APERIODIC CLASSES

JIAGANG YANG

ABSTRACT. We show that there exists a C'! residual subset R C C*(M)\ HT, such that for f € R and C
an aperiodic class of f, C has a non-trivial partial hyperbolic splitting with 1-dimensional central bundle:
TeM = E; ® Ef® Ej |, where B} (@), Ei“0+2(C) # ¢ and C is an index 79 and i9 + 1 fundamental
limit. With [6]’s argument, we show C' is Hausdorff limit of a family of non-trivial homoclinic classes.
As a corollary, we give a new proof for the following two results which have been proved in [37], [38]
respectively: suppose C' is a non-trivial chain recurrent class of f, if C( Py # ¢ or C is Lyapunov

stable, C' is a homoclinic class.
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1. INTRODUCTION
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In the middle of last century, with many remarkable work, hyperbolic diffeomorphisms have been un-

derstood very well, but soon people discovered that the set of hyperbolic diffeomorphisms are not dense

among differential dynamics, such non-hyperbolic example at first was given by Abraham-Smale and
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later more examples appeared, until now all the examples about non-hyperbolic systems (persist non-
hyperbolic) can be divided to two kinds of cases: one associates with homoclinic tangency and another
associates with heterdimensional cycle. In order to describe the non-hyperbolic diffeomorphisms, in 80’s

Palis gave the following famous conjecture:

Palis Conjecture Diffeomorphisms of M exhibiting either a homoclinic tangency or heterdimensional

cycle are C” dense in the complement of the C closure of hyperbolic systems.

Palis conjecture gives the candidates of mechanists for us to understand the robust non-hyperbolic
examples. Now understanding the non-hyperbolic systems has become one of the most important aim
in modern dynamical system, one way to study it is try to understand every chain recurrent class of a
generic subset of diffeomorphisms, and such way has been proved to be very effective and powerful.

But different with hyperbolic case, a non-hyperbolic diffeomorphism can have infinite number of chain
recurrent classes, in fact in [4] they gave such an example, they showed that there exists an open set
U C HT' and R C U a residual subset such that every f € R has infinite number of sinks or sources.
We call a diffeomorphism wild (tame) if f has infinite (finite) of chain recurrent classes. Since in [4]’s
example Y C HT?' and residual diffeomorphisms in ¢ are wild, it means that the dynamics in HT? is
extremely complicated, so we just consider (ﬁ)” in this paper, and for well known reason, we just

consider C* topology here. The following result is the best thing we can hope for:
Tameness conjecture There exists a generic subset R C (HT')¢ such that any f € R is tame.

But the above conjecture is still far away to be solved, in [38] I gave a weaker conjecture:

Conjecture 5: There exists a generic subset R C (HT1)¢ such that for any f € R, suppose C' is any
aperiodic class of f, then C has a partial hyperbolic splitting TcM = E° & E¢ ® E* where E°, E" # ¢
and dim(E°) = 1.

The conjecture 5 played an important role in the proof of Palis weak conjecture which claims that for C!
residual diffeomorphisms either it’s Morse-Smale or the diffeomorphism contains non-trivial homoclinic
class. [6] proved conjecture 5 in 3-dimensional case and they showed that conjecture 5 implies Palis
weak conjecture. But in high dimensional manifold, Palis weak conjecture was proved by Crovisier finally
through the studying of minimal non-hyperbolic set with his remarkable central model argument.

In this paper I’ll prove the conjecture 5, more precisely statement is following:
Theorem 1: There exists a generic subset R C (HT1)¢ such that for any f € R, suppose C is an
aperiodic class of f, then C has a partial hyperbolic splitting Toc M = E®* @ E¢ ® EY where E*, E* # ¢

and dim(E°) = 1.

The following corollary shows the relation between theorem 1 and Palis weakly conjecture:
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Corollary 1: f € R, C is an aperiodic class of f, then C is Hausdorff limit of a family of non-trivial
homoclinic classes.

Proof : We just need the following lemma proved in [6]:

Lemma 1: For any f € R, suppose C' is an aperiodic class of f with partial hyperbolic splitting E° &
E{® E" where dim(ES) =1 and E$ is not hyperbolic, then C is Hausdorff limit of a family of non-trivial

homoclinic classes. O

Remark: [8] showed that for f € R, C is an aperiodic class and A C C is a minimal non-hyperbolic

subset, then A is the Hausdorff limit of a family of non-trivial locally restricted homoclinic classes.

With theorem 1, we can easily prove the following two results, anyway they have been proved in [37],

[38] already and the statements there are stronger.

Theorem 2: Suppose f € R, C is a Lyapunov stable chain recurrent class of f, then C is a homoclinic

class.

Theorem 3: Suppose f € R, C is a chain recurrent class of f satisfying C(\ Py # ¢, then C is a

homoclinic class.

There is another conjecture given by Bonatti,
Index complement conjecture: (Bonatti) There erists a residual subset R C CY(M) such that for
any f € R and C is a chain recurrent class of f, let I = {i: C is an index i fundamental limit}, then I

is an interval.

By theorem 1, we can prove index complement conjecture for diffeomorphisms which are far away from

tangency and when C' is an aperiodic class.

Theorem 4: There erists a residual subset R C C*(M)\ HT! such that for any f € R and C is an
aperiodic class of f, C has a non-trivial partial hyperbolic splitting E; © E{® E}! 5 and I(C) = {io, i1}

In §3 we’ll give two new generic properties which are proved in §6, 7 respectively. Theorem 1, 2 3,4
will be proved in §4, and in §5 we’ll introduce some properties for partial hyperbolic splitting set and
Crovisier’s central model.

After this preprint was written, we learned from S. Crovisier that he has some related results in a
preprint that should appear soon.
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2. DEFINITIONS AND NOTATIONS

Let M be a compact boundless Riemannian manifold, since when M is a surface [26] has proved that
hyperbolic diffeomorphisms are open and dense in C*(M) \ HT, we suppose dim(M) = d > 2 in this
paper.

Let Per(f) denote the set of periodic points of f, for p € Per(f), n(p) means the period of p. If p
is a hyperbolic periodic point, the index of p is the dimension of the stable bundle. We denote Per;(f)
the set of the index ¢ periodic periodic points of f, and we call a point z is an index ¢ preperiodic point
of f if there exists a family of diffeomorphisms g, C—1> f, where g,, has an index ¢ periodic point p,, and

pn — z. P(f) is the set of index 4 preperiodic points of f.

Remark 2.1. It’s easy to know P;(f) C PF(f).

Let A be an invariant compact set of f, we call A is an index ¢ fundamental limit if there exists a family
of diffeomorphisms g, C! converging to f, p, is an index i periodic point of g, and Orb(p,) converge
to A in Hausdorff topology. So if A(f) is an index ¢ fundamental limit, we have A(f) C P*(f). A is
a minimal index 4 fundamental limit if A(f) is an index 7 fundamental limit and any invariant compact
subset Ag & A is not an index ¢ fundamental limit, we can also define maximal index ¢ fundamental limit.

In [37] with Zorn lemma, we have proved the following result:
Lemma 2.2. Any index i fundamental limit contains a minimal index i fundamental limit.
In fact, it’s easy to show the following similar result is also true.

Lemma 2.3. Suppose A is an invariant compact set of f containing index i fundamental limit, then A

contains a maximal index © fundamental limit.

For two points z,y € M and some ¢ > 0, we say there exists a d-pseudo orbit connects x and y means
that there exist points * = zg, 1, -, 2, = y such that d(f(z;),x;41) < d for i = 0,1,--- ;n — 1, and
Wedenoteitx?y. Wesayx%yifforany5>OwehavexE|yanddenotemHyifac—|yandy—|at.
A point z is called a chain recurrent point if x H x. CR(f) denotes the set of chain recurrent points of
f, it’s easy to know that H is a closed equivalent relation on C'R(f), and every equivalent class of such
relation should be compact and is called chain recurrent class.

Let K be a compact invariant set of f, if x,y are two points in K, we’ll denote x 1_<| y if for any 6 > 0,
we have a § -pseudo orbit in K connects x and y. If for any two points z,y € K we have x 14( y, we call
K a chain recurrent set. Let C' be a chain recurrent class of f, we say C is an aperiodic class if C' does
not contain periodic point.

