On Schrödinger-Boussinesq Equations

F. Linares and A. Navas IMPA Estrada Dona Castorina 110 Rio de Janeiro, 22460–320 Brazil

Abstract. We study local and global well-posedness for the initial value problem associated to the one-dimensional Schrödinger–Boussinesq equations in low regularity spaces. To establish these results we make use of sharp L^p − L^q estimates.

1. Introduction

In this paper we consider the initial value problem (IVP) associated to the system of nonlinear partial differential equations called the Schrödinger-Boussinesq equations, that is, i∂_tu + ∂^2_xu = uv + α|u|^2u, x ∈ R, t > 0, ∂^2_t v − ∂^2_xv + ∂^4_xv = ∂^2_x(β|v|^{p−1}v + |u|^2), u(x, 0) = u_0(x), v(x, 0) = v_0(x), v_t(x, 0) = v_1(x),

(1.1)

where the function u is a complex valued and v is a real valued function, p > 1 and α and β are real parameters.

The system above appears in the study of interaction of solitons in optics (see [15], [16]). Both, the nonlinear Schrödinger equation (see, for example, [4], [6], [7], [19] and for a complete set of references [3]) and Boussinesq equation ([2], [5], [12], [13], [14], [17]) have been extensively studied but the system above have been treated more under dissipative effects and the presence of attractors ([1]).

Our purpose here is to establish local and global well-posedness results for the IVP (1.1) in the spaces L^2(R) and H^1(R). Before giving our results we will begin by setting up the initial data in our problem.

1991 Mathematics Subject Classification. 35Q55, 35Q35,76B15. This research was partially supported by CNPq–Brazil. 1

We first observe that the system (1.1) can be written as i∂_tu + ∂^2_xu = uv + α|u|^2u, x ∈ R, t > 0, ∂_tv = ∂_xn, ∂_tn = ∂_x(v − ∂^2_xv + β|v|^{p−1}v + |u|^2), (1.2)

with initial data u(x, 0) = u_0, n(x, 0) = n_0, v(x, 0) = v_0, respectively. Solutions of IVP (1.2) satisfy the following conservation laws (see [1] and references therein) K(t) = ∫ |u(x, t)|^2 dx = K(0), E(t) = 1 2 ∫ (|u|^2 + |∂_xu|^2 + |∂_xv|^2) dx + 1 2 ∫ |(−Δ)^{−1/2}∂_tv|^2 dx + ∫ v|u|^2dx + β p + 1 ∫ |v|^{p+1} dx + α 2 ∫ |u|^4 dx = E(0). (1.3)

To make sense of the second expression above it is needed for the initial datum n_0 being a derivative of a L^2 function. So we will require in IVP (1.1) v_1(x) = h^′(x), that is, the derivative of some function in a suitable space.

To obtain results in low regularity spaces we will use the so called L^p − L^q estimates. These type of estimates were first established by Strichartz ([18]) for solutions of the linear Schrödinger equation, i.e, { ∂_tu = iΔu, x ∈ R^n , t ∈ R, u(x, 0) = u_0(x).

(1.4)

He showed that solutions of (1.4) satisfy ( ∫ R ∫ R^n |e^{itΔ}u_0(x)|^{2(n+2)/n}dxdt )_{n/2(n+2)} ≤ c‖u_0‖_2. Generalizations of this result have been obtained for several authors. (See, for instance, [6], [11]).

We proceed as follows. Instead of working with the system of nonlinear partial differential equations in (1.1) we use its equivalent integral form, that is, u(t) = U(t)u_0 − i ∫_t 0 U(t − s) (uv + α|u|^2u)(s)ds, v(t) = V_1(t)v_0 + V_2(t)v_1 + ∫_t 0 V_2(t − s) ∂^2_x(β|v|^{p−1}v + |u|^2)(s) ds, (1.5)

where U(t) is the unitary group associated to the linear Schrödinger equation and V_1(t) and V_2(t) are the linear operators associated to the linear Boussinesq equation to be defined in Section 3.

Then we use the L^p − L^q estimates to show via the contraction mapping principle that there exists a time T > 0 where (1.5) has a unique solution.

The linear estimates we obtain for the Boussinesq equation allows us to obtain what we believe are the best possible results concerning local and global well-posedness. The intuition behind our affirmation is based on the recent results obtained by Kenig, Ponce and Vega in [10]. They studied ill-posedness for the initial value problem associated to the cubic Schrödinger equation, that is, { ∂_tu = i∂^2_xu + |u|^2u, x ∈ R, t ∈ R, u(x, 0) = u_0(x).

(1.6)

An scaling argument suggests that the best possible local well-posedness result in Sobolev spaces should be for that data in H^s(R), s ≥ −1/2. On the other hand, Tsutsumi [19] established the local theory for initial data in L^2(R). These two results leave a gap in [−1/2, 0). It was shown in [10] that the IVP (1.6) is in fact ill-posed for data in H^s(R), s < 0. Also, there is a closed relation between the Boussinesq equation and the nonlinear Schrödinger equation as the results in [13] shown. So we do not expect to have a better regularity result than that in L^2(R) × L^2(R) for the system (1.1) given in Theorem 2.1 below.

We also have to notice that in the L^2 case the power p = 5 is critical. Thus we have to analyze this problem in a different way.

The plan of the paper is as follows. In the next section we will give the statements of the main results and some remarks. We will recall the linear estimates associated to the Schrödinger as well as Boussinesq linear equations in Section 3. In Section 4, the L^2 theory will be given. The results regarding the critical case in L^2 will be treated in section 5. The H^1 theory will be established in Section 6 and finally, in Section 7 we will deal with the global results.

