HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY FOR THREE-DIMENSIONAL FLOWS

AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Abstract. In this paper we prove that any C^1 vector field defined on a three dimensional manifold can be approximated by one that is uniformly hyperbolic, or that exhibits either a homoclinic tangency or a singular cycle. This proves an analogous statement of a conjecture of Palis for diffeomorphisms in the context of C^1-flows on three manifolds. For that, we rely on the notion of dominated splitting for the associated linear Poincaré flow.

July 22, 2002

1. Introduction

The quest to understand the asymptotic behavior of orbits of a large set of evolution laws has been guiding one important strain of the theory of dynamical systems. In the sixties the notion of structural stable systems, first introduced by Andronov and Pontryagin thirty years before, meaning systems that are equivalent up to a continuous global change of coordinates to all nearby ones, was at the center of the attempts to provide a typical model in the universe of dynamical systems.

In a series of papers written in that decade and in early seventies, Anosov, Palis and Smale, Robbin, de Melo and Robinson, prove that uniform hyperbolicity and transversality of stable and unstable manifolds imply structural stability. In the mid-eighties, Mañé obtained the converse statement for diffeomorphisms, in a profound and very original work. Ten years later, Hayashi extended this result for flows. This constitutes a remarkable page in the history of modern dynamics: The solution of the Stability Conjecture, [16].

Recall that an invariant set Λ of a flow X is hyperbolic if its tangent bundle splits into three DX-invariant sub-bundles, E^s, E^u and [X], where vectors on E^s are uniformly contracted in the future, the same for E^u in the past, and [X] along the flow itself. A flow X is uniformly

† Partially supported by CNPq-Brazil and CONACYT-México. ‡ Partially supported by CNPq-Brazil. 1

2 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

hyperbolic (or Axiom A) if its limit set is hyperbolic. For the case of diffeomorphisms this concept is similar by considering only the first two sub-bundles. For a complete description of uniform hyperbolicity see [17] and [24]. Yet and remarkably so, at the second half of the sixties it was already clear that uniform hyperbolicity could not be present for every system of a dense subset in the universe of all dynamics.

A key question was then: Is it possible to look for a general scenario for dynamics? The search for such an answer, in particular the work of Newhouse on the coexistence of infinitely many sinks (see [10]), draw the attention to homoclinic orbits. That is, orbits that in the past and the future converge to the same periodic orbit, which has been first considered by Poincaré almost a century before. Altogether, the examples by Newhouse gave rise to a rich family of new dynamics. The creation-destruction of such orbits is, roughly speaking, what its meant by homoclinic bifurcations; see [17] for a formal definition. Based on these and other subsequent developments, Palis formulated in the midnineties the following conjecture (see [17] and [14]):

Conjecture 1. The diffeomorphisms exhibiting a homoclinic bifurcation are C^r dense in the complement of the closure of the hyperbolic ones (r ⩾ 1).

There has been substantial advances in this direction. The work of Pujals and Sambarino [21] is an important example: They provided a proof of the conjecture in the case of diffeomorphisms defined on a compact surface in the C^1 topology.

In the setting of diffeomorphisms on two-dimensional manifolds, homoclinic bifurcations arise from homoclinic tangencies. Recall that the stable and unstable manifolds of a hyperbolic periodic point p, W^s(p) and W^u(p), respectively, are immersed submanifolds on the ambient space. A point q ∈ W^s(p) ∩ W^u(p) is a homoclinic point if q ≠ p. If these submanifols meet tangentialy at a homoclinic point q, we say such point is a homoclinic tangency.

Dealing with the above conjecture in the context of flows, another homoclinic phenomenon involving singularities of the vector field must be considered: singular cycles. Recall that a singular point σ of a vector field X is hyperbolic if the derivative D_σX has no eigenvalues which are purely imaginary, and in this case we have stable and unstable manifolds of σ, denoted by W^s(σ), and W^u(σ), respectively. It may happen that q ∈ W^s(σ) ∩ W^u(σ) for q ≠ σ. In this case we say the vector field has a singular cycle, a concept that was first considered by Labarca and Pacífico [7]. In dimension three, these are all possible homoclinic bifurcations: homoclinic tangencies and singular cycles.

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 3

This work is intended to give a positive answer to the conjecture above, in the context of three-dimensional vector fields and the C^1- topology. To be more precise, let M be a compact manifold of dimension three without boundary. Denote by X^r(M) the space of vector fields of class C^r (r ⩾ 1) defined on M.

Theorem A. Any vector field X ∈ X^1(M) can be approximated by another one Y ∈ X^1(M) showing one of the following phenomena:

(1) Uniform hyperbolicity with the no-cycles condition. (2) A homoclinic tangency. (3) A singular cycle.

As in the case of surface diffeomorphisms, our methods rely on a relaxed form of hyperbolicity, first used by Mañé, Liao and Pliss in their attempts to characterize structural stable diffeomorphisms. It is called dominated splitting and it strictly includes the class partially hyperbolic systems (see [6], [1] and [25]). An invariant set Λ for a diffeomorphism f has a dominated splitting if its tangent bundle decomposes into two Df-invariant sub-bundles T_ΛM = E ⊕F and there are constants C > 0 and λ ∈ (0, 1) such that for all x ∈ Λ: ||Df^n|_{E(x)}||||Df^{−n}|_{F (f} n_{(x))}|| < Cλ^n; ∀n ⩾ 0 There is a remarkable relationship between the absence of homoclinic tangencies and the existence of a dominated splitting. This fact is explored in [21] and more recently, the same authors provided a rather complete description of the dynamics underlying a dominated splitting for surface diffeomorphisms on [22].

Still, the natural translation of this notion into the context of threedimensional flows is more limited. That is, a splitting of the kind: T_ΛM = E ⊕ [X] ⊕ F , where each sub-bundle is one-dimensional, or T_ΛM = E⊕F , where one is one-dimensional, both exclude the scenarios depicted in the following example:

Consider an Anosov flow A on M and choose an infinite sequence of periodic orbits with periods arbitrarily large, say {p_n}. An application of Frank’s Lemma (see [9] for a flow version) allows us to perturb (C^1) the flow on each p_n by pushing the strong-stable direction over the tangent direction of the orbit of p_n within the central stable space defined by E^s + [X]. In the same way, in another part of the orbit of p_n, we push the strong-unstable direction. Inductively, this process renders a sequence X_n of vector fields. Observe that no limit of {X_n} can have an invariant splitting of any of the kind as above. Also it is not possible to find a nearby flow exhibiting a homoclinic tangency, since strong directions remain orthogonal to each other on each point.

4 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Like hyperbolicity, the property of a dominated splitting is a condition on the action of the derivative on the tangent bundle, which determines some dynamical behavior of the transformation itself. In our case, we shall consider a condition not on the whole tangent bundle but on its projection over a certain sub-bundle everywhere normal to the flow direction, to which the linear Poincaré flow is associated. We shall be precise about this in the next section. However, such notion of dominated splitting for the linear Poincaré flow can be obtained once we are far from homoclinic tangencies (see Proposition 6.2 for a precise statement).

On the other hand, Theorem A relies on a fundamental result related to the possible underlying dynamics of an invariant set provided with a dominated splitting. To explain this, let us call an embedded twodimensional torus T ⊂ M an irrational torus if it is invariant by the action of X^t, it is normally hyperbolic and moreover, X^t|_T is conjugated to a linear irrational flow on S^1 × S^1. Denote by Per(X) the set of periodic orbits of X, and Sing(X) = {p ∈ M|X(p) = 0}, for a given X ∈ X^r(M), M being a closed three-manifold.

Theorem B. Let Λ be a compact invariant set for X ∈ X^2(M) with a dominated splitting and such that Sing(X) ∩ Λ = ∅ and Per(X) ∩ Λ are all hyperbolic saddles, then Λ = Λ̃ ∪ T , where Λ̃ is hyperbolic and T is a finite union of irrational tori.

The dominated splitting provides us with invariant foliations over the invariant set; formed by central stable and central unstable manifolds (see Lemma 3.2). A priori, such leaves do not have a dynamical meaning at all. However, a kind of Denjoy’s property asserts that smoothness of the vector field does not allow the existence of wandering intervals; moreover, it provides us the asymptotic behavior of local central manifolds. This allows us to construct actual stable and unstable manifolds from the central ones (see Lemma 4.2 and Lemma 4.14). For that, we must establish a way to control how fast orbits get farther apart as we iterate; not as two points at certain flow-time but as orbits of the linear Poincaré flow. In order to do that, it ought to be necessary to consider a set of holonomy maps defined on transversal two-dimensional sections. These maps together work as a kind of global Poincaré transformation and allow us to proceed, at least locally, as in the case of a surface-diffeomorphism (see Section 2.2). In fact, most of our effort will be spent in order to achieve such setting. After that, some modifications of the arguments of [21] are needed to conclude the proof of Theorem B. Indeed, [21] is a key reference throughout this paper.

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 5

Further questions: Lorenz-like attractors (see [3]) are a kind of rich dynamics that can appear from singular cycles. They are characterized by the presence of infinitely many periodic orbits in any neighborhood of a singularity, in a robust way. The study of this situation lead Morales, Pacífico and Pujals to define an adequate notion of hyperbolicity, where singularities are involved, called singular hyperbolicity (see [9]).

This suggest a stronger statement of Theorem A, replacing Singular Cycle by Singular Hyperbolic, on item 3; and a proof will certainly rely on an application of their methods. However, some work has to be done before, in particular on the choice of the dominated splitting over an invariant set which contains a singularity, since the linear Poincaré flow it is not defined on equilibrium points. Nevertheless, it seems to be useful to consider also a splitting on the tangent bundle as in the way is done for singular hyperbolic sets.

The paper is structured as follows: In section 2 we set up a useful notion of dominated splitting for invariant sets, related to the linear Poincaré flow. In section 3 we construct central manifolds for sets with dominated splitting. The proof of Theorem B will be there reduced to a Main Lemma. Section 4 is for proving dynamical properties of central manifolds. This is the kernel of this work. Section 5 is devoted to give a proof for the Main Lemma and finally, in section 6 we prove Theorem A.

Acknowledgements: This is the first author’s doctoral thesis, under the orientation of Jacob Palis at IMPA, and he is very thankful for his encouragement and guidance.

2. Dominated Splitting for Invariant Sets

This section is devoted to construct a useful notion of dominated splitting for invariant sets of flows. For that, we shall consider the linear Poincaré flow which acts on certain sub-bundle of the tangent space. At the end of this section, we shall obtain a family of holonomy maps defined between pairs of two-dimensional sections each one transversal to the flow. This family of maps acts on the manifold in the same way the linear Poincaré flow acts on the normal bundle.

Let M be a compact three-dimensional riemannian manifold without boundary. Denote by X^t the flow associated to X ∈ X^1(M), that is, a family of diffeomorphisms on M such that X^s ∘ X^t = X^{s+t} for all s, t ∈ R, X^0 = Id and dX^t(p)/dt|_{t=0} = X(p), for any p ∈ M.

2.1. The Linear Poincaré Flow. The vector field X induces two sub-bundles on T_QM, say, [X]_p = {v ∈ T_pM|v = αX(p), α ∈ R} and

6 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Ñ_p = [X]⊥_p , for any p /∈ Sing(X). Denote by N =^{TQM}_{[X]} the normal bundle of X over Q = M ∖ Sing(X), the regular points of X. For each t ∈ R the tangent map of X^t restricted to N ⊂ T_QM induces an automorphism on N that commutes the following diagram: N^{Lt}−→ N ↓ ↓ Q^{Xt}−→ Q The flow of automorphisms {L^t}_{t∈R} is called the linear Poincaré flow of the normal bundle N . We took this notion from the work of Doering, [2], and it allows us to define an adequate notion of dominated splitting for invariant sets of flows.

Definition 1. An invariant set Λ has a dominated splitting if there exists a splitting of the normal bundle of Λ̃ = Λ ∖ Sing(X), say N~_Λ = E ⊕ F and there are numbers C > 0 and λ ∈ (0, 1) such that: L^t(E(x)) = E(X^t(x)), L^t(F (x)) = F (X^t(x)) and |L^t|_{E(x)}||L^{−t}|_{F (X}t_{(x))}| ⩽ Cλ^t; ∀t ⩾ 0 Fix an invariant set Λ for X^t and take a splitting of N~_Λ = E^′ ⊕ F^′, not necessarily invariant. For any number a ∈ (0, 1] we can define the following two cone fields pointwise. On each x ∈ Λ̃ set: C^E_a (x) = {w ∈ N_x|w = v_E + v_F , |v_F | ⩽ a|v_E |} C^F_a (x) = {w ∈ N_x|w = v_E + v_F , |v_E| ⩽ a|v_F |} As in the hyperbolic case, it is not difficult to see that if this cone field is invariant under the action of L^t we obtain a dominated splitting on Λ (see [12]). The following lemma states this.

Lemma 2.1. If there exist λ < 1, a > 0, and there is a splitting of N_Λ = E^′ ⊕ F^′ such that

L^t(C^{F ′}_a ) ⊂ C^{F ′}_λt_a(X^t(x)) and L^{−t}(C^{E′}_a ) ⊂ C^{E′}_λt_a(X^{−t}(x)) for all t ⩾ 0, then Λ has a dominated splitting.

Moreover, the following Lemma due to Doering (see Proposition 1.1 in [2]), asserts that in the case of hyperbolicity, these two notions are coherent.

Lemma 2.2. Let Λ ⊂ M an invariant compact set for X^t. Λ has a hyperbolic structure for X^t if and only if the linear Poincaré flow restricted over Λ is hyperbolic.

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 7

2.2. Holonomy maps. Let Λ ⊂ M be a compact invariant set with dominated splitting such that Λ ∩ Sing(X) = ∅. Given a ∈ (0, 1] let U_a be a neighborhood of Λ in N , where is defined an invariant a-cone field. Denote by N_x(ε) the ball of radius ε > 0 on N_x. Notice that there exists a neighborhood K such that

Λ ⊂ int(K) ⊂ cl(K) ⊂ U_1 ⊂ M ∖ Sing(X)

since Sing(X) is a closed set. Hence, there is ε^∗ > 0 such that the exponential map exp_x:N_x(ε^∗)−→M is an isometry for any point x ∈ K. Call N_x = exp_x(N_x(ε^∗)). Moreover, for any x ∈ K there is η_x > 0 such that X^t(N_x) ∩ N_x = ∅, for t ∈ (−η_x, η_x), since there are no singularities in cl(K); and hence the function x → η_x has a lower bound, say η_∗ > 0. Define for any x ∈ U_1 and s ∈ R the map τ^s_x:D^s_x ⊂ N_x−→R using the Implicit Function Theorem, in such a way that τ^s_x (x) = s and X^{τ sx (y)}(y) ∈ N_{xs} , where x_s = X^s(x). Whenever we speak about D^s_x, we are considering it as the maximal domain of definition. In spite of this, set R^s_x:D^s_x−→N_{xs} such that R^s_x(y) := X^{τ sx (y)}(y), ∀y ∈ D^s_x. Notice D_xR^s_x = L^s_x. Moreover, there exist a neighborhood V_s ⊂ N of the zero-section, where we can define a transformation R^s:V_s−→N where

V_s ∋ (x, v)^{Rs}−→ (X^s(x), exp^{−1}_{xs} (R^s_x(exp_x(v)))).

