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Notations

C*(€2) denotes the class of functions defined on  with & continuous derivatives,
C* (Q) denotes the class of functions in C*(Q) vanishing at infinity,

C(Q2) denotes the space of C*™°-functions with compact support in €2,

S is the Schwartz class of C*°-functions decaying at infinity,

LP(9)) denotes the Lebesgue space with norm denoted by || - ||z», 1 < p < 400,

LP

P Q) :={ue LP(K)for each K C K C Q: Kis compact},

X’ denotes the dual space of the normed space X,

S’ denotes the tempered dsitribution space of linear continuous functionals on S,
LP(Q, X) denotes the LP-space of functions which take values in X,

WHP_ H* are the classical Sobolev spaces,

H*t := H**% § > 0 small enough,

u is the Fourier transform of the distribution w,

0% = 0xl---0xgn, if a = (v, ..., ),

A=>"0 (952, is the Laplacian operator,

V = (04, ---,0,z,) is the gradient vector,

0 := 97 — A is the wave operator,

6J
S0 is the variational derivative of the functional J]u],
u



v
vy, ¢s are the group and sound velocities respectively, M = - is the Mach number,
Cs

a < b means a < Cb for some constant C' that may change from line to line,

— (=) denotes (star) weak convergence,
*

< (<) denotes (compact) continuos embedding,

[

T,, denotes the multiplier transformation with multiplier m.



Abstract

We study the asymptotic behavior of solutions of Zakharov-Rubenchik system when
appropriate parameters tend to zero. Namely, we establish weak and strong conver-
gence results of these solutions to solutions of Zakharov system (supersonic limit) or
Davey-Stewartson system (subsonic limit).
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Introduction

In 1972, V. Zakharov and A. Rubenchik [41] derived a system of equations which
describes the interaction of a spectrally narrow high-frequency wave packet with a
low-frequency oscillations of acoustic type, in a conservative medium on R" (n = 2, 3)
characterized by a Hamiltonian . The universal system obtained by them is modeled
by the coupled equations

(00 + 1,0.0) + 0%+ TEALY = (gl + Bp+ ad.p),
0
Oip + pooAyp + ad,|y|* = 0, (ZRo)
2

CS
o+ —=p+ BlY]* =0,
£00

where ¢ = 1)(x, t) denotes the complex amplitude of the (high frequency (HF)) carrying
wave whose wave number k£ and frequency w are related by the dispersion relation
w = w(k), v, = w'(k) is the group velocity of the carrying wave, which according to
[41] and [26] is in the direction of the z-axis, that is, vg = (0,0,v,). The functions p
and ¢ denote the density fluctuation and the hydrodynamic potential respectively, the
parameters q, o, measure the self-interaction of the carrying wave and the Doppler shift

respectively, ¢ = \/p/(poo) is the sound velocity (p is the pressure), f = %50) ~ w/ poo,

the center of the HF packet is at ko (k ~ ko) and the energy of the HF packet narrow
is g~ fw(k}0>|1/}|2dl’

The term dw(ky) := Bp+ad.p in the first equation in (ZRy) represents the variation
of w(ky) because of the presence of an acoustic wave, where a good approximation of

a is given by
w

— = ]{?07 or
v
_ )
=93 w Cs
Vg AoUg

We use the notation x = (z,y,2) if n =3 and x = (z,2) if n =2, Ay = 0% + 0] if
n=3and A; =92 ifn=2.
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The Hamiltonian for the system is
// v
Ho= [ [l + (500~ v0D)u, + 100 + SET 10 + Lo’
+ BVl + T %2 P (Bp + adup)]dx,

which is the conserved energy of (ZRg). In fact, this is (see [26]) a combination of the
energy for the first equation and the energy

= [ [5IVel + ()] x
of the equations

dp+V - (pVe) =0,
1 (Euler’s equations)
O + 5IVel* +wlp) =0,

where p now is the mass density, w(p) = d¢/0p is the enthalpy and £(p) is the internal
energy density.

The variables p and ¢ form a pair of canonically conjugate variables, they verify
the Hamilton equations

H_op oM o
S Ot op ot

An equivalent system to (ZRg) was first deduced by Benney and Roskes [4] (see
also [39]) in the context of gravity waves (waves generated in a fluid medium or at the
interface between two media, which has the restoring force of gravity or buoyancy).
They obtained the system for the evolution of a train of waves propagation in the
z-direction expressed in a frame of reference moving with group velocity v,.

A modified ZR system was proposed by Zakharov and Kuznetsov [26] for certain
special regimes, depending on the level of nonlinearity ¢|¢)|? in the subsonic regime
vy < ¢s. They proposed the system

(@¢+vgﬂ0+——yw+ gAﬂb (q|]* + Bp + ad.),

—0y0:p + PogASD + ad. [y = 0, (ZRK))

CS
—vg00+ —=p+ BlY|2 =0
Poo

in that case.
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The importance of the systems (ZRg) and (ZRKj) can not be overlooked. For

instance, they do contain as specific limits the well known Zakharov and Davey-

Stewartson systems. They are thus richer than those simpler models and should capture

more of the original dynamics.

The systems (ZRg) and (ZRKj) can be transformed in a non-dimensional form (see
[39] to know the rescaling in the variables and Sections 1.1 to see the new parameters)

as
10 + €02 + o1 AL = (qlY]* +W(p 4+ aDd.p))b,
atp + UQazp = _ASD - OéD@ |¢|27
\8tgo + 020, = —WP |92,
and )
10 + €02 + o1 AL = (q|Y? +W(p 4+ aDO.p))Y,
—020.p = Ap + DO, |[Y)?,
1
\ 020, Pt ]2,
respectively.

We can decouple the last two equations in (ZR;) and (ZRK;) to obtain

10p) + €02 + o1 A Lp = (qY|* +W(p + aDI.p))i,
82p— iAp - AW — aDAD. [,

O — stz = SD OV — uf,

if o9 = 0 for (ZR;), and

0 + €2 + 01810 = (g + )|w|2¢+(6 g ) o

9 g

Alp+ M2[[2) = M202p + — e Y a?W

(ZRy)

(ZRK;)

(ZR)

(ZRK)

for (ZRK;), where we have used that M = |vg|/cs,W = 8%poo/v3, D = |v4]/Bpoo and

chosen oy = sgn(vy) and v = fc; = fv; /M?* constant.

Formally, when ¢, — 0 in (ZR) we obtain

Zat'(p + 68§¢ + O—lAJ_be = wP¢a
1
ofp — WAP = Aly]?,
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and when M, 5 — 0 in (ZRK) we obtain

00 + €02 + 1810 = gy + L pv

3 ’ (DS)

av

Ap=—L0[pl.
Poo”Y

One is also interested in introducing explicitly the ion sound velocity in the system
(Z) by replacing Oy = 9F — A by Oy, = ¢7207 — 57 A and considering the limit
¢ — oo. In that limit the system (Z) reduces formally to the well know nonlinear
Schrodinger equation

i0p) 4 €0%1p + oy AL ap = —MW|ap|*p, (S)

which gives a description of a system (or a quantum state of a physical system) evolv-
ing with time. Approximate solutions to the time-independent Schrodinger equation
are commonly used to calculate the energy levels and other properties of atoms and
molecules.

The system (DS) is the Davey-Stewartson system, it models the evolution of weakly
nonlinear water waves that travel predominantly in one direction, but in which the wave
amplitude is modulated slowly in two horizontal directions (see [11]). It is a model for
an inviscid, incompressible homogeneous fluid whose motion is irrotational (potential
flow). In the case ¢ > 0,00 = 1 and n = 2, Ghidaglia and Saut [17] classified the
(DS) system as elliptic-elliptic type. In this case they reduced the DS system to a
Schrodinger equation with a nonlocal nonlinear term by solving the second Poisson-
like equation via a Hormander-Mikhlin multiplier type (see Section 3.1) and established
local existence and uniqueness for initial data in L?, H' and H? (and global for small
data in L?) as well as blow-up results. In [36] Ozawa found exact blow-up solutions
(see Chapter 9 in [28] for more results concerning this model).

The system (Z) is called the Zakharov system and it was introduced in [50] to
describe the long wave Langmuir turbulence in a plasma. In the case 0y = ¢ = 1,
Schochet and Weinstein [46] obtained a local existence result and uniqueness result
with time interval [0, 7] independent of the ionic speed of sound ¢. This allowed them
to prove that solutions of (Z) converge to solutions of (S) as ¢ — oo. For small
amplitude solutions were obtained rates of this convergence by Added and Added in
[1]. Ozawa and Tsutsumi [38] found optimal rates of convergence of solutions of (Z) to
solutions of (S). Kenig, Ponce and Vega [25] proved that the IVP for (Z) is locally well
posed uniformly on the parameters in appropriate Sobolev spaces. The best local well
posedness results in this case are due to Ginibre, Tsutsumi and Velo [19]. By using a
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method developed by Bourgain [5] they showed local well posedness for the Z system
for initial data in H*(R") x H'(R") x H'"*(R") provided

[<kE<I+1 if n>2, or
1>0,2k—(1+1)>0 if n=23.

In the case e = 0y = M = W = 1, they split p into its positive and negative frequency
parts according to
p+ = pEi0~ " Oyp,

where § = (—A)'/2. Then Z system was rewritten as
, 1
O + Ay = §(P+ + p- )1,
(i0; F 0)p= = F07'0p = 20|y,
and they considered the case of a single equation
10,V = o(—iV)V + f(V),

where ¢ is a real function (or real symmetric matrix valued function) defined in R”
and f some nonlinear function. Eventually V' was replaced by (¢, pi, p_) and ¢ was
the diagonal matrix with entries (&2, [£], —|¢]). So, they studied the integral equation

t
V() = S@Ve—i | St )(vE)ar
0
where V(0) = V; is the initial data and S(t) = e #¥(="V) is the unitary group that

solves the underlying linear equation.

In order to eliminate spurious infrared divergences, at the expense of breaking the
dilation invariance for low momenta, a trivial modification of the system (Z) can be
perform (see [19]) rewriting the wave equation as a Klein-Gordon equation

@O+ 1)p=Af+p
and defining the positive and negative parts of p as

pr = pEi(61) " Dip,
where 0; = /1 — A.

Another results about existence of solution of the Z system can be found in [44],
[37] and [3]. Concerning blow-up results for solutions of the Z system, Glangetas and
Merle [16], [32], proved the existence of blow-up solutions in dimension two.
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The general Klein-Gordon equation is

m02

Ko, R
21c? tp—%AerTerf(p):O (KG)

where p = p(t,x) : R — C, f(p) = A|p|”p with v > 0 and X\ € R, ¢ is the speed of
light, A is the Planck constant, and m > 0 is the mass of particle.
Rescaling ¢, z, p, A and ¢, we can normalize the other constants as h = m = 2.

Substituting ¥ = e~“!p, we obtain from (KG) the equation
2RV + 2i0,¥ — AV + f(U) = 0. (1)
Then if ¢ — oo we have (formally) the Schrodinger equation

20,7 — AT + f(T) = 0. 2)

With regard to the convergence of solutions of (1) to solutions of (2), Tsutsumi [47]
proved L? convergence assuming H? convergence of the initial data in the case where
n < 2 and v < 2. L7 convergence was shown for 2 < ¢ < 2n/(n — 2) by Najman [33]
and Machihara [29] assuming H' boundedness and L? convergence of the initial data
under the assumption n < 3 and some restrictive assumption on 7. In [30] Machihara,
Nakanishi and Ozawa proved that any finite energy solution of Klein-Gordon equation
converges to the corresponding solution of the nonlinear Schrodinger equation in the
energy space, i.e., H' convergence was proved assuming H' convergence of the initial
data, for any n and any 0 < vy < 4/(n — 2).

