MULTIPLICATIVE FORMS AT THE INFINITESIMAL LEVEL

HENRIQUE BURSZTYN AND ALEJANDRO CABRERA

ABSTRACT. We describe arbitrary multiplicative differential forms on Lie groupoids
infinitesimally, i.e., in terms of Lie algebroid data. This description is based on the
study of linear differential forms on Lie algebroids and encompasses many known
integration results related to Poisson geometry. We also revisit multiplicative mul-
tivector fields and their infinitesimal counterparts, drawing a parallel between the
two theories.

CONTENTS
1. Introduction 1
Acknowledgments 3
Notation, conventions and identities 3
2. Linear forms on vector bundles 4
2.1. Tangent and cotangent bundles of vector bundles 4
2.2.  The structure of linear forms on vector bundles 5
2.3. Tangent lifts 7
3. Linear forms on Lie algebroids 8
3.1. Core and linear sections 8
3.2. Tangent Lie algebroids 9
3.3. IM-forms 10
4. Infinitesimal description of multiplicative forms 14
4.1. From multiplicative to IM forms 15
4.2. Integration of IM forms 17
5. Relation with the Weil algebra and Van Est isomorphism 20
6. The dual picture: multiplicative multivector fields 23
6.1. Linear multivector fields and derivations 24
6.2. Infinitesimal description of multiplicative multivector fields 28
6.3. The universal lifiting theorem revisited 29
References 34

1. INTRODUCTION

This paper is devoted to the study of multiplicative differential forms on Lie
groupoids, with focus on their infinitesimal counterparts. Given a Lie groupoid
G over a manifold M, recall that a k-form w € QF(G) is called multiplicative if
m*w = prijw + prjw, where m : 6@ =G x5 G — G is the groupoid multiplication,
and pr; : G® — G, i=1,2, are the natural projections. Our goal is to characterize

multiplicative forms on G solely in terms of information from its Lie algebroid.
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Much of the motivation for this work comes from symplectic geometry and its
generalizations, including Poisson and Dirac structures [10, 26|, as well as generalized
complex structures [16, 17]; it is known (e.g. from [5, 9, 11]) that all these geometrical
structures encode infinitesimal data relative to multiplicative 2-forms and, as a result,
Lie groupoids equipped with multiplicative 2-forms provide global models for these
geometries. There are further connections between multiplicative 2-forms and the
theory of moment maps, found e.g. in [4, 5, 23, 27].

Multiplicative differential forms also arise as constituents of the Bott-Schulman
double complex of Lie groupoids [2] (see also [1] and references therein), which com-
putes the cohomology of their classifying spaces. So the problem of understanding
multiplicative forms infinitesimally may be seen as part of the problem of finding
infinitesimal models for the cohomology of classifying spaces. This broader perspec-
tive is explored in the recent work [1], leading to results closely related to ours; a
comparison between our viewpoint and the one in [1] is also discussed in this paper.

Our approach to describe multiplicative forms infinitesimally starts with the study
of linear differential forms on vector bundles A — M. We observe (Theorem 2.5)
that any linear k-form on A is equivalent to a pair (u,v) of vector-bundle maps
i A— AFTITM v o A — AFT*M, covering the identity on M. If A carries a
Lie algebroid structure, with bracket [-,:] and anchor p, we say that the pair (u,v)
is an IM k-form (IM standing for infinitesimally multiplicative) if the following
compatibility conditions are satisfied: for all u,v € I'(A),

(1) ipyi(v) = —ipyp(u),
(2) M([U, U]) = ﬁp(u)u(v) - Z‘p(v)du(u) - Z‘p(v)V(u)a
(3) V([uv U]) - ﬁp(u)y(v) - ip(v)dy(u)'

We prove in Theorem 4.6 that multiplicative k-forms on a source-simply-connected
Lie groupoid G over M are in one-to-one correspondence with IM k-forms on its Lie
algebroid A — M. Concretely, the IM k-form (p,v) associated with a multiplicative
k-form w € QF(G) is defined by

(), Xa N oo oA Xm1) = w(u, X, -0, Xi—1),
<V(u),X1 VAN /\Xk> = dw(u,Xl, .. .,Xk),

where X; € TM,i=1,...,k, and we view M C G and A C TG|p.

A special class of IM-forms is obtained as follows. Any closed form ¢ € Q*+1(M)
determines a map v : A — AFT*M, v(u) = —ip) 9, satisfying condition (3) above.
The IM k-forms (u,v) with v of this type are referred to as IM k-forms relative to
¢; they are the infinitesimal versions of multiplicative k-forms satisfying

dw = s*¢ — t* 6,

where s and t denote the groupoid source and target maps. For k = 2, IM forms
relative to ¢ include ¢-twisted Poisson and Dirac structures [26], and our Theorem 4.6
recovers their known integrations [5, 8]. For arbitrary k, IM forms relative to ¢ were
studied in [1] in connection with the Weil algebra of a Lie algebroid. These and
other examples are discussed in this paper.

The method we use to integrate IM forms on Lie algebroids to multiplicative forms
on Lie groupoids relies entirely on the known correspondence between Lie-algebroid
and Lie-groupoid morphisms (Lie’s second theorem for Lie algebroids); in particular,
we do not resort to the path spaces of [7, 12, 25|, hence avoiding infinite dimensional
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constructions. Although our method is inspired by [3, 21, 22], it brings a technical
difference in that we represent differential k-forms on a manifold N by functions
@*TN — R (as opposed to maps ®*"'T'N — T*N); this small variation greatly
simplifies computations, so even when restricted to known situations, our general
proof seems more direct than existing ones. The integration of IM forms is carried
out in two steps: first, we show that an IM k-form on a Lie algebroid A — M
defines an element in Q¥(A) whose associated function ©*T'A — R is a Lie-algebroid
morphism; second, upon integration, one obtains a groupoid morphism &*TG — R
which defines a multiplicative k-form.

In the last part of the paper, we revisit multiplicative multivector fields on Lie
groupoids, as in [18]. We show how the very same techniques used to study mul-
tiplicative forms apply to the dual situation of multivector fields, leading to an
alternative proof of the universal lifting theorem of [18] (not involving path spaces)
and drawing a clear parallel between the two theories.

As a final remark, we note that the results in this paper admit a natural formu-
lation in terms of graded geometry. Multiplicative forms and multivector fields on
a given Lie groupoid G may be seen as multiplicative functions on the associated
graded Lie groupoids T[1]G and T*[1]G, respectively. On ordinary Lie groupoids,
the infinitesimal counterpart of a multiplicative function is a Lie-algebroid cocycle.
The same holds at the graded level and, from this perspective, our results consist
in using the geometry of T[1]G and T*[1]G to obtain concrete descriptions of their
Lie-algebroid cocycles. For example, using the the natural multiplicative vector field
on T[1]G (the de Rham differential on G), one identifies its Lie-algebroid cocycles
with IM forms (see Theorem 3.1); for an analogous description of the Lie-algebroid
cocycles of the graded groupoid T*[1]G (see Theorem 6.1), ones uses its canonical
multiplicative symplectic structure (defined by the Schouten bracket on G). We will
not elaborate on the supergeometric viewpoint in this paper, though it makes our
results more intuitive.

The paper is organized as follows. In Section 2, we consider linear differential forms
on vector bundles A — M and establish their correspondence with pairs of vector-
bundle maps (y, v), where p: A — AF"1T*M and v : A — AFT*M. In Section 3, we
define IM k-forms on Lie algebroids and prove a compatibility result with tangent Lie
algebroid structures (Theorem 3.1). Section 4 is devoted to Theorem 4.6, which is
the correspondence between IM forms on Lie algebroids and multiplicative forms on
Lie groupoids; we also discuss several special cases of this result. Section 5 explains
the relationship between Theorem 4.6 and the Van Est isomorphism of [1]. In Section
6, we revisit the theory of multivector fields from [18].

Acknowledgments. We thank D. Iglesias Ponte and C. Ortiz for helpful discussions
related to this project. Cabrera thanks CNPq for financial support and IMPA for
its hospitality and stimulating environment during the development of this work.
Bursztyn’s research has been supported by CNPq and Faperj.

Notation, conventions and identities. For vector bundles A — M and B — M
over the same base M, a vector-bundle map ¥ : A — B is always assumed to cover
the identity map on M, unless stated otherwise. We denote its transpose, or dual, by
Ul B* — A*. We denote the k-fold direct sum of a vector bundle g4 : A — M by
@ﬁ/[A, or simply @* A if there is no risk of confusion. We may also use the notation
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H’;A A if we want to be explicit about the projection map g4 (this is relevant when
dealing with double vector bundles).

For a Lie groupoid G over M, we usually denote its source and target maps by
s and t. The set G c G x G of composable pairs is defined by the condition
s(g) = t(h), and the multiplication is denoted by m : G — G, m(g,h) = gh. The
unit map € : M — G is often used to identify M with its image in G. The Lie
algebroid of G is AG = ker(T's)|as, with anchor Tt|4 : A — M and bracket induced
by right-invariant vector fields. For a Lie algebroid A — M, we denote its anchor

by pa and bracket by [-, -], (or simply p and [, ], if there is no risk of confusion).
We introduce some notation and collect some identities that will be useful for later

computations. If Uy,...,U,, are vector fields on a manifold M, we set

(1.1) 1Y =iy, ...iu,, T<m,

where 7 is the usual contraction. An inductive application of Cartan’s formula gives

m
(1.2) Lpad =Y (=)0 Lodiyy + ()™l
=1
where d denotes the de Rham differential and Ly is the Lie derivative. Given another
vector field X and recalling the commutator formula ijx ) = Lxiy, — iy, Lx, we
obtain
m
(1.3) EXI%J = Z In({b,l+li[X7Uz]Ilql,l + I%,1£X-
=1
Given a differential form «, we also have
m
(1.4) Ihi(df Aa) = Z(_1)l+1df<Ul)Inq,l+1Ill£1,1O‘ +(=1)™df A sa

=1

We often use Einstein’s summation convention when there is no risk of confusion.

2. LINEAR FORMS ON VECTOR BUNDLES

In order to define linear forms, we recall a few facts about tangent and cotangent
bundles of vector bundles.

2.1. Tangent and cotangent bundles of vector bundles. Let g4 : A — M be
a vector bundle, and let T'A be the tangent bundle of the total space A. Besides its
natural vector bundle structure over A, with projection map denoted by ps : TA —
A, it is also a vector bundle over T'M, with respect to the map T'gy : TA — TM.

It is useful to consider a coordinate description of these bundles. Let (27) be
coordinates on M, j = 1,...,dim(M), and let {e;} be a basis of local sections
of A, d = 1,...,rank(A). The corresponding coordinates on A are denoted by
(27, u), and tangent coordinates on T'A by (z7,u?, 7,44). In this notation, given
x = (27), the coordinates (u?) specify a point in A, (¢7) a point in T, M, whereas
(4%) determines a point on a second copy of A,, tangent to the fibres of A — M.
Note that ps (27, u?, 77, 0%) = (27, u?), and T'qa (27, u?, 37, 0?) = (27, 47).

