EXCEPTIONAL FAMILIES OF FOLIATIONS
AND THE POINCARf PROBLEM

A. Lins Neto*

Abstract. A l-parameter family of foliations (Fe)e2x 0On a compact complex surface M is called
exceptional and elliptic if it satis es the following properties : (a). The family has singularities of
“xed analytic type; (b). The set E = f® 2 Xj Fe has a " rst integral g is countable and non-discrete;
(c). There is ® 2 E such that the generic ~bre of the " rst integral is elliptic. In this paper we show
that, if a surface M admits an exceptional and elliptic family of foliations, then M is algebraic and
biholomorphically equivalent to a torus, to a K3 surface, or to CP(2) (Theorem 3). In the case of
CP(2) we classify all possible equireducible and exceptional families such that the singularities of the
generic foliations in the family are non-degenerate (Theorem 2). This classi cation is connected to the
Poincar§ problem of deciding if an algebraic foliation on CP(2) has a " rst integral (cf. [P-1]).

x1 Introduction

Around 1891, Poincar§ asked the following question (cf. [P-1]): "ls it possible to decide if an
algebraic di®erential equation in two variables is algebraically integrable ?"* (in the sense that it has
a rational rst integral). In [P-2] he starts, by observing that it is suzcient to bound the degree of
a possible algebraic solution. In fact, in [P-2] and [P-3] he tries to bound this degree, in terms of the
degree of the equation and some local invariants associated to the singularities. He supposes that
all the singularities of the equation are non-degenerate and that the equation has a " rst integral
around each singularity of the type uP=v% = cte, where p 2 N and q 2 Zn f0g are relatively primes
and depend only on the singularity. When q > 0 the rst integral is meromorphic and he calls the
singularity "dicritical or node" (“'noed™). When q < 0, the "rst integral is holomorphic and he
calls the singularity a "saddle™ (*'col'"). In [P-2] he solves the problem in the particular case where
in all the saddles we have p=1andq= j1l.

In a previous paper (cf. [LN]) we have given some examples of one parameter families of foliations
in CP(2), of any degree d _ 2, which show that the Poincar§ problem of bounding the degree of
an algebraic solution in terms of d and of local data involving the analytic type of its singularities,
does not have solution. These examples, in degree d _ 5, provide also a negative answer for the
analogous Painlev§ problem of bounding the genus of the generic level of a pencil which gives origin
to a degree d foliation. The main purpose of this paper is to classify these families in special cases.
In order to state properly our results, we give some de nitions which synthetize some properties
of the families of [LN].

First of all, let us recall the de nition of the tangent line bundle associated to a foliation on
a complex compact surface. A holomorphic singular foliation F on a compact complex surface
M, with isolated singularities, can be de ned by local holomorphic vector —elds or 1-forms. More
precisely, let U = (Uj)j2a be an open covering of M. In each Uj, the foliation is de ned by a
holomorphic vector —eld X;j with isolated singularities. If Ui \ Uj & ;, we require that X; and X;
are multiple in U; \ U;, that is there exists f;; 2 O°(U; \ Uj) such that X; = f;;X;. This means
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that the local integral curves of X; in U; and of Xj in U;j glue together, up to reparametrization,
in the intersection Ui \ Uj. The collection (fij)u;,\u;e; is @ multiplicative cocycle and therefore
de nes a line bundle on M, which is called the cotangent bundle of F. The class of this bundle in
HY(M;O") is denoted by TZ2. The tangent bundle of F is the dual, Te, of T2. When M = CP (2),
the tangent bundle of a foliation F is related with the degree d of F by T = (1 j d)H, where H
is the line bundle associated to a line in CP (2) (cf. [Br]). Given a line bundle L on M, we will use
the notation
F(M;L) = fH; ; H is a foliation on M such that Ty = Lg:

It is well known that, if F(M;L) is not empty, then it has a natural structure of holomorphic
manifold (cf. [G-M]). A holomorphic family of foliations on M, is a holomorphic map t2 X A
Ft 2 F(M; L), for some line bundle L and some complex manifold X. We will use the notation
(Fo)t2x for such a family. Given two foliations F and G on M such that T = Tg, de ned
by collections of holomorphic vector —elds (Xj)j=s5 and (Yj)j2a, respectively, associated to the
same covering (Uj)j25 of M and the same cocycle (fij)u,\u;e;, We de ne the pencil of foliations
generated by F and G as the family (Fe)q,e, Where F4 = G and Fg is de ned by the collection
of vector elds (Xj + ®:Yj)j25, if ® 2 C.

We say that F has a rst integral, if there exists a non-constant map f:M j ¥ S, where S is
a Riemann surface, such that any level of T, fil(c), c 2 S, is an union of leaves and singularities
of F. In this case, we will say also that T is tangent to F. We will suppose that the generic level
curve of T is irreducible. It is well known that, the genus of two di®erent generic levels of  are
the same. This genus will be denoted by g(f). For the basic de nitions of the theory of foliations
such as leaf, holonomy, etc..., we recomend [C-LN]. Given a family of foliations P = (F¢)t2x, we
will use the notation

E(P) = ft 2 XjF¢ has a rst integralg :

1.1 De nition . Let M be compact complex surface and X be a Riemann surface. We say that
a family of holomorphic foliations P = (F¢)2x is exceptional if :

(a). There exists a discrete subset F % X, such that if t;;t, 2 X nF, then for any singularity p of
F¢,, there is a singularity q of F,, such that the germs of F, at p and of F¢, at q are analitically
equivalent. In this case, we will say also that the family has singularities of xed analytic types.
In the case where all singulatities of F¢ (t 2 F) are non-degenerate we will say that the family is
non-degenerate. Recall that the singularity p of F¢ is non-degenerate if det(DX(p)) & 0, for some
(and so for any) holomorphic vector ~eld X which represents F; in a neighborhood of p.

(b). The set E(P) is an in nite, countable and non-discrete subset of X.

We will say that the family is weakly exceptional, if E(P) is at most countable and contains at
least two di®erent points.

Given t 2 E(P), let us denote by fi:Mj ¥ X, a rational ~rst integral of F¢, whose generic
level curve fi1(c) is irreducible. We say that the exceptional family (F¢)¢2x has unbounded genus,
if for any k > 0, the set ft 2 E(P); g(f;) - kg is nite.

We can resume the results of [LN] in the following :

Theorem.[LN]. For any d _ 2 there exists a non-degenerate exceptional pencil P¢ = (F),,z
on CP(2) of degree d. Given t 2 E(PY), let f:CP(2)j ¥ C be a ~rst integral, whose generic
levels are irreducible, and denote by d(t) the degree of a level of f;. Then, for any k > 0, the set
ft 2 E(PY); d(t) - kg is nite. In particular, we can ~nd in the family foliations with rational ~rst
integrals of arbitrarily large degrees. Moreover, if d _ 5 then the family has unbounded genus.

1.2 Remark. We would like to observe that the families contructed in [LN] have the following
additional properties :
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(). For any xed family (Ft“)tzg, the blowing-up process used to reduce the singularities of FZ (in

the sense of Seidemberg [Se]) is the same for all t 2 C. A 1-parameter family of foliations which
satis es this property will be called equireducible.

(I1). Ford =2;3;4 and t 2 E(Py), if T is as before, then g(f;) = 1. An exceptional family which
satis es this property will be called elliptic.

Moreover, in the families of degrees 2;3 and 4 of [LN], the generic level (after normalization) of
a ~rst integral is biholomorphic to the torus C= < 1;e2%1=3 >, Here, < 1;b > denotes the lattice
of C generated by 1 and b  R. In x2.4 we will describe an exceptional pencil of degree three on
CP (2) such that the ngerlc level (after normalization) of a rst integral is biholomorphic to the
torusC=<1;i>,i=

When the family (Ft)tzs is equireducible, then after the blowing-up process we obtain a rational
surface M and a bimeromorphism %:M ¥ CP(2) such that for all t 2 S, all singularities of the
strict transform F; of F; by % are reduced in the sense of Seidemberg.

1.3 De nition. Let M be a compact connected complex surface, S a Riemann surface, and
f:M ¥ S be an elliptic ~bration, that is a holomorphic map such that the generic level fi(c)
is irreducible. We say that a foliation F in M is turbulent with respect to T, if F is transverse to
some level curve of f.

The main facts about turbulent foliations, that will be used here, are the following : let F be
a foliation on a surface M, turbulent with respect to some elliptic bration f:M ¥ S. Then the
set A = fc 2 S; F is not transverse to fil(c)g is nite. Moreover, if V. = fi1(S nA), then
g:=fjy:V ¥ SnAisa bre bundle locally holomorphically trivial. In particular, if c;;c, 2 SnA,
then the “bres fi1(c,) and fi1(c,) are biholomorphic. In this case, we will say that the ~bration
T is isotrivial (cf. [Br-1] and [Br-2]). Note that the leaves of the restricted foliation Fj, are
transverse to the bres of fj,, so that we can use the theory of foliations transverse to the bres
of a bration (cf. [Eh] and [C-LN]).
1.4 Remark. Let (Ftd)tzg be one of the families in [LN], of degree d 2 2;3;4g. Since it is
equirreducible, there exists a rational surface My and a bimeromorphism Y%4:Myg ¥ CP(2) (a
composition of blowing-ups), which reduce the singularities of all foliations F¢ simultaneously.
Denote by Ftd the strict transform of the foliation Ftd by %gq. Then, in each case (d = 2;3;4),
for any t, 2 E, if Fy, is the rational rst integral of Ft“o as in (c) of De nition 1.1, then fy, =
Ft, £ %q: Mg 1 C extends to an elliptic ~bration. Moreover, if t & t,, then the foliation Ftd is
turbulent with respect to f,.

We need one more de nition.
1.5 De nition. Let V and W be compact complex surfaces and (Ft)t2T, (Gs)s2s be holomorphic
families of foliations on V and W respectively, where T and S are Riemann surfaces. We say
that (F¢)to1 immerges (resp. immerges bimeromorphicaly) in (Gs)szs, if there exists a map © =
(A1;A)):T £V ¥ SEW such that :
(a). A; depends onlyont2 T and A;:T ¥ S is holomorphic.
(b). Foreacht2 T, if f:V ¥ W is de ned by fi(p) = Ax(t; p), then Fy is a biholomorphism (resp.
bimeromorphism).
(c). Foreach t 2T, we have (G4, () = Ft.

If A; is a biholomorphism, we will say that the families are equivalent (resp. bimeromorphicaly
equivalent).

We now state our " rst result :

Theorem 1. There are exactly three holomorphic pencils of foliations, say P} = (G}) gz, On three
rational surfaces, say M;, J = 1;2;3, such that any elliptic, equireducible, exceptional family of
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foliations on CP(2) immerges bimeromorphicaly in one of them. These pencils satisfy the following
properties :

(a). For any ® 2 E(PJ), the “rst integral is an isotrivial elliptic ~bration f1: M; ¥ C, with three
singular “bres. The generic _b&_of of £1 is biholomorphic to C=ijj, where j; =<1, e2#1=3 > for
J=12and jz3=<1;i=> (=" jl).

(b). For any s, 2 E(PY), if s & s,, then the foliation G{ is turbulent with respect to i .

(c). If si;s, 2 E(PJY), then there exist biholomorphisms ©:M; ¥ M; and A:C ¥ C such that
Atfl =fl to@.

(d). E(PY) = Q:ij [f1lg, j = 1;2;3, where Q:jj = fxiyjx 2 Q and y 2 jjg. In particular,

E(PJ) is countable and dense in C.

Type I Type I Type I}
4 fmx__\JMULT: 3 - \Lﬁm B fm
3 MULT=1 f———— WULT=1 o2 MULT=1
-2 ——— MULT=A
3 MULT=1 d—1 MULT=Z _
[ Jp—— ] )
3 MULT=1 3 ————— MULT= 3 -1 MULT=1
-":_a /_:;. SHULT= § +HULT=2
Type I [ype O
fikre Fibration ot I
G La Fibration on 1M, e I 2
s o FIG. 1 Type3
o #
Type M Type L,
B fibre Lp O
i p— MULT =1 -2 WULT =1
ik HULT=1
41 MuLT=1 |
Rl Jp— —T]] [ Fiblatic-nlurl:\]h'[3
3
F——1— HULT=2 i MULT=1 Type
/:' SHULT=4 SHMULT=2
Type I
fibrs

FIG. lc

We will call the family (Gg)szg the family of type j, ] =1;2;3. In the sections 2.2, 2.3 and 2.4,
we will give examples of equirreducible exceptional families of foliations on CP (2), such that after
the resolution we get these families. In the gures 1.a, 1.b and 1.c, we sketch the typical brations
fl,j=1;2,3,s2 E;j. The singular bres which appear in the brations are the following :

Fibres of the type IV.. This bre is composed of four rational irreducible components. Three
of these components have multiplicity one and self-intersection j 3, as in gure 1.a. The reason for
the notation is that it is obtained from the Kodayra bre of type IV (cf. [K] and [BPV]) by doing
one blowing-up at the intersection of the three rational components, as it is sketched in the gure
2.a.

Fibre of the type . This bre is composed of four rational irreducible components. The
multiplicities and self-intersections of the components are sketched in ~gure 1.b. The reason for
the notation is that it is obtained from the Kodayra bre of type Il (cf. [K]) by doing the
blowing-up process sketched in the gure 2.c.

Fibres of the type ITl. This bre is composed of four rational irreducible components. The
multiplicities and self-intersections of the components are sketched in gure 1.c. The reason for the
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notation is that it is obtained from the Kodayra bre of type 11 (cf. [K]) by the doing blowing-up
process sketched in the gure 2.b.
Fibres of the type lg. This bre appears in the brations of types 2 and 3.
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As a consequence of Theorem 1, we will prove the following :

Theorem 2. There are exactly four elliptic non-degenerate exceptional pencils on CP (2) such that
any elliptic, exceptional, equireducible and non-degenerate family of foliations in CP (2) immerges
in one of them.

In x2 we will describe the families stated in Theorems 1 and 2. The prototypes of the families
of Theorem 2 are given below.

1.6 Example. Each pencil, say (Fe)goe, Of Theorem 2 is de ned in an appropriate azne coordi-
nate system (x;y) 2 C? by polynomial vector “elds X and Y, in such a way that X de nes Fg, Y
de nes F4 and X +®:Y de nes Fg. There are two pencils of degree three, one of degree two and
one of degree four.

(1.6.1). The pencil of degree two. In this case, the vector elds X and Y are the following
X(6y) = (4x i X% +y?) & + (6y i 12xy) & and Y (x;y) = (2y i 4xy)gk +30¢ i Y&
(1.6.2). The pencil of degree four. In this case, the vector elds X and Y are the following
XGy) =x(¢ i Dk +y® i gy and Y (xy) =y (¢ i Dk +X°¢°% i D

(1.6.3). The rst pencil of degree three. In this case, the vector elds X and Y are the
following X(x;y) = (ix+2y? i &%y +xNgk +y(i2 i 3xy +x3) & and Y (x;y) = 2y i ¥* +
Xy & + Bxy i X +2y%) &

(1.6.4). The second pencil of degree three. In this case, the vector elds X and Y are the
following X (x;y) = (i 4x+x3+3xy?) & +2y(y* i gy and Y (x;y) = (%Y i y*) gz +2x(¥* i D

The proofs of Theorems 1 and 2, will be based in the following :

Theorem 3. Let M be a complex compact surface and F, G, be two foliations on M such that
Te =Tg and P = (Fe)gog be the pencil generated by F and G. Suppose that :

(). F&G.

(ii). The singularities of F are reduced in the sense of Seidemberg.

(iii). F and G have holomorphic " rst integrals, say f:M ¥ S; and g:M ¥ S, respectively, where
T is an elliptic ~bration.

Then :

(a). The pencil (Fe)goc is @ non-degenerate and elliptic weakly exceptional family.

(b). For any foliation H on M, such that Ty = Tg, there exists ® 2 C such that H = Fg. In
particular F(M;Tg) = fFej® 2 Cg.
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(c). If Kp & 0, then M is a rational surface. In this case, the pencil is exceptional and bimero-
morphically equivalent to one of the families of types 1,2 or 3. Moreover, we have E(P) =
.:Qrij [f1g), where | 2 C® and j 2 f1;2;3g. In particular, E(P) is countable and dense
in C.

(d). If Ky = 0 then, either M is a complex algebraic torus, or M is an algebraic K3 surface.
Moreover, the family is exceptional if, and only if, E(P) contains at least three elements.

5

As a consequence of (c) of Theorem 3, we have the following :

1.7 Corollary. Let P = (Fg)goc be a pencil of foliations bimeromorphically equivalent to the
pencil of type j, where j 2 f1;2;3g. Let j; be as before. If 1;®;;®, 2 E(P), where ®;;®, 2 Q:jj
and ®; & ®,, then E(P) = Q:j; [ f1g.

In x2.1 we will describe two exceptional pencils of foliations, the “rst one in a complex 2-torus
and the second in a Kummer surface (which is a special type of K3 surface). In x2.2, 2.3 and 2.4,
we will describe, without details, the resolutions of the pencils in the examples 1.6.1,...,1.6.4. We
will see also that they satisfy the hypothesis of Theorem 3. Theorem 3 will be proved in x3.2,
Theorem 1 in x3.3 and Theorem 2 in x3.4. Before nishing this section, we would like to make
some remarks and state some problems.

1.8 Remark. We would like to observe that the fact that E(P) = ,:Q:j; [ f1g in assertion
(c) of Theorem 3, can be proved by using a result of [McQ] (see also [Br-2] pg. 110), once we
know that the generic bre of a rst integral is biholomorphic to C=j;. This result says that if
kod(F) = 0, which is the case, then it is possible to nd a rami ed covering %:N ¥ M and a
birational morphism p:N ¥ K such that ps(%“(F)) is de ned by a global holomorphic vector
“eld on K, say X. Once we know some of the informations given in the proof of Theorem 3, it is
possible to prove that p.(%°(G)) is also de ned by a global holomorhic vector eld, say Y, in such
a way that p.(%°(Fe)) is de ned by X + ®:Y . These facts imply that K is a torus (see x2.1). In
this paper we give a di®erent proof, more adapted for our situation.

1.9 Remark. In the proof of our results we use strongly that the families are equireducibles. A
natural question is if Theorems 1 and 2 are true for exceptional families, not necessarily equire-
ducibles a priori. We would like to pose the following :

Problem 1. Let (Fn)n_1 be a sequence of foliations on CP (2) with the following properties :
(i). All F, have the same degree, say d.

(ii). For all n _ 1, the singularities of F,, are non-degenerate. Moreover, for any singularity p of
Fn, there is a singularity q of F1, such that the germs of F, at p and of F; at q are analitically
equivalent.

(iii). For all n _ 1, F, has a meromorphic “rst integral f,:CP(2)j ¥ C, such that g(f,) = 1,
the general level curve f,i1(c) is irreducible and lim, s 1 (deg(fn)) = +1.

Is it possible to immerge the sequence (Fn)n_1 in one of the families of Theorem 2 ? In other
words, is there a sequence of automorphisms of CP (2), say ("n)n_1, such that "} (Fn) is in one of
these families, foralln _ 1 ?

1.10 Remark. In our results we deal only with elliptic families of foliations. A natural question
is the following:

Problem 2. s it possible to classify all equireducible non-degenerate exceptional families of
foliations on CP (2) ?

We would like to observe that the exceptional families in CP (2) of [LN], with unbounded genus,
are obtained from the elliptic families by pulling back the elliptic families with ~xed endomorphisms
of CP (2) of topological degree _ 2. Since the endomorphims used in this construction are more or
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less arbitrary (generic), we can not expect to obtain a nite list of models, like in Theorem 2, for
the general case.

x2 Description of the models

In this section we will describe some examples of non-degenerate, exceptional, elliptic families
of foliations, including the four families in CP (2), one of degree two, two of degree three and one
of degree four, which give origin to the three exceptional families of the statement of Theorem 1.
Three of these families were already described in [LN], so that we will only give an idea of their
construction and properties.

x2.1 Examples in a complex 2-torus and in a Kummer surface.

Let M =T, £T,, where T; = C=j; is an elliptic curve, such that jj is the lattice in C generated
by 1and a; 2 R, j = 1;2. We will take coordinates (X;y) 2 M, where x 2 C=j1 and y 2 C=j>.
Let F and G be the foliations generated by the non-vanishing vector elds X = @@_X and Y = g)—y,
respectively. If P = (Fg)qog IS the pencil generated by F and G, then Fe is de ned by the vector
“eld Xg = X +®:Y, for every ® 2 C. This pencil is weakly exceptional in all cases, but it is not
exceptional, in general. In fact, the set E(P) contains at least two points, ® =0and ® = 1.. On
the other hand, as the reader can check, the following assertions are equivalent :

(). ®2E(P)nf0; 1g.
(b). If §1(®) is the lattice < ®;®:a; >= f®(mM +n:a;)jm;n 2 Zg and D is a fundamental domain
of iz, then j1(®) \ D is nite.
(c). There exists k 2 N n fOg such that k:j1(®) % j».
Assertion (c) implies that :
(d). E(P)nf0; 1g & ; if, and only if, there exists h 2 PSL(2; Q) such that a; = h(ay).

In this case, we can write a; = rﬁ:—rf‘éfz where k; ;m;n2 Zand kn § m™ & 0. It is easy to see

that

E(P) % f® 2 Cjthere exists p 2 Z such that p:® = m + n:a, and p:®:a; =k + :a,9 :

Under assumption (d), this last set is in nite and countable, so that the pencil is exceptional. In
particular, if T; = T,, the pencil is exceptional. On the other hand, if a;  fh(az)jh 2 PSL(2; Q)g,
then E(P) = T0; 1.g, and so the pencil is not exceptional.

Given the torus M as above, it can be de ned the Kummer surface Km(M). This surface
is de ned as follows : let I:M ¥ M be the involution , which in representation C=j; £ C=j,
is of the form 1(x;y) = (iX;iy). This involution has sixteen ~xed points, say pi;::;Pis, SO
that M; = M= < | >, is a singular surface with sixteen singularities, say qi;::;qis. When
we resolve these singularities, we obtain the Kummer surface Km(M), which contains sixteen
rational curves with self-intersection j 2, say Cy; :::; C16, Where C; corresponds to g;, j = 1;:::;16
(for the details see [BPV] pg. 170). Note that Km(M) n ([;C;) is naturally biholomorphic to
M1 n fpy;:; peg and the quotient map by the involution, induces a covering map of degree two,
say P:Mnfpy;::;psg ¥ Km(M)n([;Cj). On the other hand, 1.(X) = § X and I,(Y) = §Y, so
that I,(X +®:Y) = j (X +®:Y) and the foliation Fg is invariant by the involution. This implies
that there exists a foliation Ge on Km(M) n ([;C;j) such that P®(Gg) = Fe. Since the curves C;
are -2-curves, this foliation extends to a foliation on Km(M), which we denote also by Gg. This
de nes a pencil of foliations Q := (Ge)® 2 C. Note that E(Q) = E(P), so that the pencil Q is
always weakly exceptional and it is exceptional if, and only if, P is exceptional. We observe that
if ® 2 E(Q), then the “rst integral of Gg is a ~bration f.: Km(M) ¥ C which has four critical
~bres of type ;. This last fact will be proved in x3.2.
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x2.2 The type 1 exceptional family.

The exceptional family of type 1 can be obtained by the resolution of the singularities of an
equirreducible family of degree four in CP(2), which will be denoted by P* = (F@)g,z. This
family is characterized by the fact that the lines in CP(2) de ned in homogeneous coordinates by
the equation

O i@ iy)ediz®)=o:

are invariant for the foliation F2, for all ® 2 C. If j = %173, then these lines, in the axne
coordinate system fz = 1g, are given by “1;=fx =1g, » :=fx=jg, 3:=fx=j?g, 4 :=Ffy =
19, 5 :=fy = jg, Fe :=y =j%g, 7 :=fy =xg, s := fy = jixg and *g := fy = j2xg. They
intersect in twelve points, that we will denoted by p1;:::; p12. These sets of lines and points de ne
a con guration of lines and points C := (L;P), where L := £ 1;::;; "9g and P := fpy;::;;p12g. We
observe that each line “j 2 L, contains four points in the set P, and each point p; 2 P is contained
in three lines of L.

