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ABSTRACT. A discontinuous Galerkin discretization for second order elliptic
equations with discontinuous coefficients in 2-D is considered. The domain of
interest € is assumed to be a union of polygonal substructures Q; of size O(H;).
We allow this substructure decomposition to be geometrically nonconforming.
Inside each substructure €2;, a conforming finite element space associated to
a triangulation 7j,(€2;) is introduced. To handle the nonmatching meshes
across 0€2;, a discontinuous Galerkin discretization is considered. In this paper
additive and hybrid Neumann-Neumann Schwarz methods are designed and
analyzed. Under natural assumptions on the coefficients and on the mesh sizes
across 0€);, a condition number estimate C(1 + max; log %)2 is established
with C' independent of h;, H;, h;/hj, and the jumps of thez coefficients. The
method is well suited for parallel computations and can be straightforwardly
extended to three dimensional problems. Numerical results are included.

1. INTRODUCTION

In this paper a discontinuous Galerkin (DG) approximation of elliptic problems
with discontinuous coefficients is considered [8]. See [4] and references therein for
an overview on local DG discretizations. The problem is considered in a polygo-
nal region 2 which is a geometrically nonconforming union of disjoint polygonal
substructures €;, i = 1,..., N. The discontinuities of the coefficients are assumed
to occur only across the interfaces of the substructures 0€2;. Inside each substruc-
ture €2;, a conforming finite element method is introduced to discretize the local
problem, and is allowed nonmatching triangulations to occur across the 0€2;. This
kind of composite discretization is motivated by the location of the discontinuities
of the coefficients and by the regularity of the solution of the problem. The dis-
crete problem is formulated using a symmetric DG method with interior penalty
(IPDG) terms on 0%;. To deal with the discontinuities of the coefficients across
the substructure interfaces, harmonic averages of the coefficients are considered on
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these interfaces; see [8]. The consistency of this discretization is given in [9] while
an optimal a priori error estimate is established in [8]; see also Lemma 2.2 below.
IPDG methods based on harmonic averages of the coefficients were also considered
for advection-diffusion-reaction problems [6] to obtain stable discretizations.

The main goal of this paper is to design and analyze additive and hybrid Neu-
mann - Neumann algorithms for the resulting DG-discrete problem. This type
of algorithms is well established for standard conforming and nonconforming dis-
cretizations [14, 26, 27, 30, 29, 20], however, no enough attention were payed to DG
discretization. We note that other types of preconditioners were considered for solv-
ing discrete IPDG problems. In connection with two-level domain decomposition
preconditioners, we mention [15, 16, 23, 5, 1, 2, 7, 25], where small and generous
overlapping Schwarz methods were considered for DG discretizations. In connection
with multilevel preconditioners for DG problems, we mention [17, 19, 24, 22, 21].
These papers focus on the scalability of the preconditioners with respect to mesh
parameters, however, only few discussions were considered on the robustness with
respect to jumps of the coefficients across the substructuring interfaces. For classical
conforming and nonconforming discretizations, it is known that, in two dimensions,
domain decomposition and multilevel methods may lead to robust preconditioners
with respect to jumps of the coefficients; see [30]. In three dimensions, however,
the robustness of these methods can be achieved only in special circumstances such
as when every subdomain touches part of the Dirichlet boundary or when only
few cross points do not satisfy the quasi-monotonicity condition on the jumps of
the coeflicients; see [12, 31, 18]. For more general discontinuous coefficients, the
robustness of these methods can be achieved when coarse problems based on dis-
crete harmonic extensions are introduced; see [14, 12, 14, 27, 29, 13, 28]. The same
robustness issues also occur for DG discretizations, hence, the notion of discrete
harmonic extension in the DG sense was also introduced in the Technical Report
[11] in order to design robust N-N algorithms; see also [10] for numerical experi-
ments. We point out that only the geometrically conforming case was treated in
these works. Here in this paper we extend these results to the geometrically non-
conforming case and introduce new N-N coarse spaces and solvers. We note that,
using the techniques developed in this paper, we can extend the Balancing Domain
Decomposition by Constraints (BDDC) methods for DG discretizations [9] to the
geometrically nonconforming case.

The problem is reduced to the Schur complement form with respect to unknowns
on 0, for i = 1,..., N. Discrete harmonic functions defined in a special way are
used in this step. The methods are designed and analyzed for the Schur complement
problem using the general theory of N-N methods; see [30]. The local problems are
defined on €; and faces or part of faces of 9€2; which are common to €;. The
coarse space is defined using a special partitioning of unity with respect to the
subdomains €2; and introducing master and slave sides of local interfaces between
substructures. Recall that we work with a geometrically nonconforming partition of
2 into substructures Q;, i =1,..., N. A (part of) face F;; = 0; N 0%}, is a master
when p; > Cpj, otherwise it is a slave, so if Fj; C 0€); is a master then Fj; C 0§,
F;; = Fy;, is a slave. The h;-triangulation on Fj; and hj-triangulation on Fj; are
built in a way that h; > Ch; if p; > Cp;. Here h; and h; are the parameters of
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the triangulation in ; and Q;, respectively, and C' is a generic constant of O(1).
We prove that the algorithms are almost optimal and their rate of convergence is
independent of the mesh parameters, the number of subdomains €2; and the jumps
of coefficients. The algorithms are well suited for parallel computations and they
can be straightforwardly extended to three-dimensional problems.

The paper is organized as follows. In Section 2 the differential problem and its
DG discretization are formulated. In Section 2.3 the Schur complement problem is
derived using discrete harmonic functions in an special way. Some technical tools
are introduced in Section 3. Section 4 is dedicated to introduce important nota-
tions and the interface condition on the coefficients and the parameters steps, see
Assumption 4.1. Two additive Neumann-Neumann Schwarz preconditioners, one
based on a small coarse space and another based on a larger coarse space, are de-
fined and analyzed in Section 5. In Section 6 we present the Balancing Domain
Decomposition versions. Finally, in Section 7 some numerical experiments are pre-
sented which confirm the theoretical results. The numerical results show that the
introduced Assumption 4.1 is necessary and sufficient.

2. DIFFERENTIAL AND DISCRETE PROBLEMS

In this section we study in detail properties of the discrete problem.

2.1. Differential problem. Consider the following problem: Find u* € HE(Q)
such that

(2.1) a(u*,v) = f(v) for all v € H}(Q)

where
N
a(u,v) = Z/inU - Vudz and f(v) := /fvdx.
i=1 7% Q

Here, Q = UY ,Q; where the substructures ; are disjoint regular polygonal sub-
regions of diameter O(H,;). We assume the substructures 2; form a geometrically
nonconforming partition of €2, therefore, for all 7 # j the intersection 9€2; N 9€; is
empty, a vertex of Q; and/or €2, or a common face or part of a face of 9€2; and 09;.
In case the intersection is empty or a common vertex €2; and €2, or a common face
of Q; and §2;, we say that a partition is geometrically conforming. For simplicity
of presentation we assume that the right-hand side f € L?(Q2) and the coefficients
p; are all positive constants.

2.2. Discrete problem. In each €); we introduce a shape regular triangulation
7:(Q;) in each €; with triangular elements and mesh parameter h;. The resulting
triangulation on {2 is in general nonmatching across 9€;. We introduce X;(£2;) to
be the regular finite element (FE) space of piecewise linear and continuous functions
in 7;(£2;). We do not assume that functions in X;(£2;) vanish on 9€2; N 9. We
define

Xh<Q) = X]_(Ql) X oo X XN(QN)

and represent functions v of X, () as v = {v;}¥,| with v; € X;(;).
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The discrete problem obtained by the DG method, see [4, 8], is of the form: Find
up € X3 (2) such that
(2.2) ap(uf,vp) = f(vy)  for all vy, € Xp(0)
where
(2.3) (u,v) = Z a;(u,v) and f(v / fuidx.
i=1

Each bilinear form a; is given as a sum of three bilinear forms:

(2.4) ai(u,v) := a;(u,v) + s;(u, v) + p;(u,v),
where
(2.5) a;(u,v) == / piVu; Vu;dz,
Q;
Pij Ou; ov;
si(u,v) :== / ( (v; —v;) + (u; — uz)) ds

F”CZaﬂ, Fl] ’LJ anl anl J
and
(2.6) Z / Pij 9 — u;)(v; —v;)ds.

F;;COQ; Lij ”

Here, the bilinear form p; is called the penalty term with a positive penalty param-
eter 0. In the above equations, we set {;; = 2 when F;; = 09; N 9§, is a common
face (or part of a face) of 9Q; and 09, and define p;; := 2p;p;/(p; + p;) as the
harmonic average of p; and p;, and h;; := 2h;h;/(h; + h;). In order to simplify
notations we include the index j = 0 when Fj5 := 09; N 0N is a face of 9); and
set l;p := 1 and let vg = 0 for all v € X (), and deﬁne pio = p; and h;p 1= h;.
The outward normal derivative on 9€; is denoted by 5-—. We note that when p;;
is given by the harmonic average then min{p;, p;} < p;; g 2min{p;, p;}.

