Bundle Bispectrality for Matrix Differential Equations

Alexander Sakhnovich and Jorge P. Zubelli

July 19, 2000

Abstract We consider the fundamental solutions of a wide class of first order systems with polynomial dependence on the spectral parameter and rational matrix potentials. Such matrix potentials are rational solutions of a large class of integrable nonlinear equations, which play an important role in different mathematical physics problems. The concept of bispectrality, which was originally introduced by Grünbaum, is extended in a natural way for the systems under consideration and their bispectrality is derived via the representation of the fundamental solutions. This bispectrality is preserved under the flows of the corresponding integrable nonlinear equations. For the case of Dirac type (canonical) systems the complete characterization of the bispectral potentials under consideration is obtained in terms of the system’s spectral function.

1 Introduction

The striking characteristic of certain aspects of operator theory is its deep connections with other apparently distant mathematical fields. An example of such connections is provided by time and band limiting operators [BGK97], [GKW93], [Sle83]. The present work has one of its roots in the works of D. Slepian and collaborators motivated by applications to communication theory [SP61], [Sle64], [Sle78]. The simplest instance of the problem that was investigated by D. Slepian concerns the problem of determining in an effective way the eigenvalues and eigenfunctions of the time and band limiting operator: f(x) −→ ∫_T −T sin(Ω(x − s)) x − s f(s) ds . Here, 2T is the size of the time interval and 2Ω is the size of the frequency interval. The question resurfaced in extensions developed by A. Grünbaum stimulated by problems in computerized tomography. For a historical description of this problem the reader is referred to [Sle83], [Grü82], [Zub97] and references therein. The time and band limiting problem turned out to have fundamental connections with the main object of the present article, which is the so-called bispectral problem [Grü84], [Grü92], [Grü94]. The latter goes as follows:

When does an ordinary differential operator L(x, ∂_x) admit a family of eigenfunctions φ(x, λ) that also satisfies a differential equation in the spectral parameter λ of the form B(λ, ∂_λ)φ(x, λ) = Θ(x)φ(x, λ) , (1.1) where Θ(x) is independent of λ and B is a positive order ordinary differential operator independent of x. In other words, φ satisfies both (1.1) and L(x, ∂_x)φ(x, λ) = λφ(x, λ) . (1.2) The presence of two spectral problems, one with spectral variable λ and the other with (bi)spectral variable Θ(x), leads to the terminology bispectral problem.

The bispectral problem for the scalar Schrödinger operator case L = −∂^2_x + u was completely characterized by Duistermaat and Grünbaum [DG86]. One of the directions towards which the bispectral property was explored was that of systems, such as those studied by Zakharov-Shabat [ZS71] and Ablowitz-Kaup-Newel-Segur [AKNS74] as well as more general matrix differential operators. This was pursued, for example, in [Zub90], [Zub92b], [BHY96].

The bispectral problem presented very surprising connections with the field of integrable systems and soliton theory. Besides some elementary examples, it turned out that the class of bispectral Schrödinger potentials included the rational solutions of the Korteweg-de Vries (KdV) hierarchy [AS81], [AMM77], [AM78], [CC77], which play an important role in soliton theory. Such rational functions are limiting cases of N-soliton potentials, which in turn are limiting cases of algebraic-geometric solutions of the Kadomtsev- Petviashvili hierarchy [NMPZ84]. The connections between soliton theory and the bispectral problem did not stop here. Besides the rational solutions of the KdV, the remaining bispectral Schrödinger potentials showed an even deeper connection with infinite dimensional integrable systems. In an nutshell, they turned out to be rational solutions of the master symmetries of the KdV hierarchy. See [ZM91], [ZV00].

Although the scalar bispectral differential operators have been thoroughly investigated, the picture for matrix rational coefficients seems to be much less understood. See [HK98] and references therein for a recent account.

In this paper we shall consider systems with polynomial dependence on the spectral parameter λ: ∂_xw(x, λ) = G(x, λ)w(x, λ) , (1.3) G(x, λ) = − r∑ k=0 λ^kq_k(x) . (1.4)

The function w in (1.3) is an absolutely continuous m × p matrix valued function. It can be either a fundamental solution or a vector function, in particular. Many systems auxiliary to important integrable nonlinear equations have this form. For systems of the form (1.3), we shall present large classes of rational coefficients where different forms of bispectrality manifest itself and construct the corresponding fundamental solutions of the form w̃(x, λ) = w_A(x, λ)e^{ixλr d}, where d is a diagonal matrix and w_A is rational both in x and λ. After taking into account the additional time variable t, we show that such rational potentials satisfy different integrable nonlinear equations.

The main objective of this paper is to explore the bispectral property of system (1.3) in case r = 1 and to generalize it in a natural way for r > 1. Another goal is to get a better understanding of the close connection between the spectral and bispectral problems. In the case of the canonical system (self-adjoint ZS-AKNS operator) our rational potentials belong to the so called pseudo-exponential class studied in [GKS98a] and we use the results of [GKS98a] to characterize the spectral functions associated to the canonical systems that correspond to such potentials.

Our fundamental tool is one of the generalizations of the classical Darboux transformation. The well-known Darboux transformations are widely used to construct the solutions of nonlinear integrable equations. See [Miu76], [AS81], [Mar88] [MS91] and references therein. One of the crucial ingredients in proving that a certain operator is bispectral was the possibility of writing its eigenfunctions in a fairly explicit way making use of the Darboux transformations [DG86], [Zub90]. The theory of the generalized Bäcklund-Darboux transformation (GBDT) that we apply here was worked out in the papers [Sak93]-[Sak98]. It is based on the representation of the gauge transformation in the form of a transfer matrix function, which is a familiar tool in control theory and dynamical system theory. It uses also the “generalized” eigenfunctions, where arbitrary parameter matrices substitute the traditionally used eigenvalues.

The plan of this paper is the following:

Section 2 reviews the necessary results on GBDT. Section 3 specializes the construction of GBDT to the situation where a certain parameter matrix is nilpotent. This leads to rational coefficients in the systems (1.3). In Section 4 we show that they are bispectral. Section 5 is concerned with ZS-AKNS examples of bispectral systems and the spectral characterization of the corresponding subclass of canonical systems. Section 6 is concerned with examples of bispectral systems auxiliary to the N-wave problem. Finally, in Section 7 we close with a few suggestions for further research.

2 Preliminaries

Consider a system of the form (1.3) with polynomial dependence on the spectral parameter λ and x ∈ Γ, where the coefficients q_k(x) are m × m matrix functions locally summable in Γ, where Γ denotes either [0, c) or (−c, c) or (−c, 0] (c ≤ ∞). GBDT of the system (1.3) will be determined by three n × n matrices A_1, A_2, S(0) ( det S(0) ≠ 0), and two n × m matrices Π_1(0) and Π_2(0), satisfying the operator identity

A_1S(0) − S(0)A_2 = Π_1(0)Π_2(0)^∗. (2.1)

Suppose such parameter matrices are fixed. Then, we can introduce the matrix functions Π_1(x), Π_2(x), and S(x), with the values Π_1(0), Π_2(0) and S(0) at x = 0 as the solutions of the linear differential equations

Π^′_1(x) = r∑ p=0 A^p_1Π_1(x)q_p(x), Π^′_2(x) = − r∑ p=0 (A^∗_2)^pΠ_2(x)q_p(x)^∗, (2.2)

S^′(x) = r∑ p=1 p∑ j=1 A^{p−j}_1 Π_1(x)q_p(x)Π_2(x)^∗A^{j−1}_2 . (2.3)

Notice that equations (2.2) and (2.3) are chosen in such a way that the identity

A_1S(x) − S(x)A_2 = Π_1(x)Π_2(x)^∗ (2.4)

follows from (2.1)-(2.3) for all x ∈ Γ; as could be verified by direct differentiation of both sides of (2.4).

Since det S(x) ≢ 0, we can define the matrix function

w_A(x, λ) = I_m − Π_2(x)^∗S(x)^{−1}(A_1 − λI_n)^{−1}Π_1(x), (2.5)

where I_m is the m × m identity matrix. The points of invertibility of the matrix S will be called regular points of S.

