, using Sobolev’s Lemma, positivity of the pressure and
∥J−2∥B(Hs,Hs+2) ≤ 1, we obtain

C12 = −
n∑
i=1

⟨
(ρ− ρ̃)∂xi(ρ− ρ̃),Θi(ρ̃)

⟩
= −1

2

n∑
i=1

⟨
∂xi(ρ− ρ̃)2, J−2∂xiP (ρ̃)

⟩
=

1

2

⟨
(ρ− ρ̃)2, J−2∆P (ρ̃)

⟩
=

1

2

[⟨
(ρ− ρ̃)2, J−2P (ρ̃)

⟩
−
⟨
(ρ− ρ̃)2, P (ρ̃)

⟩]
≤ 1

2

⟨
(ρ− ρ̃)2, J−2P (ρ̃)

⟩
≤ 1

2
∥J−2P (ρ̃)∥L∞∥ρ− ρ̃∥2

. 1

2
∥J−2∥B(Hs,Hs+2)∥P (ρ̃)∥s∥ρ− ρ̃∥2 . 1

2
Ls(∥ρ̃∥s, 0)∥ρ̃∥s∥ρ− ρ̃∥2

(3.16)

Substituting
(
3.14

)
,
(
3.15

)
in

(
3.13

)
, and

(
3.16

)
in

(
3.12

)
; we have:

C1 =
⟨
ρ− ρ̃, div

[
ρ Θ⃗(ρ)− ρ̃ Θ⃗(ρ̃)

]⟩
. C̃(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2 (3.17)



3.1. PARABOLIC REGULARIZATION OF THE BFE 21

where

C̃(∥ρ∥s, ∥ρ̃∥s) = 2n∥ρ∥sL̃s(∥ρ∥s, ∥ρ̃∥s) +
1

2
∥ρ̃∥sLs(∥ρ̃∥s, 0) (3.18)

Consider (2.12) in the last term in (3.11) we have:

C2 ≤
∣∣⟨ρ− ρ̃, F (t, ρ)− F (t, ρ̃)

⟩∣∣ ≤ ∥ρ− ρ̃∥∥F (t, ρ)− F (t, ρ̃)∥ (3.19)

≤ M̃s(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2

Finally, substituting (3.17) and (3.19) in (3.11) we have⟨
ρ− ρ̃, F̃ (t, ρ)− F̃ (t, ρ̃)

⟩
≤ L0(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2 (3.20)

with
L0(∥ρ∥s, ∥ρ̃∥s) = C̃(∥ρ∥s, ∥ρ̃∥s) + M̃s(∥ρ∥s, ∥ρ̃∥s) (3.21)

This finishes the proof.

In what follows, we consider the linear part of (3.1) and prove certain
properties of the semigroup ([41]) associated to it.

Applying the Fourier transform to linear part, we have:

∂̂tρµ(ξ) = ∂tρ̂µ(ξ) = −µξ2ρ̂µ(ξ) ⇒ ρ̂µ(ξ) = e−µtξ
2

ρ̂0(ξ) (3.22)

Then
ρµ(t) = Uµ(t)ρ0 = eµt∆ρ0 := (e−µtξ

2

ρ̂0(ξ))
∨ (3.23)

In the next lemma, we will show the smoothing properties of semigroup Uµ(t)

Lemma 3.1.2. Let λ ∈ [0,∞); s ∈ R.

a) Uµ(t) ∈ B(Hs(Rn), Hs+λ(Rn)),∀t > 0 and satisfies:

∥Uµ(t)(φ)∥s+λ ≤ Kλ

[
1 +

( 1

2µt

)λ] 1
2∥φ∥s (3.24)

where gµ(t) = Kλ

[
1+

(
1

2µt

)λ] 1
2 ∈ L1

loc([0,∞)) if λ < 2, Kλ is a constant

depending only on λ.
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b) The maps t ∈ (0,∞) → Uµ(t)φ is continuous with respect to the topology
of Hs+λ(Rn)

Proof. See [16],[17] and [18].

We are now in position to start the analysis of (3.1). The first step is to
obtain a convenient integral equation that can be used to solve it.

Theorem 3.1.1. Problem (3.1) is equivalent to the integral equation

ρµ(t) = eµt∆ρ0 +

∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′ (3.25)

More precisely, if ρµ ∈ C([0, T0], H
s) is a solution of (3.1) then ρµ satisfies

(3.25). Conversely, if ρµ ∈ C([0, T0], H
s) solves (3.25) then ρµ ∈ C1([0, T0], H

s−2)
and satisfies (3.1).

Proof. In the first step we prove that if ρµ ∈ C([0, T ], Hs) is a solution of
(3.1) then ρµ satisfies (3.25)

Using the method of variation of parameters and Fourier Transform, we
propose the solution to the nonlinear transformed equation is in the form
ρ̂µ(t) = C(t)e−µtξ

2
. Then, we substitute it in the transformed partial diffe-

rential equation, to obtain

C(t) =

∫ t

0

̂̃F (t′, ρµ(t′)) eµt′ξ2 dt′ + c0 (3.26)

where c0 is a constant of integration
Using the initial condition ρ0, then c0 = C(0) = ρ̂0
Therefore, applying inverse Fourier Transform, follows the integral equation
for a solution.

On the other hand, we prove that a solution of the integral equation satisfies
a partial differential equation.

We define

v(t) =

∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′ ; t ∈ [0, T0] (3.27)
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v(t+ h)− v(t)

h
=

1

h

{∫ t+h

0

eµ(t+h−t
′)∆F̃ (t′, ρµ(t

′)) dt′ −
∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′
}
=

1

h

{∫ t

0

eµh∆eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′ +

∫ t+h

t

eµh∆eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′−∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′
}
=

1

h

(
eµh∆−Id

)∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′+
1

h

∫ t+h

t

eµ(t+h−t
′)∆F̃ (t′, ρµ(t

′)) dt′

(3.28)

Applying the Bochner Integral Mean Value ([15],[49]) in the final equality
with ηh ∈ [t, t+ h] follows

v(t+ h)− v(t)

h
=

1

h

(
eµh∆ − Id

)∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′ + eµ(t+h−ηh)∆F̃ (ηh, ρµ(ηh)) (3.29)

Applying limit as h→ 0+ in (3.29), we obtain

∂+t v(t) = µ∆

∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′ + F̃ (t, ρµ(t)) (3.30)

Making the same analysis and considering h < 0, we have that ∂−t v(t) =
∂+t v(t). This implies that there exists ∂tv(t) = ∂+t v(t) = ∂−t v(t)
Now, considering the integral equation and the definition of v(t), we have

∂tρµ(t) = ∂t
[
eµt∆ρ0 + v(t)

]
= ∂t(e

µt∆ρ0) + ∂tv(t) (3.31)

Applying properties of continuous semigroup ([41, Chap. 1], [18, App.]) eµt∆

in (3.31), follows the result

∂tρµ(t) = µ∆eµt∆ρ0 + µ∆

∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′ + F̃ (t, ρµ(t)) (3.32)

= µ∆
[
eµt∆ρ0 +

∫ t

0

eµ(t−t
′)∆F̃ (t′, ρµ(t

′)) dt′
]
+ F̃ (t, ρµ(t)) (3.33)

= µ∆ρµ(t) + F̃ (t, ρµ(t)) (3.34)
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Finally, as the the operator µ∆ : Hs −→ Hs−2 and F̃ (t, ρµ(t)) ∈ Hs−1 ↪→
Hs−2 we have that ρµ(t) ∈ C1([0, T0], H

s−2).

We will prove that the above integral equation, has a unique solution in
C([0, T µ];Hs) for any 0 < T µ ≤ T0 and for all µ > 0.

Theorem 3.1.2. Let µ > 0 be fixed and ρ0 ∈ Hs(Rn), s > n
2
. Then

there exists T µ = T (s, ∥ρ0∥s, µ) and a unique function ρµ ∈ C([0, T µ], Hs) ∩
C((0, T µ];H∞) satisfying the integral equation (3.25).

Proof. We have:

ρµ(t) =

∈Y=Hs(Rn), (λ=1)︷ ︸︸ ︷
eµt∆ρ0︸ ︷︷ ︸
∈Hs(Rn)

+

∫ t

0

eµ(t−t
′)∆

[
div [ρµ(1−∆)−1∇P (ρµ)] + F (t′, ρµ(t

′))
]︸ ︷︷ ︸

∈Hs−1(Rn)

dt′

︸ ︷︷ ︸
∈V=Hs−1+λ(Rn)

(3.35)

Consider the spaces V = Hs−1+λ(Rn), Y = Hs(Rn). Thus, we have that
V ⊆ Y ⊆ X = Hs−2(Rn) if λ ≥ 1. In the rest of the proof of theorem, we
use λ = 1 for simplicity.

Consider the map

B(v(t)) = Uµ(t)ρ0 +

∫ t

0

Uµ(t− t′)F̃ (t′, v(t′)) dt′ (3.36)

defined in the complete metric space

Xs(T0) =
{
v ∈ C([0, T0], H

s(Rn)) :
∥∥v(t)− Uµ(t)ρ0

∥∥ ≤M, ∀t ∈ [0, T0]
}

(3.37)
when the topology in the space Xs(T0) is defined by the sup-norm, that is
d(v, w) = supt∈[0,T0] ∥v(t)− w(t)∥s, with v, w ∈ Xs(T0)

We will show that by taking T µ sufficiently small the map (3.36) is a con-
traction in Xs(T0). Once this is established, we will show that this is in fact
the only possible solution in C([0, T µ], Hs(Rn)).
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Let v(t) ∈ Xs(T0), it is easy to see that ∥v(t)∥s ≤M +∥ρ0∥s. The continuity
of the semigroup Uµ(t) and F̃ (t, ρ) implies that B(v(t)) ∈ C([0, T0], H

s(Rn)).

On other hand, considering the properties of semigroup Uµ(t) in Lemma
3.1.2 and F̃ (t, v(t)), yields

∥B(v(t))− Uµ(t)ρ0∥s ≤
∫ t

0

∥Uµ(t− t′)F̃ (t′, v(t′))∥s dt′ (3.38)

≤
∫ t

0

gµ(t− t′)∥F̃ (t′, v(t′))∥s−1 dt
′

≤
∫ t

0

gµ(t− t′)γ(∥v(t′)∥s, 0)∥v(t′)∥s dt′

≤ (M + ∥ρ0∥s)γ(M + ∥ρ0∥s, 0)
∫ t

0

gµ(r) dr

≤ (M + ∥ρ0∥s)γ(M + ∥ρ0∥s, 0)
∫ T0

0

gµ(r) dr

As gµ(r) ∈ L1
loc([0,∞))

γ(M + ∥ρ0∥s, 0)
∫ T0

0

gµ(r) dr −→ 0, as T0 → 0 (3.39)

Then

∃ τ ∈ (0, T0] : γ(M + ∥ρ0∥s, 0)
∫ τ

0

gµ(r) dr ≤
M

M + ∥ρ0∥s
≤ 1 (3.40)

Therefore, we have

∃ τ ∈ (0, T0] : ∥B(v(t))− Uµ(t)ρ0∥s ≤M ⇒ B(v(t)) ∈ X(τ) (3.41)

Next, we will prove that this map is a contraction: Let v(t), w(t) ∈ X(τ)

∥B(v(t))−B(w(t))∥s ≤
∫ t

0

∥∥Uµ(t− t′)[F̃ (t′, v(t′))− F̃ (t′, w(t′))]
∥∥
s
dt′

≤
∫ t

0

gµ(t− t′)
∥∥F̃ (t′, v(t′))− F̃ (t′, w(t′))

∥∥
s−1

dt′

≤
∫ t

0

gµ(t− t′)γ(∥v(t′)∥s, ∥w(t′)∥s)∥v(t′)− w(t′)∥s dt′

≤
[
γ(M + ∥ρ0∥s,M + ∥ρ0∥s)

∫ t

0

gµ(r) dr
]
d(v, w)

(3.42)
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Then

d(B(v), B(w)) ≤
[
γ(M + ∥ρ0∥s,M + ∥ρ0∥s)

∫ τ

0

gµ(r) dr
]
d(v, w) (3.43)

Similarly

γ(M + ∥ρ0∥s,M + ∥ρ0∥s)
∫ τ

0

gµ(r) dr −→ 0, as τ → 0 (3.44)

Then

∃T µ ∈ (0, τ ] : γ(M + ∥ρ0∥s,M + ∥ρ0∥s)
∫ Tµ

0

gµ(r) dr = δ < 1 (3.45)

Therefore, we have

∃T µ ∈ (0, τ ] : d(B(v), B(w)) ≤ δ d(v, w) (3.46)

Existence and uniqueness in Xs(T0) is a usual application of Banach’s fixed
Point Theorem. This gives us T µ and ρµ ∈ C([0, T µ], Hs(Rn)). The fact
that ρµ ∈ C((0, T µ], H∞(Rn)) now follows from the integral equation using
a simple bootstrapping argument with λ ∈ (1, 2)
Next we deal with uniqueness in C([0, T µ], Hs(Rn)). This is a immediately
consequence of the following weak continuous dependence result (weak in the
sense that we consider the same intervals of existence of solutions).

