Instituto de Matemática Pura e Aplicada

On Some Nonlinear Dispersive Systems

Author: Adán J. Corcho Fernández

Adviser: Dr. José Felipe Linares

Rio de Janeiro March, 2003

To memory of my father To my mother

Abstract

We study local and global well-posedness of the initial value problem (IVP) associated to the coupled Schrödinger-Korteweg-de Vries equation and Schrödinger-Debye systems. We also consider the Benney system and discuss some ill-posedness issues regarding this system. For the coupled Schrödinger-Korteweg-de Vries equation we obtain a local result for weak initial data that allows to use the conserved quantities in the energy space to prove global well-posedness in that space. Both results considerably improve the previous ones [2, 44]. Concerning the Schrödinger-Debye systems we also obtain local and global results improving the ones given in [10]. As a consequence of our study of the Benney system we show that the best local result for that system, in the focusing case, is for data in L^2(R) × H^{−1/2}(R). The techniques used to prove our results are recents argument introduced by Bourgain, Kenig, Ponce and Vega to study general nonlinear dispersive equations.

i

Acknowledgement

To my advisor Felipe Linares for his friendship, patience and exchange of ideas without which this work would not have been possible.

To professors Carlos Isnard and Rafael Iório for good teaching of analysis. To professors Jorge Zubelli and André Nachbin whose teaching served as complements in my studies.

To professors Marcia Scialom and Jaime Angulo for their constructive comments about this work.

To my colleges Mahendra Panthee, Xavier Carvajal and Aniura Milanés for fruitful discussions and exchange of ideas. Also to Dimas Martinez for his constant help to write this work in Latex.

To all persons who helped me during my stay in IMPA whose names could not be mentioned in a single page, but I should not forget to express my gratitude to my bride Daniele Régis for her love and affection to me. Also to my friends Rolando Gárciga and Luis Orlando Castellano.

Finally, to my family for the constant help and encouragement. To IMPA for providing an excellent environment of research. To CNPq for financial help towards my master and Ph.D. studies.

Adán J. Corcho Fernández.

Rio de Janeiro, Brasil.

March 27, 2003.

iii

Contents

Introduction 1

Notations 8

1 Local and global theory of a coupled Schrödinger-Korteweg-de Vries equation 10 1.1 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.2 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.3 Nonlinear estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.4 Proof of main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 1.4.1 Proof of Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 1.4.2 Proof of Theorem 1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2 Local and global theory of a coupled Schrödinger-Debye equation 39 2.1 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.2 Linear estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.3 Nonlinear estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 2.4 Proof of main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 2.4.1 Proof of Theorem 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 2.4.2 Proof of Theorem 2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Ill-posedness for the Benney System 57 3.1 Solitary waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.2 Proof of Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

References 70

Introduction

In this work we study the initial value problem (IVP) associated to the nonlinear coupled system i∂_tu + δ∂^2_xu = αuv + β|u|^2u, t, x ∈ R, τ∂_tv + λ∂_xv + νP (∂_x)v + μv∂_xv = γ∂_x(|u|^2) + ϵ|u|^2, (1)

where α, β, δ, γ, λ, μ, ν and ϵ are real constants and P (∂_x) is a linear differential operator with constant coefficients. This model describes various phenomena of physics and fluid mechanics. For example, (e_1) the internal gravity wave packet [25] and the capillary-gravity interaction wave [18] when γ < 0, δ = τ = 1 and β = λ = ν = μ = ϵ = 0,

(e_2) the capillary-gravity interaction wave [20, 30, 40, 50] when δ = ν = μ = 1, λ = ϵ = 0 and P (∂_x) = ∂^3_x,

(e_3) the sonic-Langmuir wave interaction in plasma physics [28, 49] when δ = τ = 1, λ = −1 and β = ν = μ = ϵ = 0,

(e_4) the general theory of water wave interaction in a nonlinear medium [4] when δ = τ = 1, ν = 0, μ = 0 or μ = 1 and ϵ = 0,

(e_5) the motion of two fluids under capillary-gravity waves in deep water flow [20] when δ = τ = ν = 1, β = λ = μ = ϵ = 0, α > 0, γ > 0 and P (∂_x) = ∂_xH∂_x,

(e_6) the motion of two fluids under shallow water flow [20] when δ = τ = 1, β = λ = ν = μ = γ = ϵ = 0, α > 0 and γ > 0, and (e_7) the nonlinear optics [10] when δ = 1/2, τ > 0, α = ν = 1, β = λ = μ = γ = 0, ϵ = ±1 and P (∂_x) = 1.

The objective of this work is to consider the well-posedness of the initial value problem (IVP) for the interaction equation(1). The notion of “local well-posedness” to be used here is in the sense of Kato, that is, the solution uniquely exists in certain time interval (unique existence), the solution describes a continuous curve in X ( Banach space ) in certain time interval whenever initial data belong to X (persistence), and the solution varies continuously depending upon the initial data (continuous dependence). Global well-posedness requires that the same properties hold for all time t > 0.

In chapter 1 we study IVP for the coupled Schrödinger-Korteweg-de Vries equation i∂_tu + ∂^2_xu = αuv + β|u|^2u, t, x ∈ R, ∂_tv + ∂^3_xv +^1_2 ∂_x(v^2) = γ∂_x(|u|^2), u(x, 0) = u_0(x), v(x, 0) = v_0(x), (2)

where u = u(x, t) is a complex-valued function, v = v(x, t) is a real-valued function and α, β, γ are real constants.

This system governs the interactions between long-wave, v = v(x, t), and short-wave, u = u(x, t), and arises in fluid mechanics as well as plasma physics. The case β = 0 appears in the study of resonant interaction between long and short capillary-gravity waves on water of uniform finite depth [20], in plasma physics [40] and in a diatomic lattice system [50].

The coupled Schrödinger-Korteweg-de Vries equation (2) has been shown not to be a completely integrable system (Benilov and Burtsev [12]). Therefore the solvability of (2) is dependent upon the method of the evolution equations. M. Tsutsumi [44] showed that for (u_0, v_0) ∈ H^{k+1/2}(R) × H^k(R) for k = 1, 2, 3... the coupled system (2) is globally well-posed in H^{k+1/2}(R) × H^k(R) using the conservation laws M(t) = ∫_{+∞} −∞ |u(x, t)|^2dx = M(0), (3)

K(t) = ∫_{+∞} −∞ ( αv^2(x, t) + 2γIm(u(x, t)u_x(x, t) ) dx = K(0), (4) and E(t) = ∫_{+∞} −∞ ( αγv(x, t)|u(x, t)|^2 + γ|u_x(x, t)|^2 +^α_2 |v_x(x, t)|^2 −^α_6 v^3(x, t) +^{βγ}_2 |u(x, t)|^4 ) dx = E(0). (5)

The single out nonlinear Schrödinger (NLS) and Korteweg-de Vries (KdV) equations have been extensively studied. For instance, Ginibre-Velo, Cazenave-Weissler, Y. Tsutsumi, more recently Bourgain and Kenig-Ponce-Vega have obtained several results regarding NLS. In particular Y. Tsutsumi established the local well-posedness of the IVP associated to the cubic NLS for data in L^2(R).

For NLS equation with appropriate nonlinearity, well-posedness in H^s(R) with s ≥ 0 has been shown by Y. Tsutsumi [47], Kato [29], Cazenave-Weissler [16], Ginibre-Velo [22] and for negative Sobolev spaces we can see the works of Kenig-Ponce-Vega [36] and A. Grünrock [26]. For KdV equation, L^2-well posedness was shown by Bourgain [14] and for negative Sobolev spaces by Kenig-Ponce-Vega [34, 35].

In [37] Kenig, Ponce and Vega showed that the best result for local well-posedness for nonlinear Schrödinger equation with cubic nonlinear term (|u|^2u) is for data in L^2(R). They have proved that this equation is ill-posed below L^2(R) in the sense that the mapping datasolution (u_0 −→ u(t)) is not uniformly continuous. On the other hand the well-posedness for KdV equation in the Sobolev space with negative exponents has been obtained up to

H^{−3/4+ϵ}(R), ϵ > 0 [14, 34, 35]. In a recent paper [17], M. Christ, J. Colliander, and T. Tao have proved that the KdV equation is locally well-posed in H^{−3/4}, in the minimal sense^∗, from the theory of the modified-KdV equation in H^{1/4} by using a variant of the Miura transform u −→ u_x + u^2, which maps solutions of defocusing modified-KdV to real KdV. They also have proved that the KdV equation is not locally well-posed in H^s for any −1 ≤ s < −3/4; more precisely, the solution operator fails to be uniformly continuous with respect to the H^s norm.

A coupled system like equation (2) is more difficult to handle in the same spaces as in the single equation is solved; the difficulty stems from antisymmetric nature of the characteristics of each linear part. In [2] Bekiranov, Ogawa and Ponce showed that the coupled system (2) is locally well-posed in H^s(R) × H^{s−1/2}(R) with s ≥ 0. These results include and extend the previous results obtained by M. Tsutsumi in [44] for the local well-posedness cases. The question arises is whether the coupled system (2) is well-posed in L^2(R)×H^{−3/4+ϵ} (R). In this work we answer affirmatively this question. Indeed we obtain local well-posedness for weak initial data (u_0, v_0) ∈ H^k(R) × H^l(R) for various values of (k, l) where the lowest admissible values are (k, l) = (0, −3/4 + ϵ). To obtain our results, we use the Fourier restriction norm method introduced by Bourgain [13, 14] and further developed by Kenig-Ponce-Vega [34, 35, 36] and Ginibre-Tsutsumi-Velo [24]. For an instructive description of this method we refer to [23]. Moreover our results cover the case (k, l) = (1, 1) and hence we obtain global well-posedness in H^1(R) × H^1(R) using the conservation laws improving previous results obtained by M. Tsutsumi in [44] for global well-posedness.

∗This alternative notion of local well-posedness is given in [17] to provide meaning to rough solutions obtained through a limiting procedure of smooth functions, but the uniqueness of solutions may not be guaranteed.

In chapter 2 we study the Cauchy problem for the one dimensional Schrödinger-Debye system i∂_tu +^1_2 ∂^2_xu = uv, x ∈ R, t ≥ 0, τ∂_tv + v = ϵ|u|^2, u(x, 0) = u_0(x), v(x, 0) = v_0(x), (6)

where τ > 0 and ϵ = ±1.

This system is derived from Maxwel-Debye equations i∂_tA +^c_{2kη0} △A =^{w0}_{η0} νA, τ∂_tν + ν = η_2|A|^2, A(x, 0) = A_0(x), ν(x, 0) = ν_0(x),

which describes the non resonant delayed interaction of an electromagnetic wave with a media. In these equations A denotes the envelope of a light wave that goes through a media which response is non resonant. This wave induces a change ν of refractive index in the material (initially η_0 for an electromagnetic wave of frequency w_0) with a slight delay τ. The magnitude and the sign of the nonlinear coupling of the matter with the wave is described by the parameter η_2. The light velocity in the vacuum is denoted by c and k denotes the wave vector of the incident electromagnetic wave.

Local solutions in time for the IVP (6) in Sobolev spaces have been obtained by B. Bidégaray [9, 10]; more precisely local well-posedness in H^s(R) × H^s(R) with s > 1/2. In these references, it is shown also that as τ tends to 0 solutions to the system (6) converge to those of the cubic nonlinear Schrödinger equation, namely

i∂_tu +^1_2 ∂^2_xu = ϵ|u|^2u (7) at least on certain time interval and for compatible initial data v_0 = ϵ|u_0|^2. If ϵ = −1, solutions to (7) exists for all time. We may expect to find similar behavior for the Schrödinger- Debye equations. In this direction we obtain results concerning local and global wellposedness for initial data (u_0, v_0) ∈ H^s(R) × H^{s−1/2+δ}(R) with 1/2 ≤ s ≤ 1 improving the results in [10]. The conservation law in L^2 for the solution u of the IVP (6), ∫ |u(x, t)|^2dx = ∫ |u_0(x)|^2dx, (8) is the main argument used to obtain our global results.

In chapter 3 we study the Cauchy problem associated to the most typical case in the theory of wave interaction i∂_tu + ∂^2_xu = αuη + β|u|^2u, t, x ∈ R, ∂_tη + λ∂_xη = γ∂_x|u|^2, u(x, 0) = u_0, η(x, 0) = η_0, (9)

where u is complex valued function, η is a real valued function, λ = ±1 and α, β and γ are real constants.

This system appears in general theory of water wave interaction in a nonlinear medium and was introduced by Benney [4, 5]. The solvability of the system (9) has been studied by several authors. Yajima and Oikawa [49] applied the inverse scattering method and found Nsoliton solutions of (9) when λ = 1, γ = −1 and β = 0. Ma [39] proposed a simpler approach of the inverse scattering method. Laurençot [38] considered the orbital stability for a weak solution in H^1(R) with β = 0. Tsutsumi and Hatano [45] showed local well-posedness for a resonant case (λ = 0) in H^{k+1/2}(R) × H^k(R) with k = 0 for β = 0 and with k positive integer, for β ≠ 0. They also obtained global well-posedness in similar spaces for λ = 0 and α = γ = 1 via the conservation laws I_1(t) = ∫_{+∞} −∞ |u(x, t)|^2dx = I_1(0), (10)

I_2(t) = ∫_{+∞} −∞ ( η(x, t)|u(x, t)|^2 + |u_x(x, t)|^2 +^β_2 |u(x, t)|^4 ) dx = I_2(0), (11) and I_3(t) = ∫_{+∞} −∞ ( η^2(x, t) + 2Im(u(x, t)u_x(x, t) ) dx = I_3(0). (12)

Moreover using Gauge transformation they also extended these results to the case when the system is not necessarily resonant [46]. Bekiranov, Ogawa and Ponce [1] showed wellposedness for initial data (u_0, η_0) ∈ H^k(R) × H^{k−1/2+ϵ}(R) with 1/2 ≤ k < 1 and ϵ > 0 when β ≠ 0 and (u_0, η_0) ∈ H^k(R) × L^{1/k}(R) with 0 < k < 1/2 when β = 0. The best result obtained for local well-posedness is in L^2(R)×H^{−1/2} (R), this result has been proved recently by Ginibre, Tsutsumi and Velo [24] and Bekiranov, Ogawa and Ponce [3].

In this work, we give an example to show that the IVP (9) is ill-posed in H^k × H^l with −1/3 ≤ k < 0 and k(2l + 3) + 1 ≥ 0 in the focusing case^†, which justifies, in this case, that L^2(R) × H^{−1/2}(R) is the best result for local well-posedness as was suggested by Bekiranov, Ogawa and Ponce in [3]. The proof of this result is based on the ideas used by Kenig, Ponce and Vega [37] to show ill-posedness for the nonlinear Schrödinger, Korteweg de Vries and modified Korteweg-de Vries equations ( see also Biagioni and Linares [7, 8]). The notion of local well-posedness used in the proof of the above result is the following: the existence, uniqueness, persistence property and instead of continuous dependence of the solution upon data we will require the mapping data (u_0, η_0) −→ (u(t), η(t)), be uniformly continuous, where (u(t), η(t)) is the solution associated to the initial value problem. In the case when this last requirement is not satisfied we will say that the IVP is ill-posed.

†Similar to the theory of the cubic NLS we say the Benney system is ”focusing” in the case β < 0.

Notations

• N ( natural numbers ) • R ( real numbers ) • C ( complex numbers ) • ∂^k_x u or u_{x...x} ( partial derivate of u in the variable x of order k ) • B_r(x) = {y ∈ R : |y| ≤ r} • F(u)(ξ) := f̂(ξ) := (2π)^{−1/2} ∫ R e^{−ixξ}u(x)dx ( Fourier transform of u ) • F^{−1}(u)(x) := f̌(x) := (2π)^{−1/2} ∫ R e^{ixξ}u(ξ)dx ( inverse Fourier transform of u ) • D^s_xf := c_sF^{−1}(|ξ|^sF(f)(ξ)) ( Riesz potential ) • Hf := F^{−1}(−i sgn(ξ)F(f)(ξ)) ( Hilbert transform ) • S(R^n ) ( Schwartz space on R^n ) • ‖f‖_s := (∫ (1 + |ξ|^2)^s| ^f(ξ)|^2dξ )_{1/2}

• H^s(R) := H^s ( Sobolev space of order s with norm ‖f‖_s ) • C([0, T ] : X) ( continuous functions from [0, T ] into X )

NOTATIONS 9

• ‖f‖_Lp_{(X,μ)} := (∫ X |f|^pdμ )_{1/p}

• ‖f‖_Lp := ‖f‖_Lp_{(R)} • ‖f‖_L^q_{T L}^p_x = (∫_T 0 ‖f(·, t)‖^q_Lp dt )_{1/q} ( ‖f‖_L^q_{t L}^p_x := ‖f‖_L^q_{T L}^p_x if T = ∞ ) • ‖f‖_L^p_{xL}^q_T = ‖ ‖ ‖ (∫_T 0 |f(·, t)|^qdt ) 1_q ‖ ‖ ‖_{Lp} ( ‖f‖^{Lp}x^{Lq}t := ‖f‖^{Lp}x^{Lq}T if T = ∞ ) • χ_I ( characteristic function of the set I )

• a+ ( number slightly larger than a )

• f(x) ≲ g(x) ( exists constant c > 0 such that f(x) ≤ cg(x) for all x ) • f(x) ≃ g(x) ( f(x) ≲ g(x) and g(x) ≲ f(x) )

Chapter 1

Local and global theory of a coupled Schrödinger-Korteweg-de Vries equation

We consider de Cauchy problem for a coupled Schrödinger-KdV equation

i∂_tu + ∂^2_xu = αuv + β|u|^2u, t, x ∈ R, ∂_tv + ∂^3_xv +^1_2 ∂_x(v^2) = γ∂_x(|u|^2), u(x, 0) = u_0(x), v(x, 0) = v_0(x),

(1.1)

where u = u(x, t) is a complex-valued function, v = v(x, t) is a real-valued function and α, β, γ are real constants.