We also define the positive bilinear forms d; as
(2.7) d;(u,v) := a;(u,v) + p;(u,v),
and the broken bilinear form dj, for X5 () with weights given by p; and %Zﬂ by

N

(2.8) dp(u,0) ==Y d;i(u,v).
i=1

For u = {u;}.; € X,(Q) the associated broken norm is then defined by
(2.9)

1) pZ
Jull = dn(u,w) Z{pz | Vus By + Y0 02 [ i uds),
Fico0; ¥ hij Fw

It is known that there exist constants o = O(1) > 0 and 0 < ¢ < 1 such that for
0 > do, we have |s;(u,u)| < cd;(u,u) and ), s;(u,u) < cdp(u,u), and the lemma
follows:
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Lemma 2.1. There exists 09 > 0 such that for § > 69 and for all u € X, () the
following inequalities hold:

(210) ’yod’i(u? U) < CALI(U,U) < ’Yldi(U,U), t=1,... 7N7
and
(2.11) Yodn(u,u) < ap(u,u) < y1dp(u, u)

where vo and 7y, are positive constants independent of the p;, h; and H;.

For the proof we refer to [8] or [9]. This result implies that the problem (2.2) is
elliptic and has a unique solution.

A priori error estimates for the method are optimal for constant coefficients,
and also for the case where h; and h; are of the same order; see [3, 4]. For dis-
continuous coefficients p; and/or for h; and h; are not on the same order, we have
the following Lemma 2.2. For the proof, see Theorem 4.2 of [8] and Lemma 2.2 of [9].

Lemma 2.2. Let u* and u} be the solutions of (2.1) and (2.2). For u* € H}()

and u*|o, € H*(Q;), i=1,...,N, we have
lus —willh <Y Wi+ D ™ pile* 32 q,)
i=1 Fi;CoQ; ¢

where C is independent of h;, H; and p;.
2.3. Schur complement problem. In this subsection we derive the Schur com-

plement bilinear form for the problem (2.2). We first introduce auxiliary notations.

Define X?(€;) as the subspace of X;(€;) of functions that vanish on 9€;. A
function u; € X;(Q) can be represented as

(2.12) w; = Hiw; + Piu;

where H,u; is the discrete harmonic part of w; in the sense of a;(.,.), see (2.5), i.e.,
ai(Hiui, Ui> = 0 forallv; € XZO(Ql)

(2.13) { Hiu; = u; on 0%,

while P;u; is the projection of u; into X2 (£2;) in the sense of a;(.,.), i.e.,

(2.14) a;(Piui, v;) = a;(u;,v;) for all v; € X7 ().

Note that H;u; is the classical discrete harmonic part of u;. Let us denote by X7 (€2)
the subspace of X}, () defined by X () := X7 (1) x --- x X3(Qn) and consider
the global projections Hu := {H;u; }Y ; and Pu := {Pu; } V| : X5(Q) — X7 (Q) in
the sense of Zfil a;(,-). Hence, a function u € X3 (£2) can then be decomposed as

(2.15) u = Hu + Pu.
Alternatively to (2.15), a function u € X, () can be represented as
(2.16) u = Hu + Pu,

where Pu = {Piu N, : Xu(Q) — X7 () is the projection in the sense of the
original bilinear for ay (-, ), see (2.3), while Hu = {H;u}Y | € X;,() where H;u is
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the discrete harmonic part of u in the sense of @;(.,.) defined in (2.4), i.e., Hyu €
X;(£2;) is the solution of

ai(Hiu,v;)) =0 for all v; € X2(),
(2.17) Hiu = u; on 09,
Hiu = uj on every (part of) face Fj; C 09;.

Here the index j in the last equation of (2.17) runs over all ; and j = 9 such that
Q,NQ; and OQ; NQ has nonzero measure, respectively. In the latter case, recall that
ug = 0.

Observe that since Pu; € X7 (€;) we have that for all v; € X7 (),

ai (P, v;) = an(u, Eiv;),

where FE; is the standard discrete zero extension operator, i.e., F;v; := {vj}j»v:l,

where v; vanishes for j # i; see also Section 4 for the definition of others zero
extension operators I; and 1:1-.

The discrete solution of (2.2) can be decomposed as uj = 'Hu; + 75“2 To
compute the projection ﬁu; we need to solve the following set of standard discrete
Dirichlet problems:

(2.18) ai(ﬁiu,ﬁ,vi) = f(Ei’Ui) for all v; € XZO(QZ)

Note that these problems, for ¢ = 1,... N, are local and independent, and so, they
can be solved in parallel. This is a precomputational step.

We next formulate the problem for '):(u,’; We first point out that for v; € X7 (€;)
we have

. pij ,Ov;
(2.19) ai(ui,vi) = (piVui, Vo) 2+ Y ﬁ(%»ug‘—ui)m(m)'

Fij CcoN;
Note that (2.17) has a unique solution. To see this, let us rewrite (2.17) in the form
. ; O
(2.20) pi(VHu, Vo) 2y = — Y ﬁ;ﬂ(%vuy‘ — W) L2(Fy;)
ij on
FijCaQ,;

where goz is the nodal basis function of X?(£2;) associated with any interior nodal
point zj of the h;-triangulation of €2;. The normal derivative %L;Zc does not vanish
on 99; when z; is a node of an element of the triangulation 7;(£2;) touching 9€;.
We see that ’}:liu is a special extension into €); where w is given on 9€2; and on all
(part of) faces Fj;. Therefore, H;u depends not only on the values of u; on 99;
but also on the values of u; given on Fj; = 9Q; N 0Q; and on Fy; (we already have
assumed ug = 0). Note that H,;u is discrete harmonic except at nodal points close
to 89;. We will sometimes call H;u as the discrete harmonic in a special sense, i.e.,
in the sense of a;(, ).

Observe that (2.17) for u € X, () is obtained from

(2.21) an(Hu,v) =0
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when taking v = {v;}X, € X2(Q). It is easy to see that Hu = {Hu}Y, and
Pu = {Pyu;} N, are orthogonal in the sense of ay(.,.), i.e.,

(2.22) an(Hu, Pv) = 0, u,v € X"(Q).
In addition,
(2.23) HHu = Hu and HHu = Hu

since neither Hu nor Hu changes the values of u at the nodes on the boundaries of
the subdomains €);; see (2.13) and (2.17).

Define
(224) Iy, = (Uiaﬂihi),

where 0, is the set of nodal points of 0€2;. We note that the definition of I',
includes the nodes on both triangulations of U;0S2;.

We are now in a position to derive the Schur complement problem for (2.2).

Applying the decomposition (2.16) in (2.2) we obtain
an(Huj, + Puj,, Hon + Pop) = f(Hon + Puy)
or
ah(Hu,*L,th) + 2ah(HuZ,7)vh) + ah(Pu,*L,’th) = f(H’Uh) + f(P’Uh).

Using (2.18) and (2.21) we have
(2.25) an(Hul, Hop) = f(Hup) for all vy, € X3, ().
This is the Schur complement problem for (2.2). We denote by V the set of all
functions vy in X,(Q) such that vy, = Hup, i.e., the space of discrete harmonic
functions in the sense of the H. We rewrite the Schur complement problem as
follows: Find uj € V such that
(2.26) S(uy,vn) = g(vn) for all vy, € V
where, here and below, uj = ﬂu; and
(2:27) S(un,vn) = an(Hup, Hoy) and g(vy) := f(Hop).

The Schur complement problem (2.26) has a unique solution.

3. TECHNICAL TOOLS

Our main goal is to design and analyze Neumann-Neumann (N-N) methods for
solving (2.26). This will be done in the next sections. We now introduce some
notations and facts to be used later. Let u = {u;}Y; € X;,(Q2) and consider d;(-, -)
and dp(-,-), the bilinear forms defined in (2.7) and (2.8), respectively. First note
that for u € X;(Q), Lemma 2.1 states that

(31) ’YOdh(uau) < ah(ua u) < ’YIdh(uvu)y

where 7y and 7; are positive constants independent of h;, H; and p;. Additionally,
the following lemma shows the equivalence between the discrete harmonic functions
in the sense of H and in the sense of H. For the proof of the following lemma we
refer to [9].
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Lemma 3.1. For u € X, (2) we have

(3.2) di(Hyu, Hiw) < di(Hyu, Hiu) < Cdi(Hyu, Hyu), i =1,..., N,
and

(3.3) dp (Hu, Hu) < dp, (Hu, Hu) < Cdy,(Hu, Hu)

where Hu = {Hyu;}N, and Hu = {Hu}N, are defined by (2.13) and (2.17) re-
spectively, and C' is a positive constant independent of h;, u, p; and H;.

From (3.1) and (3.3) we have
(3.4) Yodn (Hu, Hu) < ap(Hu, Hu) < Cyidy (Hu, Hu)

and therefore, we can take advantages of all the discrete Sobolev norm results known
for ‘H discrete harmonic extensions and for the norm dj,.