Lemma 3.1.3. Let µ > 0 and ρµ, ρ̃µ solutions of (3.1) in C([0, T µ], Hs(Rn))
with initial condition data ρ0, ρ̃0 respectively. Then

∥ρµ(t)− ρ̃µ(t)∥s ≤ eγ(M̂,M̂)∥ρ0 − ρ̃0∥s (3.47)

where M̂ = max
[
supt∈[0,Tµ] ∥ρµ(t)∥s, supt∈[0,Tµ] ∥ρ̃µ(t)∥s

]
Proof. Let ρµ(t), ρ̃µ(t) ∈ C((0, T µ], Hs(Rn)), with initial conditions ρ0, ρ̃0 res-
pectively.

Then

∥ρµ(t)− ρ̃µ(t)∥s
≤ ∥Uµ(t)(ρ0 − ρ̃0)∥s +

∥∥∥ ∫ t0 Uµ(t− t′)
[
F̃ (t′, ρµ(t

′))− F̃ (t′, ρ̃µ(t
′))
]
dt′

∥∥∥
s

≤ ∥ρ0 − ρ̃0∥s +
∫ t
0
gµ(t− t′)∥F̃ (t′, ρµ(t′))− F̃ (t′, ρ̃µ(t

′)∥s−1 dt
′

≤ ∥ρ0 − ρ̃0∥s +
∫ t
0
gµ(t− t′)γ(∥ρµ(t′)∥s, ∥ρ̃µ(t′)∥s)∥ρµ(t′)− ρ̃µ(t

′)∥s dt′

≤ ∥ρ0 − ρ̃0∥s + γ(M̂, M̂)
∫ t
0
gµ(t− t′)∥ρµ(t′)− ρ̃µ(t

′)∥s dt′
(3.48)
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Applying Gronwall’s inequality in (3.48)

∥ρµ(t)− ρ̃µ(t)∥s ≤ eγ(M̂,M̂)∥ρ0 − ρ̃0∥s (3.49)

Finally, uniqueness of solution in C([0, T µ], Hs(Rn)) follows of the above
inequality taking the same initial conditions for the solution, i.e.,

∥ρµ(t)− ρ̃µ(t)∥s ≤ 0 ⇒ ρµ(t) = ρ̃µ(t), ∀t ∈ [0, T µ] (3.50)

This finishes the proof.

3.1.2 Existence and uniqueness of BFE

Our aim in this subsection is to establish local existence and uniqueness
theorems for the problem (1.6) in certain Sobolev spaces. To do this, one of
the fundamental steps is to prove that the solution of (3.1) can be extended
to an interval independent of µ, because the main difficulty is that T µ → 0
as µ→ 0. Finally we will take the limit when µ→ 0.

Lemma 3.1.4. Assume that µ > 0 and that P, F satisfy (2.9),(2.10) and
(2.11),(2.12) respectively for some fixed s > n

2
. Then there exists T̃s =

T̃ (s, ∥ρ0∥s) independent of µ > 0, such that all solutions ρµ(t) can be ex-

tended, if necessary, to (0, T̃s] satisfying
∥∥ρµ(t)∥∥2

s
≤ h(t); t ∈ [0, T̃s].

Proof. Considering ρ = ρµ(t) ∈ C((0, T µ];H∞(Rn)), the following calcula-
tions are entirely rigorous.

∂t∥ρ∥2s = 2
⟨
ρ, ∂tρ

⟩
s

(3.51)

= 2
[⟨
ρ, µ∆ρ

⟩
s︸ ︷︷ ︸

=B1

+
⟨
ρ, F (t, ρ)

⟩
s︸ ︷︷ ︸

=B2

+
⟨
ρ, div

(
ρ Θ⃗(ρ)

)⟩
s︸ ︷︷ ︸

=B3

]

As H0 = −∆ is a self-adjoint and positive operator, in Hs.

B1 = −µ
⟨
ρ,H0ρ

⟩
s
= −µ

≥0︷ ︸︸ ︷⟨
H0ρ, ρ

⟩
s
≤ 0 (3.52)
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Applying Cauchy Schwartz inequality and properties of F

B2 =
⟨
ρ, F (t, ρ)

⟩
s
≤

∣∣⟨ρ, F (t, ρ)⟩
s

∣∣ (3.53)

≤ ∥ρ∥s∥F (t, ρ)∥s = ∥ρ∥s∥F (t, ρ)−
=0︷ ︸︸ ︷

F (t, 0) ∥s
≤Ms(∥ρ∥s, 0)∥ρ∥2s

Using the commutator[
∂xiJ

s,Θi(ρ)
]
ρ = ∂xiJ

s(ρΘi(ρ))−Θi(ρ)∂xiJ
sρ (3.54)

We expand

B3 =
⟨
ρ,

n∑
i=1

∂xi
[
ρΘi(ρ)

]⟩
s
=

n∑
i=1

⟨
ρ, ∂xi

[
ρΘi(ρ)

]⟩
s

(3.55)

=
n∑
i=1

⟨
Jsρ, Js∂xi

[
ρΘi(ρ)

]⟩
=

n∑
i=1

⟨
Jsρ, ∂xiJ

s
[
ρΘi(ρ)

]⟩
=

n∑
i=1

⟨
Jsρ,

[
∂xiJ

s,Θi(ρ)
]
ρ
⟩
+

n∑
i=1

⟨
Jsρ,Θi(ρ)∂xi(J

sρ)
⟩

=
⟨
Jsρ,

n∑
i=1

[
∂xiJ

s,Θi(ρ)
]
ρ
⟩

︸ ︷︷ ︸
=B31

+
1

2

n∑
i=1

⟨
∂xi(J

sρ)2,Θi(ρ)
⟩

︸ ︷︷ ︸
=B32

Thus, using Cauchy Schwartz inequality, Lemma A.1.3 in Appendix and
properties of the pressure

B31 =
⟨
Jsρ,

n∑
i=1

[
∂xiJ

s, (1−∆)−1∂xiP (ρ)
]
ρ
⟩

(3.56)

≤
∥∥Jsρ∥∥∥∥∥ n∑

i=1

[
∂xiJ

s, ∂xi(1−∆)−1P (ρ)
]
ρ
∥∥∥

≤ c∥ρ∥s
[∥∥J2J−2P (ρ)

∥∥
L∞

∥∥Jsρ∥∥+
∥∥Js+2J−2P (ρ)∥∥ρ∥L∞

]
. ∥ρ∥s

[∥∥P (ρ)∥∥
s
∥ρ∥s +

∥∥P (ρ)∥∥
s
∥ρ∥s

]
. 2∥ρ∥3sLs(∥ρ∥s, 0)
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Integrating by parts, considering that the Resolvent J−2 = (1 − ∆)−1 pre-
serves positivity ([43, Vol. II]) and Sobolev’s Lemma

B32 = −1

2

n∑
i=1

⟨
(Jsρ)2, ∂xi(1−∆)−1∂xiP (ρ)

⟩
(3.57)

= −1

2

⟨
(Jsρ)2, (1−∆)−1∆P (ρ)

⟩
= −1

2

⟨
(Jsρ)2, (1−∆)−1P (ρ)

⟩
︸ ︷︷ ︸

≥0

+
1

2

⟨
(Jsρ)2, P (ρ)

⟩

≤ 1

2

⟨
(Jsρ)2, P (ρ)

⟩
≤ 1

2
∥P (ρ)∥L∞

∥∥Jsρ∥∥2

. 1

2
∥P (ρ)∥s∥ρ∥2s .

1

2
∥ρ∥3sLs(∥ρ∥s, 0)

Summing (3.52), (3.53), (3.56), (3.57) in (3.51), we have the final estimate:

∂t∥ρµ(t)∥2s .Ms

(
∥ρµ(t)∥s, 0

)
∥ρµ(t)∥2s + ∥ρµ(t)∥3sLs

(
∥ρµ(t)∥s, 0

)
(3.58)

=Ms

(
(∥ρµ(t)∥2s)

1
2 , 0

)
∥ρµ(t)∥2s + (∥ρµ(t)∥2s)

3
2Ls

(
(∥ρµ(t)∥2s)

1
2 , 0

)
= G

(
∥ρµ(t)∥2s

)
(3.59)

Let h(t) be the maximal solution ([8]) of initial value problem for ordinary
differential equation: {

∂th(t) = G(h(t))

h(0) = ∥ρ0∥2s

Then
∥∥ρµ(t)∥∥2

s
≤ h(t); t ∈ [0, T̃s]; T̃s ∈ [0, T0), whenever both sides are

defined. This finishes the proof since h(t) not depends of µ and we can
extend ρµ(t) to interval [0, T̃s].

We are now in position to state and prove the main result of this section.

Theorem 3.1.3. Let ρ0 ∈ Hs(Rn), s > n
2
+ 1. Then there exists T̃s =

T̃ (s, ∥ρ0∥s) > 0 and unique ρ ∈ C+([0, T̃s], H
s(Rn)). Moreover ρ(t) satisfies

that ∂tρ ∈ C1
+([0, T̃s], H

s−1(Rn)), ∥ρ(t)∥2s ≤ h(t), and the initial value problem
(1.6).
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Proof. We choose any such interval as in the preceding theorem, and write
ρ = ρµ(t), ρ̃ = ρν(t); µ, ν > 0; ρµ(0) = ρν(0) = ρ0. LetM

2 = supt∈[0,T̃s] h(t),
and note that

∂t∥ρ− ρ̃∥2 = 2
⟨
ρ− ρ̃, ∂t(ρ− ρ̃)

⟩
(3.60)

= 2
[⟨
ρ− ρ̃, F̃ (t, ρ)− F̃ (t, ρ̃)

⟩
+
⟨
ρ− ρ̃, µ∆ρ− ν∆ρ̃

⟩︸ ︷︷ ︸
=A

]
Integrating by parts and Cauchy Schwartz inequality implies that

A =
⟨
ρ− ρ̃, µ∆ρ− ν∆ρ̃

⟩
(3.61)

=
⟨
ρ− ρ̃, µ∆ρ− ν∆ρ+ ν∆ρ− ν∆ρ̃

⟩
=

⟨
ρ− ρ̃, (µ− ν)∆ρ

⟩
−

≥0︷ ︸︸ ︷
ν
⟨
ρ− ρ̃, H0(ρ− ρ̃)

⟩
≤ (µ− ν)

⟨
ρ− ρ̃,∆ρ

⟩
≤ |µ− ν||

⟨
ρ− ρ̃,∆ρ

⟩
|

=
∣∣µ− ν

∣∣∣∣∣ n∑
i=1

⟨
∂xiρ, ∂xi(ρ− ρ̃

⟩∣∣∣
≤

∣∣µ− ν
∣∣ n∑
i=1

≤∥ρ∥1≤∥ρ∥s≤M︷ ︸︸ ︷∥∥∂xiρ∥∥ ( ≤∥ρ∥1≤∥ρ∥s≤M︷ ︸︸ ︷∥∥∂xiρ∥∥ +

≤∥ρ̃∥1≤∥ρ̃∥s≤M︷ ︸︸ ︷∥∥∂xi ρ̃∥∥ )

≤ 2nM2|µ− ν|

Finally, substituting (3.3), (3.61) in (3.60); we have:

∂t∥ρ− ρ̃∥2 ≤ 4nM2|µ− ν|+ 2L0(∥ρ∥s, ∥ρ̃∥s)∥ρ− ρ̃∥2 (3.62)

≤ 4nM2|µ− ν|+ 2L0(M,M)∥ρ− ρ̃∥2

Integrating the last estimate from 0 to t:

∥ρµ(t)−ρν(t)∥2 ≤ 4nM 2T̃s|µ−ν|+
∫ t

0

2L0(M,M)∥ρµ(τ)−ρν(τ)∥2dτ (3.63)

Gronwall’s inequality, then shows that

∥ρµ(t)− ρν(t)∥2 ≤ 4nM2T̃s|µ− ν| e2 T̃sL0(M,M) (3.64)

lim
µ→0, ν→0

∥ρµ(t)− ρν(t)∥2 = 0 ⇒ ρµ(t) −→ ρν(t) in L
2, t ∈ [0, T̃s]
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Now, ρµ(t) is a Cauchy net in the space L2(Rn), which is complete. Therefore,
there exists ρ(t) ∈ C([0, T̃s], L

2(Rn)) that satisfies

lim
µ→0

sup
[0,T̃s]

∥ρµ(t)− ρ(t)∥ = 0

Thus t ∈ [0, T̃s] → ρµ(t) is continuous and uniformly bounded in L2(Rn).

We claim that {ρµ(t)}µ>0 is a weak Cauchy net in Hs(Rn) uniformly
with respect to t ∈ [0, T̃s]. Indeed, given φ ∈ Hs(Rn) and ϵ > 0, choose
φϵ ∈ S(Rn) such that ∥φ− φϵ∥s < ϵ.

⟨ρµ(t)− ρν(t), φ⟩s = ⟨ρµ(t)− ρν(t), φ− φϵ⟩s + ⟨ρµ(t)− ρν(t), φϵ⟩s (3.65)

≤ |⟨ρµ(t)− ρν(t), φ− φϵ⟩s|+ |⟨Js(ρµ(t)− ρν(t)), J
sφϵ⟩|

≤ ∥ρµ(t)− ρν(t)∥s∥φ− φϵ∥s + ∥ρµ(t)− ρν(t)∥∥φϵ∥2s
≤ 2M ϵ+ ∥ρµ(t)− ρν(t)∥∥φϵ∥2s

So that limµ→0,ν→0 sup[0,T̃s]
⟨ρµ(t)− ρν(t), φ⟩s = 0 uniformly.