In the above axne coordinate system, the foliation Fg is de ned by the vector eld X + ®:Y,
where X(x;y) = x(x® § )& +y(y* i 1)(53’—y and Y (x;y) = y2( i )& +x3(y% i 1)@§@—y. This pencil
is described in x2.2 of [LN], so that we will only resume its main properties. Before the description,
let us ~x a notation.

2.2.1 Notation. Let F be a foliation on a surface M. We say that a singularity P of F is of
the type p : g, where p;q 2 Z° and gcd(p;q) = 1, if in suitable holomorphic coordinate system
(x;y) around P with x(P) = y(P) = 0, the foliation F is represented by the vector eld X(x;y) =
px@@—X + qy@g@—y. Note that this vector eld has the " rst integral x%=yP. For this reason, we will say
also that a singularity of type 1 : 1 is a radial singularity. In the notation p : g, we will identify
pP:d” q:p” iplid " iq:ip

If ® 2 F = f1;j;j2 19, then F3 has twelve radial singularities at the points of P and nine
singularities of the type 1 : {3, say 01(®);:::;09(®), where qx(®) 2 “x. We observe that, for
each k = 1;::;9, themap ® 2 C A q(®) 2 “j,» is a regular parametrization of ". When
® 2 f1;j;j2; 1.9, then the point qy(®) coincides with some point in P, and so the foliation Fg has
a degenerate singularity at this point. In [LN] it is proved that the pencil is elliptic and exceptional.
Moreover, f0;1; 1.9 %2 E(P%), so that E(P%) = Q: < 1;j > [f1g, by the Corollary of Theorem 3.
In fact, in x2.2 of [LN] it is proved that, for ® 2 f0;1; 1.g, F2 has the following ~rst integrals

x3(y? 1)
33 i)

y il
x3 i1

iy ihyii*) .
XiDYildyiix '

fo(xy) = ; f(y) = f1(xy) =

The process of reduction of the singularities for Fg involves twelve blowing-ups at the points of
P. Let us denote by M; the surface obtained from CP(2) by doing one blowing-up at each point
of P, and by %: M; ¥ CP(2) the composition of these blowing-ups. The family of type 1 is de ned
as Q! = (G})g.z, Where G§ = ¥%°(Fg). We observe that E(Q') = E(P*) and for any ® 2 E(P*)
the bration fg tangent to Gé is like in ~g. 1.a. Moreover, the strict transforms ™3;::;; 9 of the
lines ~q;:::; 9, are the unique curves in My that are invariant for all foliations in the family Q.
Each curve 7 contains an unique singularity of G, say & (®), such that %(ex(®)) = qk(®). This
singularity is of the type 1: 3.
x2.3 The type 2 exceptional family.

In this section we will describe two non-degenerate families of foliations on CP(2) which give
origin two the type 2 exceptional family. The ~rst one is a family of degree three, which is obtained
from the family of x2.2 by using that the di®erential equations which de ne it, are invariant with
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respect to the change of variables S(X;y) = (y;x). In x2.3 of [LN], it is proved that there exists
another family of foliations, say P3 = (F2),.z, such that for every ® 2 C we have F4 = T°(F3)
where T:CP(2) ¥ CP(2) is the rational map which in the coordinate system (x;y) of x2.2 is
expressed as T(x;y) = (u;v) = (X +y;xy). The foliation F2 is de ned in the atne coordinate
system (u;Vv) by the vector eld X + ®:Y, where the expresssions of X and Y are given in the
example 1.6.3 (in terms of x and y). The main facts about the pencil P2 are the following :

2.3.1. E(P®) =E(P*.
2.3.2 Invariant curves. There are ve curves in CP(2) which are invariant for all foliations in
the family. These curves are the images by T of the lines in the con guration L :
(1. The lines (x = j¥) and (y = j*) are sent by T into the line (v j jXu+j?*=0), k
This implies that the foliation F2 has three invariant lines; “ := (v i jKu+j?<=0), k =0;1;2.
(I1). The line (y = x) is sent by T into the conic C; ;= (v = %uz).
(111). The lines (y = j X) and (y = j2x) are sent by T into the conic C, := (v = u?).

In “gure 3 we sketch this con guration of curves. Denote by &2 the union of these curves.

P
R, (=) 01
1

0

— 92

o]
- w 02

Fig. 3

2.3.3 Singularities. Observe that the singular points of ¢2 are singularities of all foliations in
the pencil P3. The conics C; and C, are tangent at the pointsqy =[0:0:1]and g2 =[0:1:0],
the lines "y, k = 0;1;2, intersect at the points por = [§J%:J : 112 o\ "1, po2 =[ij :j%2:1] 2
o\ 2and pi2 =[il:1:1] 2 1\ "2 and the lines are tangent to the conic C; at the points
Po=1[2:1:1129\Cq,p1=1[2j:j%2:1]12 1\ Cyand p2 =[2j2:j :1] 2 "2 \ C;. Observe also
that po1; poz2; P12 2 Co. In Proposition 7 of [LN], it is proved that, if ® 2 f0;1; j;j?; 1.9 := F, then
the singularities of F3 are non-degenerate of the following types :

(V). The points po1, po2 and p1» are radial singularities.

(V). The points p1, p2, P3, g1 and g, are of the type 2 : 1.

(V). Each one of the ~ve curves contains another singularity, say P1(®) 2 C1, P2(®) 2 C, and
Qk(®) 2 ", k =0;1;2. They are of the following types : P1(®) is of the type 1: j6, the others
are of the type 1: §3.

The reduction of the singularities of the elements of the family is done with a total of thirteen
blowing-ups, as follows : one blowing-up at each of the three radial singularities and two blowing-
ups at each of the ~ve singularities of the type 2 : 1. Denote by M, the rational surface obtained
from CP(2) by this blowing-up process, by %: M, ¥ CP(2) the blowing-up map and let G2 :=
Y%,2(F3). The pencil Q? := (G3)qz Will be called the type 2 family. In x2.3 of [LN] it is proved that
this pencil satis es properties (a) and (b) of Theorem 1. Property (c) will be proved in x3.2. The
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typical elliptic bration which appears in this case is sketched in ~g. 1.b. This bration appears,
for instance, as a ~rst integral of the foliation G4 = %"(F3). The foliation F3 has the following
rational " rst integral :
(U i 4v)(v i u?)*

(ud j 3uv j2)?

R(u;v) =

The reader can check that g = R+%:M;, ¥ C is an elliptic “bration with three critical levels,
namely fg = 0g, fg = 1g and fg = 1.g, as sketched in gure 1.b.

There is another non-degenerate family of foliations on CP(2) which gives origin to the type 2
family. This family is obtained from the family (F3)q.z by a Cremona transformation as ilustrated
in Fig. 4 (see alsn | emma 2 4 14)

AR

Fig 4

In this gure, we denote by %; the blowing-up at the three points po1, po2 and pi1» (see gure
3). After this blowing-up process, we obtain three divisors, not invariant for the strict transform
Y (F2), because po1, poz and pi» are radial singularities (® 2 0;1; j; j2; 1.9). Moreover, the strict
transforms of o, *1 and ", say ‘o i and %, have self-intersection j1, so that, we can blow-
down these three curves. The map indicated by %, in Fig. 4, is the blowing-up associated to this
blowing-down process. The curve indicated by ¢, is the strict transform of the curve C;. This
curve is sent by Y%, in the curve Q of Fig. 4.3, which is a quartic with three cuspidal points, which
we denote by J, K and L. We call % the bimeromorphism ¥, + (%1)i1. This type of blowing-up-
blowing-down process is known in the literature as a "Cremona transformation™. It is well known
that the manifold, obtained after a Cremona transformation in CP(2), is again CP(2). The curve
C, is transformed by % in a straight line, say R, which meets Q in two tangent points, which we
denote by M and N. The pencil P? := (F3)q¢ is de ned by F3 = %a(F3). The main facts about
the pencil P2 are the following (see x2.4 of [LN]):

2.3.4. Any foliation F3 in the pencil has degree two. Moreover, E(P?) = E(P3).

2.3.5 Invariant curves. The algebraic invariant curves for all foliations in the pencil are the
quartic Q and line R.

2.3.6 Singularities. For ® 2 f0;1;j;j? 1.9 the singularities of F2 are non-degenerate of the
following types :

(VVI1). The cuspidal points of Q are of the type 3: 2.

(VVIH1). The tangency points M and N between Q and R are of the type 2: 1.

(1X). The quartic Q contains a singularity P;(®) of the type 1: ;6.

(X). The line R contains a singularity P,(®) of the type 1: 3.

Finally, we would like to observe that it is possible to “nd an azne coordinate system (C?; (X;y))
in CP(2) such that F3 is de” ned by X +®:Y, where X(x;y) = (4x i 92 +y?) & + (6y i 12xy)@§‘3’—y
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and Y (x;y) = (2y i 4xy)& +3(x% i y?)&. In this coordinate system, the line R is the line at

in nity, the quartic Q is given by F(x;y) = 0, where F(X;y) = 4y?(1 j 3x) i 4x3 + (3x% +y?)?,
2 -

P.(®) = (‘(‘éigi?)g; F18>) and Po(®) = [1: ®: 0]. Moreover, the foliations F3 , F? and F%, have

the following rst integrals :

F(Xy)
(y i x)3

F(y) |
(2x i 1)3°

F(xy)
(y +x)3

ga(x;y) = 910 y) = and g;1(Xy) =

respectively, as the reader can check. This implies that E(P?) = Q: <1;j > [flg.
X2.4 The type 3 family.

In this section we show an example of an exceptional non-degenerate family, for which, the
elliptic ~ bration which appear after the reduction of singularities has elliptic bres biholomorphic
to C=< 1;i >, wherei = j1l. This family is obtained as the set of foliations of degree three
which leave invariant all curves of the con guration sketched in ~gure 5. The ~ve curves in this
“gure, in some azne coordinate system (C?; (x;y)), are :

(a). The circle C; := f(x j 1)? +y? = 1g.

(b). The circle C; 1 := f(x + 1)? + y2 = 1g.

(c). The line L, :=fy = 1g.

(d). Thecircle L;; :=fy = jlg.

(e). The line at in nity in this axne system, denoted by L .

Co Cy i o
Loo
g T
E F
/ A B
G Ly
C.1—> *—C1
i} C t
Fig. s

The two circles are tangent at origin, O = (0;0). The line L; is tangent to the circle C;; at
the point A = (j1;1) and to the circle C; at the point B = (1;1). The line L; is tangent to the
circle C; 1 at the point D = (§1; 1) and to the circle C; at the point C = (1; j1). The two circles
intersect in two more points, E =[1:i1:0land F =[1: ji: 0], which belong to L5 . Finaly, the
three lines intersect at the point G =1[1:0:0] 2 L. We will denote by ¢ the union of these
curves.

The reader can check that any foliation of degree three which leaves invariant the ~ve curves
in (a), (b), (c), (d) and (e), is de ned the polynomial vector eld X + ®:Y, where X(X;y) =
(i4x+3 +3xy?) & +2y(y? i 1)§)7 and Y (x;y) = <%y i y3)& +2x(y? i 1)§)—/. The pencil
de ned in this way will be denoted by P3! = (F31),,z. Next we will see that this family is
equirreducible and that after the desingularisation process we obtain a pencil of foliations which
satis es the hypothesis of Theorem 3.

2.4.1 Lemma. If® 2 f1; j1;1; ji; 1g, then F%l has 13 non degenerated singularities :
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(1). The points E, F and G are radial singularities.
(11). The points A, B, C, D and O are singularities of the type 2 : 1.

Each irreducible component of &3 contains a singularity outside sing(¢3'). They are the
following :
(111). The points P; 1(®) := (®; §1) 2 L;1, P1(®) := (i®;1) 2 Ly, Q;1(®) = (15%; 22>) 2 C;1
and Q1(®) := (1557, 112>) 2 Cy1. These singularities are of the type 1: j4.
(IV). The point P41 (®) :=[®:1:0] 2 L4. This singularity is of the type 1: j2.
Proof. The fact that sing(F3'1) has thirteen points as described in (1),...,(1\VV), can be proved
as follows : by solving the system of algebraic equations given by X(x;y) + ®Y (x;y) = 0 we
“nd the nite singularities, which are A, B, C, D, O, P;1(®), P1(®), Q;1(®) and Q1(®). The
four singularities at the line L4 can be found by solving the homogeneous equation of degree four
YIAs(X;y) + ®:C3(x; Y)] i X[Bs(X;y) +®:Ds(x;y)] = 0, where Az +Bag and Ca & + D3 are
the homogeneous parts of degree three of X and Y, respectively (see [LN 1]). As the reader can
check, this equation gives y(x? + y2)(x j ®:y) = 0. The solution of this equation gives the points
E, F, G and P51 (®). The fact that ® & f1; j1;i; ji; 1g implies that these thirteen points are
distinct.

Let us prove (1) and (11). Observe ~rst that, since F3'! is of degree three and has 13 = 32+3+1
singularities, then these singularities are non-degenerate (see [LN] or 3.1.6). The following result
implies (1) and (11) ( see x2.3 of [LN] for the proof):

2.4.2 Lemma. Let Z be a holomorphic vector “eld de ned in a neighborhood of 0 2 C2. Suppose
that :

(a). 0 is a non-degenerate singularity of Z and the quotient of the eigenvalues of of DZ(0) are
rational and positive, say p=q, where p;gq 2 N are relatively primes.

(b). Either p;q _ 2 or Z has at least two distinct local analytic separatrices through O.

Then there exists a holomorphic coordinate system (W; (u;v)) with 0 2 W, u(0) =v(0) =0, in
which Z can be written as 0 0

Z(u;v) = k(q:u@—u + p:v@—v);

where k 2 C®. In particular, 3—;’ is @ meromorphic " rst integral of Z in a neighborhood of 0.

Let us consider a point P 2 fA;B;C;D;Og. The curve ¢ has two smoth branches through
P with an ordinary tangency at P. It follows from Lemma 2.4.2 that there exists a holomorphic
coordinate system (u;v) in a neighborhood U of P, such that u(P) = v(P) = 0 and F2? is
represented on U by the vector eld Z(u;v) = q:u@(‘l’—u + p:v%), where 1 - p<q and gcd(p;q) = 1.
Since Y7 is a rst integral of F& and the invariant branches of ¢ have an ordinary tangency at
P,thenp=1andq=2,so that P is of the type 2: 1. In the case P 2 fE; F; Gg, the argument is
similar and uses that the curve ¢31 has three smooth branches throgh P, two by two transverse.
We leave the details for the reader.

In the proof of (111) and (1) we use the desingularization process for the foliation F31. This
process involves thirteen blowing-ups : one blowing-up at each radial singularity and two blowing-
ups at each singularity of the type 2 : 1 (see x3.4). In the gure 6 we sketch the resolution process
for a singularity of the type 2 : 1.

Note that the divisor which appears after the " rst blowing-up is invariant for the new foliation,
whereas the second divisor is not. Let M3 be the rational surface obtained from CP(2) after this
blowing-up process, %: Mz ¥ CP(2) be the blowing-up map, G2 be the strict transform of F31
by %+ and C;1, C;1, E4, C;1 and C; be the strict transforms of the rational curves L;1, Ly,
L4, C;1 and Cy, respectively. Denote by Dp the invariant divisor which appears after the two
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blowing-ups at P 2 fA;B;C;D;Og. Note that the ten curves C;1, L1, E4, C;1, C; and Dp,
P 2 fA;B; C; D;Og, are disjoint, smooth, rational and invariant for Gg.

= = O

FIG 6

Each one of these ten curves contain one singularity of G3 : the ~ve singularities % 11(Px(®)),
k=1 il;d, %"(Qm(®)), m = 1; j1, and one in each of the divisors Dp, P 2 fA;B;C;D;Og
(the singularity m in Fig. 6). Denote by Mp (®) the singularity of G2 in the divisor Dp, P 2
fA;B; C;D; Og. For the singularities %i1(Px(®)), k =1; 1; 1, and %:11(Qm(®)), m=1; j1, we
keep the same notation of before : P (®), k = 1; §1; A, and Qm(®), m = 1; j1. Observe that
sing(G3) consists exactly of these ten singularities. The analytic type of these singularities can be
obtained by using Camacho-Sad index Theorem (see [C-S] and 3.1.9) and a Lemma of linearization
of Mattei-Moussu [M-M]. Let C be one of the ten rational invariant curves and g be the singularity
of G2 on C. Let Z be a holomorphic vector “eld which represents G3 in a neighborhood of g
and _, and _¢ be the eigenvalues of DZ(q), where _¢ is the eigenvalue in the tangent direction
to C and _,, in the normal direction. According to Camacho-Sad Theorem, -2 = C?2, that is the
self-intersection number of C. On the other hand, since C n fqg is a leaf of G® biholomorphic to
C, the holonomy of G2 in a transverse section to C is the identity. It follows from [M-M], that
the vector “eld Z is linearizable at q. Moreover, if =2 = C? = jn, then there exists a coordinate
system (U; (z;w)) in a nelghborhood of g such that z(q) = w(q) =0,U\NC = (w =0) and
Z(z;w) = k(z@z i nw W) where k 2 C®. In particular, z":w = cte, is a local ~rst integral of G3.
In particular, q is a singularity of the type 1: jn. It follows that :

(). P1(®), MA(®), Mg(®), Mc(®), Mp(®) and Mo (®) are of the type 1: j2, because the curves
C41, Da, Dg, Dc, Dp and Dg, have self-intersection j2 in Ms.

(if). P;1(®), P1(®), Q;1(®) and Q1(®) are of the type 1: j4, because the curves C;1, C1,, C;1
and C; have self intersection j4.

In the proof of (i) and (ii), we can use the following fact : let S be a smooth curve on a surface
N and %N ¥ N be a blowing-up at a point p 2 S. If, S is the strict transform of S by %,
then S% = S? j 1. So, for instance, C4 has self-intersection j 2 because L%L = 1 and the process
involves three blowing-ups at points of L4 . Another way is to calculate explicitly the quotient of
the eigenvalues at the singularities P;(®) and Qx(®), by using the expression of X +®:Y . We leave
the details for the reader. =

Let %Mz ¥ CP(2) be as in the proof of Lemma 2.4.1. The pencil of foliations Q* = (G2 =
%2 (F&1)) oz Will be called the family of type 3.

2.4.3 Corollary. The family of type 3 satis es the hypothesis (ii) and (iii) of Theorem 3.
Moreover, F§*, F3* and F37 have the following “rst integrals :

Ci(x;y):Ci1(xy)
4L1(y):L;1(y)

L;i1(y):Ci(x;y)
Li(y):C;1(xYy)

L1(y):C1(x;y)
Lia(y):Cia(x5y)

fi(xy) = Fi(xy) = ; Fia(xy) =

respectively, where C;(X;y) = x?+y2 j 2X, C;1(Xy) =x2+y2+2x, Ly(y) =y iland L;.i(y) =
y—+1. Moreover, T4 +% is an elliptic ~bration. In particular, E(P¥!) = E(Q®) =Q: < 1;i> [flg.
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Proof. Lemma 2.4.1 implies that it satis es the hypothesis (iii). The fact that fg isa rst integral
of F3'1, for ® 2 f1; j1; 1.g, can be proved by checking that (X + ®:Y )(fg) = 0 in each case. We
leave the details for the reader. Note that, since all singularities of the foliation Ggg are reduced,
then for any ® 2 E(Q?), we can suppose that the “rst integral of G3 is a ~bration. Let us prove that
h := f4 +% is an elliptic bration. Consider the generic level curve ff; = cg, which in homogeneous
coordinates, can be written as F.(X;y;z) := (X? +y? +2xz)(x? +y? j 2xz) j 4cz?(y? j z?) = 0. An
easy calculation, shows that, if ¢ 2 0;1; 1 g, then the curve F. is irreducible and that its singular
set consists of two nodal singularities at the points [1 :1: 0] and [1: ji: 0], so that it is elliptic,
because g(F¢) = GiAi2 52 =1 by the genus formula. Since in the resolution process we have
done one blowing-up at the each one of the points [1 :i:0] and [1: ji : 0], the level curves of
h = f4 % are all disjoint, so that h is a bration. ©

x3. Proofs

x3.1. Basic facts. In this section we state some facts that will be used in the proofs of Theorems
1, 2 and 3. Let F a foliation on the surface M de ned in a covering (Uj)j=3 of M by a collection
of holomorphic vector —elds, say (Xj)j=2s. Suppose that each U; is a domain of a holomorphic
chart (xj;yj):Uj ¥ C? and consider the 2-form y; := dx; ~dy; and the 1-form 1; = ix; ;. Note
that the di®erential equation !; = 0 also de nes F on U;. If Ui \ U; & ;, then !; = g;; !;, where
gij 2 O%(Ui \ Uj). The cocycle (gij)u;\u;e; de nes a line bundle on M, called the normal bundle
of F. The class of this bundle in HY(M;O") is denoted by Ng. The conormal bundle of F is
the dual, Ng, of Ng. Given another foliation G on M such that T¢ = Tg, de ned by collections
of vector elds (Y;j)j23, consider the pencil generated by F and G, that is, the family (F)g,z of
foliations, where Fg is de ned by the collection (Xj + ®:Y;j)j2a, if ® 2 C, or (Yj)j2s, if ® = 1.
Note that Tg, = Tg for all ® 2 C.

3.1.1 Remark. Even if the singularities of F and G are isolated, for some values of ® & 0; 1, the
singularities of Fg could not be isolated. Since we are considering always foliations with isolated
singularities, when ® 2 C is such that sing(Fg) is not isolated, that is contains a curve with divisor
(fj)j=a, fj 2 O(U;), then we rede ne Fg as the foliation given by the collection of vector —elds
(fjil[Xj + ®:Y;j])j23. Note that, in this case, Tr, § Te is an e®ective divisor, that is

>
Tre i TE = NkiCy
k=1

where ng 2 N and [ Cy is the curve de ned in U;j by ff; = 0g. We will consider the set
B(F;G)=f®2CjTg, =T =Teg :

Observe that the set Cn B(F;G) is always ~nite.

In the sequel, we will recall some known facts about foliations on surfaces that will be used in the
proof of the above result. The proofs and de nitions of some concepts involved can be found [Br],
[Br-1], [Br-2], [BPV] and [S]. Let M be a compact surface and F be a foliation on M with isolated
singularities. Suppose that F is de ned by a collection of holomorphic vector —elds (Xj)j23, or
1-forms (¥)j=4, associated to a covering (Uj)j=5 of M, as before.

3.1.2 Seidenberg's Theorem. (cf. [Se] or [M-M]) In order to state Seidenberg's Theorem, we
recall the concept of reduced singularity. Let p be an isolated singularity of a foliation F on a
surface M and X be a holomorphic vector ~eld which represents F in a neighborhood of p. Let



EXCEPTIONAL FAMILIES OF FOLIATIONS AND THE POINCARE PROBLEM 15

.1 and _, be the eigenvalues of DX (p). We say that p is a reduced singularity of F, if one of the
following condictions holds :
(1). p is a non-degenerate singularity, that is _1; ,» & 0, and the charachteristic values, _,=_; and
.1=.2, are not rational positive.
(I1). .1, =0and _, &0, or vice-versa. In this case, we say that p is a saddle-node for F.

These condictions do not depend on the vector eld X.
Theorem. ([Se] or [M-M]). For any foliation F, with isolated singularities, on a surface M, there
exists a surface N and bimeromorphism %: N ¥ M, which is a sequence of blowing-ups, such that
all singularities of the strict transform foliation, %" (F), are reduced.

In the sequel, we resume other results that will be used, involving the bundles associated to the
foliation F.
3.1.3. If Y is a meromorphic non-vanishing vector eld on M tangent to F (that is !;(Y) =0,
8J 2 J) then

Te=)i(Y)a;

where (Y )o and (Y )1 denote the divisors of zeroes and poles of Y respectively. Analogously, if I
is a meromorphic non-vanishing 1-form on M such that !(Y;) = 0, 8j 2 J, then

NE=)oi(Da;
where (1) and ()4 denote the divisors of zeroes and poles of Y respectively.
The relation between Ng and Tg is the following :
3.1.4. Km = Ng + T2, where Ky, denotes the canonical bundle of M.

In the case of a foliation F of degree d on CP(2) we have the following :

3.1.5. T =(d j DH, Ng = (d+2)H and Kcp(zy = i3H, where H denotes the divisor associated
to a line.

Given two line bundles L; and L, on M, we will use the notation L;:L, for the number

m C1(Lka) ~ca(lz), where ci(Lj) 2 H3r(M) is the “rst Chern class of Lj, j = 1;2. When
L1 = L, we will use the notation L;:L; = L2.

