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LAW OF LARGE NUMBERS FOR CERTAIN CYLINDER FLOWS

PATRICIA CIRILO, YURI LIMA, AND ENRIQUE PUJALS

ABSTRACT. We construct new examples of cylinder flows, given by skew prod-
uct extensions of irrational rotations on the circle, that are ergodic and ra-
tionally ergodic along a subsequence of iterates. In particular, they exhibit
law of large numbers. This is accomplished by explicitly calculating, for a
subsequence of iterates, the number of visits to zero, and it is shown that such
number has a gaussian distribution.

1. INTRODUCTION

The purpose of this paper is to construct examples of skew product extensions of
irrational rotations of the additive circle T = R/Z exhibiting law of large numbers.
More specifically, under some weak diophantine conditions on the irrational number
a € R, we construct roof functions ¢ : T — Z for which the skew product

F : TxZ — TxZ
(@y) — (z+ay+ o) (L)

is ergodic and rationally ergodic along a subsequence of iterates. This, in particular,
implies that F' has a law of large numbers. See Subsection 2.4 for the proper
definitions.

One must, first of all, observe that F' has a natural invariant measure, given by
the product of the Lebesgue measure on T and the counting measure on Z, and
it is infinite. In this situation, classical theorems of ergodic theory are not valid.
For instance, Birkhoff’s averages converge to zero almost surely, and this leads us
to the following question: what would be a good candidate for a Birkhoff-type
theorem in this context? Denoting by S, the Birkhoff sum of the L!'-function
¥ : T xZ — R, the most natural way is try to find a sublinear sequence (ay,)
of positive real numbers and consider the averages S, ¥ /a,. However, by a result
of J. Aaronson (see Theorem [2.3)), there is never a universal sequence (a,) for
which Sy, /a,, converges pointwise to the right value. Nevertheless, Hopf’s theorem
(Theorem [22)) is an indication that some sort of regularity might exist and it might
still be possible, for a specific sequence (a,), that the averages oscillate without
converging to zero or infinity and so one can hope for a summability method that
smooths out the fluctuations and forces convergence. Such second order ergodic
theorems were considered by J. Aaronson, M. Denker, and A. Fisher in [5].

Another attempt of obtaining a Birkhoff-type theorem has been made by Aaron-
son in [2], in which he defined and constructed examples of rationally ergodic
maps. These maps possess a sort of Cesaro-averaged version of convergence in
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measure: there is a sequence (a,) such that, for every L!-function 1 and every
subsequence (ny) of positive integers, there exists a further subsequence (n;) such
that S,,,¢(x)/an, converges Cesaro almost surely to [¢. This latter property is
called weak homogeneity and the sequence (a,,) is called a return sequence. Weak
homogeneity implies the existence of law of large numbers. See [2.4] for the specific
definitions.

A natural program of investigation regards three kinds of questions.

(i) What are the conservative, ergodic, rationally ergodic maps?
(ii) What fluctuations can the Birkhoff sums have?
(iii) What are the ergodic locally finite, o-finite invariant measures?

Our goal in this work is to give contributions to (i) and (ii) by constructing
examples of the form (L)) that are ergodic and rationally ergodic along a subse-
quence of iterates. Up to our knowledge, the first examples of ergodic cylinder flows
were given by A. Krygin [22] and K. Schmidt [27]. Their examples differ in nature.
Krygin assures the existence, for any irrational «;, of a roof function ¢ for which F' is
ergodic. Actually, there exist elegant categorical proofs that the set of pairs (o, ¢),
in various different contexts, for which F is ergodic forms a residual set. See [I1],
[19]. On the other hand, Schmidt constructs an explicit example motivated by the
theory of random walks. The roof function considered by him is equal to the Haar
function defined in Section [Bl which is actually the basis function for our example.
Subsequent works [14], [12] of J.-P. Conze and M. Keane extended Schmidt’s results
to a larger class of irrationals o and roof functions

B@) = (B+1) - 1 s, )(@) = B. (12)

There are many other works regarding this question. See for instance [7], [16], [17],
[24], [25].

Regarding (ii), J. Aaronson and M. Keane further investigated Schmidt’s exam-
ple in [6]. They studied the asymptotic behavior of the number of visits to zero and
proved that the Birkhoff sums represent a sort of “deterministic random walk”. In
particular, they showed that if « is quadratic surd] then F is rationally ergodic with
return sequence a,, = n/+/logn, which is relatively close to the linear sequence.

J. Aaronson et al identified in [§] all the locally finite and o-finite measures
invariant under F' for the function in (I2). More recently, J.-P. Conze has extended
this analysis to the class of functions

P(z) = Z cjly(z) — B

J

where ¢; are integers, {I;} is a finite family of intervals of T and ¢ has zero integral.
Assuming that the set of accumulation points of the sequence ({¢,3}) is infinite,
where (¢,,) stands for the sequence of denominators of the convergents of «, he
described in [I3] the set of all ergodic and locally finite measures invariant under
F.

Not much is known regarding rational ergodicity. There are actually a few ex-
amples that have been proved to be rationally ergodic. See for instance [2], [3], [6],
[9], [23], where this property is shown to hold in different contexts. With respect

1The irrational number o is quadratic surd if it satisfies a quadratic equation with integer
coefficients.
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to cylinder flows given by skew products extensions of irrational rotations on the
circle, the only known examples are those in [6].

The most significant contribution of our work is to construct a new class of
cylinder flows that are rationally ergodic along a subsequence of iterates and, in
particular, possess law of large numbers. The two main results are enclosed below.

Theorem 1.1. For any o € R such that iminf, . q||ge|| = 0, there exists a skew
product
F : TxZ — TxZ%Z
(z,y) — (2+ay+ (@)
such that

(a) ¢ belongs to LP(T), for every p > 1, and
(b) F is conservative and ergodic.

If we slightly reinforce the diophantine properties of «, the rational ergodicity
of F' along a subsequence of iterates is also guaranteed. This is the content of our
second result.

Theorem 1.2. For any divisible a € R, there exists a skew product that satisfies
Theorem L1l and is rationally ergodic along a subsequence of iterates. In particular,
F has a law of large numbers.

An irrational number « is divisible if it has a sequence of continuants (g,) with
a certain divisibility property and such that lim,, o gn|lgn| = 0. See Subsection
for the specific definitions. It is worth noting that the set of « satisfying these
two conditions has full Lebesgue measure, according to the content of Appendix Bl
Thus, in contrast to [6], in which the set of parameters is countable, Theorems [I.1]
and hold for a set of parameters of full Lebesgue measurdd.