4. NOTATIONS AND THE INTERFACE CONDITION

In this section we introduce local and global subspaces and bilinear forms on the
interface I'y; see (2.24). We also introduce a sufficient condition (Assumption 4.1)
for designing robust preconditioners and for deriving quasi-optimal bounds for the
condition number of the preconditioners. In Section 7 we show numerically that
Assumption 4.1 is indeed necessary for robustness.

First we classify substructures according to their position with respect to the
boundary 02. We say that a substructure 2; is an interior substructure or floating
substructures if ; does not share a face with the boundary of €2, i.e., when the size
(the Lebesque measure) of 9€; N I vanishes. Otherwise, we say it is a boundary
substructure or nonfloating substructure. We denote by N7 and Np the sets of in-
dices of interior and boundary substructures, respectively.

Recall that a common (part of) face of 9€2; to 9€2; has two sides, the side con-
tained in 0€2;, denoted by Fj;, and the side contained in 0f2;, denoted by F};. Note
also that geometrically F;; = Fj;. For convenience of notation we also introduce
fictitious faces Fy; = F;9 where Fy; = 0€; N 0N; see Subsection 2.2. Since in this
paper we consider only the zero Dirichlet boundary condition, functions defined
on Fy; must vanish, while functions on Fj5 are free to take any value. Through-
out this paper, F;; stands for a face (or part of a face) of positive Lebesque measure.

Let Q;5, and 982;;,, be the interior and boundary nodes of 7y, (€2;) in £2; and on
0§);, respectively. Define Fjjj, as the set of nodes of 9€;;,, that are on Fj;. Recall
that Fj; is a closed interval. We also define 0F}jj, as the set of nodes on Fjjj, that

are closest to the boundary 0F;;. Let Fyj;p, := Fi;n, \ OF;;n, be the set of interior
nodes in Fj;. Additionally, we define the extended boundary nodes 0°Fj;;, as the
union of 0F;;p,, and the nodal points y € 0€; \ Fj; closest to x € 0F;; when x is
not a nodal point. Note that when F;; is a full face of 0€);, then 0°F;j,, = 0F;;.

Let Fz—jhi = Fiyjn, UO0°Fijp,. See Figure 1 for an example. We define

(4.1) T = 691}1@ U U Fjihf
Fq‘,jcaﬂi
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7
i Fijn, = {1,2.3,4,5} Fyn, = {1,4},
6)l15 . Fijn, ={2.3}, & Fyn, = {1,4,5}
14 ijh ={4,5,6.7}, OFup, = {5, 7},
£ Fien, = {6}, 8 Fan, — {4,5,7)
13
& 4 Fjin, = {8,9,10,11,12}, 8Fjin, = {8,12},
(=]
el Fiin, = {9,10,11}, 8°Fjip, = {8,12}
3 Q
0 s Fiin, = {13,14,15,16,17} , F i, = {13,16},
2 Buin, = {14,15}, 8 Fiun, = {13,16,17)
(8
1

FIGURE 1. An example of nodes classification on an interface.

Note that I'; is defined to include the nodes on I'j, necessary for computing ﬂi;
see (2.17). Define W; as the space of piecewise linear functions defined by the nodal
values on I'; extended via H; (defined in (2.17)) inside Q, i.e.,

(4.2) W;:= {v : nodal values of v defined on €, UT'; and v = H;v in Qz} )

Observe that a function u(¥ € W; can be represented as

u® = {ul" Y1y where #(i) = {i} U {j: Fi; € 9}

; ) and uy) stand for the nodal values of (Y on €; and on Fjihj, respectively.
Recall also that sometimes we write u = {u;}}¥.; € V to refer to a function defined
on all of T'j, with each u; defined (only) on 99Q;; see Subsection 2.2. We point out
that F;; and Fj; are geometrically the same even though the mesh on the side Fj;
is inherited from the ©; triangulation while the mesh on the side Fj; corresponds

from the €2; triangulation. Note also that, according to our conventions, if ¢ € Np
and u(® € W; then ug) = 0 on the fictitious face Fjy;.

Here u(i

Define the extension operator I, : W; — V as follows: Given u(®) € W, let Liu®

be equal to u® at nodes of I'; and Q;p,, and zero on T, \T';, and extended by HIu®
elsewhere and denoted also by I;, i.e.,

- u(x) ifrel; U (olm
(43) Izu<x) = 0 ifx e Fh\FZ
ﬂfiu = fiu elsewhere.

In addition, we assign to each pair {Fij, Fji} a master and a slave side. If Fj; is a
slave side then Fj; is a master side and vice versa. If F;; is a slave side we will use
the notation d;; (instead of Fj;) to emphasis this fact, while if F}; is a master side
we will use the notation v;;. Note that since we are working with a geometrically
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nonconforming decomposition of 2, a part of a face can be labeled as master while
other part of the same face can be marked as slave. We will use the notation

o o —

Yijhi = Fihis Vijn; = Fijhis Vijhe = Fijni 0Vijh; = OFijn;, 0ijn, == 0°Fijn,
when Fj; is a master side. Analogous notation will be used also for a slave side §;;.
The choice of slave-master sides are such that the interface condition, stated next
in Assumption 4.1, can be satisfied. Under this assumption, Theorems 5.2, 5.5 and
Theorem 6.1 below hold with constants C' independent of the p;, h; and H;. This
assumption says basically that the coarser meshes h; should be chosen where the
coefficient p; are larger, and additionally, the master side should be chosen on the
side where the coefficient is larger.

Assumption 4.1 (The interface condition). We say that the coefficients {p;} and
the local mesh sizes {h;} satisfy the interface condition if there exist constants (3
and B2, of the order O(1), such that for any (part of ) face Fij, one of the following
inequalities hold:

(4.4) hi < Bih; and p; < Pop;  if Fij is a slave side, or
’ h; < Bih; and p; < Bap;  if Fij is a master side.
We associate to each €;,4 = 1,--- ,N a weighting diagonal matrices D(V) =

{Dl(i)}le#(i) on I'; UQ,p,. Let x be a node of I'; U2;p,,. Then, the diagonal element
of DU associated to  is defined by:

e On (OZihi @] 69“” (l = Z)

(4.5) pW (z) = 0 if xz € Fyjp, and Fj; is a slave side
! 1 otherwise,
e On Fjihj (l = ])
0 ifxe 605Fjihj,
(4.6) Dy) (r) =4 1 if z € Fjp,; and Fj; is a master side

0 if x € Fj, and Fjj is a slave side,

e For z € Fypp, we set Dz@ (x) =1.

Remark 4.2. We can define any value for D() on Qin, since, as we will see below,
the operator of interest is I; := I;D® and Lu(Y does not depend on the values of
u® on Qin, .

There are two alternative ways of defining the diagonal matrices D™ on T; and
still ensuring Theorems 5.2, 5.5 and 6.1 below to hold: 1) On (part of) faces Fj;,
where h; and h; are of the same order, the values of (4.5) and (4.6) at nodal points

o B
x of Fyp,; can be replaced by p?‘ipﬁ’ﬁ > 1/2 (see [29]); 2) Similarly, on (part of)
faces F;;, where p; and p; are of the same order, we can replace (4.5) and (4.6) at

o
hq
nodal nodes x of Fy;p, and Fjip; by Fith;
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The prolongation operators I; : W; — V,i=1,..., N, are defined as
(4.7) I = I,p.

It is easy to see that the image of I; forms a decomposition (a direct sum) for V'
since

N

(4.8) Z LT u =,
i=1

where the I stand for the restriction of V to W;.

5. ADDITIVE PRECONDITIONERS

To design and analyze additive N-N type methods for solving (2.26) we use the
general framework of ASM; see Lemma 5.1 below and [30]. In the Section 5.1
we consider an additive Schwarz method based on the coarse space Vy, ie., a
coarse space with one degree of freedom per interior substructure and no degree of
freedom per boundary substructure; see (5.5). Then we consider several variants of
this method.

5.1. Additive Schwarz method with the V;, ; coarse space. We now introduce
the local and coarse problems to define the additive Schwarz method Tg, ;.

5.1.1. Local problems. Recall the definition of I'; in (4.1) and the space W; in (4.2).
Define

Vi = Vi(ls) = {uld e Wi fo o’ =0}, ifien;
(5.1)
i.e., for interior substructures €2;, V; is the subspace of W; consisting of functions
with zero average value on 9€;, while for boundary substructuresl V; is the whole
space W;. We recall that a function v(¥ € W (or V;) then 0@ =H 0D andv eV
then v = Ho.

For u® v e Vi, i=1,..., N, we define the local bilinear form b; as
(5.2) bi(u® @) = a; (u®, 0@),
where the bilinear form a; is defined in (2.4). We define the operators T; : V — V|
i=1,...,N, by defining T; : V — V; as
(5.3) bi(Tyu, v = ay (u, Lu®) for all v € V;,

and then set T; = I;T}. It is easy to see, from Lemma (2.1), that these problems
are well posed.

