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Abstract

The purpose of this work is the study of the well-posedness of the initial value problem
(IVP) associated to two systems: The first one is the Davey-Stewartson, where we prove
global well posedness in some Lorents spaces and consequently we find self-similar solutions.
The second system is the Degenerated Zakharov, where we prove local well posedness in
the sobolev space H3pR3q improving a result from Linares, Ponce and Saut.
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Introduction

In this thesis we are concerned with the well-posedness of the IVP associated to two

dispersive systems.

The first system is the Davey-Stewartson"
iBtu� δB2x1u�

°n
j�2 B2xju � χ|u|αu� buBx1ϕ,

B2x1ϕ�mB2x2ϕ�
°n
j�3 B2xjϕ � Bx1p|u|αq, px, tq P Rn � R and n � 2 or 3, (1)

where the exponent α is such that 4pn�1q
npn�2q   α   4pn�1q

n2 , n � 2, 3, the parameters χ, b

are constants in R� and δ and m are real positive.

The Davey-Stewartson systems are the 2D generalization of the cubic 1D Schrödinger

equation iBtu�∆u � |u|2u and model the evolution of weakly nonlinear water waves that

travel predominantly in one direction, but in which the amplitude is modulated slowly in

two horizontal directions.

The system (1), n � 2, α � 2, was first derived by Davey and Stewartson ([DS])

in the context of water waves, but their analysis did not take account of the effect of

surface tension (or capillarity). This effect was later included by Djordjevic and Redekopp

[DR] who have shown that the parameter m can become negative when capillary effects are

important. Independently, Ablowitz and Haberman [AH] obtained a particular form of (1),

n � 2, as an example of completely integrable model also generalizing the two-dimensional

nonlinear Schrödinger equation.

There has been a lot of work in the literature (see for instance [GS], [H1], [LP1],

[Oh], [Oz]) concerning different issues regarding the Davey-Stewartson systems including
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solvability of the initial and initial-boundary value problems, blow-up solutions, existence

of periodic solutions.

In [GS], Ghidaglia and Saut studied the existence of solutions of IVP (1), n � 2, α � 2.

They classified the system as elliptic-elliptic, elliptic-hyperbolic, hyperbolic-elliptic and

hyperbolic-hyperbolic, according to respective sign of pδ,mq : p�,�q, p�,�q, p�,�q, p�,�q.
The particular cases pδ, χ, b,mq � p1,�1,�2,�1q (elliptic-hyperbolic) and pδ, χ, b,mq �
p�1,�2, 1, 1q and p�1, 2,�1, 1q (hyperbolic-elliptic) are know as DSI,DSII defocusing

and DSII focusing, respectively. For these particular cases, the inverse scattering tech-

niques has led to remarkable issues including: the existence of solitons (Anker and Freeman

[AnFr], Ablowitz and Fokas [AF], Fokas and Santini [FS]); solvability of the cauchy prob-

lem(Beals and Coifman [BC], Fokas and Santini [FS] and their bibliografy).

For the elliptic-elliptic and hyperbolic-elliptic cases, Ghidaglia and Saut [GS] reduced

the system (1), n � 2, to the nonlinear cubic Schrödinger equation with a nonlocal nonlin-

ear term, i.e.

iBtu� δB2x1u� B2x2u � χ|u|2u�Hpuq,

where Hpuq � p∆�1B2x|u|2qu. They showed local well-posedness for data in L2, H1 and H2

using Strichartz estimates (see Theorem 1.7) and the continuity properties of the operator

∆�1.

The remaining cases, elliptic-hyperbolic and hyperbolic-hyperbolic, were treated by

Linares and Ponce [LP1], Hayashi [H1], [H2], Chihara [Ch], Hayashi and Hirata [HH1],

[HH2], Hayashi and Saut [HS].

In the elliptic-hyperbolic case pδ,mq � p1,�1q, after a rotation in the x1x2 plane, the

system (1), n � 2, can be written as

$&%
iBtu�∆u � pχ� b

2
q|u|2u� b

4
p³8
x1
Bx2 |u|2dx11

³8
x2
Bx1 |u|2dx12qu

� b?
2
ppBx1ϕ1q � pBx2ϕ2qqu,

upx, 0q � u0pxq,
(2)
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where ϕ is assumed to satisfies the radiation condition

lim
x2Ñ8

ϕpx, tq � ϕ1px1, tq, lim
x1Ñ8

ϕpx, tq � ϕ2px2, tq.

In the hyperbolic-hyperbolic case pδ,mq � p�1,�1q, after a rotation in the x1x2 plane,

the system (1), n � 2, can be written as

$&%
iBtu� 2Bx1Bx2u � pχ� b

2
q|u|2u� b

4
p³8
x1
Bx2 |u|2dx11

³8
x2
Bx1 |u|2dx12qu

� b?
2
ppBx1ϕ1q � pBx2ϕ2qqu,

upx, 0q � u0pxq.
(3)

In these cases Lp�Lq time decay estimates of the Schrödinger group eit∆ (problem (2))

or e�2itBx1Bx2 (problem (3)) cannot be applied. The difficulty of the problems (2) and (3)

arises from the facts that the nonlinear terms contain derivatives of the unknown function

and that
³8
xj
Bxk |u|2dx1j does not decay when |xj| Ñ 8 where j � k pj, k � 1, 2q.

Linares and Ponce [LP1] proved local well-posedness for the IVP (2) under smallness

assumption on data in Hm,0 X H6,6, m ¥ 12, ϕ1 � ϕ2 � 0 and local well-posedness for

the IVP (3) under smallness assumption on data in H6,0 XH3,2, ϕ1 � ϕ2 � 0. They used

smoothing effect of Kato’s type associated to the groups eit∆ and e�2itBx1Bx2 respectively.

Using pseudo-differential operators Chihara [Ch] obtained a local result for small data in

u0 P Hm,0 for the IVP (2). Also for the IVP (2) Hayashi and Hirata proved local result

(see [HH2]) in the usual Sobolev space H5{2,0 for small data in L2 norm and global result

(see [HH1]) for small data in H3,0 XH0,3.

Hayashi [H1] showed local well-posedness for small data in Hm,0XH0,l,m, l ¡ 1, to the

IVP (2) and local well-posedness for small data in Hδ,0XH0,δ, δ ¡ 1, to the IVP (3). Using

the parabolic regularized equation of the IVP (2), Hayashi [H2] proved local existence and

uniqueness without the smallness conditions on the data which were assumed in previous

works [Ch], [H1], [HH2], [LP1]. In [HS], Hayashi and Saut proved local existence solutions
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in analytic function space to the IVP (2). The global existence of small solutions to (2)

was also given in [HS] when the data are real analytic and satisfy the exponential decay

condition.

Here we will concentrate in the elliptic-elliptic case.

We can reduce the IVP (1) to the nonlinear Schrödinger equation (see Section 2.1 to

more details)

$&% iBtu� δB2x1u�
n°
j�2

B2xju � χ|u|αu� buEp|u|αq,
upx, 0q � u0pxq,

@ x P Rn, t P R, (4)

where zEpfqpξq � ξ21
ξ21 �mξ22 �

°n
j�3 ξ

2
j

f̂pξq � ppξqf̂pξq.

Using Strichartz estimates to the Schrödinger equation we deduce some inequalities

that will be the key to run the fixed point argument and prove well posedness in some

weak Lp spaces.

Now observe that if upx, tq satisfies

iut � δB2x1u�
ņ

j�2

B2xju � χ|u|αu� buEp|u|αq,

then also does βα{2upβx, β2tq, for all β ¡ 0.

Therefore it is natural to ask whether solutions upx, tq of (1) exist and satisfy, for β ¡ 0:

upx, tq � β2{αupβx, β2tq.

Such solutions are called self-similar solutions of the equation (4). Formally:

Definition 0.1. u(x, t) is said to be a self-similar solution to the Schrödinger equation in

(4) if

upx, tq � uβpx, tq � β2{αupβx, β2tq, @ β ¡ 0.
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So, supposing local well posedness and u a self-similar solution we must have

upx, 0q � uβpx, 0q, @ β ¡ 0,

i.e.,

u0pxq � β2{αupβxq.

In other words, u0pxq is homogeneous with degree �2{α and every initial data that

gives a self-similar solution must verify this property. Unfortunately, those functions do

not belong to the usual spaces where strong solutions exists, such as the Sobolev spaces

HspRnq. We shall therefore replace them by other functional spaces that allow homoge-

neous functions.

There are many motivations to find self-similar solutions. One of then is that they can

give a good description of the large time behaviour for solutions of dispersive equations.

For example, Escobedo and Kavian [EK] proved that on Rn, for 1   p   1� 2{n, solutions
to Btu�∆u� |u|p�1u � 0 behave like a self-similar solution as tÑ 8.

The idea of constructing self-similar solutions by solving the initial value problem for

homogeneous data was first used by Giga and Miyakawa [GM], for the Navier Stokes equa-

tion in vorticity form. The idea of [GM] was used latter by Cannone and Planchon [CP],

Planchon [P] (for the Navier-Stokes equation); Kwak [K], Snoussi, Tayachi and Weissler

[STW] (for nonlinear parabolic problems); Kavian and Weissler [KW], Pecher [Pe], Ribaud

and Youssfi [RY2] (for the nonlinear wave equation); Cazenave and Weissler [CW1],[CW2],

Ribaud and Youssfi [RY1], Furioli [F], Cazenave, Vega and Vilela [CVeVi] (for the nonlinear

Schrödinger equation).

In [CP] Canone and Planchon constructed self- similar solutions for three-dimensional

incompressible Navier stokes equation in Besov spaces. In [P], Planchon proved that the

IVP for semi-linear wave equations is well-posed in the Besov spaces 9B
sp,8
2 pRnq, where the

nonlinearity is of type up, with p P N and sp � n
2
� 2

p
¡ 1

2
. This result allowed to obtain
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self-similar solutions.

Kawak [K] proved existence and uniqueness of non-negative solutions to the semilinear

heat equation

Btu � ∆u� F puq, px, tq P Rn � R�, (5)

where F puq � �|u|p�1u, in the range 1   p   1 � 2{n, with initial data upx, 0q �
a|x|�2pp�1q, x � 0 for a ¡ 0. It was proved that maximal and minimal solutions are self-

similar with the form

Wapx, tq � t�1{pp�1qgap|x|{t1{2q,

where g � ga satisfies

g2 � pr
2
� n� 1

r
qg1 � p 1

p� 1
qg � gp � 0,

g ¥ 0, g1p0q � 0, gp0q ¡ 0, lim
rÑ8

r2{pp�1qgprq � 0.

Snoussi, Tayachi, and Weissler [STW] consider the nonlinear heat equation (5) with

F puq � a|u|p�1u � fpuq, where a P R, p ¡ 1 � p2{nq and f satisfies certain growth

conditions. In order to treat a more general nonlinear term, they extended the methods

used in [CW1] and proved the existence of global solutions for small initial data with

respect to a norm wich is related to the structure of the equation. Moreover, some of those

global solutions are asymptotic for large time to self-similar solutions of the single power

heat equation, i.e., with f � 0.

The existence of self-similar solutions for the nonlinear wave equation (6)

" B2t u�∆u � γ|u|αu
upx, 0q � fpxq, Btupx, 0q � gpxq. px, tq P Rn � R�, γ P R and α ¡ 0 (6)

has been first proved by Kavian and Weissler [KW] in the radially symetric case, i.e.,

for pf, gq of the form

fpxq � c1|x|�2{pα�1q, gpxq � c2|x|�
α�1
α�1 .
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They proved the existence of radially simetric self-similar solutions for subcritical and

critical values of α i.e. for α ¤ α�pnq where α�pnq is given by

α�pnq � n� 2

n� 2
, α�p1q � α�p2q � 8.

Pecher [Pe] considered the cauchy problem for the semilinear wave equation (6) in three

dimensions and showed the existence of self-similar solutions to homogeneous singular data

of the type

fpxq � ε1|x|�2{α, gpxq � ε2|x|� 2
α
�1,

where ε1 and ε2 are small. The self-similar solutions were compared to certain weak so-

lutions u P L8p0,8; 9H1,2pR3qq, u1 P L8p0,8;L2pR3qq wich existence were already proved

in many early papers. These weak solutions were shown then to behave asymptotically as

t Ñ 8 like the self-similar solutions with the same data constructed before in the sense

that their difference tends to zero as tÑ 8 faster than either of them separately.

Finally Ribaud and Youssfi [RY2] improved the study of self-similar solutions to the

equation (6) for all dimension n ¥ 2.

In [CW1] Cazenave and Weissler proved the existence of global solutions, including self-

similar solutions, to the nonlinear Schrödinger equation (7) (NLS) using norms analogous

to those used in [CP].

iBtu�∆u � γ|u|αu, α ¡ 0, γ P R, px, tq P Rn � r0,8q. (7)

In [CW2], Cazenave and Weissler proved the existence of a class of self-similar solutions

to the equation (7), with higher regularity than the solutions constructed in [CW1]. The

results are valid for a range of α which differs from, but overlaps with, the range of α

considered in [CW1].

Ribaud and Youssfi [RY1] improved the results in [CW1] and [CW2]. They obtained

new global existence results for the (NLS) equation (7) with small initial data which allowed

to prove that there exists a large class of self-similar solutions.
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Furioli [F] improved the result by Ribaud and Youssfi [RY1] on the existence of self-

similar solutions for the nonlinear Schrödinger equations (7) extending of available nonlin-

earities α� 1 to α smaller than 1.

Also Cazenave, Vega and Vilela ([CVeVi]) studied the global Cauchy problem for the

equation (7). Using a generalization of the Strichartz’s estimates for the Schrödinger equa-

tion (see Theorem 1.7) they showed that, under some restrictions on α, if the initial value

is sufficiently small in some weak Lp space then there exists a global solution. This result

provided a common framework to the classical Hs solutions and to self-similar solutions.

As we already mentioned we use their ideas in our work. From the condition m ¡ 0 we

are allowed to reduce the Davey-Stewartson system (1) to the Schrödinger equation in (4).

Now comparing both Schrödinger equations in (4) and (7) we observe that we have the

nonlocal term buEp|u|2q to treat. The main ingredient to do that will be an interpolation

theorem and the generalization of the Strichartz’s estimates for the Schrödinger equation

derivated in [CVeVi]. As a consequence, we prove that the Cauchy problem (4) is glob-

ally well posed in the sense of distribution for n � 2 and 3. The existence of self-similar

solutions will then be a direct consequence of the global well posedness.

The second system is the degenerated Zakharov system$''''&''''%
ipBtE � iBzEq �∆KE � nE,

B2t n�∆Kn � ∆Kp|E|2q,
Epx, y, z, 0q � E0px, y, zq,
npx, y, z, 0q � n0px, y, zq,

Btnpx, y, z, 0q � n1px, y, zq,

@ px, y, zq P R3, t ¡ 0, (8)

where ∆K � B2x � B2y , E is a complex valued function, and n is a real valued function.

The system (8) describes the laser propagation when the paraxial approximation is

used and the effect of the group velocity is negligible. We use the term degenerate in the

sense that there is no dispersive term in the space variable z in the first equation.

The IVP (8) is one variation of the following system:
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$''''&''''%
iBtE �∆E � nE,
B2t n�∆n � ∆p|E|2q,

Ep0q � E0,
np0q � n0,

Btnp0q � n1.

@ t ¡ 0, (9)

The system (9) was introduced in [Z] to describe the long wave Lungmuir turbulence

in a plasma.

In [CC], Colin and Colin posed the question of the well-posedness of the IVP (8). In

[LiPoS], Linares, Ponce and Saut answered this question showing the local well-posedness

result of the IVP system (8) in a suitable Sobolev spaces (see explanations below). The re-

sults proved in [LiPoS] extended previous ones for the Zakharov system (9), where transver-

sal dispersion is taken into account (see [OT], [GTV] and references therein). However,

the system (8) is quite different from the classical Zakharov system (9) since the cauchy

problem for the periodic data exhibits strong instabilities of the Hadamard type implying

ill-posedness (see [CM]).

Since our result is an improvement of the local well posedness result in [LiPoS] we now

explain with more details their ideas.

At first we reduce the IVP (8) into an IVP associated to a single equation, that is,"
ipBtE � BzEq �∆KE � nE,

Epx, y, z, 0q � E0px, y, zq, @ px, y, zq P R3, t ¡ 0, (10)

where

nptq � N 1ptqn0 �Nptqn1 �
» t
0

Npt� t1q∆Kp|Ept1q|2qdt1,

with

Nptqf � p�∆Kq�1{2 sinpp�∆Kq1{2tqf, (11)

and

N 1ptqf � cospp∆Kq1{2tqf, (12)
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where p�∆Kq1{2f � ppξ21 � ξ22q1{2f̂q_.
Then we consider the integral equivalent formulation of IVP (10), that is,

Eptq �EptqE0 �
» t
0

Ept� t1qpN 1pt1qn0 �Npt1qn1qEpt1qdt1 (13)

�
»
Ept� t1qp

» t1
0

Npt1 � sq∆Kp|Epsq|2qdsqEpt1qdt1,

where

EptqE0 � pe�itpξ21�ξ22�ξ3qxE0pξ1, ξ2, ξ3qq_ (14)

is the solution of the linear problem associated to (10).

Observing that the linear equation in (10) is almost a linear Schrödinger equation (but

not quite due to the propagation on the z�direction), [LiPoS] proved similar smoothing

effects for the operator Eptq as those of the Schrödinger propagator.