A remarkable feature of Theorem [[.2]is that the number of visits to zero along the
iterates in which F' is rationally ergodic exhibits a gaussian distribution. The return
sequence is given by aq,,, = gn+1/+/7n and the normalized averages, described in
equation (6.2), do not depend on the choice of a neither on the sequence (g,).
This implies, as a scholium, an analytical fact about random walks, described in
Corollary

The roof function we construct is different in nature from the others used in this
context. We consider the Haar function T defined in Section [Bl as a basis function

and let
1

o) = 3 2 [T(gi(@ + ) = T(g;)]
jz1

for a specific chosen sequence of positive integers (¢,,). One can see ¢ as the limit
of worser and worser coboundaries
1 n

0n(@) = 5 D | T(gs(@ + ) = T(g;a)]- (1.3)
j=1

Observe that, if we just consider the coboundary ¢,,, the respective cylinder flow will

not be ergodic and, moreover, will be conjugate to a rigid rotation. The increasing

bad feature of each ¢, is what will guarantee that ¢ has the required properties.

2Ina previous version of this paper, Theorem required stronger conditions on « for which
the set of parameters has zero Lebesgue measure, but it was pointed to us that the proof works
for any divisible irrational number.
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The sequence (g,) will be chosen via the continued fraction expansion of « and
this is why the diophantine properties of a influence the dynamical properties of
F. Even though ¢ is unbounded, the good feature of it is that we can explicitly
calculate the number of visits to zero along a sequence of iterates of F.. See Lemma
B4 and Subsection (5.2

In some sense, our construction resembles Anosov-Katok method of fast approx-
imations developed in [I0], in which they construct differentiable maps sufficiently
close to fibered maps of the torus (and, more generally, of any manifold that ad-
mits a T-action) with exotic dynamical properties. Indeed, the referred maps are
obtained as limits of periodic maps and here we will also use this perspective to
prove Theorem

Another example that resembles ours is Hajian-Ito-Kakutani’s map. See Section
3.3 of [26] for a detailed exposition of this map.

The paper is organized as follows. In Section 2] we introduce the basic notations
and definitions as well as the necessary background for the sequel. Section B is
devoted to the construction of the roof function ¢ and the related convergence
issues. In Section [ we establish Theorem [[LTlwith the aide of the theory of random
walks. To this matter, Appendix [A] treats the required results, adapted to our
context. Section [0 calculates the number of returns of a generic point to its fiber.
This in particular implies Theorem [[L2] which is the content of Section In
Appendix [Bl we enclose the results on continued fractions that allows us to state
our results in the greatest possible generality.

2. PRELIMINARIES

2.1. General notation. Given a set X, #X denotes the cardinality of X. If A is
a subset of X, 14 : X — {0,1} denotes the characteristic function of A:
1, ifzeAd
La(z) _{ 0 , ifzeX\A

Z denotes the set of integers and N the set of positive integers. Each n € N defines
the ring Z,, of the residue classes module n. A complete residue system is a set
{a1,...,a,} of integers such that {ai,...,a,} modulo n is equal to Z,.

Given a real number z, |z]| and {z} are the integer and fractional parts of z,
respectively. Let ||z be the distance from z to the closest integer,

2]l = min{{x},1 - {x}}.
We use the following notation to compare the asymptotic of functions.

Definition 2.1. Let f,g: N — R be two real-valued functions. We say f < g if
there is a constant C' > 0 such that

|f(n)| < C-lg(n)|, YneN.
If fSgandg S f, we write f ~g. Wesay f = g if

lim —= =1.
Let T = R/Z denote the circle, parameterized by [0,1), and let d : T x T — R
be the induced distance function. For every a € R, R, : T — T is the rotation
Rox =z + a.
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Let A be the Lebesgue measure on T and p the measure defined on the cylinder
T x Z by @ = Ax counting measure on Z. Given a function ¢ : T — R, its LP-norm
with respect to A is defined as

1/p
ol = ( / wm)

and the space of LP-integrable functions as LP(T). Due to the index p, there will
be no confusion between the integer norm || - | and the LP-norm || - ||,.

2.2. Continued fractions. Given an irrational number «, consider its continued
fraction expansion

1
a = ag+ T = [ag;a1,as9,...],
aiy +
ay + ——
whose n'"'-convergent is
Pn
a, = o = [ag; a1, az2,...,a,], n > 0.
n

The g, are called the continuants. They give the best rational approximations
to a. More precisely, the approximation is equal to

Pn
o — —

n

lgnall = gn -

It is known, by Dirichlet’s theorem, that

liminf gl|gall < 1
q—00

for any o € R. Let a be divisible if it has a sequence (g,,) of continuants satisfying

2qn, divides ¢, ., and Jlgglo In,; ||qn, || = 0.

The set of divisible numbers has full Lebesgue measure in R. This is the content
of Proposition [B.1] which, in particular, guarantees that Theorem [[.T] and Theorem
are valid for Lebesgue almost every a € R.

From now on, (g,) will denote a sequence of (instead of all) continuants of «
such that

Jim_ g [lgnell =0 (2.1)
and, whenever « is divisible, this chosen sequence (g,,) will also satisfy that 2g,
divides gn+1. We will also make constant use of the following conditions:
(CF1) For any n > 1,

2) llgiall < llgnall

i>n

D el < e
i1

(CF2) For any p > 1,

(CF3) For any p > 1,

D g5 < gnya for n> n(p).
j=1



6 PATRICIA CIRILO, YURI LIMA, AND ENRIQUE PUJALS
(CF4) For any n > 1,
n—1
2" Z g | - anllgnel] < 1.
j=1
Condition (CF2) is always satisfied. Indeed,

S gal < 3L

+1
i1 > G

is bounded for every p > 1, because the exponential behavior of ¢; controls the
polynomial behavior of j7*1. (CF1), (CF3) and (CF4) are assured by passing, if
necessary, to a subsequence of (gy,).

2.3. Birkhoff sums. Let a € R, ¢ : T — R a L'-measurable function and F
defined as in (I)). The dynamics of F is intimately connected to the cocycle
S(a,¢) : T x Z — R defined as the Birkhoff sums of ¢ with respect to the rotation
R,:

n—1
Z¢(m+ka) ,ifn>1
k=0

S(a,¢)(z,m)=4¢ 0 ,ifn=0

=Y ¢lx—ka) ,ifn<0.
k=1

For simplicity, we denote S(«, ¢)(-,n) : T — R by S, (a, ¢). By Birkhoff’s theorem,

Snl9)() —>/¢d/\ as n — oo
n T

for Lebesgue almost every = € T. In particular, if fT ¢dX # 0, almost every point
diverges, which does not allow any kind of recurrence. From now on, we assume ¢
has zero mean. In this situation, Birkhoff sums have a sublinear growth.

2.4. Infinite ergodic theory. Let (X, A, u, F') be a measure-preserving system:
(X, A, ) is a measure space, i a o-finite measure and F' is a measurable transfor-
mation on X invariant under p. Assume that p is conservative: p(A) = 0 whenever
A € Ais such that {F~"A},,>¢ are pairwise disjoint. We say that F is ergodic if it
has only trivial invariant sets, that is, if u(A) = 0 or u(X\A) = 0 whenever A is a
measurable set invariant under F'.