5.1.2. Coarse problems. Let e(Y) € W; be the vector with value one at the nodes

of I'; and on ;p,,. Recall that the prolongation operators I, and I; are defined in
(4.3) and (4.7), respectively. Define ©; € V, fori =1,...,N, as ©; := ;0" where
0 = DWel, Hence, ©; = Lie® and ©; = HO;. Note from (4.5) and (4.6) we
have that
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N

(5.4) > ©;=1onTh

i=1

We consider the following coarse space:

(55) V()J = Span {Gi}iENI cV.
The coarse bilinear form is defined according to
H\ 2
(5.6) bo(u,v) = <1 + log h) an(u,v), u,v € Vyr.

Next we define the projection-like operator T : V — V1 as
(5.7) bo(Tou, v'0) = ap (u, v ) for all v € V1.

Let us denote below Vy = Vj 1 and Iy by the identity operator defined on functions
Vo C V.

The additive preconditioner is defined by

N
(58) Tas,] = ZT‘“
=0

Note that Ty ; is symmetric and from the abstract theory of ASM we have the
following:

Lemma 5.1 (See Theorem 2.7 in [30]). Suppose that the following three assump-
tions hold:
Assumption i) There exists a constant Cy such that for all u € V there exists a

decomposition u = Zij\io Lu® with u® € V;, i =0,1,...,N, such that

N
(5.9) bo(u®, u®) + Z bi(u®,u®) < C2ap(u,u).

i=1

Assumption ii) There exist constants €5, i,j =1,..., N, such that for all u® eV,

ul) € V; we have
an(Liu®, LuW)Y) < e;jan (Tu®, Lu®)Y 2ay, ([;u), [u9))/2,
Assumption i) There exists a constant w such that
ah(Iiu(i), Iiu(i)) < wbi(u(i),u(i)) for allu® € V;, i=0,1,...,N.
Then, Tys 1 s invertible and
C 2an(u,u) < ap(Tas.ru,u) < (ple) + Vway (u,u) for all u € V.

Here, p(e) is the spectral radius of the matriz € = {e;;}1;_; .



N-N FOR DG OF ELLIPTIC PROBLEMS ON NONCONFORMING SUBSTRUCTURES 13

5.1.3. Condition number estimation for T,s ;. In this section we state and prove
the main result concerning the preconditioner defined in (5.8) with Vo = Vj ;.

To avoid the proliferation of constants, we will use sometimes the notation A < B
to represent the inequality A < (constant)B, and A < B if A < B and B < A,
where the (constant) does not depend on H;, h; and p;.

Theorem 5.2. Let the Assumption 4.1 be satisfied. In addition, assume that for
i € N, the size of 0Q; NOK is of the same order as the diameter of Q;. Then there
exist positive constants C1 and Cs independent of h;, H; and the jumps of p; such
that

7\ 2
(65.10)  Chap(u,u) < ap(Tos,1u, u) < Co <1 + log h) ap(u,u) for allu € V.

Here log(H/h) = max; log(H;/h;).

Proof. By the general theory of ASMs we need to check the three key assumptions
of Lemma 5.1.

Assumption i) In order to verify (5.9) it is enough to prove (see Lemma 2.1)
that for every u = {u;}}\, € V, there exist u¥ € V;, i = 0,..., N, such that
u=u® + vazl Lu® and

N
(5.11) bo(u @, u(®) + Z bi(uD, uD) < C2dy (u,u)
i=1
where Cy does not independ on h;, H; and p;.

Recall that ©; = I,e® where e(® has value one at the nodes of I'; and Ellh See
also (4.5), (4.6) and (4.7). Let u = {u;}¥; € V and define

(5.12) u® =3 "m0, = > Lue,
iENT i€ENT

with

_ 1

hie 1092| Jag,

Since the operators I; defined in (4.7) form a partition of unity on 'y, see (4.8), we
can write

(5.13) widz, 1=1,...N.

N N
(5.14) w—u® =" L(ITu—te™)+ > L(IFu) =Y Lul,
1€ENT i€ENB i=1

where u® = [Ty — we® if i € N7, and v := ITw if i € Ng. Note that
v eV;i=1,---,N.

Note that u(? can be represented as u(?) = {ul(i)}le#(i) eV, fori=1,---,N.
For i € N7 we have

(5 15) { ugz) = U; — mel(.i) =u; —Uu; on ﬁi,
u

j — ﬂie(-i) =u; —U; on Fji, for all Fij C 08,
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while for ¢ € N we have
(¢
(5.16) { i,
J
Using Lemma 2.1 we have that for¢=1,--- | N,

i i i Pij i i
b ul) =2 | VHi? [Ga@y + D 65 [l —ul? far,)
FijCé)Qi v

Pij
(5.17) = pi | VR 72000 + 057 Nl i =y 72, -
Fijcaﬂ,i v

=wu; on 08,
u; on Fji, for all Fij C 09;.

It remains to estimate bo(u(o)7 u(o)). In Lemma 5.3, see below, we will prove that

7\ 2
(5.18) dp(u@, ) < C (1 + log h) dp(u,u),

and therefore, together with Lemma 2.1 and the definition of by in (5.6), we have
that
(5.19) bo(u'®, u?) < Cay(u,u)

where C does not independ on h;, H; and p;.

Assumption i) We need to prove that
(5.20) an(Liu®, LuW) < sija,llm(liu(i), Lu®) a,ll/Q(Iju(j), Iiu)

for ¥ € V; and u¥) € V;, i,j = 1,---,N, and that the spectral radius of
€ = {5ij}£\”j:1, 0(€), is bounded. In our case g(¢) < C with constant indepen-
dent of h;, H; and p;, ¢ = 1,...,N. This follows from the fact that €;; vanishes
when I'; and I'; do not touch each other.

Assumption i1i). We need to prove that for i = 0,1,--- | N,
(5.21) an(Iu, [u®W) < wh(u®,u?)  for all u? € V;

with w < C (1 + log(H/h))* where C is a positive constant independent of h;, H;
and the jumps of p;. The proof of (5.21) for i = 0 with w = C (1 + log(H/h))?
follows from the definition of by(-,-), while for ¢ = 1,..., N, the proof will be
presented separately in Lemma 5.4 below. O

We now complete the proof of Theorem 5.2 by proving auxiliary results associ-
ated with (5.18) and (5.21). See Lemmas 5.3 and 5.4 below.

Lemma 5.3. Let the Assumption 4.1 be satisfied. Then for any v € V and u(®)
defined by (5.12), the following inequality holds

2
(5.22) dp(u®, w0y < ¢ (1 + log f) dp (u, )

where the constant C' does not independ of h;, H; and the jumps of p;.
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Proof. Let us denote u(®) = {ugo)}fil. By Lemma 3.1 it is enough to prove the
estimate (5.22) for Hu(® = {H;u{”}¥ ,. Let us denote Hu® by u(®). We have
(5.23)

N

0 0 pij 0 0
dh(u(0)7u(0)) = Z pi || VUZ(' ) ||%2(Qi) + Z 1. hj | w © - § ) ||%2(Fij)
i=1 Fij COQ; i

We now estimate the first term in (5.23). Let us consider first the case where
i € N7. From the definition of u(?) in (5.12) we see that on 9€;

G2 W-uel s Ywell - Y wed
045 COLY; 045 COLy, JENB
It is easy to see from (4.6) that when 6;; = Fj; is a slave side and F;p, is

. [e]
empty then @gJ ) vanishes. Hence, we consider only the cases in (5.24) which F';jp,

[e]
is not empty, and hence from the definition of F;;;,, we have h; < |F;;|, where |Fj;|
denotes the size (the Lebesque measure) of Fj;. In general, |Fj;| can be very tiny
due to the geometrically nonconformity of the €2; partition, however, this is not

the case when F';;p,, is not empty. Additionally, because Fj; is a slave side and the
Assumption 4.1 hypothesis holds, we have h; < h;; < h;. From (5.4) we have

(525) UEO) —U; = Z (ﬂj _Hz)@y) — Z ﬂj(':“)g]) on 09);.
045 COY 8,;CO0N;, jJENB

Using (5.25) we obtain

IV (ul” — ;) IZ2(00)

<1+1ogIZZ> S @-w)*+ > uw

0,5 CON; 85 COYy, ge./\/'B

| Vi HL2(Q )

(5.26)

PN

where we have used the following extension theorem

(9) 2
1 V0L 32y =1 0% 21

and the discrete inequality (see [30])

() |12 H;
100 Iy, = (141085 )

?

Now we estimate the term (%; —u;)? in (5.26). Denote

1 1
(5.27) ﬂi-:—/ u;ds and ﬂ-i:—/ w;ds.
T Fy] Fi | Fl Fy; !
Note that h;; < h; < |F;;| and so
_ _ 9 1
(Wij —Uji)” = 7, |2( uj’1>L2(F”) = Huz “JHL?(F”)
ij

By the discrete and Poincaré inequalities, and using again that h; < |F};| we obtain

L H;
(5.28) (W —u5)? = <1 + log > | Vu; ||L2(Q y -
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Using the above estimates we obtain

W —w;)* = (W —Tgy)* + (W — Wj)° + (W — )

H; 1
= (1 +log — ) | Vu; ”L2 Q) +h | wi — Uj H%2(1’1‘1‘)
ij

A

H;
(5.20) ; Q+mg >HV%|mm)

We point out that the log factor above in (5.28) can be dropped if |F;;| < H;. See
Remark 5.6 below.

