ON THE INVERSE PROBLEM FOR SCATTERING OF ELECTROMAGNETIC RADIATION BY A PERIODIC STRUCTURE

L. O. CASTELLANO PÉREZ AND JORGE P. ZUBELLI

Abstract. We consider a smooth perturbation δϵ(x, y, z) of a constant background permittivity ϵ = ϵ0 that varies periodically with x, does not depend on y, and is supported on a finite-length interval in z. We investigate the theoretical and numerical determination of such perturbation from (several) fixed frequency y-invariant electromagnetic waves.

By varying the direction and frequency of the probing radiation a scattering matrix is defined. By using an invariant-imbedding technique we derive an operator Riccati equation for such scattering matrix. We obtain a theoretical uniqueness result for the problem of determining the perturbation from the scattering matrix.

We also investigate a numerical method for performing such reconstruction using multi-frequency information of the truncated scattering matrix. This relies on ideas of regularization and recursive linearization. Numerical experiments are presented validating such approach.

Date: October 8, 2002.

Key words and phrases. Inverse Scattering, Periodic Structures, Diffraction. L. O. Castellano Pérez FACINF Univ. of Holguin Holguin, Cuba. Corresponding Author: Jorge P. Zubelli IMPA Est. D. Castorina 110 RJ 22460-320 Rio de Janeiro, Brazil.

Acknowledgments: J.P.Z. was supported by FAPERJ through grant number E-26/172.009, by CNPq through grant number 30.1003 and 200258, J.P.Z. also acknowledges the participation at the MGSS which was supported through NSF grant DMS97-09320. This work was concluded at MSRI which is supported in part by NSF grant DMS-9810361.

1. Introduction

This work concerns the scattering of electromagnetic waves by a periodic structure along one of the coordinate axis that is also invariant along an orthogonal direction. Such waves will be used to probe into the medium in such a way that the scattered fields will carry information about the internal periodic structure. Our goal being that of imaging this internal structure. This is motivated by technological applications in thin films and similar technologies [1].

Our main theoretical results are the uniqueness for the corresponding inverse scattering problem with data given as the scattering matrix for several frequencies, and a Riccati-type differential equation for the scattering matrix. We also present a practical algorithm for the solution of a regularized version of the inverse problem.

Figure 1. The underlying geometry

In a fairly general context, electromagnetic waves are characterized by two vector fields, the electric field E and the magnetic intensity H. Such fields depend on the spatial coordinate x = (x, y, z) and the time t, and satisfy Maxwell’s equations ∇ × E + μ_0 ∂H ∂t = 0 , (1)

∇ × H − ϵ(x) ∂E ∂t = J , (2)

where ϵ = ϵ(x) and μ_0 are the electric permittivity and magnetic permeability, respectively. Here, J = J(x) is the current density vector, which satisfies Ohm’s law

J = σE , (3)

where σ = σ(x) is the conductivity. In this work we focus at (stationary) time-harmonic fields, which correspond to E(x, t) = ℜ{E(x)e^{−iωt}} , H(x, t) = ℜ{H(x)e^{−iωt}} , where ω is the frequency and ℜ denotes the real part. Since our structure is invariant along the y direction, we look for solutions that are independent of such direction. Under such assumptions, Maxwell equations uncouple into two sets of equations. One for H_1, E_2 and H_3, the other for E_1, H_2 and E_3. This uncoupling determines two independent polarizations: transversal electric (TE) and transversal magnetic (TM), respectively.

In this work we shall concentrate on the the TE case. In this case, the equation becomes the well known Helmholtz equation: ( Δ + ω^2μ_0ϵ + iωμ_0σ ) E_2 = 0 ,

where now Δ denotes the Laplacian in the variables x and z. Let us denote by ϵ_0 the free-space permittivity and introduce the wave number k = ω √ μ_0ϵ_0. Thus, the equation takes the form ( Δ + k^2n(x) ) u = 0 , (4)

where u = E_2 and

n(x)^{def}= 1 ϵ_0 ( ϵ(x) + i σ(x) ω ) . We shall write n(x) = n_0(1 + q(x)) where n_0 is a constant and known background. After an elementary rescaling of the variables we assume that n_0 = 1.

The plan of the present work is the following:

In the rest of the present introduction we discuss some preliminary results concerning the direct scattering problem for Equation (4) in the periodic context.

Section 2 defines the scattering matrix. It will be the input to our inverse problem of finding the scatterer q from the the scattering matrix.

Section 4 states and proves a uniqueness result for the inverse problem assuming we know the scattering matrix for an interval of frequencies. This result, although very reassuring, relies on analytical continuation and information of the full scattering matrix. It calls for a practical algorithm.

If we truncate the scatterer q(x) by multiplying it by the characteristic function of the interval [0, z] where x_3 = z, the scattering matrix becomes a function of z. Section 3 presents a matrix Riccati equation that is satisfied by the scattering matrix as a function of such variable z. This result is of theoretical, as well as of practical interest. It will be the starting point for the development of the numerical algorithm we propose in Section 5. In such section we also present numerical experiments validating this approach.

We also include two appendices where we collect a number of technical results that were used throughout the paper concerning the periodic scattering problem for the Helmholtz equation.

1.1. The Direct Scattering Problem. Let us assume, as alluded above, that the function determining the medium is given by q(x, z) where q is 2L-periodic with respect to x. Because of the invariance with respect to y our geometry becomes bi-dimensional. We shall also assume that our perturbation q(x) has compact support in the z variable. Most of the action will take place on the following sets, which are depicted in Figure 2: Ω = {(x, z) ∈ R^2 | 0 < z < B}, Ω^+ = {(x, z) ∈ R^2 | z > B}, Ω^− = {(x, z) ∈ R^2 | z < 0}, Γ_a = {(x, z) ∈ R^2 | z = a , a ∈ R.} (5)

Figure 2. The scattering geometry and the fundamental domain.

By the direct scattering problem we mean the following scenario: An incident time-harmonic plane wave propagating from the region Ω^+ is scattered by q whose support is Ω. See Figure 2. The problem consists in determining the scattered field u^s.

More precisely, we assume that the incident wave has the form

u^i(x, z) = exp(ik(xd_1 + zd_3)) , (6)

where (d_1, d_3) = (sin(θ), − cos(θ)) is the propagation direction, and θ ∈ (−π/2, π/2) is the angle of incidence. In the absence of a scatterer (q = 0) the total field u would be the same as u^i. However, if q ≠ 0 we have a scattered field which would be defined by

u^s(x)^{def}= u(x) − u^i(x) , (7)

where u is such that

u ∈ V^{def}= { u ∈ C^1 ( R^2 ) | u is C^2 in Ω, Ω^+, and Ω^− } satisfies

Δu + k^2(1 + q)u = 0 in Ω , (8) Δu + k^2u = 0 in Ω^± , (9)

and both u and ∂u/∂z are continuous across the boundaries Γ_B and Γ_0.

Since the scattering perturbation q (in general) does not vanish as x → ∞, we cannot request the scattered field to satisfy the classical Sommerfeld radiation condition. We have to impose substitutive conditions. We shall now recall such conditions, which date back to Rayleigh’s studies of diffraction by periodic structures [2, 3].

We start off by remarking that the incident field u^i satisfies: u^i(x + 2Lm, z) = u^i(x, z)e^{i 2Lm k sin θ}, ∀z ∈ R , ∀m ∈ Z . Because of the periodicity of q w.r.t. x, it follows that if u is a solution of (8) and (9), then u_L(x, z)^{def}= u(x + 2Lm, z)e^{−i 2Lm k sin θ} , m ∈ Z , also satisfies the same equations. Furthermore, the scattered field u^s_L has the same asymptotic behavior of u^s as |z| → ∞. Therefore, if we set α^{def}= k sin θ it is natural to request u to satisfy the α quasi-periodicity condition u(x + 2Lm, z) = u(x, z)e^{i 2Lmα} ∀m ∈ Z , ∀z ∈ R . (10) Let us take p^{def}= π/L and α_m^{def}= α + pm, m ∈ Z. Denote by

ω_m(k)^{def}= { ( k^2 − α^2_m )_{1/2} , |α_m| ≤ k i ( α^2_m − k^2 )_{1/2} , |α_m| > k. (11)

Assume that ω_m(k) ≠ 0 for all m ∈ Z. Then, it is not hard to verify that any α quasi-periodic solution of the free Helmholtz equation (9) in the region Ω^± has the form u(x, z) = ∑ m∈Z ( A^±_me^{iαmx} e^{iωmz} + B^±_me^{iαm x} e^{−iωmz} ) . In this equation each term for which |α_m| ≤ k corresponds to a propagating plane wave with normal vector (α_m, ω_m)/k or (α_m, −ω_m)/k. However, if |α_m| > k, the corresponding terms in the series propagate along the x direction but decay (or explode) as |z| → ∞. The exploding modes are physically unacceptable. As for the decaying ones, they are called evanescent waves or surface waves. If, for some m, ω_m(k) = 0, we are in a physically anomalous situation, which will be excluded from our analysis.

In order to properly define the scattering problem we shall request that the scattered field u^s satisfy the Rayleigh expansion u^s(x, z) = ∑ m∈Z u^±_m e^{iαmx} e^{±iωmz} , (x, z) ∈ Ω^±. (12) Recall that q(x, z) is 2L-periodic in x, supported on the interior region Ω bounded by Γ_0 and Γ_B. Furthermore, we shall assume henceforth that

q ∈ C^1(Ω) ,ℜq > −1 ,ℑq ≥ 0 . (13)

We are now ready to formalize the definition of the direct scattering problem:

Definition 1. The Direct Scattering Problem Given a perturbation q satisfying (13) and an incident field u^i of the form (6), we shall say that a function u ∈ V is a solution of the direct scattering problem if, and only if, u satisfies the equations (8),(9), the quasi-periodicity condition (10), the scattered field u^s defined by (7) satisfies the Rayleigh expansion (12) in Ω^+ and Ω^−, and u and ∂u/∂z are continuous across the boundary of Ω.

It turns out that even under the hypothesis spelled out above a general result ensuring the existence and uniqueness of scattered solutions is not available. In fact, one can find in [4] several nontrivial examples of non-uniqueness. This illustrates the need for further investigation of the direct problem posed above. We shall content ourselves, however, by quoting a result which can be found (in a bit more general context) in [5, 6] where the scattering problem for a more general structure is analyzed. See also [4, 7] where similar conditions are requested.

Theorem 1 ([5, 6]). Let q be a function defined in R^2 satisfying q(x + 2L, z) = q(x, z) for all z, q ∈ C^1(Ω), and q|_Ω+_{∪Ω}− = 0. Assume further that one of the following conditions is satisfied:

i) There exists (x_0, z_0) ∈ Ω such that ℑq(x_0, z_0) > 0.

ii) The function q takes real values only, there exists β ∈ R such that (z + β) q(x, z) ≤ 0 if (x, z) ∈ Γ_B , (z + β) q(x, z) ≥ 0 if (x, z) ∈ Γ_0, and (z + β)^{∂q}_{∂z} ≥ 0 in Ω, and furthermore there exists at least one point in Ω where the strict inequality is satisfied.

Then, there exists at most one solution to the direct scattering problem in the sense of Definition 1.

2. The Direct and Inverse Problems

In this section we shall define the scattering matrix for the periodic problem under consideration. Intuitively, the scattering matrix relates incoming fields from far away with outgoing fields produced by the x-periodic scatterer q(x, z). The scattering matrix will play an instrumental role in our approach to the inverse problem.

We shall assume from now on that we are dealing with a scatterer q for which the uniqueness of the direct scattering problem of Definition 1 holds for arbitrary incident fields u^i satisfying the Helmholtz equation Δu^i + k^2u^i = 0. Sufficient conditions for such uniqueness to hold were spelled out in Theorem 1.

In order to discuss the scattering matrices we start by introducing some notation and terminology. Let us define for B ∈ R arbitrary

Ω^±_B^{def}= { (x, z) ∈ R^2 | 0 < x < 2L, ±z > ±B } . Definition 2. An α quasi-periodic solution of the unperturbed Helmholtz equation Δφ+k^2φ = 0 in the domain Ω^±_B will be called a radiation field in such domain if it satisfies the Rayleigh expansion (12) for large enough |z| and sup ±z>±B (∫_{2L} 0 |φ(x, z)|^2dx ) < ∞ The integral condition in the above definition is physically plausible and to be expected for the solutions of the unperturbed Helmholtz equation in Ω^±_B. Indeed, at the light of the Rayleigh expansion (12), it is clear that if φ satisfies such condition for a given B_0 then it satisfies it for every B > B_0 (respec. B < B_0) in the Ω^+_B case (respec. Ω^−_B). Note that, due to the Rayleigh expansion, ∫_{2L} 0 |φ(x, z)|^2dx = 2L ∑ m∈Z |u^±_m|^2 e^{∓2ℑωmz} ± z > ±B. So, the integral condition implies that ∑ m∈Z |u^±_m|^2 e^{∓2ℑωmB} < ∞. The energy condition above makes it natural to introduce certain sequence spaces as follows:

We fix k ∈ R and θ ∈ (−π/2, π/2) and define the (k, θ)-dependent spaces

X_z = { (d_m)_{m∈Z} ⊂ C | | ∑ m∈Z |d_m|^2 | |e^{iω}m^z | |^2 < ∞ } ,

Y_z = { (c_m)_{m∈Z} ⊂ C | | ∑ m∈Z |c_m|^2 | |e^{−iω}m^z | |^2 < ∞ } . We denote by E_{k,θ,z} the infinite diagonal matrix E_{k,θ,z} = diag { · · · , e^{iω−1z} , e^{iω0z} , e^{iω1z} , · · · } . Recall from (5) that Γ_z denotes the points in R^2 of the form (x, z) with a fixed z. Since we are dealing with quasi-periodic functions defined on this set we shall identify it with (0, 2L]. Let F_{qp} : L^2(Γ_z) −→ l^2(Z) denote the Fourier transform that sends a square summable function in Γ_z to its Fourier series with respect to the orthogonal system {exp(iα_m·)}_{m∈Z}. Thus, we can write f(x) = ∑ m∈Z c_m e^{iαm x} in the form f = F^{−1}_{qp} c, or if necessary to emphasize the x-dependence: f(x) = F^{−1}_{x,qp} c .

