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$EVWUDFW� :H GLVFXVV WKH DV\PSWRWLF EHKDYLRXU RI WKH JHQXV DQG WKH QXPEHU
RI UDWLRQDO SODFHV LQ WRZHUV RI IXQFWLRQ nHOGV RYHU D nQLWH nHOG�

6XEMHFW FODVVLnFDWLRQ� ��*� ��5� ��+

�� ,QWURGXFWLRQ

7KH WKHRU\ RI HTXDWLRQV RYHU nQLWH nHOGV LV D EDVLF WRSLF LQ FODVVLFDO QXPEHU
WKHRU\� ,WV IRXQGDWLRQV ZHUH ODLG �DPRQJ RWKHUV� E\ )HUPDW� (XOHU� /DJUDQJH�
*DXVV DQG *DORLV� 7KH REMHFW RI WKH nUVW LQYHVWLJDWLRQV LQ WKLV WKHRU\ ZHUH
FRQJUXHQFHV RI WKH VSHFLDO IRUP

\� s I�[� �PRGXOR D SULPH QXPEHU��

ZKHUH I�[� LV D UDWLRQDO IXQFWLRQ ZLWK LQWHJHU FRHpFLHQWV� $VVXPLQJ DQ DQDORJXH
RI 5LHPDQQ
V K\SRWKHVLV IRU WKH ]HWD IXQFWLRQ WKDW KH LQWURGXFHG� (� $UWLQ FRQ�
MHFWXUHG DQ XSSHU ERXQG IRU WKH QXPEHU RI VROXWLRQV IRU VXFK FRQJUXHQFHV� 7KH
JHQHUDO VROXWLRQ RI WKDW FRQMHFWXUH ZDV JLYHQ E\ $� :HLO �WKH HOOLSWLF FDVH EHLQJ
VHWWOHG EHIRUH E\ +� +DVVH�� DQG LW FDQ EH VWDWHG DV IROORZV� /HW ) EH D IXQF�
WLRQ nHOG RYHU WKH nQLWH nHOG )T ZLWK T HOHPHQWV� OHW 1�) � GHQRWH LWV QXPEHU RI
)T�UDWLRQDO SODFHV DQG J�) � GHQRWH LWV JHQXV� 7KHQ WKH FHOHEUDWHG WKHRUHP RI $�
:HLO >��@ VWDWHV WKDW WKH IROORZLQJ LQHTXDOLW\ KROGV

1�) � � T � �� �J�) � c ST�

,KDUD >��@ QRWLFHG WKDW RQH KDV D VWULFW LQHTXDOLW\ DERYH LI J�) � !
S
T�
S
Tb�� ��

6HWWLQJ

1T�J�  PD[I1�) � M ) LV D IXQFWLRQ nHOG RYHU )T ZLWK J�) �  JJ
DQG

$�T�  OLP VXS
J��

1T�J� J�

RQH KDV WKH IROORZLQJ UHVXOW RQ WKH DV\PSWRWLF EHKDYLRXU RI WKH QXPEHU RI )T�
UDWLRQDO SODFHV �WKH VR�FDOOHG 'ULQIHOG�9ODGXW ERXQG >�@��

$�T� � S
T b ��

)RU WDEOHV GHVFULELQJ WKH EHKDYLRXU RI 1T�J� IRU VPDOO YDOXHV RI T DQG J ZH UHIHU
WR >��@� 8VLQJ FODVV nHOG WKHRU\� -��3� 6HUUH >��@ VKRZHG WKDW $�T� ! �� IRU DQ\

%RWK DXWKRUV ZHUH SDUWLDOO\ VXSSRUWHG E\ *0'�&13T DQG WKH nUVW DXWKRU DOVR E\ 3521(;
� ������������� �%UD]LO��

�
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SULPH SRZHU T �VHH DOVR >��@�� 8VLQJ PRGXODU FXUYHV� ,KDUD >��@ �VHH DOVR >��@�
VKRZHG WKDW

$�T��  T b �� IRU DQ\ T�

8VLQJ WKH DERYH HTXDOLW\ �IRU T w ��� 7VIDVPDQ�9ODGXW�=LQN >��@ REVHUYHG WKDW
RQH FDQ WKHQ FRQVWUXFW DQ LQnQLWH VHTXHQFH RI DOJHEUDLF JHRPHWULF FRGHV ZLWK OLPLW
SDUDPHWHUV DERYH WKH VR�FDOOHG *LOEHUW�9DUVKDPRY ERXQG� ,Q RUGHU WR FRQVWUXFW
H[SOLFLWO\ VXFK DQ LQnQLWH VHTXHQFH RI FRGHV� RQH QHHGV DQ LQnQLWH VHTXHQFH RI
DOJHEUDLF IXQFWLRQ nHOGV �)L�Lw� RYHU )T� WKDW LV JLYHQ E\ H[SOLFLW HTXDWLRQV DQG
VDWLVnHV OLPL��1�)L� J�)L�  T b �� VHH >�@� >�@ DQG >�@�
7KH VXEMHFW RI WKLV SDSHU LV DQ DQDO\VLV RI WKH DV\PSWRWLF EHKDYLRXU RI WKH

QXPEHU RI )T�UDWLRQDO SODFHV LQ WDPH WRZHUV RI IXQFWLRQ nHOGV RYHU )T� 6HFWLRQ
� JLYHV EDVLF GHnQLWLRQV DQG UHVXOWV RQ WRZHUV RYHU )T DQG LW SRLQWV RXW WKDW
WDPH WRZHUV DUH VSHFLDOO\ LQWHUHVWLQJ LI WKH\ KDYH WKH IROORZLQJ WZR SURSHUWLHV
�VHH 7KHRUHP ������

� 7KH WRZHU LV RI nQLWH UDPLnFDWLRQ W\SH�
� 7KH WRZHU LV FRPSOHWHO\ VSOLWWLQJ RYHU )T�

,Q 6HFWLRQ � ZH LQYHVWLJDWH WKRVH WZR SURSHUWLHV IRU WRZHUV RI )HUPDW W\SH �VHH
'HnQLWLRQ ����� DQG LQ 6HFWLRQ � ZH LQYHVWLJDWH WKHP IRU WRZHUV RI TXDGUDWLF
H[WHQVLRQV� ,Q 6HFWLRQ � ZH VKRZ WKDW WKH WRZHU RYHU )S� �S DQ RGG SULPH QXPEHU�
GHnQHG UHFXUVLYHO\ E\ WKH IROORZLQJ HTXDWLRQ

\�  
[� � �

�[
�

DWWDLQV WKH 'ULQIHOG�9ODGXW ERXQG� 7KLV WRZHU LV UHODWHG WR WKH PRGXODU WRZHU
;���

Q� ZKRVH UHFXUVLYH GHnQLQJ HTXDWLRQ ZDV JLYHQ E\ (ONLHV >�@ �VHH 5HPDUNV
��� DQG ������ 2XU SURRI LV PRUH HOHPHQWDU\ DQG DOVR GHVFULEHV H[SOLFLWO\ WKH VHW
l RI )S��UDWLRQDO SODFHV WKDW DUH VSOLWWLQJ FRPSOHWHO\ LQ WKH WRZHU� ,W KDV DOVR OHG
WR WZR QHZ SURSHUWLHV RI 'HXULQJ
V SRO\QRPLDO +�;� � )T>;@ �VHH 'HnQLWLRQ ����
ZKRVH URRWV GHVFULEH WKH VXSHUVLQJXODU HOOLSWLF FXUYHV LQ /HJHQGUH IRUP� 7KHVH
WZR SURSHUWLHV DUH

�� 7KH URRWV RI +�;� DUH IRXUWK SRZHUV LQ )S��

�� +�;��  ;Sb� c+
�t

;� � �

�;

u�
�
�

7KH SURRI RI 3URSHUW\ �� LV GXH WR +� *� 5�XFN� LW LV JLYHQ LQ DQ DSSHQGL[ RI WKLV
SDSHU� ,W ZDV QRWLFHG E\ 0� =LHYH WKDW 3URSHUW\ �� DOVR IROORZV IURP 3URSHUW\ ��
DQG WKH IDFW WKDW WKH URRWV RI +�;� DUH LQ )S��

�� 7RZHUV RYHU )T

,Q WKLV VHFWLRQ ZH GLVFXVV VRPH JHQHUDO SURSHUWLHV RI WRZHUV RI IXQFWLRQ nHOGV
WKDW DUH LQGHSHQGHQW RI WKH VSHFLnF UHSUHVHQWDWLRQ RI WKH WRZHU�

'HnQLWLRQ ���� $ WRZHU RYHU )T LV DQ H[WHQVLRQ nHOG 7 u )T KDYLQJ WKH IROORZ�
LQJ SURSHUWLHV�

L� 7KH WUDQVFHQGHQFH GHJUHH RI 7  )T LV RQH�
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LL� 7KH nHOG )T LV DOJHEUDLFDOO\ FORVHG LQ 7 �
LLL� 7KH nHOG H[WHQVLRQ 7  )T LV QRW nQLWHO\ JHQHUDWHG�

7KH QRWDWLRQ ) � 7 ZLOO DOZD\V PHDQ D IXQFWLRQ nHOG ) ZLWK )T t ) t 7 �
L�H�� ) )T LV D nQLWHO\ JHQHUDWHG nHOG H[WHQVLRQ RI )T �ZLWK WUDQVFHQGHQFH GHJUHH
RQH� FRQWDLQHG LQ WKH WRZHU 7 �
$Q\ WRZHU 7 RYHU )T FDQ EH GHVFULEHG DV IROORZV� &KRRVH D IXQFWLRQ nHOG

) � 7 � 7KHQ WKHUH LV DQ LQnQLWH VHTXHQFH RI IXQFWLRQ nHOGV )L � 7 VXFK WKDW

)  )� t )� t )� t ��� DQG 7  
�>
L �

)L�

:H VD\ WKDW 7 LV UHSUHVHQWHG E\ WKH VHTXHQFH �)�� )�� )�� � � � �� 1RWH WKDW WKH
GHJUHHV >)L�� � )L@ DUH nQLWH� VLQFH WKH H[WHQVLRQV )L�� )L DUH nQLWHO\ JHQHUDWHG
DQG DOJHEUDLF�

'HnQLWLRQ ���� $ WRZHU 7 RYHU )T LV VDLG WR EH VHSDUDEOH LI WKHUH H[LVWV D IXQFWLRQ
nHOG ) � 7 VXFK WKDW WKH �LQnQLWH� H[WHQVLRQ 7  ) LV VHSDUDEOH�

,W LV FOHDU WKDW D WRZHU FDQ EH UHSUHVHQWHG E\ YDULRXV VHTXHQFHV RI IXQFWLRQ
nHOGV� ,Q RUGHU WR FRPSDUH WZR VHTXHQFHV �)�� )�� )�� � � � � DQG �(�� (�� (�� � � � �
UHSUHVHQWLQJ WKH VDPH WRZHU 7 � WKH IROORZLQJ VLPSOH REVHUYDWLRQ LV RIWHQ XVHIXO�
)RU HDFK L w � WKHUH LV VRPH M  M�L� w � VXFK WKDW )L t (M� $V DQ H[DPSOH KRZ
WR XVH WKLV UHDVRQLQJ� ZH VWDWH WKH IROORZLQJ OHPPD�

/HPPD ���� )RU D WRZHU 7  )T� WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

L� 7KH WRZHU 7 LV VHSDUDEOH�
LL� 7KHUH H[LVWV DQ HOHPHQW [ � 7 Q )T VXFK WKDW WKH H[WHQVLRQ 7  )T�[� LV

VHSDUDEOH�
LLL� 7KHUH H[LVWV D VHTXHQFH �)�� )�� )�� � � � � UHSUHVHQWLQJ 7 VXFK WKDW WKH H[WHQ�

VLRQV )L�� )L DUH VHSDUDEOH IRU DOPRVW DOO L w � �L�H�� H[FHSW IRU nQLWHO\
PDQ\��

LY� )RU HDFK VHTXHQFH �)�� )�� )�� � � � � UHSUHVHQWLQJ 7 � DOPRVW DOO H[WHQVLRQV
)L�� )L DUH VHSDUDEOH�

3URRI� 2EYLRXV�

/HW 7 EH DQ\ WRZHU RYHU )T DQG OHW �)�� )�� )�� � � � � EH DQ\ VHTXHQFH UHSUHVHQWLQJ
WKH WRZHU 7 � 7KH H[WHQVLRQV )Q )� FDQ EH VSOLWWHG LQ WZR VXEH[WHQVLRQV )� t
(Q t )Q� ZKHUH (Q )� LV VHSDUDEOH DQG )Q (Q LV SXUHO\ LQVHSDUDEOH� 7KH nHOG (Q

LV XQLTXHO\ GHWHUPLQHG E\ WKHVH FRQGLWLRQV DQG LW FDQ EH REWDLQHG DV IROORZV� /HW
S  FKDU�)T� DQG OHW S

DQ EH WKH GHJUHH RI LQVHSDUDELOLW\ RI WKH H[WHQVLRQ )Q )��
WKHQ

(Q  ) SDQ
Q �

6HWWLQJ 6 � 6�

L �(L� ZH VHH WKDW 6 )� LV VHSDUDEOH DQG 7  6 LV SXUHO\ LQVHSDUDEOH�
0RUHRYHU WKH nHOG (Q LV LVRPRUSKLF WR )Q� IRU HDFK Q w �� )RU WKLV UHDVRQ ZH ZLOO
RQO\ FRQVLGHU VHSDUDEOH WRZHUV RYHU )T�

/HW J�) � GHQRWH WKH JHQXV RI D IXQFWLRQ nHOG ) )T�
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3URSRVLWLRQ ���� /HW 7 EH D VHSDUDEOH WRZHU RYHU )T�

L� )RU DQ\ VHTXHQFH �)�� )�� )�� � � � � UHSUHVHQWLQJ 7 � WKH VHTXHQFH RI UDWLRQDO
QXPEHUV �J�)L� >)L � )�@�Lw� LV FRQYHUJHQW LQ 5 > I�J�

LL� *LYHQ WZR VHTXHQFHV �)�� )�� )�� � � � � DQG �(�� (�� (�� � � � � WKDW UHSUHVHQW 7 �
ZLWK (�  )�� WKHQ

OLP
L��

J�)L�

>)L � )�@
 OLP

L��

J�(L�

>(L � (�@
�

3URRI� L� ,I J�)L� � � IRU DOO L w �� WKHQ OLPL���J�)L� >)L � )�@�  �� +HQFH
ZH FDQ DVVXPH WKDW J�)Q� w � IRU VRPH Q � 1� 0RUHRYHU ZH FDQ DVVXPH WKDW
)L�� )L LV VHSDUDEOH IRU DOO L w Q� E\ /HPPD ���� )RU L w Q ZH WKHQ KDYH E\
+XUZLW]
 JHQXV IRUPXOD�

J�)L���b �  >)L�� � )L@ c �J�)L�b �� � �
�
GHJ'Lm�)L�� )L�

w >)L�� � )�@

>)L � )�@
c �J�)L�b ���

ZKHUH GHJ'Lm�( ) � GHQRWHV WKH GHJUHH RI WKH GLmHUHQW GLYLVRU� 7KH VHTXHQFH RI
UDWLRQDO QXPEHUV ��J�)L�b �� >)L � )�@�LwQ LV WKHUHIRUH QRQ�GHFUHDVLQJ� KHQFH WKH
OLPLW

OLP
L��

J�)L�

>)L � )�@
 OLP

L��

J�)L�b �
>)L � )�@

H[LVWV LQ 5 > I�J�
LL� 7KH FDVH J�)L� � � IRU DOO L w � LV WULYLDO� VR ZH FRQVLGHU WKH FDVH ZKHUH
J�)Q� w � DQG 7  )Q LV VHSDUDEOH� IRU VRPH Q w �� /HW +L  )L c (L EH WKH
FRPSRVLWXP RI )L DQG (L� )RU HDFK L w �� WKHUH H[LVWV VRPH M w L VXFK WKDW
)L t +L t )M� DQG DV LQ WKH SURRI RI LWHP L�� ZH VHH WKDW WKH LQHTXDOLWLHV EHORZ
KROG �IRU DOO L w Q��

J�)L�b �
>)L � )�@

� J�+L�b �
>+L � )�@

� J�)M�b �
>)M � )�@

�

6LQFH )�  (�� LW IROORZV WKDW

OLP
L��

J�)L�

>)L � )�@
 OLP

L��

J�+L�

>+L � )�@
 OLP

L��

J�(L�

>(L � (�@
�

'HnQLWLRQ ���� /HW 7 EH D VHSDUDEOH WRZHU RYHU )T DQG OHW ) EH D IXQFWLRQ nHOG
FRQWDLQHG LQ 7 � &KRRVH D VHTXHQFH �)�� )�� )�� � � � � UHSUHVHQWLQJ 7 ZLWK )�  ) �
7KH ZH FDOO

o) �7 � � OLP
L��

J�)L�

>)L � ) @

WKH ) �JHQXV RI WKH WRZHU 7 �
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1RWH WKDW o) �7 � LV ZHOO�GHnQHG DV IROORZV IURP 3URSRVLWLRQ ���� DQG PRUHRYHU
� � o) �7 � � �� ,W LV REYLRXV IURP WKH SURRI RI 3URSRVLWLRQ ��� WKDW

o) �7 �  �� J�(� � � IRU HDFK ( � 7 �

7KH ) �JHQXV o) �7 � GHSHQGV QRW RQO\ RQ WKH WRZHU 7 EXW DOVR RQ WKH IXQFWLRQ
nHOG ) � 7KH QH[W OHPPD H[SODLQV WKLV GHSHQGHQFH RQ WKH IXQFWLRQ nHOG�

/HPPD ���� /HW 7 EH D VHSDUDEOH WRZHU RYHU )T DQG OHW (�) � 7 EH WZR IXQF�
WLRQ nHOGV FRQWDLQHG LQ 7 � /HW + � 7 EH VXFK WKDW ( t + DQG ) t +� 7KHQ

>+ � ) @ c o) �7 �  >+ � (@ c o(�7 ��
3URRI� &KRRVH D VHTXHQFH �+�+��+�� � � � � UHSUHVHQWLQJ 7 � WKHQ WKH VHTXHQFHV
�)�+�+�� +�� � � � � DQG �(�+�+�� +�� � � � � UHSUHVHQW 7 DV ZHOO� ,W IROORZV IURP
WKH GHnQLWLRQV WKDW

o) �7 �  OLP
L��

J�+L�

>+L � ) @
 

�

>+ � ) @
c OLP
L��

J�+L�

>+L � +@
 

�

>+ � ) @
c o+�7 ��

DQG VLPLODUO\ o(�7 �  o+�7 � >+ � (@� +HQFH

o) �7 � c >+ � ) @  o+�7 �  o(�7 � c >+ � (@�

$V D FRQVHTXHQFH RI /HPPD ��� ZH VHH WKDW WKH SURSHUW\ ?o) �7 � � �� GHSHQGV
RQO\ RQ WKH WRZHU 7 � L�H�� LW LV LQGHSHQGHQW RI WKH SDUWLFXODU IXQFWLRQ nHOG ) � 7
FKRVHQ�

'HnQLWLRQ ���� /HW 6 DQG 7 EH WZR WRZHUV RYHU )T� :H VD\ WKDW 6 LV D VXEWRZHU
RI 7 LI ZH KDYH 6 t 7 �
/HPPD ���� /HW 6 t 7 EH WZR WRZHUV RYHU )T� $VVXPH WKDW WKH WRZHU 6 LV
VHSDUDEOH DQG WKDW WKH H[WHQVLRQ 7  6 LV DOVR VHSDUDEOH� 7KHQ 7 LV D VHSDUDEOH
WRZHU DQG� IRU HDFK IXQFWLRQ nHOG ) � 6� RQH KDV

o) �6� � o) �7 ��
3URRI� :H FDQ DVVXPH WKDW ) � 6 LV D IXQFWLRQ nHOG VXFK WKDW 6 ) LV VHSDUDEOH�
7KHQ WKHUH H[LVW WZR VHTXHQFHV �)  )�� )�� )�� � � � � UHVS� �)  (�� (�� (�� � � � �
WKDW UHSUHVHQW 6 UHVS� 7 � ZLWK )L t (L IRU DOO L w �� 7KH OHPPD IROORZV HDVLO\
E\ FRQVLGHULQJ WKHVH WZR VHTXHQFHV �FI� WKH SURRI RI 3URSRVLWLRQ ��� L���

3URSRVLWLRQ ���� /HW 6 t 7 EH WZR VHSDUDEOH WRZHUV RYHU )T VXFK WKDW WKH
H[WHQVLRQ 7  6 LV nQLWH DQG VHSDUDEOH� 7KHQ� IRU DQ\ IXQFWLRQ nHOG ) � 6� ZH
KDYH�

o) �6� � � � o) �7 � � ��

3URRI� �� 7KLV LPSOLFDWLRQ IROORZV IURP /HPPD ����
�� 6LQFH 7  6 LV nQLWH DQG VHSDUDEOH� WKHUH H[LVWV DQ HOHPHQW ] � 7 VXFK WKDW
7  6�]�� &KRRVH D VHTXHQFH �)  )�� )�� )�� � � � � ZKLFK UHSUHVHQWV 6 DQG OHW
(L  )L�]�� 7KHQ WKH VHTXHQFH �(�� (�� (�� � � � � UHSUHVHQWV WKH WRZHU 7 � 7KH
PLQLPDO SRO\QRPLDO RI ] RYHU 6 KDV FRHpFLHQWV LQ )Q IRU VRPH Q w �� +HQFH IRU
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DOO L w Q ZH KDYH >(L � )L@  >(Q � )Q@  >7 � 6@� %\ &DVWHOQXRYR
V LQHTXDOLW\ >���
,,,�����@ ZH KDYH WKH HVWLPDWH �IRU DOO L w Q��

J�(L� � >(L � (Q@ c J�(Q� � >7 � 6@ c J�)L� � �>(L � (Q@b �� c �>7 � 6@b ���
6HWWLQJ + � )Q� ZH REWDLQ

J�(L�

>(L � +@
� J�(Q�

>(Q � +@
�

J�)L�

>)L � +@
� ��

+HQFH o+�7 � � o+�6� � J�(Q� >(Q � +@ � �� DQG ZH KDYH WKHQ VKRZQ WKDW

o+�6� � � � o+�7 � � ��

1RZ WKH UHVXOW IROORZV IURP /HPPD ����

5HPDUN ����� L� 7KH SURRI RI 3URSRVLWLRQ ��� VKRZV� 7KH H[WHQVLRQ 7  6 LV RI
nQLWH GHJUHH LI DQG RQO\ LI WKHUH LV VRPH IXQFWLRQ nHOG ( � 7 VXFK WKDW 7  ( c6�
7KLV PHDQV WKDW LI 6 LV UHSUHVHQWHG E\ WKH VHTXHQFH �)�� )�� )�� � � � � WKHQ 7 LV
UHSUHVHQWHG E\ WKH VHTXHQFH RI FRPSRVLWD �( c )�� ( c )�� ( c )�� � � � ��
LL� 8QGHU FHUWDLQ K\SRWKHVHV RQH FDQ SURYH D IRUPXOD UHODWLQJ WKH ) �JHQHUD o) �6�
DQG o) �7 �� ZKLFK LV VLPLODU WR WKH +XUZLW] JHQXV IRUPXOD >�� 7KHRUHP ���@�
*LYHQ D IXQFWLRQ nHOG ) LQ D WRZHU 7 � ZH ZLOO VD\ WKDW D SURSHUW\ KROGV IRU HDFK

( ) �UHVS� IRU VRPH ( ) � LI LW KROGV IRU HDFK �UHVS� IRU VRPH� nHOG ( FRQWDLQHG
LQ WKH WRZHU 7 DQG ZLWK D nQLWH GHJUHH RYHU WKH nHOG ) �

'HnQLWLRQ ����� /HW 7 EH D VHSDUDEOH WRZHU RYHU )T�

L� 7KH WRZHU 7 LV FDOOHG WRWDOO\ UDPLnHG LI WKHUH H[LVW D IXQFWLRQ nHOG ) � 7
DQG D SODFH 3 RI ) ZKLFK LV WRWDOO\ UDPLnHG LQ HDFK ( ) �

LL� 7KH WRZHU 7 LV FDOOHG WDPH LI WKHUH H[LVWV D IXQFWLRQ nHOG ) � 7 VXFK WKDW
WKH H[WHQVLRQ ( ) LV WDPH IRU HDFK ( ) �L�H�� DOO UDPLnFDWLRQ LQGLFHV DUH
UHODWLYHO\ SULPH WR WKH FKDUDFWHULVWLF�� 2WKHUZLVH� WKH WRZHU 7 LV VDLG WR EH
ZLOG�

,Q WKLV SDSHU ZH ZLOO EH GHDOLQJ ZLWK WDPH WRZHUV� $V IRU VRPH LQWHUHVWLQJ ZLOG
WRZHUV ZH UHIHU WR >�@ DQG >�@�

'HnQLWLRQ ����� /HW 7 EH D VHSDUDEOH WRZHU RYHU )T DQG OHW ) � 7 � 7KH
) �UDPLnFDWLRQ ORFXV RI 7 LV GHnQHG WR EH

9) �7 � � I3 � 3) M 3 UDPLnHV LQ (� IRU VRPH ( )J�
ZKHUH 3) GHQRWHV WKH VHW RI SODFHV RI WKH IXQFWLRQ nHOG ) �

1RWH WKDW LQ D SXUHO\ LQVHSDUDEOH H[WHQVLRQ RI IXQFWLRQ nHOGV RYHU )T� DOO SODFHV
DUH WRWDOO\ UDPLnHG� +HQFH WKH ) �UDPLnFDWLRQ ORFXV LV LQnQLWH LI 7  ) LV QRW
VHSDUDEOH�

/HPPD ����� /HW 7 EH D VHSDUDEOH WRZHU RYHU )T DQG OHW (�) � 7 EH IXQFWLRQ
nHOGV VXFK WKDW 7  ) DQG 7  ( DUH ERWK VHSDUDEOH H[WHQVLRQV� 7KHQ RQH KDV�

9) �7 � LV nQLWH � 9(�7 � LV nQLWH�
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3URRI� :H FDQ DVVXPH WKDW ) t ( � 7 ZKHUH ( ) LV D nQLWH VHSDUDEOH H[WHQVLRQ
�RWKHUZLVH� ZH UHSODFH ( E\ WKH FRPSRVLWXP +  ( c ) �� $V RQO\ nQLWHO\ PDQ\
SODFHV DUH UDPLnHG LQ ( ) � WKH DVVHUWLRQ

9) �7 � LV nQLWH � 9(�7 � LV nQLWH
LV QRZ REYLRXV�

'HnQLWLRQ ����� $ VHSDUDEOH WRZHU 7 RYHU )T LV VDLG WR EH RI nQLWH UDPLnFDWLRQ
W\SH LI WKHUH H[LVWV D IXQFWLRQ nHOG ) � 7 VXFK WKDW 9) �7 � LV D nQLWH VHW�
3URSRVLWLRQ ����� ,I 7 LV D WDPH WRZHU RYHU )T RI nQLWH UDPLnFDWLRQ W\SH� WKHQ
o+�7 � � � IRU HDFK + � 7 � 0RUH SUHFLVHO\� LI ) � 7 LV D IXQFWLRQ nHOG LQ 7
VXFK WKDW ( ) LV WDPH� IRU HDFK ( ) � WKHQ ZH KDYH�

o) �7 � � J�) � �
Vb �
�

�

ZKHUH
V � 

;
3�9) �7 �

GHJ3�

3URRI� /HW ( ) EH D WDPH H[WHQVLRQ RI nQLWH GHJUHH� 7KH GHJUHH RI WKH GLmHUHQW
RI ( ) LV ERXQGHG E\ GHJ'Lm�( ) � � V c >( � ) @� WKHUHIRUH