The first step to study the limit (ZR) to (Z) is to establish local (global) well-
posedness for the IVP. This will give us an idea what spaces the solutions exist and
where we can expect to prove the before mentioned convergence. In this regards Ponce
and Saut [39] reduced the ZR system to the Schrodinger equation

{z‘atw + L = H(po, 0, ¥), )

?ﬂ(l'a 0) = ¢0>
or its integral equation version
. t . /7
Y(t) = e"Fapy — i / "% H (po, o, ) (t')dt, (4)
0

with
L=ed>+0A1, H(po, o, V)= (q]> +W(p+ Dd.o))y (5)
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and p, ¢ given from

MﬂZUWm+U®m+AUU—ﬂEWWW% (6)
wwzv@%+vwﬁ+écw—wawwwa (7)
where
Fi(4) = Alf? — aDod. )
Fu() = SO0l — Bl
and

Ut)f = M(=A)"2sin(M~1(=A)' 1) f,
U'(t)f = cos(M~'(=A)"2)f,

define the group of the wave equation.
Then they provide the following result
Theorem 0.1 Let s > n/2,n = 2,3. Then given (1o, po, po) € H® x H* /% x

HH2(R™), there exist T = T(||voll s, || pol| grs-1/2, || 0]
tion Y(-) of the integral equation (3)-(4) such that

as+12) > 0 and a unique solu-

¢ € C([0,T]; H*(R™)) (8)

with
11— AV e e < oo (9)

Moreover, the map (g, po, po) + U(t) from H® x H=Y2 x H*'/2 into the class (1.30)-
(1.31) is locally Lipschitz, and one has that

(p, ) € C([0,T]; H'2(R") x H*M/2(R™). (10)

The main ingredient to prove Theorem 0.1 is the smoothing effect of Kato’s type,
that is, solutions of the linear problem

{@'at@ww — 0, an
w<x7 0) = w(b
satisfy

ID22e™ fllgerzzz < ¢l fllza- (12)
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where || - ||z 12 g is defined by

/2
|Flli12.12 = sup // xt|dmdt> ,
HEL™

and {@Q,}uezn is a family of unit cubes parallel to the coordinates axis with disjoint
interiors covering R".

Estimates of this type combined with the linear properties of the linear wave equa-
tion (see Theorem 1.4 below) and the contraction mapping principle yield the local
result.

They also obtained existence of a global weak solution for initial data in H*(R™) x
HY'(R") x L*(R™). For that it was first proved that the energy functional

H :w‘l/ [W + elé’zW +o|Viy + g|w|4 +Wpli]? + oWpd.

W
+ §|ch\2 p? + aDW||?0,¢ | dx,

2M 2
is constant in time. Then under the hypothesis of positive energy they used a classical
compactness method to obtain the result.

To study the limit (ZRK) to (DS) we need to know about the existence of solutions
of the ZRK system. In fact this system belongs to a wider class of equations (see
Chapter 4 for more details), the Zakharov-Schulman equations or ZS system
10w+ L1u = uv,
Lov = Ly(|ul?), (ZS)
u(z,0) = uo,

where u : R" x [0,00) — C, v : R" x [0,00) — R and

n

Ly=> af;0" k=123,

1,5 7T
3,j=1

with a¥ ;= ag? , Teal constants.

This system model the interaction of small amplitude high frequency waves with
acoustic types waves [42].

The system above can be rewrited as

O+ Liu = uly ' Ls(|uf?),
u(z,0) = uo.
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In the case where the quadratic forms associated to the operators £, Lo are non-
degenerate with an appropriate radiation condition on the behavior of v at infinity
when L, is non-elliptic, Kenig-Ponce-Vega [25] proved the following result

Theorem 0.2 Let n > 1. There exist s >0, m € Z*, and § > 0 such that for any
up € H* N H*(|z|"dx) := Ysm, So=[(s+3)/2],

with |luglly,,, <0, there exist T = T(||uolly,,,) > 0 (with T(0) — oo as § — 0) and a
unique solution u(-,t) of the IVP (13) satisfying

ue C([0,T]; H*) N C([0, T]; H* (|z[ " dx)), (14)
Dy 2u € 2(LA(Qu x [0,T0)), (15)

and
Ou € £, (L¥(Qu x [0,T]) N L5(Qu x [0,T1)),  |B] < s0. (16)

For any T" < T there exist a neighborhood O of uy in Yy, such that the map g — u
from O into the class defined in (14)-(16) with T" instead of T' is Lipschitz.
Moreover, if ug € Yy oy with 8 > s and [sj] > m’ > m, then the above results hold with
s',m' instead of s,m in the same time interval [0, T.

In the case where L is elliptic, recently Oliveira-Panthee-Silva in [35] proved that
the IVP (ZS) (or (13)) is locally well-posed for given initial data in H®, s > n/4, for
n = 2,3 (see Theorem 3.1 below).

In this work we study the asymptotic behavior of the solutions of Zakharov-Rubenchik
system in the forms (ZR) and (ZRK) when appropriate parameters tend to zero.
Namely, we establish weak and strong convergence results of these solutions to so-
lutions of Zakharov system and Davey-Stewartson system, respectively.

In the case of the weak convergence of solutions of ZR system, we follow the same

argument as that in [1]. For the strong convergence we use some ideas from [33] and
[29].

Let us now describe the content of this work.

In the first chapter we present the non-dimensional form of ZR system and obtain
the system (ZR). Some preliminary results for the (ZR) are presented. We deal with
this system next and the integral equation versions are presented joint to Strichartz
estimates for the group associated.
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In the second chapter we present the main results related to limit for the Zakharov-
Rubenchik system, Eq. (ZR). The weak and strong convergence of the solutions are
established when v, — 400, (M — +00), and when both, v, and ¢, — co. In fact, if
(Va, Pas Pa) s the solution of ZR system and (1), p) is the solution of Z system, then

(Vs pa) = (t,p)  (weakly star) in  L((0,+o0); H\(R") x LA(R™), n=2,3,

(Vs pa) = (10, p)  (strongly) in L>((0,7); L*(R") x L*(R™)), n=2,3

and
(Yaspa) = (¥, p) (strongly) in  L®((0,T); H*(R?) x L*(R?))

for some T" > 0, as a« — 0 (because of a ~ 1/v, and v, — +00).

The proof of the weak limit is a classical argument in the theory of compact-
ness, whose main ingredient is the Aubin-Lions Theorem and the Ascoli Theorem.
Strong limits are conveniently treated by decomposing the nonlinearities and using the
Strichartz estimates associated with the group of the Schrodinger equation and the
wave group.

In the third chapter we deal with a modified Zakharov-Rubenchik system, the
(ZRKj) system. We reduce this to the non-dimensional form (ZRK;) and the more
simple form (ZRK). We regard this system as a Zakharov-Schulman system and reduce
it to a Schrodinger equation type with a nonlocal nonlinear term, next we establish the
local theory according Ghidaglia-Saut’s work in [17] and Oliveira-Panthee-Silva’s work
in [35]. In the final section we derive some conservation laws of the modified system.
In fact, we establish that the amounts

M) = | oo

and

) = [ (1l + [0+ G101+ caS(0) o,

are constants of motion, where
t
5w = [ Iyl ).
0

In the fourth chapter we present the main result related to limit for the modified
Zakharov-Rubenchik system, Eq. (ZRK). Although we have conserved quantities,
which contain terms that would like to control as was done with solutions of (ZR), the
presence of the term S(¢) in € creates a difficulty. However, the strong convergence of
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the solutions is established when ¢, — 400, (M — 0), and when both, v, and ¢, = 0o
in two dimensions. In fact, if (¢, ps) is the solution of ZRK system and (¢, p) is the
solution of DS system, then

(s, p5) = (¥, p) (strongly) in  L>((0,T); L*(R?) x L*(R?)),
for some T' > 0, as 8 — 0 (because of 8 ~ 1/c¢? and ¢, — +00).

The main tools in the proof of this result are the Strichartz estimates and the
following result about the behavior of the multipliers defined by the equations of Poisson
type in (ZRK) and (DS).

Proposition 0.1 Let us consider the multipliers

3
Qv

M~
Loo”Y

—iM\f = Quf, Qu(§) = MPEE — [¢]? (17)
and e ) el
Tl =@f Q=1 (18)
Then

1. Qyr is uniformly bounded for any 0 < M? < 1/2 and £ # 0, that is,

3C >0 ||Qumllr~ < C, C isindependent of M,

2 Jim | Tgu-an(Dlli=0 i fel”

Proof. See below Section 3. =

Finally, the appendix deals with some function spaces and the Lions-Aubin and
Ascoli theorems are stated because of their usefulness in the demonstration of weak
convergence results. We introduce also the multiplier definition and the important the-
orem of Hormander-Mikhlin. Next the functional derivative is introduced. It permits
to verify the Hamilton equations for the models.
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Chapter 1

The Zakharov Rubenchik System

1.1 Preliminary Results

The Zakharov-Rubenchik system for the interaction of a spectrally narrow high-frequency
wave packet with a low-frequency oscillations of acoustic type is

00+ v0,0.0) + 0% + SN = alo + o+ ad.0)e,
Op + pooAyp + ad.|y|* = 0, (ZRo)
2

CS
dup + —=p+ BlY]* =0,
£00

where 1) = 1(x,t) denotes the complex amplitude of the (high frequency (HF)) carrying
wave whose wave number k£ and frequency w are related by the dispersion relation
w = w(k), v, = w'(k) is the group velocity of the carrying wave, which according to
[41] and [26] is in the direction of the z-axis, that is, vg = (0,0,v,). The functions p
and ¢ denote the density fluctuation and the hydrodynamic potential respectively, the
parameters q, o, measure the self-interaction of the carrying wave and the Doppler shift

respectively, ¢ = \/p'(poo) is the sound velocity (p is the pressure), f = %ﬁo) ~ w/ poo,

the center of the HF packet is at ko (k ~ ko) and the energy of the HF packet narrow
is g9 ~ [ w(ko)|y|*dz.

We use the notation x = (z,y,2) if n =3 and x = (z,2) if n =2, A, = 0% + 0] if
n=3and A; =92 ifn=2.

After some transformations (see [40], [39]) we can rewrite the ZR, system in a
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non-dimensional form as

iOpp + €02 + o1 A11p = (a|P + W(p+ aD.p)), (1.1)
Oip + 020.p = —Ap — aDO, |y, (1.2)

1
Opp + 020,00 = —eP [, (1.3)

where M = |vg|/c, (Mach number), € = w”|k|/|vg], W = 5%poo/lqlvz, D = |vg|/Bpoo,
o1 = sgn(kovy) = kovy/|kovg|, o = sgn(q) = q/|q|, and o2 = —sgn(vy) = —vy/|v,|.

Concerning well-posedness results for the Cauchy problem associated to (1.1)-
(1.3), Ponce and Saut [39] proved that this problem is locally well-posed in H*(R™) x
H*=Y2(R™) x H*FY2(R") if s > n/2 and n = 2,3. About the energy, we have the

Proposition 1.1 The equations (1.1)-(1.3) conserve the energy

H=w / 101+ €l + 01 [Vl + Zhol* + Wl + oW pip

T %WW + 2%% +aDWY*d.|dx,
that s dH . (1.4)
. |
Moreover 5_7-[ B @ 5_7-1, _ _8_<p (1.5)
Sp ot op ot |

Proof. See [39] for the proof of (1.4). Equality (1.5) are functional derivatives of H.
These can be obtained from a direct calculation (see Appendix below for the variational
derivative). =

The conservation law (1.4) allowed Ponce and Saut to prove in [39] the existence
of global weak solutions for the equations (1.1)-(1.3) with initial data in H*(R™) x
H'(R™) x L*(R") and for some range of the parameters involved. More precisely they
proved the
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Theorem 1.1 Assume that € > 0,01 = 0 = 1 and that the quadratic form

w w 1
Qz,y,2) = 2M2$2 + 7,?;2 + 522 + ooWay + aDWyz + Waz, (1.6)

is positive definite. Then for initial data (g, o, po) € H'(R™) x H'(R™) x L*(R"),
there ezists a global weak solution of (1.1)-(1.3) such that

b, € L*(Ry; H'(RY)), p e L¥(Ry; L*(R"))
O, p € L=®(Ry; HH(R™)), O € L¥(Ry; L*(R™)).