This transformation covers the flow on M, i.e. the following diagram commutes: V_s^{Rs}−→ N ↓ ↓ M^{Xs}−→ M In fact, [V_s]_x ⊃ exp^{−1}_x (D^s_x), for all x ∈ U_1. Observe {R^t} is a local flow on ⋂ t∈R V_t. 3. Central Manifolds

Throughout this section we shall construct central-stable and centralunstable manifolds for invariant sets with dominated splitting. Moreover, we shall see they are of class C^2. Also we shall prove an analogous version of Pliss’ Lemma (see [18]) for continuous-time dynamical systems. As a consequence of these, we shall obtain that there are only

8 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

a finite number of irrational tori contained in Λ. At the end, we shall reduce the proof of Theorem B to a Main Lemma. Let X ∈ X^2(M) and Λ ⊂ M be a compact invariant set with dominated splitting such that Sing(X) ∩ Λ = ∅. Also assume that all periodic orbits in Λ are hyperbolic saddles. We begin establishing the following inequalities.

Lemma 3.1. If Λ is an invariant set as above, there exist constants C > 0 and σ ∈ (0, 1) such that for every x_0 ∈ Λ and for all t ⩾ 0 the following holds: (1) |L^t|_{E(x0)}||L^{−t}|_{F (xt)}|^2 ⩽ Cσ^t, (2) |L^t|_{E(x0)}|^2|L^{−t}|_{F (xt)}| ⩽ Cσ^t, Proof. We only care about the first inequality since the other is analogous. Take α ∈ (0, 1). We claim there is T > 0 such that for any x ∈ Λ |L^T |_{E(x)}| |L^T |_{F (x)}|^2 ⩽ α After the claim, it is not difficult to see how the lemma follows; we only have to notice that |L^t|_E| = Π^α_{j=1}|L^{jT} |_E ||L^r|_E | where t = αT + r, and the same for the subspace F . Hence, setting C = max{|L^r|_{E(x)}|, |L^r|_{F (x)}|; x ∈ Λ, r ∈ [0, T ]}, we conclude |L^t|_{E(x0)}| |L^t|_{F (xt)}|^2 ⩽ C(α^{1/t0} )^t. However, if the claim do not happen then for all T > 0 there is x^T ∈ Λ such that |L^T |_{E(x}T_)| |L^T |_{F (x}T_)|^2 ⩾ α Take the measures μ_T =^1_T ∫_T 0 δ_xT_s ds, where x^T_s = X^s(x^T ) and consider a subsequence μ_i := μ_{Ti} converging to a measure μ, with supp(μ) ⊂ Λ. Observe the function^{|Lt|E(x)|}_{|Lt|F (xt)|2} is C^1 with respect to t. Let φ(x) = d dt log ( |Lt|_{E(x)}| |L^t|_{F (xt)}|^2 )| |_{t=0} and notice it is continous on x. It is true that ∫ φdμ ⩾ 0. In fact, ∫ φdμ = lim_{i→∞} φdμ_i = lim 1 T_i ∫_{Ti} 0 φ(x^{Ti}_s )ds = lim_{i→∞} 1 T_i log ( |Lt|_{E(x)}| |L^t|_{F (xt)}|^2 )

Hence, the Theorem of Descomposition on Ergodic Measures implies there is an ergodic measure ν with supp(ν) ⊂ supp(μ) and such that ∫ φdν ⩾ 0. Denote by λ_E = λ_E (ν) = ∫ log |L^1|_E |dν, and λ_F = λ_F (ν) =

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 9 ∫ log |L^1|_F |dν, the Lyapunov Exponents of ν with respect to E and F , respectively. It is true that λ_E < 0 and λ_F < 0, since ∫ φdν = λ_E −2λ_F ⩾ 0 and the condition of domination implies λ_E < λ_F . Hence 0 ⩽ λ_E − 2λ_F < λ_F − 2λ_F = −λ_F . Therefore λ_E < 0 and so λ_F < 0. Now we claim that the support of ν is contained in the orbit of some periodic point of the flow, that must be a sink. Oseledets’ Theorem [13], asserts that ν-almost everywhere there is a unique invariant splitting E_1 ⊕[X]⊕E_2 for X^1. For that and since the splitting E ⊕F is invariant by L^1 we can call E_i that E ⊕ [X] = E_1 ⊕ [X] and F ⊕ [X] = E_2 ⊕ [X]. Denote λ_1, λ_2, λ_{[X]} = 0 their respective Lyapunov Exponents. Notice

λ_E = ∫ log(L^t|_E)dν = ∫ log(det(DX^1|_{E⊕[X]}))dν = ∫ log(det(DX^1|_{E1⊕[X]}))dν = λ_1 + λ_{[X]} = λ_1

Analogously λ_F = λ_2; therefore λ_1 > 0 and λ_2 > 0, and the claim follows. □

Now, our setting fits into the arguments of [6] to prove the existence of central stable and central unstable manifolds tangent to directions E and F , respectively. This is summarized in the following lemma.

Lemma 3.2. For each ε > 0 denote the interval I_ε = (−ε, ε) and let Emb^2(I_1, M) be the set of C^2 embeddings of I_1 on M. There exist two continous sections

Φ^{cs (cu)}:Λ−→Emb^2(I_1, N )

such that, if we denote W^{cs (cu)}ε (x) = Φ^{cs (cu)}(x)(I_ε), respectively, they verify the following properties:

a) T_xW^{cs}_ε (x) = E(x) and T_xW^{cu}_ε (x) = F (x).

b) For all ε_1 ∈ (0, 1) there exists ε_2 > 0 such that R^t(W^{cs}_{ε2} (x)) ⊂ W^{cs}_{ε1} (x_t) and R^{−t}(W^{cu}_{ε2} (x)) ⊂ W^{cu}_{ε1} (x_{−t}), for all t ∈ [0, 1].

Notice that Φ^{cs}(x)(I_1) ⊂ N_x since Φ^{cs} is a section on N and the same for Φ^{cu}. We shall call the manifold W^{cs}_{(ε)} the (local) central stable manifold and W^{cu}_{(ε)} the (local) central unstable manifold. Observe that the second part of the lemma implies the next corollary:

Corollary 3.3. Given ε > 0 there is δ such that:

a) If y ∈ W^{cs}_ε (x) and dist(x_t, y_t) ⩽ δ for all t ∈ (0, t_0), then R^t(y) ∈ W^{cs}_ε (x_t) for t ∈ (0, t_0).

b) If y ∈ W^{cu}_ε (x) and dist(x_{−t}, y_{−t}) ⩽ δ for all t ∈ (0, t_0), then R^{−t}(y) ∈ W^{cs}_ε (x_{−t}) for t ∈ (0, t_0).

10 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

It is not difficult to see that in our context it is true the following

Corollary 3.4. Let x ∈ Λ such that for some γ ∈ (0, 1) we have |L^t|_{E(x)}| ⩽ γ^t, for all t ⩾ 0. Then there exists ε > 0 such that |R^t(W^{cs}_ε (x))| → 0 as t → ∞; that means the central stable manifold is in fact a stable one.

3.1. Hyperbolic times of a point. It is possible to prove a version of Pliss’ Lemma [18] for flows. In this case, the proof is easier than in the case of diffeomorphisms; see [8].

Theorem 3.5. Given any ε > 0, A ∈ R and c > 0, there exists L > 0 such that if H: [0, T ]−→R is diferentiable, H(0) = 0, H(T ) < cT and inf(H^′) > A, then the set P_ε = {τ ∈ [0, T ]|H(s) − H(τ) ⩽ (c + ε)(s − τ) for all s ∈ [τ, T ]} has Lebesgue measure greater than T L.

Proof. Take ε > 0 and A as in the hypothesis. Define G(s) = H(s) − (c + ε)s. We assume G is of class C^2 and it do not have degenerate critical points; that is, G^′(x) = 0 if and only if G^{′′}(x) ≠ 0. Actually we can assume all their critical values are different, otherwise, an approximation of G still works. Since G(0) = 0 and G(T ) < −εT , it is possible to define two (perhaps finite) sequences, say {a_i} consisting of critical points of G such that G(x) < G(a_i) for every x > a_i (if finite, set the last point a_{n+1} = T , if it is not so, then a_i → T ) and {b_i} as the first number b > a_i such that G(b_i) = G(a_{i+1}). Of course b_i ⩽ a_{i+1}. Let B = − inf G^′, then by the Mean Value Theorem G(a_i) − G(b_i) B ⩽ b_i − a_i. On the other hand, the union ⋃ i(a_i, b_i) is contained in B_ε. In fact, H(s) − H(τ) = H(s) − (c + ε)s − (H(τ) − (c + ε)τ) + (c + ε)(s − τ) = G(s) − G(τ) + (c + ε)(s − τ) Hence, G(s) − G(τ) + (c + ε)(s − τ) < (c + ε)(s − τ) if and only if G(s) < G(τ). Let t ∈ (a_i, b_i), for some i. If for a given s > τ we have G(s) = G(τ) then τ = b_i, because b_i is the first number b > a_i such that G(b) = G(a_{i+1}); a contradiction. Therefore,

leb(P_ε) ⩾ ∑_n i=1(b_i − a_i) ⩾^1_B ∑_n i=1 G[(a_i) − G(b_i)] = =^1_B ∑_n i=1[G(a_i) − G(a_{i+1})] =^1_B (G(a_1) − G(T ))

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 11

Notice G(a_1) ⩾ 0 since it is a global maximum. Therefore leb(P_ε) ⩾ −G(T ) B ⩾^{εT}_B , and then leb(P_ε)T^{−1} ⩾ εB^{−1}. Finally G^′(t) = H^′(t) − (c + ε) and B = inf(G^′) = (c + ε) − A ⩾ c + ε − A, that is leb(P_ε) T ⩾ ε c + ε − A =: L □ Corollary 3.6. Let X ∈ X^1(M) and let Λ be an invariant compact set with dominated splitting. Given ε > 0, γ < 1 and x ∈ Λ. If there is T > 0 such that |L^T |_{E(x)}| < γ^T , then there is L > 0 such that the set (1) P_ε(x) = {τ ∈ [0, T ]||L^{s−τ} |_{E(x)}| ⩽ (e^{log(γ)+ε})^{s−τ} ∀s ∈ [τ, T ]} is such that leb(P_ε(x)) ⩾ LT , and hence non-empty.

Proof. Recall the function H_E(t) = log(|L^t|_{E(x)}|) is C^1. Moreover d/dt(H_E) =< D_{xt} X(E), E >, and hence |H^′(t)| ⩽ ||X||_C1 . Also re- member DR^t_x(v) = D_xX^t(v) −^{<DxXt(v),X(x)>}_{||X(x)||2} X(x). □ Corollary 3.7. Given ε > 0, γ < 1 and x_0 ∈ Λ if there exists t > 0 such that |L^s|_{E(xt)}| < γ^s, for all s ⩾ 0, then for λ̃ = e^{log(γ)+ε}, the set (2) P(x_0, λ̃) = {τ ∈ R||L^s |_{E(xτ )}| ⩽ λ̃^s ∀s > 0} is unbounded.

We call the set on (2) the hyperbolic times of x_0 related to λ̃.

3.2. Reducing Theorem B to a Main Lemma. Now, it is not difficult to see that Theorem B follows from the theorem 3.8 below, once we guarantee there can only be finitely many irrational tori on Λ. Theorem 3.8. Let X ∈ X^2(M) and let Λ be a compact invariant for X set with dominated splitting; also assume all periodic points in Λ are hyperbolic of saddle type and Sing(X) ∩ Λ = ∅. Then one of the following happens:

(1) Λ is an hyperbolic set.

(2) There exist an irrational torus T ⊂ Λ.

Proposition 3.9. There are only finitely many irrational tori on Λ. Proof. Assume by contradiction there are infinitely many irrational tori, named {T_k}_{k∈N} . Take numbers λ < γ_1 < γ_2 < 1 and c > 0 such that (1 + c)λ < 1. On each T_k there exist a point x^k, and some t_k > 0 such that |L^t_{F (x}k_)| ⩽ (1 + c)^t, ∀t ⩾ t_k

12 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

and then, by the domination condition we have |L^t_{E(x}k_)| ⩽ λ^t(1 + c)^t < γ^t_1, ∀t ⩾ t_k. An application of Lemma 3.5 imply there exist T_k > 0 such that for y^k = X^{Tk} (x^k), |L^t|_{E(y}k_)| ⩽ γ^t_2, for all t > 0. Hence, Corollary 3.4 let us conclude that each y^k has a stable manifold of size ε > 0.

Let y ∈ Λ be an accumulation point of the {y^k} and denote by Σ_y ⊂ N_y ⊂ M an open ball around y of radius smaller than ε/3. Still denote y^k the points on Σ_y which are immediate iterates of the true y^k. Actually, they also have stable manifolds of uniform size ε. Notice that it is not possible T_k ∩ Σ_y be a circle for infinitely many k, because the splitting on Λ is continuous. Moreover, T_k ∩Σ_y is an arc that meets the boundary of the ball in two different connected components. So, it is not difficult to see there are T_j and y^k ∈ T_k ∩Σ_y , j ≠ k that T_j ∩Σ_y ≠ ∅ and W^s_ε (y^k) ∩ T_j ≠ ∅. This contradiction proves the Proposition. □

In [21], they prove Theorem 3.8 is reduced to the next Main Lemma, and their arguments work for both, diffeomorphisms and vector fields. We only notice that in spite of Lemma 2.2, it is elementary to verify that if Λ is a compact invariant set with dominated splitting such that for every x ∈ Λ we have |L^t|_{E(x)}| → 0 and |L^{−t}|_{F (x)}| → 0 as t → ∞, then Λ is a hyperbolic set.

Main Lemma 1. Let Λ_0 ⊂ M be a compact transitive invariant set for X^t with a dominated splitting such that Λ_0 ∩ Sing(X) = ∅ and it is not an irrational torus neither a periodic orbit. If every properly contained invariant subset of Λ_0 is hyperbolic, then Λ_0 is hyperbolic itself.

4. Asymptotical Behavior of Dynamical Intervals

In order to obtain hyperbolicity over an invariant set with dominated splitting, one must show that the central manifolds on each point are actual stable and unstable manifolds. This is the aim of this section. For that, we shall prove a Denjoy’s like property which roughly speaking states that smoothness on the vector field X do not allow the existence of some kind of wandering intervals. (The precise statement is Lemma 4.2). Let X ∈ X^2(M) and let Λ be compact invariant set with dominated splitting such that Sing(X) ∩ Λ = ∅ and all periodic points in Λ are hyperbolic saddles. Consider the set

Λ^+ := ∩_{t⩾0}X^{−t}(cl(V ));

for some neighborhood V ⊂ cl(V ) ⊂ U_1. Recall U_1 is a neighborhood of Λ where it is possible define an extension of the invariant 1-cone

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 13

field on Λ (see Section 2.1). Notice that this induces an extension of the dominated splitting of Λ over Λ^+.

We say I ⊂ N_x or I ⊂ N_x are intervals if they are the image of a smooth function φ: [0, 1]−→N_x or N_x, respectively. Denote by |I| the length of the interval I. The following definitions collect the insight of central unstable manifolds and the property that will make them actual unstable manifolds.