Let ¢ : X — R be a measurable function. A successful area in ergodic theory
deals with the convergence of the averages n~! - Zz;é 0] (F k:v), z € X, when n
goes to infinity. The well known Birkhoff’s theorem states that, if u(X) < oo, such
limit exists for almost every z € X whenever ¢ is a L!'-function. This is not the
case when p is infinite. Indeed, if u(X) = oo, these averages converge to zero for
almost every x € X. Nevertheless, they converge to zero in the same proportional
rate, according to the following result.

Theorem 2.2 (Hopf [18]). Let (X, A, u, F) be a conservative ergodic measure-
preserving system. Then, for every ¢,v € LY(X,A,pn) such that ¢ > 0 and
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Jx vdp >0,
Yoo @ (Fz) L Jxodu
Shlo ¥ (Fra) [y vdp

for p-almost every x € X.

At this point, it is natural to ask if there exists some “appropriate” rate of
convergence: is there a normalizing sequence of constants (a,) such that a, ' -
ZZ;& 0] (F kx) converges almost surely? The negative answer was given by J.
Aaronson.

Theorem 2.3 (Aaronson [I]). Let (X, A, u, F') be a conservative ergodic measure-
preserving system with p(X) = oo, and let (ay) be a sequence of positive real num-
bers. Then, for every ¢ € LY (X, A, ) such that ¢ > 0 and fX odp > 0,

Sisy ¢ (FFa) Yo @ (F'2)

limsup ==————~> =00 a.e or liminf
n—oo (7% n—oo an

=0 a.e.

This means that any attempt of normalization will under or overestimate the
behavior of Birkhoff sums. Nevertheless, one can hope for a summability method
that smooths out the fluctuations and forces convergence. More generally, one can
hope for a law of large numbers.

Definition 2.4. A law of large numbers for a conservative ergodic measure-preserv-
ing system (X, A, u, F) is a function L : {0, 1} — [0, o0] such that, for any A € A,
the equality

L(1a(@), La(Fa), La(F22),...) = u(A)

holds for p-almost every x € X.
One can see the function L as a sort of blackbox: given the input of hittings of

a generic point z € X to a fixed set A € A, the output is the measure of A. For
example, if u(X) = 1, the function L : {0, 1} — [0, oo] defined by

n—1
lim — E x , if the limit exists,
n—,oo N,
L(l‘o,l‘l,...) = k=0

0, otherwise

is a law of large numbers. The infinite measure situation is quite different: there
are systems with no law of large numbers. For example, let F' be squashable: there
is G: (X, A) — (X, A), commuting with F, such that

w(GPA) = c-pu(A) forall A€ A, (2.2)

for some ¢ # 1. If F had a law of large numbers, say L, then for py-almost every
x € X we would have

n(4) = L(1a(Gz), 1a(FGa),...)
= L(1a(Gx),14(GFz),...)
= L(lg-1a(z), 1g-14(Fa),...)
= (G714,

contradicting the assumption ([2:2). See [4] for more on squashable systems.
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There are, fortunately, some conditions that guarantee the existence of law of
large numbers. Given A € A, let S,(A4) : X — N be the Birkhoff sum of the
characteristic function 14 with respect to F.

Definition 2.5. A conservative ergodic measure-preserving system (X, A, u, F') is
called rationally ergodic along a subsequence of iterates if there is a set A € A with
0 < u(A) < oo satisfying the Renyi inequality

[ sutaran < ([ Snk<A>du)2

for some increasing sequence (ny) of positive integers.

We note the above definition differs from the original one [2], since the Renyi
inequality is asked to hold, instead of all positive integers, only for a subsequence
of them.

Definition 2.6. A conservative ergodic measure-preserving system (X, A, u, F') is
called weakly homogeneous if there is a sequence (ay,, ) of positive real numbers such
that, for all ¢ € L*(X, A, p),

11
N2 ar
k=1

for p-almost every =z € X.

nkfl

Z ¢ (Fiz) — /X m (2.3)

(an, ) is called a return sequence of F and it is unique up to asymptotic equality.

Theorem 2.7 (Aaronson [2]). Every measure-preserving system (X, A, u, F') that
is rationally ergodic along a subsequence of iterates is weakly homogeneous. More
specifically, every subsequence (an,) can be refined to a further subsequence such
that (Z23) holds for p-almost every x € X.

Theorem [2.7] also gives that

- @ /A Sy (A)dpt = u(iU? S p(ANFIA). (2.4)
=0

Observe that weak homogeneity defines a law of large numbers L : {0, 1} —
[0, 0] by

1 1
lim — — i if the limit exist
im Z " Z x; , if the limit exists,

0, otherwise.

The goal of this work is to construct examples of cylinder flows given by skew
product extensions of irrational rotations on the circle that are ergodic and ra-
tionally ergodic along a subsequence of iterates and, therefore, have law of large
numbers.
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3. CONSTRUCTION OF ROOF FUNCTION ¢
Let T : T — Z be the Haar function, defined as

1
1 if 0, =
R 11:6[,2)
1
-1 if —1].
R 1£C€[2,>

T(x) =

(NI
—_

R s

Figure 1: the graph of T'.

Let @ € R and (g¢,,) its associated sequence of continuants, that is, satisfying
(21) and (CF1) to (CF4). For each j > 1, let T; : T — Z be the dilation of T' by
q;, that is, T;(z) = T'(gjz), where ¢;x (and any expression appearing as argument
of T') is taken modulo 1. The function we will consider is

o) = 5 3 [Tt + o) - T3],

Jj=1

First of all, it is not clear that this defines a L'-measurable function. The proof of
this fact depends on a couple of auxiliary lemmas.

Lemma 3.1. Let q be a positive integer and 3,y € T. Then the set
{zeT; T(qz+B) #T(qx+7)}
has Lebesgue measure equal to 2|8 — v||.

Proof. First, observe that changing « by = — 3/¢, we can assume that = 0. The
function x — T'(qx) is 1/g-periodic, with
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1 &—o ——o *——0
112 292 2q-1
2q :2q 2q 2q

S 1

-1 —o0 —o —o

Figure 2: the graph of z — T'(qz).

For each interval [ﬁ, %) T(qx) is different from T'(gx + 7) if and only if the

discontinuity 1/2 belongs to the interval in T defined by the points gz and gz + 7.
This happens for an interval] of length [I7Il/q¢ and so, multiplying by the number
2q of these intervals, the desired assertion is proved. (I

Lemma 3.2. Let (g,) be a sequence of positive integers and (8y), (vn) sequences
i T. If: T — Z is defined by

9(@) = 5 3 [Tlae +65) — Tlaze+ )],

j>1
then
ll? <2 57185 — - (3.1)
j>1

Proof. Assume the right hand side of 1)) is finite. In particular, > ||8; — ;|| is
convergent. For each n > 1, let

AN, ={zeT; T(gz+5;) =T(gjx+;), Vj>n}

In A, we have

:%Z[ qJ:E—FﬁJ (%‘I‘F(Sj) .
j=1
The complement of A,, is defined by the property that T'(g;x + 8;) # T'(¢;x + 7v4)
for some j > n. By Lemmal3.1] its Lebesgue measure is at most 23, [|8; — ;|-
Then the sequence of functions (¢,) given by ¥, =1 - 15, converges pointwise to
1. By Fatou’s Lemma, the result will follow if we manage to prove (B for each

Un.