Moreover, if (1.10) is not positive definite, the same conclusion above still holds if
(Yo, o, po) are small enough in H'(R™) x H'(R") x L*(R").

Because of the discontinuity of the nonlinear term o |¢)|* when ¢ — 0, we introduce
the following changes of variables that will permit us go over to the limit:

v =Idld, p=lalp, ¢ = ldl&. (1.9)

Then the equations (1.1)-(1.3) are transformed, after dropping the tilde symbols, in

10y + €02 + o1 ALY = (q|yp|> +W(p + aDO.p))ip,

8tp + agazp = _A(P - OéDaz‘wPa (ZRl)
1
Opp + 020, = 2P |92,

where W = [q|W = 3%pgo/v;.

Remark 1.1 The well-posedness results of [39] and Proposition 1.1 are true for any
parameters o,01, 09 (not necessarily £1) and any W > 0. Theorem 1.1 still holds if
01,0 are any positive numbers. The latter is just to guarantee (with the respective pos-
itive defined form Q) the uniform bound of the solutions in the energy space. There-
fore, the initial value problem associated to (ZRy) is locally well-posed in H*(R™) x
H*=Y2(R™) x HSHY2(R™) for any o1,q, 09 and s > n/2. Theorem 1.1 is also true with
q > 0 instead of o and W > 0 instead of W. More precisely,
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Theorem 1.2 Assume that € > 0,01 = 1,q > 0 and that the quadratic form

W oo Wy g,
= — = D 1.1
Q(z,y, z) Tk + 5Y + 57 + oWy + aDWyz + Wrz, (1.10)
is positive definite. Then for initial data (Yo, po,po) € H'(R") x H'(R™) x L*(R"),
there exists a global weak solution of (ZRy) such that

v, € L®(Ry; H'(RY)), p € L%(Ry; L*(R")) (1.11)
O, Op € L(Ry; H-HR™)), O € LR, ; L*(R™)). (1.12)

Moreover, if (1.10) is not positive definite, the same conclusion above still holds if
(0, @0, po) are small enough in H'(R™) x H'(R") x L*(R").

1.2 The Integral Equation Version

Recall that oy, q, 0y can be any parameters in (ZR;) (see Remark 1.1 above). So we

consider oy = 0.

We are going to rewrite the system (ZR;) in a convenient form by decoupling the
last two equations. Then we apply the operator 0; to them. One gets

W0 + €02 + o1 ALY = (q|v]? +W(p + aDI.p))1),

1

8t2p - mAp = A|¢‘2 - aDat@WR (ZR)
1 aD

O — WA<P = W@WP — Oy

We are interested in the behavior of the solutions of the system (ZR) when ¢, « — 0.

We expect the solutions of initial value problems associated to converge toward the

solutions of systems

10p) + €02 + o1 A L) = Wpap,

o2 Lo Al (Z)
tﬂ—m p= |@/)|-

We will deal with integral equation versions of the systems (ZR) and (Z).

30



Introducing the following notations

([,: e@f#—alAL
1

F(Y) = Al* — aDo;0. |y,
D
| Ba(w) = S0l = auul.

the IVP associated to the system (ZR) can be expressed as

(10 + L0 = (gl +W(p + aD.p) 0,

Onp = Fl("‘ﬁ);

Oump = Fa(),

W(x,0) = (),

p(,0) = po(x), Dupl,0) = pr(x) = —(Ago + @D, [*) (),

p(2,0) = @o(), Gp(x,0) = i (z) = —(#po + o)) ().

The second and third equations are acoustic wave equations with nonlinear terms
F) and F; depending only on . They satisfy the integral equations (see [39])

p(t) = U'(£)p0 + U(t)py + / Ut — ) F ()t (1.13)

o(t) =U'(t)eo + U(t)p1 + /0 Ut = ") Fa(¥) ()t (1.14)

where
U(t)f = M(=A)~V2 sin(M-1(~A)/24)

U'(t)f = cos(M~H(=A)2t) f,

define the group of the wave equation with the following estimates

IU@) fllze < 1A le2s IVU@f 2 < M F 22, (1.15)
10" () fllz2 < [1f |2 (1.16)

These are consequence of the properties of the functions sin(-) and cos(-), and the
Plancherel identity.
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The terms F}, F» involve derivatives in the t-variable of ¥, but we can remove them
by using the following formulas (which follows by integration by parts)

/t Ut —t)o,G(t")dt' = —U(t)G(0) + /t U'(t —tG(t)dt', (1.17)
/t U'(t —t)o,G(t)dt' = =U'(t)G(0) + % /t Ut —t)AG(t")dt'. (1.18)

The system (NSp) is a nonlinear Schrodinger equation type formally equivalent to
the IVP associated to the system (ZR) and we rewrite it as

{zatw + L = H(po, o, 0), (1.19)
w<x7 0) = 2ﬂ()v
with o ~ ¢5/vy, or its integral equation version
t
P(t) = e™Fepo — i / ¢ H (po, po, ) (1')dt, (1.20)
0
with
H(po, o, ) = (q|¢* +W(p + DO.p))ib (1.21)

and p, ¢ given from (1.13), (1.14).

Remark 1.2 The integral formulation (1.20) joint to (1.13) and (1.14) are the general
versions of the solutions obtained by Ponce-Saut in [39] for the ZR system. They
obtained the well-posedness result applying a fixed point argument on a space convenient
by using more refined estimates involving the smoothing effects of the group associated
to both, Schrodinger and Wave equations. More precisely, they used that

Theorem 1.8 The group {e*} _ satisfies:

IDY?e™ fllgerz 2 < el flL2, (1.22)
t
sup || D2 / DG )dt |2 < el Gl sz, (1.23)
0<t<T 0 poTTE
t
IV [ e O5Ga ge 02 < Gl (1.24)

where .
D f = (€]'?]), L=e+ AL and

¢ is a constant independent of T
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Theorem 1.4 In the 3-dimensional case one has that

10" () fllezpgerz < e(L+TM)?| fllzz,
1TV flargr: < ML +TM)|fllze,
1T fllergrs < T+ TM)P|flze,

||V / U t_t dt HgQLOOLQ <CM(1+TM) ||hH£2L1L2
H/ U/ dt HKQLOOLZ <C<1+TM) Hh‘HEQLILQ

Here || - ||gr2.a 1s defined by

1Pl = (3 / ( / (F(x, £) e )P/ade) o)V,

HEL™ H

(1.25)
(1.26)
(1.27)

(1.28)

(1.29)

where {Qy}uezn is a family of unit cubes parallel to the coordinates axis with disjoint

interiors covering R™.

In the case n = 3,5 = 2+ 1/2 and for (Yo, po, o) € H® x H*Y2 x H**/? fized,

they defined the operator

B(w)(t) = ey — i / ' H(po. 0.0 ()dE
0
with w in the function space X7, where w € X7 if
w:R"x[0,7] - C, we C([0,T] : H*(R™))
and

llwlllr = sup lw®llas + Y 105wlleprz e < a.
0<t<T =3

So for appropriate values of the parameters a,T > 0, ®(-) defines a contraction in X%.

The general case s > n/2 follows by combining the argument above with the calculus

of inequalities involving fractional derivatives deduced in [24].

Then they obtained that
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Theorem 1.5 Let s > n/2,n = 2,3. Then given (o, po, po) € H® x H*Y2% x
HHV2(RY), there exist T = T(||Yoll s, || poll ge-1/2, @0l gre1/2) > 0 and a unique solu-
tion Y (-) of the integral equation (3)-(4) such that

v e C([0,T]; H*(R™)) (1.30)
with
(1= A)S/2+1/4||230L2TL§ < 0. (1.31)

Moreover, the map (Yo, po, o) + V(t) from H® x H*=Y/2 x H*T1/2 into the class (1.30)-
(1.31) is locally Lipschitz, and one has that

(ps ) € C([0,T); H*V2(R") x H*H12(R™)). (1.32)

The estimates involving the smoothing effect of Kato’s type, in its homogeneous and
inhomogeneous versions, associated to the unitary group {e** : t € R} were established
by Constantin-Saut [8], Ponce-Saut [39], Kenig-Ponce-Vega [25] and other authors.

The estimates associated to group of the wave equation (Theorem 1.4) were estab-
lished by Ponce and Saut in [39] by combining the standard energy estimates and the
finite propagation speed of the solution.

From the proof of Theorem 1.5 in [39], the life-time

Hs,

T:T(a7q7/BaM7||¢0|

|poll rs—172, |00l | grs+1/2) > 0,

for solutions of ZR system, is a continuous decreasing function, indeed,

1
T < and 1.33
6[1 + |gla® + 4(1 + [W| + |aD|)(1 + M)*a?] ( )
1
T1/2 < s (134)
6[1 + 2([W| + [aD[)(1 + M)*([|pol| + [|p1]l + [loll + ll¢all + [1ol?)]

with
a = 2||Yollms, [[toll® = [[¢ollF7-1/2 (1.35)

and
[oll = llpoll gs-172, o1l = o1l zrs-sr2, lpoll = llpoll gosrr2, @1l = Nl llga-1/2. (1.36)

Furthermore, T" does not vanish when M — 400 (or aD — +00) if we choose
conveniently the data. For instance, with |[¢g|| < 1/M? we have

(14 M)*'a® <41+ 1/M)*,
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SO

1 1
< .
6[1 + |gla® + 4(1 + [W| + [aD)4(1 + 1/M)*] ~ 6[1 + |qla® + 4(1 + |W| + |aD|)(1 + M)*a?]

These properties of T' will be essential in Chapter 2, for example to control the
growth of terms of the form T'M* when M — +o0.

Now let us consider the system (ZR) with ¢ = a = 0, that is,

i0p) + Lap = Wpyp,
{ ) (Z1)
Oump = A7,
or
'3,5 -+ A =W y
{z Y+ Ay 2 v @
Oup = Aly)?,
ife=0,=1.
In this case we have
p(t) = U'()po + Ut)py + / Ut —#)F()(¢)dt, (1.37)

with F(¢)) = A||?. Therefore the IVP associated to (Z, ) is formally equivalent to

{@8t¢+£¢ = [(p07/017¢)7 (NSZ>
w(ﬂ% 0) = w(b
or ’
W(t) = "y — i / e (po, pr, ) ()at, (1.38)
0
where

and p given from (1.37).

By compatibility with the known results for the limit systems (Z) and (DS), we are
going to consider the elliptic case, this is, we assume £ = A and present the Strichartz
estimates of the group {4}

—0oQ”

Let I any time interval. Then we have
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Theorem 1.6 The group {1} ___ satisfies:

€72 oz Lr@ny) < el Fllz2@ny, (1.40)
||/ et )Ag('at/)dt,”Lq(LL”(R")) < cllgll o (1,0 ey (1.41)
|| / 3 )tz < cllgllp s 1 oy, (1.42)
with
2<p<om), 2="_" o) Fon=1.2 6n)=—"" i n>3
n -_—= = — = n)=oo i n= n) = if n
—p b q 2 p7 b b) n_2 -

and ¢ = ¢(p,n) a constant that depends only on p and n.