The matrix w_A is the so-called transfer matrix function, which is a well known tool in control theory. Matrices of the form (2.5) with the additional property (2.4) were introduced by L.Sakhnovich in the context of his method of operator identities [Sak76]- [Sak99]. From [Sak96] it follows:

Theorem 2.1 Suppose that the matrix functions w, Π_1, Π_2, and S satisfy equations (1.3) and (2.1) - (2.3). Then, in the regular points of S we have that w̃(x, λ) = w_A(x, λ)w(x, λ) (2.6) satisfies the system w̃^′(x, λ) = G̃(x, λ)w̃(x, λ), G̃(x, λ) = − ∑_r k=0 λ^kq̃_k(x) (2.7)

with coefficients

q̃_k(x) = q_k(x) − r∑ p=k+1 (q_p(x)Y_{p−k−1}(x) − X_{p−k−1}(x)q_p(x) + p∑ j=k+2 X_{p−j}(x)q_p(x)Y_{j−k−2}(x)), (2.8) where

X_k(x) = Π_2(x)^∗S(x)^{−1}A^k_1 Π_1(x), Y_k(x) = Π_2(x)^∗A^k_2S(x)^{−1}Π_1(x). (2.9)

The transformations (2.6) and (2.8) are called GBDT of the initial system (1.3). Notice that this construction makes use of “generalized eigenfunctions” Π_1 and Π^∗_2 with matrices A_1 and A_2 instead of eigenvalues a_1 and a_2.

Let us now add the time variable t in our considerations. Take Γ_1 and Γ_2 two subintervals of the form [0, c_i) or (−c_i, c_i) or (−c_i, 0] (c_i ≤ ∞) with i = 1, 2. Suppose that we are given two m × m matrix polynomials in λ depending also on the variables x ∈ Γ_1 and t ∈ Γ_2 G(x, t, λ) = − r∑ k=0 λ^kq_k(x, t), F (x, t, λ) = − R∑ k=0 λ^kQ_k(x, t), (2.10)

and that w(x, t, λ) is a nondegenerate m × m solution of the matrix equations w_x(x, t, λ) = G(x, t, λ)w(x, t, λ), w_t(x, t, λ) = F (x, t, λ)w(x, t, λ) (w_x = ∂ ∂x w). (2.11)

The compatibility condition for equations (2.11) has the well-known “zero-curvature” form G_t(x, t, λ) − F_x(x, t, λ) + [G(x, t, λ), F (x, t, λ)] = 0 ([G, F ] = GF − F G), (2.12) which for the integrable nonlinear equations is equivalent to the famous Lax equality. See [AKNS74], [WE75], [FT87] and references therein. The five matrices of parameters are now A_1, A_2, Π_1(0, 0), Π_2(0, 0) and S(0, 0) (det S(0, 0) ≠ 0), satisfying the operator identity

A_1S(0, 0) − S(0, 0)A_2 = Π_1(0, 0)Π_2(0, 0)^∗. (2.13)

The matrix functions Π_1(x, t), Π_2(x, t) and S(x, t) are determined by their initial values Π_1(0, 0), Π_2(0, 0) and S(0, 0), the differential equations ∂ ∂x Π_1(x, t) = r∑ p=0 A^p_1Π_1(x, t)q_p(x, t), ∂ ∂x Π_2(x, t) = − r∑ p=0 (A^∗_2)^pΠ_2(x, t)q_p(x, t)^∗, (2.14)

∂ ∂x S(x, t) = r∑ p=1 p∑ j=1 A^{p−j}_1 Π_1(x, t)q_p(x, t)Π_2(x, t)^∗A^{j−1}_2 (2.15)

with respect to x, and differential equations ∂ ∂t Π_1(x, t) = R∑ p=0 A^p_1Π_1(x, t)Q_p(x, t), ∂ ∂t Π_2(x, t) = − R∑ p=0 (A^∗_2)^pΠ_2(x, t)Q_p(x, t)^∗, (2.16)

∂ ∂t S(x, t) = R∑ p=1 p∑ j=1 A^{p−j}_1 Π_1(x, t)Q_p(x, t)Π_2(x, t)^∗A^{j−1}_2 (2.17)

with respect to t. Applying Theorem 2.1 twice: with respect to variable x and to variable t, one can easily obtain [Sak98]

Theorem 2.2 Suppose that the matrix functions G and F , of the form (2.10), satisfy the zero-curvature equation (2.12) and that the coefficients q_k and Q_k are continuously differentiable for x ∈ Γ_1 and t ∈ Γ_2. Let also parameter matrices satisfy (2.13), det S(0, 0) ≠ 0. Then, the equations (2.11) are compatible, systems (2.14) and (2.16) are compatible, and systems (2.15) and (2.17) are compatible also. Moreover, in the regular points of the matrix function S(x, t) we have that the matrix function w̃(x, t, λ) = w_A(x, t, λ)w(x, t, λ) , (2.18) where w satisfies (2.11) and w_A is given by

w_A(x, t, λ) = I_m − Π_2(x, t)^∗S(x, t)^{−1}(A_1 − λI_n)^{−1}Π_1(x, t), (2.19)

satisfies w̃_x(x, t, λ) = G̃(x, t, λ)w̃(x, t, λ), w̃_t(x, t, λ) = F̃ (x, t, λ)w̃(x, t, λ), (2.20) where G̃(x, t, λ) = − r∑ k=0 λ^kq̃_k(x, t); F̃ (x, t, λ) = − R∑ k=0 λ^kQ̃_k(x, t), (2.21)

q̃_k(x, t) = q_k(x, t) − r∑ p=k+1 (q_p(x, t)Y_{p−k−1}(x, t) − X_{p−k−1}(x, t)q_p(x, t)+

+ p∑ j=k+2 X_{p−j}(x, t)q_p(x, t)Y_{j−k−2}(x, t)), (2.22)

Q̃_k(x, t) = Q_k(x, t) −^R ∑ p=k+1 (Q_p(x, t)Y_{p−k−1}(x, t) − X_{p−k−1}(x, t)Q_p(x, t)+

+ p∑ j=k+2 X_{p−j}(x, t)Q_p(x, t)Y_{j−k−2}(x, t)), (2.23) X_k(x, t) = Π_2(x, t)^∗S(x, t)^{−1}A^k_1 Π_1(x, t), Y_k(x, t) = Π_2(x, t)^∗A^k_2S(x, t)^{−1}Π_1(x, t). (2.24) Furthermore, the matrix functions G̃ and F̃ defined in this way satisfy the zero-curvature equation G̃_t(x, t, λ) − F̃_x(x, t, λ) + [G̃(x, t, λ), F̃ (x, t, λ)] = 0. (2.25) 3 Rational Coefficients

In this section GBDT will be used to get a wide class of systems (2.7) with rational coefficients and the nondegenerate m × m solutions w̃ of the form w̃(x, λ) = w_A(x, λ)e^{xλrd}, (3.1) where w_A is rational both in x and λ. The constant diagonal matrix d is given by d = diag{d_1, d_2, . . . , d_m}. (3.2) For this purpose, we put in (1.3): q_r(x) ≡ −d, q_k(x) ≡ 0 (0 ≤ k < r). (3.3) Then, from (1.3) and (2.6) one has the representation (3.1) for some transfer matrix w_A. If (3.3) holds, then formulas (2.2), (2.3) and (3.2) imply Π_1(x) = [ e^{−d1xAr1} Π_{11} e^{−d2xAr1} Π_{12} . . . e^{−dmxAr1} Π_{1m} ] , Π_2(x) = [ e^{d̄1x(A∗2 )r} Π_{21} e^{d̄2x(A∗2 )r} Π_{22} . . . e^{d̄mx(A∗2 )r} Π_{2m} ] , (3.4) and S(x) = S(0) − r∑ j=1 A^{r−j}_1 ∫_x 0 (_m ∑ l=1 d_le^{−dluAr1} Π_{1l}Π^∗_{2l}e^{dluAr2} ) duA^{j−1}_2 , (3.5)

where Π_{kl} denotes the l-th column of the matrix Π_k(0). Thus, from Theorem 2.1 it follows that:

Theorem 3.1 Let’s assume that the matrix functions Π_1, Π_2 and S are given by (3.4) and (3.5), where Π_1(0), Π_2(0) and S(0) satisfy the operator identity (2.1). Then, in the regular points of S, the matrix function w̃ of the form (3.1), with w_A defined in (2.5), satisfies the system (2.7), where { q̃_r ≡ −d q̃_k(x) = dY_{r−k−1}(x) − X_{r−k−1}(x)d + ∑_r j=k+2 Xr−j (x)dYj−k−2(x) (0 ≤ k < r) , (3.6)

with X_k and Y_k given by (2.9).

Notice that now w_A is always rational in λ. Theorem 3.1 yields the next result.

Theorem 3.2 Let the conditions of Theorem 3.1 be fulfilled and suppose additionally that the matrices A_1 and A_2 are nilpotent, Then, w_A as well as the coefficients q̃_k of the corresponding system (2.7) are rational in x.

Proof. Since A_1 and A_2 are nilpotent it follows from (3.4) and (3.5) that the matrix functions Π_1, Π_2 and S are matrix polynomials. Hence, in view of (2.5) and (2.9) we see that w_A, X_k and Y_k are rational in x. Finally, from (3.6) it follows the rationality of the coefficients q̃_k. ■

The particular case r = 1, d = J := diag {I_s, −I_s} was studied earlier in [Zub92b], [Zub92a], [GKS98a] and [GKS98b].