Definition 2. Let I be an interval contained in N_{x0} for some x_0 ∈ I and let δ > 0.

(1) We say I is a-transversal to the E direction for some a ∈ (0, 1] if T_yI ⊂ C^F_a (y) ⊂ N_{x0} for any y ∈ I. It is E-transversal if it is a-transversal to the direction E for some 0 < a ⩽ 1.

(2) We say I is a (δ, E)-interval if it is E-transversal, I ⊂ ∩_{t⩾0}V_t and |R^t(I)| ⩽ δ for all t ⩾ 0.

Although these definitions are stated for intervals contained in the normal bundle, we say an interval I ⊂ N_x on M is E-transversal or (δ, E)-transversal if the interval defined by Î := exp^{−1}_x (I) is. Notice if Î ⊂ N is a (δ, E)-interval, then exp_x(Î) ⊂ Λ+.

Remark 1. For any c > 0 there is δ_c > 0 such that if I is a (δ, E)- interval associated to x ∈ I with δ ⩽ δ_c then, for any y ∈ I:

(1 − c)^t ⩽ |D_yR^t_x|_{E(y)}| |L^t|_{E(x)}| ⩽ (1 + c)^t

Also is true a similar statement with respect to the F -direction.

For (δ, E)-intervals contained in sets with dominated splitting we have stable manifolds, as we shall see on the next Lemma. An Etransversal interval which do not grow its length on future iterations, it must contract exponentially along the E-direction.

Lemma 4.1. For any γ ∈ (λ, 1) there is δ_1 > 0 such that if I is a (δ, E)-interval, I ⊂ N_x, x ∈ I, with δ ⩽ δ_1, then there is t_0 > 0 such that |L^s|_{E(xt0 )}| < γ^s, ∀s ⩾ 0. Moreover, for any y ∈ Î_{t0} = exp_{xt0} (R^{t0} (I)) we have |D_yR^s|_{E(xt0 )}| < γ^s, ∀s ⩾ 0. and hence, on any point of Î_{t0} we have stable manifolds of uniform size.

Proof. Fix γ ∈ (λ, 1) and λ_2 < 1 such that λλ^{−1}_2 < γ. Let c > 0 and λ_3 < 1 such that (1 − c)λ_2 < λ_3. Take δ_1 ⩽ δ_c of Remark 1, and let I be a (δ, E)-interval with δ ⩽ δ_1, associated to x_0 ∈ I.

14 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

We claim there is t_0 > 0 such that |L^s|_{F (xt0 )}| < λ^{−s}_2 , for all s > 0. To prove the claim suppose there exist a sequence s_t → ∞ as t → ∞ such that for all t ⩾ 0 |L^{st} |_{F (xt)}| ⩾ λ^{−st}_2 Since |Î_t| ⩽ δ_c, we have: (1 − c)^{−s} ⩽ |D_yR^s_{xt} |~_{F (y)}| |L^s|_{F (xt)}| ⩽ (1 + c)^s.

Then |D_yR^{st}_{xt} |~_{F (y)}| ⩾ (1 − c)^{−st} |L^{st} |_{F (xt)}| ⩾ ((1 − c)λ_2)^{−st} ⩾ λ^{−st}_3 It is a straight forward computation that then, |I_{t+st} | ⩾ λ^{−st}_3 |I_t|. If t is big enough, we achieve a contradiction to |I_{t+st} | ⩽ δ_c. Hence, the claim follows.

Actually, we have proved that |L^s|_{E(xt0 )}| ⩽ (λλ^{−1}_2 )^s, for all s ⩾ 0. Notice that if c > 0 is such that (1 + c)λλ^{−1}_2 < γ and δ > 0 is small enough that for any y ∈ Î_{t0} and s ⩾ 0 we have (1 − c)^{−s} ⩽ |D_yR^s_{xt} |_{E(y)}| |L^s|_{E(xt)}| ⩽ (1 + c)^s,

then |D_yR^s_{xt} |_{E(y)}| < γ^s, for all y ∈ Î_{t0} and for all s ⩾ 0, as we required. Corollary 3.4 guarantees then stable manifolds on points of Î_{t0} of uniform size □

Maximal (δ, E)-intervals. Let I ⊂ N_{x0} be a (δ, E)-interval associated to some x_0 ∈ I. Denote by I_t := R^t(I) for t ∈ R^+ . We seek for a family of (δ, E)-intervals J_t such that I_t ⊂ J_t and also R^{t−s}(J_s) ⊂ J_t for all 0 < s < t, and any t ∈ R^+ ; being maximal for these properties. In order to find it we appeal to Zorn’s Lemma in the following way: Consider the set of functions from R into the compact connected subsets of the normal bundle N , denoted by P (N ): F = {J:R−→P (N )|J(s) ⊂ N_{xs} , I_s ⊂ J(s), J(s) is a (δ, E)-interval and R^t(J(s)) ⊂ J(s + t), ∀s, t ∈ R^+ } with the order relation: J ⩽ K if and only if J(s) ⊂ K(s), ∀s ∈ R^+ . Observe that the function I(·) = R^{(·)}(I) belongs to F. Moreover, any totally ordered chain has a supremum in F, say, {J^i ∈ F; i ∈ Γ}, then J^∞(s) = ⋃ i∈Γ J^i(s), defined for each s ∈ R belongs to F. Therefore, there is a maximal element on F denoted by J_s := J(s). If there is an interval K̃ ⊂ N_{xs} such that J_s ⊂ K̃ for some s ∈ R^+ and |R^t(K̃)| ⩽ δ for all t ⩾ 0, then the family K(t) := J_t for t < s and K(t) := R^t(K̃)

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 15

for t ⩾ s belongs to F; contradicting the fact J(·) is a maximal element of F.

Notice that Lemma 4.1 implies the existence of δ_0 > 0 such that if {J_s} is a maximal family of (δ, E)-intervals related to a (δ, E)-interval, say I, with δ ⩽ δ_0. Then, there exist numbers s > 0 and ε_0 > 0 such that for every y ∈ J_s, the center-stable manifold W^{cs}_{ε0} (y) is in fact a true stable manifold for R^t, that is, |R^t(W^{cs}_{ε0} (y))| → 0 as t → ∞. Moreover there exist C > 0 and γ ∈ (0, 1) such that

|R^t_{xs} (exp_{xs} (W^s_{ε0} (y)))| < Cγ^t for any t ∈ R,

that is, exp_{xs} (W^s_{ε0} (y)) is a local stable manifold for R^t_{xs} . We will denote also W^s_{ε0} (y) := exp_{xs} (Ŵ^s_{ε0} (y)), except when it is relevant to remark the difference. For any s ∈ P denote by J^ε_s := ⋃ y∈J_s W s ε (y) ⊂ M. 4.1. Denjoy’s Like Property. Let Î ⊂ N_{x0} for some x_0 ∈ Î be a (δ, E)-interval. Denote by I_t = exp_{x0} (Î_t) ⊂ M, where Î_t = R^t(Î) and x_t := X^t(x). Define the ω-limit set of I_0 as ω(I_0) = ⋃ y∈I_0 ω(y); where

ω(y) is the usual ω-limit set of y according to the flow X^t.

Proposition 4.2. There is δ_0 > 0 such that if I is a (δ, E)-interval associated to some x ∈ I for some δ < δ_0, then there are two possibilities: ω(I) ⊂ Per(X^t) or ω(I) = T , where T is an irrational torus.

Proof. Let λ < 1 be the number in the dominated splitting condition. Fix γ ∈ (λ, 1) and take δ_1 > 0 from Lemma 4.1. Let I_0 ⊂ M be a (δ, E)-interval associated to x_0 with δ ⩽ δ_1. Denote by I_t = R^t_x(I_0). Let {Ĵ_s|s ∈ R^+ } be a maximal family of (δ, E)-intervals for Î_s = exp^{−1}_{xs} (I_s) constructed above and denote J_s = exp_{xs} (Ĵ_s) ⊂ M. Lemma 4.1 implies there exist t_0 > 0 for which we have defined a stable manifold of size ε_0 on any point of J_{t0} . This fact together with Corollary 3.7 imply that the set of hyperbolic times of x_0 related to γ, P(x_{t0} ), is unbounded. Corollary 3.4 assert that for any s ∈ P(x_{t0} ) and on any point of J_s, we also have stable manifolds of size ε_0. Since we are interested on asymptotical properties of I we shall assume t_0 = 0; in fact, w(I) ⊂ w(J_{t0} ). We shall denote, by simplicity P = P(x_0). The following situations requires two different arguments:

I. There exist some t, s ∈ P, t < s, for which J^ε_s ∩ [R^{t−s}(J_s)]^ε ≠ ∅. II. For any t, s ∈ P, we have J^ε_s ∩ [R^{t−s}(J_s)]^ε = ∅.

Let us first deal with Case I. For that, we shall assume first that lim_{s∈P} |Ĵ_s| = 0. If we can guarantee the hypothesis of the following lemma we shall conclude the thesis of Proposition 4.2 in this case.

16 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Lemma 4.3. If there exist s ∈ P and t > 0 such that R^t_{xs} (J_s) ⊂ J^ε_s , then there is a periodic orbit p ∈ Λ such that ω(I) ⊂ ω(J_0) = O(p).

Proof of the Lemma. Define π:J^ε_s−→J_s, a projection along stable manifolds. Then π ∘ R^t_{xs} : J_s −→ J_s is a continuous map of the interval. Since R^t_{xs} (J_s) ⊂ J^ε_s , we see π(R^t_{xs} (J_s)) ⊂ J_s. Therefore, there is z ∈ J_s such that R^t_{xs} (z) ∈ W^s_ε (z); and this can only happen if both z, R^t_{xs} (z) ∈ W^s(p) of some periodic point p ∈ Λ. Moreover, p must be a sink and ω(I) ⊂ ω(J_0) = O(p). □

The following two claims let us fit into the hypothesis of the previous Lemma.

Claim 1. There is δ^′ > 0, s_0 > 0 and c > 0 such that, if J̃ is a (δ^′, E)-interval satisfying J^{cε}_s ∩ J̃ ≠ ∅, with s_0 < s ∈ P, then J̃ ⊂ J^ε_s .

Claim 2. There is s ∈ P, s > s_0 and t > 0 in such a way W_{cε}(J_s) ∩ R^t_{xs} (J_s) ≠ ∅, and R^t_{xs} (J_s) is a (δ^′, E)-interval.

Proof of Claim 1. Let η_1 > 0 such that (1 + η_1)λ < 1. As we see in Remark 1, there is δ_{η1} > 0 such that if K is a (δ_{η1} , E)-interval we have ∀z, z_0 ∈ K (3) |D_zR^t|_{E(z)}| |D_{z0} R^t|_{E(z0)}| < (1 + η_1)^t, ∀t ⩾ 0.

Let us suppose there is J̃ a (δ_{η1} , E)-interval such that J^{cε}_s ∩ J̃ ≠ ∅ for some c > 0. Observe J̃ ⊂ D^t_{xs} , for all t ⩾ 0. Then there are points z_0 ∈ J̃ and y_0 ∈ J_s such that z_0 ∈ W^s_{cε}(y_0). Moreover, for any c > 0 there is a positive η_c > 0 such that (4) |D_{z0} R^t_{xs} |_{E(z0)}| |D_yR^t_{xs} |_{E(y)}| < (1 + η_c)^t, ∀t ⩾ 0

since both points lay on the same stable manifold W^s_{cε}(y).

Notice that if λ̃_c = (1 + η_1)(1 + η_c)λ < 1, inequalities (3) and (4) imply that on any point of J̃ there are stable manifolds of size ε^′(λ̃_c) > 0. Actually, η_c → 0 as c → 0 and ε^′(λ̃_c) do not decreases. So, |D_z(R^t_{xs} )|_{E(z)}| < λ̃^t_c for t ⩾ 0 and all z ∈ J̃.

Fix c ∈ (0,^1_2 ) such that λ̃_c < 1 and take ε̃ > 0 such that cε < ε̃ < (1 − c)ε and ε̃ ⩽ ε^′(λ̃_c). Take s_0 ∈ P in such a way that for any s > s_0 we have 2|J_s| < δ. Then for all z ∈ J̃ ∩ J^{cε}_s we have W^s_{ε̃} (z) ⊂ J^ε_s and W^s_{ε̃} (z) ∩ J_s ≠ ∅.

On the other hand, there is some constant C > 0 such that for any E-transversal interval A ⊂ J̃^{ε̃} we have |R^t(A)| ⩽ C|R^t(J̃)| for any

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 17

t ⩾ 0. Take δ^′ such that δ/2 + Cδ^′ < δ. If J̃ is not properly contained in J^ε_s , there is a C^2 extension of the interval J_s, named J_s ∪ A with A ⊂ J̃^{ε̃}, which is E-transversal. Moreover, R^t(J_s ∪ A) ⩽ |R^t_{xs} (J_s)| + |R^t_{xs} (A)| ⩽ δ/2 + Cδ^′ < δ. The last inequality contradicts the fact of J_s being maximal (δ, E)- interval, and give us the claim. □

Proof of Claim 2. Actually, in the previous argument we could take s_0 big enough in such a way that |J_s| < δ^′ and λ^{s0} < c also. The intersection property (hypothesis of case I) implies J^{cε}_s ∩ R^t_{xs} (J_s) ≠ ∅ for some positive t. Since R^t_{xs} (J_s) is a (δ^′, E)-interval we are done. □

Now we assume lim sup_{s∈P} |J_s| > 0. Considering any convergent subsequence we obtain a limit interval J_s → J provided of a stable manifolds, say, J^ε := ∪_{z∈J} W^s_ε (z) for any ε < ε_0. There is no harm if we assume that J^{ε0} lies in some N_x for some x ∈ J ∩ Λ.

Lemma 4.4. If p ∈ J^ε ∩ Per(X^t) then p is hyperbolic and ω(J) ⊂ Per(X^t).

Proof. Notice that p ∈ Λ^+. Let us suppose it is a hyperbolic saddle. Observe that J ∩ W^u_ε (p) is non empty and transversal. Then, the Inclination Lemma (λ-Lemma in [15]) implies that |W^u_ε (p)| ⩽ δ, since |R^t_x(J)| ⩽ δ for all t ⩾ 0. Hence, there must be two periodical sinks p_1, p_2 bounding a cylinder that contains the orbit of p. Therefore, if y ∈ J the ω-limit of y is either p_1, p_2 or p. A similar argument implies the thesis in the case of p being a sink or a saddle node, and these are the only possibilities; since p ∈ J^ε has a stable manifold. □

Hence, we assume there are no periodic orbits passing through J^ε. Notice that the set ∂J^ε consists of boundary of two kinds: ∂^s(J^ε) := ⋃ z∈∂J W s ε (z) and ∂^u(J^ε) := ∂(J^ε) ∖ ∂^s(J^ε). This distinction allows us to make the next definition.

Definition 3. If a set A is such that A ∩ J^ε ≠ ∅ we say A is stably contained on J^ε if A ∩ ∂^u(J^ε) = ∅, and we denote it by A ⊂^s J^ε. We also define, for positive ε and ε̃, the number ρ(J^ε, J^{ε̃}) = ρ ∈ R^+ as the first time such that R^ρ_x(J^ε) ∩ J^{ε̃} ≠ ∅.

