Ill-posedness for the Derivative Schrödinger and Generalized Benjamin-Ono equations

Hebe A. Biagioni Departamento de Matemática IMECC-UNICAMP 13081-970, Campinas, SP Brasil and Felipe Linares

IMPA Estrada Dona Castorina 110 Rio de Janeiro, 22460–320 Brasil

Abstract. It is established ill-posedness for the initial value problem (IVP) associated to the derivative nonlinear Schrödinger equation for data in H^s(R), s < 1/2. This result implies that the best result concerning local well-posedness for the IVP is in H^s(R), s ≥ 1/2. It is also shown that the IVP associated to the generalized Benjamin-Ono equation for data below the scaling is in fact ill-posed.

1. Introduction

In this paper we are concerned with the ill-posedness of the initial value problems (IVP) associated to the derivative nonlinear Schrödinger equation and the generalized Benjamin-Ono equation, hereafter (DNLS) and (GBO) equation respectively.

1991 Mathematics Subject Classification. 35Q55, 35Q51.

Key words and phrases. Ill-posedness, Schrödinger equation, Benjamin-Ono equation. 1

The notion of well-posedness we will use along this work is the same as in [7], that is, the existence, uniqueness, persistence property and continuous dependence of the solution upon the data.

To describe our results, we begin by considering the IVP associated to the DNLS equation, that is,

(1.1) { ∂_tu = i∂^2_xu + ∂_x(|u|^2u), x ∈ R, t > 0 u(x, 0) = u_0(x) This equation appears as model of the Alfvén solitons in plasma physics (see [13],[22]). From the point of view of partial differential equations it has been extensively studied (see [6], [15], [16] ,[19], [20] and references therein).

Recently, Takaoka in [19] showed that IVP (1.1) is locally well-posed in H^s(R), s ≥ 1/2. To prove this result he used the techniques introduced by Bourgain ([5]) and Kenig, Ponce, Vega ([8], [10]) plus a gauge transformation. He also showed by mean of an example that the best possible result using the key estimate in his proof was indeed H^{1/2}.

On the other hand, a scaling argument ([10]) suggests that the best possible value to obtain local well-posedness in H^s is s = 0. Indeed, if u is a solution of (1.1) then

(1.2) u_λ(x, t) = λ^{1/2} u(λx, λ^2t),

for any λ ∈ R, is also a solution of DNLS with data

u_λ(x, 0) = λ^{1/2} u_0(λx).

A straightforward calculation gives

‖D^s_xu_λ(0)‖ = λ^s ‖D^s_xu_0‖

which implies that the highest derivative term in H^s norm is invariant under the scaling transform (1.2) for the value s = 0.

Our purpose here is to show that the IVP associated to the DNLS equation is ill-posed in H^s, s < 1/2 which will imply that the best possible local wellposedness result is the one in [19].

To establish this result we will follow the recent method introduced by Kenig, Ponce, Vega [11] (see also [2], [3]), to establish ill-posedness for the IVP associated to the cubic Schrödinger equation, KdV and mKdV equations. We will describe briefly their method: the idea is to show that the solution does not depend continuously (or uniformly continuously) on its data in H^s, by constructing a sequence converging to the data in H^s but the corresponding sequence of solutions does not converge in H^s. The sequence consists of solitary wave solutions. The extra difficulty we have in our case is the lack of Galilean invariance for solutions of the derivative Schrödinger equation which is a key point in the treatment of ill-posedness for the focusing cubic Schrödinger equation. To replace the Galilean invariance we still have a two-parameter family of solitary wave solutions that allows us to obtain the desired result.