To consider the flows of the coefficients put q_r(x, t) ≡ −d, q_k(x, t) ≡ 0 (0 ≤ k < r); (3.7) Q_R(x, t) ≡ −D, Q_k(x, t) ≡ 0 (0 ≤ k < R), D = diag{D_1, D_2, . . . , D_m}. (3.8) It’s immediate that G and F with coefficients as in (3.7) and (3.8) satisfy the conditions of Theorem 2.2. Moreover, we can put w(x, t, λ) = e^{(xλr d+tλRD)}. (3.9)

From (2.14) and (2.16) we derive also

Π_1(x, t) = [ e^{−(d1 xAr1+D1tAR1 )}Π_{11} e^{−(d2xAr1+D2tAR1 )}Π_{12} . . . e^{−(dmxAr1+DmtAR1 )}Π_{1m} ] , Π_2(x, t) = [ e^{(d̄1x(A∗2 )r +D̄1t(A∗2 )R)}Π_{21} e^{(d̄2 x(A∗2 )r +D̄2t(A∗2 )R)}Π_{22} . . . e^{(d̄m x(A∗2 )r +D̄mt(A∗2 )R)}Π_{2m} ] , (3.10) where Π_{kl} denotes the l-th column of the matrix Π_k(0, 0). Finally formulas (2.15), (2.17) and (3.5) yield S(x, t) = S(x, 0) + ∫_t 0 ∂ ∂u S(x, u)du = S(0) − ∑_r j=1 A^{r−j}_1 ∫_x 0 (∑_m l=1 d_le^{−dluAr1} Π_{1l}Π^∗_{2l}e^{dluAr2} ) duA^{j−1}_2 − − ∫_t 0 ∑_R j=1 A^{R−j}_1 Π_1(x, u)DΠ_2(x, u)^∗A^{j−1}_2 du.

(3.11)

From Theorem 2.2 now follows:

Theorem 3.3 Let the matrix functions Π_1, Π_2 and S be given by (3.10) and (3.11), where Π_1(0, 0), Π_2(0, 0) and S(0, 0) satisfy the operator identity (2.13). Then, in the regular points of S, the matrix function w̃ of the form w̃(x, t, λ) = w_A(x, t, λ)e^{(xλr d+tλRD)}, (3.12) with w_A defined in (2.19), satisfies the system (2.20), where

q̃_r ≡ −d , (3.13) q̃_k = dY_{r−k−1} − X_{r−k−1}d + r∑ j=k+2 X_{r−j}dY_{j−k−2} (k < r), (3.14) Q̃_R ≡ −D , (3.15) Q̃_k = DY_{R−k−1} − X_{R−k−1}D +^R ∑ j=k+2 X_{R−j} DY_{j−k−2} (k < R), (3.16)

where X_k = X_k(x, t) and Y_k = Y_k(x, t) are given in (2.24).

Analogously to Theorem 3.1 yields Theorem 3.2, we immediately derive from Theorem 3.3 the following:

Theorem 3.4 Let the conditions of Theorem 3.3 be fulfilled. Suppose additionally that det S(0, 0) ≠ 0 and the matrices A_1 and A_2 are nilpotent. Then, w_A as well as the coefficients q̃_k and Q̃_k of the corresponding systems (2.11) are rational in x and t.

Remark 3.5 If the conditions of Theorem 3.2 are met, then one can factor out from w_A a scalar function η(x)^{−1} = 1/det S(x), which is independent of λ, in such a way that η(x)w_A(x, λ) is a polynomial in x. Analogously, if the conditions of Theorem 3.4 are met, then one can factor out from w_A a scalar function η(x, t)^{−1}, which is again independent of λ, in such a way that η(x, t)w_A(x, t, λ) is a polynomial in x.

4 Bispectralities

In this section we shall present some results connected to the notion of bispectrality. The key point behind this concept, which is present in a number of situations associated to integrable systems and special functions, is the idea that certain privileged families of eigenfunctions also satisfy differential equations in the spectral parameter.

As explained in the Introduction, the first notion of bispectrality was introduced by F.A. Grünbaum in relation to some problems in computerized tomography. It was then studied in detail by J.J. Duistermaat and F.A. Grünbaum [DG86] for the Schrödinger operator case, by M.Reach [Rea88] for the continuous-discrete context, and in [Zub90]– [Zub92a] for the matrix case. In all these situations, for a given class of differential operators L(x, ∂_x) one seeks a family of eigenfunctions φ: L(x, ∂_x)φ(x, λ) = λφ(x, λ) and a differential (or difference) operator B(λ, ∂_λ) independent of x, such that Bφ(x, λ) = Θ(x)φ(x, λ) , (4.1) where Θ(x) does not depend on λ. Notice that both operators L and B are supposed to be of positive orders and the bispectral problem, as posed above, is local, i.e., we are not imposing any boundary conditions. The issue of boundary conditions is an interesting one and to our knowledge still unexplored.

In the transition from the scalar bispectral problem to the case of a system, we have to consider the issue of matrix coefficients in the differential operator B(λ, ∂_λ). In this case, it is still unclear what kind of conditions should be placed on the matrix coefficients to avoid pathological situations. Therefore we call a positive-order differential operator B weakly nondegenerate if the rows of B(λ, ∂_λ)−C are linearly independent almost everywhere for any constant matrix C. We shall say that B(λ, ∂_λ) is nondegenerate or strongly nondegenerate if as in [Zub90] the rows of the leading coefficient in B are linearly independent almost everywhere (in other words the leading coefficient is nonsingular).

We have already mentioned above that the notion of bispectrality is closely associated with the nonlinear integrable systems. As the corresponding auxiliary linear systems often depend polynomially on the spectral parameter it seems important to generalize the notion of bispectrality for the case of the bundles of operators and for the corresponding systems. In this article we are considering the first-order differential equations of the form (1.3) with polynomial dependence on the spectral parameter λ. Generalizing in a natural way the notions of bispectrality from [DG86] and in [Zub90] we say that a system of the form (1.3) posesses the bispectral (sometimes we call it bundle bispectral ) property if there exist a family of solutions φ(x, λ), a differential operator B(λ, ∂_λ) and a function Θ(x), such that (4.1) holds. A rank of bispectrality was introduced in [DG86] as the number of families of linearly independent bispectral vector eigenfunctions φ_k(x, λ). We shall say that (1.3) is ρ-rank bispectral if there exists an operator B(λ, ∂_λ) such that ρ linearly independent families φ_k and corresponding functions Θ_k satisfy (1.3) and (4.1) simultaneously. Denote by e_k the k-th column vector of the canonical basis of C^m . Taking into account Remark 3.5 and following the scheme of the proof of bispectrality from [Zub92b], we obtain the next result.

Theorem 4.1 Assume that the conditions of Theorem 3.2 are satisfied and put φ_k(x, λ) := w̃(x, λ)e_k. (4.2) Then, for any fixed set Ω of m − 1 different values of the index k ∈ {1, · · · , m} and for an arbitrary constant scalar c there exists a weakly nondegenerate differential operator B(λ, ∂_λ) such that B(λ, ∂_λ)φ_k(x, λ) = cφ_k(x, λ). So, system (2.7) is (m−1)-rank (bundle) bispectral. Assume now that the conditions of Theorem 3.4 are satisfied and put φ_k(x, t, λ) := w̃(x, t, λ)e_k . Then, for any fixed set Ω of m − 1 values of the index k and for an arbitrary scalar function c(t) there exists a weakly nondegenerate differential operator B(λ, ∂_λ, t) such that B(λ, ∂_λ, t)φ_k(x, t, λ) = c(t)φ_k(x, t, λ). So, the flow of the first system in (2.20) is (m − 1)- rank bispectral. The same goes with the second system in (2.20) after we interchange the variables x and t there.

Proof. Let’s introduce the auxiliary variable ζ = λ^r, and notice that the claim about the existence of a differential operator in the spectral parameter λ is equivalent to the existence of an operator in ζ. Moreover, the weak or strong non-degeneracy in ζ yields the corresponding nondegeneracy in λ. To prove the first statement of the theorem it suffices therefore to construct a weakly nondegenerate operator B(ζ, ∂_ζ ) = N∑ l=0 c_l(ζ) ∂^l ∂ζ^l (4.3) such that B(ζ, ∂_ζ )η(x)φ_k(x, ζ^{1/r}) = cη(x)φ_k(x, ζ^{1/r}) (4.4) for some η(x) ≠ 0 and for all k ∈ Ω. We shall prove (4.4) for η(x) mentioned in Remark 3.5. Put in (4.3) c_0 = cI_m and recall (3.1) and (4.2) to rewrite (4.4) as N∑ l=1 c_l(ζ) ∂^l ∂ζ^l η(x)w_A(x, ζ^{1/r})e^{xζd}e_k = 0. The last formula is equivalent to the relation N∑ l=1 c_l(ζ)( ∂ ∂ζ + d_kx)^lω_k(x, ζ^{1/r}) = 0, ω_k(x, λ) = η(x)w_A(x, λ)e_k. (4.5)

Hence, it suffices to show the existence of a family c_l(ζ), where l = 1, · · · , N, such that (4.5) holds. By Remark 3.5 η(x)w_A(x, λ) is a matrix polynomial in x. Denote its degree by κ. Then, the vector functions ω_k admit expansions in x: ω_k(x, ζ^{1/r}) = ∑_κ s=0 x^sf^k_{s0}(ζ).