The next lemma, whose proof will be omitted because of its simplicity, gives analytic expressions for radiation fields.

Lemma 1. Let k > 0, B ∈ R, and φ : Ω^+_B −→ C an α quasi-periodic function w.r.t x. Then, φ is a radiation field on Ω^+_B if, and only if, there exists a sequence d ∈ X_B such that φ(x, z) = ∑ m∈Z d_m e^{iωmz}e^{iαm x} = F^{−1}_{x,qp}E_z d , (14) for all (x, z) ∈ Ω^+_B. Analogously, ψ : Ω^−_B −→ C is a radiation field on Ω^−_B if, and only if, there exists a sequence c ∈ Y_B such that ψ(x, z) = ∑ m∈Z c_m e^{−iωmz}e^{iαm x} = F^{−1}_{x,qp}E^{−1}_z c , (15) for all (x, z) ∈ Ω^−_B.

It is easy to prove that the series defining φ converges uniformly in Ω^+_{B1} for all B_1 > B. Analogously, one can show that the series defining ψ converges uniformly in Ω^−_{B1} for all B_1 < B. We note that conceptually φ is generated by sources located in Ω^−_B , whereas ψ by sources located in Ω^+_B.

We shall denote by Ω_{B1,B2} the fundamental region in R^2 bounded by z = B_1 and z = B_2 > B_1. For convenience, we take Ω_R^{def}= {0 < x < 2L, z ∈ R} and Ω_B^{def}= Ω_{0,B}. Also, if D ⊂ R^2 , we shall denote by q_D the product q_D = q χ_D , where χ_D is the characteristic function of D.

From now on we look for solutions of the scattering problem with a more general incident field instead of a single plane wave in the upper region.

Definition 3. An incident field (or incoming field) to the region Ω_{B1,B2} is a superposition in this region of a radiation field in Ω^+_{B1} and another one in Ω^−_{B2} . The corresponding scattered field in Ω^−_{B1} (respec. Ω^+_{B2} ) will be called the radiation field in the region Ω^−_{B1} (respec. Ω^+_{B2} )

As a direct consequence of Lemma 1 we have the following:

Lemma 2. i) Any (c, d) ∈ Y_{B2} × X_{B1} defines an incoming field u^i : Ω_{B1,B2} −→ C via

u^i(x, z) = φ^i_1(x, z) + φ^i_2(x, z) , (x, z) ∈ Ω_{B1,B2} , (16)

where

φ^i_1(x, z) = F^{−1}_{x,qp}E^{−1}_z c , (x, z) ∈ Ω^−_{B2} , (17) and φ^i_2(x, z) = F^{−1}_{x,qp}E_z d , (x, z) ∈ Ω^+_{B1} . (18)

ii) If u^s : Ω_R −→ C is the scattered field due to a scatterer located in Ω_{B1,B2} , then there exist two sequences d̃ ∈ X_{B2} and c̃ ∈ Y_{B1} such that

u^s(x, z) = F^{−1}_{x,qp}E_z d̃ , (x, z) ∈ Ω^+_{B2} , (19) u^s(x, z) = F^{−1}_{x,qp}E^{−1}_z c̃ , (x, z) ∈ Ω^−_{B1} . (20)

Since the support of our scatterer q_{ΩB} splits R^2 into two disconnected sets, it is possible to envisage several scattering problems. We shall concentrate our analysis in the case where the sources that originate the incoming field and detectors that measure the scattered field are located on the same half-space (in the upper half-space, to be more specific). This is due to the fact that in the inverse problem considered in the next section the sources and the detectors are located on Ω^+_B . Nevertheless, for technical reasons which will become clear in the sequel, we also have to consider the situation where the sources and detector are located on either sides of the scatterer.

2.1. The Scattering Matrix. The key object in our analysis is the so-called scattering matrix. Broadly speaking, it relates the Fourier coefficients of an incident wave with the coefficients of the scattered wave. Our next goal is to make this definition rigorous according to the two cases discussed in the previous paragraphs.

For convenience, we shall assume that our scatterer has its support in Ω_{B0} for some fixed B_0 > 0. In the first case, according to Lemma 2 any sequence c ∈ Y_{B0} defines an incident field via (17). The corresponding scattered field can be represented in the form (19) in Ω^+_{B0} for some sequence d ∈ X_{B0} . This leads to the following:

Definition 4. Assume that the scatterer q is supported in Ω_{B0} and the sources and detectors are located in Ω^+_{B0} . The linear transformation S(k, θ; q) : Y_{B0} −→ X_{B0} such that d = S(k, θ; q) c , c ∈ Y_{B0} , is called the scattering matrix for q.

Given B ≥ 0, we shall denote by S_B the scattering matrix S(k, θ; q) associated to the truncated scatterer q_{ΩB} . In other words, S_B^{def}= S ( k, θ; q_{ΩB} ) . Although the scattering matrix depends on the incidence angle θ and the frequency k, we shall omit such dependence unless needed. Furthermore, if B = 0, then q_{ΩB} = 0 and thus S_0 = 0. If B ≥ B_0, then S_B = S(k, θ; q).

Let us now consider the case where sources and detectors are located in both sides of the scatterer supported in the slab Ω_{B,B+h} of size h. Using Lemma 2 with B_1 = B and B_2 = B +h, we introduce the scattering matrix associated to the scatterer q^h_{ΩB}^{def}= q_{ΩB,B+h} according to the following:

Definition 5. Under the assumptions of Lemma 2, the scattering matrix S^h_B corresponding to scattering by q^h_{ΩB} in the strip of size h is the linear map S^h_B : Y_{B+h} × X_B −→ X_{B+h} × Y_B that associates each pair (c, d) defining the incident field, as in (16), to the pair (d̃, c̃) corresponding to the scattered field (19) and (20) and such that [ d̃ c̃ ] = S^h_B [ c d ] .

Here, we can partition the matrix S^h_B into d̃ = S_{dc} c + S_{dd} d , (21)

c̃ = S_{cc} c + S_{cd} d . (22)

We remark that since we are assuming that the (direct) scattering problem has a unique solution, the scattering matrix is well defined. Furthermore, it is not hard to see from the integral equation formulation of the problem that the above defined scattering matrices act as bounded operators on their corresponding domains of definition. To prove that we proceed as follows:

Recall that we are considering the incident field of the form u^i(x, z) = ∑ m∈Z c_m e^{−iωmz}e^{iαmx}, (x, z) ∈ Ω_B,

where c ∈ Y_B, i.e., ‖c‖^2_{YB}^{def}= ∑ m∈Z |c_m|^2 e^{2ℑωmB} < ∞, and the corresponding scattered field in Ω^+_B may be represented as u^s(x, z) = ∑ m∈Z d_m e^{iωmz}e^{iαmx}, (x, z) ∈ Ω^+_B, for some d ∈ X_B , i.e., ‖d‖^2_{XB}^{def}= ∑ m∈Z |d_m|^2 e^{−2ℑωmB} < ∞. The scattering matrix associated to q_{ΩB} is the linear transformation S_B : Y_B → X_B such that d = S_B c.

Due to the fact that the direct problem is well-posed, there exists a constant C > 0 such that ‖u‖_2 ≤ C ‖u^i‖_2 (see the proof of Lemma 9), where u is the solution of the Lippmann-Schwinger equation (88) u = u^i − T u, (x, z) ∈ Ω. On the other hand, by Theorem 5 u^s(x, z) = −k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (x, z) ∈ Ω^+ . Using the expression of the Green’s function and the fact that z > B, we have u^s(x, z) = ∑ m∈Z ( ik^2 4Lω_m ∫ Ω e^{−iωmη}e^{−iαmξ}q(ξ, η)u(ξ, η)dξdη ) e^{iωmz}e^{iαm x} . Therefore, d_m = ik^2 4Lω_m ∫ Ω e^{−iωmη}e^{−iαmξ}q(ξ, η)u(ξ, η)dξdη . From this expression, we obtain

|d_m|^2 =^{k4}_{16L2|ωm|2} | |∫_Ω e−iωmηe−iαmξq(ξ, η)u(ξ, η)dξdη | |^2 ≤^{k4} 16L^2|ω_m|^2 ∫ Ω | e^{−iωmη} |_2 |q(ξ, η)|^2dξdη ∫ Ω |u(ξ, η)|^2dξdη ≤^{k4}_{16L2}^{2L}_{|ωm|2} ‖q‖^2_∞ Be^{2ℑωmB} C^2‖u^i‖^2 .

Note that

‖u^i‖^2 = ∫_B 0 ∫_{2L} 0 |u^i(x, z)|^2 dx dz = ∫_B 0 2L ∑ m∈Z |c_m|^2 | |e−iωmz | |^2 dz = 2L ∑ m∈Z |c_m|^2 ∫_B 0 e^{2ℑωmz} dz ≤ 2LB ∑ m∈Z |c_m|^2e^{2ℑωmB} = 2LB‖c‖^2_{YB} . Then, ‖S_B c‖^2_{XB} = ‖d‖^2_{XB} = ∑ m∈Z |d_m|^2 e^{−2ℑωmB} ≤ k^4 8L ‖q‖^2_∞ B C^2 2LB‖c‖^2_{YB} ∑ m∈Z |ω_m|^{−2}

= k^4 4 B^2 ‖q‖^2_∞ C^2 C^2_ω‖c‖^2_{YB} .

The proof of the boundedness of the full matrix S^h_B is analogous, we only should define an appropriate norm in the spaces Y_{B+h} × X_B and X_{B+h} × Y_B. More precisely, we set

‖(c, d)‖^2 = ‖c‖^2_{YB+h} + ‖d‖^2_{XB} and ‖(d̃, c̃)‖^2 = ‖d̃‖^2_{XB+h} + ‖c̃‖^2_{YB} .

2.2. Multiple Scattering. Our goal is to derive a Riccati-type equation for the scattering matrix. This will be done following the general methodology of invariant imbedding [8]. We start by considering the effect of several scatterers with disjoint support.

Given an incident field, we know how to compute the scattered field resulting from each scatterer. Our first task is to compute the resulting field from the totality of scatterers. These results follow the ideas of the work of V. Twersky [9, 10] on multiple scattering. For our purposes we need to consider only two scatterers as shown in Figure 3, that occupy domains Ω_1 and Ω_2 in such way that Ω_1 ∩ Ω_2 = ∅ and Ω_1 ∪ Ω_2 = Ω.

Figure 3. Multiple scattering geometry

Let us now define, for j = 1, 2, the operators T_j : C_{qp}(Ω_j) −→ C_{qp}(Ω_R) as (T_j u)(x, z) = k^2 ∫ Ω_j G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , where the sub-index qp emphasizes the quasi-periodicity (in x) of the functions involved. The Lippmann-Schwinger equation for the domain Ω takes the form (I + T_1)u = u^i − T_2u , (23) or (I + T_2)u = u^i − T_1u , (24) We now define u^s_j : Ω_R −→ C , j = 1, 2, via u^s_1^{def}= −T_1u , u^s_2^{def}= −T_2u , (25) and see that (23) can be interpreted as the Lippmann-Schwinger equation for the total field u in the domain Ω_1, with an incident field given by u^i_1^{def}= u^i + u^s_2 , x ∈ Ω_1 . (26) In fact, since Ω_1 ∩ Ω_2 = ∅, we have that Δu^s_2 + k^2u^s_2 = 0 in Ω_1, which together with the Green’s function properties implies that u^s_2 is a radiation field in Ω_1. Furthermore, from (23), (25), and (26) we get that u = u^i_1 + u^s_1. Similarly, equation (24) is the Lippmann-Schwinger for the total field u in the region Ω_2 in the presence of an incident field of the form u^i_2^{def}= u^i + u^s_1 , x ∈ Ω_2 . (27) The above discussion can be summarized in the following:

Lemma 3. Let q be a scatterer whose support is composed of two disjoint regions Ω_1 and Ω_2, u^i : Ω_1 ∪ Ω_2 −→ C be the incident field, and u : Ω_1 ∪ Ω_2 −→ C denote the total field. Assume that the functions u^s_j : Ω_R −→ C and u^i_j : Ω_j −→ C , j = 1, 2 are defined by the formulae (25) – (27). Then, the function u^s_j represents the scattered field by the region Ω_j corresponding to the incident field u^i_j , j = 1, 2. Furthermore, the total field u can be written as u = u^i + u^s_1 + u^s_2 .