Similarly, consider the cotangent bundle T* A, with local coordinates (27, u, D €d)s
where (p;) determines a point in Ty M, and (£;) a point in A}, dual to the direction
tangent to the fibres of A — M. In this case, besides the natural vector bundle



5

structure cq : T*A — A, ca(a?,u?,p;, &) = (27,u?), T*A is also a vector bundle
over A* [21], with respect to the projection map given in coordinates by

(21) r:T"A — A*’ T(:Ejaudapjvfd) = (xjagd)

The total spaces TA and T* A are examples of double vector bundles, see [20, 24].
They fit into the following commutative diagrams:

Tqa

TA—>TM T*A —— A*

mi ip l l%

A M A?M

where
(22) YO ™ — M) pM(:E]vxj) = (:Uj)v qAax : AY— M) QA*(I'j,fd) = (mj)’

are the natural projections. Recall, see e.g. [20], that the intersection of the kernels
of the top and left arrows on each diagram defines a vector bundle over M, known
as the core. In the case of T'A, the core is identified with A — M, with coordinates
(z7,74); for T*A, the core is T*M, with coordinates (27, p;).

2.2. The structure of linear forms on vector bundles. Let A — M be a
vector bundle, with local coordinates (:cj,ud), and let us consider the k-fold direct
sum of T A over A,

GETA=TAx,... x4 TA,

locally described by coordinates (27, ud, &, ,x'{c, uil, el ug) It is a vector bundle
over A, with projection map
i, d J ed -d i .d
(@, u®, a1, .. dy,af, .. uy) (27, u®),

and also a vector bundle over @*TM = TM x s ... Xy TM, with projection map

Y D, Uy ) e (2D, dy).

(27, ud

Given a k-form A € QF(A) on the total space of A — M, let us consider the
induced maps

(2.3) AR TA — TrA, AUy, Ukoy) =iy, - - in A,

(2.4) A:ohTA — R, AUy, ..., Up) =iy, . .- ity A,
which are alternating and linear in each of their entries'.

Definition 2.1. A k-form A is called linear if the induced map A* (2.3) is a mor-
phism of vector bundles with respect to the vector bundle structures @Z_ITA —
@M and T*A — A*. The space of linear k-forms on A is denoted by QF (A).

lin

INotice that, since A* (resp. A) is multilinear in its entries, it is not a vector-bundle morphism
from the direct sum @* 1T A — A (resp. ®*TA — A) to T*A — A*, unless k = 2 (resp. k = 1).



In particular, A covers a base map \ : 1T M — A*,

_ Af
(2.5) SfITA ——> T4
|
h 1T M —— A*.
The map A is skew symmetric on its entries, so it can be viewed as a vector-bundle
map AF"1TM — A*. Its transpose is the vector-bundle map
(2.6) A A — AP
A simple computation in coordinates shows the following.
Lemma 2.2. Given a k-form A € QF(A), the following are equivalent:

(1) A is linear.
(2) In local coordinates (z7,u) on A, A has the form

1

: =—Agy iy a(@)ulda™ AL A dath+
2.7 A k[Al k> ddgh dax'®
1 ) .
W/\ilmikfld(fc)dx“ A Adar A dul,
where Ny ip 1 = (MOyirs -0 ix_1), eq), and 0,5 = %_

(3) The map A : EB’;‘TA — R defines a vector-bundle map

A

(2.8) ORTA R

|

eFTM — {*}.

Given a vector-bundle map p : A — AFT*M, let us consider the linear k-form
A, on A given at a point u € A by

In local coordinates (z%,u?) on A, A, is written as
1 . .
(2.10) (Ap)u = Huilmik’d(:c)uddx“ Ao ANda',

where f1;, i, 4 is defined by

0 0
,uil...ik,d = [,L(ed), % ARERNA axlk :

Example 2.3. When k = 1, a direct computation in coordinates shows that the
linear 1-form A, defined by the vector-bundle map p: A — T*M, satisfies
(2.11) Ay = 1 Ocan,

where Oean = pida® is the canonical 1-form on T*M. (When A = M — M is the
vector bundle with zero fibres, (2.11) recovers the well-known “tautological” property

W Ocan = pt.)
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Lemma 2.4. A linear k-form A covers the fibrewise zero map in (2.5) if and only
if it is of the form A, (as in (2.9)) for a vector bundle map p: A — N*T*M.

Proof. We can use Lemma 2.2, or argue more globally as follows. Consider the
projection r : T*A — A*, as in (2.1). One can directly check that

ker(r)y = (ker(T'qaly))® = im(Tqal,),

where © stands for the annihilator. It follows from (2.9) that roAfl = 0, which means
that A, covers the fibrewise zero map in (2.5). Conversely, if A covers the fibrewise
zero map, then r o Af = 0; so, given Uy,..., Uy, € TyA, AYUy,...,Up_1) = Tqal’a
for some o € T ;A (u)M . Since A is skew symmetric, we conclude that A(Uy,...,Uy)
only depends on T'qal,(U;), j = 1,...,k. Hence, for each u € A, there exists
pulu) € /\lT;A(u)M such that (A), = T'qal|}p(u). The linear dependence of p(u) on
u follows from the linear dependence of (A), on u, see (2.7); the resulting vector
bundle map p : A — AFT*M is smooth by the local expression (2.10). O

Proposition 2.5. There is a one-to-one correspondence between linear k-forms A on
A, covering a map \ : @F YT M — A*, and pairs (u,v), where pn : A — ANF=1T*M
and v : A — NFT*M are vector bundle morphisms. The correspondence is given by

(2.12) A=dA,+ Ay,
where = (—1)F=1\L

Proof. Let A be a linear k-form on A, and set u = (—1)*~1\*. A direct computation
using the local expression (2.10) and Lemma 2.2 shows that the k-form dA,, is linear
and covers the same map A, hence the linear k-form A —dA,, covers the fibrewise zero
map. By Lemma 2.4, there is a unique v : A — AFT*M such that A—dA, =A,. O

A direct consequence of (2.12) is that if A is a linear form, then so is dA.

Example 2.6. Let A € Q%(A) be a linear 2-form with dA = 0. According to the
previous proposition, we can write it as A = dA, + A,, and A being closed amounts
to dA, = 0; this condition immediately implies that v = 0, so A = dA,. Using
(2.11), it follows that

A= (At)*wcanv
where Wean = —A0ean = dz* A dp; the canonical symplectic form on T*M (see [19,

Sec. 7.3], and also [3, Prop. 4.3]).

2.3. Tangent lifts. We now briefly discuss linear forms obtained via the tangent
lift operation [14, 28] (see also [3]), that assigns to any k-form on a manifold M a
linear k-form on the total space of its tangent bundle py; : TM — M.

Let us consider the operation

(2.13) T QM) — Q7HTM), 7(8)x = (Trumlx) (ixB),
where X € TM and [ > 1; i.e., for Uy,..., U1 € Tx(TM),
Z'UF1 . iUlT(/B)‘X = ﬂ(X, TpM(Ul), . ,TpM(Ul_l)).

In the notation of Section 2.2, 7(3) is a linear (I — 1)-form on the vector bundle
A =TM of type A,, where

v:TM — ATIT*M, v(X) =ixp.



It directly follows from Example 2.3 that, if w € Q2(M), then 7(w) = (W) *Oean,
where 6.4, = p;dx*® is the canonical 1-form on T M.
The tangent lift operation,

(2.14) QM) — Q¥(TM), a— or,
assigns to a € QF(M) the form ar € QF(TM) defined by the Cartan-like formula
(2.15) ar = d7(a) + 7(da).

It follows directly from (2.15) that ag is linear and that the operation (2.14) is
compatible with exterior derivatives, in the sense that (da)r = dagp.

We will also need an equivalent characterization of the tangent lift, see e.g. [14].
Given a € QF(M), consider the associated map

a: "M — R, (X1,..., X)) — a(X1,..., Xp).
Let HlfppM T(TM) denote the fibred product with respect to the vector bundle
Tpyr : T(TM) — TM, Tpy(a?, i, 627, 627) = (27, 627),

where (27,47, 527 ,&jvj ) are the local coordinates on T (TM) induced by the tan-
gent coordinates (27,47) on TM. We have a natural identification T(@FT M) =
Hl}pM T(TM), so we can view the differential of the function @ in C*(QFT M) as a

map
k

da: [[ 7(TM) — R.
Tpm
Note that the canonical involution
(2.16) Ju : T(TM) — T(TM), Jy(2?, 47,627, 647) = (27, 627,47, 647),

induces an identification

k k
JW T rarm) — [ T(Tm).
PTM Tpm

One can prove (see e.g. [14]) that, given o € QF(M), its tangent lift ar € QF(TM)
is uniquely determined by the condition

k
(2.17) ar=daoJy : [[ T(TM) — R.

pPT™M

3. LINEAR FORMS ON LIE ALGEBROIDS

3.1. Core and linear sections. Let us consider local coordinates (z7) on M, a

basis of local sections {eq} of A, and dual basis {e?} of A*. As in Section 2, we

denote the corresponding coordinates on A by (27, u?), and on A* by (27, &,), while

coordinates on T'A are denoted by (27, u?, 27, 4%), and on T*A by (z7,u?, p;, &4).
Each local section e, of A defines two local sections of TA — T'M by

(3.1) ala?, i) = (27,0,47,69), Teq(a?,d?) = (a7, 6%,d7,0),

rra’

where 55 is the d-th component of e, i.e., 1 if d = a or zero otherwise.
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More generally, e, defines two types of local sections of @]ET A — ®FTM as
follows: the first type is given, for each n € {1,...,k}, by

(3.2) Can(B1® ... @ dx) = 0(E1) @ ... ®0(En_1) ® a(En) B 0(dns1) ... & 0(dp),

where ; = (27, x{) belongs to the I-th component of ®*T'M and 6(3:1) = (27,0, j;{, 0);
the second type is

(3.3) (Teo)* (i1 @ ... ®iy) = Tea(i1) ® ... ® Teq(ir).

The sections e, , and (Tey)* are examples of core and linear sections, respectively,
of double vector bundles (see e.g. [13, 20]). A key property is that they generate the
module of local sections of @ZTA — @FTM. Note also that, under the natural
projection @QTA — A, core sections e, , are sent to the zero section of A — M,
while linear sections (T'e,)* map to the section e,.

3.2. Tangent Lie algebroids. Suppose that A — M carries a Lie algebroid struc-
ture (see e.g. [6, 20]), with Lie bracket [-, -], on I'(4) and anchor map p, : A — T'M.
Then the vector bundle TA — T'M inherits a natural Lie algebroid structure,
known as the tangent Lie algebroid, see e.g. [21]. We will need local expressions for
the tangent Lie algebroid in terms of the coordinates introduced in Section 3.1.