Proof. See for example [45] or [28] and references therein. m

Corollary 1.1 Let (po,qo), (p1,q1) € R? satisfying the condition (A). Then for all
T > 0 we have

||/ i(-—t") dt ||L‘11 (0,T;LP1 (R™)) < C”g”lﬂo OTLpO(R")) (143)

with ¢ = c(”apOapl)‘

Proof. See [28]. =
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Chapter 2

Supersonic Regime Results

2.1 Weak Convergence Result

Our first result concerning the asymptotic behavior of the solutions of the system

0 + €02 + o1 ALY = (q[Y* +W(p + aDO.p))Y,
atp = _AQO - OéDaZ”LMQ, (ZRl with 09 = O)

815%0 = |1/J|27

e
or decoupling the las two equations, of the system
i0ph + €02 + a1 A 1 = (q[Y]? +W(p + aDI.p))ib,
1
02p — WAP: A[|* — aD,0. |, (ZR)
1

aD
8390 - WA<P = W@WP - 3t|¢|27

when ¢, o tend to zero, can be stated as follows.
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Theorem 2.1 Under the hypotheses of Theorem 1.2, let (Vya, Pgas Pga) be any solution
of (ZR). Then as q,a = 0%, (Yga, Pgas Paa) converge to (1, p, ) in L®(Ry; HY(R™)) x
LRy ; L*(R™)) x L>®(Ry; HY(R™)) weak star, where (¢, p) is the unique solution of
the Zakharov system

100 + €0 + oy AL — W = 0,

1 (Z1)
Fp — WAP = AP,

with initial data in HY(R™) x L*(R™) x HY(R").

Moreover, (&twqmatpqa,at@qa) converge to (Op), Oyp, Opp) in LOO(RJrSH_I(Rn)) X
L>®(Ry; HYR™)) x L®(R; L*(R™)) weak star, and additionally, Oip = —Ap.

Proof.

We shall use a classical compactness method and we will follow the same ideas of
H. Added and S. Added in [1] for the weak limit of Zakharov system.

Present the proof of the theorem in three steps, but before it is worth recalling the
conserved energy functional (in the case oo = 0)

W
2M?

W
H(1) :w1/[!w\2+e\8zw\2+m|ww!2+ P+ 51Vl + JJult

+ aDW[Y[20.p + Wp|1/1|2] dx.

We have the positive definite quadratic form

W 5 W, q,
= = = D . 2.1
Q(z,y,2) 2M2$ +2y +22 + aDWyz + Wrz (2.1)

Hence W
Q(0,0ugp, W) = 5100l + Shel* + aDW[y P > 0 (2:2)

Recall that W, D > 0 and by Theorem 1.2 ¢ > 0 and o7 = 1. In addition, p > 0
because it is the mass density.

As we are considering ¢, « — 0, then we assume ¢, a > 0.
In these condition we have

Step 1. By the conservation of energy H, the norms ||14al| £oo((0,00);1 (R7)) and
| Pgall o= ((0,00):22(Rny) are bounded uniformly in ¢ and . So ||[tgal?|| Lo ((0,00):22(Rn)) 18
bounded uniformly by the Sobolev embedding.
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We can obtain a uniform bound for || Vga|| £e((0,00);22(rn)) by combining the Cauchy-
Schwarz inequality in the energy H with the norms above, and choosing o small enough.

Note also that if we multiply the third equation in (ZR;) by ¢ we get that

R | ,
20l < 5z [ 1oel+ [ 1oPiel + €

< llpllzz (srglloles + ) +C
< 2lleliz + 5 (5 llolles + 603 ) + € (23)
pIPlEe T o\ 2 WPl :
Hence
allels < lleliz; +C. (24)

thereupon the Gronwall inequality implies that [|©gq || £ ((0,00);2(Rn)) is uniformly bounded,
50 [|@gall Lo ((0,00); 17 (mn)) 15 uniformly bounded.

For simplicity we set ¢ = «, and the associated solutions (1q, pa, Ya). S0, some
subsequence of (Y, pa, o), also labeled by a, and [¢,|* have a weak limit (1, p, ¢)
and I' respectively. More precisely

Yo—w i L((0,00); H'(RY), (25)
pa—p in L%((0,00); L*(R")), (2.6)
pa @ in L%((0,00); H'(R")), (2.7)
[al* =T in L¥((0,00); L*(R")), (28)

thereby (see Proposition A.1 below),

(€020 + 01081 a) = (02 + 01 A1) in L¥((0,00); HH(R™),  (2.9)
Apo —Ap in L¥((0,00); H*(R")), (2.10)
Apo — Ap in L=((0,00); HH(R")), (2.11)
Alpo|* = AT in - L((0,00); H™*(R")), (2.12)
O:|hal* — 0. in L¥((0,00); H(R™)). (2.13)

Let us note that the map

HY(R™) x L(R") — H(R") (2.14)

(u,v) — uv
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is continuous. So it can be assumed that p,v., V0.0, |1/1a\21/1a have a x-weak limit
in L>((0,00); H'(R")).

Let
patla = A in L*((0,00); H H(R™)). (2.15)

Therefore, taking into account (2.5)-(2.15), the equations in (ZR) imply that

Oitho = Oy in L>((0,00); H Y(R™)), (2.16)
Oupo — Op  in L>((0,00); H"H(R™)), (2.17)
0/pa — 0fp in L¥((0,00); H*(R")), (2.18)
Oipa — Opp  in L>((0, 00); L*(R™)), (2.19)

with 0,p = —Ayp and
zf)ﬁb + 68377/) + UlAl@Z) = W/l,
1
oFp — WAP = AT,
in the distribution sense (actually in L>((0,00); H*(R™)) x L>((0,00); H2(R™))).
The proof of the theorem will be complete if we establish that

A=ppand T = [y (2.20)

Let us consider, for the remainder of the proof, any finite time interval [0, 7.
Step 2. Let us show that T’ = [¢|%

Let Q2 C R™ be any bounded sub-domain, By = H'(Q), B = L*(Q),B; = H ()
and consider v, |q.

By Rellich-Kondrachov’s theorem we know that By < B, and we have

Yo € LX((0,00); HH(R™)) < L*((0,T); H'(R™)) (2.21)

and
Obe € L=((0,00); HH(R™)) — L*((0,T); H *(R™)), (2.22)
| Yo € {V € L*((0,7); By), 8,V € L*((0,T), Bl)} = L*((0,T); B), (2.23)

with compact embedding due to Lions-Aubin’s Theorem.
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Therefore, some subsequence of ¥,|q (also labeled by «) converges strongly to ¥|q
in L2([0,T); L*(£2)). So we can assume that

Vi v strongly in Z2(0 7% L (RY)) 224
a—
hence
(N — ¢ strongly in L*([0,T]; L7,.(R™)), (2.25)
a—
and thus,
(0N — Y aein (t,z) € [0,7] x R", (2.26)
a—
thereupon
| | — [9]? a.e. in (t,x) € [0,T] x R™. (2.27)
a—r

Since |1, |* € L>®((0,00); L*(R™)) < L*([0,T]; L*(R™)) is bounded uniformly in a,
then by Lemma A.1
[al* = [91* in L*([0, T]; L*(R™)), (2.28)

that is,
[Yal* = [¢]* in L*([0,T]; L*(R")) (2.29)

by reflexivity. Then I' = |¢|%.
Step 3. Let us show that A = pi.

We shall prove that paw, — pto in L*([0,T]; H'(R")), so the embedding
L¥((0, 00); HH(R™)) = L*([0, T); H(R™))
and the convergence (2.15) will ensure that A = pi.

Let ¢ be some test function in L?([0,7]; H'(R™)) vanishing out of a compact set
Q C R". Then

T
<pa¢a - ,01% ¢> = / / (pawa - PT/JW dx dt

=/ /pa ¢dxdt+/0T/Q<pa—p>w¢dxdt

=: L1a(¢) + Lra(9)- (2.30)

We have

[110(@)| = |lpallzos000):22@ ) |0l 20,1320 ) |0 — YNl 220, 135200)) — 0 (2.31)
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because of (2.24).

Let us note that ¢ € L'([0,T]; L>(R")). In fact,

Yol Lo rz2@ny) = (190122 o.1y:00 e 10 220,77 L0 (R )) < 00 (2.32)

Therefore, using that p, — p in L>=((0,T); L*(R")), it follows that |5, (¢)] — O.
Thus
(patha — ptb, D) — 0 for all ¢ test. (2.33)
a—

But, {patha — pth}aso C (L2([0,T); HY)) € C(L3([0,T]; H'); C) is a sequence (fam-
ily) pointwise bounded and equicontinuous, because of

[(patba — p, BY| < [|patba — pUll L2010 || L2077,y < C (2.34)

and

[(patba — p0, o1 — D2)| = [|patba — Pl 2o,y |01 — D2l L2 (0,101 (2.35)

so Ascoli’s theorem implies that some subsequence of p,, — p1 converges pointwise
to a continuous function, and the convergence is uniform on each compact subset of
L3([0,T]; H'). Therefore

patba —ptp =0 in L*([0,T]; H'(R")). (2.36)

2.2 Strong Convergence Result

We will deal with the integral form of systems

100 + Ap = (q[U]* +W(p + aDO.p))Y,

1
00— A = AP — aDO IV, (2R)
1 aD

and
104+ A = Wpy,

1
Oip — WAP = Aly[*.
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But let us recall that the IVP is associated to the system of Zakharov-Rubenchik

10 + A = (qlY]* +W(p + aDd.p) )b,

Op = —Ap — aDJ. |y, (ZR1)
1
Orp = P |92,

and
@Z}($’O) :¢0($)7 p(ZL‘,O) :po(ﬂf), SO(%O) - SOO(x)
p(x,0) = pi(x) = —(Apo + aDI.|to|*)(x),  dup(x,0) = p1(z) = —(%Po + [thol*) (2).

We will denote by (¥q, pas o) the solution of the IVP associated to (ZR) (in fact
to (ZR1)) with initial data (¢a0, Pa0, Pao). Since v, > ¢, should imply a Doppler shift
negligible o = 0, then we are going to consider ¢ = a = ¢;(Agv,) ™", 8 = WPy =
¢s(Xopoo) ' and make v, — +oo0.

Let us denote T* = T}, 5, = Ty 5 the life-time of the solution of (ZR) such that
it does not vanish when v, — +o00, and T the life-time of the solution of (Z), which

can be chosen independent of v, ¢; for small data.

The arguments we use to obtain our strong convergence results are inspired in the
ideas of the works of Najman [33] and Machihara [29] regarding the non-relativistic
limit of the nonlinear Klein-Gordon equation.

Next we have one of our main results.

Theorem 2.2 We assume that ¢ = a,n = 2,3,

Voo € H*, pao € H?, oy € H*'?, (2.37)

o € HY, py € H'? g € HY?, (2.38)

sup[aolr+ < o0, (2.39)

Wollsr> < it [aollisre ol < inflpaollze, llgolls < inf o s, (2.40)
lim [[¢a0 = %ol s = lim [[pa0 = pollz2 = lim [lpao = @ol[s = 0. (2.41)

Then we have

) TE s ([aoll sz, lpaoll 2, lpaollis) = T5 5ol mor2, lpolliz: [l@ollms ), (2:42)
ii)lig})\lpal + Agollp2 =0, (2.43)
i) im0 — ez = lmlloo = pllimorany =0 i T < T, (2.44)
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where T, = min{Ty, T g} and (Y, p) is the solution of (Z) with initial data (Yo, po, p1),
p1 = —App.
Proof.

The equality (2.42) and (2.43) are consequences of the hypotheses (2.41) because
of T* =T 5 is a continuous decreasing function of the initial data and the parameters,
and

Pal = —(A%o + O‘DQZ|¢010’2)-

The hypotheses (2.40) ensures that T}; ; is increasing when a — 0.

For the convergence (2.44) we use the integral versions of (ZR) and (Z), thus

6alt) = g =1 [ O H g ) O (2.45)

with
H (b, Pavs ) = (albal? + W(p + aDOuipe) (2.46)
Pa(t) =U'(t)pao + U(t) pa1 + /Ot Ut — ") Fy (o) (t)dt, (2.47)
Va(t) = U (t)pao + U(t)par + /Ot Ut — ') Fa () (t)dt (2.48)

and .

0(t) = e =i [ O o, pr )0, (2.49)

with
I(po, p1, %) =Wpt), (2.50)
p(0) = U O+ Ultyon + [ U= O, (251)

forO0<t<T<T,,.

Let us recall that

P(w) = Al (252)
Fi() = AW|? — aD8,d. ||, (2.53)
Fu() = S0 — Bl (2.5)
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Then

(% - 77Z))(t) = eitA(¢a0 - ¢0) - Z/0 ei(t_t/)A(H - I) (t,)dt/7

(Pa = p)(t) = U'()(pa0 — po) + U(t)(pa1 — p1) + /0 Ut =t)(Fy = F)(t')dt'.