Let us now examine the case where Ω_1 and Ω_2 are adjacent. More precisely, let us consider the case Ω_1 = Ω_{B,B+h} and Ω_2 = Ω_B, where B > 0, h > 0. From equations (23) and (24) we get (I + T_1)u^s_1 + T_1u^s_2 = −T_1u^i , (28)

T_2u^s_1 + (I + T_2)u^s_2 = −T_2u^i . (29) As a consequence of Theorem 6, the operators B_j : C_{qp}(Ω_j ) −→ C_{qp}(Ω_R), defined as B_j = −(I + T_j )^{−1} T_j , j = 1, 2 , are bounded on the corresponding sup norms. Now we notice that for an arbitrary function ũ ∈ C_{qp}(Ω_j), the function ṽ ∈ C_{qp}(Ω_j ) given by ṽ = B_j ũ satisfies (I + T_j ) ṽ = −T_j ũ on Ω_j. In other words, for j = 1, 2, B_j maps the incident field into the scattered field. Lemma 4. Under the same hypothesis of Lemma 3, assume that there exists a constant C > 0 such that ‖T_1‖_∞ < C h , (30) where h is the thickness of the slab Ω_{B,B+h} (See estimate (93)). Then, for a sufficiently small h, there exist unique functions u^s_j : Ω_R −→ C , j = 1, 2, such that equations (28) and (29) are satisfied. Furthermore, u^s_1(x) + u^s_2(x) = {B_2 + (I + B_2)B_1(I + B_2)} u^i + O(h^2) . (31) Proof: We rewrite (28) and (29) in terms of the operators B_j and eliminate u^s_2, so as to get (I − B_1B_2) u^s_1 = B_1(I + B_2) u^i . (32) It follows from the boundedness of the operators B_j and the estimate (30), that there exist positive constants c^′ and c^{′′} such that ‖B_1‖ ≤ c^′ · h , ‖B_1 B_2‖ ≤ c^{′′} · h , for all h > 0. Hence, for sufficiently small h

u^s_1 = (_∞ ∑ m=0 (B_1 B_2)^m ) B_1(I + B_2) u^i .

Finally, from the estimates of the norms of the operators B_1 and B_1 B_2 as a function of h, we get (31). Q. E. D.

In the specific case of Ω_1 = Ω_{B,B+h} and Ω_2 = Ω_B , B > 0, h > 0 we have the following:

Lemma 5. Let u^i : Ω_{B+h} −→ C be an incident field in the region Ω_{B+h} of the form u^i(x, z) = F^{−1}_{x,qp}E^{−1}_z c , (x, z) ∈ Ω_{B+h} , where c ∈ Y_{B+h}, and u^s : Ω_R −→ C corresponds to the scattering field. Then, if h > 0 is sufficiently small we have u^s(x, z) = 5∑ j=1 F^{−1}_{x,qp}E_z d_j + O(h^2) , (x, z) ∈ Ω^+_{B+h} , (33)

where d_1 = S_{dc} · c , d_2 = S_B · c , d_3 = S_B · S_{cc} · c , d_4 = S_{dd} · S_B · c , d_5 = S_B · S_{cd} · S_B · c .

3. The Matrix Riccati Equation In the earlier section we introduced the scattering matrix S_z = S(k, θ, q_{Ωz} ). We shall now consider this as a function of the variable z and obtain a Riccati-type differential equation for S_z. The basic ingredient will be an invariant-imbedding argument [8] following the same circle of ideas in [11], which dealt with the compact supported perturbation case. This technique has been used in a number of different contexts, such as the analysis of wave propagation in the time domain [12, 13, 14], scattering by anisotropic media [15], and the solution of nonlinear integrodifferential equations [16, 17] to cite a few.

Let us denote by q_z : L^2[0, 2L] −→ L^2[0, 2L] the diagonal linear transformation (q_z f)(x) = q(x, z) f(x) , ∀f ∈ L^2[0, 2L] , and by Λ : l^2(Z) −→ l^2(Z) the diagonal matrix Λ = diag ( · · · , ω_{−1} , ω_0 , ω_1 , · · · ) .

We start by getting a second order expression for the Born approximation outside the region Ω_{B,B+h}. Lemma 6. Let k > 0, B ≥ 0, h > 0 be given, u^i : Ω_{B,B+h} −→ C be the incident field on the region Ω_{B,B+h}, and u^i | Γ_B represent the restriction of u

i on the line z = B. Suppose that u^s : Ω_R −→ C is the corresponding scattered field. Then, if h > 0 is sufficiently small u^s(x, z) = ik^2 2 hF^{−1}_{x,qp} E_z Λ^{−1} E^{−1}_B F_{qp} q_Bu^i | |_{ΓB} + O(h^2) (34) for z > B + h, and u^s(x, z) = ik^2 2 hF^{−1}_{x,qp} E^{−1}_z Λ^{−1} E_B F_{qp} q_Bu^i | Γ_B + O(h

2) (35)

for z < B.

Proof: We note that we can apply Lemma 14 replacing the region (0, 2L) × (0, B) by Ω_{B,B+h}. In this case δ = k^2‖q‖_∞ hC_ω . As in the B we consider

u^s_B^{def}= −k^2 ∫ Ω_{B,B+h} G(x, z; ξ, η)q(ξ, η)u^i (ξ, η)dξdη . From estimate (93) we deduce that there exist constants c > 0, h_1 > 0 such that

|u^s(x) − u^s_B(x)| ≤ c · h^2 , x ∈ Ω_R , (36)

for all h < h_1. The term u^s_B corresponds to the first term in the Neumann series for the field u^s. Now using the explicit Green’s function formula, given by (85) we get

u^s_B = ik^2 4L ∫_{2L} 0 ∫_{B+h} B q(ξ, η)u^i(ξ, η) ∑ m∈Z ω^{−1}_m e^{iωm(z−η)}e^{iαm (x−ξ)} dξdη for z > B + h, and

u^s_B = ik^2 4L ∫_{2L} 0 ∫_{B+h} B q(ξ, η)u^i(ξ, η) ∑ m∈Z ω^{−1}_m e^{iωm(η−z)}e^{iαm (x−ξ)} dξdη for z < B. By using that ∫_{B+h} B g(s) ds = h g(B) + O(h^2) , g ∈ C^1([B, B + h]) ,

the field u^s_B takes the form

u^s_B = ik^2 4L h ∑ m∈Z ( ω^{−1}_m e^{iωm(z−B)} ∫_{2L} 0 e^{−iαmξ}q(ξ, B)u^i(ξ, B) dξ ) e^{iαmx} + O(h^2)

= ik^2 2 hF^{−1}_{x,qp} Λ^{−1} E_z E^{−1}_B F_{qp} q_B u^i | |_{ΓB} + O(h^2)

for z > B + h, and

u^s_B = ik^2 4L h ∑ m∈Z ( ω^{−1}_m e^{iωm(B−z)} ∫_{2L} 0 e^{−iαmξ}q(ξ, B)u^i(ξ, B) dξ ) e^{iαmx} + O(h^2)

= ik^2 2 h F^{−1}_{x,qp} Λ^{−1} E^{−1}_z E_B F_{qp} q_Bu^i | |_{ΓB} + O(h^2)

for z < B. Combining the last two expressions with (36), we get (34) and (35). Q. E. D.

We now obtain approximate expressions for the matrix S^h_B .

Lemma 7. Under the same assumptions of Lemma 6, if the matrices S_{dc}, S_{dd}, S_{cc} and S_{cd} are defined by equations (21) and (22), then we have that S_{dc} = ik^2 2 h E^{−1}_B Λ^{−1} F q_B F^{−1} E^{−1}_B + O(h^2) , (37)

S_{dd} = ik^2 2 h E^{−1}_B Λ^{−1} F q_B F^{−1} E_B + O(h^2) , (38)

S_{cc} = ik^2 2 h E_B Λ^{−1} F q_B F^{−1} E^{−1}_B + O(h^2) , (39)

S_{cd} = ik^2 2 h E_B Λ^{−1} F q_B F^{−1} E_B + O(h^2) . (40)

Proof: We are going to prove (37). The other ones are analogous. The incident field u^i in the region Ω_{B,B+h} is given by u^i(x, z) = F^{−1}_{x,qp} ( E^{−1}_z c + E_z d ) , where c ∈ Y_{B+h} and d ∈ X_B . Let d = 0. Taking the expression of the field u^i in (34), we see that

u^s(x, z) = F^{−1}_{x,qp} E_zd̃ = ik^2 2 h F^{−1}_{x,qp} E_z Λ^{−1} E^{−1}_B F_{qp} q_B F^{−1}_{qp} E^{−1}_B c + O(h^2) ,

if (x, z) ∈ Ω^+_{B+h}. On the other hand, from (21) we have that (taking into account that d = 0) d̃ = S_{dc} c . It now remains to note that F_{x,qp} q_B F^{−1}_{x,qp} = F q_B F^{−1}, where F denotes the Fourier transform with respect to the system exp(ipm), to conclude (37). Indeed, for c ∈ ℓ^2(Z)

F_{x,qp} q_B F^{−1}_{x,qp} c = 1 2L ∫_{2L} 0 e^{−iαmx}q(x, B) ∑ n∈Z c_ne^{iαnx} dx

= 1 2L ∫_{2L} 0 e^{−ipmx}q(x, B) ∑ n∈Z c_ne^{ipnx} dx = F q_B F^{−1} c

This concludes the proof. Q. E. D.

Now to show that the scattering matrix S_z satisfies a Riccati type differential equation we compute the difference S_{B+h} − S_B up to second order in h. Let u^i : Ω_{B+h} −→ C be the incident field on the region Ω_{B+h} of the form

u^i(x, z) = F^{−1}_{x,qp} E^{−1}_z c ,

where c ∈ Y_{B+h}. The scattered field in the region Ω^+_{B+h} has the form

u^s(x, z) = F^{−1}_{x,qp} E_zd ,

with d ∈ X_{B+h}. By definition of S_{B+h},

d = S_{B+h} c . (41)

From Lemmas 5 and 7 we get the following:

Lemma 8. Under the conditions of Lemma 5, we have d = { S_B + h ik^2 2 ( E^{−1}_B + S_B E_B ) Λ^{−1} F q_B F^{−1} ( E_B S_B + E^{−1}_B )} c + O(h^2) , where d =

∑_5 j=1 d_j .

Finally, from Lemma 8 and formula (41), we get the following:

Theorem 2. For any z ≥ 0, k > 0, and θ ∈ (−π/2, π/2) such that ω_m ≠ 0, for every m ∈ Z, the scattering matrix S_z : Y_z −→ X_z satisfies the Riccati type matrix differential equation dS_z dz = ik^2 2 ( E^{−1}_z + S_z E_z ) Λ^{−1} F q_z F^{−1} ( E_z S_z + E^{−1}_z ) . (42)

Equation (42) will play a fundamental role in the numerical method presented in the sequel.

4. Uniqueness of the Solution to the Inverse Problem

This section concerns the main theoretical result of the present work. The basic inverse problem under consideration is the following: Suppose that a non-homogeneous medium q is excited by a set of plane waves u^i and we measure the corresponding scattered waves. When do we have enough information to determine the function q?

The existing uniqueness results are not many. Uniqueness was obtained if one assumes that the perturbation depends only on the horizontal coordinate x and considers a superposition of plane waves at a fixed wave number k incident onto a non-homogeneous layer located on top of a perfectly reflecting boundary [18]. See also [19] for a transmission problem.

Our main theoretical result is a uniqueness result for the inverse scattering problem with the wave number k in a nonempty open interval where the scattering matrix is well-defined, i.e., ω_m(k) ≠ 0 for every m ∈ Z. We shall show that the x-periodic perturbation q is uniquely determined by the scattering matrix for a fixed incidence angle and the wave number in a nonempty open interval. We also assume that the support of q is known, which is not a very restrictive assumption. Remark 1. We shall assume throughout the present section that the perturbation q under consideration is such that the direct problem for any incident wave u^i satisfying Δu^i + k^2u^i = 0 in Ω_B possesses a unique solution. This is true if, for instance, the hypothesis of Theorem 1 are valid.

Our approach follows the general ideas of Colton and Kress [20, Theorem 10.19] which deals with a compactly supported perturbation q. However, the fact that we are dealing with a periodic perturbation brings in additional difficulties and requires a different analysis. The main theoretical tool is the Riesz-Fredholm analytic theory of compact operators in the space B(X) of bounded operators in a Banach space X. See for example [20, 21].

Definition 6. Let D be a domain in C^N and f : D −→ X a function taking values in the complex Banach space X. The function f is called analytic in D if for every z_0 ∈ D there exist f_j ∈ X, j ∈ Z^N_{≥0}, such that the power series f(z) = ∑ j∈Z^N_{≥0} 1 j! (z − z_0)^j f_j ,

converges uniformly in X for every z in a neighborhood of z_0. Here, for z = (z_1, · · · , z_N ) ∈ C^N and j = (j_1, · · · , j_N ) ∈ Z^N_{≥0}, we are using the multi-index notation

z^{j def}= z^{j1}_1 · · · z^{jN}_N , j!^{def}= j_1! · · · j_N ! .

The function f is called weakly analytic in D if for every bounded linear functional ℓ : X^∗ −→ C^N , we have that z → ℓ(f(z)) is an analytic function of z for z ∈ D.

As is well-known, the two concepts of analytic functions coincide [20, Theorem 8.22]. We shall now explore the analyticity of the scattered solutions with respect to the variables k and θ. It turns out, however, that the space C_{qp} where such solutions were defined depended on k and θ through the quasi-periodicity condition. See Definition 1. We shall now reformulate the inverse scattering problem in such a way that the solutions of our problems would be defined in the (fixed) space C_p of continuous functions that are 2L-periodic in x. This will be performed via the substitution u(x, z) = ~u(x, z) exp(iαx) (and analogously for u^i and u^s). We get that ~u and ∂~u/∂z belong to C^0_p(Ω_R) and ~u satisfies

Δ_α ~u(x) + k^2(1 + q(x))~u(x) = 0 , x ∈ Ω , (43) Δ_α ~u(x) + k^2~u(x) = 0 , x ∈ Ω^± , (44)

where Δ_α^{def}= Δ + 2iα∂_x − α^2. The function ~u satisfies ~u(x + 2L, z) = ~u(x, z), (x, z) ∈ Ω_R , (45) and the scattered field ~u^s(x)^{def}= ~u(x) − ~u^i(x) obeys the Rayleigh type condition ~u^s(x, z) = ∑ m∈Z u^±_me^{±iωmz} e^{ipmx} , ( u^±_m ) m∈Z ⊂ C , (x, z) ∈ Ω^± , (46) where as before p = π/L. We note that the multiplication operator by the function exp(−iαx), x ∈ (0, 2L), is an isomorphism between C_{qp}(Ω) and C_p(Ω).