2. Main Results

In this section we present the statement of the main results in this paper. Theorem 2.1. Given u_0, v_0 ∈ L^2(R) and v_1 = h^′ ∈ H^{−1}(R), for 1 < p < 5 there exist T = T (p, |α|, |β|, ‖u_0‖_2, ‖v_0‖_2, ‖v_1‖_H−1 ) > 0 and a unique solution (u, v) of the IVP (1.1) satisfying u, v ∈ C([−T, T ]; L^2(R)) ∩ L^4([−T, T ]; L^∞(R)). Moreover, for each (ũ_0, ṽ_0, ṽ_1) ∈ L^2 × L^2 × H^{−1} there exists a neighborhood W of L^2(R) × L^2(R) × H^{−1}(R) such that the map (u_0, v_0, v_1) → (u(t), v(t)), corresponding to the solution of the problem (1.1) with initial conditions (u_0, v_0, v_1), is Lipschitz.

Remark 2.2. The same proof of this theorem shows that solutions u of 1.1 also satisfy u ∈ C([−T, T ]; L^2(R)) ∩ L^q([−T, T ]; L^p(R)), (2.1)

where (p, q) is an admissible pair (see (3.2) below).

Remark 2.3. The solutions found in Theorem 2.1 also satisfy the smoothing effect of Kato type (see [8], [11]). More precisely, if u and v are solutions of (1.1) then D^{1/2}_x u, D^{1/2}_x v ∈ L^∞(R : L^2[0, T ]).

See Proposition 4.2 below.

Theorem 2.4. Given u_0, v_0 ∈ L^2(R) and v_1 = h^′ ∈ H^{−1}(R), there exists T > 0, T = T (|α|, |β|, ‖u_0‖_2, v_0, v_1), such that the problem (1.1) with p = 5 has a unique solution such that u, v ∈ C([−T, T ]; L^2(R)) ∩ L^4([−T, T ]; L^∞(R)). Moreover, there exists a neighborhood W of (ũ_0, ṽ_0, ṽ_1) in L^2 × L^2 × H^{−1} such that the map (u_0, v_0, v_1) → (u(t), v(t)), corresponding to the solution of the problem (1.1) with initial conditions (u_0, v_0, v_1), is Lipschitz.

Theorem 2.5. Given u_0, v_0 ∈ H^1(R), v_1 = h^′ ∈ L^2(R), there exist T = T (p, |α|, |β|, ‖u_0‖_H1 , ‖v_0‖_H1 , ‖v_1‖_L2 ) > 0 and a unique solution (u, v) of IVP (1.1) such that u, v ∈ C([−T, T ]; H^1(R)). Moreover, the map (u_0, v_0, v_1) → (u(t), v(t)) corresponding to the solution of the problem is locally Lipschitz.

Remark 2.6. The solutions in Theorem 2.5 also satisfy the following smoothing effects.

• L^p − L^q estimates:

u ∈ C([−T, T ]; H^1(R)) ∩ L^q_1([−T, T ]; L^p(R)), v ∈ C([−T, T ]; H^1(R)) ∩ L^4_1([−T, T ]; L^∞(R)), where (p, q) is an admissible pair (see (3.2) below) and L^q_1([−T, T ]; L^p(R)) denotes the space whose functions and their first derivatives belong to L^q([−T, T ]; L^p(R)).

• Kato’s smoothing effect: D^{3/2}_x u, D^{3/2}_x v ∈ L^∞(R : L^2[0, T ]).

See Proposition 6.2 below.

Theorem 2.7. Let u_0, v_0 ∈ H^1(R), v_1 = h^′ ∈ L^2(R). The IVP (1.1) is globally well-posed in H^1(R) × H^1(R)

a) For β > 0 and any data.

b) For β < 0 and data sufficiently small.

Remark 2.8. In the case β < 0 we expect that solutions provided for large data blow-up in finite time. The reason to conjecture this is the fact that solutions of the Boussinesq equation blow-up in finite time, for p > 1, meanwhile the one-dimensional cubic Schrödinger equation is well behaved (see [14], [17]).

3. Linear Estimates In this section we will recall a series of estimates obtained for solutions of the linear problem associated to the Schrödinger equation as well as for the Boussinesq linear equation.

First we consider the (IVP) associated to the linear Schrödinger equation, that is, { ∂_tu = i∂^2_xu, x ∈ R, t > 0, u(x, 0) = u_0(x),

(3.1)

whose solution is given by

u(t, x) = e^{itΔ}u_0(x) = (e^{−itξ2}û_0(ξ))^∨(x).

Next we remind some estimates for solutions of the linear Schrödinger equation. We need the following definition.

Definition 3.1. The pair (q, p) is an admissible pair if q, p ≥ 2 and satisfies 2 q + 1 p = 1 2 . (3.2)

Theorem 3.2. If (q_0, p_0) and (q_1, p_1) are admissible, then we have the following estimates

‖e^{itΔ}u_0‖_L^q0_{t L}^p0_x ≤ c ‖u_0‖_L2 ,

(3.3) ‖ ∫ R e^{−isΔ}F (·, s) ds‖_L2 ≤ c ‖F ‖_Lq′_{0t L}p′_{0x} , (3.4) ‖ ∫ s<t e^{i(t−s)Δ}F (·, s) ds‖_L^q0_{t L}^p0_x ≤ c ‖F ‖_Lq′_{1t L}p′_{1x} , (3.5)

where^1_{pi} +^1_p′_i =^1_{qi} +^1_q′_i = 1, i = 0, 1.