Now we estimate the term @; in (5.26) for j € Np. Recall that uy = 0, hence,
up; = 0. Then, using the notation (5.27) we obtain

wW)?* = (W —Wo+Ujo — Uo;)°

H; 1
(5.30) (1+108 72 ) 190200, + 7 s = ol

A

We now estimate the first term in (5.23) for i € N, see (5.24). We obtain

0
IV o0y = D @R IOP e
8;;CO0;, JENT

<1+log ]Zl> Z ﬂ?

6ij Ccoy, jENI

(5.31)

PN

Here again, the log factor above in (5.31) can be dropped if |Fjs| < H;. See also
Remark 5.6.

To estimate the term 3 with j € N7 we use
(W;)? = {5 —W50)* + (Wjs — Wij)* + Wiy —Ws)* + (U — Wioy + Wip — Ti)” }
and then apply the same arguments given above. Substituting (5.29) and (5.30)

into (5.26) and recalling that p; < p;; < p; and h; < h;; = h; on every slave side
dij, we obtain

H 2
(5.32) Pi || VU(O) H%Z(QL) = (1 + log h) {:Oi H Vu; H%Q(QL)
Pij p )
+ Z pi || Vu; ||2L2(Qj) + ﬁ | wi = HL?(FU) +hj | uj = uo ||2L2(F1'8) }
0;5CQy !

It remains to estimate the second term of (5.23). Observe that the estimate is
obvious for Fjy since u(® = 0 on Fy; and Fi5. when i € Nz. Assume now that
i € Nt and j € Nj. We consider separately the cases when F;; is a master and a
slave side. Suppose that Fj; = -;; is a master side. We have on Fj;

z J

(5.33) WO — Wl = el - (ﬂj@§j) +m@§i))
= (w —1;)0Y.
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Hence,
1 0 0 1 _ _ ; _ _
ol = ary= 5@ =) 1105 ()= (@ — 1)
ij ij
where we have used that h; < h;; < h; and
(5.34) 1O 132k, = By

since @;j) vanishes on F'j;p,;. Using (5.29) and p; < p;; < p; we obtain

Pij 0 0 H;
B il Bageyy = (141087 ) o0 Vs e

hij
pii
+ hi | wi —u; H%Q(FU)
ij
Hj 2
(5.35) + |\ 1Hlog = ) pj || Vi [[z2q,) -
J

Now assume that Fj; = §;; is a slave side. In this case on F;; we have, see (5.33),

U(O) — ugo) = ﬂz(‘)gl) + ’le]@EJ) — ﬂ]@y) = (ﬂz — ﬂj)@z(-i),

therefore, we get
Pij 0 0 Pij — i
636 g2l = = 52 @ - T) 1 O e,

= pij (W — ;) < (1 + log h) pi |l Vui [I72(q,)

pis H,
+hizj || U; — Uj H%2(Fij) + <1 +10g h;) Pj || V’u]‘ ”%2(91)
in view of (5.34) for ¢;; C 9€2; and (5.29).

Assume now i € N7 and j € Ng. Since i € N7 then u§
Fi; = 0;5 is a slave side or Fj; = 1;; is a master side then
Pij I MON

0 —
e w” am,) = i ()’
(¥

%) yanishes on Fy. If

and using that

@ =X (@ — i) + (U — 50)° + (W — )* + (@ — Gjo + Tjo — Toj)?
and the same arguments given before, the estimate follows. The case i € Np and
j € N follows from the previous case.

Substituting (5.32), (5.35) and (5.36) into (5.23) we get (5.22 ). O
In order to complete the proof of Theorem 5.2 in the next lemma we prove the

inequality (5.21).

Lemma 5.4. Let the Assumption 4.1 be satisfied. In addition, assume that for
i € Np the size of OQ; N O is of the same order as the diameter of Q;. Then for
u eV, i=1,...,N, we have

. . H\? L
(5.37) an(L;uD, LuW) < C (1 + log h> bi(u®, u™),



18 MAKSYMILIAN DRYJA, JUAN GALVIS, AND MARCUS SARKIS

where C' does not independ on h;, H; and the jumps of p;.

Proof. To prove (5.37) we can replace the terms ay (Lu™, Lu) and b;(u®, u()
by dn(H;L;u®, HI;u®) and d;(H;u®, Hu®), respectively; see Lemma 2.1 and
Lemma 3.1.

In order to simplify notations, all the functions are considered as harmonic ex-
tensions in the H sense. Hence, we denote HI;u® by D®Wu® and Hu® by u®
and let (") = {ul(i)}le#(i) € V;. Using (2.7), (2.8) and (4.7) we obtain

(5.38)  dp(DDu® DOy®y = g;(DDuD | D@y 4 z:dj(p(i)u(i)7 D@y

J
where the sum is taken over {}; with common faces or part of faces to ;. The
first term of the right-hand side of (5.38) can be estimated as follows. From the
definition of d; in (2.7) we write

di(D(i)u(i)7 D(i)u(i))

i), (i 0 pij i) (i i) (i
(539) = pl VD u e+ D 5 I DY = D [ -
FijcoQ, W
We now bound the first term of (5.39). We note that
(5.40)

pi I VDU 32000 < 20 {Il VDD = ul?) [Faiqy + | Vi 2, |
and observe that from the definition of DZ@ in (4.5) and (4.6) we have

(4), (3) (1) 112 ~ (1) 2
(5.41) pi |l V(D; u;” — u, )”L?(Qi)g ¢ Z pi || ”Héf(éu)'
SijCBQi
(4) (4)

/= u;’ at the nodal points in d;.,., and Y = 0 at 0%0;;n. and at the
) [ p Jhis i Jhi

remaining nodes of 9€2;;,,. Note that the support of ﬂgi) is contained in d;;. Also
recall that §;; denotes Fj; when Fj; is a slave side. For i € N7, the local function
ul@ has zero average value on 0§2;, hence, we can bound the Hég ®_norm of 111(-1) by
(see for example [30])

Here, @

(i H;\° i
8 g = (1410852 ) it B

For i € N we have

H;\? i 1
pilit )”2362(6“) = <1 + log hi> Pi {Uz( )ﬁ{l(ni) + F3||UE )|%2(Qi)}

H;\* i LG
(5.42) = (1 + log m) pi {Uf )\%11(91-) + EHUE )||2L2(Fia)}
where F;9 C 0. To get the inequality in (5.42) we have used the following estimate
1 i 2 i _(3 (%
e ey < g {1 = 08y + 103 e, }
i 1 G
(5.43) < ful )ﬁll(szi) + ﬁ”uz(' )||2L2(Fia)

where 1252) = fFva ugi)ds/|Fia|. Note that we have used the assumption that the
size |F;p| < H; in order to avoid an extra log factor in the inequality (5.43). In the
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case this assumption is not satisfied, the coarse basis function ©; must be added to
the coarse problem to obtain the estimate with (1 + log(H;/h;))? factor. We point
out that the coarse space Vp rup defined later in (5.59) includes automatically such
functions; see that Theorem 5.5 below does not assume that the size of 92; N N2
is of the same order as the diameter of ;. Using the estimates (5.41) and (5.42)
in (5.40) we get

(5.44) Pz‘”VDEl)UEZ)H%%Qi)
H;\? , 1,
S G (A Al e Py

We now estimate the second terms of (5.39) with F;; C 0Q;. First note that the
estimate is straightforward for boundary faces F;s since by definition ug) =0 and
D =1 on Fj5. We now estimate the terms of (5.39) when the d;; = Fj; is a slave

7

side. From (4.5) and (4.6) we have
| D = Dl (35, = hymax fuf” 2,

and recalling that p; < p;; < p; and h; < h;; < h; we obtain

Pij i) (i i) (i i
22 D = D a5,y % prmac” P
1) ©Jj
H; i 1 i
(5.45) < (1 +log h) pi {u§- i + zllul >|i2<m>} :

To estimate of the second term of the right-hand side in (5.45) we use a Poincaré

inequality (recall ugi) has zero average value on 9€2;) when i € N7, and we use the
inequality (5.43) when i € N. Thus

Pij i) (i i) (i
#||D§ Il — D§ )u§ )||2L2(5ij)
ij

H; i L G
(5.46) = (+1og 50 i {[ul sy + 10 o )

Now consider the case where y;; = Fj; is a master side. Remember that on a master
side, h; < hy; = h; and p; < p;; 2 p;. We have

(547 DPu” — DU oy <l ul” =4l 2y + 128 2y,

where

wiea"/Fjihj

Here, gof; are the nodal basis functions on Fj; j,; corresponding to the nodes xi on
0°Fji ;- Let us denote the support of zJ(-Z) by Szj,” on Fj; and see that |SZ§'L)| = h;.
We have

(5.48)) 25" luzcs )2 Nuacs )= s = ulFegy,,) + lu”lZ
% %5 5(=5")
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The second term of the right-hand side of (5.48) can be estimated by

||ul(,l)||%2(s, @) < Chj I%axlugz)|2
5 ij

H; i LG
(5.49) = h; (1 + log hi) {|U£ )ﬁ[l(ﬂi) + EH“E )%2(Fia)} ;
where we have used a Poincaré inequality for 4 € A7 and the estimate (5.43) for
i € Np. Using (5.48) and (5.49) in (5.47 ) we get

pij

Pij . (i i H; i LG
B o) — P aqry + (14108 52 ) 0 {190 a1 e
i 4 4

(5.50) 1D = DV |[fa ) 2

We now use the estimates (5.44), (5.45) and (5.50) in (5.39) and Lemma 2.1 to
obtain

(5.51) d;(DWu® DOy 0y < (1 + log h') bi(u® ).