�J�(�b � � >( � ) @��J�) �b � � V��

'LYLGLQJ ERWK VLGHV RI WKLV LQHTXDOLW\ E\ � c >( � ) @ DQG OHWWLQJ >( � ) @� �� ZH
REWDLQ WKH GHVLUHG UHVXOW�

)RU D IXQFWLRQ nHOG ) )T ZH GHQRWH E\ 1�) � LWV QXPEHU RI )T�UDWLRQDO SODFHV�

3URSRVLWLRQ ����� /HW 7 EH D WRZHU RYHU )T�

L� )RU DQ\ VHTXHQFH �)�� )�� )�� � � � � UHSUHVHQWLQJ 7 � WKH VHTXHQFH RI UDWLRQDO
QXPEHUV �1�)L� >)L � )�@�Lw� LV QRQ�LQFUHDVLQJ DQG� LQ SDUWLFXODU� LW LV FRQ�
YHUJHQW�

LL� *LYHQ WZR VHTXHQFHV �)�� )�� )�� � � � � DQG �(�� (�� (�� � � � � WKDW UHSUHVHQW 7 �
ZLWK (�  )�� WKHQ

OLP
L��

1�)L�

>)L � )�@
 OLP

L��

1�(L�

>(L � (�@
�

3URRI� L� )ROORZV IURP WKH IDFW WKDW 1�)L��� � >)L�� � )L@ c1�)L��
LL� 6LPLODU WR WKH SURRI RI 3URSRVLWLRQ ��� LL��

:H FDQ QRZ JLYH WKH IROORZLQJ GHnQLWLRQ�

'HnQLWLRQ ����� )RU D WRZHU 7 RYHU )T DQG D IXQFWLRQ nHOG ) � 7 � ZH FDOO

y) �7 � � OLP
L��

1�)L�

>)L � )�@

WKH ) �VSOLWWLQJ UDWH RI WKH WRZHU 7 � ZKHUH �)�� )�� )�� � � � � LV DQ\ VHTXHQFH UHSUH�
VHQWLQJ 7 ZLWK )�  ) �
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,W IROORZV LPPHGLDWHO\ WKDW WKH ) �VSOLWWLQJ UDWH RI 7 VDWLVnHV

� � y) �7 � � 1�) ��

$V IRU WKH ) �JHQXV o) �7 � �FI� /HPPD ���� RQH VKRZV WKH IROORZLQJ OHPPD RQ WKH
VSOLWWLQJ UDWH�

/HPPD ����� /HW 7 EH D WRZHU RYHU )T� DQG OHW (�)�+ � 7 EH IXQFWLRQ nHOGV
ZLWK ( t + DQG ) t +� 7KHQ ZH KDYH�

>+ � ) @ c y) �7 �  >+ � (@ c y(�7 ��
'HnQLWLRQ ����� $ WRZHU 7 RYHU )T LV VDLG WR EH FRPSOHWHO\ VSOLWWLQJ LI WKHUH H[LVW
D IXQFWLRQ nHOG ) � 7 DQG D )T�UDWLRQDO SODFH 3 RI ) ZKLFK VSOLWV FRPSOHWHO\ LQ
HDFK ( ) �

7KH QH[W OHPPD LV WULYLDO �REVHUYH /HPPD ������

/HPPD ����� /HW 7  )T EH D FRPSOHWHO\ VSOLWWLQJ WRZHU� 7KHQ IRU HDFK + � 7
RQ KDV y+�7 � ! �� 0RUH SUHFLVHO\� FKRRVH ) � 7 VXFK WKDW WKH LQWHJHU

W � I3 � 3) M GHJ3  � DQG 3 VSOLWV FRPSOHWHO\ LQ (� IRU HDFK ( )J
LV VWULFWO\ SRVLWLYH� 7KHQ ZH KDYH

y) �7 � w W�

,Q ZKDW IROORZV ZH ZLOO RQO\ FRQVLGHU VHSDUDEOH WRZHUV 7 RYHU )T ZKRVH ) �
JHQXV o) �7 � LV VWULFWO\ SRVLWLYH IRU VRPH �KHQFH IRU DOO� ) � 7 � 5HFDOO WKDW WKLV
FRQGLWLRQ KROGV LI DQG RQO\ LI WKHUH LV D IXQFWLRQ nHOG + � 7 ZLWK JHQXV J�+� ! ��
)URP /HPPDV ��� DQG ���� ZH KDYH �IRU DOO (�) � 7 � WKH HTXDOLW\

y) �7 �
o) �7 �  

y(�7 �
o(�7 � �

+HQFH ZH GHnQH�

'HnQLWLRQ ����� )RU D VHSDUDEOH WRZHU 7 RYHU )T� ZH FDOO WKH UHDO QXPEHU

w�7 � � y) �7 � o) �7 �
WKH OLPLW RI WKH WRZHU 7 � ZLWK ) EHLQJ DQ\ IXQFWLRQ nHOG FRQWDLQHG LQ 7 �
,Q RWKHU ZRUGV� IRU DQ\ VHTXHQFH �)�� )�� )�� � � � � UHSUHVHQWLQJ 7 WKH OLPLW w�7 �

LV JLYHQ E\
w�7 �  OLP

L��
1�)L� J�)L��

7KHRUHP ����� )RU DQ\ VHSDUDEOH WRZHU 7 RYHU )T RQH KDV

� � w�7 � � S
T b ��

3URRI� 7KH DVVHUWLRQ w�7 � w � LV WULYLDO� WKH XSSHU ERXQG w�7 � � S
T b � LV WKH

ZHOO�NQRZQ 'ULQIHOG�9ODGXW ERXQG� FI� >�@�

'HnQLWLRQ ����� $ VHSDUDEOH WRZHU 7 RYHU )T LV VDLG WR EH DV\PSWRWLFDOO\ JRRG
�UHVS� DV\PSWRWLFDOO\ EDG� UHVS� DV\PSWRWLFDOO\ RSWLPDO� LI w�7 � ! � �UHVS�
w�7 �  �� UHVS� w�7 �  S

T b ���
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,W LV FOHDU IURP 'HnQLWLRQ ���� WKDW WKH WRZHU 7 LV DV\PSWRWLFDOO\ JRRG LI DQG
RQO\ LI y) �7 � ! � DQG o) �7 � � � �IRU VRPH ) � 7 �� 7KH QH[W WKHRUHP JLYHV D
ORZHU ERXQG IRU WKH OLPLW w�7 � ZKLFK ZLOO RIWHQ EH XVHG LQ WKH QH[W VHFWLRQV� VHH
DOVR >�@�

7KHRUHP ����� /HW 7 EH D WDPH WRZHU RYHU )T KDYLQJ WKH IROORZLQJ SURSHUWLHV�

�� 7KH WRZHU 7 LV RI nQLWH UDPLnFDWLRQ W\SH�
�� 7KH WRZHU 7 LV FRPSOHWHO\ VSOLWWLQJ�

7KHQ WKH WRZHU 7 LV DV\PSWRWLFDOO\ JRRG� 0RUH SUHFLVHO\� OHW ) � 7 EH D IXQFWLRQ
nHOG VXFK WKDW 7  ) LV WDPH DQG FRPSOHWHO\ VSOLWWLQJ� 7KHQ WKH OLPLW w�7 � VDWLVnHV
WKH LQHTXDOLW\

w�7 � w �W

�J�) � � Vb � �
ZKHUH W LV WKH QXPEHU RI )T�UDWLRQDO SODFHV RI ) WKDW VSOLW FRPSOHWHO\ LQ 7  ) �
DQG V LV WKH GHJUHH RI WKH ) �UDPLnFDWLRQ ORFXV 9) �7 �� L�H��

V  
;

3�9) �7 �

GHJ3�

3URRI� )ROORZV IURP 3URSRVLWLRQ ���� DQG /HPPD �����

'HnQLWLRQ ����� $ WRZHU 7 RYHU )T LV VDLG WR EH *DORLV LI WKHUH LV VRPH IXQFWLRQ
nHOG ) � 7 VXFK WKDW WKH �LQnQLWH� H[WHQVLRQ 7  ) LV *DORLV�

%HLQJ *DORLV LV D VWURQJ SURSHUW\ RI D WRZHU� )RU LQVWDQFH� RQH FDQ SURYH D
SDUWLDO FRQYHUVH RI 7KHRUHP ���� IRU *DORLV WRZHUV�

7KHRUHP ����� /HW 7 EH DQ DV\PSWRWLFDOO\ JRRG *DORLV WRZHU RYHU )T� 7KHQ
WKH WRZHU 7 LV FRPSOHWHO\ VSOLWWLQJ DQG LW LV RI nQLWH UDPLnFDWLRQ W\SH�

3URRI� &KRRVH D IXQFWLRQ nHOG ) � 7 VXFK WKDW 7  ) LV *DORLV� DQG DVVXPH
WKDW WKH ) �UDPLnFDWLRQ ORFXV 9) �7 � LV LQnQLWH� 7KHQ WKHUH H[LVWV DQ LQnQLWH
VHTXHQFH RI GLVWLQFW SODFHV 3�� 3�� � � � RI ) DQG D VHTXHQFH RI *DORLV H[WHQVLRQV
(L ) �L  �� �� � � � � VXFK WKDW WKH VHTXHQFH �)�(�� (�� � � � � UHSUHVHQWV WKH WRZHU
7 � DQG PRUHRYHU HDFK RI WKH SODFHV 3�� � � � � 3Q LV UDPLnHG LQ WKH H[WHQVLRQ (Q ) �
)RU L  �� � � � � Q OHW 4L EH D SODFH RI (Q DERYH 3L� DQG GHQRWH E\ HL �UHVS� IL�

UHVS� GL� WKH UDPLnFDWLRQ LQGH[ �UHVS� WKH UHVLGXH FODVV GHJUHH� UHVS� WKH GLmHUHQW
H[SRQHQW� RI 4L RYHU 3L� 7KHQ WKH GHJUHH RI WKH GLmHUHQW RI (Q ) VDWLVnHV

GHJ'Lm�(Q ) � w
Q;
L �

>(Q � ) @

HLIL
c GL c GHJ4L

 >(Q � ) @ c
Q;
L �

GL
HL
GHJ3L w >(Q � ) @ c

Q;
L �

HL b �
HL

w Q

�
c >(Q � ) @�
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7KH +XUZLW] JHQXV IRUPXOD IRU WKH H[WHQVLRQ (Q ) QRZ JLYHV

�J�(Q�b � w >(Q � ) @ c ��J�) �b �� � Q

�
c >(Q � ) @�

'LYLGLQJ E\ >(Q � ) @ DQG OHWWLQJ Q � �� ZH REWDLQ WKDW o) �7 �  �� KHQFH
w�7 �  y) �7 � o) �7 �  �� 7KLV FRQWUDGLFWLRQ SURYHV WKDW WKH WRZHU 7 LV RI nQLWH
UDPLnFDWLRQ W\SH�
1RZ ZH ZDQW WR VKRZ WKDW WKH WRZHU LV FRPSOHWHO\ VSOLWWLQJ� $JDLQ ZH FKRRVH

D IXQFWLRQ nHOG ) � 7 VXFK WKDW 7  ) LV *DORLV� DQG ZH FKRRVH D VHTXHQFH
�)�(�� (�� � � � � ZKLFK UHSUHVHQWV WKH WRZHU 7 DQG KDV WKH SURSHUW\ WKDW DOO H[�
WHQVLRQV (L ) DUH *DORLV� /HW 0 GHQRWH WKH VHW RI )T�UDWLRQDO SODFHV RI ) � )RU
3 � 0 DQG IRU HDFK L w �� OHW DL�3 � GHQRWH WKH QXPEHU RI )T�UDWLRQDO SODFHV RI
(L O\LQJ DERYH 3 � DQG VHW

x�3 � � OLP
L��

DL�3 �

>(L � ) @
�

7KHQ WKH ) �VSOLWWLQJ UDWH y) �7 � LV JLYHQ E\
y) �7 �  

;
3�0

x�3 ��

6LQFH ZH KDYH WKDW y) �7 � ! � � ZH FRQFOXGH WKDW WKHUH LV D )T�UDWLRQDO SODFH 3
RI ) ZLWK x�3 � ! �� 7KLV SODFH 3 FDQQRW EH LQHUW LQ DQ\ H[WHQVLRQ (L ) � KHQFH

DL�3 �  
>(L � ) @

HL
�

ZKHUH HL LV WKH UDPLnFDWLRQ LQGH[ RI WKH SODFH 3 LQ (L ) � 7KXV

� � x�3 �  OLP
L��

�

HL
�

,W IROORZV WKDW WKHUH LV VRPH Q w � VXFK WKDW HL  HQ� IRU HDFK L w Q� VR WKH SODFHV
RI (Q O\LQJ DERYH 3 DUH )T�UDWLRQDO� DQG WKH\ VSOLW FRPSOHWHO\ LQ WKH WRZHU�

5HPDUN ����� /HW 7 EH D *DORLV WRZHU RYHU )T ZLWK WKH SURSHUW\ WKDW IRU VRPH
IXQFWLRQ nHOG ) � 7 WKH LQnQLWH H[WHQVLRQ 7  ) LV DEHOLDQ� 7KHQ WKH WRZHU LV
DV\PSWRWLFDOO\ EDG� VHH >�@ DQG >�@�

�� 7RZHUV RI )HUPDW W\SH

0DQ\ LQWHUHVWLQJ WRZHUV 7 RYHU )T FDQ EH GHnQHG UHFXUVLYHO\ LQ WKH IROORZLQJ
PDQQHU�

'HnQLWLRQ ���� :H VD\ WKDW WKH WRZHU 7 LV GHnQHG E\ WKH HTXDWLRQ ��\�  
�[�
LI ��\� DQG 
�[� DUH WZR UDWLRQDO IXQFWLRQV RYHU )T VXFK WKDW

7  )T�[�� [�� [�� � � � � ZLWK ��[L���  
�[L� IRU DOO L w ��
2I FRXUVH� VHWWLQJ )L  )T�[�� � � � � [L� RQH KDV WKDW WKH VHTXHQFH �)�� )�� )�� � � � �

UHSUHVHQWV WKH WRZHU 7 �
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5HPDUN ���� )RU D UDWLRQDO IXQFWLRQ 
�[�  I�[� J�[�� ZKHUH I�[�� J�[� � )T>[@
ZLWK �I�[�� J�[��  �� ZH GHnQH LWV GHJUHH DV

GHJ
  PD[IGHJ I� GHJ JJ�
:H ZLOO DOZD\V FRQVLGHU KHUH WRZHUV RYHU )T WKDW DUH GHnQHG UHFXUVLYHO\ E\ DQ
HTXDWLRQ ��\�  
�[� ZLWK EDODQFHG GHJUHHV �L�H�� ZLWK GHJ�  GHJ
�� 2WKHUZLVH
WKH WRZHU LV HDVLO\ VHHQ WR EH DV\PSWRWLFDOO\ EDG �VHH >�@��

,Q WKLV VHFWLRQ ZH ZLOO FRQVLGHU WRZHUV ) RYHU )T ZKLFK DUH GHnQHG E\ WKH
HTXDWLRQ

\P  D�[� E�P � F� ZLWK D� E� F � )eT DQG �P� T�  �� �e�
'HnQLWLRQ ���� $ WRZHU ) RYHU )T GHnQHG E\ (TXDWLRQ �e� LV VDLG WR EH D WRZHU
RI )HUPDW W\SH RU D )HUPDW WRZHU LI WKH IROORZLQJ +\SRWKHVLV �$� KROGV�

+\SRWKHVLV �$�� )RU HDFK L w �� WKH nHOG )T LV DOJHEUDLFDOO\ FORVHG LQ )L DQG
ZH KDYH >)L�� � )L@  P�

:H nUVW JLYH WZR UHVXOWV VKRZLQJ WKDW (TXDWLRQ �e� GHnQHV D )HUPDW WRZHU
XQGHU FHUWDLQ FRQGLWLRQV�

3URSRVLWLRQ ���� /HW D� E� F � )eT ZLWK

D c EP � F  �� ZKHUH �P� T�  ��

7KHQ (TXDWLRQ �e� GHnQHV D WRZHU RI )HUPDW W\SH� L�H�� ZH KDYH WKDW +\SRWKHVLV
�$� GRHV KROG�

3URRI� &RQVLGHU WKH HTXDWLRQ

\P  D�[� E�P � F� ZLWK D� E� F � )eT DQG DEP � F  ��

:H WKHQ VHH WKDW [  � LV D VLPSOH ]HUR RI WKH ULJKW KDQG VLGH DQG KHQFH LW
UDPLnHV WRWDOO\ LQ WKH IXQFWLRQ nHOG H[WHQVLRQ )T�[� \� )T�[�� 7KH XQLTXH SODFH
DERYH [  � LV WKHQ D VLPSOH ]HUR IRU WKH IXQFWLRQ \� 6LQFH WKH WRZHU LV GHnQHG
UHFXUVLYHO\ E\ (TXDWLRQ �e�� ZH WKHQ FRQFOXGH WKDW WKH SODFH RI )� FRUUHVSRQGLQJ
WR [�  � LV WRWDOO\ UDPLnHG LQ )Q� IRU HDFK Q w �� 1RZ +\SRWKHVLV �$� IROORZV
LPPHGLDWHO\�

,Q FDVH D c EP � F � �� WKH IROORZLQJ UHVXOW JLYHV VXpFLHQW FRQGLWLRQV IRU +\�
SRWKHVLV �$� WR KROG� :H GHQRWH E\ x)T DQ DOJHEUDLF FORVXUH RI )T�

3URSRVLWLRQ ���� /HW D� E� F � )eT ZLWK D c EP � F � �� 6XSSRVH WKDW WKHUH H[LVW

WZR HOHPHQWV m� n � x)T VXFK WKDW

D c �m� E�P � F  � DQG D c �n � E�P � F  mP  nP�

7KHQ (TXDWLRQ �e� GHnQHV D )HUPDW WRZHU� L�H�� ZH KDYH WKDW +\SRWKHVLV �$� GRHV
KROG�

3URRI� ,I IROORZV IURP WKH DVVXPSWLRQV WKDW

�� :H KDYH m � �� n � � DQG m � n�
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�� 7KHUH LV D XQLTXH SODFH 3L RI )L ZLWK [��3L�  [��3L�  � � �  [L�3L�  n�
�� 7KHUH LV D XQLTXH SODFH 4L RI )L VXFK WKDW [��4L�  [��4L�  � � �  

[Lb��4L�  n DQG [L�4L�  m�
�� 7KH SODFH 4L LV D VLPSOH ]HUR RI D c �[L � E�P � F�

%\ LQGXFWLRQ ZH WKHQ VHH WKDW WKH SODFH 4L UDPLnHV WRWDOO\ LQ WKH H[WHQVLRQ
)L�� )L� IRU HDFK L w �� 1RZ +\SRWKHVLV �$� IROORZV LPPHGLDWHO\�
5HPDUN ���� (TXDWLRQ �e� GRHV QRW GHnQH UHFXUVLYHO\ D WRZHU LI DEF  �� +RZ�
HYHU LW VHHPV SODXVLEOH WKDW +\SRWKHVLV �$� GRHV KROG ZKHQHYHU RQH KDV WKDW
DEF � ��
:H JLYH QRZ D YHU\ VLPSOH FRQGLWLRQ ZKLFK LPSOLHV WKDW PDQ\ WRZHUV RI )HUPDW

W\SH DUH FRPSOHWHO\ VSOLWWLQJ�

3URSRVLWLRQ ���� 6XSSRVH WKDW (TXDWLRQ �e� GHnQHV D )HUPDW WRZHU ) RYHU )T

DQG DVVXPH PRUHRYHU WKDW

T s � PRG P DQG D  DP� � IRU VRPH D� � )eT�

7KHQ WKH WRZHU ) LV FRPSOHWHO\ VSOLWWLQJ� PRUH SUHFLVHO\� WKH SROH RI [� LQ )�
VSOLWV FRPSOHWHO\ LQ WKH WRZHU ) �

3URRI� /HW 4 EH D SROH RI [� LQ )L� WKHQ 4 LV DOVR D SROH RI [L� :H REWDLQ IURP
(TXDWLRQ �e� WKDW t

[L��
[L

uP

 D

t
� �

E

[L

uP

�
F

[PL
�

0RGXOR 4 WKLV \LHOGV WKH FRQJUXHQFHt
[L��
[L

uP

s D PRG 4�

ZKLFK KDV P GLVWLQFW URRWV LQ )T DV IROORZV IURP WKH DVVXPSWLRQV� 7KXV WKH SODFH
4 VSOLWV FRPSOHWHO\ LQ WKH H[WHQVLRQ )L�� )L�

1RZ ZH LQYHVWLJDWH VRPH )HUPDW WRZHUV ZKLFK DUH RI nQLWH UDPLnFDWLRQ W\SH�

3URSRVLWLRQ ���� /HW O EH D SRZHU RI WKH FKDUDFWHULVWLF RI )T DQG OHW T  OU ZLWK
U w �� $VVXPH WKDW WKH HTXDWLRQ

\�Tb�� �Ob��  D c �[� E��Tb�� �Ob�� � F� ZLWK D� F � )eO DQG E � )eT�

GHnQHV D )HUPDW WRZHU ) RYHU )T� 7KHQ WKH WRZHU ) LV RI nQLWH UDPLnFDWLRQ
W\SH� PRUH SUHFLVHO\� RQH KDV WKDW

9)��)�  I3 � 3)� M [��3 �  m IRU VRPH m � )TJ�
3URRI� :H VHW IRU VLPSOLFLW\ P � �T b �� �O b ��� 1RWH WKDW WKH PDS o �� oP

�IRU o � )T� LV WKH QRUP PDS IURP )T WR )O� &RQVLGHU D SODFH 3 RI )� ZKLFK LV
UDPLnHG LQ WKH WRZHU ) � 7KHQ WKHUH H[LVWV DQ LQGH[ Q w � DQG D SODFH 4 RI )Q

O\LQJ DERYH 3 ZKLFK UDPLnHV LQ WKH H[WHQVLRQ )Q�� )Q� 6LQFH

[PQ��  D�[Q � E�P � F�
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WKH UDPLnFDWLRQ WKHRU\ RI .XPPHU H[WHQVLRQV �VHH >��� ,,,���@� VKRZV WKDW

D�[Q�4� � E�P � F  ��

6LQFH D� F � )O Q I�J� ZH FRQFOXGH WKDW �[Q�4�� E�P � )O DQG KHQFH WKDW [Q�4� �
)T� VLQFH P LV WKH QRUP H[SRQHQW� ,Q WKH VDPH PDQQHU ZH REWDLQ IURP WKH
HTXDWLRQ

[PQ  D�[Qb� � E�P � F

WKDW [Qb��4� � )T DQG WKHQ� E\ LQGXFWLRQ� WKDW [��4� � )T� $V WKH SODFH 4 OLHV
DERYH 3 � ZH KDYH WKHQ VKRZQ WKDW [��3 �  [��4�  m � )T�

3URSRVLWLRQ ���� /HW O EH D SRZHU RI WKH FKDUDFWHULVWLF RI )T DQG OHW T  OU ZLWK
U w �� 7KHQ WKH HTXDWLRQ

\Ob�  b�[� E�Ob� � �� ZLWK E � )eO �

GHnQHV D )HUPDW WRZHU ) RYHU )T� 0RUHRYHU WKLV WRZHU ) LV RI nQLWH UDPLnFDWLRQ
W\SH DQG ZH KDYH WKDW

9)��)�  I3 � 3)� M [��3 �  m� IRU VRPH m � )OJ�
3URRI� 7KH DVVHUWLRQ WKDW WKH HTXDWLRQ GHnQHV D )HUPDW WRZHU IROORZV IURP 3URSR�
VLWLRQ ���� 7KH DVVHUWLRQ DERXW WKH UDPLnFDWLRQ ORFXV 9)��)� IROORZV ZLWK WKH
VDPH UHDVRQLQJV XVHG LQ WKH SURRI RI 3URSRVLWLRQ ����

&RPELQLQJ WKH DERYH UHVXOWV ZH REWDLQ VRPH DV\PSWRWLFDOO\ JRRG WRZHUV RI
)HUPDW W\SH �VHH DOVR >�@��

7KHRUHP ����� /HW O EH D SRZHU RI WKH FKDUDFWHULVWLF RI )T DQG OHW T  OU ZLWK
U w �� $VVXPH WKDW WKH HTXDWLRQ

\�Tb�� �Ob��  D c �[� E��Tb�� �Ob�� � F� ZLWK D� F � )eO DQG E � )eT�

GHnQHV D )HUPDW WRZHU ) RYHU )T �H�J�� VHH 3URSRVLWLRQ ����� 7KHQ WKH WRZHU )
LV DV\PSWRWLFDOO\ JRRG DQG LWV OLPLW VDWLVnHV

w�)� w �

T b � �

3URRI� 6LQFH P  �Tb�� �Ob�� LV WKH QRUP H[SRQHQW LQ WKH H[WHQVLRQ )T )O DQG
VLQFH D � )eO ZH KDYH

D  DP� � IRU VRPH D� � )eT�

7KH UHVXOW QRZ IROORZV IURP 3URSRVLWLRQV ��� DQG ����

7KHRUHP ����� /HW O EH D SRZHU RI WKH FKDUDFWHULVWLF RI )T DQG OHW T  OU ZLWK
U w �� $VVXPH WKDW

U s � PRG � RU O s � PRG ��
7KHQ WKH HTXDWLRQ

\Ob�  b�[� E�Ob� � �� ZLWK E � )eO �

GHnQHV DQ DV\PSWRWLFDOO\ JRRG )HUPDW WRZHU ) RYHU )T� DQG LWV OLPLW VDWLVnHV

w�)� w �

O b � �
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3URRI� 7KH FRQJUXHQFH U s � PRG � �UHVS� O s � PRG �� L�H�� WKH FKDUDFWHULVWLF
LV HTXDO WR �� HQVXUHV WKDW D  b� LV D �O b ���WK SRZHU LQ )T� 7KH UHVXOW QRZ
IROORZV IURP 3URSRVLWLRQV ��� DQG ����

:H QRZ JLYH DQ H[DPSOH WKDW LOOXVWUDWHV WKH XVH RI 3URSRVLWLRQ ����

([DPSOH ����� /HW S EH D SULPH QXPEHU VDWLVI\LQJ

S s �� � RU � �PRG ���

DQG OHW T  SU ZLWK U w �� 7KHQ WKH HTXDWLRQ

\S��  �[� ��S�� b �
GHnQHV D )HUPDW WRZHU ) RYHU )T� ,I U s � PRG �� WKLV WRZHU ) LV DV\PSWRWLFDOO\
JRRG RYHU )T�

3URRI� 7KH SRO\QRPLDOV [� � [ � � DQG [� b [ � � DUH ERWK LUUHGXFLEOH RYHU )S�
7KLV IROORZV HDVLO\ IURP WKH DVVXPSWLRQ S s �� � RU � PRG �� XVLQJ TXDGUDWLF
UHFLSURFLW\� &KRRVH m� n � )S� VXFK WKDW

m� � m� �  n� b n � �  ��

7KH WUDFH �UHVS� QRUP� RI m LQ WKH H[WHQVLRQ )S� )S LV WKHQ JLYHQ E\ m
S�m �UHVS�

mS���� DQG VLQFH [��[�� LV WKH PLQLPDO SRO\QRPLDO RI m RYHU )S LW IROORZV WKDW
mS�m  b�� mS��  � DQG VLPLODUO\ WKDW nS�n  � DQG nS��  �� :H FRQFOXGH
WKDW