Proposition 4.5. There exists two subintervals L̃ ⊂ L ⊂ J such that w(J) = w(L), numbers 0 < t_0 < t_1 and η > 0 such that:

(1) R^{t0}_x (L^η ) ⊂^s L^η for t_0 = ρ(L^η , L^η), and R^{t0}_x (L^η) ∩ L̃^η = ∅.

18 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

(2) R^{t1}_x (L̃^η ) ⊂^s L̃^η for t_1 = ρ(L̃^η , L̃^η).

Before we prove this Proposition we need a Lemma.

Lemma 4.6. Let L ⊂ J be an interval, not containing a periodic orbit:

(1) If there exists M > 0 such that R^s_x(L) ∩ L = ∅ for all s < M then there is ε^′ > 0 such that s_0 = ρ(L^{ε′} , L^{ε′} ) > M.

(2) Given any c ∈ (0, 1). If M as above is such that 2λ^M < c(1 − λ^{η∗} ), then there is c^′ ∈ (0, c) such that t_0 = ρ(L^{ε′} , L^{c′ε′} ) and R^{t0}_x (L_ε′ ) ⊂^s L_c′_ε′ .

Proof. Item 1: Fix some M > 0 such that R^s_x(L)∩L = ∅ for all s ⩽ M. Take ε ∈ (0, ε_0), set s_0 = ρ(L^ε, L^ε) > 0 and assume s_0 < M. By hypothesis, R^{s0}_x (L) ∩ L = ∅; then there is ε_1 > 0 such that R^{s0}_x (L^{ε1} ) ∩ L^{ε1} = ∅. Notice that s_1 = ρ(L^{ε1} , L^{ε1} ) > s_0 + η_∗ > s_0. Repeating this argument a finite number of times we obtain some ε^′ := ε_k > 0 and ρ(L^{ε′} , L^{ε′} ) > M which is what we wanted to prove.

Item 2: Take any c ∈ (0, 1). Since 2λ^M < c(1 − λ^{η∗} ) there is c_1 > 0 such that c_1 +^{2λM}_{1−λη∗} < c. As in the previous item, let s_0 = ρ(L^{ε′} , L^{ε′} ) > M. We shall construct two sequences of numbers inductively, say {c_i, s_i}_{i∈N} . c_1 is already given. Define for i ⩾ 1: s_i = ρ(L^{ε′} , L^{ciε′} ) and for i ⩾ 2: c_i = inf{b > 0|R^{si−1}x (L^ε) ⊂^s L^{bε}}.

Let I = min{i ∈ N|s_i = s_{i+1}} (or equivalently c_{i+1} ⩽ c_i), with the convention I = ∞ if the set is empty. Observe that for i < I we have c_{i+1} > c_i and also s_{i+1} < s_i; since at the time we consider a wider box around L it is possible we catch some previous returns to it. Notice s_1 ⩾ s_0 since c_1 < c < 1. On the other hand, for i < I, we have c_i ⩽ 2λ^{si−1} + c_{i−1}, that is the maximal stable width of the return plus the width of the ε^′c_{i−1}-box around L. Hence c_i ⩽ 2ε i−1∑ j=1 λ^{sj} + c_1.

Inductively, for all i ∈ {j, . . . , I} we have that s_j ⩾ s_0 and c_j < c. We claim that c_i < c and hence, s_i ⩾ s_0 since L^{ciε′} ⊂ L^{ε′} . Since we have s_j − s_{j+1} > 0, then s_j − s_{j+1} > η_∗, and therefore, s_{i−r} ⩾ s_0 + (r − 1)η_∗ for r ∈ {1, . . . , i − 1}. Hence, c_i ⩽ 2ε i−2∑ r=0 λ^{s0+rη∗} + c_1 < 2ελ^M 1 − λ^{η∗} + c_1 < c,

that is what we claimed.

Since s_0 ⩽ s_1 and s_i < s_1 − iη_∗, there must be some i such that s_i = s_{i+1}. Therefore I < ∞. Take c^′ = c_I , and t_0 := s_I = ρ(L^{ε′} , L^{c′ε′} ). □

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 19

Corollary 4.7. Denote by L̂ = {z ∈ L|L^{ε′} ∩ R^{t0}_x (L^{ε′} ) ≠ ∅}, and set L̃ = L ∖ L̂. Then L̃ is an interval and there is c′′ > 0 such that c^{′′} ∈ (c^′, c) and R^{t1}_x (L̃^{ε′} ) ⊂^s L̃^{c′′ε0} .

Proof. L̃ is an interval since there are no periodic orbits passing through J^ε. To obtain the second part of the Corollary denote by d_1 = c^′ (from the previous Lemma) and observe r_1 = ρ(L̃^{ε′} , L̃_{d1ε}′ ) > t_0 > M. Then, we can apply the same arguments with the interval L̃ instead of L. □

Lemma 4.8. If there is no periodic orbit on J then for any M > 0 there is a subinterval L ⊂ J such that R^s_x(L) ∩ L = ∅ for s ⩽ M.

Proof. Let us suppose that for 0 < s_0 < M, the first return of J^ε into itself, happens that R^{s0}_x (J) ∩ J ≠ ∅. Since there is no periodic orbit in J we know one of the borders of J, say J^+, must return inside the box. We call z ∈ R^{s0}_x (J) ∩ J the farthest point to J^+. Let w ∈ J such that R^{s0}_x (w) = z ∈ J.

It is important we verify R^{s0}_x ([w, J^+]^ε) ⊂ J^ε. This will guarantee we do not lose any point of the box and so, no point of ω(I). Let L = J ∖ [w, J^+] and we seek for the first return of the box on L, that is s_1 > 0 such that: R^{s1}_x (L^ε) ∩ L^ε ≠ ∅.

Observe now that R^s_x(L) ∩ L = ∅ for s ⩽ s_0 + η_∗.

If now we can say R^s_x(L) ∩ L = ∅ for s < M, we are done. However, if it does not happen we repeat the above construction on L, obtaining another subinterval L^′ ⊂ L ⊂ J for which

R^s_x(L^′) ∩ L^′ = ∅; ∀s ⩽ s_2 + η_∗.

Since s_2 ⩾ s_1 + η_∗ ⩾ s_0 + 2η_∗ we are sure to reach M in finite steps. Observe the way we cut the interval J to obtain L guarantee that any orbit of J is traced by one of L. □

Now, we can give a proof for Proposition 4.5.

Proof of Proposition 4.5. Fix some c < 1 and take M > 0 big enough such that 2λ^M < (1 − λ^{η∗} ). Using Lemma 4.8 set L ⊂ J such that R^s_x(L) ∩ L = ∅ for all s ⩽ M and ω(L) = ω(J). Now, Lemma 4.6 says there exists ε_0 > 0 such that ρ(L^{ε0} , L^{ε0} ) > M and there exists 0 < c^′ < c such that R^{t0}_x (L^{ε0} ) ⊂^s L^{c′ε0} where t_0 = ρ(L^{ε0} , L^{c′ε0} ).

Moreover, on Corollary 4.7 we defined the set L̂ = {z ∈ L|L^ε ∩ R^t0_x (L^ε) ≠ ∅}. Denote by L̃ = L ∖ L̂; and so, there is c^{′′} > 0 such that c^′ < c^{′′} < c and R^{t1}_x (L̃^{ε0} ) ⊂^s L̃^{c′′ε0} , where t_1 = ρ(L̃^{ε0} , L̃^{c′′ε0} ).

20 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Take η = c^{′′}ε_0. Since c^′ < c^{′′} < c we know that L^{c′ε0} ⊂ L^{c′′ε0} ⊂ L^{ε0} and then ρ(L^{ε0} , L^{c′ε0} ) = ρ(L^{ε0} , L^{c′′ε0} ) = ρ(L^η , L^η). Hence we have found that

(1) R^{t0}_x (L^η ) ⊂^s L^η and R^{t0}_x (L^η) ∩ L̃^η = ∅, for t_0 = ρ(L^η, L^η). (2) R^{t1}_x (L̃^η ) ⊂^s L̃^η , where t_1 = ρ(L̃^η, L̃^η).

This is what we wanted to prove to conclude Proposition 4.5 □

Now, we are ready to construct an irrational torus and then finish the proof in case I. Let D_0 := L^η and t_0 = ρ(D_0, D_0), given on Proposition 4.5. Recall D_0 ⊂ N_x ⊂ M for some x ∈ Λ^+. Moreover, we can think there is Σ, an extension of N_x where R^{t0}_x (D_0) ⊂ Σ. Define P_0: D_0−→Σ as P_0(·) = R^{t0}_x (·). Recall that the orbit of no point of D_0 falls into a singularity. Since R^{t0}_x (D_0) ∩ D_0 ≠ ∅, there is a point z ∈ D_0 such that P_0(z) ∈ D_0. Therefore, we can extend the function τ^{t0}_x (·) to D_1 := D_0 ∪ P_0(D_0). In this way we obtain an extension of P_0 called P_1:D_1−→Σ.

By induction, we can repeat this procedure until we find some ñ ∈ N such that

(5) D_i ∩ ⋃ j⩽ñ S_j ≠ ∅ where S_1 = {X^s(y)|y ∈ D_0 and s ∈ [0, τ^s_x (y))}, and S_j is defined inductively. If D_i ∩ S_j ≠ ∅ for 1 < j < ñ then D_{ñ−j} ∩ S_1 ≠ ∅. Take n = ñ−j. We can think D_n is glued smoothly to D_0. In fact, this is possible since there is a function τ^∗:D_n ∩ S_1−→R^− ∪ {0}, the time a point on the intersection spent to flow back to D_0, that is: for y ∈ D_n ∩ S_1, X^{τ ∗(y)}(y) ∈ D_0. Moreover, we can extend the domain of τ^∗ to some of the last D_n ∪ D_{n−1} ∪ . . ., and glueing this function with the zero function defined on the first boxes of the sequence D_0 ∪ D_1 ∪ . . .. Observe that ⋃ i⩽n τ^∗(D_i) is a connected smooth surface embedded in M.

Observe the intersection of D_n and D_0 corresponds to the first return of L̃_η into itself, called t_1 in Proposition 4.5. Hence D_n ⊂^s D_0, and more important, there is such ñ in (5) and this process of extension stops.

By now, we restrict our attention to D_0: D_0 splits into three rectangles, A∪C ∪B defined as A = (R^{t0}_x )^{−1}(D_0 ∩D_1), B = (R^{t1}_x )^{−1}(D_0 ∩D_n) and C the region in D_0 in between A and B. Denote by G: D_0−→D_0 the first return map of the flow to D_0 and notice that G(A) = D_0 ∩ D_1 and G(B) = D_0 ∩ D_n. Moreover, we notice also that R^{t0}_x (C) ⊂ D_1 and R^{t1}_x (C) ⊂ D_n. Denote by D̃_0 := D_0 ∪ R^{t0}_x (C) ∪ R^{t1}_x (C), and consider G̃: D̃_0 −→D̃_0, the corresponding first return map. Observe that still G̃(A) = D_0 ∩ D_1 and G̃(B) = D_0 ∩ D_n. Also G̃(C) = Rt0_x (C) and

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 21

PSfrag replacements

Figure I

G̃(Rt0_x (C)) = Rt1_x (C); the only missing part is the image of Rt1_x (C). It is not difficult to see that the orbit of points in C pass through D_0 near the inner border points of G̃(A) and G̃(B) (See Figure I)

Lemma 4.9. If there there is no periodic orbit passing through D_0 then G̃|_{Rt1x (C)} is continuous.

Proof. If it is not the case, the rectangle C splits into at least two subrectangles, call C_A and C_B those sharing part of its boundary with A and B, respectively. Observe G̃(R^{t1}_x (C_A)) = G(C_A) and is connected to G̃(B), and G̃(R^{t1}_x (C_B )) = G(C_B) and is connected to G̃(A). Note that in both cases the other stable boundary must reach the stable boundary of D_0. In fact, if not, we are missing some points of D_0 that actually passes in the formed gap, and this is not possible since G̃ is a true first return map to D̃_0.

It is not difficult to see that in this setting either π∘G|_{A∪B}:A∪B−→J or π ∘ G|_{CA∪CB} :C_A ∪ C_B−→J is onto. Therefore there exists z ∈ J that G(z) ∈ W^s_η (z), and hence we obtain a periodic orbit in D_0 which is a contradiction. Hence G̃|_Rt1_{x (C)} is continuous and so, G|_C is too. □

Therefore, the domain of P_n, the set D_0 ∪ . . . ∪ D_n, is an embedded ring. It is not difficult to verify that P^m_n (D_0 ∪. . .∪D_n) → S̃ as m → ∞ where S̃ is an invariant circle. Finally note that the saturated of S̃ by the flow, T = {X^t(y)|y ∈ S̃ and t ∈ R} is an embedded torus on M; hence w(I) ⊂ w(J) = T . Moreover, P_n|~_S corresponds to the Poincaré first return map of X^t to S̃. Since P_n is a diffeomorphism of the circle without periodic points, it is conjugated to an irrational rotation (See [5]), Therefore, the restriction of X^t to T is conjugated to a linear irrational flow on the torus. Here we conclude the proof of Proposition 4.2 in the case I.

22 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Now we deal with the case II, that is: J^ε_s ∩ [R^{t−s}_x (J_s)]^ε = ∅, for all t, s ∈ P; but first, we shall exploit this disjointness property to measure the area of the strip defined by the family {J_s}.

Remark 2. For any set A ⊂ N_x ⊂ M, define S(A) = {X^s(z)|z ∈ A, s ∈ [ − η_∗ 2 , η_∗ 2 ] }. There is a constant K > 0 only depending on ||X||_C1 such that if A = J^ε, for some interval J and ε > 0 then S(J) := S(J^ε) is such that KVol(S(J)) ⩾ |J|. Lemma 4.10. For any s ∈ P we have that: ∫_∞ 0 |R^t_{xs} (J_s)|dt < +∞, and hence, |R^t_{xs} (J_s)| → 0 as t → ∞.

Proof. Fix some s ∈ P and denote by J = J_s and x = x_s. Notice that for all l, t ∈ P such that |l − t| ⩾ η_∗ we have:

(6) S(R^l_x(J)) ∩ S(R^t_x(J)) = ∅.

Let us calculate the integral ∫_∞ 0 |R^t_x(J)|dt. For that, first observe ∫ P |R^t_x(J)|dt ⩽ K Vol(M). In fact, let Q be a partition of P of elements of diameter less than η_∗. Remark 2, together with the disjointness property on (6) imply: ∫ P |R^t_x(J)|dt ⩽ ∑ Q∈Q ∫ Q |R^t_x(J)|dt ⩽ K ∑ Q∈Q Vol(S(R^{tQ}_x (J))) ⩽ K Vol(M)

where t_Q ∈ Q ∈ Q.