The Lie algebroid A — M is locally determined by structure functions p7 and
C¢, defined by

.0 .
(3-4) palea) = paz 5, leasera = Capee.

The tangent Lie algebroid structure on TA — T'M is defined in terms of core and
linear sections (3.1) by

C

SN . ~ 005,
(3.5)  [eas€plra =0, [Teq,ep)ra =Csee, [Teq,Tep)ra =C5Te.+ a* 8;1;1)66’

.0 ;0ph O . 0
(3.6)  pra(Teq) = /)ZL% + i Ozt 91’ pra(€a) = ﬂ@
In (3.6), we have identified points in T'(T M), written in coordinates as (27, &7, 27, §37),
with tangent vectors

; 0 ;0
o 0a © o O3 (i 7).
We notice that the tangent Lie algebroid induces a Lie algebroid structure on the
direct sum EBZTA — @®FTM. This is a general property of VB-algebroids, which
we directly verify in this example. A simple consequence of (3.5) and (3.6) is that if

U and V are local sections of TA — T'M, each of type €, or Te,, then

(3.7) Toy(pra(U)) = pa(pa(U)), pa([U,V]ra) = [pa(U),pa(V)]a,

where ppr : TM — M and ps : TA — A are the natural projections. It follows
from the first equation in (3.7) that if U1 ®...® Uy, € 4T A is of type (3.2) or (3.3),
then

Tpum(pra(Ui)) = Tpm(pra(Unm)), Vlm € {1,... k}.
As a result, (pra(Ur),...,pra(Uy)) defines an element in H%M T(TM). Using the
natural identification Hl%pM T(TM) = T(®FTM), we obtain a vector bundle map
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pr: ONTA — T(@*TM),

(38) pk(Ul@@Uk) = pTA(Ul)@--'@pTA(Uk)-
Writing @*TM in local coordinates (27 ,9'0{, e ,S'Ci), we have the following explicit
formulas:

~ -0
3.9 Can) = o
(3.9) pk(€an) = 1) Y]

I )

3.10 Teq)) = pl — Wi, —,
(310) (T = s + 3 Wi

where Wi, = il 9 ¢ C(@*TM).

n Qxt

The second equation in (3.7) implies that if Uy & ... & Uy and V1 & ... &V}, are
local sections of ®5TA —s T M of type (3.2) or (3.3), then

(3.11) he...0U,V10...0Vilk:=[U,Vlra @ ... D [Uk, Vilra
is a well-defined local section of @IETA — @*T M. Explicitly, we have:
(3.12) [€a,ns €b,m]k = 0,
(3.13) [(Tea)*, e mlk = Cheam

b a0
(3.14) [(Tea)*, (Tey)¥ = C4 (Teq)* + nzlzn; axcibgdv"'

The induced Lie algebroid structure on EBZTA — @*TM is defined by p;, and
the extension of [, -] to all sections via the Leibniz rule?.

3.3. IM-forms. Let A € QF(A) be a linear k-form on a Lie algebroid A — M,
k > 1. Following Prop. 2.5, let pn: A — A*I'T*M and v : A — AFT*M be the
vector-bundle maps such that A = dA, + A,. Let us consider the bundle map

(3.15) ahTA —L - R

.

@FTM — {*}.

The following is the main result of this section.

Theorem 3.1. The map (3.15) is a Lie algebroid morphism if and only if the fol-
lowing holds for all u,v € T'(A):

(3.16) i p(u) (V) = =0 11(1)
(3‘17) M([uv U]) = ﬁp(u)ﬂ(v) - Zp(U)dll’L(u) - ip(v)’/(u)
(3.18) v([u,v]) = Loy (v) = ipeydv(u)

2We adopt the simplified notation px, [, -]x, instead of Pek 7 and [, '}@ZTA; in particular, p; =

pra and [‘7']1 = ['7 ‘]TA'
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For a Lie algebroid A — M and vector-bundle maps
i A— AFIYTML v A — AFTFM, k>,

we say that the pair (u,v) is an IM k-form on A if conditions (3.16), (3.17) and
(3.18) are satisfied. The terminology IM stands for infinitesimally multiplicative, and
it will be clarified in Section 4. The space of IM k-forms on A is denoted by Qnv(A).

We note that Theorem 3.1 can be alternatively phrased in terms of the map A
(2.5), as this map is a Lie algebroid morphism if and only if so is A.

Remark 3.2. Given an IM-form (u,v), it follows from (3.17), using the skew-
symmetry and Jacobi identity for the Lie algebroid bracket [-,-] on T'(A), that v
automatically satisfies

(3.19) ip(u)u(v) = —ip(v)l/(u),
(3.20) ip(w) (Lo V(1) = Lowyr(v)) + c.p. =0
for all u,v,w € T'(A), where c.p. stands for cyclic permutations in u,v,w.
Example 3.3. Consider a Lie algebroid A — M and a k-form n € Q¥(M). Then
the pair (p,v) of vector-bundle maps

e A— AT p(u) = —~ipw)n, and v:A— ART*M, v(u) = ~ 1 p(uyd,
defines an IM k-form on A.
Example 3.4. Let A — M be a Lie algebroid, and let ¢ € QFTL(M) be such that
ipwyde = 0, Yu € I'(A). One directly checks that the vector-bundle map v : A —
AT M given by
(3.21) v(u) == —ipw¢
verifies (3.18). The particular IM k-forms (u,v) on A for which v is given as in
(3.21) for a closed form ¢ € Q¥+ (M) are called IM k-forms relative to ¢. These

special types of IM forms have first appeared in [5] (for k = 2), and more recently in
[1] (for arbitrary k), in the study of multiplicative forms (see Section 4).

Remark 3.5. Let ¢ : C <— M be an orbit of the Lie algebroid A — M, i.e., an
integral leaf of the distribution p(A) C TM. If (u,v) is an IM k-form on A, then
we have induced forms pe € Q*(C) and ve € QFTY(C) defined by

ipuytc = top(w), ipwve = tev(u).
It follows from (3.16) and (3.19) that the formulas above do define differential forms
on C; moreover, (3.17) implies that duc = ve. In particular, we see that any IM
k-form on a transitive Lie algebroid is like the one in Example 3.3.

In order to prove Thm. 3.1, we need some lemmas. We work in local coordinates
(z7,u%) on A, induced by coordinates (z7) on M and the choice of a basis of local
sections {e4} of A (see Section 3.1).

Lemma 3.6. Let & = (i1,...,%) € ®*TM, where 2; = (x7,2]) belongs to the l-th
copy of TM. Then:

(3.22) K@ (i1, 81)) = (~1)" "y Iy yplea),
(3.23) R((Tea) (1, 1)) = I (dpa(ea) + v(ea)),

seen as functions in C®(@FTM) (see (1.1) for notation).
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Proof. Writing A = dA,, + A, and recalling the local expressions of A, and A, (see
(2.10)), we have

(3.24) Al (@i uay = = 1),uddu¢1..,ik,l,d(9€) Adz AL A datr
1 . )

W“mim,d(w)dud Ada™ AL A dai

1 d 1 i1 ;

%Vil...ik,d(l”)u dz'* A ... Adz*.
We write points in T'A with coordinates (:z:j , ud, il , iLd) in terms of horizontal tangent
vectors % and vertical tangent vectors aid as

. j 0 4 0

X —— u
Oz oud

In particular, recalling the local sections €a,6 and Te, of TA — TM from Section
3.1, we have

(27 ud)

~ -0 -0 0 o,
i O (i) = 90  Teu(d) = id 2 7
0(#) =2 OxI | (23 ,0) Cald) = OxJ + ou® (23,0 cald) = OxJ | (2 54
where & = (27,47) € TM. Using (3.2) and (3.3), formulas (3.22) and (3.23) follow
from a direct calculation. [l

Let (27, J'U]i, . ,xfg) be local coordinates on ©*T'M, and fix n € {1,...,k}.

Lemma 3.7. Let o € QYT M) be such that L o o = 0 Y4, and consider on
)

®FTM the local vector fields &, = a:%a%, Ve = vj(a:)%, and Vh = vj(x)% .

Then Lyviz, o = iynor.

Proof. The proof follows from the identity i(x y) = Lxiy — iy Lx and the fact that

; o j 0 i 0 J ovt 9
[0" (%) 557> #n507) = V! 507 — 1 537 it .

We now proceed to the proof of the main result.

Proof. (of Theorem 3.1)
To show that the map A in (3.15) is a Lie algebroid morphism (see e.g. [20]), the
only condition to be verified is

(3.25) AU VIk) = Loy o)AV) = L, 0nAU)
for all U,V sections of ®%TA — @FTM. Since sections of type €, (core) and
(Tep)® (linear) locally generate the space of sections of @5 T A — @FT'M, it suffices

to verify (3.25) taking U and V to be of these types.

Core-Core: Let us consider two core sections €, and € ,,. Since [€q pn, € mlr = 0
(3.12), condition (3.25) in this case becomes

(3.26) Ly, @am)NEhm) = Lo, @.m) MEan) = 0.
Using (3.9) and (3.22), we see that

‘Cﬂk(ga,n)K(é\bam) = (_1)n_1£pé%Ilf,mﬂlﬁ—l,w@b)-
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This condition is trivially satisfied when n = m, so we may assume that n > m (the
case n < m leads to the same). Using Lemma 3.7, we see that the right-hand side
of the last equation agrees with

(="~ 1Ik n+1lp(€a)I’rch 1m+1I7$;1—1,1M(€b) =
()" N (=D)L} n+II —tm1lm—110p(eq) 1(€D)-
Hence we obtain
‘Cpk(éa,n)x(gb,m) = _Ilin—i-lIft—l,m—&—lIrj;z—l,lip(ea)u(eb)'
An analogous computation leads to
Epk(éb,m)K(/e\a,n) = Ilf,n-s—llg—1,m+1lﬁz—1,1ip(eb)ﬂ(ea)-
It follows that (3.26) is equivalent to

Z.p(ea)/'t(eb) = _ip(eb)'u(ea)'

Core-Linear: We now consider sections &, and (Te,)*¥, so that (3.25) reads

(3.27) A([(Tea), Coml) = Ly (e ) MEom) = L@, M(Tea)").
Using the linearity of A, (3.13) and (3.22), we have

(3.28) A([(Tea)*, @ mli) = M(Coyam) = Cap(=1)" I 1 I o1.11(ea)
= (0" g Iy am([eas es]).