We also consider the IVP associated to the GBO, that is,

(1.3) { ∂_tu + H∂^2_xu + u^k∂_xu = 0, x ∈ R, t > 0, k = 1, 2 . . . u(x, 0) = u_0(x) where H denotes the Hilbert transform. For k = 1 we have the well known Benjamin-Ono equation which was deduced by Benjamin [1] and Ono [14] as model in internal-wave propagation. The best result regarding local wellposedness in H^s is due to Ponce [18], (see also [12]). He showed that the IVP associated to Benjamin-Ono equation is locally (globally) well-posed in H^s, s ≥ 3/2. For the GBO equation k > 1, local well-posedness is known in H^s, s > 3/2 for any data. For small data, Kenig, Ponce and Vega [9] proved that (1.3) is locally well-posed in H^s(R), with s > 1 if k = 2 s > 5/6 if k = 3 s ≥ 3/4 if k ≥ 4. (1.4)

These are the best results known update.

Looking for the best possible local well-posedness results we argue as above: we use a scaling argument to find the critical Sobolev indices. If u(x, t) solves (1.3) then u_λ(x, t) = λ^{1/k}u(λx, λ^2t), λ > 0 also solves (1.3) with initial data u_λ(x, 0) satisfying

(1.5) ‖u_λ(·, 0)‖^2_{Ḣs} = λ^{2s+ 2k −1}‖u(·, 0)‖^2_{Ḣs}

(Ḣ^s is the homogeneous Sobolev space), which implies that the highest derivative that leaves the norm invariant is s_k = 1/2 − 1/k.

We can observe that the update results are far from those given by the scaling argument. For instance, for Benjamin-Ono equation the scaling suggests local well-posedness for s ≥ −1/2.

Our result in this case give ill-posedness of the IVP (1.3) in Sobolev spaces with index below the one given by the scaling argument. Here we follow closely the ideas in [2] and [3].

The paper is organized as follows. In Section 2 we will deal with the derivative Schrödinger equation. The result concerning the generalized Benjamin- Ono (GBO) equation will be proved in Section 3.

2. The derivative Schrödinger equation In this section we consider the IVP associated to the derivative Schrödinger equation, that is,

(2.1) { ∂_tu = i∂^2_xu + ∂_x(|u|^2u), x ∈ R, t > 0 u(x, 0) = u_0(x) The notion of well-posedness used here is the one given in the introduction but stretching it a little bit by requiring that the mapping data, u_0 → u(t) will be uniformly continuous, where u(t) is the solution of (2.1). In case this requirement is not satisfied we will say that the problem is ill-posed. Thus our main result in this section is:

Theorem 2.1. The IVP (2.1) is ill-posed in H^s(R), s < 1/2, in the sense that the mapping data-solution, u_0 → u(t) is not uniformly continuous.

Proof. It was proved in [21] that there exist solitary waves in the form u_{c,ω}(x, t) = e^{−iωt}e^{iψ(x−ct)}a(x − ct) with ω, c real numbers and ψ(·), a(·) real functions given by a^2(x) = (d_3 + d_5 cosh(d_6x))^{−1}; ψ^′(x) = c 2 + 3 4 a^2(x);

d_3 = c 2(−4ω − c^2) ; d^2_5 = −ω (−4ω − c^2)^2 ; d^2_6 = −4ω − c^2.

(2.2)

Setting α =^{d3}_{d5} , it is easy to see that ψ(x) = c x 2 + 3 arctan

(exp (d_6x) + α (1 − α^2)^12 ) .

Let φ_{c,ω}(x) = u_{c,ω}(x, 0) = e^{i c x2} e^{ig(x)}a(x) = e^{i c x2} e^{ig(x)} d_6 (−ω)^{1/4} 1 (α + cosh(d_6 x))^{1/2} where

g(x) = 3 arctan

(exp(d_6 x) + α (1 − α^2)^{1/2} ) . Setting (2.3) g̃(x) = 3 arctan ( ex + α (1 − α^2)^12 ) , h(x) = 1 (α + cosh x)^{1/2} , F (x) = e^{ig̃(x)}h(x) we can write φ_{c,ω}(x) = d_6 (−ω)^{1/4} e^{i cx2} e^{ig̃(d6 x)}h(d_6 x) = d_6 (−ω)^{1/4} e^{i cx2} F (d_6 x)

and thus φ̂_{c,ω}(ξ) = 1 (−ω)^14 F̂ ( ξ d_6 − c 2d_6 ). Then we have, writing d_{61}and d_{62} as the corresponding constants in (2.2) associated with c_1, ω_1 and c_2, ω_2, respectively, that