Now arrange the elements of Q in an ascending way, say Q = {[a_i, b_i]}, i ∈ N, such that b_{i−1} < a_1 and (b_{i−1}, a_i)∩Q = ∅ for any Q ∈ Q and i ∈ N. Notice that there exists γ̃ > 0 such that |L^{ai−s}|_{E(xs)}| ⩾ γ̃^{ai} for any s ∈ (b_{i−1}, a_i); otherwise, there must be a point of P between b_{i−1} and a_i, which is impossible. Using the fact that |L^{ai−s}|_{E(x)}||L^{ai−s}|_{F (x)}|^{−1} ⩽ λ^{ai−s} we obtain that ∀t ∈ (0, a_i − b_{i−1}): |L^{−t}|_{F (xai )}| ⩾ (γ̃^{−1}λ)^t. By a similar argument to the one we use in the proof of Lemma 4.1 there is μ ∈ (0, 1) such that |D_zR^{−t}_{xai} |~_{F (z)}| < μ^t, for any t ∈ (0, a_i −b_{i−1}), z ∈ R^{ai}_x (J), where F̃ (z) = T_z(R^{ai}_{xai} (J)).

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 23

Hence, |R^{−t}_{xai} (R^{ai}_x (J))| = ∫ R^{ai}_x (J) |D_z(R^{−t}_{xai} )|~_F |dz ⩽ μ^t|R^{ai}_x (J)|. Therefore, ∫_{ai−bi−1} 0 |R^{ai−t}_x (J)|dt ⩽ |R^{ai}_x (J)| ∫_{ai−bi−1} 0 μ^tdt ⩽ |R^{ai}_x (J)| − log μ . A similar argument of disjointness used to bound the integral over the hyperbolic times implies ∑ i |R^{ai+1}x (J)| < K Vol(M). Therefore, ∫ R^+ |R^t_x(J)| ⩽ KVol(M) ( 1 − 1 log μ ) . Finally, the function log |R^t_x(J)| is uniformly continuous on t; hence |R^t_x(J)| → 0 as t → ∞. □ The following lemma measures how much the orbits of the flow X^t differ from the orbits by R^t.

Lemma 4.11. There exists a constant C > 0 such that if an interval I ⊂ D^t_x for all t ⩾ 0 then, for any y, w ∈ R^r_x(I), and r, s ⩾ 0 we have the following inequality: |τ^s_{xr} (y) − τ^s_{xr} (w)| ⩽ C ∫_∞ r |R^t_x(I)|dt Proof. Recall that:

τ^s_{xr} (y) = [s]−1∑

i=0 τ^1_{xi+r} (R^i_{xr} (y)) + τ^{s−[s]}_{x[s]+r} (R^{[s]}_{xr} (y)),

then |τ^s_{xr} (y) − τ^s_{xr} (w)| ⩽ [s]−1∑

i=0 |τ^1_{xi+r} (R^i_{xr} (y)) − τ^1_{xi+r} (R^i_{xr} (w))|

+|τ^{s−[s]}_{x[s]+r} (R^{[s]}_{xr} (y)) − τ^{s−[s]}_{x[s]+r} (R^{[s]}_{xr} (w))|

Now, the function τ^1 is uniformly Lipschitz with some constant C > 0. Hence, ⩽ C [s]−1∑

i=0 |R^i_{xr} (I_r)| + |R^{[s]}_{xr} (I_r)| ⩽ C ∫_∞ r |R^t_{x0} (I_0)|dt and then the Lemma follows. □

24 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

PSfrag replacements

Figure II.

Let us assume there are t_0 < t_1, and t_0, t_1 ∈ P such that J^ε_{t0} ∩ J^ε_{t1} ≠ ∅. In this case we shall obtain a sequence of times on which this intersection is at a enough small scale that allow us to control the limit. For that, call Z = J^ε_{t0} ∩ J^ε_{t1} , and observe that R^{t1−t0}_{x0} (Z) ⊂ J^ε_{t1} , since R^{t1−t0}_{x0} (J^ε_{t0} ) ⊂ J^ε_{t1} . This implies the existence of certain t^∗ > 0 such that R^{t∗}_{xt1} (J^ε_{t1} ) ∩ J^ε_{t1} ≠ ∅. Remember it is necessary to fix a destination section any time we define some R^s_y. In this case we select the time t^∗ in such a way that x_t∗ lie in some smooth extension of the section over x_{t1} . Moreover, we can take this extension in such a way the tangent space on x_t∗ is exactly N_x∗_t .

Let t_2 = t_1 + t^∗ and set C(t_1) := J^ε_{t1} . Notice that C(t_1) ⊂ D^{t∗}_{xt1} , then R^{t2−t1}_{xt1} (C(t_1)) ∩ C(t_1) ≠ ∅, by construction. Now set C(t_2) := R^{t2−t1}_{xt1} (C(t_1)). Inductively, take t_{i+1} = t_i+t̃^∗, such that R^{ti+1−ti}x_{ti} (C(t_i))∩ C(t_i) ≠ ∅, and denote C(t_{i+1}) := R^{ti+1−ti}x_{ti} (C(t_i)) (see Figure II).

Notice that |t_{i+1} − t_i| > η_∗, since any point must flow away certain amount of time before it returns into a neighborhood of it. For any j, i ∈ N such that j < i, Lemma 4.11 implies that for each s > 0 and y ∈ R^{ti−tj}x_{tj} (J_{tj} ) we have that |τ^s_{xtj} (y) − s| ⩽ C ∫_∞ t_i−t_j |R^t_{xtj} (J_{tj} )|dt. Hence, for j large enough we have that for all y ∈ R^{ti−tj}x_{tj} (J_{tj} ), (7) |τ^s_{xtj} (y) − s| ⩽ η_∗ 3 . Fix j ∈ N such that also verifies that^{Cε0λj}_{− log(λ)} <^{η∗}_3 . We may suppose x_{ti} → z ∈ M, as i → ∞. Hence, Lemma 4.10 implies that R^{ti−tj}x_{tj} (J_{tj} ) = J_{ti} → z, as i → ∞. Moreover, R^{ti−tj}x_{tj} (C(t_j)) → z, as i → ∞. However,

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 25

the inequality on (7) only implies that (8) lim_{i→∞} X^{ti−tj} (y) ∈ { X^t(z)|t ∈ [ − η_∗ 3 , η_∗ 3 ]}

for any y ∈ J_{tj} . Moreover (8) is also valid for any y ∈ R^{tj −t1}x_{tj} (J^{ε0}_{t1} ) since |τ^s_{xj} (y) − s| ⩽ |τ^s_{xj} (y) − τ^s_{xj} (w)| + |τ^s_{xj} (w) − s| for any y ∈ R^{tj −t1}x_{t1} (W^s_{ε0} (ŵ)), where ŵ ∈ J_{t1} and R^{tj −t1}x_{t1} (ŵ) = w.

On the other hand, we know that C(t_j ) ∩ C(t_{j+1}) ≠ ∅, that is

R^{tj −t1}_{t1} (J^ε_{t1} ) ∩ R^{tj+1−t1}_{t1} (J^ε_{t1} ) ≠ ∅.

This implies that there exists ŵ_1, ŵ_2 ∈ J_{t1} such that

R^{t∗}_{xt1} (W^s_ε (ŵ_2)) ⊂ W^s_{ε0} (ŵ_1),

since W^{cs}_{ε0} (ŵ_k) = W^s_{ε0} (ŵ_k), for both, k = 1, 2; and hence, they are coherent because the center stable manifolds are dynamically defined.

Let ŵ_3 = R^{t∗}_{xt1} (ŵ_2) ∈ W^s_{ε0} (ŵ_1). Denote by w_k = R^{tj −t1}x_{t1} (ŵ_k) ∈ C(t_j), for k = 2, 3. Notice there is s > η_∗ such that X^s(w_2) = w_3. Hence, lim_{i→∞} X^{ti−tj} (w_3) = X^l(z), where |l| <^{η∗}_3 . On the other hand

lim_{i→∞} X^{ti−tj} (X^s(w_2)) = X^{l′} (X^s(z)) ∈ { X^t(z)|t ∈ [ − η_∗ 3 , η_∗ 3 ]} , since s >^{η∗}_3 it implies that z is periodic.

Finally, if for any t, s ∈ P happens that J^ε_s ∩ J^ε_t = ∅, by a similar calculation as in the proof the Lemma 4.10, we obtain ∫ P |J_s|ds < +∞ and hence, |J_s| → 0 as s → ∞. Therefore, if we prove there exists a sequence of times {s_i}_{i∈N} such that |J_{si} | = δ, we get a contradiction. Now, like in Schwartz’ proof of Denjoy’s Lemma we have that for all J_s maximal there exists t > 0 such that |R^t_{xs} (J_s)| = δ. It is only left to verify that t+s is a hyperbolic time, However, if it is not the case, like in the proof of Lemma 4.10 the interval must increase its length contradicting the fact of the length being δ. Here we finish the proof of Proposition 4.2. □

Once we have proved Proposition 4.2, it is not difficult to verify the following Corollary, regarding that only can exist a finite number of irrational tori on an admissible neighborhood of Λ (see Section 3).

Corollary 4.12. If we assume that Λ has a dominated splitting and it does not contain an irrational torus, there is δ_0 > 0 and a neighborhood V of Λ where for any (δ, E)-interval, I ⊂ V with δ < δ_0, we have that ω(I) ⊂ Per(X^t|_V ).

26 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

All these properties are still valid for (δ, F )-intervals, considering the flow-time backwards.

4.2. Dynamically defined local invariant manifolds. Assume Λ is a compact invariant set of X^t with a dominated splitting, not containing an irrational torus. As we see in Corollary 4.12, there is δ_0 > 0 such that any (δ, E)-interval, δ < δ_0 has ω(I) ⊂ Per(X^t|_V ) for some appropriate admissible neighborhood V .

Lemma 4.13. There exists δ_3 ∈ (0, δ_0) such that if any periodic point p ∈ Λ has one of its connected components of W^u(p) − {p}, say W , such that |R^t_p(W )| ⩽ δ_3 for all t ⩾ 0, then the other endpoint which is not p is periodic and it is not hyperbolic of saddle type. Moreover, it is a sink or a non hyperbolic periodic point.

Proof. Let U_1 ⊃ Λ be a neighborhood where it is defined an extension of the invariant cone field of Λ. Let δ_3 < δ_0 be a positive number such that any ball of radius δ_3 centered on a point of Λ is contained in U. Take a periodic point p and W as in the hypothesis of the Lemma. There is a number t_p > 0 such that R^{tp}p (W ) = W . In fact, t_p is the period of p or twice. Notice that W is a (δ_3, E)-interval. Since q ∈ V_1 it is well defined the direction F (q) = T_q(W ) and |L^{tq} |_{F (q)}| ⩽ 1 and hence, by the domination condition we have that |L^{tq} |_{E(q)}| ⩽ λ < 1. Hence, if p is hyperbolic it must be a sink. □

The following lemma is a fundamental application of Proposition 4.2.

Lemma 4.14. For all ε ∈ (0, δ_0) there is γ = γ(ε) > 0 such that:

(1) For all t > 0 we have that a) R^{−t}_x (W^{cu}_γ (x)) ⊂ W^{cu}_ε (x_{−t}) b) R^t_x(W^{cs}_γ (x)) ⊂ W^{cs}_ε (x_t) (2) Given γ̃ ∈ (0, γ(δ_0)) we have a) |R^{−t}_x (W^{cu}_{γ̃} (x))| → 0 as t → ∞, or x ∈ W^u(p) for some periodic point p and p ∈ W^{cu}_{γ̃} (x).

b) |R^t_x(W^{cs}_{γ̃} (x))| → 0 as t → ∞, or x ∈ W^s(p) for some periodic point p and p ∈ W^{cs}_{γ̃} (x).

Proof. We shall only prove the statement for central unstable manifold since the same argument works for the central stable manifolds. For item 1 take δ_0 from Proposition 4.2 and let ε < δ_0. Recall that Corollary 3.3 assert there is 0 < δ < δ_0 such that if: |R^{−s}(W^{cu}_ε (x))| < δ for s ∈ [0, t], then R^{−s}(W^{cu}_ε (x)) ⊂ W^{cu}_ε (x_{−s}) for s ∈ [0, t]. Arguing by contradiction, assume the statement of item 1 does not hold. Then there exist a sequence of numbers γ_n → 0, points x^n ∈ Λ and times

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 27

m_n → ∞ such that |R^{−mn} (W^{cu}_{γn} (x^n))| > δ. We should be more precise on how this bound is exceeded; that is, |R^{−s}(W^{cu}_{γn} (x^n))| ⩽ δ for s ∈ (0, m_n), and |R^{−mn} (W^{cu}_{γn} (x^n))| = δ. Let us write I_n = R^{−mn} (W^{cu}_{γn} (x^n)). At least for a subsequence, we can assume that y^n := X^{−mn} (x^n) → z ∈ Λ and also I_n converges to some interval I transversal to the E direction. Notice |I| ⩽ δ and z ∈ cl(I). By construction: I ⊂ Dom(R^t) = V_t for all t ⩾ 0 and |R^t(I)| ⩽ δ_0 for all t ⩾ 0. Hence is a (δ, E)-interval. Now, since z ∈ cl(I) we know ω(z) = p ∈ Per(X^t) as Proposition 4.2 says. On the other hand, p is hyperbolic since p ∈ Λ. Therefore z ∈ W^s(p). Observe that one connected component of W^u(p) ∖ {p} has length less than δ. In fact, W^u(p) is the limit of the intervals |I_n| ⩽ δ and z ∈ cl(I). Hence, the previous lemma implies the other end point must be a periodic point and not an hyperbolic saddle. It may happen that I_n ∩ W^s(p) ≠ ∅ for n >> 1. In this case we get a contradiction with the Inclination Lemma, since this intersection is transversal and R^{mn} (I_n) = R^{−mn} (R^{mn} (W^{cu}_{γn} (x^n))) → 0 as n → ∞. Hence, I_n ∩ W^s(p) = ∅ for n arbitrarily large. In this case, ω(y^n) ⊂ Λ is the other endpoint of the connected component of W^u(p) ∖ {p} of length less than δ. Then ω(y^n) is a periodic sink or a non-hyperbolic periodic point. This is a contradiction since all periodic points in Λ are hyperbolic of saddle type, concluding the proof of item 1.

To prove item 2: Take δ < δ(γ_0), and let x ∈ Λ be a point such that there exists η > 0 and a sequence of times t_k → ∞ in such a way |R^{−tk} (W^{cu}_γ (x))| ⩾ η. Last item guarantees that η < δ_0, since |R^{−t}(W^{cu}_γ (x))| ⩽ δ_0 for any t ⩾ 0. As in the previous case, we can obtain a sequence of intervals I_k := R^{−tk} (W^{cu}_γ (x)) converging to some (η, E)-interval called I, where z ∈ cl(I), and z ∈ Λ. Hence z ∈ W^s(p) for some periodic point p ∈ Λ of saddle type. Observe I is transversal to W^s(p), even in the case z /∈ Int(I). Avoiding a contradiction with the Inclination Lemma we have that |W^u(p)| ⩽ η ⩽ δ_0. If z ∈ Int(I), as y_k := X^{tk} (x) → z we conclude y_k ∈ W^s(p). Otherwise we get a contradiction since both connected components of W^u(p) ∖ {p} have length less than δ_0, and hence ω(x) must be a sink or a non-hyperbolic periodic point. Suppose z ≠ p. Then for k >> 1 all y_k = X^{−tk} (x) are contained in some fundamental neighborhood of W^s(p). This is a contradiction, since W^s(p) do not have self-intersections. Hence z = p. Therefore y_k ∈ W^s_{loc}(p). Otherwise ω(x) must be a sink or a nonhyperbolic periodic point. Hence, x = p, proving item 2 in case z ∈ int(I).