Solutions of (3.1) also satisfy the Kato smoothing effect

sup_x ( ∫ R |D^{1/2}_x e^{itΔ}f(x)|^2dt)^{1/2} ≤ c‖f‖_2. (3.6)

The proof of the estimates (3.3)–(3.5) can be found in [6]. Estimate (3.6) was proved in [11].

Next we consider the (IVP) associated to the Boussinesq linear equation:

∂^2_t v − ∂^2_xv + ∂^4_xv = 0, x ∈ R, t > 0, v(x, 0) = f(x), ∂_tv(x, 0) = g(x). (3.7)

Using Fourier transform we obtain formally

v(x, t) = V_1(t)f + V_2(t)g,

where

V_1(t)f(x) = 1 2 (e^{itϕ(ξ)}f̂(ξ))^∨(x) + 1 2 (e^{−itϕ(ξ)}f̂(ξ))^∨(x), V_2(t)g(x) = 1 2i ( e^{itϕ(ξ)} ĝ(ξ) ϕ(ξ) − e^{−itϕ(ξ)} ĝ(ξ) ϕ(ξ) )_∨ (x), (3.8)

with ϕ(ξ) = |ξ|(1 + ξ^2)^12 .

Lemma 3.3. For the operators V_1(t) and V_2(t) defined above we have the following estimates: ‖V_1(t)f‖_2 ≤ ‖f‖_2, (3.9) ‖V_2(t)∂_xf‖_2 ≤ c‖f‖_H−1 , (3.10) ‖V_2(t)∂^2_xf‖_2 ≤ c‖f‖_2. (3.11)

The operators V_1(t) and V_2(t) also satisfy estimates of L^p − L^q type similar to those of the solution of the linear Schrödinger equation. The proof in this case is more complicated. These estimates were obtained in [13] by using the oscillatory integrals theory developed in [11].

Lemma 3.4. For f ∈ L^2(R) we have ( ∫ T 0 ‖V_1(t)f‖^4_∞ dt )_{1/4} ≤ C(1 + T^{1/4})‖f‖_2,

(3.12) ( ∫ T 0 ‖V_2(t)∂_xf‖^4_∞ dt )_{1/4} ≤ C(1 + T^{1/4})‖f‖_H−1 , (3.13) ( ∫ T 0 ‖V_2(t)∂^2_xf‖^4_∞ dt )_{1/4} ≤ C‖f‖_2. (3.14)

Proof. See Lemma 2.5 in [13].

Next we have Kato’s smoothing effect estimates satisfied by solutions of (3.7).

Lemma 3.5. The following estimates are satisfied

sup_x ( ∫_T 0 |D^{1/2}_x V_1(t)f(x)|^2 dt)^{1/2} ≤ c(1 + T^{1/2})‖f‖_2,

sup_x ( ∫^T 0 |D^{1/2}_x V_2(t)∂_xf(x)|^2 dt )_{1/2} ≤ c(1 + T^{1/2})‖f‖_H−1 , sup_x ( ∫^T 0 |D^{1/2}_x V_2(t)∂^2_xf(x)|^2 dt )_{1/2} ≤ c(1 + T^{1/2})‖f‖_2.

(3.15)

Proof. See references [11] and [13].

To end this section we give some estimates on the operator Γ := (−Δ)^{−1/2}∂_t needed in the proof of global existence of solutions. Lemma 3.6. Let

ΓV_1(t)f(x) = ∫ R ie^{i(tϕ(ξ)+xξ)}|ξ|^{−1}ϕ(ξ)f̂(ξ) dξ, ΓV_2(t)∂_xf(x) = ∫ R e^{i(tϕ(ξ)+xξ)} isgn(ξ)ϕ(ξ)f̂(ξ) |ξ|(1 + ξ^2)^{1/2} dξ, ΓV_2(t)∂^2_xf(x) = ∫ R e^{i(tϕ(ξ)+xξ)} isgn(ξ)ϕ(ξ) f̂(ξ) (1 + ξ^2)^{1/2} dξ. (3.16)

Then we have ‖ΓV_1(t)f(x)‖_2 ≤ c‖f‖_{1,2}, ‖ΓV_2(t)∂_xf(x)‖_2 ≤ c‖f‖_2, ‖ΓV_2(t)∂^2_xf(x)‖_2 ≤ ‖f‖_{1,2}.

(3.17)

4. Local Theory in L^2 In this section we consider the initial value problem (1.1) with data u_0, v_0 ∈ L^2(R) and v_1 = h^′ ∈ H^{−1}(R). Our purpose is to prove Theorem 2.1. To do so we define an integral operator and a convenient metric space where this integral operator turns out to be a contraction operator. Using the contraction mapping principle we obtain the desired result. In the second part of this section we will show some smoothness properties present in solutions of (1.1).