Before stating the results we give the following notations. Let U(t) = e^{it∂2x} and V (t) = e^{−t∂3x} be the unitary groups associated with the linear Schrödinger and the linear KdV equations respectively. Now we introduce the function spaces for constructing the local solutions. For s ∈ R and b ∈ (0, 1) we let X^{s,b} and Y^{l,b} be the completion of S(R^2 ) with respect to norms ‖f‖_Xs,b = (∫∫ ⟨ξ⟩^{2s}⟨τ + ξ^2⟩^{2b} | ^ f(τ, ξ) |_2 dτdξ ) 1_2

= ‖U(−t)f‖_Hb_{t (R,H}s_{x)},

‖g‖_Y l,b = (∫∫ ⟨ξ⟩^{2l}⟨τ − ξ^3⟩^{2b} | |^g(τ, ξ) | |^2dτdξ ) 1_2

= ‖V (−t)g‖_Hb_{t (R,H}l_{x)}, where ⟨·⟩ = 1 + | · | and ^f denote the Fourier transform of f in both x and t variables ^f(τ, ξ) = (2π)^{−1} ∫∫ R^2 e^{−itτ −ixξ}f(t, x)dtdx. In what follows ψ denotes a cut off function in C^∞_0 (R) such that 0 ≤ ψ(t) ≤ 1,

ψ(t) = 1 if |t| ≤ 1, 0 if |t| ≥ 2, and let ψ_T (t) := ψ(^t_T ) for 0 ≤ T ≤ 1. Various constants are denoted by C.

In [2] Bekiranov, Ogawa and Ponce showed the following local well-posedness result regarding IVP (1.1)

Theorem 1.1 For any s ≥ 0, (u_0, v_0) ∈ H^s(R) × H^{s−1/2} (R) and b ∈ (1/2, 7/12), there exist T = T (‖u_0‖_s, ‖v_0‖_{s−1/2}) > 0 and a unique solution (u(t), v(t)) of the initial value problem (1.1), satisfying ψ_T (t)u ∈ X^{k,b} and ψ_T (t)v ∈ Y^{s−1/2,b}, (1.2)

u ∈ C([0, T ] : H^s(R)) and v ∈ C([0, T ] : H^{s−1/2}(R)). (1.3)

Moreover, the map (u_0, v_0) −→ (u(t), v(t)) is locally Lipschitz from H^s(R)× H^{s−1/2} (R) into C([0, T ] : H^s(R)) × C([0, T ] : H^{s−1/2}(R)).

We note that the best result given by the above theorem is in L^2(R) × H^{−1/2}(R). Our purpose here is to establish local well-posedness in L^2(R) × H^{−3/4+ϵ}(R). The method of the proof we will use to obtain our results will be a combination of estimates and the contraction mapping principle . We follow analogous argument introduced by Bourgain [13, 14] to study the KdV and NLS equations in the periodic case; extensively improved by Kenig-Ponce-Vega [34, 35, 36] to establish their results for the KdV and NLS equations and by Ginibre-Tsutsumi-Velo [24] for the Zakharov system.

The main ingredient is the use of space time weighted norms in the phase space to see the smoothing effect of two dispersive linear equations and smoothing effects of the quadratic nonlinearities which is seen as terms of a convolution of weight potentials. Since the quadratic nonlinearities can be written as a form of convolution and the different nature of each characteristic of the linear part of the Schrödinger and KdV equations, we are able to avoid the difficulty of derivative loss which commonly appears to construct weak solution.

1.1 Main results

In this section we give the statements of our main results concerning well-posedness for the IVP (1.1).

The local well-posedness result is as follows:

Theorem 1.2 For any (u_0, v_0) ∈ H^k(R) × H^l(R) with k ≥ 0 and l > −3/4, provided:

(i) k − 1 ≤ l ≤ 2k − 1/2 for k ∈ [0, 1/2],

(ii) k − 1 ≤ l < k + 1/2 for k > 1/2, there exist T = T (‖u_0‖_k, ‖v_0‖_l) > 0 and a unique solution (u(t), v(t)) of the initial value problem (1.1), satisfying ψ_T (t)u ∈ X^{k,1/2+} and ψ_T (t)v ∈ Y^{l,1/2+}, (1.4) u ∈ C([0, T ] : H^k(R)) and v ∈ C([0, T ] : H^l(R)). (1.5)

Moreover, the map (u_0, v_0) −→ (u(t), v(t)) is locally Lipschitz from H^k(R) × H^l(R) into C([0, T ] : H^k(R)) × C([0, T ] : H^l(R)).

The key point in the proof of the Theorem 1.2 is the deduction and use of new bilinear estimates in Section 1.3 for the coupling terms in system (1.1).

The following corollary is an immediate consequence of Lemma 1.3 in Section 1.2.

Corollary 1.1 For any (u_0, v_0) ∈ H^k(R) × H^l (R) with k ≥ 0 and l ≥ 0, the solution given by Theorem 1.2 satisfies ‖u‖_Lr_{T L}^q_x < ∞, for 2/r = 1/2 − 1/q, q ∈ [2, +∞], (1.6)

‖v‖_Lr_{T L}^q_x < ∞, for 3/r = 1/2 − 1/q, q ∈ [2, +∞]. (1.7)

Concerning global well-posedness we have the following result

Theorem 1.3 Let α, γ ∈ R with αγ > 0. Then for (u_0, v_0) ∈ H^1(R) × H^1(R) the unique solution provided by Theorem 1.2 extends to any time interval [0, T ]

Remark 1.1 Figure 1.1 shows the region R of indices (k, l) for which local well-posedness is achieved in Theorem 1.2. This region contains the line r : l = k − 1/2 with k ≥ 0 corresponding to the results proved by Bekiranov, Ogawa and Ponce in [2]. Moreover, the results corresponding to the line segment [p_0, p_1) = {(0, l) : −3/4 < l ≤ −1/2}, improve the results in [2].

R

k l

r

p_0 p_1

Figure 1.1: Well-posedness’ region for IVP (1.1).

Remark 1.2 If u ≡ 0, the system (1.1) becomes into the single KdV equation which is illposed in H^l with −1 ≤ l < −3/4 (see [17]). This observation and the fact that the best result for local well-posedness for the cubic NLS equation is for data in L^2(R) (see [47, 37, 17]) suggests us that Theorem 1.2 in some sense is the best possible except for the limit case, (k, l) = (0, −3/4), which remains open.

1.2 Preliminary results

We consider the equation of the form

i∂_tω − ϕ(−i∂_x)ω = F (ω), (1.8)

where ϕ is a measurable real-valued function and F some nonlinear function.

The Cauchy Problem for (1.8) with initial data ω(0) = ω_0 is rewritten as the integral equation ω(t) = W_ϕ(t)ω_0 − i ∫_t 0 W_ϕ(t − t^′)F (ω(t^′))dt^′, (1.9) where W_ϕ(t) = e^{−itϕ(−i∂x)} is the unitary group that solves the linear part of the equation (1.8).

Let X^{s,b}_ϕ be the completion of S(R^2 ) with respect to norm ‖f‖_Xs,b_ϕ ≡ ‖W_ϕ(−t)f‖_Hb_{t (R,H}s_{x)} = ‖⟨ξ⟩^s⟨τ⟩^bF(e^{itϕ(−i∂x)}f)(τ, ξ)‖_L2_{τ L}2_ξ = ‖⟨ξ⟩^s⟨τ + ϕ(ξ)⟩^b ^f(τ, ξ)‖_L2_{τ L}2_ξ . The following lemma has been proved while establishing the local well-posedness of the Zakharov system by Ginibre, Tsutsumi and Velo in [24].

Lemma 1.1 Let −1/2 < b^′ ≤ 0 ≤ b ≤ b^′ + 1 and T ∈ [0, 1], then for F ∈ X^{s,b′}_ϕ we have ‖ψ_1(t)W_ϕ(t)ω_0‖_Xs,b_ϕ ≤ C‖ω_0‖_Hs , (1.10)

‖ψ_T (t) ∫_t 0 W_ϕ(t − t^′)F (t^′, ·)dt^′‖_Xs,b_ϕ ≤ CT^{1−b+b′} ‖F ‖_Xs,b′_ϕ . (1.11) Proof. See Lemma 2.1 in [24].

In our case we shall use the spaces X^{s,b}_ϕ for the phase functions ϕ_1(ξ) = ξ^2 and ϕ_2(ξ) = −ξ^3. Indeed we can rewrite the system (1.1) in the form i∂_tu − ϕ_1(−i∂_x)u = αuv + β|u|^2u, i∂_tv − ϕ_2(−i∂_x)v = iγ∂_x(|u|^2) − i^1_2 ∂_x(v^2).

(1.12)

Then we have X^{k,b}_{ϕ1} = X^{k,b}, W_{ϕ1} = U(t) = e^{it∂2x} , and X^{l,b}_{ϕ2} = Y^{l,b}, W_{ϕ2} = V (t) = e^{−t∂3x} , where U(t) and V (t) are the linear Schrödinger and Airy unitary groups, respectively.

On the other hand, if b > 1/2, Sobolev lemma implies

X^{k,b} ⊂ C(R : H^k_x (R)) and Y^{l,b} ⊂ C(R : H^l_x(R)). (1.13)

Now, we give some well known Strichartz type estimates for the Schrödinger and KdV linear equations in terms of X^{s,b}-norms and Y^{s,b}-norms respectively.

Lemma 1.2 For b > 1/2, the following estimates hold: ‖f‖_Lr_{T L}^q_x ≤ C‖f‖_X0,b , for 2/r = 1/2 − 1/q, q ∈ [2, +∞], (1.14)

‖f‖_X0,−b ≤ C‖f‖_{Lr}′_{T L}q′_x , (1.15) and ‖g‖_Lr_{T L}^q_x ≤ C‖g‖_Y 0,b , for 3/r = 1/2 − 1/q, q ∈ [2, +∞], (1.16)

≤ C‖g‖_Y 0,−b ≤ C‖g‖_{Lr}′_{T L}q′_x , (1.17) where 1/r + 1/r^′ = 1 and 1/q + 1/q^′ = 1.

Proof. See [24], Lemma 2.4 with ν = 1, for the proof of (1.14). Using duality we have (1.15). For the proof of (1.16) and (1.17), see Lemma 2 in [27] plus duality. The next inequalities will be used to estimate the nonlinear terms in Section 1.3.

Lemma 1.3 For p, q > 0, r = min{p, q} with p + q > 1 + r, s > 1 and t > 1/3 there exists C > 0 such that ∫_∞ −∞ dx (μ + |x − a|)^p(μ + |x − b|)^q ≤ C μ^{(1+r−p−q)} (μ + |a − b|)^r , for μ > 0, (1.18) ∫_∞ −∞ dx ⟨ax − b⟩^s ≤ C |a| , for a ≠ 0, (1.19) ∫_∞ −∞ dx ⟨a_0 + a_1x + a_2x^2 + x^3⟩^t

≤ C. (1.20)

Proof. The inequalities (1.18) with μ = 1 and (1.19) follow from simple calculus. They are given in [2, 3, 35]. We prove (1.18) for any μ > 0 as follows ∫_∞ −∞ dx (μ + |x − a|)^p(μ + |x − b|)^q = ∫_∞ −∞ μ dy (μ + |μy − a|)^p(μ + |μy − b|)^q = μ^{1−p−q} ∫_∞ −∞ dy (1 + |y − μ^{−1}a|)^p(1 + |y − μ^{−1}b|)^q ≤ μ^{1−p−q} C (1 + μ^{−1}|a − b|)^r = C μ^{1+r−p−q} (μ + |a − b|)^r , where in the last inequality we have used the case μ = 1.

Finally, for the proof of (1.20) we can see Lemma 2.5 in [2].

We use the generalization of (1.18) with μ > 0 in the proof of Lemma 1.8 in next section. The following result well be useful

Lemma 1.4 Let x, y > 0, β > 0 and α ∈ [0, 2). Then for η > 0 there exists c(η) > 0 such that

x^αy^β ≤ ηx^2 + c(η)y^γ (1.21)

where γ = 2β 2 − α and c(η) = 2 − α 2 ( α 2η )^α_{2−α} . (1.22)

Finally, we recall here the well-known Gagliardo-Nirenberg inequality Proposition 1.1 Let q, r ∈ [1, ∞] and j, m ∈ N ∪ {0}, such that 0 ≤ j < m. Then ‖∂^j_xu‖_Lp ≤ C(j, m, q, r, θ)‖∂^m_x u‖^θ_Lr ‖u‖^{1−θ}_{L2} (1.23) for all θ ∈ [_j m , 1 ] , where^1_p = j + θ(^1_r − m) + (1 − θ)^1_q .

Proof. See Friedman [19].

1.3 Nonlinear estimates

Here we give estimates for the nonlinear terms that are needed in the proof of Theorem 1.2. We begin with the cubic nonlinear term.

Lemma 1.5 Let u, ũ ∈ X^{k,b} with b ∈ (1/2, 1) and k ≥ 0. Then for a ≥ 0 we have that ‖|u|^2u‖_Xk,−a ≤ C‖u‖^3_Xk,b , (1.24) ‖|u|^2u − |ũ|^2ũ‖_Xk,−a ≤ C(‖u‖^2_Xk,b + ‖ũ‖^2_Xk,b )‖u − ũ‖_Xk,b . (1.25) Proof. See Lemma 3.1 in [3].

The following lemma is due to Kenig, Ponce and Vega in [35], (see also Bourgain [14]). Lemma 1.6 Let v, ṽ ∈ Y^{l,b}. Then there exist C > 0 such that ‖∂_x(v^2)‖_Y l,−a ≤ C‖v‖^2_Y l,b , (1.26) ‖∂_x(v^2) − ∂_x(ṽ^2)‖_Y l,−a ≤ C(‖v‖_Y l,b + ‖ṽ‖_Y l,b )‖v − ṽ‖_Y l,b , (1.27) hold in the following cases:

(i) 1−a−b ≤ min {−(2l + 1)/2, (4l + 3)/12}, b ∈ (1/2, 1 − a] with l ∈ (−3/4, −1/2), (ii) a ∈ (5/12, 1/2), b ∈ (1/2, 7/12) with l ∈ [−1/2, 0), (iii) a ∈ [1/4, 1/2), b ∈ (1/2, 1 − a] with l ≥ 0. Proof. See references [34] and [35].

Next we prove new bilinear estimates for the interaction terms. Our results improve the estimates given by Bekiranov, Ogawa and Ponce for these terms in [2]. Lemma 1.7 Let u, ũ ∈ X^{k,b} and v, ṽ ∈ Y^{l,b} with b > 1/2, k ≥ 0 and a ∈ (1/6, 1/2). Then for k − l ≤ min{1, 3a} there is a constant C = C(a, b, k, l) > 0 such that ‖uv‖_Xk,−a ≤ C‖u‖_Xk,b ‖v‖_Y l,b , (1.28) ‖uv − ũṽ‖_Xk,−a ≤ C(‖u − ũ‖_Xk,b ‖v‖_Y l,b + ‖ũ‖_Xk,b ‖v − ṽ‖_Y l,b ). (1.29) Lemma 1.8 Let u_j, ũ_j ∈ X^{k,b}, j = 1, 2, with b > 1/2 and k ≥ 0. Then for 0 ≤ a ≤ b there is a constant C = C(a, b, k, l) > 0 such that ‖∂_x(u_1u_2)‖_Y l,−a ≤ C‖u_1‖_Xk,b ‖u_2‖_Xk,b , (1.30) ‖∂_x(|u_1|^2) − ∂_x(|ũ_1|^2)‖_Y l,−a ≤ C(‖u_1‖_Xk,b + ‖ũ_1‖_Xk,b )‖u_1 − ũ_1‖_Xk,b ), (1.31) hold in the following cases:

(i) l − 2k ≤ min{3a − 2b − 1/2, −1/2}, for k ∈ [0, 1/2], (ii) l − k ≤ 3a − b − 1/2, for k > 1/2 and b ∈ (1/2, k].

Remark 1.3 The estimates (1.29) and (1.31) can be deduced from the same argument used to show estimates (1.28) and (1.30) respectively.

Now we give the proofs of the statements above. We follow closely the argument in [2]. Proof of Lemma 1.7: We let f(τ, ξ) = ⟨τ + ξ^2⟩^b⟨ξ⟩^k ^u(τ, ξ) and g(τ, ξ) = ⟨τ − ξ^3⟩^b⟨ξ⟩^l^v(τ, ξ) to obtain the folowing: ‖uv‖_Xk,−a = ‖⟨τ + ξ^2⟩^{−a}⟨ξ⟩^k^uv(τ, ξ)‖_L2_{τ L}2_ξ = ‖ ‖ ‖ ⟨ξ⟩^k ⟨τ + ξ^2⟩^a ^u ∗ ^v(τ, ξ) ‖ ‖ ‖_{L2τ L2ξ} = sup ‖φ‖_{L2τ,ξ} ≤1 | | | | ⟨⟨ ⟨ξ⟩^k ⟨τ + ξ^2⟩^a ^u ∗ ^v, φ ⟩⟩| | | := sup ‖φ‖_{L2τ,ξ} ≤1 |W (u, v, φ)| where W (u, v, φ) = ⟨⟨ ⟨ξ⟩^k ⟨τ + ξ^2⟩^a ( f ⟨τ + ξ^2⟩^b⟨ξ⟩^k ∗ g ⟨τ − ξ^3⟩^b⟨ξ⟩^l ) , φ ⟩⟩

= ∫∫∫ ∫ R^4 ⟨τ + ξ^2⟩^{−a}⟨ξ⟩^kg(τ_1, ξ_1)f(τ − τ_1, ξ − ξ_1)φ(τ, ξ) ⟨τ_1 − ξ^3_1 ⟩^b⟨ξ_1⟩^l⟨τ − τ_1 + (ξ − ξ_1)^2⟩^b⟨ξ − ξ_1⟩^k dτ_1dξ_1dτdξ = ∫∫∫ ∫ R_1 + ∫∫∫ ∫ R_2 + ∫∫∫ ∫ R_3

≡ I_1 + I_2 + I_3,

with R^4 = R_1 ∪ R_2 ∪ R_3 and R_i, i = 1, 2, 3, are defined as follows.