‖φ_{c1,ω1} − φ_{c2,ω2} ‖^2_Hs = ∫ (1 + |ξ|^2)^s|φ̂_{c1,ω1} (ξ) − φ̂_{c2,ω2} (ξ)|^2 dξ = ∫ (1 + |ξ|^2)^s | | 1 (−ω_1)^{1/4} ^F ( ξ d_{61} − c_1 2d_{61} ) − 1 (−ω_2)^{1/4} ^F ( ξ d_{62} − c_2 2d_{62} ) | |^2 dξ

= d_{61} ∫ (1 + |d_{61} η|^2)^s | | 1 (−ω_1)^{1/4} ^F (η − c^1 2d_{61} ) − 1 (−ω_2)^{1/4} ^F (η d^{61} d_{62} − c_2 2d_{62} ) | |^2 dη ≃ (d_{61} )^{2s+1} { ∫ (1 + |η|^2)^s 1 (−ω_1)^{1/2} | | ^F (η − c_1 2d_{61} ) − ^F ( d_{61} d_{62} η − c_1 2d_{61} ) | |^2 dη + ∫ (1 + |η|^2)^s 1 (−ω_1)^{1/2} | | ^F (η d_{61} d_{62} − c_1 2d_{61} ) − ^F (η d_{61} d_{62} − c_2 2d_{62} ) | |^2 dη + ∫ (1 + |η|^2)^s | | | 1 (−ω_1)^{1/4} − 1 (−ω_2)^{1/4} | | |^2 | | | ^F (η d_{61} d_{62} − c_2 2d_{62} ) | | |^2 dη }

= I_1 + I_2 + I_3.

(2.4)

Let N be a large positive integer to be chosen later. Take

c_j = N_j ≃ N, ω_j = −(N^{4s}_j +

N^2_j 4 ), j = 1, 2, (2.5) so that if N_1 < N_2,

d_{6j} = 2N^{2s}_j , d_{61} < d_{62} , |d_{62} − d_{61} | = 2|N^{2s}_2 − N^{2s}_1 | ≃ |N_2 − N_1|N^{2s−1}.

^F concentrates in B_1(0), where B_1(0) is the ball of center 0 and radius 1.

Thus if η ∫ B_1(N^{1−2s}), then |η| ≃ N^{1−2s}. It follows that, by the mean value theorem and Cauchy-Schwartz’s inequality

I_1 =

(d_{61} )^{2s+1} (−ω_1)^{1/2} ∫ (1 + |η|^2)^s | | ^F (η − c_1 2d_{61} ) − ^F (η d_{61} d_{62} − c_1 2d_{61} ) | |^2 dη ≃ N^{2s(2s+1)} √ N^{4s} + N^2 N^{2s(1−2s)} ∫ | | | ∫_{η−} c1_{2d61}

η^{d61}_{d62} −^{c1}_{2d61} ^F^′(α) dα | |^2 dη

≤ N^{4s} √ N^{4s} + N^2 ∫ | | | ∫_{η−} c1_{2d61}

η^{d61}_{d62} −^{c1}_{2d61} dα | | | | ∫_{η−} c1_{2d61}

η^{d61}_{d62} −^{c1}_{2d61} | ^F^′(α)|^2 dα | | dη

≃ C N^{4s−1}|N_1 − N_2|N^{2s−1} N^{2s} ∫ |η| | | ∫_{η−} c1_{2d61}

η^{d61}_{d62} −^{c1}_{2d61} | ^F^′(α)|^2 dα | | dη ≃ C N^{4s−2}|N_1 − N_2|(I_{11} − I_{12})