Using these results for the operator Eptq and properties of the wave operators Nptq and
N 1ptq, they proved that the integral operator (13) is a contraction in the following space:

Cpr0, T s : rH2j�1pR3qq, j ¥ 2,

where

rH2j�1pR3q � tf P H2j�1pR3q, D1{2
x Bαf, D1{2

y Bαf P L2pR3q, |α| ¤ 2j � 1, j P Nu, (15)

yBαxfpξq � p2πiξqαf̂pξq, (16)

D1{2
x f � p|ξ1|1{2f̂q_ and D1{2

y f � p|ξ2|1{2f̂q_. (17)

Now we state the theorem proved in [LiPoS]:

Theorem 0.2. For initial data pE0, n0, n1q in rH2j�1pR3q�H2j�1pR3q�H2jpR3q and Bzn1 P
H2jpR3q, j P N, j ¥ 2, there exist T ¡ 0 and a unique solution E of the integral equation
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(13) such that

E P Cpr0, T s : rH2j�1pR3qq, (18)°
|α|¤2j�1

}D1{2
x BαE}L8x L2

yzT
  8, (19)

and°
|α|¤2j�1

}D1{2
y BαE}L8y L2

xzT
  8. (20)

Moreover, for T 1 P p0, T q, the map pE0, n0, n1q ÞÑ Eptq from rH2j�1pR3q �H2j�1pR3q �
H2jpR3q into the class defined by (18)-(20) is Lipschitz.

From (18)-(20) one also has that

n P Cpr0, T s : H2j�1pR3qq.

Proof. We refer to [LiPoS] for a proof of this theorem.

In the present work, we intend to improve Theorem 0.2. To do so, we establish the

following maximal function type estimates for the solution of the linear IVP associated

with the system (10):

}EptqE0}L2
xL

8
yzT

¤ cpT, sq}E0}HspR3q, s ¡ 3{2. (21)

The argument to prove (21) follows the ideas in [KZ], where they obtained a L4
x-maximal

function estimates for solutions of the linear problem associated to the modified Kadomttsev-

Petviashvili (KP) equation. The estimate (21) improves the following one

}EptqE0}L2
xL

8
yzT

¤ cp1� T q}E0}H4pR3q

obtained in [LiPoS], using just Sobolev embedding.

This estimate enable us to improve Theorem 0.2.

Finally, we stablish a conection between the two problems. To do that, we consider the

Zakharov-Rubenchik system
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$'&'%
ipBtψ � vgBzψq � w2

2
B2zψ � vg

2k0
∆Kψ � pq|ψ|2 � βρ� αBzϕqψ,

Btρ� ρ00∆ϕ� αBz|ψ|2 � 0,

Bϕ� c2s
ρ00
ρ� β|ϕ|2 � 0.

px, tq P R3 � R, (22)

where ψ denotes the complex amplitude of the carrying wave whose wave number k and

frequency w are related by the dispersion relation w � wpkq. vg � w1pkq is the group

velocity of the carrying wave. The functions ρ and ϕ denote the density fluctuation and the

hydrodynamic potential respectively. The parameters q and α, measure the self-interaction

of the carrying wave and the Doppler shift respectively. cs �
a
p1pρ00q is the sound velocity

and β � Bwpk0q
Bρ is related to the enthalpy.

According to Zakharov and Kutnetsov [ZK] if we proceed formally from (22), we can

obtain limits system of Zakharov and Davey-Stewartson type. In fact, the two limits

systems are "
ipBtψ � vgBzψq � w2

2
B2zψ � vg

2k0
∆Kψ � βρψ,

Btρ� c2s∆ρ � ρ00β∆|ψ|2, px, tq P R3 � R, (23)

and #
iBtψ � w2

2
B2zψ � vg

2k0
∆Kψ � q|ψ|2ψ � αc2s

ρ00vg
ρψ,

Btρ� c2s∆ρ � ρ00β∆|ψ|2,
px, tq P R3 � R,

respectively. We notice that doing the following change of variable in the system (23)

z̃ � z � vgt,

we obtain the Zakharov system in (9)"
iBtψ � w2

2
B2zψ � vg

2k0
∆Kψ � βρψ,

pBt � vgBzq2ρ� c2s∆ρ � ρ00β∆|ψ|2. px, tq P R3 � R,

In the first chapter we describe the notations, define the functional spaces we will work

as well functions, distributions and operators that appear in the next chapters. Also we

give some well known results that will be used along this work.
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Next, in the second chapter, we prove that the Cauchy problem (1) is globally well-posed

in some Lorentz space and find self-similar solutions.

Hereafter, we refer to the expression “ well-posedness ” in the following sense:

Definition 0.3. Let pX; } � }q be a Banach space. We will say that the Cauchy problem (4)

is locally well posed in X if for all u0 P X there is T � T p}u0}q ¡ 0 and a unique solution

u to (4) such that

1. u P Cpr�T, T s : Xq and

2. F : X Ñ Cpr�T, T s : Xq, F pu0q � u is continuous.

If 1 and 2 hold for any T ¡ 0, we say that (4) is globally well posed in X.

Finally, in the third chapter, we prove that the IVP (8) is locally well-posed in the

Sobolev space H3, improving Theorem 0.2.



Chapter 1

Preliminaries

1.1 Notations

1. We will use the standard multi-index notation. A multi-index β � pβ1, . . . , βnq is a
n-tuple of nonnegative integers. Given x � px1, . . . , xnq P Rn we define the symbols

xβ :� xβ1 . . . x
β
n,

and the order of β

|β| :�
ņ

i�1

βi.

For multi-index α � pα1, . . . , αnq and β � pβ1, . . . , βnq we define

Partial order:

β ¤ αô βi ¤ αi @i P 1, . . . , n

and Binomial coefficient �α
β

� � �α1

β1

�
. . .
�αn
βn

�
.

2. For a complex number z with Rez ¡ 0 define

Γpzq �
» 8
0

e�ttz�1dt.

Γpzq is called the gamma function.

15
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3. Given f : Rn Ñ C, f̄ will denote the complex conjugate of f .

4. The characteristic function of an interval I � R is defined as

χIpxq �
"

1 if x P I
0 if x R I.

1.2 Functional Spaces, the Fourier Transform and the

Hilbert Transform

The Lebesgue spaces

Let 1 ¤ p ¤ 8. We define LppRnq as the set of all measurable functions from Rn to C

such that

}f}Lp :�
�»

Rn
|fpxq|pdx


1{p
  8 for p   8,

and

}f}L8 :� inftc ¡ 0; |fpxq| ¤ c for almost every xu.

The mixed “space-time” Lebesgue spaces are defined by

LqtL
p
x :� tu : R � Rn Ñ C measurable ; }u}LqtLpx   8u,

where

}u}LqtLpx :�
�»

R
}up�, tq}qLppRnqdt


1{q
. (1.1)

The Fourier Transform

The Fourier transform of a function f P L1pRnq, denoted by f̂ , is defined as:

f̂pξq �
»
Rn
fpxqe�2πix�ξdx, for ξ P Rn,

where x � ξ � x1ξ1 � � � � � xnξn.

f̌pξq � ³Rn fpxqe2πix�ξdx is the inverse of the Fourier transform. Throughout this work,

the symbol ˆ denote the Fourier transform in the space variable.



1.2. Functional Spaces, the Fourier Transform and the Hilbert Transform 17

An important propertie of the Fourier transform in the Lebesgue space L2 is given in

the following theorem

Theorem 1.1 (Plancherel). Let f P L2. Then f̂ P L2 and

}f̂}L2 � }f}L2 .

Proof. We refer to [G] for a proof of this theorem.

The Schwartz class

The Schwartz class denoted by SpRnq, is defined as

SpRnq � tϕ P C8pRnq; }f}νβ :� }xνBβxf}L8   8 for any ν, β P pNqnu.

The topology in SpRnq is that induced by the family of semi-norms t} � }νβupν,βq P N2n .

The next lemma establishes a relationship between the Fourier transform and the func-

tion space SpRnq:

Lemma 1.2. The Fourier transform is a homeomorphism from SpRnq onto itself.

Proof. We refer to [G] for a proof of this lemma.

Finally we list some properties of Fourier Transform in Schwartz class :

(1) For f P SpRnq, we can use Fourier Transform to define derivatives as:

(a) derivatives for multiindices

Bαf � pp2πiξqαf̂q�, α P Nn,

and

(b) fractional derivatives, i.e.,

Dlf � pp2π|ξ|qlf̂q�, l P R.
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(2) Let f and g P SpRnq. Then we have that f � g P SpRnq and

xfg � f̂ � ĝ. (1.2)

(3) If τhfpxq � fpx� hq denotes the translation by h P Rn, then

pτ�hf̂qpξq � p {e�2πiph�xqfqpξq. (1.3)

The Hilbert Transform

For ϕ P SpRnq we define its Hilbert transform Hpϕq by
zHpϕqpξq � �isgnpξqϕ̂pξq.

It follows direct from the definition that

HpHpϕqq � �ϕ. (1.4)

By Plancherel we can extend the Hilbert transform as an isometry in L2pRnq, i.e.,

}Hpϕq}L2 � }ϕ}L2 . (1.5)

Using Hilbert transform we can stablish the following relationship between Bx and Dx:

Lemma 1.3. Given ϕ P SpRq we have that

Bxϕ � D1{2
x D̃1{2

x ϕ,

where D̃
1{2
x � �2πHD1{2

x .

Proof. By the definition of H we see that

HBxϕ � 2πDxϕ. (1.6)

In fact {HBxϕ � �isgnpξq2πiξϕ̂ � 2π|ξ|ϕ̂ � 2πzDxϕ.

Now by properties (1.4) and (1.6) we obtain

Bxϕ � �HpHpBxϕqq � �2πHpDxϕq � �2πHpD1{2
x D1{2

x ϕq � D̃1{2
x D1{2

x ϕ.
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Tempered Distributions

We say that a linear functional Ψ : SpRnq Ñ C defines a tempered distribution if Ψ

is continuous. We denote S 1pRnq as the set of all tempered distributions. We will use the

symbol x�, φy to denote the value of Ψ on φ P SpRnq.

Examples of Tempered distributions

Given f P LppRnq, 1 ¤ p ¤ 8 and β � pβ1, . . . , βnq P Nn :

1. We associate with f the distribution Tf whose value on φ P SpRnq is given by

Tf pφq � xf, φy :�
»
Rn
fpxqφpxqdx.

2. We can define the diferential of f in the distribution sense as:

Bβxf : SpRnq Ñ C

xBβxf, φy � p�1q|β|xf, Bβxφy,

where Bβxφ � Bβ1x1 . . . Bβnxnφ.

3. Let T P S 1pRnq. We define the Fourier transform T̂ of a tempered distribution T by

xT̂ , φy � xT, φ̂y @φ P SpRnq.

Also, we have the following extension of lemma 1.2 in S 1pRnq:

Lemma 1.4. The Fourier transform is a isomorphism from S 1pRnq into itself.

Proof. We refer to [LP2] for a proof of this lemma.

From Lemma 1.4 we can get the following computation related with the fundamental

solution of the evolution Schrödinger equation:

p {e�4π2it|x|2qpξq � lim
εÑ0�
S1pRnq

p {e�4π2pε�itq|x|2qpξq � ei|ξ|
2{4t

p4πitqn{2 (1.7)
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The Sobolev spaces

We will also use the fractional Sobolev spaces. Let s P R, then

HspRnq :� tf P S 1pRnq : p1� |ξ|2qs{2 pfpξq P L2pRnqu

with the norm

}f}Hs :� }p1� |ξ|2qs{2 pfpξq}L2 ,

and its homogeneous version

9HspRnq :� tf P S 1pRnq : |ξ|s pfpξq P L2pRnqu

with the norm

}f}
9Hs :� }|ξ|s pfpξq}L2 . (1.8)

The weighted Sobolev spaces denoted by Hm,lpRnq are defined as follows:

Hm,lpRnq � tf P L2pRnq; }f}Hm,l � }p1�∆qm{2p1� |x|2ql{2f}L2   8u,

where p1�∆qm{2f � pp1� |ξ|2qm{2f̂q�.
Analogously we define the weighted homogeneous Sobolev spaces 9Hm,lpRnq:

9Hm,lpRnq � tf P L2pRnq; }f}
9Hm,l � }p1�∆qm{2|x|lf}L2   8u.

The Lorentz spaces

The next spaces were introduced by Lorentz ([L1], [L2]) and generalizes the Lp spaces:

Definition 1.5. The Lorentz space LpqpRnq, 1 ¤ p, q ¤ 8, is defined as follows:

LpqpRnq � tf : Rn Ñ C measurable ; }f}LpqpRnq :�
�³8

0
pt1{pf�ptqqq 1

t
dt
�1{q   8u for q   8

and

Lp8pRnq � tf : Rn Ñ C measurable ; }f}Lp8pRnq :� sup
λ¡0

λαpλ, fq1{p   8u
where

f�ptq � inf
λ¡0

tαpλ, fq ¤ tu,
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αpλ, fq � µptx P Rn; |fpxq| ¡ λuq,

and

µ � Lebesgue measure.

The function αpλ, fq is called distribution function.

In Chapter 2 the Lp8 spaces will be particularly relevant in our analysis. They are also

called weak Lp spaces. For more information about Lorentz spaces we refer to [BeL].

1.3 Important Theorems

Now we present some facts in Lorentz spaces. The next theorem establishes a relation-

ship between Lorentz Spaces Lp8 and Lq spaces:

Theorem 1.6 (Interpolation’s theorem). Given 0   p0   p1 ¤ 8, then for all p, q and θ

such that p0   q ¤ 8, 1
p
� 1�θ

p0
� θ

p1
and 0   θ   1 we have :

pLp0 , Lp1qθ,q � Lpq with }f}pLp0 ,Lp1 qθ,q � }f}Lpq ,

where

pLp0 , Lp1qθ,q � ta Lebesgue measurable; }a}pLp0 ,Lp1 qθ,q :�
�» 8

0

t�θkpt, aqq dt
t


 1
q

  8u, q   8,

pLp0 , Lp1qθ,8 � ta Lebesgue measurable; }a}pLp0 ,Lp1 qθ,8 :� sup
t¡0

t�θkpt, aq   8u

and

kpt, aq � inf
a�a0�a1

p}a0}Lp0 � t}a1}Lp1 q.

Proof. We refer to [BeL] for a proof of this theorem.

Another relationship between Lorentz Spaces and Lp spaces is given by the following

decomposition:
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Let 1 ¤ p1   p   p2   8. Then

Lp8 � Lp1 � Lp2 . (1.9)

The next theorem is a generalization of the classical Strichartz estimates for the Schrödinger

equation. The proof is based on ideas developed by Keel and Tao [KT].

Theorem 1.7. Consider r, r̃, q and q̃ such that

2   r, r̃ ¤ 8, 1

r̃1
� 1

r
  2

n
,

1

q̃1
� 1

q
� n

2
p 1
r̃1
� 1

r
q � 1, (1.10)

#
r, r̃ � 8 if n � 2,

n� 2

n
p1� 1

r̃1
q ¤ 1

r
¤ n

n� 2
p1� 1

r̃1
q if n ¥ 3,

(1.11)

and $'&'%
0   1

q
¤ 1

q̃1
  1� n

2
p 1
r̃1
� 1

r
� 1q if

1

r̃1
� 1

r
¥ 1,

�n
2
p 1
r̃1
� 1

r
� 1q   1

q
¤ 1

q̃1
  1 if

1

r̃1
� 1

r
  1.

(1.12)

Then we have the following inequalities:

}
» t
0

eipt�τq∆F p�, τqdτ}LqtLrx ¤ c} F }
Lq̃

1
t L

r̃
1
x

, (1.13)

}
» t
�8

eipt�τq∆F p�, τqdτ}LqtLrx ¤ c} F }
Lq̃

1
t L

r̃
1
x

, (1.14)

}
» �8
�8

eipt�τq∆F p�, τqdτ}LqtLrx ¤ c} F }
Lq̃

1
t L

r̃
1
x

. (1.15)

Proof. We refer to [McV] for a proof of this theorem.

Now we turn our attention to some inequalities on the Lorentz spaces semi-norm

} � }Lp8pRn�1q that we will use in Chapter 2:
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Lemma 1.8. Let 1   p, q, r   8. The following estimates hold:

|f |   |g| ñ}f}Lp8pRnq ¤ }g}Lp8pRnq, (1.16)

}f � g}Lp8pRnq ¤ 2
�}f}Lp8pRnq � }g}Lp8pRnq

�
. (1.17)

Moreover if 1
p
� 1

q
� 1

r
, then

}fg}Lr8pRnq ¤ }f}Lp8pRnq}g}Lq8pRnq. (1.18)

Proof. The inequality (1.16) follows directly from Definition 1.5.

The property (1.17) follows from Definition 1.5 observing that

µptx, |fpxq| ¡ λ

2
uq � µptx, |gpxq| ¡ λ

2
uq ¥ µptx, |pf � gqpxq| ¡ λuq.

For the proof of inequality (1.18) we refer to [O].

Remark 1.9. From inequality (1.17) in Lemma 1.8 we see that } � }Lp8 is not a norm, but

a quasi-norm, i.e., it only satisfies a quasi-triangular inequality. On the other hand, the

spaces } � }Lp8 are complete with respect to their quasi-norm and they are therefore quasi

Banach spaces. Moreover, for p ¡ 1 it is possible to replace this quasi-norm to a norm

such that } � }Lp8 become Banach. We refer to [G] for more details.