Fixed n > 1, we have

@l <3

QJI+BJ (Qj$+7j)

, Vo eT.

3If v € [0, %), the interval is [i;ql — %, i;;); ifye [—%,0), the interval is [iq iq — %)
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Define, for each m € {1,...,n}, the set

A, = IET;i
j=1

If we further define, for each 5 € {1,...,n}, the set

T(qz + B;) — T(q;z + )
2

=m

Al ={x € A,,; j is the largest index such that T(g;x + ;) # T(qjz +;)},
then

A= || AL
j=m

Each A7, is contained in the set {z € T; T(q;z + ;) # T(q;x + 7;)} and so, by
Lemma 3] its Lebesgue measure is at most 2||5; —;||. Summing up this estimate
in j and m, we obtain that

lnlly = [ fonlrax

< Z mP - A(An,)
=1
< 2) m” ) B =l
m=1 j=m
< 23N P18 =l
m=1j=m
< 2y P8 =l
i1
thus establishing (B1]) for 1. O

Lemma will be used repeatedly in the next subsections, the first time being
to prove that ¢, as defined in (3], converges to ¢.

3.1. (¢n) converges to ¢ in LP?(T). By Lemma [3.2

p
1
lo=eully = ||5 2 [Taz+qj0) - Tg;)]
ji>n
p
< 23 P lgal
ji>n

which, by condition (CF2), goes to zero as n goes to infinity.

3.2. (¢n) converges to ¢ in LP(T). In order to make the calculations of Section
[l in which estimates on the return map of F' will be given, we need to approximate
¢ by something easier to manage with. We will approximate ¢ not by ¢,,, but by
its “rational” truncated versions ¢Zn, defined as
1 n
bu(@) = 5D [T+ ansr) = T(a)]. (3.2)

j=1
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The reason we do this will become clear in Section Bl The argument is similar in
spirit to the Anosov-Katok method of fast approximations [10], in which the authors
construct differentiable examples of skew products with prescribed topological and
ergodic properties sufficiently close to fibered maps of the torus. There, the func-
tions that define the transformations are obtained as the limit of coboundaries, not
from the proper irrational rotation, but from good rational approximations of it. In
order to guarantee smoothness of the limit function, these rational approximations
must converge fast and the irrationals that appear in this limiting procedure end
up being Liouville. Contrary to them, smoothness is not our interest here, and this
does not require any kind of fast approximation.

Let us prove that the functions (;;n converge to ¢ in LP(T) for any p > 1. This
follows by another application of Lemma Indeed, as

N =

bnl2) = dul2) = 5 3 | Tlgjz + qj0) = Tz + gjns1)]
j=1

we have

n
2357 [lgsa = qjamsa|

~ p
} ¢n - an S
p _
Jj=1
n
< 237 g o anl
=1
2]|gnr10] <
o n+1 Z 1 )
= - J " qj
dn+1 j=1
< 2||Qn+1a||7

where in the last inequality we used (CF3).

4. PROOF OF THEOREM [ 1]

4.1. Branches and plateaux. We call a branch of T; any of the branches [qi'_, i%),
J J
1=0,1,...,q; — 1, of the expanding map x — ¢;z. Each branch of T; decomposes
itself in two subintervals {22—1, 25*_1) and [25*_1, 221'*‘2), each of them called a plateau
qj qj q; q;
of T}, in which T} is constant (see figure 2). The first will be called a positive plateau
and the second a negative plateau.

Let I;(z) denote the plateau of T; containing x and

my(x) =T (x)+--+Th(z), n>1.

If (g,) satisfies the divisibility condition, then clearly I1(z) D Iz(z) D --- and so
we have the implication

y €I (x) = my(x) =my(y). (4.1)

This is also true if, instead of the divisibility condition, (g, ) satisfies Lemma [A]
More specifically, using the notation of Appendix [A]

Iy () D Ingy1(x) O ---  whenever z € Q.
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For such a fixed z, there is a positive integer ny = n1(z) such that

L(x) C ©Li(x),...,I(2)

for every n > ny and so ([l remains valid. We will use this condition below.

4.2. Ergodicity. We will prove ergodicity in two steps.

Step 1. For any A C T x {0} of positive measure, the union {J,5, F" A contains
T x {0} modulo zero.

Step 2. F(Tx{0})N(Tx{1}) and F(T x{0})N(T x {—1}) have positive measure.

Once this is done, it is clear that F' will be ergodic. Actually, let A C T x Z
be F-invariant with positive measure. We can assume that A has positive measure
when restricted to the fiber T x {0}. By Step 1, A has full measure in T x {0}. By
Step 2, A has also positive measure in both fibers T x {1} and T x {—1}. Applying
repeatedly Steps 1 and 2, we conclude that A has full measure in T x Z. Step 1
will follow from the next

Lemma 4.1. Let A1, As C T x {0} have positive u-measure. Then there is n > 1
such that the intersection F™ A1 N Ay has positive p-measure.

To prove Lemma A1 we will localize A; and Ay to subsets in which ¢ and
¢n, coincide, and actually their Birkhoff sums up to the order g,41. Letting D =
{0, 1/2}, this set is defined as

An ={z € T; d(g;z,D) > gjllg;|| for j > n}.
Note that
d(g;(z + ko), gjz) = ||kgjall = kllg;all < g;llg;all
whenever j >n and k= 1,...,¢,+1. This implies that
F*(x,0) = (z + ko, Sp(o, 00)(2)) , 2 € Apy k=1,...,qny1.

Observe that the A,’s form an ascending chain of subsets of T and that T\A,
has Lebesgue measure at most >, q;lgjal|. We can suppose, after passing to a

subsequencda, that this sum is smaller than 277,
Proof of Lemma[{-1 We will assume the additional condition
2
(CF5) For any n > 1, {a,2a, ..., gny100} is (%) -dense in T.

This can be assumed by passing, if necessary, to a subsequence of (g,).
Define the set

Y= {:v eT; d(z,0I;(z)) > (%)2 for j > n}

45

4Here is where Theorem [[] requires that liminfq o g|lge|| = 0.
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The sequence (¥,,) also forms an ascending chain of subsets of T and]
1
ji>n 95
This together with the fact that A(A,), A(2%°) — 1 as n — oo allows us to take
ng > 1 large enough and assume that

(1) Ay C Ano,
(ii) A1, Ay C X, and
(i) A1, Ay C Q2.
By the Lebesgue differentiation theorem, let x1, xo be points of density for A;, As,
respectively. Now choose nq > 1 large enough (see Subsection [4.1]) such that
(iv) M=y Li(x:) = In(x;) for every n >ny and i = 1,2.
Finally, let n > ng,n; such that

(v) mp(z1) = mp(z2) and

(vi) A (Ai N (Il - (Wln)2 , Tq + (Wln)2>) > % -2 (ﬁ)2 fori=1,2.