The fundamental solution ~G of the transformed problem may be represented in the form ~G(x, z; ξ, η) = − i 4L ∑ m∈Z 1 ω_m e^{iωm|z−η|}e^{ipm(x−ξ)} , (x, z) ≠ (ξ, η) , (47) whenever ω_m ≠ 0 for every m ∈ Z. We define the operator ~T : C_p(Ω) −→ C_p(Ω) as ~T ~u(x) = k^2 ∫ Ω ~G(x, z; ξ, η)q(ξ, η)~u(ξ, η) dξdη , x = (x, z) ∈ Ω . (48) The function ~u that solves the problem (43)–(46) satisfies the integral equation

~u(x) = ~u^i(x) − ~T ~u(x) , x ∈ Ω . (49)

The operator ~T depends on k and θ through the Green’s function ~G. We shall start now our analysis through the study of ω_m as a function of the complex variables (k, θ). Let C_−^{def}= C \ { z ∈ C | ℜz = 0, ℑz ≤ 0 } . We define K = { (k, θ) ∈ C^2 | k^2 − (pm + k sin θ)^2 ∈ C_− , ∀m ∈ Z } , and ω_m = ω_m(k, θ)^{def}= √ k^2 − (pm + k sin θ)^2 = |ω_m| e^{iϑm/2} , (k, θ) ∈ K , where ϑ_m = arg ω^2_m(k, θ) and −π/2 ≤ ϑ_m < 3π/2. We see that the function ω_m is analytic for (k, θ) ∈ K. Lemma 9. Let q ∈ C_p(Ω). For each (k, θ) ∈ K, let ~T (k, θ) : L^2(Ω) −→ L^2(Ω) be defined by ( ~T (k, θ)~u)(x) = k^2 ∫ Ω ~G(x, z; ξ, η; k, θ)q(ξ, η)~u(ξ, η) dξdη , (x, z) ∈ Ω , where ~G is given by (47). Then, K ∋ (k, θ) −→ ~T (k, θ) ∈ B(L^2(Ω)) is analytic in K.

Proof: We shall first show that the operator ~T = ~T (k, θ) is well defined and is bounded from L^2(Ω) to L^2(Ω). Following the same lines of the proof of Lemma 13, in the Appendix we conclude that there exists a positive constant C = C(k, θ, B), such that ∫ Ω | ~G(x, ξ ; k, θ)|^2 d ξ ≤ C^2 B 8L ∑ m∈Z 1 |ω_m|^2 , ∀x ∈ Ω . Therefore, ‖ ~T ~u‖_2 ≤ 1 2 C|k|^2‖q‖_∞BC_ω ‖~u‖_2 , where C_ω^{def}= (∑ m∈Z |ω_m|^{−2} )_{1/2} , and C = 1 if ℑω_m ≥ 0.

To show the analyticity of (k, θ) → ~T (k, θ) with (k, θ) ∈ K, it is sufficient to show that for each function ~u ∈ L^2(Ω) and ~v ∈ L^2(Ω), the map K ∋ (k, θ) −→ ( ~T (k, θ)~u, ~v) is analytic, where (·, ·) denotes the usual inner product in L^2(Ω). Here, we use the fact that: If for each ~u ∈ L^2(Ω), the function ~T ~u : K −→ L^2(Ω) is weakly analytic, then ~T is strongly analytic.

Now, we notice that the Green’s function ~G(x, z; ξ, η; k, θ) is analytic w.r.t. the variables (k, θ) ∈ K for almost all fixed (x, z; ξ, η) ∈ Ω × Ω. This is due to the analyticity of (k, θ) → ω_m(k, θ) for (k, θ) ∈ K and each m ∈ Z. Furthermore, the series that defines ~G converges absolutely for all z ≠ η, with (z, η) ∈ (0, B) × (0, B), and it converges uniformly on compact subsets of K.

For each fixed (k, θ) ∈ K the following estimate holds ∫ Ω ∫ Ω | | ~G(x, ξ ; k, θ) q( ξ )~u( ξ )~v(x) | | d ξ dx ≤ 1 2 C‖q‖_∞BC_ω ‖~u‖_2 ‖~v‖_2 . Finally, from the representation of Lemma 13 in A ~G(x, ξ ; k, θ) = 1 2π ln ||x − ξ || + Ψ(x, ξ ; k, θ) , where Ψ is a continuous function w.r.t. its arguments, we get that for each compact K ⊂ K there exists g_K ∈ L^1(Ω × Ω) such that | | ~G(x, ξ ; k, θ) q( ξ )~u( ξ )~v(x) | | ≤ g_K (x, ξ ) , for all (x, ξ ; k, θ) ∈ Ω × Ω × K.

From the above analysis we conclude that the function (k, θ) → ~T (k, θ) is weakly, and hence strongly analytic for (k, θ) ∈ K. Q. E. D.

Lemma 10. Assume that the scattering problem (43) – (46) has a unique solution. Then, ~u depends analytically on (k, θ) ∈ K_+, where

K_+ = { (k, θ) ∈ (0, ∞) × (−π/2, π/2) | k^2 − (pm + k sin θ)^2 ≠ 0 , ∀m ∈ Z } . Proof: Let ~u be a solution of the direct scattering problem (43) – (46). Then, because of the equivalence between the differential and the integral formulations (Theorem 5) the function ~u | Ω satisfies Equation (49). Furthermore, the uniqueness hypothesis implies that the operator (I + ~T )^{−1} : C_p(Ω) −→ C_p(Ω) exists and is bounded.

Now, since ~T is an integral operator with a weakly singular kernel, its adjoint with respect to the bilinear form ⟨u, v⟩^{def}= ∫ Ω u(x)v(x) dx , exists and is a compact operator from C_p(Ω) into C_p(Ω). Thus, applying the Fredholm alternative [22, Theorem 4.17] to the dual systems ⟨C_p(Ω) , C_p(Ω)⟩ and ⟨L^2(Ω) , C_p(Ω)⟩, we see that the dimension of the kernel of I + ~T in the spaces C_p(Ω) and L^2(Ω) coincides. However, still by the uniqueness hypothesis, the kernel of I + ~T in the space C_p(Ω) is trivial. Therefore, from the compactness of ~T : L^2(Ω) −→ L^2(Ω) and the Riesz-Fredholm theory, we conclude that (I + ~T )^{−1} : L^2(Ω) −→ L^2(Ω) exists and is bounded.

Since the operator ~T depends analytically on (k, θ) ∈ K_+ (Lemma 9) so does the operator (k, θ) → (I + ~T (k, θ))^{−1}. From here it follows that ~u ∈ L^2(Ω) depends analytically on (k, θ) ∈ K_+.

Now we note that ~u ∈ L^2(Ω) satisfies the integral equation (49) in the L^2 sense. We claim that this implies that ~u is a classical solution to the scattering problem. Indeed, ~T is bounded from L^2(Ω) to the Sobolev space H^2(Ω). See for example [20, Theorem 8.2]. Thus, if the incident field is sufficiently smooth, from the integral equation we see that ~u ∈ H^2(Ω). From Sobolev’s theorem it follows that H^2(Ω) ⊂ C^{0,ϵ}(Ω) for 0 < ϵ < 1.

Therefore, we now proceed as in Theorem 5 in the Appendix to conclude that ~u satisfies (43) – (46). Q. E. D.

Remark 2. Since u(x, z) = ~u(x, z) exp(ik sin θx) for (x, z) ∈ Ω_R, the solution of the scattering problem in the space of quasi-periodic functions also depends analytically on (k, θ) ∈ K_+.

From now on we shall fix the incidence angle θ for |θ| < π/2. From Lemma 14, we get the following:

Lemma 11. There exists a wave number k_0 such that the direct scattering problem (43) – (46) has a unique solution for all k ∈ (0, k_0).

Proof: For ~u satisfying (43) – (46), the Lippmann-Schwinger equation (49) is satisfied, and Lemma 14 shows that under the condition

k^2‖q‖_∞B C_ω ≤ 1 , (50) where

C^2_ω = ∑ m∈Z |ω_m|^{−2} .

there exists a unique solution to the integral equation (49). Furthermore, such solution can be found by the successive approximation method. Therefore, the claim in the lemma is proved if we find a sufficiently small number k_0 > 0 such that for all 0 < k ≤ k_0, condition (50) holds.

First we note that k_0 must satisfy the restriction

k_0 < k̃^{def}= min{ p/(1 − sin θ) , p/(1 + sin θ )} , p = π/L ,

since ω_m(k̃) = 0 for m = 1 or m = −1. Now, for every k ≤ k_0 < k̃, we have that

k^2C^2_ω = 1 cos^2 θ + ∑ m∈Z m≠0 k^2 α^2_m − k^2 = 2 cos^2 θ + ∑ m∈Z k^2 α^2_m − k^2 .

Using the formula_∞ ∑ m=1 1 m^2 − a^2 = − π 2a cot πa + 1 2a^2 , a ∉ Z , a simple calculation shows that ∑ m∈Z 1 α^2_m − k^2 = − L 2k sin 2kL sin[kL(1 + sin θ)] sin[kL(1 − sin θ)] . From here it follows that k^2C^2_ω = 1 cos^2 θ [ 1 + O(k^2) ] , k → 0 , and hence k^2‖q‖_∞BC_ω = ‖q‖_∞B cos θ k + O(k^3) , k → 0 .

Thus, there exists a number k_0 ∈ (0, k̃) such that (50) holds ∀k ∈ (0, k_0). In particular, it follows from Lemma 14 in B that the total field ~u satisfies

~u(x) = ~u^i(x) [ 1 + O(k) ] , x ∈ Ω .

This ends the proof. Q. E. D.

Our next step is to use the analytic Fredholm theory and the above results to show that the homogeneous integral equation (I + ~T )~u = 0 possesses nontrivial solutions only for a discrete set of wave numbers k.

Theorem 3. Let θ ∈ (−π/2, π/2) be a fixed incidence angle. Then, the direct scattering problem (43) – (46) has a unique solution for all wave numbers k > 0 except (possibly) a discrete set.

Proof: We are going to show that for θ ∈ (−π/2, π/2) there exists a neighborhood of the positive real axis k such that ~T depends analytically on k. The argument presented here follows similar ideas to those in [5, Theorem 4.21].

We define K^θ as K^{θ def}= { k ∈ C | ℜk > 0 , (k, θ) ∈ K } , and h_m(k)^{def}= k^2 − (pm + k sin θ)^2, where k = k_1 + ik_2. From the definition of K we see that K^θ = { k ∈ C | k_1 > 0 } \ ⋃ m∈Z A_m , where A_m^{def}= { k ∈ C | k_1 > 0, ℜh_m(k) = 0, ℑh_m(k) ≤ 0 } .

We have that

ℜh_m(k) = (k^2_1 − k^2) cos^2 θ − 2k_1pm sin θ − p^2m^2 , ℑh_m(k) = 2k_1k_2 cos^2 θ − 2k_2pm sin θ .

From the inequality k^2_1 cos^2 θ − 2k_1pm sin θ − p^2m^2 ≥ 0, which is valid for all k_2 ∈ R and k_1 > 0, we get that k_1 ≥ κ_m^{def}= p(1 + sgn(m) sin θ)|m|/ cos^2 θ .

Therefore, k^2_1 cos^2 θ ≥ pm sin θ, and hence the condition ℑh_m(k) ≤ 0 implies k_2 ≤ 0. Therefore, we have shown that

A_m = { k ∈ C | k_1 ≥ κ_m , k_2 = − √ k^2_1 − pm(2k_1 sin θ − pm)/ cos^2 θ } . Thus the set K^θ can be obtained by eliminating from the complex half-plane the curves defined by the set A_m. We illustrate some of those curves in Figure 4.

Figure 4. Some curves defined by the sets A_m

According to Lemma 9, the compact operator ~T (k, θ) depends analytically on k ∈ K^θ. We now choose a connected and open set containing A ⊂ K^θ which contains the set { k ∈ R | k > 0, k ≠ κ_j , j ∈ Z_{≥0} } and apply in such domain Fredholm’s analytic alternative [20, Theorem 8.26]. Thus, either [I + ~T (k, θ)]^{−1} does not exist for any k ∈ A, or [I + ~T (k, θ)]^{−1} exists for every k ∈ A\S, where S is a discrete subset of A.

Let k_0 be the number found in Lemma 11, and let us note that (0, k_0] ∩ A ≠ ∅. Therefore, the integral equation (I + ~T )~u = ~u^i (and thus the initial scattering problem) possesses a unique solution ~u for all k > 0, except possibly in a discrete set of points. Q. E. D.

We are now ready to attack the key theoretical question of the present work, namely the uniqueness of the solution to the inverse scattering problem based on the scattering matrix as data. Throughout the remaining part of this section, we assume that we know the support Ω = Ω_B of the perturbation q. This is not a very restrictive condition. We also, assume that we know the scattering matrix S_{B,k} for a fixed incidence angle θ and an interval of wave numbers k.

We recall that for an arbitrary sequence c ∈ Y_{k,B}, we defined an incident field ~u^i on a scatterer q_Ω according to the formula ~u^i(x, z) = ∑ m∈Z c_me^{−iωmz} e^{ipmx} = F^{−1}_x E^{−1}_{k,z} c , (x, z) ∈ Ω^−_B . The corresponding scattered field is given by ~u^s(x, z) = ∑ m∈Z d_me^{iωmz} e^{ipmx} = F^{−1}_x E_{k,z} d , (x, z) ∈ Ω^+_B , for some sequence d ∈ X_{k,B}. Thus, the scattering matrix S_{B,k} is the linear mapping S_{B,k} : Y_{k,B} −→ X_{k,B} such that d = S_{B,k} c.