(2.6)

where

I_{11} = ∫_∞ 0 η ∫_{η−} c1_{2d61}

η^{d61}_{d62} −^{c1}_{2d61} | ^F^′(α)|^2 dα dη and I_{12} =

∫_0 −∞ η ∫_{η−} c1_{2d61}

η^{d61}_{d62} −^{c1}_{2d61} | ^F^′(α)|^2 dα dη. We estimate each term on the right hand side of (2.6), Fubini’s theorem gives

I_{11} = ∫_∞ −c1 2d61 | ^F^′(α)|^2 ∫ ( α+^{c1}_{2d61}

)_{d62} d61 α+^{c1}_{2d61} η dη

= 1 2 ∫_∞ −^{c1}_{2d61} | ^F^′(α)|^2 ( α + c_1 2d_{61}

)_2 [(d_{62} d_{61}

)_2 − 1 ] dα. (2.7)

A similar argument yields

(2.8) I_{12} = 1 2 ∫_− c1_{2d61} −∞ | ^F^′(α)|^2 ( α + c_1 2d_{61}

)_2 [ 1 − (d_{62} d_{61}

)_2] dα.

Combining (2.7) and (2.8) it follows that

I_{11} − I_{12} = 1 2 ∫ R | ^F^′(α)|^2 ( α + c_1 2d_{61}

)_2 [ 1 − (d_{62} d_{61}

)_2] dα.

Observe that

(d_{62} )^2 − (d_{61} )^2

(d_{61} )^2 ≃ 4(N^{4s}_2 − N^{4s}_1 ) 4N^{4s} ≃ (N_2 − N_1)N^{4s−1} N^{4s} = N_2 − N_1 N .

Back to (2.6),

I_1 = C N^{4s−2}|N_1 − N_2| ∫ R | ^F^′(α)|^2 ( α + c_1 2d_{61}

)_2 [ 1 − (d_{62} d_{61}

)_2] dα = C N^{4s−3}(N_1 − N_2)^2 ∫ R | ^F^′(α − c_1 2d_{61}

)|^2 α^2 dα

≃ C N^{4s−3}(N_1 − N_2)^2 N^{2(1−2s)}‖ ^F^′‖^2 = C (N_1 − N_2)^2 N ‖ ^F^′‖^2.

(2.9)

Now we estimate I_2

I_2 =

(d_{61} )^{2s+1} (−ω_1)^{1/2} ∫ (1 + |η|^2)^s | | | ^F (η d_{61} d_{62} − c_1 2d_{61} ) − ^F (η d_{61} d_{62} − c_2 2d_{62} ) | | |^2 dη = (d_{61} )^{2s+1} (−ω_1)^{1/2} ( d_{61} d_{62}

)_{2s+1} ∫ |η|^{2s} | | ^F (η − c1 2d_{61} ) − ^F (η − c_2 2d_{62} ) | |^2 dη

≃ (d_{61} )^{2s+1} (−ω_1)^{1/2} N^{2s(1−2s)} ∫ | | ∫_{η−} c1_{2d61}

η−^{c2}_{2d62} ^F^′(α) dα | |^2 dη

≤ (d_{61} )^{2s+1} (−ω_1)^{1/2} N^{2s(1−2s)} ∫ | | ∫_{η−} c1_{2d61}

η−^{c2}_{2d62} dα | | | | ∫_{η−} c1_{2d61}

η−^{c2}_{2d62} | ^F^′(α)|^2 dα | | dη

≃ (d_{61} )^{2s+1} (−ω_1)^{1/2} N^{2s(1−2s)} | | c1 2d_{61} − c_2 2d_{62} | | ∫ ∫_{η−} c1_{2d61}

η−^{c2}_{2d62} | ^F^′(α)|^2 dαdη ≃ N^{4s−1} | | c1 2d_{61} − c_2 2d_{62} | |^2‖ ^F_′‖_2

≃ |N_2 − N_1|^2 N ‖ ^F^′‖^2.