If we denote by 1(F) the number of singularities of F counted with multiplicities, then :
3.1.6. 1(F) =co(TE+TM) =co(M) +T2:ca(M) +(TE)? = c2(M) + Te:Ky + TZ. In particular,
if M = CP(2) and F has degree d the 2(F) = d? + d + 1. Moreover, the singularities are non-
degenerate if, and only if, F has d? + d + 1 singularities.

Now, let C be a curve on M. We say that C is not invariant for F, if C\U; is not a solution of
1; =0forany j 2J such that C\ Uj & ;, where 1 de nes F on Uj. We say that C is invariant
for F, if C\U; is a solution of !; =0 for any j 2 J such that C \ U; & ;. Given a reduced curve
C, which is not invariant for F, and p 2 C, the order of tangency between F and C at p is

tang(F; C;p) := dim¢ =[FX0)p;

p
<f, X(f) >
where ¥ = 0 is a reduced equation of C, X is a holomorphic vector ~eld which de nes F in a
neighborhood of p and [f; X(f)], denotes the intersection number of f and X(f) at p. Observe
that, since T is reduced and not invariant for X, then ¥ and X(f) have no common components
at p, so that 0 - tang(F;C;p) < +1. Moreover, tang(F;C;p) = 0 if, and only if, the leaf of F
through p is transverse to C at p. This implies that

>
0 - tang(F;C) := tang(F;C;p) <+1:
p2C
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3.1.7. Let C be a reduced curve on M, not invariant for F. Then :
Ng:C = X(C) +tang(F;C) and Te:C = C? j tang(F;C);

where X (C) = jKpm:C j C? is the virtual Euler characteristic of C (cf. [Br-1]). We observe that,
if C is a smooth curve, then X (C) coincides with the topological Euler characteristic of C. On
the other hand, if C is not smooth, then X (C) is the Euler characteristic of a smoothing of C (cf.
[BPV]).

In order to compute Ng:C and Tg:C when C is invariant for F, we have to introduce another
local index involving F and a point p 2 C. This index is denoted by Z(F; C; p) in [Br-1] and [Br-2].
When C is smooth at p, Z(F;C;p) is the Poincar§-Hopf index of the "restricted” foliation at p,
which is de ned as follows. Let p 2 C be smooth point of C and X be a holomorphic vector ~eld
which de nes F in a neighborhood of p. Since C is smooth at p and C is invariant for X, there
exists a holomorphic coordinate system (U; (x; y)) in a neighborhood of p such that C\U = (y = 0),
X(p) = y(p) =0 and Xju\c = xk:u(x)é@—x, where u(0) & 0. In this case, Z(F;C;p) =k _ 0. This
index can be de ned also when C is not smooth at p, but since we will use it only in the smooth
case, we refer the general de nition for [Br-1] or [Br-2]. Given a reduced curve C, de ne

<
Z(F;C)=  Z(F;Cip):
p2C

We have the following :
3.1.8. Let C be a reduced curve on M, invariant for F. Then :

Ng:C =C2+Z(F;C) and Te:C = X(C) i Z(F;C):

When C is an invariant reduced curve for F and p 2 C \ sing(F), it is de ned the so called
Camacho-Sad index of p with respect to C. In the case where C is smooth at p and p is a non-
degenerate singularity of F, this index can be expressed in terms of the eigenvalues of DX (p), where
X is a holomorphic vector —eld which represents F in a neighborhood of p. If _¢ is the eigenvalues
of DX(p) relative to the eigendirection tangent to C at p and _ , is the other eigenvalue, then the
Camacho-Sad index of F at p with respect to C is I(F;C;p) = =2 In the case where p is not a
singularity of F we h:ige I(F;C;p) = 0. In the general case, the de nition can be found in [Br-2]
or [S]. Set I(F;C) = p2C I(F;C;p). The main fact about this index is that

3.1.9 Camacho-Sad Theorem. We have I(F; C) = C?, the self-intersection number of C.

Another ingredient that will be used is the divisor of tangency between two foliations. Let F
and G be two foliations on the surface M. Let (U)j25 be a covering of M by open sets and let
Fju; be de ned by the vector eld X; and Gy, by the 1-form “;, where X; = ;; X; and " = g;;
on Ui\ Uj & ;. Set fj = ix;("j) 2 O(U;j). Then the foliations are tangent along the curve
¢; = (fj = 0) % U;. Moreover, since f; = fj5:g;5:F;, on Uj \ U; & ;, the curves ¢; and ¢; glue
togheter on U; \ U;, and this gives origin to a divisor on M, which we denote by ¢(F;G). We have
3.1.10. [¢(F;G)]=Tg + Ng = T¢ + Ng.

In the particular case of CP(2), we get from (3.1.5) that if F and G are foliations on CP(2) of
degrees k and " respectively, then [¢(F;G)] = (k+ "~ j 1)H.

Finally, we will see how the line bundles above change when we do a blowing-up at a pointp 2 M.
Let us denote by M the surface obtained from M by performing this blowing-up, by %: MM
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the blowing-up map, by D the excepcional divisor %11(p) and by F the strict transform of the
foliation F by %. Let ! be a holomorphic 1-form which de nes F in a neighborhood of p. Ifpis a
singularity of I, then D is in the divisor of zeroes of the 1-form %”(1) with some multiplicity, say
m(p). By using the de nitions, it is possible to prove that (cf. [Br-1]):
3.1.11. N; =¥%*(Ng) + m(p)[D] and T =%"(Te) + (m(p) i 1)[D].
x3.2. Proof of Theorem 3. Let M be a complex surface and F and G be holomorphic foliations
on M such that T = Tg. We will denote by T the class of Te = Tg in H1(M; O%) and by F(M;T)
the set

TH; ; H is a foliation on M such that T4 =Tg:

Suppose that F has a holomorphic ~rst integral f:M ¥ S, where S is some compact Riemann
surface. Denote by g(f) the genus of the regular level curves, fi1(c), of f.

3.2.1 Lemma. Let M, F, G, T and g(f) be as above. Then :
(). If g(f) =0then F ~ G. In particular F(M; T) = fFg.
(b). If g(f) =1 and F & G, then G is turbulent with respect to f.
(c). If g(f) _ 2, then for any regular “bre F = fil(c) of f, which is not invariant for G, we have
tang(G;F) = 0.

In particular, if F & G, then G is transverse to some regular ~bre of f if, and only if, g(f) = 1.
Moreover, in this case, G is turbulent with respect to f.

Proof. Let F = fil(c) be a regular “bre of . Since F is invariant for F and F has no singular
points on F, we get from 3.1.8 that

TF=TeF =X(F)iZ(F;F)=X(F):
On the other hand, if F is not invariant for G, we get from 3.1.7 that
T:F =Tg:F =F? j tang(G;F) = jtang(G;F);

so that, X(F) = jtang(G;F) - 0. In particular, if the bres of f are rational curves, then
X(F)=2>0and F is invariant for G. In this case, all regular bres of f are invariant for G, which
implies that, G = F. On the other hand, G is transverse to F if, and only if, tang(G; F) = 0 = X (F).
This implies (b) and (¢). ®©

Now, let us suppose Tg = Tg, but F & G, that the singularities of F are reduced in the sense of
Seidemberg and that F is tangent to an elliptic bration f:M ¥ S. Let C be a smooth irreducible
component of a critical "bre F = fil(c) of f.

3.2.2 Lemma. In the above situation, we have :

(@). If F =m:C, form _ 2, then g(C) =1 and, either C is a leaf of G, or G is transverse to C.
(b). If C is rational then C? < 0. Moreover, if C is not invariant for G, then Z(F;C) _ 3.

(c). G is turbulent with respect to f and sing(G) %2 fil(A), where

A =fc2S; cis a critical value of f such that f i1(c) is not smoothg :

Proof. Lemma 3.2.1 implies that G is turbulent with respect to f. Suppose that the critical bre
F=m:C, m _ 2, so that F, as a subset of M, is smooth. It follows from Kodaira's classi cation
of critical bers in [K], that C is an elliptic curve and the bre F is of the type mlp, m _ 2.

In particular, F is a multiple bre. Since C is smooth, given p 2 C, there exist holomorphic
coordinate systems (U; (x;y)) in M and (V;z) in S, such thatp2 U, C\U =(x=0), f(p) 2V,
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z(f(p)) =02 C and z £ f(x;y) = x™. This implies that Fjy is de ned by dx = 0. In particular
Z(F;C) =0. Therefore, if F = m:C (m _ 1), we have

T C=Tg:C=X(C)jZ(F;C)=0:
If C is invariant for G, we have
0=T:C=Tg:C=X(C)jZ@G;C)=jZ(G;C) =) Z(G;C)=0:
On the other hand, if C is not invariant for G, then
T:C =Te:C =C? j tang(G;C) = jtang(G;C) =0:

Therefore, if F = m:C, where C is smooth and m _ 1 then, either G is transverse to C, or C is
invariant for G and Z(G;C) = 0. This implies (a) and (c). Let us prove (b). First of all, observe
that sing(F) \ C & ;. In fact, if sing(F) \ C was empty, then Reeb's stability Theorem would
imply that there exists a neighborhood V of C, saturated for F, such that all leaves of F in V are
rational curves (cf. [C-LN]), which is not possible, because f is an elliptic bration. Let py;:::; px
be the singularities of F on C. For each j = 1;::;;k let I; be the Cgmacho-Sad index of F with
respect to C at p;. It follows from Camacho-Sad Theorem that C2 = ;'(=1 I;. On the other hand,
for each j 2 f1;:::;kg, p; is a reduced singularity of F and f is tangent to F. This implies that
there exist holomorphic coordinate systems (U; (x;y)) in M and (V;z) in S, such that p; 2 U,
x(p) = y(p;) =0, C\U = (y = 0), f(pj) 2 V, z(F(p;)) = 02 C and z £ Fjy (x;y) = x™:y™,
m;; n; > 0, so that F is represented in U by the vector eld X(x;y) = n,—xﬁ; i mjyﬁg. Hence
lj = i 7t <0. It follows that C* <0.

Now, let us suppose that C is not invariant for G. In this case, it follows from 3.1.7 that
T:C=C? j tang(G;C) <0 :
On the other hand, since C is invariant for F, it follows from 3.1.8 that
TC=XC)jzZ(F;C)=2j2Z(F;C) =) 2jZ(F;C)<0 =» Z(F;C) _ 3:

o]
Before stating the next result we need a de nition.

3.2.3 De nition. Let F be a holomorphic foliation on a surface M. We say that a smooth
rational curve C %2 M is contractible for F if :

(a). C? = jland C is invariant for F.

(b). When we blow down C, thus obtaining a surface N and a blowing-down map %:M ¥ N,
where %(C) = p 2 N, then, either p is not a singularity for the transformed foliation %, (F), or it
is a reduced singularity for %, (F).

3.2.4 Remark. If C is contractible for F as in de nition 3.2.3, then we have three possibilities
(cf. [Br-2]):

1Y) . p is a non-singular point for %, (F). In this case, F has just one non-degenerate singularity,
say ¢, on C, such that I(F;C;q) = j1. We have also that Z(F;C;q) = Z(F;C) = 1.

2"d) .| p is a non-degenerate singularity of %.(F). In this case, F has two non-degenerate sin-
gularities and Z(F;C) = 2. If the characteristic numbers of %.(F) at p are _ and _ i, where

5
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... 112 Q. (because p is a reduced singularity), then the Camacho-Sad index of the singularities
with respect to C at the two singularities are 5 and - %1'
3d) . pis a saddle node of % (F). In this case F has two singularities on C, one saddle-
node, say (i, and the other non-degenerate, say q.. Moreover, I(F;C;q1) =0, I(F;C;q2) = i1,
Z(F;C;q1) =Z(F;C;q2) =1and Z(F;C) = 2. We observe that this case does not occur if F (or

Ys(F)) is tangent to a bration.

Let F,Gand f:M ¥ S be as in Lemma 3.2.2 , and (Fe)g,c be the pencil of foliations on M
generated by F and G, where Fo = F and F7 =G. Set T =T =T and let B = B(F;G) be as
in Remark 3.1.1. Recall that Cn B is “nite.

3.25 Lemma. Let F & G, f:M 1 S, (Fe)goc and B be as before. Suppose that Fe, has a
contractible curve C, for some ® 2 B nf0g. Let %:M ¥ N be the blowing-down map obtained
by contracting C, where %(C) =p 2 N. Then :

(a). Cisinvariant for Fg and 1 - Z(F5;C) =Z(F;C) - 2, for all ® 2 B.

(b). Suppose that Fe, is tangent to some bration f;:M ¥ S;, for some ®; 2 B. Then f; +
%i1:N ¥ S; isa  bration.

(c). C is contractible for Fo = F. In particular, all singularities of %s(F) are reduced and
f+%il:N ¥ Sisa bration.

(d). There exists 2 > 0 such that if j® < 2 then p is a reduced singularity for %.(Fg) and
Tha(Fo) = Ta(F)-

(€). If B = B(%a(F); %(G)), then Cn B is "nite.

Proof. By de nition we have Te, = T for all ® 2 B. Since C is rational and invariant for Fg_,
it follows from (a) and (b) of Lemma 3.2.2 that 1 - Z(F;C) - 2. Note that (b) of Lemma 3.2.2
also implies that C is invariant for Fg, for all ® 2 B n f0g, because Fg & F if ® & 0. This implies
that C is also invariant for F, so that it is contained in a critical ~bre of f. Moreover, if ® 2 B
then

Z(Fe;C)=X(C) jT:.C=2;T:C;

so that Z(Fe; C) does not depends on ® 2 B. Hence 1 - Z(F;C) = Z(Fe;C) - 2, which proves
(a). Let us prove (b). Since C is invariant for Fg,, which is tangent to the bration f;, we must
have that fijc is constant, say f1(C) = a 2 S;. Now, %i?t is a biholomorphism outside C, so
that f; £%i! is holomorphic outside p and hence in N, by Hartog's Theorem, so that it is also a
~bration.

Let us prove (c). Since 1 - Z(F;C) - 2, F has one or two singularities on C. Given q 2
sing(F) \ C, denote by I(F;q) the Camacho-Sad index of F at q with respect to C. Since the
singularities of F are reduced, as we have seen in the proof of Lemma 3.2.2, they are non-degenerate
and if g 2 sing(F) \ C then I(F;q) 2 Q; and Z(F;C;q) = 1. We have two possibilities :

(). Z(F;C) = 1. In this case, if q is the singularity of F on C, then I(F;q) =C? = j1,and p is
not a singular point of % (F).

(ii). Z(F;C) = 2. In this case, if g; and g, are the singular points of F on C, then I(F;q;) +
I(F;q2) = il SetI(F;q1) =i, <0,sothat I(F;g2) =. i 1<0. In this case, the point p will
be a non-degenerate singularity of % (F) with negative characteristic numbers =7 and -1l so
that it is reduced for % (F). This implies (c). ’ ’

Let us prove (d). We have seen above that F has one or two non-degenerate singularities on C.
For each one of these singularities the Camacho-Sad index of F with respect to C is negative. It
follows from the facts that non-degenerate singularities are stable by small perturbations and the
characteristic values vary continuously with parameters (cf. [Ar]), that:



20 A. LINS NETO*

(iit). There exists 2 > 0 such that, if j® < 2 then ® 2 B and Fg has the same number of
singularities as F = Fg on C, all of them non-degenerate with Camacho-Sad indexes with respect
to C negative.

Let '@ be a 1-form representing %.(Fe) in a neighborhood of p. If j®) < 2, we have two
possibilities, according to (i) or (ii) :
Case (i). Since Fg has just one singularity on C, say g, we must have I (Fg;C;q) = jl. In this
case, p is a regular point of % (Fg), so that 'e(p) & 0 and the multiplicity of C in the divisor of
zeroes of %°(1g) is zero. It follows from Tg = Tg, and from 3.1.11 that

Te =% (Tyara) i [Cl1 =% (TuoE)) i [C] 2D Tunra) = Tvam)

Case (ii). In this case, if g1(®) and g (®) are the singularities of Fg on C and 1(Fg;C;q1(®)) =
.(®) <0, then the charachteristic numbers of %a(Fe) at p are 2(@) := 1+P5: 1(®)i* <0, so that
p is a reduced singularity of Y% (Fe). Moreover, the multiplicity of C in the divisor of zeroes of
%% (1) is one (see [Br-2]). It follows from T = Tg, and from 3.1.11 that

Te =W (M) =% (Ta®) =D Tunry) = Tvam)

Note that this implies (e), because the pencil generate by Yi(F) and Y. (G) coincides, up to
reparametrization, with the pencil generate by ¥ (F) and % (Fe), f ® & 0. ©

3.2.6 Corollary. Let F & G be foliations on a surface M such that T = Tg. Suppose that all
singularities of F and G are reduced and that F and G are tangent to brations, say f:M ¥ S
and g:M ¥ S;, where T is elliptic. Then there exist a complex surface N and a bimeromorphism
A:N ¥ M such that :

(@). F+A:N ¥ Sandg+A:N ¥ S; are ~brations.

(b). All the singularities of A®(F) are reduced and A®(F) has no contractible curves.

(©). Ta=Fy = Ta=(c)-

Proof. Note that in the proof that Ty, =) = Ty.(Fs) In (d) of Lemma 3.2.5, we have used only
that the singularities of Fg on C are reduced. Therefore, the proof of the Corollary can be done
by induction. We leave the details for the reader. ©

Consider now two foliations F and G on a complex compact surface M, such that F & G,
Te =Tg =T, all singularities of F and G are reduced, F and G are tangent to brationsf:M ¥ S
and g:M ¥ S;, respectively, where T is elliptic. It follows from Lemma 3.2.1 that G is turbulent
with respect to T, so that f is isotrivial. On the other hand, the Corollary 3.2.6 implies that there
exists a bimeromorphism A:N ¥ M such that A°(F) is reduced, has no contractible curve, f + A
and g £ A are “brations and Tae(ry = Tae(c)- Hence, in this situation, after applying Corollary
3.2.6, we can suppose that :

(1). All singularities of F are reduced and F has no contractible curves.

(11). T is isotrivial.

(). Tg =T =T.

3.2.7 Lemma. In the above situation, any critical bre of f is of one of the following types : mlo
(m_2),Ilg O, 1Tl or IV.

Proof. The idea is to use Kodaira's classi cation of the critical ~bres of an elliptic ~bration. In
[K], Kodaira classi es the possible bres of an elliptic ~bration h, which satis es the following
hypothesis : if C is a smooth rational curve contained in a critical “bre, then C? & j 1. Although
F has no contractible curve, the bration ¥ could have some. More precisely, it could happen
that there are j1 rational smooth curves contained in some critical ~bres of £, but when we blow-
down one of these curves the singularity of F which appears is not reduced. However, after a
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“nite number of blowing-downs, we can obtain a new surface N, a bimeromorphism AAM ¥ N
(a composition of blowing-downs) and a “bration f; = f + Ail:N ¥ S, such that f; has no
contractible “bres. According to [K] or [BPV], the critical bres of f; could be of the following
types: mlo (M _ 2), Iy, L1, LR, IV, 112, 1012 1V E, qlp or I ( cf. pages 564 and 604 of [K],
or page 159 of [BPV]). The bres of the types w1y, and I can not occur in isotrivial —brations,
so that the critical bres of f; could be of the types : mlo (m _ 2), Ig, 11, 1L, 1V, 117 111°
or IV®. The bre of type Ij is sketched in gures 1.b and 1.c, and the bres Il, 111 and IV are
sketched in "~ gure 2.

FIG. 7

In gure 7 we sketch the bres of types 117, 1117 and IV®. In that gure, the lines repre-
sent smooth rational components of the bre and the numbers the multiplicity of the compo-
nent. The self intersection of each component is j 2. Moreover, if two components C; and C,, of
multiplicities m; and my, respectively, intersect in a point p, then there are coordinate systems
(U;(x;y)) in N and (V;z) in S such that x(p) =y(p) =0, C;:\U =(x=0),C2\U =(y =0),
f1(U) %V, and z + f1(x;y) = xM™:y™2. This implies that A.(F) is represented in U by the vec-
tor eld X(x;y) = mzx@g@—X i mly@g@—y, so that p is a non-degenerate, reduced singularity of F and
Z(F;Cy;p) = Z(F;Cy;p) = 1. On the other hand, the singularities which appear in the bres
of types I'l, 111 or 1V, are not reduced for F, but if we perform some blowing ups in such a
way that the bres become of types M, 1Tl or IV, respectively, then the singularities of the new
foliation become reduced and non-degenerate for the transformed foliation. This last foliation has
no contractible curve, and so it coincides with F. Therefore, the critical levels of ¥ are of one of
the following types : mlo (Mm _ 2), Iy, M, ITL, IV, 117, 1117 or IV ™.

Let us prove that f has no critical bres of the types 117, 1117 or 1V ®. Suppose by contradiction
that there is a critical “bre, say F. = fi(c), of one of these types. Observe ~rst that F. has only
one component, say Co, such that Z(F;Cy) = 3 (see gure 7). If C is another component of F,
then Z(F;C) - 2. It follows from Lemma 3.2.2 that the unique component of F. that could be
not invariant for G is Co. Here we use that T = T, F & G and g is a bration tangent to G.
Let Cy, Cy;::;; Ck be the components of F., where Cgy is as above. Since Cy,...,Cy are invariant
for G, the function g must be constant in each C;j, j = 1;::;;k. Set by = g(C;j), J = 1;:: k. Since
G & F, almost all regular ~bres of g are not invariant for F. Let G, = gi(b) be a regular “bre
of g, not invariant for F, such that b & b;, j = 1;::;;k. Since the map h = fjg,:G, ¥ S is
holomorphic and non constant, it is surjective, so that h(p) = ¢ for some p 2 Gy. This implies that
Fc \ Gy & ; and the leaf G, of G cuts F. at the point p. Since b & b;, j = 1;:::;;k, we must have
that p 2 Co. We have found a leaf Gy, of G, which is not invariant for F, such that p 2 Co\ Gy, & ;
and p 2 C; [ ::: [ Ck. Therefore Cq is not invariant for G. If we apply 3.1.7 and 3.1.8 to G, F
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and Cp we get
T:Co =Ts:Co = Cj3 j tang(G;Co) = j2 j tang(G;Co)

and
i2jtang(G;Cp)=T:Co=Tr:Co=X(Cp) i Z(F;Cp) =233=j1l =) tang(G;Cy)=il;

which is an absurd. This proves that f has no bres of types 1%, 1117 or IV®., ©

Let F be a xed foliation , tangent to an elliptic bration f as in Lemma 3.2.7. We will use the
following notations :
(A). AT for the set of 1o bres, Ag = [mAf".
(B). Aj for the set of 1§ bres.
(C). A, for the set of bres of type N, A3 for the set of bres of type 1Tl and A4 for the set of
“bres of type IV.

Denote by Fq;:::;Fr the bres of fin Ag [A: [As [As.
(D). Given Fj 2 Aj LA2 LAz [ A4, let Cy;i, j = 0;1; 25 Kj, be the rational irreducible components
of Fj. By convention, Cj.o will be bre which contains more than two singularities of F. Denote
by m;.; the multiplicity of f in the component Cj.; (see gure 1). The divisor of Fj can be written

as
- ¢
Fi= miCii s
i=0
Observe that F7 = 0 (see [K]). Moreover, if Fj 2 Aj then Z(F;Cj,0) = 4 and C{, = 2, whereas
in the other cases we have Z(F;Cj.0) = 3 and Cjz;0 =il
From now on, we will consider the following situation : F, G will be two foliations on M such
that T = Tg and (Fe)goc Will be the pencil of foliations generated by F and G, where Fo = F
and F; = G. Denote by B := B(F;G) the set f® 2 CjTg, = Teg and by ¢ = ¢(F;G), the
divisor of tangency between F and G (see Remark 6 and 3.1.10). Suppose that :
(). F and G are tangent to brations f:M ¥ Sandg:M ¥ S;.
(I1). f is an elliptic bration such that any critical bre is of one the types m:lp (m _ 2), 15, H,
ITI or IV.
(1. F &cG.