First we split R^4 into three regions A, B and C, A = { (τ, τ_1, ξ, ξ_1) ∈ R^4 : |ξ_1| ≤ 2 } , B = { (τ, τ_1, ξ, ξ_1) ∈ R^4 : |ξ_1| > 2 and |3ξ^2_1 − 2ξ_1 + 2ξ| ≥^1_2 |ξ_1|^2 } , C = { (τ, τ_1, ξ, ξ_1) ∈ R^4 : |ξ_1| > 2 and |ξ^2_1 − ξ_1 + 2ξ| ≥^1_2 |ξ_1|^2 } . Since D = { (τ, τ_1, ξ, ξ_1) ∈ R^4 : |3ξ^2_1 − 2ξ_1 + 2ξ| <^1_2 |ξ_1|^2, |ξ^2_1 − ξ_1 + 2ξ| <^1_2 |ξ_1|^2 and |ξ_1| > 2 } is empty, we have that R^4 = A ∪ B ∪ C. Indeed if (τ, τ_1, ξ, ξ_1) ∈ D, then

|ξ_1|^2 > |3ξ^2_1 − 2ξ_1 + 2ξ| + |ξ^2_1 − ξ_1 + 2ξ| ≥ |2ξ^2_1 − ξ_1| = |ξ_1||2ξ_1 − 1|

and hence |ξ_1| > |2ξ_1 − 1|, which is a contradiction with the condition |ξ_1| > 2.

Note that for any points in C we have that

|τ + ξ^2| + |τ_1 − ξ^3_1 | + |τ − τ_1 + (ξ − ξ_1)^2| ≥ |ξ^3_1 − ξ^2_1 + 2ξξ_1| ≥^1_2 |ξ_1|^3. (1.32)

Now we separate C into three parts,

C_1 = { (τ, τ_1, ξ, ξ_1) ∈ C : |τ_1 − ξ^3_1 |, |τ − τ_1 + (ξ − ξ_1)^2| ≤ |τ + ξ^2| } , C_2 = { (τ, τ_1, ξ, ξ_1) ∈ C : |τ + ξ^2|, |τ − τ_1 + (ξ − ξ_1)^2| ≤ |τ_1 − ξ^3_1 | } , C_3 = { (τ, τ_1, ξ, ξ_1) ∈ C : |τ + ξ^2|, |τ_1 − ξ^3_1 | ≤ |τ − τ_1 + (ξ − ξ_1)^2| } , so that one of the following |τ + ξ^2|, |τ_1 − ξ^3_1 | or |τ − τ_1 + (ξ − ξ_1)^2| is larger than^1_6 |ξ_1|^3.

We can now define the sets R_i, i = 1, 2, 3, as follows :

R_1 = A ∪ B ∪ C_1, R_2 = C_2, R_3 = C_3

and it is clear that R^4 = R_1 ∪ R_2 ∪ R_3.

Now to estimate I_1 we integrate over τ_1 and ξ_1 first and use Cauchy-Schwarz’s and Hölder’s inequality to obtain

|I_1|^2 ≤ ‖φ‖^2_L2_{τ L}2_ξ ‖ ‖ ‖ ‖ ⟨ξ⟩^k ⟨τ + ξ^2⟩^a ∫∫ g(τ_1, ξ_1)f(τ − τ_1, ξ − ξ_1)χ_{R1} dτ_1dξ_1 ⟨τ_1 − ξ^3_1 ⟩^b⟨ξ_1⟩^l⟨τ − τ_1 + (ξ − ξ_1)^2⟩^b⟨ξ − ξ_1⟩^k ‖ ‖ ‖ ‖ 2

L^2_τ L^2_ξ ≤ ∫∫ ⟨ξ⟩^{2k} ⟨τ + ξ^2⟩^{2a} | | | | ∫∫ g(τ_1, ξ_1)f(τ − τ_1, ξ − ξ_1)χ_{R1} dτ_1dξ_1 ⟨τ_1 − ξ^3_1 ⟩^b⟨ξ_1⟩^l⟨τ − τ_1 + (ξ − ξ_1)^2⟩^b⟨ξ − ξ_1⟩^k | | | | 2 dτdξ

≤ ∫∫ ⟨ξ⟩^{2k} ⟨τ + ξ^2⟩^{2a} (∫∫ χ_{R1} dτ_1dξ_1 ⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ×

× ∫∫ |g(τ_1, ξ_1)|^2|f(τ − τ_1, ξ − ξ_1)|^2dτ_1dξ_1 ) dτdξ

(1.33)

≤ ‖f‖^2_L2_{τ L}2_ξ ‖g‖^2_L2_{τ1 L}2_{ξ1} × ‖ ‖ ‖ ‖ ⟨ξ⟩^{2k} ⟨τ + ξ^2⟩^{2a} ∫∫ χ_{R1} dτ_1dξ_1

⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ‖ ‖ ‖ ‖ L^∞_τ L^∞_ξ = ‖u‖^2_Xk,b ‖v‖^2_Y l,b × ‖ ‖ ‖ ‖ ⟨ξ⟩^{2k} ⟨τ + ξ^2⟩^{2a} ∫∫ χ_{R1} dτ_1dξ_1

⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ‖ ‖ ‖ ‖_{L∞τ L∞ξ} .

For I_2 we put ~f(τ, ξ) = f(−τ, −ξ), integrate over τ and ξ first and folow the same steps

as above to get

|I_2|^2 ≤ ‖g‖^2_L2_{τ1 L}2_{ξ1} ‖ ‖ ‖ ‖ 1 ⟨ξ_1⟩^l⟨τ_1 − ξ^3_1 ⟩^b ∫∫ ⟨ξ⟩^k ~f(τ_1 − τ, ξ_1 − ξ)φ(τ, ξ)χ_{R2} dτdξ ⟨τ + ξ^2⟩^a⟨τ − τ_1 + (ξ − ξ_1)^2⟩^b⟨ξ − ξ_1⟩^k ‖ ‖ ‖ ‖ 2

L^2_{τ1} L^2_{ξ1}

≤ ‖ ~f‖^2_L2_{τ1 L}2_{ξ1} ‖g‖^2_L2_{τ1 L}2_{ξ1} × ‖ ‖ ‖ ‖ 1 ⟨ξ_1⟩^{2l}⟨τ_1 − ξ^3_1 ⟩^{2b} ∫∫ ⟨ξ⟩^{2k}χ_{R2} dτdξ ⟨τ + ξ^2⟩^{2a}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ‖ ‖ ‖ ‖ 2

L^∞_{τ1} L^∞_{ξ1} = ‖u‖^2_Xk,b ‖v‖^2_Y l,b × ‖ ‖ ‖ ‖ 1 ⟨ξ_1⟩^{2l}⟨τ_1 − ξ^3_1 ⟩^{2b} ∫∫ ⟨ξ⟩^{2k}χ_{R2} dτdξ ⟨τ + ξ^2⟩^{2a}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ‖ ‖ ‖ ‖_{L∞τ1 L∞ξ} 1 .

(1.34)

Note that ~f(τ, ξ) = ⟨ξ⟩^k⟨τ − ξ^2⟩^b^u(−τ, −ξ) and ‖ ~f‖_L2_{τ L}2_ξ = ‖f‖_L2_{τ L}2_ξ = ‖u‖_Xk,b .

Now using the change of variables τ = τ_1 − τ_2 and ξ = ξ_1 − ξ_2 the third region, R_3, is

transformed into the set ~R_3 such that

~R_3 ⊆ {(τ_1, τ_2, ξ_1, ξ_2) ∈ R^4 :^1_2 |ξ_1|^3 ≤ |ξ^3_1 + ξ^2_1 − 2ξ_1ξ_2| ≤ 3|τ_2 − ξ^2 | and |ξ_1| > 2}.

Then I_3 can be estimated as follows

|I_3|^2 ≤ ‖ ~f‖^2_L2_{τ2 L}2_{ξ2} × ‖ ‖ ‖ ‖ 1 ⟨ξ_2⟩^k⟨τ_2 − ξ^2 ⟩^b

∫∫ ⟨ξ_1 − ξ_2⟩_kg(τ_1, ξ_1)~φ(τ_2 − τ_1, ξ_2 − ξ_1)χ_{~R3} dτ_1dξ_1

⟨τ_1 − τ_2 + (ξ_1 − ξ_2)^2⟩^a⟨τ_1 − ξ^3_1 ⟩^b⟨ξ_1⟩^l ‖ ‖ ‖ ‖ 2

L^2_{τ2} L^2_{ξ2}

≤ ‖ ~f‖^2_L2_{τ2 L}2_{ξ2} ‖g‖^2_L2_{τ1 L}2_{ξ1} × ‖ ‖ ‖ ‖ 1 ⟨ξ_2⟩^{2k}⟨τ_2 − ξ^2 ⟩^{2b}

∫∫ ⟨ξ_1 − ξ_2⟩_{2k}χ_{~R3} dτ_1dξ_1

⟨τ_1 − τ_2 + (ξ_1 − ξ_2)^2⟩^{2a}⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l} ‖ ‖ ‖ ‖ 2

L^∞_{τ2} L^∞_{ξ2} = ‖u‖^2_Xk,b ‖v‖^2_Y l,b × ‖ ‖ ‖ ‖ 1 ⟨ξ_2⟩^{2k}⟨τ_2 − ξ^2 ⟩^{2b}

∫∫ ⟨ξ_1 − ξ_2⟩_{2k}χ_{~R3} dτ_1dξ_1

⟨τ_1 − τ_2 + (ξ_1 − ξ_2)^2⟩^{2a}⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l} ‖ ‖ ‖ ‖ L^∞_{τ2} L^∞_{ξ2}

(1.35)

Reviewing the estimates (1.33), (1.34) and (1.35) it suffices show that the following

expressions are bounded by a constant C: ‖ ‖ ‖ ‖ ⟨ξ⟩^{2k} ⟨τ + ξ^2⟩^{2a} ∫∫ χ_{R1} dτ_1dξ_1

⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ‖ ‖ ‖ ‖_{L∞τ L∞ξ} , (1.36)

‖ ‖ ‖ ‖ 1 ⟨ξ_1⟩^{2l}⟨τ_1 − ξ^3_1 ⟩^{2b} ∫∫ ⟨ξ⟩^{2k}χ_{R2} dτdξ ⟨τ + ξ^2⟩^{2a}⟨τ − τ_1 + (ξ − ξ_1)^2⟩^{2b}⟨ξ − ξ_1⟩^{2k} ‖ ‖ ‖ ‖ 2

L^∞_{τ1} L^∞_{ξ1}

, (1.37)

‖ ‖ ‖ ‖ 1 ⟨ξ_2⟩^{2k}⟨τ_2 − ξ^2 ⟩^{2b}

∫∫ ⟨ξ_1 − ξ_2⟩_{2k}χ_{~R3} dτ_1dξ_1

⟨τ_1 − τ_2 + (ξ_1 − ξ_2)^2⟩^{2a}⟨τ_1 − ξ^3_1 ⟩^{2b}⟨ξ_1⟩^{2l} ‖ ‖ ‖ ‖ L^∞_{τ2} L^∞_{ξ2}

. (1.38)

According to (1.18) with μ = 1 in Lemma 1.3, noting that ⟨ξ⟩ ≤ ⟨ξ_1⟩⟨ξ − ξ_1⟩ and

⟨ξ_1 − ξ_2⟩ ≤ ⟨ξ_1⟩⟨ξ_2⟩ and using that k ≥ 0 it suffices to get bounds for:

J_0(τ, ξ) = 1 ⟨τ + ξ^2⟩^{2a} ∫ ⟨ξ_1⟩^{2k−2l}dξ_1 ⟨τ + ξ^2 − ξ^3_1 + ξ^2_1 − 2ξξ_1⟩^{2b} on R_1, (1.39)

J_1(τ_1, ξ_1) = ⟨ξ_1⟩^{2k−2l} ⟨τ_1 − ξ^3_1 ⟩^{2b} ∫ dξ ⟨τ_1 − ξ^2_1 + 2ξξ_1⟩^{2a} on R_2, (1.40)

J_2(τ_2, ξ_2) = 1 ⟨τ_2 − ξ^2 ⟩^{2b} ∫ ⟨ξ_1⟩^{2k−2l}dξ_1 ⟨τ_2 − ξ^2 − ξ^3_1 − ξ^2_1 + 2ξ_1ξ_2⟩^{2a} on ~R_3, (1.41)

where we have used that min{a, b} = a and b > 1/2.

We begin estimating J_0 on R_1 = A ∪ B ∪ C_1. In region A, using |ξ_1| ≤ 2, a > 0 and b > 1/2 it is easy to see that |J_0(τ, ξ)| ≤ C_{k,l} ∫ dξ_1 ⟨τ + ξ^2 − ξ^3_1 + ξ^2_1 − 2ξξ_1⟩^{2b} ≤ C_{k,l}. (1.42) In region B, by the change of variables η = τ + ξ^2 − ξ^3_1 + ξ^2_1 − 2ξξ_1 and the condition |3ξ^2_1 − 2ξ_1 + 2ξ| ≥^1_2 |ξ_1|^2 we obtain |J_0(τ, ξ)| ≤ 1 ⟨τ + ξ^2⟩^{2a} ∫ ⟨ξ_1⟩^{2k−2l} |3ξ^2_1 − 2ξ_1 + 2ξ|⟨η⟩^{2b} dη ≤ 1 ⟨τ + ξ^2⟩^{2a} ∫ ⟨ξ_1⟩^{2k−2l} |ξ_1|^2⟨η⟩^{2b} dη ≤ C. (1.43)

Here we have used a > 0, k − l ≤ min{1, 3a}, |ξ_1| > 2 and Lemma 1.3-(1.19).

In region C_1 , by (1.32) we have that 1 2 |ξ_1|^3 ≤ 3|τ + ξ^2| < 3⟨τ + ξ^2⟩

and consequently using a > 0 we obtain ⟨τ + ξ^2⟩^{−2a} ≤ C_a|ξ_1|^{−6a}. Then use k − l ≤ min{1, 3a} combined with Lemma 1.3-(1.20) to get |J_0(τ, ξ)| ≤ ∫ ⟨ξ_1⟩^{2k−2l} ⟨τ + ξ^2⟩^{2a}⟨τ + ξ^2 − ξ^3_1 + ξ^2_1 − 2ξξ_1⟩^{2b} dξ_1 ≤ C_a ∫ ⟨ξ_1⟩^{2k−2l} |ξ_1|^{6a}⟨τ + ξ^2 − ξ^3_1 + ξ^2_1 − 2ξξ_1⟩^{2b} dξ_1 ≤ C_a. (1.44)

Next we estimate J_1. Making the change of variables, η = τ_1 − ξ^2_1 + 2ξξ_1, using (1.32) and the restriction in region C_2, we have |η| ≤ |τ_1 − ξ^3_1 | + |ξ^3_1 − ξ^2_1 + 2ξξ_1| ≤ 4|τ_1 − ξ^3_1 | ≤ 4⟨τ_1 − ξ^3_1 ⟩.

Moreover in C_2, since a + b − 1/2 > 0, we have 1 2 |ξ_1|^3 ≤ 3|τ_1 − ξ^3_1 | < 3⟨τ_1 − ξ^3_1 ⟩ and hence ⟨τ_1 − ξ^3_1 ⟩^{−(2a+2b−1)} ≤ C_b|ξ_1|^{−3(2a+2b−1)}.

Then we can estimate J_1 as follows |J_1(τ_1, ξ_1)| ≤ ⟨ξ_1⟩^{2k−2l} ⟨τ_1 − ξ^3_1 ⟩^{2b} ∫ |η|≤4⟨τ_1 −ξ^3_1 ⟩ (1 + |η|)^{−2a} 2|ξ_1| dη = ⟨ξ_1⟩^{2k−2l} ⟨τ_1 − ξ^3_1 ⟩^{2b}|ξ_1| 1 (1 − 2a) (( 4⟨τ_1 − ξ^3_1 ⟩ )_{1−2a} −1 )

≤ C_{a,b} ⟨ξ_1⟩^{2k−2l} |ξ_1|⟨τ_1 − ξ^3_1 ⟩^{2a+2b−1} ≤ C_{a,b} ⟨ξ_1⟩^{2k−2l} |ξ_1|^{6a+6b−2} ≤ C_{a,b},

(1.45)

where in the last inequality we have used that k − l ≤ 3a + 3b − 1 which follows from the conditions k − l ≤ min{1, 3a} and b > 1/2.

Finally in the region ~R_3 we note that 1 2 |ξ_1|^3 < 3⟨τ_2 − ξ^2 ⟩ =⇒ ⟨τ_2 − ξ^2 ⟩^{−2b} ≤ C_b|ξ_1|^{−6b} and from the conditions k − l ≤ min{1, 3a} and 1/6 < a < 1/2 < b coupled with Lemma 1.3-(1.20), we have that |J_2(τ_2, ξ_2)| ≤ C_b ∫ ⟨ξ_1⟩^{2k−2l}dξ_1 |ξ_1|^{6b}⟨τ_2 − ξ^2 − ξ^3_1 − ξ^2_1 + 2ξ_1ξ_2⟩^{2a} ≤ C_b, (1.46) and hence the proof of Lemma 1.7 is completed.