(2.10)

Finally,

I_3 = (d_{61} )^{2s+1} ∫ |η|^{2s} ( 1 4√ −ω_1 −^4 √ −ω_2 )_2 |F̂ (η d_{61} d_{62} − c_2 2d_{62} )|^2dη = (d_{61} )^{2s+1}

(^4 √ −ω_2 −^4 √ −ω_1)^2 √ ω_1ω_2 ∫ |η|^{2s}|F̂ (η d_{61} d_{62} − c_2 2d_{62} )|^2dη

= (d_{62} )^{2s+1} ( ω_2 − ω_1 4^4 √ (−ω_o)^3

)_2 1 √ ω_1ω_2 ∫ |η|^{2s}|F̂ (η − c_2 2d_{62} )|^2dη

≃ N^{2s(2s+1)−3}

|N^2_1 − N^2_2 |^2 N^2 ( c_2 2d_{62} )_{2s} ‖ ^F ‖^2 ≃ N^{4s−3}(N_1 − N_2)^2‖F ‖^2,

(2.11)

where we have used the mean value theorem and ω_o ∈]ω_2, ω_1[. Set α = d_3 d_5 = c 2 √ −ω < 1, β^2 = 1 − α^2 = −4ω − c^2 −4ω ; this implies α β = c √ −4ω − c^2 (and 1 β ) ≃ N^{1−2s}. We can take N large enough so that, setting θ = arctan^α_β ,

(2.12) π 2 − θ ≃ π 2 − arctan N^{1−2s} ≃ N^{−2s}.

Now we evaluate the L^2-norm of F̂ and (F̂ )^′:

‖F ‖^2 = ∫_∞ −∞ dx α + cosh x = ∫_∞ −∞ 2e^xdx 2αe^x + e^{2x} + 1 = 2 ∫_∞ 0 du (u + α)^2 + β^2 = 2 β arctan u + α β | | | ∞ 0 = 2 β ( π 2 − θ) ≃ N^{1−4s}. (2.13)

On the other hand, we have that

(2.14) ‖(F̂ )^′‖^2 = ‖xF ‖ = 2 ∫_∞ −∞ x^2 e^x 2αe^x + e^{2x} + 1 dx ≤ C. Replacing (2.13) in (2.11) and (2.14) in (2.9) and (2.10), we get, respectively

(2.15) I_1, I_2 ≤

C (N_1 − N_2)^2 N ; I_3 ≤

C (N_1 − N_2)^2 N^2 .

Then (2.4) can be estimated by (2.16) ‖φ_{c1,ω1} − φ_{c2,ω2} ‖^2_Hs ≤

C (N_1 − N_2)^2 N . Therefore we can choose N_1 = N and N_2 = N + δN^s to have ‖φ_{c1,ω1} − φ_{c2,ω2} ‖^2_Hs ≤ C δ^2N^{2s−1} ≤ C δ^2. Next we consider the corresponding solutions u_{c1,ω1} (x, t) and u_{c2,ω2} (x, t) at time t = T . As in (2.4), we get, from (2.13), ‖φ_{c,ω}‖^2_Hs ≃ d^{2s+1}_6 (−ω)^12 ∫ |η|^{2s}|F̂ (η − c 2d_6 )|^2dη ≃ N^{2s(2s+1)} N N^{(1−2s)2s}‖F ‖^2 ≃ C. (2.17)

We shall compute ‖u_{c1,ω1} (·, T ) − u_{c2,ω2} (·, T )‖_Hs , using the fact that ‖u_{cj ,ωj} (·, T )‖_Hs = ‖φ_{cj ,ωj} ‖_Hs ≃ C, j = 1, 2 (by the invariance of the solitary wave solutions) and ‖u_{c1,ω1} (·, T ) − u_{c2,ω2} (·, T )‖^2_Hs ≥ N^{2s}‖u_{c1,ω1} (·, T ) − u_{c2,ω2} (·, T )‖^2; on the other hand, we have that u_{cj ,ωj} (x, T ) = e^{−iωj T} e^{iψ(x−cj T )} d_{6j} (−ω_j)^{1/4} h(d_{6j} (x − c_j T )), j = 1, 2.