By using Theorem 1.6 and Corollary 1.1 we have
%0 = ¥l Looo,mir2) < cl[ta0 — ol 2
t
+ | / e OMH — ) ()l || oo 0.1:22)
0

S a0 = Yol + [H = 1| 11 0,1;12),

and from the energy estimates (1.15)-(1.16) we have
10 = plizz <llpao = pollzz + [t |par — p1llL2

HI [ U= = s

The nonlinear terms H — I and fg Ut —t')(Fy — F)(t')dt' can be written as

H—[:N1+N2+N3+N4+N5+N6+N7
t
[ U= = P = N+ v
0

where

Nl = Q|¢a|2¢aa
Ny =WaD,0,p,,

NS = W%(U/(t)(f?ao - pO) + U<t)(pa1 - ,01>>,
Ny =W(ta =) (U (t)po + U(t)p1),

Ns = —WaDu, /0 Ut — 00,0, Pt
N =i [ U= )Ml = 7).
Ve =itta =) [ U= )8l
Ny = —aD /0 Ut — 00,0,

Ny = / Ut - O)A(Sal — [0]2)de
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(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.67)
(2.68)
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The embedding theorems of Section A.1, the standard energy estimates (1.15) and
(1.16), and integration by parts (formulas (1.17) and (1.18)) are useful for estimate
||H — I||p2. For instance, we use the inequality

[Pallze < lvalle+

in two dimensions. In three dimensions we can put ||¢,|gs/2+ instead of ||ty || p1+
without any change in the demonstration.

Thus,
IN Iz = lal [%allze < lallvallzn, (2.70)

[Nafl2 < WaD| ||Yall2ee |0-0all2 < WaD| ||Yall git || @all - (2.71)
Next, we estimate ||©q|| m1-
t
leallar < NNU'(t)paollar + U (L) @arllar + ||/ Ut —t) Fa (o) () dt'|| i1
0

< lpwollrs + il gl + 1| | U6 =Rl €0 I, 272
with
t t D
I U =R =1 [ V=GR = P

‘OéDl ‘ / 2 / ! / 2 g4/
<5 | = tHOpal lmdt + || [ Ut =)0l dt ]|
0 0

OéD t t
< 0 [ e — el | = U@l + [ 0= )
0 0
|CVD| ! / 2 / 2 ! 2 /
<P i [t =t |Vallzr2dt’ + [t] |aoll= + i [%allgedt (2.73)

and ] 1
|¢atllmt = ||Wpao + a0l m < WHPaOHHl + |00l F2- (2.74)

Let us estimate N3 and N,. Thus

N3]z < Wl[[YallLe U () (Pao — po) + U(t)(par — p1)llzz
< [Wll[¢allz (a0 — pollz + [t lpar — prllz2) (2.75)

and

INallzz < Wlllvba = Il U () (po) + U(E)(p1)l 2
< [Wlllpa = Pl (llpollz + ¢ llp1llz2)- (2.76)
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For N5 we have
INol < D el [ U= 210102
< WDl = Ul + [ 06~ V)0 bvala
< WDl (1110 ool + [ 1010z
t
gmmwwm%mwmm+AH%MM) (2.77)
and for Ng we have
INal < W) | 06— €00l = 10at s
< Wl allne [ 16~ 211800l = W)zt
< Wl [ 6= 21+ 10 )

t
< [w] II%IIHH/O [t =¥ 1(IIallfe + [1¥152)dt (2.78)

Finally we estimates N;.
t
HMMSMWMWMW/WFﬂNWWM
0

t
< W o = Wl [ = 1A 2
0

t
< o = s [ 1= ] ot .79
0
Since
W= 5%poo/vz, D = |vg|/Bpoo, M = |vg|/cs with v, = oo, (2.80)
and
|allms < ||Yaol|gs for all s >n/2, (2.81)

because of fixed point argument in [39], then by combining both of them with the
hypotheses (2.41) and the result (2.43) we obtain that

|Nillrz =0 as a—=0, forany 0<t<T <T,, i=1,.,T7 (2.82)
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Note that
WD = B/v, and D/M? = c?/Bpoov,.

Then
||H — -[||L1(O,T;L2) S T”H — ]||Lm(07T;L2) —0 as a—0

and therefore

’Wa - W\Loo(o,T;L?) S ”7%0 — %HL? + HH - [HLl(o,T;L?) —0 as a—0.

This finished the first part of (i) ( equality (2.44)).

Next, we estimate Ni; and Nog. As Npp is similar to N5, we have

t
IMullzz < laDI(It] [ebeollZe + / ol lpedt’).
0

For Noy we use that (see (NSg) and (Z))

1
M2

1

Apa + O‘Dataz’waP - (93/) + M2

A(Wa’Q - |¢|2) = 0} pa — Ap,

hence
| Naall2 < Aqy 4 Ago + Ass,

with AQQ = HNHHL%?

1 t
Ap = W”/ Ut —t)A(pa — p)dt'|| 2
0
1 t
/ !/
< W/o [t =] [|[A(pa — p)|r2dt

and

t
A= | [ Ut~ 300 - p)at |1z
0

1 t
< (1l = palliz +llowo = piliz + 51 | U= )20 = p)iiz)
0

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

1 t
< (1l sz + 1o~ pollsz + 375 [ 16~ #10Apa — pllizat) (259
0

because of the integration by parts formulas (1.17), (1.18).
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Now we need estimate the last term in (2.88) and (2.89). Thus,
1A(pa = p)llzz = IU'(£)A(pao = po) + U(t) Alpar — p1)
+ [ 0D - Do) s
< llpao = polla= + [t] | par — p1l| =

y / Ut — ) A (AR — AlP)de 2

t
+laDl| [ Ut~ )M @0I0P)at |1
0
< [lpao = polla= + [t lpaa = pull a2

t
y / 1t — 1 ([alZn + 0120 )d 2
t
+ laD|lltaol%e + |aD)] / [ alPpode' (2.90)

It is here that the hypotheses (2.37)-(2.39) play their important role to guarantee
bounds for ||1)4]|ze and ||| za.

The same arguments used to assure the convergence in (2.82) imply that
t
H/ U(t—t/>(F1 —F)(t/)dt/HL% < HNHHL% -+ ||N22HL% — 0 as Oé-)O, (291)
0

forany 0 <t < T <T,,.

Therefore

1pa — pllze0,1:22) <llpao — pollzz + |T'|[[par — p1ll2+

t
| / Ut —t")(Fy — F)(t")dt'|| peo.r02) — 0. (2.92)
0
This completes the proof. m

The most natural question about the supersonic limit of (ZR) is whether any so-
lution (with finite energy) converges strongly to a solution of (Z) in the energy space
H' x L?. In this sense, our best result is a combination of the above theorem of
L?-convergence and the following result of H%/?-convergence in three dimensions.

The advantage of working in three spatial dimensions is that we can make use
of estimates obtained by Ponce and Saut in [39] (Theorem 1.4 here) for the group
associated with the wave equation.
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Theorem 2.3 Under the hypotheses of Theorem 2.2 with n = 3, we also have that
g_%”lﬂa - wHLOO(O,T;HQH/?) =0 (2.93)

for all' T <T,,, T,, as was defined before.

Proof.

Similarly to what was done in the proof of previous theorem, we begin with esti-
mating

t
|0 — ¢‘|Loo(0,T;H2+l/2) < [thao = ol g4z + || / et )A(H — I)(t/)dt/]|Loo(07T;H2+1/2),
0
(2.94)
where H — I = Ny + --- + Ny is like in that argument. Then

t T
||/ 6z(t—t )A(H — I)(t,)dt/||L°°(0,T;H2+1/2) S/ (||N1||H2+1/2 + ||N2||H2+1/2)dt
0

0

7 t
E 0N [ O ey
j=3 70

(2.95)
But,
T
| I¥illgendt < Tl sup ol (2.96)
0 0<t<T
T
/ No rossjedt < TWaD| sup [[tallgeessel|Bupall oo (2.97)
0 0<t<T
and

10-¢allgzire < llallgavre

t
< [[paollgs+172 + [t |0ar | gas1/2 + H/ U(t — ') Fa(va) () dl || grasasz
0

(2.98)

with
1 2

il < <llanllsss + [oolByserr (299)

and

D)
M2

t
+ / [4all 35412t (2.100)
0

t t
I [ U= ROt o < S5 [ 1= bl st + 8ol
0 0
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as was done for ¢, in (2.72).

By using that (1 + |£))**/2 ~ (1 + [£]?]€]'/?) and the estimate (1.23) of Theorem
1.3 we have

7 t 7 T
ZH/ e UTOANG () || oo 0,012 72) S Z/ |V | 2dt
j=3 “0 j=3 "0

7 t
3% sup 92DV /0 AN (1)t | 1o

j:3 P\|:2 o<t<T
7 T
<y / I, | ot
j=3 "0
7
30 S 10N s e (2.101)

=3 |A|=2

The terms ||N;||z2,7 = 3,...,7, have been already estimated in the proof of Theo-
rem 2.2 and we saw that ||N;||;2 — 0 as @ — 0. Then we just need to deal with the

terms 217.23 > n=2 02N arzrz. To do that we use the Leibniz rule for derivatives,
the Holder inequality and the estimates in Theorem 1.4.

(i) For j = 3 we have

D NNzl rzrz = W Y 102 [a(U' () (Pao = po) + UM)(par — p))lley 2.2

[A]=2 |A|=2

S (W] Z 10706 05[U" (t) (pao — po) + U () (pa1 — plllexzzr2

lyI+18l=2
S 1030l 2 11U (D) (pa0 = po) + U ) (par = pr)llz e 12
Ivl=2
+ WY 103%allzizie) (D 10210 () (pa0 = po) + U ) (par = pr)]llzczer2)
lyl=1 181=1
+ Wl eallerzie (D N07[U () (pao = po) + UE)(par — p)lllrzerz).  (2.102)
|8]=2
Now we use that | - HegLQTLgo STV supo<i<r || - |22, s0

||azl/}a||é§L2TLgo STI/Q sup [|0¢allr2
0<t<T
STV sup |[tallae
0<t<T

ST ||Yhaol 1 (2.103)
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for all |y| < 2.

For the other pieces in (2.102) we have

10210 (8)(pao = po) + U () (par = pr)lllenserz S (1+ TM)* 02 (pao — po) |12
+ T (14 TM)*05(par — p1) |22
S (L+TM)||pao — pol 2
+T(1+TM)*par — prllmz (2.104)

for all |5] < 2.

(ii) For j = 4 the argument is the same because

Ny =W(tho — )[(U'(t)po + U(t)p1]- (2.105)

(iii) Let us consider j = 5.

In this case we have
t
Ny = —iaD, [ Ut~ )00 v it
0

= —WaDpo ( — U(t)0:|¢aol +/ U'(t —t)0.]val?). (2.106)
0

We need to estimate 3y, 102 Nsle1 12 12-

Again, combining the Holder inequality and the Leibniz rule we see that we should
be concerned only with estimating

105U (1) 1ta0* |l 150 12 (2.107)

and .
10 [ U~ )0 lva g 2.108)

for all |5] < 2.

So

107U #)0: a0 * |2 15212 S T(1+ TM)*|1070: o] | 2
ST+ TM) ol s (2.109)
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and

t
Haf/ (t = )0:10al’d e S (1 4+ TM)*|070: |0l |z r.02
0

S L+ TMPTN070: 0ol g 13,02

< (1+TM) 3T / / 1929, wa|2|2dxdt)

< [ ulear)”
0
< (1 TMP T ol

(iv) For j = 6 we have
t
No =i [ Ut = )Ml = o)t
0
Similarly as was done before, we only need to estimate

t
02 [ Ut~ O)a(wal = Pl gupz, 18] <2
0

We obtain

102 [ Ut = )80l = W
S MU+ TMPIO (Wl = 6P g s

S M+ TMY T ([l = [¥1°) g a2

where S + 1 is a multi index such that |3+ 1| = |B] + 1.