Using this expansion we can transform (4.5) into the linear algebraic equation N∑ l=1 c_l(ζ) κ+l∑ s=0 x^sf^k_{sl}(ζ) = 0 , (4.6)

where f^k_{sl} depends only on the variable ζ. Rewrite (4.6) in a matrix form κ+N∑ s=0 x^sCV^k_s = 0, C := [c_1, · · · , c_N ], V^k_s := f^k_{s1} . . f^k_{sN} . (4.7)

We claim that the m × Nm matrix C can be chosen of rank m so that CV^k_s = 0 for 0 ≤ s ≤ κ + N and for all k ∈ Ω. Indeed, just look at the vectors V^k_s as elements of C^{mN} . The problem then boils down to finding m linearly independent vectors in (C^{mN} )^∗ ≡ C^{mN} which annihilate V^k_s . Such a set of vectors always exists provided that N is chosen sufficiently large so that mN − (m − 1)(κ + N + 1) ≥ m. The equalities CV^k_s = 0 imply (4.7), i.e. the operator B defined by (4.3) satisfies (4.4). Finally the maximal rank of C yields the weak non-degeneracy of B and the first statement of the theorem is proved. Two other statements of the theorem are proved quite analogously. ■

Remark 4.2 Obviously, given that the dependence of f_{sl} is polynomial in ζ^{−1/r} it follows that the dependence of c_l can be taken rational in ζ^{−1/r}.

It could be suggested that “bona fide” bispectral parameter Θ(x) should be non-constant. We are presently working in this direction.

Let’s return to the representation (3.1) and rewrite it in the form w̃(x, λ) = 1 det S(x) Υ(x, λ)e^{xλr d}, (4.8) Υ(x, λ) = det S(x) (I_m − Π_2(x)^∗S(x)^{−1}(A_1 − λI_n)^{−1}Π_1(x)). (4.9)

It follows from the given above arguments that a possibility to factorize the fundamental (i.e. m × m and nondegenerate at x = 0) solution w̃ of (2.7) in the form (4.8) with Υ a polynomial in x is sufficient for the corresponding system to be bispectral. Equation (4.9) enables us also to factor out from Υ(x, λ) − det S(x) I_m a matrix function that depends on λ: Υ(x, λ) − det S(x) I_m = Υ_1(x)(A_1 − λI_n)^{−1}Υ_2(x). The spectrum of a matrix A will be denoted by σ(A). When σ(A_1) = {c} for some c ∈ C , we have (A_1 − cI_n)^i = 0 for some i ≥ 0 and therefore the resolvent (A_1 − λI_n)^{−1} is a polynomial of (λ − c)^{−1}:

(A_1 − λI_n)^{−1} = − i∑ p=1 (A_1 − cI_n)^{p−1} (λ − c)^p . (4.10)

This interesting truncation is reflected in the notion of the modified bispectrality that was introduced in [GKS98a] and [GKS98b] for the canonical and pseudo-canonical systems. The notion, the results and the proofs are easily transfered to our more general setting. We say that system (2.7) has the modified bispectral property if there is a set of complex numbers {c_l}, 0 ≤ l ≤ N, such that a fundamental solution w̃(x, λ) of system (2.7) satisfies for each x a differential equation in λ: N∑ l=1 c_l(λ − c_0)^l ∂^l ∂λ^l (w̃(x, λ)e^{−xλrd}) = 0 ( N∑ l=1 |c_l| ≠ 0). Theorem 4.3 Assume that the conditions of Theorem 3.1 are satisfied and σ(A_1) = {c}. Then, system (2.7) has the modified bispectral property.

Proof. Put c_0 = c and take into account (4.8)–(4.10). The proof of the theorem then boils down to proving that there exists a set {c_l}, 1 ≤ l ≤ N such that N∑ l=1 c_l(λ − c)^l ∂^l ∂λ^l (λ − c)^{−p} = 0, p = 1, . . . , i; N∑ l=1 |c_l| ≠ 0, or, equivalently, N∑ l=1 c_lν_{lp} = 0, p = 1, . . . , i; N∑ l=1 |c_l| ≠ 0, ν_{lp} := (λ − c)^p ∂^l ∂λ^l (λ − c)^{−p}. (4.11)

A nontrivial solution [c_1, . . . , c_N ] of the linear algebraic system ( 4.11), evidently, exists for N > i. ■ Remark 4.4 It’s evident that if σ(A_1) = {c}, the modified bispectality is preserved by the flow described in Theorem 3.3.

5 ZS-AKNS Systems

One of the instrumental developments in the inverse scattering transform (IST) method was due to the works of Zakharov & Shabat [ZS71] and Ablowitz, Kaup, Newel, & Segur [AKNS74]. They have shown that the auxiliary role played by the scalar Schrödinger equation in the IST integration of the KdV could be applied to certain first order matrix systems. This lead to the integration of other significant equations in mathematical physics, such as the nonlinear Schrödinger equation, the modified KdV, and the sine-Gordon. The auxiliary system studied in [AKNS74] took the form ∂_xy(x, λ) = i(λJ + JV (x))y(x, λ), V (x) := [ 0 v_1(x) v_2(x) 0 ] , (5.1)

where v_1 and v_2 are scalar fields and J = diag{1, −1}. The bispectral problem for such systems was investigated in [Zub92b] and [Zub92a]. It was shown therein that certain (generic) families of rational solutions to the AKNS hierarchy are bispectral.

In this section we start by proving the bispectrality of (5.1) for a class of ZS-AKNS systems with rational matrix fields v_1 and v_2. Then, we characterize the spectral density function for the self-adjoint class of bispectral ZS-AKNS systems under consideration. Finally, we show that the bispectral systems remain rational by the flow of the nonlinear Schrödinger equation. We set J := diag{I_s, −I_s} and consider ZS-AKNS type systems of the form (5.1) where m = 2s and v_1 and v_2 are s × s matrices. System (5.1) corresponds to the particular case of system (1.3), where

r = 1, d = iJ. (5.2)

After substitution of (5.2) into (3.3) formulas (3.6) can be rewritten as

q̃_1 ≡ −iJ, q̃_0(x) = i(JY_0(x) − X_0(x)J). (5.3)

According to (5.3) system (2.7) now takes the form (5.1), where

V (x) = iJq̃_0(x) = JX_0(x)J − Y_0(x). (5.4)

Denote the block of the first s columns of Π_k(0) by Φ_{k1} and the block of the second s columns by Φ_{k2} (k = 1, 2), i.e. put Π_k(0) =: [Φ_{k1} Φ_{k2}]. Then, equalities (3.4) and (3.5) can be transformed into

Π_1(x) = [ e^{−ixA1} Φ_{11} e^{ixA1} Φ_{12} ] , Π_2(x) = [ e^{−ixA∗2} Φ_{21} e^{ixA∗2} Φ_{22} ] , (5.5) S(x) = S(0) − i ∫_x 0 ( e^{−iuA1} Φ_{11}Φ^∗_{21}e^{iuA2} − e^{iuA1} Φ_{12}Φ^∗_{22}e^{−iuA2} ) du. (5.6) Recall now that by (2.9) we have X_0(x) = Y_0(x) = Π_2(x)^∗S(x)^{−1}Π_1(x). (5.7) From (5.4), (5.5) and (5.7) we derive

v_1(x) = −2Φ^∗_{21}e^{ixA2} S(x)^{−1}e^{ixA1} Φ_{12}, v_2(x) = −2Φ^∗_{22}e^{−ixA2} S(x)^{−1}e^{−ixA1} Φ_{11}. (5.8) By Theorem 4.1 we get Corollary 5.1 Assume that v_1 and v_2 of the ZS-AKNS system (5.1) are defined by (5.8), where the matrices A_1, A_2, S(0) and Π_k(0) = [Φ_{k1} Φ_{k2}] satisfy the operator identity (2.1), det S(0) ≠ 0, and the matrices A_1 and A_2 are nilpotent. Then, the system (5.1) is (m − 1)-rank bispectral.