It is left to verify the case when z /∈ int(I). Observe: R^{−tk} (W^{cu}_γ (x))∩ W^s(p) = I_k ∩ W^s(p) and this intersection is not empty; otherwise,

28 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

we find a contradiction in a similar way as in the proof of item 1. Combining the following two facts: |R^t(R^{−tk} (W^{cu}_γ (x)))| ⩽ δ_0 for t ∈ (0, t_k) and X^{−tk} (x) → z as k → ∞ we conclude x ∈ W^u(p). Moreover x ∈ W^u_{δ0} (p). If p /∈ W^{cu}_γ (x), as y_k → p when k → ∞ and |R^{−tk} (W^{cu}_γ (x))| do not converges to 0 we have that R^{−tk} (W^{cu}_γ (x)) ∩ W^s(p) ≠ {p} for k >> 0, and in particular I ⊂ W^s(p), a contradiction. Hence p ∈ W^{cu}_γ (x), and we are done. □

5. Proof of Main Lemma

In this section we shall give a proof for the Main Lemma, stated on section 3. Before we do that, some effort will be spent constructing two-dimensional boxes around certain points with nice properties of recurrence. These boxes shall allow us to threat the problem in a very similar way as in the case of diffeomorphisms on surfaces. On the other hand, under the hypothesis of the Main Lemma, we shall obtain more dynamical properties on the central stable and central unstable manifolds. Let us begin defining the standard box around a point in Λ; when Λ has a dominated splitting, and the notion of distortion along the cs-direction on such boxes.

Let x ∈ Λ be given. For any two intervals J ⊂ W^{cu}_γ (x) and T ⊂ W^{cs}_γ (x), both containing the point (x, 0) ∈ N_x, we call the box, or (J, T )-box, around x the set B_T (J) = exp_x(T × J), with boundaries: ∂^{cs}(B_T (J)) = exp_x(∂T × J) and ∂^{cu}(B_T (J)) = exp_x(T × ∂J). Observe that if the size of the box, say |T |+|J| is small enough, then ∂^{cs}(B_T (J)) is transversal to the E-direction and also ∂^{cu}(B_T (J)) is transversal to the F -direction. Also we can assume that for any y ∈ Λ, ∂^α(B_T (J)) ∩ W^α_γ (y) are relative open sets for α = cs, cu. If B_T (J) is a box and x ∈ T^′ ⊂ T , we say B_T ′ (J) is a sub-box of B_T (J) if it is a box and ∂^{cs}B_T ′ (J) ⊂ ∂^{cs}B_T (J). For simplicity, we shall denote only B_ε(J), when T ⊂ W^{cs}_ε (x).

Definition 4. A box B_ε(J) has distortion C > 0, or precisely distortion along the cs-direction, if for any two intervals J_1, J_2 ⊂ B_ε(J), both transversal to the E direction and whose end points lie in ∂^{cs}B_ε(J) happens that: 1 C ⩽ l(J_1) l(J_2) ⩽ C. An equivalent way to obtain such distortion is by means of a projection along some foliation close to the E-direction defined on the box. Precisely, let F^{cs} be the foliation obtained by integrating some C^1 vector field Y defined on B_ε(J) such that Y (p) ∈ C^E_a (p), for all

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 29

p ∈ int(B_ε(J)) and for p ∈ ∂^{cu}(B_ε(J)), Y (p) ∈ T_p∂^{cu}(B_ε(J)). If we denote by Π = Π(J_1, J_2) the projection along the leaves of F^{cs} between the two intervals J_1, J_2, then the box B_ε(J) has distortion C if there exists C > 0 such that 1/C ⩽ ||Π^′|| ⩽ C.

In [21] they guarantee distortion on a dynamical box if it is provided of some bound on the sum of the length of the pre-images of the leaves of the foliation on the box. This is still valid in our context, since the generalized Poincaré transformation, behaves like a diffeomorphism (See Corollary 3.5 of [21]), and it can be stated as follows:

Corollary 5.1. There exists τ(< δ_2) such that if for some z ∈ B_ε(J)∩Λ and n > 0 we have ||L^t_{E(z−t)}(z)|| < λ^t_1, for 0 ⩽ t ⩽ n and the box B(n) := B(R^{−n}_z (J(z))) satisfies that:

(1) R^n_{z−n} (B(n)) ⊂ B_ε(J) and R^n_z (∂^{cs}B(n)) ⊂ ∂^{cs}B_ε(J), (2) R^t_{z−n} (R^{−n}_z (J(z))) has diameter less than τ, for 0 ⩽ t ⩽ n, then there exists C_1 such that B(R^{−n}_z (J(z))) has distortion C_1.

Using this Corollary, we can prove more dynamical properties on the central manifolds.

Lemma 5.2. Assume Λ is transitive and every proper compact invariant subset of Λ is hyperbolic, then either |R^{−t}_x (W^{cu}_γ (x))| → 0 as t → ∞ for any x ∈ Λ or the direction F is expanding (that is, |L^{−t}|F (x)| → 0 as t → ∞).

Proof. Observe Λ is not a periodic orbit of the flow. Suppose there is x ∈ Λ such that limsup|R^{−t}_x (W^{cu}_γ (x))| > 0. Lemma 4.14 implies there is a periodic orbit p ∈ Λ such that one of the components of W^u(p) − {p} has length less than δ_0. Also Lemma 4.13 implies the endpoint of this component q ≠ p, is a sink or a non-hyperbolic periodic point, and so, q /∈ Λ. Since Λ is transitive and non-trivial, there is x_0 ∈ Λ ∖ Per(X^t) such that x_0 ∈ W^s(p). Moreover, there is a small neighborhood of x_0, call it U ⊂ N_p divided into two components by W^{cs}(x_0) ⊂ W^s(p), where of one side, say the ”upper” one, have the same ω-limit as q.

Take λ < λ_1 < λ_2 < λ_3 < 1, and c > 0 such that λλ^{−1}_1 < λ_2 and (1 + c)λ_2 < λ_3. Take δ̃ > 0 such that if I is a (δ, E)-interval on z for δ < δ̃, then for all y ∈ I we have:

(1 − c)^t ⩽ |L^t|_{F (y)}| |DR^t_y|~_{F (y)}| ⩽ (1 + c)^t

30 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

where F̃ (y) = T_yI.

Let B_ε(J) be a box for x_0 contained in U and even so small such that R^t_{x0} (B_ε(J^+)) ∩ B_ε(J^+) = ∅, ∀t ≠ 0 and |R^{−t}_{x0} (J(y))| ⩽ δ, for any y ∈ B_ε(J) ∩ Λ and t ⩾ 0; where δ + ε < η < τ (τ from Corollary 5.1 and η the size of the box).

For any given z ∈ B_ε(J) ∩ Λ denote by J^+(z) = J(z) ∩ B_ε(J^+) and for it we have:

R^{−t}_z (J^+(z)) ∩ B_ε(J^+) = ∅, ∀t > 0.

Let be B_{ε1} (J) a sub-box for a positive ε_1 < ε/_4. We claim there is K > 0 such that for any z ∈ B_{ε1} (J) ∩ Λ: ∫ t⩾0 |R^{−t}(J^+(z))|dt ⩽ K for any z ∈ B_{ε1} (J) ∩ Λ.

Once established this claim, the argument on the proof of Lemma 3.5.2 of [21] concludes the thesis of the Lemma.

Let us prove the claim. Fix an arbitrary point z ∈ B_{ε1} (J) ∩ Λ. And consider the set M_z = {m ∈ R^+ ||L^t|_{E(z−m)}| ⩽ λ^t_2, ∀t ∈ [0, m]} Corollary 5.1 implies that for any m ∈ M_z the box

B(m) = B_{ε1} (R^{−m}_z (J^+(z)))

has distortion C. In fact, it is true that R^{mi}_{z−m} (B(m)) ⊂ B_ε(J) and R^{mi}_{z−m} (∂^{cu}B(m_i)) ⊂ ∂^{cu}B_ε(J). Notice also that for m, n ∈ M_z, m ≠ n, then B(m) ∩ B(n) = ∅. Take ε_2 = ε_1/_4. For each y ∈ Λ consider the three dimensional cube (defined on section 2):

S(y) := S(B_{ε2} (W^{cu}_{γ/2} (y))).

Since Λ is compact, it can be covered by a finite number of these cubes: Λ ⊂ k_0⋃

k=0 S(y_k). For each m ∈ M_z, the point z_{−m} belongs to some S(y_k). Denote by J(m) := B(m) ∩ S(y_k). If the size of the box η is small enough, J(m) is a non empty interval contained in B(m). Notice there are constants K_1, K_2 > 0 only depending on η_∗ such that |J(m)| ⩽ K_1|W^{cu}_{γ/2} (y_k)| ⩽ K_2Vol(S(y_k)).

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 31

Since we have distortion C on B(m), we have 1 C ⩽ |J(m)| |R^{−m}_z (J^+(z))| ⩽ C and hence, |R^{−m}_z (J^+(z))| ⩽ C|J(m)|. Therefore, ∫ M_z |J(t)|dt ⩽ K k_0∑

k=0 ∫_{η∗/2} −η_∗/_2 |X^t(W^{cu}_{γ/2} (y_k))|dt ⩽ KVol(M) Now we have to bound the integral in the gaps of M_z. Let M, m ∈ M_z such that M > m and M_z ∩ (m, M) = ∅ (perhaps M = ∞). For t ∈ (m, M), we have that |L^t|_{E(z−m−t)}| ⩾ λ^t_1. Then, the dominated splitting condition implies: |L^{−t}|_{F (z−m)}| ⩽ (λλ^{−1}_1 )^t ⩽ λ^t_2 and hence, |DR^{−t}_y |~_{F (y)}| ⩽ λ^t_3 where F̃ (y) = T_yR^{−m}_z (J^+(z)). Denote J_m = R^{−m}_z (J^+(z)), then ∫_M m |R^t(J_m)|dt ⩽ 1 1 − λ_3 |J_m|. Hence, ∫ t⩾0 |R^t(J^+(z))|dt ⩽ ∫ M_z |R t(J^+(z))|dt + ∑ j ∫_{Mj} m_j |R t(J_{mj} )|dt ⩽ KVol(M) +^1_{1−λ3} ∑ j |J_{mj} | where {(m_j, M_j )} denotes all the gaps of M_z. However, m_j ∈ M_z and hence, the box B(m_j) has distortion C. Hence, we can bound the last sum above ∑ j |J_{mj} | ⩽ CVol(M), proving the claim. □

An analogous result holds also for center stable manifolds, allowing us to conclude that for all x ∈ Λ we have both, as t → ∞: |R^{−t}_x (W^{cu}_γ (x))| → 0 and |R^t_x(W^{cs}_γ (x))| → 0. In the sequel, we shall take γ ⩽ γ_1.

Corollary 5.3. Given ε > 0 there exists some t_0 ⩾ 0 such that for any x ∈ Λ and t ⩾ t_0 we have: |R^{−t}_x (W^{cu}_γ (x))| ⩽ ε and |R^t_x(W^{cs}_γ (x))| ⩽ ε.

32 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

5.1. Returns. Let B_ε(J) be a box and suppose x ∈ J ∩ Λ. Recall that for any y ∈ B_ε(J) ∩ Λ we have defined J(y) = W^{cu}_γ (y) ∩ B_ε(J). Given a neighborhood V , we consider the set of points whose entire orbit stays on V and they are asymptotic to Λ Λ̃ = {y ∈ V |dist(Φ^t(x), Λ) → 0 as t → ±∞}

Notice that Λ̃ also has dominated splitting since it is contained in V . Although it is not compact, the arguments in Lemmas 4.14 and 5.2 apply, and so, there are central stable and central unstable manifolds on points of Λ̃ dynamically defined.

Definition 5. For δ > 0, we say the box B_ε(J) is δ-adapted if for every y ∈ B_ε(J) ∩ Λ the following conditions are satisfied:

(1) |R^{−t}_x (J(y))| ⩽ δ for all t ⩾ 0 (2) R^{−t}_x (J(y)) ∩ B_ε(J) = ∅ or R^{−t}_x (J(y)) ⊂ B_ε(J), for all t ⩾ 0. Before we prove the existence of adapted boxes for certain points on Λ, we need to recognize some configuration that implies the presence of periodic orbits in a box, as the following lemma states. Lemma 5.4. Let J ⊂ W^{cu}_γ (x) be an interval, for some x ∈ Λ and assume W^{cu}_γ (x) is dynamically defined . Suppose there is t > 0 such that R^{−t}_x (J) ∩ J ≠ ∅. Then, the α-limit of x is a periodic orbit. Hence x is periodic.

This lemma is also true replacing cu by cs, α-limit by ω-limit and takeing positive iterations.

Proof. Suppose there is t > 0 such that R^t_x(J) ∩ J ≠ ∅, then x_t ∈ W^{cu}_γ (x). Therefore there is a sequence t_k → ∞ such that x_{tk} ∈ W^{cu}_γ (x) and that x_{tk} → x as k → ∞. Since W^{cu}_γ (x) is dynamically defined, for k big enough: R^{−tk}_x (W^{cu}_γ (x)) ⊂ W^{cu}_γ (x), and hence α(x) is a periodic orbit. Moreover x is periodic. □ Lemma 5.5. For any δ small and any point x ∈ Λ ∖ Per(X^t) there exists δ-adapted boxes associated to x.

Proof. Let x ∈ Λ be a non-periodic point. Notice that condition 1 of the definition is easily satisfied if the height of the box is small enough. So, we are only interested on condition 2. In spite of the previous Lemma, there is an interval J ⊂ W^{cu}_γ (x) for which Φ^{−t}(J) ∩ J = ∅, for any t > 0.