Then

t
102 / Ut — ) A l? — [02)de | 12

T 1/2
S MU+ TMPT( [ IWalls + Il30dt)
0

(v) For j =7 we have
Ny = Wt —w)/o Ut — )A|[2dt
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then the estimates are similar to those above, so we omit them.

Recall that ||Ya|lgs S ||aol

g for all s > n/2; and

W,q,O&Nl/Ug,DNUg and v, — 00. (2.116)

This completes the proof. m

We have consider the supersonic regime for the (ZR) model, i.e., when M > 1, where
M = @ is the Mach number defined in the Section 1.1, and we have established the

C]

limit behavior of the solutions of (ZR) when v, — oo while ¢, remains constant (M —
00). It is also interesting to think on the case |vy| = Mec, considering simultaneously
the limits vy, ¢, — 0.

According to Doppler effect negligible (o« — 0 when v, > ¢,) we can assume M > 1.

Let us recall the initial system and the system limit:

0 + €02 + 01 AL = (gl * +W(p + aDOp))y,
02— <rhp = Al — aDODIU? ZR)
02— 13 g = SDOLIU[E — Bul,
and
10 + €029 + o1 A L) = Wp,
dp — %Ap = AP,
where W= %poo /vy, D = |vg|/Bpoo and v = Bc3.
Note that the solutions of these systems depend on v, in consideration.

Now, we are going to consider 8 = ,/v,, and a = ¢s/vy, = M1, thereupon W =
poo/vg and D = /vg/poo, s0 WD = 1/, /0.

1
Poo\/a.

T* =T} will be the minimum life-time of the solution of (ZR) and Tj the life-time
of the solution of (Z).

In the case M = ¢ we have aD =

We have the following result
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Theorem 2.4 Assume q= o, M =c?,n=2,3 and

e € H'  peo € H'*F 09 € HYPPT, (2.117)
Yo € HY  po € H*" @y € HY*, (2.118)
suplleoies < o (2.119)
Ccs>
[oll sz < f [¥e.ollas2, llpollme < mbllpcollms lwollws < inflloe.ollee,  (2.120)
Jim [[4be,0 = ollus = 1m [[pe,o = pollz = 1im f[pe,0 = @olls = 0. (2.121)

Then we have

H, HSOCSO

Vel 372, || .0 m2) = T (1Yol gr, [l poll s ol 2),  (2.122)

i) lim [|pe,1 + Aoz =0, (2.123)

i) lim T (
Cs—> 00

i) lim 1P, — Ve, o o,rs2) = dim (|5, = pellieoran =0 i T < T, (2124)
where T, = min{Ty, TL}, (Ve., Pes, Pe.) 1S the solution of (ZR) with initial data

(V.05 Pes0, Pe0) and (e, pe,) is the solution of (Z) with initial data (g, po, p1), p1 =
—A(po
Proof.

First note that if (2.117)-(2.121) are true then the hypotheses of the Theorem 2.2
are also true. Therefore (2.122) and (2.123) result of that theorem.

The term ||77/~JCS — e, ||Loo(0,1;22) Was estimated in the proof of Theorem 2.2, in the
estimate (2.57) and the nonlinear estimates in (2.70)-(2.79). Again, the assertion (2.82)
is true because of (2.81) and our choice of parameters «, 5,W, D. Therefore |[¢., —

Ve,

Lo0(0,T;L2) — 0 when Cg — OQ.

The term ||pe, — pe,||re(0r;2) can be estimated as in (2.58) with nonlinearities
Ni1, Nog as in (2.60). A convenient estimate for Ny; was obtained in (2.85), indeed

t
2t / e,
0
t
2t / e,
0

[N11llzz < |aD|([t]][¢oe,0

1
- t][1be,
poo\/c_s(l [0

pdt’)

2adt’). (2.125)
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And for Ny; we can use the inequality (2.87). Here the terms A;; and Asg are

I .
Ay = | /O Ut~ {)A(pe, — o)t |12
t

1 / , .
S EVR) ’t_t‘HA<pcs_pCs)
M2 J,

Ladt! (2.126)
and
t
%FW/WFﬂW%—%WWg
0
< (|75| lpes1 = pillc2 + || peso — poll L2
1 t R
+apl [ U =00, - )it )
0
< (|t] [|pest = prllez + [l peso — pollr2

1 /t , 5
+ -5 [ [E=t[l[Alpe, — pe.)
M2 J,

r2dt’). (2.127)

The term ||A(pe, — pe,)| 2 is estimated as that in (2.90), thus
1A — 7)lzz = [V A o0 — o) + UDAper — 1)

S NS NS

< oo — pollse + 1t 100 — 1

S RTINS

2>dt/||L%

2)dt/HL§

t
| [ U0 0)8@001 Pl (2129)
0

By using the integration by parts formula, we have

1A(pe, = 0e)llz2 < Mlpeco — pollaz + [t] | pest — Pl 2

+Au4ww%w%mm

t
+4aDmmwﬂzy+MDy/|w%
0
< ||peso = pollmz + [t] | pe1 — pil| 2
t
[ =, = el (e
0

+ e )| raat’

2 adt’

H4 —|— H’I/N}CS H4>dt/

Sadt’. (2.129)

t
+waDwmwﬂzy+MDy/|w%
0
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But

|%e, — V.|| s < e, — e, }{Qﬂ for some 0<0<1 (2.130)

i% H’lpcs - ,l/’;cs

because of interpolation, thereupon

1A e, — po)llzz <Iloeo — pollz + 1t] 9ot — pala
t
e / 1t — ] e, — Fe 1 (e lls + 1 )
0
t
+ laD||t|[[¢o]% + D] / e ot (2.131)
0

Since the norms ||¢be, || g+ and ||, || ga+ are uniformly bounded, and ||¢)e, —e, | Loo (0,522 —
0, then Ay, Az — 0, s0 || N[z — 0 fori = 1,2, 3, thereupon |4, — pe,
This completes the proof. m

LOO(O,T;LZ) — 0
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Chapter 3

A Modified Zakharov-Rubenchik
System

According to Zakharov and Kuznetsov [26], depending on the relations between the
group velocity v, and the sound velocity cs, the system (ZR) permits various simpli-
fications. In the case v, < ¢, and q¢)|* < v,Ak, where Ak is the width around & of
the HF packet, they proposed the system

"

. w v
100 + vg0.9) + 78% + —2;0 A = (qv]* + Bp + ad.o)Y,
—0y0.p + poo Ay + a82|1/1|2 =0, (ZRKy)
2
C
—vy0,0 + —=p+ BlY|? = 0.
Loo

Using a reference frame moving at the group velocity of the carrying waves (the
change z = Z + v,t) and rescaling the variables as was done for (ZR) in [39] to obtain
the non-dimensional form, we have

i0p) + €02 + 1A 1) = (q[]* + W(p + D)),
—090.p = A + aDJ.|Y]?, (ZRK})
—030. = %p + Y],
where
o1 = —sgn(kovy), 02 = —sgn(v,), W = ﬂ2p00/’l}§, D = |v,|/Bpoo, and M = |v,]/cs.

(3.1)
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We are going to rewrite the system (ZRK;) in a convenient form by decoupling the
last two equations. We apply the operator 0, to them. One gets

i0p) + €0*p + o1 AL = ( )W’ b+ <5 P00 +U_z)9¢
K g (ZRK)

Alp+ M2[pJ2) = M20%p + — - % 52|¢|2
where v = ¢ = fv2/M? > 0 is constant.

Note that the nonlinearity in the first equation was rewrited by using that

1 1
0.0 = —_@(Wp+ |¢|2)-

We are interested in the behavior of the solutions of the modified Zakharov-Rubenchik
system (ZRK) when M, 8 — 0.

We expect the solution of initial value problem associated to converge toward the
solution of the Davey-Stewartson system

O + €02 + o1 AL = qlY[* + w
(DS)

av
Ap =

3
g9 aQ‘wP
Poo”Y

3.1 On the Initial Value Problem for the Modified
ZR System

We assume £ = A. In this case we have

o+ A = (g + )|w| w+(5f°°+0—3)pw
g (ZRK)
Alp+ M2Jg[?) = M202p + — o ‘s GZ\W

where 8c? = v is assumed constant and o ~ kg. Let us consider n = 2.

The system above can be writed as

Zaﬂb + Aw = Cl|¢|2¢ + Cpra
02p + c302p = ca@2Y|* — MPOZ|YP?,
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2 3
o a av
Whereclzq—l——ﬁ,czzﬁpoo 703:1—M2and04: 9

Qv _ A2
v v vs’ Poo”Y M
g g g

Then it can be regarded as a Zakharov-Schulman system

W) + LY = o

7S
£1¢:£2<|¢‘2)7 ( )

where ¢ = c1|Y|*+cop, L= A, L1 = 0> +30% and Ly = (c; — caM?)0? + (c1c3+cocy) 0>
Note that £, is elliptic in the subsonic case M < 1.

By setting ¢ = £ Lo(]1|?) := T(|¢|?) the IVP for system (ZS) becomes

0 + LY = yT([Y*),  (x,0) = vo(z) (3.2)

which has a structure similar to the cubic nonlinear Schrodinger equation but with a
nonlocal nonlinearity.

The presence of the nonlocal term in the nonlinearity prevents the use of some
of the techniques applied to the Schrodinger equation. Note, however, that T is a
zeroth-order operator and therefore some tools developed by Kato [20] in the context
of the semilinear Schrodinger equation can be applied. In fact, following these ideas,
Ghidaglia and Saut [17] obtained a local well-posedness result in H*(R?) for the Davey-
Stewartson system.

Recently, by using the contraction mapping principle in an appropriate space,
Oliveira, Panthee and Silva [35] proved that

Theorem 3.1 Let n = 2,3 and s > n/4. Then for all vy € H*(R"), there exists a
unique solution
v e C([0,T]; H*(R™))

to (3.2) where the life-span T > 0 depends exclusively on ||y
18 a continuous decreasing function.

we, T=T([[¢o]

Hs), and
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In order to write the ZRK system as a single equation for v, we begin by expressing
p in terms of ¢ by solving the second Poisson-like equation. Thus

M2IE]? — pooiyfz
p(&) = 2, 3.3
where A = 92 + 92 and £ = (&, &).
Then we have
p=T,, (J1]?) (Nonlocal term), (3.4)

where T, s the singular integral operator defined by

3
av
M2 - —Le3

T 7 N £o0”Y

TQMf:QMf7 QM(S) = M2€22—|€|2

(3.5)

Note that if [¢] = 1 then M?&2 — |£|> = M?¢2 —1 # 0 for M small enough, so Qy is
of class C? on the unit sphere for M — 0. Since Q; is homogeneous of degree 0, the
Hormander-Mikhlin theorem implies that Qj is a multiplier for LP(R?), that is, To,,
is a bounded operator in L?(R?), 1 < p < co.

Therefore there exists a constant C' = C}, > 0 such that

lollzeee) < Cllvllion@zy, 1 <p<oo. (3.6)

We have therefore reduced (ZRK) to a nonlinear Schrédinger equation and its IVP
associated is

{z’atw +Av = H(Y), (NS,)
b(w,2,0) = to(w, 2), ’
with g
H(w) = (g + )w v (S50 ) ¥Tay (WD) (3.7)
and integral equation version
B(t) = By — i / S F () (¢)d. (3.8)
0
Returning to the system (ZRK) with M = § = 0 we have
i0ph + A = qlp[*) + P@D
3 (DS)
Ap= L32[
Poo”Y
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In this case we obtain
p=Tg,, (|]?) (Nonlocal term), (3.9)
with

— i

T, f=Quf,  Qu(é) = PSS

(3.10)

Also ) is homogeneous of degree 0 and C? on the unit sphere, thereupon Ty, isa
bounded operator in LP(R?), 1 < p < oo.