�m� ��S�� b �  mS�� � mS � m� �b �  �� DQG

�n � ��S�� b �  nS�� � nS � n � �b �  �  mS��  nS���

,W QRZ IROORZV IURP 3URSRVLWLRQ ��� WKDW ) LV LQGHHG D )HUPDW WRZHU� 7KH
WRZHU ) LV DV\PSWRWLFDOO\ JRRG RYHU )S� �L�H�� IRU U  ��� VLQFH P  S� � LV WKH
QRUP H[SRQHQW LQ WKH H[WHQVLRQ )S� )S� DV IROORZV IURP 7KHRUHP ����� +HQFH WKH
WRZHU ) LV DOVR DV\PSWRWLFDOO\ JRRG IRU DQ\ U w � ZLWK U s � PRG ��
9DULDQWV RI WKLV SURRI VKRZ WKDW WKH HTXDWLRQ \S��  �[ � ��S�� b � GHnQHV D

)HUPDW WRZHU IRU PDQ\ RWKHU SULPH QXPEHUV S�

5HPDUN ����� $V WKH FRQVWDQWV D� E� F � )eT YDU\� WKH UDPLnFDWLRQ VWUXFWXUHV RI
WKH )HUPDW WRZHUV ) JLYHQ E\ WKH HTXDWLRQV \P  D�[ � E�P � F PD\ EH TXLWH
GLmHUHQW� ,I D c EP � F  � WKHQ WKH WRZHU LV WRWDOO\ UDPLnHG� DV IROORZV IURP
3URSRVLWLRQ ���� 2Q WKH RWKHU KDQG LW LV HDVLO\ VHHQ WKDW WKH WRZHU LV QRW WRWDOO\
UDPLnHG LQ FDVH D c EP � F � ��

�� 7RZHUV RI TXDGUDWLF H[WHQVLRQV

$V ZH KDYH VHHQ LQ 7KHRUHP ����� WDPH WRZHUV 7 DUH SDUWLFXODUO\ LQWHUHVWLQJ
LI WKH IROORZLQJ WZR SURSHUWLHV KROG�

�� 7KH WRZHU 7 LV RI nQLWH UDPLnFDWLRQ W\SH�
�� 7KH WRZHU 7 LV FRPSOHWHO\ VSOLWWLQJ�
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+HUH ZH ZLOO FRQVLGHU WKRVH WZR SURSHUWLHV LQ WRZHUV RI TXDGUDWLF H[WHQVLRQV�
L�H�� WRZHUV 7 RYHU )T ZKLFK DUH GHnQHG UHFXUVLYHO\ E\ D TXDGUDWLF HTXDWLRQ �VHH
'HnQLWLRQ ����

\�  
�[�� ZLWK 
�[� � )T�[��

:H ZLOO DOZD\V DVVXPH WKDW WKH FKDUDFWHULVWLF VDWLVnHV S w �� DQG KHQFH WRZHUV
RI TXDGUDWLF H[WHQVLRQV DUH WDPH� ,Q WKLV VHFWLRQ ZH ZLOO JLYH VHYHUDO H[SOLFLW
H[DPSOHV RI WRZHUV RI TXDGUDWLF H[WHQVLRQV KDYLQJ nQLWH UDPLnFDWLRQ ORFXV� DQG
IRU VRPH RI WKHP ZH DOVR VKRZ WKDW WKH\ DUH FRPSOHWHO\ VSOLWWLQJ�
:H VWDUW ZLWK D UHVXOW ZKLFK HQVXUHV LQ PDQ\ FDVHV WKDW DQ HTXDWLRQ RI WKH

IRUP \�  
�[� GHnQHV D WRZHU RYHU )T� 7KLV UHVXOW ZLOO EH XVHG LQ WKH H[DPSOHV
RI WKLV VHFWLRQ ZLWKRXW PHQWLRQLQJ LW H[SOLFLWO\�

3URSRVLWLRQ ���� 6XSSRVH WKDW WKH FKDUDFWHULVWLF VDWLVnHV S w �� /HW I��[� DQG
I��[� EH SRO\QRPLDOV RYHU )T ZLWK GHJ I��[�  � � GHJ I��[�� 7KHQ WKH HTXDWLRQ

\�  I��[� I��[�

GHnQHV D WRZHU 7  )T�[�� [�� [�� � � � � RYHU )T� ZKHUH [�L��  I��[L� I��[L� IRU DOO
L w �� 6HWWLQJ )L  )T�[�� � � � � [L� RQH KDV WKDW >)L�� � )L@  �� 7KH SODFH [�  �
LV WRWDOO\ UDPLnHG LQ DOO H[WHQVLRQV )L )��

3URRI� 6LPLODU WR WKH SURRI RI 3URSRVLWLRQ ����

6LQFH ZH DUH PDLQO\ LQWHUHVWHG LQ WKH FRQVWUXFWLRQ RI DV\PSWRWLFDOO\ JRRG WRZ�
HUV� ZH ZLOO DSSO\ WKH DERYH 3URSRVLWLRQ PRVWO\ LQ WKH FDVH ZKHUH GHJ I��[�  �
DQG GHJ I��[�  � �VHH 5HPDUN �����
1H[W ZH JLYH D UHVXOW HQVXULQJ FRPSOHWHO\ VSOLWWLQJ�

3URSRVLWLRQ ���� /HW S w � DQG OHW n � )T EH VXFK WKDW n� � �� &RQVLGHU WKH
WRZHU 7 RYHU )T ZKLFK LV GHnQHG UHFXUVLYHO\ E\ WKH HTXDWLRQ

\�  
[�[� n��

[� �
�

7KHQ WKH WZR SODFHV [�  hn DUH FRPSOHWHO\ VSOLWWLQJ LQ WKH WRZHU 7 �

3URRI� 7KH DVVHUWLRQ IROORZV LPPHGLDWHO\ IURP WKH HTXDWLRQV EHORZ�

n�n � n��

n � �
 n�  

�bn��bn � n��

bn � �
�

1RWDWLRQ� ,W ZLOO EH FRQYHQLHQW WR LQWURGXFH WKH IROORZLQJ QRWDWLRQV�
�� )RU D SRO\QRPLDO I�[� � )T>[@� OHW

��I�[�� � Im � x)T M I�m�  �J
GHQRWH WKH VHW RI ]HURV RI I�[� LQ WKH DOJHEUDLF FORVXUH x)T RI )T�
�� )RU DQ LUUHGXFLEOH SRO\QRPLDO K�[� � )T>[@� ZH LGHQWLI\ WKH VHW ��K�[�� t x)T

ZLWK WKH SODFH 3 RI WKH UDWLRQDO IXQFWLRQ nHOG )�  )T�[�� WKDW FRUUHVSRQGV WR
K�[��� ,Q SDUWLFXODU� ZH KDYH WKDW GHJ3  GHJK�[�  ���K�[���
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1H[W ZH JLYH DQ H[DPSOH RI DQ DV\PSWRWLFDOO\ JRRG WRZHU RI TXDGUDWLF H[WHQ�
VLRQV RYHU WKH nHOG )��

([DPSOH ���� /HW S  � DQG FRQVLGHU WKH WRZHU 7 RYHU )T GHnQHG UHFXUVLYHO\
E\ WKH HTXDWLRQ

\�  
[�[b ��
[� �

�

7KLV WRZHU LV RI nQLWH UDPLnFDWLRQ W\SH� DQG ZH KDYH WKDW

V � 
;

3�9)��7 �

GHJ3  ��

7KH OLPLW w�7 � RYHU WKH nHOG )� ZLWK � HOHPHQWV VDWLVnHV w�7 � w � ��
3URRI� 6XSSRVH ZH KDYH DOUHDG\ VKRZQ WKDW V  �� /HW n � )� EH VXFK WKDW
n�  b�� ,W IROORZV IURP 3URSRVLWLRQ ��� WKDW WKH SODFHV [�  hn DUH FRPSOHWHO\
VSOLWWLQJ LQ WKH WRZHU 7 RYHU )�� ,W WKHQ IROORZV IURP 7KHRUHP ���� WKDW LWV OLPLW
RYHU )� VDWLVnHV

w�7 � w �

Vb �  
�

�
�

:H VKRZ QRZ WKDW V  � DQG� LQ SDUWLFXODU� WKDW WKH WRZHU 7 LQ ([DPSOH ���
LV RI nQLWH UDPLnFDWLRQ W\SH LQ FKDUDFWHULVWLF �� 6R OHW 3 � 3)Q EH D SODFH ZLWK
[Q�3 �

�  � WKDW UDPLnHV LQ )Q�� )Q� ,I 4 GHQRWHV WKH SODFH RI )Qb� EHORZ 3
DQG VHWWLQJ m � [Qb��4� � x)T� ZH PXVW KDYH�

�  
m�mb ��
m� �

� KHQFH m� b �mb �  ��

$JDLQ� LI 5 GHQRWHV WKH UHVWULFWLRQ RI 4 WR )Qb� DQG VHWWLQJ n � [Qb��5� � x)T�
ZH PXVW KDYH�

m�  
n�n b ��
n � �

 �m� �� KHQFH n� b ��m� ��n b ��m� ��  ��

8VLQJ WKDW WKH FKDUDFWHULVWLF LV S  �� ZH VHH WKDW

�  n� b ��m� ��n b ��m� ��  �n b �m� �����
$JDLQ� LI 6 GHQRWHV WKH UHVWULFWLRQ RI WKH SODFH 5 WR WKH nHOG )Qb� DQG VHWWLQJ
o � [Qb��6� � x)T� ZH KDYH�

n�  �m� ���  
o�o b ��
o � �

 b��m� ��� KHQFH �o � m��  ��

7KH FRPSXWDWLRQV DERYH VKRZ WKDW WKH )��UDPLnFDWLRQ ORFXV RI WKH WRZHU 7 LV
JLYHQ E\

9)��7 �  I����h��hm�h�m� ��J�
ZKHUH m � x)T LV D URRW RI WKH SRO\QRPLDO [

�b �[b �� 7KLV nQLVKHV WKH SURRI WKDW
V  ��
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5HPDUN ���� L� ,W FDQ EH VKRZQ� LQ ([DPSOH ���� WKDW WKH OLPLW w�7 � LV HTXDO
WR � � �RYHU )��� DQG WKDW w�7 �  � ZKHQ T LV DQ RGG SRZHU RI ��
LL� ,W VHHPV WKDW LI WKH FKDUDFWHULVWLF LV S w �� WKHQ WKH WRZHU RI ([DPSOH ��� LV
QRW RI nQLWH UDPLnFDWLRQ W\SH�

,Q WKH QH[W H[DPSOH ZH ZLOO FKDQJH VOLJKWO\ �MXVW D FKDQJH RI VLJQ� WKH WRZHU
RI ([DPSOH ��� REWDLQLQJ D WRZHU RI nQLWH UDPLnFDWLRQ W\SH LQ DQ\ FKDUDFWHULVWLF
S w ��
([DPSOH ���� 2YHU D nQLWH nHOG )T RI FKDUDFWHULVWLF S w �� FRQVLGHU WKH WRZHU
7 GHnQHG UHFXUVLYHO\ E\ WKH HTXDWLRQ

\�  
[��b [�

[� �
�

7KHQ WKLV WRZHU LV RI nQLWH UDPLnFDWLRQ W\SH� DQG ZH KDYH

V � 
;

3�9)��7 �

GHJ3  ���

3URRI� 6LPLODUO\ WR WKH SURRI RI ([DPSOH ��� ZH JHW LQ WKLV FDVH�

9)��7 �  I����h�J > ��[� � �� > ��[� b �[b �� > ��[� � �[b ���
7KLV VKRZV WKDW V  �� DQG� LQ SDUWLFXODU� WKDW WKH WRZHU LV RI nQLWH UDPLnFDWLRQ
W\SH LQ DQ\ FKDUDFWHULVWLF S w ��
5HPDUN ���� 'LUHFW FRPSXWDWLRQV VKRZ WKDW WKH WRZHU 7 LQ ([DPSOH ���� FRQ�
VLGHUHG RYHU WKH nQLWH nHOG )��� KDV W  � UDWLRQDO SODFHV RI )� WKDW DUH FRPSOHWHO\
VSOLWWLQJ LQ WKH WRZHU� 7KHRUHP ���� WKHQ JLYHV WKDW WKH OLPLW w�7 � RYHU )�� VDW�
LVnHV

w�7 � w �W

Vb �  ��
,W FDQ EH VKRZQ WKDW HTXDOLW\ KROGV DERYH�

,W VHHPV WR EH KDUG WR GHFLGH RYHU ZKLFK nQLWH nHOGV )T WKH WRZHU RI ([DPSOH
��� LV FRPSOHWHO\ VSOLWWLQJ� $ QHFHVVDU\ FRQGLWLRQ LV T s � PRG ��
1H[W ZH JLYH DQ H[DPSOH RI D WRZHU RI nQLWH UDPLnFDWLRQ W\SH LQ FKDUDFWHULVWLF

S  ��

([DPSOH ���� )RU FKDUDFWHULVWLF S  �� WKH WRZHU 7 GHnQHG E\ WKH HTXDWLRQ

\�  
��[� � ��

[� �

LV RI nQLWH UDPLnFDWLRQ W\SH� DQG RQH KDV

V � 
;

3�9)��7 �

GHJ3  ��

3URRI� 6LPLODUO\ WR WKH SURRI RI ([DPSOH ��� RQH VKRZV WKDW

9) �7 �  I����h��h�J > ��[� � ���
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,W VHHPV WR EH KDUG WR GHFLGH ZKHWKHU WKH WRZHU LQ ([DPSOH ��� LV FRPSOHWHO\
VSOLWWLQJ IRU VRPH nQLWH nHOGV RI FKDUDFWHULVWLF S  ��

2XU QH[W H[DPSOH SURYLGHV D WRZHU RYHU )T LQ FKDUDFWHULVWLF S  � ZKHUH ERWK
SURSHUWLHV �nQLWH UDPLnFDWLRQ W\SH DQG FRPSOHWHO\ VSOLWWLQJ� DUH HDVLO\ VHHQ WR
KROG� LI WKH FDUGLQDOLW\ T RI WKH nQLWH nHOG LV D VTXDUH�

([DPSOH ���� ,Q FKDUDFWHULVWLF S  �� FRQVLGHU WKH WRZHU 7 RYHU )T GHnQHG
UHFXUVLYHO\ E\ WKH HTXDWLRQ

\�  
[�[� ��

[� �
�

7KHQ WKLV WRZHU LV RI nQLWH UDPLnFDWLRQ W\SH� DQG ZH KDYH

V � 
;

3�9)��7 �

GHJ3  ��

,WV OLPLW w�7 � RYHU WKH nHOG )�� LV w�7 �  ��
3URRI� 6LPLODU FRPSXWDWLRQV DV LQ ([DPSOH ��� VKRZ WKDW

9)��7 �  I����h��h�J
DQG KHQFH V  �� ,W IROORZV IURP 3URSRVLWLRQ ��� WKDW LI WKHUH H[LVWV DQ HOHPHQW
n � )T ZLWK n�  � �WKLV LV WKH FDVH Lm T LV DQ HYHQ SRZHU RI ��� WKHQ WKH SODFHV
[�  hn DUH FRPSOHWHO\ VSOLWWLQJ LQ WKLV WRZHU� 'HQRWLQJ E\ w�7 � WKH OLPLW RYHU
)��� LW IROORZV IURP 7KHRUHP ���� WKDW

w�7 � w � c �
Vb �  ��

'LUHFW FRPSXWDWLRQV VKRZ WKDW ZH KDYH HTXDOLW\ DERYH�

([DPSOH ���� ,Q FKDUDFWHULVWLF S  �� FRQVLGHU WKH WRZHU 7 RYHU )T WKDW LV
GHnQHG UHFXUVLYHO\ E\ WKH HTXDWLRQ

\�  
[�

[b � �
7KLV WRZHU LV RI nQLWH UDPLnFDWLRQ W\SH� DQG ZH KDYH

V � 
;

3�9)��7 �

GHJ3  ��

7KH OLPLW w�7 � RYHU WKH nHOG )� ZLWK � HOHPHQWV LV w�7 �  �  S
� b �� VR WKH

WRZHU LV DV\PSWRWLFDOO\ RSWLPDO RYHU )��

3URRI� ,W LV HDVLO\ FKHFNHG WKDW 9)��7 �  I��h�J DQG WKDW WKH SODFH [�  �
VSOLWV FRPSOHWHO\ RYHU )� LQ WKH WRZHU 7 � +HQFH 7KHRUHP ���� JLYHV WKDW WKH
OLPLW w�7 � RYHU )� VDWLVnHV

w�7 � w �W

Vb � w �

�b �  �  
S
�b ��
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5HPDUN ����� (ONLHV VKRZHG LQ >�� (TXDWLRQ ��@ WKDW WKH PRGXODU FXUYHV
;��� c �Q� FRUUHVSRQG WR WKH WRZHU 7 RYHU )S� ZLWK GHnQLQJ HTXDWLRQ

\�  
[�� � [�

[b � �

IRU DOO SULPHV S w �� ,W LV HDVLO\ FKHFNHG WKDW WKH UDPLnFDWLRQ ORFXV RI WKLV WRZHU
7 LQ DQ\ FKDUDFWHULVWLF S w � LV JLYHQ E\�

9)��7 �  I����h��h�J�
!)URP WKH PRGXODU LQWHUSUHWDWLRQ LW IROORZV WKDW WKH WRZHU LV DV\PSWRWLFDOO\
RSWLPDO RYHU WKH nHOG )S�� IRU DQ\ SULPH QXPEHU S w � �VHH >��@��
1RWH WKDW RXU ([DPSOH ��� LV JLYHQ LQ FKDUDFWHULVWLF S  � E\ WKH VDPH GHnQLQJ

HTXDWLRQ \�  [�� � [� �[b ���
5HPDUN ����� 2QH FDQ FRQVWUXFW WRZHUV RI nQLWH UDPLnFDWLRQ W\SH WKDW DUH
VSHFLnF IRU FHUWDLQ FKDUDFWHULVWLFV S� DV ZDV WKH FDVH LQ ([DPSOH ��� IRU S  ��
DQG LQ ([DPSOHV ��� DQG ��� IRU S  �� )RU H[DPSOH LI S  ��� WKHQ WKH WRZHU 7
GHnQHG E\ WKH HTXDWLRQ

\�  
��[b ��
[� � �

KDV UDPLnFDWLRQ ORFXV 9)��7 �  I����h��h�J > ��[� � ���
,Q FKDUDFWHULVWLF S  �� LI WKH HTXDWLRQ

\�  
b��[b ���

[� � �

GHnQHV LQGHHG D WRZHU 7 � WKHQ LW KDV UDPLnFDWLRQ ORFXV 9)��7 �  I����h��h�J>
��[� � ���

�� $Q DV\PSWRWLFDOO\ RSWLPDO WRZHU

1RWDWLRQ ���� /HW )T EH D nQLWH nHOG RI FKDUDFWHULVWLF S w �� 7KHQ ZH GHQRWH
E\ 0 WKH WRZHU RYHU )T WKDW LV GHnQHG UHFXUVLYHO\ E\ WKH HTXDWLRQ

\�  
[� � �

�[
�

7KXV0 LV UHSUHVHQWHG E\ WKH VHTXHQFH RI IXQFWLRQ nHOGV �0��0��0�� � � � �� ZKHUH
0Q  )T�[�� [�� � � � � [Q� DQG [�L��  �[

�
L � �� �[L KROGV IRU HDFK L w ��

1RWH WKDW 0 LV LQGHHG D WRZHU RYHU )T� DV IROORZV IURP 3URSRVLWLRQ ���� :H
QRZ VWDWH WKH PDLQ UHVXOW RI WKLV VHFWLRQ�

7KHRUHP ���� )RU DOO SULPH QXPEHUV S w �� WKH WRZHU 0 LV DV\PSWRWLFDOO\
RSWLPDO RYHU WKH nHOG )S� ZLWK S� HOHPHQWV� L�H�� LWV OLPLW w�0� RYHU )S� VDWLVnHV

w�0�  Sb ��
7KH SURRI RI WKLV WKHRUHP ZLOO EH JLYHQ LQ VHYHUDO VWHSV�
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3URSRVLWLRQ ���� 7KH WRZHU 0 RYHU )T LV RI nQLWH UDPLnFDWLRQ W\SH� ,WV UDPL�
nFDWLRQ ORFXV 90�

�0� RYHU WKH nHOG 0�  )T�[�� LV JLYHQ E\

90�
�0�  I����h��hLJ� ZKHUH L � )S� VDWLVnHV L�  b��

3URRI� /HW 3 � 30�
DQG OHW 4 EH D SODFH RI 0Q O\LQJ DERYH 3 � $VVXPH WKDW 4

LV UDPLnHG LQ WKH H[WHQVLRQ 0Q�� 0Q� !)URP WKH HTXDWLRQ [�Q��  �[
�
Q � �� �[Q

DQG IURP WKH WKHRU\ RI .XPPHU H[WHQVLRQV� LW IROORZV WKDW

[Q�4� � I����hLJ�
,I [Q�4�  �� WKHQ ZH REWDLQ

�  [Q�4�
�  

[Qb��4�
� � �

�[Qb��4�
� KHQFH [Qb��4�  hL�

,I [Q�4�  �� WKHQ ZH REWDLQ

�  
[Qb��4�

� � �

�[Qb��4�
� KHQFH [Qb��4� � I���J�

,I [Q�4�  hL� WKHQ ZH REWDLQ

b�  [Q�4�
�  

[Qb��4�
� � �

�[Qb��4�
� KHQFH [Qb��4�  b��

,I [Qb��4�  h�� WKHQ ZH REWDLQ

�  [Qb��4�
�  

[Qb��4�
� � �

�[Qb��4�
� KHQFH [Qb��4�  ��

%\ LQGXFWLRQ LW IROORZV WKDW

[��3 �  [��4� � I����h��hLJ�
&RQYHUVHO\� LW FDQ EH VKRZQ WKDW WKH SODFHV [�  �� [�  �� [�  hL DQG

[�  h� DUH LQ IDFW UDPLnHG LQ WKH WRZHU 0� 7KH SODFHV [�  �� [�  � DQG
[�  hL DUH WRWDOO\ UDPLnHG LQ WKH WRZHU DQG WKH SODFH [�  b� LV WRWDOO\ UDPLnHG
VWDUWLQJ IURP WKH nHOG 0�� 7KH UDPLnFDWLRQ VWUXFWXUH RI WKH WRZHU0 DERYH WKH
SODFH [�  � LV PRUH FRPSOLFDWHG� ,Q WKLV FDVH RQH REVHUYHV WKDW WKH SODFHV 4 RI
0� VDWLVI\LQJ [��4�  � GR OLH DERYH [�  �� DQG WKDW WKRVH SODFHV 4 DUH WRWDOO\
UDPLnHG LQ 0Q 0�� IRU HDFK Q w ��
)RU WKH GHVFULSWLRQ RI WKH VHW l RI )S��UDWLRQDO SODFHV RI0� WKDW DUH FRPSOHWHO\

VSOLWWLQJ LQ WKH WRZHU 0� ZH QHHG WKH IROORZLQJ SRO\QRPLDO +�;� ZKLFK ZDV
LQWURGXFHG E\ 'HXULQJ >�@ LQ RUGHU WR FODVVLI\ VXSHUVLQJXODU HOOLSWLF FXUYHV� VHH
DOVR >��@� >��@�

'HnQLWLRQ ���� )RU D SULPH QXPEHU S w � OHW

+�;� � 

�Sb�� �;
M �

t
Sb�
�
M

u�
c;M � )S>;@�

DQG OHW
l � Im � x)S M +�m��  �J�
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:H ZLOO QHHG WKH IROORZLQJ SURSHUWLHV RI WKH SRO\QRPLDO +�;��

7KHRUHP ����

L� 7KH SRO\QRPLDO +�;� LV D VHSDUDEOH SRO\QRPLDO�
LL� $OO URRWV RI WKH SRO\QRPLDO +�;� DUH IRXUWK SRZHUV LQ )S�� HTXLYDOHQWO\� WKH

VHW l LV FRQWDLQHG LQ )S�� ,WV FDUGLQDOLW\ VDWLVnHV �l  ��Sb ���
3URRI� ,WHP L� LV ZHOO�NQRZQ� VHH >�@� >��@� 6LQFH +���� � DQG +�;� KDV GHJUHH
�Sb �� �� LW IROORZV LPPHGLDWHO\ IURP LWHP L� WKDW �l  ��Sb ��� 7KH DVVHUWLRQ
WKDW l LV FRQWDLQHG LQ WKH nHOG )S� LV GHHSHU� LW LV VKRZQ E\ +� *� 5�XFN LQ WKH
DSSHQGL[�

7KH QH[W SURSRVLWLRQ VKRZV WKDW l LV VSOLWWLQJ FRPSOHWHO\ LQ WKH WRZHU0�

3URSRVLWLRQ ���� /HW m � l DQG OHW n � x)S EH DQ HOHPHQW VXFK WKDW n�  
�m� � �� �m� 7KHQ n EHORQJV DOVR WR l�

7KH SURRI RI WKLV SURSRVLWLRQ ZLOO EH JLYHQ EHORZ� /HW XV nUVW VKRZ KRZ 7KH�
RUHP ��� QRZ IROORZV�
/HW 3m � 30�

GHQRWH WKH ]HUR RI [� b m� ZLWK m � l� %\ 7KHRUHP ���� 3m LV D
)S��UDWLRQDO SODFH RI 0�� 7KH HTXDWLRQ n�  �m� � �� �m KDV WZR GLVWLQFW URRWV
n � l t )S�� E\ 3URSRVLWLRQ ���� KHQFH WKH SODFH 3m VSOLWV FRPSOHWHO\ RYHU )S� LQ
WKH H[WHQVLRQ 0� 0�� ,W IROORZV E\ LQGXFWLRQ WKDW 3m VSOLWV FRPSOHWHO\ RYHU )S�

LQ DOO H[WHQVLRQV 0Q 0�� :LWK QRWDWLRQV DV LQ 7KHRUHP ���� ZH WKXV KDYH WKDW

W w �l  ��Sb ��
DQG WKDW V  � �E\ 3URSRVLWLRQ ����� 7KHUHIRUH WKH OLPLW w�0� RYHU WKH nHOG )S�

VDWLVnHV�

w�0� w �W

�J�0�� � Vb � w ��Sb ��
�b �  Sb ��

%\ WKH 'ULQIHOG�9ODGXW ERXQG RQH KDV w�0� � Sb �� KHQFH HTXDOLW\ KROGV� 7KLV
nQLVKHV WKH SURRI RI 7KHRUHP ����

:H QRZ WXUQ WR WKH SURRI RI 3URSRVLWLRQ ���� 6R OHW m � l DQG n � x)S EH
VXFK WKDW n�  �m� � �� �m KROGV� 7KH DVVHUWLRQ RI 3URSRVLWLRQ ��� VWDWHV WKDW
+�n��  �� ,Q RWKHU ZRUGV� ZH KDYH WR VKRZ WKDW

+�m��  � � +

�t
m� � �

�m

u��
 ��

7KLV LPSOLFDWLRQ LV DQ LPPHGLDWH FRQVHTXHQFH RI WKH IROORZLQJ SRO\QRPLDO LGHQ�
WLW\ LQ WKH SRO\QRPLDO ULQJ )S>;@�

7KHRUHP ���� 7KH SRO\QRPLDO RI 'HXULQJ +�;� VDWLVnHV

+�;��  ;Sb� c+
�t

;� � �

�;

u��
�
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3URRI� ([SDQGLQJ WKH ULJKW�KDQG VLGH ZH REWDLQ

;Sb� c+
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Sb�;
N �

FN c;�N�

ZKHUH WKH FRHpFLHQW FN LV JLYHQ E\

FN  

�Sb�� �;
M �

t
Sb�
�
M

u�
c �
�M

c
t

�M
N � M b Sb�

�

u
�

7KHRUHP ��� ZLOO WKXV IROORZ IURP WKH WZR FODLPV EHORZ�

&/$,0 ��

FN s � PRG S� IRU N RGG DQG � � N � Sb ��

&/$,0 ��

FN s
t
�Sb �� �

N �

u�
PRG S� IRU N HYHQ DQG � � N � Sb ��

)RU HDFK QDWXUDO QXPEHU Q w � ZH GHnQH

6Q � �b��Q c
Q;