Let A be an invariant compact set of f, for 0 < A <1 and 1 <14 < d, we say A has an index i — (I, A)
dominated splitting if we have a continuous invariant splitting TAM = E @ F where dim(E,) = ¢ and
| Df' e |- | Df e [[< A for all z € A. For simplicity, sometimes we just say A(f) has an index
1 dominated splitting. A compact invariant set can have many dominated splittings, but for fixed 4, the

index ¢ dominated splitting is unique.
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We say a diffeomorphism f has C” tangency if f € C"(M), f has a hyperbolic periodic point p
and there exists a non-transverse intersection between W#*(p) and W*(p). HT" denotes the set of the
diffeomorphisms which have C” tangency, usually we just use HT denote HT'. We call a diffeomorphism
f is far away from tangency if f € C1(M)\ HT. The following proposition shows the relation between

dominated splitting and far away from tangency.

Proposition 2.4. ([29]) f is C' far away from tangency if and only if there exists (I, \) such that Py (f)
has index i — (I, \) dominated splitting for 0 < i < d.

Usually dominated splitting is not a hyperbolic splitting, Mané showed that in some special case, one

bundle of the dominated splitting is hyperbolic.

Proposition 2.5. ([21]) Suppose A(f) has an index i dominated splitting E®F (i # 0), let jo = min{j : A
j

contains index j fundamental limit}, if jo > i, then E is a contracting bundle.

3. GENERIC PROPERTIES

In this section at first we’ll introduce some C! generic properties, they are either well known or proved
in [37]; and then we’ll give two new generic properties lemma 3.5, 3.6 which will be proved in § 6, 7
respectively.

For a topology space X, we call a set R C X is a generic subset of X if R is countable intersection
of open and dense subsets of X, and we call a property is a generic property of X if there exists some
generic subset R of X holds such property. Especially, when X = C'(M) and R is a generic subset of
C1(M), we just call R is C! generic, and we call any generic property of C1(M) ’a C! generic property’
or ’the property is C' generic’.

At first let’s state some well known C' generic properties.

Proposition 3.1. There is a C' generic subset R{, such that for any f € R}, one has

1) f is Kupka-Smale (every periodic point p in Per(f) is hyperbolic and the invariant manifolds of

periodic points are everywhere transverse).

) CR(f) =Q = Per(f).

) Pr(f)=P(f)

4) any chain recurrent set is the Hausdorff limit of periodic orbits.
) any index i fundamental limit is the Hausdorff limit of index i periodic orbits of f.
) any chain recurrent class containing a periodic point p is the homoclinic class H(p, f).
) =

suppose C' is a homoclinic class of f, and ig = min{i : C(Per;(f) # ¢}, i1 = maz{i :
C (N Peri(f) # ¢}, then for any ig < i <1y, we have C' (| Per;(f) # .

By proposition 3.1, for any f in R}, every chain recurrent class C of f is either an aperiodic class or
a homoclinic class. If #(C) = oo, we say C is non-trivial.

The following results are proved in [37]:

Theorem 3.2. There exists a generic subset Ry C C*(M)\ HT, such that for any f € Ry and C is a
non-trivial chain recurrent class of f, if C(\P§ # ¢, then C is a homoclinic class containing index 1

periodic points and C is an index 0 fundamental limit.
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Lemma 3.3. There exists a generic subset Ry C CY(M)\ HT, such that for f € Ry and C is a non-trivial
chain recurrent class of f, let jo = min{j : C’ﬂPf # ¢} and A is a minimal index jo fundamental limit
in C, then ’

e cither A is a non-trivial minimal set with partial hyperbolic splitting E5 & ET & EJ o

e or C contains a periodic point with index jo or jo + 1 and C is an index jo fundamental limit.

Definition 3.4. f € C*(M), {p,}>>, is a family of index i hyperbolic periodic points and lim = (p,) —
n—oo
oo, we say {pn} is index stable if for any € > 0, we have #{n| exists diffeomorphism g satisfying

dei(g, f) < e and Orbs(py) is a hyperbolic periodic orbit of g whose index different with i} < co.

Lemma 3.5. (Shaobo Gan’s lemma) There exists a generic subset Ry C C'(M)\ HT, such that for
f € Ro, suppose {p,(f)} is a family of index iy (i9 # 0,d) periodic points of f which is index sta-
ble and satisfies lim w(p,) — oo, then there exists a subsequence {pn,} such that WS _(Orb(p,,)) m
W (Orb(pn;)) #ng,oi’so especially, if nh_)rrgo Orb(p,) = A and suppose C' is the chain recurrent class which

contains A, then C contains an index ig periodic point.
Now I give two basic generic properties whose proof will be given in §6, 7 respectively.

Lemma 3.6. For f € Ry(\ Ry C C*(M)\ HT, C is a non-trivial chain recurrent class of f, A G C
is an invariant compact subset of f, denote ig = min{i : A contains an index i fundamental limit},
1
i1 = max{i : A contains an index i fundamental limit}. Suppose A itself is an index iy and index iy
3

fundamental limit and i1 > ig + 1, then C contains an index i periodic point with ig <1 < 11.

Lemma 3.7. There exists a generic subset R C Ry (| Ry, such that for f € R, suppose C' is a non-trivial
chain recurrent class of f, Co C C is a non-trivial chain recurrent set of f, denote jo = min{j : Cj
contains an index j fundamental limit} and let A C Cy be a maximal indez jo fundamental lgmit of Co,
then if A has a partial hyperbolic splitting £ © Ef ® EY. 5 where EY(A) = 1 and E$(A) is not hyperbolic,
we have

o cither Cy = A,

e or C contains index jo or jo + 1 periodic point.

We'll show that the above residual subset R C (HT)¢ satisfies theorem 1, 2 3, 4.

4. PROOF OF THEOREM 1, 2, 3, 4

4.1. Proof of theorem 1.
Denote jo = min{j : C contains index j fundamental limit} and let Cy be a maximal index jy fundamental
limit. ’

Denote jo1 = mjax{ j : Cp contains index j fundamental limit} and let Cp; be a maximal index jo1

fundamental limit of Cj.

Denote jo1p = min{j : Cp; contains index j fundamental limit} and let Cp;o be a maximal index jo19
J

fundamental limit of Cp;.
n’01’ n—1'01"

Hﬁ ﬂH . . . . .
Define a,, = (01---01) and 8, = (01---010), repeat above induction, we can denote jg, = min{j :
j

Cl, _, contains index j fundamental limit} and let Cj, be a maximal index jg, fundamental limit of
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Cl, _,; denote j,, = max{j : Cs, contains index j fundamental limit} and let C,, be a maximal index
J
Ja, fundamental limit of Clg,,.

It’s easy to know that

e jo <Jo10 < < 0B, S JBnss <00 and Jor > Jo101 =t 2 Jan = Jans =00
® Ja, = Jp, +1;
e CpDCp1D---DC3, DCy, D+
Let C = ﬂC’an = ﬂCg , denote ig = hm jg and i1 = hm Ja,,, then by above induction, we

can know that Coo is an mdex ig and index iq fundamental hmlt and 19 = mm{z : Cy contains index 4
fundamental limit}, ¢; = max{i : Cs contains index ¢ fundamental limit}.