3.2.8 Remark. In the above situation, the surface M is algebraic, because its algebraic dimension
is two (cf. [BPV] pg. 127). In fact, if f:M ¥ S and g:M ¥ S, are asin (1) and A:S 1
C, A1:S1 ¥ C are non-constant holomorphic functions, then we can de ne two meromorphic
functions f1;9.::M ¥ C by f; = A+f and g; = A4 +g. These functions are algebraically
independent, because F & G,

In the Lemma below, we keep the notations of (A), (B), (C) and (D).

3.2.9 Lemma. In the situation considered, we have B := B(F;G) = Cand:

(@). IfFc=°T il(c) is a regular level or a critical bre of type mlo, then, for any ® 2 C,®60, F
is not invariant for Fg and tang(Fe; F:) = 0, so that Fg is transverse to F..

(b). 1f Fj 2 A5 [ A2 [ As [ A4 then the curves Cj.1; 5 Cjyi, are invariant for Fe, for any ® 2 C.
On the other hand, if ® & 0, then Cj,o is not invariant for Fg and tang(Fe; Cj.0) = 0, so that F4
is transverse to Cj:o.

(c). For all ® 2 C, the singularities of Fg are reduced and

. i ¢
sing(Fa) %2 [}=l Li>o Cj;i
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Moreover, for each j 2 f1;:::;rg and i > 0, Fe contains exactly one singularity on the C;.;, denoted
by g;j:i(®), such that :

(c.1). The map ® 2C A ¢;.i(®) 2 Cj.j is a regular parametrization of Cj.;.

(c.2). If Cjz;i = jim <0, then the singularity g;.;(®) is of the type 1 : j m and I (Fg; C;.i; 0;;i(®)) =
im (see 3.1.9).

(d). If ® 2 C is such that Fg is tangent to a ~bration fg: M ¥ Sg, then fg is elliptic. Moreover,
if Ag [Az [A3 [A4 6 ;, then Se :6.

(e). The divisor of tangencies is > <

¢ = Cj;i .

Proof. Let us prove “rst that G is transverse to any “bre F; = fil(c) @ A [A2 [As [ A4 In
this case, we have Fc = m:C, where m _ 1 and C is smooth and elliptic. If m =1, then F. is a
regular bre of f, whereas it is of the type mlo, if m _ 2. According to (a) of Lemma 3.2.2, either
C is a leaf of G, or G is transverse to C. Suppose by contradiction that C is a leaf of G. The idea
is to prove that this implies that G ~ F. Since g is tangent to G, gjc is constant, say g(C) =b. In
fact, we must have git(b) = C, because the generic levels of g are irreducible. Let D and D' be a
small neighborhoods of c 2 S and b 2 S4, respectively. Set V. = fil(D) \ gil(D". Note that, if
ci is near ¢ in S, then F,, = fil(cy) %2 V. On the other hand, ngcl: Fc, ¥ Sq is a holomorphic
map, and so it is, either surjective, or constant. Since g(F¢,) % D?, diF., is constant. This implies
that f and g have the same bres in a neighborhood of C, and so F = G.

Now, xa breF; 2 Aj [A2 [As [As and let Cj;i, i 2 f0; 1::3; kg, the irreducible components
of Fj, as in (D). Note that Z(F;C;j.;) = 1 if i > 0 (see gure 1). It follows from (b) of Lemma
3.2.2 that Cj;; is invariant for G, if i > 0. Let us prove that G is transverse Cj,o. First of all,
observe that Cj.o is not invariant for G. The proof of this fact is similar to the argument in the
proof of Lemma 3.2.7 that almost all levels of g must cut the singular ~bre. These intersections
must be on Cj,o, because the other components are invariant for G. It follows from 3.1.7 that

T:Cj.o = T6:Cjo = Cip i tang(G; Cjo):
On the other hand, since Cj,o is invariant for F, we get from 3.1.8
T:Cj.o =2 i Z(F;Cjo) =) tang(G;Cj.0) = Z(F;Cj.o) +Cj2;0 i2:

Since Z(F; Cj,0) = 4, C{,, = i 2if Fj is of the type Ig and Z(F; Cj,0) = 3, Cf; = il in the other
cases, we get that tang(G; Cj.0) = 0 in all the cases. This implies that G is transverse to Cj.o.

LetW :=Mn" [i ([i>0C;j.i) . The above facts and the de nition of pencil of foliations, imply
that :
(). If®&  and p 2 W, then Fg and F— are transverse in a neighborhood of p.

The fact that Cj;;, i > 1, is invariant for both foliations, F and G, implies that :
(it). The curve Cj;j, i > 0, is invariant for Fe, if ® 2 B. Moreover, Z(Fe; Cj:i) = 1 for all ® 2 B,
J =125 randi>0. In particular, Fe has just one singularity on C;;j, if i >0 and ® 2 B.

Let us prove the last relation. Since Cj;; is invariant for both foliations and T = Tg, =T, we
get from 3.1.8, that

1=2 i Z(F;Cj;i) = TZCj;i =2 i Z(F®;Cj;i) :) Z(F®;Cj;i) =1:

Let us denote the singularity of Fg on C;;; (i > 0) by g;:i(®), ® 2 B.
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(iii). Suppose that for a xed pair (j;i), i > 0, and for some ® 2 B, the singularity q := ¢;.i(®)
is non-degenerate. Let Cjz; = jm < 0. Then q is a singularity of the type 1 : jm for Fe
and 1(Fe;Cj;i;q) = im. In particular, there exists a coordinate system (U;(x;y)) around q,
such that x(q) = y(q) =0, U\C;j.;; = (y = 0) and Fge is represented on U by the vector eld
Xe = x@@)—( i mygg.

In fact, since q is the unique singularity of Fg on C;j;i, the Camacho-Sad index of Fg at g with
respect to Cj.j is jm = CJ2 Therefore, if Y is a vector eld representing Fg is a neighborhood
of g and .1, .o are the eigenvalues of DY (q), where _; corresponds to the direction tangent to
Cj:i, then _>=_1 = im. On the other hand, since the curve Cj;; is rational, we have that the leaf
C;.infqg of Fe, is homeomorphic to C, so that its holonomy is trivial. It follows from a Lemma of
Mattei and Moussu (cf. [M-M]), that the foliation is linearizible at g, that is represented by a linear
vector eld in some coordinate system in neighborhood of q. Since _,=,; = im, we can choose
the coordinate system (U; (X;y)) in such a way that the linear vector eld is given by x@X i my@g@—y
and that U \ Cj;; = (y = 0). This proves (iii).

Let us prove that B = C and that the singularity of Fg on Cj.i, 1> 0, is non-degenerate for every
® 2 C. First of all, observe that if ® 2 CnB, then there exist g 2 M and holomorphic vector ~elds
X and Y representing F and G, respectively, in a neighborhood U of g, such that sing(X + ®:Y)
contains a holomorphic curve through q (see Remark 3.1.1). Denote by P the set of such points.
In order to prove that B = C, it is su=cient to verify that P = ;. Note that (i) implies that
P % [(Li=0C;j;i). Moreover, if P & ;, then P contains at least a curve. Since P is an analytic
subset of M, it follows that if Cj;; \ P & ; then Cj;; %2 P. Suppose by contradiction that Cj;; %2 P
for some j 2 f1;::;rg and some i > 0. Let go := j.;(0) and X and Y be vector elds representing
F and G, respectively, in a neighborhood U of g such that Fg is represented by Xe := X +®:Y on
U. If we take U small, we can suppose that there exists a coordinate system (U; (X;y)) such that
UNCGi = =0), X(qo) =y(go) =0 and X = x@— i my@y, C2 = im. Since Cj;; is invariant
for G and qo & sing(G), the vector eld Y jc;,; can be written as Y (x;0) = (b + xKu(x)) L ax» Where
b& 0andk _ 1. Hence, Xejc;;i can be wrltten as

(@) Xe(x;0) = '+ ®(h + xk:u(x))¢é% :

Since Cj;j %2 P, it follows that x + ®(b + x¥:u(x)) ~ 0on U\ Cj.i, for some xed ® 2 C. But
this is impossible, so that P = ;. It follows from (ii) that Z(Fe;Cj;;) = 1 for all i > 0 and
all ® 2 C. In particular, Fe has just one singularity on Cj:i, 0;:i(®), and if Xp is a vector eld
representing Fe in a neighborhood of g;;;(®), then the eigenvalue of DXe(0;;i(®)) relative to the
eigendirection tangent to Cj.;, say ,1(®), is non-zero. Moreover, if _>(®) is the other eigenvalue,
then ,>(®)=,1(®) = I(Fe;C;j;i; 0:i(®)) = Cjz;i 6 0 (see 3.1.9). This implies that _,(®) & 0, so
that g;;;(®) is a non-degenerate singularity of Fg.

We have already proved assertion (a), (b) and (c.2) of the statement of the Lemma. Let
us prove (c.1). Observe ~rst that, for a “xed Cj.i, i > 0, the map ® 2 C A g;.i(®) 2 Cj.i is
holomorphic. This follows from the general theory of di®erential equations (see [Ar]). In order to
prove that it is a regular parametrization of Cj;, it is suzcient to verify that it has no critical
point. We will prove that ® = 0 is not a critical point of the map g;;i(®) and leave the general
case for the reader. Represent Fe in a neighborhood U of g;.;(0) by a vector eld Xg such that
Xejunc;,; has an expression as in (*). In the coordinate system (x;y) considered, we have that
0j;:1(0) = (0;0) and that, for j®j small, gj;;(®) = (X(®);0), where x(®) is the solution of the
equatlon A(x; ®) := x + ®(b + xX:u(x)) = 0. Since @A(O 0)=1and @A(O 0) = b & 0, we get that
x'(0) = jb & 0, so that ® = 0 is not a critical pomt of gj:i(®).
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Let us prove assertion (d). Suppose that Fg is tangent to a bration fg: M ¥ Sg, where ® & 0.
Let Gp = fd1(b) be a generic ~bre of fo. We have seen that G, \ Fj % Cj,, for any j = 1;:ir. It
follows from (&) and (b) that F is transverse to Gy, so that Gy, is an elliptic curve, by Lemma 3.2.1.
Let us suppose that A§ [ A, [ As [ A4 & ; and prove that Sg ™ C. Let Fj 2 A5 [ A2 [As [As.
Since Fg is transverse to Cj;o it follows that f®jcj;0: Cj.o ¥ Se is a non-constant holomorphic map.
This implies that Sg = C, because Cj.o is a rational curve.

Finally, let us prove (e). It follows from (a) and (b) that, as a set, ¢ is contained in
[i ([i>0Cj:i). This implies that, as a divisor we must have

>xX; X ¢
¢ = n;;iCi

] i=0

where nj.;; 2 N. Since Cj;i:Cy.» =0 if, either j &k, or j =k and 06 i & ~ & 0, we have

¢:Cj;i = ny;iCY; , for i & 0:
By using 3.1.10 and 3.1.8, we have [¢] = T¢ + Ng and T¢:Cj;i = Z(G;Cj.i) i X(Cji) = i1,
NFZCj;i = CJZI + Z(F;Cj;i) = CJZI + 1, so that

nj;iCjz;i = ¢:Cj;i = Cjzl :) Nj.i = 1;

because C?; 6 0. =
3.2.10 Corollary. In the situation considered, let

F(M;Tg) = fH; H is a foliation on M such that Ty = Tgg:

Then F(M; Tg) = fFe; ® 2 Cg, where (Fg)qo¢ i the pencil generated by F and G. In particular,
dim(F(M;Tg)) =1 and if (Hs)sz2s is a holomorphic family of foliations on F(M; Tg), then there
exists a holomorphic map A:S ¥ C such that Hs = Fac) foralls2S.

Proof. Let H 2 F(M;Tg) and “x ® 2 C such that H & Fg. Since Ty = Tk, we have T, = TE,
and Ny = Ng,, which implies that [¢(H; Fg)] = [¢(G; F)] = [¢] (as an element of H(M; O")).
Let us prove that, as a curve, we have also

i ¢
C(H;Fo) = ¢ = [, [:(J=1 Cii

Write
= K

¢(H; F®) = m;:S; + ijVj ;
i=1 j=1

where Sy;:::;; Sg are the components of ¢(H; Fg) which are not contained in ~bres of f, Vq;::;; Vy
are the components contained in bres of ¥ and mgy;::;; mg; ky;:::;ky are non negative integers.
Since [¢(H; Fe)] = [¢], we must have ¢ (H; Fg):C = ¢:C for any curve C on M. Let F = fil(c)
be a regular bre of f. We have, ||:__-,si >0 forall i 2fl;:::;sg and F:V; =0 for all j 2 f1;:::;vg.
This implies that F:¢(H; Fg) = iszl m;F:S; _ 0. On the other hand, it follows from (e) of
Lemma 3.2.9 that ¢:F =0, and so

x
miF:Sij =0 =) mj=0foralli=1;::;s:
i=1
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Now, let G = gi1(b) be a regular ~bre of g. It follows from Lemma 3.2.9 that G:Fj = G:Cj.q >0,
and G:Cj;; =0, forany j = 1;::;;r and i > 0, and that G:F > 0 if F is, either a regular “bre of f,
or a bre of type m:lg. Therefore (e) of Lemma 3.2.9, implies that

XX
0=G:i¢ =G ¢(H;Fe)= kjGVj; . 0 =) kj =0if Vj = Cyo for some t=1;::;r :
i=1

Hence j€(H; Fe)j ¥ j€j. Finally, if we take C = Cy; for some t = 1;::;;r and 1 > 0, we obtain
¢(H; Fg):C = ¢:C = C? & 0, which shows that ¢(H;Fg) = ¢. This fact implies that, if p 2 ¢
is xed, and H and Fg have the same tangent line at p, then H = Fg. On the other hand, given
p 2 ¢, there exists ® 2 C such that H and Fg have the same direction, so that H = Fg. This
implies that F(M; Tg) = fFg; ® 2 Cg. The remaining conclusions are a consequence of this fact,
as the reader can check. ©

3.2.11 Corollary. If Fg is tangent to a bration fg: M ¥ Sg, then :
(a). fe is an elliptic bration and Sg is either a rational, or an elliptic curve.
(b). Any critical bre of fg is of one of the types mlo, Iy, M, 1Tl or IV.

Proof. We have seen in (d) of Lemma 3.2.9 that fg is an elliptic bration. Let F be a generic
level of f. Since h ;= fgjr:F ¥ Sg is holomorphic and non-constant and F is an elliptic curve,
it follows that Se is, either a rational, or an elliptic curve (cf. [G-H]). According to Lemma
3.2.7, in order to prove assertion (b), it is suzxcient to verify that Fg has no contractible curve.
Suppose kfy contradictiog that Fe has a contractible curve, say C. Since C? = j1, we must have
C¥%Mn [ (Li>oC;j;i) , because Cjz;i - i2,if 1>0. This implies that F is transverse to C and
it follows from 3.1.7 that Te:C = C2 = j1. On the other hand, since C is contractible for Fg,
we must have that, either Z(Fg;C) =1, or Z(Fg;C) =2, so that Te:C = X(C) §j Z(Fe;C) _ O,
because T = Tg,, Which is a contradiction. =

Let AT, Ao = LAY, A, Az, Az and A4 be as (A), (B) and (C). We will use the following
notations : ag = #Ao, ag = #Ag, 8 = #A;, for j =2;3;4,and a=ap +ag + a, + az + as.
(E). If Ag & ;, we will use the notation Gg;::;; G5, for the bres in Ag. Note that each G; is
an elliptic bre with multiplicity, say m; _ 2, so that we can write G; = m;:Cj, where C; is an
(irreducible) elliptic curve.

Recall that f:M ¥ S is an elliptic ~bration, where S is, either rational, or elliptic. We will
consider both cases.

3.2.12 Lemma. Suppose that S is an elliptic curve. Then M is a complex algebraic torus and
the foliations F and G can be de ned by global non-vanishing holomorphic vector —elds on M.
Moreover, the pencil generated by F and G is a weakly exceptional family of foliations.

Proof. Let us prove rst that f:M ¥ S has no critical bres, so that it is a bre bundle. Since S
is an elliptic curve, we must have Ag [ Az [As [A4 = ;, by (d) of Lemma 3.2.9. This implies that
F and G are everywhere transverse. Let G be a generic bre of g and h:= fjc:G ¥ S. Then h
is a holomorphic non-constant map, so that it has no critical point, by Riemann-Hurwitz formula.
On the other hand, if f had some critical bre, say Gj 2 Ao, then the points in Gj \ G would be
critical points of h. Therefore Ag = ; and f has no critical “bre. In particular, f:M ¥ S is a
“bre bundle. Since G is transverse to F, this bundle is a principal bundle with transiction maps
locally constant. It follows from Bla) of page 146 of [BPV], that M is a complex 2-torus and the
foliations F and G are de ned by global vector elds. This implies that the pencil is a weakly
exceptional family of foliations. We leave the details for the reader. ©

From now on, in this section, we will suppose that f:M 1 C.
3.2.13 Lemma. In the above hypothesis, we have the following :
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o I:>I’ Pa - — Pk-
(@). NgE =(@i2lF]i j=1 9 i2,[Cil, where F denotes any xed breof f, a; = ;L,[Cji]
and the Cj;; are as in (D).
_’ o J— - - Pr - - Pao - — ij
(b). Km =[€]+2Ng =2(a i [F] i joyiji2 &[Cil where ij =2[Cjo]l+ 2[Cjl. In
particular,

K =ci(M)= if=i3aj2azjas:
i=1

P
(c). 6ag+ 102, +9az +8as +12  [2,(1 i ) = 24.
(d) Cz(M) = 63.8 + 5a, + 5a3 + 5ay.

Proof. Let us prove (a). After composing T with a Moebius transformation, we can suppose that
the "bre Cq :=fil(1) isaregular level of f, so that we can consider f as a meromorphic function
on M with pole divisor (f)5 =[C4]. In this case, the foliation F is tangent to the meromorphic
1-form df, so that Ng = (df)o i (df)1 (see 3.1.3). Note that (df); = 2[C4]. Since C4 is a
regular bre of ¥, we have that [C1] = [F], where F is any xed bre of f. On the other hand,
df (p) = 0 if, and only if, p belongs to a multiple component C of a critical bre of f. Moreover, if
the multiplicity of ¥ at C is m _ 2, then C will be a component of order m j 1 of the divisor of
zeroes of df, (df)o. If Fj 2 Ag [ A2 [ As [ A4, with the notation of (D), we have

X
[Fil=  m;ilC;.il = [FI;
i=0
so that,
X XK 3¢
[((df)o]= (C (MmgiiDCii)+ (mij D[Ci]=
j=1 i=0 i=0
X 3K 3<C X 3K 3<C X 3<C
= ( muCuiDd+ miGli  ( [CuiDi [Cl=aFli =i [C:
j=1 i=0 i=0 j=1 i=0 i=0 j=1 i=0
Hence :
X 3
NE=@i2Fli =i I[Cl
j=1 i=0

which proves (a). Since [€] = [¢(F;G)] = T + Ng = T2 + Ng and Ky = TE + N2, we get
Km = [€] +2NgE (see 3.1.2). Therefore, (e) of Lemma 3.2.9 implies that

X b ¢ 3<C X 3<C
Kv=2@i2[Fli QQCjol+ I[CiiDi2 I[Cil=2ai2)IF]i iji2 [Gi:
j=1 i=1 i=0 j=1 i=0
- Pr -
In particular, K2, = i=1 .J2 as the reader can check. Hence, (b) follows from : i,z = 0, if
Fj 2 AG, i,z = j3ifFj 2 Ay, i,z = j2if Fj 2 Az and i,z = jlif Fj 2 A,. Forinstance, if Fj 2 A,
(see “gure 1.b), so that i,z = 4Cj2;0+Cj2;1+Cj2;2+Cj2;3+4 o_1CinCjo=i4ib6i3i2+43=j3.
The other identities can be checked in the same way.
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In order to prove (c) we will use the other “bration g:M ¥ C. Let G be a regular “bre of g
and consider h := fjg: G ¥ C. It follows from Riemann-Hurwitz formula and the fact that g is an
elliptic ~bration that

_ X > >
0=X(G) =d:X(C) i (mpil)=2dj mpild) => 2= (mpil)
p2G p2G p2G

where my, is the rami cation number of h at the point p 2 G and d is the topological degree of h.
We observe the following facts :

(i). If F is a regular bre of f, then d = F:G.

(ii). The critical points of h are contained in the intersection of G with the critical bres of f.
(iii). IfFj 2 A0 LA2 [As [ A4 then G\FJ = G\C;j,0 and G intersects Cj;o transversely (Lemma
3.2.9). This implies that #(G \ F;) = , Where mj.q is the multiplicity of Cj,o. Moreover, if
p 2 G\ F; then the rami cation number of h at p is m;; o

(iv). If Gi 2 Ao then G intersects G; transversely at - points (Lemma 3.2.9). Moreover, if
p 2 G\ G; then the rami cation number of h at p is m;.

The above facts imply that (see gure 1 for the multiplicities mj.o)

d . d d d X d
20=Qjijlzag+6il)zax+@iD-azs+@Bil)zaa+ (Mijl)—;
2 6 4 3 =1 m
and the above equality implies (c), as the reader can check.
It remains to prove (d). We use here the following well known result (cf. [BPV]) :

"Let f:M ¥ S be a bration, where S is a compact Riemann surface and M is a compact
complex surface. Then

<
C2(M) = X(S):X(Fg) +  (X(Fc) i X(Fy)) ;
c2S

where in the above sum Fy denotes a generic bre of f and X (F¢) denotes the topological Euler
characteristic of the curve (f11(c))req."

In the above statement, (f3*(c))rea denotes the Curve fil(c) reduced, that is if fil(c) =
5 M;Cj, then (Fi(c))rea = ; Cj. Inour case, f:M ¥ C, X(S) =2, X(Fg) =0and X (Fc) =0

j
if FC 2 Ao, so that
<

c2(M) = X(Fe) :
Fe2AS [A2[As[As

On the other hand, we have X (F¢) =6 if Fc 2 Ag and X (F¢) =5 if Fc 2 Az [ As [ A4. Therefore,
c2(M) = 6aj + 5a, + 5a3 +5a, :

o}

3.2.14 Remark. In the table below we give all the non-negative integer possible solutions of the
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equation in (c) of Lemma 3.2.13 :

Sol. 1 2 3 4 5 6 7 8 9 10 11 12 13
o 0 0 O 0 1 1111 1 2 3 4
ag 0 1 1 4 3 1 1 10 0 2 1 0
a 0 1 O 0 01001 O 0 0 0
as 0 0 2 0 00100 O 0 0 0
au 3 1 O 0 00O 11 2 0 0 0
m;j i i i i 2 3 4 6 2 3 2,2 2,22 2,2,2,2
a 3 3 3 4 4 3 3 3 3 3 4 4 4
Cx(M) 15 16 16 24
K2, i3 i4 4 O

Table of solutions

In the botton of the table we give the possible values of C(M) and K2, for the four “rst
solutions. Note that the solutions 1, 2 and 3 correspond to the families of types 1, 2 and 3,
respectively, whereas the solution 4 coresponds to the second example in x2.1.

3.2.15 Lemma. The only solutions of the equation in (c) of Lemma 3.2.13, which come from
foliations F and G as before, are the solutions 1, 2, 3 and 4.

Proof. First of all, let us consider the monodromy of the ~bration f. By using it, we will prove
that there are no brations corresponding to solutions 5;6;7;8;9;10 and 12. Let cq;::;ca 2 [«
be the critical values of f, ¢ be a regular value and F = fil(c). Recall that the monodromy
is a homomorphism A: 3,(C nfcy; 5 cag;c) ¥ Aut(Z?) = Aut(Hi(F;Z2)) (cf. [BPV]). Note that
:1(6nfcl; 111} CaQ; C) is generated by a curves, °y; i %4, asin  gure 8, with the relation °; o1, =
1. Let G = A(§1(Cnfcy;:icag;c)). If we use the notation A(°j) = Tj, then G =< Ty; 15 Ta >,
where Ty +:::+ T, = id. The monodromy of the Kodaira ~bres, along curves as in gure 8, is well
known (cf. [BPV]). We observe that the monodromy of the bres H, ITI and IV, coincides with
that of the bres I, 111 and 1V, respectively, of Kodaira's classi cation.

The monodromy Tj, j = 1;::;;a, can be of the one of the following types :
(). Tj =id, if Fi1(c;) is of the type mlo, m _ 2.