M �

�b��M
�M

c
t
�M
M

u�
c
t

Q� M
�M

u
� 4�

6LQFH � LV SULPH WR WKH FKDUDFWHULVWLF S� WKH UDWLRQDO QXPEHU 6Q FDQ EH WKRXJKW
RI DV DQ HOHPHQW RI WKH nHOG )S� $IWHU VRPH FRPSXWDWLRQV RQH VHHV WKDW

FN  6N �LQ )S�� IRU HDFK � � N � Sb ��
&ODLP � DQG &ODLP � ZLOO WKHQ IROORZ IURP WKH OHPPD EHORZ�

/HPPD ���� )RU HDFK QDWXUDO QXPEHU Q� OHW 6Q � 4 EH DV DERYH� 7KHQ ZH KDYH�

L� 6Q  �� LI Q LV RGG�

LL� 6Q  
�

�Q
c
t

Q
Q �

u�
� LI Q LV HYHQ�
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&OHDUO\� &ODLP � IROORZV GLUHFWO\ IURP LWHP L� RI WKH OHPPD DERYH� &ODLP �
IROORZV IURP LWHP LL� RI /HPPD ��� XVLQJ WKH IROORZLQJ FRQJUXHQFH PRGXOR S �IRU
N HYHQ DQG � � N � Sb ���

�N c
t
�Sb �� �

N �

u�
s

t
N
N �

u�
PRG S�

7KH LGHDV LQ WKH IROORZLQJ SURRI RI /HPPD ��� ZHUH FRPPXQLFDWHG WR XV E\ <�
.RKD\DNDZD� DQG ZH DUH JUDWHIXO WR KLP IRU DOORZLQJ XV WR XVH WKHP KHUH�

3URRI RI /HPPD ���� :H DUH JRLQJ WR XVH WKH *DXVVLDQ K\SHUJHRPHWULF IXQFWLRQ
�VHH >��� 6HFWLRQ ���@��

*�]� � 
;
Qw�

�

��Q
c
t
�Q
Q

u�
c ]Q�

7KLV IXQFWLRQ *�]� VDWLVnHV WKH IROORZLQJ GLmHUHQWLDO HTXDWLRQ �VHH >��� (TXDWLRQ
�����@��

]��b ]� c \�� � ��b �]� c \� b �

�
c \  ��

!)URP WKLV RQH FRQFOXGHV WKDW ERWK *�]�� DQG
�

�b ]
c*

t b�]
��b ]��

u
DUH VROXWLRQV

IRU WKH QH[W GLmHUHQWLDO HTXDWLRQ�

]�]� b �� c \�� � ��]� b �� c \� � ] c \  ��
,W QRZ IROORZV WKDW WKH LGHQWLW\ EHORZ GRHV KROG�

*�]��  
�

�b ]
c*

t b�]
��b ]��

u
�

1RZ ZH FRPH WR D NH\ VWHS RI WKH SURRI RI /HPPD ��� ZKLFK LV WKH IROORZLQJ
LGHQWLW\� ;

Qw�

�b��Q c 6Q c ]Q  �

�b ]
c*

t b�]
��b ]��

u
�

7KLV LGHQWLW\ FRPHV IURP WKH IDFW WKDW WKH FRHpFLHQW RI ]QbN LQ �
3Q

P � ]
P�
�N��

LV HTXDO WR WKH ELQRPLDO FRHpFLHQW

t
Q� N
�N

u
� $OWHUQDWLYHO\� WKLV LGHQWLW\ DOVR

IROORZV IURP >��� ([HUFLVH ����@�
3XWWLQJ WRJHWKHU WKH WZR LGHQWLWLHV DERYH� ZH KDYH�;

Qw�

�b��Q c 6Q c ]Q  
;
Qw�

�

��Q
c
t
�Q
Q

u�
c ]�Q�

7KLV nQLVKHV WKH SURRIV RI /HPPD ��� DQG 7KHRUHP ����
,Q WKH QH[W UHPDUN ZH H[KLELW UHODWLRQV EHWZHHQ WKUHH WRZHUV RYHU )S�� 7KH

RQH GHQRWHG EHORZ E\ / FRUUHVSRQGV WR WKH PRGXODU FXUYHV ;���Q� DV VKRZQ E\
(ONLHV �VHH >�� (TXDWLRQV �� DQG ��@��
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5HPDUN ���� :H FRQVLGHU WKH IROORZLQJ WKUHH WRZHUV RYHU )S�� ZKHUH WKH FKDU�
DFWHULVWLF S VDWLVnHV S w ��

0  )S��[�� [�� [�� � � � � ZLWK [�L��  
[�L � �

�[L
� IRU L w ��

1  )S��\�� \�� \�� � � � � ZLWK \�L��  
�\L � ��

�

�\L
� IRU L w ��

/  )T�]�� ]�� ]�� � � � � ZLWK ]�L��  
�]L � ��

�

��]L � ��
� IRU L w ��

:H QRZ VKRZ WKDW / LV D VXEWRZHU RI 1 DQG DOVR WKDW 1 LV D VXEWRZHU RI 0�
,Q IDFW WR VHH WKDW 1 t 0 RQH FRQVLGHUV WKH IROORZLQJ IXQFWLRQV RI WKH nHOG 0

\Q � [�Q��  
[�Q � �

�[Q
� IRU HDFK Q w ��

DQG FKHFNV WKDW WKRVH IXQFWLRQV \Q VDWLVI\ WKH UHFXUVLYH HTXDWLRQ GHnQLQJ WKH
WRZHU 1 �
7R VHH WKDW / t 1 RQH FRQVLGHUV WKH IROORZLQJ IXQFWLRQV RI WKH nHOG 1

]Q � �\
�
Q�� b �  

\�Q � �

�\Q
� IRU HDFK Q w ��

DQG FKHFNV WKDW WKRVH IXQFWLRQV ]Q VDWLVI\ WKH UHFXUVLYH HTXDWLRQ GHnQLQJ WKH
WRZHU /�
9LHZLQJ WKRVH WKUHH WRZHUV ZLWK WKH LQFOXVLRQV DERYH� RQH KDV WKDW WKH IROORZLQJ

KROGV�

>0 � 1 @  � DQG >1 � /@  ��
2QH FDQ DOVR FKHFN HDVLO\ WKDW

0  1 �[�� DQG 1  /�\���
6LQFH WKH WRZHU0 LV DV\PSWRWLFDOO\ RSWLPDO RYHU )S�� ZH FRQFOXGH WKDW / DQG

1 DUH DOVR DV\PSWRWLFDOO\ RSWLPDO RYHU )S�� VHH >�@� 7KH H[SOLFLW GHVFULSWLRQ RI
WKH UDPLnFDWLRQ ORFXV DQG RI WKH VHW l�1 � �UHVS� l�/�� RI UDWLRQDO SODFHV RYHU
)S� WKDW DUH VSOLWWLQJ FRPSOHWHO\ LV JLYHQ EHORZ�

7RZHU 1 � )RU WKH WRZHU 1 ZH KDYH �ZLWK )�  )S��\����

9)��1 �  I����h�J DQG l�1 �  Im � )S� M +�m��  �J�

7RZHU /� )RU WKH WRZHU / ZH KDYH �ZLWK )�  )S��]����

9)��/�  I��h�J DQG l�/�  Im � )S� M +
t
m� �

�

u
 �J�

7KH IROORZLQJ UHPDUN ZDV FRPPXQLFDWHG WR XV E\ 0� =LHYH DQG +� 5RVNDP�
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5HPDUN ����� !)URP WKH LQFOXVLRQ 1 t 0 DERYH RQH FDQ FKHFN WKDW ZH KDYH�

)S��[�� [�� � � � � [Q�  )S��\�� \�� � � � � \Q�� IRU HDFK Q w ��
6LPLODUO\� IURP WKH LQFOXVLRQ / t 1 DERYH RQH FDQ FKHFN WKDW ZH KDYH�

)S��\�� \�� � � � � \Q�  )S��]�� ]�� � � � � ]Q�� IRU HDFK Q w ��
:H WKHQ KDYH WKH IROORZLQJ LVRPRUSKLVPV RI nHOGV

)S��[�� [�� � � � � [Qb�� 
 )S��\�� \�� � � � � \Qb�� 
 )S��]�� ]�� � � � ]Q�� IRU HDFK Q w ��
7KLV VKRZV WKDW DOO WKUHH nHOGV DERYH FRUUHVSRQG WR WKH PRGXODU FXUYH ;���

Q����

7KH QH[W UHPDUN VKLIWV WKH HPSKDVLV IURP WKH nHOGV WR WKH HTXDWLRQV GHnQLQJ
WKRVH nHOGV�

5HPDUN ����� $ FUXFLDO VWHS LQ RXU SURRI RI WKH RSWLPDOLW\ RI WKH WRZHU0 LV
WKH SRO\QRPLDO LGHQWLW\ VDWLVnHG E\ WKH 'HXULQJ SRO\QRPLDO +�;��

+�;��  ;Sb� c+
�t

;� � �

�;

u��
�

6HWWLQJ < � ;� �VHH WKH LQFOXVLRQ 1 t 0� RQH JHWV

+�< ��  <
Sb�

� c+
t
�< � ���

�<

u
�

7KLV SXWV LQ HYLGHQFH WKDW WKH H[SOLFLW GHVFULSWLRQ RI WKH VHW l RI FRPSOHWHO\ VSOLW�
WLQJ SODFHV IRU WKH WRZHU 0 UHTXLUHG WKH NQRZOHGJH WKDW WKH URRWV RI 'HXULQJ
V
SRO\QRPLDO DUH IRXUWK SRZHUV LQ )S�� ZKLOH IRU WKH WRZHU 1 WKH NQRZOHGJH WKDW
WKH URRWV DUH VTXDUHV ZRXOG EH HQRXJK�
7KH 'HXULQJ SRO\QRPLDO +�;� LV MXVW WKH UHGXFWLRQ �PRG S� RI WKH *DXVVLDQ

K\SHUJHRPHWULF VHULHV� DV IROORZV IURP WKH FRQJUXHQFH UHODWLRQ MXVW EHIRUH WKH
SURRI RI /HPPD ���� 8VLQJ WKLV IDFW ZH REWDLQ WKH IROORZLQJ LQYHUVLRQ IRUPXOD�

�� � < � c < Sb�

� c+
t
�< � ���

�<

u
 +

t
�<

�< � ���

u
�

5HPDUN ����� $V LQ 'HnQLWLRQ ���� ZH GHQRWH E\ l WKH VHW RI DOO URRWV RI WKH
SRO\QRPLDO +�;��� )RU m � l� OHW l��m� � ImJ DQG� IRU L w �� OHW

lL���m� � In M n�  o� � �

�o
IRU VRPH o � lL�m�J�

%\ 3URSRVLWLRQ ��� ZH NQRZ WKDW lL�m� t l IRU DOO L w �� 6RPH FRPSXWHU
FDOFXODWLRQV JDYH XV HYLGHQFH IRU WKH TXHVWLRQ EHORZ�

4XHVWLRQ� ,V LW WUXH WKDW WKH HTXDOLW\

l  
>
Lw�

lL�m�

KROGV IRU HDFK m � l"
$ SRVLWLYH DQVZHU WR WKLV TXHVWLRQ ZRXOG PHDQ WKDW VWDUWLQJ ZLWK DQ\ URRW RI



�� $51$/'2 *$5&,$ $1' +(11,1* 67,&+7(127+

+�;� RQH JHWV DOO WKH RWKHU URRWV RI WKH 'HXULQJ SRO\QRPLDO�

$FNQRZOHGJHPHQWV� :H ZRXOG OLNH WR H[SUHVV RXU JUDWLWXGH WR +� *� 5�XFN
DQG <� .RKD\DNDZD IRU WKHLU VWLPXODWLQJ LQWHUHVW LQ DQVZHULQJ RXU TXHVWLRQV �VHH
7KHRUHP ��� DQG /HPPD ���� DQG WR 1� 0HGHLURV IRU YHU\ KHOSIXO GLVFXVVLRQV
DQG FRPSXWHU FDOFXODWLRQV� $OVR WR -� )� 9RORFK� $� 3DFKHFR� 0� =LHYH DQG +�
5RVNDP IRU GLVFXVVLRQV RQ WKH VXEMHFW RI WKLV SDSHU�

$SSHQGL[

E\ +DQV�*HRUJ 5�XFN �

,Q WKLV DSSHQGL[ LW LV SURYHQ WKH IROORZLQJ SURSHUW\ RI WKH URRWV RI 'HXULQJ
V
SRO\QRPLDO +�;��

7KHRUHP� /HW S EH D SULPH QXPEHU� S w �� DQG FRQVLGHU WKH SRO\QRPLDO

+�;�  

�Sb�� �;
M �

t
Sb�
�
M

u�
c;M � )S>;@�

7KHQ HDFK URRW RI +�;� LV D IRXUWK SRZHU LQ )S��

3URRI� ,I S  �� WKHQ +�;�  ; � �� DQG b� LV D IRXUWK SRZHU LQ )�� 6R ZH
PD\ DVVXPH WKDW S w ��
/HW w EH D ]HUR RI +�;� LQ x)S� :H FRQVLGHU WKH HOOLSWLF FXUYH (w JLYHQ E\ WKH

HTXDWLRQ \�  [�[b ���[b w� RYHU x)S� 7KHQ (w LV VXSHUVLQJXODU �FI� >��@ 9����
6LQFH HDFK VXSHUVLQJXODU HOOLSWLF FXUYH FDQ EH GHnQHG RYHU )S� �FI� >�@ ������ WKHUH
H[LVWV DQ HOOLSWLF FXUYH (�

w RYHU )S� ZKLFK LV �RYHU x)S� LVRPRUSKLF WR (w�
)XUWKHUPRUH WKHUH DUH WKUHH SRVVLELOLWLHV IRU WKH )UREHQLXV HQGRPRUSKLVP {� RI