At first let’s note that Zil %+ 1ip, since otherwise by proposition 2.4, 2.5, C, is a hyperbolic set,
by shadowing lemma, there exists periodic point in the same chain recurrent class with C,, that’s a
contradiction with the fact that C' is an aperiodic class. Now we divide the proof into two cases:

A) iy >+ 1,

B) i1 =ip+1
Case A: Recall ig = min{i : C',, contains index ¢ fundamental limit}, i; = max{i : Cs contains index i
fundamental limit}, lerlnma 3.6 shows that C' contains a periodic point, it’s a Zcontradiction since C' is an
aperiodic class.
Case B: In this case C C P; ()P}, by the fact ig = mm{z ~ contains index i fundamental limit},
i1 = max{i : C contains index ¢ fundamental limit}, proposmlon 2.4, 2.5 show that C'», has the following
partiallhyperbolic splitting T, , M = E; © E{ @ E} ,, where dim(Ef(Cx)) = 1. Then there exists a
small neighborhood V' of C, such that the maximal invariant set of V: A = () f{(V) has the same kind
of partial hyperbolic splitting. Recall that Co = limC,, =1limCj,, now we chaim that there exists ng
such that for any n > ng we have Coo = C,,, = C’g:and Jom :nio +1, jg, =10

Proof of the claim: We can choose ng big enough such that C, CV, then Cy, will has the partial
hyperbolic splitting TCMOM = E; ® EY ® Ej 5. By generic property 4) of proposition 3.1, there is
a family of periodic point {p,} satisfying nlin;o Orb(pn) — Ca,,,, and we can suppose the family of
periodic points all have index i or ip + 1, here we just suppose they all have index ig, then Cy, is an
index i¢ fundamental limit. But from C' is an aperiodic class, by Gan’s lemma we know that the family
of periodic points {p,} is not index stable, it means that for any ¢ > 0, there exists n big enough and
dei(g, f) < e such that Orby(py) is an index j periodic point of g where j # ig. Since Orb(py,) stays
near Cy,, , and Cq,, ~has the special partial hyperbolic splitting, we can know j =i + 1, so Cy,,  is also

an index ig + 1 fundamental limit. By the construction of C, we have that

C

Qng Cﬁn0+1 =C c=Cx

Qngt+1 —
Il

From above claim we know that ia, = max{i : (s, = io+1 contains index ¢ fundamental limit} and
?

C

an, 18 the maximal index ip + 1 fundamental limit of C, , and C,

M = E; ® Ef ® Ej; ., so by lemma 3.7, Cg, = C,

Qng

.y = CUoo has the partial hyperbolic
splitting T¢ =Cwo.

ang
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Repeat the argument, we can know that

COO = = Cﬁno =C,

Ang—1

:'-':C():O’

Qg

2

so C has the partial hyperbolic splitting £ © Ef ® Ef ,,. Now we claim that ig # 0,d — 1.

Proof of the claim: Here we only need the following result in [6]:

Lemma 3: f € R, C is a non-trivial chain recurrent class of f with partial hyperbolic splitting E{ & E*

where dim(E° = 1) and Ef is not hyperbolic, then C is a homoclinic class. O

4.2. Proof of theorem 2, 3, 4.
Proof of theorem 2: It’s easy to know that theorem 2 is just a corollary of theorem 1 and the following

result has been proved in [6]:

Lemma 2: f € R, C s a non-trivial chain recurrent class of f with partial hyperbolic splitting E° &

E¢ @ EY where dim(E° = 1) and EY is not hyperbolic, then C is a homoclinic class. O

Proof of theorem 3: Now we suppose C' is an aperiodic class of f, then by theorem 1, C' has partial
hyperbolic splitting E* @& E{ @ E* where dim(E° = 1) and EY is not hyperbolic, by C'(| P§ # ¢, we know
that E*(C) = ¢, so C has partial hyperbolic splitting ES @& E*, that’s a contradiction with theorem 1

since E{C') = ¢ here. O

Proof of theorem 4: By 4) of proposition 3.1 and f € R, C is the Hausdorff limit of a family of periodic
points p,(f). In theorem 1 we’ve known that C has partial hyperbolic splitting E © Ef ® Ej! ,5(C),
so I(C) C ig,i0 + 1 and we can suppose p,, all have index i( (since the other case is similar). By Gan’s
lemma, {p,(f)} is not index stable (since C' doesn’t contain periodic point), that means for any ¢ > 0,
there exist n arbitrarily big and a diffeomorphism g satisfying dc1(f, g) < € and Orbs(p,,) is index ig + 1

periodic point of g, so C is also an index ig + 1 fundamental limit, that means I(C) = {ig, 40 + 1} O

5. PARTIAL HYPERBOLIC SPLITTING AND CROVISIER'S CENTRAL MODEL

In order to do some preparation for the proof of lemma 3.6 given in § 6, in this section we’ll introduce
some basic facts about partial hyperbolic splitting and Crovisier’s central model. The main results are

lemma 5.2 and corollary 5.12.

5.1. Partial hyperbolic splitting. Suppose f € R, A is a compact chain recurrent set of f with a
dominated splitting Ef* © Ef © Ef",, where dim(Ef(A)) = 1, then we can choose a small neighborhood

K2

Vp of A such that the maximal invariant set of Vy: Ag = [ f/(V5) has the same type of partial hyperbolic
J

splitting £ ® Ef® Ef, 5 also, in fact, we can extend such splitting to Vo (it’s not invariant anymore). For
every point z € Vj, we define some cones on its tangent space C¢ (z) = {v|v € T,,M, there exists v’ € E'(x)

such that d(-%, %) < a}i=cs,c,cuces,ccu Where B = B85 @ Ef and B = Ef' @ EY, and we call it

Jol? Jo]
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an index ig-cone C;. When a is small enough, C%(x)(C(z) = ¢ (itjmcs,c.cu)s Co(x) (N C(x) = ¢,
Ceer (12 = ¢ and DF(CE(x)) C CE(F(2)) imeneens DF (@) C C(F () imen ces for o € Ao,

We say a submanifold D? (i = es, ¢, cu,ccs, ccu) tangents with index igp cone C! when dim(D?) =
dim(E*) and for any z € D*, T,,D* C Ci(z). For simplicity, sometimes we just call it an index iq i-disk,
especially when i = ¢, we call D¢ an index iy central curve, and when the index iy has been fixed, we
just call D an i-disk. We say an index i i-disk D? has center x with size § if x € D?, and respecting the
Riemannian metric restricting on D?, the ball centered on z with radius § is contained in D?. We say an
i-disk D’ has center  with radius § if 2 € D?, and respecting the Riemannian metric restricting on D?,
the distance between any point y € D? and z is smaller than 6.

We say an index ig central curve « is an index iy central segment if f¢(y) C V; and fi(7) is an index
ig central curve for any i € Z, so if v is a central segment, we have v C Ag, and it’s easy to know that
T,v = Ef(x) for any = € . We say a index iy smooth central curve v is an index iy positive (negative)

central segment if f¢(y) C Vo and f%(v) is an index i central curve for any i > (<)0, so if v is an index

0 oo
ip positive (negative) central segment, v C () f4 (Vo) (N f4(Vo)).
0

—0o0

Definition 5.1. We say Ef(A) has an f-orientation if ES(A) is orientable and Df preserves its orien-

tation.
The following result has been stated and proved in [37], [38].

Lemma 5.2. Suppose A has dominated splitting E{° ® EY © By, ,, its neighborhood Vo and the set Ag

are given above, then for a small open neighborhood Vi of A satisfying Vi C Vo and let Ay = () f*(V1),

1=—00

O . — oo . —
AF = N fiVh), Ay = N f1(Vh), there emist 0 < §g < 1, 8g/2 > §;1 > 62 > 0 such that they satisfy the
i=—00 =0

following properties:

a) if ES(A) has an f orientation, E{(A1) has an f orientation also.

b) for any x € V1, Bs,(x) C Vo and E$(Bs,(x)) is orientable, so it gives orientation for any index
1o central curve in Bs,(x), and we choose &g small enough such that any index iy central curve
in Bs,(x) never intersects with itself.

c) for any x € Ay, there exists an index ig central curve ls, (x) with center x and radius §1, such
that there exists a continuous function ®° : Ay — Emb (I, M) satisfying ®¢(z) = l5, (x) where
x € Ay, and if let l5,(x) C s, (x) be the central curve with center x and radius da, then f(ls,(x)) C
15y (F(@)) and f= (15, (2)) € I, (F~(2)).

d) for any index iy positive central segment vy satisfying length(fi(y)) < &1 for all i > 0, every
x € v will have uniform size of strong stable manifold: Ws*(x) where W*(x) is an index io-cs

disk tangent at x on Ef*(x), and Wy (v) = U W;?(z) would be an index iy ccs-disk. For any
xrey
x € Int(y) and any 6 > 0, then there exists 0, > 0 such that for any y € Bs,(z) (A1, for any

index ig-cu disk D" (y) with center y and size 6, we’ll have D§"(y) h W§ (v) # ¢.

Remark 5.3. In d) of above lemma, if we have y belongs to a chain recurrent class C' and y is a periodic

point with D (y) C W% (y), then we have y - x.
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5.2. Crovisier’s central model. Suppose A has dominated splitting E;*® ET® Ef", 5, in this subsection,
let’s fix Vo, Vi, A1,80/2 > &1 > 02 > 0 given by lemma 5.2 and a small enough, we’ll introduce Crovisier’s
central model. By his work, we can get some dynamical property for the index iy central curves of Aj.