The existence of such n is assured by Lemma [A] and the fact that x; is a point of
density for A;. For simplicity, let

. 1)? 1)\?
Alelﬂ Ty — | — ,Ii—|— - 5 121,2
2qn 2n
By (ii), A; C I,(z;). Now use (CF5) to choose k € {1,2,...,¢n11} such that
2
1
d(Il + ka,l'g) < (—) . (4.2)
2qn

The proof of the lemma will follow from the next two claims.
Claim 1. The set (A; + ka) N Ay C T has positive Lebesgue measure.

Indeed, ([@2) implies that the union (A; + ko) U A is contained in an interval
2
of length 3 - (i) and so, by (vi),

M(Ay + k)N Ay) = MA; + Ea) + MAg) — M(A; + ka) U Ay)
3 /1\ 3 /1\° 1\?
g 5'(@) *5'(@) —3'(E)
= 0.

Claim 2. The set F¥(A; x {0}) N (Ay x {0}) C T x Z has positive y-measure.
It is enough to prove that S («, ¢)(z) = 0 for every z satisfying Claim 1. By (i),
x € Ap, C A, and so
Sk, @) (x) = Sk(e, on)(x) = mn(x + ka) — mp(z).
Observe that

2
5For each plateau of T);, we remove two intervals of length (%) . As T} has 2q; plateaux,
J

the estimate is correct.
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e ¢ Ay C I,(x1) and so (iv) guarantees that m,, () = m,(z1).
o z+ ko€ Ay C I,(z2). Using (iv) again, my,(x + ka) = my,(z2).

By assumption (v) it follows that Si(a, ¢)(x) = 0 for every x satisfying Claim 1.
This concludes the proof of Claim 2 and also from the lemma. O

We thus obtained Step 1. Step 2 follows from Lemma [3.J} Indeed, for s €
{—1,1}, the set of points x € T such that

o Ti(xz + a) =Ti(z) + 2s and

o Tij(x +a)=Tj(z) for j > 1

has Lebesgue measure at least [|qic|| — 237, [lgjal[, which is positive by (CF1).
This concludes the proof of ergodicity.

4.3. Conservativity. This is a scholium of Lemma[Il Indeed, let A C T xZ have
positive y-measure. By the Lebesgue differentiation theorem, almost every z € A is
a point of density for A. For such a fixed z, if ng is large enough then z is also a point
of density for the each of the sets ANA,,,, ANE,,, and ANQY° and so we can assume
conditions (i) to (vi) of the previous subsection for A; = Ay = AN Ay, NX,, NQY
and 1 = x5 = x. This proves that F' is conservative.

5. COUNTING THE NUMBER OF RETURNS

Let A =T x {0}. The purpose of this section is to count the number of returns
of an arbitrary point (z,0) € A to A via the map F. More specifically, identifying

A with T, we want to investigate the function Siﬂ : T — N defined as

dn+1

SE (@)= (Lao F¥)(z,0).

k=1

In the next section we will apply the estimates obtained here to establish Theorem
.2

As remarked before, we will not directly calculate S’;; ., Instead, we consider
the rational truncated versions of F' defined by the skew product

F, : TxZ — TxZ
(xvy) — (x+an+1,y+¢n(x)),

where ¢, is given by ([32), and calculate the value of SFn T 5N given by

dn+1
5 dn+1 B
Sk (@)=Y (Lao E¥)(x,0).
k=1

By approximation, Sf; ., and Sf; ", coincide for a large subset of T and then we
will have the value of the former function in this large set.

This section is organized as follows. In Subsection 5.1} we calculate the distri-
bution of Sf; L After that, Subsection establishes the distribution of S¥

qn+1°
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5.1. The function Siﬂﬂ. Observe that

F¥(2,0) = (2 + kant1, Sk(nr1, 9n) (@)
so that F¥(x,0) belongs to A if and only if
Si(@n41:0n)(2) =0 <= mu(a + kanir) = ma(2).
Then
Sﬁ;l(x) =#{1 <k < gny1; mn(@+ kapgr) = mp(x)}.

The idea to calculate the above cardinality is: for each sequences = (s1,...,8,) €
{—1,1}", consider the set

Bs ={1 <k <qus1; Tj(x + kant1) =s; for j=1,...,n}.

If we manage to prove that each Bg has the same cardinality (independent of s), it
must be equal to ¢41/2™. Then

F, _ E :
Sqn+1(x) - #BS
se{—1,1}"
14 Asn=mn (@)

= P s e (L1 st 5 = ma(@))

n

and so

o8 _ Gn+1 n
Sara (@) = on (M) (5.1)

2

This is indeed the case. Roughly speaking, we prove that each Bg has the same
cardinality by interpreting m,,(z) as a random walk. More specifically, we consider
the intermediate sets

Bs,,...s0) = {1<k<gni1;Tj(x+kany1) =s; for j=1,...,i}

and associate to them a binary tree as follows:

e The root of the tree is B = {1,2,...,¢n+1}-
® Bisi,..s) has exactly two descendants: Bsy,....55,1) and Bsi,....s1,—1)-

Observe that

so that, at each level 7, the union of the B, .. ,)’s is equal to B. We will prove
that, in each subdivision of By, . ), half of the elements belong to B, . s, 1)
and the other half to By, ., —1). Once this is done, (G.1]) will be established.
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B

Figure 3: the binary tree.

Fix z € T. The idea is to see k as a variable z € R and to prove that the
evaluations of the functions z — Tj(ant+12 + ), j = 1,2,...,n, along the inte-
gers 1,2,...,qn+1 satisfy the required binary property. Each of these functions is
periodic@. Their period is calculated according to the following

Lemma 5.1. Let B,y € T. Then the function

v : R — R
z — T(Bz+7)

has period 1/5.
Proof. Let m be the period. The 1-periodicity of T implies that

Bomty=B-047)+1 = fr=1 — WZ%.

(]
Thus z — Tj(ant12 + x) has period equal to
oL an/a
! qjQnt1 Pn+1 v

Better than this, consider the functions given by the composition with the dilation
z +— z/v, defined as

¢+ R — R

z ) = e .
2 — T(—-l—wa) ) J 1725 y 1y (52)
U
whose period is equal to u; € Z. We thus want to investigate i1,..., 1, along the
integers v, 2v, ..., ujv. Observe that
e {v,20,...,u1v} is a complete residue system modulo uq,
® u, is even and u; is a multiple of 2u;4; for j=1,...,n -1, and
e for a set x € T of full Lebesgue measure, 1, ...,%, are continuous in Z.