We begin by defining the operator Φ(u, v) = (Φ_1(u, v), Φ_2(u, v)),

(4.1) where

Φ_1(u, v) = e^{itΔ}u_0 − i ∫_t 0 e^{i(t−s)Δ}(uv + α|u|^2u)(s) ds, Φ_2(u, v) = V_1(t)v_0 + V_2(t)h^′ + ∫_t 0 V_2(t − s)∂^2_x(β|v|^{p−1}v + |u|^2) ds. (4.2)

Consider the function space

E_+(T, a) =

(u, v) : u ∈ C([0, T ] : L^2(R)) ∩ L^4([0, T ] : L^∞(R));

v ∈ C([0, T ] : L^2(R)) ∩ L^4([0, T ] : L^∞(R)); and ||||(u, v)|||| ≤ a, (4.3)

where ||||(u, v)|||| = max { sup_{[0,T ]} ‖u(t)‖_2, ‖u‖_L4_{T L}∞_x , sup_{[0,T ]} ‖v(t)‖_2, ‖v‖_L4_{T L}∞_x } . It is not difficult to show that E_+(T, a) is a complete metric space. Proposition 4.1. There exist a and T positive, depending only on ‖u_0‖_2 , ‖v_0‖_2, ‖v_1‖_H−1 , and p, α, β in an appropriated manner, such that if (u, v) ∈ E_+(T, a) then Φ(u, v) ⊂ E_+(T, a) and the map Φ : E_+(T, a) → E_+(T, a) is a contraction.

Proof. We first estimate Φ_1. By Minkowski’s inequality, group properties and Hölder’s inequality it follows that

sup_{[0,T ]} ‖ ∫_t 0 e^{i(t−τ )Δ}(uv) dτ‖_2 ≤ sup_{[0,T ]} ∫_t 0 ‖uv‖_2 dτ ≤ cT^{3/4} sup_{[0,T ]} ‖u‖_2 ‖v‖_L4_{T L}∞_x .

(4.4)

The same argument used in (4.4) produces sup_{[0,T ]} ‖ ∫_t 0 e^{i(t−τ )Δ}|u|^2u dτ‖_2 ≤ cT^{1/2} sup_{[0,T ]} ‖u‖^2 ‖u‖_L4_{T L}∞_x .

(4.5)

Combining (4.4), (4.5), group properties and the definition (4.2) we get sup_{[0,T ]} ‖Φ_1(u, v)(t)‖_2 ≤ c‖u_0‖_2 + cT^{3/4} ||||(u, v)||||^2 + c|α| T^{1/2} ||||(u, v)||||^3. (4.6)

On the other hand, Minkowski’s inequality, estimate (3.3), (4.4) and (4.5) give ‖Φ_1(u, v)‖_L4_{T L}∞_x ≤ c‖u_0‖_2 + cT^{3/4} ||||(u, v)||||^2 + c|α| T^{1/2} ||||(u, v)||||^3. (4.7)

Now we estimate Φ_2.

From Minkowski’s inequality, estimate (3.10) and Hölder’s inequality it follows that ‖ ∫_T 0 V_2(t − τ)∂^2_x(β|v|^{p−1}v + |u|^2) dτ‖_2 ≤ ∫_T 0 |β| ‖|v|^{p−1}v‖_2 + ‖|u|^2‖_2 d τ ≤ c |β|T^{(5−p)/4} sup_{[0,T ]} ‖v‖_2 ‖v‖^{p−1}_{L4T L∞x} + c T^{3/4} sup_{[0,T ]} ‖u‖_2 ‖u‖_L4_{T L}∞_x .

(4.8)

Inequality (4.8) combined with the estimates (3.8) and (3.9) yield

sup_{[0,T ]} ‖Φ_2(u, v)(t)‖_2 ≤ c‖v_0‖_2 + c‖h‖_H−1 + c|β|T^{(5−p)/4} ||||(u, v)||||^p + cT^{3/4} ||||(u, v)||||^2. (4.9)

Using Minkoswki’s inequality, estimate (3.14) and Hölder’s inequality we obtain ‖ ∫_T 0 V_2(t − τ)∂^2_x(β|v|^{p−1}v + |u|^2) dτ‖_L4_{T L}∞_x ≤ c (|β|T^{(5−p)/4} sup_{[0,T ]} ‖v‖_2 ‖v‖^{p−1}_{L4T L∞x} + C T^{3/4} sup_{[0,T ]} ‖u‖_2 ‖u‖_L4_{T L}∞_x ).

(4.10)

The last estimate combined with estimates (3.12) and (3.13) imply ‖Φ_2(u, v)‖_L4_{T L}∞_x ≤ c(1 + T^{1/4})‖v_0‖_2 + c(1 + T^{1/4})‖h‖_H−1 + c|β| T^{5−p4} ||||(u, v)||||^p + C T^{3/4}||||(u, v)||||^2. (4.11)

Now let a = 4cδ where δ = max {δ_1, δ_2, δ_3} with ‖u_0‖_2 ≤ δ_1, ‖v_0‖_2 ≤ δ_2 and ‖h‖_H−1 ≤ δ_3. From (4.6), (4.7), (4.9) and (4.11) it follows sup_{[0,T ]} ‖Φ_1(u, v)‖_2 ≤ 2cδ (1 + c^32^3δT^{3/4} + 2^5c^3|α|δ^2T^{1/2}), ‖Φ_1(u, v)‖_L4_{T L}∞_x ≤ 2cδ (1 + c^32^3δT^{3/4} + 2^5c^3|α|δ^2T^{1/2}), sup_{[0,T ]} ‖Φ_2(u, v)‖_2 ≤ 2cδ (1 + c^p2^{p−1}|β|δ^{p−1}T^{5−p/4} + 2c^2δT^{3/4}), ‖Φ_2(u, v)‖_L4_{T L}∞_x ≤ 2cδ (1 + T^{1/4} + c^p2^{p−1}|β|δ^{p−1}T^{5−p/4} + 2c^2δT^{3/4}).