(�
w RYHU )S� �FI� >��@ 7KHRUHPV ��� DQG �����
L� {� � =� L�H�� {�  hS�
LL� {� VDWLVnHV WKH HTXDWLRQ �{���hS{��S�  �� L�H�� {�  |S� ZKHUH | LV D �WK URRW
RI XQLW\� 7KH FRQGXFWRU RI WKH HQGRPRUSKLVP ULQJ (QG�(�

w� LV UHODWLYHO\ SULPH
WR S� 7KLV FDVH RFFXUV RQO\ ZKHQ S s � PRG ��
LLL� {� VDWLVnHV WKH HTXDWLRQ �{��� � S�  �� L�H�� {�  LS� ZKHUH L LV D �WK URRW RI
XQLW\� $JDLQ WKH FRQGXFWRU RI (QG�(�

w� LV UHODWLYHO\ SULPH WR S� 7KLV FDVH RFFXUV
RQO\ ZKHQ S s � PRG ��
:H VWDUW ZLWK FDVH LL�� :H VHH WKDW WKH RQO\ SRVVLELOLW\ IRU WKH M�LQYDULDQW LV

M�(�
w�  M�(w�  �� 7KLV \LHOGV �FI� >��@ ,,,��� WKDW w VDWLVnHV w

�bw��  �� L�H��
w LV D �WK URRW RI XQLW\� 6LQFH WKH RUGHU ��)eS�� LV GLYLVLEOH E\ �� ZH VHH WKDW w LV
D �WK SRZHU LQ )S��

�,QVWLWXW I�XU ([SHULPHQWHOOH 0DWKHPDWLN� (OOHUQVWU� ��� ����� (VVHQ� *HUPDQ\



21 7$0( 72:(56 29(5 ),1,7( ),(/'6 ��

,Q FDVH LLL� ZH JHW M�(�

w�  M�(w�  ��
�� 7KHQ w LV HTXDO WR b�� � RU � � �FI�

>��@ ,,,���� 6LQFH ��)e

S�
� ��)e

S� LV GLYLVLEOH E\ � LQ WKLV FDVH� ZH VHH DJDLQ WKDW w
LV D �WK SRZHU LQ )S��
,W UHPDLQV WR FRQVLGHU WKH JHQHUDO FDVH L�� ZKHUH {�  hS� 6LQFH {� LV DQ RGG

LQWHJHU� HDFK ��GLYLVLRQ SRLQW RQ (�

w LV n[HG E\ {�� 7KHUHIRUH WKH HOOLSWLF FXUYH
(w LV DOVR GHnQHG RYHU )S�� DQG KHQFH w � )S�� 6R ZH FDQ WDNH (�

w  (w DQG
{�  {  hS�
:H FRQVLGHU WKH ��GLYLVLRQ SRLQW 4�  ��� �� RQ (w� /HW 4�  �D� E� EH D SRLQW

RQ (w ZLWK � c 4�  4�� WKHQ � c 4�  �� 6LQFH {  hS s h� PRG �� ZH JHW
{�4��  h4�� 7KLV PHDQV WKDW WKH nUVW FRRUGLQDWH D RI 4� LV DQ HOHPHQW RI )S��
:ULWLQJ GRZQ � c 4�  4� H[SOLFLWO\ XVLQJ WKH DGGLWLRQ IRUPXODV RQ (w� RQH

JHWV

�D� b w��  �� ���

+HQFH w LV D VTXDUH LQ )S��
,Q WKH QH[W VWHS ZH FKRRVH D SRLQW 4�  �F� G� RQ (w ZLWK � c 4�  4�� +HUH

WKLV HTXDWLRQ \LHOGV H[SOLFLWO\

�Fb D�� � �F��Db ���D  �� ���

,I S s h� PRG �� WKHQ WKH ��GLYLVLRQ SRLQW 4� VDWLVnHV {�4��  h4�� +HQFH
LWV nUVW FRRUGLQDWH F OLHV LQ )S�� DQG HTXDWLRQ ��� VKRZV WKDW D LV D VTXDUH LQ )S��
+HQFH ZH JHW �ZLWK ���� WKDW w LV D �WK SRZHU LQ )S��
,I S s h� PRG �� WKHQ {�4��  h� c4�� +HQFH F OLHV LQ )S�� DQG LWV FRQMXJDWH

FS
�

LV HTXDO WR WKH nUVW FRRUGLQDWH RI WKH SRLQW � c4�  4�b4� ZKLFK HTXDOV w F�
7KHQ �& b F��& b w F� LV DQ LUUHGXFLEOH SRO\QRPLDO LQ )S�>&@�
7KH RWKHU ]HURV RI WKH HTXDWLRQ ��� DUH WKH nUVW FRRUGLQDWHV RI WKH SRLQWV

4����� �� DQG 4���w� ��� ZKLFK DUH HTXDO WR �Fbw� �Fb�� DQG w�Fb�� �Fbw��
+HQFH WKH SRO\QRPLDO �LQ WKH YDULDEOH &� FRPLQJ IURP HTXDWLRQ ��� IDFWRUV DV

�& b D�� � �&��Db ���D  �&� � H& � w��&� � I& � w�� ���

ZLWK H� I � )S�� &RPSDULQJ FRHpFLHQWV \LHOGV WKH WZR HTXDWLRQV

H� I  b�D DQG HI  �D� b �D� � �D� ���

!)URP ��� ZH JHW WKH TXDGUDWLF HTXDWLRQ �LQ H�

H� � �DH� �D� b �D� � �D  �� ���

6LQFH H LV D VROXWLRQ RI ��� LQ )S�� WKH GLVFULPLQDQW b��Db ���D LV D VTXDUH LQ )S��
+HQFH D LV D VTXDUH DQG w LV D �WK SRZHU LQ )S��

5HPDUN� 0� =LHYH FRPPXQLFDWHG WR XV WKDW WKH WKHRUHP DERYH �L�H�� DOO URRWV
RI +�;� DUH IRXUWK SRZHUV LQ )S�� LV D VLPSOH FRQVHTXHQFH RI 7KHRUHP ��� DQG
WKH IDFW WKDW DOO URRWV RI +�;� DUH LQ )S��
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5HIHUHQFHV

>�@ 0� 'HXULQJ� 'LH 7\SHQ GHU 0XOWLSOLNDWRUHQULQJH HOOLSWLVFKHU )XQNWLRQHQN�RUSHU�
$EK� 0DWK� 6HP� +DPEXUJ �� ������� ��� � ����

>�@ 9� *� 'ULQIHOG� 6� *� 9ODGXW� 1XPEHU RI SRLQWV RI DQ DOJHEUDLF FXUYH� )XQFW�
$QDO� �� ������� �� � ���

>�@ 1� (ONLHV� ([SOLFLW PRGXODU WRZHUV� 3URFHHGLQJV RI WKH ��WK $QQXDO $OOHUWRQ
&RQIHUHQFH RQ &RPPXQLFDWLRQ� &RQWURO DQG &RPSXWLQJ� 8UEDQD� ,/ �������

>�@ *� )UH\� 0� 3HUUHW� +� 6WLFKWHQRWK� 2Q WKH GLmHUHQW RI DEHOLDQ H[WHQVLRQV RI
JOREDO nHOGV� LQ ?&RGLQJ 7KHRU\ DQG $OJHEUDLF *HRPHWU\� 3URFHHGLQJV� /X�
PLQ\� ����� �+� 6WLFKWHQRWK DQG 0� $� 7VIDVPDQ� (GV��� /HFWXUH 1RWHV LQ
0DWK� ����� �� � ��� 6SULQJHU�9HUODJ� 1HZ <RUN� %HUOLQ� �����

>�@ $� *DUFLD� +� 6WLFKWHQRWK� (OHPHQWDU\ DEHOLDQ S�H[WHQVLRQV RI DOJHEUDLF IXQF�
WLRQ nHOGV� 0DQXVFU� 0DWK� �� ������� �� � ���

>�@ $� *DUFLD� +� 6WLFKWHQRWK� $ WRZHU RI $UWLQ�6FKUHLHU H[WHQVLRQV RI IXQFWLRQ
nHOGV DWWDLQLQJ WKH 'ULQIHOG�9ODGXW ERXQG� ,QYHQW� 0DWK ��� ������� ��� �
����

>�@ $� *DUFLD� +� 6WLFKWHQRWK� 2Q WKH DV\PSWRWLF EHKDYLRXU RI VRPH WRZHUV RI
IXQFWLRQ nHOGV RYHU nQLWH nHOGV� -� 1XPEHU 7KHRU\ �� ������� ��� �����

>�@ $� *DUFLD� +� 6WLFKWHQRWK� 6NHZ S\UDPLGV RI IXQFWLRQ nHOGV DUH DV\PSWRWLFDOO\
EDG� LQ ?&RGLQJ 7KHRU\� &U\SWRJUDSK\ DQG 5HODWHG 7RSLFV�� 3URFHHGLQJV RI D
&RQIHUHQFH LQ *XDQDMXDWR� ���� �-� %XFKPDQQ HW DO�� (GV�� ��� � ���� 6SULQJHU�
9HUODJ� %HUOLQ �����

>�@ $� *DUFLD� +� 6WLFKWHQRWK� 0� 7KRPDV� 2Q WRZHUV DQG FRPSRVLWD RI WRZHUV RI
IXQFWLRQ nHOGV RYHU nQLWH nHOGV� )LQLWH )LHOGV DQG WKHLU $SSO� � ������� ��� �
����

>��@ *� YDQ GHU *HHU� 0� YDQ GHU 9OXJW� 7DEOHV RI FXUYHV ZLWK PDQ\ SRLQWV�
ZZZ�ZLQV�XYD�QO�aJHHU�

>��@ 5� /� *UDKDP� '� (� .QXWK� 2� 3DWDVKQLN� &RQFUHWH 0DWKHPDWLFV� $GGLVRQ�
:HVOH\� �����

>��@ +� +DVVH� ([LVWHQ] VHSDUDEOHU ]\NOLVFKHU XQYHU]ZHLJWHU (UZHLWHUXQJVN�RUSHU
YRP 3ULP]DKOJUDGH S �XEHU HOOLSWLVFKHQ )XQNWLRQHQN�RUSHUQ GHU &KDUDNWHULVWLN
S� -� 5HLQH $QJHZ� 0DWK� ��� ������� �� � ���

>��@ <� ,KDUD� 6RPH UHPDUNV RQ WKH QXPEHU RI UDWLRQDO SRLQWV RI DOJHEUDLF FXUYHV
RYHU nQLWH nHOGV� -� )DF� 6FL� 8QLY� 7RN\R 6HFW� ,$ 0DWK� �� ������� ��� � ����

>��@ &� 0RUHQR� $OJHEUDLF FXUYHV RYHU nQLWH nHOGV� &DPEULGJH 8QLYHUVLW\ 3UHVV�
&DPEULGJH� �����

>��@ +� 1LHGHUUHLWHU� &� 3� ;LQJ� &XUYH VHTXHQFHV ZLWK DV\PSWRWLFDOO\ PDQ\ UDWLR�
QDO SRLQWV� &RQWHPSRUDU\ 0DWKHPDWLFV ��� ������� � � ���

>��@ -��3� 6HUUH� 6XU OH QRPEUH GHV SRLQWV UDWLRQHOOHV G
XQH FRXUEH DOJuHEULTXH VXU
XQH FRUSV nQL� &� 5� $FDG� 6FL� 3DULV ��� ������� ��� � ����

>��@ -��3� 6HUUH� 5DWLRQDO SRLQWV RQ FXUYHV RYHU nQLWH nHOGV� /HFWXUH 1RWHV� +DUYDUG
8QLYHUVLW\� �����

>��@ -� +� 6LOYHUPDQ� 7KH DULWKPHWLF RI HOOLSWLF FXUYHV� *UDGXDWH 7H[WV LQ 0DWKH�
PDWLFV 1R� ���� 6SULQJHU�9HUODJ� 1HZ <RUN�%HUOLQ� �����

>��@ +� 6WLFKWHQRWK� $OJHEUDLF )XQFWLRQ )LHOGV DQG &RGHV� 6SULQJHU 8QLYHUVLWH[W�
%HUOLQ�+HLGHOEHUJ�1HZ <RUN� �����

>��@ 0� $� 7VIDVPDQ� 6� *� 9ODGXW DQG 7� =LQN� 0RGXODU &XUYHV� 6KLPXUD FXUYHV
DQG *RSSD FRGHV� EHWWHU WKDQ WKH 9DUVKDPRY�*LOEHUW ERXQG� 0DWK� 1DFKU�
��� ������� �� � ���

>��@ 0� $� 7VIDVPDQ� 6� *� 9ODGXW� $OJHEUDLF�JHRPHWULF FRGHV� .OXZHU $FDG� 3XEO��
'RUGUHFKW�%RVWRQ�/RQGRQ� �����
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>��@ :� :DWHUKRXVH� $EHOLDQ YDULHWLHV RYHU nQLWH nHOGV� $QQ� 6FL� u(FROH 1RUP� 6XS�
��� ������� ��� � ����

>��@ $� :HLO� 6XU OHV FRXUEHV DOJuHEULTXHV HW OHV YDULuHWuHV TXL V
HQ GuHGXLVHQW� $FW� 6F�
HW ,QGXVWULHOOHV ����� +HUPDQQ� 3DULV� �����

$XWKRUV
 DGGUHVVHV�
$� *DUFLD� ,QVWLWXWR GH 0DWuHPDWLFD 3XUD H $SOLFDGD ,03$� ��������� 5LR GH
-DQHLUR 5-� %UD]LO� H�PDLO� JDUFLD#LPSD�EU

+� 6WLFKWHQRWK� 8QLYHUVLW�DW *+ (VVHQ� )% �� 0DWKHPDWLN X� ,QIRUPDWLN� �����
(VVHQ� *HUPDQ\� H�PDLO� VWLFKWHQRWK#XQL�HVVHQ�GH