The main result in this subsection is corollary 5.12.

Definition 5.4. A central model is a pair (I?, f) where

a) K isa compact metric space called the base of the central model.

b) f is a continuous map from K x [0,1] into K x [0,00)

&) J(E x {0}) = K x {0) ~

d) f is a local homeomorphism in a neighborhood of K x {0} : there exists a continuous map
g: K x [0,1] — K x [0,00) such that fo'g and g o f are identity maps on ﬁfl(f? x [0,1]) and
F UK x [0,1]) respectively.

e) [ is a skew product: there exits two map f1: K — K and f5 : K x[0,1] — [0, 00) respectively
such that for any (x,t) € K x [0,1], one has flz,t) = (fi(2), falz,1)).

f general doesn’t preserve K x [0,1], so the dynamic outside K x {0} is only partially defined.

The central model (K, f) has a chain recurrent central segment if there is a segment I = {z} x [0, d]
contained in a chain recurrent class of f| Rx[0,1]"

A subset S C K x [0,1] of a product K x [0,00) is a strip if for any « € K, the intersection S ({z} x
[0,00) is a non-trivial interval.

In his remarkable paper [8], Crovisier got the following important result.

Lemma 5.5. ([8] Proposition 2.5) Let (I?,]T) be a central model with a chain transitive base, then the

two following properties are equivalent:

a) there is no chain recurrent central segment;
b) there exists some strip S in K x [0,1] that is arbitrarily small neighborhood of K x {0} and it’s
a trapping region for f or f~1 : either f(CI(S)) C Int(S) or f~1(CI(S)) C Int(S).

Remark 5.6. If the central model (K, f) has a chain recurrent central segment and K x {0} is transitive,
from Crovisier’s proof, we can know for any small neighborhood V' of K x {0}, there exists a segment

x % [0,a)qa20 contained in the same chain recurrent class of flv with K x {0}.

An open strip S C f x [0, 1] satisfying f(CI(S)) C Int(S) or f~1(CI(S)) C Int(S) is called a trapping
strip, in the first case, we call the trapping strip is 1-step contracting, and the second case is called 1-step

expanding.

Definition 5.7. Let f be a diffeomorphism of a manifold M, A is a compact set with dominated splitting
Ef* ® Ef @ Ef o, A1, Vo, Vi,a,60/2 > 61 > 02 > 0 are given in §5.1, where Ay also has a dominated
splitting E5° @ EY © EfY 5. A central model (A~1, f) is an index ig central model for (Aq, f) if there exists
a continuous map T : A7 X [0,00) — M such that:

a) m semi-conjugate fand f: for=mof onA; x [0,1]

b) m(Ay x {0}) = Ay
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c) the collection of map t — 7(Z,t) is a continuous family of C' embedding of [0,00) into M,
parameterized by T € J/le;

d) for any T € A1, the curve 7m(Z,[0,00)) C U has length bigger than da but smaller than &1, it’s
tangent at the point x = w(x,0) € Ay to E{ and it’s an index iy central curve ( that means the

curve (2, [0,00)) tangents with the index iy central cone C§, ).

Remark 5.8. From now, if (1~\1, f) is an index ig central model for (A1, f) and 7 is the projection map,
we’ll denote the central model as (/~\1,f,7r). Here I should notice the reader that m in this paper has
two different meanings, one denote the period of periodic point and another denote the projection map of

central model. If there exists any confusion, I'll point out.
The following lemma shows that central model always exists.

Lemma 5.9. ([8]) A, A1, Vo, Uy are given in §5.1, then there exists an index ig central model (/~\1,f,7r)
for (A1, f). Let’s denote A C Ay the set satisfying 7= (A) (A, x {0}) = A x {0}, then (A, f,7) is an
index iy central model for (A, f), and if A is minimal (transitive, chain recurrent set), A x {0} is also

minimal (transitive, chain recurrent set).

Remark 5.10. 1) When the cental bundle E{(A1) has an f-orientation ( it means that E|z, is
orientable and Df preserves such orientation), we call the orientation ’right’, then we can get
two index ig central models (//\\fr,f'*‘,ﬂ"’) and (I/X\l:,f_,ﬂ'_) for (A1, f), we call them the right
model and the left model, where ©* ;—. _y is a bijection between Kll x {0} and Ay, and for
e Ni, m(F x [0,00)) is a half of index iy central curve at the right (i = +) or left (i = —) of
x =7(Z" x {0}).

2) If f doesn’t preserve any orientation ofﬁf(Al), thenm: Ay — Ay is two-one: any point x € Ay
has two preimages T~ and T in 1~X1, the homeomorphism o of A1 which exchanges the preimages
T and T~ of any point x € A1 commutes with f

In § 5.1, we know that any point © € Ay has a local orientation, then w(T+ x [0,00)) is an

index ig central curve on the right of x, m(Z~ x [0,00)) is on the left of x, the union of them is

an index ig central curve with central at x and radius 4.
The following lemma is proved in [8].

Lemma 5.11. f € R, A is a chain recurrent set with a dominated splitting E;° © Ef ® Ef' 5 where
dim(E$(A)) = 1 and E{(A) is not hyperbolic. Let V,Vi, A1 be given in §5.1, by lemma 5.9, (Ay, f) has
an index iy central model (Ay, f,7), let A C Ay be the set satisfying A x {0} = 7=L(A) Ay x {0}, then
(A, f, ) is a central model for (A, f) and we have

a) either (7&1, ]777r) has a trapping region,

b) or (A, f,7) has a chain recurrent central segment.

Corollary 5.12. f € R, A is a chain recurrent set with a dominated splitting ES° & ET © Ef", , where
dim(E§(A)) =1 and ES(A) is not hyperbolic. Let V, Vi, A1 be given in §5.1, by lemma 5.9, (A, f) has an
index ig central model (K, ]77 7). Suppose the central model (K7 ]?, ) has a chain recurrent central segment

Yz where T € /~\, denote v, = w(Vz), then v, C Ay and it’s an index iy central segment, in fact we have
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that length(f'(vz)) < 61 for any i € Z and v, is in the same chain recurrent set with A respecting the

map flv, -

6. PROOF OF LEMMA 3.6

Proof of lemma 3.6: By Gan’s lemma, we know that either A is an index ig+ 1 fundamental limit or C
contains index iy periodic point, so we can suppose A is always an index iy + 1 fundamental limit. With
the same argument, we can suppose A is an index ¢; — 1 fundamental limit also, then by proposition 2.4,
2.5, A has the following dominated splitting TAM = E; © Ef* © E°® E{" @ Ej, ;. Now we have two
kinds of index different central models: the index iy central model and the index i; — 1 central model. We
suppose the two central bundles E{* and E{* both have an f-orientation, since the proof for the other
case is similar. We give every central bundle an orientation and all it right, then we have two central

models (right or left) for every central bundle, at first, let’s deal with a simple case.

Claim: If one of the index ig central model and one of the index i; — 1 central model both have chain

recurrent central segment, then C' contains an index ¢ periodic point with ig <1 < ;.