These are the assumptions we make below.
Proposition 5.2. Let 1); : R = R be a periodic function with period u; € Z,

j=1,...,n. Assume that

6The period of a function % : R — R is the smallest 7 > 0 such that ¥ (z + 7) = ¢(z) for every
z€R.
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(a) up is even and u; is a multiple of 2ujqq for j=1,...,n—1, and
(b) there are z1,...,z, € R\Q such that

¢j|[zj,zj+%) =1 and ¢j|[zj+%,2j+uj) =-1
forji=1,...,n.
Let R be a complete residue system modulo uy. Then, for any sequence (s1,...,8,) €
{_17 1}717
uy

HH € Ry (k) =5 for j=1,....n} = 2.

The proof is by induction on n. Let us give an idea of why this must be true. As-

sume that £ = 0 and that, instead of being interested in the behavior of ¥1, ..., ¥,
along integers, we want to compute the Lebesgue measure of the set

{z€[0,u1); ¥;(k)=s; for j=1,...,n}. (5.3)

For n =1, we have

{z€[0,u1); ¥u(k) =1} = {0’ ﬂ)

2
U1
{zeu)ivalk) =1} = [Zhu).
For n = 2, observe that in both intervals [0, %), [%, ul) the function v alternately

changes sign at each interval of length wus/2 so that, for any s1,s2 € {—1,1},
{z € [0,u1); ¢j(k) = sj for j = 1,2} is the union of ui/2uy intervals of length
ug/2. For arbitrary n, (5.3) is the union of u; /2"~ 1u, intervals of length u, /2 each
and so its Lebesgue measure is equal to u;/2™. Proposition is nothing but a
discrete version of this. In order to prove it, we just have to make sure that none
of the discontinuities of 1, ..., are integer. This is accomplished by condition
(b).

The next auxiliary lemma constitutes the basis of induction.

Lemma 5.3. Let ¢ : R — R be a function with period v € Z such that

(a) u is even and
(b) there is z € R\Q such that

w'[z,z-{-%) =1 and w'[z-l—%,z—i—u) = —1.

Let R be a complete residue system modulo w. Then

#{k € Ry v(k) =1} = #{k € Rs p(k) = —1} = 5
Proof. Consider the sets
U, = {ieZ;ie{z,z—!—g)} (mod u) and

v = {ieZ;ie[z—l—%,z—l—u)} (mod u) .

It is clear that U, UW_ = Z, and that #U; = #V_ =« /2. Also, (k) = 1 if and
only if k¥ = ¢ (mod w) for some i € U,. Because R is a complete residue system
module u, the lemma is proved. (I
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Proof of Proposition[5.2. The basis of induction is Lemma[5.3 It remains to prove
the inductive step. We will do the case n = 2, as the general inductive step follows
the same lines of ideas, except that more notation would have to be introduced.

Let 91,2 : R = R be two functions satisfying the conditions of the proposition.
For j = 1,2, consider the equipartition of Z,; by the subsets

V- fieziicpnt ) (udu) wd
= {ZEZ;@E{Zj‘i‘?]uzj—"uj)} (mod u;).
For s1,89 € {—1,1} = {— +},

1/)1(]{3) = 81 k=14 (HlOd ul) for i1 € \Ilil
—
Ya(k) = s9 k=iy (modug) forise W2 .

Because us divides w1, residue classes module u; define residue classes module us.
This implies that the above congruences are equivalent to

k=iy (moduy) foriy € U}

11 = 19 (HlOd UQ) for ig € \1132

and then we want to count the cardinality of the set

k=41 (moduy) fori; € V!
{k € R7 il = i2 (HlOd UQ) for iQ S \Ifgz . (54)

Each residue class modulo us is equal to the union of u; /us residue classes modulo
u1. More specifically,

11 = 19 (HlOd UQ) = EiQ,iQ-FUQ,...,iQ-F(Ul —’U,2) (mod ul)

so that (5.4 is equal to the union

U {i27i2+u2,...7i2+(u1—'LLQ)}Q\II;I.

’LQG\sz
Independent of ig, half of the residue classes is,i2 + uag, ..., 42 + (u1 — uz) modulo
uy belong to U1 and half to ¥1. Thus
u
#{k € R; ¢1(k) = s1 and ¢o(k) = s2} = #T2 - ﬁ
2
- ug ul
2 2u
= T
where in the second equality we used Lemma [5.3] O
In our context, Proposition [5.2]is translated to
Lemma 5.4. For every m € {—n, ..., n} with the same parity of n,

F, _ 4n+1 n
Sl]n+1 (:E) - on <n-§m>

for a set of x € T of Lebesgue measure (nfm)/2".
2
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Proof. Let uj = gn41/g; for j = 1,...,n and apply Proposition 5.2 to the functions

in (52). The random walk character of m,,(z) guarantees that m,(x) = m in a set

of Lebesgue measure (4w )/2", for every m € {—n,...,n} with the same parity of
2

n. O

5.2. The function Sé’:lﬂ. It is a matter of fact that ¢ and qgn coincide in a large
set, and actually their Birkhoff sums up to the order ¢,1. This set is defined by
those points simultaneously satisfying

(i) Tj(x + ka) =T;(x + kapt1) for j=1,...,nand k=1,...,¢u+1, and
(ii) d(qjx, D) > gjllq;al| for j > n.

Call this set A,,. Note that
d(g;(z + ka), gjz) = ||kgjall = kllg;all < g;llg;|l

whenever j > n and k = 1,...,¢,41 and so (ii) implies T;(z + ko) = T;(x). This
equality guarantees that

F*(x,0) = (z+ ka, Sk, ,)(2)) forx e Ap, k=1,...,¢n+1
= Siﬂ( ) = Si"ﬂ( ) for x € Ay, (5.5)

By Lemma [B1] the Lebesgue measure of points not satisfying (i) is at most

n
> lkgila—ani)| < lo—anl-giy Y g <27,
1<k<qp41 7j=1
1<i<n

where in the last inequality we used (CF4). The points not satisfying (ii) have
Lebesgue measure at mosdjyzj>n gillgjell < 27™ and so

AMT\A,,) < 27"+, (5.6)

The above estimate will be used in the next section.

6. PROOF OoF THEOREM

Once we have established Theorem [[1] it remains to prove that, if « is divisible,
then F' satisfies the Renyi inequality along (g,). This will be obtained via the
estimates of Section Bl More specifically, we first prove, as a consequence of Lemma

B4 that the rational truncated version F), of F' satisfies the Renyi inequality in

the time an, uniformly in n. We then prove that || qn+1||1 ~ ||Sqn+1||1 and

|SE a2 = || SE o1 |l2, which allows us to push the Renyi inequality to F.