Given some order relation on J we can split J into two intervals according to x, say J^+ = {y ∈ J|y > x} and J^− = {y ∈ J|y < x}. Now we define A^+ = {y ∈ J^+|∃z ∈ Λ̃, W^{cs}_γ (z) ∩ J^+ = {y}}

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 33

and the corresponding set for J^−. Let {ε_k > 0}_{k∈N} be a decreasing sequence of numbers converging to 0, and let B_{εk} be a sequence of boxes around J such that B_{εk+1} ⊂ B_{εk} and ⋂ k B_{εk} = J. For any y ∈ A^+ and any positive integer k we denote by U(y, ε_k) the connected component of W^{cu}_{2γ} (z) ∩ B_{εk} (J) which contains y. Consider also

I(y, ε_k) = {(z, n)|z ∈ B_{εk} (J) ∩ Λ, n > 0 and such that R^{−n}_x (J(z)) ∩ U(y, ε_k) ≠ ∅} If there exist points y^+ ∈ J^+ and y^− ∈ J^−, and there is an integer k with #I(y^±, ε_k) = 0 then the box B_{εk} (J^′) around J^′ = (y^−, y^+) is δ-adapted. Notice ∂^{cs}B_{εk} (J^′) = U(y^−, ε_k) ∪ U(y^+, ε_k). Actually, we only need #I(y, ε_k) < ∞ for some y ∈ J since then, for some k^′ > k we obtain #I(y, ε^′_k) = 0. So, we shall assume #I(y, ε_k) = ∞ for any k and y ∈ A^+ ∪ A^−, for instance take y ∈ A^+ and we seek for a contradiction. If the set K := {n|∃(z, n) ∈ I(y, ε_k)} is bounded for some k then it is bounded for the same y and any k^′ > k. In fact I(y, ε_k′ ) ⊂ I(y, ε_k). Hence, for some k^′ big enough one must have either I(y, ε_k) = ∅ or R^{−t}_x (J) ∩ J ≠ ∅ for some t > 0, which is a contradiction. Therefore, the set K is unbounded for any (y, ε_k). As a consequence, for any y ∈ A^+ there are sequences z_n ∈ B_{εn} (J) and m_n → ∞ such that R^{−mn}_x (J(z_n)) ∩ U(y, ε_n) ≠ ∅. Observe |R^{−mn}_x (J(z_n))| → 0 as n → ∞; otherwise there is a limit point z of the sequence {z_n} whose backward orbit shadows any z_n until time −m_n and shadows x for the entire past too. Therefore, limsup_{t→∞}|R^{−t}_x (W^{cu}_γ (z))| > 0, which is a contradiction. Hence, the sequence R^{−mn}_x (z_n) converges to y ∈ Λ. Actually, A^+ ⊂ Λ. Notice that if there is some y ∈ A^+ ∩ W^s(p) for some p ∈ Per(X^t) we achieve a contradiction again. In fact, in such case, for k big enough, the set U(y, ε_k) must be contained in some fundamental domain of W^s(p). On the other hand, we can take ε_{n0} small enough that O(p) ∩ B_{εn0} (J) = ∅. Nevertheless, for n big, y_n = R^{−mn}_x (J(z_n))∩W^s(p) and then y_n → O(p) as n → ∞. However, R^{mn}_{xmn} (y_n) ∈ R^{mn}_{x−mn} (R^{−mn}_x (J(z_n))) = J(z_n) ⊂ B_{εn} (J) ⊂ B_{εn0} (J) which is a contradiction. Therefore, no point on A^+ belongs to the stable manifold of a periodic point in Λ.

Take some y ∈ A^+, (z_n, n) ∈ I(y, ε_k) and m_n > 0, such that for any w ∈ J(z_n) ∩ Λ̃ we have W^{cs}_γ (R^{−mn}_x (w)) ∩ J ⊂ J^+.

34 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Consider a map π : A^+ −→ A^+ defined as follows: For each z ∈ A^+, let w = W^{cs}_γ (z) ∩ J(z_n). Then define π(z) := W^{cs}_γ (R^{−mn}_x )(w) ∩ J. By construction, dist(R^t_x(z), R^t_x(w)) → 0 and dist(R^{−t}_x (z_n), R^{−t}_x (w)) → 0 as t → ∞. Then, w ∈ Λ̃ and hence this map is well defined. Moreover, it is continuous and monotone. This implies that there exists w_0 ∈ A^+ ⊂ J such that π(w_0) = w_0, that is, R^{−mn}_x (w_0) belongs to W^{cs}_γ (w_0). As in the proof of Lemma 5.4 this situation implies that the α-limit of w_0 is a periodic orbit as well for the α-limit of y. Hence x must be periodic. This contradiction implies that there is y^+ ∈ A^+ such that I(y^+, ε_k) = ∅. Hence, if x is accumulated on both sides of W^{cs}_γ (x) we are done. If x is accumulated only on one side, the arguments of the proof of Lemma 3.6.1 in [21] apply directly. □

We shall refer to those points accumulated only on one side of the box as boundary points of Λ̃. Notice that if B_ε(J) is an adapted box, then any sub-box is adapted too. As a consequence of the previous argument, for any non periodic point x ∈ Λ, small adapted boxes can be taken in such a way ∂^{cu}(B_ε(J)) is contained in some central stable manifolds, unless the point x is a boundary point of Λ̃.

Consider an adapted box B_ε(J) associated to some x ∈ Λ. If there is z ∈ B_ε(J) ∩ Λ such that z_{−t} ∈ B_ε(J) (t > 0) for the first time, we say (ψ_z, D_ψ) is a return of B_ε(J) if D_ψ is the connected component which contain z of D^{−t}_z ∩ B_ε(J) and ψ_z = R^{−t}_z |_{Dψ} . Notice the holonomy map is defined on some normal section that contains the box. Denote by R = R(B_ε(J), Λ) the set of all returns associated to B_ε(J). For ψ ∈ R we say |ψ^′| < ξ < 1 if and only if for any y ∈ J(z), z ∈ D_ψ ∩ Λ we have that |DR^{−t}_z |~_{F (y)}| < ξ, where F̃ (y) = T_yW^{cu}_γ (z).

Let ψ ∈ R. If y ∈ D_ψ ∩ Λ then J(y) ⊂ D_ψ; so, it is saturated by central unstable manifolds and hence, is a vertical strip; since any point ỹ ∈ J(y) shadows y until time τ^{−t}_z (ỹ). On the other hand, if D_ψ ⊂^s B_ε(J), then the image B_ψ := img(ψ) is an horizontal strip, i.e. intersects both components of ∂^sB_ε(J), by continuity

Also we say ψ > φ for ψ, φ ∈ R if ψ ∘ φ^{−1} is obtained by flowing the orbits a negative amount of time. Remember we are considering first returns for the past.

Lemma 5.6. For ψ_1, ψ_2 ∈ R, if ψ_1 ≠ ψ_2, then D_{ψ1} ∩ D_{ψ2} is not a domain of a return if the intersection does not contains ∂^u(B_ε(J)).

Proof. Take φ ∈ R(B_ε(J), Λ) such that D_φ = D_{ψ1} ∩ D_{ψ2} . Since D_φ ∩ ∂^uB_ε(J) = ∅ then B_φ is an horizontal strip. Now ψ_1(D_φ) ⊂ B_{ψ1} ⊂ B_ε(J) since D_φ ⊂ D_{ψ1} . Since φ is a return, there is z ∈ D_φ such that φ(z) is the first return of z to B_ε(J). Hence ψ_1 > φ. Observe

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 35

ψ_1 ∘ φ^{−1}(B_ε(J)) ⊂ B_ε(J), because it is an adapted box. This is a contradiction to the fact of Λ being transitive and not a single periodic orbit. □

Definition 6. An adapted box B_ε(J) is well adapted if there is a subbox B_ε′ (J) and two disjoint vertical strips S_1, S_2 such that B_ε(J) ∖ B_ε′ (J) = S_1 ∪ S_2, each one satisfies either: S_i ∩ Λ = ∅ or S_i is a domain of some ψ_i ∈ R(B_ε(J), Λ), for which ψ_i(S_i) is an horizontal strip.

Lemma 5.7. Given any x ∈ Λ ∖ Per(X^t), there exists well adapted boxes associated to x of arbitrarily small size.

Proof. Let B_ε(J) be a small adapted box associated to x ∈ Λ∖Per(X^t), for some J ⊂ W^{cu}_γ (x). We shall prove there is a sub-box B_ε′ (J) which is well adapted (ε^′ ⩽ ε). It is important to remark that sub-boxes are not necessarily symmetric with respect to J, that is, we shall only need to find an interval T ⊂ W^{cs}_ε (x), x ∈ T , such that B_T (J) have the desired properties. We split the proof in two parts:

First we shall assume that for all ε^′ ⩽ ε: B_ε′ (J) ≠ {y ∈ J(z)|z ∈ cl(B_ε′ (J)) ∩ Λ}. For instance, this happens on the right side of the box B^+_ε′ (J). That is, for any ε^′ ⩽ ε: (9) B^+_ε′ (J) ≠ {y ∈ J(z)|z ∈ cl(B^+_ε′ (J)) ∩ Λ}. So, there is some w ∈ W^{cs}_ε (x) on the right hand of x such that w /∈ J(z) for any z ∈ cl(B^+_ε′ (J)) ∩ Λ. According to this order we have x < w on W^{cs}_ε (x). Define w_z = J(z) ∩ W^{cs}_ε (x) for any such z. If w > w_z for all z then S_2 = B^+_ε′ (J) ∖ B_{(x,w̃z)}(J) is a vertical strip contained B^+_ε′ (J), where w̃_z = sup{w_z; z} and such that S_2 ∩ Λ = ∅ as the definition requires. Otherwise, there is z ∈ cl(B^+_ε′ (J)) ∩ Λ such that w_z > w. Let w_0 = inf{w_z|w_z > w}. Hence, reducing the right side of the box B_ε′ (J) to B_{(x,w0)}(J) we have that S_2 = B^+_ε′ (J) ∖ B_{(x,w̃z)}(J) and S_2 ∩ Λ = ∅. Now we shall see that the left side of the box also verify (9). In fact, assume by contradiction that for some ε^′ > 0 (10) B^−_ε′ (J) = {y ∈ J(z)|z ∈ cl(B^−_ε′ (J)) ∩ Λ}. We claim there is ψ ∈ R such that

D_ψ ∩ B^−_ε′ (J) ≠ ∅ and D_ψ ∩ (∂^uB^−_ε′ (J) ∖ J) = ∅.

If the claim holds, then B_ψ is an horizontal strip that crosses all B_ε(J) and in particular B_ψ ∩ B^+_ε (J) ≠ ∅. This is a contradiction to (9). Therefore, (9) holds also for the left side of the box. Repeating

36 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

the argument we have done for the right side on the left side, we obtain the desired sub-box of B_ε(J) which is well adapted.

To prove the claim, first notice there are ψ ∈ R such that D_ψ ∩ B^−_ε′ (J) ≠ ∅, since there are points of Λ on the left side of the box and Λ is transitive. If there is only one return, then B^−_ε′ (J) ⊂ D_ψ and also B_ψ ⊂ (B^−_ε′ (J) ∖ J), since X^t(J) ∩ J = ∅, ∀t ≠ 0 and also B_ψ satisfies (10). This is a contradiction to the transitivity of the set Λ. Hence, there are at least two returns on the left side of the box.

Suppose there are two different ψ_1, ψ_2 ∈ R such that

(∂^u(B^−_ε′ (J))) ∖ J) ⊂ D_{ψ1} ∩ D_{ψ1} ,

ψ_1 < ψ_2 and there is no other return preceding ψ_2 except ψ_1. Notice B_{ψ1} ⊈ D_{ψ1} . Moreover, B_{ψ1} ⊂ (B^−_ε′ (J) ∖ J), since B^+_ε (J) ∩ Λ have holes as we assumed in (9) and X^t(J) ∩ J = ∅ for any t ≠ 0. Also D_{ψ1} ⊂ B^−_ε′ (J) since, in the other case B^−_ε′ (J) ⊂ D_{ψ1} contradicting again the transitivity of Λ. Notice D_{ψ1} ⊂ D_{ψ2} since ψ_1 < ψ_2 and they are different returns. Therefore there exists z ∈ B^−_ε′ (J) ∖ D_{ψ1} that returns into B^−_ε′ (J) before ψ_2 by a continuous extension of ψ_1. However, z ∈ D_{ψ2} ∖ D_{ψ1} . This contradiction proves our claim.

Now is left to prove the lemma in case that B_ε(J) = {y ∈ J(z)|z ∈ cl(B_ε(J)) ∩ Λ}. Take ψ_+ and ψ_− ∈ R such that D_+ ⊂ B^+_ε (J), D_− ⊂ B^−_ε (J) and that B_{ψ+} , B_{ψ−} are horizontal strips. It is not difficult to see that we can find two periodic intervals J(w_+) ⊂ D_+ and J(w_−) ⊂ D_−, that is ψ_±(J(w_±)) ⊂ J(w_±). Cutting the box along both intervals we obtain the desired well adapted box, proving the Lemma. □

5.2. Proof of Main Lemma. Let Λ_0 ⊂ M be a non trivial compact invariant set provided with a dominated splitting which is not an irrational torus. Assume that any compact invariant subset of Λ_0 is hyperbolic. We shall prove Λ_0 is hyperbolic. In order to do that, we need to prove both: |L^{−t}|_{F (z0)}| → 0 and |L^t|_{E(z0)}| → 0 as t → ∞ for any z_0 ∈ Λ_0. We shall prove only the former limit. The latter is analogous.

First assume Λ_0 is not a minimal set. Recall a compact invariant set is minimal if and only if any orbit is dense. Let us state the following two lemmas. For a proof see [21], Lemma 3.7.4 and Lemma 3.7.2 respectively.

Lemma 5.8. Let B_ε(J) be a well adapted box such that #R(B_ε(J), Λ) is not bounded. Then, there exists a return ψ_0 ∈ R(B_ε(J), Λ) such that

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 37

the adapted box B_{ψ0} = img(ψ_0) satisfies that for every ψ ∈ R(B_{ψ0} , Λ) we have |ψ^′| <^1_2 .

Lemma 5.9. Let B_ε(J) be an adapted box such that for any ψ ∈ R(B_ε(J), Λ) we have |ψ^′| ⩽ ξ < 1. Then, for every y ∈ B_ε(J) ∩ Λ_0 we have ∫_∞ 0 |R^{−t}(J(y))|dt < ∞ and therefore |D_yR^{−t}|_{F (y)}| → 0 as t → ∞

Notice that |D_yR^{−t}|_{F (y)}| → 0 as t → ∞ implies |L^{−t}|_{F (y)}| → 0 as t → ∞. By hypothesis there is x ∈ Λ_0 such that x /∈ ω(x). Lemma 5.7 implies the existence of a small well adapted box B_ε(J) associated to x such that B_ε(J) ∩ {X^{−t}(x)|t > 0} = ∅. Notice #R(B_ε(J), Λ_0) = ∞, since Λ_0 is transitive. Therefore combining Lemma 5.8 and Lemma 5.9 we conclude that there exists a sub-box B_0 (= Img(ψ_0) of the Lemma 5.8) where, for all y ∈ B_0 ∩ Λ_0 we have |D_yR^{−t}|_{F (y)}| → 0 as t → ∞, and hence |L^{−t}|_{F (y)}| → 0 as t → ∞, as we have remarked above.

Now take z_0 ∈ Λ_0, if α(z_0) ≠ Λ_0, then by hypothesis it is a hyperbolic set. Therefore |L^{−t}|_{F (z0)}| → 0 as t → ∞. On the other hand, if α(z_0) = Λ_0, then there is m > 0 such that z_{−m} ∈ B_0. Then |L^{−t}|_{F (z−m)}| → 0 as t → ∞, and this is what we wanted to prove.

For the case Λ_0 is minimal, we have to use a different argument. Also we need two lemmas whose proof can be found in [21] (See Lemma 3.7.5 and Lemma 3.7.6).

Lemma 5.10. There is x_0 ∈ Λ_0 and an adapted box of arbitrarily small size associated to x_0 such that B_ε(J^+) ∩ Λ_0 = ∅ or B_ε(J^−) ∩ Λ_0 = ∅.