For each fixed n, consider the functions W¢,, = gp a3t defined in (3.10), noticing

the following identity (of local vector fields on ©FT'M):
(3.29) Wl = ~[plea). ),

(3.29) and Lemma 3.7, we see that

Z

where &y, = iy, 5

al@x

Ly ((TeayyMEb,m) —< )+Zﬁ 8) (=)™ T p(es)

k
= (-t (ﬁ e Thiiles) = Y I viipteny vl 1#(61;))
=1

where U = (Uy,...,Ug—1) = (1, -+ -y Zin—1, LTmt1, - - - , Tk ). 1t follows from (1.3) that
(3.30) L, (TeayyN@om) = (1) IE Ty 1 Lpenyilen).

Using (3.23) and Lemma 3.7, we obtain

Lo A(Tea)) =L, L_I&(d#(ea) +v(€a)) = I msriptea) 1,1 (dpi(ea) + v(ea))

= (=" 1Ik m+1I 1,1ip(ea)(dﬂ(€a) +v(ea))-

Combining this last equation with (3.28) and (3.30), we see that (3.27) is equivalent
to

(3.31) 1(leas ev]) = Lo,y i(€b) = ip(e,)dpea) = ip(e,)V(€a)-
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Linear-Linear: We finally consider condition (3.25) for two linear sections:

(332)  A([(Te)*, (Ter) k) = Loy (e M(Ter)*) = Ly, (e, A(Tea)").
Using (3.14) and the linearity of A, we have

A([(Tea)®, (Tep)k)1) = C4A((Tey)* +ch in)A(Ean)

(3.33) = Caplica (du(eq) +v(ea)) + Z(—1)"71d03b(i"n)fff,nﬂfﬁq,m(@d)-

n=1

It follows from (1.4) (also using that I/f,lﬂ(ed) = 0, since u(eq) is a (k — 1)-form)
that

Ik 1 Chdp(eq) = Ik 1d(Chp(eq)) — Iif,l(dc b A i(eq))
k
= I} \d(Chpleq)) = Y (=) dCG, (in) I 1 Ty 1 palea).

n=1

Comparing with (3.33), we conclude that

(3.34) A([(Tea)®, (Ter)*]1) = It 1 (du(Cihea) + v(Coyea))
= I 1(dp(lea, en]) + v([ea, €]))-

Using Lemma 3.7, (3.29) and (1.3), we dlrectly obtain

(3.35) L (e M(Tep)¥) = < pea) T ZEW; ) It (dples) + v(ep))

= kz.,lﬁp(ea)(dlu(eb) + l/(eb))'
Similarly
(3.36) L1y M(Tea)*) = IE 1 Loe,) (Aplea) + v(ea)).
Combining (3.34), (3.35) and (3.36), we see that (3.32) is equivalent to
dp([eas en]) + v([eas ev]) = Lpe,)(dulen) +v(ep)) = Loe,)(du(ea) + v(eq))-

We may assume that (3.31) holds, in which case one can directly check that the last
equation is equivalent to

V([eth eb]) = Ep(ea)y(eb) - Z.p(eb)dy(ea)'

4. INFINITESIMAL DESCRIPTION OF MULTIPLICATIVE FORMS

In this section, we relate IM-forms on Lie algebroids with multiplicative forms
on Lie groupoids. Let G be a Lie groupoid over M, with source and target maps
denoted by s, t : G — M, respectively, multiplication m : G& — G, and unit map
€ : M — G (that we often use to view M as a submanifold of G). The Lie algebroid
of G is denoted by A(G), or simply A if there is no risk of confusion; see Section 1.

A k-form a € QF(G) is called multiplicative if

(4.1) m*a = pria + pria,
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where pri, pra : G — G are the natural projections. Alternatively, one may define

multiplicative forms in terms of a natural groupoid structure on T'G over T'M , known
as the tangent groupoid, see e.g. [20]; it has source (resp. target) map T's: TG —
TM (resp. Tt : TG — TM), multiplication T'm : (Tg)(Q) =763 TG, and
unit map Te : TM — T'G. This groupoid structure can be naturally extended to
the direct sum EBETQ, k > 1, making it a Lie groupoid over @*T M, with source
(resp. target) map ©*T's (resp. @FT't), multiplication map ©*T'm, etc.

Let o € QF(G), and let us consider the associated map
(4.2) a: kTG — R, a(lh,...,Up) =iy, ... iy,
The following observation is immediate from (4.1).

Lemma 4.1. « is multiplicative if and only if & is a groupoid morphism. (Here R
is viewed as an additive group.)

We denote the space of multiplicative k-forms on G by Ok @g) .

mult

4.1. From multiplicative to IM forms. Let G be a Lie groupoid over M, and
consider the tangent lift operation QF(G) — QF(TG), a — a7, recalled in Section
2.3. Using the natural inclusion ¢4 : A = AG — TG, we define a map

(4.3) Lie : Q%(G) — QF(4), o Lie(a) = thar.

Given a € QF(G), let us consider the associated bundle maps p : A — AF=1T* M
and v : A — AFT*M,

(4.4) (w(u), Xa Ao oA Xp—1) = au, X1, - oo, Xi—1),s
(4.5) (v(u), X1 A ... A Xg) =da(u, X1, ..., Xk),

for X1,..., X, € TM and u € A (here we use the natural inclusions TM — TG|y
and A — TG|p).

Lemma 4.2. The k-form Lie(a) € Q¥(A) is linear and satisfies
Lie(a) = dA, + A,.
Proof. Let B € Ql(g) be any [-form on G, and let us consider the [ — 1-form on A
given by % 7(5) (see (2.13)), i.e.,
LaT(B)u = (TLA‘U)tT(IB)‘LA(U) = (TLA‘U)t(Tpg‘LA(u))tiLA(u)ﬁ
= (T'(pg o LA)‘U)tiLA(u)ﬂ'
From the commutative diagram

LA

—2. TG

|
- 5 g

€ I

A
in
M

LZT(ﬁ”u = (TQA|u)t(T6|qA(u))tiLA(u)ﬁ-
It immediately follows (see (2.9)) that

() = Ay, Gyr(da) = A,

we see that
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Using (2.15), we see that
A =0(d7r(a) + 7(da)) = diy7(a) + Gy7(da) = dA, + A,
0

Recall that any groupoid morphism 1) : G — G defines a Lie algebroid morphism
Lie(v) : AGy — AG, that fits into the diagram

(4.6) TG, - TG,
Lw TLAQ
g1 AGo

When a € Qk(g) is multiplicative, we saw in Lemma 4.1 that & : ®¢ kPG — R is a
groupoid morphism; we consider its infinitesimal counterpart,

Lie(@) : A(@ETG) — R,

where now R is viewed as the trivial Lie algebroid over a point. The natural projec-
tion pg : TG — @G is a groupoid morphism, and there is a canonical identification
of Lie algebroids?

A(@§TG) = H A(TG).
Lie(pg)
Our next goal is to compare the following two maps:

k
Lie(a) : ®5T(AG) — R and Lie(@): [[ A(TG) — R
Lie(pg)

The involution Jg : T(T'G) — T(TG) (see (2.16)) defines an identification of Lie
algebroids jg : T(AG) — A(TG) via the diagram

(4.7) T(AG) %= A(TG)

Tuag i \LLA(TG)

T(TG) ——~T(TG)

Note that the property Tpg o Jg = prg implies that
Lie(pg) © jg = pa.

As a result, we have a natural identification of Lie algebroids,

k k
(4.8) i ehra=T] 149 = [[ ATe)

PA Lie(pg)

3The Lie algebroid A(TG) — TM is a VB-algebroid with respect to the vector bundle structure
Lie(pg) : A(TG) — A; the algebroid structure on A(TG) can be extended to H]Eie<pg) A(TG) in

terms of core and linear sections, just as described in Section 3.2.
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fitting into the diagram

(k)
(4.9) [T, T(AG) —%> [TF:pe) ATG)

(Teag)® J/ \L(LA(TQ))IC

H];Tg T(Tg) W) ngg T(1g).
g

Lemma 4.3. Let o € QF(G) be multiplicative. Then

(4.10) Lie(@) 0 j = Lie(a).
In particular, Lie(a) : ®4T(AG) — R is a Lie algebroid morphism.
Proof. By definition, Lie(@) = da o ([,A(Tg))k, and using (4.9) and (2.17) we obtain

Lie(@) o ]ék) =dao (LA(Tg))k o ]ék) =dao Jék) o (Trag)"

= Qar o (TLAg)k = LZQT~
O

Proposition 4.4. Let o € QF(G) be multiplicative, and let u and v be defined as in
(4.4) and (4.5). Then (u,v) is an IM k-form on AG.

Proof. The result is a direct consequence of Lemmas 4.2, 4.3, and Theorem 3.1. [J

4.2. Integration of IM forms. Let G be a Lie groupoid over M, with Lie algebroid
A = AG. Assume that G is source-simply-connected (i.e., the s-fibres are connected
with trivial fundamental group), so that @ETQ is also a source-simply-connected
groupoid®. Let A € QF(A) be a k-form on A for which A : ®%TA — R is a Lie
algebroid morphism.

Lemma 4.5. There is a unique multiplicative k-form a € QF(G) such that Lie(a) =
A (see (4.3)).

Proof. Since A is a morphism of Lie algebroids, the identification (4.8) also leads to
a Lie algebroid morphism

k
(4.11) No(Giht= T[] A(TG) = A@*TG) — R.

Lie(pg)

As @ETQ is a source-simply-connected groupoid, we can use Lie’s second theorem
(see e.g. [20]) to obtain a unique groupoid morphism

(4.12) Ipn: @ETG — R

4Given any X = (Xq,...,Xg) € @szM, the projection (pg)’C : GBSTQ —— G makes the source
fibre ((T's)®)~(X) C TG into an affine bundle over the source fibre s~!(z) C G
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integrating the morphism (4.11), i.e., such that Lie(Iy) = Ao (jék))_l. To check that
Iy = @, for a € QF(G), it suffices to verify that the following conditions hold:
(4.13) Ny, .. Uiy Upy o Up) = — Iy (Uy, .. Us, Ui, U,
(4.14) InN(Un, ... Uiy, U, Uiga, .., Uy) =cIn (Ui, ..., Ug),
(4.15) In(Ui,... U1, Ui + Ul U1, ..., Up) =In(Un, ..., Us, ..., Up)+
INUL,.. UL U,

for all U;,U! € T,G, g € G, ¢ € R, where 1 < i < j < k. As we now show, all
conditions can be verified with the same type arguments (cf. [21]).

To prove that (4.13) holds, one directly checks that the map [Xj ). @ST g — R,

I, U, U U o= —In(T, . Uy, Uy D),
is a groupoid morphism, and Lie(Il(jj)) : Hﬁie(pg) A(TG) — R satisfies
Lie(I\)(Vi, ..., Vi,...\Vj,. .. Vi) = —Lie(In)(Vi, ..., Vi o Vi Vi)

= Ao (i) WV, Ve Vi V)
= Lie(I\)(Vi, ..., Viy o, Vi o Vi),

since A is skew-symmetric. So Lie(I/(\” )) = Lie(I,), and the uniqueness of integration
in Lie’s second theorem implies that I/(\”) = I, which is (4.13).