(4.12)

Therefore fixing T such that c^32^3δT^{3/4} + 2^5c^3|α|δ^2T^{1/2} < 1, c^p2^{p−1}|β|δ^{p−1}T^{5−p/4} + 2c^2δT^{3/4} < 1, T^{1/4} + c^p2^{p−1}|β|δ^{p−1}T^{5−p/4} + 2c^2δT^{3/4} < 1,

(4.13)

the first part of the proposition follows.

Using a similar argument we can also establish the next inequalities ||||Φ_1(u, v) − Φ_1(ũ, ṽ)|||| ≤ {c T^{3/4}(||||(u, v)|||| + ||||(ũ, ṽ)||||), + c|α| T^{1/2}(||||(u, v)||||^2 + ||||(ũ, ṽ)||||^2)}||||(u, v) − (ũ, ṽ)||||, ||||Φ_2(u, v) − Φ_2(ũ, ṽ)|||| ≤ {c|β| T^{5−p/4}(||||(u, v)||||^{p−1} + ||||(ũ, ṽ)||||^{p−1}) + c T^{3/4}(||||(u, v)|||| + ||||(ũ, ṽ)||||)}||||(u, v) − (ũ, ṽ)||||. (4.14)

The same argument used in (4.12) and (4.13) shows then that the operator Φ is a contraction in E_+(T, a).

Proof of Theorem 2.1. The above proposition proves existence, uniqueness and local Lipschitz dependence with respect to the initial data in the space E_+(T, a). Using uniqueness we can extend the result in the space C([−T, T ]; L^2(R)) ∩ L^4([−T, T ]; L^∞(R)). This proves the theorem.

Next we establish some regularity properties for solutions of IVP (1.1). More precisely, solutions of (1.1) satisfy Kato’s smoothing effect estimates. That is, Proposition 4.2. If (u, v) is a solution of the system (1.1) with initial data (u_0,v_0, v_1) ∈ L^2 × L^2 × H^{−1}, then D^{1/2}_x u, D^{1/2}_x v ∈ L^∞(R : L^2[0, T ]).

(4.15) Proof. From Theorem 2.1 we have that a solution of (1.1) satisfies u(x, t) = e^{itΔ}u(0) − i ∫_t 0 e^{i(t−s)Δ}∂^2_x (uv + α|u|^2u)(s) ds. From Theorem 3.2 (3.6) and an argument as in (4.4) it follows that

sup_x ‖D^{1/2}_x u(x, ·)‖_L2_t ≤ c‖u_0‖_2 + ∫_T 0 ‖D^{1/2}_x e^{i(t−s)Δ}(uv + α|u|^2u)(s)‖_L∞_{x L}2_t ds ≤ C‖u_0‖_2 + C ∫_T 0 ‖uv + α|u|^2u‖_L2 ds ≤ C‖u_0‖_2 + cT^{3/4} ‖u‖_L4_{T L}∞_x ‖v‖_L∞_{T L}2 + CT^{1/2} |α| ‖u‖^2_L4_{T L}∞_x ‖u‖_L∞_{T L}2 . (4.16)

On the other hand,

v(x, t) = V_1(t)v_0 + V_2(t)v_1 + ∫_t 0 V_2(t − s) ∂^2_x(β|v|^{p−1}v + |u|^2)(s)ds. Applying Lemma 3.5, Minkowski’s inequality and Hölder’s inequality we have

‖D^{1/2}_x v‖_L∞_{x L}2_T ≤ c(1 + T^{1/2})‖v_0‖_2 + c(1 + T^{1/2})‖h‖_H−1 + c|β|T^{(5−p)/4} ‖v‖^{p−1}_{L4T L∞x} ‖v‖_L∞_{T L}2_x + cT^{4/3} ‖u‖_L4_{T L}∞_x ‖u‖_L∞_{T L}2_x . (4.17)

This completes the proof of the proposition.

5. Critical Case in L^2 In what follows we analyze the critical case p = 5 for initial data u_0 ∈ L^2, v_0 ∈ L^2 and v_1 = h^′ ∈ H^{−1}. We prove that in this case there is still a local solution, but the time of existence of the solution depends not only on the size of the initial data, but also on their position.

Proof. We consider the complete metric space:

E_+(T, b) =

(u, v) : u, v ∈ C([0, T ]; L^2(R))∩ ∈ L^4([0, T ]; L^∞(R)); sup_{[0,T ]} ‖u(t)‖_2 ≤ b, ‖u‖_L4_{T L}∞_x ≤ b, ‖v‖_L4_{T L}∞_x ≤ b; sup_{[0,T ]} ‖v(t) − ṽ(t)‖_2 ≤ b,

(5.1)

where ṽ(t) = V_1(t)v_0 + V_2(t)v_1.

As in the non critical case, we will prove that for ‖u_0‖_2 ≤ b and sufficiently small T , the operator Φ is well defined in E_+(T, b) and is a contraction. The difference now is on the estimates of the operator Φ_2. Observe that from the definition of the space E_+(T, b), we only have to estimate for Φ_2 the ‖ · ‖_L4_{T L}∞_x norm.

We begin with the simple observation that if λ > 0 then, for sufficiently small T , we have:

‖V_1(t)v_0‖_L4_{T L}∞_x ≤ λ, ‖V_2(t)v_1‖_L4_{T L}∞_x ≤ λ.