For convenience, we shall normalize the sequences c and d in a bit different way so that the corresponding spaces are independent of k. More precisely, we write ~u^i(x, z) = F^{−1}_x E^{−1}_{k,z−B} E^{−1}_{k,B} c , (x, z) ∈ Ω^−_B , and ~u^s(x, z) = F^{−1}_x E_{k,z−B} E_{k,B} d , (x, z) ∈ Ω^+_B . Now we set ~c^{def}= E^{−1}_{k,B} c and ~d^{def}= E_{k,B} d. Therefore, the mapping ~c −→ ~d is given by a matrix ~S_{B,k} : l2(Z) −→ l2(Z). In other words, ~S_{B,k} = E_{k,B} S_{B,k} E_{k,B}. Evidently the matrices ~S_{B,k} and S_{B,k} are related by an invertible linear transformation, thus they possess the same amount of information concerning the scatterer.

It is clear from the expression defining the scattered field that ~S_{B,k} ~c = F ~u^s | |_{ΓB} . Thus, from Lemma 10 we conclude that the matrix ~S_{B,k} depends analytically on k and θ for (k, θ) ∈ K_+, whenever the scattering problem has a unique solution.

We are now ready to state and prove our main uniqueness result.

Theorem 4. Suppose that q_1 and q_2 describe two arbitrary non-homogeneous periodic media with x-period 2L, supported in the region Ω, and such that ℜq_j > −1, ℑq_j ≥ 0 for j = 1, 2. Assume further, that q_1 and q_2 are such that there exists a unique solution to the corresponding direct scattering problem. If ~S_{B,k}(q_1) = ~S_{B,k}(q_2) for k in an interval (k_1, k_2) of wave-numbers and a fixed θ ∈ (−π/2, π/2), then q_1(x) = q_2(x), x ∈ Ω.

Proof: From the assumption on q_1 and q_2, it follows that for every k ∈ (k_1, k_2) the problem (43) – (46) has a unique solution. Thus, the corresponding scattering matrices are indeed well defined and bounded. The analyticity of the scattering matrix ~S_{B,k} with respect to k implies that ~S_{B,k}(q_1) = ~S_{B,k}(q_2) for k ∈ (0, k_0], where k_0 is given by Lemma 11. In fact, we can chose a connected open set A^′ where the scattering problem has a unique solution and contains the intervals (k_1, k_2) and (0, k_0]. We can now apply the unique continuation principle to ~S_{B,k} as a function of k in the domain A^′.

Thus ~S_{B,k}(q_1) ~c = ~S_{B,k}(q_2) ~c for any k ∈ (0, k_0] and sequence ~c ∈ l^2(Z). Such sequence, in turn determines an incident field ~u^i(x, z) = ∑ m∈Z ~c_me^{−iωm(z−B)} e^{ipmx} , (x, z) ∈ Ω . We shall now obtain an asymptotic relation (as k → 0) among the components ~S_{m,n}(k; q) of the matrix ~S_{B,k}(q) and the perturbation q. From the Lippmann-Schwinger equation for the scattered field ~u^s, we have that for every z > B ~u^s(x, z) = ik^2 4L ∑ m∈Z ω^{−1}_m e^{iωmz}e^{ipmx} ∫ Ω e^{−iωmη}e^{−ipmξ}q(ξ, η)~u(ξ, η) dξdη . But ~S_{B,k} ~c = F ~u^s | Γ_B and the total field ~u satisfies

~u(x) = ~u^i(x) [ 1 + O(k) ] , x ∈ Ω .

From here we get ~S_{m,n}(k; q) = ik^2 4L ω^{−1}_m e^{i(ωm+ωn)B} ∫ Ω e^{−i(ωm+ωn)η}e^{−ip(m−n)ξ} q(ξ, η) [1 + O(k)] dξdη . Hence, for every m ∈ Z, n ∈ Z, we have ∫ Ω e^{−i(ωm+ωn)η} e^{−ip(m−n)ξ} [q_1(ξ, η) − q_2(ξ, η)] [1 + O(k)] dξdη = 0. (51) Let g(ξ, η)^{def}= q_1(ξ, η) − q_2(ξ, η), (ξ, η) ∈ Ω. We consider the Fourier representation of g in the form g(ξ, η) = ∑ ℓ∈Z g_ℓ(η) e^{ipℓξ} . From (51), we get ∫_B 0 e^{−i(ωm+ωm−ℓ)η} g_ℓ(η) [1 + O(k)] dη = 0, ∀ℓ ∈ Z, ∀m ∈ Z . For each ℓ ∈ Z, if m ≠ 0 and m ≠ ℓ, we let k approach zero to get ∫_B 0 e^{p(|m|+|m−ℓ|)η} g_ℓ(η) dη = 0, m ≠ 0 and m ≠ ℓ . Now we focus on the above equality for integer m (m ≠ 0 and m ≠ ℓ), such that ℓ(m − ℓ) ≥ 0.

Then, we set f_ℓ(s)^{def}= exp(p|ℓ|η) g_ℓ(η), where η = (2p)^{−1} ln(1 + s). The integral now becomes ∫ ~_B 0 (1 + s)^{|m−ℓ|−1} f_ℓ(s) ds = 0 , ℓ(m − ℓ) ≥ 0, m ≠ ℓ , where ~B = exp(2pB) − 1. From here, we conclude by induction that ∫ ~_B 0 s^n f_ℓ(s) ds = 0, for all n ∈ Z_{≥0}, and each ℓ ∈ Z. Therefore, f_ℓ(s) = 0, and g_ℓ(η) = 0 for each η ∈ (0, B). Thus, q_1(x) = q_2(x), ∀x ∈ Ω. Q. E. D.

5. Reconstruction Algorithm

The present section concerns the practical reconstruction of the perturbation q from the scattering matrix. Although the uniqueness result of Section 4 is quite reassuring, its applicability in the numerical reconstruction suffers from several drawbacks. First, it is not numerically feasible since it relies on analytic continuation. Secondly, it uses the full scattering matrix, which is impractical because of the measurements associated to the evanescent waves. In fact for each fixed angle θ, we only realistically expect to have access to the information of the scattering matrix S_{B,k} with components S_{m,n} whose indices m, n belong to the set M(k) = { m ∈ Z | |α_m| ≤ k } . These correspond to the plane waves and exclude the evanescent modes.

Motivated by such remarks, the plan for this section is the following: We start by reformulating the inverse problem, then we develop an algorithm for tackling such reformulated problem, and we present a number of numerical examples to validate the suggested algorithm.

5.1. Reformulating the Inverse Problem. The fact that for each θ and k we only have access to the information of the components of S_{B,k} in the set M(k) tells us that we should not expect to reconstruct more features of q than the cardinality of M(k). In the sequel we follow some ideas of Y. Chen [23] on the reformulation of the inverse problem, whereby only a (low-pass) filtered version of the scatterer is reconstructed. We remark, however, that our situation differs from his, as will be explained in the sequel.

We shall now discuss some aspects of the reformulation of the inverse problem. As before, let us denote by Ω_B = { (x, z) ∈ R^2 | 0 < x < 2L, 0 < z < B } the fundamental period where the perturbation q is defined. Any sequence c ∈ Y_B defines an incident field u^i by means of u^i(x, z) = ∑ m∈Z c_m e^{−iωmz}e^{iαmx} = F^{−1}_{x,qp}E^{−1}_z c . (52) The corresponding resulting vector field is given by u^s(x, z) = ∑ m∈Z d_m e^{iωmz}e^{iαmx} = F^{−1}_{x,qp}E_z d , (53) for some sequence d ∈ X_B . Thus the scattering matrix S_B is the linear transformation defined by d = S_B c.

To study this matrix we shall employ the Riccati type matrix equation which was derived in Section 3 dS_z dz = ik^2 2 ( E^{−1}_z + S_z E_z ) Λ^{−1} ^q_z ( E_z S_z + E^{−1}_z ) , (54)

where here ^q_z denotes the multiplication operator by F q_z F^{−1}. Let us denote by P the orthogonal projection onto the sub-space of ℓ^2(Z) with indices in M(k). Then, for practical scattering experiments the relevant scattering matrix S_z is P S_zP . So we expect,

(S_z)_{m,n} ≈ 0, (S_z)_{n,m} ≈ 0, (E_zS_z)_{n,m} ≈ 0, (S_zE_z)_{m,n} ≈ 0, (55)

if m ∉ M(k), for all n ∈ Z.

The cardinality of the set M(k) is independent of z, which is the evolution variable in the Riccati equation (54). In the compactly supported scattering case analyzed by Chen [23] the set of “relevant” frequencies depends on the radial variable r, which plays a similar role to z in his work. This is one of the key differences between the problem at hand and that of [23].

Our immediate goal is to obtain some estimates on the decay rate of the different components that enter Equation (54). The first step is the following:

Lemma 12. Let ζ ∈ (0, B] and suppose that the truncated scatterer q_{Ωζ} is smooth in Ω_ζ . Let u^i : Ω_ζ −→ C be the incident field and u^s : Ω_R −→ C the corresponding scattered field. Then, u^s(x, ζ) has an expansion of the form u^s(x, ζ) = ∑ m∈Z β_m e^{iαmx} , x ∈ (0, 2L) , (56) where the sequence (β_m)_{m∈Z} ⊂ C satisfies |β_m| ≤ C(k, q)‖u^i‖_∞/|ω_m|^2 , (57) for all m ∉ M(k).

Proof: From the Lippmann-Schwinger equation satisfied by the scattered field u^s and the quasiperiodic Green’s function formula, we have u^s(x, z) = ik^2 4L ∫ Ω_ζ ∑ m∈Z ω^{−1}_m e^{iωm(z−η)}e^{iαm(x−ξ)} q(ξ, η)u(ξ, η) dξdη , for all z > ζ. Thus, the restriction u^s(x, ζ) for z > ζ satisfies an expansion of the form (56), where

β_m = ik^2 4L ∫ Ω_ζ ω^{−1}_m e^{iωm(ζ−η)}e^{−iαmξ}q(ξ, η)u(ξ, η) dξdη . Since we are also assuming that the direct scattering problem is well-posed, there exists a constant C > 0 such that ‖u‖_∞ ≤ C ‖u^i‖_∞. Therefore, from the formula defining β_m, we get for m ∉ M(k) |β_m| ≤ k^2 2|ω_m| C ‖u^i‖_∞ ‖q‖_∞ ∫_ζ 0 e^{−|ωm|(ζ−η)} dη , which implies (57). Q. E. D.

For n ∈ M(k), we now consider a specific incident field u^i given by u^i(x, z) = exp(−iω_nz) exp(iα_nx), (x, z) ∈ Ω_B . Since d = S_z c, we have d_m = (S_z)_{m,n}, m ∈ Z,. Thus, β_m = d_me^{iωmz} = (S_z)_{m,n}e^{iωmz} = (E_zS_z)_{m,n}, m ∈ Z, n ∈ M(k) . Therefore, if the scatterer q is smooth in the domain Ω_z, from Lemma 12, it follows that there exists a constant C > 0 such that | (E_zS_z)_{m,n} | ≤ C/|ω_m|^2 , (58) for all m ∉ M(k) and n ∈ M(k). Using the asymptotic behavior for ω_m, as |m| → ∞, we get from (58) that the elements of the m-th row of the matrix E_zS_z decay as 1/|m|^2 for m ∉ M(k). Therefore, it is plausible to consider that E_zS_z is essentially a square matrix of order M(k). In a totally analogous form, the matrix S_zE_z is also essentially a square matrix of size M(k). The above discussion can be summarized in the following:

Remark 3. For a scattering experiment, where the main component of the incident wave field is due to propagating plane waves (and not evanescent ones) and where only the propagating scattered modes are measured, the matrices S_z, E_zS_z, and S_zE_z are essentially square of order M(k),i.e., the entries with one of the indices not in M(k) are negligible.

Once we restrict ourselves to propagating modes as in Remark 3, the fundamental question becomes: What information about the scatterer do we expect to recover? More specifically, what Fourier modes of q are encoded in the propagating modes of the scattering matrix? We do not have a complete answer to this question in the fully nonlinear case, that is, if the Born approximation is no longer valid. Even in the Born approximation our approach is mostly heuristic. It will, however, guide our formulation of a numerical reconstruction algorithm. As we shall see, many of the steps lead to mathematical questions of independent interest.

We start off by analyzing the case k^2‖q‖_∞B ≪ 1, which corresponds to the sufficient condition for the validity of the Born approximation. In this case, the scattered field can be represented by

u^s_B(x, z) = −k^2 ∫ Ω_B G(x, z; ξ, η)q(ξ, η)u^i (ξ, η) dξdη , (x, z) ∈ Ω_R . (59) The error in such approximation is O(‖q‖^2_∞) if ‖q‖_∞ → 0, and k and B remain fixed. It is O(k^2) if k → 0, with B and q fixed.

Since u^s_B satisfies Rayleigh’s condition for (x, z) ∈ Ω^+_B , there exists a sequence d̂ ∈ X_B such that

u^s_B(x, z) = ∑ m∈Z d̂_m e^{iω}m^ze^{iα}m^x , (x, z) ∈ Ω^+_B . Thus, from (59) it follows that

d̂_m = ik^2 4L ∫ Ω_B ω^{−1}_m e^{iωmη}e^{−iαmξ}q(ξ, η)u^i(ξ, η) dξdη . If we use the incident field given by (52), we get

d̂_m = ∑ n∈Z c_n ik^2 2ω_m ∫_B 0 e^{−i(ωm+ωn)η} ^q_{m−n}(η) dη , c ∈ Y_B . (60)

Figure 5. Information content of the Born approximation. The asterisks represent the maximum frequency satisfying (62). The dotted line corresponds to the minimum frequency satisfying (62). The continuous line is their difference. The parameters chosen in this graph were k = 5.1, L = 9.4248, θ = 1.0472.