Since Hs(Rn) is reflexive, it is weakly complete ([15],[49]), and there exists
v(t) ∈ Cw([0, T̃s], H

s(Rn)) satisfying

lim
µ→0

⟨ρµ(t), φ⟩s = ⟨v(t), φ⟩s ∀φ ∈ S(Rn) (3.66)

It is easy to see that v(t) = ρ(t)∀t ∈ [0, T̃s], as a consequence of uniqueness of
weakly limit. In particular, ρ(t) is weakly continuous and uniformly bounded
by the function

√
h(t). Indeed,

∥ρ(t)∥s = sup
∥ψ∥s=1

|⟨ρ(t), ψ⟩s| = sup
∥ψ∥s=1

lim
µ→0

|⟨ρµ(t), ψ⟩s| (3.67)

≤ sup
∥ψ∥s=1

lim
µ→0

∥ρµ(t)∥s∥ψ∥s ≤
√
h(t)

It remains to prove that ρ(t) ∈ C1
w([0, T̃s], H

s−1(Rn)). Let ψ ∈ Hs−1(Rn)

⟨ρµ(t), ψ⟩s−1 = ⟨Uµ(t)ρ0, ψ⟩s−1 +

∫ t

0

⟨F̃ (t′, ρµ(t′)), ψ⟩s−1 dt
′,∀t ∈ [0, T̃s]

(3.68)
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Since ρµ(t) ⇀ ρ(t) in Hs(Rn), it follows that, F̃ (t, ρµ(t)) ⇀ F̃ (t, ρ(t)) uni-
formly in Hs−1(Rn), therefore, taking the limit as µ→ 0 in (3.68) we obtain

⟨ρ(t), ψ⟩s−1 = ⟨ρ0, ψ⟩s−1 +

∫ t

0

⟨F̃ (t′, ρ(t′)), ψ⟩s−1 dt
′, ∀t ∈ [0, T̃s] (3.69)

As the integrand on the right-hand side of (3.69) is a continuous function,
from the Fundamental Theorem of Calculus, follows that:

⟨∂tρ(t), ψ⟩s−1 = ⟨F̃ (t, ρ(t)), ψ⟩s−1,∀t ∈ [0, T̃s] (3.70)

Since the map t ∈ [0, T̃s] −→ F̃ (t, ρ(t)) is weakly continuous and uniformly
bounded, Petti’s Theorem ([49, Chap.V]) implies that it is strongly measu-
rable. Thus we may define a Bochner integral∫ t

0

F̃ (t′, ρ(t′)) dt′ (3.71)

Combining this remark with (3.69) we conclude

ρ(t) = ρ0 +

∫ t

0

F̃ (t′, ρ(t′)) dt′ (3.72)

Thus ρ(t) ∈ AC([0, T̃s], H
s−1(Rn)) ∩ L∞(Rn). Therefore ∂tρ(t) exists almost

everywhere in [0, T̃s] and is given by

∂tρ(t) = F̃ (t, ρ(t)) = div
[
ρ(t)J−2∇P (ρ(t))

]
+ F (t, ρ(t)), a.e., t ∈ [0, T̃s]

(3.73)
Next we claim that there is only such function in the class

Ω(T̃s) = C([0, T̃s], L
2(Rn)) ∩ Cw([0, T̃s], Hs(Rn)) ∩ AC([0, T̃s], Hs−1(Rn))

Let ρ(t), η(t) ∈ Ω(T̃s) with ρ(0) = η(0) = ρ0, a calculation similar to that
leading to (3.62) implies:

∂t∥ρ(t)− η(t)∥2 ≤ 2L0(M,M)∥ρ(t)− η(t)∥2 (3.74)

Integrating from 0 to t:

∥ρ(t)− η(t)∥2 ≤ ∥ρ(0)− η(0)∥2︸ ︷︷ ︸
=0

+

∫ t

0

2L0(M,M)∥ρ(t′)− η(t′)∥2dt′ (3.75)
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Applying Gronwall’s lemma in the last estimate,we have:

∥ρ(t)− η(t)∥2 ≤ 0 ⇒ ρ(t) = η(t) ∈ Ω(T̃s) (3.76)

It remains to prove that the unique solution in Ω(T̃s) belongs to C+([0, T̃s], H
s(Rn)).

Let φ ∈ Hs(Rn) be such that ∥φ∥s = 1. We have

|⟨ρ(t), φ⟩s| ≤ ∥ρ(t)∥s ≤
√
h(t), ∀φ ∈ Hs(Rn),∀t ∈ [0, T̃s] (3.77)

Therefore

|⟨ρ0, φ⟩s| = lim
t→0+

|⟨ρ(t), φ⟩s| = lim inf
t→0+

|⟨ρ(t), φ⟩s| (3.78)

≤ lim inf
t→0+

∥ρ(t)∥s ≤ lim sup
t→0+

∥ρ(t)∥s

≤ lim sup
t→0+

√
h(t) = ∥ρ0∥s ∀φ ∈ Hs(Rn)

Taking the sup over ∥φ∥s = 1 we conclude that

lim inf
t→0+

∥ρ(t)∥s = lim sup
t→0+

∥ρ(t)∥s = ∥ρ0∥s (3.79)

so that the limit of ∥ρ(t)∥s exists as t→ 0+ and

lim
t→0+

∥ρ(t)∥s = ∥ρ0∥s (3.80)

Since ρ(t)⇀ ρ0 weakly in Hs(Rn), it follows that

lim
t→0+

ρ(t) = ρ0 (3.81)

in the norm of Hs(Rn)

Remark Kato’s Theory and uniqueness of solution, implies that
ρ ∈ C([0, T̃s], H

s(Rn)), s > n
2
+ 1.
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3.2 Comparison Principle for the BFE

Consider the initial value problem (BFE) with F (t, ρ) = 0, P (ρ) = ρ2k, k =
1, 2, 3..... 

∂tρ+ div (ρ v⃗) = 0, x ∈ Rn, t ∈ (0, T0]

v⃗ = −∇(−∆+ 1)−1ρ2k = −Θ⃗(ρ)

(ρ(0), v⃗(0)) = (ρ0, v⃗0)

(3.82)

Theorem 3.2.1. (Comparison Principle). Let (ρ, v⃗) and (η, w⃗) be solu-
tions of (BFE) with P (ρ) = ρ2k, P (η) = η2k, k = 1, 2, 3....; and initial values
(ρ0, v⃗0) and (η0, w⃗0) respectively. Then

0 ≤ η0(x) ≤ ρ0(x) inRn ⇒ 0 ≤ η(x, t) ≤ ρ(x, t) inRn × [0, T0] (3.83)

Proof. LetR(t, y) = ρ(ϕ⃗(t, y), t);S(t, y) = η(ψ⃗(t, y), t), andQ(t, y) = R(t, y)−
S(t, y) where ϕ⃗(t, y) and ψ⃗(t, y) satisfy the following equations respectively.

∂ϕ⃗

∂t
(t, y) = v⃗(ϕ⃗(t, y), t)

ϕ⃗(0, y) = y

ϕ⃗(t, y) = (ϕ1(t, y), ϕ2(t, y), ..., ϕn(t, y))

vi = −∂xi(1−∆)−1ρ2k

(3.84)


∂ψ⃗

∂t
(t, y) = w⃗(ψ⃗(t, y), t)

ψ⃗(0, y) = y

ψ⃗(t, y) = (ψ1(t, y), ψ2(t, y), ..., ψn(t, y))

wi = −∂xi(1−∆)−1η2k

(3.85)

Combining (3.82) with (3.84), and (3.82) with (3.85) we have that R(t) and
S(t) satisfy the ordinary differential equations, respectively

dR

dt
= −R div v⃗

R(0, y) = ρ0(y)

dS

dt
= −S div w⃗

S(0, y) = η0(y)
(3.86)
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Solving (3.86), we obtain:

R(t) = R(0) exp
[
−

∫ t

0

div v⃗(ϕ⃗(s, y), s) ds
] ρ0(y)≥0︷︸︸︷⇒ R(t) ≥ 0 (3.87)

Analogously we have that:

S(t) = S(0) exp
[
−

∫ t

0

div w⃗(ψ⃗(s, y), s)ds
] η0(y)≥0︷︸︸︷⇒ S(t) ≥ 0 (3.88)

On the other hand, differentiating Q(t):

dQ

dt
=
dR

dt
− dS

dt
= (−div v⃗)R(t) + (div w⃗)S(t) (3.89)

= −ρ div v⃗ + η div w⃗

= −(ρ− η)div v⃗ + η(div w⃗ − div v⃗)

= −Q(t)(div v⃗) + S(t)(div w⃗ − div v⃗)

Then

div v⃗ = −div Θ⃗(ρ) (3.90)

= −div J−2∇ρ2k = −div∇J−2ρ2k

= −∆(1−∆)−1ρ2k = (1−∆− 1)(1−∆)−1ρ2k

= ρ2k − (1−∆)−1ρ2k

Analogously

div w⃗ = ..... = η2k − (1−∆)−1η2k (3.91)

Substituting (3.90), (3.91) in (3.89):
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dQ

dt
= −Q(t)(div v⃗) + S(t)

(
div w⃗ − div v⃗

)
(3.92)

= −Q(t)(div v⃗) + S(t)
(
η2k − (1−∆)−1η2k − ρ2k + (1−∆)−1ρ2k

)
= −Q(t)(div v⃗)− S(t)

(
ρ2k − η2k) + S(t)(1−∆)−1(ρ2k − η2k

)
= −Q(t)(div v⃗)− S(t) (ρ− η)︸ ︷︷ ︸

Q(t)

( 2k−1∑
i=0

ρ2k−1−iηi
)

︸ ︷︷ ︸
P (ρ,η)

+ S(t)(1−∆)−1
[
(ρ− η)

( 2k−1∑
i=0

ρ2k−1−iηi
)]

︸ ︷︷ ︸
B(t,Q)

As consequence of the above calculation, we have a new ordinary differential
equation for Q(t), i.e.:

dQ

dt
= −

[
div v⃗ + S(t)P (R(t), S(t))

]
Q(t) +B(t, Q)

Q(0) = ρ0(y)− η0(y)
(3.93)

Applying method of variation of parameters in (3.93), the integral solution
is:

Q(t) = U(t, 0)Q(0) +

∫ t

0

U(t, s)B(s,Q(s)) ds (3.94)

where

U(t, s) = exp
[
−
∫ t

s

[div (v⃗(ϕ⃗(τ, y), τ)) + S(τ)P (R(τ), S(τ))]dτ
]
. (3.95)

In view of conditions for ρ0 and η0, we have that R(t) ≥ 0 and S(t) ≥ 0.
Consider the sequence

Qn+1(t) = U(t, 0)Q(0) +

∫ t

0

U(t, s)B(s,Qn(s))ds

Q0(t) = ρ0(y)− η0(y)

n = 1, 2, ....



3.3. GLOBAL ESTIMATES IN HS(RN), S > N
2
+ 1 37

If Q(0) ≥ 0, then Qn(t) ≥ 0, for all n. Thus

Q(t) = ρ
(
ϕ⃗(t, y), t

)
− η

(
ψ⃗(t, y), t

)
= lim

n→∞
Qn(t) ≥ 0

To complete the proof we need to show the functions y ∈ Rn → ϕ⃗(t, y) ∈ Rn

and y ∈ Rn → ψ⃗(t, y) ∈ Rn are onto.To do this, we analyze in detail the map

y ∈ Rn → ϕ⃗(t, y) ∈ Rn.
From (3.84), integrating de 0 a t, we obtain :

ϕi(t)− yi =

∫ t

0

vi(ϕ⃗(s, y), s) ds; i = 1, 2, ....

Then

|ϕi(t)− yi| ≤
∫ t

0

|vi(ϕ⃗(s, y), s)| ds ≤ ai(∥ρ0∥s, t)t , i = 1, 2, .... ; s >
n

2

yi − ai(∥ρ0∥s, t) ≤ ϕi(t, y) ≤ yi + ai(∥ρ0∥s, t), ∀yi ∈ R

Taking zi ∈ R; y(1)i << 0, y
(2)
i >> 0 such that zi ∈ (y

(1)
i , y

(2)
i ) we have:

y
(1)
i + ai(∥ρ0∥s, t) < zi < y

(2)
i − ai(∥ρ0∥s, t)

Therefore
ϕi(t, y

(1)
i ) < zi < ϕi(t, y

(2)
i )

The theorem of the average value, for continuous functions ϕi implies that
exists yi ∈ (y

(1)
i , y

(2)
i ) and satisfies ϕi(t, yi) = zi

An analogous argument, proves that the map y ∈ Rn −→ ψ⃗(t, y) is onto.

3.3 Global estimates in Hs(Rn), s > n
2 + 1

In this section we obtain the globalHs-estimate for the solution of Brinkman
Flow equation. This will be a consequence of global-well posedness of the
regularized problem.