(5.2)

Then by Minkowski’s inequality and the argument used in (4.10) we have ‖Φ_2(u, v)‖_L4_{T L}∞_x ≤ 2λ + c |β| ∫_T 0 ‖v^5‖_2 dτ + c ∫_T 0 ‖|u|^2‖_2 dτ ≤ 2λ + c |β| ∫_T 0 (‖v^5 − v^4ṽ‖_2 + ‖v^4ṽ‖_2) dτ + c T^{3/4} sup_{[0,T ]} ‖u‖_2‖u‖_L4_{T L}∞_x

≤ 2λ + c |β|(sup_{[0,T ]} ‖v − ṽ‖_2 + sup_{[0,T ]} ‖ṽ‖_2)‖v‖^4_L4_{T L}∞_x + c T^{3/4} sup_{[0,T ]} ‖u‖_2‖u‖_L4_{T L}∞_x .

Thus ‖Φ_2(u, v)‖_L4_{T L}∞_x ≤ 2λ + c T^{3/4}b^2 + c |β|(b + M)b^4, where M := sup_{[0,T ]} ‖ṽ‖_2.

Setting b = 4λ and choosing λ and T small enough such that 2^4c T^{3/4}λ^2 + 2^8|β|(4λ + M)λ^4 ≤ 2λ

(5.3) we obtain ‖Φ_2(u, v)‖_L4_{T L}∞_x ≤ 4λ = b.

(5.4)

We also have the estimate

‖Φ_2(u, v) − ṽ‖ ≤ c |β|(sup_{[0,T ]} ‖v − ṽ‖_2 sup_{[0,T ]} ‖ṽ‖_2)‖v‖^4_L4_{T L}∞_x + c T^{3/4} sup_{[0,T ]} ‖u‖_2‖u‖_L4_{T L}∞_x .

Therefore sup_{[0,T ]} ‖Φ_2(u, v) − ṽ‖_2 ≤ c T^{3/4}b^2 + c|β|(b + M)b^4 ≤ 2λ ≤ b.

(5.5)

From (5.3), (5.4) and the estimates for ‖Φ_1(u, v)‖ similar to those in Proposition 4.1 we obtain that Φ is well defined (observe that these estimates do not use the sup_{[0,T ]} ‖u‖_2 norm.)

To see that Φ is a contraction, we use (4.10) to obtain

‖Φ_2(u, v)(t) − Φ_2(ū, v̄)(t)‖_2 ≤ c(|β| b^4 + T^{3/4} b)(sup_{[0,T ]} ‖v − v̄‖_2 + sup_{[0,T ]} ‖u − ū‖_2).

(5.6)

Finally, following the estimate in (4.11) we obtain

‖Φ_2(u, v) − Φ_2(ū, v̄)‖_L4_{T L}∞_x ≤ c(|β|b^4 + b T^{3/4})(sup_{[0,T ]} ‖v − v̄‖_2 + sup_{[0,T ]} ‖u − ū‖_2)

(5.7)

From (5.5), (5.6) and (5.3) we see that Φ_2 is a contraction for λ and T small. As in Proposition 4.1 we see that Φ_1 is a contraction for small T, and then Φ is a contraction. Again the estimates for Φ_1 do not use the sup_{[0,T ]} ‖u(t)‖_2 norm. This completes the proof.

6. Local Theory in H^1 In this section we consider the problem (1.1) with initial data u_0 ∈ H^1(R), v_0 ∈ H^1(R), v_1 = h^′ ∈ L^2(R). In this case, the restriction p < 5 is not necessary since we can use the Sobolev embedding theorem in the estimates. The proof of Theorem 2.5 is analogous to the one given for the L^2 case, but now we have to estimate nonlinear terms involving an additional derivative. We begin establishing the following result. Proposition 6.1. Consider the operator Φ defined in section 4 and the space

E_+(T, a) = { (u, v) : u, v ∈ C([0, T ]; H^1(R)); ||||(u, v)|||| ≤ a. (6.1)

where ||||(u, v)|||| = max { sup_{[0,T ]} ‖u(t)‖_H1 , sup_{[0,T ]} ‖v(t)‖_H1 } . Then, there exist a, T positive numbers, only depending on ‖u_0‖_H1 , ‖v_0‖_H1 , ‖h‖_L2 , and |α|, |β|, p such that the map Φ = (Φ_1, Φ_2) satisfies Φ : E_+(T, a) → E_+(T, a) and is a contraction.

Proof. We only estimate the terms ∂_xΦ_1(u, v) and ∂_xΦ_2(u, v) in the L^2-norm.

‖∂_xΦ_1(u, v)(t)‖_2 ≤ ‖∂_xu_0‖_2 + ∫_T 0 ‖∂_x(uv)‖_2 + |α|‖∂_x(u|u|^2)‖ ds ≤ c‖u_0‖_{1,2} + c ∫_T 0 ‖v‖^{1/2}_2 ‖∂_xv‖^{1/2}_2 ‖∂_xu‖_2 ds + c ∫_T 0 (‖u‖^{1/2}_2 ‖∂_xu‖^{1/2}_2 ‖∂_xv‖_2 + |α| ‖∂_xu‖^2‖u‖_2) ds ≤ c‖u_0‖_{1,2} + c T (||||(u, v)||||^2 + ||||(u, v)||||^3).

(6.2)

For ∂_xΦ_2 we have:

‖∂_xΦ_2(u, v)(t)‖_2 ≤ c (‖∂_xv_0‖_2 + ‖∂_xh‖_H−1 ) + c ∫_t 0 ‖∂_x(β|v|^{p−1}v + |u|^2)‖_2 ds, ≤ c (‖v_0‖_{1,2} + ‖h‖_2) + c T (||||(u, v)||||^p + ||||(u, v)||||^2). (6.3)

These estimates plus an argument similar to the one used in section 4 allow us to conclude that Φ is a contraction.