Proof of the claim: By corollary 5.12, suppose ;. is the index iy chain recurrent central segment and

Yyq is the index 4; —1 chain recurrent central segment, then there exists a chain recurrent set A* C Vp such

that AJ~g Uvge € A*. Choose z € vg> \ g and y € v, \ o, according to 4) of proposition 3.1 there

exists a family of periodic orbits {Orb(p,)} in Vj satisfying lim Orb(p,) — A*, then there exists iy,
n—oo

and j, such that fi(p,) — 2 and f7»(p,) — y. Recall that |JOrb(p,) C Ag and Ag has the following
partial hyperbolic splitting TA M = E} ® E{* @ECCEBEf“EBEZ”H_:vve know that every point ¢ € | Orb(p,,)
will have a strong stable manifold W3 (¢) which is an index i cs disk and have a strong unstablen manifold
Wit (q) which is an index 4; — 1 cu disk, by d) of lemma 5.2, 75° has an unstable manifold W} (v5?)
which is index i ccu disk and ;) has a stable manifold W;; (vy¢') which is index i; — 1 ccs disk, so when
n is big enough, we have W35 (f'" (pn)) h Wi (v5s) # ¢ and WEe(f7 (pn)) D Wi (752) # ¢, by remark
5.3 we know p,, - x¢ and yg - p,, by the fact =y - yg, pn is in the same chain recurrent class with g,
so Orb(p,) C C. Recall that A* C Vj has the special partial hyperbolic splitting and Orb(p,,) stays near

A*, we know that Orb(p,,) has index i with ig < i <. O

Now we can suppose that the two index ig central models both don’t have chain recurrent central
segment, then there exist any small trapping regions for these two central models. Now we claim that

there always exists zg € A such that for the 0 < A < 1 and [ given in proposition 2.4 and 1 > p > A, we

have
n—1

(6.1) H ||Dfl|Ei‘5(fﬂ(xo))H S /Jn for n Z 1.
7=0

Proof of the claim: Here we need the following lemma at first:

Lemma 6.1. ([31]) Assume f € R, let A be an index i1 fundamental limit of f (1< i1 < d—1), and
E§*(A) @ B (M) is an index i1 — (I, \) dominated splitting on A given by proposition 2.4, then



APERIODIC CLASSES 13

1) either for any pu € (A, 1), there exists ¢ € A such that H | D |Ecs(sz | < pu™ forn>1,

2) or E° splits into a dommated splitting E¥° | © EY wzth dzm(El) =1 such that for any pn € (A, 1),

L (file NI < p™ for alln > 1.
=0

Lemma 6.2. Let A be an invariant compact set of f, with two dominated splitting E°® & F and
E° @ Fev if dim(E°) < dim(E°), then E® C E°.

Since A is an index i; fundamental limit, if 1) of lemma 6.1 is true for A, then there exists z € A such
that H | Dft |E<‘re(fjlx) | < pf for n > 1. On A we have another dominated splitting (Ef & Ef*) & Eio*2,

j=0

since dim(E5 @ Ef) = ip + 1 < iy = dim(E{®), by lemma 6.2, £} © Ef*|n C Ef*|s, so we have
n—1
[T IDf!
J=0

E;O@EfS(fjlz)H < up forn > 1.

n—1
If 2) of lemma 6.1 is true for A, then there exists ’ such that ‘Ho i1_1(f”w’)|| < g forn > 1,
j=
recall that dim(E; @ Ef*) =io +1 <4y — 1 =dim(E§®_,), by lemma 6.2, Ej © Ef*|x C E{°_[, so we

have H | Df!
=0

E" ECS(f]l /)H < /,LO for n > 1. O

Now we claim that for the o above, length(fi(7y.,)) — 07.

Proof of the claim: Here we just need the following lemma.

Lemma 6.3. ([26]) For any 0 < p < 1, there exists € > 0 such that for x € Ay which satisfies
n—1
ILIDf|g il < p™ for all n > 0, then diam(f"(I¢*(x))) — O, i.e. the central stable manifold of
3=0

x with size € is in fact a stable manifold.

O

So by the above two claims, we know that the trapping regions for the two index iy central models are
always 1-step contracting.
Now choose a family of index ig periodic point {p,} such that lim Orb(p,) — A, and consider

('S

the central curves [$*, by trapping region of the two central modelb (Al, f,m™) and (Aq, f,77), there
exist ¢ and 46~ and € > 0 such that f7Pn)(ye5F) C Int(yset), [P (ye97) C Int(y55~) and
length(yss \ fTPe) (o)) > e length(ys~ \ f7Pn)(457)) > . Now define 75 = 'y;fLJrU'nyL”

and Tt = (P () for (i = +,-), Bzt = 5500\ Tis for i = +, -, and 55 = Dgsot T5

Pn
Denote g, o+ the right extreme point for I';* and ¢;*~ the left extreme point for I';® | then by the 1-step
contracting property, we know that hg* 4 C We(qp> Z) for i = 4, —.
Now we claim that length(I'G,;, ) — 0.

Proof of the claim Suppose there exists ¢, € Orb(p,) and ¢ such that length(I'c®) > ¢ for all n, when
n big enough, there exists d,, and iy, < ia,, such that d(f"™(q,), fi(x0)) < &, for 0 < i < ig, — i1,
where §, — 07 and i3, — i1, — 00. Recall that length(I‘gs) < 47 for any g € Orb(p,), by (6.1) we
know that length(l"cs ) — 0F (since from fi1.» (g, ) to fi27(qy,), by 6.1, f contracts the central curve

2,n ( )
with exponential rate). Suppose g, — yo and I'y> — T'0s, then I'e> C vg%, length(I';2) > ¢ and it’s an
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index 4o chain recurrent central segment (since length(I’;ﬁgyn (a

that’s a contradiction with our assumption. O

)) — 0 and fﬂ'(pn)—iln (F;Sizn(qn)) — e,

T T n
By lemma 6.1 and the argument following there, there exists i,, [, 1 > u > X and g, = f**(p,) such
m—1
that [] [Df~[gy

; 2
=0 ‘ot

ECQE{OEL 1 |orpp,) bY Ef 12(Orb(py))), then by a similar result with lemma 6.3 for central unstable

(Fin=il(gn)) || < ™ for n > 0 (since g, is periodic point with index 7o, here we denote

manifold, g, has uniform size of strong unstable manifold which is an index iy cu disk. In fact, for some
w < po < 1, by the property that lim length(I‘gT_b(p )) — 0, when n is big enough, every periodic point
n—oo n

m—1
q € T2 satisfies ] [|Df™|pu
i=0

v (it (q) | < ug' also, so every periodic point in I'y® will have uniform

size of strong unsgble manifold which is an index i cu disk, then when n and m are big enough, for any
periodic point ¢ € T'¢?, it has W**(q) h W, (I'¢? ) # ¢, (since W, .(I'c? ) contains Wi, (v°®), and by the
fact v is a positive central segment, W} (%) is an index i cu disk with uniform size), so there exists
a periodic point ¢* € I'fim(,, ) such that W*“(q) h W*(¢*) # ¢, and we denote it ¢ < ¢*, so we can
define a partial order for the periodic points in I';® and I'g® , it’s easy to know that every equivalent class
belongs to a non-trivial chain recurrent class. If we suppose ¢, — yo € A and fix ngy big enough, we
know that for any n > ng, there exists a non-trivial homoclinic class containing periodic points in Pgio
and I'g®, then it’s easy to know that C' contains a periodic point of ngo, and since the periodic orbit

stays near A, it has index i with ig < i < 5. O

7. PROOF OF LEMMA 3.7

The basic idea of proof of lemma 3.7 is that when we suppose A & Cy and C doesn’t contain index
jo, jo + 1 periodic points, we can find a family of periodic points stay a lot of time near A and whose
Hausdorff limit is contained in Cj and bigger than A, we denote their Hausdorff limit by A*, then by the
definition of A we know A* is an index j fundamental limit with j > jo + 1. Since the periodic points
above stay almost all the time near A, we can get a measure p with supp(u) C A* and p has index jo + 1
(in fact supp(p) is contained in a small neighborhood of A), then by C! Pesin theory given in [36], C
contains index jo + 1 periodic point and that’s a contradiction.

In order to get the above sequence of periodic points, in lemma 7.10 we show that the orbits near
A have some good position, and then use connecting lemma and generic assumptions, we can get the
periodic points we need. A similar argument was used in the proof of ”the Technique lemma” ([38]).

In § 7.1 we introduce some new generic properties, in § 7.2 we introduce the connecting lemma because
we need a special property which just appears during the proof, in § 7.3 I’ll state lemma 7.6 and use it

to prove lemma 3.7, the proof of lemma 7.6 is given in § 7.4.

7.1. Some new generic properties. Choose {U, }nc4 a topological basis of M satisfying that for any

e > 0, there exists a subsequence {U,, }52; such that diam(U,,) < € and |J(U,,) is a cover of M. Fix

this topological basis, we’ll give some new C! generic properties.
At first, let’s recall some definitions, suppose K is a compact set of M and f € C'(M) has been given,
z,y € K, x I—(| y means that for any € > 0, there exists an e-pseudo orbit in K beginning from x and

ending at y. If K = M, we just denote z 4 y.
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The following result has been proved in [7]:

Lemma 7.1. There exists a generic subset Ry, such that any f € Ri  satisfies the following property:
suppose K is a compact set, W is any neighborhood of K, xg,x1, - ,xpn, € K satisfy xg ; T Ij ; T,
Uy, U1, ,U, CW are neighborhoods of xg,x1,- - , T, respectively, then there exists a segment of orbit
of f in W beginning from Uy, passing U; 1<i<n and ending in U,. More precisely, there exists a € Uy
and jn > ji > jo =0 (9<i<n) such that f7i(a) € U; for 0 <i<n and f7(a) € W for 0 < j < jn.