Theorem 3.3.1. (Global Solution). Let s > n
2
+ 1, P (ρ) = ρ2k, F ≡ 0

and ρ0 ∈ Hs(Rn) with 0 ≤ ρ0(x) ≤ 1 in Rn. Then (3.82) is globally well-posed
in the sense described in Chapter 1 and satisfies 0 ≤ ρ(x, t) ≤ 1, ∀t ≥ 0.
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Proof. From the Comparison Principle follows that 0 ≤ ρ(x, t) ≤ 1. Using
the regularized initial value problem, with the simplified notations ρµ(t) ≡
ρ̃; v⃗µ(t) ≡ v⃗. 

∂tρ̃− µ∆ρ̃+ div [ρ̃ v⃗] = 0

v⃗ −∆v⃗ = −∇ρ̃2k

(ρ̃(0), v⃗(0)) = (ρ̃0, v⃗0)

(3.96)

We have that v⃗ = −(1−∆)−1∇ρ̃2k = −J−2∇ρ̃2k = −Θ⃗(ρ̃)

Applying Js to regularized equation:

d

dt
(Jsρ̃)− µ(Js∆ρ̃) + Jsdiv (ρ̃ v⃗) = 0 (3.97)

Multiplying (3.97) by Jsρ̃ and integrate over Rn

1

2

d

dt

∫
(Jsρ̃)2 dx = µ

∫
(Jsρ̃)Js(∆ρ̃) dx−

∫
(Jsρ̃)(Jsdiv (ρ̃ v⃗)) dx (3.98)

1

2

d

dt

∫
(Jsρ̃)2 dx = µ

∫
(Jsρ̃)∆(Jsρ̃) dx︸ ︷︷ ︸

≤0

−
n∑
i=1

∫
(Jsρ̃)∂xiJ

s(ρ̃ vi) dx (3.99)

Using the commutator [∂xiJ
s, vi]ρ̃ = ∂xiJ

s(ρ̃ vi)− vi∂xiJ
sρ̃, we obtain:

1

2

d

dt

∫
(Jsρ̃)2 dx ≤ −

n∑
i=1

∫
(Jsρ̃)[∂xiJ

s, vi]ρ̃ dx−
n∑
i=1

∫
(Jsρ̃)vi∂xiJ

sρ̃ dx

(3.100)
Integrating by parts in (3.100)

1

2

d

dt

∫
(Jsρ̃)2 dx ≤ −

n∑
i=1

∫
(Jsρ̃)[∂xiJ

s, vi]ρ̃ dx+
1

2

∫
(Jsρ̃)2div v⃗ dx (3.101)

Using (3.90) in (3.101)

1
2
d
dt

∫
(Jsρ̃)2 dx ≤ −

n∑
i=1

∫
(Jsρ̃)[∂xiJ

s, vi]ρ̃ dx+
1
2

∫
(Jsρ̃)2ρ̃2k dx

−1
2

∫
(Jsρ̃)2(1−∆)−1ρ̃2k dx

(3.102)
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From the second equation in (3.96) we have vi = −∂xi(1−∆)−1ρ̃2k. Substi-
tuting it in (3.102)

d
dt

∫
(Jsρ̃)2 dx ≤

∫
(Jsρ̃)2ρ̃2k dx−

≥0︷ ︸︸ ︷∫
(Jsρ̃)2(1−∆)−1ρ̃2k dx

+2
∫
(Jsρ̃)

( n∑
i=1

[∂xiJ
s, ∂xi(1−∆)−1ρ̃2k]ρ̃

)
dx

(3.103)

Observing that the third term it is non negative, and applying Cauchy
Schwartz inequality in the fourth term; we observe:

d

dt

∫
(Jsρ̃)2 dx ≤ ∥ρ̃2k∥L∞

∫
(Jsρ̃)2 dx

+ 2 ∥Jsρ̃∥
∥∥∥ n∑
i=1

[
∂xiJ

s, ∂xi(1−∆)−1ρ̃2k
]
ρ̃
∥∥∥ (3.104)

Using Lemma A.1.3 of Appendix, in (3.104), with f = (1 − ∆)−1ρ̃2k and
g = ρ̃, we obtain:

d

dt
∥ρ̃∥2s ≤ ∥ρ̃2k∥L∞∥ρ̃∥2s + 2c∥ρ̃∥s

[
∥ρ̃2k∥L∞∥ρ̃∥s + ∥ρ̃2k∥s∥ρ̃∥L∞

]
(3.105)

Applying Corollary A.1.1 in (3.105):

d

dt
∥ρ̃∥2s . ∥ρ̃∥2kL∞∥ρ̃∥2s (3.106)

In the following we need calculate ∥ρ̃∥L∞ . Applying the Comparison Principle
for ρ and Sobolev Lemma we have

∥ρ̃∥L∞ ≤ ∥ρ̃− ρ∥L∞ + ∥ρ∥L∞ . 1 + ∥ρ̃− ρ∥s (3.107)

Calculating ∥ρ̃− ρ∥s, with ∥ρ̃− ρ∥s = sup∥φ∥s=1 |⟨ρ̃− ρ, φ⟩s|
In the analysis of weak convergence of sequence ρµ we saw

|⟨ρµ(t)− ρν(t), φ⟩s| ≤ ∥ρµ(t)− ρν(t)∥s∥φ− φϵ∥s + ∥ρµ(t)− ρν(t)∥∥φϵ∥2s

(3.108)

≤ 2Mϵ+ ∥ρµ(t)− ρν(t)∥∥φϵ∥2s
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Applying limit as ν → 0 in (3.108)

|⟨ρµ(t)− ρ(t), φ⟩s| ≤ 2Mϵ+ ∥ρµ(t)− ρ(t)∥∥φϵ∥2s (3.109)

Considering that ∥ρµ(t)− ρν(t)∥ ≤ 2M
√
nT̃s|µ− ν|eT̃sL0(M,M) and applying

limit as ν → 0

∥ρµ(t)− ρ(t)∥ ≤ 2M

√
n T̃s µ e

T̃sL0(M,M) = C̃(n,M, T̃s)
√
µ (3.110)

Substituting (3.110) in (3.109) and considering that ∥φϵ∥2s ≤ ϵ−s∥φ∥s with
φϵ constructed as in [21, Lemma 2.6, pg 900], yields

|⟨ρµ(t)− ρ(t), φ⟩s| ≤ 2Mϵ+ C̃(n,M, T̃s)
√
µ ϵ−s∥φ∥s (3.111)

Then

∥ρ̃− ρ∥s = sup
∥φ∥s=1

|⟨ρ̃− ρ, φ⟩s| ≤ 2Mϵ+ C̃(n,M, T̃s)
√
µ ϵ−s (3.112)

and

∥ρ̃∥L∞ . 1 + 2Mϵ+ C̃(n,M, T̃s)
√
µ ϵ−s, ∀ϵ > 0 (3.113)

Let r(τ) = τ 2k a non-decreasing function, it follows that:

d

dt
∥ρ̃∥2s . r(1 + 2Mϵ+ C̃(n,M, T̃s)

√
µ ϵ−s)∥ρ̃∥2s (3.114)

Integrating from 0 to t in (3.114)

∥ρ̃∥2s . ∥ρ0∥2s + r(1 + 2Mϵ+ C̃(n,M, T̃s)
√
µ ϵ−s)

∫ t

0

∥ρ̃(τ)∥2s dτ (3.115)

From Gronwalls inequality in (3.115), follows a priori-estimate inHs(Rn); s >
n
2
+ 1

∥ρ̃∥2s . ∥ρ0∥2s e
r
(
1+2Mϵ+C̃(n,M,T̃s)

√
µ ϵ−s

)
T̃s , ∀T̃s > 0, ∀ϵ > 0 (3.116)
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Finally, applying [49, Theo. 1, pg 120] in (3.116) we obtain the final estimate

∥ρ(t)∥2s ≤ lim inf
µ→0

∥ρµ(t)∥2s (3.117)

≤ lim inf
µ→0

∥ρ0∥2s e
r
(
1+2Mϵ+C̃(n,M,T̃s)

√
µ ϵ−s

)
T̃s

= lim
µ→0

∥ρ0∥2s e
r
(
1+2Mϵ+C̃(n,M,T̃s)

√
µ ϵ−s

)
T̃s

= ∥ρ0∥2s er(1+2Mϵ)T̃s ∀ϵ > 0

Therefore,applying limit as ϵ tends to zero, follows the final estimate

∥ρ(t)∥2s ≤ ∥ρ0∥2s eT̃s , ∀t ∈ [0, T̃s] (3.118)
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Chapter 4

BFE with Bore-Like Initial
Conditions

4.1 Local Theory with Parabolic Regulariza-

tion

4.1.1 Auxiliar problem for the BFE

In this section we will describe how to deal with certain types of initial data
that do not belong to a Sobolev Space. More precisely, we will consider the
Cauchy problem for the Brinkman Flow equation with bore-like data and
P (ρ) = ρ2, that is:

{
∂tρ = ∂x

(
ρ(1−∆)−1∂xρ

2
)
, x ∈ R, t ∈ I = (0, T0]

ρ(x, 0) = ρ0(x)
(4.1)

where ρ0 : R −→ R satisfies the following conditions:

(BL1) ρ0(x) −→ C± as x→ ± where C− > C+ ≥ 0.

(BL2) ρ′0(x) ∈ Hs(R), for some r ≥ 0

(BL3) ρ0(x)− C− ∈ L2((−∞, 0]) and ρ0(x)− C+ ∈ L2([0,+∞))

Note that a function ρ0 with these conditions is necessarily bounded. The
real reason for introducing conditions (BL1)-(BL3) is that they model certain

43
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travelling waves that occur in nature. For more information on bores we refer
the reader to [6],[19],[20] and references therein.
The problem with bores is that ∥ρ0∥ = ∞, and Sobolev Space methods, in
principle, cannot be applied. Consider the following lemma.

Lemma 4.1.1. Let ρ0 satisfy conditions (BL1) and (BL2). Then for each
τ ∈ (0,∞) there exists a ψτ ∈ C∞(R) such that ψ′

τ ∈ H∞(R) and ϕτ =
ρ0 − ψτ ∈ Hs+1(R), s ≥ 0. Moreover

∥ρ0 − ψτ∥ ≤
(2τ
e

) 1
2∥ρ′0∥ ∥ψ′

τ∥s ≤ C(s, τ)∥ρ′0∥ (4.2)

Finally, if ρ0 satisfies (BL3) then ψτ also has this property and limx→±∞ ψτ =
C±.

Proof. See [19],[20],[21].

Let τ be fixed, and write ψτ = ψ for simplicity. It is then natural to
define ρ(x, t) = w(x, t) + ψ(x), and study the auxiliary initial value problem
associated to w(x, t), namely:{

∂tw = ∂x
(
wJ−2∂xw

2
)
+ E(w,ψ) ∈ Hs−1(R), x ∈ R, t ∈ I = (0, T0]

w(x, 0) = ρ0(x)− ψ(x) = ϕ(x) ∈ Hs(R); s ≥ 1

(4.3)
where

E(w,ψ) = ∂x
(
ψJ−2∂xψ

2
)
+ ∂x

(
wJ−2∂xψ

2
)
+ ∂x

(
ψJ−2∂xw

2
)

(4.4)

+ 2 ∂x
(
wJ−2∂x(wψ)

)
+ 2 ∂x

(
ψJ−2∂x(wψ)

)
This is the problem that we will study. Observe that the PDE in (4.3), is
a perturbation of (BFE) with five extra terms. We will employ parabolic
regularization to show that (4.3) is locally well posed if s > 3

2
.

4.1.2 Parabolic Regularization for the auxiliary pro-
blem

In order to solve (4.3), locally in time, we will introduce an artificial viscosity
µ, solve the regularized problem and then take limits as the viscosity tends
to zero. A little more precisely, we consider Cauchy problem.{

∂twµ = µ∂2xwµ + Ẽ(wµ, ψ) ∈ Hs−2(R), x ∈ R, t ∈ I = (0, T0]

wµ(x, 0) = ϕ(x) ∈ Hs(R); s ≥ 1
(4.5)
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where
Ẽ(wµ, ψ) = ∂x

(
wµJ

−2∂xw
2
µ

)
+ E(wµ, ψ) (4.6)

Using the method of variation of parameters we can show that (4.5) is equiva-
lent to the integral equation:

wµ(t) = Uµ(t)ϕ+

∫ t

0

Uµ(t− t′)Ẽ(wµ(t
′), ψ) dt′ (4.7)

This equivalence is in fact rigorous in view of lemma 3.1.2 which asserts that
t −→ Uµ(t) = eµt∂

2
x , the semigroup generated by µ∂2x , is infinitely smoothing.

Its necessary to prove a result analogous to Lemma 3.1.1 in order to show
the properties of the nonlinear part Ẽ(w,ψ)

Lemma 4.1.2. Let s > 3
2
be fixed. Then Ẽ(w,ψ) is a continuous map from

Hs to Hs−1 and satisfies the estimates

∥Ẽ(w,ψ)− Ẽ(w̃, ψ)∥s−1 ≤ β(∥w∥s, ∥w̃∥s, ψ)∥w − w̃∥s (4.8)⟨
w − w̃, Ẽ(w,ψ)− Ẽ(w̃, ψ)

⟩
≤ Q0(∥w∥s, ∥w̃∥s, ψ)∥w − w̃∥2 (4.9)

for all w, w̃ ∈ Hs, where β,Q0 : R+ × R+ −→ R+ are continuous functions,
monotone nondecreasing with respect to each of their arguments.