Similarly, for a fixed ¢ € R, one can directly show that both the left and right-
hand sides of (4.14) define groupoid morphisms GBETQ — R, whose infinitesimal
counterparts agree at the level of Lie algebroids due to the multilinearity of A. Then
(4.14) follows again by the uniqueness part of Lie’s second theorem.

The last condition (4.15) can be treated in a completely analogous way, by first
noticing that both sides of (4.15) define groupoid morphisms EBZ,HTQ — R, where
now we need an extra copy of T'G for U/. Again, these morphisms agree at the
infinitesimal level due to the multilinearity of A, and hence agree globally.

The fact that « is multiplicative follows from Lemma 4.1, and the equality A =
Lie(«) is a consequence of Lemma 4.3. O

A direct consequence of Lemmas 4.3 and 4.5 is that the map
QF (G) — QF(A), a— Lie(a),

mult
is a bijection onto the subspace of k-forms A € Q¥(A) such that A : @KTA — R is
a morphism of Lie algebroids. By the correspondence in Theorem 3.1, this bijection
can be alternatively phrased in terms of IM-forms on A:

Theorem 4.6. Let G be a source-simply-connected Lie groupoid over M with Lie
algebroid A — M. For each positive integer k, there is a 1-1 correspondence

(416) ercnult(g) - Q{CM(A% Q= (,u,l/),
where i, v are given by

(4.17) (p(u), X1 Ao o AN Xo1) = alu, X, o0y Xg1),
(4.18) (v(u), X1 A ... A Xg) = da(u, X1, ..., Xk).

Proof. The result follows from Lemma 4.2 and Theorem 3.1. g
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The following is a simple example of correspondence in Theorem 4.6.

Example 4.7. Let us equip A = T*M — M with the trivial Lie algebroid structure
(both anchor and bracket are identically zero), so we may identify G = T*M (with
groupoid multiplication given by fibrewise addition). Fizing p=1d : T*M — T*M,
then any vector-bundle map v : T*M — N*T*M defines an IM 2-form (u,v). When
v =0, then (u,v) corresponds under (4.16) to the canonical symplectic form wean
on G =T*M; for an arbitrary v, the corresponding multiplicative 2-form 1is given,
at each g = (¢?,p;) € T*M, by

wlg = Weanlg + prv(9)

where cpr : T*M — M is the natural projection.

Let us list some immediate consequences of Theorem 4.6, illustrating how the
correspondence (4.16) restricts to subclasses of multiplicative and IM forms:

(a) Let n € Q¥(M). Following Example 3.3, we know that (u,v), where u(u) =
—ip)n and v(u) = —i,)dn, defines an IM k-form. One directly verifies
that the corresponding multiplicative k-form is o = s*n — t*n.

(b) Let ¢ € QF+1(M) be a closed k + 1-form. Then Theorem 4.6 gives a bijective
correspondence between IM k-forms on A relative to ¢ (i.e., v(u) = —i,u) 9,
see Example 3.4) and multiplicative k-forms « satisfying da = s*¢ — t*¢.
To verify this fact, just notice that da is a multiplicative (k 4 1)-form cor-
responding to an IM (k + 1)-form of the type discussed in item (a). This
recovers [5, Thm. 2.5] when k = 2 (cf. [3]), as well as [1, Thm. 2] when £ is
an arbitrary positive integer.

(c) Let a € QF . (G) be a given closed multiplicative k-form, with associated IM
k-form (fq,va) (note that v, = 0, necessarily). It follows from Theorem 4.6
that there is a 1-1 correspondence between multiplicative (k — 1)-forms 6
with df = a and vector-bundle maps p : A — A¥"2T*M satisfying, for all
u,v € I'(A),

ip(u)ﬂ(v) = _ip(v)ﬂ(u)7 p([u, v]) = 'Cp(u)u(v) - ip(v)dﬂ(u) - ip(v)Ma(u)'

The reason is that (u, g ) is the IM (k — 1)-form associated with 6 (note that
o satisfies (3.18) as a result of (uq,vs) being an IM k-form for a and v,
being zero). This correspondence is the content of [1, Thm. 3].

For k = 2, one has further refinements of Theorem 4.6 based on the general study
of multiplicative 2-forms carried out in [5, Section 4], leading to natural generaliza-
tions of twisted Poisson and Dirac structures (in the sense of [26]). On the vector
bundle TM & T*M, consider the pairing ((X, ), (Y, )) = B(X) + a(Y), and the
natural projections prp : TM &T*M — TM and prp« : TM T *M — T*M. As in
Theorem 4.6, we denote by G a source-simply-connected groupoid with Lie algebroid
A— M.

(d) Given an IM 2-form (p,v) on A, we consider the vector-bundle map (p, i) :
A—TM ®T*M and its image

(4.19) L= {(p(u), (u)) |[lue A} CTM &T*M,

which is a subbundle whenever it has constant rank. By (3.16), over each
point of M, L is isotropic with respect to the pairing (-,-). It follows from
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(4.20)

(4.21)

(4.22)

[5, Cor. 4.8] that, under the assumption that dim(G) = 2dim(M), the cor-
respondence (4.16) restricts to a bijection between multiplicative 2-forms w
such that

ker(Ts), Nker(w), Nker(Tt), = {0}, Vze M,

and IM 2-forms (p,v) for which L = Lt (i.e., L is lagrangian with respect
to (-,-); in particular, it is a subbundle with rank(L) = dim(M)) and

(pyu) : A— LCTMaT*M

is an isomorphism of vector bundles. Moreover, t : G — M relates w and L as
a forward Dirac map (see, e.g., [5, Sec. 2.1]). If we define vy, : L — A2T*M by
vr((p(u), u(u))) = v(u), then the identification (4.21) induces a Lie algebroid
structure on L with anchor prp|r, and bracket on I'(L) given by

[(X,a), (Y,0)]r = ([X,Y],Lxf —iyvda — iyvr (X, a)).

Conversely, if a lagrangian subbundle L C TM & T*M is equipped with
vy : L — A?T*M for which (4.22) is a Lie bracket on I'(L), then A = L is a
Lie algebroid with anchor prr|r; if vr also satisfies (3.18), then (prr«|r,vr)
is an IM 2-form. Then, under the bijection (4.16), (pry«|r,vr) corresponds
to a multiplicative 2-form w on G satisfying (4.20). Taking vy, to be of type
v (X,a) = —ix¢ for a closed 3-form ¢ € Q3(M), we recover the integration
of twisted Dirac structures by twisted presymplectic groupoids of [5, Sec. 2].

(e) When a multiplicative 2-form is nondegenerate, then dim(G) = 2dim(M)

automatically (see, e.g., [5, Lem. 3.3]), and (4.20) trivially holds. Under
(4.16), this situation corresponds to the case where the IM 2-form (u,v) is
such that p: A — T*M is an isomorphism; in other words, L is the graph
of a bivector field m on M: L = {(iqm, a) | « € T*M}. Following (d) above,
the fact that I'(L) is closed under the bracket (4.22) is expressed by the
compatibility condition

%[Tr, (e, B,7) = vi((iam, ))(igm, iym)

for all «, 3,y € Q'(M). When vy, is of type v (X,a) = —ix¢ for a closed
3-form ¢ € Q3(M), one recovers twisted Poisson structures, and (4.16) gives
their integration to twisted symplectic groupoids (cf. [8]).

5. RELATION WITH THE WEIL ALGEBRA AND VAN EST ISOMORPHISM

This section clarifies how linear and IM-forms on Lie algebroids fit into the Weil
algebra of [1, Sec. 3], and how the infinitesimal description of multiplicative forms
relates to the general Van Est isomorphism of [1, Sec. 4].

Let A be a Lie algebroid over M. We consider the associated Weil algebra W (A)

as in

[1, Sec. 3], which is a bi-graded differential algebra. The space of elements

of degree (p, k) is denoted by WP*(A), and the differential on W (A) is a sum of
differentials d" + dv, where

d" WPR(A) — WPHLR(A), v WPR(A) — PR (A),

We will be mostly concerned with W»*(A) for p = 0,1, 2.
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For p = 0, we have W%*(A) = Q¥(M). An element Ay € WHE(A) is given by a
pair ((AW)07 (AW)I)a where

(5.1) (Aw)o : T(A) — QF(M), (Aw)1 € Q" (M, A%),

subject to the compatibility condition

(5-2) (Aw)o(fu) = f(Aw)o(u) — df A (Aw)i(w),

for f € C*°(M), u € I'(A), and (Aw )1 viewed as a C*°(M)-linear map

(5.3) (Aw)1 : T(A) — Q"1 (M).

An element ¢y € W2¥*(A) is a triple ((cw)o, (cw)1, (cw)2), where

(54)  (ew)o s T(A) x T(A) — QF(M), (ew)s : T(A4) — Q81 (M, A7),

(ew)2 € QM (M, 5%(4Y)),

and such that (cy)o is skewsymmetric and R-bilinear, subject to suitable compati-
bility conditions (extending (5.2)) that we will not need explicitly.
We need to recall the expression for d” restricted to W¥(A). By definition (see

[1, Sec. 3.1]), for Ay = ((Aw)o, (Aw)1) € WHE(A), d"Ay € W2E(A) is given by
(cf. (5.4))

(5.5)  (d"Aw)o(u,v) = —(Aw)o([u, v]) + Loy (Aw)o(v)) = L) (Aw)o(u)),
(5.6)  (d"Aw)1(u)(v) = Loy (Aw)1(v) = (Aw)1([u, v]) + iy (Aw)o(w)),

(5.7)  (d"Aw)2(u) = iy (Aw)1(w)),

for u,v € I'(A4).

We also need the expression for d” in the following particular situation. Any
bundle map p : A — AFT*M (equivalently seen as a C°°(M)-linear map p : I'(A) —
QF(M)) defines an element py € W1*(A) by

(5.8) (tw)o = p, (pw)1 =0.
In this case, d”(uw) € WHF+1(A) is defined by (see [1, Sec. 3.1])
(5.9) (d°pw)o(u) = =dp(u), (d°pw)1 = p.

hn(A) - Wl’k(A)’ k=1,2,...,
A= dA‘u + A, — Ay = —dUMW + vw.

Proposition 5.1. Consider the map ¢ : )

The following holds:
(1) ¢ induces a C°°(M)-linear isomorphism Qf_(A) — Whe(A).
(2) Yod=—d" o).

(3) 9 restricts to a linear isomorphism QO (A) — ker(dh\wl,k(A)).