’L

We now estimate the second terms of (5.38) by bounding d;(D®@u(®), D))
by b;(u®,u). For u = {uy)} € V; we have

d,(,DDu®, J,D0 )
— (D), |12 0 pij (1), _ p@),, ()2

(5.52) =p; | VD u;” (120, —I—EhTJ Fi'(Di u;” — Doy’ ) dw.

We only need to estimate the first term of (5.52) since the second term has been

already estimated; see (5.45) and (5.50). If Fj; is a slave side of 0€); then Dj(-l)

vanishes, and so vanishes || VD§i)u§i) H%2(Qj). We now estimate the case where

7i; is a master side of Fy; = 0§); N 092;. On Fj; we decompose ug»i) = w;i) +
Do €o°Fyuy ugz)(x{c)ch where wj(-i) = D§i)u;i), ie., wj(-i) equals ugi) at the nodes in
k ihj

)

Fjin; and zero at the nodes in 9°Fj;;,,. Note that the support of wy) belongs to
F;;. We have

IA

(1) 12 (1) 42
I Vel Begy = Il g

(1)\2
()2 (wj )
{|wj |H1/2(Fji) + /F” dist(s, OF};)

We now estimate the first term of (5.53). Let (); be the Lo- projection on the hj -
triangulation of Fj;. Then

(5.53)

ds}.

(554) |w§z)|§{1/2(Fji) < 2{|’LU§Z) - quz(’l)|i[1/2(Fji) + |quz('z)|?{1/2(Fﬂ)}
1 i i i
= g el =l Magey 1 Vi e
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and
| w]@ - Ugl) \\%Z(Fji)
(5.55) <2{lul? —ul Bamy 1Y WP @)l e}

J
wkeaeFﬂ,hj

where the second term of (5.55) can be bounded as before, see (5.47)-(5.49).

It remains to estimate the second term of (5.53). In order to simplify the argu-
ments, we take F;; as the interval [0, H]. Note that

(w(i))2 H/2 (w(i))2 H (w(i))Q
5.56 | amiargtes [ s [ i
(5.56) 7, dist(s, 0F};) 0 s 2 (H —s)
Let us estimate the first term in the right-hand side of (5.56). Let A be the most left
node of Fj;,, in [0, H/2] and note the size of the interval of [0, A] is O(h;). We have

/H/Z (w§i))2ds - /A (wéi))2d8 . /H/2 (ugi))QdS
o s o s A s

_ H/2 (,,@) _ (32 H/2 () (D)2
(ul(4))? + / W) gy / ) g

<
= b " s A s
; 1 i i
= @A+ o e =l ey
J
Hj ()12
+ <1 + log hJ> HI}%X |u; |
1 i i
<l = e,
3

H; H i 1 i
+ (1 + log T > (1 + log hj> {|u§ )‘%Il(ﬂi) + KHUE )||%2(F7-,3)}
i J 7

where (ugi)(A))2 has been estimated using (5.48) and (5.49). The second term of
(5.56) is estimated similarly. Substituting these estimates in (5.56) we get

(wj(l))Q
(5.57) /F dist(s, 08, ™

H\? i 1 i i Lo
< (141085 ) UV By + o 1 = By + oI B
J

Substituting (5.54) and (5.57) and together with (5.55) into (5.53), and then
substituting this resulting estimate with (5.45) and (5.50) into (5.52), and using
Lemma 2.1, we get

o L H\? L
(5.58) d;(DDu® DOy < (1 + log h) bi(u®, ™).
Using (5.51) and (5.58) in (5.38), we get

o L H\? L
dp (DD @ D@y < (1 +log h) by (u®, u®).
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5.2. Additive Schwarz method with the 1} ;up coarse space. We recall that
the upper bound C(1+log H/h)? in Theorem 5.2 requires the condition that [0£2; N
00| < H; for all i € Ng. Without this condition we obtain an upper bound
C(1+1log H/h)3; see the discussion below (5.43). To obtain an upper bound C(1 +
log H/h)? without this condition, we enhance the coarse space Vj s, see (5.5), by
adding boundary coarse basis functions, i.e.,

(5.59) Vorup = Span{O:} e nr, i, -

The additive preconditioner is then defined by
N
(560) Tas,IUB = ZTH
i=0

where the Tj is defined as in (5.7) except that now we replace Vo 1 by Vo rup. We
then obtain:

Theorem 5.5. Let the Assumption 4.1 be satisfied. Then there exist positive con-
stants Cy and Cs independent of h;, H; and the jumps of p; such that

7\ 2
(6.61) Chran(u,u) < ap(Tys, By, u) < Co (1 + log h) ap(u,w) for allu e V.

Here log(H/h) = max; log(H;/h;).

Proof. Use that Vo1 C Vo rup C V and repeat the proof of Theorem 5.2 with the
discussion below (5.43). O

Remark 5.6. There are cases where we can use the following coarse bilinear form,

~ g\ !
(5.62) bo(u,v) = <1 + log h> ap(u,v), u,v €V
and still keeping the two logs result (5.10) and (5.61) of Theorem 5.2 and Theorem
5.5, respectively. The cases are when the size of any face or part of a face Fj; and
F;9 are of the same order as H;. In such cases, it is easy to see that (5.22) in
Lemma 5.3 will hold with only one log; see the discussions in (5.29) and (5.31).

Remark 5.7. Finally we point ourt that all the bilinear forms b;,¢ = 0,--- | N
considered until now were based on exact solvers, i.e., based on the bilinear forms
an(Hu©® , Hu®) and a;(Hu®, H;u®). We note that, due to Lemma 2.1 and
Lemma 3.1, all the results will still hold if we replace those bilinear forms by
dp(Hu© , Hu©), and d;(Hu®, H;u®), respectively.

6. HYBRID PRECONDITIONERS

In this section we design and analyze an hybrid type (BDD) method for solving
(2.26); see [26, 30]. We consider the hybrid version of Ty s, see (5.8). The hybrid
version of Tys ruB, see (5.60), can be treated similarly.
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6.1. The method. Recall the definition of the I'; in (4.1), the spaces W; in (4.2),
the local subspaces V; in (5.1) and the coarse subspace Vy = Vo 1 in (5.5). Consider
the bilinear forms b;,s = 1,---, N, defined in (5.2).

Now define bilinear form aq as the exact bilinear form ay, i.e.,

(61) aO(uvv) = ah(uav)v U,V € VOv
with H defined in (2.17). Introduce the coarse projection Py : V' — V4 defined by
(6.2) ao(Pyu,v) = ap(u,v) for all v € V.

The hybrid method is defined as (see [30])

(6.3) Thypr = Po+ (I — Py) (ZT) I—Py),

where the operators T; were defined as T, = I, T; with T; defined by (5.3), i =
1,...,N.

Let the subspace Vi~ C V consists of functions w € V such that ay(w,vg) = 0,
for all vg € Vj. It is easy to check that if w € VOL then Ty rw € Vol. The PCG
algorithm for solving Ty v = w, w € VOL, searches for the best approximation
to the solution in the Krylov subspace generated by powers of T}, ; applied to
w. Assume the goal is to solve Su = g, where u = u}, see (2.26). We replace
this equation by Thyp ju = g where § = Thyp ru, and compute ug = Fyu. The
computations of g and ug can be obtained directly from g without the knowledge
of u by (5.3) and (5.7), respectively; see also [30]. Note that in our case u = v + ug
and w = Thyp,rv — Pyu belongs to V}Jl. Then we can solve Tjyp ;v = w using the
PCG algorithm operated on the subspace V.

6.2. Condition number estimate for T}, ;. (From the analysis of the additive
method Tys,; developed in Theorem 5.2 we can derive an analysis for the hybrid
method T},5,7. Observe that in both methods we have considered the same local
and coarse spaces. Note also that in the design of the hybrid method Thys ;1 we
have considered the bilinear form ag(:,-) defined in (6.1) rather than the bilinear
form bg(-,-) defined in (5.6). These two bilinear forms differ only from each other
by a scaling factor. For both methods we have considered the same local bilinear
forms b;(+,-) defined in (5.2).

Theorem 6.1. Let the Assumption 4.1 be satisfied. In addition, assume that for
i=1,---, N, the size of 0Q; N0 is of the same order as the diameter of Q;. Then
there exists a positive constant C' independent of h;, H; and the jumps of p; such
that

7\ 2
(6.4) ap(u,u) < ap(Thyp,ru,u) < C (1 + log h> an(u,u) for all u € Vi*.