Equation (60) defines a linear transformation S^B : Y_B −→ X_B that maps c to d̂. It is natural to call it the Born approximation of the scattering matrix S_B and its components are given by

S^B_{m,n} = ik^2 2ω_m ∫_B 0 e^{−i(ωm+ωn)η} ^q_{m−n}(η) dη , where ^q_l(η) is the periodic Fourier transform ^q_ℓ(η) = 1 2L ∫_{2L} 0 e^{−ipℓx}q(x, η) dx , ℓ ∈ Z. If m, n ∈ M(k), we have

S^B_{m,n} = ik^2 2ω_m (F ^q_{m−n})(ω_m + ω_n) , (61)

where F : L^2(R) −→ L^2(R) is the Fourier transform on the line given by (Fg)(χ) = ∫ R e^{−iχη}g(η) dη , χ ∈ R . Equation (61) indicates, as expected, that under the Born approximation conditions the scattering matrix restricted to the plane wave modes is essentially a two-dimensional Fourier transform of q. It is given by (F ^q_ℓ)(χ), where ℓ = m − n and χ = ω_m + ω_n, where m, n ∈ M(k). It becomes apparent in the plane wave regime that the practical measurements do not contain information of the higher Fourier modes, be it in the x or in the z direction. Also, for sufficiently small k > 0, the scattering matrix provides only the average of q on a period, i.e., (F ^q_0)(0).

Let us denote by N the cardinality of M(k) and analyze the information content available to us under the Born approximation. This corresponds to (F ^q_ℓ)(χ_{ℓ,m}) where (ℓ, χ_{ℓ,m}) satisfies { χ_{ℓ,m} = ω_m + ω_{m−ℓ}, where −(N − 1) ≤ ℓ ≤ N − 1 , m ∈ M(k), and m − ℓ ∈ M(k) . (62)

Remark that as |ℓ| increases the set of χ’s for which we have access to (F ^q_ℓ)(χ) decreases. In particular, for ℓ = ±(N − 1) our Born approximation data is restricted only to χ = 2ω_{(N−1)/2} (if θ = 0). See Figure 5, which depicts for different ℓ’s the range of frequencies (in the Fourier space associated to z) that are available in the plane waves of the scattering matrix. It displays a trade-off between vertical and horizontal number of frequencies.

We shall now address the fundamental question for numerical solution of the inverse problem: How much detail do we expect to obtain in our inverse problem solution? In other words, what are the grid parameters for the reconstructed q? For that, we focus on the mode associated to ℓ = 0, which is the one that possesses the largest information content. For simplicity, we introduce ŝ_m^{def}= −2iω_m S^B_{m,m}/k^2 for m ∈ M(k), so that

ŝ_m = ∫_B 0 e^{−i·2ωmz} ^q_0(z) dz , m ∈ M(k) . (63) We recall from Shannon’s theorem that a function f ∈ L^2(R) whose Fourier transform is supported in [−ϖ, ϖ] can be uniquely reconstructed^1 from its samples f_n = f(nΔx) if, and only if, △x ≤ π/ϖ. Furthermore, in this case f(x) = ∑ n∈Z f_n sinc(ϖx − nπ) , where sinc(x) = sin(x)/x. See [24, 25] and references therein. From equation (63) we see that the Fourier transform of ^q_0 is supported on the interval [0, B]. Thus by Shannon’s theorem, the largest sample distance we should use in the frequency domain is^2 △ = π ϖ = 2π B . On the other hand, from the definition of ω_m and Equation (63) it follows that the Fourier transform of q(x, ·) can be evaluated at most in the interval I = (0, 2k] by varying the incidence angle θ. This indicates that the number of (complex valued) samples necessary to represent the scattering measurements is given by N ∼ |I| △ = kB π . (64)

Since the function ^q_0 is essentially supported on the interval [0, B] and in the frequency domain (0, 2k), we expect to have about N degrees of freedom in the z variable for each fixed x. More measurements than that would not lead to much more information about the scatterer. We stress that such a reasoning is heuristic since we are only considering the mode ℓ = 0 and the frequencies

1Strictly speaking we are talking about the smooth representative of the equivalence class of f when discussing samples of f. Such representative exists because supp( ^f) ⊂ [−ϖ, ϖ].

2The reader should be attentive that here we are referring to samples in the frequency domain since the function is of finite support in the physical domain.

ω_m are not equally spaced in the interval (0, k). Although Shannon-like results for non-equally spaced Fourier transforms do exist [26] the technical conditions needed for such results limit its applicability. The situation is further complicated by the fact that for modes ℓ ≠ 0 the support of the Fourier transform of ^q_ℓ is shifted and decreases as described in Figure 5. In what follows, we shall use the heuristic choice of N_z ∼ |I| △/2 = 2kB π . (65)

It is twice the number of samples given in (64), which corresponds to an oversampling. This can be justified by the fact that in the non-equally spaced case the minimum sampling size (associated to the Nyquist rate) is roughly twice smaller than that of the equally spaced case. This issue, and the fact that all the above analysis was performed for the linearized (Born approximation) case indicates the richness of the subject and the need for further investigation of its the theoretical aspects. Furthermore, Shannon-type results for the scattering transform in one dimension are the subject of recent work [27] and in our opinion a rigorous treatment would require a possible generalization to two dimensions of the results in [27].

One can also argue heuristically, using Remark 3 and the representation of the scattering matrix given by S_B = ik^2 2 ∫_B 0 ( E^{−1}_z + S_z E_z ) Λ^{−1} ^q_z ( E_z S_z + E^{−1}_z ) dz , that both in the linearized and in the nonlinear case the information available in practical experiments from the scattering matrix is associated to Fourier modes in the set D(k)^{def}= { (ℓ, χ) ∈ Z × R | − N < ℓ < N, 0 ≤ χ ≤ 2k } . (66) where N ∼ 2kL/π. The Inverse Prob. Reformulated: Reconstruct the scatterer’s Fourier modes that belong to D(k) from the scattering matrix entries with indices in M(k) for an arbitrary (but finite) set of frequencies k and incidence angles θ.

Our practical inversion process will therefore be concerned with finding a certain q̌ (not necessarily the same as q) so that it produces the truncated scattering matrix. Furthermore, in order to regularize the problem we shall require that the L^2 norm of our model q̌ be as small as possible. We remark that the reformulated inverse problem depends of the frequency k used in the experiment since it uses the Fourier modes of q in the set D(k).

We shall denote by q_k the low-pass filtered version of q. More precisely,

(^q_k)_ℓ^{def}= { ^q_ℓ(χ), (ℓ, χ) ∈ D(k), 0, (ℓ, χ) ∉ D(k). (67)

A natural question is whether the dependence of ^q_k is continuous with respect to changes of k. Indeed, it can be shown that if δk > 0 is a small perturbation of k so that ω_m(k^′) ≠ 0 for all k^′ ∈ [k, k + δk] and m ∈ M(k), then ^q_k depends continuously on δk.

We shall employ the above reformulation of the inverse problem together with Remark 3 so that we use only the entries of S_{B,k}(q) that belong to M(k). Such truncated scattering matrix approach that uses a low-frequency model for q was successfully employed by Y. Chen in the compactly supported case [23].

5.2. The Recursive Linearization Algorithm. The algorithm we shall now propose starts recovering the lowest possible Fourier modes of q that are available within the Born approximation. It then progresses by incorporating higher frequencies and goes well into the nonlinear region until a sufficiently fine resolution of the scatterer is obtained. In order to do that and to avoid values of ω_m(k) = 0 it makes use of different incidence angles.

We shall first describe the algorithm for a fixed angle θ and later discuss how to change such angle so as to increase the detail of the reconstructed scatterer. Let us assume that for a fixed θ and for k ∈ [k_i, k_f ] the Direct Scattering Problem 1 possesses a unique solution and that S_{B,k} is well defined. In particular, this entails that ω_m(k) ≠ 0 for all m ∈ Z and k ∈ [k_i, k_f ]. We shall assume also that for k_i the Born approximation holds, so that we could start the algorithm with the lowest frequency components of the scatterer by a least-squares or a conjugate-gradient method.

Since we are approximating the scatterer q by its low-pass version ^q_k, the scattering matrix will be computed from the differential equation dS_{z,k} dz = ik^2 2 ( E^{−1}_{k,z} + S_{z,k} E_{k,z} ) Λ^{−1} (^q_k)_z ( E_{k,z} S_{z,k} + E^{−1}_{k,z} ) , (68) S_{0,k} = 0 . (69)

Strictly speaking, the scattering matrix satisfies Equation (54) and this provides us with an approximation accuracy that should be analyzed in further detail.

Our proposed procedure consists in finding the approximate models q_{kj} , j = 1, 2, · · · , for the the frequencies k_1 < k_2 < · · · ∈ [k_i, k_f ] as follows:

1. For k = k_1 we assume that the Born approximation holds and therefore Equations (68) and (69) can be substituted by the linear problem: dS_{z,k1} dz = ik^2_1 2 E^{−1}_{k1,z} Λ^{−1} (^q_{k1} )_z E^{−1}_{k1,z} , S_{0,k1} = 0 .

Its explicit solution is given by S_{B,k1} = ik^2_1 2 Λ^{−1} ∫_B 0 E^{−1}_{k1,z} (^q_{k1} )_z E^{−1}_{k1,z} dz , (70)

whence we calculate the scatterer q_{k1} from the measured S_{B,k1} .

2. Assume now that our scatterer q_{~k} has already been reconstructed for a certain ~k ∈ (k_i, k_f ).

If k > ~k is a wave number close to ~k our goal now is to determine q_k, or in other words the difference

δq^{def}= q_k − q_{~k} . (71)

From the continuous dependence of q_k on k we develop a perturbative analysis of Equation (68) so as to obtain a linear equation for δq after neglecting the higher order terms. More precisely, using the scatterer q_{~k} for the wave-number k we get the matrix Ŝ_{z,k}, z ∈ [0, B], as a solution of the initial value problem dŜ_{z,k} dz = ik^2 2 ( E^{−1}_{k,z} + Ŝ_{z,k} E_{k,z} ) Λ^{−1} (^q_{~k})_z ( E_{k,z} Ŝ_{z,k} + E^{−1}_{k,z} ) , (72) Ŝ_{0,k} = 0 . (73)

We do not expect the matrix Ŝ_{z,k} to differ substantially from S_{z,k}, which satisfies (68) and (69). Indeed, the scatterer q_k leads to essentially the same scattering measurements as q_{~k} since the distance between k and ~k is assumed to be small. This however requires further investigation.

Let us set (δS)_{z,k}^{def}= S_{z,k} − Ŝ_{z,k}. We subtract (72) from (68) and neglect the higher order terms in δq and (δS)_{z,k}, we get an equation of the form d(δS)_{z,k} dz = P_x(z) (δS)_{z,k} + (δS)_{z,k}P_y(z) + D(z) , (74)

where the operators P_x(z) : X_{k,z} → X_{k,z}, P_y(z) : Y_{k,z} → Y_{k,z} e D(z) : Y_{k,z} → X_{k,z} are defined by the expressions

P_x(z) = ik^2 2 ( E^{−1}_{k,z} + Ŝ_{z,k} E_{k,z} ) Λ^{−1} (^q_{~k})_z E_{k,z} ,

P_y(z) = ik^2 2 E_{k,z} Λ^{−1} (^q_{~k})_z ( E_{k,z} Ŝ_{z,k} + E^{−1}_{k,z} ) , D(z) = ik^2 2 ( E^{−1}_{k,z} + Ŝ_{z,k} E_{k,z} ) Λ^{−1} ( ^δq)_z ( E_{k,z} Ŝ_{z,k} + E^{−1}_{k,z} ) . Furthermore, it is clear that

(δS)_{0,k} = 0 . (75)

The solution of the above linear equation can be represented in the form (δS)_{z,k} = ∫_z 0 Q_L(τ, z; P_x(τ)) D(τ)Q_R(τ, z; P_y (τ)) dτ , where Q_L(τ, z; P_x(τ)) and Q_R(τ, z; P_y (τ)) satisfy ∂Q_L(τ, z; P_x(τ)) ∂z = P_x(z) Q_L(τ, z; P_x(τ)) , (76) Q_L(τ, τ; P_x(τ)) = I , (77) and ∂Q_R(τ, z; P_y (τ)) ∂z = Q_R(τ, z; P_y (τ)) P_y (z) , (78) Q_R(τ, τ; P_y (τ)) = I . (79)

The perturbation ( ^δq)_z satisfies for z = B the integral equation ik^2 2 ∫_B 0 Q_L(z, B; P_x(z)) · ( E^{−1}_{k,z} + Ŝ_{z,k} · E_{k,z} ) · Λ^{−1} · ( ^δq)_z × (80) × ( E_{k,z} · Ŝ_{z,k} + E^{−1}_{k,z} ) · Q_R(z, B; P_y (z)) dz = (δS)_{B,k} .

We rewrite the above equation in the form

L_k(δq) = (δS)_{B,k} , (81)

where the operator L_k : L^2(Ω_B ) −→ B(Y_{k,z}, X_{k,z}) is defined by the left hand side of equation (80) and B(Y_{k,z}, X_{k,z}) denotes the space of bounded linear operators from Y_{k,z} to X_{k,z}.

Our algorithm for the interval [k_i, k_f ] consists in iterating the second step above using a leastsquares solution to problem (81) for each of the frequencies. We remark that since we are using only the plane wave entries of the scattering matrix the rank of the operator L_k is finite and the solution of (81) can be treated as a finite dimensional least-squares problem.

Figure 6. Some forbidden curves in the k-sin(θ) plane (left) and the k-θ plane (right). The horizontal scale is kL/π.