Proof. We have

∥Ẽ(w,ψ)− Ẽ(w̃, ψ)∥s−1 ≤ ∥∂x
(
wJ−2∂xw

2
)
− ∂x

(
w̃J−2∂xw̃

2
)
∥s−1︸ ︷︷ ︸

=A

+ ∥∂x
(
(w − w̃)J−2∂xψ

2
)
∥s−1︸ ︷︷ ︸

=B

+ ∥∂x
(
ψJ−2∂x(w

2 − w̃2)
)
∥s−1︸ ︷︷ ︸

=C

+2 ∥∂x
(
ψJ−2∂x(ψ(w − w̃))

)
∥s−1︸ ︷︷ ︸

=D

+2 ∥∂x
(
wJ−2∂x(wψ)

)
− ∂x

(
w̃J−2∂x(w̃ψ)

)
∥s−1︸ ︷︷ ︸

=E

(4.10)

The first term (A), is exactly the nonlinear part of the (BFE), and that
estimate was made in the Chapter 3, in n-dimensional case, that is

A . (∥w∥s + ∥w̃∥s)2∥w − w̃∥s (4.11)
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SinceHs, s > 3
2
> 1

2
is a Banach algebra, using the Cauchy-Schwartz inequali-

ty , ∥J−2∥B(Hs,Hs+2) ≤ 1, ∥J−2∂x∥B(Hs,Hs+1) ≤ 1, Lemma A.1.7 and Corollary
A.1.2 in Appendix, we have

B = 2 ∥∂x
(
(w − w̃)J−2(ψψ′)

)
∥s−1 . ∥w − w̃∥s∥J−2(ψψ′)∥s (4.12)

. ∥w − w̃∥s∥J−2(ψψ′)∥s+2 . ∥w − w̃∥s∥J−2∥B(Hs,Hs+2)∥ψψ′∥s

. (∥ψ∥L∞ + ∥ψ′∥s)2∥w − w̃∥s

C ≤ ∥ψJ−2∂x(w
2 − w̃2)∥s . ∥J−2∂x(w

2 − w̃2)∥s(∥ψ∥L∞ + ∥ψ′∥s) (4.13)

. ∥J−2∂x∥B(Hs,Hs+1)∥w2 − w̃2∥s(∥ψ∥L∞ + ∥ψ′∥s)

. (∥w∥s + ∥w̃∥s)(∥ψ∥L∞ + ∥ψ′∥s)∥w − w̃∥s

D ≤ ∥ψJ−2∂x(ψ(w − w̃))∥s . ∥J−2∂x(ψ(w − w̃))∥s(∥ψ∥L∞ + ∥ψ′∥s) (4.14)

. ∥J−2∂x∥B(Hs,Hs+1)∥ψ(w − w̃)∥s(∥ψ∥L∞ + ∥ψ′∥s)

. (∥ψ∥L∞ + ∥ψ′∥s)2∥w − w̃∥s

E ≤ ∥∂x
(
wJ−2∂x(ψ(w − w̃))

)
∥s−1 + ∥∂x

(
(w − w̃)J−2∂x(ψw̃)

)
∥s−1 (4.15)

≤ ∥wJ−2∂x(ψ(w − w̃))∥s + ∥(w − w̃)J−2∂x(ψw̃)∥s
. ∥w∥s∥J−2∂x(ψ(w − w̃))∥s + ∥w − w̃∥s∥J−2∂x(ψw̃)∥s
. ∥w∥s∥J−2∂x∥B(Hs,Hs+1)∥ψ(w − w̃)∥s + ∥w − w̃∥s∥J−2∂x∥B(Hs,Hs+1)∥ψw̃∥s
. ∥w∥s∥w − w̃∥s(∥ψ∥L∞ + ∥ψ′∥s) + ∥w − w̃∥s∥w̃∥s(∥ψ∥L∞ + ∥ψ′∥s)
. (∥w∥s + ∥w̃∥s)(∥ψ∥L∞ + ∥ψ′∥s)∥w − w̃∥s

Taking

C̃(s, ψ) = max{(∥ψ∥L∞ + ∥ψ′∥s)2, (∥ψ∥L∞ + ∥ψ′∥s)} (4.16)

and substituting (4.11) to (4.15) in (4.10)

∥Ẽ(w,ψ)− Ẽ(w,ψ)∥s−1 ≤ β(∥w∥s, ∥w̃∥s, ψ)∥w − w̃∥s (4.17)

where

β(∥w∥s, ∥w̃∥s, ψ) = (∥w∥s + ∥w̃∥s)2 + 3 C̃(s, ψ)(∥w∥s + ∥w̃∥s) + 3 C̃(s, ψ)
(4.18)
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Finally, we will estimate (4.9)

⟨
w − w̃, Ẽ(w,ψ)− Ẽ(w̃, ψ)

⟩
=

⟨
w − w̃, ∂x

(
wJ−2∂xw

2
)
− ∂x

(
w̃J−2∂xw̃

2
)⟩︸ ︷︷ ︸

=I

+
⟨
w − w̃, ∂x

(
(w − w̃)J−2∂xψ

2
)⟩︸ ︷︷ ︸

=II

+
⟨
w − w̃, ∂x

(
ψJ−2∂x(w

2 − w̃2)
)⟩︸ ︷︷ ︸

=III

+ 2
⟨
w − w̃, ∂x

(
wJ−2∂x(wψ)

)
− ∂x

(
w̃J−2∂x(w̃ψ)

)⟩︸ ︷︷ ︸
=IV

+ 2
⟨
w − w̃, ∂x

(
ψJ−2∂x(ψ(w − w̃)

)⟩︸ ︷︷ ︸
=V

(4.19)

The first term in (4.19) was estimated in Chapter 3, by

I . (∥w∥s + ∥w̃∥s)2∥w − w̃∥2 (4.20)

Integration by parts, Cauchy-Schwartz inequality, Sobolev Lemma, Lemma
A.1.7, Corollary A.1.2 in Appendix ,∥J−2∂x∥B(Hs,Hs+1) ≤ 1 and ∥J−2∂2x∥B(Hs) ≤
1 leads the other following estimates in (4.19)

II = 2
⟨
w − w̃, ∂x

(
(w − w̃)J−2(ψψ′)

)⟩
(4.21)

= −2
⟨
(w − w̃)J−2(ψψ′), ∂x(w − w̃)

⟩
= −

⟨
∂x(w − w̃)2, J−2(ψψ′)

⟩
=

⟨
(w − w̃)2, J−2∂x(ψψ

′)
⟩

≤ ∥w − w̃∥2∥J−2∂x(ψψ
′)∥L∞ . ∥w − w̃∥2∥J−2∂x(ψψ

′)∥s+1

. ∥w − w̃∥2∥J−2∂x∥B(Hs,Hs+1)∥ψψ′∥s . (∥ψ∥L∞ + ∥ψ′∥s)2∥w − w̃∥2

III ≤ ∥w − w̃∥∥∂x
(
ψJ−2∂x(w

2 − w̃2)
)
∥ (4.22)

≤ ∥w − w̃∥∥ψJ−2∂x(w
2 − w̃2)∥1

. ∥w − w̃∥∥J−2∂x(w
2 − w̃2)∥1(∥ψ∥L∞ + ∥ψ′∥1)

. ∥w − w̃∥∥J−2∂x∥B(L2,H1)∥(w − w̃)(w + w̃)∥(∥ψ∥L∞ + ∥ψ′∥1)

. ∥w − w̃∥2∥w + w̃∥L∞(∥ψ∥L∞ + ∥ψ′∥1)

. (∥w∥s + ∥w̃∥s)(∥ψ∥L∞ + ∥ψ′∥s)∥w − w̃∥2
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IV =
⟨
w − w̃, ∂x

(
wJ−2∂x((w − w̃)ψ)

))⟩
+
⟨
w − w̃, ∂x

(
(w − w̃)J−2∂x(w̃ψ)

))⟩
=

⟨
w − w̃, ∂x

(
wJ−2∂x((w − w̃)ψ)

)⟩
+ 1

2

⟨
(w − w̃)2, J−2∂2x(w̃ψ)

⟩
≤ ∥w − w̃∥∥∂x

(
wJ−2∂x((w − w̃)ψ)

)
∥+ 1

2
∥J−2∂2x(w̃ψ)∥L∞∥w − w̃∥2

. ∥w − w̃∥∥wJ−2∂x((w − w̃)ψ)∥1 + 1
2
∥J−2∂2x(w̃ψ)∥s∥w − w̃∥2

. ∥w − w̃∥∥w∥1∥J−2∂x((w − w̃)ψ)∥1 + 1
2
∥J−2∂2x∥B(Hs)∥w̃ψ∥s∥w − w̃∥2

. ∥w − w̃∥2∥w∥s∥J−2∂x∥B(L2,H1)∥ψ∥L∞ + 1
2
∥w̃∥s(∥ψ∥L∞ + ∥ψ′∥s)∥w − w̃∥2

. (∥w∥s + 1
2
∥w̃∥s)(∥ψ∥L∞ + ∥ψ′∥s)∥w − w̃∥2

(4.23)

V ≤ ∥w − w̃∥∥∂x
(
ψJ−2∂x(ψ(w − w̃)

)
∥ (4.24)

≤ ∥w − w̃∥∥ψJ−2∂x(ψ(w − w̃)∥1
. ∥w − w̃∥(∥ψ∥L∞ + ∥ψ′∥1)∥J−2∂x(ψ(w − w̃))∥1
. ∥w − w̃∥(∥ψ∥L∞ + ∥ψ′∥1)∥J−2∂x∥B(L2,H1)∥ψ(w − w̃)∥
. ∥w − w̃∥2(∥ψ∥L∞ + ∥ψ′∥1)∥ψ∥L∞

. (∥ψ∥L∞ + ∥ψ′∥s)2∥w − w̃∥2

Then, substituting (4.20)-(4.24) in (4.19), follows the result, i.e.,⟨
w − w̃, Ẽ(w,ψ)− Ẽ(w̃, ψ)

⟩
≤ Q0(∥w∥s, ∥w̃∥s, ψ)∥w − w̃∥2 (4.25)

where

Q0(∥w∥s, ∥w̃∥s, ψ) = (∥w∥s + ∥w̃∥s)2 + 3 C̃(s, ψ)(∥w∥s + ∥w̃∥s) + 3 C̃(s, ψ)
(4.26)

This finishes the proof.

Now, introducing the complete metric space

Xs(T0) =
{
v ∈ C([0, T0], H

s(R)) :
∥∥v(t)− Uµ(t)ϕ

∥∥ ≤M, ∀t ∈ [0, T0]
}
(4.27)

and the mapping

B(v(t)) = Uµ(t)ϕ+

∫ t

0

Uµ(t− t′)Ẽ(v(t′), ψ) dt′ (4.28)

and combining these definitions with lemmas 3.1.2 and 4.1.2 a), it is not
difficult to prove the following Theorem.
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Theorem 4.1.1. Let µ > 0 be fixed and ϕ ∈ Hs(R), s ≥ 1. Then there exists
T µ = T (s, ∥ϕ∥s, µ) > 0 and a unique solution wµ of IVP (4.5) satisfying

wµ ∈ C([0, T µ], Hs(R)) ∩ C((0, T µ], H∞(R))

Proof. It is similar to the proof of theorem 3.1.2 in section 3.1.1

The next step is to study the limit w = limµ→0wµ. First we must show
that wµ can be extended to an interval of time independent of µ.