"Remember we are assuming 2isn Gllajell <277
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6.1. Renyi inequality for F,. By Lemma [5.4]
— Fn
st = /qumcu

- 2 5] 5]

m=n(mod 2)

n 2
- 5 50)

=0

_ nt1 2n
22n \ n

22n

Fn
dn+1

dn+1 .
22n | [mn
qn+1

v’

where in the fifth passage we used Stirling’s formulal] to estimate the central bino-
mial coefficient. On the other hand,

- 2 2 1
7, - dn+1 n n
‘ SQn+1 - Z on n+m ’ on \ ntm
2 —n<m<n 2 2
m=n(mod 2)

2 n 3
. qn+1 n
280 i
1=0

w2 ()
)

Q

IN

2
qn+l n
23n

Q
9
K

and therefore

P, P dn+1

Ist], _ V2
_ <1 (6.1)
F, ~  qn+1 ~

HS‘I"“ V™

6.2. Renyi inequality for F'. Using (5.0]),

F — Fn F _ Fn . —n+1
H‘Sqnﬂ 1 HSqn+1 1’ < /T\A ‘S(In+l Saria| AN < g1 -2
and so
F
HS%“ L] < G2
Sﬁ'n ~ qn+l ~ ’
dn+1 1 \/ﬁ

8Stirling’s formula states that n! ~ /27n (%)n
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: F ~ || gFn
proving that ‘ Stnin o ‘ Sl . Analogously,
T
HS‘““ 2 _q| < Gy 27" 0
= 2 2 ~
e o
2 ™
and so HS;;“ L~ HSiﬁ+1 ) These two estimates, together with (6.1]), guarantee
that
F F
‘ Sqn+1 2 5 ‘ Sqn+1 1 ’

thus establishing the Renyi inequality for F' along (g,). This concludes the proof
of Theorem

We calculate the return sequence (ay, ) for F. According to ([24), it is given by

a o SF ~ Sﬁn _ n+1
Gn+1 1|4 ~ ant1|y ~ /.

and so for a fixed z € A,, the normalized averages

F “on |\ ntma(z n+mny(x n+mqy, (x
SEL(0) 2 4 (a) ) 4 (a) . ntma(z)

G’Qn+1 q’ﬂ"rl 2” n
VTN V™ n

2

(6.2)

do not depend on the choice of o neither on the sequence (g,,). We thus obtain, as
a consequence of Theorem 2.7, the following analytical result.

Corollary 6.1. For almost every x € T,

( . )

N n+my (x)

1 ntma(z) 1
N —~ <n) V2

2

7. FINAL COMMENTS

1. As remarked after Definition 2.5 our definition of rational ergodicity differs
from the original one [2]. A natural approach to obtain rational ergodicity in its
full extent is to represent any integer as a finite linear combination of the ¢,’s and
then to break up the Birkhoff sums into blocks of these sizes. Unfortunately, this
does not work in our situation since the sequence (g,) is not the sequence of con-
tinuants and its fast growth is an obstruction for the desired control.

2. We didn’t succeed to obtain a counting procedure described in Section [ when
(qn) does not satisfy the divisibility property. Without this assumption, the de-
scendants of By, .. ,) in the binary tree do not necessarily have the same number
of elements. An alternative approach is to observe that, even without the divisibil-
ity condition, their cardinality differs by few and so an argument of discarding the
excess might be applied to obtain the asymptotics of S;; e
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3. In order to obtain ergodic cylinder flows on T x R, one can consider a similar
construction to ours with roof function as in ([2)), where 5 € R is irrational. In
this case, the image of the map is contained in T X {m + nfS; m,n € Z}, which is
dense in T x R.

4. So far, all the examples of rationally ergodic cylinder flows use non-continuous
roof functions. Another natural program is to construct examples with continuous
(even C! and C*) roof functions. It seems to us that the same approach developed
in the present paper might work if one can interpret the sequence (m,,) as defined
in Subsection [£]] from a random perspective.

5. Another interesting situation is to consider Z2-extensions. In the case of Z-
extensions, it is known that ergodicity is equivalent to the set of essential values
being equal to Z. The description for Z?-extensions is not so simple (see for instance
[28]). In our work, ergodicity is guaranteed by the recurrence of simple random
walks in Z. The same happens to Z? and so our construction can give rise to
examples of ergodic Z2-extensions of irrational rotation of the circle.
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APPENDIX A. RANDOM WALKS

Let T : T — Z as defined in Section Bl For each sequence of positive integers
(gn), we associate the sequence (T7,) of functions defined on T by T, (z) = T(gnx).
This appendix is devoted to the analysis of the partial sums

mp(x) =Ti(x)+ - +Th(z), n>1
The sequence (m,,) defines a random walk in Z and we are particularly interested
in its recurrence to the origin 0 € Z. We say that (m,,) is recurrent if the set
{z € T; my(z) = 0 for infinitely many n}

has full Lebesgue measure.

If we assume that 2¢,, divides g,41 then every plateau of T,, contains exactly the
same number of positive and negative plateaux of T, 1. If this holds for every n
then, for any s1,...,8, € {—1,1},

M{zeT; Tj(x)=sjforj=1,...,n}) =2""
and so the (7)) are independent and identically distributed (i.i.d). In this case
(my,) is not only recurrent but also, for any m € Z, the set
{z € T; my(z) = m for infinitely many n} (A1)
has full Lebesgue measure. See for instance Section 3.2 of [15].
The same might not be true if 2¢, does not divide ¢,41. On the other hand,

if gp41 is much larger than ¢, almost every plateau of T}, is entirely contained
inside a plateau of T,, and so (7},) exhibits some sort of asymptotic independence.
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This is the content of the next result, which is used in Section [ to prove ergodicity
when one does not have the divisibility condition. The idea is to remove plateaux of
T,+1 not entirely contained inside plateaux of T, in such a way that independence
holds in their complement.

Lemma A.1. Let (¢,) be a sequence of positive integers and let (T),), (my,) be as

above. If
dn

n>1 Intl

< 0

then (my,) is recurrent.

Proof. We will construct a descending chain of Borel sets (€2,) of T such that,
restricted to €2, the first n functions T1,...,T, are i.i.d. A simple argument of
induction will imply that the (73,) are i.i.d in the intersection Q> = (7,5 Q.

The construction is by induction. Let JF,, be the family of plateaux of 7}, and
Fn = F,F|JF, its decomposition in positive and negative plateaux, respectively.
Assume that Q; =T, ..., Q, have been constructed satisfying the following condi-
tions.