Proof of Lemma 1.8: We let

τ = τ_1 − τ_2, ξ = ξ_1 − ξ_2,

σ = τ − ξ^3, σ_1 = τ_1 + ξ^2_1 , σ_2 = τ_2 + ξ^2 ,

(1.47)

and define

f(τ_1, ξ_1) = ⟨ξ_1⟩^k⟨σ_1⟩^b^u_1(τ_1, ξ_1) and g(τ_2, ξ_2) = ⟨ξ_2⟩^k⟨σ_2⟩^b^u_2(−τ_2, −ξ_2). (1.48)

Hence we have

‖u_1‖_Xk,b = ‖f‖_L2_{τ1 L}2_{ξ1} and ‖u_2‖_Xk,b = ‖g‖_L2_{τ2 L}2_{ξ2} . (1.49)

Now using (1.47), (1.48) and (1.49) we estimate the left hand side of (1.30) as in the proof of Lemma 1.7 to obtain: ‖∂_xu_1u_2‖_Y l,−a = ‖⟨σ⟩^{−a}⟨ξ⟩^l ^∂_x(u_1u_2)‖_L2_{τ L}2_ξ = ‖iξ⟨σ⟩^{−a}⟨ξ⟩^l^u_1 ∗ ^u_2(τ, ξ)‖_L2_{τ L}2_ξ = sup ‖φ‖_{L2τ,ξ} ≤1 | | | | ⟨⟨ |ξ|⟨ξ⟩^l ⟨σ⟩^a ^u_1 ∗ ^u_2, φ ⟩⟩| | | | := sup ‖φ‖_{L2τ,ξ} ≤1 |W (u_1, u_2, φ)|

(1.50)

where

W (u_1, u_2, φ) = ∫ ∫∫∫ R^4 |ξ|⟨ξ⟩^l ⟨σ⟩^a ^u_1(τ_1, ξ_1)^u_2(τ − τ_1, ξ − ξ_1)φ(τ, ξ)dτ_1dξ_1dτdξ = ∫ ∫∫∫ R^4 |ξ|⟨ξ⟩^lf(τ_1, ξ_1)g(τ_2, ξ_2)φ(τ, ξ) ⟨σ⟩^a⟨ξ_1⟩^k⟨σ_1⟩^b⟨ξ_2⟩^k⟨σ_2⟩^b dτ_1dξ_1dτdξ (1.51) and hence by applying the Cauchy-Schwarz’s inequality, we have that

|W (u_1, u_2, φ)|^2 ≤ ‖φ‖^2_L2_{τ L}2_ξ ‖ ‖ ‖ ‖ ‖ |ξ|⟨ξ⟩^l ⟨σ⟩^a ∫∫ f(τ + τ_2, ξ + ξ_2)g(τ_2, ξ_2) ⟨ξ_1⟩^k⟨σ_1⟩^b⟨ξ_2⟩^k⟨σ_2⟩^b dτ_2dξ_2 ‖ ‖ ‖ ‖ ‖_{L2τ L2ξ} ≤ ‖f‖^2_L2_{τ L}2_ξ ‖g‖^2_L2_{τ2 L}2_{ξ2} ‖ ‖ ‖ ‖ |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} ∫∫ dτ_2dξ_2 ⟨ξ_1⟩^{2k}⟨σ_1⟩^{2b}⟨ξ_2⟩^{2k}⟨σ_2⟩^{2b} ‖ ‖ ‖ ‖_{L∞τ L∞ξ} = ‖u_1‖^2_Xk,b ‖u_2‖^2_Xk,b ‖ ‖ ‖ ‖ |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} ∫∫ dτ_2dξ_2 ⟨ξ_1⟩^{2k}⟨σ_1⟩^{2b}⟨ξ_2⟩^{2k}⟨σ_2⟩^{2b} ‖ ‖ ‖ ‖_{L∞τ L∞ξ} .

(1.52)

Then it suffices to get bounds for J(τ, ξ) := |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} ∫∫ dτ_2dξ_2 ⟨ξ_1⟩^{2k}⟨σ_1⟩^{2b}⟨ξ_2⟩^{2k}⟨σ_2⟩^{2b} . In order to estimate J we consider several cases: Case-a: |ξ| < 2.

Using k ≥ 0, b > 1/2, a ≥ 0, Lemma 1.3-(1.18) with μ = 1 and Lemma 1.3-(1.19) we have J(τ, ξ) ≤ |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} ∫ dξ_2 ∫ dτ_2 ⟨τ_2 + τ + (ξ_2 + ξ)^2⟩^{2b}⟨τ_2 + ξ^2 ⟩^{2b} ≤ C |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} ∫ dξ_2 ⟨τ + ξ^2 + 2ξξ_2⟩^{2b} ≤ C |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} 1 |ξ| ≤ C|ξ|⟨ξ⟩^{2l} ≤ C_l. (1.53)

Case-b: |ξ| ≥ 2 and |ξ_1| ≥ 2|ξ_2|.

In this situation we have

|ξ_1| ≥ 2|ξ_2| =⇒ |ξ| ≤ |ξ_1| + |ξ_2| ≤^3_2 |ξ_1| =⇒ ⟨ξ⟩^{2k} ≤ C_k⟨ξ_1⟩^{2k}. (1.54)

|ξ_1| ≥ 2|ξ_2| =⇒ |ξ| ≥ |ξ_1| − |ξ_2| ≥ |ξ_2|. (1.55)

|ξ| ≥ 2 =⇒ |ξ|^2 ≤^1_2 |ξ|^3 =⇒ |ξ^3 ± ξ^2| ≥ |ξ|^3 − |ξ|^2 ≥^1_2 |ξ|^3 =⇒ ⟨ξ^3 ± ξ^2⟩ ≥^1_2 ⟨ξ^3⟩. (1.56)

|ξ| ≥ 2 =⇒ 1 2|ξ| < 1. (1.57)

Now we consider two situations for parameters k and b:

(b_1) k > 1/2 and b ∈ (1/2, k].

Apply (1.18) with μ = 1 in Lemma 1.3 and (1.54) to get

J(τ, ξ) ≤ C_k ⟨ξ⟩^{2l}|ξ|^2⟨ξ⟩^{−2k} ⟨σ⟩^{2a} ∫ dξ_2 ⟨ξ_2⟩^{2k} ∫ dτ_2 ⟨τ + τ_2 + (ξ + ξ_2)^2⟩^{2b}⟨τ_2 + ξ^2 ⟩^{2b} ≤ C_k ⟨ξ⟩^{2l−2k+2} ⟨σ⟩^{2a} ∫ dξ_2 ⟨ξ_2⟩^{2k}⟨τ + ξ^2 + 2ξξ_2⟩^{2b}

:= C_k ⟨ξ⟩^{2l−2k+2} ⟨σ⟩^{2a} J^∗(τ, ξ). (1.58)

Now using 1/2 < b ≤ k, Lemma 1.3-(1.18) with μ(ξ) =^1_{2|ξ|} and (1.57) we compute J^∗ in the following way

J^∗(τ, ξ) = ∫ dξ_2 (1 + |τ + ξ^2 + 2ξξ_2)^{2b}(1 + |ξ_2|)^{2k} ≤ ∫ dξ_2 (1 + |τ + ξ^2 + 2ξξ_2|)^{2b}(1 + |ξ_2|)^{2b} = (2|ξ|)^{−2b} ∫ dξ_2 (_1 2|ξ| + |ξ2 + 1 2ξ (τ + ξ^2)| )_{2b}( 1 + |ξ_2| )_{2b} ≤ (2|ξ|)^{−2b} ∫ dξ_2 (_1 2|ξ| + |ξ2 + 1 2ξ (τ + ξ^2)|

)_{2b}(_1 2|ξ| + |ξ2| )_{2b} ≤ C(2|ξ|)^{−2b} (2|ξ|)^{−(1−2b)} (_1 2|ξ| + 1 2|ξ| |τ + ξ 2| )_{2b} = C (2|ξ|)^{2b−1} (1 + |τ + ξ^2|)^{2b} = C (2|ξ|)^{2b−1} ⟨τ + ξ^2⟩^{2b} .

(1.59)

Combining (1.58) and (1.59) and using 0 ≤ a ≤ b, ⟨ξ^3 + ξ^2⟩ ≤ ⟨τ − ξ^3⟩⟨τ + ξ^2⟩ and

(1.56) we have J(τ, ξ) ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2}(2|ξ|)^{2b−1} ⟨σ⟩^{2a}⟨τ + ξ^2⟩^{2b} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨τ − ξ^3⟩^{2a}⟨τ + ξ^2⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨ξ^3 + ξ^2⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨ξ^3⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨ξ⟩^{6a} ≤ C_{k,b},

(1.60)

where it was used the inequality l − k + b + 1/2 ≤ 3a which holds from hypothesis (ii).

(b_2) k ∈ [0, 1/2] and b > 1/2.

We note that in the previous situation to estimate J^∗ we obtained the following estimate ∫ dξ_2 (1 + |τ + ξ^2 + 2ξξ_2)^{2b}(1 + |ξ_2|)^{2b} ≤ C (2|ξ|)^{2b−1} ⟨τ + ξ^2⟩^{2b}

. (1.61)

On the other hand using 0 ≤ k ≤ 1/2 , b > 1/2 and (1.55) we have ⟨ξ_2⟩^{2b−2k} ≤ ⟨ξ⟩^{2b−2k}. (1.62) Then by (1.61), (1.62) and (1.56) we have J(τ, ξ) ≤ C_k ⟨ξ⟩^{2l−2k+2} ⟨σ⟩^{2a} ∫ dξ_2 ⟨ξ_2⟩^{2k}⟨τ + ξ^2 + 2ξξ_2⟩^{2b} = C_k ⟨ξ⟩^{2l−2k+2} ⟨σ⟩^{2a} ∫ ⟨ξ_2⟩^{2b−2k}dξ_2 (1 + |τ + ξ^2 + 2ξξ_2)^{2b}(1 + |ξ_2|)^{2b} ≤ C_k ⟨ξ⟩^{2l−4k+2b+2} ⟨τ − ξ^3⟩^{2a} (2|ξ|)^{2b−1} ⟨τ + ξ^2⟩^{2b} ≤ C_{k,b} ⟨ξ⟩^{2l−4k+4b+1} ⟨ξ^3⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−4k+4b+1} ⟨ξ⟩^{6a} ≤ C_{k,b},

(1.63)

where it was used the inequality l − 2k + 2b + 1/2 ≤ 3a which holds from hypothesis (i).

Case-c: |ξ| ≥ 2 and |ξ_2| ≥ 2|ξ_1|.

Clearly, we have (1.56) and (1.57). If we interchange the positions of ξ_1 and ξ_2 in (1.54), (1.55) we get

⟨ξ⟩^{2k} ≤ c_k⟨ξ_2⟩^{2k}, (1.64)

|ξ| ≥ |ξ_1|. (1.65) Now using ξ_2 = ξ_1 − ξ and τ_2 = τ_1 − τ we have ∫∫ dξ_2dτ_2 ⟨ξ_1⟩^{2k}⟨σ_1⟩^{2b}⟨ξ_2⟩^{2k}⟨σ_2⟩^{2b} = ∫∫ dξ_1dτ_1 ⟨ξ_1⟩^{2k}⟨σ_1⟩^{2b}⟨ξ_2⟩^{2k}⟨σ_2⟩^{2b}

. (1.66)

Similarly to case-b we consider two situations for parameters k and b

(c_1) k > 1/2 and b ∈ (1/2, k].

Again we apply (1.18) with μ = 1 in Lemma 1.3, (1.64) and (1.66) to get J(τ, ξ) ≤ C_k ⟨ξ⟩^{2l}|ξ|^2⟨ξ⟩^{−2k} ⟨σ⟩^{2a} ∫ dξ_1 ⟨ξ_1⟩^{2k} ∫ dτ_1 ⟨τ_1 − τ + (ξ_1 − ξ)^2⟩^{2b}⟨τ_1 + ξ^2_1 ⟩^{2b} ≤ C_k ⟨ξ⟩^{2l−2k+2} ⟨σ⟩^{2a} ∫ dξ_1 ⟨ξ_1⟩^{2k}⟨τ − ξ^2 + 2ξξ_1⟩^{2b}

:= C_k ⟨ξ⟩^{2l−2k+2} ⟨σ⟩^{2a} J_∗(τ, ξ). (1.67)

Now using 1/2 < b ≤ k, Lemma 1.3-(1.18) with μ(ξ) =^1_{2|ξ|} and (1.57) we estimate J_∗(τ, ξ) similarly to J^∗(τ, ξ) in (1.59) to get J_∗(τ, ξ) ≤ C(2|ξ|)^{2b−1} ⟨τ − ξ^2⟩^{2b} (1.68)

Combining (1.67) and (1.68) and using 0 ≤ a ≤ b, ⟨ξ^3 − ξ^2⟩ ≤ ⟨τ − ξ^3⟩⟨τ − ξ^2⟩ and

(1.56) we have J(τ, ξ) ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2}(2|ξ|)^{2b−1} ⟨σ⟩^{2a}⟨τ − ξ^2⟩^{2b} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨τ − ξ^3⟩^{2a}⟨τ − ξ^2⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨ξ^3 − ξ^2⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨ξ^3⟩^{2a} ≤ C_{k,b} ⟨ξ⟩^{2l−2k+2b+1} ⟨ξ⟩^{6a} ≤ C_{k,b},

(1.69)

where we have used the inequality l − k + b + 1/2 ≤ 3a which holds from hypothesis (ii).

(c_2) k ∈ [0, 1/2] and b > 1/2.

Here the calculations are the same as in the subcase (b_2).

Case-d: |ξ| ≥ 2 and^1_2 |ξ_2| ≤ |ξ_1| ≤ 2|ξ_2|.

Now we have |ξ| = |ξ_1 − ξ_2| ≤ |ξ_1| + |ξ_2| ≤ min{3|ξ_1|, 3|ξ_2|} and hence k ≥ 0 implies ⟨ξ_1⟩^{−2k}⟨ξ_2⟩^{−2k} ≤ C_k⟨ξ⟩^{−4k}. (1.70) Then Lemma 1.3-(1.18) with μ = 1, (1.70) and a ≥ 0 gives J(τ, ξ) = |ξ|^2⟨ξ⟩^{2l} ⟨σ⟩^{2a} ∫ dξ_2 ∫ dτ_2 ⟨ξ_1⟩^{2k}⟨ξ_2⟩^{2k}⟨τ_2 + τ + (ξ_2 + ξ)^2⟩^{2b}⟨τ_2 + ξ^2 ⟩^{2b} ≤ C_k ⟨ξ⟩^{2l−4k}|ξ|^2 ⟨σ⟩^{2a} ∫ dξ_2 (1 + |τ + ξ^2 + ξξ_2|^2)^{2b} ≤ C_k ⟨ξ⟩^{2l−4k}|ξ|^2 ⟨σ⟩^{2a}2|ξ| ≤ C_k ⟨ξ⟩^{2l−4k+1} ⟨τ − ξ^3⟩^{2a} ≤ C_k⟨ξ⟩^{2l−4k+1} ≤ C_k

(1.71) where we have used the inequality l − 2k + 1/2 ≤ 0.

We note that (1.56) and (1.57) holds in this case. Moreover |ξ| ≤ |ξ_1| + |ξ_2| ≤ 3|ξ_1| and k ≥ 0 imply ⟨ξ⟩^{2k} ≤ C_k⟨ξ_1⟩^{2k} as in (1.54). Consequently if k > 1/2 and b ∈ [1/2, k] we can compute J(τ, ξ) similar to case (b_1) to obtain J(τ, ξ) ≤ C_{k,b} for l − k + b + 1/2 ≤ 3a.

Collecting the estimates given in the above cases, we complete the proof of Lemma 1.8.

1.4 Proof of main results

In this section we prove Theorems 1.2 and 1.3 regarding local and global well-posedness for the IVP (1.1) respectively.

The Cauchy problem (1.1) is rewritten in a standard way as the integral system u(t) = U(t)u_0 − i ∫_t 0 U(t − t^′) { αuv(t^′) + β|u|^2u(t^′) } dt^′, v(t) = V (t)v_0 + ∫_t 0 V (t − t^′) { γ∂_x(|u|^2(t^′)) −^1_2 ∂_x(v^2(t^′)) } dt^′. (1.72)

One replaces the system (1.72) by the cut off system

u(t) = ψ_1(t)U(t)u_0 − iψ_T (t) ∫_t 0 U(t − t^′) { αuv(t^′) + β|u|^2u(t^′) } dt^′, v(t) = ψ_1(t)V (t)v_0 + ψ_T (t) ∫_t 0 V (t − t^′) { γ∂_x(|u|^2(t^′)) −^1_2 ∂_x(v^2(t^′)) } dt^′. (1.73)

Solving the system (1.73) for all t ∈ R solves the system (1.72) locally in time for |t| ≤ T , so that T will be the time of local resolution of (1.72).

1.4.1 Proof of Theorem 1.2

We follow similar arguments as the ones given in [2, 3, 24].

We consider the following function space where we seek our solution Z_δ(M, N) := { (u, v) ∈ X^{k,1/2+δ} × Y^{l,1/2+δ} : ‖u‖_Xk,1/2+δ ≤ M, ‖v‖_Y l,1/2+δ ≤ N } where 0 < δ ≪ 1 and M, N > 0 will be chosen below.

Z_δ(M, N) is a complete metric space with norm ‖(u, v)‖_{Zδ(M,N)} ≡ ‖u‖_Xk,1/2+δ + ‖v‖_Y l,1/2+δ . For (u, v) ∈ Z_δ(M, N) we define the maps

Φ(u, v) = ψ_1(t)U(t)u_0 − iψ_T (t) ∫_t 0 U(t − t^′) { αuv(t^′) + β|u|^2u(t^′) } dt^′, Ψ(u, v) = ψ_1(t)V (t)v_0 + ψ_T (t) ∫_t 0 V (t − t^′) { γ∂_x(|u|^2(t^′)) −^1_2 ∂_x(v^2(t^′)) } dt^′. Let a = 1/2 − 2δ, b = 1/2 + δ and δ satisfying the following conditions:

(a) For k ∈ [0, 1/2], we take

a_1) 0 < δ ≤ min {1/12, −(2l + 1)/2, (4l + 3)/12}, for l ∈ (−3/4, −1/2). a_2) 0 < δ < 1/24, for l ≥ −1/2.

(b) For k > 1/2 (i.e, we have l > −1/2 from hypothesis (ii) in Theorem 1.2), we take 0 < δ ≤ min {1/24, k − 1/2, (2k − 2l + 1)/14}.

Then according to Lemma 1.1 and Lemmas 1.5—1.8 we have

‖Φ(u, v)‖_Xk,1/2+δ ≤ c_0‖u_0‖_Hk + c_1T^δ ( ‖uv‖_Xk,−1/2+2δ + ‖|u|^2u‖_Xk,−1/2+2δ ) ≤ c_0‖u_0‖_Hk + c_1T^δ ( ‖u‖_Xk,1/2+δ ‖v‖_Y l,1/2+δ + ‖u‖^3_{Xk,1/2+δ} ) ≤ c_0‖u_0‖_Hk + c_1T^δ ( MN + M^3 ) ,

‖Ψ(u, v)‖_Y l,1/2+δ ≤ c_0‖v_0‖_Hl + c_2T^δ ( ‖∂_xv^2‖_Y l,−1/2+2δ + ‖∂_x|u|^2‖_Y l,−1/2+2δ ) ≤ c_0‖v_0‖_Hl + c_2T^δ ( ‖v‖^2_{Y l,1/2+δ} + ‖u‖^2_{Xk,1/2+δ} ) ≤ c_0‖v_0‖_Hl + c_2T^δ ( M^2 + N^2 ) .