£

(ii). Tj = iid, if Fi(c;) is of the typle‘:l Ig. q

(iif). T; is conjugated to the matrix 1 é , if £il(c;) is of the type M. In particular, the
1

order of Tj is 6. u . 1.”

(iv). Tj is conjugated to the matrix 10 ° if £il(c;) is of the type ITI. In particular, the
1

order of Tj is 4. u . q

(v). Tj is conjugated to the matrix 1 i1 if £il(c;) is of the type IV. In particular, the
1 1

order of Tj is 3.



30 A. LINS NETO*

Let us prove that the solutions 6,7,8,9 and 10, cannot occur. In these cases we have a = 3 and
one of the critical ~bres, say fi1(c3), is of the type mlo, so that G =< Ty; T, >, where T =T, = id.
This implies that G is abelian, so that we can suppose that T; and T, are given by same matrixes
as in (ii),...,(v). As the reader can check, in all these cases, we have T; + T, & id, which is a
contradiction. Therefore, these cases cannot happen. On the other hand, for the solutions 5 and
12, the bres can be only of the types 2lp and Ig, so that G = fid; jidg. In these cases, as the
reader can check, we have T+ T T3+ T, = jid & id and so these cases cannot occur also.

It remains to prove that the solutions 11 and 13 do not occur. Let us prove rst that Ky =0
in the case of solutions 4, 11 and 13. Note that, for a bre F; of type 5, we have [F;] = jj. For
the solutions 11 and 13, we have a = 4 and ag 2 2;4g, so that Ag & ;. Moreover, if Gj 2 Ay,
then m; = 2 and G; = 2:C;j, so that (b) of Lemma 3.2.13 implies that :

o

3« 3
Km = 4[F] i iji 2[Cil=(iaia)F]=0:
i=1 i=0

The above fact, implies that there exists a holomorphic non-vanishing 2-form on M, say £ (cf.
[BPV]). We will prove that this leads to a contradiction. The idea is to prove that if G; = 2:C;
and W is a small neighborhood of C;, then any holomorphic 2-form on W must vanish along C;,
which contradicts the fact that £ does not vanishes. Let G; = f il(ci), “x a small disk D around
Ci, such that c; is the unique critical value of f on D, and set W = fil(D). We know that f is
isotrivial, so that we can suppose that its generic ~bre is biholomorphic to C= < 1;b > for some
b2 R. We will use the following fact (see [BPV] pages 151 and 155) :

(*). We can choose the representation C= < 1;b > above and D small enough, in such a way that
W is biholomorphic to (CE£D)= " , where D is the unit disk on C and ~ is the equivalence relation
on CED de ned by the action generated by T;; T,: CED ¥ C£D, where T1(z;w) = (z+1=2; jw)
and T,(z;w) = (z + b; w). In this representation of W, we have C; = fw = 0g.

Let %.:CE£D ¥ (C£D)=" be the projection of the equivalence relation and set £; = %°(£).
Note that % is a covering map with two sheets, so that £; do not vanishes on C £ D. Let
£, = A(z; w):dz ~ dw, where A is holomorphic. Note that T7(£1) = £4, for j = 1;2. This implies
that

Az +1=2; jw) = jA(z;w) and A(z + b;w) = A(z;w) =) A does not depend on z ;

so that A(z; w) = A(w), where A(jw) = jA(w). But, this implies that A(0) = 0 and that £jc, ~ 0,
which is a contradiction. =
3.2.16 Corollary. In the situation of Lemma 3.2.15, let E = f®] F, has a rst integralg and for

®2E let fo:M ¥ Sg be a bration tangent to Fe. Then Sg = C and the critical ~bres of fg are
of the same type as the critical bres of f.

Proof. Observe rst that Ag [A2 [As [A4 & ;, so that Sg = C. Moreover, it follows from the
Corollary 3.2.11 that the critical bres of fg can be only of the types mlg, Ig, M, ITI or IV.
Let ap(®), ag(®), a2(®), az(®) and as(®) be the number of such ~bres, respectively. It is enough
to prove that these numbers are the same as ap,...,a4. Note that Lemma 3.2.15 implies that they
must be as in the solutions 1, 2, 3 or 4 in the table of solutions. On the other hand, the Chern
class C,(M) in the same table, shows that the unique possibility that they are di®erent is in the
case of solutions 2 and 3. At this point we can use the fact that the curves Cj;j, j =1,;2;3,1 >0,
are invariant for both foliations, so that they must be contained in the critical levels of fg. Since
a ~bre of type ITI contains one curve C with C? = j4 and the critical “bres I, M and 1V do
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not contain any component like that, we conclude that the critical bres of the brations are of
the same type. ©

3.2.17 Corollary. If Ky = 0, then M is an algebraic K3 surface. Moreover, if E is as before,
then for any ® 2 E, the rst integral is a bration with four 15 ~bres.

Proof. We have already proved that M is algebraic. Let us prove that M is minimal, that is, does
not contain a smooth rational curve with self-intersection j1. Suppose by contradiction that M
contains a smoth rational j1-curve, say C. Since the curves that are invariant for both foliations,
F and G, are contained in [j(Li=o Cj;i) and for all curves in this set we have Cj;; - 2, we get
that C is not invariant for one of the foliations, say F. In this case, we get from Kyy = Ng + T2
and from 3.1.7 that :

Tg:C=1+tang(F;C)and NZ:C = j2 j tang(F;C) =)» 1+tang(F;C)=2+tang(F;C)

which is a contradiction. Therefore, M is minimal. On the other hand, in the table of solutions
we see that the unique possibility for Ky, = 0 is the 4% solution, so that C,(M) = 24 and for any
® 2 E the bration fg has four critical bres, all of the type I5. The fact that Kys = 0 implies
that kod(M) = 0, so that M is biholomorphic to a K3 surface, by Enriques-Kodaira classi cation
of surfaces (see table 10, pg. 188 of [BPV]). =©

In order to nish the proof of Theorem 3, it remains to prove that the pencil (Fe)gz is weakly
exceptional and assertions (c) and (d). Here, we will use the global holonomy groups of the
foliations in the pencil with respect to the bration g. Let c1;:::; ca be the critical levels of g, where
a = 3in the case of solutions 1, 2, 3, and a = 4 in the case of solution 4. Set F; = g1 1(cj). It follows
from (e) of Lemma 3.2.9 that if ® 6 1 then Fg is transverse to G = Fq outside [j([i>o Cj:i)
and so, a fortiori, in the set W = M n [ Fj. Note that gjw:W ¥ V isa “bre bundle, where
V =Chn fcy; 5 cag. Therefore, if F := fil(c), ¢ 2 V, then we can de ne a global holonomy
representation

He: 31(V;c) ¥ Aut(F);

where Aut(F) denotes the set of automorphisms of the bre F (cf. [Eh] and [C-LN]). We denote
by Ge the holonomy group of Fe, that is the image He(§1(V;C)) %2 Aut(F). Note that §1(V;c)
is generated by a closed curves °q;:::; 5, sketched in gure 8, where °; o i °, = 1. We denote
by fk.e the holonomy map He(°k), k = 1;:::;;a. Hence, we have Gg =< f1.¢;::5; faj1.0 >. FiX a
holomorphic universal covering %:C ¥ F of F, with automorphism group Aut(¥:) =< hy;h, >,
where H (z) =z+ _, ., %2 fl;bg,b@ R, so that F * C=j, where j =<1;b>. Given® 2 C and
k 2 £1;:::; ag, we will consider a covering of fx.e in C by %, that is a map Ak;® 2 Aut(C) such that
Y+ Ao = Feo £ %. Let us see how Ay. looks like, according to the type of the “bre Fy :

(1) Fy is of the type I§. In this case Ax.0(z) = jz +bk(®), where b(®) 2 C. In particular, f.e
has order two.

(2) Fy is of the type . In this case Ax.e(z) = 1 11:z + b (®), where 1 = 247 and b, (®) 2 C.
In particular fi.e has order six.

(3) Fy is of the type ITl. In this case Ax.e(z) = ji:z + b(®), where i = pﬁ and b (®) 2 C.
In particular fi.e has order four.

(4) Fy is of the type IV. In this case A.e(z) = ! 12:z + bi(®), where b (®) 2 C. In particular
Tk.@ has order three.

The proof of (4) is done in Proposition 4 of [LN]. The idea, in the general case, is that the
“bre Fy contains at least one component, say Cy.;, with multiplicity one (see gure 1). This
component, contains a singularity gx.1(®) := q(®) with a separatrix, say S(®), transverse to Cy:;
and with holonomy conjugated to z @ ei2#=M:z, where m = jCZ, (see (c.2) of Lemma 3.2.9).
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It follows that fx.e must have a xed point, say zx(®), and it is conjugated in a neighborhood of it

to the linear map z A ei2%1=M:z_ This ~xed point corresponds to some intersection of the leaf of

Fe which contains S(®) with F (see the proof of Proposition 4 in [LN]). As the reader can check,

this implies that fy.e has period m, so that A..e must be like in (1), (2), (3) or (4). Remark also
2%

that (2), (3) and (4) imply that in the cases (2) and (4) the lattice j must be < 1;1 :=e"3 >,
whereas in the case (3) itis < 1;i>.

For each k = 1;::;;a, consider the function fi: CEF ¥ F de ned by fi(®;q) = fr.e(q). It
follows from the theorem of holomorphic dependence of the solutions with respect to parameters
and initial conditions, that fy is holomorphic, for all k = 1;::;a. In particular, this implies
that in all the cases, the map ® 2 C ® b (®) md(j) 2 C=j is holomorphic. Therefore, we
can choose bk (®) in such a way that ® @ bk(®) 2 C is holomorphic. In particular, if we write
Ace(z) = .1z + b(®), the point z,(®) = % is a "xed point of Ae. Hence, by conjugating
the group Gg with the automorphism correspo?ldlng to the translation %e(z) = z + z;(®), we can
suppose that Ay.¢(z) = . k:z +1x(®), where 11(®) = 0 and 1 (®) = bk(®) i1 1' kb1(®) k=2;:a,
so that ® @ 1, (®) is holomorphic. Since Gg is generated by f1.e;::; fa; 1.0, we get that, |f g has
three critical ~bres, then Gg is conjugated to a group, whose universal covering is of the form
Gep =T, z+d1,(®)j, 2w and d 2 jg, where :

(1. In the case of solution 1 we have @ = f1; 12; 14gand j = Z© 1:Z (cf. Proposition 5 of [LN]).
(11). In the case of solution 2 we have @ = flJjj =0;::;5gand j =Z2© 1:Z
(111). In the case of solution 3 we have & = f1;i; j1; jigand j =Z©i:Z.

On the other hand, in the case of solution 4, we have :
(IV). Gg =T_:z+ m:1,(®) + n:13(®)j, 2 fl; j1g and m;n 2 Zg, where j =<1;b> b2 R.
The proof of (1) can be found in Proposition 5 of [LN]. The proof of (I11), (111) and (1V) is

analogous and is left for reader. Another result that we will use, whose proof is analogous to the
proof of Proposition 5 and of its Corollary in [LN], is the following :

3.2.18 Lemma. For ® & 1, the following assertions are equivalent :

(i). Fe has a st integral.

(ii). Ge is nite.

(iii). G has a nite orbit.

(iv). Fe has an algebraic leaf which is not contained in the critical levels of g.

Moreover, in the cases of solutions 1, 2 and 3, the above assertions are equivalent to :
(V). If ® & 0, then there exists n 2 N such that n:2,(®) 2 j.

Another important fact is the following :

3.2.19 Lemma. For any k 2 £2;::;;ag we have 1 (®) = ax:® + di, where ax;dx 2 C. Moreover,
if g has three critical bres then a, & 0, whereas if g has four critical bres then, either a, & 0, or
az 6 0. In particular, we have the following :

(a). The pencil P is always weakly exceptional.

(b). If g has three critical bres then E(P) = .:Q:j [ f1g, where , = azil.

(c). If g has four critical bres and E(P) contains at least three distinct points, then the family
is exceptional.

Proof. Recall that the bration gjyw:W ¥ V is locally holomorphically trivial and that the leaves
of Fo = F are transverse to the bres of g in W. In particular, for every ¢ 2 V, there exists a
neighborhood V. of ¢ in V with the following properties :

(i). V¢ is biholomorphic to a disk and W, = gi1(V,) is biholomorphic to V. £ C=j, by a biholo-
morphism A.:W, ¥ V. £ C=j.
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(ii). g£Ail: V. £C=j ¥ V. is the “rst projection. In particular, the sets of the form fxg £ C=j,
X 2 V¢, correspond to the leaves of G in W,.
(iii). The leaves of AZ(F) are of the form V. £ fyg, y 2 C=j.

Consider an universal covering % id£Y: V. £C ¥ V. £C=j, where %,: C ¥ C=j is an universal
covering with automorphism group Aut(Y) =< T1;T, >, T1(y) = y+1, T2o(y) = y+b, j =<1;b >.
Here, y is a xed a+ne coordinate system in C. For simplicity, we will denote by 3 @ and @ the

vector elds on W, de ned by Ag(%n(@@x £0)) and A2(Y%(0 £ @y)), respectively, where X |s some
coordinate system in V.. We assert that, if V. is suzciently small then there exists a coordinate
system z on V. such that Fg is represented on W, by the vector eld

Xeo(z;y) = @@Z :@@_y ,

for every ® 2 C.

In fact X a coordinate system x in V¢ and let us represent Fjy,_ and Gjw, by the vector elds
@X and @y respectively, as in (ii) and (iii). Recall that two foliations of the pencil coincide if,
and only if, they have the same tangent space at some point p 2 W, ((e) of Lemma 3.2.9). In
particular, if ® 2 C, then the tangent space of Fg in any point p 2 W, is not * vertical" so that this
tangent space is generated by a holomorphic vector ~eld of the form Zg(p) = (p) +A(p; ®) (p)
It follows from (e) of Lemma 3.2.9 that, for any xed p 2 W, the function ® 2C 1 A(p ®) is
injective. This implies that A(p;®), as a function of ®, is axne. Since A(p; 0) = 0, we must have
A(p; ®) = a(p):®, where a:W, ¥ C” is holomorphic. Now, the ~bres gi1(x), x 2 V¢, are compact
and contained in W, which implies that a is constant in these ~bres. It follows that a(x;y) = b(x)
for some holomorphic function b:V; ¥ C®”. Hence Fg can be represented on W, by the vector eld
Xe(X; y) b(x) @X +®: @ . This implies that there exists a coodinate system z around ¢ 2 V. such

that b(x) §)—( @Z, WhICh proves the assertion.

It follows that there exist coverings (Vj)j23 of V and (W = g"1(V}))j2a, of V and W, by open
sets, and a collection (A;j)j2a of biholomorphisms Aj:W; ¥ V; £ C=j, such that for each j 2 J,
Vj, W;j and A; satisfy (i), (ii), (iii) and :

(iv). For each j 2 J, there exist coordinate systems X; on V; and yJ on the universal covering
C ¥ C=j, such that Fejw; is represented by the vector eld X4 = — + ®: @ , for every ® 2 C.
In particular, if we X two points zq;z; 2 Vj, then the holonomy map hZO,Zl g Yzo) ¥ gil(z0)
can be written as

(®) hzz, (Vi) = Y5 +®(z1 i 20)

The last assertion can be proved by integrating the di®erential equatlon = ® between zy and
z;. On the other hand, (ii) and (iii) imply that :
(v). If i1 & j 2 J are such that V;;; := V; \ 'V & ;, then V;; is di®eomorphic to a disk and the
change of chart Aij = Aj iAii L. Vi £C=j ¥ V;;; £C=j is of the form Aij Xi; yi) = (hij (Xi); 9i: (i),
where gi:;; 2 Aut(C=j). In particular, we have

(UU) gi;j(yi) =.ijYyit 1ij ,where 5 ij 2 C" and 1ij 2C:

Note that the holonomy of Fg, h-.@, with respect to a path °:[0;1] ¥ V, is a composition
of “nite sequence of maps as in (@) and (a). This implies that for every y 2 gi1(°(0)) the
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map ® 2 C A hee(y) 29 il(°(1)) is axne (in the universal covering). In particular, the maps
Ao dened in (1),...,(4), are of the form Ac.e(z) = .k:z + b(®), where b (®) = Ax:® + By,
where Ax 2 C" and Bk 2 C. On the other hand, we have 1, (®) = bk(®) j }—:L‘Ibl(®), so that
1,.(®) = ax:® + dy, where ax = Ax i }—:fAl. Note that, although A;; Ax & O’, we could have
ax =0, for some k > 1.

Suppose for a moment that we have proved that in the case of three critical bres we have
a, & 0. In this case, it follows from Lemma 3.2.18 that, if a,:® + d, & 0 then

®2EMP)nflg (O 9n2N°suchthatn(a,®+d))2i O a®+d,2Q:j:

In particular, if d, & 0, then d, 2 Q:j, because 0 2 E(P). This implies that E(P) = azil:Q:i,
as the reader can check, which proves (b) of Lemma 3.2.19. On the other hand, suppose that we
have proved that in the case of four critical bres then, either a; & 0, or az & 0. In this case, we
have E(P)nflg = f® 2 CjGg has a nite orbitg. It follows from (1) that the orbit of 0 by Ge
is fm2,(®) + n13(®)jm;n 2 Zg. Hence

E(P)nflg=1®2Cj*,(®);*3(®) 2Q:ig;

as the reader can check. Since, either a, & 0, or ag & 0, we conclude that E(P) is countable,
so that the pencil is weakly exceptional. Note that, 1;(0) = d;, J = 2;3, and 0 2 E(P), so that
do;ds 2 Q:j. Therefore

E(P)nflg=1® 2 Cja,:®;a3:® 2 Q:jg:

In particular, if there exists ®, 2 E(P) n f0; 1.g, then a,:®y; az:® 2 Q:j, so that for every x 2 Q
we have that a,:(X®g); az:(X®) 2 Q:j and x:®, 2 E(P). Hence the family is exceptional.

Let us nish the proof of the Lemma. Note that if, either a, = 0 in the case of three critical
levels, or a, = az = 0 in the case of four critical levels, then the group Gg does not depends on
® 2 C, so that it is “nite and Fg has a " rst integral for all ® 2 C, say fs:M ¥ C. Let us prove
that this is impossible in our case. Suppose by contradiction that Gg = G¢ for all ® 2 C and let
m = #(Gg) = #(Gp). Note that the integer m is also the number of points of a generic orbit
of Ge, that is the number of points in which a generic ~bre of fg cuts a generic bre of g = f;.
It follows that m = [fd1(c)]:[g71(d)], the intersection number of these "bres. Fix a regular "bre
Fo = f4 1(co) of fo. Since G is transverse to Fg, there exists a neighborhood V of ¢, biholomorphic
to a disk, such that Wy := f 1(Vo) is biholomorphic to Vo £C=j, where j, is the lattice associated
to the generic ~bres of fo. We can choose coordinates (x;y) on Wy such that the sets fx = ctg are
leaves of F and the sets fy = ctg \ W are leaves of G and biholomorphic to disks. This de nes a
tubular neighborhood %: Wy ¥ Fo, where %i1(y) is a leaf of Gjw, for all y 2 Fo. The idea is to
prove that there exists 2 > 0 such that, if 0 < j®] < 2, then W, contains some generic bre, say
Fe, of fe. This is not possible, because in this case fojg, must be constant, so that Fe coincides
with some ~bre of fo, which implies that Fg = F¢ for ® & 0.

Fix a point pg = (Xo;Yo) 2 Fo and let Fg be the leaf of Fg through pg. Given p 2 Fq, denote by
L, the leaf of G through p. Note that %i%(p) % Lp, by the de nition of %. If g(p) is a regular value
of g, then L, = g#'(g(p)) and L, \Fo contains m = #(Go) points, say p = p1; :::; Pm, Where p;i & pj
ifi & j. Fixm pathsin Fg, say °1;::;°m:[0; 1] ¥ Fo, joining po to p1;:::; pm, respectively. Since the
pencil is a holomorphic family, there exists 2, > 0 such that if j®] < 2, then, for all j = 1;:::;m, the
path ©; can be lifted in the leaf Fg to a path °j;:[0;1] ¥ Fg such that °j.¢(0) = po, °j:e[0; 1] ¥2 Wo
and %+ °j.¢ = °j. This fact, whose proof we leave for the reader, follows from the general theory of
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foliations. This de nes m holomorphic functions, say p1;:::; pm:Dp ¥ Lp, where p;(®) = °j.0(1)
and D, = fj® < 2,9. Note that for every ® 2 D, we have p;(®);:::;pm(®) 2 L, \ Fe and
pi(®) & pj(®) if i & j. Since Lp:Fe = m, then L, \ Fg = fp1(®); ::;;pm(®)g Y2 Wy, for every
® 2 Dp. In particular, Fg \ %#1(p) = fp;(®)g, because %i1(p) % L. The same type of argument
can be done in the case where g(p) is a critical value of g. In this case, the closure of Ly, is an
irreducible component of the ~bre gil(g(p)), say C. If the multiplicity of g along C is ~, then
Fo \ C contains m=" di®erent points, and it can be proved that :

(vi). For every p 2 Fo, there exist 2, > 0 and a holomorphic map P,:D, ¥ %i%(p), such that
%i1(p) \ Fe = fPy(®)g for every ® 2 D, := f®]j®j] < 2,0.

Another fact that follows from the general theory of foliations is the following :

(vii). Given p 2 F, there exist 0 < +, - 2, and neighborhoods U, and §, of p in Fo and %i1(p),
respectively, such that if j®] < £, and q 2 8, then the leaf of Fejy,i1(u,) through g, say Xq(®), is
such that %jx,@): Xq(®) ¥ Up is a biholomorphism. Moreover, if we choose +, small enough, then
we can suppose that P,(®) 2 8,; 8® 2 Ds,.

Note that (vi) and (vii) imply that if j®j < £, then Fg \%11(U,) = Xp, (@ (®) and Xp_(@)(®)
cuts every “bre %i1(s), s 2 Up, in exactly one point. Let Uy, = Uy;:::;Up, = U, be be a "nite
covering of Fo by open sets as above and set + = minft, ;::;;+, 9. As the reader can check, if
J®j < t then Fg is entirely contained in Wy, which proves the Lemma. ©

In order to nish the proof of Theorem 3, it remains to prove that in the case of three critical
“bres then the pencil is equivalent to one of the families of types 1, 2 or 3, of x2.2, x2.3 and x2.4,
respectively. Note that this fact implies also that M is a rational surface.

We will consider the following situation : let M, and M, be two compact complex surfaces and
(Fd)eoe and (F3)goz be pencils of foliations on M; and My, generated by foliations F*, G! and
F2, G2 on M; and M, respectively. Suppose that :

(). The foliations F¥ and GJ are tangent to ~brations fj; gj:M; ¥ C, respectively, j = 1;2, where
fj 6&0;.

(JI 1. 1%— is an elliptic bration with three critical bres, as in one of the solutions 1, 2 or 3, in the
table of solutions, j = 1;2. In particular, g; has also three critical bres, of the same type of the
critical bres of fj, j = 1;2 (Corollary 3.2.16).

(111). The critical bres of f;;g; and f;; g, are of the same type.

In this situation, let us call FiJ the critical bres of gj, where i 2 f1;2; 3g, j = 1;2 and the indexes
are choosen in such a way that F! is of the same type as F?, i = 1;2;3. After composition of gj with
a Moebius transformation, we can suppose that F{ = g*(0), F§ = gji*(1) and F§ = gj'*(1),
j = 1,2. Fix generators °; and °, of ¥;(V;c) as in “gure 8, where V := Cnf0;1; 1g. Set
W;j = gjil(V), so that gjjw,:Wj ¥ V is a holomorphic bre bundle, j = 1;2. Denote by Gl the
global holonomy group of F} calculated in the bre F; := gjil(c), J = 1;2. We have seen that,
given ® 2 C, we can choose an universal covering %;.e:C ¥ F; such that the generators of the
global holonomy group of FJ, corresponding to °; and °,, say h’1;® and h’2;®, can be written (in
the respective universal covering) as :

hji;@(y) =.1y and h%;@(y) =.2y+ a£:®+ dJZ :

where a% €& 0, J = 1;2. Recall that both bres F; and F, are biholomorphic elliptic curves of the
form C=j, where j =< 1;1 = ¢2%176 > jn the case of solutions 1 and 2, and j =< 1;i > in the
case of solution 3. In all cases, the exponents _ i are roots of unity and _x & 1, k = 1; 2.