Here log(H/h) = max; log(H;/h;).

Proof. Upper Bound: Using Rayleigh quotient arguments and properties of the
orthogonal projection Py, i.e., that (I — Py)Py = 0, we obtain

a(Th b.IU U)
)\max 1; = s
( hyb,I\VUL) uel\}'?i({o} alu, w)
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N N
e @ Em Tww) o an(y P+ 3, Tilus w)
uEVoL\{O} ah(u, U) UEVOJ‘\{O} ah(u, U)

N
< BP0+ T T
weV\{0} ap(u,w)

- Amax(TLJ,s,I)a

where v = (1 + log %)72 and Ty 1 defined in (5.8). Hence, the upper bound fol-
lows from the upper bound of Theorem 5.2.

Lower Bound: We obtain

. a(Th b IU u)
Amin (T = min —¥% 7
( hyb’I‘VOL) uevi\{o}y  alu,u)

N N
N T, Py+ N Tu,
i @ES T e+ S Ty

u€Vg-\{0} an(u,u) e>0 ueVz-\{0} ap(u,u)

N
>sup min an([ePo +3 i Tilu, U).
e>0 ueV\{0} ap(u,u)

It remains to show

N
(6.5) sup min an([ePo + 3icy Tilu, u)

> 1.
e>0 ueV\{0} an(u,w)

Let € > 0 be fixed. A lower bound estimation for €P0+Z£11 T; can be obtained from
the general theory of ASMs where we need to check the Assumption i) of Lemma
5.1. To check this assumption, let v € V and consider the same decomposition
Zfil Lu® = u described in the proof of Theorem 5.2, i.e., u(®) defined in (5.12)
and the u(),i = 1,--- | N defined in (5.14). Using the same steps of the proof of
Theorem 5.2 we obtain

eap (ug,up) < Ce(1 + log %)Qah(wu),

and
N . .
Z bi (D, u D) = ay (u, u).
i=1

Note that to obtain this equality we do not use d; as in (5.17). Instead, we work
with a; and we get an equality in (5.17) with right-hand side equals to @;. Summing
these equalities we get the above estimates. Hence, we obtain

N
; ; H
eap, (ug, ug) + Z bi(u®, V) < (1 + Ce(1 +log h)2> ap(u,u),

=1

and therefore

- an([ePo+ 28, Tilu,u) ( H 2) -
sup min 1= >sup | 1+ Ce(l + log — =1.
12b e\ {0} anp(u,u) >0 ( & h)
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7. NUMERICAL EXPERIMENTS

In this section, we present numerical results for the preconditioners introduced in
(5.8), (5.60) and (6.3), for the geometrically conforming and nonconforming cases.
We also show that the bounds of Theorems 5.2, 5.5 and 6.1 are reflected in the
numerical tests. In particular we show that the interface condition (Assumption
4.1) is necessary and sufficient.

1. Geometrically conforming case. Let choose the domain € = (0,1)? and
divide it into N = M x M equally spaced squares subdomains §2;. Inside each sub-
domain €2; we generate a structured triangulation with n; subintervals in each coor-
dinate direction and apply the discretization presented in Section 2 with § = 4. In
the numerical experiments we use a red and black checkerboard type of subdomain
partition. On the black subdomains we let ny, = 2* 2% and on the red subdomains
we let n, = 3%2L, where Ly and L, are integers denoting the number of refinements
inside each subdomain €2;. Hence, the mesh sizes are hy, = 2;;; and h, = %,
respectively. We solve the second order elliptic problem —div(p(z)Vu*(z)) =1 in
Q) with homogeneous Dirichlet boundary conditions. We consider p(z) to be piece-
wise constant with different positive constants in substructures. In the numerical
experiments, we run PCG until the I, initial residual is reduced by a factor of 10°.

7.1.1. Hybrid preconditioner. We first test the hybrid preconditioner (6.3). In the
first test we consider the constant coefficient case p, = p, = 1. We consider different
values of M x M coarse partitions and different values of local refinements Ly = L.,
therefore, keeping constant the mesh ratio hy/h,. = 3/2. We place the master on
the black subdomains. Table 1 lists the number of PCG iterations and in parenthe-
sis the condition number of the preconditioned system. We note that the interface
condition (Assumption 4.1) is satisfied. As expected from the analysis, the condi-
tion numbers appear to be independent of the number of subdomains and grow by
a polylogarithmical factor when the size of the local problems increases. Note that
in the case of continuous coefficients, as expected, the Theorem 6.1 is valid without
any assumption on hy and h,. since the master sides are chosen on the larger meshes.

TABLE 1. Geometrically conforming case: Tjyy, s iterations count
and condition numbers for different sizes of coarse and local prob-
lems and with constant coefficients p, = p, =1 and Ly = L,..

L, | M- 16
0 (686) (839) (889) 9 (9.02)
1 7 (8.97) (11 30) | 24 (11.57) | 24 (11.63)
2 (12.12) | 26 (14.74) | 28 (14.82) | 27 (14.83)
3 9 (16.82) | 30 (19.98) | 32 (20.03) | 32 (20.05)
4 1(22.23) | 33 (26.64) | 37 (26.64) | 37 (26.67)
5 2 (28.25) | 36 (34.19) | 42 (34.04) | 42 (34.06)

We now consider the discontinuous coefficient case where we set p, = 1 on the
black subdomains and p, = p on the red subdomains. The subdomain partition is



26 MAKSYMILIAN DRYJA, JUAN GALVIS, AND MARCUS SARKIS

TABLE 2. Geometrically conforming case: Tjyy, s iterations count
and condition numbers for different values of the coefficients p, =
and local meshes with L, refinements on the red subdomains. On
black subdomains the coefficients p, = 1 and refinement L, = 0
are kept fixed. The subdomain partition is also kept fixed to 4 x 4.

Llp— 1000 10 0.1 0.001
0 90 (2556) | 33 (29.16) | 17 (3.28) | 18 ( 8.83)
1 133 (3744) | 40 (42.31) | 19 (8.70) | 18 ( 8.95)
2 184 (5362) | 47 (58.20) | 19 (9.21) | 18 ( 9.46)
3 237 (7178) | 52 (75.55) | 19 (9.50) | 18 ( 9.83)
4 303 (9102) | 57 (94.59) | 19 (9.65) | 18 (10.08)

kept fixed to 4 x 4. Table 2 lists the results on runs for different values of 1 and for
different levels of refinements L, on the red subdomains. On the black subdomains
ny = 2 is kept fixed. The masters are placed on the black subdomains. It is easy
to see that the interface condition (Assumption 4.1) is a sufficient and necessary
condition for the robustness of the solver.

7.1.2. Additive preconditioner. We repeat the tests above however now for the ad-
ditive preconditioner (5.8) and with the coarse bilinear form defined in (5.6). Nu-
merically the coarse bilinear form defined in (5.6) showed slightly better results
(not presented in this paper) than the coarse bilinear form defined according to
(5.62). Tables 3 and 4 show the results. The results, as expected, are similar to
the hybrid preconditioner and are consistent with Theorem 5.2. Even though the
number of iterations for the additive Schwarz method is slightly larger than for the
hybrid Schwarz method, we point out that the additive version has the advantage
that it requires only one residual calculation per each PCG iteration while the hy-
brid version requires two residual calculations. In addition, the additive version,
unlike the hybrid version, allows the use of some inexact local and global solvers;
see Remark 5.7.

TABLE 3. Geometrically conforming case: T, ; iterations count,
the condition numbers and minimal eigenvalue for different sizes
of coarse and local problems and constant coefficients p, = p, = 1
and L, = L,. Here we use the coarse bilinear form by defined in

(5.6).

L, | M — 2 4 8 16
0 14 ( 8.10,1.00) | 25 (30.26,0.44) | 34 (38.89,0.34) | 39 (40.46,0.33)
1 16 (10.50,1.00) | 27 (28.23,0.59) | 35 (35.82,0.48) | 39 (37.58,0.47)
2 19 (14.23,1.01) | 29 (29.94,0.70) | 37 (39.86,0.59) | 42 (41.80,0.58)
3 20 (18.40,1.03) | 32 (36.06,0.78) | 42 (46.88,0.68) | 46 (49.02,0.66)
4 20 (23.47,1.03) | 34 (44.14,0.83) | 47 (55.90,0.75) | 52 (58.23,0.73)

In the case of discontinuous coefficient we set as before p, = 1 on the black
subdomains and p, = p on the red subdomains. The subdomain partition is kept
fixed to 4 x 4. Table 4 lists the results. On the black subdomains n;, = 2 is kept fixed
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TABLE 4. Geometrically conforming case: T, ; iterations count
and condition numbers of the additive preconditioner for different
values of coefficients p, = p and the local mesh refinements L, on
the red subdomains only. The coefficients and the local mesh sizes
on the black subdomains are kept fixed to p, = 1 and Ly = 0. The
subdomain partition is also kept fixed to 4 x 4. Here we used the
coarse bilinear form by defined in (5.6).