The support of u_{cj ,ωj} (T ) is concentrated in B_{(d6j )}−1 (T c_j ), j = 1, 2. Thus, given δ > 0 and T > 0 if c_1, c_2 are chosen such that T (c_1 − c_2) ≫ max( 1 d_{61} , 1 d_{62} ) ≃ N^{−2s}, there is no interaction and ‖u_{c1,ω1} (·, T ) − u_{c2,ω2} (·, T )‖^2 ≃ ‖u_{c1,ω1} (·, T )‖^2 + ‖u_{c2,ω2} (·, T )‖^2 ≃ C Combining the above estimates we get ‖u_{c1,ω1} (T ) − u_{c2,ω2} (T )‖^2_Hs ≥ C N^{2s}. So, if we choose N such that N^{3s} ≫ 1 T δ we get the result. □

3. The generalized Benjamin-Ono equation The generalized Benjamin-Ono equation has, for k = 1, an explicit solitary wave (3.1) u_c(x, t) = 4c (cx − c^2t)^2 + 1 , and for k > 1, Weinstein in [23] proved that there exists a solitary wave u_c(x, t) = φ_c(x − ct) of (1.3), that is, φ_c is a solution of (3.2) −cφ^′ + φ^kφ^′ + (Hφ)^{′′} = 0 where φ_c ∈ C^∞(R) ∩ H^{1/2}(R) is positive, symmetric and decreasing in |x|.

Theorem 3.1. The initial value problem (1.3) with k = 1 is ill-posed in H^s(R), s < −1/2 and, with k > 1, it is ill-posed in Ḣ^{sk} (R) with s_k = 1/2 − 1/k in the sense that the mapping data-solution, u_0 → u(t) is not uniformly continuous.

Proof. For k = 1 and s > 1/2, c = 1/ε we have, from (3.1), (3.3) ‖u_ε(·, 0)‖^2_H−s = ‖(1 − Δ)^{−s/2}u_ε(·, 0)‖^2 = 16π^2 ∫_∞ −∞ e^{−4πε|ξ|} (1 + |ξ|^2)^s dξ which converges uniformly as ε → 0 to 16π^2‖δ‖^2_{H−s} (since δ̂ = 1). Now we prove that u_ε(·, 0) converges also weakly to 4πδ: let φ ∈ C^∞_o (R), then lim_{ε→0} < u_ε, φ > = lim_{ε→0} ∫ 4/ε x^2/ε^2 + 1 φ(x)dx = 4 lim_{ε→0} ∫ φ(εy) y^2 + 1 dy = 4πφ(0) = 4π < δ, φ >, (3.4)

thus implying the convergence in H^{−s}. For t > 0 the invariance in t implies the convergence of ‖u_ε(·, t)‖_H−s to 4π‖δ‖_H−s but u_ε(·, t) → 0 weakly, since φ has compact support, lim_{ε→0} < u_ε, φ > = lim_{ε→0} ∫ 4/ε (x/ε − t/ε^2)^2 + 1 φ(x)dx = 4 lim_{ε→0} ∫ φ(t/ε + εy) y^2 + 1 dy = 0. (3.5)

This proves that the initial value problem for the Benjamin-Ono equation is locally ill-posed in H^s(R) for s < −1/2.