Now taking M = 2c_0‖u_0‖_Hk and N = 2c_0‖v_0‖_Hl we have that ‖Φ(u, v)‖_Xk,1/2+δ ≤^M_2 + c_1T^δ(M^3 + MN),

‖Ψ(u, v)‖_Y l,1/2+δ ≤^N_2 + c_2T^δ(M^2 + N^2). Then (Φ(u, v), Ψ(u, v)) ∈ Z_δ(M, N) for T^δ ≤^1_2 min

{_1

c_1(M^2+N) , N c_2(M^2+N^2) } . (1.74) Similarly we have that ‖Φ(u, v) − Φ(ũ, ṽ)‖_Xk,1/2+δ ≤ c_3T^δ(M^2 + M + N)( ‖u − ũ‖_Xk,1/2+δ + ‖v − ṽ‖_Y l,1/2+δ ),

‖Ψ(u, v) − Ψ(ũ, ṽ)‖_Y l,1/2+δ ≤ c_4T^δ(M + N)( ‖u − ũ‖_Xk,1/2+δ + ‖v − ṽ‖_Y l,1/2+δ ). Then ‖(Φ(u, v), Ψ(u, v)) − (Φ(ũ, ṽ), Ψ(ũ, ṽ))‖_{Zδ (M,N)} ≤^1_2 ‖(u, v) − (ũ, ṽ)‖_{Zδ (M,N)} for T^δ ≤^1_4 min

{_1

c_3(M^2+M+N) , 1 c_4(M+N) } . (1.75) Therefore the map Φ × Ψ : Z_δ(M, N) −→ Z_δ(M, N) is a contraction mapping and we obtain a unique fixed point which solves the equation for any T that satisfies (1.74) and (1.75).

Next, following similar arguments as in [3], we show the uniqueness of the solutions in the the class defined by the conditions (1.4) and (1.5) in Theorem 1.2. For this purpose, we introduce the following auxiliary norms. For T > 0, we let

‖u‖_{XT} := inf_w { ‖w‖_Xk,1/2+δ : w ∈ X^{k,1/2+δ} and w(t) = u(t) in H^k(R), for t ∈ [0, T ] } , ‖v‖_{YT} := inf_ϕ { ‖ϕ‖_Y l,1/2+δ : ϕ ∈ Y^{l,1/2+δ} and ϕ(t) = v(t) in H^l(R), for t ∈ [0, T ] } .

Then, if ‖u_1 − u_2‖_{XT} + ‖v_1 − v_2‖_{YT} = 0, we have u_1 ≡ u_2 in H^k(R) and v_1 ≡ v_2 in H^l(R) for t ∈ [0, T ]. Now let (u_1, v_1) ∈ Z_δ(M, N) the solution obtained above for the cut off system (1.73) and (u_2, v_2) ∈ X^{k,b} × Y^{l,b} be a solution of the same system with the same initial data (u_0, v_0) and we assume T < 1.

We take M_1 := max {M, ‖u_2‖_Xk,b } , N_2 := max {N, ‖v_2‖_Y l,b } . For some T_1 < T which will be fixed later, we have

u_2(t) = ψ_1(t)U(t)u_0 − iψ_{T1} (t) ∫_t 0 U(t − t^′) { αu_2v_2(t^′) + β|u_2|^2u_2(t^′) } dt^′, v_2(t) = ψ_1(t)V (t)v_0 + ψ_{T1} (t) ∫_t 0 V (t − t^′) { γ∂_x(|u_2|^2(t^′)) −^1_2 ∂_x(v^2 (t^′)) } dt^′, for t ∈ [0, T_1].

Consider the difference u_1 − u_2 and v_1 − v_2. For any ϵ > 0, there exists (w_ϵ, ϕ_ϵ) ∈ X^{k,b} × Y^{l,b} such that ‖w_ϵ‖_Xk,b ≤ ‖u_1 − u_2‖_{XT1} + ϵ, ‖ϕ_ϵ‖_Y l,b ≤ ‖u_1 − u_2‖_{YT1} + ϵ, (1.76)

and such that for t ∈ [0, T_1] hold w_ϵ(t) = u_1(t) − u_2(t), ϕ_ϵ(t) = v_1(t) − v_2(t).

(1.77)

Set (w̃_ϵ, ϕ̃_ϵ) satisfying

w̃_ϵ(t) = −iψ_{T1} (t) ∫_t 0 U(t − t^′) { α(w_ϵv_1 + u_2ϕ_ϵ) + β(w_ϵ|u_1|^2 + w_ϵu_1u_2 + w_ϵu^2) } dt^′, ϕ̃_ϵ(t) = ψ_{T1} (t) ∫_t 0 V (t − t^′) { γ∂_x(w_ϵu_1 + w_ϵu_2) −^1_2 ∂_x(ϕ_ϵv_1 + ϕ_ϵv_2) } dt^′.

By (1.77) we have w̃_ϵ(t) = w_ϵ(t) = u_1(t) − u_2(t) and ϕ̃_ϵ(t) = ϕ̃_ϵ(t) for t ∈ [0, T_1].

We take δ as the beginning of the proof. Then according to Lemma 1.1 and Lemmas 1.5—1.8, we have

‖u_1 − u_2‖_{XT1} ≤ ‖w̃_ϵ‖_Xk,1/2+δ ≤ c_3T^δ_1 (M^2_1 + M_1 + N_1)( ‖w_ϵ‖_Xk,1/2+δ + ‖ϕ_ϵ‖_Y l,1/2+δ ), ‖v_1 − v_2‖_{YT1} ≤ ‖ϕ̃_ϵ‖_Y l,1/2+δ ≤ c_4T^δ_1 (M_1 + N_1)( ‖w_ϵ‖_Xk,1/2+δ + ‖ϕ_ϵ‖_Y l,1/2+δ ).

Hence, if T^δ_1 ≤^1_4 min

{_1

c_3(M^2_1 +M_1+N_1) , 1 c_4(M_1+N_1) } , we have

‖u_1 − u_2‖_{XT1} + ‖v_1 − v_2‖_{YT1} ≤^1_2 (‖w_ϵ‖_Xk,1/2+δ + ‖ϕ_ϵ‖_Y l,1/2+δ ),

and by (1.76) we conclude

‖u_1 − u_2‖_{XT1} + ‖v_1 − v_2‖_{YT1} ≤ ϵ,

for all ϵ > 0.

This proves u_1 ≡ u_2 and v_1 ≡ v_2 on [0, T_1]. Repeating this procedure, we obtain the uniqueness result for any existence interval.

1.4.2 Proof of Theorem 1.3

Let αγ > 0 and t > 0. From (3) we have that ‖u(t)‖_L2 = ‖u_0‖_L2 = √ M(0), and from (4) we obtain

‖v(t)‖^2_L2 = K(0) −^{2γ}_α ∫_{+∞} −∞ Im(u(t)u_x(t))dx ≤ K(0) +^{2γ}_α √ M(0)‖u_x(t)‖_L2 . (1.78)

Let μ = min { |γ|,^{|α|}_2 } . Then using (5), (1.78) and (1.22) we deduce

‖u_x(t)‖^2_L2 + ‖v_x(t)‖^2_L2 ≤^1_μ ( |γ|‖u_x(t)‖^2_L2 +^{|α|}_2 ‖v_x(t)‖^2_L2 )

≤^{|E(0)|}_μ +^{αγ}_μ ∫_{+∞} −∞ |v(t)||u(t)|^2dx +^{|α|}_{6μ} ∫_{+∞} −∞ |v(t)|^3dx +^{|βγ|}_{2μ} ∫_{+∞} −∞ |u(t)|^4dx ≤^{|E(0)|}_μ +^{αγ}_μ ‖v(t)‖_L2 ‖u(t)‖^2_L4 +^{|α|}_{6μ} ‖v(t)‖^3_L3 +^{|βγ|}_{2μ} ‖u(t)‖^4_L4 ≤^{|E(0)|}_μ +^{αγ}_{2μ} ‖v(t)‖^2_L2 +^{|α|}_{6μ} ‖v(t)‖^3_L3 +^{αγ+|βγ|}_{2μ} ‖u(t)‖^4_L4 ≤^{|E(0)|}_μ +^{αγ}_{2μ} K(0) +^{γ2}_μ √ M(0)‖u_x(t)‖_L2 +^{|α|}_{6μ} ‖v(t)‖^3_L3 +^{αγ+|βγ|}_{2μ} ‖u(t)‖^4_L4 ≤^{|E(0)|}_μ +^{αγ}_{2μ} K(0) +^{3γ4}_{2μ2} M(0) +^1_6 ‖u_x(t)‖^2_L2 +^{|α|}_{6μ} ‖v(t)‖^3_L3 +^{αγ+|βγ|}_{2μ} ‖u(t)‖^4_L4

(1.79)

Using Gagliardo-Nirenberg’s type inequalities and (1.22) we obtain |α| 6μ ‖v(t)‖^3_L3 ≤^{|α|}_{6μ} ‖v_x(t)‖^{1/2}_{L2} ‖v(t)‖^{5/2}_{L2} ≤ C_0K(0)^{5/4}‖v_x(t)‖^{1/2}_{L2} + C_1M(0)^{5/8}‖v_x(t)‖^{1/2}_{L2} ‖u_x(t)‖^{5/4}_{L2} ≤^1_4 ‖v_x(t)‖^2_L2 + C_2K(0)^{5/3} +^1_6 ‖u_x(t)‖^2_L2 + C_3M(0)^{5/3}‖v_x(t)‖^{4/3}_{L2} ≤^1_4 ‖v_x(t)‖^2_L2 + C_2K(0)^{5/3} +^1_6 ‖u_x(t)‖^2_L2 + C_4M(0)^5 +^1_4 ‖v_x(t)‖^2_L2 =^1_2 ‖v_x(t)‖^2_L2 +^1_6 ‖u_x(t)‖^2_L2 + C_2K(0)^{5/3} + C_4M(0)^5.

(1.80)

and αγ+|βγ| 2μ ‖u(t)‖^4_L4 ≤^{αγ+|βγ|}_{2μ} ‖u_x(t)‖_L2 ‖u(t)‖^3_L2 =^{αγ+|βγ|}_{2μ} M(0)^{3/2}‖u_x(t)‖_L2 ≤^1_6 ‖u_x(t)‖^2_L2 + C_5M(0)^3.

(1.81)

where C_0, ..., C_5 are positive constants depending only on α, β, and γ.

Then by (1.79), (1.80) and (1.81) we have ‖u_x(t)‖^2_L2 + ‖v_x(t)‖^2_L2 ≤^1_2 ‖u_x(t)‖^2_L2 +^1_2 ‖v_x(t)‖^2_L2 +^{|E(0)|}_μ +^{αγ}_{2μ} K(0) +^{3γ4}_{2μ2} M(0) + C_2K(0)^{5/3} + C_4M(0)^5 + C_5M(0)^3,

(1.82)

and hence from (1.78), (1.82) and L^2-norm conservation for u we have ‖u(t)‖^2_H1 + ‖v(t)‖^2_H1 ≤ G(M(0), K(0), E(0)).

Since the last quantity is constant, we can repeat the argument of local existence of solution at time T arriving to a solution for any positive time. The same holds for negative time.

Chapter 2 Local and global theory of a coupled Schrödinger-Debye equation

We consider the IVP associated to the Schrödinger-Debye system,

i∂_tu +^1_2 ∂^2_xu = uv, x ∈ R, t ≥ 0, τ∂_tv + v = ϵ|u|^2, u(x, 0) = u_0(x), v(x, 0) = v_0(x),

(2.1)

where τ > 0 and ϵ = ±1.

We can simplify the system (2.1) by eliminating v(x, t) to obtain the decoupled integrodifferential equation

i∂_tu +^1_2 ∂^2_xu = e^{−t/τ} uv_0(x) +^ϵ_τ u ∫_t 0 e^{−(t−t′ )/τ} |u(t^′)|^2dt^′, x ∈ R, t ≥ 0, u(x, 0) = u_0(x).

(2.2)

where τ > 0 and ϵ = ±1.

Using the Duhamel formulation of this equation we have u(t) = S(t)u_0 − i ∫_t 0 S(t − t^′) ( F_0(u(t^′)) + F_1(u(t^′)) ) dt^′, (2.3)

where S(t) = e^{it}2^{∂2x} = F^{−1}_x e^{− it}2^{ξ2} F_x is the unitary group associated to the linear equation i∂_tu +^1_2 ∂^2_xu = 0 and

F_0(u(t)) = e^{−t/τ} uv_0(x), F_1(u(t)) =^ϵ_τ u ∫_t 0 e^{−(t−t′ )/τ} |u(t^′)|^2dt^′. (2.4) In [10] B. Bidégaray showed the following result Theorem 2.1 For (u_0, v_0) ∈ H^r(R) × H^r(R) with r > 1/2 the system (2.1) has a unique solution in C([0, T ] : H^r(R)) for a small enough T and solutions depend continuously on the initial data.

Our purpose here is to establish local and global well-posedness results for thr IVP (2.1) in the spaces H^s(R) × H^{s−1/2+δ}(R) with δ = 0 for s = 1/2 and 0 < δ ≤ 1/4 for 1/2 < s ≤ 1. To obtain our results we will use the so called L^p − L^q estimates. These type of estimates were first established by Strichartz [43] for solutions of the linear Schrödinger equation, i.e, i∂_tu + △u = 0, x ∈ R^n , t ≥ 0, u(x, 0) = u_0(x).

(2.5)

He showed that solutions of (2.5) satisfy (∫ R ∫ R^n | |e^{it△}u_0(x) | |^{2(n+2)/n} dxdt )_{n/2(n+2)} ≤ c‖u_0‖_L2 . Generalizations of this result have been obtained by several authors. For instance, Ginibre- Velo [21] and Kenig-Ponce-Vega [31].

We will also use the smoothing effect obtained by Kenig, Ponce and Vega [32, 33] for the non-homogeneous term in one-dimensional case, that is, ‖D^{1/2}_x ∫_t 0 e^{it(t−t′ )∂2x} G(·, t^′)dt^′‖_L∞_{T L}2_x ≤ C‖G‖_L1_{xL}2_T . (2.6)

We proceed as follows. Instead of working with the system (2.1) we use its equivalent integral form (2.3). Then we use the L^p − L^q estimates and the smoothing effect (2.6) to show via the contraction mapping principle that there exists a time T > 0 where (2.3) has a unique solution.

To establish global well-posedness we use the same procedure to prove our local theorem combined with the conservation law in L^2 to obtain a priori estimates of the solutions.

2.1 Main results

Concerning well-posedness we have the following results Theorem 2.2 Let 1/2 ≤ s ≤ 1. Then for any (u_0, v_0) ∈ H^s(R) × H^{s−1/2+δ}(R) (with δ = 0 for s = 1/2 and 0 < δ ≤ 1/4 for 1/2 < s ≤ 1) there exist T = T (s, ‖u_0‖_s, ‖v_0‖_{s−1/2+δ}) > 0 and a unique solution (u(x, t), v(x, t)) of the IVP (2.1) such that for q ∈ [2, ∞] (u, v) ∈ C ( [0, T ] : H^s(R) ) ×C ( [0, T ] : H^{s−1/2+δ}(R) ) , (2.7) ‖u‖_Lr_{T L}^q_x < ∞, with 2/r = 1/2 − 1/q, (2.8) ‖∂_xu‖_L∞_{x L}2_T < ∞. (2.9) Moreover the map (u_0, v_0) −→ (u(t), v(t)) from H^s(R) × H^{s−1/2+δ}(R) into C ( [0, T ] :

H^s(R) ) ×C ( [0, T ] : H^{s−1/2+δ}(R) ) is locally Lipschitz, that is, for (u_{0n}, v_{0n}) ∈ H^s(R) × H^{s−1/2+δ}(R) such that (u_{0n}, v_{0n}) −→ (u_0, v_0) in H^s(R) × H^{s−1/2+δ}(R), the corresponding solutions {(u_n(t), v_n(t))} satisfy

‖u_n − u‖_L∞_{T H}s_x + ‖u_n − u‖_Lr_{T L}^q_x + ‖∂_x(u_n − u)‖_L∞_{x L}2_T ≤ C_1(T )‖u_{0n} − u_0‖_Hs ,

‖v_n − v‖_{L∞T H}s−1/2+δ_x ≤ C_2(T ) ( ‖u_{0n} − u_0‖_Hs + ‖v_{0n} − v_0‖_Hs−1/2+δ ) , (2.10)

as n −→ ∞.

Theorem 2.3 The unique solution provided by Theorem 2.2 extends to any time interval [0,T]. Moreover, ‖u‖_L∞_{T H}s_x + ‖u‖_Lr_{T L}^q_x + ‖∂_xu‖_L∞_{x L}2_T ≤ K_1(T ),

‖v‖_{L∞T H}s−1/2+δ x ≤ K_2(T ). (2.11)

2.2 Linear estimates

In this section we collect known results on smoothing effect estimates of free Schrödinger evolution group.

Firstly, we use the stronger one-dimensional version of the smoothing effect for the homogeneous term of the linear Schrödinger equation sup_{x∈R} (∫_{+∞} −∞ |D^{1/2}_x S(t)u_0|^2dt )_{1/2} ≤ C‖u_0‖_L2 (2.12)

and the version for the non-homogeneous term, that is, sup_{x∈R} (∫_{+∞} −∞ | |∂x ∫_t 0 S(t − t^′)G(x, t^′)dt^′ | |^2dt )_{1/2} ≤ C‖G‖_L1_{xL}2_t . (2.13)

Both (2.12) and (2.13) were proved by Kenig, Ponce and Vega [31, 32].

Next, we state other smoothing effect for the non-homogeneous term.