The cases where the system (5.1) satisfies v_2 = ±v^∗_1 are of special interest. Indeed, these are associated to the study of the nonlinear Schrödinger equation. From (5.5) and (5.6) one can easily see that if

A_2 = A^∗_1, S(0) = S(0)^∗, Π_2(0) = −iΠ_1(0)J^p (p = 0, 1), (5.9) we have S(x) = S(x)^∗, Π_2(x) = −iΠ_1(x)J^p. (5.10) Formulas (5.8)-(5.10) imply v_2(x) = v_1(x)^∗ (for p = 1), v_2(x) = −v_1(x)^∗ (for p = 0). (5.11) Thus, when p = 1 we get the Dirac type (or canonical) subclass of ZS-AKNS systems, whereas when p = 0 we have the pseudocanonical subclass of ZS-AKNS systems: y_x(x, λ) = i ( λJ + J [ 0 v_1(x) (−1)^{p+1}v_1(x)^∗ 0 ]) y(x, λ). (5.12) In view of (5.11), Corollary 5.1 implies the following:

Corollary 5.2 Let’s assume that the canonical system (5.12) (the case p = 1) and the pseudocanonical system (5.12) (the case p = 0) are given and that v_1 is defined by (5.8), where the matrices A_1, S(0), Φ_{21} and Φ_{12} satisfy the operator identity

A_1S(0) − S(0)A^∗_1 = i(Φ_{21}Φ^∗_{21} + (−1)^pΦ_{12}Φ^∗_{12}),

det S(0) ≠ 0, A_2 = A^∗_1 and the matrix A_1 is nilpotent. Then, (5.12) is (m − 1)-rank bispectral.

Remark 5.3 If p = 1 and S(0) > 0, then, by (5.6) the inequality S(x) > 0 is valid for all x > 0 and so system (5.1) is well-defined on the half-line 0 ≤ x < ∞. Moreover, without loss of generality, we can introduce the condition S(0) = I_n instead of S(0) > 0.

The transfer to the parameter matrices with S(0) = I_n is conducted by the transformation of the initial matrices A_1, A_2, S(0), Π_1(0) and Π_2(0) into the matrices S(0)^{− 1}2 A_1S(0)^12 , S(0)^12 A_2S(0)^{− 1}2 , I_n, S(0)^{− 1}2 Π_1(0) and S(0)^{− 1}2 Π_2(0). This transformation evidently does not change the values of v_1 and v_2 in (5.8). Let us simplify accordingly our formulas and notation. Put

A := A_1 = A^∗_2, Π(x) := Π_1(x) = iΠ_2(x)J, S(0) = I_n, Π(0) =: [Φ_1 Φ_2], (5.13) and write down the canonical system as y_x(x, λ) = i(λJ + JV (x))y(x, λ), V (x) := [ 0 v(x) v(x)^∗ 0 ] (0 ≤ x < ∞), (5.14)

where v(x) = v_1(x) = v_2(x)^∗ = −2iΦ^∗_1e^{ixA∗} S(x)^{−1}e^{ixA}Φ_2. (5.15)

Here, we suppose that

S(x) = I_n + ∫_x 0 ( e^{−iuA}Φ_1Φ^∗_1e^{iuA∗} + e^{iuA}Φ_2Φ^∗_2e^{−iuA∗} ) du, (5.16)

and A and Π satisfy the operator identity

A − A^∗ = i(Φ_1Φ^∗_1 − Φ_2Φ^∗_2). (5.17)

The spectral theory of the canonical systems with the potentials v as given above (i.e. v determined via (5.15) and (5.16) by the parameter matrices A, Φ_1 and Φ_2 satisfying (5.17)) was studied in [GKS98a]. The potentials v were said to be determined by the triple A, Φ_1 and Φ_2 (satisfying (5.17)) and the class of such potentials was denoted by the acronym PE (pseudo-exponential).

In view of the close connection between the notion of bispectrality and the spectral properties of the system it would be interesting to characterize the constructed class of bispectral potentials in terms of the spectral theory. For this purpose we shall shortly describe some definitions and results.

As usual, we shall denote by L^2_m(0, ∞) the square summable functions defined almost everywhere (a.e) on (0, ∞) w.r.t. the Lebesgue measure and taking values in C^m . Similarly, for a given measure dτ on R, L^2_s(R, dτ) denotes the square summable functions defined dτa.e. on R and taking values in C^s . Assume that u is the m×m solution of (5.14) normalized by the condition u(0, λ) = I_m.

Recall that a nondecreasing s × s matrix function τ is called a spectral function of system (5.14) with boundary condition

[ I_s −I_s ] f(0) = 0, (5.18)

if the operator U, given by the formula Ug(z) := 1 √ 2π ∫_∞ 0 [I_s I_s]u(x, z)^∗ g(x) dx, z ∈ R, is an isometric mapping from L^2_m(0, ∞) into L^2_s(R, dτ).

Theorem 5.4 [GKS1] Assume that the potential v of the half-line canonical system (5.14) is determined by the triple A, Φ_1 and Φ_2 (satisfying (5.17)) and put

B = A + Φ_1Φ^∗, Φ = i(Φ_1 + Φ_2). (5.19)

Let z_j be the real points of σ(B), i.e., z_j ∈ (σ(B) ∩ R), 1 ≤ j ≤ k, (5.20) and let the matrices ν_j and the matrix function W be given by the equalities

ν_j = 2πres_{z=zj} Φ^∗_1(zI_n − B)^{−1}Φ_1 (1 ≤ j ≤ k), (5.21)

W (z) = I_s + Ĉ(zI_{2n} − Â)^{−1}B̂, (5.22) where the matrices Â, B̂ and Ĉ are defined by

Ĉ = [ Φ^∗_1 Φ^∗ ] , B̂ = [ Φ Φ_1 ] , Â = [ B^∗ ΦΦ^∗ 0 B ] . (5.23)

Then, the matrices ν_j are nonnegative, the matrix function W is nonnegative without poles on R and the matrix function τ(z) = ∫_z 0 W (μ)dμ + ∑ z_j <z ν_j (5.24)

is the nondecreasing piecewise absolutely continuous spectral function of the canonical system (5.14).

The inverse problem consists of recovering the potential v from the spectral function of the form (5.24) with a finite number of jumps and a rational spectral density W that goes to I_s at infinity. This problem was also solved explicitly in [GKS98a]. It follows from the general theory (see [Sak99] and references therein) that there is no more than one solution of the inverse spectral problem for system (5.14) with the boundary condition (5.18) in the class of locally bounded potentials. Using these results we derive a spectral characterization of the subclass of bispectral potentials that we obtained above.

Theorem 5.5 A locally bounded potential v is determined by a triple with a nilpotent matrix A if, and only if, the spectral function τ of the corresponding canonical system (5.14) with the boundary condition (5.18) has the form τ(z) = ∫_z 0 W (μ)dμ + { 0 for z < 0, ν for z > 0;

(W (μ) ≥ 0, lim_{μ→∞} W (μ) = I_s, ν ≥ 0) ,

(5.25) where W (z)^{−1} is a matrix polynomial of the variable z^{−1}.

Proof. Assuming v is determined by a triple and A is nilpotent we shall prove at first the necessary part of the theorem. By Theorem 5.4, τ admits representation (5.24). To show that τ has at most one jump, and it may occur only at z = 0, we can use some arguments from [GKS98a] on the connection between σ(B) and σ(A). Indeed, according to (5.17) and (5.19) we have

B − B^∗ = i(Φ_1Φ^∗_1 − Φ_2Φ^∗_2) − iΦ_1(Φ_1 + Φ_2)^∗ − i(Φ_1 + Φ_2)Φ^∗_1 = −iΦΦ^∗. (5.26)

Let now f be an eigenvector of B: Bf = zf, z ∈ R, f ≠ 0. Then we get f^∗(B − B^∗)f = 0 and (5.26) yields f^∗(ΦΦ^∗)f = 0, i.e. Φ^∗f = 0. So by (5.19) Af = Bf = zf and hence z = 0. Therefore (σ(B) ∩ R) \ {0} = ∅ and using formula (5.20) we immediately derive representation (5.25) from (5.24). It remains to show that W^{−1} is a polynomial of z^{−1}. By the well-known fact from system theory (see [KFA69]) “realization” (5.22) implies

W (z)^{−1} = I_s − Ĉ(zI_{2n} − Â^×)^{−1}B̂, Â^× = Â^−B̂Ĉ. (5.27)

In view of (5.19) and (5.23) we see that

Â^× = [ A^∗ 0 −Φ_1Φ^∗_1 A ] . (5.28)

According to (5.28), Â^× is nilpotent. Therefore, (5.27) means that W^{−1} is indeed a polynomial.