The next result will be important in Section 2.3 to find self-similar solutions:

Proposition 1.10. Let ϕpxq � |x|�p where 0   Re p   n. Then eit∆ϕ is given by the
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explicit formula below for x � 0 and t ¡ 0:

eit∆ϕpxq �|x|�p
m̧

k�0

Akpa, bqekπi{2
� |x|2

4t


�k
� |x|�pAm�1pa, bq

� |x|2
4t


�m�1 pm� 1qeaki{2
Γpm� 2� bq

�
» 8
0

» 1

0

p1� sqm
�
�i� 4tsτ

|x|2

�a�m�1

e�ττm�1�bdsdτ

� ei|x|
2{4t|x|�n�pp4tqn2�p

ļ

k�0

Bkpb, aqe�pn�2kqπi{4
� |x|2

4t


�k
� ei|x|

2{4t|x|�n�pp4tqn2�pBl�1pb, aq
� |x|2

4t


�l�1 pl � 1qeaki{2
Γpl � 2� bq

�
» 8
0

» 1

0

p1� sql
�
�i� 4tsτ

|x|2

�b�l�1

e�ττ l�1�adsdτ,

where a � p{2, b � pn� pq{2,m, l P N such that m� 2 ¡ Re b and l � 2 ¡ Re a

and

Akpa, bq � Γpa� kqΓpk � 1� bq
ΓpaqΓp1� bqk! , Bkpb, aq � Γpb� kqΓpk � 1� aq

ΓpaqΓp1� aqk!
where Γ denotes the gamma function.

Proof. We refer to [CW1] for a proof of this proposition.

Theorem 1.11 (Dominated Convergence theorem). Let pX,A, µq be a measure space and

tfnu be a sequence of A-measurable functions from pX,A, µq to R. Let g be a A-measurable

nonnegative integrable function on pX,A, µq. Suppose that for each s in X,

i. |fnpsq| ¤ gpsq for all n ¥ 1 and

ii. limnÑ8 fnpsq � fpsq.

Then

lim
nÑ8

»
X

fnpxqdµ �
»
X

fpxqdµ.
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Proof. We refer to [I] for a proof of this theorem.

Theorem 1.12 (Lebesgue Differentiation Theorem). If f P L1
locpRnq then

limrÑ0�
1

|Br|
»
Br

fpx� yqdy � fpxq a.e.,

where Br � ty P Rn; |y � x|   ru and L1
locpRnq � tf ;χBrf P L1u.

Proof. We refer to [G] for a proof of this lemma.

In Chapter 3 we will need the following results:

Lemma 1.13. If a and b are nonnegative real numbers and p and q are real positive

numbers such that 1
p
� 1

q
� 1 then we have

ab ¤ ap

p
� bq

q
.

Proof. We consider an auxiliary function φ defined for all positive real numbers t by

φptq � tp

p
� t�q

q
.

It is easy to see that

φ1ptq � tp�1 � t�q�1 ñ 1 is the only critical value of φ pin the domain of φq (1.19)

and

lim
tÑ0

φptq � lim
tÑ8

φptq � 8. (1.20)

From (1.19) and (1.20) we have

tp

p
� t�q

q
� φptq ¥ φp1q � 1. (1.21)

The result follows taking t � a1{q
b1{p where a and b are positive numbers.
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Lemma 1.14 (Holder’s inequality). Let 1 ¤ p, q ¤ 8 such that 1
p
� 1

q
� 1. Given f P

Lp, g P Lq we have fg P L1 and

}fg}L1 ¤ }f}Lp}g}Lq .

Proof. We refer to [I].

Lemma 1.15 (Young’s inequality). Let 1 ¤ p, q, r ¤ 8 satisfy 1
q
� 1 � 1

p
� 1

r
. Then for all

f P LppRnq and all g P LrpRnq we have

}f � g}Lq ¤ }g}Lr}f}Lp .

Proof. We refer to [G].

Lemma 1.16 (Leibiniz’ Rule). Let α P Nn be a multi-index and f, g P C |α|pRnq. Then

Bαx pfgq �
¸
βPNn
β¤α

�α
β

�Bα�βx fBβxg. (1.22)

Proof. The identity (1.22) is deduced by repeated aplication of the one dimension Leibiniz

rule

Bmx pfgq �
m̧

k�0

�m
k

�BkxfBm�kx g,

and induction.

Lemma 1.17 (Fractionary Leibiniz rule).

}D1{2
x pfgq}L2

x
¤ }D1{2

x f}L4
x
}g}L4

x
� }f}L8x }D1{2

x g}L2
x
, x P R. (1.23)

Proof. We refer to [KPV] for a proof of this lemma.

Theorem 1.18 (Fubini’s Theorem). Let f : Rn � Rm Ñ C be such that»
Rn�Rm

|fpx, yq|dxdy   8.

Then »
Rn
p
»
Rm

fpx, yqdxqdy �
»
Rm
p
»
Rn
fpx, yqdyqdx �

»
Rn�Rm

fpx, yqdpx, yq.
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Proof. We refer to [I] for a proof of this theorem.

Lemma 1.19 (Minkowski integral inequality). If 1 ¤ p ¤ 8, then

p
»
Rn
|
»
Rm

fpx, yqdx|pdyq1{p ¤
»
Rm
p
»
Rn
|fpx, yq|pdyq1{pdx.

Proof. Define Apyq � ³Rm |fpx, yq|dx and let 1 ¤ q ¤ 8 such that 1
p
� 1

q
� 1. Then by

Fubini’s theorem and Holder’s inequality we have»
Rn
Apyqpdy �

»
Rn
ApyqApyqp{qdy

�
»
Rn
p
»
Rm

|fpx, yq|dxqApyqp{qdy

�
»
Rm
p
»
Rn
|fpx, yq|Apyqp{qdyqdx

¤
»
Rm
p
»
Rn
|fpx, yq|pdyq1{pp

»
Rn
Apyqpdyq1{qdx

�
»
Rm
p
»
Rn
|fpx, yq|pdyq1{pdxp

»
Rn
Apyqpdyq1{q.

Therefore

p
»
Rn
Apyqpdyq1�1{q ¤

»
Rm
p
»
Rn
|fpx, yq|pdyq1{pdx. (1.24)

Finally from (1.24) and the definition of Apyq we conclude

p
»
Rn
|
»
Rm

fpx, yqdx|pdyq1{p ¤ p
»
Rn
p
»
Rm

|fpx, yq|dxqpdyq1{p ¤
»
Rm
p
»
Rn
|fpx, yq|pdyq1{pdx.

The next theorem gives a description of the Sobolev space Hk without using the Fourier

transform whenever k P Z�.

Theorem 1.20. If k is a positive integer, then HkpRnq coincides with the space of functions

f P L2pRnq whose derivatives (in the distribution sense) Bαxf belong to L2pRnq for every

α P pZ�qn with |α| � α1 � . . .� αn ¤ k,

where yBαxfpξq � p2πiξqαf̂pξq.
In this case the norms }f}Hk and

°
|α|¤k }Bαxf}L2 are equivalents.
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Proof. We refer To [LP2] for a proof of this theorem.

Theorem 1.21. If s ¡ n{2, then HspR3q is an algebra with respect to the product of

functions. That is, if f, g P HspR3q, then fg P HspR3q with

}fg}Hs ¤ }f}Hs}g}Hs .

Proof. We refer to [LP2] for a proof of this theorem.

We also need the following embbeding results:

Theorem 1.22. If s ¡ n{2, then HspRnq is continuously embedded in C8pRnq, i.e.,

}f}L8 ¤ cs}f}Hs .

Proof. We refer to [LP2] for a proof of this theorem.

Theorem 1.23. If s P p0, n{2q, then HspRnq is continuously embedded in LppRnq with

p � 2n{pn� 2sq. Moreover

}f}Lp ¤ }Dsf}L2 ¤ }f}Hs ,

where Dlf � pp2π|ξ|lqf̂q_.

Proof. We refer To [LP2] for a proof of this theorem..

Before stating the next result, due to Ginibre and Velo, we give some notations.

For any vector space D, we denote by D� its algebraic dual, by LpD, Xq the space of

linear maps from D to some other vector space X, and by xψ, fyD the pairing between D�

and D (with f P D and ψ P D�). If X is a Banach space, } � }X will denote the norm in X.

Lemma 1.24. Let H be a Hilbert space, X a Banach space, X� the dual of X, and D

a vector space densely contained in X. Let T1 P LpD,Hq and let T �
1 P LpH,D�q be its

adjoint, defined by

xT �
1 v, fyD � xv, T1fy, @f P D, @v P H,

where x�, �y is the scalar product in H. Then the following three conditions are equivalent.
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(1) There exists a, 0 ¤ a   8 such that for all f P D,

}T1f}H ¤ }f}X .

(2) RpT �
1 q � tT �

1 pvq; @v P Hu � X�, and there is a , 0 ¤ a   8, such that for all v P H

}T �
1 v}X� ¤ a}v}H.

(3) RpT �
1 T1q � X� and there exists a, 0 ¤ a   8, such that for all f P D,

}T �
1 T1f}X� ¤ a2}f}X .

The constant a is the same in all three parts. If one of (all) those conditions is (are)

satisfied, the operators T1 and T1T
�
1 extend by continuity to bounded operators from X

to H and from X to X� respectively.

Proof. We refer to [GV] for a proof of this lemma.

Next, we state a result in interpolation of operators in mixed Lebesgue spaces of type

LqzL
p
xy. It will be usefull to generate Strichartz estimates to the degenerated Zakharov

system in the third chapter .

Theorem 1.25 (Riez-Thorin). Let p0 � p1 and q0 � q1. Let T be a bounded linear operator

from L2
zL

p0
xy to L2

zL
q0
xy with norm M0 and from L2

zL
p1
xy to L2

zL
q1
xy with norm M1. Then T is

bounded from L2
zL

pθ
xy to L2

zL
qθ
xy with norm Mθ such that

Mθ ¤M1�θ
0 M θ

1 ,

with

1

pθ
� 1� θ

p0
� θ

p1
,

1

qθ
� 1� θ

q0
� θ

q1
.

Proof. We refer to [LP2] for a proof of this theorem.
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In fact, the Riez-Thorin theorem appears in literature to Lp spaces but the proof of

Theorem 1.25 is basically the same.

Theorem 1.26 (Hardy-Littlewood-Sobolev). Let 0   α   n, 1   p   q   8, with
1
q
� 1

p
� α

n
. Then the Riez potential defined as

Iαfpxq � cα

»
Rn

fpyq
|x� y|pn�αqdy,

is a bounded linear operator from LppRnq to LqpRnq, i.e.,

}Iαpfq}Lq ¤ cp,α,n}f}Lp .

Proof. We refer to [LP2] for a proof of this theorem.



Chapter 2

Well Posedness for the Davey
Stewartson System on Weak Lp

2.1 Introduction

Here we shall study the Cauchy problem for the Davey Stewartson systems:

"
iBtu� δB2x1u�

°n
j�2 B2xju � χ|u|αu� buBx1ϕ,

B2x1ϕ�mB2x2ϕ�
°n
j�3 B2xjϕ � Bx1p|u|αq. px, tq P Rn � R and n � 2 or 3, (2.1)

where u � upx, tq is a complex-valued function and φ � φpx, tq is a real-valued function.

The exponent α is such that 4pn�1q
npn�2q   α   4pn�1q

n2 , n � 2, 3, the parameters χ and b are

constants in R, δ and m are real positive and we can consider δ, χ normalized in such a

way that |δ| � |χ| � 1.

Solving the second equation in (2.1), we can express ϕ in terms of u and get

Bx1ϕ � Ep|u|2q,

where the operator E � Em is defined in Fourier variables by

zEpfqpξq � ξ21
ξ21 �mξ22 �

°n
j�3 ξ

2
j

f̂pξq � ppξqf̂pξq. (2.2)

We can therefore reduce (2.1) to the nonlinear Schrödinger equation

31



32 2. Well Posedness for the Davey Stewartson System on Weak Lp

$&% iBtu� δB2x1u�
n°
j�2

B2xju � χ|u|αu� buEp|u|αq,
upx, 0q � u0pxq.

@ x P Rn, t P R, (2.3)

We consider the equation (2.3) in its integral form

uptq � Uptqu0 � i

» t
0

Upt� sqpχ|u|αu� buEp|u|αqqpsqds, (2.4)

where Uptqu0 defined as

{Uptqu0pξq � e�itψpξq pu0pξq, (2.5)

ψpξq � 4π2δξ21 � 4π2
ņ

j�2

ξ2j , n � 2 or 3, (2.6)

is the solution of the linear problem

$&% iBtu� δB2x1u�
n°
j�2

B2xju � 0,

upx, 0q � u0pxq.
@x P Rn, t P R, (2.7)

Remark 2.1. Note that

1. Uptq is the unitary group associated to the linear Schrödinger equation (2.7) (see, for

example, [LP2] and references there in).

2. It follows directly from Lemma 1.2 that UptqpS 1pRnqq � S 1pRnq.

3. The function αpλ, fq in Definition 1.5 has the following invariance with respect to

the group Uptqu0pξq � pe�itψpξq pu0q_pξq:
αpλ, Upt� τqϕq �

»
χtpy,tqPRn�R;|pe�ipt�τqψpyqϕ̂q_|¡λupx, sqdxds

�
»
χtpy,tqPRn�R;|pe�itψpyqϕ̂q_|¡λupx, sqdxds � αpλ, Uptqϕq.
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The last identity gives us the following result: @ ϕ P S1pRnq and τ P R:

}Uptqϕ}Lp8pRn�1q � }Upt� τqϕ}Lp8pRn�1q. (2.8)

In Section 2.2 we prove that the Cauchy problem (2.3) is globally well posed in the

sense of distribution for n � 2 and 3 and in Section 2.3 we find self-similar solutions for

(2.3).

2.2 Global Well Posedness

In this section we prove global well posedness for IVP (2.3) in the subspace Y � S 1pRnq
where:

Y � tϕ P S 1pRnq : Uptqϕ P Lαpn�2q
2

8pRn�1qu,

and

}ϕ}Y � }Uptqϕ}
L
αpn�2q

2 8pRn�1q
.

Observe that by the identity (2.8), Uptq is an isometry in Y , i.e. }ϕ}Y � }Uptqϕ}Y .
We first state some properties to the operator E, defined in (2.2), that will be usefull

to our main purpose:

The following result was proved by Xiangking (see [X]): given 1   q   8, E is strong

pq, qq, i.e. is a bounded operator from LqpRnq to LqpRnq, and }E} ¤ 1. It means that the

following inequality holds for 1   q   8:

}Epfq}LqpRnq ¤ }f}LqpRnq. (2.9)

Lemma 2.2. The operator E : LppRnq � S1pRnq Ñ LppRnq � S 1pRnq defined in (2.2) is

injective for 1 ¤ p ¤ 8 and n ¥ 2.

Proof. By lemma 1.4 and the fact that E is a linear operator is enough to prove that

zEpfq � 0 in S 1pRnq ñ f � 0 Lebesgue-qtp.
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zEpfq � 0 in S 1pRnq means that

xf, pzppξqφqy � 0 @φ P SpRnq.

By lemma 1.2 is enough to prove that

xf, ppξqφy �
»
Rn
fpξqppξqφpξqdξ � 0 @φ P SpRnq. (2.10)

Now we recall the following result: given g P LqpRnq, if it is true that»
Rn
gpxqφpxqdx � 0 @φ P SpRnq, (2.11)

then we must have g � 0 Lebesgue-qtp.

From (2.10) and (2.11) we have ppξqφpξq � 0 Lebesgue-qtp. Since ppξq � ξ21
ξ21�mξ22�

°n
j�3 ξ

2
j

only vanishes in a set of null measure in Rn, n ¥ 2, we must have φpξq � 0 Lebesgue-

qtp.

Proposition 2.3. Consider F : Rn
x � Rt Ñ C. Then for 1   p   8 :

}EpF q}Lp8pRn�1q � }
�
ppξq pF pξ, tq	_}Lp8pRn�1q ¤ }F }Lp8pRn�1q.

Proof. We first observe that the inequality (2.9) can be extended to the mixed “space-time”

Lebesgue spaces:

}EpF q}Lqtx � }EpF q}LqtLqx � }}EpF q}Lqx}Lqt ¤ }}F }Lqx}Lqt � }F }LqtLqx � }F }Lqtx . (2.12)

The inequality (2.12) and Theorem 1.6 will give us the result.

In fact, fix 1   p   8. Take 1   p0, p1   8 and 0   θ   1 such that 1
p
� 1�θ

p0
� θ

p1
. By

Theorem 1.6 we have }EpF q}Lp8pRn�1q � }EpF q}pLp0 ,Lp1 qθ8 .
If

F � f0 � f1 P Lp0pRn�1q � Lp1pRn�1q,

then

EpF q � Epf0q � Epf1q P Lp0pRn�1q � Lp1pRn�1q,
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and

}Epfjq}Lpj pRn�1q ¤ }fj}Lpj pRn�1q, j � 0, 1.

So

Kpt, EpF qq � inf
EpF q�F0�F1

p}F0}Lp0 pRnq � t}F1}Lp1 pRnqq

¤ inf
EpF q�Epf0q�Epf1q

p}Epf0q}Lp0 pRnq � t}Epf1q}Lp1 pRnqq

¤ inf
EpF q�Epf0q�Epf1q

p}f0}Lp0 pRnq � t}f1}Lp1 pRnqq.

Since E is injective (lemma 2.2), EpF q � Epf0q � Epf1q ñ F � f0 � f1 Lebesgue a.e.

Then

Kpt, EpF qq ¤ inf
F�f0�f1

p}f0}Lp0 pRnq � t}f1}Lp1 pRnqq � Kpt, fq.

Using Theorem 1.6 once more we obtain the result.

Observe that from the idea of this proof we could obtain a more general result:

Lemma 2.4. Let A : LppRnq Ñ LqpRnq be a linear, bounded and injective operator. Then

A is bounded from Lp8pRnq to Lq8pRnq.

Next we define two operators and derive some properties about then.

1. Denote by G the following integral operator:

GpF qpx, tq �
» t
0

Upt� sqF p�, sqpxqds, (2.13)

where Uptq group defined in (2.5).