Proof. 1t is clear from (5.8) and (5.9) that the map 1 is injective. Let us check
that any Ay € WHF(A) can be written in the form —d'uw + vy for C°(M)-
linear maps p : I'(4) — QFY(M), v : T(A) — QF(M). Let us write Ay =
((Aw)o, (Aw)1), and set p = —(Aw)1. Then (d’uw)1 = —(Aw)1, so the element
c = d'uw + Aw € WHE(A) is such that ¢; = 0, which implies that ¢ = vy for a
bundle map v : A — AFT*M. The C*°(M)-linearity of v results from the following
properties: fdA, = dAy, — Aqsa, and d¥(fu)w = fd'uw — (df A p)w. Hence (1)
is proven.
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To prove (2), writing A = dA, + A,, we have dA = dA,. By definition of 1, it
follows that ¥)(dA) = —dvyy. On the other hand, —d*(¥(A)) = —d¥(—d uw+vw) =
—d"vy, hence (2) holds.

For (3), we must consider the condition d"Ay = 0. Written in terms of its
components (5.5), (5.6), and (5.7), we obtain three equations involving (A ) and
(Aw )1, which must be shown to agree with conditions (3.16), (3.17) and (3.18) in
Thm. 3.1. Using (5.8), (5.9), we see that

(5.10) (Aw)o(w) = dp(u) +v(u),  (Aw)i(u) = —p(u)

for all u € T'(A), and it is clear that (5.7) and (5.6) coincide with conditions (3.16)
and (3.17), respectively.
For the degree-0 condition (5.5), using (5.10) and (3.17), we find

v([u,v]) = diyydp(u) + diyyv(u) + Loy (v) — Lywydu(u) — Lypyv(u).

Using Cartan’s formula £Lx = ixd + dix, one directly verifies that the last equation
agrees with (3.18). O

Let G be a source-simply-connected Lie groupoid over M, with Lie algebroid A —
M. There is a double complex Qk(g(p)) associated to G, known as the Bott-Shulman
compler, see [2]. Tt is equipped with a differential 9 : Q*(G®)) — QF(GPHD) as well
as the de Rham differential d : Q¥(G»)) — QF+1(GP)). The Van Est isomorphism
constructed in [1] relates the cohomologies of QF(GP)) and WP*(A). We will only
need a few results of the theory, for p =0, 1.

For p = 0, Q¥(G©)) = QF (M) = WOk (A), and

9: Q5 (M) — QG),  an) =t —s".
For p = 1, the differential 0 : Q*(G) — QF(G?)) is
d(a) = pria—m*a+ pria,

and the Van Est map of [1, Sec. 4] restricts to a map

(5.11) V: QF 1i(G) = ker(O]qgr(gy) — ker(d"[yyr(ay) € WHF(A),

given by

(5.12) V(a)o(u) = € (diya + i,da), V(a)i(u) = —€" (i)

where a € QF . (G), u € T(A) (we view A as a subbundle of 7G|y/) and € : M — G
is the unit map of G. The map V satisfies

(5.13) Vod=—d’oV, V() =d,

for n € QF(M). The general Van Est isomorphism of [1] implies that the induced
map

(@) ker(dlwraa)
Im(3|Qk(M)) Im(dh|Qk(M))

is a bijection. In this specific situation, a stronger fact holds.

(5.14)

mult

Proposition 5.2. The map V: QF (G) — ker(dh|W1,k(A)) is a bijection.

The proof of the proposition uses the following observation (cf. [1, Sec. 6]).
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Lemma 5.3. Let 0 € WYF(A), w € QFFL(G) be such that d"o = 0 and V(w) =

mult
—d'o. Then there exists a unique 3 € QF . (G) such that
V(B) =0, dB=w.

Proof. The key fact to prove the lemma is shown in [1, Lem. 6.3]: for a closed k-form
a € Qﬁmlt(g), V(a) = 0 if and only if & = 0. As an application, we see that w is
necessarily closed, since V(dw) = d"(d"o) = 0.

Since d"o = 0, the isomorphism (5.14) implies that there exists 3 € QF (G) such

that V(83) = o + d"n. If 8 = 3 — 07, then by (5.13) we have

V(8) = V() - V(on) = 0.

To conclude that df = w, note that d —w is multiplicative, closed, and V(df—w) =
—dc 4+ dYc = 0. O

We can now prove the proposition.

Proof. (of Prop. 5.2) Let us fix £ € WI*(A), d"¢ = 0. Let 0 = —d"€. Then d¥o = 0,
d"o = 0, and Lemma 5.3 implies that there exists a unique 3 € QFF! (G) such that

mult
(5.15) V(3) =0, dB=0.

Since V(8) = —d¥¢, and, by assumption, d"¢é = 0, we can apply Lemma 5.3 to
conclude that there exists a unique 6 € QF . (G) such that V(#) = ¢ and df = .

But notice that the condition df = [ is automatically satisfied if V(0) = &, since
V(d#) = o and the conditions in (5.15) determine [ uniquely. O

Composing the bijection (5.11) with the identification Q% (A) 2 ker(d"|;1.x(A))
of (3) in Prop. 5.1, we obtain a bijection

Uit (§) — Qi (A).

mult

Using (5.10) and (5.12), we see that this bijection is explicitly given by a — (u,v),
where p, v are defined as in (4.4), (4.5), hence agreeing with Theorem 4.6.

6. THE DUAL PICTURE: MULTIPLICATIVE MULTIVECTOR FIELDS

In this section, we illustrate how the techniques used in the paper to study in-
finitesimal versions of multiplicative forms can be equally applied to multiplicative
multivector fields.

We keep the notation introduced in Section 2.1. We focus on the cotangent
bundle ¢4 : T*A — A of a vector bundle A — M, described in local coordi-
nates (27, u?, pj, &), where (z7,u?) are relative to a basis of local sections {eq} of
A. The local coordinates on A* relative to the dual basis {e?} are denoted by
(27,&4); recall from (2.1) that we have a vector-bundle structure r : T*A — A*,
(z7,ul, pj, &) — (27,&4). As in Section 2.2, we also consider the k-fold direct sum
@ZT*A, described by local coordinates (27, u?, p;, e ,p;?, fcll, . ,ffj), as a vector bun-
dle over ®*A*, with projection map (;rj,ud,p]l, .. ,p?,fcll, Y e (U S R 2. )

As in Section 3.1, we will need special sections of the bundle @ZT*A — kA",
For the bundle T*A — A*, we consider local sections

(61) da:\z(xj7£d) = (a:j,O,éj-,fd), ec%(‘rjvéd) = (xj752707£d)7
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which are core and linear sections, respectively; these sections generate the module
of local sections of T*A — A*, and the projection T*A — A maps core sections to
the zero section of A — M and linear sections e to the section e,. More generally,
local sections of @ZT*A — @FA* are generated by sections of types

(62) Az @... @) =0(E)@...06" ) @dT(EM) ®OE") ... D O(E"),
(6.3) ()€ @... o) =)o @eg(ch),

where 1 @ ... @& € @FA* and 0: A* — T*A, 0(27,&y) = (27,0,0,&,), is the zero
section. For each k, we will use these sections to express the natural Lie algebroid
structure on ®%T*A — ®FA*, similarly to Section 3.2.

Using the notation in (3.4), the defining relations for the cotangent Lie algebroid
structure on T*A — A* are

(6.4) [dZ%, 2]y = 0,
=7 9 zL =% 602 ~t c
65)  febid@]n = FRAE [eb el =~ Sedd + Clyel
~i\ __ & 0 Ly __ 0 c
(6.6) pr=a(dz’) = pd@’ prealeq) = sza J +C, bgcag

This Lie algebroid structure is extended to direct sums ®47*A — @®FA* in total
analogy to what was done for the tangent Lie algebroid in Section 3.2; we adopt the

simplified notation px = pg 7+ 4 and [ e =1 @k 74 for the resulting anchor and
bracket®. Explicitly, the anchor is given by
~ ;0 .0
(6.7) pr(dz*™) = 03@7 Pk((eaL)k) = P‘Zza 5 Cavle 7em 85
whereas for the bracket we have
. : . g
6.8 4 ) = 0, [(el), @), = 2P ggim
( a/ oxt
x
LNk L\k d ( L\k anb n Azn
(6.9) [(e)", ()" = Capleq)” — — 576 dT

6.1. Linear multivector fields and derivations. Let 7 € X*(A) = T'(AFTA) be
a k-vector field on the total space of a vector bundle g4 : A — M. Let us consider
the function (cf. (2.4))

7 ONT*A =R, T(Ti,...,Tg) =ir, ... 01,7
We say that m € X*(A) is linear if 7 defines a vector-bundle map

(6.10) ohT*A LT
@kA* - {*}a

similarly to (2.8). One can directly verify that the notion of linear multivector field
agrees with the one considered in [18, Section 3.2]. The space of linear k-vector

5Since tangent Lie algebroids are not used in this section, this notation should not cause any
confusion with the one in Section 3.2.
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fields is denoted by X (A). As in Lemma 2.2 (cf. (2.7)), 7 is expressed in local
coordinates (z7,u?) of A as

L b a 9 9
(6.11) s :Eﬁdl F(x)u Sub Ao A m—k
U by 9 9 9
(k—1)! (x)aubl A Oubr—1 " Ozl

We have the following analog of Proposition 2.5 for linear multivector fields, proven

in [18, Prop. 3.7): there is a 1-1 correspondence between elements in X (M) and

pairs (8, d1), where dg : C°(M) — T'(A¥~1A) and 6; : I'(A) — I'(AFA) are linear
maps satisfying

(6.12) 60(fg) = gdof + féog, d1(fu) = (dof) ANu+ féru,

for all f,g € C*°(M) and u € T'(A). Equivalently, one may view such pairs (dg, J1)
as restrictions of linear maps 6 : I'(A®*A) — I'(A*TF~1 A) satisfying the property
(6.13) 5(uAv) = (du) Av+ (=1)PE Dy A (Gv)

for u € T'(APA) and v € T'(A?A); i.e., J is a degree-(k — 1) derivation of the exterior
algebra I'(A®A). For this reason, we denote both maps 0y and d§; by d. The explicit
correspondence between 7 and § is given by® (see [18, Section 3.2])

6.14)  w(dlr, ..., dlges,dgi f) = q;<5f,§1 A A gk—1>,
k

(6.15)  m(dler,...,dle)(uw) = Y (=) Fn(dler, ..., dlg,. .., dlgr, dgi (€, u))
i=1

— <5u,§1 A...A§k>,
where f € C®(M), u € T(A), &,...,&" € T(4*), and I € C(A) is the linear
function l¢i (u) = (¢, u). In coordinates, we have

1
(k—1)!

where {ey} is a basis of local sections of A.
Let A — M be a Lie algebroid. The Lie bracket [-,-] on I'(4) has a natural
extension (still denoted by [-,-]) to the exterior algebra I'(A®*A),

[, ] : D(APA) x T(ATA) — T(APTI-14),

making it into a Gerstenhaber algebra (see e.g. [6]): for u € I'(APA), v € T'(ANTA),
and w € I'(A"A), we have

(6.17) [u,v] = —(=1)P~DE D]y, ],
(6.18) [u, v Aw] = [u,v] Aw + (=1)P"D% A [u, w).