Now, for k > 1, let φ_{k,c}(x) = c^{1/k}φ_1(cx), where φ_1 solves (3.2) with c = 1 (φ_{k,c} solves (3.2) with c > 0), and u_{k,c}(x, t) = φ_{k,c}(x − ct) = c^{1/k}φ_1(cx − c^2t) which is a solitary wave solution for (1.3) with speed of propagation c. Let us evaluate the Ḣ^{sk} -norm of the difference of two solitary wave solutions with speeds c_1, c_2 at t = 0 and t > 0: ‖(u_{k,c1} −u_{k,c2} )(·, 0)‖^2_{Ḣsk} = ‖D^{sk} (φ_{k,c1} − φ_{k,c2} )‖^2 = ‖D^{sk} φ_{k,c1} ‖^2 + ‖D^{sk} φ_{k,c2} ‖^2 − 2 < φ_{k,c1} , φ_{k,c2} >_{sk} . (3.6)

We have < φ_{k,c1} , φ_{k,c2} >_{sk} = ∫ D^{sk} φ_{k,c1} (x)D^{sk} φ_{k,c2} (x)dx = ∫ φ̂_{k,c1} (ξ)φ̂_{k,c2} (ξ)|ξ|^{2sk} dξ = (c_1c_2)^{1/k−1} ∫ φ̂_1(ξ/c_1) φ̂_1(ξ/c_2)|ξ|^{2sk} dξ = (c_1/c_2)^{1−1/k} ∫ φ̂_1(η)φ̂_1(c_1/c_2η)|η|^{2sk} dη.

(3.7)

As θ := c_1/c_2 → 1 we get (3.8) lim_{θ→1} < φ_{k,c1} , φ_{k,c2} >_{sk} = ‖D^{sk} φ_1‖^2 = ‖φ_1‖^2_{Ḣsk} . Analogously, for i = 1, 2, ‖φ_{k,ci} ‖^2_{Ḣsk} = ∫ |ξ|^{2sk} |φ̂_{k,ci} (ξ)|^2dξ = c^{2/k−2} i ∫ |ξ|^{2sk} |φ̂_1(ξ/c_i)|^2dξ = c^{2sk +1+2/k−2} i ∫ |η|^{2sk} |φ̂_1(η)|^2dη = ‖φ_1‖^2_{Ḣsk} . (3.9)

Replacing (3.8) and (3.9) in (3.6) and taking limits as θ → 1 we get

(3.10) lim_{θ→1} ‖(u_{k,c1} − u_{k,c2} )(·, 0)‖^2_{Ḣsk} = 0.

Now for t > 0 we have similarly < u_{k,c1} (·, t),u_{k,c2} (·, t) >_{sk} = ∫ D^{sk} φ_{k,c1} (x − c_1t) D^{sk} φ_{k,c2} (x − c_2t)dx = ∫ e^{−2πiξt(c1−c2)}φ̂_{k,c1} (ξ) φ̂_{k,c2} (ξ)|ξ|^{2sk} dξ = ∫ e^{−2πiξt(c1−c2)}c^{1/k−1}_1 φ̂_1(ξ/c_1) c^{1/k−1}_2 φ̂_1(ξ/c_2)|ξ|^{2sk} dξ = (c_1c_2)^{1/k−1} ∫ e^{−2πitc1η(c1 −c2)} φ̂_1(η) φ̂_1( c_1 c_2 η)c^{2sk +1} 1 |η|^{2sk} dη = ( c_1 c_2 )^{1−1/k} ∫ e^{−2πitc1 η(c1−c2)}φ̂_1(η) φ̂_1( c_1 c_2 η)|η|^{2sk} dη. Taking c_1 = n+1 and c_2 = n and n → ∞ we have, by the Riemann-Lebesgue lemma, (3.11) lim_{n→∞} < u_{k,n+1}(·, t), u_{k,n}(·, t) >_{sk} = 0; since ‖u_{k,c1} (·, t)‖_Ḣs_k = ‖u_{k,c2} (·, t)‖_Ḣs_k = ‖φ_1‖_Ḣs_k we have ‖u_{k,c1} (·, t) − u_{k,c2} (·, t)‖_Ḣs_k → √ 2‖φ_1‖_Ḣs_k ≠ 0. □ ACKNOWLEDGMENTS FL would like to thank the Department of Mathematics at UNICAMP for its hospitality while this work was completed and FAPESP for its financial support.

References [1] T. B. Benjamin, Internal waves of permanent form in fluids of great depth, J.

Fluid Mech. 29 (1967), 559–592.