2. Given f P SpRnq we define the operator T as follows:

pTfqpx, tq � pUptqf̂q�pxq.

Observe that by Strichartz estimates (see Theorem 1.7 with the group Uptq instead
of eit∆), if pq, rq is an admissible pair, i.e., 1

q
� n

2r
� n

4
, we have

T : L2pRnq Ñ LqtL
r
x.
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The dual of the operator T is, as usual, denoted by T � and given by:

T � : Lq
1
t L

r1
x Ñ L2pRnq

pT �F qpxq �
» �8
�8

Up�tqF p�, tqpxqdt.

Finally we note that the integral operator that appears in the inequality (1.15) (eit∆

replaced by Uptq) is exactly the composition of T and T �:

pTT �F qpx, tq �
» �8
�8

Upt� τqF px, τqdτ. (2.14)

The following properties holds to the operators G and TT �:

Proposition 2.5. Let 1 ¤ p, r   8 such that

1

p
� 1

r
� 2

n� 2
,

and

2pn� 1q
n

  r   2pn� 1qpn� 2q
n2

.

Then the following inequalities holds:

}GpF q}Lr8pRn�1q ¤ c}F }Lp8pRn�1q, (2.15)

}TT �pF q}Lr8pRn�1q ¤ c}F }Lp8pRn�1q. (2.16)

Proof. To prove properties (2.15) and (2.16) we need Theorem 1.7 (with Uptq instead of

eit∆) and the interpolation theorem. In fact taking r � q and r̃
1 � q̃

1 �: p in Theorem 1.7,

the hypothesis (1.10) becomes

1

p
� 1

r
� 2

n� 2
,

and the inequalities (1.13) and (1.15) becomes respectively

}GF }LrpRn�1q ¤ c}F }LppRn�1q, (2.17)
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and

}TT �F }LrpRn�1q ¤ c}F }LppRn�1q. (2.18)

The restriction 2pn�1q
n

  r   2pn�1qpn�2q
n2 comes from hypothesis (1.11).

The result follows applying lemma 2.4 to inequalities (2.17) and (2.18).

The next theorem is the main result of this chapter. It proves that taking “small”initial

data in the space Y , the integral equation (2.4) has a unique solution in

Bp0, 3δ1q � tf P Lαpn�2q
2

8pRn�1q; }f}
L
αpn�2q

2 8pRn�1q
  3δ1u.

This result allows us to prove well posedness of equation (2.3) and to find self-similar

solutions for δ ¡ 0 (see next section).

Theorem 2.6. There exists a δ1 ¡ 0 such that given 4pn�1q
npn�2q   α   4pn�1q

n2 and u0 P Y with

}u0}Y   δ1 then there exists a unique u P Bp0, 3δ1q � L
αpn�2q

2
8pRn�1q solution of (2.4)

such that }u}
L
αpn�2q

2 8pRn�1q
  3δ1 for some δ1 ¡ 0.

Proof. Consider the following operator

pΦuqptq � Uptqu0 � iGpχ|u|αu� buEp|u|αqqptq,

G as in (2.13).

We want to use the Picard fixed point theorem to find a solution of u � Φpuq in

Bp0, 3δ1q � L
αpn�2q

2
8pRn�1q.

Note that

�
Bp0, 3δ1q, } � }

L
αpn�2q

2 8pRn�1q



is a complete metric space.

We must prove that:

(1). ΦpBp0, 3δ1q � Bp0, 3δ1q

(2). }Φpuq � Φpvq}
L
αpn�2q

2 8pRn�1q
¤ c}u� v}

L
αpn�2q

2 8pRn�1q
, 0   c   1.
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To prove 1 take u P Bp0, 3δ1q.
By property (1.17) in Lemma 1.8 it follows that

}Φpuq}
L
αpn�2q

2 8pRn�1q
¤ 2

�
}Uptqu0}

L
αpn�2q

2 8pRn�1q
� }iG pχ|u|αu� buEp|u|αqq }

L
αpn�2q

2 8pRn�1q



.

By hypothesis }Uptqu0}
L
αpn�2q

2 8pRn�1q
  δ1.

Using inequalities (2.15) from Proposition 2.5, (1.17) from Lemma 1.8 and the fact that

|χ| � 1 we get for the second term

}iGpχ|u|αu�buEp|u|αqq}
L
αpn�2q

2 8pRn�1q
¤ 2c

�
}|u|αu}

L
αpn�2q
2pα�1q 8pRn�1q

� }buEp|u|αq}
L
αpn�2q
2pα�1q 8pRn�1q



.

By property (1.18) from Lemma 1.8 we have

}|u|αu}
L
αpn�2q
2pα�1q 8pRn�1q

¤ }u}α�1

L
αpn�2q

2 8pRn�1q
.

Applying Proposition 2.3 and inequality (1.18) we get

}buEp|u|αq}
L
αpn�2q
2pα�1q 8pRn�1q

¤ |b|}u}
L
αpn�2q

2 8pRn�1q
}Ep|u|αq}

L
n�2
2 8pRn�1q

¤ |b|}u}
L
αpn�2q

2 8pRn�1q
}uptq}α

L
αpn�2q

2 8pRn�1q
.

Using that u P Bp0, 3δ1q we have

}Φpuq}
L
αpn�2q

2 8pRn�1q
  2δ1 � 4cp3δ1qα�1 � 4c|b|p3δ1qα�1   3δ1.

Now we prove 2, i.e., that Φ is a contraction in Bp0, 3δ1q. Take u, v P Bp0, 3δ1q:

Φpuq � Φpvq � iGpχp|v|αv � |u|αuqq � iG
�
bpvEp|v|αq � uEp|u|αq�.

By properties (1.17) and (2.15) we get

}Φpuq � Φpvq}
L
αpn�2q

2 8pRn�1q

¤ 2c

�
}|v|αv � |u|αu}

L
αpn�2q
2pα�1q 8pRn�1q

� |b|}vEp|v|αq � uEp|u|αq}
L
αpn�2q
2pα�1q 8pRn�1q



¤ 2c

�
}vp|v|α � |u|αq}

L
αpn�2q
2pα�1q 8pRn�1q

� }|u|αpu� vq}
L
αpn�2q
2pα�1q 8pRn�1q



� 2c|b|

�
}Ep|v|αqpv � uq}

L
αpn�2q
2pα�1q 8pRn�1q

� }upEp|v|αq � Ep|u|αqq}
L
αpn�2q
2pα�1q 8pRn�1q



.
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Applying inequality (1.18) and Proposition 2.3 we obtain

}Φpuq � Φpvq}
L
αpn�2q

2 8pRn�1q

¤ 2c

�
}v}

L
αpn�2q

2 8pRn�1q
}|v|α � |u|α}

L
pn�2q

2 8pRn�1q
� }|u|α}

L
pn�2q

2 8pRn�1q
}u� v}

L
αpn�2q

2 8pRn�1q



� 2c|b|

�
}Ep|v|αq}

L
pn�2q

2 8pRn�1q
}u� v}

L
αpn�2q

2 8pRn�1q

� }u}
L
αpn�2q

2 8pRn�1q
}Ep|v|αq � Ep|u|αq}

L
pn�2q

2 8pRn�1q



¤ 2c

�
}v}

L
αpn�2q

2 8pRn�1q
}|v|α � |u|α}

L
pn�2q

2 8pRn�1q
� }u}α

L
αpn�2q

2 8pRn�1q
}u� v}

L
αpn�2q

2 8pRn�1q



� 2c|b|

�
}v}α

L
αpn�2q

2 8pRn�1q
}u� v}

L
αpn�2q

2 8pRn�1q
� }u}

L
αpn�2q

2 8pRn�1q
}|v|α � |u|α}

L
pn�2q

2 8pRn�1q



.

Now we set

gpuq � |u|α.

It follows by the Mean Value Theorem that

|gpuq � gpvq| ¤ cpαqp|u|α�1 � |v|α�1q|u� v|.

This property and Lemma 1.8 imply that

}|v|α � |u|α}
L
pn�2q

2 8pRn�1q

¤ cpαq
�
}|u|α�1|u� v|}

L
pn�2q

2 8pRn�1q
� }|v|α�1|u� v|}

L
pn�2q

2q 8pRn�1q



¤ cpαq

�
}u}α�1

L
αpn�2q

2 8pRn�1q
}u� v}

L
αpn�2q

2 8pRn�1q
� }v}α�1

L
αpn�2q

2 8pRn�1q
}u� v}

L
αpn�2q

2 8pRn�1q



.

By virtue of the last inequality and the hypothesis u, v P Bp0, 3δ1q we get

}Φpuq � Φpvq}
L
αpn�2q

2 8pRn�1q

¤ 2cp3δ1q
�
2p3δ1qα�1}u� v}

L
αpn�2q

2 8pRn�1q



� 2cp3δ1qα}u� v}

L
αpn�2q

2 8pRn�1q

� 2c|b|p3δ1qα}u� v}
L
αpn�2q

2 8pRn�1q
� 2c|b|p3δ1q

�
2p3δ1qα�1}u� v}

L
αpn�2q

2 8pRn�1q



,
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and finally

}Φpuq � Φpvq}
L
αpn�2q

2 8pRn�1q
¤ δα1 pc1 � c2|b|q}v � u}

L
αpn�2q

2 8pRn�1q
.

Again taking 0   δ1 ! 1 we get the contraction.

Remark 2.7. Since Strichartz estimates still holds (up to endpoints) to the unitary group

Uptq defined in (2.5) with δ   0 in (2.6), and since we do not use the endpoints in the

Proposition 2.5, we conclude that Theorem 2.6 holds for the nonelliptic Schrodinger prob-

lem, i.e., the IVP (2.7) with δ   0.

The next proposition shows that giving any initial data in Y and assuming the existence

of a solution u to the integral equation (2.4) we have that u is the solution (in the weak

sense) of the differential equation (2.3). We emphasize that Theorem 2.6 provides the

existence of solutions to the equation (2.4) under the assumption of small initial data.

Proposition 2.8. Given 4pn�1q
npn�2q   α   4pn�1q

n2 , u0 P Y and let u P Lαpn�2q
2

8pRn�1q be the

solution of (2.4). It follows that t P R Ñ uptq P S 1pRnq is continuous and up0q � u0. In

particular, u is a solution of (2.3). Moreover upt0q P Y @ t0 P R. In addition, there exist

u� such that }Uptqu�}
L
αpn�2q

2 8pRn�1q
  8 and Up�tquptq Ñ u� in S1pRnq as tÑ �8.

Proof. By hypothesis u P Lαpn�2q
2

8pRn�1q. So by the inequality (1.18) in Lemma 1.8 and

Proposition 2.3

|u|αu and uEp|u|αq P Lαpn�2q
2pα�1q pRn�1q.

Now we can use the decomposition in (1.9) and write

|u|αu � f1 � f2, (2.19)

and

uEp|u|αq � f3 � f4, (2.20)
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where fj P LpjpRn�1q for some 1 ¤ p1   αpn�2q
2pα�1q   p2   8 and 1 ¤ p3   αpn�2q

2pα�1q   p4   8.
Replacing (2.19) and (2.20) in (2.4) we get

uptq � Uptqu0 � iχGpf1qptq � iχGpf2qptq � ibGpf3qptq � ibGpf4qptq. (2.21)

Observe that from the decomposition (2.21) and remark 2.1 we have that uptq P S 1pRnq.
Now, if we take φ P SpRnq then Uptqφ P CpR : SpRnqq and also Gpφqptq P CpR : SpRnqq.

By duality we can extend Uptq to S1pRnq and get Uptqφ P CpR : S1pRnqq for φ P S1pRnq.
Using Dominated Convergence Theorem (Theorem 1.11) we have Gpφqptq P CpR :

S 1pRnqq for φ P S 1pRnq and by (2.21)

uptq P CpR : S 1pRnqq. (2.22)

Making tÑ 0 in (2.21) we get up0q � u0.

Now we prove that uptq satisfies the equation

iut � δux1x1 �
ņ

j�2

uxjxj � χ|u|αu� buEp|u|αq,

in S1pRnq for all t P R :

Define F puq :� χ|u|αu� buEp|u|αq. We must prove that @φ P SpRnq

i lim
hÑ0

xupt� hq � uptq
h

, φy � x�pδBx1x1 �
ņ

j�2

Bxjxjquptq � F puqptq, φy, (2.23)

where xf, gy � ³Rn fpxqgpxqdx.
Note that by (2.19), (2.20) and (2.22) we have

F puqptq P CpR, S 1pRnqq.

Using the integral equation (2.4) and the definition of the operator G in (2.13) we have

the following expression for uptq

uptq � Uptqu0 � iGpFuqptq. (2.24)
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Thus

upt� hq � uptq �
�
Upt� hq � Uptq

h



u0 � i

�
GpFuqpt� hq

h
� GpFuqptq

h



.

Without loss of generality we can suppose h ¡ 0.

Now, taking φ P SpRnq we have that

x
�
Upt� hq � Uptq

h



u0, φy � �xu0,

�
Up�t� hq � Up�tq

�h


φy ÝÑ

hÑ0

� xu0, ipδBξ1ξ1 �
ņ

j�2

BξjξjqUp�tqφy � xipδBξ1ξ1 �
ņ

j�2

BξjξjqUptqu0, φy.

By group properties and the definition of G and F we have

1

h
xGpFuqpt� hq, φy � 1

h
xGpFuqptq, φy �

� 1

h
x
» t�h
0

Upt� t1 � hqFupt1qdt1, φy � 1

h
x
» t
0

Upt� t1qFupt1qdt1, φy

� 1

h
xUphq

» t�h
0

Upt� t1qFupt1qdt1, φy � 1

h
x
» t
0

Upt� t1qFupt1qdt1, φy

� x
�
Uphq � Id

h


» t�h
0

Upt� t1qFupt1qdt1, φy�

� 1

h
x
» t�h
0

Upt� t1qFupt1qdt1, φy � 1

h
x
» t
0

Upt� t1qFupt1qdt1, φy

� �
» t�h
0

xUpt� t1qFupt1q,
�
Up�hq � Id

�h


φydt1 � 1

h

» t�h
t

xUpt� t1qFupt1q, φydt1.

Next, since F puqptq P CpR, S 1pRnqq, we can use the Lebesgue dominated convergence

Theorem (Theorem 1.11) and the Lebesgue differentiation Theorem (Theorem 1.12) to

obtain

1

h
xGpFuqpt� hq, φy � 1

h
xGpFuqptq, φy

ÝÑ
hÑ0

�
» t
0

xUpt� t1qFupt1q, ipδBξ1ξ1 �
ņ

j�2

Bξjξjqφydt1 � xFuptq, φy

�
» t
0

xipδBξ1ξ1 �
ņ

j�2

BξjξjqUpt� t1qFupt1q, φydt1 � xFuptq, φy

� xipδBξ1ξ1 �
ņ

j�2

Bξjξjq
» t
0

Upt� t1qFupt1qdt1, φy � xFuptq, φy.
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Therefore

1

h
xupt� hq � uptq, φy � (2.25)

� x
�
Upt� hq � Uptq

h



u0, φy � ix

�
GpFuqpt� hq

h
� GpFuqptq

h



, φy ÝÑ

hÑ0

xipδBξ1ξ1 �
ņ

j�2

BξjξjqUptqu0, φy � xpδBξ1ξ1 �
ņ

j�2

BξjξjqGpFuqptq, φy � ixF puq, φy.

From (2.24) and (2.25) we have (2.23).

To prove }upt0q}Y   8, take r � αpn�2q
2

on the inequality (2.16) of Proposition 2.5.

Then we have }TT �F }
L
αpn�2q

2 8pRn�1q
¤ }F }

L
αpn�2q
2pα�1q 8pRn�1q

.

Hence

}Uptq
»
Up�sqF psqds}

L
αpn�2q

2 8pRn�1q
¤ }F }

L
αpn�2q
2pα�1q 8pRn�1q

. (2.26)

From inequality (2.26) and identity (2.8), @ t0 P R we get

}Uptq
»
Upt0 � sqF psqds}

L
αpn�2q

2 8pRn�1q
¤ }F }

L
αpn�2q
2pα�1q 8pRn�1q

.

Now taking χp0,t0qF instead of F in the last inequality we have

}Uptq
» t0
0

Upt0 � sqF psqds}
L
αpn�2q

2 8pRn�1q
¤ }F }

L
αpn�2q
2pα�1q 8pRn�1q

,

i.e.,

}UptqGpF qpt0q}
L
αpn�2q

2 8pRn�1q
¤ }F }

L
αpn�2q
2pα�1q 8pRn�1q

. (2.27)

Now taking t � t0 in the integral equation (2.4) and applying Uptq we have

Uptqupt0q � Upt� t0qu0 � iUptqGpχ|u|αu� buEp|u|αqqpt0q.

By the properties (1.17) and (2.8) we obtain

}Uptqupt0q}
L
αpn�2q

2 8pRn�1q
¤2
�
}Uptqu0}

L
αpn�2q

2 8pRn�1q

� }UptqGpχ|u|αu� buEp|u|αqqpt0q}
L
αpn�2q

2 8pRn�1q



.
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Using inequality (2.27) and the same arguments as in Theorem 2.6 we get

}Uptqupt0q}
L
αpn�2q

2 8pRn�1q
¤ 2

�
}Uptqu0}

L
αpn�2q

2 8pRn�1q
� }pχ|u|αu� buEp|u|αqq}

L
αpn�2q
2pα�1q 8pRn�1q



¤2}Uptqu0}

L
αpn�2q

2 8pRn�1q
� 4}pχ|u|αu}

L
αpn�2q
2pα�1q 8pRn�1q

� 4|b|}uEp|u|αq}
L
αpn�2q
2pα�1q 8pRn�1q

¤2}Uptqu0}
L
αpn�2q

2 8pRn�1q
� 4}u}α�1

L
αpn�2q

2 8pRn�1q
� 4|b|}u}

L
αpn�2q

2 8pRn�1q
}Ep|u|αq}

L
pn�2q

2 8pRn�1q

¤2}Uptqu0}
L
αpn�2q

2 8pRn�1q
� 4}u}α�1

L
αpn�2q

2 8pRn�1q
� 4|b|}u}

L
αpn�2q

2 8pRn�1q
}u}α

L
αpn�2q

2 8pRn�1q
  8.