(6.16) o' =

. 1
Wbl"'bk*”(:c)ebl A Ney, |, Oeq = —Ewgl“'bk (x)ep, A. .. Nep,,

The next result is the analog of Theorem 3.1 for linear multivector fields.

6To see that (6.14) and (6.15) determine the linear k-vector , note that fibres of T*A — A are
generated by elements of types dle and dgj f, and by linearity lagy, folagy ™ = 0.
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Theorem 6.1. Let 7 € X% (A) be a linear k-vector field on a Lie algebroid A, and
let § : T(A®A) — T(A*T*=LA) be the associated derivation (as in (6.14) and (6.15)).
Then the map 7 (6.10) is a Lie algebroid morphism if and only if

(6.19) S[u, v] = [6u, v] + (=1)P~DED ]y §u],

for all u € T(APA), v € T'(N1A) (i.e., § is a (k — 1)-derivation of the Gerstenhaber
bracket).

To draw a clear parallel with Theorem 3.1, we denote by XI’f\/[(A) the space of
degree (k — 1) derivations & : I'(A®*A) — I'(A**#~1A) of the Gerstenhaber structure
(i.e., (6.13) and (6.19) hold), in analogy with IM k-forms.

Proof. We work locally, so the condition that 7 is a Lie algebroid morphism is
(6.20) f([Tl, Tg]k) = ﬁpk(yl)f('rg) — Epk(T2)f(T1),

where Y1, Yo are local sections of ®%T*A — @k A* of types (6.2) or (6.3) (cf. (3.25));
hence, just as in the proof of Theorem 3.1, there are 3 cases to be analyzed. The
assertion of Theorem 6.1 is a direct consequence of the following claims:

(c1) Let Ty = dz*' and Yo = dz?™. If | = m, then (6.20) is automatically
satisfied; if [ # m, then (6.20) is equivalent to

(6.21) o[zt 9] = [0z, 9] + (1) Mzt 627] = 0.

(c2) Let Y1 = dz* and Yo = (ef)*. Then (6.20) is equivalent to
(6.22) o[zt ep]) = [0, ep] + (—1)F L[zt dep].

(c3) Let Y1 = (eX)* and Yy = (el)*. Then (6.20) is equivalent to
(6.23) dleas ep] = [0eq, ep] + [eq, 0ep).

In order to prove claims (cl), (c2) and (c3), we need some general observations.
For any function F' : @*A* — R which is k-linear over C°°(M) and skew symmetric,
let & € T'(A*A) be the unique element such that

F(eL, ... ¢h) = <<I>F,§1/\.../\§k>.

E.g., for F(¢',...,&F) = Fbrbegl . gf with F?-P totally antisymetric in its
indices, we have &p = %Fbl'“bkebl A ... N\ep,. We will consider the cases where
F = 7(dz?™) and F = 7((eX)*). Using the local expressions (6.2), (6.3) as well as
(6.11) and (6.16), one may directly verify the following identities:

(6.24) w(dFm(EL,. .. €)= (_1>’f*m<5xj, ELALLANEMA LA §k>,

(6.25) TGN N) 7<5ea,£1 AL /\§k>,

where the notation &1 A ... A 5771 A ... N EF means that €™ is omitted. '
Let us now consider F (¢, ..., ¢F) = Fbl"'bkﬁgl . §{fk and the vector fields py,(dz*!)

and pr((e£)*) on @FA*, see (6.7). Then a direct computation shows the following
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identities:
(6.26) L,z (FE,. .. &) = (—1)l<[mi, Spl, & A AEA LA gk>,
(6.27) Lo (eryy(F(EL ... €5)) = <[ea,<I>F],§1 Ari AL A §k>.
From (6.24) and (6.26), we directly see, assuming that I < m, that
Ly (azity(@(AZ™)(EL ., €)=
(—1)l+’f‘m<[xi,5xj],£1 A NEA L NETALL ,g’“>,
L, zimy (@A) (€., €M) =
(—1)m*1+’“*’<[:cj,5a:i],§1 A NEENNETA LA §k>.

Combining these two equations with (6.17), we conclude that claim (c1) holds.
To prove the other two claims, note first that the derivation property for functions
in (6.12) implies that

0
(6.28) of = a‘f;éxj feCc>®(M).
As a result, since [ep, 2] = Ep(eb)a: = p}, we have that
i _ i _ 3Pb j
(6.29) oz, ep] = —dlep, '] = D ox’.

Using the second formula in (6.8) together with (6.24) and (6.29), we obtain

(6.30) 7([dZM, (eE)F]u(el, ... €F)) = —(=1)F <apbw§1 .Agl/\.../\§k>

O

= (—1)k*’<5[x’,eb],§1 A AEA. L /\§k>.
Combining (6.24) and (6.27), as well as (6.25) and (6.26), we immediately get
(6:31) Ly, (ot (F(AT (€L, €9))) = (—1)k—l<[eb,5;pi],§1 A NELA LA 5’f>,
(6:32) Ly, @ty (T(f)H (€L, €)= —(= 1) ([",der), € A AELA L AER),

Now claim (c2) is a direct consequence of (6.30), (6.31) and (6.32).
Finally, to prove (c3), we observe a few facts. From (6.28), we see that

acs, .
(6.33) dlea, ep) = 0(CSec) = ax‘;b dz? Nee+ Chpdec.
The usual formula for the wedge product gives us the identity

880?’<5:):7/\ec,§1 ./\£k>—zk:(—1) aCabgc<5ﬂ,§1 CATA L AER

using it, we immediately obtain from (6.9), (6.24) and (6.25) that
634)  w((ED) () IlE €)= ~(Sleas ol € AL nEE).
On the other hand, from (6.25) and (6.27) we have that

(6.35) Lo, (eryiy @))€, €7))) = —<[ea,5ebJ,51 Ao A 5’°>.
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Using (6.34) and (6.35), we can immediately verify that claim (c3) holds. O

6.2. Infinitesimal description of multiplicative multivector fields. We now
discuss the analogs of the results in Section 4 for multiplicative multivector fields.

Let G be a Lie groupoid over M. Its cotangent bundle 7*G has a natural Lie
groupoid structure over A*, known as the cotangent groupoid of G, see [9] and
[20] for a full description. For us, it will suffice to recall that the unit map €¢: A* —
T*G|n identifies A* with the annihilator of TM C TG, and that the source map
s:T*G — A* is defined by

(6.36) (s(ag),u) = (g, Tly(u — Tt(u))), ag € T;G, u € Agy),

where [, denotes left translation in G. Note that s is a vector-bundle map covering
s: G — M; using coordinates (zl ) on G, it has the form

(6.37) Sz ) = (s(=2)?, Cal2)n) € A%z

We will not need the explicit expression for C%(2), just to note that s(dt*f) = 0 for

all f € C°(M) (by (6.36)), which implies that

ot f)
02!

Similarly to what happens for the tangent groupoid, the cotangent groupoid struc-

ture extends to direct sums ®FT*G over ®*A*. A multivector field II € X*(G) is
called multiplicative if the associated map

(6.39) I:@gT*G — R, T(C,...,G) =i, .. i 11

(6.38) Ch(z) =0, YfeC®M).

is a groupoid morphism (cf. Lemma 4.1). We denote the space of multiplicative
k-vector fields on G by Xfmlt(g).

Remark 6.2. We may equivalently consider the map
(6.40) I @b TG — TG, (G, Goot) =iy - - i, T,
and verify that I1 is multiplicative if and only if II* is a groupoid morphism.
Let us recall, see e.g. [21], the identification of Lie algebroids
(6.41) g : A(T*G) — T*(AG),
which extends to an identification 95 : A(EB’&T*Q) = Tliie(cq) AT7G) — ok T*A
(cg : T*G — G is a groupoid morphism). Given II € X kult(g), we consider the

m

infinitesimal map Lie(I) : A(@ET*Q) — R (see (4.6)), as well as the composition
(6.42) Lie(Tl) o (65)~' : @4 T*A — R.
The exact same arguments as in Lemma 4.5 directly show that there is a unique
k-vector field Lie(IT) € X*(A) satisfying
(6.43) Lie(TI) = Lie(IT) o (65) ™"
moreover, the map

Xrlfmlt(g) - Xk(A)’ II— Lle(H)a
is a bijection onto the subspace of k-vector fields m € X (A) for which 7 : @5T*A —
R is a morphism of Lie algebroids. An immediate consequence of Theorem 6.1 is
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Corollary 6.3. There is a bijective correspondence
(644) Xrlzult(g) - XI’T\/I (A)7 I 57

where § is the derivation associated with m = Lie(Il) € XF
(6.15)).

This result is parallel to Theorem 4.6, except that it provides no explicit way of
computing § directly out of II (analogous to (4.17) and (4.18)). This missing aspect
will be clarified in the next section.

(A) (via (6.14) and

6.3. The universal lifiting theorem revisited. For u € T'(APA), let us denote
by u” the corresponding right-invariant p-vector field on G. As observed in [18,
Section 2], given II € X* | (G), then [II,u"] is again right invariant, which means
that there exists oru € T'(APTF~1A) such that (du)” = [II,«"]. One can check that
the map o : T'(APA) — T'(APTF=1A) is a derivation of the Gerstenhaber structure,
ie., o € XI]Y\/I(M)

k £(G) — XK(A), IL— 611, where 6y is defined by
(6.45) (onf)" = [ILt"f], (onmu)" = [IL,u"],

for f € C°(M) and u € T'(A), coincides with the map (6.44); in particular, it is a
bijection.

Proposition 6.4. The map X*

The fact that the correspondence in Proposition 6.4 is a bijection is the universal
lifting theorem of [18] (see Theorem 2.34 therein), which we recover here as a con-
sequence of Corollary 6.3. We need to collect some observations before getting into
the proof of Proposition 6.4.

Let us consider the isomorphism

(6.46) 0 :T(T*G) — T*(TG), (¥,aj,, d;) — (27,4, a5, 0;),
which is related to the identification 6g in (6.41) via
(6.47) Og = (Tra)' 0 © o Ly+g),

where (Tv4)" is the fibrewise dual to the vector-bundle map Tig : TA — 4T (TG)
(the composition in (6.47) is well defined since © o g(p+g)(A(T*G)) C ¢ T*(TG); this
can be derived directly from (6.37)). For a k-vector field IT € X*(G), its tangent
lift is the k-vector field Iz € X*(TG) defined by the condition (cf. (2.17))

(6.48) Iy = dIlo (671,

where dII : T(EB@T*Q) = H?ch T(T*G) — R is the differential of the function II in
C>®(®gT*G) defined by (6.39).