Then we transform the system (DS) to IVP

{iaﬂb + AY = I(1), (NS,.)
W, 2,0) = vo(x, 2),
with
1() = gl + =0T, ([0]?) (3.11)
and integral equation version ’
610 = =i [ OM ) (312)

This integral formulation for the solution of DS system was the one presented by
Ghidaglia-Saut in [17].

Proposition 3.1 Let us consider the multiplier Q. Then

1. Qu 1s uniformly bounded for any 0 < M?* < 1/2 and £ # 0, that is,

3C >0 ||Qumllr~ < C, C s independent of M,

2. Al/[iglOHT(QM—QO)<f)HL2 =0 Zf f e L2

Proof. Note that

_ _ DRG] o Y
’QM(g) Qo(g)‘ - ’£|2(’£‘2 — M2£§)’ with C = 2007Y

for M small enough.
Then o .
| MA(C& — IE1Y)]

|Qu(§) — Qo(§)] < (1— M2)|¢P|¢2
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and therefore )

Qu() ~ Qo] S =

<1 if M*<1)2

This implies (1). By using (1) and the dominated convergence theorem we obtain

(2). m

3.2 Conserved Quantities

We are going to consider the ZRK system

0 + A = 1|y + capid,
02p + c30%p = c, 0> — M2 )|?,

2 3
a B7poo | ay av

where ¢; = ¢+ —, ¢ = — —,c=1—M?and ¢s = —7
Ug Ug vg Loo”Y

(ZRK)

— M2,

We assume that the solution (¢, p) is such that these functions are smooth and

behave properly at infinity.

We multiply the first equation in (ZRK) by 2¢:

2ipOph 4 20 Arp = 2¢1 ||t + 2¢a]1pPp. (3.13)
Taking the complex conjugate in the equation above we have
—2ip0y) + 20 A = 2¢1[Y|* + 2¢; |0 p. (3.14)
Recall that p is a real function.
Then the imaginary part gives us
(Ve + ) — i(thaath — Yuath) — i(Y2at) — 129p) = 0, (3.15)
that is
(19[%)e + 2Im(eeh)y + 2Im(¢.1)). = 0. (3.16)
Next, multiplying the first equation in (ZRK) by 2, we obtain
2i|¢e]* + 200 A = 261 [Py + 2co0ibrp (3.17)
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whose real part is

2(%#@ + z/jzmwﬂ + 2<¢zz1;t + 'Lﬁzzwt) = 201|¢|2(W|2)t + 202P(W|2)t- (318>

Adding and subtracting the terms Vuts, ”@mwm, wZQ/_JtZ, and 1,1, we have

P ([91)e + cap(1)e = [(Yathe)a + (Yotbe)a] + [(Vat00)s + (D:t).]
- (wﬂﬁijtl‘ + 'lvzxd]tx) - (wzijtz + @Bzwtz)a (319)

that is

(1 )e + (1:l*)e + %(W‘)t + eap([U*)e = 2Re[(Yuthe)s + (Y:0r):]. (3.20)

Let .
5w = [ (i) .21

0

Thereupon, the quantities
M(zp):/ |2 dzdz, (3.22)
R2
and

&) = [ (wal + 0 + FIol' + caS(0)dad, (3.23)

are constants of motion because of (3.16) and (3.20).
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Chapter 4

Subsonic Regime Results

4.1 Strong Convergence Results

We will deal with the integral form of systems

0% 2 (0%
R G L
o R (ZRK)
OZU3
Alp+ M) = M*02p + —ZOZ|[?,
Poo”Y

and v
10 + A = qlp[*p + ﬁpw
3 7 (DS)
av
Ap=—L02|p
Poo”Y

We denote by (¢, ps) the solution of the IVP associated to (ZRK) with initial data
0. Here we have o = ko and M = |vy|/c; < 1, so we are going to consider ¢, — 400
and 8 = yc;? with v > 0 constant, thereupon M = |v,|\/7~5.

[0}

it does not vanish when ¢, — +o00. Recall that the solution of (DS) is global for small
data in L?.

Let us denote T* = T 5\, = T} 5 the life-time of the solution of (ZRK) such that

So we have the following result

67



Theorem 4.1 Assume that n = 2,

Vg0, o € H?, (4.1)
suplltsoll e < 1 (4.2
£>0
%ol < [1;;{) [4gol| a1 (4.3)
and
B—0
Then we have
i)gig(l)T;“,ﬁ(WﬁoHHl) =T o([[%oll 1), (4.5)
ii)}g(l)\!wﬁ — YllLeoriL2) = }}L%HP,B —plle=rzy =0 if T <T7,, (4.6)

where (Y, p) is the solution of (DS) with initial data .

Proof.

The equality (4.5) is consequences of the hypotheses (4.4). The hypotheses (4.3)
ensures that T7) 5 is increasing when § — 0.

Hypothesis (4.2) and (4.4) ensure that the solution of the system (DS) is global.

Following the ideas of Najman [33] and Machihara [29], we will use the integral
versions of (ZR) and (DS) given in Section 3.1 to prove (4.6).

We have ,
Up(t) = e"Papgo — i / e TR H (1) (t)dt (4.7)
0
ps =T, ([Ual), (4.8)
with g2
H(vs) = (g + —) sl s + (57 + g5 ) ¥aTa,, (P (4.9)
and .
ult) = g —i [ ORI Ear, (4.10)
0
= TQ0(|w|2)7 (4'11)
with
1(¥) = qly)? w+ wTQO(WJI ), (4.12)
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for 0 <t <T <T5,v=1 T, ,and T, are the multipliers given by (3.5) and
(3.10).

Then

t

(s = )0 =" —vo) — i [ CCOMHW) TN (113

0

and

ps—p=Tg, (1Va*) = To, (V). (4.14)
Let 0 <T <T}.

Theorem 1.6 and Corollary 1.1 imply that

14 = Ylleaoricry S 140 = Yollez + 1H (Yg) = LW o g .06 (4.15)
where
2 2
2<py<o0, —=1-—
by ) (A2D)
2< p <00, ——1-—2.
q1 P

We choose p; = pg = 2, then ¢ = qo = 00, py =2, ¢, = 1.
We have
H(ibp) = 1) = q([¢s|*s — [¥*) + (Pﬁwﬁ — py)

|wﬁ| wﬂm
9

= Il+12+13+l4. (416)

psYs

The terms I3 and I; can be limited as it was done with the term N; and N, in
(2.70), (2.71). Indeed,

o
1322 < 2 |||1/)ﬂHL6 S Bllsllze < Bllvsolline (4.17)
9
and
2] pool
[ allz2 < —5—llpsllrzll¥pll e

g

< B2l1Wsllea llvsll e
S B2Nsll a1l s+
S ﬁ2"¢50“?{1+- (4.18)
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Therefore

||13||L1(0,T;L2) 5 BT and ||I4HL1(O,T;L2) 5 BQT (419)

because of (2.81) and the hypothesis (4.40).

Let us estimate I; and I5.

But,

hence

Mallzz = 2L s s — ) + (05 — D1z
2|vg|

S vs = Yllezllpslize + 19lellps — pollzz

S s = dllezllpsllas + 18l a+llos — pllzz
= Bl + BQ. (420)

s —p = QulvsP — Qolv?
= Qui([s? = [UP) + (Qui — Qo) [P, (4.21)

lps = pllzz < I Tou (IWs® = ¥z + [ Ti@u-co (1¥1*)ll:

Then

| B2l 10,1

< COlllesl® = [Pz + 1T @u-co) (141122

S (sl = 1D (sl + [Nz + 1T Qu-qoy (1)l 2

S s = lla(lvsllze + 1¥lce) + 1 T@u-qo (1917)llz

S s = llea (sl s + 101+ ) + 1 T@a—ao) (1)l 2. (4.22)

< [l oo, m0y |08 — | Lo 0,152y ||Vl 1+ + || 04 ) || 22 0,7
+ 191l oo 0,731+ | T @ar—o) (1) | 21 07522)
S Ts — Ylleeorizz) + 1 T@u—ao) 101°) 2172 (4.23)

In the other hand, since )y, is a multiplier then

— 1/2
loalls = [ [ 1+ 161 IQulO PO ae]

S Mo [l e
S [pollins < C. (4.24)

bounded by the hypotheses. Thereupon

| Billrory < s — Ylleorellpslloiormsy S Tllvs — ¥l e o,r;L2), (4.25)
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hence

| Lol 220,22y < | Billerory + | B2l o)
S Tl[vs — Yllzeorizs) + I T@u—-00 (L1 L1 0ri22)- (4.26)

Next, we estimate I;. We have

11llzz = lal | 1sl* (5 — ) + &1l = [07)l] 2
S sl (s = )z + 19 (sl = [ (10l + 1)) 22
S sl llzsellve — ¥llzz + s — Wllez (sl + WDz
S Wsllzee s — Wllez + s — llzzll 117 + [Wsl*l|
S (Isllzee + 1912 v0s — 1l
S (sl + 10150 s — Vs, (4.27)

then
1illz2 0722y S T8l 0,y + 1T 02109 108 — Yl oimizey
S Tg = | Lo (o,r;L2)- (4.28)
Collecting the information (4.19), (4.26) and (4.28) we obtain that
1H (hg) — T(W@) 20,722y STllg — ¢llpeoms2) + BT + BT

+ HT(QJ\4—QO)(|¢’2)||L1(0,T;L2)* (429)

Returning to (4.15) we have

Vg — |l Looo,rir2y S 1¥s0 — Yol 2 + | H (¥s) — 1(¥) || 10,7522
5 ||¢50 - 77Z)0||L32£ + T||¢ﬁ - Q;DHL"O(O,T;LZ)
+ 1 T@un—ao (PPl or2) + (B + 82T (4.30)

If we take T' = Tj sufficiently small, then
g = Dllzeo,0:22) Sllso = vollzz + 1 T@u—0 (Y1) |21 070:22)
+ (6 + )T, (4.31)
As ¢y € H? then ¢ € L* thereupon %ir%HT(QM,QO)(|¢|2)||L1(07T0;L2) = 0 due to
—>

Proposition 3.1.
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Therefore
s — ¢||L°°(0,T0;L2) —0 as [ —0.

(4.32)

Previous estimates can be repeated on the time interval [Ty, 27]. So we have

||¢B - ¢||LW(TO,2TO;L2) —0 as [ —0.

Repeating this procedure, we obtain eventually

ls — ’l/J”Loo(O’T;LQ) —0 as B—0 forany 0<T <Tx,.

In (4.22) we proved that

lps = pllzz S llvs — llez (sl + 19 1a+) + 1T - (18122

S s = ¥llez + I T@u-qo (1) 2z,

then by using (4.34) and again the Proposition 3.1, we have
lpg = plleeorzy =0 as B —=0 forany 0<T <Tp,.

This completes the proof. m

(4.33)

(4.34)

(4.35)

(4.36)

We have consider the model (ZRK) when M < 1 (subsonic regime) where M :=
s is the Mach number defined in the Section 1.1 and we have established the limit

Cs

behavior of the solutions of (ZRK) when ¢; — oo while v, remains constant (M — 0).

It is also interesting to think on the case |v,| = M¢, considering simultaneously the

limits vy, c; — 00.

Let us recall the initial system and the systems limits:

-+ 020+ v = (a+ 52 oo+ (252 + S

g

Alp+ M>*[p?) = M252p+p ga2|¢|2

and
WOph 4 €029 + o1 AL = q]*Y + pw

3
Bp =L 32fu,
oo’y

where W = ﬁ2p00/v§, D = |vy|/Bpoo, ¥ = Bc? is a constant and a = k.

Note that the solutions of these systems depend on v, in consideration.
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We have the operators

3
av
M2Jg? - —L g3

T/QM\f = Qu/f, Qu(§) = M2E2 _ﬂ?‘z (4.37)
and -
. Oé’Ug 2

Qo(§) = € (4.38)

The main difficulty with Qs is because of the singularity on two straight lines go
through the origin if M is not too small, and not having the possibility to use the
Hormander-Mikhlin Theorem. But we are going to assume that ¢y = vg, so M =1/v,
and therefore we have good multipliers.