We shall now discuss how to change the incidence angle θ so as to increase the detail of the reconstruction. Recall that for each fixed angle θ the existence of the scattering matrix depends on the following non-resonance condition to be satisfied:

ω_m ≠ 0 , ∀m ∈ Z .

This means that the curves defined by k = π m L(1 − sin θ) , m ∈ Z_{≥0} , k = − π m L(1 + sin θ) , m ∈ Z_{≤0} , describe the values of (k, θ) ∈ (0, ∞) × (−π/2, π/2) where the scattering matrix does not exist. Figure 6 presents some of such curves. If we were to try to increase the frequency k indefinitely and keep the incidence angle θ we would cross one of the forbidden curves and the approximations used in the above heuristic discussion could fail since the recursive linearization algorithm described above relies on the continuous dependence of the scattering matrix with the frequency. To circumvent such problem we proceed as follows:

Let us assume that we have already performed the reconstruction for k in the interval [k_i, k_f ] for an angle θ. We now want to go on with a new angle θ_1. If the angle θ_1 does not increase the number of plane waves associated with (k, θ_1) we use q_{kf} as initial guess to continue the reconstruction along the interval [k_f , k_g]. Otherwise, let θ_1 be an incidence angle different from θ so that the number of plane waves associated to (k, θ_1) is larger. In this case the level of detail of the reconstructed scatterer should also increase with the new angle. We now perform an interpolation of the computed values of q_{kf} so as to obtain a new model q̃_{kf} associated to the angle θ_1. This value of q̃_{kf} will be used as initial guess to continue the reconstruction algorithm on a new admissible interval [k_f , k_g],.i.e., an interval [k_f , k_g] such that the line joining (k_f , θ_1) to (k_g, θ_1) does not intersect any of the forbidden curves.

It is easy to convince oneself that there are several ways of implementing a protocol to choose a new angle θ_1 based on a given admissible interval [k_i, k_f ] for an angle θ. One such protocol was implemented in [28] although this is a direction where several ideas could be tested and deserves further investigation.

5.3. Numerical Results. In this section we present some numerical results so as to validate the algorithm that was suggested in the previous one. The algorithm was implemented in MATLAB (version 5.2.0) and tests were performed on a Sun ULTRA workstation with 405.6MHz CPU and typical (system) time was of the order of two hours.

In all the examples shown below the scatterer q is periodic with period 2L = 6π and supported on an interval [0, π] of the z axis. The initial frequency ~k = 5.04 and the initial angle will depend on the specific example.

The inversion algorithm requires different values of the scattering matrix S_{B,k;θ} for several values of k and θ. The initial value problem satisfied by the scattering matrix was solved using a Runge- Kutta sub-routine provided by MATLAB (ode45). Such values were computed with componentwise absolute error of 10^{−6} and relative error 10^{−3}. Such values were then corrupted by noise of different levels (according to the example at hand) to test robustness of the algorithm.

The inverse problem requires the solution of systems of equations such as (81), which was performed by the conjugate-gradient method.

The following conventions were used in the examples shown below:

• The exact scatterers were described by continuous lines and the reconstructed ones by dotted lines.

• To assess the stability and robustness of the reconstruction algorithm we corrupted the measurements of the scattering matrices by noise according to the expression: S^ν_{m,n} = S_{m,n} [1 + ν(2r_{m,n} − 1)] , m, n = 1, · · · , N , where S_{m,n} denotes the corresponding component of the scattering matrix S_{B,k} computed with a high accuracy method, r_{m,n} is a (pseudo) random variable uniformly distributed in the interval (0, 1), and ν is the noise level which took values from 10^{−3} to 10^{−1}.

• The reconstruction error presented is the relative error computed by the expression

e_2 = ‖q_k − q‖ ‖q‖ , where q_k is the scatterer computed at the final frequency k and || · || is the ℓ^2 inner product on the grid associated to q_k.

Example 1. The scatterer shown in Figure 7 is given by q_1(x, z) = f(x) · g(z), where

f(x) = e^{−6( xL −1)2} , g(z) = 0.1 e^{−2(z− B2 )2} .

A few snapshots of the reconstruction development are presented in Figure 8. The final result in the presence of noise is displayed in Figure 9. The reconstruction is fairly good and reasonably robust to noise.

Example 2.1. In the next examples we assess the effect of oscillation in the scatterer. The scatterer shown in Figure 10 is given by q_2(x, z) = f(x) · g(z), where f(x) = cos(πx/L) , g(z) = 0.1e^{−2(z−B/2)2} . Final sections of the reconstructed and true scatterer are presented in Figure 11.

Example 2.2. We now consider a more oscillatory scatterer. The scatterer shown in Figure 12 is given by q_3(x, z) = f(x) · g(z), where f(x) = cos(2πx/L) , g(z) = 0.1e^{−2(z−B/2)2} . Final sections of the reconstructed and true scatterer are presented in Figure 13.

Example 2.3. We now consider an even more oscillatory scatterer. The scatterer is given by q_4(x, z) = f(x) · g(z), where f(x) = cos(4πx/L) , g(z) = 0.1e^{−2(z−B/2)2} . In this case the reconstruction algorithm seems to be successful only for certain angles. In the case shown, the initial angle was θ_1 = 0.1. The corresponding results are shown in Figures 14 and 15.

6. Concluding Remarks

In this work we have analyzed the inverse scattering problem for the two-dimensional Helmholtz equation with a periodic perturbation in one of the directions and compact support in the other. This was motivated by applications to scattering of electromagnetic radiation by periodic structures such as thin-films and nano-technologies. The model, however, could be applied to other physical contexts, such as acoustic waves, as long as the underlying equation is Helmholtz.

We have shown that under certain hypothesis on the scatterer, the inverse problem has a unique solution provided the scattering matrix is known on a non-empty interval of frequencies. This corresponds to the so-called multi-frequency case. Important recent results for the inverse transmission scattering problem for periodic media were obtained by Strycharz [19] but to our knowledge the result presented here is the only one that deals with the scattering matrix in the inhomogeneous periodic case.

One natural follow up question to the present work is whether uniqueness still holds for the single frequency case. Even for the compactly supported (two-dimensional) scatterers the inverse problem is not completely settled. See for example [11, 29, 30].

We have also derived a Riccati-type operator equation for the scattering matrix which is of interest on its own. This was used in deriving a numerical method for the solution of the inverse problem.

On the numerical side, we have proposed a method to tackle the inverse problem. This method although derived on heuristic grounds seemed to perform well. In particular, we have validated it for a large number of examples, a few of which are presented in Section 5. In particular, it was possible to go well beyond the linear regime imposed by the Born approximation in some examples. In particular for Example 1 in Section (5.3) the product k||q||_∞BC_ω was of the order 20. This is way beyond the expected validity of the Born approximation thus showing that we are indeed in the nonlinear inverse scattering regime. Another point is that the algorithm converged with up to 10% noise. We also investigated its deterioration if the scatterer is highly oscillatory. A more detailed report will be presented elsewhere [31].

A few natural avenues to pursue beyond this work are:

• The inverse problem for bi-periodic structures. Some interesting results were obtained in [32, 33].

• The so-called conical diffraction problem, where the wave vector of the incoming electromagnetic radiation is not in the x − z plane as was our case. The direct problem has been considered in [34].

• A similar approach as the one presented here but for transversal magnetic waves. This is of interest as can be seen in [35, 4].

• A convergence theory for the algorithm proposed here.

Acknowledgments

J.P.Z. was supported by FAPERJ through grant number E-26/172.009 and by CNPq through grant number 30.1003. and by PRONEX 76.97.1008-00. J.P.Z. also acknowledges the participation at the MGSS which was supported through grant NSF DMS97-09320. This work was concluded at MSRI which is supported in part by NSF grant DMS-9810361. The authors thank B. Strycharz for providing a copy of reference [5].

Appendix A. The Quasi-periodic Green’s Function

In the appendix we shall collect a number of technical results that were used throughout the paper.

We start of by recalling the notion of Green’s function for the Helmholtz equation in R^2 . Let ξ = (ξ, η) be the point source location and let us use the auxiliary variables X = x − ξ, Z = z − η, and r = √ X^2 + Z^2. The Green’s function for the two dimensional free-space Helmholtz problem is the solution Φ(X, Z) of the problem

(Δ + k^2)Φ(X, Z) = −δ(X)δ(Z) (82)

that satisfies Sommerfeld’s radiation condition lim_{r→∞} √ r ( ∂Φ ∂r − ikΦ ) = 0, uniformly in all the directions (X, Z)/r. It is given by the expression Φ(X, Z) = − i 4 H_0(kr) , (83)

where H_0 denotes Hankel’s function H^{(1)}_0 . See [20].

For the Scattering Problem 1 we have to modify the above Green’s function in order to make it a quasi-periodic function with quasi-periodicity parameter α = k sin θ. The quasi-periodic Green’s function G(X, Z) satisfies

(Δ + k^2)G(X, Z) = − ∑ m∈Z δ(X − 2Lm)e^{iα 2Lm} δ(Z). Furthermore, G exp(−iωt) must behave as an outgoing wave as |Z| → ∞ for ω = k/c.

By taking a superposition of free-space Green’s functions we get [36] the expression for G: G(X, Z) = − i 4 ∑ m∈Z H_0(kr_m) e^{iα 2Lm}, (84)

where r_m^{def}= √ (X − 2Lm)^2 + Z^2. Let us assume that ω_m ≠ 0 for all m, where ω_m is given by Equation (11). Using Poisson’s summation formula and one of the integral representations of Hankel’s function H_0 we get [36] G(X, Z) = − i 4L ∑ m∈Z 1 ω_m e^{iωm|Z|}e^{iαmX} . (85) We summarize the properties of the quasi-periodic Green’s function in the following:

Lemma 13. If ω_m ≠ 0 for all m, then ∫ [0,2L]×[0,B] |G(x − ξ, z − η)|^2dξdη ≤ B 8L ∑ m∈Z 1 |ω_m|^2 . (86)

In the region Ω_R^{def}= (0, 2L) × R, G admits the representation G(X, Z) = Φ(X, Z) + Ψ(X, Z), (87) where Φ is given by (83), and Ψ is analytic on Ω_R × Ω_R.

Proof: Let us consider the functions

g_m(z)^{def}= ∫_B 0 | | |ω^{−1}_m e^{iωm|z−η|} | | |^2 dη , m ∈ Z. If m ∈ M(k) then g_m(z) = B/|ω_m|^2 , z ∈ R. If m ∉ M(k) then g_m(z) ≤ |ω_m|^{−3} (1 − exp(−|ω_m|B)) ≤ |ω_m|^{−2}B, ∀z ∈ R . Thus, for any positive integer M we have: ∫ Ω | | | M∑ m=−M ω^{−1}_m e^{iωm|z−η|}e^{iαm (x−ξ)} | | | 2 dξdη = 2L M∑ m=−M g_m(z) ≤ 2L ∑ m∈Z g_m(z) , which implies (86).

To show the second claim we remark that asymptotically we have ω_m = ip|m| + isgn(m)k sin θ + O ( 1 |m| ) , |m| → ∞, ω^{−1}_m = − i p|m| + O ( 1 |m|^2 ) , |m| → ∞. Now, ~G(X, Z)^{def}= − i 4L ∑ m∈Z m≠0 − i p|m| e^{−(p|m|+sgn(m)k sin θ)|Z|}e^{iαmX} =

= − e^{k sin θw/p} 4π ∞∑ m=1 e^{mw} m − e^{−k sin θw/p} 4π ∞∑ m=1 e^{mw} m =

= − 1 2π ℜ ∞∑ m=1 e^{mw} m + Ψ_1(X, Z) ,

where w^{def}= p[iX − |Z|], and Ψ_1 is a continuous function. Hence, we can write G in the form G(X, Z) = ~G(X, Z) + (G(X, Z) − ~G(X, Z)) = 1 2π ln √ (X^2 + Z^2) + Ψ_2(X, Z) ,

where Ψ_2 is continuous on Ω_R × Ω_R. Thus G possess the same type of singularity at (0, 0) as the free-space Green’s function given in (83). Since G and Φ satisfy the Helmholtz equation on Ω_R the representation (87) follows for some analytic function Ψ on Ω_R × Ω_R. Q. E. D.

Remark 4. The series in the definition of the quasi-periodic Green’s function G is absolutely convergent in the set {(x, z; ξ, η) ∈ Ω_R × Ω_R | z ≠ η } and uniformly convergent in compact subsets thereof.

Appendix B. Existence of Solutions

In order to show the existence of solutions to the direct scattering problem posed in Definition 1 we shall reformulate the original problem as a Fredholm integral equation of second kind. The quasi-periodic Green’s function allows us to define the volume potential

v(x, z)^{def}= k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (x, z) ∈ Ω_R , where u belongs to the set C_{qp}(Ω) of quasi-periodic continuous functions with fundamental domain Ω and quasi-periodicity parameter α = k sin θ.

It turns out that because of the representation (87), the classical properties of volume potentials such as Theorem 8.1 of [20], Chapter 4 of [37], and Theorem 5.7 [38] remain valid in the quasiperiodic context.

Theorem 5. Suppose that ω_m ≠ 0, ∀m ∈ Z. Then, if u ∈ V is a solution of the scattering problem in Definition 1 then u | Ω satisfies the Lippmann-Schwinger integral equation u(x, z) = u^i(x, z) − k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (x, z) ∈ Ω . (88)

Conversely, if u ∈ C_{qp}(Ω) is a solution of equation (88) then u can be extended from the RHS of (88) for (x, z) ∈ Ω_R\Ω and the function so obtained belongs to V and satisfies the direct scattering problem of Definition (1).