Remark 6.5. As observed in [14], one may alternatively define the tangent lift T
in terms of II* (6.40):

(6.49) HﬁT : @%W*(Tg) — T(TG), HﬁT =(Jg) to TII¢ o (@*1)(1671)7
where Jg : T(TG) — T(TG) is the involution (2.16).
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When II is multiplicative, it follows from (6.43) that
(6.50) 7 = Lie(TI) = Tr 0 (© 0 tar=g 0 05 ")".

We will need this characterization of 7 in the proof of Proposition 6.4.
For local computations, it will be convenient to consider adapted local coordinates

(6.51) (z7,y%) on G around M C G,

where y? are coordinates along the s-fibres. We will also use the induced coordinates
(27,94, (#7,9%)) on TG, and similarly for T*G, T(T*G) and T*(TG). In these co-
ordinates, 14 : A — TG|ns, ta(2?,u?) = ((279,0), (0,u)), and Tea : TA — S4T(TG)

is given by
.o, 0
T Y -d Y Y .
‘A (Hf oxJ o f)ud> U o oxJ o 8yd LA(u)7

whereas for (Tva)! : 5 T*(TG) — T* A we have

0 a0

u € A,

(Tea) (pjda’ + yady® + D;di? +7odi™) |, () = (Pjd2? +Fodu)]u, u € A
Since the unit map €: A* — T*G|y identiﬁes A* with the annihilator of TM C TG,
given £ € I'(A*), locally written as (z7,&y), the local 1-form on G given by
(6.52) £, y") = Ealw)dy”
extends €(£(x)) to a neighborhood of M in G. We denote by lg € C*(TG) the

linear function determined by §~ The following lemma is key to compare the map in
Proposition 6.4 with the map (6.44).

Lemma 6.6. Let J = © o 1gp+g © 051 :T*A — K T*(TG), and let ug € A. Then,
for any f € C®(M) and § € T'(A*), we have

(6.53) TG4 flug) = A1) i (o)

(6.54) T (dlgluy) = (dlg—i— A4 (uo) s

where ¥ means the pull-back of functions on G by pg : TG — G, and h € C*(G) is a
function that vanishes on M C G.

Proof. The proof follows from some observations, all of which can be checked through
computations in adapted local coordinates (27, y?) as in (6.51).
The first observation one can directly verify is that

(6.55) (TLA)t(d(t*f)v|LA(u)) =dqy flu, uwe€ A.

Using the local expression (6.37) for the source map s, the property (6.38), and
the definition of ©, a direct computation shows that

(6'56) ﬁ(@_l(d(t*f)v‘m(u)» =0¢€ TA*‘qA(u)y QA(U> EMCA.

It follows that © 1 (d(t* )], ,u)) is in the image of ¢ 4(7+g), hence there is a unique
T € T* Ay, (u) such that

O A" f) |aw) = tacrg) (g (1)), ie., T(X)=d(t"f)"] )
Using (6.55) and (6.47). we conclude that T = dg¢% f|,, which proves (6.53).
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With respect to the coordinates ((27,y%), (27, 9%)) on T'G, one can write

0, i ) .
(657) dlg|LA(u) = Oz udz’ + fadya eT (Tg)|LA(u)7
from where we conclude that
86{1 a j a * *
658 (Tea)(digl,y) = <a“ 4 + Eudu ) | = gidihs € T AL,

Let us now consider J(¢'ydl¢) € 4 T*(TG). Since O (T (¢ dle)) lies in T(T*G)|ax,

one can directly verify that J(¢%dl¢) can be written as

pjda? 4+ 7ady® +7,dg°,
i.e., its components relative to di’ vanish. By (6.47), (Tta) (T (¢dl¢)|u) = ¢’ dle|u,

Ea

OxJ

so from the second equality in (6.58) we conclude that p; = $>%u® and 7, = &,, i.e.,

* 0 a j = a - a
J(qadlelu) = <a§;§“ dz’ +7,dy* + &udy )

For each given up € A, one can find h € C°°(G) vanishing on M C G and such
that dh"[,, () = Va(ta(uo))dy®, and (6.54) follows by a direct comparison with
(6.57). 0

ta(u)

We will need the following immediate observations about linear functions on vector
bundles.

Lemma 6.7. Let qg : B — N be a vector bundle, with coordinates (27, bd) relative

to a basis of local sections {eq}, and consider b = bleq € T'(B), b¥ = bd% € X(B),

and B = Paed € T(B*). Let lg € C®(B) be the linear function defined by 3, and fix
by = b(xo) € B, for a given xg € N. Then Lyl = q5(5,b) and

(6.59) Ls(bo) = (Lov15)(bo).
We now prove Proposition 6.4.

Proof. (of Proposition 6.4)

Let m = Lie(TI), and consider ¢!,..., "1 € T'(A*) and f € C®(M). Let us fix
ug € A, xog = qa(ug) € M. By (6.50) and Lemma 6.6, we have

W(dlgl, cee 7dl§k717 dqulf)‘uo - HT(jdl§17 SRR jdlfkflajdqu)‘LA(uo)
(6.60) = HT(dlgl +dhi,..., dlgk_l +dhj_q, d(t*f)v)‘LA(uO),

with h; € C®(G), hily = 0, and & as in (6.52) . We directly check from the
definition of Iz that it is a linear multivector, Il € A, (TG), so (see footnote 6)

(6.61) iapyiapyllr =0, Vfi, f2 € C7(G).
Hence the expression in (6.60) agrees with
(6.62)  Hp(dlg, ..., dlg—1, d(t"f))]iaqo) = Mo, () Wdlzr, - - dlgemi) s (uo)

where [, ] is the Schouten bracket on X*(T'G).
Let us consider the wvertical lift operation X*(G) — X*(TG), II — IIV: in co-

ordinates (z!) on G, it sends the vector field Y = Y % to YV = Y! %, and this
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is extended to a graded algebra homomorphism of multivector fields. From the
Schouten bracket relations for vertical and tangent lifts, see e.g. [15], we obtain

[Mp, (t° )] = [ILt" f]" = ((0nf)")".
Letting xo = qa(up) € M, a direct computation in coordinates (6.51) shows that
(G (gl gy =( (Guf) € A AE)

— <5Hf,§1/\.../\§k_1>

e(zo)’

)
zo

from where it follows that

m(dlgr, ..., dlgk—1,dqa f)lu, = <5Hf7§1 A /\§k71>

0 - q2<5ﬂf7§1 AL .. /\§k71>

uo

Comparing with (6.14), we conclude that ¢ (see (6.44)) and dr; agree on C°(M). It
remains to check that they agree on I'(A).

We now consider ¢',...,¢" € I'(A*) and describe m(dlg1, ..., dle)|y, in terms of
o1 By (6.50) and (6.54), we have (keeping the notation of Lemma 6.6)

W(dl&l, . 7dl£k)’uo = HT(jdlfl, . ,jdlék”uO
(6.63) = HT(dlgl +dhi,... ,dlgk + dhy)

lua (uo0)-

From (6.61), we see that the expression HT(dlg1 +dhy, ... dlg + dh}) can be re-
written as

k
(6.64) Tp(dig,....dlg)+ Y Tp(Tdlg, ..., Jdlg-1,dhy, Tdlgsn, ..., Tdlge).
j=1

We claim that, for all j =1,...,k, we have
(6.65) Hr(Jdlg, ..., jdl&j—l,dh]v‘, Jdlgi, ... ,jdlgk) =0.

To see that, recall from Remark 6.5 that Iy satisfies HﬁT 0o Ok = (Jg)~' o TIIF,
and, since II? : @é_lT*g — TG is a groupoid morphism (see Remark 6.2),

TTE o (1a(r-g))F ™Y C A(TG).

It follows from (4.7) and the definition of J that HﬁToj(k_l) CTuwa(TA) C H{T(TG).
Relative to the adapted coordinates (z7,y%) in (6.51), elements in Twa(TA) C
HT(TG) are combinations of % and 6%0“ whereas dh|,,(,) is in the span of dy?.
So (6.65) follows, and we conclude that

(666) W(dlﬁl, ce e >dl§k>’uo = HT(dlgl, oo ?dlgk)‘LA(uo)'

To proceed, we observe that HT(dl@, e 7dlgk) defines a linear function on TG,
and, using (6.59) in Lemma 6.7 (with B = T'G), we write

(6.67) HT(dlgl, R ,dlgk)’LA(uO) = ,C(ur)v (HT(dlgl, C ,dlgk))hA(uO),
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where u € T'(A) is such that u(zg) = ug. But

,C(ur)v (HT(dlgl, . ,dlgk)) :(ﬁ(ur)vHT)(dlgl, «ey dlgk)
k
+ Z HT(dlg1 ) dlgjflaﬁ(uT)V (dlgj), dlgjﬂa R dl@))y
j=1

and note that
Loy (dlg) = d(E (@)Y, Ly = [w,T0]Y = =((6nw)")",

where we used the Schouten-bracket relations for tangent and vertical lifts in the
second equation. One can directly check that

(Brr)")" (g Qg ) = <(5Hu)r,§1 A A 57“>

Thus Lyryv (Il (dl

:<5Hu,§1A.../\§k>

e(zo) z0

FERRE 7dlgk))|LA(u0) equals

—<5Hu,§1/\.../\§k>‘x +ZHT g dlg @ W) gl o).

Using local coordinates (z7,y%) as in (6.51), one can check the identity

A(E (U)o gy = AECE D) s (o) + BT g (o)
where h; € C*°(G) vanishes on M C G. It follows that

(6.68) HT(dlgl, .. {J 1 (fj( )Y, dlgjﬂ, . 7dl§~k)‘m(uo) =
HT(dlgl, o ,dlgj,l,d(t*<§j u>)V’ dlgjﬂ, o ,dlgk)‘LA(uO)—l-
HT(dlgl, .. ,dlgj_“dhV dng+17 . 7dlgk)|LA(u0)~

Using the linearity of II7 (see footnote 6) and (6.65), we see that
I (dl Algjmr,dhf,dlg g, dlg,)
=Hp(Jdlz, ..., Jdlg 1, dhj, Jdlg,., ..., Jdlg) =0
A direct comparison with (6.60), (6.62) gives that
g17... d£'7 17 <€] U> dlgj+1,...,dlgk)’LA(uO):
(1) I n(dler, ..., dlg, ..., dler, dgi (€7, u)) |,
Going back to (6.66), we finally conclude that

w(dler, ., dlgn)uy = — <5Hu,§1 A /\§k>

ZERER

TIr(dl

Zo

(1) I (dlgr,. .., dlg, ..., dlgr, dgi (€7, u)) g

-

+
1

J

Comparing with (6.15), we conclude that § = dyy. O
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