3.2.20 Lemma. In the above situation, let ®, ~ 2 C be such that al:® + d} = a3 + d2. Then
there exists a biholomorphism ©:M; ¥ M, such that :
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(@). ©°(F?) = Fg.

(b). g2+© =g;. In particular, ©(F3) = F}.

Proof. Since ® and ~ are ~xed we will use the notations F§ = F;, F2 = F», hk® = hy.x and
hﬁ;— = hax, k = 1;2. Recall that the universal coverings %;.:C ¥ F; and %.—:C ¥ F, where
constructed by composing two xed universal coverings %;: C ¥ F;, with two translations in C,
say %j, j = 1;2, where %(0) is the ~xed point of hy;; and % (0) is the ~xed point of hy.,. The
coverings %; where chosen in such a way that Aut(1/4,) =fzA z+ _j, 2i0,] =1;2, so that the
map A:F; ¥ F, de ned by A(q) = ¥ + % £ % * £ % *(q) is a well de"ned biholomorphism. This
map is a conjugation between G} and G2. More premsely, A satis es hy  +t A =Axhyy, k=1;2.
Following a standard construction (see [C-LN]) it is possible to extend A to a biholomorphism
a:W; ¥ W, such that :

(i). = sends leaves of Fqjy, onto Ieaves of FZsz

(ii). g2 £ = =g; on W4, so that a(g1 (@) =g L) for every q2 V.

The proof of the Lemma is then reduced to show that 2 and 211! can be extended holomorphi-
cally to the critical levels of g1 and g», respectively. We will only prove that = can be extended to
the critical levels of g;. Consider for instance the levels F{ = gji 1(0), j = 1;2, and let us prove that
& can be extended to a holomorphic map ©;: (W; [ F{) ¥ M,. Note that, if 2 can be extended
to ©; as above, then ©;(F{) ¥ F2, because in this case we must have g, + ©; = gy, by (ii). To
“x the ideas, we will suppose that F! and F2 are of the type M. In the other cases, the proof is
similar and will be left for the reader. In this case, we have the decomposition

(m) Fd =6C} + ! +2cd +3¢) ;

where [C3]2 = i1, [C]]? = 6, [C}]? = 13 and [C3]? = 2, j = 1;2 (see “gure 1.b). Note that the
curve C} is the one for which the foliation Fj is transverse, j = 1;2. Set C}° =CInC}, j = 1,2,
k = 1;2;3. We assert that & can be extended to a holomorphic map &:(W; [ C}") ¥ M, such
that & (C}™) = C2°.

Fix k 2 f1;2;3g. Recall that Cf( contains a unique singularity of Fj, say g;, j = 1;2, of the type
1: imk, mg = j(C})2. Note that g; 2 C}7, by (c.1) of Lemma 3.2.9.
Assertion. For j = 1;2, there exists a coordinate system (Uj;Aj = (Xj;Yj)) such that x;(q;) =
yj(qj) = O, Cf(\UJ = fyj = Og and :
(iii). Fj is representejd on U; by the linear vector “eld X;(xj;yj) = Xj& i mk:yj&.
(iv). The foliation G’jy; is represented by dy; = 0 and g;(X;;yj) = yjk.
Proof. We have seen in Lemma 3.2.9 that there exists a coordinate system (U; (u;v)) around
gj such that u(gj) = v(g;) = 0, CL\U = fv = 0g and Fjjy is represented by the vector “eld
uZ i mvE, so that A(u;v) = u™v is a “rst integral of Fjjy, where m = my. The proof will
be based in the following remark : consider a change of coordinates around u = v = 0 of the form
X = w:A(u;v), y = v:B(u; V), where A(0;0):B(0;0) & 0 and (A(u;v))™:B(u;v) ~ cte & 0. Note
that, after this change of variables, the ~rst integral becomes A(x;y) = cte:x™:y, so that x™:y
is a rst integral of F;j near g;. In this case, the vector eld x@@)—( i m:y§)—/ represents F;j in a

neighborhood of gj. Recall that Cjl is invariant for GJ, this foliation has no singularities near g;
and it is tranverse to F;j outside C}, in a neighborhood of g;. It follows that GJ has a holomorphic
~rst integral, near g, of the form v:D(u;v), where D(0;0) & 0. Consider the change of variables
de ned in a neighborhood of (0;0) by z = u:C(u;v), w = v:D(u; V), where C(u; V) is a holomorphic
mt root of (D(u;Vv))i! near (0;0). After this change of variables, z™:w and w are “rst integrals
of F; and GJ, respectively, in neighborhood U, of gj. Now, since g;j is also a rst integral of GJ, the
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funcion gjju, depends only on w, so that g;(z;w) = w :h(w) on a neighborhood U, of gj, where
h(0) & 0 and " is the multiplicity of g; along Cf(. As the reader can see in (g), this multiplicity was
chosen in such a way that ~ = k, so that gj (z; w) = wX:h(w). Let B(w) be a k™ root of h(w) and
A(w) be a m™" root of (B(w)) i and consider the change of variables x = z:A(w), y = w:B(W), in
a neighborhood U of (0; 0). After this change of variables, x™:y and y are " rst integrals of F; and
Gj in U. Moreover gj(x;y) =y*. o

Let us prove that & extends to a holomorphic map &:W; [ CL® ¥ My such that 2, (CL%) %
C2". We prove “rst that & can be extended to a neighborhood of g; in CL®, in such a way that
the extension sends q; to .. For j = 1;2, consider coordinate system (Uj; (Xj;y;)) around gj,
and a vector eld Xj, as in the Assertion. We can suppose that x;(U;) = y;(U;) = D, where
D = fy 2 Cjjyj < rg, so that, g (U;) = fz 2 Cjjzj < r*g = D;. Let Sj = f(0;y;)jy; 2 Dg be the
local separatrix of X; transverse to Cf( and set S§' = S;j nf(0;0)g. Note that Sj' %2 Wj, j = 1;2.
We assert that &(S7) = S;.

In fact, suppose ~ rst that the curve °1, used to de ne hj.1, j = 1;2, is contained in D; and that
°1(t) = y§:e?4t, t 2 [0;1], y§ = c. We recall that hj.1(z) = 1i%:z in a certain universal covering
C I C=<1;! > of Fj = gji*(c), where I = e?*=6, This implies that hj, has one “xed point,
one orbit of period two and one orbit of period three. The other orbits are generic and are of
period six. On the other hand, F; \'Sj = f(0; . ™yo)jn = 0; ::;Kk i 19, where | = 2=k Moreover,
the lifting of °; on S through g; with initial point (0;,™:yo) is (0;,Myo:€?1%K), t 2 [0;1]. It
follows that h;.1(0; . ™yo) = (0; ."*1:yo). This implies that the orbit of period k of h;j.1 is O(yo) =
T(0; .":yo)in =0;::;k § 1g. Since &jg,:F; ¥ F; is a conjugation between h;.; and hy.1, we must
have 2(0(yo)) = O(yo). It follows from (i) that & must send the leaf of F; which contains S7
onto the leaf of F, which contains S;. By analytic continuation and the fact that g, + = = g; we
get that =(ST) = S, as the reader can check. In the general case, that is when °1[0;1] & D1, we
can suppose that °; = +n°a+il where °(t) = yo:e?”t and £ is a curve in C joining ¢ to ¢; 2 D1,
c1 = y§ ("gure 8). The lifting of the curve + on the leaves of Fj, j = 1;2, produces a holonomy
map hj;i:gjil(c) L gjil(cl) which conjugates the holonomy map of the curve ° on gjil(cl), say
hj, to hj.q, that is hj = hj.. £ hjq £ hji;il. It follows from (i), (ii) and analytic continuation that
a(git(cy)) = gf*(cy) and that A; := Bjgi1(cy) satis es hy +A; = A; £hy. Hence, the general case
can be reduced to the rst one.

The facts that g, + & = g; and &(S7) = S7, imply that 2(0;y;) = (0; ,":y1), for some n 2 Z, as
the reader can check. After the change of variablesy = _ 1":y; we get 2(0;y) = (0;y). Let A% Uy
be a neighborhood of S7' such that &(A) %2 U,. Since #(0;y) = (0;y) and g, += = g;, we get that
A(xgy) = (Ay(xl);y) for all (x1;y) 2 A. In particular, if we denote by L;(y) the germ at (0;y)
of the set f(Xx;;y)jX; 2 Cg, then we get that =(L.(y)) = Lo(y). We will consider A, as a map
from L1(y) to Lo(y). Let Xj.t be the “ows of Xj, j =1;2, so that Xj.t(x1;y) = (€7 :x1;eiMT:y).
Note that X3 (Lj(y)) = Lj(e*™T:y). This fact together with 2(L1(y)) = L2(y) and (i) imply that
2+ X1.7(X1;y) = Xo.1 23(X1; Y), for all (T; x1;y) 2 CE£U; such that both members of the equality
are de ned. In particular, if we set T = j 22 then we get &(e124=M:xy;y) = (124" M:Ay (x1); ),
so that Ay (e12%=M:x,) = e12%4=M:A (x,;). Hence, Ay conjugates the holonomies of the separatrices
S; and S, for the vector elds X; and X, in Ly(y) and Lx(y), respectively. Now, the fact that
A extends as a biholomorphism from a neighborhood of g; to a neighborhood of q,, follows from
a Lemma of Mattei-Moussu in [M-M]. The main facts used in the proof of the Lemma of Mattei-
Moussu are that Ay conjugates the two holonomies, the “ows preserve the "horizontal” brations
L;(y) and the quotient of the eigenvalues are equal and negative (in our case j1=m).

The extension of & to C1%, can be done by using Hartogs' Theorem. Let C % C}® be the
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maximal connected open set of C&“ such that & can be extended to C. Note that, if there exists
g in the boundary of C in C}?, then there exists an open neighborhood U of q, where U D £D,
such that U\ C!® ™ D £ f0g and & is holomorphic on H = (D £ D%) [ (C \ U). According to
Hartogs' Theorem, the holomorphic closure of H is U. Observe that &j4 must be 1 j 1, because it
is 1 j 1on D&£D" and non-constant on C. Hence, &:H ¥ M, is an embedding and this impies
that it can be extended holomorphically to U. It follows that C = C}® and this proves that &
extends to C;..

We have proved that & extends to a biholomorphism 20:W; [ ([E-,CE) ¥ W, [ ([E-,CZ)
in such a way that 2(Cl%) = C2°, k = 1;2;3. It remains to prove that &, extends to the
component C} in such a way that 2,(C}) = C3. For this extension, we can use, for example,
that the curves C(J; are j1 rational curves. These curves can be blow-down to points p; 2 M; and
P2 2 My, so that we have blowing-downs maps %;:M; ¥ NM;, where 1/L;J-‘l(pj) = C(J;, J=1,2. The
map &, = Y%y + 25 + %41 is a biholomorphism of a punctured neighborhood of p; to a punctured
neighborhood of p,, so that it can be extended to p; in such a way that ®y(p;) = p2. This implies
that &, extends biholomorphically to C} in such a way that 2,(C}) = C3.

There are small di®erences in the proof when the bres Ff are not of the type . The rst
one is the following : in order to prove that & sends the separatrix S; to the separatrix S,, we
have used that the maps hj.1 have three special orbits : one xed point, one of period two and one
of period three. Each of these orbits correspond to one of the components cl k=123, of F{,
j = 1;2. For instance, if F{ is of the type IT1, then hj.1(z) = ii:z, so that it has also three special
orbits, but this time two of them are xed and the third has period two. According to gure 1.c,
we can write the decomposition of F! as

Fl=4cl+cl+cl+ach:

The component C} is transverse to Fj, whereas the other three are invariant for Fj, j = 1;2. For
each k = 1; 2;3, the component CJ contains a singularity, say qk, and there is a local separatrix
for Fj, say S}, such that g} 2 S}. The separatrix S} corresponds to the orbit of period two of
hj:1, whereas SJ and SJ correspond to the two xed points. By using an argument similar to the
proof that a(Sf) = S;, we can conclude that, in the case we are considering, we have &(S1°) =
S2°. However, the same argument implies only that, either 2(S1%) = S#° and &(S3°) = S2°, or
2(S17) = 527 and &(S1%) = S2°. The rest of the proof is similar and at the end we will get that
in the “rst case we will have &(C}) = C? and &(C3) = C2, whereas in the second case we will
have #(C}) = C2 and &(C1) = C2. The proof of the extension of © to [k=oC} is similar for the
other types of bres. The second di®erence is in the proof of the extension of = to the component
Cd in the case where F{ is of the type I5. In this case, the components C{ are j?2 rational curves
and not j1 curves. However, we can contract them, thus obtaining two singular surfaces, each one
with one singularity, say p;. Since these singularities are normal, it can be proved that the map
A, can be extended to a biholomorphism, exactly as in the j1 case. We leave the details for the
reader. ©

3.2.21 Corollary. Let (Fd)goz and (Fd)qoz be pencils of foliations on surfaces M; and My,
respectively, which satisfy (1), (I11) and (111) before Lemma 3.2.20. Then there exist a biholo-
morphism ©:M; ¥ M; and a;d 2 C, a & 0, such that ©°(F1) = F3 and ©°(F2) = Fg - for
every 2C.

Proof. Leta) &0, d}, j = 1;2, be as in Lemma 3.2.20. Choose ®; o 2 C such that a}:@ + d} =
a3 o + ds. As we have seen in Lemma 3.2.20, we have ©°(F3) = Fj and ©°(F2) = Fg . After
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changing the variables as ® = ® j ® and " =" j ~o, we can suppose that ©°(F2) = F3. Let
(Uf)j=a be a covering of My by open sets and (X{)jzs and (Y;?)j=a be collections of holomorphic
vector ~elds, such that ij, sz and ij +_:Yj2 de ne F2, F3 and F2 on sz, respectively, for
every j 2 J and 2 C. Note that there exists a multiplicative cocycle (fizj)uizje;; such that

XZ+ Y2 = F5(XZ+7:Y) on UF := UZ\U?. Consider the covering (U} := ©1(U?))j2, of My
and the collections of vector “elds (X} := ©"(X{))j2s and (Yj' := ©°(Y{?))jzs. Since ©*(F§) = Fg
and ©°(F3) = F}, the vector elds X; and Y;* represent F§ and F5 on Uj, respectively, j 2 J.
Set filj = fizj +©il for (i;j) such that Ul \ Uj1 & ;. Since X} = filj :le and Yt = filj :le, it
follows that there exists , 2 C® such that Fg is represented by X' + ®:,:Y;* on Uj, for all j 2 J.
On the other hand, the fact that Xj" + ®:,:Y;" = ©*(X{ + ®:,:Y{?), for all j 2 J, implies that
©(F2g)=Flgforall®2C. =

The result below is a consequence Corollary 3.2.21 and of the description of the families of x2.2,
2.3 and 2.4.

3.2.22 Corollary. Let (Fe)qoc be a pencil of foliations on a surface M, satisfying the hypothesis
of Theorem 3, where Ky, & 0. Then it is holomorphically equivalent to one of the families of types
1, 2 or 3, described in x2.2, 2.3 or 2.4. In particular, M is a rational surface.

Another interesting fact, is the following :

3.2.23 Corollary. Let (Fe)q,c be a pencil of foliations on a surface M, satisfying the hypothesis
of Theorem 3, where Ky, & 0. Given ®; 2 E(P) and brations fg and -, tangent to Fg and F-,
respectively, then there exist biholomorphisms ©:M ¥ M and A:C ¥ C such that fe+© = A+f-.

We leave the proof for the reader.

x3.3. Proof of Theorem 1. Let P = (Fs)sax be an equirreducible, elliptic and exceptional
family of foliations on CP(2), where X is a Riemann surface. According to the de nition, the
set E(P) is countable, in nite and has an accumulation point, say sg 2 X. Since the family is
equirreducible, there exists a rational surface M; and a a bimeromorphism %;:M; ¥ CP(2) such
that the family (Gs := %7 (Fs))s2x Ssatis es

(). Te,, = Tao, for all sq;s5 2 X.

(ii). For all s 2 X the singularities of G5 are reduced in the sense of Seidemberg.

It follows from Lemma 3.2.5 that there exist a neighborhood V of sy and a bimeromorphism
Yi:M;1 ¥ M, which consists of a sequence of blowing-downs, such that the family Q := (Hs =
Y1n(Gs))s2x satis es
(iii). For all s 2 V, Hs has no contractible bres and the singularities of Hg are reduced.

(iv). Ths, = Thg, for all sq;s0 2 V.

Let F(M) = fHjH is a foliation on M sush that Ty = Ty, g. Note that E(Q) = E(P), so
that the family Q is exceptional. We assert that there exists s; 2 E(Hs) \V such that Hs, & Hs,.
In fact, let (tn)n_1 be a sequence in E(Hs) \'V such that nIi'mltn =spandt, &sp foralln _ 1.
Note that s 2V ® Hs 2 F(M) is a holomorphic map, so that, if H, = Hs, for all n _ 1, then
the map s @ Hg would be constant. On the other hand, since E(Hs) is countable, there exists
s 2V such that Hg has no rst integral, that is Hs & Hs,. This implies that the map s @ Hs is
not constant. Therefore, there exists n _ 1 such that Hy,, & Hs,.

Let (Ke)goe be the pencil generated by Ko = Hs, and K5 = Hs,. It follows from Corollary
3.2.10 that F(M;T) = fK,j® 2 Cg, where T = Thg,- This implies that Hs 2 F(M;T) for all
s 2 X and that there exists a holomorphic map A: X ¥ C such that Hs = K for all s 2 X. In
particular, if © M ¥ CP(2) is the bimeromorphism de ned by © = ¥%; +%1* then ©°(Fs) = Kxs)
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for all s 2 X. Now, Corollary 3.2.22 implies that the pencil (Kg)goz is equivalent to one of the
families of types 1, 2 or 3. Assertion (c) of Theorem 1 follows from the Corollary 3.2.23. This
ends the proof of Theorem 1.

x3.4. Proof of Theorem 2. Let (Fg)e2x be an equirreducible, non-degenerate, elliptic and
exceptional family of foliations on CP(2). According to Theorem 1, the family immerges bimero-
morphically in one of the pencils of types 1, 2 or 3, described in x2. In particular, we can suppose
that X = C and the family is the pencil generated by two foliations on CP(2), say Fo and F4,
of the same degree d. We can suppose also that F; and F5 have rational ~rst integrals and
that their singularities are non-degenerate. Let ©:M; ¥ CP(2) be a bimeromorphism such that
©°(Fe) = G}, where PJ := (G})qoc is the family of type j, j 2 f1;2;3g. The proof will be done
in three steps :

15t step. We will prove that d 2 £2; 3; 4g.

2"d step. We will prove that we can suppose that the bimeromorphism © consists of a sequence
of blowing-ups.

3rd step. We will prove that there exists an automorphism 2 of CP(2) such that (*“(Fe))eoc is
one of the four families in CP(2) described in x2.

Proof of the 15t step. This part follows from a Theorem of M. Brunella :

Theorem ([Br-3]). Let F be a foliation on CP(2) of degree d, whose singularities are reduced in
the sense of Seidemberg. Suppose that there exists a non-constant entire map f: C ¥ CP(2) such
that £(C) is the union of non-algebraic leaf and some singularities of F. Then d - 4.

Since the family is bimeromorphically equivalent to the family of type k 2 f1;2;3g, (G¥)qoz. it
is suz=cient to prove that there exists ~ 2 C such that GX has a non-algebraic leaf bimeromorphic
to C. This fact is proved for the families of types 1 and 2 in Proposition 6 of [LN]. In fact, in
this proposition we prove the following : let L be a generic leaf of GK, where k 2 f1;2g. Then
there exists a holomorphic covering %:L ¥ C=j, where j =< 1;! >. When @ E(PJ) then the
generic leaves of GX are not algebraic, so that they must be biholomorphic to C or C°. In [LN] it
is proved that they are biholomorphic to C, but for our purposes it is suzcient that they are not
algebraic and covered by C. An analogous result can be proved for the family of type 3 : let L be
a generic leaf of G2. Then there exists a holomorphic covering ¥%::L ¥ C=j, where j =<1;i>. In
particular, if ~ 8 E(P?) then the generic laves of G2 are covered by C and non-algebraic. Since the
proof is analogous in this case, we leave it for the reader. From this fact, we get that 0 - d - 4.
Since foliations of degrees 0 or 1 can not have elliptic " rst integrals, we conclude that 2 - d - 4.
In the proof of the 3" step we will need the following result :

3.4.1 Lemma. Let F be a foliation of degree d on CP(2) and "~ be a straight line of CP(2). Then
s invariant for F, if one of the conditions below is veri ed :

(a). d =2 and " contains, either two singularities of F, where one of then is radial (of the type
1:1), or three singularities of F.

(b). d =3 and " contains two radial singularities of F.

(c). d =4 and " contains three singularities of F, where two of them are radial.

Proof. The proof is based in the following fact : Let m be a radial singularity of F and C be a

curve such that m 2 C, the multiplicity of C at m is © and all irreducible components of C are
non-invariant for F. Then tang(F; C; m) _ °(°+1). In particular, if ® = 1 then tang(F;C; m) _ 2.

In fact, we cap,suppose that F is represented in a neighborhood of m by a vector eld of the
form X = R + i 2 X where R = x@g@—x + y@g@—y and X;j is homogeneous of degree j, in some
coordinate system such that x(m) = y(m) = 0. On the other hand, C has a local equation of the
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P
form £ =0, where f = fo +  ;_o fj, where fj is homogeneous of degree j and fo 6 0. It follows
that the Taylor series of X (f) at m is of the form :

> >
XM)y=ofe+ g = XMOi%T= (Gif) = [EXO . °C+1):

j=° j=°

Since tang(F; C; m) = [f; X(T)]m, we get the result.

Now, if ~ was non-invariant for F, then we would get from Jand3.1.3thatd j 1 =Tg: =
i 2+ tang(F;"), so that tang(F;") = d. Since tang(F;") = p2- tang(F; *;p), then any one of
the conditions in (a), (b) or (c¢), implies that tang(F; *) > d, a contradiction. ©

Proof of the 2" step. Since the singularities of Fo are non-degenerate and Fo has a rational
st integral, it follows that for any singularity po of Fo, there exists a local coordinate system
(U; (x;y)) around pg such that x(po) = y(po) = 0 and f(x;y) = xP=y9 is a " rst integral of Fojy.
In this case, Foju is represented by the di®erential equation ' = 0, where

(R) " =pydx jgxdy; p2N; g2 Z%and gcd(p;q) =1:

In particular, the singularity is of the type p : q. When g < 0, the st integral is holomorphic
and the singularity is reduced in the sense of Seidemberg, whereas when q > 0 the "rst integral is
meromorphic and the singularity is not reduced. According to the Corollary 3.2.6, the resolution
process for the family can be done as follows :

1. Reduce all singularities as in (R) with g > 0. This is done by a sequence of blowing-ups, say
©1:M ¥ CP(2). After this sequence of blowing-ups we consider the family of foliations on M,
(He := ©](Fe))esc-

2. If Ho has no contractible curve, then all elements of the family (He),z have only reduced
singularities, M = Mj and the family coincides with the family (G)4z, for some j 2 f1;2; 3g, up
to a biholomorphism ©,. If there is some contractible curve for Hg, then this curve is contractible
for all elements of the family (Lemma 3.2.5). After a sequence of blowing-downs which at each
step contracts a j 1-curve, contractible for all foliations in the pencil, we obtain a bimeromorphism
©xM 1 M and we get a pencil (HY := (©2)a(He))goz. By Lemma 3.2.20, this family is
biholomorphically equivalent to one of the families of types 1, 2 or 3. Therefore, we can suppose
that M? = M; and that (HY = G}) gz, for some j 2 f1;2; 3g.