Proposition 2.1 For any θ ∈ [0, 1], we have ‖D^{θ/2}_x ∫_t 0 S(t − t^′)G(·, t^′)dt^′‖_L∞_{T L}2_x ≤ CT^{(1−θ)/2}‖G‖_L2/(1+θ)_{x L2T} . (2.14) Proof. Using Stein’s theorem of analytic families of operators (See [41]) we obtain (2.14) by interpolation between ‖D^{iη}_x ∫_t 0 S(t − t^′)G(·, t^′)dt^′‖_L∞_{T L}2_x ≤ CT^{1/2}‖G‖_L2_{xL}2_T , η ∈ R (2.15) and ‖D^{1/2+iη} x ∫_t 0 S(t − t^′)G(·, t^′)dt^′‖_L∞_{T L}2_x ≤ C‖G‖_L1_{xL}2_T , η ∈ R. (2.16) The estimates (2.15) and (2.16) were proved by Kenig, Ponce and Vega in [32, 33].

Lastly we give the Strichartz estimates for the homogeneous and non-homogeneous terms. Proposition 2.2 For any pairs (r_i, q_i) with q_i ∈ [2, ∞] and 2/r_i = 1/2 − 1/q_i (i=1,2) we have ‖S(t)u_0‖_L^r1_{T L}^q1_x ≤ C‖u_0‖_2, (2.17)

‖ ∫_t 0 S(t − t^′)G(·, t^′)dt^′‖_L^r1_{T L}^q1_x ≤ C‖G‖_Lr′_{2T L}q′_{2x} , (2.18)

‖ ∫_t 0 S(t − t^′)G(·, t^′)dt^′‖_L^r1_{T L}^q1_x ≤ CT^{(1/r′2−1/2)}‖G‖_Lq′_{2x L2T} , (2.19) where^1_{r2} +^1_{r′2} = 1 and^1_{q2} +^1_{q′2} = 1.

Proof. See Strichartz [43] and Ginibre-Velo [22] for the proof of the first estimate (2.17). For the proof of (2.18) we can see Ginibre-Velo [22], K. Yajima [48], Cazenave-Weissler [16] and Kato [29]. The last estimate (2.19) is a slight modification of the (2.18). Indeed, we note that q_2 ≥ 2 =⇒ r_2 ≥ 4 =⇒ r^′_2 ≤ 4/3 < 2,

q_2 ≥ 2 =⇒ 2 ≥ q^′_2.

Then, using Hölder’s and Minkowski’s inequalities we have ‖G‖_Lr′_{2T L}q′_{2x} ≤ T^{(1/r′2−1/2)}‖G‖_{L2T L}q′_{2x} ≤ T^{(1/r′2−1/2)}‖G‖_Lq′_{2x L2T} , and hence, (2.19) follows from (2.18).

2.3 Nonlinear estimates

In this section we give the main results that will be used to estimate the nonlinear terms in the proof of Theorem 2.2.

To handle the nonlinear terms with fractional derivates, we need the following commutators estimates deduced by Kenig, Ponce and Vega in [33].

Proposition 2.3 Let α ∈ (0, 1), α_1, α_2 ∈ (0, α), α_1 + α_2 = α and p, p_1, p_2, q, q_1, q_2 ∈ (1, ∞). Then ‖D^α_x (fg) − fD^α_x g − gD^α_x f‖_L^p_{xL}^q_T ≤ C‖D^{α1}_x f‖_L^p1_{x L}^q1_T ‖D^{α2}_x g‖_L^p2_{x L}^q2_T , (2.20) with^1_{p1} +^1_{p2} =^1_p and^1_{q1} +^1_{q2} =^1_q . ‖D^α_x (fg) − fD^α_x g − gD^α_x f‖_L^p_{xL}2_T ≤ C‖f‖_L^p1_{x L}∞_T ‖D^α_x g‖_L^p2_{x L}2_T , (2.21) with^1_{p1} +^1_{p2} =^1_p .

‖D^α_x (fg) − fD^α_x g − gD^α_x f‖_L^p_{xL}1_T ≤ C‖D^{α1}_x f‖_L^p1_{x L}^q1_T ‖D^{α2}_x g‖_L^p2_{x L}^q2_T , (2.22) with^1_{p1} +^1_{p2} =^1_p and^1_{q1} +^1_{q2} = 1.

‖D^α_x (fg) − fD^α_x g − gD^α_x f‖_L1_{xL}2_T ≤ C‖D^{α1}_x f‖_L^p1_{x L}^q1_T ‖D^{α2}_x g‖_L^p2_{x L}^q2_T , (2.23) with^1_{p1} +^1_{p2} = 1 and^1_{q1} +^1_{q2} =^1_2 . ‖D^α_x (fg) − fD^α_x g − gD^α_x f‖_L^p_x ≤ C‖f‖_L∞_x ‖D^α_x g‖_L^p_x . (2.24) Proof. See Appendix in [33].

We also use the following Sobolev type inequality:

Lemma 2.1 Let 0 < α < 1 and^1_q =^1_2 − α. Then we have ‖f‖_Lq_{(R)} ≤ C_α‖D^αf‖_L2_{(R)}. (2.25) This lemma is an immediate consequence of the Hardy-Littlewood-Sobolev Theorem.

Finally we prove the following proposition which will be useful in the proof of the Theorem 2.2.

Proposition 2.4 Let 1/2 ≤ s ≤ 1 and F_1(u) as in 2.4. Then we have ‖D^{s−1/2}_x F_1(u)‖_L1_{xL}2_T ≤^C_τ ( T^{5/4} + T^{3/2} ) ‖u‖^2_{L∞T Hs−1/2x} ( ‖u‖_L∞_{T H}s_x + ‖u‖_L4_{T L}∞_x ) . (2.26) Proof. First we consider the particular case s = 1/2 and we get

‖F_1(u)‖_L1_{xL}2_T ≤^C_τ ‖u‖_L2_{xL}2_T ‖ ‖ ∫_t 0 e^{−(t−t′ )/τ} |u(t^′)|^2dt^′ ‖ ‖_{L2xL∞T} ≤^C_τ T^{1/2}‖u‖_L∞_{T L}2_x ‖|u|^2‖_L2_{xL}1_T ≤^C_τ T^{1/2}‖u‖_L∞_{T L}2_x ‖uu‖_L1_{T L}2_x ≤^C_τ T^{1/2}‖u‖_L∞_{T L}2_x ‖u‖_L4/3_{T L2x} ‖u‖_L4_{T L}∞_x ≤^C_τ T^{5/4}‖u‖^2_L∞_{T L}2_x ‖u‖_L4_{T L}∞_x ≤^C_τ ( T^{5/4} + T^{3/2} ) ‖u‖^2_L∞_{T L}2_x ( ‖u‖_L4_{T L}∞_x + ‖u‖_{L∞T H}1/2_x ) . Next, for 1/2 < s ≤ 1 we have

‖D^{s−1/2}_x F_1(u)‖_L1_{xL}2_T ≤^1_τ (A_1 + A_2 + A_3) with

A_1 = ‖ ‖D^{s−1/2}_x ( u ∫_t 0 e^{−(t−t′)/τ} |u(t^′)|^2dt^′ ) −u ∫_t 0 e^{−(t−t′ )/τ} D^{s−1/2}_x |u(t^′)|^2dt^′ − ( D^{s−1/2}_x u )∫^t 0 e^{−(t−t′ )/τ} |u(t^′)|^2dt^′ ‖ ‖_{L1xL2T} ,

A_2 = ‖ ‖(D^{s−1/2}_x u) ∫_t 0 e^{−(t−t′ )/τ} |u(t^′)|^2dt^′ ‖ ‖_{L1xL2T} ,

A_3 = ‖ ‖u ∫_t 0 e^{−(t−t′ )/τ} D^{s−1/2}_x |u(t^′)|^2dt^′ ‖ ‖_{L1xL2T} .

Proposition 2.3-(2.22, 2.23), Minkowski’s, Hölder’s and Sobolev’s inequalities yield

A_1 ≤ C ‖ ‖D^{s/2−1/4} x u ‖ ‖_{L4/(3−2s)} x L^{4/(3−2s)} T ‖ ‖D^{s/2−1/4} x ∫_t 0 e^{−(t−t′)/τ} |u(t^′)|^2dt^′ ‖ ‖_{L4/(1+2s)} x L^{4/(2s−1)} T ≤ CT^{(2s−1)/4} ‖ D^{s/2−1/4} x u ‖ L^{4/(3−2s)} T L^{4/(3−2s)} x ‖∫^t 0 e^{−(t−t′)/τ} D^{s/2−1/4} x |u(t^′)|^2dt^′ ‖ L^{4/(1+2s)} x L^∞_T ≤ CT^{(2s−1)/4} ‖ ‖D^{s/2−1/4} x u ‖ ‖_{L4/(3−2s)} T L^{4/(3−2s)} x ‖ ‖D^{s/2−1/4} x |u|^2 ‖ ‖_{L4/(1+2s)} x L^1_T ≤ CT^{1/2} ‖ ‖D^{s/2−1/4} x u ‖ ‖_{L∞T L4/(3−2s)} x ( 2‖u‖_L2_{xL}2_T ‖ ‖D^{s/2−1/4} x u ‖ ‖_{L4/(2s−1)} x L^2_T + C ‖ D^{s/4−1/8} x u ‖ L^{8/(5−2s)} x L^2_T ‖ D^{s/4−1/8} x u ‖ L^{8/(6s−3)} x L^2_T ) ≤ CT^{1/2} ‖ ‖D^{s−1/2}_x u ‖ ‖_{L∞T L2x} ( 2‖u‖_{L2T L2x} ‖ ‖D^{1/2}_x u ‖ ‖_{L2T L2x} + C‖D^{s/2−1/4}_x u ‖ ‖_{L2T L2x} ‖D^{3/4−s/2} x u ‖ ‖_{L2T L2x} ) ≤ CT^{3/2}‖u‖_{L∞T H}s−1/2_x ( ‖u‖_L∞_{T L}2_x ‖u‖_L∞_{T H}s_x + ‖u‖_{L∞T H}s−1/2_x ‖u‖_L∞_{T H}s_x ) ≤ CT^{3/2}‖u‖^2_{L∞T Hs−1/2x} ‖u‖_L∞_{T H}s_x ≤ C ( T^{5/4} + T^{3/2} ) ‖u‖^2_{L∞T Hs−1/2x} ( ‖u‖_L4_{T L}∞_x + ‖u‖_L∞_{T H}s_x ) .

From 1/2 < s ≤ 1 we have 2 ≤ 4/(2s − 1), 2 ≤ 8/(5 − 2s) and 2 ≤ 8/(6s − 3). We have used

this fact to apply Minkowski’s and Sobolev’s inequalities. Next by Hölder’s and Minkowski’s

inequalities it follows that

A_2 ≤ ‖ D^{s−1/2}_x u ‖ L^2_xL^2_T ‖|u| 2‖_L2_{xL}1_T ≤ CT^{1/2}‖u‖_{L∞T H}s−1/2_x ‖u‖_L4/3_{T L2x} ‖u‖_L4_{T L}∞_x ≤ CT^{5/4}‖u‖_{L∞T H}s−1/2_x ‖u‖_L∞_{T L}2_x ‖u‖_L4_{T L}∞_x ≤ C ( T^{5/4} + T^{3/2} ) ‖u‖^2_{L∞T Hs−1/2x} ( ‖u‖_L4_{T L}∞_x + ‖u‖_L∞_{T H}s_x ) . Finally using Hölder’s and Minkowski’s inequalities and Proposition 2.3-(2.24) we have that

A_3 ≤ ‖u‖_L2_{xL}2_T ‖ ‖D^{s−1/2}_x |u|^2 ‖ ‖_{L2xL1T} ≤ T^{1/2}‖u‖_L∞_{T L}2_x ‖ ‖D^{s−1/2}_x |u|^2 ‖ ‖_{L1T L2x} ≤ CT^{1/2}‖u‖_L∞_{T L}2_x ‖u‖_L4_{T L}∞_x ‖ ‖D^{s−1/2}_x u ‖ ‖_{L4/3T L2x} ≤ CT^{5/4}‖u‖_L∞_{T L}2_x ‖u‖_{L∞T H}s−1/2_x ‖u‖_L4_{T L}∞_x ≤ C ( T^{5/4} + T^{3/2} ) ‖u‖^2_{L∞T Hs−1/2x} ( ‖u‖_L4_{T L}∞_x + ‖u‖_L∞_{T H}s_x ) . Collecting the estimates for A_1, A_2 and A_3 we obtain the desired estimate (2.26).

2.4 Proof of main results

In this section we prove the theorems enunciated in the beginning of this chapter. We use

the point fixed method for the proof of local result and we obtain a priori estimates for the

proof of global results.

2.4.1 Proof of Theorem 2.2

We define the complete metric space X^a_T for T > 0 and a > 0 as X^a_T = {u ∈ C([0, T ] : H^s(R)) / |||u|||_T ≤ a} , (2.27) where

|||u|||_T ≡ ‖u‖_L∞_{T H}s_x + ‖u‖_L4_{T L}∞_x . (2.28)

We also define

X_T = {u ∈ C([0, T ] : H^s(R)) / |||u|||_T < ∞} , (2.29)

and we consider the map

Φ(u) = S(t)u_0 − i ∫_t 0 S(t − t^′) ( F_0(u(t^′)) + F_1(u(t^′)) ) dt^′. (2.30)

It will be established that for appropriate choices of a and T , depending only on s, ‖u_0‖_Hs and ‖v_0‖_Hs−1/2+δ , that if u ∈ X^a_T then w = Φ(u) belongs to X^a_T and Φ : X^a_T → X^a_T is a contraction map. Thus most of what follows is the estimation of |||Φ(u)|||_T . We need to bound the non linear term in (2.30).

Now by Proposition 2.2-(2.17) we have that

|||S(t)u_0|||_T ≤ C_0‖u_0‖_Hs , (2.31)

and for 0 < δ ≤ 1/4 we apply (2.14), (2.19), (2.21) and Minkowski’s, Hölder’s and Sobolev’s inequalities to obtain

||| ∫_t 0 S(t − t^′)F_0(u(t^′))dt^′|||_T ≤ C_1 ( ‖ ∫_t 0 S(t − t^′)F_0(u(t^′))dt^′‖_L∞_{T L}2_x + ‖ ∫_t 0 S(t − t^′)F_0(u(t^′))dt^′‖_L4_{T L}∞_x + ‖D^s_x ∫_t 0 S(t − t^′)F_0(u(t^′))dt^′‖_L∞_{T L}2_x )

≤ C_1 ( T^{1/4}‖e^{−t/τ} v_0u‖_L1_{xL}2_T + ‖D^{1/2−δ}_x ∫_t 0 D^{s−1/2+δ} x (e^{−t/τ} v_0u)dt^′‖_L∞_{T L}2_x )

≤ C_1 ( T^{1/4}‖e^{−t/τ} v_0‖_L2_{xL}∞_T ‖u‖_L2_{xL}2_T + T^δ‖D^{s−1/2+δ}_x (e^{−t/τ} v_0u)‖_L1/(1−δ)_{x L2T} )

≤ C_1 ( T^{3/4}‖v_0‖_L2 ‖u‖_L∞_{T L}2_x + T^δ‖D^{s−1/2+δ}_x u‖_L2/(1−2δ)_{x L2T} ‖e^{−t/τ} v_0‖_L2_{xL}∞_T + T^δ‖u‖_L2/(1−2δ)_{x L2T} ‖D^{s−1/2+δ}_x (e^{−t/τ} v_0)‖_L2_{xL}∞_T )

≤ C_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ ‖u‖_L∞_{T H}s_x ≤ C_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ |||u|||_T .

(2.32)

Further by (2.14), (2.19) and Proposition 2.4 we have

||| ∫_t 0 S(t − t^′)F_1(u(t^′))dt^′|||_T ≤ C_2 ( ‖ ∫_t 0 S(t − t^′)F_1(u(t^′))dt^′‖_L∞_{T L}2_x + ‖ ∫_t 0 S(t − t^′)F_1(u(t^′))dt^′‖_L4_{T L}∞_x + ‖D^s_x ∫_t 0 S(t − t^′)F_1(u(t^′))dt^′‖_L∞_{T L}2_x )

≤^{C2}_τ ( T^{1/4}‖F_1(u)‖_L1_{xL}2_T + ‖D^{s−1/2}_x F_1(u)‖_L1_{xL}2_T )

≤^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} + T^{3/2} )‖u‖^2_{L∞T Hs−1/2x} |||u|||_T ≤^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} )‖u‖^2_{L∞T Hs−1/2x} |||u|||_T .

(2.33)

Therefore we see from (2.31)-(2.33) that

|||Φ(u)|||_T ≤ C_0‖u_0‖_Hs + C_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ |||u|||_T +^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} + T^{3/2} )‖u‖^2_{L∞T Hs−1/2x} |||u|||_T ≤ C_0‖u_0‖_Hs + aC_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ + a^{3 C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} ).

(2.34)

Thus we first choose a = 2C_0‖u_0‖_Hs and then T satisfying the following conditions

C_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ ≤^1_4 (2.35) and C_2

τ (T^{3/2} + T^{7/4} + T^{5/4} )a^2 ≤^1_4 . (2.36)

It is easy to see that if u ∈ X^a_T then w = Φ(u) ∈ C([0, T ] : H^s) (see [32]). Then we conclude that Φ : X^a_T → X^a_T .

Using

F_1(u) − F_1(ũ) =^ϵ_τ (u − ũ) ∫_t 0 e^{−(t−t′)/τ} |u|^2dt^′ +^ϵ_τ ũ ∫_t 0 e^{−(t−t′)/τ} ( u(u − ũ) + ũ ( u − ũ ) ) dt^′, (2.37)

similar arguments show that |||Φ(u) − Φ(ũ)|||_T ≤ C_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ |||u − ũ|||_T +^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} )(|||u|||^2_T + |||u|||_T |||ũ|||_T + |||ũ|||^2_T )|||u − ũ|||_T . (2.38)

Consequently Φ : X^a_T → X^a_T is a contraction map and hence there exists a unique u ∈ X^a_T with Φ(u) = u.

Now we let (r, q) with q ∈ [2, ∞] and 2/r = 1/2 − 1/q. Using (2.12), (2.13), Proposition 2.2-(2.17, 2.19) and that the solution u satisfies u = Φ(u), we have ‖∂_xu‖_L∞_{x L}2_T + ‖u‖_Lr_{T L}^q_x ≤ C_0‖u_0‖_Hs−1/2 + C_1 ( 1 + T^{1/4} ) ‖F_0(u)‖_L1_{xL}2_T +^{C2}_τ ( 1 + T^{1/4} ) ‖F_1(u)‖_L1_{xL}2_T .