To prove the sufficiency part, we shall introduce some more elements from the system theory (see [KFA69] and [BGK79]). A rational matrix function K(z), such that lim_{z→∞} K(z) = I_s, always admits a representation

K(z) = I_s + C_K (zI_l − A_K )^{−1}B_K (A_K , B_K , C_K , − matrices) (5.29)

that is called a realization of K; the realization is minimal when the order l of A_K is as small as possible. If the realization is minimal, then the set of the poles of K coincides precisely with σ(A_K ). The dimension of a minimal realization is called the McMillan degree of K. A factorization K = K_1K_2 of K into two proper C^{s×s} -valued rational functions is called minimal if the McMillan degrees of K_1 and K_2 add up to the McMillan degree of K. If our K is nonnegative on R it admits [Ran82] a minimal factorization:

K(z) = K_1(z)K_1(z̄)^∗ ( lim_{z→∞} K_1(z) = I_s). (5.30)

If in addition K^{−1} has no poles on the real line, we can choose K_1 with all the poles of K^{−1}_1 in the lower half-plane C_− . In terms of a minimal realization

K_1(z) = I_s − γ^∗_2 (zI_{n0} − A_0)^{−1}γ_1, (5.31)

it means that σ(B_0) ⊂ C_− , B_0 = A_0 + γ_1γ^∗_2 . (5.32) Moreover we can choose a minimal realization of such K_1 with matrices A_0, γ_1 and γ_2 also satisfying [GKS98a] the operator identity

A_0 − A^∗_0 = iγ_1γ^∗_1 − i(γ_1 + iγ_2)(γ_1 + iγ_2)^∗. (5.33)

Suppose now that we are given a matrix function τ of the form (5.25) such that W^{−1} is a matrix polynomial of z^{−1}. Then, K = W^{−1} admits a minimal factorization (5.30) with K_1 chosen as mentioned above. That is K_1 admits realization (5.31), where n_0 denotes the McMillan degree of K_1 and A_0, γ_1 and γ_2 satisfy (5.33). Put

C_K = − [ γ^∗_1 γ^∗_2 ] , B_K = [ γ_2 γ_1 ] , A_K = [ A^∗_0 0 −γ_1γ^∗_1 A_0 ] . (5.34)

It can be directly derived from (5.30) and (5.31) that K = W^{−1} admits representation (5.29) with A_K , B_K and C_K given in (5.34) and l = 2n_0. As the factorization (5.30) and the realization (5.31) are both minimal, so our A_K , B_K and C_K provide a minimal realization of W^{−1}. Recall now that W^{−1} is a polynomial of z^{−1}, i.e. the only pole of W^{−1} is at z = 0, to obtain σ(A_K ) = {0}. As A_K is nilpotent, so by (5.34) A_0 is also nilpotent. Denote finally the rank of ν by n_1 and introduce a triple A = [ A_0 0 −χγ^∗_2 0 ] , Φ_1 = [ γ_1 χ ] , Φ_2 = − [ γ_1 + iγ_2 χ ] , (5.35)

where χ is a n_1 × s matrix such that ν = 2πχ^∗χ. In view of (5.33) it is now immediate that (5.17) is satisfied. Notice also that A is nilpotent. Thus the potential determined by A, Φ_1 and Φ_2 belongs to our class. As according to the general uniqueness results [Sak99] there is no other potential with the same spectral function, it remains to prove that given τ is the spectral function of system (5.12) with the potential v determined by A, Φ_1 and Φ_2. From (5.19),(5.32) and (5.35) we get Φ = [ γ_2 0 ] , B = [ B_0 0 0 0 ] . (5.36)

By Theorem 5.4 and taking into account (5.32), (5.35) and (5.36) the jump of the spectral function of our system equals

2πres_{z=0}Φ^∗_1(zI_n − B)^{−1}Φ_1 = 2πχ^∗χ, n = n_0 + n_1,

which by the definition of χ is just ν. Using Theorem 5.4 again and taking into account (5.35) and (5.36) we get that the spectral density of our system equals

I_s + [ Φ^∗_1 Φ^∗ ] ( zI_{2n} − [ B^∗ ΦΦ^∗ 0 B ])_{−1} [ Φ Φ_1 ] =

= I_s + [ γ^∗_1 γ^∗_2 ] ( zI_{2n0} − [ B^∗_0 γ_2γ^∗_2 0 B_0 ])_{−1} [ γ_2 γ_1 ] . (5.37)

Recall that W^{−1} admits representation (5.29), (5.34), i.e.

W (z) = I_s − C_K (zI_l − (A_K − B_K C_K ))^{−1}B_K =

= I_s + [ γ^∗_1 γ^∗_2 ] ( zI_{2n0} − [ (A_0 + γ_1γ^∗_2 )^∗ γ_2γ^∗_2 0 A_0 + γ_1γ^∗_2 ])_{−1} [ γ_2 γ_1 ] . (5.38)

In view of (5.32) the right-hand sides of (5.37) and (5.38) coincide. Hence, W is the spectral density of our system. Therefore, τ is the spectral function, which finishes the proof. ■

To study the flows of (canonical and pseudocanonical) systems (5.12), following Section 2, let’s add the time variable t and put in (3.7) and (3.8)

r = 1, R = 2, d = D = iJ. (5.39)

In this context, the reduction (5.9) is substituted by the reduction

A := A_1 = A^∗_2, S(0, 0) = S(0, 0)^∗, Π(0, 0) := Π_1(0, 0) = iΠ_2(0, 0)J^p (5.40)

(p = 0, 1, Π(0, 0) =: [Φ_1 Φ_2]),

and rewrite therefore (2.1) as

AS(0, 0) − S(0, 0)A^∗ = iΠ(0, 0)J^pΠ(0, 0)^∗. (5.41)

Analogously to (5.10) and (5.13) formulas (2.14)-(2.17) and (5.40) yield { Π(x, t) := Π_1(x, t) = iΠ_2(x, t)J^p = [e^{−i(xA+tA2)}Φ_1 e^{i(xA+tA2)}Φ_2] , S(x, t) = S(x, t)^∗ . (5.42)

We apply now the transformations (3.13) and (3.14). Analogously to (5.3), (5.4), 5.11), and in view of (5.42), we obtain q̃_1 ≡ −iJ, q̃_0(x, t) = i(JY_0(x, t) − X_0(x, t)J) = −iJV (x, t), (5.43) where V (x, t) = [ 0 v(x, t) (−1)^{p+1}v(x, t)^∗ 0 ] ,

v(x, t) = −2iΦ^∗_1e^{i(xA∗+t(A∗)2)}S(x, t)^{−1}e^{i(xA+tA2)}Φ_2. (5.44)

By (2.21) and (5.43) we have G̃(x, t, λ) = iλJ + iJV (x, t). (5.45) Hence the first of the corresponding systems (2.20) can be presented in the form y_x(x, t, λ) = i(λJ + JV (x, t))y(x, t, λ), V (x, t) = [ 0 v(x, t) (−1)^{p+1}v(x, t)^∗ 0 ] . (5.46)

Therefore the system preserves its canonical or pseudocanonical form during the evolution.

According to [Sak94] (see [Sak98] for the details) the transformation (3.15), (3.16) yields Q̃_2 ≡ −iJ, Q̃_1(x, t) = −iJ^pV (x, t), Q̃_0(x, t) = i 2 ((−1)^pJV (x, t)^2 + iJ^{p+1}V_x(x, t)). (5.47) By (2.21) and (5.47) we have F̃ (x, t, λ) = iλ^2J + iλJ^pV (x, t) − i 2 ((−1)^pJV (x, t)^2 + iJ^{p+1}V_x(x, t)). (5.48)

By Theorem 3.3, systems (2.20) are compatible, i.e. (2.25) holds. The zero curvature equation (2.25) with G̃ and F̃ given by (5.45) and (5.48), where V is of the form (5.46), is equivalent [ZS73] to the famous nonlinear Schrödinger equation: 2v_t(x, t) + i(v_{xx}(x, t) + 2(−1)^pv(x, t)v(x, t)^∗v(x, t)) = 0. (5.49) Thus, from Theorem 4.1 we derive

Corollary 5.6 Let’s assume that the canonical system (5.46) (the case p = 1) and the pseudocanonical system (5.46) (the case p = 0) are given and that v is defined by (5.44), where the matrices A, S(0, 0) and Π(0, 0) = [Φ_1 Φ_2] satisfy the operator identity (5.41), det S(0, 0) ≠ 0 and the matrix A is nilpotent. Then, these systems evolve by the nonlinear Schrödinger equation (5.49) flow and they remain (m − 1)-rank bispectral by this flow.

Remark 5.7 One should notice that the second system in (2.20) satisfies the conditions of Theorem 4.1 also, i.e. we have obtained simultaneously an example of bundle bispectrality: both auxiliary systems (2.20) in the case of nilpotent matrix A are bispectral with respect to our definition of the bundle bispectrality.

Corollary 5.8 Let’s consider for p = 0 or p = 1 the system y_t(x, t, λ) = (iλ^2J + iλJ^pV (x, t) − i 2 ((−1)^pJV (x, t)^2 + iJ^{p+1}V_x(x, t)))y(x, t, λ) . (5.50)

Suppose that v is defined by (5.44), where the matrices A, S(0, 0) and Π(0, 0) = [Φ_1 Φ_2] satisfy the operator identity (5.41), det S(0, 0) ≠ 0 and the matrix A is nilpotent. Then, the system (5.50) is (m − 1)-rank bundle bispectral for each fixed x.