(i) For 1 < j < n, there is a set G; C F; such that Q; = J g, J.
(i) For 1 <i < j <mn, every element of G; is contained in exactly one element of
Gi-
(iii) For any s1,...,s, € {—1,1},
A(§2n)
277,
Observe that (ii) automatically implies that {z € Q,,; T)(z) = s, for j=1,...,n}
is the union of elements of G,,. Now let

Gni1=1{J € Fuy1; 3T € Gy such that J C I} and Qup= |J T
JEGn i1

AM{x e Qy; Tj(x)=sjfor j=1,...,n}) =

For each I € G,,, the number of elements of G,, 1 entirely contained in I is between
Gn+1/qn—2 and gn11/qn. We may assume, removing at most two of these plateaux,
that

#{Jegr s Jcl}=#{JeG, ;JCI} (A.2)
and it is independent of I. (i) and (ii) are satisfied by definition. For (iii), fix
S1,.--,8, € {—1,1} and let G C G,, such that

{ZCEQn;Tj(x):Sj forj:17...,n}: UI

Icg
Then
{r €Quy1; Tj(x)=sjfor j=1,...,nand T,y1(z) =1} = U U J
1€g J€92+1
JCI
has Lebesgue measure equal to
#g-#{JeQ:{H;JcI}- )
2gn+1

which is, by (A.2), independent of s1, ..., s,. Doing the same when T}, 1(x) = —1,
(iii) is established.
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The same argument applies to prove that, for m > n,

O,
M{z €y Tj(x) =sjfor j=1,...,n}) = )\(2n )
and so, letting m — oo,
QOO
AM{z e Q> Tj(x)=s;for j=1,...,n}) = /\(2n ) ,

proving that the (7)) are independent in °°.
Now we estimate A(£2°°). By construction, inside each I € G,, at most 4 elements
of F,41 are removed and so

1
A Jl >AI)—4- .
Jegﬂ 2qn+1
JCI
Summing this up in [ yields
2 4qy
A1) > M) — #G, - —— > A(Q) — —

qn+1 qn+1

and then

ARy >1-4) I

n>1 gn+1
If, instead of beginning the construction in step 1 we start in step ng, the limit set
Q7 has Lebesgue measure at least 1 — 4 ZnZno Gn/qn+1. By (AJ), the restriction
of the sequence (Mg, — Mpy—1)n>n, tO QZ‘(’) attains almost surely every value in
{=no+1,...,n0 — 1} infinitely often, that is, (m,) is recurrent in 7° and we're
done, since J,, >, Q277 has full Lebesgue measure. O

APPENDIX B. A FACT ON CONTINUED FRACTIONS

For a function ¥ : (0,00) — (0, 00), let

K(P) = {aeR;

o — B‘ < ¥(q) for infinitely many rational numbers B}
q q

denote the set of U-approximable real numbers. In 1924, Khintchine [20] (see also
his book [21]) used the theory of continued fractions to prove that, if the map
x — 22V (z) is non-increasing, then K(¥) has Lebesgue measure zero if the sum
> w1 ¥ () converges and full Lebesgue measure otherwise. In this appendix, we
want to prove some related result. Remember the definition of Subsection
a € R is divisible if it has a sequence (gy,) of continuants satisfying

2qn, divides ¢, , and Jlgglo n; |lgn; | = 0.
The result is
Proposition B.1. Lebesque almost every a € R is divisible.

To prove it, we first collect an auxiliary lemma and identify a mechanism to
guarantee the divisibility property. Once this is done, Proposition [B.1] will follow.
We acknowledge Carlos Gustavo Moreira for communicating us this proof.
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For positive integers a1, ..., a,, we recall the continuant K(ay,...,a,) denotes
the denominator of the rational number
1
[0;a1,...,a,] = T
al + 1
az +
2T
o
an
Lemma B.2. Letn > 3, aj,as,...,a,—1 and q be positive integers. Then there
exist integers a,b such that if
ap, = a (modq)
Gy = b (mod q)

then q divides K(a1,a9,...,an,Gpt1)-

Proof. Let a be the product of the primes that divide ¢ and do not divide neither of
the continuants K (a1, as,...,an—2), K(a1,a2,...,an-1). If a;, = a (mod ¢), then

K(ai,a2,...,a,) =a-K(a1,az,...,an—1) + K(a1,a2,...,an_2)
and g are coprime. This guarantees that, as b varies modulo ¢, the number
K(a17a27"'7a/n7an+1) :b'K(a17a27'"7an)+K(a17a27"'7a/n—l)

runs over all residues modulo ¢ and so, for one of these classes, it is divisible by
q. (I

The auxiliary lemma concerns the following elementary facts about continued
fractions and continuants.

Lemma B.3. Let a = [ap; a1, a2, ...] be an irrational number.

(a) If (gn) is the sequence of continuants of «, then

1
< qullgnall < —-
An+41

Gn41 + 2
(b) The probability that any1 =k, given that a1 = ki, ..., a, = ky, is between
1 2
FOEFY Y
(¢) The probability that a,1 =k, given that a1 = k1,...,a, = ky, is between
1 2
k—+1 and -

Proof. (a) is a well-known fact and can be checked in any introductory text of

continued fractions. Let’s prove (b). Once as,...,a, are fixed, the number o =
[0;a1,...,an, ant1] belongs to the interval with endpoints f;—: and %. In these
kpn+pn_1

conditions, an41 = k if and only if o belongs to the interval of endpoints

k1) pr 4P . . )
and ((kii))’;ﬁ. Using the relation |p,gn—1 — pn—1qn| = 1, it follows that the

ratio of the lengths of these two intervals is equal to

kqn+qn—1

Qn(Qn + anl) 1+ qz;l

ran + an [0+ DanFana] (4 ) (414 222t)
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which belongs to [(k+1)1(k+2) 7 k(k2+1)] This establishes (b). To prove (c), just
observe that

1 1 2 2
3 3 - and . — 7
;(3—1—1)(]—1—2) k+1 ;g(yﬂ) k

O

Proof of Proposition [Bl For each positive integer g, let D, be the set of @ € R
for which there are infinitely many n € N such that ¢ divides ¢, and a,4+1 > n.

Claim. D, has full Lebesgue measure.

We prove this via the auxiliary lemmas. Assume that a1, as,...,as,_1 are given.
By Lemma [B2 there are a,b € {1,...,q} such that K(ay,az,...,as3r_1,a,b) is
divisible by ¢. By Lemma [B:3 the probability that asx = a, asgr1 = b and
ask+2 > 3k + 1 is at least i and so, as

1
q+1)?(¢+2)*(3k+1)

1
11 <1 Tl 1>2<q+2>2<3k+1>) -0

the claim is proved.

It is clear that for any « in the full Lebesgue measure set ﬂq>1 D, one can
inductively construct a sequence (n;) such that 2¢,, divides g, , and a,, 1 2> Ny
Observing that, by Lemma [B3]

. . 1
.hm Q’Ilj HQnJCY” S _hm = O7
J—oo J—=00 Upj41

the proof is complete. (I

Remark B.4. The above argument, together with the fact that, for Lebesgue
almost every o € R, (g,) grows at most (and at least) exponentially fast, can be
used to show that Lebesgue almost every o € R has a sequence of continuants (g, )
such that 2g,; divides q,,,, and

NMan. 1l < .
ananJH Iqunj
More generally, if ¥ : N — (0,00) is decreasing and > ., ¥(n)/n = oo (as in
Khintchine’s theorem), then Lebesgue almost every a € R possesses a sequence of
continuants (¢, ) such that 2¢,; divides ¢,,,, and

dn; anj H < \I}(qnj) .
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