We have concluded that © = ©; +©} 1, where ©; is a sequence of blowing-ups and ©; is, either
a biholomorphism, or a sequence of blowing-downs. Therefore, in order to conclude the 2" step,
it is enough to prove that after the sequence of blowing-ups ©,, the generic foliation He has no
contractible curve, so that ©, is an biholomorphism. To do this, we will describe the resolution
process of a singularity like in (R) with p;q > 0.
3.4.2 Remark. Note that the singularities of the foliations of types 1, 2 or 3 can be only of the
following types : 1: §2,1: §3,1: jd4orl: j6.
3.4.3 The resolution process of a singularity of the typep:q,1 - q - p, gcd(p;q) = 1. Let
Fo be a foliation on a surface N and mg 2 Ng be a singularity of type p : q. Denote by Y;:::; %,
the minimal sequence of blowing-ups necessary for the resolution of mg. The sequence is de ned
inductively in such a way that %;:N; ¥ N is the blowing-up at mg and %n+1:Np+1 ¥ Np, is the
blowing-up at some point m, 2 N, n =1;::;;r j 1. The composition %, * ::: + Y%y, will be denoted
by In. Note that §i1(m) is the union of n exceptional divisors, say DT;::;; DR. These divisors
are ordered inductively in such a way that D} = %f'(mo), DR = %il(mn;1) and DY; DY
are the strict transforms by %, of DJ'i?;:::; DQ?% respectively. In all steps of the resolution, the
point my, belongs to Dy and § is a biholomorphism between N n ([;L;D;i') and Nonfmgg. The
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foliation induced by the form ! = pydx j gxdy in a neighborhood of mg will be denoted by FQ
and the strict transform of 12(F9) by F{. Note that FJ' = %2(Fit) for all n = 1;:::;r. Let 1,
be a holomorphic 1-form representing F§' in a neighborhood of m,. The form I, in our case, can
always be written as in (R) in some coordinate system around my, so that it is of type pn : Qn,
Pn;dn => 0, gcd(pn;gn) = 1. On the other hand, the divisor DQI} is contained in the divisor of
zeroes of Y3 (1n) with some multiplicity, say 1, _ 1 (see 3.1.11). Let us see how the foliation
F&™* looks like in a neighborhood of the divisor D71, If we suppose that 1 - gn - pn, then we
have two possibilities :

(). pn = gn = 1. In this case my is a radial singularity of I, 3, = 2 and F(;‘*l is transverse to
DRY1. This is the last step of the resolution of mg, so that r = n + 1.

(11). 1 - g, <pn. In this case, the divisor D7 is invariant for F)™*, 1,, = 1 and D171 contains
two singularities, one of type pn : gn i Pn and the other of type dn : pn i Gn. Since gn < pn, the
singularity of type gn : pn i gn iS Non-reduced, so that we need more blowing-ups. The point My
will be this singularity. The singularity of type pn : gn i pn i reduced and in any other step of the
resolution j ., it will appear a singularity of the same type. From this process, we get the following
conclusions :

3.4.4 Remark. (a). m¢;1 is of the type 1: 1 and F{ is transverse to DJ, the last divisor which
appears in the resolution.

(b). If my is of the type pn : gn, then mp;1 is, either of the type [pn;pn + On], Or of the type
On : Pn +0n. In particular, my ;2 is of the type 2 : 1, the divisor Dy, ; has self-intersection j2 and
contains an unique singularity of F}, say P, which is of the type i2: 1. The Camacho-Sad index
of this singularity with respect to Dy, is I1(Fg; Dy;1;P) =

(c). If r _ 3 then the singularity m; 3 is, either of the type 3 2, or of the type 3 : 1. Moreover :
(c.1). If m¢;3 is of the type 3 : 1 then the divisor Df,, cuts Dy, but does not cut Df.

(c.2). If my;3 is of the type 3 : 2, then D , has self-intersection j3 and contains an unique
singularity of F{, say Q, such that I(F§; Dy, ,; Q) = i3. In this case, Dy cuts both divisors Dy,
and Dy, ;.

We leave the details of the proof of the above Remark for the reader. In gures 9.a and 9.b we
sketch the divisors which appear in the resolution of the typesp:1,p>1,andp:q,1<q<p,
respectively. Note that the last divisor which appears, Dy, is always transverse to Fj. Moreover,
[Df]? = i1, [Df;.)* = i2and [Df]* - i2ifk <r, in both cases. In the case p : 1 we have r = p,
[DF)? = iland [DP]J* = j2 forallk <p ("g. 9.a).

Observe that there are separatrices cutting the invariant divisors of the extremities of the reso-
lution, denoted by S; in gure 9.a and S;;S; in gure 9.b. The function xP=y9 is a ~rst integral
of the form ! = pydx j qxdy, and these separatrices correspond to the non-generic levels of the
pencil y9 j ¢:xP = 0, which are the axis fx = 0g in the case p : 1 and the two axis fx = 0g and
fy=0ginthecasep:qg,1<qg<p.

Consider the pencil (Fg)g,c in CP(2), as in the hypothesis of Theorem 2. Since it is non-
degenerate and equirreducible, we can suppose that that each non-reduced singularity, say mg, of
Fo is of the type p : g = p(mp) : q(mg) and is also a non-reduced singularity of F4 of the same
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type and with the same resolution process. From now on, we will assume that all non-reduced
singularities of Fo and F4 , were reduced, but we will ~x the singularity mg and we will keep the
notations for the foliations and exceptional divisors obtained along the resolution of this singularity.
In this way, ©; coincides with 3, in a neighborhood N, of DY [ ::: [ Df. We will denote by Fg
the strict transform of Fg in a neighborhood W of mg by §1:Nn ¥ W and by ¢, the divisor of
tangency between F§' and Fj .

3.4.5 Lemma. The following properties are true :

(a). Dy \ ¢, is a discrete subset of Dy. In particular, Fg and Fj are transverse in almost all
points of Dy.

(b). For all n 2 f0; :::; rg the divisor ¢, is invariant for both foliations, F}' and F} .

(c). The divisor of tangency €©(Fo;F1) % CP(2) is invariant for all foliations in the pencil
(F®)®26-

(d). ©y(Dy) is a smooth rational j1-curve in Mj. In particular, ©; is a biholomorphism in a
neighborhood of Df.

Proof. Let us prove (a). Suppose by contradiction that D} \ &, is not discrete. In this case, since
Dy \ ¢, is an analytic set, we must have Dy % ¢, and that F{ is tangent to F§ along Dy. Recall
that, at each step, ©, contracts only curves that are invariant for all foliations in the pencil at the
correspondent step. Since Dy is not invariant for F§, it can not be contracted to a point by ©,. It
follows that C := ©»(Dy) Y2 Mj is a curve and that ©; is a biholomorphism in a neighborhood of
almost all points of DF. Since F§ and F4 are tangent along DY, it follows that G} = (©,)a(F{)
and G = (©,).(FY) are tangent along C, so that C ¥ &(G};GJ, ) := &. On the other hand, we
have seen in Lemma 3.2.9 that ¢ is invariant for all foliations in the pencil (G)gz. This is a
contradiction, because C can not be invariant for G(J).

Since ¢ is invariant for all foliations in the pencil (G4)4.z and ©,, at each step, contracts only
curves that are invariant, we get that ¢, = ©} () \©151(W) (as a set) and that ¢, is invariant
for both foliations F§ and FX . It follows by induction, from the process of resolution of mg, that
¢, is invariant for all foliations of the pencil (Fg)q.z- Applying this argument for all non-reduced
singularities of Fg, we get that ¢ (Fo; F4) is invariant for all foliations in the pencil (Fg)g,s- This
proves (b) and (c).

Let us prove (d). Observe rst that there exists 2 C such that the curve Dy is invariant
for FX. In fact, x a point m 2 Df n¢". Since F§ and Fj are transverse at m, there exists
~ 2 C such that the leaf of F* through m is tangent to Df at m. Since F{ is transverse to Dy,
we get from 3.1.7 that Tg;:Df = (Dy 2 = 1. This is true for all ® 2 C such that Try = Trg,
so that if Try = Ter and Dy is not invariant for Fg, then Fg is transverse to Dy. Since F* is
tangent to Df at m, we conclude that, either Dy is invariant for F£, or Ter 6 TEr. Suppose that
Ter & Tep. We h seen in Remark 3.1.1 that Ter § Teg is an e®ective divisor, in this case, so
that Ter = Ty + E=1 Nnk:[Ck], where ny _ 1 and Cy is a divisor associated to some irreducible
curve on N, k = 1;:::;n. Note that each curve Cy is contained in ¢, so that Dy & Cy, for all k.
If D; was not invariant for F* then we would get from 3.1.7 that

X
iljtang(F";Dy) = Ter:Dy = Ter:Dy + ng:(Ck:DY) . il &
k=1
=) tang(F%;Df) - 0 =) tang(F5; D)) =0
and this would imply that F* would be transverse to Df, a contradiction. Now, since D is
invariant for F£, but not for Fj, it follows that C := ©,(Dy) must be invariant for Gi, but not for
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G(J;, so that C & €. This implies that C is ootr]:,Thls last assertion, follows from Lemma 3.2.9.
We have seen in Lemma 3.2.9 that ¢ = | _,( ;-, Ck:i), where each Cy;; is a rational curve
containing just one reduced singularity of Gl say Qk:j- Since C is connected, thesetL :=CncC isa
leaf of GI and CnL is an union of a certain number of singularities qx.; as above. These singularities
are reduced, so that C is smooth. We leave the details for the reader. Moreover, the Camacho-Sad
index of a singularity gx.; with respect to Cy.j is 1(GY; Cy:i; Qk:i) = Cﬁ;i 2Ti2; §3;i4;16g. This
implies that, if qk.; 2 C then I(Gi;C;qk;i) 2 T§1=2; §1=3; j1=4; j1=6g (see 3.1.9). The fact
that C is a rational curve implies that C can not be a leaf of Gi, so that it contains at least one

singularity qy.j. It follows from Camacho-Sad Theorem that C? = 1(G2;C) < 0. Since C? must
be integer, we get that C2 - j1. On the other hand, ©, is a sequence of blowing-downs and
C = ©,(DF) is smooth, so that C? _ (D)2 = j1. This implies that C> = j1. We conclude
©, can not contract any curve cutting DF, for otherwise C? > j1. This implies that ©, is a
biholomorphism in a neighborhood of D]. =

3.4.6 Lemma. If mg is a non-reduced singularity of typep:q,thenp:qg2f1:1;2:1;3:2g.
Moreover, ©; is a biholomorphism in a neighborhood of © L(mo).

Proof. Let us suppose that 1 - g < p. Consider the resolution of mg, sketched in one of the
~gures 9.a or 9.b. In any case, the divisor D{ cuts the divisor D, and if 2 - g < p then Dy
cuts another divisor, which we will call Dﬁl, ki <r j 1. We have also that (D{il)2 = j2. Let
ri1 = Jl, Djrz; n Djrs be the maximal chain of divisors contained in the resolution of mg, such
that Drl\Drl+ ;,forl -1 -sj1,and Djri 6 Dy forall i =1;::s. If2 - g <p, then consider
also the analogous chain Drl; nn D{t such that D{i & Dy and D{(i \ D{(i+1 6;forl-1-tjl,
where s+t =r j 1. By convention we will set t =0 if 1 =q <p. Setalso J = Dj, [:: [ Dj,
and K = Dy, [::: [ Dy, (if t > 0). Since ©; is holomorphic, only contracts invariant curves and
J % ¢, we must have that ©,(J) is connected and ©,(J) 2 ¢ = ¢(Gp; G4). Hence ©,(J) must
be contained in some connected component of ¢. Since the connected components of ¢ are the
curves C-i, 1 - " -3,i>0, which are also irreducible components, we get that ©,(J) ¥ C-,; for
some ~ =1;2;3 and i > 0. Since Dy \ Dy, & ;, the curve Dy;, = Dj, can not be contracted by
©,, by (d) of Lemma 3.4.5. This implies that ©,(J) = C-.j. We assert that s=1,0,(Df;,) =
and that ©, is a biholomorphism in a neighborhood of D{i 1

In fact, suppose by contradiction that s > 1. This implies that all divisors Dj,;:::;; Dj_ are
contracted by ©,. Let us follow the process of contractions of these curves in ©,, step by step. In
each step only j 1-curves can be contracted, so that the " rst curve to be contracted in the chain J
must cut some curve that was contracted before, because (Djri)2 - j2foralli=1;::;s. Thiscurve
can only be D£, because this curve is the unique one in J which cuts the closure of some leaf outside
the chain : the leaf containing the separatrix S;. For simplicity we will use the same notation for the
curves that was not contracted after some step. Just after contracting the j1-curve that contains
Si, the divisor D{ becomes a j 1-curve containg one or two reduced singularities and the divisors
Djrl; i Dr remain with same self-intersection. After the contraction of Dr the unique divisor
that can be contracted is DJr , because the others don't change the self- |ntersect|on Proceding in
this argument, we see that the Iast divisor to be contracted in J is Dj, and before its contraction it
cuts Dy, ; transversely in just one point, which is a reduced singularity of the transformed foliation.
This implies that, after the contraction of Djrz, the self-intersection of Dy i1 increases of +1, so that
Dy, 1 becomes a j 1-curve. But this implies that after this step, Dy, can be contracted, which is
a contradiction. Therefore, we conclude that s = 1. This implies already that if 1 = g < p then
p:gq=2:1 Moreover, ©, does not contract any invariant curve that meets Df.,. This implies
that ©; is a biholomorphism in a neighborhood of Dy [ Dy, ;. Set ©(Dy,,) = C-;; := Cy.
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Suppose now that t > 0 and K & ;. Observe that, in this case, D; = Dy;, and Dy, , has
self-intersection j3. This fact follows from (c) of Remark 3.4.4 and the fact that s = 1. By an
argument analogous to the above one, we get that ©,(K) = Cy.j, an irreducible component of ¢.
Moreover, D{(l is not contracted by ©;, and, if t > 1 then, all divisors Drz; nn D{(t are contracted
by ©,. Following the contractions step by step, as before, we get that these divisors are contracted
in the order Dy ; Dy ;= Dy,. When we contract Dy, then the self-intersection of Dy increases
by one, so that it becomes j2. We conclude that ©,(K) = ©2(D§1) = Ck:i, Cﬁ;i = j2 and Cy;
contains just one singularity of G}, say Q, such that 1(Go; Cy:i; Q) = j2. Let us prove that this is
impossible. Set ©,(Dy,) = Ca.

We have seen that there exists ~ 2 C such that Dy is invariant for F*. This implies that
C = ©y(Dy) is invariant for GL. Hence G! has an invariant set which consists of a chain of three
smooth rational curves L = C; [ C [ C, and sing(Gi) \ L = fP;Qg, where P = C\ C; and
Q = C \ C; are reduced singularities, so that Z(Gi;C) = 2. Since G(’; is transverse to C, we get
that TGg:C =C?j tang(Gj ;C) = 1. On the other hand, the fact that TGg =Tgi and 3.1.8 imply
that j1=T.:C =X(C) i Z(Gi; C) =2 j 2 =0, acontradiction. This contradiction implies that

t =1 and that there is no j1-curve contracted by ©, meeting C,. Therefore, p:q=3:2 and ©,
is a biholomorphism in a neighborhood of C; [C [ C,. ®©

3.4.7 Corollary. Let mg;:::;mg be the non-reduced singularities of the pencil (Fg)goz. Then
m; is of the type p; : g; for the generic foliation of the pencil, where p; : q; :2 f1:1;2:1;3: 2g.
Moreover, ©, is a biholomorphism.

Proof. The st part follows directly from Lemma 3.4.6. It follows also from Lemma 3.4.6 that,
©; is a biholomorphism in a neighborhood of ©} Y¥my;::; meg. This implies that, if ©, contracts
some jl-curve, say D, then D \©1i 1fm1;:::;mkg = ;. Since ©; is a biholomorphism outside
o 1¥ma; :;; meg, we obtain that ©,(D) is a smooth j 1-curve in CP(2), which is not possible. =

The next result will be used in the proof of the 3" step.

3.4.8 Lemma. Let mg be a non-reduced singularity of Fo of typep:q2 f1:1;2:1;3:2g. Let
ff = 0g be an equation of the germ of ¢, at mg and °y be the multiplicity of  at mp. Then there
exists a local coordinate system (X;y) at mg where Fq is represented by a linear vector eld and
(@). Ifp:g=1:1then 9% =3 and f(x;y) = xy(y i X):u(x;y), where u(0;0) & 0.
(D). If p:g=2:1then% =2 and f(x;y) = y(y i x2):u(x;y), where u(0;0) & 0.
(©). If p:q=13:2then 9 =2 and f(x;y) = (y? i x3):u(x;y), where u(0;0) & 0.

In particular, if sing(¢o) denotes the singular set of ¢ then, sing(¢o) coincides with the set
of non-reduced singularities of Fe, for a generic ® 2 C.

Proof. Keeping the notation of Lemma 3.4.5, denote by ¢ the strict transform of ¢, by Y.
Note that %2, ,(¢n) = ¢, + ©,:DNT1, where ©, is the multiplicity of ¢,, at m,. On the other
hand, it follows from 3.1.11 that

Tene =¥a(Tép) i (*n i 10737 and Nege =% (Neg) § 2niDRiT =D

(13) Cn+1 =%a(Cn) 1 (2% i DRI = €% + (On i 2%, + 1)DNTT

Recall that 1,;1 = 2, whereas 1, = 1if1 - n<r j 1l Ifn=rj1then % (¢;1) = ¢°ri1,
because F§ and FY are not tangent along Dy. This implies that ©,;1 = 2:2 j 1 = 3. On the other
hand, after the resolution ©, all components of ¢ are smooth rational curves with multiplicity one
(Lemma 3.2.9). Since the resolution !, coincides with © in a neighborhood W of ©11(mg), we
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get that W \ ¢ = W \ ¢, and all the components of this curve must have multiplicity one. Let
(x;y) be a local coordinate system where Fq is represented by the vector eld X = qx@g@—X + py@g@—y.
Note that g(x;y) = y9=xP is a local rst integral of X and that the germ of the components of ¢
at mg are level curves of g.

Consider the case p: ¢ = 1: 1. In this case, r = 1 and ¥%j(¢o) = ¢Y, so that °, = 3. Since
the components of ¢y have multiplicity one, it follows that ¢ has three branches passing through
mo, which are level curves of g = y=x. Hence, after a linear change of variables we can suppose
that f is like in (a). Whenp:g=2:1orp:q=3:2, we have r =2 or r = 3, respectively, and
after the ~rst blowing-up we get that ¢; = ¢} + (9, j 1):D1. Since D} is the strict transform of
D1 at the "nal step of the resolution and Df has multiplicity one in &, in both cases, we get that
%y = 2. In particular, ¢; = ¢ + D1 If p:qg=2:1, then my is a singularity of type 1 : 1 for
F&, so that ©; = 3. Hence, the multiplicity of ¢} at m; is two and its germ consists of two curves
meeting transversely at m;. This implies that the germ of €, at mg consists of two tangent curves
meeting at mg, so that after a linear change of coordinates, we can suppose that T is like in (b).
If p: q=3:2 then, after the rst blowing-up, the singularity m; is of the type 2 : 1 and, by the
previous argument, the germ of ¢ at m; contains two tangent branches, where one of them is D}.
When we blow-down the other branch, we obtain a cuspidal curve like in (c).

Let us prove the last assertion. Let N be the set of non-reduced singularities of Fg. It follows
from (@), (b) and (c) that sing(¢y) % N. On the other hand, if m 2 sing(¢,) then m must be a
singularity of any Fg in the pencil. This singularity must be non-reduced, for otherwise after the
resolution process the set ¢ would have singularities, which is not the case. =

Proof of the 3" step. Since ©, is a biholomorphism, we can suppose that the resolution of the
pencil is a sequence of blowing-ups ©: M; ¥ CP(2) and ©°(Fg) = G, for all ® 2 C. We have seen
that the divisors of tangencies ¢(Fp; F1) := ¢, and (1:((3J Gl :=¢are llgvarlant for all foliations
in thel,genclli:f> (Fe)eoz and Q = (Gd)q.z, respectively. Let €o = ,_; ni:Bj, n; >0, and
k=1( i=0Ck:i) be the decompositions of these divisors in irreducible components (see
Lemma 3.2.9). Note that, if we consider ¢ and ¢, as sets, then ©(¢) = €,. This implies the
following facts :
(i). Forany (k;i), k =1;2;3, i >0, either ©(Cy.;j) = By, for some r 2 f1;:::; "g, or © contracts C:;
and ©(Cy.j) is a point. Moreover, if ©(Cy.j) = By, then r 2 f1;:::; g is unique and n. = 1. This
is a consequence of tt]g.,fact that © is a biholomorphism outside the set of curves that it contracts.
It follows that ¢ = ,_; Bj. Since r is unique, we will use the notation Cy;; := C,.
(ii). If©(C,) = By, then B, contains an unique singularity g,(®) such thatthemap® 2 C A ¢,(®)
is a regular parametrization of B,. In fact, if C, = Cy.;, then we have seen that Cy.; contains an
unique singularity qy.;(®) such that the map ® 2 C @ qx.;(®) 2 Cy;; is a regular parametrization
of Cy.j. If we set q,(®) = ©O(0k:i(®)), then ® A q,(®) is a regular parametrization of B,. We will
say that ® 2 C is generic, if for all r 2 f1;:::; “g the point g, (®) 2 B, nsing(¢o).
(iit). © contracts only curves that are contalned in ¢ and sing(®y) coincides with the set of
non-reduced singularities of Fg.
(iv). If ® 2 C is generic then, for all r 2 f1;:::; g, q,-(®) is a non-degenerate singularity of the
type 1 :C2 2 fl: j21: §3;1: j4,1: j6g. This follows from (iii) and the fact that © is a
biholomorphism in a neighborhood of gki(®), if ©(qk:i(®)) = q,-(®) and ® is generic.

If ® 2 C is generic, then all the singularities of Fg are non-degenerate. Moreover, it follows from
Lemma 3.4.6 and (iv) that they are of one of the types : 1:1,2:1,3:2,1:§2,1:§3,1: j4,
1: 6. Will use the notations rq, ry, r3, Sy, S3, S4 and sg for the number of the singularities of
thetypes1:1,2:1,3:1,1:§2,1:§3,1: j4and1: j6, respectively, of the generic foliations
of the pencil (Fe)g,z. Similarly, we will use the notations s, s3, s and s§ for the number of
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singularities of the types 1 : §2,1: §3,1: j4and 1: j6, respectively, of the foliations in the
pencil (G})qoc-

3.4.9 Lemma_The numbers d, ~, rq;:::; sg and s%; :::;s% satisfy the following relations :

(@). 2d+1=;_,dg(Bi) =dg(¢o).

(b) Sy +S3+S,+55=".

(C). s+ ra+r3 =58}, s3+r3=s} s, =s} and sg = s¢.

(d). ri+rp+r3+s,+S3+5S;,+Sg =d?+d+ 1.

(©). 4r1+ 3+ 213§ 35, i 353§ 354 i 256 = (d+2)°.

Proof. Relation (a) follows from [€o] = TE_+Ng, = (2d+1)H, where H is the divisor associated
to a hyperplane in CP(2) (see 3.1.10 and 3.1.5). Relation (b) follows from (ii) and (iv). We get
(c) from the process of resolution of the singularities of the types 2 : 1 and 3 : 2. Each singularity
of the type 3 : 2 gives origin, after the resolution, to two singularities, one of the type 1: j2 and
the other of the type 1 : §3. On the other hand, each singularity of the type 2 : 1 gives origin,
after the resolution, to just one singularity of the type 1: j2. This implies that s, + rp + rz = s}
and sz + rz = s3. Since these resolutions do not create any singularity of one of the types 1: j4
or 1: j6, we get the other relations in (c). Relation (d) follows from 3.1.6. Finally, relation (e)
is a consequence of Baum-Bott Theorem (cf. [B-B] and [Br-2]). We will state this result in the
particular case in which all singularities of the foliation are non-degenerate. Given a foliation H
on a compact surface M, with non-degenerate singularities, say p1;:::;pn, de ne

L (tr(DX(py))?
BB(H:PI) = “5etOX (p5)

where X is a holomorphic vector —eld which represents H in a neighborhood of p;, j = 1;:::;n.

Theorem (Baum-Bott). In the above situation-we have that J’.’leB(H;pj) = N3. In

particular, if M = CP(2) and H has degree d, then ?:1 BB(H;pj) = (d + 2)2.