Lemma 7.2. There exists a generic subset Ry | such that any f € Rj ; satisfies the following property:
for a sequence {s;} where 0 < s, < 1 and sy — 17, {®;}5, C {Us}aca and {0} C {Us}taca, if

j=1
K
ot _ #{Orbgn (pn) N(U i)}
for tg € N there exist g, — f and g, has periodic point p, satisfying o (pn)*:1 > 8, and
K
#{0rb(p)N(U 2:})

Orby, (pn) N O; # ¢ for 1 < j < J, then f itself has a periodic point p satisfying =) > Sy,
and Orb(p,) Oy # ¢ for 1 <t < J. Especially if there exists {U;}¥_; C {Us}aea such that Orbg, (p,) C

k k
U Ui for all n, then we can let Orb(p) C U U;.

i=1 i=1
Proof : Here we just proof the first part, let’s consider the set {(®g,, - - , Py Oprs ,O/gjw))}[-}ego
where ®5,,03, € {Ua}aca, it’s easy to know By is countable.
For any @ € By, denote
o Hy, ={f| f€C(M),f has a C! neighborhood U such that for any g € U, g has a periodic orbit

N(B)

#{Orb, ()N U 5}

o) > s and Orby(pg) N Op, # ¢ for 1 <i < J(B)},

e Ng:={f| f € C*(M), f has a C! neighborhood U such that for any g € U, g has no any periodic
N(B)

#(0rby(p)NC U 25,)) |

@) > s¢ and Orby(py) (N Op, # ¢ for 1 <i < J(B)}.

It’s easy to know Hpg,|JNg, is open and dense in C'(M). Let Riy = () (| (Hg:UNgsy), we'll
teN BeBy

Orb(pg) satisfying

orbit p, satisfying

show RJ , satisfies the property we need.

For any f € Rj ; and any 3* € By, t € N, suppose there exists a family of C' ! diffeomorphisms {g, }*,

N(B*)
#{Orbgn (pn) ﬂ( ‘Lle CI)L‘};‘ )}

such that lim g, = f and any g, has a periodic orbit Orb(p,,) satisfying o) > s
and Orby, (pn) (Op; # ¢ for 1 <t < J(B*), then f ¢ Ng- ;. That means f € Hg-;, so we proved this
lemma. d

Now let Ro = Ro () Ri () R 1, in §7.3 we'll show this residual set satisfies lemma 3.7.

7.2. Introduction of connecting lemma. Connecting lemma was proved by Hayashi [16] at first, and
then was extended to the conservative setting by Xia, Wen [34]. the following statement of connecting

lemma was given by Lan Wen as an uniform version of connecting lemma.

Lemma 7.3. (connecting lemma [30]) For any C' neighborhood U of f, there exist p > 1, a positive
integer L and &g > 0 such that for any z and § < 0y satisfying f*(Bs(2)) () fi(Bs(z)) = ¢ for 0 < i #
j < L, then for any two points p and q outside the cube A = UiL=1 fi(Bs(2)), if the positive f-orbit of
p hits the ball Bs;,(2) after p and if the negative f-orbit of q hits the small ball Bs,,(z), then there is
g €U such that g = f off A and q is on the positive g-orbit of p.
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Remark 7.4. Suppose we have another point z1 € M satisfying A1 (VA = ¢ where Ay = UiL:1 fi(Bs(21)),
then if we use twice connecting lemma in A and A respectively, we can still get a diffeomorphism g in

Uu.

Now we’ll show the idea of the proof of connecting lemma, because we need some special property
which just appears in the proof.

In the proof, the main idea is Hayashi’s ’cutting’ tool, by it we can cut some orbits from p’s orig-
inal f-orbit and ¢’s original f-orbit, and then connect the rest part in A. More precisely descrip-
tion is following, suppose f*m(p) € Bs/,(z) and there exists 0 < s; < 83 < --- < 5, such that
f% € Bs(z) for 1 <i<m and f*(p) ¢ Bs(z) for s € {0,1,--- , s} \ {51,852, -+, sm}; for g, there exists
0 <ty <ty <-- <tpsuchthat f'(q) € Bs(z) for 1 <i < n, f7'"(q) € Bs/p(2z) and f~(q) ¢ Bs(2)
for t € {0,1,---,t,} \ {t1,t2, - ,tn}. By some rules, we can cut some f-orbits in p’s orbit like
{f5 T (p), 5 2(p),- -+, f¥(p)};>: and cut some f-orbits in ¢’s orbit like { f =%+ (q), 74 %2(q), -+, F ' (q) }j>4,
then the rest segment looks like:

P = (p7 f(p)7 T 7fs¢1 (p)7 f8i2+1(p)7 T vfs’i?’ (p>7 T ;fSi(k(p)71)+1(p)u T 7f8ik<p) (p))a

Ql = (.f—tjk(q)—‘rl(q)a e 7f_tjk(Q)71 (q>7 e ;f_tj3+17 e 7.f—tj2 (q)7 f_tj1+1(q> e 7f_1(Q)a q)

Denote X = P'|JQ’, and 7(X) the length of X it’s easy to know X is a 26-pseudo orbits. Then we can do
several perturbations called 'push’ in A and get a diffeomorphism ¢ such that ¢ is on the positive g-orbit
of p, in fact, we have ¢™(¥)(p) = ¢. It’s because after the push, we can connect f*1(p) and f*2+L(p),
P T2 (p) and fre-1 T (p); fUw (p) and fTR0 T (g); fTR@-1(g) and T2 T (g); -
f7l2(q) and f~t1tL(q) every time by L times pushes in A, we don’t cut orbits this time, and it’s
important to note that the supports of different pushes don’t intersect with each other, so we don’t
change the length of X, we just push the points of X in A and get a connected orbit. By the above
argument, it’s easy to know g|ana = flana and g(A) = f(A). More details see [16], [30], [34].

Remark 7.5. a) In the above argument, suppose there exists an open set V such that fi(p) € V for
0 <i< sy, and A CV, then after cutting and pushing, we can know {p, g(p), - - ,g“(P,)(p)} cV.
What’s more, we can show that #{{gi(p)}fz(lg/)+”(Q/) N(V)e} < t,.
b) If there exists an open set V such that A C V., fi(p) € V for 0 <i < s, and f~3(q) € V for
0 < j < tn, then after cutting and pushing, we can know g'(p) C V for 0 <i < w(X).

7.3. Proof of lemma 3.7. Let’s suppose the lemma is false, I'll prove that A is included in a bigger
index jp fundamental limit of Cj.

Now choose y € Cy \ A and a small neighborhood V; of A such that y ¢ V and the maximal invariant
subset Ag of Vj still has the partial hyperbolic splitting E; & Ef & E} 5. Choose a family of open

N
sets {®;}N, C {Ua}aeca such that A C |J ®; C Vp, choose an open neighborhood V; of A such that
=1

_ N -
Vic Uy o
i=1
Now we need the following result whose proof will be given in §7.4.
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Lemma 7.6. Under the same assumption with lemma 3.7, suppose f € R, C' doesn’t contain indez jy

and jo + 1 periodic point and A & Cy, then for s, — 17 given in lemma 7.2, there exists a family of
N

#{Orb(pn)N Lg ;}

7(pn) > Sn:

periodic points {p,(f)} such that A & lim Orb(p,) C Cy and

In the following proof we’ll show that we can always suppose that the above sequence of periodic points
all have index jo, that means lim Orb(p,) is an index jp fundamental limit of Cy bigger than A, it’s a
contradiction with the assumthLiZEO that A is the maximal index jy fundamental limit of Cj.

Denote j* = min;{j : j > jo and there exits a family of index j periodic points which satisfies lemma
7.6}, choose {p,} such a family of index j* periodic points, we claim that j* = j.