Finally, to prove the last statement of the theorem we set

u� � u0 � i

» 8
0

Up�τqpχ|u|αu� buEp|u|αqqpτqdτ.

It follows from inequalities (1.17) and (2.26) that:

}Uptqu�}
L
αpn�2q

2 8pRn�1q
¤ 2

�
}Uptqu0}

L
αpn�2q

2 8pRn�1q
� }pχ|u|αu� buEp|u|αqq}

L
αpn�2q
2pα�1q 8pRn�1q



  8.

We deduce from the decompositions in (2.19) and (2.20) that

Up�tquptq � u� �
» 8
t

Up�τqpχ|u|αu� buEp|u|αqqpτqdτ Ñ 0 in S1pRnq as tÑ 8.

The result for tÑ �8 is proved similarly.

2.3 Self-similar solutions

In this section we find self-similar solutions to (2.3). Without lost of generality we can

suppose δ � 1, so our equation becomes:

"
iut �∆u � χ|u|αu� buEp|u|αq,
upx, 0q � u0pxq. @ x P Rn, n � 2, 3, t P R, (2.28)

We already know that a self-similar solution must have an homogeneous initial condition

with degree �2{α. So the idea is to prove that u0pxq � ε|x|�2{α P Y where 0   ε ! 1.
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Then by Theorem 2.6 and Proposition 2.8 we have existence and uniqueness for equation

(2.28) in Y . Since upx, tq and β2{αupβx, β2tq are both solutions, we must have u � uβ and

therefore self-similar solutions in Y .

To prove that u0 P Y , we consider the homogeneous problem with initial condition

u0pxq � |x|�2{α:"
iut �∆u � 0,
upx, 0q � |x|�2{α.

@x P Rn, n � 2, 3, t P R. (2.29)

We know that the solution to the equation (2.29) is given by

upx, tq � Uptqu0pxq,

where Uptq � eit∆.

Since uβpx, tq � β2{αupβx, β2tq, β ¡ 0 is also a solution, we must have

β2{αupβx, β2tq � Uptqu0pxq � upx, tq.

Taking β � 1{?t we get

upx, tq � t�1{αfpx{
?
tq, (2.30)

where fpxq � upx, 1q.
By Proposition 1.10 we have that for α ¡ 2{n

|fpxq| ¤ cp1� |x|q�σ where σ �
"

2{α; α ¥ 4{n
n� 2{α; α   4{n (2.31)

Next, we calculate αpλ, uq � |tpx, tq; |upx, tq| ¡ λu|.
By (2.30) and (2.31)

αpλ, uq ¤
»
tpx,tq;|t�1{α

�
1� |x|?

t

	�σ |¡λu
dpx, tq ¤

»
tpx,tq;0¤t λ�α and |x| t1{2rptλαq�1{ασ�1su

dpx, tq

¤cλ�n{
» λ�α
0

t
n
2
� n
σα r1� ptλαq 1

σα sndt ¤ λ
�αpn�2q

2 .

Therefore }Up�qu0}
L
αpn�2q

2 8pRn�1q
¤ c.

Choosing 0   ε ! 1 and taking the initial condition u0pxq � ε|x|�2{α we conclude the

result.



Chapter 3

On a Degenerate Zakharov System

3.1 Introduction

We consider the initial value problem associated to the degenerate Zakharov system

$''''&''''%
ipBtE � BzEq �∆KE � nE,

B2t n�∆Kn � ∆Kp|E|2q,
Epx, y, z, 0q � E0px, y, zq,
npx, y, z, 0q � n0px, y, zq,

Btnpx, y, z, 0q � n1px, y, zq.

@ px, y, zq P R3, t ¡ 0, (3.1)

where ∆K � B2x � B2y , E is a complex valued function, and n is a real valued function.

The system (3.1) describes the laser propagation when the paraxial approximation is

used and the effect of the group velocity is negligible.

We now state the main result of this chapter:

Theorem 3.1. For initial data pE0, n0, n1q in rH3pR3q � H3pR3q � H2pR3q and Bzn1 P
H2pR3q, there exist T ¡ 0 and a unique solution E of the integral equation (13) such that

E P Cpr0, T s : rH3pR3qq, (3.2)

¸
|α|¤3

}D1{2
x BαE}L8x L2

yzT
  8, (3.3)

and ¸
|α|¤3

}D1{2
y BαE}L8y L2

xzT
  8. (3.4)

46
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where rH3pR3q was defined in (15).

Moreover, there exists a neighborhood Ṽ of pE0, n0, n1q P rH3pR3q � H3pR3q � H2pR3q
such that the map F : pE0, n0, n1q ÞÑ Eptq from Ṽ into the class defined by (3.2) is smooth.

One also has that

n P Cpr0, T s : H3pR3qq.

To prove Theorem 3.1, we combine smoothing effects and the L2
x-maximal function

estimate (21) to apply the contraction principle.

It turns out, however, to be a hard task to reach all Sobolev indices s ¡ 3{2 (see

explanation below), and our local well-posedness result is given in H3.

In Section 3.2 we recall the linear estimates proved by Linares, Ponce and Saut ([LiPoS]),

prove the L2
x -maximal estimate (21) and also we prove Strichartz estimates in mixed

Lebesgue spaces LqTL
2
zL

p
xy for p and q satisfying a certain condition. Observe that in the

z-direction we have the Lebesgue space with fixed index 2. It happens because we do not

have dispersion in this direction. Unfortunately these Strichartz estimates are not suficient

to reach s ¡ 3{2 . In Section 3.3 we establish some estimates involving the nonlinear term

that allow us to simplify the exposition of the proof of the main result. In this section it

will appear clearly why we also could not reach the value s � 2 even if the maximal func-

tion estimate (21) attain this value. Finally in Section 3.4 we combine smoothing effects

and property (21) to apply the contraction principle and proof Theorem 3.1.

Throughout this chapter H3
xyz and L2

xyz will always be denoted by H3 and L2. H3
x

denotes the Sobolev space H3 just in the spatial variable x and so on.

3.2 Linear Estimates

At first we recall the smoothing properties of solutions of the associated linear problems.

We refer the reader to [LiPoS] for more details.
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Also, we prove the maximal function estimate (21). We don’t know if this estimate is

sharp or not. In fact, following ideas from kenig and Ziesler for the KPI equation we show

that (21) does not work to s   1. There is still a gap between 1 and 3{2.
Consider the linear problem:" BtE � BzE � i∆KE � 0,

Epx, y, z, 0q � E0px, y, zq. @ px, y, zq P R3, t ¡ 0, (3.5)

where ∆K � B2x � B2y .
The solution of the linear IVP (3.5) is given by the unitary group Eptq : Hs Ñ Hs such

that

Eptq � EptqE0 � pe�itpξ21�ξ22�ξ3qxE0pξ1, ξ2, ξ3qq_. (3.6)

Proposition 3.2. The solution of the linear problem (3.5) satisfies

}D1{2
x Eptqf}L8x L2

yzT
¤ c}f}L2

xyz
, (3.7)

}D1{2
x

» t
0

Ept� t1qGpt1qdt1}L8T L2
xyz

¤ c}G}L1
xL

2
yzT
, (3.8)

and

}Bx
» t
0

Ept� t1qGpt1qdt1}L8x L2
yzT

¤ c}G}L1
xL

2
yzT
. (3.9)

These estimates hold exchanging x and y. Here D
1{2
x f � p2π|ξ1|1{2f̂q_.

Proof. We refer to [LiPoS] for a proof of this proposition.

Now we state and prove the inequality (21). We will need the following lemma:

Lemma 3.3. Van der Corput

Let k P Z� and |φkpxq| ¥ λ ¡ 0 for any x P ra, bs with φ1pxq monotonic in the case k � 1.

Then

|
» b
a

eiφpxqfpxqdx| ¤ ckλ
�1{kp}f}8 � }f 1}1q.
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Proof. We refer to [LP2] for a proof of this lemma.

The next proposition is the key to the improvement of the Theorem 3.1. The main

idea is to use the dispersion in the first two variables (that is where lemma 3.3 will be

important) and in the third variable where we do not have dispersion, we use Sobolev

embedding. As we alredy said, we do not know if the estimate (3.10) is sharp or not.

Proposition 3.4. For s ¡ 3{2, and T ¥ 0 we have

}EptqE0}L2
xL

8
yzT

¤ cpT, sq}E0}Hs , @E0 P Hs. (3.10)

The same estimate holds exchanging x and y.

The proof of Proposition 3.4 is a direct consequence of the next lemma, as we shall see

later:

Lemma 3.5. For every T ¡ 0 and k ¥ 0 there exists a constant cpT q ¥ 0 and a function

Hk,T pαq ¡ 0 such that » �8
0

Hk,T pαqdα ¤ cpT q23k, (3.11)

and

|
» » »

epip�tξ
2
1�tξ22�tξ3�xξ1�yξ2�zξ3qqψ1pξ1qψ2pξ2qψ3pξ3qdξ1dξ2dξ3| ¤ Hk,T p|x|q, (3.12)

for |t| ¤ T and px, y, zq P R3 where ψjpξjq � µp2k�1 � |ξj|q, and µ denotes a infinitely

differentiable function in R such that µ � 1 for x ¥ 1 and µ � 0 for x ¤ 0.

Proof. Denote by Jpt, x, y, zq the left-hand side in Eq.(3.12). We can rewrite Jpt, x, y, zq
in the following way:

Jpt, x, y, zq �
»
eip�tξ

2
1�xξ1qψ1pξ1qdξ1

»
eip�tξ

2
2�yξ2qψ2pξ2qdξ2

»
eip�tξ3�zξ3qψ3pξ3qdξ3.

Denoting by

J1 �
»
eiϕ1pξ1qψ1pξ1qdξ1,
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where ϕ1pξ1q � p�tξ21 � xξ1q,

J2 �
»
eip�tξ

2
2�yξ2qψ2pξ2qdξ2,

and

J3 �
»
eip�tξ3�zξ3qψ3pξ3qdξ3,

we have |J | ¤ |J1}J2}J3|.
Following Faminskii’s ideas (see [Fa]), we split R in the following cases:

For |x|   1 we use the support of ψj, j � 1, 2, 3 and get |J | ¤ c23k.

Next, supose that |x| ¥ maxt1, 232ktu. In this case |x| ¥ 4|ξ1|t and so |ϕ1
1pξ1q| ¥ |x|{2.

Using integration by parts twice we get:

J1 �
»
eiϕ1p 1

ϕ
1
1

pψ1

ϕ
1
1

q1q1dξ1.

Now by the support of ψ1 and the inequalities |ϕ1
1pξ1q| ¥ |x|{2 and |x|�1 ¤ 1 we have:

|J1| ¤ cpT q
»
t|ξ1|¤2k�1u

1

|x|2dξ1 ¤ cpT q2k|x|�2.

Then |J | ¤ 23kcpT q|x|�2, by the support of ψ2 and ψ3.

It remains the case 1 ¤ |x| ¤ 232kt. Observe that in this case t ¥ 2�k�3 ¡ 0 and

t�2 ¤ c|x|�222k.

Here we use Lemma 3.3 for J1 and J2:

Since |ϕ2
1pξ1q| � 2t ¡ 0 then by Van der Corput |J1| ¤ ct�1{2.

Again by Van der Corput |J2| ¤ ct�1{2.

So by the support of ψ3 we have |J | ¤ ct�12k ¤ cT t�22k ¤ c23k|x|�2.

Finally we define

Hk,T pαq �
"
c23k for 0 ¤ α   1,
cpT q23kα�2 for 1 ¥ α,

and this function satisfies (3.11) and (3.12).
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Remark 3.6. Observe that Lemma 3.5 still works if we change ψj by ψjµp|ξj| � 2k � 1q,
j � 1, 2 or 3.

Now we turn to the proof of Proposition 3.4:

Proof. Using the same notation as in Lemma 3.5, i.e., ψj � µp2k�1 � |ξj|q, j � 1, 2, 3, we

introduce the sequence ψ̄k as follows:

ψ̄0pξ1, ξ2, ξ3q � µp2� |ξ1|qµp2� |ξ2|qµp2� |ξ3|q,

and for k ¥ 1,

ψ̄kpξ1, ξ2, ξ3q � ψ1ψ2ψ3µp|ξ1| � 2k � 1q � ψ1ψ2ψ3µp|ξ2| � 2k � 1q � ψ1ψ2ψ3µp|ξ3| � 2k � 1q.

Observe that
°
k¥0 ψ̄k � 1.

Now we define the operator yBkfpξq � ψ̄
1{2
k pξqf̂pξq, where ξ � pξ1, ξ2, ξ3q.

Then

}Bkf}L2 ¤ c2�ks}f}Hs , (3.13)

yB2
kf � ψ̄kf̂ , (3.14)

¸
k¥0

EptqB2
kE0 � EptqE0, (3.15)

and

|
» T
�T
pEpt� τqpB2

kgpτ, �, �, �qqpx, y, zqdτ | ¤ (3.16)

cpHk,T p| � |q �
» T
�T

» »
|gpτ, �, y, zq|dτdydzqpxq,

for |t| ¤ T and g P C8
0 pR4q.
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In fact, by the support of ψ̄k

}Bkf}2L2 �}ψ̄1{2
k f̂}2L2

�
» » »

ψ̄kpξ1, ξ2, ξ3q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» 2k�1

2k�1

» »
ψ1ψ2ψ3µp|ξ1| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» » 2k�1

2k�1

»
ψ1ψ2ψ3µp|ξ2| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» » » 2k�1

2k�1

ψ1ψ2ψ3µp|ξ3| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3.

Therefore

}Bkf}2L2 �
» 2k�1

2k�1

» » |ξ1|2s
|ξ1|2sψ1ψ2ψ3µp|ξ1| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» » 2k�1

2k�1

» |ξ2|2s
|ξ2|2sψ1ψ2ψ3µp|ξ2| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» » » 2k�1

2k�1

|ξ3|2s
|ξ3|2sψ1ψ2ψ3µp|ξ3| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

¤
» 2k�1

2k�1

» »
|ξ1|2s2�2ksψ1ψ2ψ3µp|ξ1| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» » 2k�1

2k�1

»
|ξ2|2s2�2ksψ1ψ2ψ3µp|ξ2| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

�
» » » 2k�1

2k�1

|ξ3|2s2�2ksψ1ψ2ψ3µp|ξ3| � 2k � 1q|f̂pξ1, ξ2, ξ3q|2dξ1dξ2dξ3

¤2�2ks

»
p1� |ξ|2qs|f̂pξq|2dξ.

Then (3.14) follows directly from the definition of Bk.

To prove inequality (3.15) we use property (3.14) and the property
°
k¥0 ψ̄k � 1 :

¸
k¥0

EptqB2
kE0 � Eptq

¸
k¥0

B2
kE0 � Eptq

¸
k¥0

pψ̄kxE0q_ � Eptqp
¸
k¥0

ψ̄kxE0q_ � EptqE0.
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By (3.14) we have

|
» T
�T
pEpt� τqB2

kgpτ, ξqqpx, y, zqdτ | �

� |
» T
�T
peipt�τqpξ21�ξ22�ξ3q {B2

kgpτ, ξqq_px, y, zqdτ |

� |
» T
�T
peipt�τqpξ21�ξ22�ξ3qψ̄kpξqgpτ, ξqq_px, y, zqdτ |

¤ |
» T
�T
peipt�τqpξ21�ξ22�ξ3qψ1ψ2ψ3µp|ξ1| � 2k � 1qgpτ, ξqq_px, y, zqdτ |

� |
» T
�T
peipt�τqpξ21�ξ22�ξ3qψ1ψ2ψ3µp|ξ2| � 2k � 1qgpτ, ξqq_px, y, zqdτ |

� |
» T
�T
peipt�τqpξ21�ξ22�ξ3qψ1ψ2ψ3µp|ξ3| � 2k � 1qgpτ, ξqq_px, y, zqdτ |.

Finally using the inequality (3.12) (with ψj replaced by ψjµp|ξj| � 2k � 1q) we obtain

|
» T
�T
pEpt� τqB2

kgpτ, ξqqpx, y, zqdτ |

¤
» T
�T
p|peipt�τqpξ21�ξ22�ξ3qψ1ψ2ψp2k�1 � |ξ3|qµp|ξ1| � 2k � 1qq_| � |gpτ, ξq|qpx, y, zqdτ

�
» T
�T
p|peipt�τqpξ21�ξ22�ξ3qψ1ψ2ψ3µp|ξ2| � 2k � 1qq_| � |gpτ, ξq|qpx, y, zqdτ

�
» T
�T
p|peipt�τqpξ21�ξ22�ξ3qψ1ψ2ψ3µp|ξ3| � 2k � 1qq_| � |gpτ, ξq|qpx, y, zqdτ

¤ c

» T
�T
pHk,T p|ξ1|q � |gpτ, ξq|qpx, y, zqdτ � cpHk,T p| � |q �

» T
�T

» »
|gpτ, �, y, zq|dτdydzqpxq,

which gives us (3.16).