Lemma 4.1.3. Let s > 3
2
and wµ ∈ C([0, T µ], Hs(R)) be the solution of

the IVP (4.5) with µ > 0. Then wµ(t) can be extended to an interval [0, T̃s]
where T̃s = T̃ (s, ∥ϕ∥s) is independent of µ. Moreover, there exists h(t) ∈
C([0, T̃s],R) such that:

∥wµ(t)∥2s ≤ h(t) h(0) = ∥ϕ∥2s (4.29)

Proof. Since wµ(t) ∈ H∞(R), ∀t ∈ (0, T µ], we may safely differentiate
∥wµ(t)∥2s with respect to t to get

∂t∥wµ(t)∥2s = 2
⟨
wµ(t), ∂twµ(t)

⟩
s

(4.30)

= 2
⟨
wµ(t), µ∂

2
xwµ(t)

⟩
s
+ 2

⟨
wµ(t), Ẽ(wµ(t), ψ)

⟩
s

Since H0 = −∂2x is a self-adjoint and positive operator in Hs we have⟨
wµ(t), µ∂

2
xwµ(t)

⟩
s
= −µ

⟨
wµ(t), H0wµ(t)

⟩
s
≤ 0 (4.31)

Expanding the other term⟨
wµ, Ẽ(wµ, ψ)

⟩
s
=

⟨
wµ, ∂x

(
wµJ

−2∂xw
2
µ

)⟩
s
+
⟨
wµ, ∂x

(
ψJ−2∂xψ

2
)⟩

s

+
⟨
wµ, ∂x

(
wµJ

−2∂xψ
2
)⟩

s
+
⟨
wµ, ∂x

(
ψJ−2∂xw

2
µ

)⟩
s

+
⟨
wµ, ∂x

(
wµJ

−2∂x(wµψ)
)⟩

s
+
⟨
wµ, ∂x

(
ψJ−2∂x(wµψ)

)⟩
s

(4.32)

We now estimate each term in (4.32):
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The first term in Ẽ(wµ, ψ) is the similar to the case treated in chapter 3,
where we know that:

⟨
wµ(t), ∂x

(
wµJ

−2∂xw
2
µ

)⟩
s
. ∥wµ∥4s (4.33)

Using Cauchy Schwartz inequality, Lemmas A.1.5, A.1.7, any operators esti-
mates and Corollary A.1.2 we will estimate the others terms

⟨
wµ, ∂x

(
ψJ−2∂xψ

2
)⟩

s
≤ 2

∣∣∣⟨wµ, ∂x(ψJ−2(ψψ′)
)⟩

s

∣∣∣
≤ 2∥wµ∥s∥∂x

(
ψJ−2(ψψ′)

)
∥s ≤ 2∥wµ∥s∥ψJ−2(ψψ′)∥s+1

. ∥wµ∥s∥J−2(ψψ′)∥s+1(∥ψ∥L∞ + ∥ψ′∥s+1)

. ∥wµ∥s∥J−2∥B(Hs,Hs+2)∥ψψ′∥s(∥ψ∥L∞ + ∥ψ′∥s+1)

. ∥wµ∥s(∥ψ∥L∞ + ∥ψ′∥s)2(∥ψ∥L∞ + ∥ψ′∥s+1)

. (∥ψ∥L∞ + ∥ψ′∥s+1)
3∥wµ∥s

(4.34)

⟨
wµ, ∂x

(
wµJ

−2∂xψ
2
)⟩

s
= 2

⟨
wµ, ∂x

(
wµJ

−2(ψψ′)
)⟩

s

= 2
[⟨
wµ, (∂xwµ)J

−2(ψψ′)
⟩
s
+
⟨
wµ, (wµJ

−2∂x(ψψ
′)
⟩
s

]
.

∣∣∣⟨J−2(ψψ′)(∂xwµ), wµ

⟩
s

∣∣∣+ ∣∣∣⟨wµ, wµJ−2∂x(ψψ
′)
⟩
s

∣∣∣
. 2c∥J−2∂x(ψψ

′)∥s−1∥wµ∥2s + ∥wµ∥s∥wµJ−2∂x(ψψ
′)∥s

. ∥ψψ′∥s∥wµ∥2s

. (∥ψ∥L∞ + ∥ψ′∥s)2∥wµ∥2s

(4.35)

⟨
wµ, ∂x

(
ψJ−2∂xw

2
µ

)⟩
s
≤

∣∣∣⟨wµ, ∂x(ψJ−2∂xw
2
µ

)⟩
s

∣∣∣
≤ ∥wµ∥s∥∂x

(
ψJ−2∂xw

2
µ

)
∥s ≤ ∥wµ∥s∥ψJ−2∂xw

2
µ∥s+1

. ∥wµ∥s∥J−2∂xw
2
µ∥s+1(∥ψ∥L∞ + ∥ψ′∥s+1)

. (∥ψ∥L∞ + ∥ψ′∥s+1)∥wµ∥3s

(4.36)
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wµ, ∂x

(
wµJ

−2∂x(wµψ)
)⟩

s

=
⟨
wµ, (∂xwµ)J

−2∂x(wµψ)
⟩
s
+
⟨
wµ, wµJ

−2∂2x(wµψ)
⟩
s

≤
∣∣∣⟨wµ, (∂xwµ)J−2∂x(wµψ)

⟩
s

∣∣∣+ ∣∣∣⟨wµ, wµJ−2∂2x(wµψ)
⟩
s

∣∣∣
. ∥wµψ∥s∥wµ∥2s + ∥wµ∥s∥wµJ−2∂2x(wµψ)∥s
. ∥wµψ∥s∥wµ∥2s + ∥wµ∥2s∥J−2∂2x(wµψ)∥s
. ∥wµψ∥s∥wµ∥2s
. (∥ψ∥L∞ + ∥ψ′∥s)∥wµ∥3s

(4.37)

⟨
wµ, ∂x

(
ψJ−2∂x(wµψ)

)⟩
s
≤

∣∣∣⟨wµ, ∂x(ψJ−2∂x(wµψ)
)⟩

s

∣∣∣
≤ ∥wµ∥s∥∂x

(
ψJ−2∂x(wµψ)

)
∥s

≤ ∥wµ∥s∥ψJ−2∂x(wµψ)∥s+1

. ∥wµ∥s∥J−2∂x(wµψ)∥s+1(∥ψ∥L∞ + ∥ψ′∥s+1)

. ∥wµ∥s∥wµψ∥s(∥ψ∥L∞ + ∥ψ′∥s+1)

. ∥wµ∥2s(∥ψ∥L∞ + ∥ψ′∥s+1)
2

(4.38)

Substituting (4.31),(4.33)-(4.38) in (4.30) we have:

∂t∥wµ(t)∥2s . K̃(s, ψ)
(
∥wµ(t)∥4s + ∥wµ(t)∥3s + ∥wµ(t)∥2s + ∥wµ(t)∥s

)
(4.39)

= K̃(s, ψ)
(
(∥wµ(t)∥2s)2 + (∥wµ(t)∥2s)

3
2 + ∥wµ(t)∥2s + (∥wµ(t)∥2s)

1
2

)
= G(∥wµ(t)∥2s)

with
K̃(s, ψ) = max{6K(s, ψ), 2}

and

K(s, ψ) = max{(∥ψ∥L∞ + ∥ψ′∥s+1)
3, ∥ψ∥L∞ + ∥ψ′∥s+1)

2, (∥ψ∥L∞ + ∥ψ′∥s+1)}
(4.40)

Considering h = h(t) maximal solution for:{
∂th(t) = G(h(t)) = K̃

[
h2 + h

3
2 + h+ h

1
2

]
, t ∈ (0, T ∗)

h(0) = ∥ϕ∥2s
(4.41)

Then for T̃s ∈ [0, T ∗), we have:

∥wµ(t)∥2s ≤ h(t), t ∈ [0, T̃s] (4.42)
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Since h(t) does not depend on µ, it follows that all solutions can be extended
to some interval [0, T̃s] with T̃s < T ∗, where T ∗ is the maximal time of the
solution h(t).

Now we are ready to establish the following result:

Theorem 4.1.2. Let ϕ ∈ Hs(R), s > 3
2
. Then there exists T̃s = T (s, ∥ϕ∥s)

and a unique w ∈ C+([0, T̃s], H
s(R)) ∩ C1

+([0, T̃s], H
s−1(R)) that solves the

PDE in (4.3) and satisfies

∥w(t)∥2s ≤ h(t), t ∈ [0, T̃s] (4.43)

Proof. Let µ > 0, ν > 0 and wµ, wν solutions obtained in Theorem 4.1.1,
with the same initial condition.
In the following we will prove that {wµ} is a Cauchy sequence in L2(R) space.

Estimating ∂t∥wµ(t)− wν(t)∥2

∂t∥wµ(t)− wν(t)∥2 = 2
⟨
wµ(t)− wν(t), ∂t(wµ(t)− wν(t))

⟩
= 2

⟨
wµ(t)− wν(t), µ∂

2
xwµ(t)− ν∂2xwν(t)

⟩
+2

⟨
wµ(t)− wν(t), Ẽ(wµ(t), ψ)− Ẽ(wν(t), ψ)

⟩ (4.44)

The first in (4.44) is similar to the case treated in chapter 3, where we know
that: ⟨

wµ − wν , µ∂
2
xwµ − ν∂2xwν

⟩
≤ 2M2|µ− ν| (4.45)

and the second term was estimated in Lemma 4.1.2
Therefore substituting(4.45),(4.9), in (4.44) we have

∂t∥wµ(t)− wν(t)∥2 ≤ 4M2|µ− ν|+ 2Q0(M,M,ψ)∥wµ(t)− wν(t)∥2 (4.46)

Integrating (4.46) from 0 to t

∥wµ(t)− wν(t)∥2 ≤ 4M2|µ− ν|t+
∫ t

0

2Q0(M,M,ψ)∥wµ(τ)− wν(τ)∥2 dτ

(4.47)
Applying Gronwall’s Inequality in (4.47)

∥wµ(t)− wν(t)∥2 ≤ 4M2T̃s|µ− ν| e
∫ t
0 2Q0(M,M,ψ) dτ (4.48)

≤ 4M2T̃s|µ− ν| e2Q0(M,M,ψ)T̃ , t ∈ (0, T̃s)
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Applying limit as µ→ 0, ν → 0

lim
µ→0,ν→0

∥wµ(t)− wν(t)∥2 = 0, ie, ρµ(t)
L2︷︸︸︷→ ρν(t) t ∈ [0, T̃s] (4.49)

Thus, {wµ(t)}µ>0 is a Cauchy sequence in the space L2(Rn), that is complete.
Therefore, there exists w(t) ∈ C([0, T̃s], L

2(Rn)) that satisfies

lim
µ→0

sup
[0,T̃s]

∥wµ(t)− w(t)∥ = 0

Thus t ∈ [0, T̃s] → wµ(t) is continuous and uniformly bounded in L2(Rn).
The remainder of the proof is similar to that of Theorem 3.1.3

Once this is done, the next corollary follows

Corollary 4.1.1. Let w be the solution of IVP (4.3) given in Theorem 4.1.2.
Then ρ = w + ψ is the unique solution of IVP (4.1) satisfying ρ − ψ ∈
C+([0, T̃s], H

s(R)), s > 3
2
.

4.2 L2-Global Estimate

Theorem 4.2.1. Let s > 3
2
, P (ρ) = ρ2, F ≡ 0 and the initial Bore-Like

condition ρ0 with 0 ≤ ρ0(x) ≤ 1. Then, the solution ρ is globally well-posed
in the sense that: 0 ≤ ρ(x, t) ≤ 1 and ρ− ψ ∈ C([0, T ], L2), ∀T > 0.

Proof. As a immediate consequence of the Comparison Principle, we have
that 0 ≤ ρ(x) ≤ 1
Consider the regularized auxiliary Brinkman Flow equation{

∂twµ = µ∂2xwµ + ∂x
(
wµJ

−2∂xw
2
µ

)
+ E(wµ, ψ) ∈ Hs−1(R), x ∈ R

wµ(x, 0) = ρ0(x)− ψ(x) = ϕ(x) ∈ Hs(R); s ≥ 1

(4.50)
where

E(wµ, ψ) = ∂x
(
ψJ−2∂xψ

2
)
+ ∂x

(
wµJ

−2∂xψ
2
)
+ ∂x

(
ψJ−2∂xw

2
µ

)
(4.51)

+ 2∂x
(
wµJ

−2∂x(wµψ)
)
+ 2∂x

(
ψJ−2∂x(wµψ)

)
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Multiplying the equation by wµ and integrating over R

1

2
∂t

∫
w2
µ dx = I1 + I2 + I3 + I4 + I5 + I6 + I7 (4.52)

where

I1 = µ

∫
wµ∂

2
xwµ dx, I2 =

∫
wµ∂x

(
wµJ

−2∂xw
2
µ

)
dx

I3 =

∫
wµ∂x

(
ψJ−2∂xψ

2
)
dx, I4 =

∫
wµ∂x

(
wµJ

−2∂xψ
2
)
dx

I5 =

∫
wµ∂x

(
ψJ−2∂xw

2
µ

)
dx, I6 = 2

∫
wµ∂x

(
wµJ

−2∂x(wµψ)
)
dx

and

I7 = 2

∫
wµ∂x

(
ψJ−2∂x(wµψ)

)
dx

In what follows we estimate each integral:

Since H0 = −∂2x is a self-adjoint and positive operator, we have

I1 = µ
⟨
wµ,−H0wµ

⟩
= −µ

⟨
H0wµ, wµ

⟩
≤ 0 (4.53)

Integrating by parts the second integral

I2 =

∫
wµ∂x

(
wµJ

−2∂xw
2
µ

)
dx = −1

2

∫
∂x(w

2
µ)J

−2∂x(w
2
µ) (4.54)

= −
∥∂x(w2

µ)∥−1

2
≤ 0

Using the Cauchy-Schwartz inequality, Lemma A.1.7, Corollary A.1.2 in ap-
pendix, and that ∥J−2∥B(Hs,Hs+2) ≤ 1, we have

I3 = 2

∫
wµ∂x

(
ψJ−2(ψψ′)

)
dx ≤ 2

∣∣⟨wµ, ∂x(ψJ−2(ψψ′)
)⟩∣∣ (4.55)

≤ 2∥wµ∥∥∂x
(
ψJ−2(ψψ′)

)
∥s+1 ≤ 2∥wµ∥∥ψJ−2(ψψ′)∥s+2

. 2∥wµ∥∥J−2(ψψ′)∥s+2(∥ψ∥L∞ + ∥ψ′∥s+2) . 2∥wµ∥∥ψψ′∥s(∥ψ∥L∞ + ∥ψ′∥s+2)