Proof of Theorem 2.5. The proof is analogous to the proof of Theorem 2.1 so it will be omitted.

We end this section with some regularity properties of the solutions given by Theorem 2.5.

Proposition 6.2. If (u, v) is a solution of (1.1) with initial data in H^1 × H^1 × L^2 then u, v, ∂_xu, ∂_xv ∈ L^4([−T, T ]; L^∞(R)), (6.4) D^{3/2}_x u, D^{3/2}_x v ∈ L^∞(R : L^2[−T, T ]).

(6.5) Proof. We first prove (6.4). Using the estimate (3.3), the argument in (4.3) and Sobolev’s lemma we have

‖∂_xu‖_L4_{T L}∞_x ≤ ‖∂_xu_0‖_2 + cT {sup_{[0,T ]} ‖u(t)‖_{1,2} sup_{[0,T ]} ‖v(t)‖_{1,2} + |α| sup_{[0,T ]} ‖u(t)‖^3_{1,2}}.

(6.6)

Using Lemma 3.4, the argument (6.3) and Sobolev’s lemma we obtain ‖∂_xv‖_L4_{T L}∞_x ≤ c‖v_0‖_{1,2} + c‖h‖_2 + cT (sup_{[0,T ]} ‖v(t)‖^p_{1,2} + sup_{[0,T ]} ‖u(t)‖^2_{1,2}).

(6.7)

The affirmation clearly follows from (6.6) and (6.7).

The proof of (6.5) follows a similar argument as the one used in the proof of Proposition 4.2. So it will be omitted.

Finally, we conclude this section showing that (−Δ)^{−1/2}∂_tv ∈ C([0, T ]; L^2(R)).

In fact, using the integral equation, Lemma 3.6 and Sobolev’s lemma, it follows that sup_{[0,T ]} ‖(−Δ)^{−1/2}∂_tv‖_2 ≤ c‖v_0‖_{1,2} + ‖h‖_2 + cT (sup_{[0,T ]} ‖v(t)‖^p_{1,2} + sup_{[0,T ]} ‖u(t)‖^2_{1,2}).

(6.8)

Theorem 2.5 implies the result.

This estimate will be useful to establish an a priori estimate for the H^1 norm.

7. Global Theory in H^1 Next we prove that under some conditions on the initial data the solutions obtained in Theorem 2.5 can be extended to any time. More precisely, we will show that for β > 0 the (IVP) (1.1) is globally well-posed for any data. Meanwhile for β < 0 global solutions will be obtained for small data. We begin establishing the conservation laws we need to show our global result.

Lemma 7.1. The following quantities are conserved by solutions of system (1.1) K(t) = ‖u(·, t)‖^2, (7.1)

E(t) = ‖∂_xu‖^2 + ∫ v|u|^2dx + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 + 1 2 ‖v‖^2 (7.2) + β p + 1 ∫ |v|^{p+1} dx + 1 2 ‖∂_xv‖^2 + α 2 ∫ |u|^4 dx. Proof. To prove these identities we will proceed formally. To justify the operations we can use, for instance, Kato’s quasilinear theory [9] to obtain smooth solutions for system (1.2).

To prove (7.1) we only have to multiply the first equation by ū, integrate over x and take the imaginary part.

To show (7.2) we argue as follows: Multiplying the first equation of the system by ∂_tū, integrating the result over x and taking its real part we obtain: d dt ( ∫ |∂_xu|^2 dx + α 4 ∫ |u|^4 dx ) + ∫ ∂_t(|u|^2) v dx = 0. (7.3)

On the other hand, applying the operator (−Δ)^{−1/2} to the second equation in (1.1), multiplying by (−Δ)^{−1/2}∂_tv the result and integrating by parts with respect to x we get 1 2 d dt ( ‖(−Δ)^{−1/2}∂_t v‖^2 + ‖∂_xv‖^2 + ‖v‖^2 + β p + 1 ∫ |v|^{p+1} dx ) + ∫ |u|^2∂_tv dx = 0 (7.4)

Adding (7.3) and (7.4) we can deduce (7.2).

Proof of Theorem 2.7

Case β > 0. From (7.2) we have

‖∂_xu‖_2 + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 + 1 2 ‖v‖^2 + 1 2 ‖∂_xv‖^2 = E(0) − ∫ (v|u|^2)dx − β p + 1 ∫ |v|^{p+1}dx − α 2 ∫ |u|^4 dx ≤ E(0) + | ∫ (v|u|^2) dx| + | α 2 ∫ |u|^4 dx|. (7.5)

Using Gagliardo-Nirenberg’s type inequalities we obtain | ∫ (v|u|^2)dx| ≤ ‖v‖_∞‖u‖^2 ≤ 1 4 ‖v‖^2 + 1 4 ‖∂_xv‖^2 + 1 2 K^4, and |α| 2 ∫ |u|^4 dx = |α| 2 ‖u‖^4 ≤ 1 2 ‖∂_xu‖^2 + c‖u‖^6_2 = 1 2 ‖∂_xu‖^2 + cK^6.

for some constant c.

Then we have ‖∂_xu‖_2 + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 + 1 2 ‖v‖^2 + 1 2 ‖∂_xv‖^2 ≤ E(0) + 1 4 ‖v‖^2 + 1 4 ‖∂_xv‖^2 + 1 2 K^4 + 1 2 ‖∂_xu‖^2 + cK^6.