6 The N-Wave Problem and Other Examples

In this section we shall consider the N-wave model. It was studied by V.E. Zaharov and S.V. Manakov [ZM75] by means of a zero curvature representation. It describes various interactions of the wave packets in a medium with quadratic nonlinearity: merger, breakdown, explosive instability, and so on. In the stationary case the N-wave equation reduces to Euler’s equation [Man76]. Following [ZM75] and [Man76] an intensive research was conducted, see [FT87] for some references. The linear auxiliary systems for the N-wave equation are of the form y_x = (λd + V )y more general than ZS-AKNS systems.

Suppose now that in the equalities (3.7) and (3.8) we put

R = r = 1. (6.1)

Formulas (3.14) and (3.16) in this case are essentially simplified: q̃_1 ≡ −d, q̃_0(x, t) = dY_0(x, t)−X_0(x, t)d; Q̃_1 ≡ −D, Q̃_0(x, t) = DY_0(x, t)−X_0(x, t)D. (6.2) Set X(x, t) := Π_2(x, t)^∗S(x, t)^{−1}Π_1(x, t) (6.3)

and recall that [d, X] denotes the commutator dX − Xd. According to (2.24) and (6.2) we have

X(x, t) = X_0(x, t) = Y_0(x, t); q̃_0(x, t) = [d, X(x, t)]; Q̃_0(x, t) = [D, X(x, t)]. (6.4)

As the conditions of Theorem 4.1 are satisfied we get

Corollary 6.1 Let X be defined by (6.3), where Π_1, Π_2 and S are given by (3.10) and (3.11) with R = r = 1; Π_1(0, 0), Π_2(0, 0) and S(0, 0) satisfy operator identity (2.13);

det S(0, 0) ≠ 0 and the matrices A_1 and A_2 are nilpotent. Then, a one-parameter family of systems y_x(x, t, λ) = (λd − [d, X(x, t)])y(x, t, λ) (y ∈ C^m ) (6.5) is (m − 1)-rank bispectral for each t.

Notice that G = λd and F = λD satisfy the conditions of Theorem 2.2 too. Thus, by Theorem 2.2, the matrix functions G̃(x, t, λ) := λd − [d, X(x, t)], F̃ (x, t, λ) := λD − [D, X(x, t)] (6.6) satisfy the compatibility equality (2.25). It’s easy to see that in the case (6.6) condition (2.25) takes the form [d, X_t(x, t)] − [D, X_x(x, t)] − [[d, X(x, t)], [D, X(x, t)]] = 0, (6.7) i.e., X satisfies (6.7). Equation (6.7) with d = d^∗, D = D^∗ and an additional reduction demand

X(x, t) = BX(x, t)^∗B (B = diag {b_1, . . . , b_m}, b_p = ±1 (1 ≤ p ≤ m)) (6.8) is the physically important N-wave (or nonlinear optics) equation. It’s easy to see [Sak93], [Sak94], that if

d = d^∗, D = D^∗, A_2 = −A^∗_1, S(0, 0) = S(0, 0)^∗, Π_2(0, 0) = Π_1(0, 0)B, (6.9) then we have S(x, t) = S(x, t)^∗, Π_2(x, t) = Π_1(x, t)B, (6.10) and thus, in view of (6.3), the reduction conditions (6.8) are fulfilled. Corollary 6.2 Let’s assume that the conditions of the Corollary 6.1 are satisfied and a t-parameter family of systems (6.5) is given. Assume additionally that conditions (6.9) for d, D and the set of parameter matrices hold. Then, the family of systems (6.5) evolves by the N-wave ((6.7) with reduction (6.8)) flow and it remains (m − 1)-rank bispectral by the flow.

Let’s construct now the examples of the m-rank bispectral canonical and pseudocanonical systems (5.46) with the irrational in λ families of the bispectral eigenfunctions.

As before we shall consider the canonical and pseudocanonical cases together because the formulas in both cases are rather similar. For this purpose put m = 2 and insert

v(x, t) = i exp{(−1)^{p+1}it} p = 0, 1. (6.11)

One can easily check that this v satisfies the nonlinear Schrödinger equation (5.49). In the case p = 0 the “dressing” of our v was used in [TCL84] and [AK86] to construct and study the so called n-modulation solutions of (5.49). See also [Sak94], where the Weyl functions for such solutions were constructed. We shall use three 2 × 2 matrix functions:

C_0(λ) := [ 1 1 i(λ + i^p √ 1 + (−1)^pλ^2) i(λ − i^p √ 1 + (−1)^pλ^2) ] ,

C_1(λ) := −i^{p+1} √ 1 + (−1)^pλ^2J, C_2(t) := exp{ 1 2 (−1)^{p+1}itJ}. These matrices are chosen in such a way, that

C_2(t)C_0(λ)C_1(λ)C_0(λ)^{−1}C_2(t)^{−1} = i(λJ + JV (x, t)),

where v is given in (6.11). Therefore, one can see that

w(x, t, λ) := C_2(t)C_0(λ) exp{xC_1(λ)} (6.12)

is an 2 × 2 solution of (5.46). We see also that ∂w ∂λ (x, t, λ) = (C_2(t) ∂C_0 ∂λ (λ) + xC_2(t)C_0(λ) ∂C_1 ∂λ (λ)) exp{xC_1(λ)}. (6.13)

Put now B(λ, t) := B_1(λ, t)^∂_{∂λ} + B_0(λ, t), B_1 := C_2(t)C_0(λ)^{∂C1}_{∂λ} (λ)^{−1}C_0(λ)^{−1}C_2(t)^{−1},

B_2 := −C_2(t)C_0(λ) ∂C_1 ∂λ (λ)^{−1}C_0(λ)^{−1} ∂C_0 ∂λ (λ)C_0(λ)^{−1}C_2(t)^{−1}.

Applying now operator B to w and taking into account (6.12) and (6.13) we get the result: B(λ, t)w(x, t, λ) = xw(x, t, λ), i.e. the columns of w are bispectral eigenfunctions of (5.46). Thus systems (5.46) with v(x, t) = i exp{(−1)^{p+1}it} remain 2-rank bispectral by the nonlinear Schrödinger equation flow.

7 Conclusions and Suggestions for Further Research

In this article we have extended the notion of bispectrality for systems with polynomial dependence on the spectral parameter. Such systems are auxiliary to many important integrable nonlinear evolution equations obtained as zero curvature conditions. It turned out that by making use of generalized Darboux transformations we were able to construct families of rational potentials so that the corresponding systems are bispectral. As in earlier works, such as [DG86], [Zub90], the bispectral property of the underlying system was preserved by the flows of the corresponding nonlinear integrable equations. We provided a number of interesting examples where the results apply, such as ZS-AKNS type systems and N-wave equations.

It should be mentioned that the description of the classes of non-constant Θ that work as bispectral parameters with the potentials presented herein is an interesting theme that was not discussed here. This would be a natural follow up of the present work.

We also did not discuss systems related to matrix KdV equations. The methods employed here can be transfered also to the matrix KdV equations, extending in this way the previous results of [DG86] for the scalar case and of [Zub90] for AKNS systems. We shall pursue this in a future publication.

For an important sub-class of ZS-AKNS systems, we provided a spectral characterization of the bispectral potentials obtained by the GBDT method.

Finally there seems to exist an intriguing connection with the results by G. Wilson [Wil98] where operator identities and nilpotent matrices are both used, though in quite different way, to obtain bispectral eigenfunctions associated to the KP hierarchy.

Acknowledgments

ALS is grateful to the Brazilian National Research Council (CNPq) for the possibility of visiting IMPA which was supported by CNPq through grant 450049/00-0. ALS is also grateful to IMPA for its wonderful research facilities and always helpful staff and to Suely Torres Lima for her efficiency and care. JPZ was supported by PRONEX-FINEP through grant 76.97.1008-00.

References

[AK86] N. N. Akhmediev and V. I. Korneev. Modulation instability and periodic solutions of the nonlinear Schrödinger equation. Teoret. Mat. Fiz., 69(2):189–194, 1986.

[AKNS74] M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur. The inverse scattering transform-Fourier analysis for nonlinear problems. Studies in Appl. Math., 53(4):249–315, 1974.

[AM78] M. Adler and J. Moser. On a class of polynomials connected with the Kortewegde Vries equation. Comm. Math. Phys., 61(1):1–30, 1978.

[AMM77] H. Airault, H. P. McKean, and J. Moser. Rational and elliptic solutions of the Korteweg-de Vries equation and a related many-body problem. Comm. Pure Appl. Math., 30(1):95–148, 1977.