[2] B. Birnir, G. Ponce and N. Svanstedt, The local ill-posedness of the modified KdV equation, Ann. Inst. Henri Poincaré 13 No. 4 (1996), 529-535.

[3] B. Birnir, C. Kenig, G. Ponce, N. Svanstedt and L. Vega,On the ill-posedness for the generalized Korteweg-de Vries and nonlinear Schrödinger equations, J. London Math. Soc. (2) 53 (1996), 551-559.

[4] Guo Boling and Wu Yaping, Orbital stability of solitary waves for the nonlinear derivative Schrödinger equation, J. Differential Equation 123 (1995), 35-55.

[5] J. Bourgain, Fourier restriction phenomena for certain lattice subsets and ap plications to nonlinear evolution equations, Geom. Funct. Anal. 3 (1993), 107- 156, 209-262.

[6] N. Hayashi and T. Ozawa, On the derivative nonlinear Schrödinger equation, Phys. D 55(1992), 14–36.

[7] T. Kato, On the Cauchy problem for the (generalized) Korteweg-de Vries equation, Advances in Mathematics Supplementary Studies, Studies in Applied Math. 8(1983), 93–128.

[8] C.E. Kenig, G. Ponce and L. Vega, The Cauchy problem for the Korteweg-de Vries equation in Sobolev spaces of negative indices, Duke Math. J. 71 (1993), 1-21.

[9] , On the generalized Benjamin-Ono equation, Trans. Amer. Math. Soc.

342 (1994), 155–172.

[10] , A bilinear estimate with applications to the KdV equations, J. Amer.

Math. Soc. 9 (1996), 573-603.

[11] , On ill-posedness of some canonical dispersive equations, preprint (1999).

[12] R. J. Iorio, Jr, The Cauchy problem for the Benjamin-Ono equation, Comm.

Partial Differential Equations 11 (1986), 1031-1081.

[13] K. Mio, T. Ogino, K. Minami and S. Takeda, Modified nonlinear Schrödinger equation for Alfvén waves propagating along the magnetic field in cold plasmas, J. Phys. Soc. Japan 41 (1976), 265-271.

[14] H. Ono, Algebraic solitary waves in stratified fluids, J. Phys. Soc. Japan 39 (1975), 1082–1091.

[15] T. Ozawa, On the nonlinear Schrödinger equations of derivative type, Indiana Univ. Math. J. 45 (1996), 137–163.

[16] T. Ozawa and Y. Tsutsumi, Space-time estimates for null Gauge forms and nonlinear Schrödinger equations, Differential Integral Equations, to appear.

[17] G. Ponce, On the well posedness of some nonlinear evolution equations, Nonlinear waves (Sapporo, 1995), Gakuto Int. Series Math. 10 (1997), 393–424.

[18] , On the global well-posedness of the Benjamin-Ono equation, Differential Integral Equations 4 (1991), 527–542.

[19] H. Takaoka,Well-posedness for the one-dimensional nonlinear Schrödinger equation with the derivative nonlinearity, Adv. Differential Equations 4 (1999), 561–580.

[20] , Global Well-posedness for the Schrödinger equations with the derivative nonlinearity below energy, preprint (2000).

[21] W. van Saarloos and P. C. Hohenberg, Fronts, pulses, sources and sinks in generalized Ginzburg-Landau equations, Phys. D 56 (1992), 303-367.

[22] M. Wadadi, H. Sanuki, K. Konno and Y.-H. Ichikawa, Circular polarized nonlinear Alfvén waves - a new type of nonlinear evolution equation in plasma physics. Conference on the Theory and Application of Solitons (Tucson, Ariz., 1976), Rocky Mountain J. Math. 8 (1978), 323-331.

[23] M. Weinstein, Existence and dynamic stability of solitary wave solutions of equations arising in long wave propagation, Comm. Partial Differential Equations 12 No.10 (1987), 1133-1173.

E-mail address: hebe@ime.unicamp.br, linares@impa.br