In the case of a singularity p; of the type p : g we have that BB(H; p;) = % If we apply
this result in the case of a generic foliation in the pencil (Fe)g,z then we get (e). ©

Next, we will consider all possible cases for the pencil (Gg'@)®25. The strategy in any case, will be
to prove that the divisor of tangencies &g of the pencil P coincides with the divisor of tangencies of
one of the pencils of x2.2, 2.3 or 2.4, modulo an automorphism CP(2). This implies the Theorem,
because if the divisor of tangencies of two pencils coincide then the pencils are equivalent, as the
reader can check.

3.4.10 The pencil is bimeromorphically equivalent to the family of type 1 (j=1). Let
us prove that the pencil (F),,¢ is equivalent to the pencil (F*%),,z of x2.2. In this case, all
the members of the pencil (G3)g,z have nine singularities, all of them of the type 1 : i3 (see
7g. la). Hence, s} = s} =sl =0and sy =9 Itfollows from (c) of Lemma 3.4.9 that

So=S3=8 =r,=rz=0and s3 =9, sothat ~ =9, by (b). On the other hand, (a) implies that
2d+1= ?:1 dg(Bi) . 9, and so d _ 4. Therefore, d = 4, by the 15t step, and dg(B;) = 1 for
all i =1;:::;9. In particular, ¢y contains nine straight lines, all of them with multiplicity one. It

follows from (d) that ry +s; = d? +d+1 =21, and so r; = 12. Let P := fmy; ::;; my,g be the set
of singularities of the type 1: 1 and L := By, :::; Bog. The idea is to consider the con guration of
lines and points (L;P) and prove that it satis es the following properties :

(1). Each line of L contains four points of P.

(11). Each point of P belongs to three lines of L.

(111). If three points of P are not in the same line of L, then the points are not aligned.
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The rest of the proof is based in Proposition 1 of [LN]. Proposition 1 of [LN] says that, if
a con guration as above satis es (1), (I11) and (I11), then there exists an automorphism T of
CP(2) such that the lines in T(P) are the lines de ned by (Y2 § X3)(Z%j Y3)(X3 i Z3) =0, in
homogeneous coordinates. On the other hand, the divisor of tangencies of the pencil (F@)g.z iS
also (Y3 § X3)(Z3 i Y3)(X3 i Z3) =0, so that this pencil is equivalent to (Fg)goz-

Let us prove (1), (11) and (111). Assertion (1) follows from 3.1.8 : if Fg is a generic foliation
in the pencil and B; 2 L, then

dil=Tg,:Bi=X(Bi)iZ(Fe;Bi) =) Z(Fe;Bi)=5;

so that B; contains ve singularities of Fg. Since only one of these singularities is of the type
1: 3, the other fomi:;'nust be of the type 1: 1. Assertion (11) follows from Lemma 3.4.8 : the
multiplicity of €9 = ;_; Bj at m; is three, for all j = 1;:::;12. Hence, each m; belongs to the
intersection of three lines of L. Finally, assertion (I111) follows from Lemma 3.4.1 : if m;,; m;,; mj,
belong to the same line, say B, then B must be invariant for any Fg such that m;,, m;, and m;,
are radial singularities. Hence B 2 L. This ends the proof of this case. ©

3.4.11 The pencil is bimeromorphically equivalent to the family of type 2 (j=2). We
will prove in this case that, either d = 2 and P is equivalent to the pencil (F3)q.z of x2.3, or d = 3
and P is equivalent to the pencil (F3)g.z Of X2.3. Note that for a foliation GZ we have s} = 5,
si =4, s} =0and s} = 1. From (c) of Lemma 3.4.9 we get the following relations : s;+r,+rz =5,
s3+r3=4,s,=0andsg =1. In particular, s3 =4 jrzand s, =5 j ry j r3. If we substitute
these relations in (d) and (&), we obtain that r; j r3 = d?+d j 9 and 4ry +5r, +6r; = d*>+4d+16,
which implies that 5(ry + r, + r3) = 2d? + 5d + 7, and so 5 divides 2d? + 5d + 7. As the reader
can check, if d 2 12; 3; 4g, this is possible only for d 2 2;3g. Moreover, if d = 2 then we get that
rn+ro+ry3=5and - =s, +s3+5s5 = 2, whereas if d = 3 then we get r; +r, +r3 = 8 and
T =35, + 53+ 55 =5.

3.4.12 The case d = 2. In this case, dg(€p) = 5. We assert that r; = 0. In fact, suppose by
contradiction that for a generic ® 2 C the foliation Fe has a radial singularity, say m. It follows
from (a) of Lemma 3.4.1 that for any other singularity, say q, of Fe, the straight line L(m;q),
which joins m to q is invariant for Fg. On the other hand, since = = 2, ¢ contains exactly two
irreducible components, say B; and B,. For each j = 1;2, the component B; does not change with
the parameter and contains an unique singularity g; (®) such that ® A @;(®) 2 Bj is a regular
parametrization of B;. Since L(m;q;(®)) is invariant for Fg, we have two possibilities : either the
line L(m; q;(®)) does not change with parameter, or it changes. In the rst case, we must have
B;j ~ L(m;q; (®)), whereas in the second, the foliation Fe has an algebraic invariant curve outside
¢o. We assert that the second possibility can not happen. In fact, if L(m;q;(®)) is an algebraic
invariant curve outside ¢o, then ©i1(L(m;q;(®))) is an algebraic invariant curve for G}, outside
¢. It follows from (iv) of Lemma 3.2.18 that G} has a “rst integral, so that ® 2 E(Q?). But this
implies that E(QZ) = C, a contradiction. From this, we get that B; and B» are straight lines, and
so dg(¢p) = 2, which is a contradiction. This proves that ry = 0.

It follows from r;y = 0 and Lemma 3.4.9 that: r, =2, s, =0, r3 =3 and s3 = sg = 1. Since
dg(¢o) = 5, we have two possibilities for the components B; and B, of ¢ : if dg(B1) - dg(B.)
then, either dg(B1) = 1 and dg(B2) = 4, or dg(B1) = 2 and dg(By) = 3. Let us exclude
the second possibility. Suppose by contradiction that dg(B1) = 2. This implies that B; is a
smooth conic, so that it contains four singularities of Fg, for a generic ® 2 C, by 3.1.8. One
of these singularities is q1(®), which is of one the types 1 : j3 or 1 : j6. The other three,
say mj;my; mz, are of one the types 2 : 1 or 3 : 2. Let us apply Camacho-Sad Theorem : we
have 1(Fe;B1;0:1(®)) 2 f§3;i69 and I(Fe;B1;m;) 2 2;1=2;2=3;3=2g, because the tangent
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ii_.l,l’eCtIOI”l of By at each m; corres nds to a local separatrix of this singularity. Since 4 = B?

42B: I (Fe;B1;q), we get that j—l I(Fe;B1;mj) = 4 j 1(Fe;B1;0:(®)) 2 f1; j29. On the
other hand, le I(Fe; B1;mj) . 3=2, which is a contradiction. Therefore, dg(B;) = 1 and

dg(B2) = 4.

Let us analyse the singularities of Fg in the straight line B1, by using Camacho-Sad Theorem.
Observe ~rst that B; contains three singularities, by 3.1.8. One of these singularities is q(®).
Call m; and my, the other two. We assert that, for a generic ®, q1(®) is of the type 1: § 3 and m;,
m, are of the type 2 : 1. In fact, consider the Camacho-Sad indexes lg := I (Fg; B1;0:1(®)) and
I; == 1(Fe;B1;m;j). Wehavethat Ig 2 T§3; 69, Ij 2 12;1=2;2=3;3=2g and leg+1:+ 1> = Bf =1,
sothat I;+1, =1 j lg. Sincel; +1, - 4, wegetthatlg _ §3,s0thatleg = j3and I, =1, =2,
as the reader can check. This implies that q;(®) is of the type 1: j3 and m; and m; are of the
type 2 : 1. Moreover, Fg has four singularities outside B;, one of the type 1: j6 and three of the
type 3 : 2. The curve B, must contain these singularities and also the points in B, \ B;, which
are also singularities of Fg. Since q1(®) changes with the parameters, for a generic ®, B, does
not contain g;(®). This implies that B, \ By % fm1; m,g. On the other hand, (b) Lemma 3.4.8
implies that the germ of €y at m; contains two smooth tangent branches. Hence, B is a quartic
tangent to B; at m; and m,. Let m3, my and ms be the non-reduced singularities of Fg, outside
B;. These singularities are of the type 3 : 2 and must be contained in B,. It follows from (c) of
Lemma 3.4.8 that these points are cuspidal singularities of B,. Therefore, B, is a quartic with
three cuspidal singularities and tangent to B; at m; and m,. Note that three di®erent points in
the set fmy; :::; msg, are not aligned, for otherwise the line containing them would be a component
of ¢p, which can not happen.

Choose a homogeneous coordinate system [x : y . z] such that B; is the line z = 0 and mg,
m, and ms are the points, [0 : 0 : 1], [1=2 : : 1] and [1=2 : j1=2 : 1], respectively. As
the reader can check, in the aine coordinate system z = 1, the quartic B, is then given by
4y?(1 j 3x) j 4x3 + (3x? +y?)2 = 0. This ~nishes the proof in this case, because the divisor of
tangencies of the pencil (F3)q¢ is also given by these curves (see x2.3). ©

3.4.13 The case d = 3. We will consider the following situation : let F be a foliation on CP(2)
of degree three with three non-aligned radial singularities, say mi; my;ms. Let “j; be the straight
line joining m; and m;, 1 - i <j - 3. Consider the Cremona transformation =:CP(2) ¥ CP(2)
de ned by blowing-up at the points my; m; mz and blowing-down the strict transforms of the lines
Yijp 1 - 1<]j - 3,asin gure 4. Set G = 2=,(F). We have the following result :

3.4.14 Lemma. The foliation G has degree two. Moreover, the singularities of G are non-
degenerate if, and only if, the singularities of F are non-degenerate.

Proof. Note rst that the lines “j; are invariant for F ( (b) of Lemma 3.4.1). Since m1, my
and m3 are not aligned, we can choose a homogeneous coordinate system [x : y : z] such that
m;=[0:0:1, my=[0:1:0and mg =[1:0:0], so that 1, = fx = 0g, 13 = fy = 0g and
“23 = fz = 0g. In this coordinate system, we have &[x :y : z] = [y:z : x:z : x:y]. Since the lines
Tx = 0g, fy = 0g and fz = Og are invariant and [0 : O : 1] is a radial singularity of F, this foliation
can be represented in the a+ne coordinate system fz = 1g, by a polynomial vector eld X of the
form

X(xy) = x(L+Ox + Ty + Pz<x;y))@@—x Fy(L+ox 2y + Qz<x;y))@@—y

where ®; ;°;+ 2 C and P5;Q, are homogeneous polynomials of degree two. The fact that [0 :
1:0]and [1: 0 : Q] are radial singularities of F, is equivalent to P,(0;1) = Q2(1;0) = 0 and
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P2(1;0):Q2(0;1) & 0, as the reader can check. Hence, we can suppose that
X(x;y) = x(1+@®x+"y+Ax% + Bxy)g—x +y(l+°x++y +Cxy + Dyz)((ib(c’b—y :

where A:D & 0. Now, in this coordinate system, we have &(x;y) = (1=x; 1=y) = (u;Vv), so that, if
Y (u;v) = juvi,(X), then

@
ou
and Y represents G in the axne coordinate system (u;u) = [u : v : 1]. This implies that G has
degree two, because the homogeneous part of degree three of Y is u:v(u@@—u + v@g@—v) (see [LN 1]).
Note that the point n; := [0 : 0 : 1] is a singularity of G. Similarly, the points n, := [0 : 1 : Q]
and nz := [1: 0 : Q] are singularities of G. On the other hand, if the singularities of F are non-
degenerate, then each line “j; contains four singularities, so that there are nine singularities in
[ij ij and 4 = 13 § 9 singularities of F in CP(2) n [ "ij, because the total number of singularities
is 13 = 3%+ 3+ 1 (see 3.1.6). Since = is a biholomorphism outside [j; ij, G must have four non-
degenerate singularities in 2(CP(2)n[;; i) ¥2 CP(2)nfny;ny; n3g. Hence, G has seven singularities,
so that they must be non-degenerate, because 7 = 22 + 2 + 1. We leave the proof of the converse
for the reader. =

The idea of the proof is the following : we will prove that, for a generic ® 2 C, Fg has three
radial singularities, say m;, my and mg, which are not aligned. If 2 is as in Lemma 3.4.14, then
the pencil (He := ©u(Fae))eoc Satis es the hypothesis of the case of degree two. Therefore, we
can suppose that He = F3, for every ® 2 C. The result then follows from the fact that the pencil
(F3)eoz is obtained from the pencil (F3),.z by a Cremona transformation, as was showed in x2.3
(see also x2.3 of [LN]). Let us prove the existence of the radial singularities my, m,, ms.

We have seen before that dg(¢o) = 7, r1 +r, +rz3 =8,s4 =0, =1, s, +s3 =4 and
T =s,+s3+5g = 5. In particular, since ¢y has ve irreducible components, at least three of them,
say B;, B, and Bg, are straight lines. Observe that r; _ 3. This follows from s, +rp+r3 =s} =5
((c) of Lemma 3.4.9) and ry +r, +r3 = 8, so that r; = s, +3 and r; _ 3. We assert that
r1 = 3. In fact, suppose by contradiction that r; > 3 and let my;:::;; m4 be four radial singularities
of Fg. Let us prove that at least three of them are not aligned. Suppose by contradiction that
they are aligned. Note that the line which contains these singularities is invariant for all foliations
in the pencil, and so we can suppose that my;::;;my 2 B;. Since Z(Fe; B1) =4, by 3.1.8, we get
that sing(Fe) \ B; = fmjy; ::;; mug. But, this is impossible, by Camacho-Sad Theorem, because
I(Fe;B1;mj) =1, j =1;::54, and Bf = 1. Hence, three of the singularities are not aligned. In
this case, by the previous argument, the pencil (Fe)q.,z is equivalent to the pencil (F3)q.z. Since
the generic foliations in this pencil have three radial singularities, we get r; = 3.

Now, r; = 3 and the system of equations in Lemma 3.4.9 gives, r, =5,r3 =0,5, =54 =0,83 =
4 and s = 1. We leave this computation for the reader. Let us prove that the radial singularities,
mjy, my and mg, are not aligned. Suppose by contradiction that they are aligned. Since the line
that contains them is contained in ¢y (Lemma 3.4.1), we can suppose that mi; my; mz 2 B;. On
the other hand, I := I(Fe; By, rrib) = 1, for a generic ®, so that by Camacho-Sad Theorem, we
must have 1 (Fe;B1;01(®)) =1 j le I; = i2. This implies that q,(®) is of the type 1: 2, and
so s > 0, a contradiction with s, = 0. Hence my, m, and mz are not aligned. This ~nishes the
proof of this case. ©

3.4.15 The pencil is bimeromorphically equivalent to the family of type 3 (j=3). We
will prove that the pencil (Fe)qz is equivalent to the pencil (F3')q.z of x2.4. First of all, let

g

Y (u;v) = (Bu+Av +@®uv + u?+u?v)— + (Du+ Cv + °vZ + tuv + uvz)@—V
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us prove that d =3, rp =3, r, =5, r3 =s3 =sg =0, s, =1and s; = 4, in this case. For
the pencil of type 3, we have s} =6, s =sl =0and s} =4 (see "g. 1.c). It follows from (c)
of Lemma 3.4.9 that s, +r, = 6, S3 = Sg = rz3 = 0 and s, = 4. If we substitute these values in
(d) and (e) of Lemma 3.4.9, we get ry = d® +d j 9 and 4ry + 31, j 35, = d? +4d + 13, so that
9ry j S2 = j6d2 +98. This last relation, together with r, + s, = 6, gives 5s, = 3d? j 22 > 0, and
so 3 - d - 4. Since 5 divides 3d? j 22, we get that d = 3 and s, = 1. This implies that r; = 3,
r, =5, r3 =s3 =sg =0 and s, = 4, as the reader can check. In particular, there is no pencil of
degree two bimeromorphically equivalent to the pencil of type 3. Moreover, since ~ = s, +54 =5,
¢, has ve irreducible components. Let us denote by m;; m,; m3 the three radial singularities, by
Mmg; :::; mg the ve singularities of the type 2 : 1 and by By;::;; Bs the ve irreducible components
of €. Set P = fmgq;::;;mgg and L = TB4;:::; Bsg. We choose the order By;:::; Bs in such a way
that dg(Bj) - dg(Bj+1), 1 - j - 4. Recall that for a generic ® 2 C and for each j = 1;::;;5, B;j
contains a reduced singularity g; (®), such that ® @ q; (®) 2 Bj is a regular parametrization of Bj.
We will see before, that we can suppose that q;(®) is of the type 1: j2 and that g;(®) is of the
type 1: j4 for j _ 2. We assert that the con guration of points and curves (P; L) satis es the
following properties :

(1). B1; By; B3 are straight lines and B,4; Bs are conics. Moreover, each line contains four singu-
larities and each conic contains six singularities of Fg, for a generic ® 2 C.

(1. my;my;mg 2 By and ; & B; \ B, \ Bg % fmg; my; mgg, so that we can suppose that
B1 \ B, \ B3 = fmg. In particular, sing(Fe) \ B1 = fq1(®); my; my,; msg.

(111). Besides my, B, (resp. B3) contains two singularities of the type 2 : 1, so that we can suppose
that sing(Fg) \ B2 = f02(®); my; my; msg (resp. sing(Fe) \ B3 = fq3(®); m1; mg; m7Q).

(IV). The lines B, and B3 are tangent to the conics B, and Bs. Moreover, we can order the
points my;::;;m7 in such a way that B, \ By = fm4g, B> \ Bs = fmsg, B3 \ B, = fmgg and
Bz \ Bs = fm7g

(V). B4 \ Bs = fmy; m3z;mgg, where mg is a point of tangency and B,4;Bs are transverse
at my; mz. In particular, sing(Fg) \ By = fg4(®); my; m3; my; ms; mgg and sing(Fe) \ Bs =
f94(®); m2; m3; mg; m7; Mgg.

Observe " rst that dg(B;) = dg(B,) = dg(B3) = 1 and that,lJ_e,ither dg(B4) = dg(Bs) = 2, or
dg(B4) = 1and dg(Bs) = 3. Thisfollows from dg(¢o) =7, ¢o = ?:1 Bj and dg(Bj) - dg(Bj+1),
as the reader can check. Note also that m;, m, and mg, are aligned, for otherwise the pencil would
be bimeromorphically equivalent to an elliptic, non-degenerate, exceptional pencil of degree two
(by Lemma 3.4.14), which is not possible. The straight line that contains mi; m,; ms is invariant
for every foliation Fg, so that it is contained in €p, by Lemma 3.4.1, and we can suppose that
this line is B;. By 3.1.8, each line contains four singularities of Fg, for a generic ®. On the other
hand, Camacho-Sad Theorem implies that q,(®) is of the type 1 : j2 : since I (Fe;B1;m;) = 1,
J =1;2;3, we get that 1 = I (Fe; B1;01(®)) + 3, so that | (Fe;B1;91(®)) = i2 and g1(®) is of the
type 1: j2. Since s =1 and s4 = 4, we get that g; (®) is of the type 1: j4, j =2;3;4,5. Let us
prove that dg(B4) = dg(Bs) = 2.

Suppose by contradiction that dg(Bs) = 1 and dg(Bs) = 3. Consider a straight line B;j,
J . 2, and set sing(Fe) \ Bj = 10;(®); my,; my,; my,g. Observe that I (Fe;B2;q;(®)) = i4 and
li ;= 1(Fe;B2;my;) 2 11, 2;1=2g, i = 1, 2; 3. If we choose ki; ko; ks insuchaway that1; - 1> - I3,
then we get I, = 1 and I, = I3 = 2, as the reader can check by using Camacho-Sad Theorem.
Hence, my, and my, are of the type 2 : 1. It follows from (b) of Lemma 3.4.8 that the curve Bs,
which is the unique component of degree > 1 of €y, must be tangent to B; at the points my, and
My,. This implies that B;:Bs _ 4. But, B;j:Bs = 3, because dg(Bj) = 1 and dg(Bs) = 3. This
contradiction implies that dg(B4) = dg(Bs) = 2. Note that we have proved also that B;, j = 2;3,
contains one singularity of the type 1: 1 and two of the type 2: 1.
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Now, we have two possibilities, either By \ B, \ B3 & ;, or By \ B, \ B3 = ;. Suppose by
contradiction that B;\B>\B3 = ;. In this case, Bo\Bg3 is one of the points m;, 4 - j - 8, because
my; my; mz 2 B1. This implies that B, and B3 meet transversely at m; and this contradicts the
fact that the germ of € consists of two tangent branches ((b) of Lemma 3.4.8). Hence, B1\B,\B3
consists of one radial singularity, and so we can suppose that B; \ B, \ B3 = fm;g. Note that
m; & B4 [ Bs, because the germ of ¢ at m; contains exactly three di®erent branches ((a) of
Lemma 3.4.8), and these branches are contained in B; [ B, [ Bs.

We can chose the order mj, 4 - j - 8, in such a way that sing(Fe) \ B2 = fg2(®); m1; ms; msg
and sing(Fe) \ B3 = fg3(®); my; me; m7g. Since m; B, [ Bs and sing(€o) = fmg;:::; mgg,
we get that B4 \ B, Y2 fmy; msg. Note that the germ of ¢, at m, and ms contains two tangent
branches at each one of these points, because they are of the type 2 : 1. This implies that B4 \ B>
contains just one of these points, because otherwise we would have B,:B, _ 4, whereas B,:B4 = 2.
Hence, we can suppose that B, \ B, = fm4g and B, is tangent to B, at m4. Analogously, we can
suppose that Bz \ B, = fmgg and By, is tangent to B3 at mg. This implies that B, is a conic
tangent to the two lines B, and B3 at m4 and mg, respectively. Similarly, Bs is a conic tangent to
the lines B, and Bg at the points ms and my, respectively. Note that mg 2 B4\ Bs. Since mg is of
the type 2 : 1, B, and Bs are tangent at mg, by (b) of Lemma 3.4.8. On the other hand, B4:Bs = 4
and [Ba4; Bs]m, = 2, so that B, \ Bs must contain two other points, which are m, and ms, where
B, and Bs meet transversely, because m, and m3 are of the type 1 : 1. From this, we get that
sing(_F®) \ By = 194(®); mz; mg; my; mg; mgg and sing(Fe) \ Bs = Tg5(®); m2; m3; ms; m7; mgg.
This nishes the proof of (1),...,(\V).

Now, consider a homogeneous coordinate system [x : y : z] in CP(2) such that B; = fz = 0g,
m, = [1:i:0and mg =1[1: ji: 0]. This implies that, in the axne coordinate system
fz = 1g, B, is the line at in nity and that for j = 4;5, B; has an equation of the form fj(x;y) =
P;j (X; y) +x?+y?, where Pj is of degree one, j = 4;5. Note that in this coordinate system, the lines
B, and B3 are parallel, because they meet at m; 2 B;. After a translation in the plane (x;y), we
can suppose that the tangency point between B4 and Bs is (0; 0), so that P,(0;0) = P»(0;0) =0
and dP1(0;0) ~ dP»(0;0) = 0. Observe that dP;(0;0) & 0, j = 1;2. Hence, after a linear change
of variables of the form (x;y) A (a:x + b:y; jb:x + axy), with a2 + b? = 1, we can suppose that
fj(xy) = i2a;:x +x?+y? where aj 60, j =1;2, and a; & a,. Since the lines B, and Bj are
parallel, but not parallel to the direction fx = 0g, we can suppose that they have equations of the
formy =a:xx+A;,wherea2Cand 06 A; & A; 60, J =1;2. The fact that they are tangent to
B, and Bs implies the following relations :

@A i &)’ =Af(1+a%);i;j =12 2D (@Ajia) =@A ia);i=152 2D

a;+ap =2a:A; = 2a:A,. Since 0 & A; 6 A, 60, we get thata =0, a; = jap and A? = AZ = a2.
After a linear change of variables of the form (x;y) ® (.:X;.:y), . & 0, we can suppose that
a; = jland a, =1, so that fi(x;y) = (x+ 1)? +y? j 1and fo(x;y) = (X j )2 +y? j 1. This
implies that A2 = A3 = 1 and we can suppose that B, = fy = 1g and Bz = fy = jlg. In
these coordinates &, coincides with the divisor of tangencies of the pencil (F&1)g.z, of X2.4. This
“nishes the proof of Theorem 2. ©
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