. 2∥wµ∥(∥ψ∥L∞ + ∥ψ′∥s)2(∥ψ∥L∞ + ∥ψ′∥s+2)

. (1 + ∥wµ∥2)(∥ψ∥L∞ + ∥ψ′∥s+2)
3

. (∥ψ∥L∞ + ∥ψ′∥s+2)
3 + (∥ψ∥L∞ + ∥ψ′∥s+2)

3∥wµ∥2
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Combining integration by parts, Sobolev’s Lemma ([1]), Corollary A.1.2 in
appendix A and the fact that ∥J−2∂x∥B(Hs,Hs+1) ≤ 1, we obtain

I4 = 2

∫
wµ∂x

(
wµJ

−2∂x(ψψ
′)
)
dx = −

∫
∂x(w

2
µ)J

−2(ψψ′) dx (4.56)

=

∫
w2
µJ

−2∂x(ψψ
′) dx ≤ ∥J−2∂x(ψψ

′)∥L∞∥wµ∥2

. ∥J−2∂x(ψψ
′)∥s+1∥wµ∥2 . ∥ψψ′∥s∥wµ∥2

. (∥ψ∥L∞ + ∥ψ′∥s)2∥wµ∥2

Applying Cauchy-Schwartz inequality, ∥J−2∂x∥B(L2,H1) ≤ 1 and Lemma A.1.7,
it follows that

I5 =

∫
wµ∂x

(
ψJ−2∂xw

2
µ

)
dx ≤

∣∣⟨wµ, ∂x(ψJ−2∂xw
2
µ

)⟩∣∣ (4.57)

≤ ∥wµ∥∥∂x
(
ψJ−2∂xw

2
µ

)
∥ ≤ ∥wµ∥∥ψJ−2∂xw

2
µ∥1

. ∥wµ∥∥J−2∂xw
2
µ∥1(∥ψ∥L∞ + ∥ψ′∥1) . ∥wµ∥∥w2

µ∥(∥ψ∥L∞ + ∥ψ′∥s)
. ∥wµ∥2∥wµ∥L∞(∥ψ∥L∞ + ∥ψ′∥s)

Using integration by parts, ∥J−2∂2x∥B(L2) ≤ 1 and Cauchy-Schwartz inequa-
lity, we have

I6 = 2

∫
wµ∂x

(
wµJ

−2∂x(wµψ)
)
dx = −

∫
∂x(w

2
µ)J

−2∂x(wµψ) dx (4.58)

=

∫
w2
µJ

−2∂2x(wµψ) dx ≤
∣∣⟨w2

µ, J
−2∂2x(wµψ)

⟩∣∣
≤ ∥w2

µ∥∥J−2∂2x(wµψ)∥ ≤ ∥wµ∥∥wµ∥L∞∥wµψ∥
≤ ∥wµ∥L∞∥ψ∥L∞∥wµ∥2

In the last integral, we used the Cauchy-Schwartz inequality, ∥J−2∂x∥B(L2,H1) ≤
1 and Lemma A.1.7.

I7 = 2

∫
wµ∂x

(
ψJ−2∂x(wµψ)

)
dx ≤ 2

∣∣⟨wµ, ∂x(ψJ−2∂x(wµψ)
)⟩∣∣ (4.59)

. ∥wµ∥∥∂x
(
ψJ−2∂x(wµψ)

)
∥ ≤ ∥wµ∥∥ψJ−2∂x(wµψ)∥1

. ∥wµ∥∥J−2∂x(wµψ)∥1(∥ψ∥L∞ + ∥ψ′∥1) . ∥wµ∥∥wµψ∥(∥ψ∥L∞ + ∥ψ′∥s)

. ∥wµ∥2∥ψ∥L∞(∥ψ∥L∞ + ∥ψ′∥s) . ∥wµ∥2(∥ψ∥L∞ + ∥ψ′∥s)2
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In estimates I5 and I6, we need to estimate ∥wµ∥L∞ . The Comparison
Principle for ρ implies that

∥wµ∥L∞ ≤ ∥wµ − w∥L∞ + ∥w∥L∞ . ∥wµ − w∥s + ∥ρ− ψ∥L∞ (4.60)

. ∥wµ − w∥s + ∥ρ∥L∞ + ∥ψ∥L∞ . 1 + ∥wµ − w∥s + ∥ψ∥L∞

In order, to estimate ∥wµ−w∥s,we use arguments similar to those employed
in the proof of Hs- global estimates of Brinkman Equation, in section 3.3.
We have,

∥wµ − w∥s ≤ 2Mϵ+ C̃(M, T̃s, ψ)
√
µ ϵ−s (4.61)

where

C̃(M, T̃s, ψ) = 2M

√
T̃s e

Q0(M,M,ψ)T̃s

Then

∥wµ∥L∞ ≤ 2Mϵ+ C̃(M, T̃s, ψ)
√
µ ϵ−s + 1 + ∥ψ∥L∞ (4.62)

Substituting (4.62) in I5, I6

I5 . (∥ψ∥L∞ +∥ψ′∥s)
[
2Mϵ+ C̃(M, T̃s, ψ)

√
µ ϵ−s+1+∥ψ∥L∞

]
∥wµ∥2 (4.63)

I6 ≤ ∥ψ∥L∞
[
2Mϵ+ C̃(M, T̃s, ψ)

√
µ ϵ−s + 1 + ∥ψ∥L∞

]
∥wµ∥2 (4.64)

On the other hand, substituting (4.53),(4.54),(4.55),(4.56),(4.63),(4.64) and
(4.59) in (4.52), we have

∂t∥wµ∥2 . (∥ψ∥L∞ + ∥ψ′∥s+2)
3 +G(ψ,M, T̃s, µ, ϵ)∥wµ∥2 (4.65)

where

G(ψ,M, T̃s, µ, ϵ) = (∥ψ∥L∞ + ∥ψ′∥s+2)
3 + 2 (∥ψ∥L∞ + ∥ψ′∥s)2

+(∥ψ∥L∞ + ∥ψ′∥s)
[
2Mϵ+ C̃(M, T̃s, ψ)

√
µ ϵ−s + 1 + ∥ψ∥L∞

]
+ ∥ψ∥L∞

[
2Mϵ+ C̃(M, T̃s, ψ)

√
µ ϵ−s + 1 + ∥ψ∥L∞

] (4.66)

Integrating (4.65) from 0 to t

∥wµ(t)∥2 ≤
(
∥ϕ∥2+(∥ψ∥L∞+∥ψ′∥s+2)

3 T̃s

)
+G(ψ,M, T̃s, µ, ϵ)

∫ t

0

∥wµ(τ)∥2 dτ

(4.67)
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Gronwall’s Inequality in (4.67) implies

∥wµ(t)∥2 ≤
(
∥ϕ∥2 + (∥ψ∥L∞ + ∥ψ′∥s+2)

3 T̃s

)
eG(ψ,M,T̃s,µ,ϵ)T̃s , ∀ ϵ > 0 (4.68)

Therefore, as we know that the sequence wµ converges strongly in L2, we
may apply limit as µ tends to zero, in (4.68). Then, it follows that

∥w(t)∥2 ≤
(
∥ϕ∥2 + (∥ψ∥L∞ + ∥ψ′∥s+2)

3 T̃s

)
eG̃(ψ,M,ϵ)T̃s , ∀ ϵ > 0 (4.69)

with

G̃(ψ,M, ϵ) = (∥ψ∥L∞ + ∥ψ′∥s+2)
3 + 2 (∥ψ∥L∞ + ∥ψ′∥s)2

+(∥ψ∥L∞ + ∥ψ′∥s)
[
2Mϵ+ 1 + ∥ψ∥L∞

]
+ ∥ψ∥L∞

[
2Mϵ+ 1 + ∥ψ∥L∞

] (4.70)

As ϵ is sufficiently small, we take the limit as ϵ→ 0 to get

∥w(t)∥2 ≤
(
∥ϕ∥2 + (∥ψ∥L∞ + ∥ψ′∥s+2)

3 T̃s

)
eK(ψ)T̃s (4.71)

where

K(ψ) = (∥ψ∥L∞+∥ψ′∥s+2)
3+2 (∥ψ∥L∞+∥ψ′∥s)2+(2∥ψ∥L∞+∥ψ′∥s)

[
1+∥ψ∥L∞

]
(4.72)

Finally, the L2 global estimate for ρ− ψ follows

∥ρ− ψ)∥2 ≤
(
∥ρ0 − ψ∥2 + (∥ψ∥L∞ + ∥ψ′∥s+2)

3 T̃s

)
eK(ψ)T̃s (4.73)
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Appendix A

Appendix

A.1 Some inequalities

In what follows we consider some inequalities. In most cases these functions
are assumed to be in S(Rn), but the resulting inequalities may be extended
as usual to more general functions by continuity. In addition to the Sobolev
norm ∥ • ∥s, we occasionally use the Sobolev seminorm ∥ • ∥[s] given by

∥f∥2[s] =
∫
Rn

|ξ|2s|f̂(ξ)|2 dξ, s > −n
2

Lemma A.1.1. Let J = (1−∆)
1
2 , s > n

2
+ 1. Then∥∥[Js,Mf ]g

∥∥ ≤ c∥∇f∥s−1∥g∥s−1 (A.1)

Proof. See [31, Appendix, pág. 122].

Lemma A.1.2. Let σ ∈ C∞(Rn × Rn − (0, 0)) satisfy

|∂αξ ∂βη σ(ξ, η)| ≤ Cα,β(|ξ|+ |η|)−|α|−|β| (A.2)

for (ξ, η) ̸= (0, 0) and any α, β ∈ (Z+)n

If σ(D) denotes the bilinear operator

σ(D)(f, g)(x) =

∫∫
ei⌊x,ξ+η⌋σ(ξ, η)f̂(ξ)ĝ(η) dξdη (A.3)

Then
∥σ(D)(f, g)∥ ≤ C∥f∥L∞∥g∥Lp , p ∈ (1,∞) (A.4)

59
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Proof. See [9, pág. 154].

Lemma A.1.3. If s > 0 and 1 < p <∞, then∥∥∥ n∑
k=1

[
∂xkJ

s(g∂xkf)−∂xkf(∂xkJsg)
]∥∥∥

Lp
≤ c

(
∥J2f∥L∞∥Jsg∥Lp+∥Js+2f∥Lp∥g∥L∞

)
(A.5)

Remark: In this Lemma we use ⌊•, •⌋ to denote the Euclidean scalar pro-
duct in Rn.

Proof. The proof of this Lemma is similar to that of Lemma X1 in [34], is
based on the following result due to R.R.Coifman and Y. Meyer (Lemma
A.1.2)
Applying the Inversion Fourier Transform, properties of Fourier Transform,
Fubini’s Theorem and a change of variable, we start from the formula(

∂xkJ
s(g∂xkf)− ∂xkf(∂xkJ

sg)
)
(x)

= c
∫ (

∂xkJ
s(g∂xkf)− ∂xkf(∂xkJ

sg)
)∧

(ξ) eixξ dξ

= c
∫∫ [

ξkηk(1 + |η|2) s
2 − (ξk + ηk)(1 + |ξ + η|2) s

2 ξk
]
eix(ξ+η)f̂(ξ)ĝ(η) dξdη

(A.6)
Then∑n

k=1

(
∂xkJ

s(g∂xkf)− ∂xkf(∂xkJ
sg)

)
(x)

= c
∫∫

ei⌊x,ξ+η⌋
[
⌊ξ, η⌋(1 + |η|2) s

2 − ⌊ξ, ξ + η⌋(1 + |ξ + η|2) s
2

]
f̂(ξ)ĝ(η) dξdη

= −c
∫∫

ei⌊x,ξ+η⌋
[
⌊ξ, ξ + η⌋(1 + |ξ + η|2) s

2 − ⌊ξ, η⌋(1 + |η|2) s
2

]
f̂(ξ)ĝ(η) dξdη

= −c
∑3

j=1 σj(D)(f, g)(x)

(A.7)
where

σj(ξ, η) =
{
⌊ξ, ξ + η⌋(1 + |ξ + η|2)

s
2 − ⌊ξ, η⌋(1 + |η|2)

s
2

}
Φj

( |ξ|
|η|

)
(A.8)

and the Φj are functions on R with the following properties

0 ≤ Φj ≤ 1, j = 1, 2, 3,
Φ1 + Φ2 + Φ3 = 1 on [0, ∞),

suppΦ1 ⊂ [−1/3, 1/3], suppΦ2 ⊂ [1/4, 4], suppΦ3 ⊂ [3, ∞).
(A.9)
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Step 1 First we consider σ1(D)(f, g). We write

σ1(ξ, η) =
{
⌊ξ, ξ + η⌋(1 + |ξ + η|2)

s
2 − ⌊ξ, η⌋(1 + |η|2)

s
2

}
Φ1

( |ξ|
|η|

)
(A.10)