Now defining

Ak : L
1pr�T, T s;L2pR3qq Ñ L2pR3q, Akg �

»
χr�T,T spτqEp�τqBkgpτ, ξ1, ξ2, ξ3qdτ

and

X � L2
xpR;L1

tyzpr�T, T s � R2qq,
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we have

A�
k : L

2pR3q Ñ L8pr�T, T s;L2pR3qq, A�
kh � EptqBkh,

and

X� � L2
xpR;L8tyzpr�T, T s � R2qq. (3.17)

By (3.16), Young’s inequality (Lemma 1.15) and inequality (3.11) we can apply an

argument due to Stein-Tomas and conclude

}A�
kAkg}X� � }

» T
�T
pEpt� τqB2

kgpτ, ξ, ξ, ξqqdτ}X�

� p
»

sup
|t|¤T

sup
y,z

|
» T
�T
Ept� τqB2

kgpτ, x, y, zqdτ |2dxq1{2

¤ cp
»
pHk,T p|ξ|q �

» T
�T

» »
|gpτ, ξ, y, zq|dτdydzq2pxqdxq1{2

¤ cp
»
pHk,T p|ξ|q � }gpξq}L1

τyz
q2pxqdxq1{2

¤ cp
»
Hk,T p|x|qdxq}g}L2

xL
1
τyz

¤ cpT q23k}g}X @g P C8
0 pR4q.

Therefore by Lemma 1.24 we have

}A�
kh}X� ¤ pcpT q23kq1{2}h}L2 , @ h P L2pR3q.

So by the last inequality and (3.13) we get

}EptqB2
kE0}X� � }A�

kBkE0}X� ¤ cpT q1{223k{2}BkE0}L2 ¤ cpT q1{22�kps�3{2q}E0}Hs . (3.18)

Thus by (3.15), Holder’s inequality and (3.18) we obtain

}EptqE0}X� � }
¸
k¥0

EptqB2
kE0}X� ¤

¸
k¥0

2�εk}2εkEptqB2
kE0}X� ¤ cpεqp

¸
k¥0

}2εkEptqB2
kE0}2X�q1{2

¤ cpεqp
¸
k¥0

cpT q22kε�2kps�3{2q}E0}2Hsq1{2 ¤ cpε, T q}E0}Hsp
¸
k¥0

22kε�2kps�3{2qq1{2

¤ cpε, T q}E0}Hs ,

if 0   ε   2s� 3.

From (3.17) and the last inequality we obtain the result.



3.2. Linear Estimates 55

Now, following ideas from Kenig and Ziesler for the K-P equation (see[KZ]), we show

that (3.10) does not work for s   1. The main idea is to suppose that inequality (3.10)

holds and then to construct a certain function E0. Then using inequality (3.10) and change

of variables we must have s ¥ 1.

Proposition 3.7. For each s   1 there exists E0 such that

}EptqE0}L2
xL

8
yzT

¥ cpT, sq}E0}Hs .

Proof. If (3.10) is true, then we can choose Ê0pξq � θ̂p ξ
2k
q where k P N and θ̂ P C8

0 such

that

θ̂pξq �
"

1 on tξ P R3; 1 ¤ |ξ| ¤ 2u,
0 on tξ P R3; |ξ| ¤ 1{2u Y tξ P R3; |ξ| ¥ 4u.

So by change of variables

}E0}Hs �p
»
t 1
2
¤ |ξ|

2k
¤4u

p1� |ξ|2qs|θ̂p ξ
2k
q|2dξq 1

2 � p
»
t 1
2
¤|ξ|¤4u

p1� 22k|ξ|2qs|θ̂pξq|223kdξq 1
2

¤23k{2�ksp
»
t 1
2
¤|ξ|¤4u

p2�2k � |ξ|2qs|θ̂pξq|2dξq 1
2 ¤ 23k{2�kscpsqp

»
t 1
2
¤|ξ|¤4u

|θ̂pξq|2dξq 1
2

¤23k{2�kscpsq.

Next, we calculate EptqE0. Again by changing variables we get

pEptqE0qpx, y, zq �
»
t 1
2
¤ |ξ|

2k
¤4u

eipxξ1�yξ2�zξ3�tpξ
2
1�ξ22�ξ3qqθ̂p ξ

2k
qdξ

�23k
»
t 1
2
¤|ξ|¤4u

eipx2
kξ1�y2kξ2�z2kξ3�tp22kξ21�22kξ22�2kξ3qqθ̂pξqdξ

�23k
»
t 1
2
¤|ξ|¤4u

eixξ̄eisθ̂pξqdξ,

where ξ̄ � 2kξ1, s � y2kξ2 � z2kξ3 � tp22kξ21 � 22kξ22 � 2kξ3q.
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Now, by Taylor’s expansion

|pEptqE0qpx, y, zq| � 23k| ³t 1
2
¤|ξ|¤4u eixξ̄eisθ̂pξqdξ|

� 23k| ³t 1
2
¤|ξ|¤4u pcospxξ̄q � i sinpxξ̄qqpcospsq � i sinpsqqθ̂pξqdξ|

¥ 23k| ³t 1
2
¤|ξ|¤4u pcospxξ̄q cospsq � sinpxξ̄q sinpsqqθ̂pξqdξ|

¥ 23k| ³t 1
2
¤|ξ|¤4u rp1� pxξ̄q2

2
� rpxξ̄qqp1� s2

2
� rpsqq�

�ppxξ̄q2 � r1pxξ̄qqps� r1psqqsθ̂pξqdξ|
¥ 23k| ³t 1

2
¤|ξ|¤4u r1� ηpx, s, ξ̄q � ρpx, s, ξ̄qsθ̂pξqdξ|,

where

ηpx, s, ξ̄q � pxξ̄q2
2

� s2

2
� s2rpxξ̄q

2
� pxξ̄q2rpsq

2
� sxξ̄ � r1pxξ̄qr1psq,

ρpx, s, ξ̄q � rpxξ̄q � s2pxξ̄q2
2

� rpsq � rpxξ̄qrpsq � xξ̄r1psq � sr1pxξ̄q,

rpαq � pαq4 � pαq6 � pαq8 � . . .

and

r1pαq � pαq3 � pαq5 � pαq7 � . . . .

If we choose 0   δ ! 1 and take |x| ¤ δ2�k, y, z � δ2�k, t � δ2�2k,

then s, xξ̄ � Opδq, 0   rpsq, r1psq, rpxξ̄q, r1pxξ̄q ! 1 and 1� ηpx, s, ξ̄q ¡ c ¡ 0.

So

}pEptqE0qpx, y, zq| ¥ c23k|
»
t 1
2
¤|ξ|¤4u

A � θ̂pξqdξ| ¥ c23k|
»
t1¤|ξ|¤2u

A � 1 dξ| ¥ c23k.

Then

}pEptqE0q}L2
xL

8
yzT

¥ p
»
|x|¤δ2�k

p sup
t�δ2�2k

y,z�δ2�k

|EptqE0|q2dxq1{2 ¥ 23k2�k{2 � 25k{2.

Finally we have

c 25k{2 ¤ }pEptqE0q}L2
xL

8
yzT

¤ }E0}Hs ¤ 23k{2�ks @k P N,

which implies s ¥ 1.
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Now we establish Strichartz estimates to the linear problem (3.5). Before that, we give

some notations and stablish a lemma that we will need.

We denote by τx3 the translation in the third variable, i.e.,

pτx3h fqpx, y, zq � fpx, y, z � hq.

Given f P L2pR3q we denote by pf x1 the Fourier transform of f in the first variable:

pf x1px, y, zq �
»
R
e�2πixξ1fpξ1, y, zqdξ1.

Analogously we define pf x2 , pf x3 and pf x1x2 .

Lemma 3.8. If t � 0, 1
p
� 1

p1 � 1 and p1 P r1, 2s, then the group Eptq defined in (3.6) is a

continuous linear operator from Lp
1pR3q to LppR3q and

}Eptqf}L2
zL

p
xy
¤ c

|t|p 1
p1�

1
p
q }f}L2

zL
p1
xy
.

Proof. From Theorem 1.1 we have that

}Eptqf}L2
zL

2
xy
� }Eptqf}L2 � }e�itpξ21�ξ22�ξ3qf̂}L2 � }f̂}L2 � }f}L2

zL
2
xy
. (3.19)

Using property (1.2) and equality (1.7) we obtain

pEptqfqpx, y, zq � pe�itpξ21�ξ22�ξ3q pfpξ1, ξ2, ξ3qq_px, y, zq
� �e�itξ3pe�itpξ21�ξ22q pfpξ1, ξ2, ξ3qq_x1x2 px, y, �q�_x3 p�, �, zq
� �e�itξ3ppe�itpξ21�ξ22qq_x1x2 �x1x2 pf x3pξ1, ξ2, ξ3qqpx, y, �q

�_x3 p�, �, zq
� �e�itξ3peipξ21�ξ22q{4|t|

4π|t| �x1x2 pf x3pξ1, ξ2, ξ3qpx, y, �q
�_x3 p�, �, zq

� pe�itξ3gpx, y, �qq_x3 p�, �, zq

where

gpx, y, �q � �eipξ21�ξ22q{4|t|
4πt

�x1x2 pf x3pξ1, ξ2, ξ3q
�px, y, �q,
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and �x1x2 is the convolution in the first two variables, i.e.,

pf �x1x2 gqpx, y, zq �
»
R2

fpx� x1, y � x2, zqgpx1, x2, zqdx1dx2.

By property (1.3) and Young’s inequality we have

}Eptqfp�, �, zq}L2
zL

8
xy
� }pτx3�t{2πqgx3qp�, �, zq}L2

zL
8
xy

� }τx3�t{2πp
eipξ

2
1�ξ22q{4|t|

4πt
�x1x2 fpξ1, ξ2, ξ3qqp�, �, zq}L2

zL
8
xy

� }pe
ipξ21�ξ22q{4|t|

4πt
�x1x2 τx3�t{2πfpξ1, ξ2, ξ3qqp�, �, zq}L2

zL
8
xy

(3.20)

¤ }}e
ipξ21�ξ22q{4|t|

4πt
}L8xy}τx3�t{2πfp�, �, zq}L1

xy
}L2

z
¤ c

1

|t|}τ
x3
�t{2πfp�, �, zq}L2

zL
1
xy

Interpolation (Theorem 1.25) between (3.19) and (3.20) yields the result.

Now we are able to prove Strichartz estimates. We notice that our result do not cover

the endpoit pp, qq � p8, 2q.

Proposition 3.9. The unitary group tEptqu�8�8 defined in (3.6) satisfies

}Eptqf}LqtL2
zL

p
xy
¤ c}f}L2

xyz
, (3.21)

}
»
R
Ept� t1qgp�, t1qdt1}LqtL2

zL
p
xy
¤ c}g}

Lq
1
t L

2
zL

p1
xy

(3.22)

and

}
»
R
Eptqgp�, tqdt}L2

xyz
¤ c}g}

Lq
1
t L

2
zL

p1
xy
, (3.23)

where

1

p
� 1

p1
� 1

q
� 1

q1
� 1,

2

q
� 1� 2

p
and p � 2

θ
, θ P p0, 1s.
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Proof. At first we prove that (3.22) implies (3.23) and that (3.23) implies (3.21). In fact,

if inequality (3.22) holds we use an argument due to P. Tomas and Theorem 1.18 to get

}
»
R
Eptqgp�, �, �, tqdt}2L2

xyz
�
»
R3

p
»
R
Eptqgp�, �, �, tqdtqp

»
R
Ept1qgp�, �, �, t1qdt1qdpx, y, zq

�
»
R3

»
R
Eptqgp�, �, �, tqp

»
R
Ep�t1qgp�, �, �, t1qdt1qdt dpx, y, zq

�
»
R

»
R3

gp�, �, �, tqp
»
R
Ept� t1qgp�, �, �, t1qdt1qdpx, y, zq dt.

By Lemma 1.14 we obtain

}
»
R
Eptqgp�, �, �, tqdt}2L2

xyz
�
»
R

»
R
}gp�, �, z, tq}

Lp
1
xy
}
»
R
Ept� t1qgp�, �, z, t1qdt1}Lpxydz dt

¤
»
R
}gptq}

L2
zL

p1
xy
}
»
R
Ept� t1qgpt1qdt1}L2

zL
p
xy
dt

¤ }g}
Lq

1
t L

2
zL

p1
xy
}
»
R
Ep� � t1qgpt1qdt1}LqtL2

zL
p
xy
.

Finally using (3.22) we conclude

}
»
R
Eptqgp�, �, �, tqdt}2L2

xyz
¤ c}g}2

Lq
1
t L

2
zL

p1
xy
,

which implies (3.23).

Now, suppose that (3.23) holds. Using duality we have that

}Eptqf}LqTL2
zL

p
xy
� supt|

»
R

»
R3

Eptqfpx, y, zqwpx, y, z, tqdpx, y, zq dt|; }w}
Lq

1
t L

2
zL

p1
xy
� 1u.

By Lemma 1.14, Theorem 1.18 and (3.23) we obtain

|
»
R

»
R3

Eptqfpx, y, zqwpx, y, z, tqdpx, y, zq dt| ¤ |
»
R3

fpx, y, zqp
»
R
Ep�tqwpx, y, z, tqdtqdpx, y, zq|

¤ c}f}L2
xyz
}
»
R
Ep�tqwpx, y, z, tqdt}L2

xyz

¤ c}f}L2
xyz
}w}

Lq
1
t L

2
zL

p1
xy
¤ c}f}L2

xyz
,

and we have (3.21).
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Therefore the problem is reduced to proof (3.22). Minkowski’s inequality (Lemma 1.19)

and Lemma 3.8 give

}
»
R
Ept� t1qgp�, t1qdt1}L2

zL
p
xy
¤
»
R
}Ept� t1qgp�, t1q}L2

zL
p
xy
dt1 ¤ c

»
R
|t� t1|α}gp�, t1q}

L2
zL

p1
xy
dt1,

where α � �p 1
p1 � 1

p
q.

Theorem 1.26 (Hardy-Littlewood-Sobolev) and the last inequality imply

}
»
R
Ept� t1qgp�, t1qdt1}LqtL2

zL
p
xy
� }}

»
R
Ept� t1qgp�, t1qdt1}L2

zL
p
xy
}Lqt

¤ c}
»
R
|t� t1|α}gp�, t1q}

L2
zL

p1
xy
dt1}Lqt

¤ c}g}
Lq

1
t L

2
zL

p1
xy
.

Next we establish some estimates associated to solutions of the linear problem$&% B2t n�∆Kn � 0
npx, 0q � n0pxq
Btnpx, 0q � n1pxq,

px, tq P R3 � R, (3.24)

where ∆K � B2x � B2y . The solution of the problem (3.24) can be written as

npx, tq � N 1ptqn0 �Nptqn1, (3.25)

where Nptq and N 1ptq where defined in (11) and (12).

Lemma 3.10. For f P L2pR3q we have

}Nptqf}L2pR3q ¤ |t|}f}L2pR3q, (3.26)

}N 1ptqf}L2pR3q ¤ }f}L2pR3q, (3.27)

and

}p�∆Kq1{2Nptqf}L2pR3q ¤ }f}L2pR3q. (3.28)



3.2. Linear Estimates 61

Proof. We refer to [LiPoS] and references therein for a proof of this lemma.

Lemma 3.11.

}N 1ptqn0}L2
xL

8
yzT

¤ }n0}H2pR3q, (3.29)

and

}Nptqn1}L2
xL

8
yzT

¤ T }n1}H2pR3q. (3.30)

These estimates hold exchanging x and y.

Proof. We refer to [LiPoS] and references therein for a proof of this lemma.

Also we need the following result:

Lemma 3.12.

¸
|α|¤3

}NptqBαf}L2
xyz

¤ c}f}H2pR3q � c|t|}Bzf}H2pR3q.

Proof. Fix |α| � |pα1, α2, α3q| � 3. By Theorem 1.1 we have

}NptqBαf}L2
xyz

� }|x1|α1 |x2|α2 {Bα3
z Nptqf}L2

xyz
.

Now we split in two cases. The first one is a :� α1 � α2 � 1, 2 or 3. Observe that in this

case we must have α3 ¤ 2. By Lemma 1.13 we get |x1|α1 |x2|α2 ¤ cp|x1| � |x2|qa.
So, using Plancherel once more we have

}NptqBαf}L2
xyz

¤ c}p|x1| � |x2|qa {Bα3
z Nptqf}L2

xyz
¤ c}p�∆Kq

1
2 p�∆Kq

a�1
2 Bα3

z Nptqf}L2
xyz
.

By Lemma 3.10 we obtain

}NptqBαf}L2
xyz

¤ c}p�∆Kq
a�1
2 Bα3

z f}L2
xyz

¤ c}pBa�1
x � Ba�1

y qBα3
z f}L2

xyz
.
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Using that pa� 1q � α3 � 2 and Theorem 1.20 we obtain

}NptqBαf}L2
xyz

¤ c}f}H2pR3q.

The second case is α1 � α2 � 0. In this case we must have α3 � 3. Then by Lemma

3.10 and Theorem 1.20 we conclude

}NptqBαf}L2
xyz

¤ c}NptqB3zf}L2
xyz

¤ c|t|}B3zf}L2
xyz

¤ c|t|}Bzf}H2pR3q.

3.3 Nonlinear Estimates

In this section we will find estimates for the nonlinear terms in our analysis.

We recall the integral formulation of the IVP (10):

Eptq �EptqE0 �
» t
0

Ept� t1qpN 1pt1qn0 �Npt1qn1qEpt1qdt1

�
»
Ept� t1qp

» t1
0

Npt1 � sq∆Kp|Epsq|2qdsqEpt1qdt1.