(2.39)

Hence, the additional regularities (2.8) and (2.9) hold.

On the other hand the solution v(x, t) satisfies

v(t) = e^{−t/τ} v_0 +^ϵ_τ ∫_t 0 e^{−(t−t′ )/τ} |u(t^′)|^2dt^′, t ∈ [0, T ]. (2.40) Then for 1/2 < s ≤ 1 and 0 < δ ≤ 1/4, using (2.20) and Lemma 2.1 we have that ‖v(t)‖_L2 + ‖D^{s−1/2+δ}_x v(t)‖_L2 ≤ ‖v_0‖_L2 + ‖D^{s−1/2+δ}_x v_0‖_L2 +^1_τ ∫_t 0 e^{−(t−t′ )/τ} ‖|u|^2‖_L2 dt^′ +^1_τ ∫_t 0 e^{−(t−t′ )/τ} ‖D^{s−1/2+δ} x |u|^2‖_L2 dt^′ ≤ ‖v_0‖_L2 + ‖D^{s−1/2+δ}_x v_0‖_L2 +^1_τ ‖uu‖_L1_{T L}2_x +^1_τ ‖D^{s−1/2+δ}_x (uu)‖_L1_{T L}2_x ≤ ‖v_0‖_L2 + ‖D^{s−1/2+δ}_x v_0‖_L2 +^1_τ ‖u‖_L4_{T L}∞_x ‖u‖_L4/3_{T L2x} +^1_τ T^{1/2}‖D^{s−1/2+δ}_x (uu)‖_L2_{xL}2_T ≤ ‖v_0‖_L2 + ‖D^{s−1/2+δ}_x v_0‖_L2 +^1_τ T^{3/4}‖u‖_L4_{T L}∞_x ‖u‖_L∞_{T L}2_x +^1_τ ‖D^{s/2−1/4+δ/2} x u‖^2_L4_{xL}4_T +^1_τ ‖u‖_L4_{T L}∞_x ‖D^{s−1/2+δ}_x u‖_L4_{T L}2_x ≤ ‖v_0‖_L2 + ‖D^{s−1/2+δ}_x v_0‖_L2 +^1_τ T^{3/4}‖u‖_L4_{T L}∞_x ‖u‖_L∞_{T L}2_x

+^1_τ T^{1/2}‖D^{s/2+δ/2}_x u‖^2_L∞_{T L}2_x +^1_τ T^{1/4}‖u‖_L4_{T L}∞_x ‖D^{s−1/2+δ}_x u‖_L∞_{T L}2_x ≤ ‖v_0‖_Hs−1/2+δ +^1_τ ( T^{3/4} + T^{1/2} + T^{1/4} ) |||u|||^2_T .

(2.41)

Hence v(t) ∈ H^{s−1/2+δ} in [0, T ].

Finally we explain how to extend our uniqueness result in X^a_T to the class X_T defined in (2.29). Suppose w ∈ X_{T1} for some T_1 ∈ (0, T ) is a strong solution of the IVP (2.1). We take b = max{a, |||w|||_{T1} }. For T_2 < T_1 will be fixed later; the argument used to obtain that Φ is a contraction map shows that |||u − w|||_{T2} ≤ C_1(T^{3/4}_2 + T^{δ+1/2}_2 )‖v_0‖_Hs−1/2+δ |||u − w|||_{T2} +^{C2}_τ (T^{3/2}_2 + T^{7/4}_2 + T^{5/4}_2 )(|||u|||^2_{T2} + |||u|||_{T2} |||w|||_{T2} + |||w|||^2_{T2} )|||u − w|||_{T2} ≤ C_1(T^{3/4}_2 + T^{δ+1/2}_2 )‖v_0‖_Hs−1/2+δ |||u − w|||_{T2}

+ 3b^{2 C2}_τ (T^{3/2}_2 + T^{7/4}_2 + T^{5/4}_2 )|||u − w|||_{T2} . Then taking T_2 satisfying C_1(T^{3/4}_2 + T^{δ+1/2}_2 )‖v_0‖_Hs−1/2+δ ≤^1_4 and 3b^{2 C2}_τ (T^{3/2}_2 + T^{7/4}_2 + T^{5/4}_2 ) ≤^1_4 , we have |||u − w|||_{T2} = 0. Hence u(t) ≡ w(t), t ∈ [0, T_2]. By reapplying this argument this result can be extended to the whole interval [0, T ]. This yields the uniqueness result in X_T and the proof of local theorem is completed. Remark 2.1 If s > 1/2, we have C([0, T ] : H^s(R)) ⋂ L^4_T L^∞_x = C([0, T ] : H^s(R)) from Sobolev’s lemma. In this case, our solution satisfies the “most natural” definition for local wellposedness: For any R > 0 there exists T = T (R) > 0 such that the data–solution map is uniformly continuous and uniquely defined from the ball {u_0 ∈ H^s(R) < R} to the space C([0, T ] : H^s(R)).

2.4.2 Proof of Theorem 2.3

In order to prove global well-posedness we give the a priori estimate for the solutions given by Theorem 2.2.

Let [0, T^∗) be the maximal time interval on which the Cauchy problem (2.2) has a unique solution u ∈ X_T for any T < T^∗. Suppose that T^∗ < ∞ and we will show that it leads to the contradiction.

First we note that the solution u(x, t) of the IVP (2.2) satisfies Φ(u) = u and from (2.34) we see that

|||u|||_T ≤ C_0‖u_0‖_Hs + C_1(T^{3/4} + T^{δ+1/2} )‖v_0‖_Hs−1/2+δ |||u|||_T +^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} )‖u‖^2_{L∞T Hs−1/2x} |||u|||_T . (2.42) for any T < T^∗.

Now we consider two cases: (i) s = 1/2 and δ = 0.

Using the conservation law (8) in L^2 and (2.42) we have that |||u|||_T ≤ C_0‖u_0‖_H1/2 + μ_1(T )|||u|||_T + μ_2(T )|||u|||_T (2.43) where μ_1(T ) = C_1(T^{3/4} + T^{1/2} )‖v_0‖_L2 , (2.44)

μ_2(T ) =^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} )‖u_0‖^2_L2 . (2.45) The functions μ_1 and μ_2 are continuous and μ_1(0) = μ_2(0) = 0. Hence we can take T̃ ∈ [0, T ∗] so that μ_1(T̃ ) ≤ 1/4 and μ_2(T̃ ) ≤ 1/4 with T̃ depending only on ‖u_0‖_L2 and ‖v_0‖_L2 . Then from (2.43) we obtain |||u|||_T ′ ≤ 2C_0‖u_0‖_H1/2 (2.46) for any T^′ ∈ [0, T̃ ].

If T̃ = T^∗, we have that the solution u of the IVP (2.2) can be extended to the time interval [0, T^∗] with sup t∈[0,T^∗] ‖u(t)‖_H1/2 ≤ 2C_0‖u_0‖_H1/2 , and we see that it contradicts the maximality of T^∗. Therefore, suppose that T̃ < T^∗. Let m ∈ N be such that T^∗ ≤ mT̃ and replace T̃ by T̃ = T^∗/m. Now consider the Cauchy problem

i∂_tu^{(1)} +^1_2 ∂^2_xu^{(1)} = e^{−t/τ} u^{(1)}v_0(x) +^ϵ_τ u ∫_t 0 e^{−(t−t′ )/τ} |u^{(1)}|^2dt^′, u^{(1)}(x, T̃ ) = u(x, T̃ ), x ∈ R. (2.47)

Uniqueness of solutions yields that u(x, t), t ∈ [0, T̃ ], u^{(1)}(x, t), t ∈ [T̃ , 2T̃ ], (2.48)

is a solution of IVP (2.2) in [0, 2T̃ ].

Using that ‖u_0‖_L2 = ‖u(T̃ )‖_L2 and the same procedure to obtain (2.46), we have |||u|||_2~_T ≤ max { 2C_0‖u_0‖_H1/2 , 2C_0‖u(T̃ )‖_H1/2 }

≤ max { 2C_0‖u_0‖_H1/2 , 4C^2_0 ‖u_0‖_H1/2 } . (2.49)

Then, repeating this process m times, we see that |||u|||_T ∗ ≤ max { 2C_0‖u_0‖_H1/2 , 4C^2_0 ‖u_0‖_H1/2 , ...., (2C_0)^m‖u_0‖_H1/2 } (2.50) which contradicts the maximality of T^∗. Hence T^∗ = +∞. We also note that for any T > 0 we have |||u|||_T ≤ K(T ) := max { 2C_0‖u_0‖_H1/2 , 4C^2_0 ‖u_0‖_H1/2 , ...., (2C_0)^{m(T )}‖u_0‖_H1/2 } where m(T ) = [_T T̃ ] + 1. Consequently ‖u‖_L∞_{T H}1/2 ≤ K(T ). (2.51) (ii) 1/2 ≤ s ≤ 1 and 0 < δ ≤ 1/4.

Since H^s → H^{1/2}, we may regard the solution as being contained in H^{1/2}. Moreover ‖u‖_L∞_{T H}s−1/2 ≤ ‖u‖_L∞_{T H}1/2 ≤ K(T ). (2.52) Again, we suppose that T^∗_s < ∞, where [0, T^∗_s ) is the maximal time interval of existence of the solution. Now we put K_0 := sup {K(T ) : T ∈ [0, T^∗_s ] } . (2.53) Then from (2.42) and (2.52) for any T ∈ [0, T^∗_s ) we have |||u|||_T ≤ C_0‖u_0‖_Hs + μ_1(T )|||u|||_T + μ_2(T )|||u|||_T (2.54) where μ_1(T ) = C_1(T^{3/4} + T^{1/2} )‖v_0‖_Hs−1/2+δ , (2.55) μ_2(T ) =^{C2}_τ (T^{3/2} + T^{7/4} + T^{5/4} )K^2_0 . (2.56) Now using (2.54), (2.55) and (2.56), we can choose T̃ , depending only on ‖v_0‖_Hs−1/2+δ , sufficiently small such that μ_1(T̃ ) ≤ 1/4 and μ_2(T̃ ) ≤ 1/4 and consequently |||u|||_T ′ ≤ 2C_0‖u_0‖_Hs (2.57) for any T^′ ∈ [0, T̃ ].

Similar to case (i) we get T^∗_s = +∞ and |||u|||_T ≤ K_1(T ) for any T > 0. Then the proof of Theorem 2.3 is completed.

Chapter 3 Ill-posedness for the Benney System

We consider the IVP associated to the Benney system, that is,

i∂_tu + ∂^2_xu = αuη + β|u|^2u, x ∈ R, t ∈ R, ∂_tη + λ∂_xη = γ∂_x(|u|^2), u(x, 0) = u_0(x), η(x, 0) = η_0(x),

(3.1)

where u is a complex valued function, η is a real valued function, λ = ±1 and α, β and γ are real constants.

The following result is due to Ginibre-Tsutsumi-Velo [24].

Theorem 3.1 The Benney System (3.1) is locally well-posed for initial data (u_0, η_0) ∈ H^k(R) × H^l(R) provided −1/2 < k − l ≤ 1 and 0 ≤ l + 1/2 ≤ 2k. (3.2) The solution satisfies:

u ∈ C([0, T ], H^k(R)), η ∈ C([0, T ], H^l(R)). (3.3)

Note that if k − l is fixed the lowest allowed values of (k, l) are attained for k − l =^1_2 and are given by (k, l) = (0, −1/2). Moreover local well-posedness was shown by Bekiranov, Ogawa and Ponce [3] in the line l = k − 1/2 with k ≥ 0.

In the work of both, Ginibre-Tsutsumi-Velo [24] and Bekiranov-Ogawa-Ponce [3], the best result obtained for local well-posedness for IVP (3.1) is in the space L^2(R) × H^{−1/2}(R). Since scaling argument can not be applied to the Benney system to obtain a criticality notion it is not clear that whether this result is optimal. In this work we are going to prove that this result is in fact the best possible to get local well-posedness. For this, we prove the following theorem concerning ill-posedness for IVP (3.1).

Theorem 3.2 The Benney System (3.1) is ill posed in H^k(R) × H^l(R) for β < 0 provided

−1/3 ≤ k < 0 and k(2l + 3) + 1 ≥ 0. (3.4)

To prove the Theorem 3.2 we follow the argument used by Kenig-Ponce-Vega [37] to show ill-posedness for some canonical nonlinear dispersive models. The main ingredient in our proof is the use of the properties of the solitary wave solutions of the system (3.1). The existence of such special functions for any speed of propagation, c > 0, and the exponential decay are strongly applied.

Remark 3.1 For β ≥ 0, it is not possible to apply the same argument used in the proof of Theorem 3.2. Nevertheless, we can give a criticality notion for the special case β = λ = 0. Indeed, if (u, η) is a solution of the system (3.1) with initial data (u_0(x), η_0(x)) then u_μ(x, t) = μ^{3/2}u(μx, μ^2t),

η_μ(x, t) = μ^2η(μx, μ^2t), solves (3.1) with initial data u_{μ0} = μ^{3/2}u_0(μx) and η_{μ0} = μ^2η_0(μx). Now taking the homogeneous derivative of order k and l in L^2 for u_μ and η_μ respectively yields the following

‖D^k_xu_μ‖^2_L2 = μ^{2+2k}‖D^k_xu‖^2_L2 ,

‖D^l_xη_μ‖^2_L2 = μ^{3+2l}‖D^l_xη‖^2_L2 .

Hence, the notion of criticality is well defined for the Benney system with initial data (u_0, η_0) ∈ H^k(R) × H^l(R), and the critical values turn out to be k = −1 and l = −3/2. We note that the optimal relation between k and l is k − l = 1/2.

In Figure 3.1 we compare the results for local well-posedness given by Theorem 3.1 with our results for ill-posedness in Theorem 3.2.

Figure 3.1: The region A contains indices (k,l) where local well-posedness was shown in [3, 24]. Ill-posedness is shown by our example for indices (k,l) in region B

3.1 Solitary waves

In this section we obtain solitary wave solutions for the Benney system.

We will look for solutions of equation (3.1) of the form:

u(x, t) = e^{iωt}ϕ(x − ct) and η(x, t) = ψ(x − ct) (3.5)

where ω > 0, c > 0 and ϕ and ψ are two smooth functions of L^2 which decrease rapidly to zero at infinity. See [38].

Substituting (3.5) in (3.1) we have the following system of ordinary differential equations for ϕ and ψ

−icϕ^′ − ωϕ + ϕ^{′′} = αϕψ + β|ϕ|^2ϕ (λ − c)ψ^′ = γ(|ϕ|^2)^′. (3.6)

Taking c > |λ| = 1, we obtain

−icϕ^′ − ωϕ + ϕ^{′′} = (β + αγ λ − c )|ϕ|^2ϕ. (3.7)

Setting ϕ(x) = e^{icx}2 h(x), where h is a real valued function and using (3.7) we have

h^{′′} − (ω − c^2 4 )h − (β − αγ c − λ )h^3 = 0. (3.8)

We can see [6] and [42] for the following statements. The equation (3.8) has positive, even, smooth and exponentially decreasing solutions if the conditions

ω − c^2 4 > 0 and β(c − λ) − αγ < 0 (3.9) are satisfied. The solution in this case is given by

h(x) = 2μσ e^{−σx} + e^{σx} = μσ sech(σx) (3.10)

where,

μ = √ 2(c − λ) αγ − β(c − λ) and σ = √ ω − c^2 4 . (3.11)

The set of non trivial solutions of (3.8) in H^1(R) is empty if the condition (3.9) fails.

Remark 3.2 For c > 1 and ω >^{c2}_4 , the condition (3.9) holds in the following cases:

(i) β < 0, c > max { 1, λ +^{αγ}_β } . (ii) β = 0, αγ > 0.

(iii) β > 0, 1 < c < λ +^{αγ}_β .

We are interested in the case (i). Here the speed of propagation (c > 1) is not restricted to a bounded interval and this fact is strongly used in our argument.

Finally, we have the following expressions for the solitary waves: u_{c,ω}(x, t) = e^{iωt}e^{ic}2^{(x−ct)}μg_σ(x − ct),

η_{c,ω}(x, t) = −^{2γ}_{αγ−β(c−λ)} g^2_σ(x − ct),

g_σ(x) := σg(σx), g(x) = sech(x).

(3.12)

3.2 Proof of Theorem 3.2

The idea of the proof is the following: we will take two solitary waves as in (3.12) as our initial data. We will see that under some assumptions the will remain close at initial time and the we will see the evolution of the solutions associated to them to find a contradiction.

Without loss of generality, we may assume β = −1 and α = γ = λ = 1 in (3.1). Taking

N ≫ 1, C = 2N and ω = N^2 + σ^2, (3.13)

and using (3.12) we have that the pair u_{σ,N} (x, t) = e^{−it(N 2 −σ2)}e^{iNx}μ(N)g_σ(x − 2tN),

η_{σ,N} (x, t) = −^1_N g^2_σ(x − 2tN),

μ(N) = √_{2N−1} N ,

(3.14)

is the solution of the Benney system (3.1) with initial data (e^{iNx}μ(N)g_σ(x), −^1_N g^2_σ(x)).