Lemma 5.11. Let B_ε(J) be an adapted box such that B_ε(J^+)∩Λ_0 = ∅. Then there exists K > 0 such that ∀y ∈ B_ε(J) ∩ Λ_0 ∫_∞ 0 |R^{−t}(J^+(y))|dt < K and moreover, there is J_1(y), J^+(y) ⊂ J_1(y) ⊂ J(y) where both components of J_1(y) − J^+(y) have length bounded away from zero independently of y and some K̃ > 0 where ∫_∞ 0 |R^{−t}(J_1(y))|dt < K̃ In spite of these, notice that B = ⋃ y∈B_ε(J)∩Λ_0 J1(y) is a two-dimensional

open set contained in some transversal section to the flow where for any

38 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

y ∈ B ∩ Λ_0 we have: ∫_∞ 0 |R^{−t}(J_1(y))|dt < K̃ and hence |L^{−t}|_{F (y)}| → 0 as t → ∞.

Let z_0 ∈ Λ_0. There is some m > 0 such that z_{−m} ∈ B. Then |L^{−t}|_{F (z−m)}| → 0 as t → ∞. This finishes the proof of the Main Lemma.

6. Proof of Theorem A

Finally, on this section we shall give the proof of Theorem A. For that, consider this two subsets of the space of vector fields, X^1(M):

H = {X ∈ X^1(M)| Sing(X) ∩ cl(Per(X)) ≠ ∅}

T g = {X ∈ X^1|X has a homoclinic tangency }.

Define U = X^1(M) ∖ cl(H ∪ T g) (the closure is on the C^1-topology). The set U consist of all vector fields which are not C^1-approximated by a homoclinic bifurcation. Denote by Per_h(X) the set of hyperbolic periodic orbits of X^t of saddle type; we shall prove that for elements in U, the closure of this set has a dominated splitting.

Given X ∈ X^1(M) and any point p ∈ Per_h(X), let Ẽ^s_p(X) and Ẽ^u_p (X) be the stable and unstable 2-dimensional subspaces of T_pM, invariant for the derivative of the flow, respectively. We can define E^s_p = Ẽ^s_p ∩ N_p and E^u_p = Ẽ^u_p ∩ N_p, since X(p) ≠ 0 for any p ∈ Per_h(X).

Remark 3. For p ∈ Per_h(X) we have L^{tp}p = D_pX^{tp} |_{Np} , where t_p denotes the period of p. Moreover, E^s_p and E^u_p are invariant by L^{tp}p and also R^{tp}p : N_p −→ N_p is a diffeomorphism. Actually, this is the usual Poincaré first return map on p.

The next lemma relates the angle^1 between the stable and unstable spaces on hyperbolic periodic points of saddle type and the existence of a dominated splitting.

Lemma 6.1. Let X ∈ X^1(M). If there exists γ > 0 and a neighborhood V(X) of X such that for any Y ∈ V(X) we have

angle(E^s_p, E^u_p ) > γ; ∀p ∈ Per_h(Y )

then, cl(Per_h(X)) has a Dominated Splitting.

1See [21] for definition

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 39

Proof. To show the existence of a dominated splitting on cl(Per_h(X)) one must proceed to verify that the splitting on Per_h(X) given by the stable and unstable spaces on periodic points is in fact dominated. Then, one can easily extend such splitting to the closure. To see that, we remark that the argument of the proof of Lemma 2.0.1 of [21] relies only on some estimates on the eigenvalues of the derivative on periodic points. In our case, all these estimates remain true for R^{tp}p for each p ∈ Per_h(X), since each return map is a diffeomorphism (see Remark 3). Finally, in [4] we can see how to perturb the flow in order to obtain the desired Poincaré maps. □

Now we can state the fundamental relation between homoclinic tangencies and the existence of a dominated splitting.

Theorem 6.2. If X is a Kupka-Smale vector field in U, then the cl(Per_h(X)) has a Dominated Splitting.

It is not difficult to see that the proof of Theorem 6.2 reduces to prove the following lemma:

Lemma 6.3. Let X ∈ U be a Kupka-Smale vector field on M. Then there exists a neighborhood V(X) of X and a number γ > 0 such that ∀Y ∈ V(X) and ∀p ∈ Per_h(Y ) we have

angle(E^s_p(Y ), E^u_p (Y )) > γ.

Proof. See the proof of Lemma 2.2.2 in [21], and consider Remark 3. □

Let Ω(X) be the non wandering set of X and denote by P_0(X) and F_0(X) the sets of attracting and repelling periodic orbits, respectively. Let Ω_0(X) = Ω(X) ∖ (P_0(X) ∪ F_0(X) ∪ Sing(X)).

Proposition 6.4. There is U_1 ⊂ U an open and dense set such that for any Y ∈ U_1, Ω_0(Y ) is closed and it has a dominated splitting.

Proof. The function Γ that associates to each vector field X the set cl(Per_h(X)) is lower semi-continuous, since hyperbolic periodic orbits cannot be destroyed by small perturbations.

Call G_1 the resiudal set of continuity points of Γ. Denote by G_2 the set of Kupka-Smale flows on M (i.e. periodic orbits and singularities are hyperbolic, and the stable and unstable manifolds are in general position) and set G_3 = {X|Ω(X) = cl(Per(X)) ∪ Sing(X)}, which is also residual (see [19]). Hence, G = G_1 ∩ G_2 ∩ G_3 is a residual set.

Lemma 6.5. For any X ∈ G ∩ U, we have Ω_0(X) = Γ(X).

40 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

Proof of the Lemma. In order to see that Ω_0(X) ⊂ Γ(X), suppose there is q ∈ Ω_0(X) − Γ(X). Let U be an open set such that Γ(X) ⊂ U such that q /∈ cl(U). Let N ⊂ U be a neighborhood of X where Γ(Y ) ⊂ U for any Y ∈ N. Since X ∈ G_3, there is a sequence {p_n} ⊂ Per(X) ∪ Sing(X) such that p_n /∈ cl(U) and p_n → q. Since #Sing(X) < ∞ and q /∈ Γ(X) then p_n ∈ P_0(X)∪F_0(X) for all n. Without lost of generality we may think p_n ∈ P_0(X) for all n. Let us recall the following theorem due to Pliss.

Theorem 6.6 (Pliss, [18]). Let X ∈ X^1(M) and suppose there is an infinite sequence {p^n} ⊂ P_0(X), then for any ϵ > 0 there is Y ∈ X^1(M), ϵ-C^1-close to X and some n ∈ N such that p_n is a non-hyperbolic periodic orbit of Y .

It is not difficult to see that if we take a very small perturbation of the map Y , we can assume p_n is an hyperbolic periodic orbit of saddle type. Hence we have found some Y ∈ N with a hyperbolic periodic orbit of saddle type p_n outside U; contradicting the fact of Γ(Y ) ⊂ U. Therefore Ω_0(X) ⊂ Γ(X). On the other hand, to prove Γ(X) ⊂ Ω_0(X) we claim that Ω_0(X) is closed. If it is not the case, it happens that cl(Ω_0(X)) ∩ Sing(X) ≠ ∅. Since cl(Ω_0(X)) ⊂ Γ(X), we have found a contradiction to the fact that Γ(X) ∩ Sing(X) = ∅, proving Ω_0(X) is a closed set and hence the lemma follows. □

Since X ∈ G∩U, we have Ω_0(X) = cl(Per_h(X)). As a consequence of Theorem 6.2 we know that Ω_0(X) has a dominated splitting. Take an admissible neighborhood U of Ω_0(X), that is, a neighborhood U such that there is U(X) a neighborhood of X such that for any Y ∈ U(X) the maximal invariant set of Y in U also has a dominated splitting. We can assume U(X) ⊂ U. Since X ∈ G_1 it is a continuity point of Γ, given a neighborhood U_0 of Ω_0(X) such that U_0 ⊂ cl(U_0) ⊂ U, we can assume that for all Y ∈ U(X) verify that cl(Per_h(Y )) ⊂ U_0.

Let us prove that for all Y ∈ U(X) we have Ω_0(Y ) ⊂ U. If it is not the case, there is Y ∈ U(X) and x ∈ Ω_0(Y ) ∩ (M ∖ U). Notice x is not a periodic point and is non-wandering. Moreover, x cannot be accumulated by points in P_0(Y ) ∪ F_0(Y ), otherwise, as in the proof of the Lemma 6.5, we can find an hyperbolic periodic orbit of saddle type outside U_0, which is impossible.

Now the C^1-Closing Lemma [19] allow us to find Ỹ close to Y having a periodic orbit passing through x. Actually, perturbing a bit more if necessary, this orbit is hyperbolic of saddle type. This is a contradiction to the continuity of Γ on X. Hence, for all Y ∈ U(X), the set Ω_0(Y )

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 41

has a dominated splitting. Finally, the set U_1 = ⋃ X∈G U(X) verifies the Proposition. □

Now we can give a proof of Theorem A.

Proof of Theorem A. Given X ∈ U, Proposition 6.4, together with Theorem B imply there is a C^2-Kupka-Smale vector field Y ∈ U_1 arbitrarily close to X such that Ω_0(Y ) = Λ ∪ T , where Λ is hyperbolic and T is a finite union of irrational torus. However, the existence of such torus is not generic, even in the C^2 topology. Hence, making a small perturbation if necessary, we obtain that Ω_0(Y ) is hyperbolic.

Now we claim Ω(Y ) is hyperbolic. For that, we just need to guarantee that P_0(Y ) ∪ F_0(Y ) is a finite set. In fact, for instance, suppose #P_0(Y ) = ∞. Let U be a neighborhood of Ω_0(Y ) where the maximal invariant set on U is hyperbolic. Notice we can take U in such a way all periodic orbits in U are of saddle type. On the other hand, all but a finite number of periodic attracting orbits must belong to U. In fact, cl(P_0(Y ))∖P_0(Y ) ⊂ Ω_0(Y ) ⊂ U, by definition. This is a contradiction. Therefore #P_0(Y ) < ∞. This argument applies also to F_0(Y ). Hence, we conclude Ω(Y ) is hyperbolic.

It is left to prove Ω(Y ) = cl(Per(X)) and that there are no cycles. Since L(Y ) ⊂ Ω(Y ), the limit set of Y is hyperbolic too and so, the periodic orbits are dense on it. By a result of Newhouse [11], we only need to verify the absence of cycles on L(Y ) in order to conclude L(Y ) = Ω(Y ). Since there are no singularities of the flow involved, the index of all saddle periodic orbits is one. And since Y is Kupka-Smale vector field, all the invariant manifolds are in general position, hence there are no cycles.

Now, we have already prove that X can be approximated by Y either: Uniformly hyperbolic with no-cycle condition, exhibiting a homoclinic tangency, or X belongs to the class H. However, if X ∈ H, it is an easy consequence of Hayashi’s Connecting Lemma [4] that there is Y ∈ X^1(M) arbitrarily close to X showing a singular cycle, concluding the proof of Theorem A. □

References

[1] Bonatti, C., Viana, M. SRB measures for partially hyperbolic dynamical systems whose central direction is mostly contracting, Israel J. Math. 115 (2000), 157-193 [2] Doering, C.I. Persistently transitive vector fields on three manifolds, Dynam.

Syst. And Biff. Theory, Pitman Res # 160 pp 59-89.

[3] Guckenheimer, J., Williams, R.F. Structural stability of Lorenz attractors., Inst. Hautes Études Sci. Publ. Math. No. 50 (1979), 59–72.

42 AUBIN ARROYO^† AND FEDERICO RODRIGUEZ HERTZ^‡

[4] Hayashi, S. Connecting invariant manifolds and the solution of the C^1 stability and Ω-stability conjectures for flows., Ann. of Math. (2) 145 (1997), no. 1, 81- 137.

[5] Herman, M-R. Sur la conjugaison différentiable des difféomorphismes du cercle à des rotations. Inst. Hautes Études Sci. Publ. Math. No. 49 (1979), 5–233.

[6] Hirsch, M. W., Pugh, C. C., Shub, M. Invariant manifolds. Lecture Notes in Mathematics, Vol. 583. Springer-Verlag, Berlin-New York, 1977. 149 pp.

[7] Labarca, R., Pacífico M.J. Stability of singularity horseshoes. Topology 25 (1986), no. 3, 337–352 [8] Mañé, R. Ergodic Theory and Differential Dynamics Springer Verlag, New York, 1987.

[9] Morales, C.A., Pacífico, M. J.; Pujals, E. On C^1 robust singular transitive sets for three-dimensional flows. C. R. Acad. Sci. Paris Sér. I Math. 326 (1998), no. 1, 81–86.

[10] Newhouse, S. Diffeomorphisms with infinitely many sinks. Topology 13 (1974), 9–18.

[11] Newhouse, S. Hyperbolic Limit Sets, Trans. A.M.S. 167 (1972), 125 - 150. [12] Newhouse, S. Lectures on dynamical systems. Dynamical systems (C.I.M.E.

Summer School, Bressanone, 1978), Progr. Math., 8, Birkhäuser, Boston, Mass., 1980, pp. 1–114.

[13] Oseledets, V.I. A multiplicative ergodic theorem: Lyapunov characteristic numbers for dynamical systems. Trans. Moscow. Math. Soc. 19:197-231, 1968.

[14] Palis, J. A Global View of Dynamics and a Conjecture on the denseness of finitude of attractors , Asterisque 261 (2000) 339-351.

[15] Palis, J. On Morse-Smale Dynamical Systems, Topology 8 (1968) 385-404. [16] Palis, J., Smale, S. Structural stability theorems, Proc. A.M.S. Symp. Pure Math. 14 (1970), 223-232.

[17] Palis, J., Takens, F. Hyperbolicity and sensitive chaotic dynamics of homoclinic bifurcations, Cambridge Univ. Press. Cambridge, 1993.

[18] Pliss, V.A. On a Conjecture of Smale, Diff. Uravneija, 8, (1972), 268-282. [19] Pugh, C. The closing lemma, Amer. J. Math., 89 (1967) 956-1009. [20] Pugh, C. An improved closing lemma and a general density theorem, Amer. J.

Math., 89 (1967) 1010-1021.

[21] Pujals, E., Sambarino, M. Homoclinic tangencies and hyperbolicity for surface diffeomorphisms., Ann. of Math. (2) 151 (2000), no. 3, 961–1023.

[22] Pujals, E., Sambarino, M. On the dynamics of Dominated Splitting, to appear. [23] Schwartz, A. J. A generalization of a Poincaré-Bendixon Theorem to closed two dimensional Manifolds Amer. J. Math. 85 (1963), 453-458, Errata, ibid 85 (1963), 753.

[24] Smale, S. Differentiable dynamical systems. Bull. A.M.S, 73, (1967), 747-817. [25] Tahzibi, A. Stably ergodic systems which are not partially hyperbolic, to appear.

† Instituto de Matemáticas, UNAM (Unidad Cuernavaca) Universidad Nacional Autónoma de México A.P. 273 Admon de correos # 3 C.P. 62251, Cuernavaca Morelos, México.

E-mail address: aubin@matcuer.unam.mx

HOMOCLINIC BIFURCATIONS AND UNIFORM HYPERBOLICITY 43

‡ Facultad de Ingeniería (IMERL) Av. Julio Herrera y Reissig 565 CP 11300, Montevideo, Uruguay.

E-mail address: frhertz@fing.edu.uy