(7.6)

Thus 1 2 ‖∂_xu‖_2 + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 + 1 4 ‖v‖^2 + 1 4 ‖∂_xv‖^2 ≤ E(0) + 1 2 K^4 + cK^6.

Since the last quantity is constant, we can repeat the argument of local existence of solution at time T arriving to a solution for any positive time. The same holds for negative time.

Case β < 0. As in the previous case we have

‖∂_xu‖^2 + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 + 1 2 ‖v‖^2 + 1 2 ‖∂_xv‖^2 ≤ E(0) + 1 2 K^4 + cK^6 + |β| p + 1 ∫ |v|^{p+1} dx. From the Sobolev embedding theorem we have ‖v‖_{p+1} ≤ c‖v‖_H1 . Using this inequality we obtain 1 4 ‖v‖_H1 ≤ 1 2 ‖∂_xu‖_2 + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 + 1 4 ‖v‖^2 + 1 4 ‖∂_xv‖^2 ≤ E(0) + 1 2 K^4 + cK^6 + |β| p + 1 ∫ |v|^{p+1}dx ≤ M + c‖v‖^{p+1}_{H1} . (7.7)

Thus ‖v‖_H1 − c‖v‖^{p+1}_{H1} ≤ M, where M =^1_4 (E(0) +^1_2 K^4 + cK^6) is a constant.

Since the function x − cx^{p+1} is not negative for small x, we have that M is not negative if ‖v(·, 0)‖_H1 is sufficiently small.

Also, the function x − cx^{p+1} has maximum value at x = x_p = (^1_{c(p+1)} )^{1p} . We denote this maximum by y_p.

Then, if ‖u(·, 0)‖_H1 is small enough, we have: 0 ≤ M ≤^{yp}_2 . In this case, the values of x for which x − cx^{p+1} ≤ M are contained in two disjoint intervals [0, x_M ] and [x̄_M , ∞). Then, if ‖v(0)‖_H1 ≤ x_M we have, by continuity: ‖v(t)‖_H1 ≤ x_M for each t ∈ [−T, T ].

Finally, we have 1 2 ‖∂_xu‖_2 + 1 2 ‖(−Δ)^{−1/2}∂_tv‖^2 ≤ M + 1 4 ‖v‖_H1 + c‖v‖^{p+1}_{H1} . Since this last quantity is bounded, we can proceed as in the previous case to extend the solution.

References

[1] G. Booling and C. Fengxin, Finite dimensional behavior of global attractors for weakly damped nonlinear Schrödinger-Boussinesq equations, Physica D 93 (1996), 101–118.

[2] J. L. Bona and R. L. Sachs, Global existence of smooth solutions and stability theory of solitary waves for a generalized Boussinesq, Comm. Math. Phys. 118 (1988), 15–29.

[3] T. Cazenave, An introduction to nonlinear Schrödinger equations, Textos de Métodos Matemáticos 22, Universidade Federal de Rio de Janeiro 1993.

[4] T. Cazenave and F. Weissler, The Cauchy problem for the nonlinear Schrödinger equation in H^1, Manuscripta Math. 61 (1989), 477–494.

[5] Y-F. Fang and M. Grillakis, Existence and uniqueness of Boussinesq type equation on a circle, Comm. PDE 21 (1996), 1253–1277.

[6] J. Ginibre and G. Velo, On the class of nonlinear Schrödinger equations, J. Func. Anal. 32 (1979), 1–71.

[7] T. Kato, On nonlinear Schrödinger equations, Ann. IHP Phys. Theor. 46 (1987), 113-129. [8] T. Kato, On the Cauchy problem for the (generalized) Korteweg-de Vries equation, Studies in Applied Math. 8 (1983), 93–128.

[9] T. Kato, Quasilinear equations of evolution, with applications to Partial Differential Equations, Lecture Notes in Math. Springer-Verlag 448 (1975), 25–70.

[10] C. E. Kenig, G. Ponce and L. Vega, On the ill-posedness of some canonical dispersive equations, Duke Math. J. 106 (2001), 617–633.

[11] C. E. Kenig, G. Ponce and L. Vega, Oscillatory integrals and regularity of dispersive equations, Indiana Univ. Math. J. 40 (1991), 33–69.

[12] F. Linares and M. Scialom, Asymptotic behavior of solutions of a generalized Boussinesq type equation, Journal of Nonlinear Analysis: TMA, 8 (11) (1995), 1147–1158.

[13] F. Linares, Global existence of small solutions for a generalized Boussinesq equation, Journal of Differential Equations 106 (2) (1993), 257–293.

[14] Y. Liu, Instability and blow-up of solutions to a generalized Boussinesq equation, SIAM J.

Math. Anal. 26 (1995), 1527–1546.

[15] V. G. Makhankov, On stationary solutions of the Schrödinger equation with a self consistent potential satisfying Boussinesq equations, Physical Letters, Joint Institute for Nuclear Research, URSS (1974), 42–44.

[16] K. Nishikawa, Coupled nonlinear electron-plasma and ion-acoustic waves, Phys. Rev. Lett.

33 (1974), 148–150.

[17] R. L. Sachs, On the blow-up of certain solutions of the “good” Boussinesq equation, Appl.

Anal. 36 (1990), 145–152.

[18] R. Strichartz, Restriction of Fourier transform to quadratic surfaces and decay of solutions of wave equations, Duke Math. J. 44 (1977), 705–714.

[19] T. Tsutsumi, L^2 solutions for nonlinear Schrödinger equation and nonlinear groups, Funk.

Ekva. 30 (1987), 115–125.