= (1 + |η|2)
s
2

{
⌊ξ, ξ + η⌋

(1 + |ξ + η|2

1 + |η|2
) s

2 − ⌊ξ, η⌋
}
Φ1

( |ξ|
|η|

)
= (1 + |η|2)

s
2

{
⌊ξ, ξ + η⌋

(
1 + (1 + |η|2)−1⌊ξ, ξ + 2η⌋

) s
2 − ⌊ξ, η⌋

}
Φ1

( |ξ|
|η|

)
Using the generalized Newton’s Binomial Theorem, we have

σ1(ξ, η) = σ1,1(ξ, η) + σ1,2(ξ, η) (A.11)

with

σ1,1(ξ, η) = (1 + |η|2)
s
2 |ξ|2Φ1

( |ξ|
|η|

)
(A.12)

and

σ1,2(ξ, η) =
{ n∑

r=1

⌊ξ, ξ + η⌋Cr(1 + |η|2)
s
2
−r⌊ξ, ξ + 2η⌋rΦ1

( |ξ|
|η|

)}
(A.13)

If we multiply (A.11) by f̂(ξ)ĝ(η), we obtain

σ1(ξ, η)f̂(ξ)ĝ(η) = σ1,1,0(ξ, η)Ĵ2f(ξ)Ĵsg(η) +
( ∞∑
r=1

σ1,2,r(ξ, η)
)
Ĵ2f(ξ)Ĵsg(η)

(A.14)
where

σ1,1,0(ξ, η) =
|ξ|2

1 + |ξ|2
Φ1

( |ξ|
|η|

)
(A.15)

and

σ1,2,r(ξ, η) = Cr
⌊ξ, ξ + η⌋
1 + |ξ|2

(1 + |η|2)−r⌊ξ, ξ + 2η⌋rΦ1

( |ξ|
|η|

)
(A.16)

Thus

σ1(D)(f, g)(x) =

∫∫
|ξ|
|η|≤

1
3

ei⌊x,ξ+η⌋σ1(ξ, η)f̂(ξ)ĝ(η) dξdη (A.17)

= σ1,1,0(D)(J2f, Jsg)(x) + σ1,2(D)(J2f, Jsg)(x)
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with

σ1,1,0(D)(J2f, Jsg)(x) =

∫∫
|ξ|
|η|≤

1
3

ei⌊x,ξ+η⌋σ1,1,0(ξ, η)Ĵ2f(ξ)Ĵsg(η) dξdη (A.18)

and

σ1,2(D)(J2f, Jsg)(x) =

∫∫
|ξ|
|η|≤

1
3

ei⌊x,ξ+η⌋
( ∞∑
r=1

σ1,2,r(ξ, η)
)
Ĵ2f(ξ)Ĵsg(η) dξdη

(A.19)
As is easily seen σ1,1,0(ξ, η), σ1,2,r(ξ, η) satisfy (A.2). Since the series defined

by σ1,2(ξ, η) converges (due fact that |ξ| ≤ |η|
3

for Φ1 ̸= 0), it follows from
estimate (A.3) in Lemma A.1.2 that

∥σ1(D)(f, g)∥Lp ≤ c∥J2f∥L∞∥Jsg∥Lp (A.20)

Step 2 Next we consider σ3(D)(f, g). Here we write σ3(ξ, η) = σ3,1(ξ, η)−
σ3,2(ξ, η), where

σ3,1(ξ, η) =
(
⌊ξ, ξ + η⌋(1 + |ξ + η|2)

s
2 − 1

)
Φ3

( |ξ|
|η|

)
(A.21)

and

σ3,2(ξ, η) =
(
⌊ξ, η⌋(1 + |η|2)

s
2 − 1

)
Φ3

( |ξ|
|η|

)
(A.22)

Now

σ3(ξ, η)f̂(ξ)ĝ(η) = σ3,1,1(ξ, η)Ĵs+2f(ξ)ĝ(η)− σ3,2,1(ξ, η)Ĵ2f(ξ)Ĵsg(η)
(A.23)

+ σ3,2,2(ξ, η)Ĵ2f(ξ)Ĵsg(η)

with

σ3,1,1(ξ, η) = (1 + |ξ|2)−
s+2
2

(
⌊ξ, ξ + η⌋(1 + |ξ + η|2)

s
2 − 1

)
Φ3

( |ξ|
|η|

)
(A.24)

σ3,2,1(ξ, η) =
⌊ξ, η⌋
1 + |ξ|2

Φ3

( |ξ|
|η|

)
(A.25)
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σ3,2,2(ξ, η) =
(1 + |η|2)− s

2

1 + |ξ|2
Φ3

( |ξ|
|η|

)
(A.26)

Thus

σ3(D)(f, g)(x) =
∫∫

|ξ|
|η|≥3

ei⌊x,ξ+η⌋σ3(ξ, η)f̂(ξ)ĝ(η) dξdη

= σ3,1,1(D)(Js+2f, g)(x)− σ3,2,1(D)(J2f, Jsg)(x) + σ3,2,2(D)(J2f, Jsg)(x)
(A.27)

where

σ3,1,1(D)(Js+2f, g)(x) =

∫∫
|ξ|
|η|≥3

ei⌊x,ξ+η⌋σ3,1,1(ξ, η)Ĵs+2f(ξ)ĝ(η) dξdη (A.28)

σ3,2,1(D)(J2f, Jsg)(x) =

∫∫
|ξ|
|η|≥3

ei⌊x,ξ+η⌋σ3,2,1(ξ, η)Ĵ2f(ξ)Ĵsg(η) dξdη (A.29)

σ3,2,2(D)(J2f, Jsg)(x) =

∫∫
|ξ|
|η|≥3

ei⌊x,ξ+η⌋σ3,2,2(ξ, η)Ĵ2f(ξ)Ĵsg(η) dξdη (A.30)

Since (A.24),(A.25),(A.26) satisfy (A.2) with |ξ| ≥ 3|η| for Φ3

(
|ξ|
|η|

)
̸= 0, we

obtain

∥σ3(D)(f, g)(x)∥Lp

≤ ∥σ3,1,1(D)(Js+2f, g)(x)∥Lp + ∥σ3,2,1(D)(J2f, Jsg)(x)∥Lp

+∥σ3,2,2(D)(J2f, Jsg)(x)∥Lp

≤ c∥Js+2f∥Lp∥g∥L∞ + c∥J2f∥L∞∥Jsg∥Lp

(A.31)

Step 3 Estimating σ2(f, g)(x) is more complicated, due to the fact ξ+ η
may vanish in the domain of integration, so that any negative power of
1 + |ξ + η|2 will not satisfy (A.2)
We write σ2(ξ, η) in the form σ2(ξ, η) = σ2,1(ξ, η)− σ2,2(ξ, η) with

σ2,1(ξ, η) = ⌊ξ, ξ + η⌋(1 + |ξ + η|2)
s
2Φ2

( |ξ|
|η|

)
(A.32)

σ2,2(ξ, η) = ⌊ξ, η⌋(1 + |η|2)
s
2Φ2

( |ξ|
|η|

)
(A.33)
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The term σ2,2(D)(f, g) can be easily handled. Indeed, since

σ2,2(ξ, η)f̂(ξ)ĝ = σ2,2,1(ξ, η)Ĵs+2f(ξ)ĝ(η) (A.34)

where

σ2,2,1(ξ, η) =
⌊ξ, η⌋
1 + |ξ|2

(1 + |ξ|2)−
s
2 (1 + |η|2)

s
2Φ2

( |ξ|
|η|

)
(A.35)

we have

σ2,2(D)(f, g)(x) =

∫∫
1
4
≤ |ξ|

|η|≤4

ei⌊x,ξ+η⌋σ2,2,1(ξ, η)Ĵs+2f(ξ)ĝ(η) dξdη (A.36)

= σ2,2,1(D)(Js+2f, g)(x)

As (A.35) satisfies condition (A.2), it follows that

∥σ2,2(D)(f, g)(x)∥Lp = ∥σ2,2,1(D)(Js+2f, g)(x)∥Lp ≤ c∥Js+2f∥Lp∥g∥L∞

(A.37)
The same method can be used to estimate ∥σ2,1(D)(f, g)(x) if s is so large
that s ≥ k = k(n, p)(see [34, Remark X3 for the definition of k]); then there
are no negative powers of 1 + |ξ + η|2 to estimate.
But, this method fails if s is not so large. To avoid this difficulty, we shall use
complex interpolation by extending σ2,1(ξ, η) ≡ σs2,1(ξ, η) to complex values
of s with 0 ≤ ℜ(s) ≤ k, condition (A.2) and maximum principle in complex
function theory (see [34])
Finally, we obtain

∥σ2,1(D)(f, g)(x)∥Lp ≤ c∥Js+2f∥Lp∥g∥L∞ (A.38)

Step 4 Finally, collecting the results (A.20),(A.31),(A.37) and (A.38);
we have proved the Lemma.

Lemma A.1.4. If s > 0 and 1 < p <∞, then Lps∩L∞ is a Banach Algebra.
Moreover

∥fg∥s,p ≤ c(∥f∥L∞∥g∥Lp + ∥f∥Lp∥g∥L∞) (A.39)

Proof. See [34]
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Corollary A.1.1. Let f ∈ Hs = L2
s, s >

n
2
, k = 1, 2, .... Then

∥f 2k∥s . ∥f∥2k−1
L∞ ∥f∥s (A.40)

Proof. Since f ∈ Hs, s > n
2
, Sobolev’s Lemma implies that f ∈ L∞. Then

f ∈ L2
s ∩ L∞, s > n

2
> 0

(Case k=1) Applying the above Lemma we obtain

∥f 2∥s ≤ 2c∥f∥L∞∥f∥ ≤ 2c∥f∥L∞∥f∥s ⇒ ∥f 2∥s . ∥f∥L∞∥f∥s (A.41)

(Case k=2) The above Lemma and the case k=1, implies

∥f 4∥s = ∥f2.f 2∥s ≤ 2c∥f2∥L∞∥f 2∥ ≤ 2c∥f∥2L∞∥f 2∥s (A.42)

≤ 4c2∥f∥3L∞∥f∥s

Then
∥f 4∥s . ∥f∥3L∞∥f∥s (A.43)

(Case k=k) Suppose as induction hypothesis that

∥f2k∥s . ∥f∥2k−1
L∞ ∥f∥s (A.44)

(Case k+1) By above Lemma and induction hypothesis

∥f2(k+1)∥s = ∥f 2kf 2∥s . (∥f 2k∥L∞∥f2∥s + ∥f 2∥L∞∥f 2k∥s) (A.45)

. 2 ∥f∥2k+1
L∞ ∥f∥s (A.46)

Then
∥f 2(k+1)∥s . ∥f∥2k+1

L∞ ∥f∥s (A.47)

Finally, the result is proved.

Lemma A.1.5. Let s > n
2
+ 1, t ≥ 1, f, g ∈ S(Rn). Then there exists

C = C(s, n, t) > 0 such that∣∣⟨fDg, g⟩
t

∣∣ ≤ C
[
∥∇f∥s−1∥g∥2t + ∥∇f∥t−1∥g∥t∥g∥s

]
(A.48)

with D = ∂α, |α| = 1

Proof. See [31]
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Lemma A.1.6.

∥fg∥[s] ≤ c(∥f∥L∞∥g∥[s] + ∥f∥[s]∥g∥L∞), s ≥ 0 (A.49)

Proof. See [14],[31].

Lemma A.1.7. Let f ∈ Hs, ψ ∈ L∞, ψ′ ∈ H∞. Then fψ ∈ Hs and satisfies:

∥fψ∥s . ∥f∥s(∥ψ∥L∞ + ∥ψ′∥s) (A.50)

Proof. We define an equivalent norm to ∥ • ∥2s by ||| • |||2s = ∥ • ∥2 + ∥ • ∥2[s]
Applying (A.49) to calculate ∥fψ∥[s] we have

∥fψ∥[s] = ∥Ds(fψ)∥ .
(
∥f∥L∞∥ψ∥[s] + ∥f∥[s]∥ψ∥L∞

)
(A.51)

. ∥f∥s
(
∥ψ′∥s + ∥ψ∥L∞

)
Then, substituting (A.51) in the equivalent norm to fψ

|||fψ|||2s = ∥fψ∥2 + ∥fψ∥2[s] . ∥f∥2s∥ψ∥2L∞ + ∥f∥2s
(
∥ψ′∥s + ∥ψ∥L∞

)2
(A.52)

. ∥f∥2s
(
2∥ψ∥2L∞ + 2∥ψ′∥s∥ψ∥L∞ + ∥ψ′∥2s

)
. ∥f∥2s

(
∥ψ′∥s + ∥ψ∥L∞

)2
Finally, using the relation between equivalents norms, the desired result is
obtained.

Corollary A.1.2. Let ψ ∈ L∞ with ψ′ ∈ H∞. Then ψψ′ ∈ Hs and satisfies:

∥ψψ′∥s . (∥ψ∥L∞ + ∥ψ′∥s)2 (A.53)

Proof. This result is a direct consequence of the previous Lemma.
Let ψ′ ∈ H∞ ⊂ Hs

Using the estimate (A.50), we get ∥ψψ′∥s

∥ψψ′∥s . ∥ψ′∥s(∥ψ∥L∞ + ∥ψ′∥s) . (∥ψ∥L∞ + ∥ψ′∥s)2 (A.54)
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[16] R. J. Iório Jr. - On the Cauchy Problem for the Benjamin-Ono Equa-
tion. Comm. PDE, 11, (1986), 1031-1081.
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[20] R. J. Iório Jr. - On Kato’s Theory of Quasilinear Equations. Segunda
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