We can rewrite this expression as

Eptq �EptqE0 �
» t
0

Ept� t1qpEF qpt1qdt1 �
» t
0

Ept� t1qpEHqpt1qdt1, (3.31)

where

F ptq � N 1ptqn0 �Nptqn1, (3.32)

and

Hptq �
» t
0

Npt� t1q∆Kp|E|2qpt1qdt1. (3.33)

In the next lemma we treat of the nonlinearity H in the Sobolev norm } � }H3 . In the proof

of this lemma will be clear why the Sobolev index s � 2 could not be reached.
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Lemma 3.13.¸
|α|¤3

}BαH}L2
xyzT

� }H}L2
xL

8
yzT

� }H}L2
yL

8
xzT

¤ (3.34)

¤ cT }E}2L8T H3 � cT 1{2 ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

� cT 1{2 ¸
|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT
.

Proof. Using the definition of H in (3.33) and the inequality (3.28) we have¸
|α|¤3

}BαH}L2
xyzT

¤ c
¸
|α|¤3

» T
0

}p�∆Kq1{2Npt1 � sqp�∆Kq1{2Bαp|E|2qpsq}L2
xyzT

ds

¤ c
¸
|α|¤3

» T
0

}p�∆Kq1{2Bαp|E|2qpsq}L2
xyzT

ds (3.35)

¤ cT 1{2 ¸
|α|¤3

}BxBαpEĒq}L2
xyzT

� cT 1{2 ¸
|α|¤3

}ByBαpEĒqpsq}L2
xyzT

.

Fix |α| � 3.

Now by Leibini’z Rule (Lemma 1.16) we have

}BxBαpEĒq}L2
xyzT

¤ c
¸

β1�β2¤α
}BxpBβ1EBβ2Ēq}L2

xyzT

¤ c
¸

β1�β2¤α

�
}BxBβ1EBβ2Ē}L2

xyzT
� }Bβ1EBxBβ2Ē}L2

xyzT

	
.

The idea is to split the sum
°
β1�β2¤α in three cases depending on the value of |β2|. For

|β2| � 0, 1 we use Lemma 1.14 twice and get¸
β1�β2¤α
|β2|Pt0,1u

}BxBβ1EBβ2Ē}L2
xyzT

¤
¸

β1�β2¤α
|β2|Pt0,1u

}BxBβ1E}L8x L2
yzT
}Bβ2Ē}L2

xL
8
yzT

¤
¸

|β1|¤3
|β2|¤1

}BxBβ1E}L8x L2
yzT
}Bβ2E}L2

xL
8
yzT
.

We notice that the previous arguments used to treat the cases |β2| � 0, 1 generated the

new norm
°

|β2|¤1
}Bβ2 �}L2

xL
8
yzT

. To treat this new norm it will be essencial the maximal
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function estimate (3.10). If we tried to treat the case |β2| � 2 using the same arguments

it would appear one more derivative,i.e.,
°

|β2|¤2
}Bβ2 �}L2

xL
8
yzT

and our maximal function

estimate would not be enough. So we must use another argument.

For |β2| � 2 we use Lemma 1.14 and Theorems 1.23 and 1.20 and obtain

¸
β1�β2¤α
|β2|�2

}BxBβ1EBβ2Ē}L2
xyzT

¤
¸

β1�β2¤α
|β2|�2

}}BxBβ1E}L4
xyz
}Bβ2Ē}L4

xyz
}L2

T

¤
¸

β1�β2¤α
|β2|�2

}}BxD3{4Bβ1E}L2
xyz
}D3{4Bβ2Ē}L2

xyz
}L2

T

¤
¸

β1�β2¤α
|β2|�2
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In the last argument we can see why it was not possible to reach the Sobolev index s � 2.

In fact, the difficult case is |β2| � 2 (wich implies |β1| � 0 since we are in the case s � 2).

So, using the last argument we would have the following inequality
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therefore it does not work. At this point it would be usefull if we had Strichartz estimates

with endpoits like

}Eptqf}LqtL8 ¤ }f}L2 ,

but unfortunately, this is not the case. The Strichartz estimates we got are not usefull.
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Finally for |β2| � 3, we use again Lemma 1.14 and Theorems 1.22 and 1.20 to deduce
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xyzT

¤
¸

|β2|�3

}}BxE}L8xyz}Bβ2Ē}L2
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Analogously we estimate
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Therefore
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(3.36)
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By similar arguments we obtain
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Replacing inequalities (3.36) and (3.37) in (3.35) we get the first result.

Now, we use Lemma 3.11, Lemma 1.14 and Theorem 1.20 to obtain
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Hence the previous arguments can be applied to obtain the result.
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Lemma 3.14.
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and
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Proof. To obtain the estimate (3.38) we use the Lemma 1.16 to yield
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Fix |α| � 3.

For |β2| � 0, 1 we use Lemma 1.14, Theorems 1.22 and 1.20 and the definition of F in

(3.32) to obtain
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By Lemma 3.10 and Lemma 3.12 we have
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Therefore by Theorem 1.20 we obtain
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For |β2| � 2, 3 we use the same arguments, i.e., Lemma 1.14, Lemma 3.10, Lemma 3.12

and Theorem 1.22 to conclude
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By Theorem 1.20 we have
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From inequalities (3.41) and (3.42) we obtain (3.38).

To prove (3.39) we use the Lemma 1.16 and get
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Fix |α| � 3.

For |β2| � 0, 1 we use Lemma 1.14 and Theorems 1.22 and 1.20 to obtain
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Using Lemma 3.13 we have
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For |β2| � 2, 3 we use Lemma 1.14 and Theorem 1.22 to get
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Again Lemma 3.13 yields to
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Lemma 3.15.
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These estimates holds exchanging x and y.
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Proof. Fix |α| � 3.

By Lemma 1.16 we have
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Then we split the sum in three cases, depending on the value of |β2|.
For |β2| � 0 we use Proposition 3.2 to get
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Using Lemma 1.14 twice, Theorem 1.20 and the properties of the operator Nptq (Lemma
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For |β2| � 1 we use Proposition 3.2 and group properties to get
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Using Lemma 1.16 and Lemma 1.14 we conclude¸
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By Theorem 1.22, Theorem 1.23 and Theorem 1.20 we have¸
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Finally using Lemma 3.12 and Lemma 3.10 we obtain¸
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For |β2| � 2, 3 we use Proposition 3.2 to get¸
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Using Lemma 1.14 twice, Lemma 3.12, Theorem 1.20 and Lemma 3.10 we get
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Lemma 3.16.

¸
|α|¤3

}D1{2
x

» t
0

Ept� t1qBαpEHqpt1qdt1}L8T L2
xyz

�
¸
|α|¤3

}Bx
» t
0

Ept� t1qBαpEHqpt1qdt1}L8x L2
yzT

¤

¤ c
� ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

�
¸

|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

��
� �T � T 1{2 ¸

|α2|¤1

}Bα2E}L2
xL

8
yzT

� }E}L8T H3

�� cT }E}2L8T H3 �
�
T 1{2}E}L8T H3 �

¸
|α2|¤1

}Bα2E}L2
xL

8
yzT

�
.

These estimates holds exchanging x and y.

Proof. By Lemma 1.16 we have
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Fix |α| � 3.
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For |β2| � 0 we use Proposition 3.2 to obtain
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Now using Lemma 1.14 twice, Theorem 1.20 and Lemma 3.13 we obtain
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For |β2| � 1 we use Lemma 1.3, Proposition 3.2 and group properties to get
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By Lemma 1.17 we obtain
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Using Theorems 1.22, 1.23 and Theorem 1.20 we get
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» T
0

}D1{2
x pBβ1EBβ2Hqpt1q}L2

xyz
dt1 ¤

¤
¸

β1�β2¤α
|β2|�1

» T
0

}D3{4Bβ1Ept1q}L2
xyz
}D3{4D1{2

x Bβ2Hpt1q}L2
xyz
dt1

�
¸

β1�β2¤α
|β2|�1

» T
0

}D1{2
x Bβ1Ept1q}L2

xyz
}Bβ2Hpt1q}H2dt1

¤
¸

|α1|¤3

» T
0

}Ept1q}H3}Bα1Hpt1q}L2
xyz
dt1

� T 1{2}E}L8T H3

¸
|α1|¤3

}Bα1Hpt1q}L2
xyzT

.

Finally by Lemma 3.13 we have

¸
β1�β2¤α
|β2|�1

�}D1{2
x

» t
0

Ept� t1qpBβ1EBβ2Hqpt1qdt1}L8T L2
xyz

� }Bx
» t
0

Ept� t1qpBβ1EBβ2Hqpt1qdt1}L8x L2
yzT

� ¤
¤ cT }E}L8T H3

� ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

(3.44)

�
¸

|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT
q � cT 3{2}E}3L8T H3

�
.

For |β2| � 2, 3 we use Proposition 3.2 to get

¸
β1�β2¤α
|β2|Pt2,3u

�}D1{2
x

» t
0

Ept� t1qpBβ1EBβ2Hqpt1qdt1}L8T L2
xyz

� }Bx
» t
0

Ept� t1qpBβ1EBβ2Hqpt1qdt1}L8x L2
yzT

�
¤

¸
β1�β2¤α
|β2|Pt2,3u

}Bβ1EBβ2H}L1
xL

2
yzT
.
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Next, we use Lemma 1.14 twice and Lemma 3.13 to obtain¸
β1�β2¤α
|β2|Pt2,3u

�}D1{2
x

» t
0

Ept� t1qpBβ1EBβ2Hqpt1qdt1}L8T L2
xyz

� }Bx
» t
0

Ept� t1qpBβ1EBβ2Hqpt1qdt1}L8x L2
yzT

�
¤

¸
β1�β2¤α
|β2|Pt2,3u

}Bβ1E}L2
xL

8
yzT
}Bβ2H}L2

xyzT
(3.45)

¤ cT 1{2 ¸
|β1|¤1

}Bβ1E}L2
xL

8
yzT

� ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

�
¸

|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

� T 1{2}E}2L8T H3

�
.

The result follows from inequalyties (3.43), (3.44) and (3.45).

3.4 Proof of Theorem 3.1

We define

Xa,T � tE P Cpr0, T s : rH3pR3qq : ~E~ ¤ au,

where

~E~ :�}E}L8T H3pR3q �
¸
|α|¤3

�
}D1{2

x BαE}L8T L2
xyz

� }D1{2
y BαE}L8T L2

xyz

	
(3.46)

�
¸
|α|¤3

�
}BxBαE}L8x L2

yzT
� }ByBαE}L8y L2

xzT

	
�
¸
|α|¤1

�
}BαE}L2

xL
8
yzT

� }BαE}L2
yL

8
xzT

	
,

(3.47)

and D
1{2
x and D

1{2
y were defined in section 3.1.

We also define the integral operator on Xa,T ,

ΨpEqptq � EptqE0 �
» t
0

Ept� t1qEpt1qpN 1pt1qn0 �Npt1qn1qdt1

�
» t
0

Ept� t1qEpt1q
�» t1

0

Npt1 � sq∆Kp|E|2qpsqds
�
dt1 (3.48)

� EptqE0 �
» t
0

Ept� t1qpEF qpt1qdt1 �
» t
0

Ept� t1qpEHqpt1qdt1,
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where F and H were defined in (3.32) and (3.33), respectively.

We will show that for appropriate a and T the operator Ψp�q defines a contraction on

Xa,T .

We start by estimating the H3pR3q-norm of ΨpEq.
Let E P Xa,T . By Fubini’s Theorem (Theorem 1.18), Minkowski’s inequality (Lemma

1.19), Theorem 1.21 and group properties we have

}ΨpEqptq}H3 ¤ }E0}H3 � }E}L8T H3

» T
0

}F pt1q}H3dt1 � }E}L8T H3

» T
0

}Hpt1q}H3dt1. (3.49)

From Theorem 1.20, Lemma 3.10 and Lemma 3.12 we have» T
0

}F pt1q}H3dt1 ¤
¸
|α|¤3

» T
0

}BαF pt1q}L2dt1 ¤
¸
|α|¤3

» T
0

p}N 1pt1qBαn0}L2 � }Npt1qBαn1}L2q dt1

¤
¸
|α|¤3

» T
0

�}Bαn0}L2 � c}n1}H2pR3q � c|t|}Bzn1}H2pR3q
�
dt1 (3.50)

¤ cT }n0}H3 � cT }n1}H2pR3q � cT 2}Bzn1}H2pR3q.

Next, from Theorem 1.20 and Lemmas 1.14 and 3.13 we deduce» T
0

}Hpt1q}H3dt1 ¤
¸
|α|¤3

» T
0

}BαHpt1q}L2dt1 ¤ T
¸
|α|¤3

}BαH}L2
xyzT

¤ cT 3{2 ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

(3.51)

� cT 3{2 ¸
|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

� cT 2}E}2L8T H3 .

Therefore » T
0

}Hpt1q}H3dt1 ¤ cpT 3{2 � T 2q~E~2. (3.52)

Finally

}ΨpEqptq}L8T H3 ¤ c}E0}H3 � c~E~pT }n0}H3 � T }n1}H2pR3q � T 2}Bzn1}H2pR3qq�

� cpT 3{2 � T 2q~E~3.



76 3. On a Degenerate Zakharov System

Next, we calculate the norms

¸
|α|¤1

}Bα � }L2
xL

8
yzT
,
¸
|α|¤3

}BxBα � }L8x L2
yzT
,
¸
|α|¤1

}Bα � }L2
yL

8
xzT
,
¸
|α|¤3

}ByBα � }L8y L2
xzT
.

By simetry is enough to estimate the two first norms.

Using the definition of Ψ in (3.48) and Proposition 3.4 we have

¸
|α|¤1

}BαΨpEq}L2
xL

8
yzT

¤c
¸
|α|¤1

�}EptqBαE0}L2
xL

8
yzT

�
» T
0

}Ept� t1qBαpEF qpt1q}L2
xL

8
yzT
dt1

�
» T
0

}Ept� t1qBαpEHqpt1q}L2
xL

8
yzT
dt1
�

¤c
¸
|α|¤1

�}BαE0}H2 �
» T
0

}BαpEF qpt1q}H2dt1

�
» T
0

}BαpEHqpt1q}H2dt1
�
.

By Theorem 1.20 we obtain

¸
|α|¤1

}BαΨpEq}L2
xL

8
yzT

¤ c}E0}H3 � c
¸
|β|¤3

� » T
0

}BβpEF qpt1q}L2dt1 �
» T
0

}BβpEHqpt1q}L2dt1
�
.

(3.53)

Using Lemmas 1.14 and 3.14 we get

¸
|β|¤3

» T
0

}BβpEF qpt1q}L2dt1 ¤ cT 1{2 ¸
|α|¤3

}BαpEF q}L2
xyzT

(3.54)

¤ cT 1{2}E}L8T H3

�
T 1{2}n0}H3 � T 1{2}n1}H2 � T 3{2}Bzn1}H2

�
.

Therefore

¸
|β|¤3

» T
0

}BβpEF qpt1q}L2dt1 ¤ cT 1{2~E~�T 1{2}n0}H3 � T 1{2}n1}H2 � T 3{2}Bzn1}H2

�
. (3.55)
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Applying Lemmas 1.14 and 3.14 we have

¸
|β|¤3

» T
0

}BβpEHqpt1q}L2dt1 ¤ cT 1{2 ¸
|β|¤3

}BβpEHqpt1q}L2
xyzT

(3.56)

¤ cT }E}L8T H3

¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

� cT }E}L8T H3

¸
|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

� cT 3{2}E}3L8T H3 .

So

¸
|α|¤3

» T
0

}BαpEHqpt1q}L2dt1 ¤ cpT � T 3{2q~E~3. (3.57)

Combining (3.53), (3.55) and (3.57) it follows that

¸
|α|¤1

}BαΨpEq}L2
xL

8
yzT

¤ c}E0}H3 � T 1{2~E~�T 1{2}n0}H3 � T 1{2}n1}H2 � T 3{2}Bzn1}H2

��
� cpT � T 3{2q~E~3.

To calculate the next norm we use the definition of Ψ in (3.48), Lemma 1.3 and Proposition

3.2 to get

¸
|α|¤3

}BxBαΨpEq}L8x L2
yzT

¤
¸
|α|¤3

�}D1{2
x D̃1{2

x EptqBαE0}L8x L2
yzT

� }Bx
» t
0

Ept� t1qBαpEF qpt1qdt1}L8x L2
yzT

� }Bx
» t
0

Ept� t1qBαpEHqpt1qdt1}L8x L2
yzT

�
¤
¸
|α|¤3

�}D̃1{2
x BαE0}L2 � }Bx

» t
0

Ept� t1qBαpEF qpt1qdt1}L8x L2
yzT

� }Bx
» t
0

Ept� t1qBαpEHqpt1qdt1}L8x L2
yzT

�
.

By propertie (1.5) and Lemmas 3.15 and 3.16 we have
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¸
|α|¤3

}BxBαΨpEq}L8x L2
yzT

¤

¤
¸
|α|¤3

}D1{2
x BαE0}L2 � cT 1{2}E}L8T H3

�p1� T q}n0}H3 � pT � T 1{2q}n1}H2�

� T 3{2}Bzn1}H2

�� c
¸

|β1|¤1

}Bβ1E}L2
xL

8
yzT

�
T 1{2}n0}H3 � T 1{2}n1}H2 � T 3{2}Bzn1}H2

��
� c
� ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

�
¸

|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

��
� �T � T 1{2 ¸

|α2|¤1

}Bα2E}L2
xL

8
yzT

� }E}L8T H3

�� cT }E}2L8T H3�

� �T 1{2}E}L8T H3 �
¸

|α2|¤1

}Bα2E}L2
xL

8
yzT

�
.