Taking Fourier transform we have ^u_{σ,N} (ξ, t) = e^{it(N 2+σ2 −2Nξ)}μ(N)^g (ξ − N σ ) (3.15) and ^η_{σ,N} (ξ, t) = − σ N e^{−2itNξ} ^g^2 ( ξ σ ) . (3.16)

Let us set

N_j ≃ N, N_1 < N_2, ω_j = N^2_j + σ^2, j = 1, 2 (3.17)

and write u_j(x, t) := u_{σj ,Nj} (x, t) and η_j := η_{σj ,Nj} (x, t). (3.18)

The fundamental theorem of calculus and the mean value theorem yield the following

inequalities

| ^u_1(ξ, 0) − ^u_2(ξ, 0)|^2 = | |μ(N_1)^g(ξ − N1 σ ) −μ(N_2)g (ξ − N_2 σ )| |^2

≲ μ^2(N_1) | | |^g (ξ − N_1 σ ) −^g (ξ − N_2 σ )| |^2

+ |μ(N_1) − μ(N_2)|^2 | | |^g (ξ − N_2 σ )| |^2 ≃ | | ∫_1 0 ^g^′ (ξ − N_2 + t(N_2 − N_1) σ )(N_2 − N_1 σ ) dt | |^2 + |μ(N_1) − μ(N_2)|^2 | | |^g (ξ − N_2 σ )| |^2

≤ |N_2 − N_1|^2σ^{−2} (∫ 1 0 | | |^g^′ (ξ − N_2 + t(N_2 − N_1) σ )| |dt )_2

+ |μ^′(N_0)|^2|N_1 − N_2|^2 | |^g(ξ − N2 σ )| |^2

with N_0 ∈ (N_1, N_2), μ^′(N_0) =^1_{2N 32} 0 √ 2N_0−1

≃^1_{N 2} . Hence

‖u_1(·, 0) − u_2(·, 0)‖^2_k ≲ |N_1 − N_2|^2σ^{−2}I_1 +

|N_1 − N_2|^2 N^4

I_2 (3.19)

where

I_1 = ∫ (1 + |ξ|^2)^k (∫ 1 0 | |^g_′(ξ − N2 + t(N2 − N1) σ )| |dt )_2 dξ and I_2 = ∫ (1 + |ξ|^2)^k | | |^g (ξ − N_2 σ )| |^2dξ. Let σ = N^{−2k}. (3.20)

Taking k > −^1_2 (N^{−2k} < N), ξ ∈ B_σ(tN_1 + (1 − t)N_2) then |ξ| ≃ N for t ∈ [0, 1] and using that ^g ∈ S(R) and ^g concentrates in B_1(0) we have the following estimates for I_1 and I_2.

I_1 ≤ ∫ (1 + |ξ|^2)^k (∫ 1 0 | | |^g^′ (ξ − N_2 + t(N_2 − N_1) σ )| |^2dt ) dξ = ∫_1 0 ∫ (1 + |ξ|^2)^k | | |^g^′ (ξ − N_2 + t(N_2 − N_1) σ )| |^2dξdt ≤ CN^{2k}σ ∫_1 0 ∫ | |^g_′(y − tN1 + (1 − t)N2 σ )| |^2dydt ≤ C‖^g^′‖^2_L2 , and I_2 ≃ N^{2k} ∫ | |^g(ξ − N2 σ )| |^2dξ = N^{2k}σ‖^g‖^2_L2 = ‖g‖^2_L2 .

Using (3.19) and the estimates above it follows that

‖u_1(·, 0) − u_2(·, 0)‖^2_k ≲ |N_1 − N_2|^2N^{4k} +

|N_1 − N_2|^2 N^4

. (3.21)

Now we consider the solutions u_j(x, t), j = 1, 2, at time t = T , observe that

‖u_j(·, T )‖^2_s = ‖u_j(·, 0)‖^2_s ≃ N^{2s}σ‖g‖^2_L2 , s ∈ R, j = 1, 2. (3.22)

If s = k in (3.22) then

‖u_j(·, T )‖^2_k ≃ ‖g‖^2_L2 . (3.23)

On the the other hand, the frequencies of u_j(·, T ), j = 1, 2, are localized in B^∗ = B_σ(N_1) ∪ B_σ(N_2). Hence |ξ| ≃ N and consequently

‖u_1(·, T ) − u_2(·, T )‖^2_k ≃ N^{2k}‖u_1(·, T ) − u_2(·, T )‖^2_L2 . (3.24)

Now, u_j(·, T ) concentrates in B_σ−1 (2T N_j), j = 1, 2. Therefore giving T > 0, are taking N_1 and N_2 such that

T |N_1 − N_2| ≫ σ^{−1} = N^{2k}. (3.25)

We have that there is no interaction of u_j, j = 1, 2, at time t = T ; hence using (3.22) with s = 0 we obtain ‖u_1(·, T ) − u_2(·, T )‖^2_L2 ≃ ‖u_1(·, T )‖^2_L2 + ‖u_2(·, T )‖^2_L2 ≃ σ. (3.26) Combining (3.24) and (3.26) we obtain ‖u_1(·, T ) − u_2(·, T )‖^2_k ≥ CN^{2k}σ = C. (3.27) Taking N_1 = N and N_2 = N + δN^{−2k} with δ > 0 (3.28) we get from (3.21) ‖u_1(·, 0) − u_2(·, 0)‖^2_k ≤ Cδ^2(1 + N^{−4(k+1)}) ≤ Cδ^2, (3.29) here we have used that k > −^1_2 .

Since k < 0, given δ, T > 0, we can take N so large that T |N_1 − N_2| = T δN^{−2k} ≫ N^{2k} ⇐⇒ N^{−4k} ≫ 1 T δ (3.30) and hence (3.25), (3.26) and (3.27) hold.

The initial data η_j (x, 0), j = 1, 2, satisfies ‖η_j (·, 0)‖^2_l = σ^2 N^2_j ∫ (1 + |ξ|^2)^l| ^g^2 ( ξ σ ) |^2dξ = σ^3 N^2_j ∫ (1 + σ^2y^2)^l| ^g^2(y)|^2dy ≃ σ^{3+2l} N^2 ∫ (N^{4k} + y^2)^l| ^g^2(y)|^2dy

≤ N^{−2(k(2l+3)+1)}

‖g^2‖^2_l , l ≥ 0

N^{4kl}‖g^2‖^2_{L2} , l < 0 ≤ C, whenever

k(2l + 3) + 1 ≥ 0, for l ≥ 0 and k ≥ − 1 3 , for l < 0. (3.31)

On the other hand,

‖η_1(·, 0) − η_2(·, 0)‖^2_l = σ^2 ( 1 N_1 − 1 N_2 )2 ∫ (1 + |ξ|^2)^l| ^g^2 ( ξ σ ) |^2dξ ≃ σ^3 N^4

(N_1 − N_2)^2 ∫ (1 + σ^2y^2)^l| ^g^2(y)|^2dy = σ^{3+2l} N^4

N^{−4k}δ^2 ∫ (N^{4k} + y^2)^l| ^g^2(y)|^2dy

≤ δ^2N^{−2(k(2l+5)+2)}

‖g^2‖^2_l , l ≥ 0

N^{4kl}‖g^2‖^2_{L2} , l < 0 ≤ Cδ^2, where in the last inequality we use that

k(2l + 5) + 2 ≥ 0, for l ≥ 0 and k ≥ − 2 5 , for l < 0. (3.32)

Note that for k < 0 the condition (3.31) implies the condition (3.32) and the proof is complete.

Concluding remarks

Here we give an account of the principal results obtained in this work and point out some open problems.

In Chapter 1 we proved that the IVP associated to the Schrödinger-KdV system is locally well-posed for the given initial data in L^2(R) × H^{−3/4+ϵ}(R). According to the method we utilized, this result is the best possible because the trilinear estimate in Lemma 1.5 is false for k < 0, and the bilinear estimate in Lemma 1.6 is false for l < −3/4. But at this point, it is not clear whether we can have the local well-posedness result in the space L^2(R)×H^{−3/4} (R).

Moreover, we proved that the system 1.1 is globally well-posed in the energy space H^1(R) × H^1(R) using the conservation laws. We believe that this result could be improved to get global solution in H^k(R) × H^l(R) with k, l ≤ 1. One example which gives insight in this direction is the following particular case. If we take β = γ = 0, the IVP 1.1 turns to i∂_tu + ∂^2_xu = αuv, x ∈ R, t ∈ R, ∂_tv + ∂^3_xv +^1_2 ∂_xv^2 = 0,

(3.33)

with initial data u(x, 0) = u_0(x) and v(x, 0) = v_0(x). In this case, if we take (u_0, v_0) ∈ H^k(R) × H^1(R) with 1/2 < k ≤ 1, using Theorem 1.2, the fact that H^k(R) with k > 1/2 is an algebra and the H^1–conserved quantities for the KdV equation we can obtain global solutions. Also we observe that, using recently introduced Bourgain’s techniques to obtain global solution in spaces where there are no conservation laws, it could be possible to obtain global solution to system 1.1 in H^k(R) × H^1(R) with k_0 < k ≤ 1 and k_0 ∈ [1/2, 1).

In Chapter 2 we proved local and global well-posedness for the IVP associated to the Schrödinger-Debye system for given data in H^s(R)×H^{s−1/2+δ} (R) with δ = 0 for s = 1/2 and 0 < δ ≤ 1/4 for 1/2 < s ≤ 1. We believe that, using the same techniques utilized to prove Theorem 1.2 it is possible to obtain local well-posedness result for IVP (2.1) in the sobolev spaces with negative indices. Also, we think, it is interesting to conduct a similar study of local and global well-posedness for the following modified Schrödinger-Debye system

i∂_tu +^1_2 ∂^2_xu = uv, x ∈ R^n , n = 2, 3, t ≥ 0, τ∂_tv + v = ϵ|u|^p, p > 0 u(x, 0) = u_0(x), v(x, 0) = v_0(x),

(3.34)

where τ > 0 and ϵ = ±1. This system was proposed by B. Bidégaray in [10], which was inspired from the general NLS equations.

In Chapter 3 we proved that the Benney system is ill-posed in the space H^k(R) × H^l(R) for −1/3 ≤ k < 0 and k(2l + 3) + 1 ≥ 0 whenever β < 0. To obtain this result we used the existence of solitary wave solutions to the system (3.1). This result shows that the space L^2(R) × H^{−1/2}(R) is the best possible to have local well-posedness. We consider that it would be interesting to resolve the following open problems:

• In the case λ = β = 0, we have the notion of criticality with critical values (k, l) = (−1, −3/2). At this point, we do not know whether or not the system (3.1) is locally well-posed in H^k(R) × H^l(R) with (k, l) ∈ Ω = [−1, 0 ) ×[−3/2, 0 ) . • In the case β > 0 we can not use the solitary wave solutions to obtain the results as in the case β < 0. We think it may be possible to get ill-posedness result using argument analogous to the ones used by M. Christ, J. Colliander, and T. Tao in [17] to obtain ill-posedness to NLS-defocusing and KdV.

CONCLUDING REMARKS 69

• Finally, we observe that, in the case λ = β = 0, orbital stability of solitary waves is studied by Laurençot in [38]. But in general case, we don’t know whether this result still holds.

References

[1] D. Bekiranov, T. Ogawa and G. Ponce, On the well-posedness of Benney’s interaction equation of short and long waves, Advances Diff. Equations, 1 (1996), 919-937.

[2] D. Bekiranov, T. Ogawa and G. Ponce, Weak solvability and well-posedness of a coupled Scrödinger-Korteweg de Vries equation for capillary-gravity wave interactions, Proceedings of the AMS., 125 (10), (1997), 2907-2919.

[3] D. Bekiranov, T. Ogawa and G. Ponce, Interaction equation for short and long dispersive waves, J. Funct. Anal., 158 (1998), 357-388.

[4] D. J. Benney, Significant interactions between small and large scale surface waves, Stud.

Appl. Math., 55 (1976), 93-106.

[5] D. J. Benney, A general theory for interactions between short and long waves, Stud.

Appl. Math., 56 (1977), 81-94.

[6] H. Berestycki and P. L. Lions, Nonlinear scalar field equations, Arch. Rational Mech.

Anal., 82 (1983), 313-345.

[7] H. A. Biagioni and F. Linares, Ill-posedness for the derivative Schrödinger and generalized Benjamin-Ono equations, Trans. Amer. Math. Soc., 353 (2001), 3649-3659.

[8] H. A. Biagioni and F. Linares, Ill-posedness for the Zakharov system with generalized nonlinearity, To appear in Proceedings of AMS., (2002).

[9] B. Bidégaray, On the Cauchy problem for systems occurring in nonlinear optics, Adv.

Diff. Equat., 3 (1998), 473-496.

[10] B. Bidégaray, The Cauchy problem for Schrödinger-Debye equations, Math. Models Methods Appl. Sci., 10 (2000), 307-315.

[11] B. Birnir, C. E. Kening, G. Ponce, N. Svanstedt and L. Vega, On the ill-posedness of the IVP for the generalized Korteweg de Vries and nonlinear Schrödinger equations, J. London Math. Soc., (2), 53 (1996), 551-559.

[12] E. S. Benilov and S. P. Burtsev, To the integrability of the equations describing the Langmuir-wave-ion- wave interaction, Phys. Let., 98A (1983), 256-258.

[13] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations. I. Schrödinger equations, Geometric and Funct. Anal., 3 (1993), 107-156.

[14] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations. II. The KdV equation, Geometric and Funct. Anal., 3 (1993), 209-262.

[15] J. Bourgain, Refinements of Strichartz’ inequality and applications to 2D-NLS with critical nonlinearity, Internat. Math. Res. Notices, 5 (1998), 253-283.

[16] T. Cazenave and F. B. Weissler, The Cauchy problem for the critical nonlinear Schrödinger equation in H^s, Nonlinear Anal. TMA., 100 (1990), 807-836.

[17] M. Christ, J. Colliander, and T. Tao, Asymptotics, frequency modulation, and low regularity ill-posedness for canonical defocusing equations, preprint.

[18] V. D. Djordjevic and L. G. Redekopp, On two-dimensional packet of capillary-gravity waves, J. fluid Mech., 79 (1977), 703-714.

[19] H. A. Friedman, Partial differential Equations, Holt, Rinehart & Winston, New York, (1969).

[20] M. Funakoshi and M. Oikawa, The resonant interaction between a long internal gravity wave and a surface gravity wave packet, J. Phys. Soc. Japan, 52 (1983), 1982-1995.

[21] J. Ginibre and G. Velo, On the class of nonlinear Schrödinger equations, J. Func. Anal., 32 (1979), 1-71.

[22] J. Ginibre and G. Velo, The global Cauchy problem for the nonlinear Schrödinger equation, revisited, Ann. Inst. Henri Poincaré, Analyse nonlinéaire, 2 (1985), 309-327.

[23] J. Ginibre, Le problème de Cauchy pour des EDP semi-linéaires périodiques en variables d’espace (d’après Bourgain), Astérisque, 237 (1996), 163-187.

[24] J. Ginibre, Y.Tsutsumi and G. Velo, On the Cauchy Problem for the Zakharov system, J. Funct. Anal., 151 (1997), 384-436.

[25] R. H. J. Grimshaw, The modulation of an interval gravity-wave packet and the resonance with the mean motion , Stud. Appl. Math., 56 (1977), 241-266.

[26] A. Grünrock, Some local well-posedness results for nonlinear Schrödinger equations below L^2, preprint.

[27] A. Grünrock, A bilinear Airy-estimate with application to gKdV-3, preprint. [28] V. I. Karpman, On the dynamics of sonic-Langmuir soliton, Physica Scripta, 11 (1975), 263-265.

[29] T. Kato, On nonlinear Schrödinger equations, Ann. Inst. Henri Poincaré, Physique théorique, 46 (1987), 113-129.

[30] T. Kawahara, N. Sugimoto and T. Kakutani, Nonlinear interaction between short and long capillary-gravity waves, J. Phys. Soc. japan, 39 (1975), 1379-1386.

[31] C. E. Kenig, G. Ponce and L. Vega, Oscillatory integrals and regularity of dispersive equations, Indiana Univ. Math. J., 40 (1991), 33-69.

[32] C. E. Kenig, G. Ponce and L. Vega, Small solutions to nonlinear Schrödinger equations, Ann. Inst. Henri Poincaré, Analyse nonlinéaire, 10 (1993), 255-288.

[33] C. E. Kenig, G. Ponce and L. Vega, Well-posedness and scattering results for the generalized Korteweg-de Vries equation via the contraction principle, Comm. Pure Appl. Math., 46 (1993), 527-620.

[34] C. E. Kenig, G. Ponce and L. Vega, The Cauchy problem for the Korteweg-de Vries equation in Sobolev spaces of negative indices, Duke Math. J., 71 (1993), 1-21.

[35] C. E. Kenig, G. Ponce and L. Vega, A bilinear estimate with applications to the KdV equation, J. Amer. Math. Soc., 9 (1996), 573-603.

[36] C. E. Kenig, G. Ponce and L. Vega, Quadratic Forms for the 1-D semilinear Schrödinger equation, Trans. Amer. Math. Soc., 348 (1996),no 8, 3323-3353.

[37] C. E. Kenig, G. Ponce and L. Vega, On ill-posedness of some canonical dispersive equations, Duke Math. J., 106(2001), 617-633.

[38] Ph. Laurençot, On a nonlinear Schrödinger equation arising in the theory of water waves, Nonlinear Anal. TMA., 24 (1995), 509-527.

[39] Yan-Chow. Ma, The complete solution of the long wave - short wave resonance equations, Stud. Appl. Math., 59 (1978), 201-221.

[40] K. Nishikawa, H. Hojo, K. Mima and H. Ikezi, Coupled nonlinear electron-plasma and ion-acoustic waves, Phys. Rev. Lett., 33 (1974), 148-151.

[41] E. Stein, G.Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press, (1971).

[42] W. A. Strauss, Existence of solitary waves in higher dimensions, Math. Phys., 55 (1977), 149-162.

[43] R. S. Strichartz, Restriction of Fourier transform to quadratic surfaces and decay of solutions of wave equations, Duke Math. J., 44 (1977), 705-714.

[44] M. Tsutsumi, Well-posedness of the Cauchy problem for a coupled Schrödinger-KdV equation, Math. Sciences Appl., 2 (1993), 513-528.

[45] M. Tsutsumi and S. Hatano, Well-posedness of the Cauchy Problem for long wave - short wave resonance equation, Nonlinear Anal. TMA., 22 (1994), 155-171.

[46] M. Tsutsumi and S. Hatano, Well-posedness of the Cauchy Problem for Benney’s firsts equations of long wave - short wave interactions, Funkcialaj Ekvacioj, 37 (1994), 289- 316.

[47] Y. Tsutsumi, L^2-solutions for nonlinear Schrödinger equations and nonlinear group, Funkcialaj Ekvacioj, 30 (1987), 115-125.

[48] K. Yajima, Existence of solutions for Schrödinger evolution equations, Comm. Math.

Phys., 110 (1987), 415-426.

[49] N. Yajima and M. Oikawa, Formation and interaction of sonic-Langmuir soliton, Progr.

Theor. Phys., 56 (1974), 1719-1739.

[50] N. Yajima and J. Satsuma, Soliton solutions in a diatomic lattice system, Progr. Theor.

Phys., 62 (1979), 370-378.