T* =T will be the life-time of the solution of (ZRK).

We have the following result

Theorem 4.2 Assume that n =2, ¢, = v},

te,0,0 € H, (4.39)
Sup||¢cso||H2 <1 (4.40)
4ol < cigfo [tesoll (4.41)
and
Jim [[¢pe,0 = tol [ = 0. (4.42)
Then we have
i) Jim T2 (eallin) = T (ol (4.43)

i) lim ||, — 1,
Cs— 00

LOO(O,T;LQ) = cl.i—l;I})oHpcs — ﬁcs L°°(0,T;L2) = 0 lf T S To*o7 (444)

where (Yo, pe.) is the solution of (ZRK) with initial data V.o and (U, pe,) is the
solution of (DS) with initial data 1.

Proof. The proof is similar of that in the Theorem 4.1. The only difference is that
the terms I3, I4 tend to zero more quickly because of

< ity < Dissline < 2wl (4.45)

2| Vg Ug Yg
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and

52| poo]
[ allzz < 2 psllcz 1¥sll Los
g

2
S WHWHL‘;HWHL?f
g
2
S EHWHHIHWHHH
g
2 2
S EHQMMHHH" (4.46)

g

with 8 =v/c2 = 0 and v, — co. m
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Remarks

1. We only know the existence of weak global solutions for ZR in the energy space
H'(R") x L*(R™) x H'(R") and local well posedness results in the space H*(R") x
H*12(R™) x HY(R™) for s > n/2 (n = 2,3). Uniqueness of weak solutions and
well posedness in the energy space is still an open problem.

2. We have obtained several results regarding the weak and strong convergence of
solutions of ZR system to solutions of the Z and DS system. In the case of the ZR
system, we provide weak convergence (global in time) of solutions in the space of
energy H' x L?, and strong convergence (local in time) of solutions in L? x L?
and H®? x L?. We expect to be able to prove strong convergence of solutions in
H' x L2

3. Since solutions of the IVP associated to Z and DS may blow-up in finite time
(see [17], [16], [31]) one expects that solutions of the ZR and ZRK have the same
behavior. At the present, we are working to prove this conjecture.

4. Existence of solitary wave solution of ZR of the form (e™')(z), p(), p(z)) turns
out to be an interesting problem since (¢(x), p(x), p(z)) satisfies the system (See
[39])

—wip + €0 + o1 A1 — (g = WMP)[y|*p — W(D — M?03)0. = 0,
—M?0%*0 + Ap + (D — 03M?)d.|y|> = 0.
which is similar to the 3-D system for solitary waves of the Davey-Stewartson

system (note that this system ceases to be elliptic in the supersonic case, | M| > 1)
for which existence [7] and non existence [18] results are known.
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Appendix A

Basic Theory

A.1 Function Spaces

Consider an open subset 2 of R". Let D(Q2) = C°(f2) the space of C* functions
with compact support in 2 and D’(2) the space of distributions on 2. A distribution
T € D'(QQ) is said to belong to LP(€2) (1 < p < 00) if there exists a function f € LP(Q)
such that

T.0) = [ fapla)ds Ve € D)
In that case, is well known that f is unique. Let £k € N and 1 < p < 0o. Define
Whe(Q) = {f € LP(Q),D°f € IP(Q) Ya €N such that |a] < k}
WHP(Q) is a Banach space when equipped with the norm defined by
1 llwes = S 1D° 2o,

la|<k

for all f € Wk?(Q).

For all k,p as above, we denote by WJ(Q) the closure of D(Q) in WhP(Q). If
p = 2, one sets Wh2(Q) = H*(Q), W?(Q) = H¥(Q) and one equips H*(Q) with the

following equivalent norm

7l = (32 107 71:) "

|laf<k

Then H*(Q2) is a Hilbert space with the scalar product

U, V) = D*uD“vdzx.
wo =Y [

la|<k
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The following theorem is a characterization of the spaces H*(R") by Fourier trans-
form.

Theorem A.1 Let k be a nonnegative integer.
1. A function u € L*(R™) belongs to H®(R™) if and only if
(1+ €")u € L*(R™).
2. In addition, there exist a positive constant C' such that
1 k o~
o llullae < I+ 16*)allze < Cllul

for each u € H*(R™).

The fractional Sobolev spaces are defined by

H*R") = {u € S'(R") : ul

mo@ny = [|(14 [€17)*2T(E) || 2rny < 00},
for any s € R, where S(R") is the Schwartz space of C*°-functions decaying at infinity.

It is not difficult to show that if s; < s < s, then

ull e, with s =6s; 4+ (1 —60)ss, 0 <6 <1,

0
H*1

[l s <l

The following results are essential in the theory of partial differential equations.

Theorem A.2 (Sobolev, Gagliardo, Nirenberg, Morrey) If() is open and has a
Lipschitz continuous boundary, then

1. if 1 < p <n, then WHP(Q) — L4(Q), for every q € [p,np/(n — p)|;
2. if p=mn, then WHP(Q) — L), for every q € [p,00);

3. if p>mn then WHP(Q) — L>(Q) N C%(Q), where a = (p — n)/p.

Theorem A.3 (Rellich-Kondrachov) In addition, if 2 is bounded, the embeddings
(2) and (3) in Theorem above are compact. The embedding (1) is compact for q €

[p,np/(n —p)).
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Theorem A.4 (Sobolev) If s > n/2 + k, then H*(R") — C* (R"), where C (R")
15 the space of functions with k continuous deriwatives vanishing at infinity.

Theorem A.5 (Sobolev embedding) Let p € [2,+00].

1. If s > (n/2 —n/p) then H*(R™) — LP(R").

2. If s=n/2—n/p for p # +oo, then H*(R") — LP(R™).

Theorem A.6 If s > n/2, then H*(R") is an algebra with respect to the product of
functions. That is, if f,g € H*(R™), then

1fgllez < CC) sl gl e

The proof of the results above can be found for example in [2], [14] and [28].

Let X denote a real Banach space, with norm || - ||. The space L*(0,7; X') consists
of all measurable functions u : [0,7] — X with

T
1
oz = ([ Jutoan) " < o
0
for 1 < p < oo, and

l|ul| oo 0,7;x) := ess sup||u(t)|| < oo.

tx

Remark A.1 Let I C R be an open interval, f € LP(I,X) and g € L¥ (I, X"). Then

t = {g(t), f(t))x x

15 integrable and

/I|<9(t),f(t)>xxxl < [ fllze llgll o

The following result is related to the preceding remark.

Theorem A.7 If1 < p < oo and if X is reflexive or if X' is separable, then (LP(1,X)) =
LP(I,X"). In addition, if 1 < p < oo and X is reflexive, then LP(I, X) is refleive.

The following two results are very easy to prove.
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Proposition A.1 Let f,, = f in L>*((0,00); H*(R")). Then

1 0ufn =0 in 1((0,00); H(B2)),
2 fm— [ in L*>((0,00); H5(R™)),
3. If Oifm —g L>((0,00); H*(R™)) then g = O, f.

Proposition A.2 If f,, — f in LP([; X') with X' = L% or H?, then f,, — f in
D'(I x R™).

We finish this section by recalling three useful results in the compacity theory.

Lemma A.1 (J. Lions) Let O be an open and bounded set of R} x Ry and g, g €
LY(0), 1 < q < o0, such that ||gm||Le0) < C and gn, — g a.e O. Then g,, — g weakly
in L1(0O).

Theorem A.8 (Lions-Aubin) Let By, B, By be Banach spaces such that By C B C
By with By, By reflexives and By — B (compact embedding). Let

W= {Vyv € LM (0, T, By), 8V € L (0,T, Bl)}, T < 00, 1< po,p1 < 00.
Then W is a Banach space with norm

IVIIw = [[Vlzro0,7,80) + 10:V || o (0,7,81)
and we have W — LP°(0,T, B).

Definition A.1 A family F of functions from a topological space X to a metric space
(Y, d) is called equicontinuous at the point x € X if given € > 0 there is an open set
O containing x such that d(f(z), f(y)) < € for ally € O and for all f € F. The family
18 said to be equicontinuous on X if it is equicontinuous at each point x in X.

Theorem A.9 (Ascoli) Let F be an equicontinuous family of functions from a sep-
arable metric space X to a metric space Y. Let {fn} be a sequence in F such that
for each x in X the closure of the set {f(z) : 0 < m < oo} is compact. Then there
is a subsequence { fm, } which converges pointwise to a continuous function f, and the
convergence is uniform on each compact subset of X.
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A.2 Multipliers

Let m be a bounded measurable function on R". One can then define a linear trans-
formation T,,, whose domain is L*(R") N LP(R"), by the following relation between
Fourier transforms

— ~

Tuf(€) =m(©)[f(E),  feL*R")NL(R").
Definition A.2 We shall say that m is a multiplier for LP (1 < p < o) if whenever
f e L?NLP then T,.f is also in LP, and T,, is bounded, that is,

N T ()llze < Allflles ferL*nLrt, (with A independent of f).

Note that if m is a multiplier for LP and p < oo, then T,, has a unique bounded
extension to LP, which again satisfies the same inequality above. We also write T,, for
this extension.

We shall present below an important sufficient condition which contains a large
class of multipliers.
Theorem A.10 (Hérmander-Mikhlin) Suppose that m(£) is of class C* in the
complement of the origin of R™, where k € N and k > n/2. Assume also that

10%m(€)] < B|g|~ if  al=a1+ ... +a, < E.

Then m(§) is a multiplier for LP with 1 < p < oo.

Proof. See [43]. =

For example, if m(&) is homogeneous of degree 0, i.e. m(A) = m(§), A > 0, and is
of class C* on the unit sphere, then m is a multiplier for L?, 1 < p < co.

We will use this result to deal with the system (ZRK) as was done by Ghidaglia
and Saut [17] in the study of the Davey-Stewartson system.
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A.3 Functionals and the Variational Derivative

Let J[y] be a functional defined on some normed linear space, and let
AJR] = Jly + h] = Jly]

be its increment, corresponding to the increment h = h(z) of the “independent vari-
able” y = y(x). If y is fixed, AJ[h] is a functional of i, in general a nonlinear functional.

Definition A.3 Suppose that
AJ[h] = §J[h] + || h]|,

where 6J[h] is a linear functional and € — 0 as ||h|| — 0. Then the functional J|y|
is said to be differentiable, and the principal linear part of the increment AJh],
i.e., the linear functional §J[h] which differs from AJ[h] by an infinitesimal of order
higher than 1 relative to ||h||, is called the variation (or differential) of J[y].

Remark A.2 The increment and the variation of Jy|, are functionals of two argu-
ments y and h, and to emphasize this fact, we can write AJ[y; h] = dJ[y; h] + €| h||.

In particular, we will consider a functional

Ty = / F(z,y(@), ¢ (2))d,

where F'is continuous and y(x) is in the set of all continuously differentiable functions
defined on the interval [a, b].

If we give y(x) an increment h(z), with h(a) = h(b) = 0, and by using Taylor’s
theorem, we obtain

b
5. = / (F,h+ Fh)dx

and integration by parts give

b d
6J = / (F, — %Fy/)hd:p.

The expression
§J d
@ = Fy(%y,y/) T dr y/(x,y,y’)
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is called the variational (or functional) derivative of the functional J[y].

In a more general case, if
Ju] = / F(xy, .o @, Uy Ugyy ooy U, ATy .. dXy,,
R

depending on n independent variables z1, ..., x,, in the region R, an unknown function
u of these variables, and the partial derivatives u,,, ..., u,, of u, then

"L 0
(Uz/ F, — —F,, )V(x)dx
[T

for all admissible ¥(x) which vanish on the boundary of R, and we have
0J “~ 0
gy /RN N
ou ; Oox;

We refer the reader to [15] for more details about this issue.
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