Finally by definition (3.46) we have

¸
|α|¤3

}BxBαΨpEq}L8x L2
yzT

¤
¸
|α|¤3

}D1{2
x BαE0}L2 � cT 1{2~E~�}n0}H3p2� T q�

� }n1}H2p1� T � T 1{2q � }Bzn1}H2pT � T 3{2q�� (3.58)

� T~E~2 � pT 1{2 � T � T 3{2q~E~3.

It remains to calculate the norms
°

|α|¤3

}D1{2
x Bα �}L8T L2

xyz
and

°
|α|¤3

}D1{2
y Bα �}L8T L2

xyz
. Again

by simetry we calculate just the first one.

¸
|α|¤3

}D1{2
x BαΨpEq}L8T L2

xyz
¤
¸
|α|¤3

}D1{2
x BαE0}L2

xyz
�
¸
|α|¤3

}D1{2
x

» t
0

Ept� t1qBαpEF qpt1qdt1}L8T L2
xyz
�

�
¸
|α|¤3

}D1{2
x

» t
0

Ept� t1qBαpEHqpt1qdt1}L8T L2
xyz

� (3.59)

�}D1{2
x BαE0}L2

xyz
� I � II.
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By Lemma 3.15 we have

I ¤cpT 1{2 � 1q}E}L8T H3

�}n0}H3p1� T q � T }n1}H2 � T 2}Bzn1}H2

�� (3.60)

� c
¸

|β1|¤1

}Bβ1E}L2
xL

8
yzT

�}n0}H3 � T 1{2}n1}H2pR3q � T 3{2}Bzn1}H2pR3q
�
.

By Lemma 3.16 we obtain

II ¤c� ¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

�
¸

|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

��
� �T � T 1{2 ¸

|α2|¤1

}Bα2E}L2
xL

8
yzT

� }E}L8T H3

�� cT }E}2L8T H3� (3.61)

� �T 1{2}E}L8T H3 �
¸

|α2|¤1

}Bα2E}L2
xL

8
yzT

�
.

From (3.59), (3.60) and (3.61) we get

¸
|α|¤3

}D1{2
x BαΨpEq}L8T L2

xyz
¤
¸
|α|¤3

}D1{2
x BαE0}L2

xyz
� ~E~�}n0}H3p2� 2T � T 3{2q� (3.62)

� pT 1{2 � T � T 3{2q}n1}H2 � pT 3{2 � T 2 � T 5{2q}Bzn1}H2

��
� ~E~2T � ~E~3p1� T 1{2 � T � T 3{2q.

Hence, by apropriate choices of a � ap}E0}H̃3 , T q and T ( T sufficiently small depending

on }n0} rH3 , }n1} rH2 and }Bzn1} rH2), we see that Ψ maps Xa,T into Xa,T . Now if E,W P Xa,T ,

pΨpEq �ΨpW qqptq �
» t
0

Ept� t1qppE �W qF qpt1qdt1 �
» t
0

Ept� t1qppE �W qHqpt1qdt1.

The same arguments as in (3.49)-(3.52) shows that

}pΨpEq �ΨpW qqptq}H3 ¤ }E �W }L8T H3

» T
0

}F pt1q}H3dt1 � }E �W }L8T H3

» T
0

}Hpt1q}H3dt1

¤ ~E �W~cpT }n0}H3 � T }n1}H2 � T 2}Bzn1}H2 � pT 2 � T 3{2qa2q.

To calculate the next norm we use Proposition 3.4 to obtain
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¸
|α|¤1

}BαpΨpEq �ΨpW qq}L2
xL

8
yzT

¤
» t
0

}Ept� t1qBαppE �W qF qpt1q}L2
xL

8
yzT
dt1

�
» t
0

}Ept� t1qBαppE �W qHqpt1q}L2
xL

8
yzT
dt1

¤
» t
0

}BαppE �W qF qpt1q}H2dt1

�
» t
0

}BαppE �W qHqpt1q}H2dt1.

Next we combine the arguments used in (3.53)-(3.56) to conclude

¸
|α|¤1

}BαpΨpEq �ΨpW qq}L2
xL

8
yzT

¤ cT 1{2~E �W~pT 1{2}n0}H3 � T 1{2}n1}H2 � T 3{2}Bzn1}H2q�

� cT~E �W~a2 � cT 3{2~E �W~a2.

Now we calculate the next two norms.¸
|α|¤3

}BxBαpΨpEq �ΨpW qq}L8x L2
yzT

¤
¸
|α|¤3

}Bx
» t
0

Ept� t1qBαppE �W qF qpt1qdt1}L8x L2
yzT
�

�
¸
|α|¤3

}Bx
» t
0

Ept� t1qBαppE �W qHqpt1qdt1}L8x L2
yzT
,

and¸
|α|¤3

}D1{2
x BαpΨpEq �ΨpW qq}L8T L2

xyz
¤
¸
|α|¤3

}D1{2
x

» t
0

Ept� t1qBαppE �W qF qpt1qdt1}L8T L2
xyz
�

�
¸
|α|¤3

}D1{2
x

» t
0

Ept� t1qBαppE �W qHqpt1qdt1}L8T L2
xyz
.

Following the same ideas as in Lemma 3.15 and Lemma 3.16 we conclude that¸
|α|¤3

�}BxBαpΨpEq �ΨpW qq}L8x L2
yzT

� }D1{2
x BαpΨpEq �ΨpW qq}L8T L2

xyz

� ¤
¤ cpT 1{2 � 1q~E �W~�p2� T q}n0}H3 � pT � T 1{2q}n1}H2 � pT 2 � T 3{2q}Bzn1}H2

��
� ~E �W~a2p1� T 2qpT � T 1{2q.
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By simetry we obtain the results to the norms
°

|α|¤1 }Bα � }L2
yL

8
xzT

,
°

|α|¤3 }ByBα � }L8y L2
xzT

and
°

|α|¤3 }D1{2
y Bα � }L8T L2

xyz
. Finally we can choose a � ap}E0}H̃3 , T q and T (T sufficiently

small depending on }n0} rH3 , }n1} rH2 and }Bzn1} rH2) that satisfies

ΨpXa,T q � Xa,T , (3.63)

and

Ψ is a contraction. (3.64)

It remains to prove E P Cpr0, T s, H̃3q and the uniqueness in H̃3. It is enough to prove

the continuity in t � 0. So Taking a small T0 ¡ 0 we must show that

}Eptq � E0}H3 Ñ 0, tÑ 0, (3.65)

}D1{2
x BαpEptq � E0q}L2 Ñ 0, tÑ 0, for each |α| ¤ 3, (3.66)

and

}D1{2
y BαpEptq � E0q}L2 Ñ 0, tÑ 0, for each |α| ¤ 3, (3.67)

where t P r0, T0q.
Since E satisfies the integral equation

Eptq � EptqE0 �
» t
0

Ept� t1qpEF qpt1qdt1 �
» t
0

Ept� t1qpEHqpt1qdt1, (3.68)

we have that

Eptq � E0 � EptqE0 � E0 �
» t
0

Ept� t1qpEF qpt1qdt1 �
» t
0

Ept� t1qpEHqpt1qdt1. (3.69)

Then

}Eptq � E0}H3 ¤ }EptqE0 � E0}H3 �
» t
0

}Ept� t1qpEF qpt1q}H3dt1 �
» t
0

}Ept� t1qpEHqpt1q}H3dt1.
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By group properties we get

}EptqE0 � E0}H3 Ñ 0, tÑ 0.

Using Lemma 3.14 we have the hyphothesis of Theorem 1.11 and therefore» t
0

}Ept� t1qpEF qpt1q}H3dt1 �
¸
|α|¤3

» t
0

}BαpEF qpt1q}L2dt1 Ñ 0, tÑ 0.

Again by Lemma 3.14 and Theorem 1.11 we have» t
0

}Ept� t1qpEHqpt1q}H3dt1 �
¸
|α|¤3

» t
0

}BαpEHqpt1q}L2dt1 Ñ 0, tÑ 0,

which proves (3.65).

To prove (3.66) we take |α| � 3 and use the expression (3.69) to obtain

}D1{2BαpEptq � E0q}L2 ¤ }D1{2BαpEptqE0 � E0q}L2 � }D1{2Bα
» t
0

Ept� t1qpEF qpt1qdt1}L2

(3.70)

� }D1{2Bα
» t
0

Ept� t1qpEHqpt1qdt1}L2 .

Using group properties we have

}D1{2BαpEptqE0 � E0q}L2 � }EptqD1{2BαE0 �D1{2BαE0}L2 Ñ 0, tÑ 0. (3.71)

Now, following the arguments in the proof of Lemma 3.15 we get

}D1{2Bα
» t
0

Ept� t1qpEF qpt1qdt1}L2 ¤ T
1{2
0 a
�}n0}H3p2� T

1{2
0 q � }n1}H2p1� T

1{2
0 � T0q

(3.72)

� pT0 � T
3{2
0 q}Bzn1}H2

�
.

Again, we can follow the argumentes in the proof of Lemma 3.16 and obtain

}D1{2Bα
» t
0

Ept� t1qpEHqpt1qdt1}L2 ¤ T
1{2
0 ap1� T

1{2
0 � T0q. (3.73)

Since we can take T0 as small as we want, the result follows from (3.70)-(3.73).
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The proof of propertie (3.67) is similar to (3.66).

To prove the uniqueness we considerW ptq other solution of the integral equation (3.68)

in some interval r0, T1s � r0, T s such that

W P Xa1,T1 with a1 ¡ a, (3.74)

and

W P Cpr0, T1s, H̃3pR3qq. (3.75)

From properties (3.74) and (3.75) we have that exists T2   T1 such that

sup
tPr0,T2s

}W ptq}H̃3 ¤ a.

Also, using the same arguments as in (3.53), (3.54) and (3.56) we conclude that exists

T3   T2 such that

¸
|α|¤1

}BαW }L2
xL

8
yzT

¤ c}E0}H̃3 � T
3{2
3 ap}n0}H3 � }n1}H2 � T3}Bzn1}H2q   a.

Similarly:

Exists T4   T3 such that

¸
|α|¤1

}BαW }L2
yL

8
xzT

  a,

exists T5   T4 such that

¸
|α|¤3

}BxBαW }L8x L2
yzT

  a,

and exists T6   T5 such that

¸
|α|¤3

}ByBαW }L8y L2
xzT

  a.
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Therefore we have W P Xa,T6 . By the uniqueness of the solutions in Xa,T we must have

W ptq � Eptq, t P r0, T6s.

Applying again this process with data EpT6q, we can extend the solution W to the

interval r0, T s and obtain W ptq � Eptq, t P r0, T s.
We make two observations about this extension to the interval r0, T s:

1. Since r0, T s is a compact set, the process will have only a finite number of iteractions.

2. If there exists T̃   T such that

tTju Ñ T̃ , j Ñ 8, (3.76)

then we must have T̃ � 0 (or we could reapply the process and get T̃1 ¡ T̃ what

would be a contradiction with (3.76)). Since we have

Tj�1 � 1

}W pTjq}H̃3

,

then T̃ � 0 would imply }W pTjq}H̃3 Ñ 8, j Ñ 8, what is a contradiction.

To prove (3.3) (and by simetry (3.4)) we use the integral equation (3.68), Proposition

3.2 and Lemma 3.14 to obtain

¸
|α|¤3

}D1{2
x BαpEq}L8x L2

yzT
¤}E0}H3 � T 1{2}BαpEF qpt1qdt1}L2

xyzT
� T 1{2}BαpEHqpt1qdt1}L2

xyzT

¤}E0}H3 � c}E}L8T H3

�
T 1{2}n0}H3 � cT 1{2}n1}H2 � cT 3{2}Bzn1}H2

��
� cT 1{2}E}L8T H3

¸
|α1|¤3
|α2|¤1

}BxBα1E}L8x L2
yzT
}Bα2E}L2

xL
8
yzT

� cT 1{2}E}L8T H3

¸
|α1|¤3
|α2|¤1

}ByBα1E}L8y L2
xzT
}Bα2E}L2

yL
8
xzT

� cT }E}3L8T H3   8.
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Now we prove the last part of the theorem. We already know that taking a initial data

W0 � pE0, n0, n1q in the set Z � tW̃0 � pẼ0, ñ0, ñ1q P H̃3 � H3 � H2 ; Bzn1 P H3u and

choosing a satisfying (3.63) and (3.64) we have a unique solution E P Xa,T of the integral

equation (3.68). So, fixing a initial data W0 P Z, let V be a neighborhood of W0 in Z and

Eptq the corresponding solution in Xa,T .

Define

H1 : V �Xa,T ÞÑ Xa,T�pẼ0, ñ0, ñ1q, Ẽptq
� ÞÑ Ẽptq �ΨW̃0

pẼqptq �
� Ẽptq � �EptqẼ0 �

³t
0
Ept� t1qF1pẼqpt1qdt1

�
,

(3.77)

where

F1pẼq � Ẽ
�
F̃ � H̃

�
,

F̃ � Nptqñ0 �N 1ptqñ1, (3.78)

and

H̃ �
» t
0

Npt� t1q∆Kp|Ẽ|2qpt1qdt1. (3.79)

Thus H1 is smooth, H1pW0, Eptqq � 0, and

DWH1pW0, EptqqW ptq � W ptq �
» t
0

Ept� t1qDWF1pt1qdt1.

Using the same arguments before it is easy to see that

~W~cpa, T q ¤ ~DWH1pW0, EptqqW ptq~ ¤ ~W~c1pa, T q,

where a and T must satisfies (3.63) and (3.64).

Then DWH1pW0, Eptqq : Xa,T Ñ Xa,T is one-to-one and onto. Thus by the implicit

function Theorem exists h : Ṽ Ñ Xa,T smooth (V � Ṽ ) such that

HpW̃0, hpW̃0qq � 0 @ W̃0 P Ṽ � V,

and

hpW̃0q � EptqẼ0 �
» t
0

Ept� t1qF1phpW̃0qqpt1qdt1

is a solution of the integral equation (3.68) with data W̃0 (instead of W0).



Conclusion

In conclusion, we point out some open problems connected with this work:

- In the second chapter we proved global well-posedness and self-similar solutions to the

Davey-Stewartson system in the elliptic-elliptic case. To the hyperbolic-elliptic case

we could get just the global well posedness (see Remark 2.7). Do we have self-similar

solution in this case?

- Also in the second chapter, we don’t know any results about ill-posedness of the

Davey-Stewartson system.

- In the third chapter there are several questions still unanswered that concerns to:

conservation laws (we only know in L2), ill-posedness, the sobolev indices s �
3, 5, 7, 9, . . .. The Strichartz estimates (Proposition 3.9) will certainly be usefull in

future works to improve the Sobolev indices.

- There is still a gap between 1 and 3{2 in the propositions 3.4 and 3.7 (maximal

function estimate to the homogeneous Zakharov equation).
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[CP] M. Cannone, F. Planchon, Self-similar solution for the Navier-Stokes equations in

R3, Comm. PDE 21 (1996), 179-193.

[CVeVi] T. Cazenave, L. Vega, M.C. Vilela, A note on the nonlinear Schrödinger equation

in weak Lp spaces, Comm. Contemporary Math. 3 (2001), 153-162.

[CW1] T. Cazenave, F.B. Weissler, Asymptotically self-similar global solutions of the

nonlinear Schrödinger and heat equations, Math. Z. 228 (1998), 83-120.

[CW2] T. Cazenave, F.B. Weissler, More self-similar solutions of the nonlinear

Schrödinger equation, NoDEA Nonlinear Differential Equations Appl. 5 (1998),

355-365.

[DR] V.D. Djordjevic, L.G. Redekopp, On two-dimensional packets of capillary-gravity

waves, J. Fluid Mech 79 (1977), 703-714.

[DS] A. Davey, K. Stewartson, On three dimensional packets of surface waves, Proc.

Roy. Londan Soc. A 338 (1974), 101-110.

[EK] M. Escobedo, O. Kavian, Asymptotic behaviour of positive solutions of a non-

linear heat equation, Houston J. Math. 14, no 1 (1988), 39-50.

[F] G. Furioli, On the existence of self-similar solutions of the nonlinear Schrödinger

equation with power nonlinearity between 1 and 2, Differential Integral Equations

14 , no 10 (2001), 1259-1266.

[Fa] A.V. Faminskii, The cauchy problem for the Zakharov-Kuznetsov equation. Dif-

ferential Equations 31, no 6 (1995), 1002-1012.



BIBLIOGRAPHY 89

[FS] A.S. Fokas, P.M. Santini, Recursion operators and bi-Hamiltonian structures in

multidimensions I, II, Commun. Math. Phys. 115, no 3 (1988), 375-419, 116, no

3 (1988), 449-474.

[G] L. Grafakos, Classical and Modern Fourier Analysis, Pearson Education, Inc.,

Upper Saddle River, NJ, 2004, 931pp.

[GM] Y. Giga, T. Miyakawa, Navier-Stokes flow in R3 with measures as initial vorticity

and Morrey spaces, Comm. Partial Differential Equations 14 (1989), 577-618.

[GS] J.M. Ghidaglia, J.C. Saut, On the initial problem for the Davey-Stewartson sys-

tems, Nonlinearity 3 (1990), 475-506.

[GV] J. Ginibre, G. Velo, Smoothing Properties and Retarded Estimates for some Dis-

persive Evolution Equations, Comm. Math. Phys. 144, no 1 (1992), 163-188.

[GTV] J. Ginibre, Y. Tsutsumi, G. Velo, On the cauchy problem for the Zakharov system,

J. Funct. Anal. 151, no 2 (1997), 384-436.

[H1] N. Hayashi, Local existence in time of small solutions to the Davey-Stewartson

system, Annales de l’I.H.P. Physique Theorique 65 (1996), 313-366.

[H2] N. Hayashi, Local existence in time of solutions to the elliptic-hyperbolic

Davey-Stewartson system without smallness condition on the data, J.Analysé
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