Proof: Let u ∈ V be a solution of scattering problem in Definition 1, and take v : Ω_R → C defined by v(x, z) = u^i(x, z) − k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (x, z) ∈ Ω_R . Since u is quasi-periodic (with period α) and u ∈ V it follows that u belongs to the class of Hölder continuous quasi-periodic functions C^ϵ_{qp}(Ω) for some exponent ϵ ∈ (0, 1]. Therefore, using the properties of the volume potential it follows that v ∈ C^{1,ϵ}_{qp} (Ω_R) ∩ C^{2,ϵ}_{qp} (Ω), so that Δv + k^2v = −k^2qu = Δu + k^2u , (x, z) ∈ Ω.

Obviously, v | |_{Ω±} ∈ C2_{qp}(Ω±) is a solution of the Helmholtz equation Δv + k2v = 0 in Ω±. Let w^{def}= u − v. Then, w ∈ C^1_{qp}(Ω_R) , Δw + k^2w = 0 in Ω ∪ Ω^+ ∪ Ω^−, and w(x, z) = u^s(x, z) + k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (x, z) ∈ Ω_R . Thus, w satisfies the Rayleigh expansion for (x, z) ∈ Ω^±. Now, making use of the explicit form of the solution in the regions Ω , Ω^+ and Ω^−, the continuity of both w and ∂w/∂z across the boundaries Γ_B and Γ_0, and the hypothesis that ω_m ≠ 0 we get that w = 0. Hence, v = u, which concludes the proof of the first claim.

Let us now assume that u ∈ C_{qp}(Ω) satisfies the Lippmann-Schwinger equation (88) and set u^s(x, z)^{def}= −k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (x, z) ∈ Ω_R . From the properties of the Green’s function G, it follows that u^s satisfies the Rayleigh expansion (12) in Ω^±. Since u ∈ C_{qp}(Ω) and q ∈ C^2(Ω), from equation (88) it follows that its extension (which we are also denoting by u) belongs to C^{1,ϵ}_{qp} (Ω_R). Therefore, u^s ∈ C^2_{qp}(Ω) and Δu^s + k^2u^s = −k^2qu , (x, z) ∈ Ω .

Clearly, Δu^s + k^2u^s = 0 , (x, z) ∈ Ω^+ ∪ Ω^− .

Since Δu^i + k^2u^i = 0 in Ω_R and u = u^i + u^s it follows that Δu + k^2u = Δu^s + k^2u^s = −k^2qu , and thus u ∈ V and satisfies the conditions of Definition 1. Q. E. D.

Theorem 6. Assume that ω_m ≠ 0, ∀m ∈ Z, and that the homogeneous scattering problem admits only the trivial solution u = 0. Then, there exists a unique solution u ∈ V of the scattering problem of Definition 1. Furthermore, this solution depends continuously on the incident field u^i on the sup norm.

Proof: Let us define the operator T : C_{qp}(Ω) −→ C_{qp}(Ω) by T u(x, z) = k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u(ξ, η)dξdη , (89) where (x, z) ∈ Ω. The operator T is compact because its kernel is weakly singular. From the Riesz-Fredholm theory it suffices to show that the integral equation u = u^i − T u (90) possesses at most one solution. Due to the uniqueness assumption of Theorem 5 this is the case. In particular, it follows that the operator I + T can be inverted in the space C_{qp}(Ω) and the inverse is a bounded operator in such space. Therefore, the solution depends continuously on the incoming field u^i with respect to the sup norm. Q. E. D.

In terms of the scattered field u^s, the Lippmann-Schwinger equation takes the form u^s + T u^s = −T u^i , (91) where T is defined by the expression (89). Whenever ‖T ‖_∞ < 1, the successive approximation method allows us to show the existence of precisely one solution. This is achieved by means of the iteration u^s_0 = 0 u^s_{m+1} = −T u^s_m − T u^i , m ≥ 0 , (92) where the sub-index is used here to keep track of the iteration. Let us now make more explicit such process by first defining the constant

C_ω^{def}= ( ∑ m∈Z |ω_m|^{−2} )_{1/2} . and then proving the following:

Lemma 14. Let k ∈ R^+ and q ∈ C(Ω), where Ω = (0, 2L) × (0, B), B > 0. Assume that ω_m ≠ 0 for all m. If the condition δ^{def}= k^2‖q‖_∞BC_ω ≤ 1 is satisfied, then the iteration (92) converges to the solution of (91). Furthermore, |u^s(x) − u^s_m(x)| ≤ 2^{−m} δ^{m+1} , m ≥ 0 , x ∈ Ω_R . (93) The proof of this result is straightforward and we shall omit the details. We remark however, that the first term in the above Neumann series is given by u^s_B(x, z)^{def}= −k^2 ∫ Ω G(x, z; ξ, η)q(ξ, η)u^i (ξ, η)dξdη , (x, z) ∈ Ω_R , which is known as the Born approximation to the scattered field. The Born approximation plays a fundamental role in a number of scattering problems [39, 40, 41]. References

[1] R. Petit. Electromagnetic Theory of Gratings. Springer-Verlag, Berlin, 1980.

[2] J.W. Rayleigh and B. Strutt. On the dynamical theory of gratings. R. Soc. Lond. Proc. Ser. A Math. Phys.

Eng. Sci., 79:399–416, 1907.

[3] J. W. Rayleigh and B. Strutt. The Theory of Sound. Dover Publications, New York, N. Y., 1945. 2d ed. [4] A.-S. Bonnet-Bendhia and F. Starling. Guided waves by electromagnetic gratings and nonuniqueness examples for the diffraction problem. Math. Methods Appl. Sci., 17(5):305–338, 1994.

[5] B. Strycharz. A direct and inverse transmission scattering problem for periodic inhomogeneous media. PhD thesis, Universitat Erlangen-Nurnberg, 1996.

[6] B. Strycharz. An acoustic scattering problem for periodic, inhomogeneous media. Math. Methods Appl. Sci., 21(10):969–983, 1998.

[7] S. N. Chandler-Wilde and B. Zhang. Scattering of electromagnetic waves by rough interfaces and inhomogeneous layers. SIAM J. Math. Anal., 30(3):559–583 (electronic), 1999.

[8] R. Bellman and G. M. Wing. An introduction to invariant imbedding. Wiley-Interscience [John Wiley & Sons], New York, 1975. Pure and Applied Mathematics.

[9] V. Twersky. Scattering of waves by two objects. In Electromagnetic waves, pages 361–389. Univ. of Wisconsin Press, Madison, Wis., 1962.

[10] V. Twersky. Multiple scattering by arbitrary configurations in three dimensions. J. Math. Phys., 3:83–91, 1962. [11] Y. Chen and V. Rokhlin. On the Riccati equations for the scattering matrices in two dimensions. Inverse Probl., 13(1):1–13, 1997.

[12] V. H. Weston. Invariant imbedding for the wave equation in three dimensions and the applications to the direct and inverse problems. Inverse Problems, 6(6):1075–1105, 1990.

[13] V. H. Weston. Invariant imbedding and wave splitting in R^3. II. The Green function approach to inverse scattering. Inverse Problems, 8(6):919–947, 1992.

[14] J. Corones and Z. Sun. Simultaneous reconstruction of material and transient source parameters using the invariant imbedding method. J. Math. Phys., 34(5):1824–1845, 1993.

[15] A. J. Haines and M. V. de Hoop. An invariant imbedding analysis of general wave scattering problems. J. Math.

Phys., 37(8):3854–3881, 1996.

[16] A. P. Wang and S. Ueno. Invariant imbedding and inverse problems with applications to radiative transfer. Comput. Math. Appl., 37(11-12):107–112, 1999. Sixth International Workshop of the Bellman Continuum (Hachioji, 1994).

[17] S. Ueno, A. P. Wang, and M. Toho. Invariant imbedding and Cauchy system of scattering function in searchlight problem in rugged terrain. Comput. Math. Appl., 37(11-12):101–106, 1999. Sixth International Workshop of the Bellman Continuum (Hachioji, 1994).

[18] A. Kirsch. An inverse scattering problem for periodic structures. In Kleinman, Ralph E. (ed.) et al., Inverse scattering and potential problems in mathematical physics. Proceedings of the 13th conference held in Oberwolfach, Germany, December 12-18, 1993. Frankfurt a. Main: Peter Lang. Methoden Verfahren Math. Phys. 40, 75-93 . 1995.

[19] B. Strycharz. Uniqueness in the inverse transmission scattering problem for periodic media. Math. Methods Appl.

Sci., 22(9):753–772, 1999.

[20] D. Colton and R. Kress. Inverse acoustic and electromagnetic scattering theory. Springer-Verlag, Berlin, second edition, 1998.

[21] T. Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin, 1995. Reprint of the 1980 edition. [22] R. Kress. Linear integral equations. Applied Mathematical Sciences, 82. Berlin etc.: Springer-Verlag. xi, 299 p., 1989.

[23] Yu Chen. Inverse scattering via Heisenberg’s uncertainty principle. Inverse Problems, 13(2):253–282, 1997. [24] I. Daubechies. Ten lectures on wavelets. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1992.

[25] J. S. Walker. Fast Fourier transforms. CRC Press, Boca Raton, FL, second edition, 1996.

[26] H. G. Feichtinger and K. Gröchenig. Theory and practice of irregular sampling. In Wavelets: mathematics and applications, pages 305–363. CRC, Boca Raton, FL, 1994.

[27] J. Sylvester and D. P. Winebrenner. Linear and nonlinear inverse scattering. SIAM J. Appl. Math., 59(2):669–699 (electronic), 1999.

[28] L.O. Castellano-Pérez. Espalhamento de Ondas por Estruturas Periódicas: Análise Teórica e Numérica do Problema Inverso. PhD thesis, Instituto de Matematica Pura e Aplicada, IMPA, Rio de Janeiro., 2000.

[29] Zi Qi Sun and G. Uhlmann. Recovery of singularities for formally determined inverse problems. Comm. Math.

Phys., 153(3):431–445, 1993.

[30] G. Uhlmann. Developments in inverse problems since Calderón’s foundational paper. In Harmonic analysis and partial differential equations (Chicago, IL, 1996), pages 295–345. Univ. Chicago Press, Chicago, IL, 1999.

[31] L.O. Castellano-Pérez and J.P. Zubelli. An algorithm for the inverse scattering problem by periodic structures.

(in preparation), 2002.

[32] G. Bao and Z. Zhou. An inverse problem for scattering by a doubly periodic structure. Trans. Amer. Math.

Soc., 350(10):4089–4103, 1998.

[33] G. Bao and D. C. Dobson. On the scattering by a biperiodic structure. Proc. Amer. Math. Soc., 128(9):2715– 2723, 2000.

[34] H. Ammari, N. Béreux, and J.-C. Nédélec. Resonant frequencies for a narrow strip grating. Math. Methods Appl.

Sci., 22(13):1121–1152, 1999.

[35] G. Bao, D. C. Dobson, and J. A. Cox. Mathematical studies in rigorous grating theory. J. Opt. Soc. Amer. A, 12(5):1029–1042, 1995.

[36] C.M. Linton. The Green’s function for the two-dimensional Helmholtz equation in periodic domains. J. Eng.

Math., 33(4):377–402, 1998.

[37] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Reprint of the 1998 ed.

Classics in Mathematics. Berlin: Springer., 2001.

[38] A. Kirsch. An introduction to the mathematical theory of inverse problems., 1996. [39] B. Chen and J. J. Stamnes. Validity of diffraction tomography based on the first born and the first rytov approximations. Appl. Optics, 37(14):2996–3006, 1998.

[40] G. Leone, R. Persico, and R. Pierri. Inverse scattering under the distorted Born approximation for cylindrical geometries. J. Opt. Soc. Amer. A, 16(7):1779–1787, 1999. Signal recovery and synthesis (Kona, HI, 1998).

[41] R. Pierri, R. Persico, and R. Bernini. Information content of the born field scattered by an embedded slab:

multifrequency, multiview, and multifrequency-multiview cases. J. Opt. Soc. Amer. A, 16(10):2392–2399, 1999.

L. O. Castellano Pérez, FACINF, Univ. of Holguin, Holguin, Cuba E-mail address: locp@impa.br

Jorge P. Zubelli, Est. D. Castorina 110, RJ 22460-320, Rio de Janeiro, Brazil E-mail address: zubelli@impa.br

(a) Plot of q1. (b) Evolution of the reconstruction’s relative error (noiseless case) starting with k = 4.971 up to k = 6.6465.

Figure 7. Example 1.

(a) Fist step in the reconstruction of q1; k = 4.971.

(b) Intermediate step; k = 6.2281.

(c) Final result of the reconstruction; k = 6.6465.

Figure 8. Sections of the reconstructed scatterer of Example 1 for x = L = 9.4248 at different steps the reconstruction.

(a) ν = 10^{−3} (b) ν = 10^{−2} (c) ν = 10^{−1}

Figure 9. Final result for different noise levels ν, across x = L = 9.4248, k = 6.2281.

(a) Plot of q2. (b) Evolution of the reconstruction’s relative error (noiseless case) for 4.971 ≤ k ≤ 7.4825.

Figure 10. Example 2.1.

(a) Constant x = L = 9.4248 section; k = 6.981.

(b) Constant z sections. Note the scale of 10^{−3} in the lower right-hand side.

Figure 11. Final step of the reconstruction for the Example 2.1.

(a) Plot of q3. (b) Evolution of the reconstruction’s relative error (noiseless case); 4.9314 ≤ k ≤ 6.2867.

Figure 12. Example 2.2.

(a) Constant x = L = 9.4248 section, k = 6.2024.

(b) Constant z sections.

Figure 13. Final step of the reconstruction for the Example 2.2.

Figure 14. Evolution of the reconstruction’s relative error (noiseless case) for Example 2.3. k ∈ [4.9314, 6.2867]

(a) Constant x = L = 9.4248 section. (b) Constant z sections.

Figure 15. Final step of the reconstruction for the Example 2.3. Value of k = 6.2024.