Proof of the claim: Suppose j* > jo + 1, denote Cf = nh—{lgo Orb(py), then C C Pi, by f € R C
C'(M) \ HT and proposition 2.4, Cf has the following dominated splitting E¢* & E5*,,. From the
definition of j*, it’s easy to know that {Df|E];£(OT.b(pn))} is stable contracting (or by Frank’s type of
small perturbation, we can change the periodic point’s index to 7% — 1, with a generic argument like
what we do in § 7.1, f itself has a family of index j* — 1 periodic points satisfying lemma 7.6, it’s a
contradiction with the definition of j*), then like the argument in [37] (lemma 4.9, 4.10, corollary 4.11),

there exist pg < 1,1 € N such that for any m(p,) big enough, there exists ¢, € Orb(p,) satisfying
n—1

11 ||Dfl|Er (fiteny | < pg for n > 1, since lim 7w(p,) — 0o, we can suppose all the periodic orbits
_7=0 J ’ n—oo

Orb(p,) satisfies above property. Then choose 1 > uy > pg, By Pliss lemma, there exists a subset

n—1
P,, C Orb(py,) such that % > ¢ and for any ¢ € P,, we have [] | Df!|ge; (pie)l| < pff for n > 1. Since
n jIO J N

. N g
#{O7b(p;()pm)u"'=1 LIS sp and lim s, — 17, so there exist ¢, € P, ﬂUfil ®, and i,, — oo such that
n n—oo

. N ) ) ) N n—1
[(en) € Uiz, @i for —iy, <@ <'ip. Let ¢, — co, then Orb(co) C |J;_; @i, and ‘Ho ||Dfl|E;f(szCO)|| < uy
j=

for n > 1. Denote Cy = Orb(cg), we have C; C lim Orb(p,) C Cp, it means C; also has index j*

dominated splitting Ef¥ @ F7i' ;. Because () is an invariant compact subset of Uf\il ®;, C has the

partial hyperbolic splitting £ & Ef @ Ej 5. From the assumption we know jo +1 < j*, by lemma
n—1
6.2, Ej @ Ef(r) C Efi(z) for z € C1, so we have 1:[0 [DfY ge (i)l < i for n > 1. Tt means there

is an ergodic measure v with support in C; and the central Lyapunov exponents is negative, so v is a

hyperbolic ergodic measure with index jo + 1.

Definition 7.7. A hyperbolic ergodic measure v has index i if the number of negative Lyapunov exponents
18 1.
Lemma 7.8. Suppose f € CY(M)\ (HT) and p is an hyperbolic ergodic measure of f, then there exists

a periodic point in the same chain recurrent class with supp(p) and the periodic point has the same index

with the hyperbolic ergodic measure.

By the above lemma, we can show that there exists a periodic point with index jy + 1 in the same

chain recurrent class with Cj. O

Now we know that lim Orb(p,) is an index jo fundamental limit of Cop and A & lim Orb(p,), it’s a

n—oo
contradiction with the fact that A is the maximal index jo fundamental limit of Cj. O
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7.4. Proof of lemma 7.6. Choose oy € A, then for any 6, — 07, there exists a J,-pseudo orbit in
+

T = 2, then

Cy from y to zg, denote z! is the last time the pseudo orbit enters Vi, suppose lim z

n—oo

Orb*(z9) € Vi and for any J,, we have z 64 zo and all the pseudo orbits are in V3 [ Cp, so we get

z0 a| xo. We can always suppose zg is not a periodic point, since if zy is a periodic point, by f is a
ViN Co

Kupka-Smale diffeomorphism and Orb* (z9) C Vi, 2 should be a hyperbolic periodic point with index i
or i + 1.

Now for {4, }2° , satisfying §,, — 07, for every 4, there exists a d,-pseudo orbit in Cy from zg to vy,
denote z, the first time the pseudo orbit leaves V;, suppose nlLrI;o f~(z;) = z1, then Orb=(z1) € V; and

x9 1 z1. With the same argument for zp, we can suppose 27 is not periodic point.
Vi n Co
It’s easy to know that lemma 7.6 is equivalent with the following result:
Lemma 7.9. With the same assumption of lemma 3.7, suppose C' doesn’t contain index jo and jo + 1

periodic point, then for 0 < s < 1,¢,8 >0, and for any {U;}¥_, C {Ua}aca an open cover for Cy, denote

k
U= | U; and choose {xg,x1, -+ , TN, } an e dense subset of A, there exists a periodic point {p(f)} such
=1

i=
#orm) N o)

that Orb(p) C U, T)l > s, Orb(p) (Bs(xi) # ¢ for 0 <i < Ny and Orb(p) () Bs,(20) # ¢.
Proof : The idea of the proof is following, at first use generic assumption, we can get an orbit in U
beginning from a small neighborhood of z; and ending in a small neighborhood of zy, then we’ll find
another orbit in U G ®; beginning from a small neighborhood of zy passing a very small neighborhood
of A and ending in tﬁg 1small neighborhood of z;, more important, the second segment is far more longer
than the first segment and its orbit has some kind of good position. Then use twice connecting lemma
near zy and z;, we can get a periodic orbit, and from the good position of the second orbit, we can
show that the new periodic orbit will preserve a long segment orbit which belongs to the original second
segment, so the new periodic orbit satisfies the density assumption, with another generic assumption, f
itself will have such kind of periodic orbit.

Now at first let’s show that the orbit in Vj will have some special kind of position, this property is the

key for us to get the density control.

Lemma 7.10. There exists 0 < dg < & such that Bs,(20), Bs,(21), Bs, (o) C Vo, and any segment orbit in
Vo Bs, (Co) at the end entering By, (xo) never passes Bs,(z1); and any segment of orbit in V() Bs,(Co)
beginning from Bs,(xo) never passes Bs,(zo). More precisely:
a) for any a and ip > 0 satisfying f°(a) € Bs,(z0) and fi(a) € Vo) Bs,(Co) for 0 < i < ip, we
have fi(a) ¢ Bs,(21) for 0 <i <ig,
b) for any b and jo > 0 satisfying b € Bs,(xo) and fi(b) € Vo) Bs,(Co) for 0 < j < jo, we have
J7(b) & Bs,(20) for 0 < j < jo,

Proof :We just prove the case a), the proof for the other case is similar.

If a) is false, we’ll have g - 20, recall that zgp 4  xg, we know there exists a chain recurrent
V[) n C() VO n CO

set C1 C Vo) Co containing zg,zo and A, by 4) or proposition 3.1, there exists a family of periodic
orbits {Orb(p,)} satisfying lim Orb(p,) — Cp. Recall that C7 has the partial hyperbolic splitting
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Te,M = E5 @ Ef ® E}. 5, so Orb(p,) has index jo or jo + 1. If {p,} all have index jo, that means C;
is an index jy fundamental limit of Cp, it’s a contradiction with the fact that A is the maximal index jg

fundamental limit of Cy. If {p,} all have index jo + 1, then we have

1) either {Orb(py)} are index stable,
2) or {Orb(p,)} are not index stable.

In the first case, by Gan’s lemma, C contains index jj + 1 periodic point. In the second case, for any
€ > 0, there exist n big enough and a diffeomorphism g,, such that Orb;(p,,) is an index jy periodic orbit
of g, and d(f, gn) < €, it means that C is an index jo fundamental limit, it’s a contradiction with the

fact that A is the maximal index jy fundamental limit. O

Now we choose another family of open sets {U;}*., C {U,}aea which is an open cover of Cy such
i

that IEJ Uy C Bs,(Co) U, denote Uy = |J U}. From now we just focus the orbits in Uy, all the orbits
or psleTliio orbits we consider in the followzi?g proof will locate in Uy.

Now choose &, — 0T and after replacing by a subsequence, we can suppose the {s,} fixed in lemma
7.2 satisfies s < s, — 17, then by connecting lemma 7.3, the open set B. (f) C C'(M) gives us a
family of parameters: 6,, — 07, p,, — 00, Ly,.

At first, we choose a sequence dy ,, such that

A1 don < 8o, doni1 < 222
. _ _ N
A2 f(Bs,.,(20)) N f?(Bs,,(20)) = ¢ for 0 < i # j < L, and f*(Bs,,(20)) € U ®:(Uo for
i=0
0<1< Ly;
L,
A3 define Ao, = U f'(Bs,., (20)), we have Ao, [1A = ¢.
i=0
A4 AO,n c Up.