[AS81] M. J. Ablowitz and H. Segur. Solitons and the inverse scattering transform.

Society for Industrial and Applied Mathematics (SIAM), Philadelphia, Pa., 1981.

[BGK79] H. Bart, I. Gohberg, and M. A. Kaashoek. Minimal factorization of matrix and operator functions. Birkhäuser Verlag, Basel, 1979.

[BGK97] J. A. Ball, I. Gohberg, and M. A. Kaashoek. Nudelman interpolation and the band method. Integral Equations Operator Theory, 27(3):253–284, 1997.

[BHY96] B. Bakalov, E. Horozov, and M. Yakimov. General methods for constructing bispectral operators. Phys. Lett. A, 222(1-2):59–66, 1996.

[CC77] D. V. Choodnovsky and G. V. Choodnovsky. Pole expansions of nonlinear partial differential equations. Nuovo Cimento B (11), 40(2):339–353, 1977.

[DG86] J. J. Duistermaat and F. A. Grünbaum. Differential equations in the spectral parameter. Comm. Math. Phys., 103(2):177–240, 1986.

[FT87] L. D. Faddeev and L. A. Takhtajan. Hamiltonian methods in the theory of solitons. Springer-Verlag, Berlin, 1987. Translated from the Russian by A. G. Reyman [A. G. Reĭman].

[GKS98a] I. Gohberg, M. A. Kaashoek, and A. L. Sakhnovich. Canonical systems with rational spectral densities: explicit formulas and applications. Math. Nachr., 194:93–125, 1998.

[GKS98b] I. Gohberg, M. A. Kaashoek, and A. L. Sakhnovich. Pseudo-canonical systems with rational Weyl functions: explicit formulas and applications. J. Differential Equations, 146(2):375–398, 1998.

[GKW93] I. Gohberg, M. A. Kaashoek, and H. J. Woerdeman. The band method for bordered algebras. In Contributions to operator theory and its applications, pages 85–97. Birkhäuser, Basel, 1993.

[Grü82] F. A. Grünbaum. The limited angle reconstruction problem. In Computed tomography (Cincinnati, Ohio, 1982), pages 43–61. Amer. Math. Soc., Providence, R.I., 1982.

[Grü84] F. A. Grünbaum. Band and time limiting, recursion relations and some nonlinear evolution equations. In Special functions: group theoretical aspects and applications, pages 271–286. Reidel, Dordrecht, 1984.

[Grü92] F. A. Grünbaum. Some new explorations into the mystery of time and band limiting. Adv. in Appl. Math., 13(3):328–349, 1992.

[Grü94] F. A. Grünbaum. Time-band limiting and the bispectral problem. Comm. Pure Appl. Math., 47(3):307–328, 1994.

[HK98] J. Harnad and A. Kasman, editors. The bispectral problem. American Mathematical Society, Providence, RI, 1998. Papers from the CRM Workshop held at the Université de Montréal, Montreal, PQ, March 1997.

[KFA69] R. E. Kalman, P. L. Falb, and M. A. Arbib. Topics in mathematical system theory. McGraw-Hill Book Co., New York, 1969.

[Man76] S. V. Manakov. A remark on the integration of the Eulerian equations of the dynamics of an n-dimensional rigid body. Funkcional. Anal. i Priložen., 10(4):93–94, 1976.

[Mar88] V. A. Marchenko. Nonlinear equations and operator algebras. D. Reidel Publishing Co., Dordrecht, 1988. Translated from the Russian by V. I. Rublinetskiĭ.

[Miu76] R. M. Miura, editor. Bäcklund transformations, the inverse scattering method, solitons, and their applications. Springer-Verlag, Berlin, 1976. Workshop on Contact Transformations, held at Vanderbilt University, Nashville, Tenn., September 27–29, 1974, Lecture Notes in Mathematics, Vol. 515.

[MS91] V. B. Matveev and M. A. Salle. Darboux transformations and solitons. Springer- Verlag, Berlin, 1991.

[NMPZ84] S. Novikov, S. V. Manakov, L. P. Pitaevskiĭ, and V. E. Zakharov. Theory of solitons. Consultants Bureau [Plenum], New York, 1984. The inverse scattering method, Translated from the Russian.

[Ran82] A. C. M. Ran. Minimal factorization of selfadjoint rational matrix functions.

Integral Equations Operator Theory, 5(6):850–869, 1982.

[Rea88] M. Reach. Difference equations for N-soliton solutions to KdV. Phys. Lett. A, 129(2):101–105, 1988.

[Sak76] L. A. Sakhnovich. The factorization of an operator-valued transmission function. Dokl. Akad. Nauk SSSR, 226(4):781–784, 1976.

[Sak93] A. L. Sakhnovich. Exact solutions of nonlinear equations and the method of operator identities. Linear Algebra Appl., 182:109–126, 1993.

[Sak94] A. L. Sakhnovich. Dressing procedure for solutions of nonlinear equations and the method of operator identities. Inverse Problems, 10(3):699–710, 1994.

[Sak96] A. L. Sakhnovich. Iterated Bäcklund-Darboux transformation and transfer matrix-function (nonisospectral case). Chaos Solitons Fractals, 7(8):1251–1259, 1996.

[Sak98] A. L. Sakhnovich. Generalized Bäcklund-Darboux transformation: spectral properties and nonlinear equations, 1998. Preprint, submitted.

[Sak99] L. A. Sakhnovich. Spectral theory of canonical differential systems. Method of operator identities. Birkhäuser Verlag, Basel, 1999. Translated from the Russian manuscript by E. Melnichenko.

[Sle64] D. Slepian. Prolate spheroidal wave functions, Fourier analysis and uncertainity. IV. Extensions to many dimensions; generalized prolate spheroidal functions. Bell System Tech. J., 43:3009–3057, 1964.

[Sle78] D. Slepian. Prolate spheroidal wave functions V. Bell System Tech. J., 57:1371– 1430, 1978.

[Sle83] D. Slepian. Some comments on Fourier analysis, uncertainty and modeling.

SIAM Rev., 25(3):379–393, 1983.

[SP61] D. Slepian and H. O. Pollak. Prolate spheroidal wave functions, Fourier analysis and uncertainty. I. Bell System Tech. J., 40:43–63, 1961.

[TCL84] E. R. Tracy, H. H. Chen, and Y. C. Lee. Study of quasiperiodic solutions of the nonlinear Schrödinger equation and the nonlinear modulational instability. Phys. Rev. Lett., 53(3):218–221, 1984.

[WE75] H. D. Wahlquist and F. B. Estabrook. Prolongation structures of nonlinear evolution equations. J. Mathematical Phys., 16:1–7, 1975.

[Wil98] G. Wilson. Collisions of Calogero-Moser particles and an adelic Grassmannian.

Invent. Math., 133(1):1–41, 1998. With an appendix by I. G. Macdonald.

[ZM75] V. E. Zakharov and S. V. Manakov. The theory of resonance interaction of wave packets in nonlinear media. Ž. Èksper. Teoret. Fiz., 69(5):1654–1673, 1975.

[ZM91] J. P. Zubelli and F. Magri. Differential equations in the spectral parameter, Darboux transformations and a hierarchy of master symmetries for KdV. Comm. Math. Phys., 141(2):329–351, 1991.

[ZS71] V. E. Zakharov and A. B. Shabat. Exact theory of two-dimensional self-focusing and one-dimensional self-modulation of waves in nonlinear media. Ž. Èksper. Teoret. Fiz., 61(1):118–134, 1971.

[ZS73] V. E. Zakharov and A. B. Shabat. On soliton interaction in stable media. Šoviet Physics JETP, 64:1627–1639, 1973.

[Zub90] J. P. Zubelli. Differential equations in the spectral parameter for matrix differential operators. Phys. D, 43(2-3):269–287, 1990.

[Zub92a] J. P. Zubelli. On a zero curvature problem related to the ZS-AKNS operator.

J. Math. Phys., 33(11):3666–3675, 1992.

[Zub92b] J. P. Zubelli. Rational solutions of nonlinear evolution equations, vertex operators, and bispectrality. J. Differential Equations, 97(1):71–98, 1992.

[Zub97] J. P. Zubelli. Topics on wave propagation and Huygens’ principle. Instituto de Matemática Pura e Aplicada (IMPA), Rio de Janeiro, 1997.

[ZV00] J. P. Zubelli and D. S. Valerio Silva. Rational solutions of the master symmetries of the KdV equation. Comm. Math. Phys., 211(1):85–109, 2000.

Alexander Sakhnovich Branch of Hydroacoustics Marine Institute of Hydrophysics, NASU Preobradzenskaya 3, 270100 Odessa, Ukraine e-mail: alex@alex.intes.odessa.ua

Jorge P. Zubelli IMPA Est. D. Castorina 110 Rio de Janeiro, RJ 22460-320 Brazil e-mail: zubelli@impa.br