T 1000 10 1 0.1 0.001
0 179 (465239.38) | 46 ( 184.52) | 25 (30.26) | 21 (18.13) | 19 (13.79)
1 291 (638410.53) | 61 (293.31) | 26 (34.61) | 21 (16.05) | 18 (12.24)
2 400 (710636.95) | 71 ( 429.62) | 30 (43.08) | 22 (15.45) | 18 (11.55)
3 518 (666219.34) | 78 ( 593.21) | 32 (54.57) | 22 (15.43) | 18 (11.21)
4 660 (559822.47) | 82 ( 788.51) | 34 (68.52) | 22 (15.71) | 18 (11.04)
5 776 (449924.63) | 89 (1019.62) | 36 (84.68) | 22 (16.14) | 18 (10.97)

(Lp = 0) and masters are placed on the black subdomains. We can see in Table 4
that the interface condition (Assumption 4.1) holds if and only if the preconditioner
is robust.

FIGURE 2. Geometrically nonconforming partition.

7.2. Geometrically nonconforming case. We consider the domain Q = (0, 1)?
and divide it into N = M x M rectangular geometrically nonconforming subdomains
Q; as in Figure 2. In each subdomain, the next level of refinement is obtained from
a regular conforming 2 x 2 rectangular refinement by enlarging (or decreasing) the
width or high of some rectangles by a factor fac = 1+ 1/23 (or 1 — 1/23); see
Figure 2.

Note that (fac)°82(M) = O(1), therefore, H ~ 1/M. Inside each subdomain
Q; we generate a structured triangulation with n; subintervals in each coordinate
direction and apply the discretization presented in Section 2 with § = 4. In the
numerical experiments we use a red and black checkerboard type of subdomain par-
tition. On the black subdomains we let ny = 2% 2L and on the red subdomains we
let n, = 3% 257, where Lj and L, are integers denoting the number of refinements
inside each subdomain €2;. Hence, since the size of each subdomain is O(1/M) then

the mesh sizes are hy ~ Mlnb and h, ~ ﬁ, respectively. We solve the second order
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elliptic problem —div(p(z)Vu*(x)) = 1 in © with homogeneous Dirichlet boundary
conditions. We repeat the experiment of Section 7.1.

7.2.1. Hybrid preconditioner. We first test the case p, = p, = 1. We consider also
different values of M x M coarse partitions and different values of local refinements
Ly = L,.. Here and on the tests below, we place the master on the black subdomain
in the case that (a part of) a face F;; = 0€Q; N 0, shares two different colors
subdomains, and place on the most north-east subdomain otherwise. Table 5 lists
the number of PCG iterations and in parenthesis the condition number estimate of
the preconditioned system. We note that the interface condition (Assumption 4.1)
is satisfied. As expected from the analysis, the condition numbers appear to be
independent of the number of subdomains and grow by a polylogarithmical factor
when the size of the local problems increases. Note that in the case of continuous
coeflicients Theorem 6.1 is valid without any assumption on h;, and h, since the
master sides are chosen on the larger meshes.

TABLE 5. Geometrically nonconforming case: Thyp s iterations
count, condition number and smallest eigenvalue of the hybrid pre-
conditioner for different sizes of coarse and local problems and with
constant coefficients p, = p, = 1.

L, | M— 2 1 8 16
0 2(6.22,1.00) | 18( 7.83,1.03) | 22(10.79,1.02) | 23 (12.23,1.01)
1 6( 7.95,1.00) | 24(11.74,1.02) | 26(13.98,1.01) | 27 (14.76,1.01)
2 20(16.03,1.05) | 29(18.87,1.01) | 32(18.77,1.01) | 32 (18.96,1.00)
3 2(20.24,1.06) | 32(24.13,1.00) | 36(23.87,1.00) | 36 (24.51,1.00)
4 3(29.05,1.02) | 37(33.34,1.00) | 42(33.33,1.00) | 43 (34.60,1.00)

TABLE 6. Geometrically nonconforming case: T}yp,; iterations
count and condition numbers for different values of the coeflicients
pr = p and local meshes with L, refinements) on the red subdo-
mains. On black subdomains the coefficients p,, = 1 and refinement
Ly = 0 are kept fixed. The subdomain partition is also kept fixed

to 4 x 4.
L. | p— 1000 10 0.1 0.001
0 93(3069.53) | 34(34.84) | 18( 7. 83) 18( 8.93) | 18( 9.73)
1 120(4530.84) | 43(50.36) | 21(10.35) | 19( 9.60) | 19(10.45)
2 175(4990.32) | 48(54.73) | 23(14.81) | 20(15.60) | 19(16.24)
3 235(6496.58) | 53(69.84) | 25(17.54) | 20(17.41) | 19(18.12)
4 336(7542.38) | 57(79.24) | 26(20.02) | 21(20.05) | 19(20.98)

We now consider the discontinuous coefficient case where we set p, = 1 on the
black subdomains and p, = p on the red subdomains. The substructures partition
is kept fixed to 4 x 4. Table 6 lists the results on runs for different values of u
and for different levels of refinements L, on the red subdomains. On the black
subdomains n, = 2 is kept fixed. It is easy to see in Table 6 that the interface
condition (Assumption 4.1) holds if and only if the preconditioner is robust.
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7.2.2. Additive preconditioner. We repeat the experiments done for the hybrid pre-
conditioner in the geometrically nonconforming case. As before we consider the
constant coefficient case p,. = p, = 1, the mesh ratio hy/h, = 3/2. Table 7 shows
that the condition numbers appear to be independent of the number of subdo-
mains and grow by a polylogarithmical factor when the size of the local problems
increases. As expected by Theorem 5.5, Table 8 shows that condition numbers do
not change much when we replace T, 1 to Tos ruB-

TABLE 7. Geometrically nonconforming case: T, iterations
count and condition numbers for different sizes of coarse and local
problems and constant coefficients p, = p. =1 and L, = L,.

L | M— 2 1 8 16
0 11 ( 7.32,1.00) | 24 (36.03,0.40) | 42 (50.00,0.31) | 51 (55.82,0.29)
1 17 (15.01,1.00) | 30 (40.09,0.53) | 39 (51.82,0.42) | 45 (56.56,0.40)
2 22 (20.19,1.03) | 32 (47.28,0.63) | 42 (59.81,0.52) | 46 (62.27,0.50)
3 23 (23.76,1.05) | 35 (48.76,0.71) | 43 (62.95,0.60) | 47 (67.01,0.58)

TABLE 8. Geometrically nonconforming case: Tg, rup iterations
count and condition numbers for different sizes of coarse and local
problems and constant coefficients p, = p, =1 and Ly = L,..

L, | M= 2 1 8 16
0 13 (8.20,1.00) | 23 (36.99,0.44) | 40 (49.11,0.35) | 44 (53.93,0.33)
1 18 (17.25,1.00) | 31 (44.82,0.55) | 40 (56.05,0.44) | 46 (60.45,0.43)
2 23 (22.83,1.05) | 35 (53.68,0.63) | 43 (62.59,0.53) | 48 (67.40,0.51)
3 25 (27.10,1.06) | 37 (55.76,0.71) | 44 (65.16,0.61) | 48 (69.74,0.59)

TABLE 9. Geometrically nonconforming case: T}p,; iterations
count and condition numbers for different values of coefficients and
the local mesh sizes on the red subdomains only. The coefficients
and the local mesh sizes on the black subdomains are kept fixed.
The number of subdomains are also kept fixed to 4 x4 and L; = 0.

Lyl u— 1000 10 1 0.1 0.001
0 137 (225164.57) | 47 (205.41) | 24 (36.03) | 22 (23.75) | 22 (24.41)
1 218 (294622.11) | 60 (333.17) | 26 (42.50) | 22 (23.05) | 23 (22.86)
2 291 (291958.12) | 67 (462.11) | 28 (54.06) | 22 (36.76) | 23 (35.45)
3 395 (289006.68) | 72 (621.10) | 30 (65.35) | 23 (39.06) | 22 (36.61)
4 529 (273591.72) | 77 (790.20) | 32 (78.79) | 24 (44.24) | 23 (40.29)

Now the case of discontinuous coefficient p, = 1 on the black subdomains and
pr = 1 on the red subdomains. The subdomain partition is kept fixed to 4 x 4.
Table 9 lists the results on runs for different values of p and for different levels
of refinements L, on the red subdomains. On the black subdomains n;, = 2 is
kept fixed, i.e., Ly, = 2. It is easy to see in Table 9 that the interface condition
(Assumption 4.1) holds if and only if the preconditioner is robust.
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8. CONCLUSIONS

In this paper we consider a discontinuous Galerkin discretization of second or-
der elliptic equations with discontinuous coefficients and nonmatching meshes on
geometrically nonconforming substructures. We designed and analyzed Neumann-
Neumann methods of additive and additive-multiplicative. We prove that the
method is almost optimal and very well suited for parallel computations. The
coarse space is constructed using a special partition of unity. The rate of conver-
gence of both methods are polylogarithmically with repect to the local mesh size,
and does not depend on the number of substructures and on the jumps of coeffi-
cients. The numerical tests confirm the theoretical results. The methods can be
straightforwardly extended to 3-D cases.
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