N
Recall that zg € Cp \ A is not a periodic point and Orb™ (z9) C V4 C | @, so we can always choose such
1

sequence, with the same reason, we can also choose a sequence d; ,, such that

O1,n
B1 617n < 50, 51,n+1 < ;n ;

. ) , N
B2 f7(Bs,,(21)) (" f7(Bs, ,(21)) = ¢ for 0 <i # j < L, and f~*(B;s, ,(21)) C | ®; for 0 <i <
i=0
Ly;
Ly . _—
B3 define Ay, = U f7"(Bs,.,.(21)), we have Ay, A = ¢;
i=0
B4 Al,n C Up.
Now by lemma 7.1 and zg, 20 € Cy C Uy, there exist a family of points a,, and numbers iy ,, satisfying
the following property:
Cl a, € Bglyn/p"(21) and fion(a,) € Bsy../pn (20),
C2 fi(an) € Up for 0 < i <igy.
Then for every n there exists a sequence 93 ,, — 071 such that:
D1 627n < 50 and 52,7,,4_1 < 52,7“
D2 for any x € A, we have Bs,  (2)(Aon = ¢ and Bs, , (z) [ A1n = &,

D3 for any z € A and any i satisfying f*(Bs,, (20)) () Bs,., (z) # ¢, we have ;“L"n <1-—s,,
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D4 for any € A and any i satisfying f~*(Bs, , (21)) () Bs, . (x) # ¢, we have L”L" <1—s,.

Since A is an invariant compact subset not containing periodic point (that’s because C' doesn’t contain
index jo and jo + 1 periodic point), we can always choose such sequence.

By the property zo 4 xo 4 x1 A4 -+ A xn, 4 2z (the last relation comes from
Vi Co ViN Co Vi Co Vi Co Vi Co

TN, 4 wo _ A 2), there exists a family of points b, € B, /5, (20) and 0 < j;n < jNgt+1,n (0 <
Vi Co Vi Co !

1 < Np) such that
El flin(b,) € Bs, , (z;) for 0 <4 < Ny and fiNo+1n(b,) € Bs, . /on (1),
_ N
E2 fj(bn) S U (meUO for 0 < 7 < jNo—‘an'
i=1
Denote Jo, = min;{ji,,0 < ¢ < No}, Ji,n = max;{jin,0 < i < Ny}, by the ’good’ position
given in lemma 7.10, f7(b,)(Bs, .. (21) = ¢ for 0 < j < Ji,, and f7(b,)( Bs,..(20) = ¢ for Jo,, <
J < JNo+1- Suppose jj,, the last time the orbit {fj(bn)}jozo
the orbit {f7(b,)}/° ", enters B, , (21). Then by D2, D4 and the ’good’ position, we know that

leaves By, (20) and j; , the first time

j=J(1,n)
f7(bn) N Bs,., (20) = ¢ and f7(b,) () Bs, . (21) = ¢ for J6n < J < jin, what’s more, we have ji,, + Ly, <
JO,n’jik,n — L, > J17n7 7%,”;;5"7[/" <1l-s, and T,n*zJoianfiLn <1-—sy,.

. ; . o Lp—
In fact, we can split the orbit {f(b,)}/25""" into three sub-segments: segment I, {fl(bn)}fozg+ 1;

i i1,n—Ln i j n . .
segment II, {fl(bn)}z;;g 41, segment III, {fl(bn)};f;ojz’nﬂ. The segment I doesn’t intersect with

L,—1 L,—1
A = U f7(Bs,,(21)), segment III doesn’t intersect with Ao, = U f’(Bs,,(20)), segment II
§=0 j=0
doesn’t intersect with Ay, and Aj,. In the following proof, we’ll use connecting lemmas in A; , and

Ay, respectively, then the segment II is unchanged after the perturbation, and in fact we’ll get a new
periodic orbit which contains segment II.

Since now we’ll use twice connecting lemma near zy and z; and get a periodic orbit.

At first fix an n, we’ll do the connecting lemma in a neighborhood of z1, let’s consider the two points

fin(ay,) and b, we know the positive f-orbit of b, hits Bs, . /pn(21) after b, and the negative f-orbit

_ N
of f*r(ay) hits By,  /p,(21) also, by connecting lemma and the fact Ay, C |J ®;(\Uy, there exists
i=1
L,—1
gn € Be,(f) such that g; = f off Ay, = U f7"(Bs,, (21)) and there exists 0 < j3, < j3 , such that:
=0
F1 (g:)j(bn) = fj(bn) for 0 <j < Jf,n — Ly,
F2 ]Sn > ]T,n > Ji,n and (g5)2 (bn) € BJl,n (21), (g5,)72m (by) = fio’" (an) € Béo,n/ﬂn,(ZO)a

' N
F3 (g7) (bn) € U ®; for 0 < j < j3,, and j3,, — j3,, < ion;
i=1
F4 (g5) (by) € Ug for 0 < j < ji ..

‘ " N

Remark 7.11. Above argument shows that #{{(gj;)ﬂ(bn)};i’é N (U ®:)°} < ig,n, in the following proof,
i=1

we’ll use connecting lemma again in a neighborhood of zy and we can get a new diffeomorphism g and a

periodic point p,(gn) such that they satisfy the following property:
N
o #{{Orby, (pn)( (‘U1 D)} <o

i I niL”
o {f? (bn)};:’j(’;,nJan C Orbg, (pn),
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e Orby, (pn) C Up.

Now we’ll use connecting lemma in the neighborhood of zg, let’s consider f7i.»—En (b,), since f7(b,) =
(95:)7 (bp) for 0 < j < ji,, — Ly, we know that the negative gJ;-orbit of fi1n=En(b,,) hits Bs, .. /o, (20) after
fiin=En (b)), and by F2, the negative g*-orbit of f/1.n=En(b,) hits Bs,../pn (20) also. Using connecting

Ln N
lemma, by the fact Ao, = U f?(Bs,.,(20)) € U ®i(\Uo, F4 and remark 7.4, there exists g, € B, (f)

7=0 =1

such that g, = g;; off Ag,, and there exists jo,j; such that

G1 i (fin =t (by)) = g 7o (f7in= " (by)) € Bs, , (20),
G2 [ (by) = (g) I (7™ (b)) = (gn) 77 (F71n 70 (b)) for 0 < j < 5 = 0 — 2Lm, it
N
means that #{O0rb,, (f/No(b,)) U @} > Jin—J0m = 2Ln > i, — J1n — L,
=1

)

G3 #{Orb,, (f'~o(by)) ﬂ(LﬁJ1 D)} < Jin — Jon <o,
G4 Orby, (fi12"Ln(b,)) C Up.

We denote the above periodic orbits for g, by Orb(p,) where p, = gi! (fjl*m_L”(bn)), then we know
#{0rbon )N U 81} #(0rb, () N(U 2007

that lim pn — 20 and —5m 5, o crmon R e i

(1 - Sn) = s,. By G2 and jO,n + Ly, < JO,n < ji,n < Jl,n < Jin — Ly for 0 < ¢ < Ny, fjln(bn) =
o — (7% — — ji,n— "*V,L_Ln -

flin=Gia=Ln) (piln=bn (b)) = gh" "o TED (fia=En (b,)) C Orbg, (pn), 50 Orbg, (pa) N Bsy., (2:) # ¢

1
Now we know that there exists a family of diffeomorphisms {g,, } such that g, c, f and g, has periodic

#{0rbgn (b)) U @1}
point p,, such that Orby, (p,) C Uy C U, Orbqn(pngzl > 8, pp — 2o and Orbg, (pn) () Bs,,, (i) #
¢. Choose Og(z0), - ,On,(ZN,), ONg+1(20) € {Un}taca neighborhoods of xg,--- ,xn,, 20 respectively

such that On,+1(20) C By, (20), and O;(x;) C Bs,(x;) for 0 < i < Ny, then there exists ng such that for
n > ny we have Orbg, (pn) (1 0; # ¢ for 0 < i < Ny + 1, so by generic property lemma 7.2, f itself has
#{ormn U o)

periodic point p such that Orb(p) C U, TIOR > s and Orb(p,)[(10; # ¢ for 0 < i < No + 1,
since O;(x;) C By, (x;) C Bs(x;) for 0 <i < Ny and On,+1(20) C Bs(20), we finish the proof. O
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